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Probabilistic and statistical learning models for error modeling and
uncertainty quantification

Azam Moosavi

(ABSTRACT)

Simulations and modeling of large-scale systems are vital to understanding real world
phenomena. However, even advanced numerical models can only approximate the true
physics. The discrepancy between model results and nature can be attributed to different
sources of uncertainty including the parameters of the model, input data, or some missing
physics that is not included in the model due to a lack of knowledge or high computational
costs. Uncertainty reduction approaches seek to improve the model accuracy by decreasing
the overall uncertainties in models.

Aiming to contribute to this area, this study explores uncertainty quantification and re-
duction approaches for complex physical problems. This study proposes several novel
probabilistic and statistical approaches for identifying the sources of uncertainty, model-
ing the errors, and reducing uncertainty to improve the model predictions for large-scale
simulations. We explore different computational models. The first class of models stud-
ied herein are inherently stochastic, and numerical approximations suffer from stability
and accuracy issues. The second class of models are partial differential equations, which
capture the laws of mathematical physics; however, they only approximate a more com-
plex reality, and have uncertainties due to missing dynamics which is not captured by the
models. The third class are low-fidelity models, which are fast approximations of very
expensive high-fidelity models. The reduced-order models have uncertainty due to loss
of information in the dimension reduction process. We also consider uncertainty analysis
in the data assimilation framework, specifically for ensemble based methods where the
effect of sampling errors is alleviated by localization. Finally, we study the uncertainty in
numerical weather prediction models coming from approximate descriptions of physical
processes.



Probabilistic and statistical learning models for error modeling and
uncertainty quantification

Azam Moosavi

(GENERAL AUDIENCE ABSTRACT)

Computational models are used to understand the behavior of the natural phenomenon.
Models are used to approximate the evolution of the true phenomenon or reality in time.
We obtain more accurate forecast for the future by combining the model approximation
together with the observation from reality. Weather forecast models, oceanography, geo-
science, etc. are some examples of the forecasting models. However, models can only
approximate the true reality to some extent and model approximation of reality is not
perfect due to several sources of error or uncertainty. The noise in measurements or in
observations from nature, the uncertainty in some model components, some missing com-
ponents in models, the interaction between different components of the model, all cause
model forecast to be different from reality.

The aim of this study is to explore the techniques and approaches of modeling the error and
uncertainty of computational models, provide solution and remedies to reduce the error of
model forecast and ultimately improve the model forecast. Taking the discrepancy or
error between model forecast and reality in time and mining that error provide valuable
information about the origin of uncertainty in models as well as the hidden dynamics
that is not considered in the model. Statistical and machine learning based solutions are
proposed in this study to identify the source of uncertainty, capturing the uncertainty and
using that information to reduce the error and enhancing the model forecast. We studied
the error modeling, error or uncertainty quantification and reduction techniques in several
frameworks from chemical models to weather forecast models. In each of the models, we
tried to provide proper solution to detect the origin of uncertainty, model the error and
reduce the uncertainty to improve the model forecast.
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Chapter 1

Introduction

1.1 Scientific context

Scientific computing involves very large-scale simulations of the real world to describe,
predict, and understand the behavioral patterns of complex physical phenomena such as
the weather, ocean dynamics, oil reservoirs, earthquakes, and volcanoes. Every simula-
tion requires two fundamental ingredients, firstly a mathematical theory that describes the
physical system under investigation, and secondly, a computer model that implements this
theory and relates a set of input parameters to the observed data. For example, many phys-
ical phenomena are described mathematically by partial differential equations, and, after
applying suitable discretization schemes, are simulated on a computer. PDE-based mod-
els such as fluid flow simulations seek to approximate the behavior of a real system based
on the physical equations that govern the evolution of a natural system. The model ap-
proximation of reality, however, is imperfect because it is subject to uncertainties coming
from different sources: uncertainty in model parameter values, uncertainty in input data
and uncertainty in the structure of the model itself. For example, numerical simulations
using the computer model of the system inherently introduce truncation and round-off er-
rors. Moreover, our knowledge of the physical phenomenon are not complete and some
times the equations describing the physical phenomenon are not fully representing all the
dynamics of the nature. Capturing, representing and formulating the source of uncertainty
in the models and later reducing the uncertainty is very important in design optimization,
code verification and validation (V&V) and policy making. In particular, when a simula-
tion should be validated, it is crucial to quantify the expected uncertainty in the outputs.
Usually, an ensemble of experiments with controlled parameters are required to estimate

1
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the uncertainty for an experiment.

The process of uncertainty quantification includes identification, characterization, prop-
agation, analysis and finally reduction of the uncertainties. Uncertainty quantification
embraces various mathematical and statistical approaches such as direct evaluation for lin-
early parametric models, sampling methods such as Monte Carlo, quasi-Monte Carlo tech-
niques cite helton2003latin, lemieux2009monte, generalized polynomial chaos expansions
(GPCE), perturbation methods [1, 2, 3], spectral representation [4, 5, 6], collocation tech-
niques, Bayesian methods, Galerkin modeling, parameter estimation, and forward propa-
gation of uncertainty with differential equations. Uncertainty reduction is also the process
of improving the model forecast by reducing the overall uncertainties in the model. Hence,
more accurate model forecasts require capturing and reducing the uncertainty in the input
data as well as in the models.

While uncertainty propagation techniques can measure the impact of uncertain parameters
on some quantities of interest, they often become infeasible due to the large number of
model realizations required. Similar difficulties are encountered when solving Bayesian
inference problems since sampling from the posterior distribution is required. Aiming
to tackle these challenges, the current research explores and proposes several novel ap-
proaches that try to improve the model performance by error modeling, identifying the
source of uncertainty, analyzing the uncertainty and finally improving the model predic-
tions by reducing the uncertainty. We consider different applications and models to study
various aspect of error modeling and uncertainty analysis in computational models from
stochastic simulation of chemical reactions, physical systems described in Partial Defer-
ential Equations (PDE), Reduced Order Models (ROM), Data Assimilation (DA) to Nu-
merical Weather Prediction (NWP) models tin order to study several forms of uncertainty
analysis and reduction.

1.2 Research objectives

The overall goal of this research is to develop approaches for uncertainty analysis and error
modeling in large-scale simulations. We construct probabilistic and statistical approaches,
as well as learning based algorithms, to quantify and reduce the impact of uncertainties
and errors on the solution of computational science problems. Specifically, this research
considers four different problems, detailed below.
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Stochastic simulations. Biological systems are frequently modeled as chemical inter-
action networks. In the context of large simulation of chemical kinetics, the stochastic
simulation approach provides very comprehensive description of biological systems evo-
lution and behavior. The complete solution to these problems is the Chemical Master
Equation (CME) and the Stochastic Simulation Algorithm (SSA) [7] that follows a Monte
Carlo approach to sample from the CME. However, the SSA is very slow and quite im-
practical for very large scale biological systems. The explicit tau-leap method [8] provides
pretty good approximation for the SSA algorithm but the uncertainty of the approximation
increases as we increase the time step for the sake of speed in very large simulation mod-
els. The tau-leap method suffers from both stability and accuracy when increasing the
time step. We propose a approaches to reduce the error and improve the performance of
tau-leap methods in stochastic simulation of chemical reactions.

Modeling structural uncertainty in physics based models. The second class of mod-
els are large simulation models that try to approximate the true physical phenomenon.
These models are usually presented by a set of PDEs that describe the physics governing
the behavior of the natural phenomenon. But there is a discrepancy between the output
of model and reality. This uncertainty can have different sources, such as uncertainty
in measurements, input data, model parameters, discretization error, initial and boundary
conditions error. Finally, the uncertainty might be due to lack of knowledge about all the
physics of the phenomenon and consequently not including it in the model [9, 10]. This
form of uncertainty which represents the misfit as a missing dynamics is called structural
uncertainty. We seek to understand structural uncertainty by studying the observable er-
rors, i.e., the discrepancies between the model solutions and measurements of the physical
system [11]. Furthermore, this information is used to improve model output.

Building reduced order models with controlled errors and uncertainty. The need
for efficient computational complexity and speed motivated building the surrogate models
such as response surfaces, low resolution, and reduced-order models [12]. Reduced-order
models are usually constructed to approximate the high-fidelity models by ignoring some
of the physical aspects or decreasing the spatial resolution [13, 14, 15, 16, 17]. Traditional
construction of ROM models in a parametric setting is usually achieved by generating
a global basis for the whole parametric space [18, 19]. However, this strategy requires
generating very large dimensional bases which leads to a modest decrease of the compu-
tational load and consequently slow reduced-order models. Local approaches in contrast,
have been designed for parametric or time domains which generate local bases for both the
state variables and non-linear terms [20, 21, 22, 23]. When designing a local reduced-order
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model, a basis with specific dimension and certain parametric value should be picked. The
parameter used in the ROM can have different value than the parameter of basis. As we
take part from the basis parameter value and decrease the basis dimension (reducing the
computational complexity), the accuracy decreases and the uncertainty increases. In this
study, we predict the uncertainty in local parametric reduced-order models, and construct
them with specific basis dimensions and parametric values.

Reducing probabilistic errors in data assimilation. Data assimilation is a key factor
of many forecasting problems. Specifically in meteorology, DA is used to obtain analysis
of the state of the atmosphere that can be used as initial condition in weather forecast
problem. The most common approach for solving DA problems is the Kalman Filter (KF)
family of method [24, 25]. The ensemble Kalman Filter (EnKF) [26, 27, 28] is one of
the common approaches that can handle the non-linear systems efficiently. EnKF works
by operating on an ensemble of the system state which are statistical representative of the
system state. However, the size of the ensemble should be sufficient enough be statistically
representative of the system state. If the sample size is too small it fails to reflect the
true state well which is called under-sampling error [28]. Under-sampling error leads to
the issues of malfunctioning the DA algorithm [29, 30, 31, 32] We propose an adaptive
localization approach to reduce the uncertainty coming from sampling error in ensemble
based DA.

Understanding uncertainty due to the interaction of physical processes in numeri-
cal weather prediction. Numerical weather prediction (NWP) models include multiple
physical processes that are essential to accurately representing the atmospheric dynamics.
Accurately predicting the precipitation is one of the big challenges in weather predictions.
Interaction of different physical processes causes uncertainty in model prediction. There
is no physical combination that can work best for all times, all locations and different phe-
nomenon. We seek to analyze the uncertainty due to interaction of physical processes and
improve model predictions by reducing the uncertainty in model output.

1.3 Research accomplishments

We next summarize the main contributions of this dissertation.



Azam Moosavi Chapter 1. Introduction 5

1.3.1 Approximate exponential algorithms to solve the chemical mas-
ter equation

We develop new simulation algorithms for stochastic chemical kinetics that exploit the
linearity of the chemical master equation and its matrix exponential exact solution. These
algorithms make use of various approximations of the matrix exponential to evolve prob-
ability densities in time. A sampling of the approximate solutions of the chemical master
equation is used to derive accelerated stochastic simulation algorithms. Numerical experi-
ments compare the new methods with the established stochastic simulation algorithm and
the tau-leaping method.

1.3.2 Metropolis-Hastings sampling approaches to solve stochastic chem-
ical kinetics

This work proposes the use of Metropolis-Hastings algorithm for the stochastic simulation
of chemical reactions. The proposed method uses SSA distribution which is a standard
method for solving well-stirred chemically reacting systems as a desired distribution. A
new numerical solvers based on exponential form of exact and approximate solutions of
CME (Chemical Master Equation) is employed for obtaining target and proposal distribu-
tions in Metropolis-Hastings algorithm to accelerate the accuracy of the tau-leap method.
Samples generated by this technique have the same distribution as SSA and the histogram
of samples show it’s convergence to SSA.

1.3.3 Structural uncertainty analysis in physical models

We seek to understand structural uncertainty by studying the observable errors, i.e., the
discrepancies between the model solutions and measurements of the physical system. The
dynamics of these errors is modeled using a state-space approach, which enables to iden-
tify the source of uncertainty and to recognize the missing dynamics inside model. Two
different strategies to model the error dynamics are developed: the global approach and
the local approach. The global approach considers the whole state space of the model to
analyze the uncertainty, while in the local approach the source of uncertainty is local de-
pendencies between model state variables. The proposed methodology is applied to two
test problems, Lorenz-96 and a stratospheric chemistry model.
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1.3.4 Error prediction of local parametric reduced order models

We introduce multivariate input-output models to predict the errors and bases dimensions
of local parametric Proper Orthogonal Decomposition reduced-order models. We refer
to these mappings as the Multivariate Predictions of Local Reduced-Order Model charac-
teristics (MP-LROM) models. We employ Gaussian Processes and Artificial Neural Net-
works to construct approximations of these multivariate mappings. Numerical results with
a viscous Burgers model illustrate the performance and potential of the machine learning
based regression MP-LROM models to approximate the characteristics of parametric local
reduced-order models.

Next we show two applications of MP-LROM. First, the error model is used in conjunc-
tion with a greedy sampling algorithm to generate decompositions of one dimensional
parametric domains with overlapping regions, such that the associated local reduced-order
models meet the prescribed accuracy requirements. The parameter domain decomposition
creates a database of the available local bases, local reduced-order, and high-fidelity mod-
els, and identifies the most accurate solutions for an arbitrary parametric configuration.
Next, this database is used to enhance the accuracy of the reduced-order models using
different interpolation and concatenation techniques.

1.3.5 Adaptive localization in data assimilation

We develop an adaptive covariance localization mechanism for the EnKF family of meth-
ods following a machine learning approach. Two different methodologies are introduced,
adaptive localization in time, and adaptive localization in space and time. In time adap-
tivity, the localization radius changes adaptively based on characteristics of consecutive
assimilation cycles. In space-time adaptivity, the localization radius changes both in time
and for each state of the model independently based on the state value or correlation be-
tween state values. The adaptive localization model, can be trained off-line using historical
data and the well-trained model can be used to estimate the proper values of localization
radius for future assimilation cycles. Numerical experiments are carried out to test the pro-
posed methods, using the Lorenz-96 model, and a Quasi-Geostrophic (QG) model showing
better results than the traditional way of localization.
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1.3.6 Uncertainty analysis in numerical weather prediction models

We study the uncertainty in numerical weather prediction (NWP) models due to the in-
teraction of physical processes. The discrepancy between NWP output and reality gives
valuable information about the physics and dynamics in the model. This study tries to
quantify and further reduce the uncertainty in NWP models using information hidden in
discrepancy between NWP prediction and reality. The future model error is predicted us-
ing machine learning and further used to improve the model prediction. Furthermore, we
analyzed what physical processes cause more error in model prediction that needs to be
changed or improved. The numerical experiments are carried out with the Weather Re-
search Forecast (WRF) model and the proposed approach is used to improve the model
prediction results.

1.4 Dissertation layout

The remaining parts of this dissertation, detailing the research accomplishments described
in the previous section, are organized as follows:

• Chapter 2 develops several numerical algorithms that approximately solve the chem-
ical master equation.

• Chapter 3 develops a statistical approach that uses the exact and approximate expo-
nential solutions of the chemical master equation to increase the accuracy of explicit
tau-leaping solver.

• Chapter 4 analyzes the structural uncertainty in physical models and introduces a
statistical methodology to reduce this form of uncertainty.

• Chapter 5 develops a machine learning based approach called MP-LROM to predict
the errors of reduced-order models.

• Chapter 6 describes the application of MP-LROM model to guide the construction
of parametric reduced order surrogates, and to increase their efficiency and accuracy.

• Chapter 7 introduces an adaptive localization approach based on machine learning
technique for data assimilation applications .

• Chapter 8 proposes machine learning based approaches to reduce the uncertainty in
a weather forecasting model due to the interaction of different physical packages.
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• Chapter 9 draws the conclusions and points to future research directions.



Chapter 2

Approximate Exponential Algorithms to
Solve the Chemical Master Equation

2.1 Introduction

In many biological systems the small number of participating molecules make the chemi-
cal reactions inherently stochastic. The system state is described by probability densities
of the numbers of molecules of different species. The evolution of probabilities in time
is described by the chemical master equation (CME) [7]. Gillespie proposed the Stochas-
tic Simulation Algorithm (SSA), a Monte Carlo approach that samples from CME [7].
SSA became the standard method for solving well-stirred chemically reacting systems.
However, SSA simulates one reaction and is inefficient for most realistic problems. This
motivated the quest for approximate sampling techniques to enhance the efficiency.

The first approximate acceleration technique is the tau-leaping method [8] which is able
to simulate multiple chemical reactions appearing in a pre-selected time step of length
τ. The tau-leap method is accurate if τ is small enough to satisfy the leap condition,
meaning that propensity functions remain nearly constant in a time step. The number of
firing reactions in a time step is approximated by a Poisson random variable [33]. Explicit
tau-leaping method is numerically unstable for stiff systems [34]. Stiffness systems have
well-separated “fast” and “slow” time scales present, and the “fast modes” are stable. The
implicit tau-leap method [35] overcomes the stability issue but it has a damping effect on
the computed variances. More accurate variations of the implicit tau-leap method have
been proposed to alleviate the damping [36, 8, 37, 38, 39, 40]. Simulation efficiency has

9
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been increased via parallelization [41].

Direct solutions of the CME are computationally important specially in order to estimate
moments of the distributions of the chemical species [42]. Various approaches to solve the
CME are discussed in [43].

Sandu re-drives the SSA algorithm from CME in [44]. The analysis reveals the hidden
approximations made by the SSA and the tau-leap methods. The approach explains the
explicit tau-leap method as an exact sampling procedure from an approximate solution of
the CME. The numerical solver is obtained by first discretizing the CME in time, advanc-
ing the probability density by one time step, and then sampling the new probability density
from the approximation.

This chapter extends the study [44] and proposes new approximations to the CME solution
based on various approximations of matrix exponentials. Different approximation tech-
niques of the matrix exponential lead to various algorithms that have their own strengths
and weaknesses with regard to accuracy, stability and computational complexity. Numeri-
cal experiments are performed with two different chemical systems to assess the accuracy
and stability of each of the algorithms.

The chapter is organized as follows. Section 2.2 reviews the stochastic simulation of
chemical kinetics. Section 2.3 developed the new approximation methods. Numerical
experiments to illustrate the proposed schemes are carried out in Section 2.4. Conclusions
are drawn in Section 2.5.

2.2 Simulation of stochastic chemical kinetics

Consider a chemical system in a constant volume container. The system is well-stirred
and in thermal equilibrium at some constant temperature. There are N different chemical
species S 1, . . . , S N . Let Xi(t) denote the number of molecules of species S i at time t. The
state vector x(t) = [X1(t), . . . , XN(t)] defines the numbers of molecules of each species
present at time t. The chemical network consists of M reaction channels R1, . . . ,RM.
Each individual reaction destroys a number of molecules of reactant species, and produces
a number of molecules of the products. Let νi

j be the change in the number of S i molecules
caused by a single reaction R j. The state change vector ν j = [ν1

j , . . . , ν
N
j ] describes the

change in the entire state following R j.

A propensity function a j(x) is associated with each reaction channel R j. The probability
that one R j reaction will occur in the next infinitesimal time interval [t, t+dt) is a j(x(t)) ·dt.
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The purpose of a stochastic chemical simulation is to trace the time evolution of the system
state x(t) given that at the initial time t̄ the system is in the initial state x (t̄).

2.2.1 Chemical Master Equation

The Chemical Master Equation (CME) [7] has complete information about time evolution
of probability of system’s state

∂P (x, t)
∂t

=
M∑

r=1
ar (x − vr)P (x − vr, t) − a0 (x)P (x, t) . (2.1)

Let Qi be the total possible number of molecules of species S i. The total number of all
possible states of the system is:

Q =
N∏

i=1

Ä
Qi + 1

ä
.

We denote by I(x) the state-space index of state x = [X1, . . . , XN]

I(x) =
Ä
QN−1 + 1

ä
· · ·
Ä
Q1 + 1

ä
· XN + · · ·

+
Ä
Q2 + 1

ä Ä
Q1 + 1

ä
· X3 +

Ä
Q1 + 1

ä
· X2 + X1 + 1

One firing of reaction Rr changes the state from x to x̄ = x− vr. The corresponding change
in state space index is:

I(x) − I (x − vr) = dr,

dr =
Ä
QN−1 + 1

ä
· · ·
Ä
Q1 + 1

ä
.vN

r + ...

+
Ä
Q2 + 1

ä Ä
Q1 + 1

ä
.v3

r +
Ä
Q1 + 1

ä
.v2

r + v1
r .

The discrete solutions of the CME (2.1) are vectors in the discrete state space, P (t) ∈ RQ.
Consider the diagonal matrix A0 ∈ R

Q×Q and the Toeplitz matrices A1, · · · , AM ∈ R
Q×Q

[44]

(A0)i, j =

®
−a0

Ä
x j

ä
if i = j,

0 if i , j,
, (Ar)i, j =

®
ar(x j) if i − j = dr,

0 if i − j , dr,

as well as their sum A ∈ RQ×Q with entries

A = A0 + A1 + · · · + AM , Ai, j =


−a0(x j) if i = j ,

ar(x j) if i − j = dr, r = 1, · · · ,M ,
0 otherwise ,

(2.2)
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where x j denotes the unique state with state space index j = I(x j). In fact matrix A is
a square (Q × Q) matrix which contains all the propensity values for each possible value
of all species or let’s say all possible states of reaction system. All possible states for
a reaction system consists of N species where each specie has at most Qi i = 1, 2, ...,N
value.

The CME (2.1) is a linear ODE on the discrete state space

P′ = A · P , P(t̄) = δI(x̄) , t ≥ t̄ , (2.3)

where the system is initially in the known state x(0) = x̄ and therefore the initial probability
distribution vectorP(0) ∈ RQ is equal to one at I(x̄) and is zero everywhere else. The exact
solution of the linear ODE (2.3) is follows:

P (t̄ + T ) = exp (T A) · P (t̄) = exp
(

T
M∑

r=0
Ar

)
· P (t̄) . (2.4)

2.2.2 Approximation to Chemical Master Equation

Although the CME (2.1) fully describes the evolution of probabilities it is difficult to solve
in practice due to large state space. Sandu [44] considers the following approximation of
the CME:

∂P (x, t)
∂t

=
M∑

r=1
ar (x̄)P (x − vr, t) − a0 (x̄)P (x, t) (2.5)

where the arguments of all propensity functions have been changed from x or x − v j to
x̄. In order to obtain an exponential solution to (2.5) in probability space we consider the
diagonal matrix Ā0 ∈ R

Q×Q and the Toeplitz matrices Ā1, ..., ĀM ∈ R
Q×Q [44]. Ār matrices

are square (Q × Q) matrices are built upon the current state of system in reaction system
which is against Ar matrices that contain all possible states of reaction system.

(Ā0)i, j =

®
−a0 (x̄) if i = j,

0 if i , j, , (Ār)i, j =

®
ar(x̄) if i − j = dr,

0 if i − j , dr,
(2.6)

together with their sum Ā = Ā0 + · · · + ĀM. The approximate CME (2.5) can be written as
the linear ODE

P′ = Ā · P , P(t̄) = δI(x̄) , t ≥ t̄ ,

and has an exact solution

P (t̄ + T ) = exp
Ä
T Ā
ä
· P (t̄) = exp

(
T

M∑
r=0

Ār

)
· P (t̄) . (2.7)
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2.2.3 Tau-leaping method

In tau-leap method the number of times a reaction fires is a random variable from a Poisson
distribution with parameter ar (x̄) τ. Since each reaction fires independently, the probabil-
ity that each reaction Rr fires exactly kr times, r = 1, 2, · · · ,M, is the product of M Poisson
probabilities.

P (K1 = k1, · · · ,KM = kM) =
M∏

r=1
e−ar(x̄)τ ·

(ar(x̄τ)kr

Kr!
= e−a0(x̄)τ ·

M∏
r=1

(ar (x̄τ))kr

Kr!

The state vector after these reactions changes as follows:

X (t̄ + τ) = x̄ +
M∑

r=1
Krvr. (2.8)

The probability to go from state x̄ at t̄ to state x at t̄ + τ, P (X (t̄ + τ)) = x, is the sum of all
possible firing reactions which is:

P (X, t̄ + τ) = e−a0(x̄)T · Σk∈K(x−ξ)

M∏
r=1

(ar (x̄T ))kr

Kr!

Equation (2.7) can be approximated by product of each matrix exponential:

P (t̄ + T ) = exp
Ä
T Ā0

ä
· exp

Ä
T Ā1

ä
· · · exp

Ä
T Ār

ä
· P (t̄) . (2.9)

It has been shown in [44] that the probability given by the tau-leaping method is exactly
the probability evolved by the approximate solution (2.9).

2.3 Approximations to the exponential solution

2.3.1 Strang splitting

In order to improve the approximation of the matrix exponential in (2.9) we consider the
symmetric Strang splitting [45]. For T = nτ Strang splitting applied to an interval of
length τ leads to the approximation

P (t̄ + iτ) = eτ/2Ār · · · eτ/2Ā1eτĀ0 · eτ/2Ā1 · · · eτ/2Ār · P (t̄ + (i − 1)τ) (2.10)

where the matrices Ār are defined in (2.6).
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2.3.2 Column based splitting

In column based splitting the matrix A (2.2) is decomposed in a sum of columns

A =

Q∑
j=1

A j , A j = c jeT
j .

Each matrix A j has the same j-th column as the matrix A, and is zero everywhere else.
Here c j is the jth column of matrix A and e j is the canonical vector which is zero every
where except the jth component. The exponential of τA j is:

eτA j =
∑
k≥0

τk
Ä
A j

äk

k!
. (2.11)

Since eT
j c j is equal to the j-th diagonal entry of matrix A:

eT
j c j = −a0

Ä
x j

ä
the matrix power Ak

j reads

Ak
j = c jeT

j c jeT
j · · · c jeT

j =
Ä
−a0

Ä
x j

ääk−1
c jeT

j =
Ä
−a0

Ä
x j

ääk−1
A j .

Consequently the matrix exponential (2.11) becomes

eτA j = I +
∑
k≥1

Ä
−τa0

Ä
x j

ääk−1

k!

Ä
τA j

ä
= I + S j τA j , S j =

∑
k≥1

Ä
−τa0

Ä
x j

ääk−1

k!
.

We have

eτA = eτ
∑Q

j=1 A j ≈

Q∏
j=1

eτA j ≈

Q∏
j=1

Ä
I + S jτA j

ä
and the approximation to the CME solution reads

P (t̄ + iτ) ≈
Q∏

j=1

Ä
I + S jτA j

ä
· P (t̄ + (i − 1)τ) .
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2.3.3 Accelerated tau-leaping

In this approximation method we build the matrices

(Br)i, j =


−ar(x j) if i = j,

ar(x j) if i − j = dr,
0 otherwise

where ar(x) are the propensity functions. The matrix A in (2.2) can be written as

A =
M∑

r=1
Br .

The solution of the linear CME (2.4) can be approximated by

P (t̄ + τ) = eτA · P (t̄) ≈ eτB1eτB2 · · · eτBM · P (t̄) . (2.12)

Note that the evolution of state probability by eτB j ·P (t̄) describes the change in probability
when only reaction j fires in the time interval τ. The corresponding evolution of the
number of molecules that samples the evolved probability is

x (t̄ + τ) = x (t̄) + V j K
Ä
a j (x (t̄)) τ

ä
.

where K
Ä
a j (x (t̄)) τ

ä
is a random number drawn from a Poisson distribution with param-

eter a j (x (t̄)) τ, and V j is the j-th column of stoichiometry matrix.

The approximate solution (2.12) accounts for the change in probability due to a sequential
firing of reactions M, M − 1, down to 1. Sampling from the resulting probability density
can be done by changing the system state sequentially consistent with the firing of each
reaction. This leads to algorithm (2.13). The accelerated tau-leap method (2.13) provides
accurate and stable results especially for large time steps since the change in state is ac-
complished through a sequential firing of reactions. From the complexity point of view,
the number of propensity function calculations and Poisson random numbers generated are
the same as for traditional tau-leap. We note that in traditional tau-leap a vector of Poisson
random variables is generated at once, which is possibly more efficient than generating the
random numbers one at a time.

X̂M = x (t̄)
for i = M,M − 1, · · · , 1

X̂i−1 = X̂i + Vi K
Ä
ai

Ä
X̂i

ä
τ
ä

x(t̄ + τ) = X̂0.

(2.13)
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Moreover, (2.12) can also be written as:

P (t̄ + τ) ≈ eτB1eτB2 · · · eτBM · P (t̄) (2.14)

≈
(
eτB1eτB2 · · · e

τB M
2 −1
)
·(

e
τB M

2 e
τB M

2 +1 · · · eτBM · P (t̄)
)
.

Then, (2.13) can be written as:

X̂M = x (t̄)
for i = M,M − 1, · · · , M

2
X̂i−1 = X̂i + Vi K

Ä
a
Ä
X̂M

ä
τ
ä

for i = M
2 − 1, · · · , 1

X̂i−1 = X̂i + Vi K
(
a
(

X̂ M
2 −1

)
τ
)

x(t̄ + τ) = X̂0.

(2.15)

2.3.4 Symmetric accelerated tau-leaping

A more accurate version of accelerated tau-leaping can be constructed by using symmetric
Strang splitting (2.10) to approximate the matrix exponential in (2.12). Following the
procedure used to derive (2.13) leads to the following sampling algorithm:

X̂M = x (t̄)
for i = M,M − 1, · · · , 1

X̂i−1 = X̂i + Vi K
Ä
ai

Ä
X̂i

ä
τ/2
ä

for i = 1, 2, · · · ,M
X̂i = X̂i + Vi−1 K

Ä
ai

Ä
X̂i−1

ä
τ/2
ä

x(t̄ + τ) = X̂M.

(2.16)

The symmetric accelerated tau-leap algorithm (2.16) is twice as expensive as the acceler-
ated tau-leap (2.15) for the same value of τ since is computes the propensity functions and
generates Poisson random variables two times per step.

2.4 Numerical experiments

The above approximation techniques are used to solve two test systems, reversible iso-
mer and the Schlogl reactions [34]. The experimental results are presented in following
sections.
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2.4.1 Isomer reaction

The reversible isomer reaction system is [34]

x1

c1
−−−⇀↽−−−

c2

x2 · (2.17)

The stoichiometry matrix and the propensity functions are:

V =

ñ
−1 1

1 −1

ô
,

a1(x) = c1x1 ,
a2(x) = c2x2 .

The reaction rate values are c1 = 10, c2 = 10 (units), the time interval is [0,T ] with T = 10
(time units), initial conditions are x1(0) = 40, x2(0) = 40 molecules, and maximum values
of species are Q1 = 80 and Q2 = 80 molecules.

The exact exponential solution of CME obtained from (2.4) is a joint probability distri-
bution vector for the two species at final time. Figure 2.1(a) shows that the histogram
of 10,000 SSA solutions is very close to the exact exponential solution. The approxi-
mate solution using the sum of exponentials (2.7) is illustrated in Figure 2.1(b). This
approximation is not very accurate since it uses only the current state of the system. Other
approximation methods based on the product of exponentials (2.9), Strang splitting, (2.10)
and column based splitting are not very accurate, and consequently we choose not to re-
port their results. The reason of poor approximation of product of exponentials and Strang
splitting methods is due to the error propagation that occurs during successive matrix vec-
tor multiplications.

The results reported in Figure 2.2 indicate that for small time steps τ the accelerated tau-
leap (2.13) solution is very close to the results provided by traditional explicit tau-leap.
Symmetric accelerated tau-leap method (2.16) yields even better results, as shown in Fig-
ure 2.3. For small time steps the traditional and symmetric accelerated methods give sim-
ilar results, however, for large time steps, the results of the symmetric accelerated method
is considerably more stable.

To assess accuracy we measure the numerical error as the the difference between the PDF
of each algorithm and the PDF of SSA.

error =

∑Q(1)
i=0 |S S Amolecules(i) − NewAlgorithmmolecules(i)|

Q(1)

Figure 2.4 plots the errors given by different algorithms versus computational time. Each
point on the curves corresponds to a different time step τ; specifically, 10,000 simulations
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(b) Exact solution (2.4) versus the approximation to
exact solution using sum of exponentials (2.7)

Figure 2.1: Histograms of the isomer system (2.17) results at the final time T=10.

with that value of τ are carried out and the samples are used to obtain a histogram that
approximates the PDF. For larger time steps τ (smaller CPU times) the errors of symmetric
accelerated tau-leap and accelerated tau-leap are smaller than the error of traditional tau-
leap. The two new algorithms are more effective for lower accuracy computations. For
small time steps τ (;target CPU times) the traditional tau-leap is the most efficient. The
CPU time for the symmetric accelerated tau-leap the largest among the three methods for
a given time step since it requires computing propensity functions twice per step.

Absolute stability and stiffness

To assess the stability of the new algorithms we apply them to solve the isomer reaction
[34]. It turns out that for this test problem the mean and variance of the solution ob-
tained by accelerated tau-leap and by symmetric accelerated tau-leap are the same as for
traditional tau-leap, since the only change in these algorithms is the sequential firing of
reactions. The procedure outlined in [34] for obtaining the absolute stability is to fix τ and
let the number of steps n tend to infinity. Having X∗ = Xtheoretical(∞) = Xtheoretical

1 (∞) and
λ = c1 + c2 in isomer reaction, the following asymptotic values of the mean and variance
are obtained [34]

E[X(∞)] = E(X∗), Var[X(∞)] =
2

2 − λτ
Var(X∗).

The mean value given by tau-leap method converges to the theoretical mean value, while
the variance does not. The same conclusions hold for the accelerated tau-leap and sym-
metric accelerated tau-leap methods.
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Figure 2.2: Isomer system (2.17) solutions provided by the traditional tau-leap (2.8) and
by accelerated tau-leap (2.13) methods at the final time T=10 (units). A small time step of
τ = 0.01 (units) is used. The number of samples for both methods is 10,000.

2.4.2 Schlogl reaction

We next consider the Schlogl reaction system [34]

B1 + 2 x
c1
−−−⇀↽−−−

c2

3 x

B2

c3
−−−⇀↽−−−

c4

x
(2.18)

whose solution has a bi-stable distribution. Let N1, N2 be the numbers of molecules of
species B1 and B2, respectively. The reaction stoichiometry matrix and the propensity
functions are:

V =
î
1 −1 1 −1

ó
a1(x) = c1

2 N1x(x − 1),
a2(x) = c2

6 N1x(x − 1)(x − 2),
a3(x) = c3N2,
a4(x) = c4x.

The following parameter values (each in appropriate units) are used:

c1 = 3 × 10−7, c2 = 10−4, c3 = 10−3,

c4 = 3.5, N1 = 1 × 105, N2 = 2 × 105.

with the final time T = 4 (units), the initial condition x(0) = 250 molecules, and the
maximum values of species Q1 = 900 molecules.

Figure 2.5(a) illustrates the result of exact exponential solution (2.4) versus SSA. Figure
2.5(b) reports the sum of exponentials (2.7) result which is not a very good approximation.
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Figure 2.3: Histograms of isomer system (2.17) solutions obtained with SSA, traditional
tau-leap (2.8), and symmetric accelerated tau-leap (2.16) methods at the final time T=10.
The number of samples is 10,000 for all methods.

The product of exponentials (2.9) and Strang splitting (2.10) results are not reported here
since they provide inaccurate approximations.

Figures 2.6(a) and 2.6(b) present the results obtained with the accelerated tau-leap and
the symmetric tau-leap, respectively. For small time step the results are very accurate.
For large step sizes the results become less accurate but continue to be more stable than
tau-leap. Systems having a large number of reactions may be more affected by the low
accuracy, and improvements such as the ones described in equations (2.14) and (2.15)
may prove helpful.

2.5 Conclusions

This study proposes new numerical solvers for stochastic simulations of chemical kinetics.
The proposed approach exploits the linearity of the CME and the exponential form of its
exact solution. The matrix exponential appearing in the CME solution is approximated
as a product of simpler matrix exponentials. This leads to an approximate (“numerical”)
solution of the probability density evolved to a future time. The solution algorithms sample
exactly this approximate probability density and provide extensions of the traditional tau-
leap approach.

Different approximations of the matrix exponential lead to different numerical algorithms:
Strang splitting, column splitting, accelerated tau-leap, and symmetric accelerated tau-
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Figure 2.4: Plot of errors vs. CPU times for different algorithms. The points on the graphs
correspond to the following five time steps: τ = 0.01, τ = 0.05, τ = 0.075, τ = 0.1,
and τ = 0.15 (units). The final time T=10 (units). Each point is obtained from 10,000
samples/runs.

leap. Numerical results illustrate that the new approximation methods are more stable
than explicit tau-leap especially for large time steps, but are less accurate for some re-
action systems. Despite this fact the class novel numerical solvers proposed herein is of
interest since it is based on a totally different approach than the one used to derive classi-
cal schemes. Specifically, one first discretizes the chemical master equation, then draws
samples from the resulting probability density. Current work by the authors focuses on
improving the accuracy of the new family of approximation techniques.

——————————————————————
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Figure 2.5: Histograms of Schlogl system (2.18) results at final time T=4 (units).
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(a) Traditional tau-leap (2.8) and accelerated tau-
leap (2.13)
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Figure 2.6: Histograms of Schlogl system (2.18) solutions with τ = 0.0001 (units), final
time T=4 (units), and 10,000 samples.
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We exemplify the process of building matrix A (2.2) for the Schlogl and isomer reactions.

Isomer reaction Here for simplicity, we exemplify the implementation of the system
for the maximum values of species Q1 = 2 and Q2 = 2. According to (2.2.1), Q =

(Q1 + 1) × (Q2 + 1) = 32.

The vector d according to (2.2.1) is [2,−2]. The state matrix which contains all possible
states has dimension 812 × 2 matrix:

x =

[
0 1 2 0 1 2 0 1 2

0 0 0 1 1 1 2 2 2

]>
∈ R32×2.

The matrix A ∈ RQ·Q×Q·Q As an example for a maximum number of species Q1 = 2, Q2 = 2
the matrix A is:

A =



−a0(x1,:) 0 a2(x3,:) 0 0 0 0 0 0

0 −a0(x2,:) 0
.
.
. 0 0 0 0 0

a1(x1,:) 0 −a0(x3,:) 0
.
.
. 0 0 0 0

0 a1(x2,:) 0
.
.
. 0

.
.
. 0 0 0

0 0 a1(x3,:) 0
.
.
. 0 a2(x7,:) 0 0

0 0 0
.
.
. 0

.
.
. 0 a2(x8,:) 0

0 0 0 0
.
.
. 0 −a0(x7,:) 0 a2(x9,:)

0 0 0 0 0
.
.
. 0 −a0(x8,:) 0

0 0 0 0 0 0 a1(x7,:) 0 −a0(x9,:)



∈ R9×9 .

Schlogl reaction Here for simplicity, we exemplify the implementation of the system
for the maximum value of the number of molecules Q1 = 5. According to (2.2.1) the
dimensions of A are:

Ä
Q1 + 1 × Q1 + 1

ä
= 6 × 6. The vector d (2.2.1) for this system

[1,−1, 1,−1]. All possible states for this system are contained in the state vector

x = [0, 1, 2, · · · , 5]> ∈ R1×6.

As an example matrix A for maximum number of molecules Q = 5 is the following
tridiagonal matrix:
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A =



−a0(x1) a2(x2) + a4(x2) 0 0 0 0

a1(x1) + a3(x1) −a0(x2)
.
.
. 0 0 0

0 a1(x2) + a3(x2)
.
.
.

.
.
. 0 0

0 0
.
.
.

.
.
. a2(x5) + a4(x5) 0

0 0 0
.
.
. −a0(x5) a2(x6) + a4(x6)

0 0 0 0 a1(x5) + a3(x5) −a0(x6)


∈ R6×6 .



Chapter 3

Solving Stochastic Chemical Kinetics by
Metropolis-Hastings Sampling

3.1 Introduction

In biological systems, chemical reactions are modeled stochastically. The system’s state
(the number of of molecules of each individual species) is described by probability densi-
ties describing the quantity of molecules of different species at a given time. The evolution
of probabilities through time is described by the chemical master equation (CME) [7].

The Stochastic Simulation Algorithm (SSA) first introduced by Gillespie [7], is a Monte
Carlo approach to sample from the CME. The accuracy of different approaches in sim-
ulating stochastic chemical reactions is compared to histogram of samples obtained by
SSA. However, SSA has a number of drawbacks such as it simulates one reaction at a
time and therefore it is inefficient for most realistic problems. Alternative approaches
have been developed trying to enhance the efficiency of SSA but most of them suffer from
accuracy issues. The explicit tau-leaping method [8] is able to simulate multiple chem-
ical reactions in a pre-selected time step of length τ by using Poisson random variables
[33]. However, explicit tau-leaping method is numerically unstable for stiff systems [34].
Different implicit tau-leap approaches have been proposed to alleviate the stability issue
[35, 36, 8, 37]. Sandu [44] considers an exact exponential solution to the CME, leading to
a solution vector that coincides with the probability of SSA. Several approximation meth-
ods to the exact exponential solution as well as approximation to the explicit tau-leap are
given in [46].

26
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The availability of exact and approximate probability solutions motivates the use of Markov
chain Metropolis algorithm to enhance the accuracy of explicit tau-leap method when us-
ing large time steps. The proposed method relies on explicit tau-leaping to generate can-
didate samples. The proposed probability density corresponds to that of tau-leaping [44],
and the target probability density is provided by the CME. During the Markov process the
candidate samples are evaluated based on approximations of target and proposal probabil-
ity and are either accepted or rejected. The proposed technique requires the computation
of a matrix exponential during the Markov process. The dimension of matrix grows with
increasing number of species in a reaction system. In order to manage the computational
expense of matrix exponentiation efficient approaches based on Krylov [47] and ratio-
nal approximations [48, 49] are employed. Further computational savings are obtained
by exponentiating only a sub-matrix that encapsulates the essential information about the
transition of the system from the current to the proposed state.

The chapter is organized as follows. Section 3.2 reviews Monte Carlo approaches, and
Section 3.3 discusses the application of Metropolis-Hastings algorithm to sample from the
probability distribution generated by CME. Computationally efficient methods to acceler-
ate exponentiating the matrix are discussed in Section 3.4. Numerical experiments carried
out in Section 3.5 illustrate the accuracy of the proposed schemes. Conclusions are drawn
in Section 3.6.

3.2 Markov Chain Monte Carlo methods

Markov Chain Monte Carlo (MCMC) methods are a class of algorithms to generate sam-
ples from desired probability distributions. A Markov chain is a discrete time stochastic
process, i.e., a sequence of random variables (states) x0, x1, · · · where the probability of the
next state of system depends only on the current state of the system and not on previous
ones [50].

3.2.1 Metropolis methods

The Metropolis method is an MCMC process to obtain a sequence of random samples from
a desired probability distribution π(x), x ⊂ X ⊂ Rn, which is usually complex. A Markov
chain with state space X and equilibrium distribution π(x) is constructed and long runs of
the chain are performed [51]. The original MCMC algorithm was given by Metropolis et
al. [52] and was later modified by Hastings [53], with a focus on statistical problems.
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A random walk is performed around the current state of the system xt−1. A proposal distri-
bution g (x∗|xt−1) is used to suggest a candidate x∗ for the next sample given the previous
sample value xt−1. The proposal distribution should be symmetric g (xt−1|x∗) = g (x∗|xt−1).
The algorithm works best if the proposal density matches the shape of the target distribu-
tion, i.e. g (xt−1|x∗) ≈ π(x). Proposals x∗ are accepted or rejected in a manner that leads
system toward the region of higher target probability π(x) [54]. Specifically, one computes
the target density ratio

α =
π (x∗)
π (xt−1)

(3.1)

and draws a random variable ζ ∼ uni f orm(0, 1). The proposal is accepted or rejected as
follows:

xt :=
®

x∗ if ζ < min (1, α) (proposal accepted),
xt−1 otherwise (proposal rejected).

3.2.2 Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm allows more freedom in the choice of the proposal dis-
tribution by relaxing the symmetry constraint [55]. The acceptance ratio (3.1) is changed
to

α = α1 · α2. (3.2)

Here α1 is the ratio between the target probabilities of the proposal sample x∗ and of the
previous sample xt−1. This can be evaluated by a function f which is an approximation of
π

α1 =
π (x∗)
π (xt−1)

≈
f (x∗)

f (xt−1)
(3.3)

α2 is the ratio of the proposal densities of x∗ conditioned by xt−1, and of xt−1 conditioned
by x∗. This ratio is equal to one if the proposal distribution is symmetric.

α2 =
g (xt−1|x∗)
g (x∗|xt−1)

. (3.4)

Convergence of the Markov chain is guaranteed if the properties of detailed balance and
ergodicity conditions are fulfilled [56]. Detailed balance requires that the probability of
moving from xt−1 is the same as moving from x∗.

π (xt−1) g (xt−1|x∗) = π (x∗) g (x∗|xt−1)

Ergodicity requires that a chain starting from any state x1 will return to x1 if it runs long
enough. In practice, it is not possible to establish with full certainty that a chain has
converged [56].
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3.3 Metropolis-Hastings for stochastic simulation

Here we discuss the application of the Metropolis-Hastings algorithm to generate samples
from the CME distribution. SSA is currently the standard model for solving well-stirred
chemically reacting systems; however, SSA does one reaction at a time that making it slow
for real problems. On the other hand, alternative techniques such as explicit and implicit
tau-leap methods are faster than SSA but suffer from low accuracy at larger time steps.

In the proposed approach, explicit tau-leap is employed to generate candidate samples.
The samples are evaluated based on the acceptance ratio of Metropolis-Hastings algo-
rithm. At the end of algorithm, the samples generated by this technique have the same
distribution as given by CME, and the histogram of samples converges to the histogram of
SSA solutions.

3.3.1 Target distribution

The target (exact) distribution P (x, t) of the state of the chemical system is given by the
solution of the CME [7]

∂P (x, t)
∂t

=
M∑

r=1
ar (x − vr)P (x − vr, t) − a0 (x)P (x, t) . (3.5)

Let Qi is the total possible number of molecules of species S i, i = 1, . . . ,N. The total
number of all possible states of the system is

Q =
N∏

i=1

Ä
Qi + 1

ä
. (3.6)

CME is a linear ODE on the discrete state space of states RQ

P′ = A · P , P(t̄) = δI(x̄) , t ≥ t̄ . (3.7)

and has an exact solution:

P (t̄ + τ) = exp (T A) · P (t̄) = exp
(
τ

M∑
r=0

Ar

)
· P (t̄) . (3.8)

As explained in [44, 46], the diagonal matrix A0 ∈ R
Q×Q and the Toeplitz matrices A1, · · · , AM ∈

RQ×Q are:

(A0)i, j =

®
−a0

Ä
x j

ä
if i = j,

0 if i , j,
, (Ar)i, j =

®
ar(x j) if i − j = dr,

0 if i − j , dr,
(3.9)
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and their sum A ∈ RQ×Q is

A = A0 + · · · + AM , Ai, j =


−a0(x j) if i = j ,

ar(x j) if i − j = dr, r = 1, · · · ,M ,
0 otherwise .

(3.10)

Here x j denotes the unique state with state space index j = I(x j), where I(x) is the state-
space index of state x = [X1, . . . , XN]:

I(x) =
Ä
QN−1 + 1

ä
· · ·
Ä
Q1 + 1

ä
· XN + · · ·

+
Ä
Q2 + 1

ä Ä
Q1 + 1

ä
· X3 +

Ä
Q1 + 1

ä
· X2 + X1 + 1.

(3.11)

One firing of reaction Rr changes the state from x to x̄ = x− vr. The corresponding change
in state space index is:

I(x) − I (x − vr) = dr,

dr =
Ä
QN−1 + 1

ä
· · ·
Ä
Q1 + 1

ä
.vN

r + · · ·

+
Ä
Q2 + 1

ä Ä
Q1 + 1

ä
.v3

r +
Ä
Q1 + 1

ä
.v2

r + v1
r .

At the current time t̄ the system is in the known state x((̄t)) = x̄ and consequently the
current distribution P (t̄) = δI(x̄) is equal to one at I(x̄) and is zero everywhere else. The
target distribution in our method is the exact solution (2.2)

π = exp
(
τ

M∑
r=0

Ar

)
· δI(x̄) . (3.12)

3.3.2 Proposal distribution

In our algorithm the explicit tau-leap method is employed to generate the candidate sam-
ples. Sandu [44] shows that the probability distribution generated by the tau-leap method
is the solution of a linear approximation of the CME

P (t̄ + τ) = exp
Ä
τ Ā
ä
· P (t̄) = exp

(
τ

M∑
r=0

Ār

)
· P (t̄) (3.13)

where the diagonal matrix Ā0 ∈ R
Q×Q and the Toeplitz matrices Ā1, ..., ĀM ∈ R

Q×Q are:

(Ā0)i, j =

®
−a0 (x̄) if i = j,

0 if i , j, , (Ār)i, j =

®
ar(x̄) if i − j = dr,

0 if i − j , dr,
(3.14)

where the arguments of all propensity functions are the current state x̄ [46]. Therefore the
proposal distribution used in our method is:

g = exp
(
τ

M∑
r=0

Ār

)
· δI(x̄) . (3.15)
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3.3.3 Markov process

The Markov process starts with the values of species at the current time. The candidate
sample is generated by the tau-leap method. Both the candidate sample and the current
sample are evaluated based on the acceptance ratio (3.2). The target density ratio (3.3) is

α1 =
π (x∗)
π (xt−1)

=
δT
I(x∗) · exp

Ä
τ
∑M

r=0 Ar

ä
· δI(x̄)

δT
I(xt−1) · exp

Ä
τ
∑M

r=0 Ar

ä
· δI(x̄)

. (3.16)

For the tau-leap method x∗ is generated independent of xt−1 and vice versa. Hence the
proposal density ratio (3.4) is

α2 =
g (xt−1)
g (x∗)

=
δT
I(xt−1) · exp

Ä
τ
∑M

r=0 Ār

ä
· δI(x̄)

δT
I(x∗) · exp

Ä
τ
∑M

r=0 Ār

ä
· δI(x̄)

. (3.17)

From (3.16) and (3.17) the acceptance ratio α is:

α =
δT
I(x∗) · exp

Ä
τ
∑M

r=0 Ar

ä
· δI(x̄)

δT
I(xt−1) · exp

Ä
τ
∑M

r=0 Ar

ä
· δI(x̄)

·
δT
I(xt−1) · exp

Ä
τ
∑M

r=0 Ār

ä
· δI(x̄)

δT
I(x∗) · exp

Ä
τ
∑M

r=0 Ār

ä
· δI(x̄)

. (3.18)

In the acceptance/rejection test, samples which have a higher density ratio will be selected
as the next state and samples which have a lower density ratio will be rejected. The samples
generated by this approach have approximately the same density as CME (SSA) even
when using a large time step in the proposal (explicit tau-leap). The only drawback of this
method is the cost of performing matrix exponential. In the following section we discuss
several ways to reduce this computational cost.

3.4 Matrix exponential

The computation of a large matrix exponential is a problem of general interest, and a mul-
titude of approaches suited to different situations are available. The most straightforward,
and naive approach is a direct application of the definition of the matrix exponential

exp(A) =
∞∑

k=0

Ak

k!
. (3.19)

While this approach is guaranteed to converge if sufficiently, possibly very many, terms
are used, there are substantial numerical stability problems in the case where either the
norm or the dimension of A is very large [47, 48].
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3.4.1 Rational approximation methods for full matrix exponential

Several rational approximation methods have been developed to overcome the stability and
speed of convergence problems posed by the direct method. These are based on standard
function approximation methods, in the case of the Pade approximation [48], or on the
approximation of complex contour integrals, in the case of CRAM [49]. These methods are
usually paired with the “scaling and squaring” process of Higham [57] to further increase
the stability of the computation.

Pade approximation

The Pade approximation for exp(A) is computed using the (p, q)-degree rational function:

Ppq(A) = [Dpq(A)]−1Npq(A),
Npq(A) =

∑p
j=0

(p+q− j)!p!
(p+q)! j!(p− j)!A

j,

Dpq(A) =
∑q

j=0
(p+q− j)!q!

(p+q)! j!(q− j)! (−A) j,

which is obtained by solving the algebraic equation:
∞∑

k=0

Ak

k!
−

Npq(A)
Dpq(A)

= O
Ä
Ap+q+1

ä
in which Ppq(x) must match the Taylor series expansion up to order p+q [47]. MATLAB’s
expm function makes use of thirteenth order Pade approximation with scaling and squaring
[48].

Rational approximations of integral contours

The integral contour approach constructs parabolic and hyperbolic contour integrals on
left complex plane and uses quadrature points θk from the contour and quadrature weights
αk [49] to approximate full matrix exponentiation:

r(z) =
N∑

k=1

αk

z − θk
.

In the case where the spectrum of A is confined to a region near the negative real axis of
the complex plane methods based on the rational approximation of integral contours are
likely to convergence faster than the Pade approximation. In this work we use the Matlab
scripts provided by [49] for both rational approximation methods and the coefficients θ
and α.
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Chebyshev Rational Approximation Method (CRAM)

Let πk,k denote the set of rational functions

rk,k(x) =
pk(x)
qk(x)

where pk and qk are the polynomials of order k computed such as to optimize the following
error

(pk, qk) = arg inf
rk,k∈πk,k

®
sup
x∈R−
| rk,k(x) − ex |

´
.

The primary difficulty in making use of the CRAM method is the procurement of suitable
coefficients of the polynomials pk and qk. A method for obtaining these coefficients is
given in [58], and the values for k = 14 and k = 16 are provided in [49].

3.4.2 Krylov based approximation for matrix vector products

For our purposes we do not seek the entire solution of exp(A), in fact we would like only
a single element of the result. Krylov based approximations get us one step closer to
this ideal. Where the rational approximation methods seek to approximate the entirety of
equation (3.19), Krylov based methods seek only an approximation to the matrix-vector
product exp(A)b.

This is done by first computing the m-dimensional Krylov subspace

Km = span
¶

b, Ab, . . . ,Am−1b
©

using the Arnoldi iteration to compute the n × m orthonormal basis matrix Vm and the
m × m upper Hessenberg matrix Hm with m � n such that

span(Vm) = Km, Hm = VT AV.

The approximation is constructed as

exp(A)b = VmVT
m exp(A)VmVT

mb = ‖b‖Vm exp(Hm)e1 (3.20)

where e1 is the first canonical basis vector. The small matrix exponential term in (3.20) can
be computed using one of the rational approximation methods with scaling and squaring
extremely cheaply. The EXPOKIT software of Sidje [47] makes use of these techniques,
with some extra consideration for Markovian cases, where the approximation of w(t) =

exp(tA)v is subject to the constraint that the resulting vector is a probability vector with
components in the range of [0, 1] and the sum of these components is approximately one.



Azam Moosavi Chapter 3. Metropolis-Hastings to Approximate SSA 34

3.4.3 Faster approximation techniques for a single element

Since we seek only a single element of the matrix exponential (exp(A))i, j we propose two
techniques to speed up this computation.

A single element Krylov approach

Using equation (3.20) with b = e j leads to

(exp(A))i, j = eT
i exp(A) e j = (eT

i Vm) (exp(Hm) e1). (3.21)

The exponential matrix entry is computed for the cost of an m-dimensional Pade approx-
imation and an m-dimensional dot product since (eT

i Vm) can be computed for “free” by
simply reading off the ith row of Vm, and similarly

(
exp(Hm)e1

)
is just the first column of

exp(Hm). This approach avoids the construction of any additional n-dimensional vectors
or their products.

Exponentiation of a selected sub-matrix

Computing the exponential of a large matrix is expensive. When the number of species
in a reaction system is high, the dimensions of the matrix (3.9) for target probability as
well as dimensions of matrix (3.14) for proposal probability grow quickly. For the case
of n species where each has a maximum Q molecules the dimension of matrix will be
(Q + 1)n

× (Q + 1)n.

In order to reduce costs we propose to exponentiate a sub-matrix of the full matrix. The
selected rows and columns contain indices of both the current state of system at tn and
candidate state at tn + τ. The motivation comes from the fact that states which are far from
the current and the proposed ones do not impact significantly the acceptance/rejection test
of Metropolis-Hastings algorithm and can be disregarded. Numerical experiments indicate
that the error in an element (exp(A))i, j computed using a properly sized sub-matrix instead
of full matrix is small.

In order to obtain the proper size of a sub-matrix for each reaction system, we use spe-
cific information from the reaction system such as propensity functions, time step and
maximum number of molecules in the system. Recall the general tau-leap formula [8].

x (t̄ + τ) = x (t̄) +
M∑
j=1

V j K
Ä
a j (x (t̄)) τ

ä
.
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where K
Ä
a j (x (t̄)) τ

ä
is a random number drawn from a Poisson distribution with param-

eter a j (x (t̄)) τ and V j is the j-th column of stoichiometry matrix. The expected value of
the jump in the number of molecules is

E[x (t̄ + τ) − x (t̄)] =
M∑
j=1

V j a j (x (t0)) τ. (3.22)

Motivated by (3.22) we consider the following initial estimate of the size of the sub-matrix:

S ∝
‖V‖
N

M∑
j=1

a j (x (t0)) τ ∝ ā (x (t0)) τ, (3.23)

where ā (x (t0)) is the average of propensity functions for all reactions calculated at the
initial values of number of molecules.

We seek to select a range of state indices that covers the current and proposed states. The
sub-matrices are built by selecting only the rows and columns in this range from (3.9)
and (3.14). If the range of indices is small then the exponential computations are fast.
However, if this range does not cover the representative states (both the current sample
and the proposed sample), the probability ratio of the proposed sample can be far from
the target probability, and the proposed sample is likely to be rejected. Choosing the size
of the sub-matrix for maximum efficiency has to balance the cost of obtaining a sample
(smaller is better for the cost of exponentiation) with the likelihood of accepting samples
(larger is better for accuracy of approximation).

3.5 Numerical experiments

This section discusses the application of the Metropolis-Hastings algorithm to generate
samples from the SSA distribution for three test systems: Schlogl [34], reversible isomer
[34], and Lotka Volterra reactions [7].

3.5.1 Schlogl reaction

We first consider the Schlogl reaction system from [34] explained in 2.4.2: with final time
T = 4, initial conditions x(0) = 250 molecules, and maximum values of species Q1 = 900
molecules. We consider a time step τ = 0.4 for which the explicit tau-leap solution has a
relatively large error compared to SSA.
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Figure 3.1: Histograms of Schlogl system (2.18) solutions with τ = 0.4 (units), final time
T=4 (units), and 10,000 samples.

The initial guess for the size of sub-matrix given by (3.23) is 250×250 and works well for
the model. To accept 1, 000 samples the MCMC process rejects about ∼ 1, 200 samples
when using full matrix (whose size is 901 × 901). While the number of rejected using
sub-matrix is approximately 1, 300. Decreasing the size of sub-matrix leads to a larger
number of rejected samples. For example using a sub-matrix of size 100 × 100 results in
approximately 2, 500 rejected samples, so this matrix size is too small. Another metric
to assess whether the sub-matrix size is appropriate is the size of the residual obtained by
exponentiating the full matrix and the sub-matrix. In this simulation the residual is below
10−8 for a sub-matrix size of 250 × 250. We have observed empirically that when the
residual is larger than 10−2 the sample is likely to be rejected. The moderate number of
rejected samples using the sub-matrix and the small residual indicate that the 250 × 250
size yields a good approximation for large matrix exponentiation.

Figure 3.1(a) illustrates the histogram of Schlogl reaction results obtained by SSA, explicit
tau-leap and Metropolis-Hastings using full matrix size. Figure 3.1(b) shows that the
results obtained with a sub-matrix of size 250× 250 have no visible reduction in accuracy.
Since all the eigenvalues of the matrix lie very closely to each other we employ the order
ten of rational approximation of integral contours discussed in Section 3.4.1 which is faster
than other techniques for exponentiating both the full matrix and the sub-matrix. The
CPU time for obtaining one sample using the sub-matrix is 0.32 sec., about half the CPU
time required when using the full matrix (0.76 sec). For comparison the CPU times for
obtaining one sample are 0.15 sec. using SSA and 0.02 sec. using tau-leaping.
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3.5.2 Isomer reaction

The reversible isomer reaction system from [34] is explained in 2.4.1 The reaction rate
values are c1 = 10, c2 = 10 (units), the time interval is [0,T ] with T = 10 (time units), the
initial conditions are x1(0) = 40, x2(0) = 40 molecules, and the maximum values of the
species are Q1 = 80 and Q2 = 80 molecules.

The estimate give by equation (3.23) is 20 and since this reaction system has two species
the initial guess for the size of the sub-matrix is 202×202. In order to be more conservative
a sub-matrix of size 500 × 500 is selected. In order to accept 1, 000 samples the Markov
process rejects approximately 5, 000 samples when using the full matrix (of size 6, 561 ×
6, 561) , and about 8, 000 samples when using the sub-matrix. Decreasing the size of sub-
matrix leads to many more rejected samples. Our empirical observations show again that
when the residual is larger than 10−2 the sample is likely to be rejected. We conclude that
the current sub-matrix provides a good approximation for large matrix exponentiation.

Figure 3.2(a) shows the histogram of the isomer reaction solutions obtained by SSA, ex-
plicit tau-leap and by Metropolis-Hastings using the full size matrix (3.9) and (3.14). Fig-
ure 3.2(b) shows the results using the sub-matrix of size 500 × 500. There is no visible
reduction in accuracy. Since all the eigenvalues of the matrix lie very closely to each other
we employ the order ten of rational approximation of integral contours discussed in Sec-
tion 3.4.1 which is faster than other techniques for exponentiating both the full matrix and
the sub-matrix. The CPU times for obtaining one sample are 20.37 sec. using the sub-
matrix and 38.70 sec. using the full matrix. For comparison obtaining one sample using
SSA takes 0.15 sec. and using tau-leaping takes 0.05 sec.

3.5.3 Lotka Volterra reaction

The last test case is Lotka Volterra reaction system [7]:

Y + x1
c1
−→ 2x1,

x1 + x2
c2
−→ 2x2,

x2
c3
−→ Y,

x1
c4
−→ Y.

(3.24)

The reaction stoichiometry matrix and the propensity functions are:

V =

[
1 −1 0 −1

0 1 −1 0

]
,

a1(x) = c1x1Y , a2(x) = c2x2x1,
a3(x) = c3x2 , a4(x) = c4x1.
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Figure 3.2: Histograms of isomer system (2.17) solutions with τ = 0.05 (units), final time
T=1 (units), and 10,000 samples.

The following parameter values are used (in appropriate units):

c1 = 0.0002, c2 = 0.01, c3 = 10, c4 = 10, Y = 10−5,

the final time is T = 1, the initial conditions are x1(0) = 1000, x2(0) = 1000 molecules, and
the maximum values of species are Q1 = 2000 and Q2 = 2000 molecules. The resulting
full matrix has dimension 20012 × 20012 and exponentiation is not feasible without the
sub-matrix approximation.

The value predicted by equation (3.23) is 125, and since this reaction system has two
species the initial guess for the size of sub-matrix is 15, 625 × 15, 625. This size does not
work well for this system with very large number of molecules and almost never covers
both current and candidate states. We increase the size of sub-matrix to 500, 000×500, 000,
a value obtained by trial and error. Figure 3.3 illustrates the histogram of Lotka-Volterra
solutions obtained by SSA, tau-leap method, and Metropolis-Hastings using a sub-matrix
of size discussed above. The Metropolis-Hastings sampling is very accurate.

The CPU time of matrix exponentiation using the contour integral method discussed in
Section 3.4.1 is four times faster than using the Krylov method discussed in Section 3.4.2.
However, the Krylov method gives more accurate and stable results for large matrices
[47]. Using 30 vectors in Krylov method, gives smaller number of rejected samples during
the Markov process than the number of rejected samples using contour integral method.
The CPU time for obtaining one sample using Metropolis-Hastings is a few hours, in
comparison to 1.51 sec. using SSA and 0.21 sec. using tau-leap.
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Figure 3.3: Histograms of Lotka-Volterra system (3.24) solutions with τ = 0.01 (units),
final time T=1 (units), and 10,000 samples.

3.6 Conclusions

This study applies the Metropolis-Hastings algorithm to stochastic simulation of chemi-
cal kinetics. The proposed approach makes use of the CME and the exponential form of
its exact solution as the target probability in the Markov process. The approximation of
the explicit tau-leap method is then employed for the proposal probability. The samples
generated by constructing the Markov process have the same distribution as SSA even the
proposals are obtained using explicit tau-leap with a large time step. Computing matrix
exponentials can become a computational bottleneck for large systems. Efficient approx-
imation methods are needed. A practical approach consists of selecting a sub-matrix and
exponentiating it using fast approaches like Expokit and rational approximation to signifi-
cantly reduce the cost of the algorithm. Current work of the authors focuses on developing
faster approximation techniques that compute a single element of the matrix exponential.
While the practical performance of the Metropolis-Hastings stochastic simulation algo-
rithm is not yet competitive with existing methods, the approach is novel and opens the
door for many future developments.



Chapter 4

A State-Space Approach to Analyze
Structural Uncertainty in Physical
Models

4.1 Introduction

Studies of the natural world rely on both experimental and theoretical tools to understand
and characterize the physical phenomena of interest. First-principles computer simulation
models encapsulate our knowledge about the physical processes that govern the evolution
of a natural system. Metrology, as “the science of measurement, embracing both exper-
imental and theoretical determinations at any level of uncertainty in any field of science
and technology”, is intimately connected to computer simulations. Metrology (specifi-
cally, the data obtained from measurements of physical quantities) is routinely used to
inform computer simulation models. For example, many of the physical parameters used
in the physics-based models have values given by direct measurements. Vice-versa, com-
puter simulation models are being increasingly used by the metrological community to
compare and to interpret measurements, to design experiments, and as a surrogate for
destructive testing. Virtual Metrology seeks to predict metrology variables (either mea-
surable or non measurable) using computer models that describe the underlying physical
processes, and found applications in circuit manufacturing [59]. Computer simulation
methods have been used to improve accuracy in optical metrology and nano-optics de-
sign [60]. The use of computer simulation models based on partial differential equations
in metrology is discussed in [61]. Computer simulation methods have been shown to be

40
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an effective technique to investigate probabilistic regularities and to develop mathematical
and applied statistic tools used in problems of statistical quality control [62]. Computer
models are also used to draw valid inferences from the analysis of metrological data, e.g.,
to find criteria for rejection/acceptance of hypotheses [63].

First-principles models encapsulate our knowledge about the physical processes that gov-
ern the evolution of a natural system. The solutions of such models approximate the evo-
lution of the physical system under consideration. However, models are imperfect since
they are subject to multiple uncertainties associated with the input data, external forcings,
parameters, and the structure of the model. The process of uncertainty quantification in-
cludes the identification, characterization, propagation, analysis, and finally the reduction
of these uncertainties [64, 65]. Modern metrology is concerned with the characterization
of uncertainties in computer simulation model results.

Type-A evaluation of measurement uncertainty[66] in computer model simulation results
is typically due to uncertainty in model inputs, for example, from parameters that are com-
ing from uncertain measurements, or from random forcings that drive the model. Type-B
evaluation of measurement uncertainty [66] in the model results is more subtle, and is
typically associated with both the numerical errors and with the inaccurate representation
of the real-world physical processes in the model. There is a long tradition in simula-
tion models to estimate the upper bounds of numerical errors, and to control them (bring
them within the desired accuracy level) by adapting the resolution of the numerical solvers.
However, the uncertainty associated with missing or poorly represented physical processes
is much less understood. There is considerable need to quantify this form of type-B eval-
uation of measurement uncertainty in the model results, and to find upper limits on its
magnitude. This work seeks to develop a general approach to understanding and quantify-
ing model structural uncertainty.

Structural uncertainty, also named model-form uncertainty, is due to insufficient knowl-
edge of the true physics and therefore to an incomplete representation of reality by the
model [9, 10]. While uncertainties due to data and parameter values have been studied
extensively, comparatively little work has been devoted to date to studying structural un-
certainties. Two approaches have been employed to resolve the structural uncertainty:
model averaging and discrepancy modeling (or model calibration). Model averaging con-
siders weighted averages of the outputs of different models, with the weights obtained
from a metric of model adequacy, e.g., likelihood with respect to the data. The limitations
of this approach are that it requires the use of multiple models, and that the models may
not be independent. Discrepancy modeling assesses the model based on the discrepancy
between model outputs and the real data [11].
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In [67] a Gaussian Process is used to model the discrepancy between the model outputs
and reality, and then a Markov Chain Monte Carlo (MCMC) is employed to sample the
posterior distribution of the discrepancy. In [65] a Bayesian approach is taken to quan-
tify different aspects of model uncertainty such as uncertainty in parameters, parametric
variability, residual variability, observation error, code uncertainty, and model inadequacy.
The model inadequacy is defined as the difference between the true mean value of the
physical quantity of interest and the model output for the true values of the inputs. The
posterior distribution over the parameters is sampled by MCMC to obtain the calibrated
values of parameters. In [11] a distinction is drawn between external discrepancies that
correspond to the entire model inadequacies, and internal discrepancies corresponding to
individual sub-functions that compose the model. The Integrated Bayesian Uncertainty
Estimator (IBUNE) discussed in [68] considers uncertainties coming from parameters, in-
puts, and model structure. IBUNE combines Bayesian model averaging (BMA) to reduces
the structural uncertainties of individual sub-models with the Shuffled Complex Evolution
Metropolis (SCEM) algorithm for probabilistic parameter estimation to the input and pa-
rameter uncertainties.

This study seeks to identify the missing dynamics in models that leads to the discrepancy
between the model outputs and the measurements of the physical world. Our approach
is to represent the dynamics of the structural uncertainty using linear state-space models,
and to identify the parameters of these models from the known model states and model-
observations discrepancies. The predicted structural uncertainties can be used to correct
the model solutions, and therefore to improve the model. Previous work that has applied
the theory of linear dynamical systems to structural uncertainty includes the use of an
extended Kalman filter for system identification of seismic model errors [69], and the use
of an ensemble Kalman filter to manage the structural uncertainties in reservoir models
[70].

The reminder of this chapter is organized as follows, Section 4.2 describes the proposed
methodology for analysis of structural uncertainty. Numerical results are presented in
Section 4.3. Section 4.4 summarizes the findings of this work and draws the conclusions.

4.2 Structural uncertainty in computer simulation mod-
els

We now discuss the Type-B evaluation of measurement uncertainty in computer simulation
models due to insufficient knowledge of the true physics and therefore to an incomplete
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representation of reality by the model [9, 10]. This is named structural uncertainty or
model-form uncertainty.

Consider a physical process with internal state vt at the discrete time t ∈ N, evolving
according to the dynamic equation:

vt = P (vt−1) + ηt, t = 1, · · · ,T. (4.1)

The exact physicsP and the physical state vt are not known exactly. We take measurements
of a finite number of observables yt ∈ R

m of the physical process:

yt = h(vt) + εt, εt ∼ N(0,Rt), t = 1, · · · ,T, (4.2)

where εt is the observation error, assumed to be normally distributed.

A computer model M evolves the model state xt ∈ R
n from one discrete time (t) to the

next (t + 1):
xt =M

Ä
xt−1, θ̂

ä
, t = 1, · · · ,T. (4.3a)

Without loss of generality we assume that the parameters of the model θ ∈ R` take the best-
fitting values θ̂ and we don’t have any parameter uncertainty. The observation operatorH
maps the model state onto the observation space; the model-predicted values zt ∈ R

m of
the observations (8.3) are:

zt = H(xt), t = 1, · · · ,T. (4.3b)

The computer modelM seeks to approximate the true physical process; specifically, the
model state approximates the physical state,

xt ≈ ξ(vt), t = 1, · · · ,T, (4.4)

where the operator ξ can represent, for example, the sampling of a continuous temperature
field onto a finite dimensional computational grid. The model dynamics (8.1a) approxi-
mates the dynamics of the physical system (8.1b). If we initialize the model at time t with
an idealized value (a projection of the real state), the model prediction at time t + 1 will
differ from the reality:

ξ(vt) =M
(
ξ(vt−1), θ̂

)
+ δt

(
vt−1

)
, t = 1, · · · ,T. (4.5)

The discrepancy δt between model prediction and the reality, projected onto the model
space, is the structural uncertainty of concern here. In the discussion that follows we will
make the following simplification. We assume that the physical system is finite dimen-
sional, vt ∈ R

n, and that the model state lives in the same space as reality, i.e., xt ≈ vt
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and ξ(·) ≡ id is the identity operator in (8.1c), and H(·) ≡ h(·) in (8.3) and (8.4). This
assumption means that the discretization errors are very small, and that the main source of
error is the missing representation of some physical processes. With these assumptions the
evolution equations for the physical system (8.1b) and the physical observations equation
(8.3) become, respectively:

vt = P (vt−1) + ηt (4.6a)
= M

(
vt−1, θ̂

)
+ δt

(
vt−1) + ηt, t = 0, · · · ,T − 1,

yt = h(vt) + εt. (4.6b)

We seek to understand the structure of the model-form error (8.2) by comparing the obser-
vations (8.6b) of the real system against the model predicted values of these observables
(8.4), i.e., by considering the discrepancies in the observable quantities:

∆t = zt − yt ∈ R
m, t = 1, · · · ,T. (4.7)

Specifically, our goal is to model the state error δt in order to gain understanding of the
missing dynamics, i.e., of the physical processes that are not captured by the model M.
Moreover, good estimates of the discrepancy δt allow to improve model predictions by
applying the correction (8.6a) to model results:

vt ≈ xt + δt. (4.8)

We consider two techniques to quantify the structure of the uncertainty in the models. The
first is the global structural uncertainty approach, which models the discrepancy between
the model state and physical state over the entire state space. The second is the local
uncertainty approach, which only takes account the variables in the vicinity of the source
of uncertainty and not all variables in the system. We now give a detailed description of
these approaches.

4.2.1 Global models for structural uncertainty

Rooted in control engineering, state-space models (SSMs) are dynamical systems that
describe the probabilistic dependence between the latent variables and the observed mea-
surements [71]. A stat-space vector evolves forward in time under the control of external
inputs. An output equation captures the relationship between the system state, the input,
and the output. A linear time-invariant (LTI) discrete-time SSM has the form:

ζ t = A · ζ t−1 + B · ut−1 + K · νt−1, t = 1, · · · ,T ; ζ0 = given, (4.9a)
γt = C · ζ t + D · ut + εt, t = 1, · · · ,T, (4.9b)
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where (4.9a) is the state equation, and (4.9b) is the output equation. Here ζ t ∈ R
nssm is the

state vector, ut ∈ R
pssm is the input or control variable, γt ∈ R

mssm is output of the system
(observable quantities), νt ∈ R

qssm is the disturbance of the model, and εt ∈ R
mssm is the

observation error. The evolution of the system is captured by the dynamics or state matrix
A ∈ Rnssm×nssm , the input matrix B ∈ Rnssm×pssm , the output or sensor matrix C ∈ Rmssm×nssm ,
the feed-through or feed forward matrix D ∈ Rmssm×pssm , and the disturbance matrix K ∈
Rnssm×qssm .

In order to understand the structure of uncertainty in this work we employ SSMs (4.9) to
describe the evolving discrepancy between the model and the true physics, as follows:

• The state vector ζ t consists of hidden states that represent the dynamics of the struc-
tural model error, and are driven by the error dynamics of the model.

• The hidden error ζ t depends on the model solution at every time step and on the
discrepancy between the model outputs and the physical observations. The inputs
of our SSM are therefore the model predictions (8.1a) :

x̂t =M
Ä
xt−1, θ̂

ä
, t = 1, · · · ,T. (4.10)

• The outputs of the SSM are the observed discrepancies (8.5) between the model
forecast (4.10) and reality:

∆̂t = ẑt − yt = h (x̂t) − yt, t = 1, · · · ,T. (4.11)

• The outputs of the SSM predict the total stat-space discrepancy ∆̂t.

The SSM that models the global error dynamics is:

ζ t = A · ζ t−1 + B · x̂t + K · ηt, ζ0 = given, (4.12a)
∆̂t = C · ζ t + D · x̂t + εt. (4.12b)

From the sequence of known inputs x̂t and the known outputs ∆̂t, t = 1, . . . ,T one can per-
form a system identification and fit the matrices A,B,K,C,D. The matrix entries contain
information about the structure and source of uncertainty in models; this aspect will be
discussed in detail in the numerical experiments Section 4.3.

It is important to note that in the global approach, the SSM (4.12) approximates the dy-
namics of the model error over the entire model space. Since the dimension of the hidden
error vector ζ t ∈ R

nssm can be much smaller than the dimension of the model state-space
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error vector δt ∈ R
n, nssm < n, the hidden error vector predicted by (4.12) needs to be lifted

up to the model space:

δt = F · ζ t + G · x̂t. (4.13)

In order to define the projection matrices F ∈ Rn×nssm and G ∈ Rn×n and one needs to
use additional information about the structure of the model and the observation operator.
Some possible definitions are discussed below.

• The global error dynamics model (4.12) can be defined on the entire state-space, i.e.,
nssm = n. In this case the hidden error approximates the entire model error vector
ζ t ≈ δt, and therefore F = I and G = 0 in (4.13).

• The hidden error dynamics vector (4.12) can represent the projection of the full
model error onto a subspace spanned by the orthonormal basis Φ ∈ Rn×nssm with
ΦT ·Φ = I ∈ Rnssm×nssm . In this case we have:

ζ t ≈ Φ
T · δt, δt ≈ ΦΦ

T · ζ t ⇒ F = ΦΦT and G = 0.

The reduced order basis Φ ∈ Rn×nssm can be obtained from snapshots of a more
complex model trajectories by proper orthogonal decomposition.

• The lifting operation (4.13) can be constructed using the observation operator. Specif-
ically, assuming a small model error we have:

∆̂t = h (xt) − h (vt) ≈
∂h
∂x

(xt) (xt − vt) = −Ht δt, where Ht =
∂h
∂x

(xt). (4.14)

Let H+
t be the pseudo-inverse of H. From (4.14) and (4.12b) we have that:

xt − vt = −δt ≈ H+
t ∆̂t ≈ H+

t C ζ t + H+
t D x̂t ⇒ F = H+

t C and G = H+
t D.
(4.15)

Before the next time step the model forecast (4.10) is corrected with the predicted discrep-
ancy (4.13) in order to obtain a better approximation of the true physical state:

xt = x̂t + δt. (4.16)
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4.2.2 Local models for structural uncertainty

In order to capture the global error dynamics the SSM (4.12) needs to be large. Finding
the matrix coefficients from the inputs and outputs of this model is highly challenging.
Moreover, many models have a dynamics driven by local dependencies among variables.
The model structural errors due to local inaccuracies in the representation of physics have
local impacts.

In order to address these points we consider local error models that seek to capture the
structural uncertainty associated with only subsets of variables of the model. The assump-
tion is that structural errors are associated with certain parts of the model, and that the ef-
fects of one type of structural error is observed locally in the evolution of “nearby” model
variables and quantities of interest. By nearby we mean variables in physical proximity
(e.g., grid points located at a short distance from each other) or variables that are tightly
coupled to one another. Some prior knowledge about the source of structural errors may
be required in order to define the local subset of variables affected by it. The interaction
between local and remote variables is assumed to be sufficiently weak such that we can
capture the evolution of errors using only local models: the errors depend on local vari-
able states as inputs, and provide the discrepancies between the model forecasts and true
physics only on for those observable quantities that measure local variables.

The large SSM (4.12) modeling the global error dynamics is split into a set of L small-
dimensional “local” SSMs:

ζ`t = A` · ζ`t−1 + B` · x̂`t + K` · η`t , ζ`0 = given, (4.17a)

∆̂
`

t = C` · ζ`t + D` · x̂`t + ε`t , (4.17b)
δ`t = F` · ζ`t + G` · x̂`t , (4.17c)
x`t := x̂`t + δ`t , ` = 1, . . . , L. (4.17d)

Here x` consists of a local subset of model variables (e.g., associated with a certain geo-
graphic region), ζ`t are the hidden states associated with the local model errors, and ∆̂

`

t are
the observations associated with that particular geographic region. In the local approach
the large model (4.12) is replaced by a set of small error models (4.17), one for each local
set of variables that are affected by structural errors.

In absence of any prior knowledge regarding the location of potential sources of uncer-
tainty one can iterate over subsets of variables of the model, assume the uncertainty is
associated with those variables, and construct the local error SSM (4.17) using only the
variables in the locality of the source of uncertainty. The state is corrected according to
(4.17d). The difference between the observables associated with the corrected solution
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(4.17d) and the real data allows to rank the different possible sources of error, and to select
the ones that lead to the smallest differences. Algorithm 1 summarizes this approach.

Algorithm 1 Identifying the subsets of variables most affected by model uncertainty using
local structural uncertainty modeling.

UncertaintyVars=Subset of variables in the model concern of having uncertainty.
For variable= UncertaintyVars[0]+L: UncertaintyVars[end]-L

x̂` = x
Ä
variable − L

2 : variable + L
2

ä
Obtain x`using (4.17)
rank(variable) =RMSE

Ä
y, x`

ä
End For
[min,index]=minimum(rank)
return x` = x(index − L

2 : index + L
2 )

4.3 Numerical experiments

In order to study the structural uncertainty and to illustrate the proposed modeling of struc-
tural errors we employ two test systems. The first one is the Lorenz-96 model with 40
variables [72], and the second model is the stratospheric chemistry model [73]. For our
experiments we use the SSM library in Matlab [74] to obtain the state-space equations of
the error models, i.e., the A,B,C,D matrices. We use the identity observation operator,
i.e., we observe the errors in all model states. From (4.15) with H+

t = I we have δt ≈ ∆̂t.

4.3.1 Lorenz-96 model

The one dimensional Lorenz model is given by [72]:

dXk

dt
= −Xk−2Xk−1 + Xk−1Xk+1 − Xk + F, k = 1, 2, · · · ,K, (4.18)

with K = 40 variables, periodic boundary conditions, and a forcing term F = 8. The
variables of Lorenz model are periodic meaning that, values of Xk−K and Xk+K is equal to
Xk.

A more complex Lorenz model includes two distinct time scales. It couples each vari-
able Xk of the slow model (7.9) with a fast oscillating system described by the variables
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{Y j,k}k=1,...,K, j=1,...,J. The two-scale Lorenz model (4.19) adds five fast variables (J = 5) to
each slow variable in the basic Lorenz (7.9):

The equations are:

dXk

dt
= Xk−1 (Xk+1 − Xk−2) − Xk − (hc/b)

J∑
j=1

Y j,k (4.19)

dY j,k

dt
= −cbY j+1,k

Ä
Y j+2,k − Y j−1,k

ä
− cY j,k + (hc/b) Xk,

k = 1, 2, · · · ,K, j =, 2, · · · , J.

System (4.19) has 200 variables. We select the coupling coefficient value h = 0.2. The
parameters c = 1 and b = 10 are chosen such that the convective (fast) scales oscillate ten
times faster than the large (slow) scales.

We consider (4.19) to be the real physical system, and (7.9) to the the computer model
approximation. The mapping of variables is vt = {Xk,Y j,k}1≤k≤K,1≤ j≤J, xt = {Xk}1≤k≤K , and
ξ(vt) = {Xk}1≤k≤K . For simplicity, we use the identity observation operator H(xt) = xt.
Using the discrepancy between the model solution and the true physics we employ the
global and the local modeling approaches to analyze the structure of uncertainty in the
model.

Global structural uncertainty modeling results

For the global approach at each time step we observe the discrepancy between the model
solution and the real data for all model variables (8.5). The model (7.9) is integrated
forward in time starting from real data to obtain the model forecast x̂t (4.10). The SSM
states ζ t are predicted from past values, the observed discrepancies, and the model forecast.
Before the next step is taken the model solution is corrected using the predicted global error
according to (4.12a). This procedure is summarized by Algorithm 2.

In the first experiment we have perturbed the 12th and 30th variables in the Lorenz system,
and kept all other slow variables without the additional forcing from the fast scales not
captured by the model. This means that the structural uncertainty affects only two variables
in the model. The system was integrated forward in time for 1000 time steps, and the
number of error hidden states was empirically chosen equal to eight. Figure 4.1 shows
the corrected model solution with reduced uncertainty. The SSM coefficient matrices are
shown in Figure 4.2 when perturbing only the 12th and 30th variables in the Lorenz system.
The output matrix C identifies well the source of uncertainty: the larger entries correspond
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Algorithm 2 Reducing the uncertainty in the Lorenz model using the global approach.
∆t = “xt − vt, t ∈ {training times}.[
A,B,C,D, ζ0

]
= S S M

Ä
{∆t, x̂t}t∈{training times}

ä
.

x0 = y1

For t = 1 : T
x̂t =M

Ä
xt−1, θ̂

ä
ζ t = A ζ t−1 + B x̂t

∆̂t = C ζ t + D x̂t

xt = x̂t + ∆̂t

End For
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Figure 4.1: The evolution of a Lorenz variable in time for model solution, real solution
and corrected model solution. The corrected model solution of the Lorenz system is ob-
tained using the predicted global model error. The 12th and 30th variables in the model are
perturbed, meaning that they are affected by the structural uncertainty.
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to the 12th and 30th variables. The state matrix A has the largest entries near the diagonal,
indicating that global error correlations are spatially localized. The input matrix B shows
no special structure that reveals the uncertainty location. The feed forward matrix D also
captures the perturbed states.

In the second experiment the structural uncertainty affects the 8th, 16th, 25th, and 33rd

variables in the Lorenz system (7.9). Figure 4.3 shows the SSM coefficient matrices. The
sensor matrix C again identifies well the perturbed variables, with entry peaks correspond-
ing to the perturbed variables. The state matrix A has the largest entries near the diagonal,
indicating that global error correlations are spatially localized. The input matrix B does
not have any special structure. The feed forward matrix D also captures the perturbed
states.

Furthermore, the length of the the time series used in SSM for tuning the parameters,
affects the prediction power. The more data used, the parameters of SSM gets better tuned
and the hidden dynamics of the error will be identified better. Table (1.a) illustrates the
predictability power of the SSM using different length of time series. The variables we use
when modeling with SSM, also impacts the accuracy to great extent. Table (1.b) shows
the predictability power of the SSM using different number of variables.

(a) Effect of length of time-series on
SSM performance

Length of time-series RMSE
1000 2.2449
800 3.0075
400 4.1406

(b) Effect of using different variable
numbers on SSM performance

Number of variables RMSE
40 2.2449
20 3.5834
10 5.2142

Table 4.1: RMSE between corrected model solution and real data

Local structural uncertainty modeling results

In the local approach all the assumptions made for the global approach also hold. The
difference is that we construct the SSM representing the uncertainty in variable i using
only a subset of variables in the physical vicinity of i, and do not include all variables in
the system. Therefore, for local error modeling one needs to determine the size of the
local neighborhood where errors are correlated with the error in variable i. In case of the
Lorenz model (7.9) the physical distance between variables equal the difference between
their indices, modulo 20 (due to the periodic boundary conditions). Therefore one needs
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Figure 4.2: The structure of the SSM coefficient matrices for the global error model. The
structural uncertainty affects the 12th and 30th variables in the Lorenz model (7.9).
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Figure 4.3: The structure of the SSM coefficient matrices for the global error model. The
structural uncertainty affects the 8th, 16th, 25th and 33rd variables in the Lorenz model (7.9).
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Figure 4.4: The evolution of a Lorenz variable in time for model solution, real solution
and corrected model solution. The corrected model solution is obtained using the pre-
dicted local error. The structural uncertainty affects the 22nd variable in the model, and the
localization radius is one.

to determine the decorrelation distance L such that the local error model for variable i uses
information from variables indexed i − L to i + L.

For the first set of experiments we set the localization radius to L = 1. The 22nd variable is
perturbed, and we use the model predictions x̂ of variables 21, 22, 23 to build the local error
SSM. The corrected model solution, obtained according to (4.17), is shown in Figure 4.4.
Figure 4.5 shows the matrix coefficients for the local error SSM. Since we only included
three variables in the SSM the dimension of the output matrix C is 3 × 3; the largest entry
corresponds to the perturbed variable. The state matrix A is nearly the identity matrix, the
input matrix B does not have any special structure, and the feed-forward matrix D is zero.
However, the corrected solution is closer to the“truth”, as shown in Figure 4.4.

In the next experiment we set the localization radius to L = 5. Figure 4.6 shows the
corrected solution using a local error SSM model with 11 variables. The corrected solution
is much closer to the truth than the one obtained for L = 1, see also Figure 4.4. This implies
that an accurate corrected model solution depends on a good choice of the localization
radius; in this experiment including more variables is beneficial. Figure 4.7 shows the
SSM matrix coefficients for this experiment. The sensor matrix C has a peak in the middle
variable corresponding to the perturbed variable. The structure of the rest of the matrices
are very similar to the experiment where the localization radius is three.

However, in practice, the real source of uncertainty is unknown and we might not have
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Figure 4.5: The local error SSM coefficients for the Lorenz system (7.9). The structural
uncertainty affects the 22nd variable in the model, and the localization radius is one.
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Figure 4.6: The evolution of a Lorenz variable in time for model solution, real solution and
corrected model solution. The corrected model solution is obtained through applying the
local model discrepancy. The structural uncertainty affects the 22nd variable in the model,
and the localization radius is five.

sufficient knowledge about the states of the model that are affected by large structural
uncertainties. One can find the most uncertain variables by iterating over subsets of model
states, as summarized in Algorithm 1. At each iteration we assume that the source of
uncertainty affects one particular subset of variables. A local error SSM is constructed,
the corrected solution is computed, and the root mean square of the difference between the
corrected solution and the real trajectory is found. The subsets of variables corresponding
to the minimum root mean square differences are considered the most likely to be affected
by structural uncertainty, since local corrections applied to those variables results in most
improvements of the overall model predictions.

In the third experiment we perturb one variable in the Lorenz system. We iterate over all
variables in the Lorenz system, and for each we apply the local approach with a given
localization radius. The differences between the corrected solution and the real trajectory
are obtained. We consider the root mean square errors between the vectors of solutions
at each time moment along the trajectory. The histogram of minimum of the root mean
square differences will show for which variable corrections result in the minimum error
which helps identifying the potential source of uncertainty in the system. Figure 4.8 shows
the histogram of root mean square differences between corrected solution and real data
after perturbing the 30th variable. We iterate over all variables in the Lorenz system, and
for each we apply the local approach with a localization radius of three. The frequency of
the minimum of the discrepancy between model solution and real data for the 30th variable
is higher than for other variables. In another experiment we perturb the 14th variable in
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Figure 4.7: The local error SSM coefficients for the Lorenz system (7.9). The structural
uncertainty affects the 22nd variable in the model, and the localization radius is five.



Azam Moosavi Chapter 4. Structural Uncertainty 58

26 28 30 32 34 36
0

2

4

6

8

10

12

Variables

F
re

q
u

e
n

c
y

(a) Perturbed variable is 30th

8 10 12 14 16 18
0

2

4

6

8

10

Variables

F
re

q
u

e
n

c
y

(b) Perturbed variable is 14th

Figure 4.8: Histogram of minimum root mean square discrepancies between the corrected
solution and the exact trajectory using the local error modeling approach.

the Lorenz system with the localization radius of five. Figure 4.8 shows the histogram
of discrepancies perturbing the 14th variable; again, the frequency of the minimum of the
root mean square differences between model solution and real data for the 14th variable
is higher than for other variables, which indicates that the source of uncertainty is well
identified.
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4.3.2 Stratospheric chemistry model

A basic stratospheric chemistry mechanism [73] is given by the following set of reactions:

r1) O2 + hv
k1
−−−→ 2O

Ä
k1 = 2.643 × 10−10 · σ3

ä
r2) O + O2

k2
−−−→ O3

Ä
k2 = 8.018 × 10−17

ä
r3) O3 + hv

k3
−−−→ O + O2

Ä
k3 = 6.120 × 10−4 · σ

ä
r4) O + O3

k4
−−−→ 2O2

Ä
k4 = 1.576 × 10−15

ä
r5) O3 + hv

k5
−−−→ O1D + O2

Ä
k5 = 1.070 × 10−3 · σ2

ä
(4.20)

r6) O1D + M
k6
−−−→ O + M

Ä
k6 = 7.110 × 10−11

ä
r7) O1D + O3

k7
−−−→ 2O2

Ä
k7 = 1.200 × 10−10

ä
r8) NO + O3

k8
−−−→ NO2 + O2

Ä
k8 = 6.062 × 10−15

ä
r9) NO2 + O

k9
−−−→ NO + O2

Ä
k9 = 1.069 × 10−11

ä
r10) NO2 + hv

k10
−−−→ NO + O

Ä
k10 = 1.289 × 10−2 · σ

ä
.

Here M = 8.120E + 16 molecules/cm3 is the atmospheric number density. The rate
coefficients are scaled for time expressed in seconds, and σ(t) ∈ [0, 1] represents the
normalized sunlight intensity during a diurnal cycle [73].

In our experiments we consider the full set of equations (4.20) as describing the true phys-
ical system (8.6a). Our model (8.1a) is the set of reactions r1 . . . r7; not captured by the
model are those reactions r8, r9, r10 that involve nitrous oxides (NO,NO2). The three miss-
ing reactions correspond to missing dynamics in the model, i.e., physical phenomena that
exist in reality but are not captured by the computer model. Our goal is to understand
what is the missing dynamics in the chemical system that leads to systematic differences
between the model and reality. In order to tackle this we construct a global error model
(4.12) that estimates the global discrepancy between the system of full reactions and the
system with three missing reactions. The assumptions made for the Lorenz model also
hold here, i.e. we don’t have observation error and disturbance, and we use the identity
observation operator, therefore according to (4.15) we have δt ≈ ∆̂t.

Figure 4.9 shows the solutions of the reference system, as well as the original and the
corrected solutions of the model with missing physics. Correcting the solutions of the
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Figure 4.9: Model forecasts and corrected model solutions for the stratospheric chemical
system with missing reactions. A global model of structural uncertainty is used.

model with missing dynamics allows to recover very well the trajectories of the physical
(reference) model. Figure 4.10 shows the coefficient matrices of the global SSM for the
stratospheric model. There is no particular structure associated with these matrices. While
the linear SSM dynamics can mimic the evolution of structural errors in the nonlinear
chemical system (4.20), it cannot explain the real source of discrepancies as coming from
three missing reactions.

Having the corrected solution, one is interested to learn about the number of missing chem-
ical reactions as well as their corresponding reaction rates; the missing chemical reactions
represent the missing dynamics in the model. Assuming we know what the missing reac-
tions are, the corresponding reaction rates can be obtained through an optimization process
that adjusts their values such as to minimize the model-observation discrepancies. In this
experiment we carry out the optimization using a genetic algorithm (GA). The reason for
using the GA approach rather than a traditional gradient-based approach is that computing
the Jacobian of this system is very expensive. GAs are a class of evolutionary algorithms
that is used both for constrained and unconstrained optimization problems. A population
of candidate solutions is generated randomly in the domain of search space and the fitness
of each individual solution is evaluated using the value of the objective function in the
optimization problem. In an iterative process the population of candidate solutions then
evolves toward the best solution in the search space. At each iteration the properties of the
candidate solutions are changed randomly by cross-over and mutation (operations inspired
by biological evolution) to ensure the dispersion of the possible solutions throughout the
search space. The best fitted solutions will be selected to form the next generation of
feasible solutions. The algorithm is stopped when the maximum number of iterations is
reached, or the highest fitness value was obtained, or successive iterations do not improve
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Figure 4.10: The structure of the matrix coefficients of the global-error SSM for the strato-
spheric chemical system.
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the result any further [75].

For this experiment we use Matlab’s GA toolbox with a population size of 30, 50 iter-
ations, cross over rate of 0.85, and a mutation rate of 0.05. The fitness function is the
root mean square difference between the true physics (solution of the stratospheric model
with all reactions) and the solution of the model (stratospheric model with three reactions
having uncertain reaction coefficients). With tight upper bounds and lower bounds for the
reaction rates of the missing reactions, the optimization finds the reaction rate coefficients
for r8, r9, r10 to have the values 7.781 × 10−15, 1.937 × 10−11, and 3.4621 × 10−2, respec-
tively. The absolute differences between the approximated values and the true values of
the rate coefficients are small, 1.719 × 10−15, 8.687 × 10−12, and 0.021, respectively. This
experiment illustrates the fact that any information we have about the source of structural
uncertainty (e.g., three missing chemical reactions) can and should be used to obtain a
more accurate, physically based description of the associated model errors.

4.4 Conclusions

Physics-based computer models of the real world are imperfect since not all physical pro-
cesses that drive reality are fully captured by the model.

Type-B evaluation of measurement uncertainty [66] in the model results is due to both the
numerical errors and the inaccurate representation of the real-world physical processes in
the model. While numerical errors are relatively well studied, there is considerable need
to quantify the structural model uncertainty, i.e., the model inadequacy due to missing
aspects of the dynamics of the true physical system.

This work studies model structural uncertainty based on the information provided by the
discrepancy between the model solution and the true state of the physical system, as mea-
sured by the available observations. The proposed approach is to approximate the dynam-
ics of structural errors using linear state-space models. The parameter matrices of these
models are obtained from fitting their response to match the mapping of model states as
inputs to the observed model-reality differences as outputs.

Two different strategies to model the error dynamics are discussed: the global approach
and the local approach. The global approach seeks to build one state-space model that ap-
proximates the entire structural uncertainty over the model’s entire state-space. The local
approach uses the ansatz that structural errors are only correlated locally, and that the cor-
relation decreases with increasing distance between model components. Low-dimensional
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local state-space models are constructed to approximate the dynamics of the local errors,
and they use only information from subsets of variables and data.

Numerical experiments are carried out with two test problems, the Lorenz-96 system and
a stratospheric chemistry model. These experiments reveal that the state-space discrep-
ancy models provide intuition about the variables affected most by the missing dynamics.
Global error models can identify the sources of uncertainty inside the physics-based mod-
els. Local error models capture the evolution of uncertainty over subsets of variables and
are considerably less expensive to construct. When there is insufficient knowledge about
the source of structural uncertainty the local approach allows to locate the subsets of vari-
ables that are most affected by it. The structural errors estimated with both global and
local approaches can be used to correct the model solution and obtain improved estimates
of the true physics. However, even if the state-space models can reproduce well the dy-
namics of the error, they may do this using an internal dynamics that is unrelated to the
model dynamics or the true physics. In particular, reproducing the error dynamics does not
necessarily explain the missing physics, as it was illustrated in the experiments with the
stratospheric chemistry system. Consequently, in order to fully understand structural er-
rors it is important to incorporate in the analysis all available information about the nature
of the missing physical processes.



Chapter 5

Multivariate Predictions of Local
Reduced-Order-Model errors and
Dimensions

5.1 Introduction

Many physical phenomena are described mathematically by partial differential equations
(PDEs), and, after applying suitable discretization schemes, are simulated on a computer.
PDE-based models frequently require calibration and parameter tuning in order to provide
realistic simulation results. Recent developments in the field of uncertainty quantifica-
tion [4, 12, 76, 77] provide the necessary tools for validation of such models even in the
context of variability and lack of knowledge of the input parameters. Techniques to propa-
gate uncertainties through models include direct evaluation for linearly parametric models,
sampling methods such as Monte Carlo [78], Latin hypercube [79] and quasi-Monte Carlo
techniques [80], perturbation methods [1, 2, 3] and spectral representation [4, 5, 6]. While
stochastic Galerkin methods [4] are intrusive in nature, Monte Carlo sampling methods
[78] and stochastic collocations [5] do not require the modification of existing codes and
hence they are non-intrusive. While uncertainty propagation techniques can measure the
impact of uncertain parameters on some quantities of interest, they often become infeasible
due to the large number of model realizations required. Similar difficulties are encountered
when solving Bayesian inference problems since sampling from the posterior distribution
is required.

64
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The need for computational efficiency motivated the development of surrogate models
such as response surfaces, low resolution, and reduced-order models. Data fitting or re-
sponse surface models [12] are data-driven models. The underlying physics remain un-
known and only the input-output behavior of the model is considered. Data fitting can use
techniques such as regression, interpolation, radial basis function, Gaussian Processes, Ar-
tificial Neural Networks and other supervised machine-learning methods. The latter tech-
niques can automatically detect patterns in data, and one can use them to predict future
data under uncertainty in a probabilistic framework [81]. While easy to implement due to
the non-intrusive nature, the prediction abilities may suffer since the governing physics are
not specifically accounted for.

Low-fidelity models attempt to reduce the computational burden of the high-fidelity mod-
els by neglecting some of the physical aspects (e.g., replacing Navier-Stokes and Large
Eddy Simulations with inviscid Euler’s equations and Reynolds-Averaged Navier-Stokes
[13, 14, 15], or decreasing the spatial resolution [16, 17]). The additional approximations,
however, may considerably degrade the physical solution with only a modest decrease of
the computational load.

Reduced basis [82, 83, 84, 85, 86] and Proper Orthogonal Decomposition [87, 88, 89,
90, 91] are two of the popular reduced-order modeling (ROM) strategies available in the
literature. Data analysis is conducted to extract basis functions from experimental data
or detailed simulations of high-dimensional systems (method of snapshots [92, 93, 94]),
for subsequent use in Galerkin projections that yield low dimensional dynamical models.
While these type of models are physics-based and therefore require intrusive implemen-
tations, they are usually more robust than data fitting and low-fidelity models. However,
since surrogate model robustness depends heavily on the problem, it must be carefully
analyzed especially for large-scale nonlinear dynamical systems.

Construction of ROM models in a parametric setting can be achieved by generating a
global basis [18, 19], but this strategy generates large dimensional bases that may lead to
slow reduced-order models. Local approaches have been designed for parametric or time
domains generating local bases for both the state variables [20, 21] and non-linear terms
[22, 23]. A recent survey of state-of-the-art methods in projection-based parametric model
reduction is available in [95].

In this study, we propose multivariate data fitting models to predict the local parametric
Proper Orthogonal Decomposition reduced-order models errors and bases dimensions. We
refer to them as MP-LROM models. Let us consider a local parametric reduced-order
model of dimension KPOD constructed using a high-fidelity solution associated with the
parameter configuration µp.
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Our first MP-LROM model consists in the mapping {µ, µp,KPOD} 7→ log εHF
µ,µp,KPOD

, where
εHF
µ,µp,KPOD

is the error of the local reduced-order model solution with respect to the high-
fidelity solution for a viscosity parameter configuration µ. Our proposed approach is in-
spired from the multi-fidelity correction (MFC) [96] and reduced order model error surro-
gates method (ROMES) [97]. MFC [96, 98, 13, 99] has been developed for low-fidelity
models in the context of optimization. The MFC model simulates the input-output relation
µ 7→ εHF

µ , where εHF
µ is the low-fidelity model error depending on a global reduced basis

with a constant reduced-order model dimension. The ROMES method [97] introduced
the concept of error indicators for global reduced-order models and generalized the MFC
framework by approximating the mapping ρ(µ) 7→ log εHF

µ . The error indicators ρ(µ) in-
clude rigorous error bounds and reduced-order residual norms. No variation of the reduced
basis dimension was taken into account. By estimating the log of the reduced-order model
error instead of the error itself, the input-output map exhibits a lower variance as shown
by our numerical experiments as well as those in [97].

The second proposed MP-LROM model addresses the issue of a-priori selection of the
reduced basis dimension for a prescribed accuracy of the reduced solution. The standard
approach is to analyze the spectrum of the snapshots matrix, and use the largest singular
value removed from the expansion to estimate the accuracy level [100]. To also take into
account the error due to the full-order-model equations projection in the reduced space,
here we propose the mapping {µp, log εHF

µp,µp,KPOD
} 7→ KPOD to predict the dimension of a

local parametric reduced-order model given a prescribed error threshold.

To approximate the mappings {µ, µp,KPOD} 7→ log εHF
µ,µp,KPOD

and {µp, log εHF
µp,µp,KPOD

} 7→

KPOD, we propose regression models constructed using Gaussian Processes (GP) [101,
102] and Artificial Neural Networks (ANN). In the case of one dimensional Burgers
model, the resulted MP-LROM error models are accurate and their predictions are com-
pared against those obtained by the MFC and ROMES models. The predicted dimensions
of local reduced-order models using our proposed MP-LROM models are more accurate
than those derived using the standard method based on the spectrum of snapshots matrix.

The remainder of the chapter is organized as follows. Section 5.3 reviews the reduced-
order modeling parametric framework. The MP-LROM models and the regression ma-
chine learning methods used in this study to approximate the MP-LROM mappings are
described in details in Section 5.3. Section 5.4 describes the viscous 1D-Burgers model
and compares the performances of the MP-LROM and state of the art models. Conclusions
are drawn in Section 5.5.
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5.2 Parametric reduced-order modeling

Proper Orthogonal Decomposition has been successfully applied in numerous applications
such as compressible flow [103] and computational fluid dynamics [104, 105, 106], to
mention a few. It can be thought of as a Galerkin approximation in the state variable
built from functions corresponding to the solution of the physical system at specified time
instances. A system reduction strategy for Galerkin models of fluid flows based on a
partition in slow, dominant, and fast modes, has been proposed in [107]. Closure models
and stabilization strategies for POD of turbulent flows have been investigated in [108, 109].

In this study, we consider discrete inner products (Euclidean dot product), though contin-
uous products may be employed as well. Generally, an unsteady problem can be written
in semi-discrete form as an initial value problem; i.e., as a system of nonlinear ordinary
differential equations

dx(µ, t)
dt

= F(x, t, µ), x(µ, 0) = x0 ∈ R
Nstate , µ ∈ P. (5.1)

The input-parameter µ typically characterizes the physical properties of the flow. By P
we denote the input-parameter space. For a given parameter configuration µp we select an
ensemble of Nt time instances of the flow x(µp, t1), . . . , x(µp, tNt) ∈ R

Nstate , where Nstate is
the total number of discrete model variables, and Nt ∈ N

∗. The POD method chooses an
orthonormal basis Uµp = [uµp

1 · · · uµp
KPOD

] ∈ RNstate×KPOD , such that the mean square error
between x(µp, ti) and the POD expansion xpodµp

(ti) = Uµp x̃µp(µ, ti), x̃µp(µ, ti) = UT
µp

x(µp, ti) ∈
RKPOD , is minimized on average. The POD space dimension KPOD � Nstate is appropriately
chosen to capture the dynamics of the flow. Algorithm 3 describes the reduced-order basis
construction procedure [110]. The choice of the model order is usually done based on
the desired precision of the reduced-order model. In practice selecting γ = 0.99 usually
leads to reduced-order models solutions satisfying the required precision. Goal oriented
approaches such as selecting the basis dimension to enhance the accuracy of quantities of
interests depending on reduced-order model solutions could also be designed.

Next, a Galerkin projection of the full model state (5.1) onto the space XKPOD spanned by
the POD basis elements is used to obtain the reduced-order model

dx̃µp(µ, t)
dt

= UT
µp

F
Å

Uµp x̃µp(µ, t), t, µ
ã
, x̃µp(µ, 0) = UT

µp
x0. (5.2)

The notation x̃µp(µ, t) expresses the solution dependence on the varying parameter µ and
also on µp the configuration whose associated high-fidelity trajectory was employed to
generate the POD basis. While being accurate for µ = µp, the reduced model (5.2) may
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Algorithm 3 POD basis construction
1: Compute the singular value decomposition for the snapshots matrix

[x(µp, t1) · · · x(µp, tNt)] = ŪµpΣµpV̄
T
µp
, with the singular vectors matrix

Ūµp = [uµp
1 · · · uµp

Nt
].

2: Using the singular-values λ1 ≥ λ2 ≥ . . . ≥ λNt ≥ 0 stored in the diagonal matrix Σµp ,
define I(m) =

∑m
i=1 λ

2
i /(
∑tNt

i=1 λ
2
i ).

3: Choose KPOD, the dimension of the POD basis, such that KPOD = arg minm{I(m) :
I(m) ≥ γ} where 0 ≤ γ ≤ 1 is the percentage of total information captured by the
reduced space XKPOD = range(Uµp). It is common to select γ = 0.99. The basis Uµp

consists of the first KPOD columns of Ūµp .

lose accuracy when moving away from the initial setting. Several strategies have been
proposed to derive a basis that spans the entire parameter space. These include the reduced
basis method combined with the use of error estimates [85, 111, 19], global POD [112,
113], Krylov-based sampling methods [114, 115], and greedy techniques [116, 117]. The
fundamental assumption used by these approaches is that a smooth low-dimensional global
manifold characterizes the model solutions over the entire parameter domain. The purpose
of our study is to estimate the solution error and dimension of the reduced-order model
(5.2) that can be subsequently used to generate a global basis for the parameter space.

5.3 Multivariate prediction of local reduced-order mod-
els characteristics (MP-LROM)

We propose multivariate input-output models

φ : z 7→ y, (5.3)

z ∈ Rr, to predict characteristics y ∈ R of local parametric reduced-order models (5.2).
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5.3.1 Error Model

Inspired from the MFC and ROMES methodologies we introduce an input-output model
to predict the level of error εHF

µ,µp,KPOD
, where

εHF
µ,µp,KPOD

=

‖x(µ, t1) − Uµp x̃µp(µ, t1) x(µ, t2) − Uµp x̃µp(µ, t2) · · · x(µ, tNt) − Uµp x̃µp(µ, tNt)‖F .
(5.4)

Here ‖ · ‖F denotes the Frobenius norm, and KPOD is the dimension of the reduced-order
model. In contrast with ROMES and MFC models that predict the error of global reduced-
order models with fixed dimensions, using univariate functions, here we propose a multi-
variate model

φe
MP−LROM : {µ, µp,KPOD} 7→ log εHF

µ,µp,KPOD
(5.5)

to predict the error of local parametric reduced-order models (5.2) of various dimensions.
Since the dimension of basis usually influences the level of error we include it among
the input variables. To design models with reduced variances we look to approximate the
logarithm of the error as suggested in [97].

For high-dimensional parametric spaces, ROMES method handles well the curse of di-
mensionality with their proposing univariate models. In combination with active subspace
method [118], we can reduce the number of input variables in case the amount of variabil-
ity in the parametric space is mild. This will increase our error model feasibility even for
high-dimensional parametric space.

5.3.2 Dimension of the reduced basis

The basis dimension represents one of the most important characteristic of a reduced-order
model. The reduced manifold dimension directly affects both the on-line computational
complexity of the reduced-order model and its accuracy [119, 120, 121]. By increasing
the dimension of the basis, the projection error usually decreases and the accuracy of the
reduced-order model is enhanced. However this is not necessarily valid as seen in [122,
Section 5]. Nevertheless the spectrum of the snapshots matrix offers guidance regarding
the choice of the reduced basis dimension when some prescribed reduced-order model
error is desired. However the accuracy depends also on the ‘in-plane’ error, which is
due to the fact that the full-order-model equations are projected on the reduced subspace
[123, 124].

We seek to predict the dimension of the local parametric reduced-order model (5.2) by
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accounting for both the orthogonal projection error onto the subspace, which is computable
by the sum of squares of singular values, and the ‘in-plane’ error. As such we propose to
model the mapping

φd
MP−LROM : {µp, log εHF

µp,µp,KPOD
} 7→ KPOD. (5.6)

Once such model is available, given a positive threshold ε̄ and a parametric configuration
µp, we will be able to predict the dimension KPOD of the basis Uµp , such that the reduced-
order model error satisfies

‖x(µp, t1)−Uµp x̃µp(µp, t1) x(µp, t2)−Uµp x̃µp(µp, t2) · · · x(µp, tNt)−Uµp x̃µp(µp, tNt)‖F ≈ ε̄.
(5.7)

5.3.3 Supervised Machine Learning Techniques

In order to estimate the level of reduced-order model solution error εHF
µ,µp j ,KPOD

(5.4) and
the reduced basis dimension KPOD, we will use regression machine learning methods to
approximate the maps φe

MP−LROM and φd
MP−LROM described in (5.5) and (5.6).

Artificial Neural Networks and Gaussian Processes are used to build a probabilistic model
φ : z 7→ ŷ, where φ is a transformation function that learns through the input features
z to estimate the deterministic output y [81]. As such, these probabilistic models are
approximations of the mappings introduced in (5.3). The input features z can be either
categorical or ordinal. The real-valued random variable ŷ is expected to have a low vari-
ance and reduced bias. The features of z should be descriptive of the underlying problem
at hand [125]. The accuracy and stability of estimations are assessed using the K-fold
cross-validation technique. The samples are split into K subsets (“folds”), where typically
3 ≤ K ≤ 10. The model is trained on K − 1 sets and tested on the K-th set in a round-robin
fashion [81]. Each fold induces a specific error quantified as the average of the absolute
values of the differences between the predicted and the K-th set values

Efold =

∑N
i=1 |ŷ

i − yi|

N
, VARfold =

∑N
i=1
(
ŷi − Efold

)2

N − 1
, fold = 1, 2, . . . ,K, (5.8a)

where N is the number of test samples in the fold. The error is then averaged over all folds:

E =

∑K
fold=1 Efold

K
, VAR =

∑K
fold=1 (Efold − E)2

K − 1
. (5.8b)

The variance of the prediction results (5.8a) accounts for the sensitivity of the model to
the particular choice of data set. It quantifies the stability of the model in response to
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the new training samples. A smaller variance indicates more stable predictions, however,
this sometimes translates into a larger bias of the model. Models with small variance and
high bias make strong assumptions about the data and tend to underfit the truth, while
models with high variance and low bias tend to overfit the truth [126] . The trade-off

between bias and variance in learning algorithms is usually controlled via techniques such
as regularization or bagging and boosting [125].

In what follows we briefly review the Gaussian Process and Artificial Neural Networks
techniques.

Gaussian process kernel method

A Gaussian process is a collection of random variables, any finite number of which have
a joint Gaussian distribution [127]. A Gaussian process is fully described by its mean and
covariance functions

φ(z) ∼ gp
(
m(z),K

)
, (5.9)

where m(z) = E
[
φ(z)

]
, and K is the covariance matrix with entries Ki, j = E

[(
φ(zi) − m(zi)

) (
φ(z j) − m(z j)

)]
[127].

In this work we employ the commonly used squared-exponential-covariance Gaussian ker-
nel with

k : Rr × Rr → R, k(zi, z j) = σ2
φ exp

Ñ
−

∥∥∥zi − z j
∥∥∥

2 }2

é
+ σ2

n δi, j, (5.10)

and Ki j = k(zi, z j) [127], where zi and z j are the pairs of data points in training or test
samples, δ is the Kronecker delta symbol and ‖ · ‖ is some appropriate norm. The model
(5.10) has three hyper-parameters. The length-scale } governs the correlation among data
points. The signal variance σ2

φ ∈ R and the noise variance σ2
n ∈ R govern the precision of

variance and noise, respectively.

Consider a set of training data points Z = [z1 z2 · · · zn] ∈ Rr×n and the corresponding
noisy observations y = [y1 y2 · · · yn] ∈ R1×n,

yi = φ(zi) + εi, εi ∼ N
Ä
0, σ2

n

ä
, i = 1, . . . , n. (5.11)

Consider also the set of test points Z∗ = [z∗1 z∗2 · · · z∗m] ∈ Rr×m and the predictions
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ŷ = [ŷ1 ŷ2 · · · ŷm] ∈ R1×m,

ŷi = φ
Ä
z∗i
ä
, i = 1, . . . ,m. (5.12)

For a Gaussian prior the joint distribution of training outputs y and test outputs ŷ isñ
yT

ŷT

ô
∼ N

Çñ
m(Z)T

m(Z∗)T

ô
,

ñ
K K∗

K∗T K∗∗
ôå

, (5.13)

where

m(Z) = [m(z1) m(z2) · · · m(zn)] ∈ R1×n, m(Z∗) = [m(z∗1) m(z∗2) · · · m(z∗m)] ∈ R1×m,

K∗ = (K∗i j)i=1,...,n; j=1,...,m = k(zi, z j∗) and K∗∗ = (K∗∗i j )i=1,...,m; j=1,...,m = k(zi∗, z j∗).

The predictive distribution represents the posterior after observing the data [125] and is
given by

p (ŷ|Z, y,Z∗) ∼ N
Ä

K∗T K−1y , K∗∗ −K∗T K−1K∗
ä
, (5.14)

where superscript T denotes the transpose operation.

The prediction of Gaussian process will depend on the choice of the mean and covariance
functions, and on their hyper parameters }, σ2

φ and σ2
n which can be inferred from the data

θ∗ = [}, σ2
φ, σ

2
n] = arg min

θ
L(θ),

by minimizing the marginal negative log-likelihood function

L(θ) = − log p(y|Z, θ) =
1
2

log det(K) +
1
2

(y −m(Z)) K−1 (y −m(Z))T +
n
2

log (2π) .

Artificial Neural Networks

The study of Artificial Neural Networks begins in the 1910s in order to imitate human
brain’s biological structure. Pioneering work was carried out by Rosenblatt, who proposed
a three-layered network structure, the perceptron [128] . ANN detect the pattern of data
by discovering the input–output relationships. Applications include the approximation
of functions, regression analysis, time series prediction, pattern recognition, and speech
synthesis and recognition [129, 130].
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ANN consist of neurons and connections between the neurons (weights). Neurons are
organized in layers, where at least three layers of neurons (an input layer, a hidden layer,
and an output layer) are required for construction of a neural network.

In ANN, having multiple layers leads to a more generalized model. However, by increas-
ing the size of the network, a larger number of weights is required increasing the chance
of over-fitting. All learning algorithms are prone to under-fitting and over-fitting. Under-
fitting occurs when the learning model performs poorly on the training data, because it can
not capture the relationship between the input and output data. On the other hand, over-
fitting occurs when the learning model performs well on the training data but it doesn’t
perform well on the new data. This is mostly because the learning model has memorized
the training examples but has not learned to generalize for the new data and hence it is
not able to generalize sufficiently. Consequently the model performs poorly on a different
data set. Usually if enough samples are present in the data set then there is no concern for
over-fitting. K-fold cross-validation, adding regularization parameter and drop out [131]
are also very common techniques to prevent over-fitting.

The input layer distributes input signals z = [z1 z2 · · · zr] to the first hidden layer.
For a neural network with L hidden layers and m` neurons in each hidden layer, let ŷ` =

[ŷ`1 ŷ`2 · · · ŷ`m`] be the vector of outputs from layer `, b` = [b`1 b`2 · · · b`m`] the biases at
layer `, and w`

j = [w`
j1w

`
j2 · · · wl

jml
] the weights connecting the neuron j to the input of that

layer (output of previous layer). The vectors ŷ` and w`
j share the same dimension which

varies along the layers depending on the number of input features, neurons and outputs.
Then the feed-forward operation is

x`+1
j = w`+1

j
T ŷ` + b`+1

j , ŷ0 = z, j = 1, . . . ,m`.

ŷ`+1
j = ϕ

Ä
x`+1
ä
, ` = 0, 1, . . . , L − 1.

All products of previous layer output with current layer neuron weights will be summed
and the bias value of each neuron will be added to obtain the vector x` = [x`1 x`2 · · · x`m`]
. Then the final output of each layer will be obtained by passing the vector x` through the
transfer function ϕ, which is a differentiable function and can be log-sigmoid, hyperbolic
tangent sigmoid, or linear transfer function.

The training process of ANN adjusts the weights and the biases in order to reproduce the
desired outputs when fed the given inputs. The training process via the back propagation
algorithm [132] uses a gradient descent method to modify weights and thresholds such
that the error between the desired output and the output signal of the network is minimized
[133]. In supervised learning the network is provided with samples from which it discovers
the relations of inputs and outputs. The output of the network is compared with the desired
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output, and the error is back-propagated through the network and the weights will be
adjusted. This process is repeated during several iterations, until the network output is
close to the desired output [134].

5.4 Numerical experiments

We illustrate the application of the proposed MP-LROM models to predict the error and
dimension of the local parametric reduced-order models for a one-dimensional Burgers
model. The 1D-Burgers model proposed herein is characterized by the viscosity coeffi-
cient. To assess the performance of the MP-LROM models constructed using Gaussian
Process and Artificial Neural Networks, we employ various cross-validation tests. The di-
mensions of the training and testing data sets are chosen empirically. For Artificial Neural
Networks models the number of hidden layers and neurons in each hidden layer vary for
each type of problem under study. The squared-exponential-covariance kernel (5.10) is
used for Gaussian Process models.

As a guidance, we provide a short summary describing the performed numerical experi-
ments. Subsection 5.4.1 gives details of the Burgers model including the discretized ver-
sions of the high-fidelity and reduced-order models. Section 5.4.2 covers the MP-LROM
error model construction, first explaining the generation of the data set. Then the impor-
tance of using large enough data set as well as normalizing the data set is explained. Tables
5.1 and 5.2 and Figures 5.4, 5.5 and 5.6 show the averages and variances of errors in pre-
diction of Gaussian Process and Neural Network MP-LROM models for different sample
sizes and scalings. Next, the five-fold cross-validation is used to assess the MP-LROM
error models and the results are shown in Table 5.3. The approximated MP-LROM error
models are then compared against the ROMES and multi-fidelity correction models, as
illustrated in the Tables 5.4, 5.5, 5.6 and 5.7 and Figures 5.7, 5.8, 5.9, 5.10, and 5.11.

Section 5.4.2 covers the MP-LROM model for predicting the basis dimension of reduced-
order models. Different data sets are used to generate Gaussian Process and Neural Net-
work MP-LROM models and the prediction errors and their variances are shown in Table
5.8 and Figures 5.13 and 5.14. The five-fold cross-validation is used to assess the pro-
posed models and the results are presented in Table 5.9. Finally the MP-LROM models
are verified against the standard approach based on the spectrum of snapshots matrix as
seen in Figure 5.15.
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5.4.1 One-dimensional Burgers’ equation

Burgers’ equation is an important partial differential equation from fluid mechanics [135].
The evolution of the velocity u of a fluid evolves according to

∂u
∂t

+ u
∂u
∂x

= µ
∂2u
∂x2 , x ∈ [0, L], t ∈ (0, tf], (5.15)

with tf = 1 and L = 1. Here µ is the viscosity coefficient.

The model has homogeneous Dirichlet boundary conditions u(0, t) = u(L, t) = 0, t ∈ (0, tf].
For the initial conditions, we used a seventh order polynomial constructed using the least-
square method and the data set {(0, 0); (0.2, 1); (0.4, 0.5); (0.6, 1); (0.8, 0.2);
(0.9, 0.1); (0.95, 0.05); (1, 0)}. We employed the polyfit function in Matlab and the poly-
nomial is shown in Figure 5.1.

The discretization uses a spatial mesh of Ns equidistant points on [0, L], with ∆x = L/(Ns−

1). A uniform temporal mesh with Nt points covers the interval [0, tf], with ∆t = tf/(Nt−1).
The discrete velocity vector is u(t j) ≈ [u(xi, t j)]i=1,2,...,Nstate ∈ R

Nstate , j = 1, 2, . . . ,Nt, where
Nstate = Ns − 2 (the known boundaries are removed). The semi-discrete version of the
model (5.15) is

u′ = −u � Axu + µAxxu, (5.16)

where u′ is the time derivative of u, and Ax, Axx ∈ R
Nstate×Nstate are the central difference first-

order and second-order space derivative operators, respectively, which take into account
the boundary conditions, too. The model is implemented in Matlab and the backward
Euler method is employed for time discretization. The nonlinear algebraic systems are
solved using the Newton-Raphson method and the allowed number of Newton iterations
per each time step is set to 50. The solution is considered to have converged when the
Euclidean norm of the residual is less then 10−10.

The viscosity parameter space P is set to the interval [0.01, 1]. Smaller values of µ corre-
spond to sharper gradients in the solution, and lead to dynamics more difficult to accurately
approximate using reduced-order models.

The reduced-order models are constructed using the POD method whereas the quadratic
nonlinearities are computed via tensorial POD [110] for efficiency. A floating point op-
erations analysis of tensorial POD, POD and POD/DEIM for pth order polynomial non-
linearities is available in [110]. The computational efficiency of the tensorial POD 1D
Burgers model can be noticed in Figure 5.2. Both on-line and off-line computational costs
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Figure 5.1: Seventh order polynomial used as initial conditions for 1D Burgers model.

are shown. Here we selected µ = µp = 0.7, Nt = 301, POD dimension KPOD = 9, and we
let the number of space points Ns to vary. For Ns = 201 and 701, the tensorial POD model
is 5.17× and 61.12× times faster than the high-fidelity version. The rest of our numerical
experiments uses Ns = 201 and Nt = 301.
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Figure 5.2: Computational efficiency of the tensorial POD 1D Burgers model. CPU time
is given in seconds.
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5.4.2 Multivariate prediction of local reduced-order models charac-
teristics (MP-LROM) using regression machine learning meth-
ods

Error estimation of local ROM solutions

Here, we will use GP and ANN to approximate the MP-LROM error model introduced in
(5.5). The approximated models have the following form

φe
MP−LROM : {µ, µp,KPOD} 7→

’log ε
HF

µ,µp,KPOD
, (5.17)

where the input features include a viscosity parameter value µ, a parameter value µp associ-
ated with the full model run that generated the basis Uµp , and the dimension of the reduced
manifold KPOD. The target is the estimated logarithm of error of the reduced-order model
solution at µ using the basis Uµp and the corresponding reduced operators computed using
the Frobenius norm

log εHF
µ,µp,KPOD

=

log
(
‖x(µ, t1) − Uµp x̃µp(µ, t1) x(µ, t2) − Uµp x̃µp(µ, t2) · · · x(µ, tNt) − Uµp x̃µp(µ, tNt)‖F

)
.

(5.18)

The probabilistic models described generically in equation (5.17) are just approximations
of the MP-LROM model (5.5) and have errors. For our experiments, the data set includes
10 and 100 equally distributed values of µp and µ over the entire parameter region; i.e.,
µp ∈ {0.1, 0.2, . . . , 1} and µ ∈ {0.01, . . . , 1}, 12 reduced basis dimensions KPOD spanning
the interval {4, 5, . . . , 14, 15} and the reduced-order model logarithm of errors log εHF

µ,µp,KPOD
.

This leads to a data set of 12000 samples. Despite using a large data set of 12000 sam-
ples, training and evaluating the MP-LROM model require only 100 high-fidelity models
runs. Out of these 100 high-fidelity runs, only 10 are used to construct the reduced-order
models (bases plus reduced operators for all possible KPOD ∈ {4, 5, . . . , 14, 15}) corre-
sponding to the 10 values of µp. The total number of generated reduced-order models
is 120 corresponding to all 10 µp and 12 KPOD values. These 120 reduced-order models
are then run for all 100 parameters µ leading to 12000 reduced-order models simulations
corresponding to 12000 samples in the data set. Evaluating the true errors of the 12000
reduced-order models solutions requires only knowing the high-fidelity model solutions
for the 100 parameters µ in the database. Since all 10 parameters µp belong to the set of
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all 100 parameters µ, only 100 high-fidelity runs are needed to construct the entire data set
of 12000 samples.

Figure 5.3 shows isocontours of the error εHF
µ,µp,KPOD

and log εHF
µ,µp,KPOD

of the reduced-order
model solution for various viscosity parameter values µ and POD basis dimensions. The
design of the reduced-order models relies on the high-fidelity trajectory for µp = 0.8. The
target values εHF

µ,µp,KPOD
vary over a wide range (from 300 to 10−6) motivating the choice

of implementing models that target log εHF
µ,µp,KPOD

to decrease the variance of the predicted
results.
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Figure 5.3: Isocontours of the reduced model errors for different POD basis dimensions
and parameters µ. The reduced-order model uses a basis constructed from the full order
simulation with parameter value µp = 0.8.

A more detailed analysis, comparing models

φe
MP−LROM : {µ, µp,KPOD} 7→ ε̂HF

µ,µp,KPOD
(5.19)

that target no scaled data and model (5.17) is given in the following.

The approximated MP-LROM models for estimating the local parametric reduced-order
model errors are constructed using a Gaussian Process with a squared-exponential covari-
ance kernel (5.10) and a neural network with six hidden layers and hyperbolic tangent
sigmoid activation function in each layer. Tables 5.1 and 5.2 show the averages and vari-
ances of errors in prediction of MP-LROM models for different sample sizes. Every subset
of samples is selected randomly from a shuffled original data set. The misfit is computed
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using the same formulas presented in (5.8a) to evaluate the prediction errors. Table 5.1
shows the prediction errors of (5.19) computed via equation (5.8a) with y = εHF

µ,µp,KPOD
and

ŷ = ε̂HF
µ,µp,KPOD

; i.e., no data scaling; the predictions have a large variance and a low accuracy.
The testing sets used by Gaussian Process and ANN MP-LROM models for each number
of samples are the same explaining the similar behaviour in the case of 5000 samples.
The data set contains ROM errors ranging 6 orders of magnitude. The randomly selected
training data set contains samples which are very different from the randomly selected test
data explaining the increase in the average and variance of errors. Scaling the data and
targeting log εHF

µ,µp,KPOD
results using (5.17), reduce the variance of the predictions, and in-

crease the accuracy, as shown in Table 5.2. The same formula (5.8a) with y = log εHF
µ,µp,KPOD

and ŷ = ’log ε
HF

µ,µp,KPOD
was applied. We notice that, for increasing sample sizes less or equal

than 700 and for scaled data, the variances of GP and ANN predictions are not necessarily
decreasing. This behavior changes and the variances of both regression models decrease
for increasing sample sizes larger than 700 as seen in Table 5.2. The performance of the
ANN and GP is highly dependent on the number of samples in the data set. As the number
of data points grows, the accuracy increases and the variance decreases. The results show
that GP outperforms ANN for small numbers of samples ≤ 1000 whereas, for larger data
sets, ANN is more accurate than GP.

GP MP-LROM ANN MP-LROM
Sample size Efold VARfold Efold VARfold

100 13.4519 5.2372 12.5189 25.0337
400 6.8003 31.0974 6.9210 26.1814
700 5.6273 14.3949 7.2325 19.9312
1000 3.7148 13.8102 5.6067 14.6488
3000 0.5468 0.0030 1.2858 1.2705
5000 6.0563 22.7761 3.8819 23.9059

Table 5.1: Average and variance of error in predictions of MP-LROM models (5.19) con-
structed via ANN and GP using errors εHF

µ,µp,KPOD
in training data for different sample sizes.
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GP MP-LROM ANN MP-LROM
Sample size Efold VARfold Efold VARfold

100 0.5319 0.0118 1.2177 0.1834
400 0.3906 0.0007 0.8988 0.2593
700 0.3322 0.0018 0.7320 0.5602
1000 0.2693 0.0002 0.5866 0.4084
3000 0.1558 0.5535 × 10−4 0.01202 0.2744 × 10−4

5000 0.0775 0.4085 × 10−5 0.0075 0.3812 × 10−5

Table 5.2: Average and variance of error in predictions of MP-LROM models (5.19) con-
structed via ANN and GP using logarithms of errors log εHF

µ,µp,KPOD
in training data for dif-

ferent sample sizes.

Figures 5.4 and 5.5 show the corresponding histogram of the errors in prediction of MP-
LROM models (5.17) and (5.19) using 100 and 1000 training samples for ANN and GP
methods, respectively. The histograms shown in Figure 5.5 can assess the validity of GP
assumptions (5.9), (5.11), (5.13). The difference between the true and estimated values
should behave as samples from the distribution N(0, σ2

n) [97]. In our case they are hardly
normally distributed and this indicates that the data sets are not from Gaussian distribu-
tions.

Scaling the data and targeting log εHF
µ,µp,KPOD

errors clearly improve the performance of the
MP-LROM models. Consequently for the rest of the manuscript we will only use model
(5.17).

To asses the quality of the MP-LROM models, we also implemented a five-fold cross-
validation test over the entire dataset. The results computed using formula (5.8b) are
shown in Table 5.3. ANN outperforms GP and estimates the errors more accurately. It also
has less variance than the Gaussian Process which indicates it has more stable predictions.

E VAR
ANN MP-LROM 0.004004 2.16 × 10−6

GP MP-LROM 0.092352 1.32 × 10−5

Table 5.3: MP-LROM statistical results over five-fold cross-validation.

Figure 5.6 illustrates the average of errors in prediction of five different errors models
computed using ANN and GP regression methods. The predictions were made with a
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random fixed test set excluded from the entire data set and contains various values of µ,
KPOD and µp shown in the x-axes of Figure 5.6. The error models were constructed using
a training set formed by 80% randomly selected data of the entire data set (not including
the test set).

Building different GP and ANN MP-LROM error models, each trained on different part
of the data set and then testing them with the same fixed test set, reduces the bias in
prediction. Again, ANN outperforms GP having more accurate errors estimates.

We also compared the MP-LROM models with those obtained by implementing ROMES
method [97] and MFC technique [96]. The ROMES method constructs univariate models

φROMES : log ρ(µ) 7→ log εHF
µ , (5.20)

where the input ρ(µ) consists of error indicators. Examples of indicators include residual
norms, dual-weighted residuals and other error bounds. MFC implements input-output
models

φMFC : µ 7→ log εHF
µ , (5.21)

where the input of error models is the viscosity parameter µ. Both ROMES and MFC meth-
ods use a global reduced-order model with a fixed dimension in contrast to our method that
employs local reduced-order models with various dimensions. ROMES and MFC models
are univariate whereas the MP-LROM models are multivariate.

To accommodate our data set to the requirements of the ROMES and MFC methods, we
separated the data set into 120 subsets. Each of these subsets has 100 samples correspond-
ing to a single µp and KPOD and 100 values of parameter µ ∈ {0.01, 0.02 . . . , 1}. For each
subset we constructed ANN and GP models to approximate the input-output models de-
fined in (5.20) and (5.21) using the same training set. In the case of ROMES method we
employed the logarithms of residuals norms as inputs. We first computed the correspond-
ing reduced-order solution and then the associated logarithm of residual norm by using the
projected reduced order solution into the high-fidelity model for parameter µ. The output
of both ROMES and MFC models approximates the logarithm of the Frobenius norm of
the reduced-order-model errors.

The required numbers of high-fidelity models runs, constructed reduced-order models,
reduced-order models runs, and computed residuals are shown in Table 5.4 together with
their associated computational times. We also present the computational cost of computing
the ANN weights for each of the methods. The numbers of high fidelity models runs
required by each of the methods are the same.
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MP-LROM ROMES MFC
No of samples 12000 12000 12000
No of high fidelity models runs 100 100 100
CPU time 9s 9s 9s
No of ROM models built 120 120 120
CPU time 0.6s 0.6s 0.6s
No of ROM models run 12000 12000 12000
CPU time 10.8s 10.8s 10.8s
No of computed residuals 0 12000 0
CPU time 0 12s 0
CPU time for building ANN 2279.95s 427.29s 421.23s
Total CPU time 2300.35s 459.69s 441.63

Table 5.4: Total computational cost for building the ANN models for MP-LROM, ROMES
and MFC methods. This is the cost of generating one multivariate MP-LROM model and
120 univariate ROMES and MFC models.

The overall computational cost is higher for constructing the MP-LROM model due to
the cost of generating the ANN weights. Since constructing the ANN weights for each of
the ROMES and MFC models can be done in parallel, the CPU time for generating 120
models is the same as for generating one model.

Figures 5.7-5.10 shows the isocontours of the Efold and VARfold computed using (5.8a) for
different KPOD and µp using ROMES, MFC, and MP-LROM models constructed using GP
and ANN methods. In total there are 12 × 10 configurations corresponding to different
KPOD and µp and as many ROMES and MFC models. The MP-LROM models are global
in nature and the training set is the whole original data set. The testing set is the same for
all the compared models and differs from the training sets. We can see that MP-LROM
models are more accurate than those obtained via ROMES and MFC models. Including
more samples associated with various POD basis sizes and µp is benefic. We also trained
and tested all the models using five-fold cross-validation. The average error and variance
of all 120 Efolds and VARfolds are compared against those obtained using MP-LROM error
models and are summarized in tables 5.5 and 5.6. This shows that the MFC models out-
perform the ROMES ones, for our experiment, and the MP-LROM models are the most
accurate. The MP-LROM models perform better since they employ more features and
samples than the other models which help the error models tune the weights better. We
also notice the efficiency of the MFC models from accuracy point of view considering that
they use very few samples. In the case of large parametric domains the MP-LROM error
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models may require a very large data set with a lot of features. By using only subsets of
the whole data set near the vicinity of the parameters of interest and applying the active
subset method [118] can help prevent the potential curse of dimensionality problem that
MP-LROM might suffer.

ROMES MFC MP-LROM
ANN 0.3844 0.0605 8.8468 × 10−4

GP 0.2289 0.0865 0.0362

Table 5.5: Average error of all 120 Efolds for three methods.

ROMES MFC MP-LROM
ANN 0.0541 0.0213 4.9808 × 10−7

GP 0.0051 0.0049 5.4818 × 10−4

Table 5.6: Average variance of all 120 VARfolds for three methods

Finally we compare and show the average of the errors in prediction of five different errors
models designed using ROMES, MFC, and MP-LROM methods for one of the subsets
corresponding to KPOD = 10 and µp = 1. The testing set is randomly selected from the
samples and is not included in the training sets. The training set for both ROMES and
MFC models are the same. In order to prevent the bias in prediction, each time the error
models are trained on randomly selected 80% of the training sets and tested with the fixed
test set. We repeated this five times and the average of error in prediction is obtained.
Figure 5.11 shows the average of error in prediction for all models implemented using GP
and ANN methods.

The required numbers of high-fidelity models runs, constructed reduced-order models,
reduced-order models runs, and computed residuals are shown in Table 5.7 together with
their associated computational times. We also present the computational cost of computing
the ANN weights for each of the methods. The numbers of high fidelity models runs
required by each of the methods are the same.
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MP-LROM ROMES MFC
No of samples 12000 100 100
No of high fidelity models runs 100 100 100
CPU time 9s 9s 9s
No of constructed ROM models 120 1 1
CPU time 0.6s 0.005s 0.005s
No of ROM models runs 12000 100 100
CPU time 10.8s 0.09s 0.09s
No of computed residuals 0 100 0
CPU time 0 0.01s 0
CPU time for building ANN 2279.95s 427.29s 421.23s
Total CPU time 2300.35s 436.485s 430.325

Table 5.7: Total computational cost for building the artificial neural network (ANN) mod-
els for MP-LROM, ROMES and MFC methods. This is the cost of generating one multi-
variate MP-LROM model, one univariate ROMES model and one univariate MFC models.

The overall computational cost is higher for constructing the MP-LROM model mainly due
to the cost of generating the ANN weights. This is not due to a higher number of high-
fidelity models runs. The data set for MP-LROM model also requires 12000 reduced-order
models runs in comparison to only 100 reduced-order models runs needed by ROMES or
MFC. However, MP-LROM model is capable to predict the logarithm of errors for 120
reduced-order models whereas ROMES and MFC for only one.

Since we are including more features in our mappings, we achieve more accurate predic-
tions compared to other existing methods such as ROMES and MFC. However, there is
always a trade-off between the computational complexity and the accuracy. For more accu-
rate results, one can generate a bigger dataset with more samples taken from the parameter
domain of the underlying model. This elevates the computational complexity since the
probabilistic mappings are more costly to construct in the training phase. Techniques such
as principal component analysis and active subspace can alleviate the curse of dimension-
ality for big data sets by selecting the most effective features and ignoring the less-effective
ones.



Azam Moosavi Chapter 5. MP-LROM 85

Selecting the dimension of reduced-order model

Here we construct MP-LROM models to predict the reduced basis dimension that account
for a-priori specified accuracy levels in the reduced-order model solution. The models are
constructed using GP and ANN methods and have the following form

φd
MP−LROM : {µp, log εHF

µp,µp,KPOD
} 7→÷KPOD. (5.22)

The input features of this model consist of the viscosity parameter µp ∈ [0.01, 1] and the
log of the Frobenius norm of the error between the high-fidelity and reduced-order models
(5.18). The searched output÷KPOD is the estimation of the dimension of the reduced mani-
fold KPOD. The data set contains equally distributed values of µp over the entire parametric
domain µp ∈ {0.01, 0.0113, 0.0126, . . . , 0.9956}, reduced basis dimensions KPOD spanning
the set {4, 5, . . . , 14, 15} and the logarithm of the reduced-order model error log εHF

µp,µp,KPOD
.

We use GP and ANN methods to construct two MP-LROM models to predict the dimen-
sion of local reduced-order models given a prescribed accuracy level.

During the training phase, the MP-LROM models will learn the dimensions of reduced-
order basis KPOD associated with the parameter µp and the corresponding error log εHF

µp,µp,KPOD
.

Later they will be able to estimate the proper dimension of reduced basis by providing it
the specific viscosity parameter µp and the desired precision log ε̄. The computational cost
is low once the models are constructed. The output indicates the dimension of the reduced
manifold for which the ROM solution satisfies the corresponding error threshold. Thus
we do not need to compute the entire spectrum of the snapshots matrix in advance which
for large spatial discretization meshes translates into important computational costs reduc-
tion. Figure 5.12 illustrates the contours of the log of reduced-order model errors over all
the values of the viscosity parameter µp ∈ {0.01, 0.0113, 0.0126 . . . 1} and various POD
dimensions KPOD = {4, 5, . . . , 14, 15}.

A neural network with 5 hidden layers and hyperbolic tangent sigmoid activation function
in each layer is used while for the Gaussian Process we have used the squared-exponential-
covariance kernel (5.10). For both MP-LROM models, the results were rounded such as
to generate natural numbers. Table 5.8 shows the average and variance of error in GP and
ANN predictions using different sample sizes. ANN outperforms GP and as the number
of data points grows, the accuracy increases and the variance decreases. The results are
obtained using a conventional validation with 80% of the sample size dedicated for training
data and the other 20% for the test data. The employed formula is described in equation
(5.8a).
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MP-LROM GP MP-LROM ANN
sample size Efold VARfold Efold VARfold

100 0.2801 0.0901 0.1580 0.02204
1000 0.1489 0.0408 0.0121 0.0015
3000 0.1013 0.0194 0.0273 0.0009
5000 0.0884 0.0174 0.0080 0.0002

Table 5.8: Average and variance of errors in prediction of reduced basis dimension using
MP-LROM models for different sample sizes

Figures 5.13 and 5.14 show the prediction errors using 100 and 1000 training samples for
both MP-LROM models constructed via ANN and GP models. The histograms shown
in Figure 5.14, as stated before, can assess the validity of GP assumptions. Once the
number of samples is increased, the data set distribution shape is closer to the Gaussian
profile N(0, σ2

n) than in the case of the data set distribution shown in Figure 5.5 used for
generation of MP-LROM models for the prediction of local reduced-order model errors.

To assess the accuracy of the MP-LROM models, the data set is randomly partitioned into
five equal size sub-samples, and five-fold cross-validation test is implemented. The five
results from the folds are averaged and they are presented in Table 5.9. The ANN model
correctly estimated the dimension of the reduced manifold in 87% cases. GP correctly
estimates the POD dimension 53% of the times. The variance results shows that the GP
model has more stable predictions indicating a higher bias in the data.

Dimension Discrepancy zero one two three four > four VAR
ANN MP-LROM 87% 11% 2% 0 0 0 2.779 × 10−3

GP MP-LROM 53% 23% 15% 5% 3% 1% 4.575 × 10−4

Table 5.9: POD basis dimension discrepancies between the MP-LROM predictions and
true values over five-fold cross-validation. The errors variance is also computed.

In Figure 5.15, we compare the output of the MP-LROM models against the singular val-
ues based estimation on a set of randomly selected test data. The estimation derived from
the singular values is the standard method for selecting the reduced manifold dimension
when a prescribed level of accuracy of the reduced solution is desired. Here the desired
accuracy ε̄ is set to 10−3. The mismatches between the predicted and true dimensions are
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depicted in Figure 5.15. The predicted values are the averages over five different MP-
LROM models constructed using ANN and GP methods. The models were trained on
random 80% split of data set and tested on the fixed selected 20% test data. We notice that
the snapshots matrix spectrum underestimates the true dimension of the manifold as ex-
pected since the ‘in-plane’ errors are not accounted. The ANN predictions were extremely
accurate for most of the samples while the GP usually overestimated the reduced manifold
dimensions.
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Figure 5.15: Average error of the POD dimension prediction on a randomly selected test
data with desired accuracy of ε̄ = 10−3. The average of the absolute values of the error in
prediction are 1.31, 0.21 and 1.38 for singular value based method and MP-LROM models
constructed using ANN and GP.

5.5 Conclusions

In this study, we introduced new multivariate input-output models (MP-LROM) to predict
the errors and dimensions of local parametric reduced-order models. Approximation of
these mappings were built using Gaussian Process and Artificial Neural Networks. Ini-
tially, we compared our MP-LROM error models against those constructed with multi-
fidelity correction technique (MFC) and reduced order model error surrogates method
(ROMES). Since global bases are used by MFC and ROMES methods, we implemented
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corresponding local error models using only small subsets of the data utilized to gener-
ate our MP-LROM models. In contrast, the MP-LROM models are global and rely on a
global database. Moreover, our MP-LROM models differ from the ROMES [97] and MFC
models [96], having more additional features such as reduced subspace dimension and are
specially projected for accurate predictions of local parametric reduced-order models er-
rors. As such, the MP-LROM models require significantly more and different data than
MFC models. The numerical experiments revealed that our MP-LROM models are more
accurate than the models constructed with MFC and ROMES methods for estimating the
errors of local parametric reduced-order 1D-Burgers models with a single parameter. In
the case of large parametric domains, the MP-LROM error models could be affected by
the curse of dimensionality due to the large number of input features. In the future we
plan to use only subsets of the global data set near the vicinity of the parameters of interest
and combine our technique with the active subspace method [118] to prevent the potential
curse of dimensionality that the MP-LROM models might suffer.

Next we addressed the problem of selecting the dimension of a local reduced-order model
when its solution must satisfy a desired level of accuracy. The approximated MP-LROM
models based on Artificial Neural Networks better estimated the ROM basis dimension in
comparison with the results obtained by truncating the spectrum of the snapshots matrix.

In the future we seek to decrease the computational complexity of the MP-LROM er-
ror models. Currently the training data required by the machine learning regression MP-
LROM models rely on many high-fidelity simulations. By employing error bounds, resid-
ual norms [97] and a-posteriori error estimation results [136, 117], this dependency could
be much decreased. ROMES and MFC models will also benefit since they require the
same amount of high-fidelity models runs as MP-LROM models. On-going work focuses
on applications of MP-LROM error model. We are currently developing several algorithms
and techniques that employ MP-LROM error model as a key component to generate de-
composition maps of the parametric space associated with accurate local reduced-order
models.

In addition, we plan to construct machine learning MP-LROM models to estimate the
errors in quantities of interest computed with reduced-order models. The predictions of
such error models can then be used to speed up the current trust-region reduced-order
framework [137, 138] by eliminating the need of high-fidelity simulations for the quality
evaluation of the updated controls.
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Figure 5.4: Histogram of errors in prediction using ANN MP-LROM.
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Figure 5.5: Histogram of errors in prediction using GP MP-LROM.
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Figure 5.6: The average of errors in predictions using five different trained models. The
top labels shows the corresponding µp and KPOD for each parameter µ.
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Figure 5.7: Isocontours for the Efold using GP method.
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Figure 5.9: Isocontours for the VARfold using GP method.
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Figure 5.10: Isocontours for the VARfold using ANN method.
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Figure 5.11: The error in predictions of all methods using KPOD = 10 and µp = 1. For GP
error models the overall average of errors in predictions is 0.0131, 0.0487, 0.0095 for MFC,
ROMES and MP-LROM respectively. For ANN error models the overall average of errors
in predictions is 0.0056, 0.0240, 0.0029 for MFC, ROMES and MP-LROM respectively.
The top x-axis shows the corresponding logarithms of the residuals norms used as inputs
for the ROMES method.
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Figure 5.13: Histogram of errors in prediction of the reduced basis dimension using ANN
MP-LROM for different sample sizes
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Figure 5.14: Histogram of errors in prediction of the reduced basis dimension using GP
ML-ROM for different sample sizes



Chapter 6

Parametric Domain Decomposition for
Accurate Reduced Order Models:
Applications of MP-LROM
Methodology

6.1 Introduction

Many physical phenomena in science and engineering are investigated today using large-
scale computer simulation models. The ever-increasing complexity of these high-fidelity
models poses considerable challenges related to computational time, memory require-
ments, and communication overhead in a parallel environment. A popular approach to
alleviate these challenges is to construct inexpensive surrogate (approximate) models that
capture the most important dynamical characteristics of the underlying physical models,
but reduce the computational complexity by orders of magnitude. Examples of surrogates
include response surfaces, low resolution models, and reduced-order models.

Reduced-order modeling uses snapshots of high-fidelity model solutions at different times
to extract a low-dimensional subspace that captures most of the high-fidelity solution en-
ergy. The reduced-order surrogate is obtained by projecting the dynamics of the high-
fidelity model onto the low-dimensional subspace.This is usually achieved by orthogonal
or oblique projections coined as Galerkin or Petrov–Galerking methods where the solu-
tion is searched as a linear combination of the basis vectors. Since the Galerkin method

95
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is actual an elliptic approach, applying it to hyperbolic models must be done with careful
consideration [139]. The reduced dimension leads to a considerable reduction in com-
putational complexity at the expense of a decreased solution accuracy. A reduced-order
model approximates well the high-fidelity solution at a given point of operation (e.g., for
the model parameter values for which the snapshots have been taken), but becomes less
accurate away from that point (e.g., when the high-fidelity model is run with different
parameter values).

To be useful, reduced-order models must accommodate changes over the entire paramet-
ric space without loosing their accuracy, simplicity and robustness. Reduced-order model
(ROM) accuracy and robustness can be achieved by constructing a global basis [18, 19],
but this strategy generates large dimensional bases that may lead to slow reduced-order
models. Moreover, for fluid flows, the Galerkin expansion with global modes presumes
synchronized flow dynamics. Whereas this assumption is true for internal flows, it is not
suited for transient shear flows with uni–directional ’hyperbolic’ convection of vortices
[140]. Changes in the operational settings may lead to deformation of leading flow struc-
tures [141] especially if the model is characterized by bifurcations and multiple attractors.
Approaches such as limiting the operational setting, extending the mode sets [142] and
offline/online set adaptation address the issue of mode deformation.

In localization approaches, the reduced-order models are built offline and one is chosen
depending on the current state of the system. Local approaches have been designed for
parametric [143, 22] or state spaces generating local bases for both the state variables
[20, 21] and non-linear terms [22, 23]. Dictionary approaches [144, 145] pre-compute
offline many basis vectors and then adaptively select a small subset during the online
stage. Error bounds for reduced-order approximations of parametrized parabolic partial
differential equations are available in [84].

In this study, we employ machine learning regression models to guide the construction of
parametric space decompositions for solving parametric partial differential equations us-
ing accurate local reduced-order models. Whereas the current methodologies are defined
in the sense of Voronoi tessellation and rely on K-means algorithms, our approach delimi-
tates subregions of the parametric space by applying an Artificial Neural Networks model
to estimate the errors of reduced-order models following a parametric domain sampling
algorithm.

Machine learning methodologies have been applied to predict and model the approxima-
tion errors of low-fidelity and surrogate models [146, 147, 148]. The multi-fidelity correc-
tion (MFC) approach [96, 98, 13, 99] has been developed to approximate the low-fidelity
models errors in the context of optimization. The reduced order model error surrogates
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method (ROMES) [97] seeks to estimate full errors from indicators such as error bounds
and reduced-order residual norms. Both ROMES and MFC models predict the error of
global reduced-order models with fixed dimension using univariate functions.

In contrast, the authors’ multivariate predictions of local reduced-order-model method
(MP-LROM) [149] proposes a multivariate model to compute the error of local reduced-
order surrogates. A MP-LROM model based on Artificial Neural Network and a sam-
pling algorithm are applied here to construct decompositions of the parametric domain
for solving parametric partial differential equations using local reduced-order models that
are accurate within an admissible prescribed threshold. The proposed strategy relies on
a greedy algorithm that samples the vicinity of each parameter value used to generate a
local reduced-order model and finds an open ball such that for all the parameters in the ball
the error of the local reduced-order model is less than the desired threshold. The essential
ingredient is the MP-LROM error model which approximates the error of reduced-order
model. Then a greedy technique is used to sample the parametric domain and generates
a feasible region where a specific local reduced-order model provides accurate solutions
within a prescribed tolerance. The union of these feasible regions forms a decomposition
of the parametric domain. Different thresholds lead to different domain decompositions.
The current methodology is designed for one dimensional parametric spaces and it is ap-
plied to the viscous 1D-Burgers model. A decomposition for the viscosity domain is gen-
erated for various error thresholds. Once the decomposition is constructed there is no need
to run the high-fidelity model again, since for each parameter value µ there exists a pa-
rameter µp, and the associated reduced-order model (basis and reduced operators), whose
solution error is accurately estimated a-priori. The dimension KPOD of the local basis is
usually small since it depends only on one high-fidelity model trajectory.

The decomposition leads to a database of available bases, local reduced-order models and
high fidelity trajectory. This database can be used to generate more accurate reduced-order
models for an arbitrary parametric configuration. Three different approaches are compared
here; i.e., bases interpolation, bases concatenation, and high-fidelity model solutions com-
bination. For the first method, we perform a Lagrangian interpolation of the bases in the
matrix space [150], or linearly interpolate their projections onto some local coordinate
systems [150, 151]. The second method follows the idea of the spanning ROM introduced
in [152], where a projection basis is created by concatenating some of the available bases
for an arbitrary parameter. The third method interpolates the associated high-fidelity solu-
tions and then extracts the singular vectors to generate a new basis and local reduced-order
model.

The remainder of the chapter is organized as follows. Section 6.2 introduces the new
methodology for constructing decompositions of the parametric domain using MP-LROM
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error predictions. Then the potential of combining the existing information for generating
more accurate reduced-order model is discussed. Section 6.3 presents the applications of
the proposed methodologies to a viscous 1D-Burgers system. Conclusions are drawn in
Section 6.4.

6.2 MP-LROM error model and its application to para-
metric domain decomposition

The MP-LROM models [149] are multivariate input-output maps φ : z 7→ y that predict
different characteristics of local parametric reduced-order models, such as the error with
respect to the high-fidelity model solution or basis dimension as explained in chapter 5.
In what follows we explain the application of MP-LROM error model to better design of
ROM.

6.2.1 Designing the decomposition of the parametric domain

Motivated by the need of fast and accurate simulations along the entire parametric space,
we propose an alternative to the global parametric approach where only a single basis
and a single reduced order model is constructed. Our alternative relies on a series of lo-
cal reduced bases and reduced order models whose solutions meet prescribed admissible
error thresholds beyond the parametric configurations employed for bases’ construction.
A parametric region, where a local reduced order model constructed using a single high-
fidelity model trajectory is accurate to within a prescribed threshold, is called a feasible
region. We delimitate such a region by employing the MP-LROM error model and sam-
pling the neighborhood of the parametric configuration used to construct the local reduced
order model. Our solution consists in designing a reunion of feasible regions completely
covering the entire parametric space. This decomposition of the parametric domain was
obtained as the solution of the following problem.

Problem 1 (Accurate local parametric ROMs). For an arbitrary parameter configuration
µ ∈ P construct a reduced-order model (5.2) that provides an accurate and efficient ap-
proximation of the high-fidelity solution (5.1)

‖x(µ, t1) − Uµp x̃µp(µ, t1) x(µ, t2) − Uµp x̃µp(µ, t2) · · · x(µ, tNt) − Uµp x̃µp(µ, tNt)‖F ≤ ε̄,
(6.1)
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for some prescribed admissible error level ε̄ > 0. The snapshots used to generate the basis
Uµp and reduced operators can be obtained with any parametric configuration µp ∈ P.

Our methodology proposes to select a finite countable subset I = {µp j , j = 1, . . . ,M} ⊂ P
and for each µp j , a reduced order basis Uµp j

along with the reduced operators are con-
structed for j = 1, . . . ,M. We denote by U the set of bases Uµp j

, j = 1, . . . ,M. If for
each parameter configuration µp j there exists an open ball B(µp j , r j) ∈ P such that, for all
parameters µ ∈ B(µp j , r j), the reduced order solution x̃µp(µ, t) satisfies (6.1) for µp = µp j

and the parametric domain P is a subset of the union of all these open balls, we obtain the
sought decomposition of the parametric domain.

Next we derive a condition that guarantees the actual reduced-order model error

εHF
µ,µp j ,KPOD

= ‖x(µ, t1) − Uµp j
x̃µp j

(µ, t1) x(µ, t2) − Uµp j
x̃µp j

(µ, t2) · · · x(µ, tNt) − Uµp j
x̃µp j

(µ, tNt)‖F ,
(6.2)

depending on parameter configuration µ, parameter configuration µp j and basis dimen-
sion KPOD, satisfies the prescribed admissible threshold εHF

µ,µp j ,KPOD
≤ ε̄, for any arbitrary

parameter configuration µ inside of an open ball.

Theorem 6.2.1. If limµ→µp j
‖x(µ, t1)−Uµp j

x̃µp j
(µ, t1) x(µ, t2)−Uµp j

x̃µp j
(µ, t2) · · · x(µ, tNt)−

Uµp j
x̃µp j

(µ, tNt)‖F = ε̄∗, and ε̄∗ ≤ ε̄
2 , then there exists r j > 0 such that εHF

µ,µp j ,KPOD
≤ ε̄ is sat-

isfied for all parameters µ inside the ball B(µp j , r j).

Proof. From limµ→µp j
‖x(µ, t1)−Uµp j

x̃µp j
(µ, t1) x(µ, t2)−Uµp j

x̃µp j
(µ, t2) · · · x(µ, tNt)−

Uµp j
x̃µp j

(µ, tNt)‖F = ε̄∗, using the limit definition, we have that for all ε > 0, there exists
another real number δ > 0 such that

| ‖x(µ, t1) − Uµp j
x̃µp j

(µ, t1) x(µ, t2) − Uµp j
x̃µp j

(µ, t2) · · · x(µ, tNt) − Uµp j
x̃µp j

(µ, tNt)‖F − ε̄
∗| < ε,

for all µ satisfying d(µ, µp j) < δ. By taking ε = ε̄∗ and δ = r j we obtain that

εHF
µ,µp j ,KPOD

< 2ε̄∗ ≤ ε̄, ∀µ ∈ B(µp j , r j),

which completes the proof. �

The theoretical result allows to compute the reduced-order model error at µ = µp j at cer-
tain parametric configurations in the proximity of µp. Moreover, one may be able to make
statements about the degree of smoothness of the solution in the parametric space, there-
fore placing a lower limit on ε̄. A particular case is when the reduced solution error is



Azam Moosavi Chapter 6. MP-LROM Application 100

monotonically decreasing with smaller distances d(µ, µp j). A small radius r j > 0 then can
be simply obtained by sampling and computing the residuals of the high-fidelity model
using the projected reduced-order model solution.

One can also test for linear behavior of the high-fidelity solution x(µ, t) in a small neigh-
borhood of µp j . Another possible screening test consists in checking the derivatives ∂x

∂µ
(µ, t)

at equally distributed parameter values across the neighborhood of µp j . If the derivatives
are small, then the high-fidelity solutions do not vary much inside the open ball and they
can be well approximated in the reduced manifold spanned by Uµp j

.

The decomposition construction process ends as soon as the entire parameter domain P
is covered with a union of overlapping balls B(µp j , r j), j = 1, . . . ,M, corresponding to
different reduced order bases and local models

P ⊂

M⋃
j=1
B(µp j , r j), (6.3)

such that for each j = 1, 2, . . . ,M and ∀µ ∈ B(µp j , r j) ∩ P, the error of the reduced-order
model solution (5.2) satisfies εHF

µ,µp j ,KPOD
≤ ε̄. The number of balls M is finite only if the

space of all high-fidelity solution over the entire parametric domain can be approximated
with a finite number of low-dimensional linear subspaces. This extends the concept of
a single global low-dimensional manifold [112, 113]. The cardinality of I depends on
the high-fidelity solution variability along the parameter space. In theory, less variability
should lead to smaller values of M. For our reduced-order models to satisfy the accuracy
threshold for the entire parametric domain, we have to select thresholds ε̄ not smaller than
the Kolmogorov KPOD-width [153] of the so-called solution manifold{x(µ, t), µ ∈ P, t ∈
{ti}

Nt
i=1}.

This approach is inspired from the construction of unsteady local reduced-order models
where the time domain is split in multiple regions [20, 23]. In this way the reduced basis
dimension is kept small allowing for fast on-line simulations. The cardinality of I is in-
versely proportional with the prescribed level of accuracy ε̄. As the desired error threshold
ε̄ decreases, the decomposition changes since usually the radii r j are expected to become
smaller, and more balls are required to cover the parametric domain; i.e., M is increased.

The construction of the parametric domain decomposition (6.3) using the local parametric
reduced-order models requires the following ingredients

1. The ability to probe the vicinity of µp j ∈ P and to efficiently estimate the level of
error εHF

µ,µp j ,KPOD
(6.2).
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2. The ability to find r j > 0 such that εHF
µ,µp j ,KPOD

≤ ε̄, for all µ ∈ B(µp j , r j) ∩ P.

3. The ability to identify the location of a new µ∗p` (for the construction of a new local
reduced-order model) given the locations of the previous local parameters µp j , j =

1, . . . , ` − 1, so that

B(µ∗p` , r`) 1
Å `−1⋃

i=1
B(µpi , ri)

ã
,

B(µ∗p` , r`)
⋂Å `−1⋃

i=1
B(µpi , ri)

ã
, ∅.

(6.4)

The second condition in (6.4) assures that the decomposition will have no coverage gap;
i.e., equation (6.3) is satisfied.

In practice, an approximated MP-LROM error model is used to sample the vicinity of µp j

and predicts the error for each sample parameter value µ. Based on these error predictions,
we construct the ball B(µp j , r j), or perhaps a larger set called a µp j−feasible region, where
the local reduced-order model is accurate to within the prescribed threshold ε̄ according
to the MP-LROM model. Since the approximated MP-LROM model has errors in its
predictions, the precision is guaranteed only if the sum of the true reduced-order model
error and approximated MP-LROM model error is smaller than ε̄. For a one dimensional
parametric domain, a greedy algorithm to be described in Subsection 6.3.1 is applied to
identify the location of a new parametric configuration µ∗p` (for the construction of a new
basis) depending on the locations of the previous µpi , i = 1, . . . , ` − 1. We seek to impose
(6.4), so the entire parametric domainP satisfies (6.3) after the decomposition construction
is finished. Again this is not necessarily guaranteed since we employ an approximated
MP-LROM error model for this task.

6.2.2 Combining available information for accurate local ROMs at
arbitrary parametric configurations

We next solve another practical problem: given a collection of local reduced bases and op-
erators and high fidelity trajectories computed at various locations in the parameter space,
construct a hierarchy of the available bases and models producing the most accurate lo-
cal parametric reduced-order solutions for an arbitrary viscosity parameter µ∗. For the
parametric domain situated at the intersection of different feasible regions introduced in
Section 6.2.1, we may improve the reduced solution accuracy by assigning a new reduced-
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order model based on the already existing local bases or high-fidelity simulations. More-
over, if a hierarchy of local reduced bases, local reduced-order, and high-fidelity models is
available for a parametric configuration µ∗, we can employ the top ranked bases and mod-
els to generate a new reduced-order model whose accuracy may be increased. This can be
achieved by interpolation or concatenation of the underlying reduced bases or interpolation
of the available high-fidelity solutions.

The POD method produces an orthogonal basis that approximately spans the state solution
space of the model for a specific parameter configuration. Moving away from the initial
parametric configuration may require the construction of new bases and reduced operators
since the initial reduced-order model may not be accurate anymore. However, if states
depend continuously on parameters, the POD basis constructed for one parameter con-
figuration may approximately span the solution space at different parametric settings in a
local vicinity.

Several methods to combine the available information to generate more accurate reduced-
order models for arbitrary parameter configurations µ∗ have been proposed in the literature.
One is the interpolation of the available reduced-order bases Uµp j

, j = 1, . . . ,M. The
parametric dependence of the bases has been modeled with various linear and nonlinear
spatially-dependent interpolants.

Here we discuss different strategies that involve Lagrange interpolation of bases in the
matrix space and in the tangent space of the Grassmann manifold. In addition we propose
to concatenate the available reduced bases followed by an orthogonalization process, and
to interpolate the solutions of the high fidelity model as means to derive the reduced-order
basis for a parameter configuration µ∗.

Basis interpolation

Lagrange interpolation of bases Assuming the reduced manifold U : P → RNstate×KPOD

poses a continuous and linear dependency with respect to the parametric space, and if
M discrete bases Uµp j

= U(µp j) have been already constructed for various parametric
configurations µp j , j = 1, 2, . . . ,M, then a basis corresponding to the new configuration
µ∗ can be obtained using Lagrange’s interpolation formula

Uµ∗ =
M∑
j=1

Uµp j
L j(µ∗), L j(µ∗) =

∏
i, j

µ∗ − µpi

µp j − µpi

. (6.5)

It is worth mentioning that the resulting interpolated basis vectors are not orthogonal. One
drawback of this approach is the lack of linear variation in the angles between pairs of
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reduced subspaces [150] spanned by the reduced bases Uµp j
. Differential geometry results

can be employed to alleviate these deficiencies.

Grassmann manifold In the study proposed by Amsallem and Farhat [151], basis (ma-
trix) interpolation was performed in the tangent space of the Grassmann manifold G at
a careful selected point S representing a subspace spanned by one of the available re-
duced bases. It has been shown that Grassmann manifold can be endowed with a differ-
entiable structure [154, 155]; i.e., at each point S of the manifold a tangent space exists.
The mapping from the manifold to the tangent space is called the logarithmic mapping,
while the backward projection is referred to as exponential mapping [156]. According to
[151], a new subspace S µ∗ , and its subsequent basis Uµ∗ , associated with a new parameter
µ∗, can be obtained by interpolating the reduced subspaces projections into the tangent
space of the Grassmann manifold and then projecting back using the exponential map-
ping. The reduced subspaces {S µpi

}Mi=1 are spanned by the already computed reduced bases
Uµpi

, i = 1, . . . ,M. The steps required by this methodology [151] are described in the
Algorithm 4. A graphical description of the method is provided in Figure 6.1.

According to [151], the subspace angle interpolation [150, 157] is identical to the interpo-
lation in a tangent space to the Grassmann manifold of two reduced-order bases. Conse-
quently the latter methodology can be viewed as a generalization of the former approach.

𝑆𝜇𝑝𝑀
log𝑆𝜇𝑝𝑀

(𝑆𝜇𝑝1
)

log𝑆𝜇𝑝𝑀
(𝑆𝜇𝑝3

)

𝜅 = log𝑆𝜇𝑝𝑀
(𝑆𝜇∗)

log𝑆𝜇𝑝𝑀
(𝑆𝜇𝑝2

)

𝑆𝜇∗ = exp𝑆𝜇𝑝𝑀
(𝜅)

𝑆𝜇𝑝1

𝑆𝜇𝑝2

𝑆𝜇𝑝3

G

Figure 6.1: The description of the interpolation of four subspaces in a tangent space to a
Grassmann manifold. The origin point of the interpolation is S µpM

and m = 3.

Basis concatenation

Basis concatenation idea was introduced in [152] and emerged from the notion of a global
basis [112, 113]. In the global strategy, the existing high-fidelity snapshots corresponding
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Algorithm 4 Interpolation in a tangent space to a Grassmann manifold [151]
1: Select a point S µpM

of the manifold to represent the origin point for the interpolation
spanned by the basis UµpM

.
2: The tangent space TS µpM

and the subspaces {S µpi
}mi=1 are considered, with m ≤ M − 1.

Each point S µpi
sufficiently close to S µpM

is mapped to a point of TS µpM
, using the log-

arithm map logS µpM
[156]. The bases spanning the tangent space points logS µpM

(S µpi
)

are computed by

(I − UµpM
UT
µpM

)Uµpi
(UµpM

Uµpi
)−1 = RiΛiQT

i (SVD factorization),

Γµpi
= Ri tan−1(Λi)QT

i .

3: Each entry of the matrix Γµ∗ associated with the target parameter µ∗ is computed by
interpolating the corresponding entries of the matrices Γµpi

∈ RNstate×KPOD associated
with the parameter points µpi , i = 1, . . . ,m. A univariate or multivariate Lagrange
interpolation may be chosen similar with the one introduced in (6.5).

4: The matrix Γµ∗ representing a point in the tangent space TS µpM
is mapped to a subspace

S µ∗ on the Grassmann manifold spanned by a matrix Uµ∗ using the exponential map
[156]

Γµ∗ = R∗Λ∗Q∗T (SVD factorization),
Uµ∗ = UµpM

Q∗ cos(Λ∗) + R∗ sin(Λ∗).
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to various parameter configurations are collected in a single snapshot matrix and then
a matrix factorization is performed to extract the most energetic singular vectors. This
global basis is then used to build reduced-order models for parameter values not included
in the initial snapshots set.

Assuming Xµp1
, Xµp2

, . . . ,XµpM
∈ RNstate×Nt are the snapshots corresponding to M high-

fidelity model trajectories, the following error estimate holds [100, Proposition 2.16]:

X̄ = [Xµp1
· · · XµpM

] = ŪΛV̄T (SVD factorization), (6.6a)

‖X̄ − Ūd X‹X‹X‹‖2F =
Nt∑

i=KPOD+1
λ2

i = O(λ2
KPOD+1), Ūd

i j = Ūi j, i = 1, 2, . . . ,Nstate, j = 1, 2, . . . ,KPOD,(6.6b)

where λi is the ith singular value of X̄ , and X‹X‹X‹ = [Ūd]T X̄ ∈ RKPOD×(MNt). In practice, usually
Nt < Nstate, so the snapshot matrices are rank deficient. In this case and when the reduced-
order bases Uµp1

, . . . ,UµpM
, corresponding to the trajectories µp1 , . . . , µpM , are available,

we can construct a basis Û by simply concatenating columns of Uµp1
, . . . ,UµpM

such that
the accuracy level in (6.6) is preserved.

Proposition 6.2.2. Consider the following SVD of snapshots matrices Xµp1
, . . . ,XµpM

∈

RNstate×Nt

Xµp j
= Uµp j

Λ j VT
µp j
, j = 1, 2, . . . ,M, (6.7)

with Nt < Nstate and rank(Xµpi
) < Nt, i = 1, 2, . . . ,M. Then, there exist positive integers

K1
POD, . . . ,K

M
POD, and

X̂ ∈ R(
∑M

i=1 Ki
POD)×(MNt), such that X̄ defined in (6.6) satisfies

‖X̄ − Û X̂‖2F ≤ O(λ2
KPOD+1), (6.8)

where λKPOD+1 is the (KPOD+1) singular value of snapshots matrix X̄, and Û = [Ud
µp1
· · · Ud

µpM
] ∈

RNstate×(
∑M

i=1 Ki
POD), [Ud

µpl
]i j = [Uµpl

]i j, i = 1, 2, . . . ,Nstate, j = 1, 2, . . . ,Ki
POD, l = 1, 2, . . . ,M.

Proof. Since Xµp1
, . . . ,XµpM

∈ RNstate×Nt are rank deficient matrices, there exist at least M
positive integers K1

POD, . . . ,K
M
POD, such that the singular values associated with Xµp1

, . . . ,XµpM

satisfy
[λ1

K1
POD+1]2, . . . , [λM

KM
POD+1]2 ≤ [λKPOD+1]2, ∀KPOD = 0, . . . ,Nt−1. (6.9)

From [100, Proposition 2.16] and (6.7) we have the following estimates

‖Xµp j
− Ud

µp j
X‹X‹X‹µp j
‖2F =

Nt∑
i=K j

POD+1

[λ j
i ]

2 = O([λ j
K j

POD+1
]2) ≤ O([λKPOD+1]2), (6.10)
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where λ j
i is the ith singular value of Xµp j

and X‹X‹X‹µp j
= [Ud

µp j
]T Xµp j

∈ RK j
POD×Nt , for j =

1, . . . ,M.

By denoting

X̂ =


X‹X‹X‹µp1

01 · · · · · · 01

02 X‹X‹X‹µp2
02 · · · 02

...
...

...
...

...
0M · · · · · · 0M X‹X‹X‹µpM

 ,

where the null matrix 0 j belongs to RK j
POD×Nt , j = 1, . . . ,M, we have

‖X̄ − Û X̂‖2F = ‖[Xµp1
· · · XµpM

] − [Ud
µp1

X‹X‹X‹µp1
· · · Ud

µpM
X‹X‹X‹µpM

]‖2F ≤Å M∑
i=1
‖Xµpi

− Ud
µpi

X‹X‹X‹µpi
‖F

ã2

=
M∑

i=1

M∑
j=1
‖Xµpi

− Ud
µpi

X‹X‹X‹µpi
‖F ·

‖Xµp j
− Ud

µp j
X‹X‹X‹µpi
‖F ≤ O([λKPOD+1]2).

�

By assuming that rank(Xµpi
) < Nt, for all j = 1, . . . ,M, imposes Nt as an upper limit for

all the positive integers Ki
POD, j = 1, . . . ,M. This assumption is not unrealistic since typi-

cally the snapshots matrix stores correlated data and therefore contains linearly dependent
columns. For linearly independent matrices, the precision is controlled by the spectra of
snapshots matrices Xµpi

, i = 1, . . .M, but there is no guarantee that the expansion based
on the concatenated basis Û can provide similar accuracy precision as the expansion based
on Ū (6.6) for all KPOD = 1, 2, . . . ,Nt.

In practice usually
∑M

i=1 Ki
POD is larger than KPOD, thus more bases functions are required

to form Û to achieve a similar level of precision as in (6.6) where Ū is built using a global
singular value decomposition. According to [158], the faster approach to compute the left
singular vectors and singular values only is to apply a QR factorization followed by a R-
bidiagonalization [159]. The R-SVD decomposition of a matrix of dimension Nstate × Nt

has a computational complexity of O(4N2
stateNt + 13N3

t ). As such, the decomposition of
matrix X̄ requires O(4MN2

stateNt + 13M3N3
t ) operations, whereas all combined singular

value decompositions of matrices Xµpi
, i = 1, . . .M, have a computational complexity of

O(4MN2
stateNt + 13MN3

t ). This estimation suggests that the matrix factorization of X̄ is
more computationally demanding. However, the first term 4MN2

stateNt often dominates as
Nt � Nstate in practice, leading to almost similar computational times. The off-line stage
of the concatenation method may also include the application of a Gram-Schmidt-type
algorithm to orthogonalize the overall set of vectors in Û.
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While the Lagrange interpolation of bases mixes the different energetic singular vectors in
an order dictated by the singular values magnitude, this strategy concatenates the dominant
singular vectors for each case and preserves their structure.

Interpolation of high-fidelity model solutions

The method discussed herein assumes that the model solution depends continuously on the
parameters. Thus it is natural to consider constructing the basis for a parameter configura-
tion µ∗ by interpolating the existing high-fidelity model solutions associated with various
parameter settings, and then performing the SVD of the interpolated results. For example,
the Lagrange solution interpolant is given by

Xµ∗ =
M∑
j=1

Xµp j
L j(µ∗), (6.11)

where Xµp j
∈ RNstate×Nt is the model solution corresponding to parameter µp j and the inter-

polation polynomials are defined in (6.5).

A new basis is constructed from the interpolated model solution (6.11) for the new para-
metric configuration µ∗. From computational point of view the complexity of the off-line
stage of the solution interpolation method (6.11) is smaller than in the case of the bases
concatenation and interpolation approaches. Only one singular value decomposition is re-
quired in contrast with the multiple factorizations needed in the latter two strategies where
the involved matrices have the same size Nstate × Nt. Having only Nt snapshots the size of
the outcome basis should be smaller than in the case of basis concatenation approach.

6.3 Numerical experiments

We illustrate the application of the MP-LROM error model to design decompositions of
the parametric domain for a one-dimensional Burgers model. Moreover, the database of
accurate local bases, local reduced-order and high-fidelity models are used to enhance the
accuracy of the reduced-order model for a different parametric configuration µ∗. For each
of the applications introduced, we present in detail the proposed solution approaches and
the corresponding numerical results. The 1D-Burgers model proposed herein is character-
ized by one scalar viscosity parameter which was described in 5.4.1.
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6.3.1 Designing the decomposition of the parametric domain

In the sequel, we present some of the details associated with the construction of ANN
model approximating the MP-LROM error model (5.5). A full description is available in
[149]. The whole data set contains 12000 samples including 10 and 100 equally distributed
values of µp and µ over the entire parameter region; i.e., µp ∈ {0.1, 0.2, . . . , 1} and µ ∈
{0.01, . . . , 1}, 12 reduced basis dimensions KPOD spanning the interval {4, 5, . . . , 14, 15}
and the reduced-order model logarithm of errors log εHF

µ,µp,KPOD
. The trained models were

assessed by the common five-fold cross-validation technique using the Burger’s model.
The reported accuracy was 0.004004 [149, table 3].

The whole data set contains 12000 samples. It’s worth to note that, only one high-fidelity
model simulation is required for computing the reduced solutions errors for the paramet-
ric configuration µ using reduced-order models of various KPOD and various bases and
reduced operators constructed at µp. As such, only 100 high-fidelity simulations were
needed to construct the entire data set due also to the fact that the set of parameters µp

is a subset of the selected parameters µ. High-fidelity simulations are used to accurately
calculate the errors associated with the existing reduced-order models for parametric con-
figurations µ.

Next we seek to build a decomposition of the viscosity domain [0.01, 1] for the 1D-Burgers
model using the ANN MP-LROM error model.

As discussed in Section 6.2, we take the following steps. First we identify “µp-feasible”
intervals [d`, dr] in the parameter space such that local reduced-order model depending
only on the high-fidelity trajectory at µp is accurate to within the prescribed threshold for
any µ ∈ [d`, dr]. Second, a greedy algorithm generates the decomposition

[0.01, 1] ⊂
M⋃

i=1

î
di
`, d

i
r

ó
, (6.12)

by covering the parameter space with a union of µpi feasible intervals, where each µpi-
feasible interval is characterized by an error threshold ε̄i (which can vary from one in-
terval to another). This relaxation is suggested since for intervals associated with small
parameters µpi , it is difficult to achieve small reduced-order models errors similar to those
obtained for larger parametric configurations.

For the existing reduced basis methods a global reduced-order model depending on multi-
ple high-fidelity trajectories is usually constructed. In contrast, our approach uses the ANN
MP-LROM error model to decompose the parameter space into smaller regions where the
local reduced-order model solutions are accurate to within some tolerance levels. Since
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the local bases required for the construction of the local reduced-order models depend on
only a single full simulation, the dimension of the POD subspace is small, leading to lower
on-line computational complexity.

Construction of a µp−feasible interval

The ANN MP-LROM error model can accurately estimate log εHF
µ,µp,KPOD

(5.4) associated
with reduced-order models. Thus we can employ it to establish a range of viscosity pa-
rameters around µp such that the reduced-order solutions depending on Uµp satisfy some
desired accuracy level. More precisely, starting from parameter µp, a fixed POD basis di-
mension and a tolerance error log ε̄, we are searching for an interval [dl, dr] such that the
estimated prediction ’log ε

HF
µ,µp,KPOD

of the true error log εHF
µ,µp,KPOD

(5.4) meets the requirement’log ε
HF
µ,µp,KPOD

< log ε̄,∀µ ∈ [dl, dr]. (6.13)

Our proposed strategy makes use of a simply incremental approach by sampling the vicin-
ity of µp to account for the estimated errors ’log ε

HF
µ,µp,KPOD

forecasted by the ANN MP-
LROM error model. A grid of new parameters µ is built around µp and the error models
predict the errors outward of µp. Once the error models outputs are larger than the pre-
scribed error log ε̄, the previous µ satisfying the constraint (6.13) is set as dl, for µ < µp or
dr for µ > µp.

Figure 6.2 illustrates the range of parameters predicted by the ANN MP-LROM model
against the true feasible interval and the results show good agreement. For this experiment
we set µp = 0.7, dimension of POD subspace KPOD = 9 and ε̄ = 10−2. Values of µ =

µp ± 0.001 · i, i = 1, 2, . . . are passed to the ANN MP-LROM model. The average range
of parameters obtained over five different configurations with ANN is [0.650, 0.780]. We
trained the models with 80% random split of the data set and test it over the fixed test set
of Figure 6.2. For this design, the true range of parameters is [0.650, 0.785] underlying the
predicting potential of MP-LROM model built using ANN technique.
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Figure 6.2: The average range of parameter µ obtained with MP-LROM models for
KPOD = 9 and µp = 0.7. The desired accuracy is ε̄ = 10−2. The numbers represent
the left and the right edges of the predicted vs the true feasible intervals.

The decomposition of the parametric domain as a union of µp−feasible intervals

A union of different µpk-feasible intervals can be designed to cover a general entire 1D-
parametric domain [A, B]. Once such construction is available, it will allow for reduced-
order simulations with a-priori error quantification for any value of viscosity parameter
µ ∈ [A, B].

A greedy strategy based on the ANN MP-LROM error model is described in Algorithm
5 and its output is a collection of feasible intervals ∪n

k=1[dk
l , d

k
r ] ⊃ [A, B]. After each

iteration k of the algorithm, a µpk-feasible interval [dk
l , d

k
r ] is constructed. Each interval is

associated with some accuracy threshold ε̄k. For small viscous parametric values we found
out that designing µpk−feasible intervals associated with higher precision levels (very small
thresholds ε̄k) is impossible since the dynamics of parametric 1D-Burgers model solutions
change dramatically with smaller viscosity parameters. In consequence we decided to
let ε̄k vary along the parametric domain to accommodate the solution physical behaviour.
Thus a small threshold ε̄0 will be initially set and as we will advance charting the parameter
domain [A, B] from right to left, the threshold ε̄k will be increased.

The algorithm starts by selecting the first centered parameter µp0 responsible for basis
generation. It can be set to µp0 = B but may take any value in the proximity of B, µp0 ≤ B.
This choice depends on the variability of parametric solutions in this domain region and
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by selecting µp0 to differ from the right edge of the domain, the number n of the feasible
intervals should decrease.

The next step is to set the threshold ε̄0 along with the maximum permitted size of the
initial feasible interval to be constructed. This is set to 2 · r0, thus r0 can be referred as
the interval radius. Along with the radius, the parameter ∆r will decide the maximum
number of ANN MP-LROM model calls employed for the construction of the first µp0-
feasible interval. While the radius is allowed to vary during the algorithm iterations, ∆r is
kept constant. Finally the dimension of POD basis has to be selected together with three
parameters β1, β2 and β3 responsible for changes in the threshold and radius and selecting
a new parameter location µpk encountered during the procedure.

Next the algorithm starts the construction of the µp0 feasible interval. The process is de-
scribed in the top part of Figure 6.3(a). Then we are sampling the vicinity of µp0 for
equally distributed parameters µ and compute the ANN MP-LROM model predictions.
The sampling process and the comparison between the predicted errors ’log ε

HF
µ,µp0 ,KPOD

and
log ε̄0 are depicted in Figure 6.3(a). A green vertical segment indicates that the estimated
error satisfies the threshold; i.e., ’log ε

HF
µ,µp0 ,KPOD

< log ε̄0, whereas the red segment indicates
the opposite. The left limit of the µp0−feasible interval is obtained when either µ > µp0 −r0

or ’log ε
HF
µ,µp0 ,KPOD

> log ε̄0. The left limit d0
l , denoted with a green dashed line in Figure

6.3(a), is set equal to the last parameter µ such that ’log ε
HF
µ,µp0 ,KPOD

≤ log ε̄0.
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Figure 6.3: A description of the most important stages of the parameter domain decompo-
sition algorithm. The arrows describe the internal steps for each stage initiated in the order
depicted by the arrows’ indices.
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The next step searches for a centered parameter µpk+1 and this process is described at the
bottom of the Figure 6.3(a) for k = 0. The centered parameter µpk+1 is first proposed based
on an empirical formula described in line 25 of Algorithm 5. This formula depends on the
current centered parameter µpk , the number of tested parameters µ during the construction
of µpk−feasible interval, parameters ∆r and β3. Next, the algorithm checks if the following
constraint is satisfied

[dk+1
l , dk+1

r ]
⋂Å k⋃

i=1
[di

l, d
i
r]
ã
, ∅, (6.14)

without taking into account the error in the ANN MP-LROM model prediction. This is
achieved by comparing the error model prediction ’log ε

HF

dk
l ,µpk+1 ,KPOD

and threshold log ε̄k+1

(see instruction 27 and bottom of Figure 6.3(a) for k = 0). If the predicted error is smaller
than the current threshold, assuming a monotonically increasing error with larger distances
d(µ, µpk+1), the reduced-order model solutions should satisfy the accuracy threshold for all
µ ∈ [µpk+1 , d

k
l ]. In consequence the equation (6.14) will be satisfied for the current µpk+1 , if

we set rk+1 = µpk+1 − dk
l (see instruction 30). In the case the error estimate is larger than the

present threshold, the centered parameter µpk+1 is updated to the middle point between old
µpk+1 and dk

l (see also the bottom of Figure 6.3(a)). For the situation where the monotonic
property of the error does not hold in practice, a simply safety net is used at instruction 12.

The instructions between lines 5 and 21 generate the µpk-feasible interval, for the case
when the current centered parameter µpk , dk−1

l (see top part of Figure 6.3(b) for k = 1).
Here by int we refer to the integer part of a real number. We used the Matlab command
floor for the implementation. For situation when µpk = dk−1

l (see bottom of Figure 6.3(b)
for k = 2), the threshold has to be increased (by setting ε̄k = β1ε̄k at line 23), since the
reduced-order model solutions can not satisfy the desired precision according to the pre-
dicted errors. In consequence, β1 has to be selected larger than 1. The need for relaxing
the threshold suggests that the greedy search is currently operating into a parametric re-
gion where only a slight change in the parameter µ away from µpk leads to predicted ROM
errors larger than the current threshold. Relaxing the threshold and decreasing the radius
size (select β2 < 1 in line 23 of Algorithm 3) can be used as a strategy to identify a fea-
sible region for the current centered parameter µpk . Similarly, relaxing the threshold and
expanding the search (β2 > 1) could also represent a viable strategy. However, expanding
the search in a parametric regime with large changes in the model dynamics, even if the
threshold was relaxed, may lead to useless evaluations of the expressions in lines 7 and 18
of the Algorithm 3. Thus β2 should be selected smaller than 1. Once the feasible region is
obtained, the radius rk is reset to the initial value r0 (see line 25 of the Algorithm 3). By
selecting β3 > 1, the computational complexity of Algorithm 3 is decreased since the first
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proposal of the new centered parameter µpk+1 will always be smaller than the left limit dk
l

of the current feasible interval. The entire algorithm stops when µpk+1 ≤ A.

For our experiments we set A = 0.01, B = 1, ε̄0 = 10−2, ∆r = 5 × 10−3, r0 = 0.5, KPOD =

9, β1 = 1.2, β2 = 0.9 and β3 = 1.4. We initiate the algorithm by setting µp0 = 0.87, and the
first feasible interval [0.7700, 1] is obtained. Next the algorithm selects µ1 = 0.73 with the
associated range of [0.6700, 0.8250] using the same initial threshold level. As we cover
the parametric domain from right to left; i.e., selecting smaller and smaller parameters
µpk , the algorithm enlarges the current threshold ε̄k, otherwise the error model predictions
would not satisfy the initial precision. We continue this process until we get the threshold
6.25 with µ32 = 0.021 and the corresponding feasible interval [0.01, 0.039]. The generated
decomposition is depicted in Figure 6.4 where the associated threshold varies with the
parameter change.
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Figure 6.4: The diffusion parametric domain decomposition defining the local feasible
intervals and their corresponding errors. Associated with one feasible interval there is a
centered parameter µp high-fidelity trajectory that guides the construction of a reduced
basis and operators such that the subsequent reduced-order model solutions along this
interval are accurate to within the threshold depicted by the Y-axis labels.

6.3.2 Combining available information for accurate local ROMs at
arbitrary parametric configurations

We now use the available database of local bases and reduced-order models resulted from
the parameter decomposition to construct a new POD basis for a different parameter con-
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Algorithm 5 Generation of 1D-parametric domain decomposition for reduced-order mod-
els usage. Extension to multi-dimensional parametric space is subject to future research.

1: Select µp0 as the right edge of the parameter interval, i.e. µp0 = B.
2: Set error threshold ε̂0, step size ∆r for selection of sampling parameters µ, the maxi-

mum search radius r0, dimension of POD basis KPOD and β1, β2 and β3.
3: Set k = 0.
4: WHILE µpk ≥ A Do
5: FOR i = 1 to int( rk

∆r ) + 1
6: Set µ = µpk + i∆r
7: IF (φ(µ, µpk ,KPOD) > log ε̄k OR µ > B) THEN
8: Set dk

r = µpk + (i − 1)∆r. EXIT.
9: END IF

10: END FOR
11: IF k > 0 THEN
12: IF dk

r < dk−1
l THEN

13: µpk =
µpk +dk−1

l
2 . GOTO 5.

14: END IF
15: END IF
16: FOR j = 1 to int( rk

∆r ) + 1
17: Set µ = µpk − j∆r
18: IF (φ(µ, µpk ,KPOD) > log ε̄k OR µ < A) THEN
19: Set dk

l = µpk − ( j − 1)∆r. EXIT.
20: END IF
21: END FOR
22: IF (i = 1) .OR. ( j = 1) THEN
23: Set ε̄k = β1 · ε̄k; rk = β2 · rk; GOTO 5.
24: ELSE
25: µpk+1 = µpk − β3( j − 1)∆r; ε̄k+1 = ε̄k; rk+1 = r0.
26: END IF
27: WHILE φ(dk

l , µpk+1 ,KPOD) > log ε̄k+1 DO

28: µpk+1 =
µpk+1 +dk

l
2 .

29: END WHILE
30: Set rk+1 = µpk+1 − dk

l .
31: k = k + 1.
32: END WHILE
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figuration µ∗ leading to more accurate reduced-order model solution. The numerical ex-
periments described here focus on the construction of a POD basis for µ∗ = 0.35 by
combining the basis data or high fidelity results data available from existing simulations
with µp1 = 0.3 and µp2 = 0.4.

The performances of the discussed methods (bases concatenation, Lagrange interpolation
of bases in the matrix space and in the tangent space of the Grassmann manifold, Lagrange
interpolation of high-fidelity solutions) are shown in the case of three main experiments:
variation in the final time t f , in the non-linear advection coefficient ν and POD basis di-
mension. The bases concatenation method followed by orthogonalization is referred as
Gram-Schmidt whereas the Lagrange interpolation of bases and high-fidelity solutions are
simply described as ”Lagrange bases” and ”Lagrange sol” in the legends of Figures 6.5
and 6.6. All the methods employ reduced bases having the same dimension. Only even
basis dimensions are utilized and the concatenation method combines half of the modes
of each involved bases. This strategy was selected based on the spectra of the snapshots
matrices associated with µp1 = 0.3 and µp2 = 0.4. More precisely, we selected the first
KPOD

2 singular vectors from each of the bases since for all our experiments λ
µp1
KPOD

2
> λ

µp2
KPOD

2 +1

and λ
µp2
KPOD

2
> λ

µp1
KPOD

2 +1
, where λ

µp1
KPOD

2 +1
denotes the singular value corresponding to the first

singular vector associated with trajectory µp1 not taken into account in the POD expansion.
Of course this choice is not optimal. The optimal solution can be obtained by solving a
combinatorial optimization problem, where the searched space has the size of 2KPOD chose
KPOD.

The first two experiments scale the time and space and modify the linear and nonlinear
characteristics of the model. For example, in the case of a tiny small final time and ad-
vection coefficient, the diffusion linear part represents the main dynamical engine of the
model thus it behaves linearly. The results are compared against reduced-order models
constructed using Uµp1

and Uµp2
, respectively.

Figure 6.5 illustrates the Frobenius norm error between the high fidelity and reduced-order
model solutions for the final time t f = 0.01. Panel (a) presents the accuracy results as a
function of the advection coefficient ν. Interpolating the high-fidelity solutions leads to
the most accurate reduced-order model. For large advection coefficients all of the methods
suffer accuracy losses. Among the potential explanations we include the constant dimen-
sion of the POD basis and the linear dependence on the viscosity parameter assumed by
all of the methods in various forms. Figure 5.3 shows that the basis dimension must be
increased as the advection coefficient decreases to maintain constant error.

Since the Grassmann manifold approach is a generalization of the subspace angle inter-
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Figure 6.5: Strategies comparison for generation of accurate ROMs for a new viscosity
parameter µ∗ = 0.35 and t f = 0.01. In panel (a) KPOD is set to 14, whereas in panel (b) ν is
set to 1.

polation method we decide to show only the results corresponding to the former method.
While Lagrangian interpolation of the bases is performed in both matrix space and tangent
space of the Grassmann manifold (shown in cyan and green), the later approach performs
better in this scenario. The concatenation of bases using Gram-Schmidt algorithm was
successful only for larger advection coefficients (red curve in Figure 6.5(a)), for a POD
dimension set to 14.

Increasing the dimension of the basis enhances the so called Gram-Schmidt reduced-order
model solution accuracy for ν = 1 (see Figure 6.5(b)). For this case Lagrange interpola-
tion in the matrix space shows better performances in comparison with the output of the
Grassmann manifold approach.

Next we increase the nonlinearity characteristics of the model by setting the final time to
t f = 1 and Figure 6.6 illustrates the Frobenius norm errors as a function of the advection
coefficient ν and POD dimension. The errors produced by the reduced-order model derived
via Grassmann manifold method are similar with the ones obtained by the surrogate model
relying on a POD basis computed via the Lagrange interpolation of the high-fidelity model
solutions.

The Lagrange interpolation of bases in the matrix space is not successful as seen in both
panels of Figure 6.6. Increasing the POD dimension to 20, the Gram-Schmidt approach
enhances the accuracy of the solution (see Figure 6.6(b)), for ν = 1.
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Figure 6.6: Strategies comparison for generation of accurate ROMs for a new viscosity
parameter µ∗ = 0.35 and t f = 1. In panel (a) KPOD is set to 14, whereas in panel (b) ν is
set to 1.

6.4 Conclusions

This study develops a new and efficient methodology for constructing reduced-order sur-
rogates for parametric high-fidelity models. We demonstrate the value of MP-LROM error
model to generate accurate description of the local reduced-order models errors along the
entire parametric domain.

The MP-LROM error prediction and parametric domain sampling are utilized to generate
decompositions of the space of parameters into overlapping sub-regions. For each region
an associated local reduced-order basis and operators are constructed using snapshots from
a single representative high-fidelity trajectory. The procedure guarantees that, that for all
values of the parameters in a region, the high-fidelity model is approximated by the same
local reduced-order surrogate within a feasible prescribed accuracy level. Under specific
conditions, we derived a theoretical lower limit for the accuracy level of a local parametric
reduced-order model associated with a parametric sub-region. The novel methodology
was applied to a 1D-Burgers model. A decomposition of the viscosity parameter interval
into sub-intervals with associated errors thresholds was performed.

Next we employed the hierarchy of local bases, local reduced-order and high-fidelity mod-
els producing the most accurate solutions for an arbitrary parameter configuration. Based
on this hierarchy, three already existing methods involving bases interpolation and con-
catenation and high-fidelity model solutions interpolation were applied to enhance the
quality of the associated reduced-order model solutions. Several experiments were per-
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formed by scaling the time and space and modifying the nonlinear characteristics of the
1D-Burgers model. In most cases, interpolating the already existing high-fidelity trajec-
tories generated the most accurate reduced-order models for a new viscous parameter re-
vealing that the solution behavior over the parametric region under study can be linearly
approximated. Lagrange interpolation of bases in the tangent space of the Grassmann
manifold and concatenation of bases for larger reduced subspaces also showed good per-
formances.

This work illustrates the rich potential of machine learning to impact the field of compu-
tational science and engineering. The new methodology ensures that a small number of
reduced-order models can approximate well the high-fidelity model solutions for all para-
metric configurations. This greatly decreases overall computational costs since reduced-
order models are expensive to construct. In the present work the parametric domain de-
composition algorithm is applied to a one-dimensional parameter space.



Chapter 7

A Machine Learning Approach to
Adaptive Covariance Localization

7.1 Introduction

Predicting the behavior of complex dynamical systems by computer simulation is cru-
cial in numerous fields such as oceanography, glaciology, seismology, nuclear fusion,
medicine, and atmospheric sciences, including weather forecasting and meteorology. Data
assimilation (DA) is the set of methodologies that combine multiple sources of informa-
tion about a physical system, with the goal of producing an accurate description of the state
of that system. These sources of information include computer model outputs, observable
measurements, and probabilistic representations of errors or noise. DA generates a best
representation of the state of the system, called the analysis, together with the associated
uncertainty. In numerical weather prediction the analysis state that can be used to initialize
subsequent computer model runs that produce weather forecasts.

DA algorithms generally fall into one of two main categories, variational and statistical
approaches. The variational approach for DA solves an optimization problem to generate
an analysis state that minimizes the mismatch between model-based output and collected
measurements, based on the level of uncertainty associated with each [160, 161, 162]. Al-
gorithms in the statistical approach apply Bayes’ theorem to describe the system state us-
ing a probability distribution conditioned by all available sources of information. A typical
starting point for most of the algorithms in this approach is the Kalman filter (KF) [24, 25],
which assumes that the underlying sources of errors are normally distributed, with known

119
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means and covariances. Applying KF in large-scale settings is not feasible due to the
intrinsic requirement of dealing with huge covariance matrices.

The EnKF [26, 27, 28] follows a Monte-Carlo approach to propagate covariance informa-
tion, which makes it a practical approach for large-scale settings. Various flavors of EnKF
have been developed [26, 27, 163, 164, 165, 166, 167], and have been successfully used
for sequential DA in oceanographic and atmospheric applications.

EnKF carries out two main computational stages in every assimilation cycle, while op-
erating on an ensemble of the system states to represent probability distributions. The
“forecast” (prediction) stage involves a forward propagation of the system state from a
previous time instance to generate an ensemble of forecast states at the current time. The
“analysis” stage uses the covariance of the system states to assimilate observations and to
generate an analysis ensemble, i.e., a Monte-Carlo representation of the posterior distribu-
tion of the model state conditioned by measurements.

In typical atmospheric applications the model state space has dimension ∼ 109 − 1012,
and a huge ensemble is required to accurately approximate the corresponding covariance
matrices. However, computational resources limit the number of ensemble members to
30 − 100, leading to “under-sampling” [28] and its consequences: filter divergence, in-
breeding, and long-range spurious correlations [30, 29, 31, 32]. A lot of effort has been
dedicated to solving the issue of under-sampling. Inbreeding and the filter divergence are
alleviated by some form of inflation [168]. Long range spurious correlations are removed
by covariance localization [169]. Covariance localization is implemented by multiplying
the regression coefficient in the Kalman gain with a decaying distance-dependent function
such as a Gaussian [31] or the Gaspari-Cohn fifth order piecewise polynomial [170].

Different localization techniques have been recently considered for different observation
types, different type of state variables, or for an observation and a state variable that are
separated in time. For horizontal localization, only a single GC function is used, and is
tuned by finding the best value of its parameter (half the distance at which the GC function
goes to zero). Tuning the localization for big atmospheric problems is very expensive.
Similar challenges appear in the vertical localization [29].

Previous efforts for building adaptive algorithms for covariance localization includes the
work of Anderson [171] based on a hierarchical ensemble filter. This approach adapts
the localization radius by minimizing the root-mean-square difference of regression co-
efficients obtained by a group of ensemble filters. Adaptive localization by formulating
the Kalman update step as a differential equation in terms of its ensemble members was
proposed in [172], and computing localization as a power of smoothed ensemble sam-
ple correlation was discussed in [173, 174]. The approach proposed in [31] formulates
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localization as a function of ensemble size and correlation between the observation and
state variable. Correlation factors are obtained and applied as traditional localization for
each pair of observation and state variable during assimilation. An Observing System
Simulation Experiment (OSSE) algorithm is developed in [30, 175]. OSSE computes the
localization radius of influence from a set of observation-state pairs by minimizing the
root-mean-square (RMS) of the posterior ensemble mean compared to true model state.
A probabilistic approach proposed in [176] defines the optimal radius of influence as the
one that minimizes the distance between the Kalman gain using the localized sampling
covariance and the Kalman gain using the true covariance. Further, the authors gener-
alized this method for the case when the true covariance is unknown but it can be esti-
mated probabilistically based on the ensemble sampling covariance. The relation between
the localization length for domain localization and observation localization is investigated
in [177]. This study concluded that the optimal localization length is linearly dependent
on an effective local observation dimension given by the sum of the observation weights.
In [175] two techniques for estimating the localization function are compared. The first
approach is the Global Group Filter (GGF) which minimizes the RMS difference between
the estimated regression coefficients using a hierarchical ensemble filter. The second ap-
proach is the Empirical Localization Function (ELF) that minimizes the RMSE difference
between the true values of the state variables and the posterior ensemble mean. The ELF
has smaller errors than the hand-tuned filter, while the GGF has larger errors than the
hand-tuned counterpart.

In this study we propose to adapt covariance localization parameters using machine learn-
ing algorithms. Two approaches are proposed and discussed. In the localization-in-time
method the radius of influence is held constant in space, but it changes adaptively from
one assimilation cycle to the next. In the localization-in-space-and-time method the local-
ization radius is space-dependent, and is also adapted for each assimilation time instance.
The learning process is conducted off-line based on historical records such as reanalysis
data, and the trained model is subsequently used to predict the proper values of localization
radii in future assimilation windows.

The paper is organized as follows. Section 7.2 reviews the EnKF algorithm, the under-
sampling issue and typical solutions, and relevant machine learning models. Section 7.3
presents the new adaptive localization algorithms in detail, and discusses their computa-
tional complexity and implementation details. Section 7.4 discusses the setup of numer-
ical experiments and the two test problems, the Lorenz and the quasi-Geostrophic (QG)
models. Numerical results with the adaptive localization methodology are reported in Sec-
tion 7.5. Conclusions and future directions are highlighted in Section 7.6.
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7.2 Background

This section reviews the mathematical formulation of EnKF, and associated challenges
such as under-sampling, filter divergence, and development of long-range spurious corre-
lations. We discuss traditional covariance localization, a practical and successful ad-hoc
solution to the problem of long-range spurious correlations, that requires an empirical tun-
ing of the localization parameter, e.g., the radius of influence. The last subsection reviews
the basic elements of a machine learning algorithm, with special attention being paid to
ensemble based learning algorithms in machine learning.

7.2.1 Ensemble Kalman filters

EnKF proceeds in a prediction-correction fashion and carries out two main steps in every
assimilation cycle: forecast and analysis. Assume an analysis ensemble {xa

k−1(e) | e =

1, . . . ,Nens} is available at a time instance tk−1. In the forecast step, an ensemble of forecasts
{xf

k(e) | e = 1, . . . ,Nens} is generated by running the numerical model forward to the next
time instance tk where observations are available:

xf
k(e) =Mtk−1→tk(x

a
k−1(e)) + ηk(e), e = 1, . . . ,Nens , (7.1a)

where M is a discretization of the model dynamics. To simulate the fact that the model
is an imperfect representation of reality, random model error realizations ηk(e) are added.
Typical assumption is that the model error is a random variable distributed according to
a Gaussian distribution N(0,Qk). In this paper we follow a perfect-model approach for
simplicity, i.e., we set Qk = 0 ∀k.

The generated forecast ensemble provides estimates of the ensemble mean xf
k and the flow-

dependent background error covariance matrix Bk at time instance tk:

xf
k =

1
Nens

Nens∑
e=1

xf
k(e) , (7.1b)

X
′

k =
[
xf

k(e) − xf
k
]

e=1,...,Nens
, (7.1c)

Bk =
1

Nens − 1
X
′

k X
′

k
T , X

′

k =
[
xf

k(e) − xf
k
]

e=1,...,Nens
. (7.1d)

In the analysis step each member of the forecast is analyzed separately using the Kalman
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filter formulas [26, 27]:

xa
k(e) = xf

k(e) + Kk

Ä[
yk + ζk(e)

]
−Hk(xf

k(e))
ä
, (7.1e)

Kk = BkHT
k

Ä
HkBkHT

k + Rk

ä−1
, (7.1f)

where Hk = H ′k(xf
k) is the linearized observation operator, e.g. the Jacobian, at time in-

stance tk. The stochastic (“perturbed”) version of the EnKF [26] adds different realizations
of the observation noise ζk ∈ N(0,Rk) to each individual observation in the assimilation
procedure. The same Kalman gain matrix Kk is used to assimilate observations(s) to each
member of the forecast ensemble.

Deterministic (“square root”) versions of EnKF [178] avoid adding random noise to obser-
vations, and thus avoid additional sampling errors. They also avoid the explicit construc-
tion of the full covariance matrices and work by updating only a matrix of state deviations
from the mean. A detailed discussion of EnKF and variants can be found in [179, 180].

7.2.2 Inbreeding, filter divergence, and spurious correlations

EnKF is subject to sampling errors due to under-sampling whenever the number of ensem-
bles is too small to be statistically representative of the large-dimensional model state. In
practical settings, under-sampling leads to filter divergence, inbreeding, and the develop-
ment of long-range spurious correlations [28].

Inbreeding and filter divergence In inbreeding the background error is under-estimated,
which causes the filter to put more emphasis on the background state and less emphasis
on the observations. This means that the forecast state is influenced adequately by the
observational data, and the filter fails to adjust an incorrectly estimated forecast estate.
Inbreeding and the filter divergence can be resolved using covariance inflation [168]; this
is not further considered in this work. However, the machine learning approach proposed
here for covariance localization can be extended to inflation.

Long-range spurious correlations The small number of ensemble members may result
in a poor estimation of the true correlation between state components, or between state
variables and observations. In particular, spurious correlations might develop between
variables that are located at large physical distances, when the true correlation between
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these variables is negligible. As a result, state variables are artificially affected by obser-
vations that are physically remote [167, 169]. This generally results in degradation of the
quality of the analysis, and eventually leads to filter divergence.

7.2.3 Covariance localization

Covariance localization seeks to filter out the long range spurious correlations and enhance
the estimate of forecast error covariance [169, 181, 182]. Standard covariance localization
is typically carried out by applying a Schur (Hadamard) product [183, 184] between a cor-
relation matrix ρ with distance-decreasing entries and the ensemble estimated covariance
matrix, resulting in the localized Kalman gain:

Kk = (ρ ◦ Bk) HT
k

Ä
Hk (ρ ◦ Bk) HT

k + Rk

ä−1
, (7.2)

Localization can be applied to HkBk, and optionally to the Bk projected into the observa-
tions space HkBkHT

k [32]. Since the correlation matrix is a covariance matrix, the Schur
product of the correlation function and the forecast background error covariance matrix is
also a covariance matrix. Covariance localization has the virtue of increasing the rank of
the flow-dependent background error covariance matrix ρ ◦ Bk, and therefore increasing
the effective sample size.

A popular choice of the correlation function ρ is defined by the Gaspari-Cohn (GC) fifth
order piecewise polynomial [170] function that is non-zero only for a small local region
and zero every other places [32]:

ρ(z) =



−1
4 (‖z‖/c)5 + 1

2 (‖z‖/c)4 + 5
8 (‖z‖/c)3

− 5
3 (‖z‖/c)2 + 1, 0 ≤ ‖z‖ ≤ c,

1
12 (‖z‖/c)5

− 1
2 (‖z‖/c)4 + 5

8 (‖z‖/c)3 + 5
3 (‖z‖/c)2 c ≤ ‖z‖ ≤ 2c,

−5 (‖z‖/c) + 4 − 2
3 (c/‖z‖) ,

0, 2c ≤ ‖z‖

(7.3)

The correlation length scale is c =
»

10
3 `, [185] where ` is a characteristic physical dis-

tance. The correlation decreases smoothly from ρ(0) = 1 to zero at a distance more than
twice the correlation length. Depending on the implementation, z can be either the distance
between an observation and grid point or the distance between grid points in the physical
space.
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7.2.4 Machine learning

Machine learning (ML) has found numerous applications in data science, data mining,
and data analytics. However, the immense potential of applying ML to help solve com-
putational science problems remains largely untapped to date. Recently, data-driven ap-
proaches to predict and model the approximation errors of low-fidelity and surrogate mod-
els have shown promising results [149, 186, 187]. The multivariate predictions of local
reduced-order-model method (MP-LROM) [149, 186] proposes a multivariate model to
compute the error of local reduced-order surrogates. In [188] a new filter in DA frame
work is developed which is called Cluster Hybrid Monte Carlo (HMC) sampling filter
(C`HMC) for non-Gaussian data assimilation which relaxes the Gaussian assumption in
the original HMC sampling filter [189], by employing a clustering step in the forecast-
phase.

One of the most fundamental, and well-understood, family of ML algorithms is regression
analysis. Generally speaking, amultivariate regression model [190] approximates the re-
lationship between a set of dependent variables, and a set of independent variables. There
is a plethora of ML algorithms for regression analysis, however we limit ourselves to en-
semble ML algorithms.

Ensemble methods [191, 192] have proven successful in enhancing the performance and
results of ML algorithms. The ensemble methods are based on the idea that a group of
weak learners can combine to form a strong learner. Common types of ML esnembles
include the Bootstrap aggregation – bagging for short – [193, 191], and Boosting [194]. In
bagging, the training set is used to train an ensemble of ML models, and all trained models
are equally important, i.e. the decisions made by all models are given the same weight.
Each of the models is trained using a subset randomly drawn from the training dataset. A
widely successful algorithm in this family of methods, is Random Forests (RF) [195]. In
the boosting approach, on the other hand, the decisions made by the learners are weighted
based on the performance of each model. A widely common algorithm in this approach is
Gradient Boosting (GB) [196].

Random forests RFs [195] work by constructing an ensemble of decision trees, such
that each tree builds a classification or regression model in the form of a tree structure.
Instead of using the whole set of features available for the learning algorithm at once, each
subtree uses a subset of features. The ensemble of trees is constructed using a variant
of the bagging technique, thus yielding a small variance of the learning algorithm [191].
Furthermore, to ensure robustness of the ensemble-based learner, each subtree is assigned
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a subset of features selected randomly in a way that minimizes the correlation between
individual learners. Amongst the most special-purpose popular versions of RFs are Itera-
tive Dichotomiser 3 (ID3) [197] and it’s successor (C4.5) [198], and conditional inference
trees [199].

Consider a dataset D and a set of features F to be used by the RF. For each tree in the
forest, a bootstrap sample Di ⊂ D is randomly selected. Instead of examining all possible
feature-splits, a subset of the features f ⊂ F with | f | � |F| is randomly selected [200].
Each node then splits on the best feature in the subset f rather than F. This approach has
the advantage that the RFs can be efficiently constructed in parallel, and that the correlation
between trees in the ensemble is reduced. Random sampling and bootstrapping can be
efficiently applied to RFs to generate a parallel, robust, and very fast learner for high-
dimensional data and features.

Gradient boosting GB [196] proceeds, similar to other boosting methods, by incremen-
tally building the prediction model as an ensemble of weak predictors. Specifically, GB
algorithm build a sequence of simple regression (or classification) trees where each tree
is constructed over the prediction residual of the preceding trees [201, 202]. This proce-
dure gives a chance to each subtree to correct its predecessors, and consequently build an
accurate ensemble-based model. GB is widely viewed as an optimization algorithm on
a suitable cost function. An example is a squared error function, e.g. the sum of square
of the differences between prediction and true data for each training sample. A gradient
descent approach is followed, to minimize the cost function, by adding trees to the en-
semble model. Increasing the number of trees leads to a more complex model, and tends
in general to overfit the learning dataset [203, 204]. Traditional wisdom suggests adding
subtrees to the model until no further significant improvement is achieved. However the
number of nodes, and levels, in each subtree should be constrained to avoid overfitting.

7.3 Machine Learning Approach for Adaptive Localiza-
tion

This section develops two machine learning approaches for adaptive covariance localiza-
tion. In the first approach the localization radius changes in time, meaning that the same
localization radius is used at all spatial points, but at each assimilation cycle the localiza-
tion radius differs. In the second approach the localization radius changes both in time and
space, and is different for each assimilation cycle and for each state variable. In both ap-
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proaches the localization radius is adjusted depending on the model behavior and overall
state of the system. Here we study what features of the solution affect the most the optimal
value of localization radius, such that using that localization radius the difference between
analysis and the true state gets minimized. RF or GB, or other suitable regression, model
is used to construct the learning model that takes the impactful set of features as input and
outputs the localization radius. We now describe in detail the features and the objective
function of the proposed learning model.

7.3.1 Features and decision criteria

ML algorithms learn a function that maps input variables F, the features of the underlying
problem, onto output target variables. The input to the learning model is a set of features F
which describes the underlying problem. During the learning phase the algorithm finds the
proper function using a known data set. This function is used to predict target outputs given
new instances of input variables. In this work the target variables are the localization radii
at each assimilation cycle. We consider atmospheric models that have numerous variables
and parameters, and select the feature set F that capture the characteristics of the important
behavioral patterns of the dynamical system at each assimilation cycle. Specifically, the
idea is to focus on the set features that best reflect the changes in analysis state with respect
to changes in the localization radii.

Selection of the feature set We now consider the selection of important features of the
model results and data sets to be fed into the ML algorithms. Relying on the Gaussianity
assumption of the prior distribution, natural features to consider are the first and second
order moments of the prior distribution of the model state at each assimilation cycle. How-
ever, the large dimensionality of practical models can make it prohibitive to include the
entire ensemble average vector (forecast state xf) as a feature for ML. One idea to reduce
the size of the model state information is to select only model states with negligible cor-
relations among them, e.g., states that are physically located at distances larger than the
radius of influence. Another useful strategy to reduce model features is to select descrip-
tive summaries such as the minimum and the maximum magnitude of state components in
the ensemble.

The correlations between different variables of the model are descriptive of the behavior of
the system at each assimilation cycle, and therefore are desirable features. Of course, it is
impractical to include the entire state error covariance matrix among the features. Follow-
ing the same reasoning as for state variables, we suggest including blocks of the correlation
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matrix for variables located nearby in physical space, i.e., for subsets of variables that are
highly correlated.

Decision criteria Under the Gaussianity assumption the quality of the DA solution is
given by the quality of its first two statistical moments. Each of these aspects is discussed
below.

A first important metric for the quality of ensemble-based DA algorithms is how well
does the analysis ensemble mean (analysis state) represent the true state of the system. To
quantify the accuracy of the ensemble mean we use the root mean-squared error (RMSE),
defined as follows:

RMS Ek =
1

√
Nstate

∥∥∥xk − xtrue(tk)
∥∥∥

2
, (7.4)

where xtrue is the true system state, and ‖·‖2 is the Euclidian norm. Since the true state is not
known in practical applications we also consider the deviation of the state from collected
measurements as a useful indication of filter performance. The observation-state RMS E
is defined as follows:

RMS Ex|y
k =

1
√

Nobs
‖H (xk) − yk‖2 . (7.5)

Replacing x in (8.12) and (7.5) with the forecast state xf or with the analysis state xa

provides the formulas for the forecast or the analysis error magnitudes, respectively. The
quality of the DA results measured by either (8.12) in case of perfect problem settings, or
by (7.5) in case of real applications.

In this work we use the observation-analysis error metric (7.5), denoted by RMS Exa |y, as
the first decision criterion.

A second important aspect that defines a good analysis ensemble is its spread around
the true state. The spread can be visually inspected via the Talagrand diagram (rank his-
togram) [205, 206]. A quality analysis ensemble leads to a rank histogram that is close to a
uniform distribution. Conversely, U-shaped and Bell-shaped rank histograms correspond
to under-dispersion and over-dispersion of the ensemble, respectively. Ensemble based
methods, especially with small ensemble sizes, are generally expected to yield U-shaped
rank histograms, unless they are well-designed and well-tuned. The calculation of the
rank statistics in model space requires the ordering the true state entries with respect to the
generated ensemble members, which is not feasible in practical applications. A practical
rank histogram can alternatively be constructed by ordering the entries of the observa-
tion vector with respect to the ensemble members entries projected into the observation
space [205, 206].
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In this work we use the uniformity of the analysis rank histogram, in observation space, as
the second decision criterion.

We now discuss practical ways to quantify the level of uniformity of rank histograms. The
level of uniformity of forecast rank histograms is used as a learning feature, and that of the
analysis histogram as a decision criterion.

A reasonable approach is to quantify the level of uniformity by the similarity between a
distribution fitted to the rank histogram and a uniform distribution. A practical measure
of similarity between two probability distributions P and Q is the Kullback-Leibler (KL)
divergence [207]:

DKL
(
P‖Q

)
= EP

[
log (P) − log (Q)

]
. (7.6)

We first fit a beta distribution Beta(α, β) to the rank histogram (where the histogram do-
main [0,Nens] is mapped to [0, 1] by a linear transformation). Considering that Beta(1, 1) is
a uniform distribution over the interval [0, 1], we use the following measure of uniformity
of the rank histogram:

DKL
(
Beta(α, β)‖Beta(1, 1)

)
. (7.7)

7.3.2 ML-based adaptive localization algorithm

We have identified two useful, but complementary, decision criteria, one that measures the
quality of ensemble mean, and the second one that measures the quality of the ensemble
spread. For the practical implementation we combine them into a single criterion, as
follows:

Cr = w1 RMS Exa |y + w2 DKL
(
Beta(α, β)‖Beta(1.0, 1.0)

)
, (7.8)

where the weighting parameters realize an appropriate scaling of the two metrics. The
weights w1,w2 can be predefined, or can be learned from the data them as part of the ML
procedure.

The best set of localization radii are those that that minimize the combined objective func-
tion (7.8).

Algorithm 6 summarizes the proposed adaptive localization methodology.

7.3.3 Adaptive localization in time

The first proposed learning algorithm uses the same (scalar) localization radius for all
variables of the model. The value of this radius changes adaptively from one assimilation
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cycle to the next. Specifically, at the current cycle we perform the assimilation using
all localization radii from the pool and for each case compute the cost function Cr (7.8).
After trying all possible radii from the pool, the radius associated with the minimum cost
function is selected as winner. The analysis of the current assimilation cycle is the one
computed using the winner radius.

At each assimilation cycle we collect a sample consisting of the features described in 7.3.1
as inputs, and the winner localization radius r as output (target variable) of the learning
model. During the training phase, at each assimilation cycle, the ML algorithm learns
the best localization radius corresponding to the system state and behavior. During the
test phase, the learning model uses the current system information to estimate the proper
value of the localization radius, without trying all possible values of localization radii.
Algorithm 6 summarizes the adaptive localization procedure.

7.3.4 Adaptive localization in time and space

The second proposed learning algorithm is to adapt the localization radii in both time and
space. A different localization radius is used for each of the state variables, and these radii
change at each assimilation cycle. Here the localization radius is a vector r containing a
scalar localization parameter for each state variable of the system. The pool of radii in
this methodology contains multiple possible vectors. The pool can be large since it can
include permutations of all possible individual scalar radii values. Similar to previous
learning algorithm, at each time point we perform the assimilation with one of the vectors
from the pool of radii, and select the one corresponding to the minimum cost function as
the winner.

At each assimilation cycle we collect a sample consisting of the model features as inputs
and the winner vector of localization radii as output of the learning model. In the training
phase, the model learns the relation between system state and localization radii and during
the test phase it estimates the proper value of localization radius for each state individually.
The number of target variables the learning model could be as large as the number of state
variables. This situation can be improved by imposing that the same scalar radii are used
for multiple components, e.g., for entire areas of the physical model.
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7.3.5 Computational considerations

During the training phase, the learning phase of the proposed algorithm needs to try all
possible radii from the pool, and re-do the assimilation with that localization radius. This
is computationally demanding, but the model can be trained off-line using historical data.
The testing phase the learning model predicts a good value of the localization radius, which
is then used in the assimilation; no additional costs are incurred except for the (relatively
inexpensive) prediction made by the trained model.

7.4 Setup of the Numerical Experiments

7.4.1 Forward operator

In order to study the performance of the proposed adaptive localization algorithm we em-
ploy two test models, namely the Lorenz-96 model [72], and the QG-1.5 model [208].

Lorenz-96 model The Lorenz-96 model is given by [72]:

dXk

dt
= −Xk−2Xk−1 + Xk−1Xk+1 − Xk + F, k = 1, 2, · · · ,K, (7.9)

with K = 40 variables, periodic boundary conditions, and a forcing term F = 8. A
vector of equidistant component values ranging from [−2, 2] was integrated forward in
time for 1000 steps, each of size 0.005 [units], and the final state was taken as the reference
initial condition for the experiments. The background uncertainty is set to 8% of average
magnitude of the reference solution. All state vector components are observed, i.e., H =

I ∈ RK×K with I the identity operator. To avoid filter collapse, the analysis ensemble is
inflated at the end of each assimilation cycle, with the inflation factor set to δ = 1.09.

Quasi-geostrophic (QG-1.5) model The QG-1.5 model described by Sakov and Oke [208]
is a numerical approximation of the following equations:

qt = ψx − εJ(ψ, q) − A∆3ψ + 2π sin(2πy) ,
q = ∆ψ − Fψ ,

J(ψ, q) ≡ ψxqx − ψyqy ,

∆ := ∂2/∂x2 + ∂2/∂y2 ,

(7.10)
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where ψ is surface elevation or the stream function and q is the potential vorticity. We use
the following values of the model coefficients (7.10) from [208],: F = 1600, ε = 10−5, and
A = 2×10−12. Boundary conditions used are ψ = ∆ψ = ∆2ψ = 0. The domain of the model
is a 1×1 [space units] square, with 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, and is discretized by a grid of size
129 × 129 (including boundaries). A standard linear operator to observe 300 components
of ψ is used [188]. The observation error variance is 4.0 [units squared] and synthetic
observations are obtained by adding white noise to measurements of the see height level
(SSH) extracted from a model run with lower viscosity [188]. Here, the inflation factor
is set to δ = 1.06, and the localization function is GC (7.3) with the empirically-tuned
optimal radius ` = 3.

Assimilation filter All experiments are implemented in Python using the DATeS frame-
work [209]. The performance of the proposed methodology is compared against the deter-
ministic implementation of EnKF (DEnKF) with parameters empirically tuned as reported
in [208].

Machine learning model Several ML regressors to model and predict the localization
radii, for ensemble data assimilation algorithms, have been explored and tested. However,
for brevity, we use R and GB as the main learning tools in the numerical experiments
discussed below. We use Scikit-learn, the machine learning library in Python [210], to
construct the ML models used in this work.

7.5 Numerical Results

7.5.1 Lorenz model with adaptive localization in time

The adaptive localization in time approach uses the same localization radius for all vari-
ables, and adapts the localization radius value at each assimilation cycle. This experiment
has 100 assimilation cycles, where the first 80% are dedicated to the training phase and
the last 20% to the testing phase. The pool of radii for this experiment covers all possible
values for the Lorenz model: r ∈ [1, 40].

We compare the performance of the adaptive localization algorithms against the best hand-
tuned fixed localization radius value of 4 which is obtained through testing all possible
localization radii ([1, 40]). Figure 7.1 shows the logarithm of RMSE between analysis
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(a) Training phase (b) Testing phase

Figure 7.1: Data assimilation with the Lorenz-96 model (7.9). EnKF is applied with a
Gaussian covariance localization function. EnKF results with adaptive covariance local-
ization are shown for different choices of the weighting factors w1, w2. The localization
is adaptive in time, and is compared to results with fixed localization radius. The training
phase consists of 80 assimilation cycles, followed by the testing phase with 20 assimila-
tion cycles. The ML algorithm used here is RF. The overall performance of the adaptive
localization is better than that of the hand-tuned radius.

ensemble and the true (reference) state. The performance of adaptive localization method-
ology is evaluated for different weights w1, w2. The results indicate that increasing the
weight of the KL distance measure increases the performance. For the best choices of the
weights the overall performance of the adaptive localization is slightly better than that of
the fixed, hand-tuned radius.

Figure 7.2 shows the variability in the tuned localization radius over time for both training
and test phase. The weights of the adaptive localization criterion are w1 = 0.7 and w2 = 0.3
for this experiment. The adaptive algorithm changes the radius considerably over the
simulation.

Using the RF methodology we were able to recognize and select the most important fea-
tures affecting the target variable prediction. Figure 7.3 shows the 35 most important
features of the Lorenz model which we included in our experiments.

7.5.2 QG model with adaptive localization in time

We use 100 assimilation cycles of the QG model, with 80% dedicated to the training phase,
and 20% to the test phase. The pool of radii for this experiment is r ∈ [1, 10]. EnKF is
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Figure 7.2: Data assimilation with the Lorenz-96 model (7.9). Shown is the evolution of
the localization radius in time over all 100 assimilation cycles. The weights of the adaptive
localization criterion are w1 = 0.7 and w2 = 0.3.

Figure 7.3: The 35 most important features of the Lorenz-96 model (7.9)
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(a) Training phase (b) Testing phase

Figure 7.4: Data assimilation with the QG model (7.10). EnKF is applied with a GC
covariance localization function. The (log) RMSE is shown on the vertical axis, and the
time (assimilation cycles) is shown on the horizontal axis. EnKF results with adaptive
covariance localization are shown for different choices of the weighting factors w1, w2.
The localization is adaptive in time, and is compared to results with fixed localization
radius. The training phase consists of 80 assimilation cycles, followed by the testing phase
with 20 assimilation cycles. The ML algorithm used here is RF. The analysis results with
adaptive localization outperform those obtained with the hand-tuned radius.

used with 25 ensemble members, inflation factor δ = 1.06, and GC localization function.
An empirically optimal localization radius with these configurations was found by hand-
tuning to be r = 3. We use it as a comparison benchmark for the performance of the
adaptive localization.

Figure 7.4 shows the logarithm of RMSE between analysis obtained at each assimila-
tion cycle and the true analysis. The performance of adaptive localization with different
weights w1, w2 is evaluated against the fixed localization with radius r = 3. With higher
weights for the KL distance measure, the performance of adaptive localization also in-
creases. The analysis results with adaptive localization outperform those obtained with
the hand-tuned radius.

Figure 7.5 shows the variability of the localization radius in time for the weights w1 = 0.7
and w2 = 0.3. The adaptive algorithm changes the radius considerably over the course of
the simulation.

Figure 7.6 shows the 35 most important features of the QG model which we included in
our experiments.
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Figure 7.5: Data assimilation with the QG model (7.10). Shown is the evolution of the
localization radius in time over all 100 assimilation cycles. The weights of the adaptive
localization criterion are w1 = 0.7 and w2 = 0.3

Figure 7.6: The 35 most important features of the QG model (7.10)
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7.5.3 Lorenz model with adaptive localization in time and space

Here the localization radius changes at each assimilation cycle and it is also changing for
each individual state variable of the system. The pool of radii for this experiment consists
of random vectors of size 40 where each component of the vector can have value in the
range of all possible radii for the Lorenz model i.e [1, 40]. Each component of the vectors
in the pool can have different permutations of values in the range of [1, 40]. The total
number of all possible vectors is huge, and testing all in the training phase is infeasible.
One way to limit the number of trials is to test randomly selected vectors of radii in the
pool. For this experiments we set the number of trials to 30 and at each trial we randomly
pick a vector of radii from the pool. The localization radius of each state variable is the
corresponding component in the vector, the cost function of using each of the trials is
obtained at each assimilation cycle. The number of target variables to estimate at each
assimilation cycle in the test phase is 40 and hence we need more samples for the training
phase. The number of assimilation cycles for this experiment is 1000, from which 80%
dedicated to the training phase, and 20% to the testing phase. The EnKF uses 25 ensemble
members, the inflation factor of 1.09 and the localization function is Gaussian.

Figure 7.7 shows the logarithm of RMSE between analysis and the reference state. The
performance of adaptive localization with different weights w1, w2 is evaluated against the
fixed localization radius r = 4. In the testing phase the results with the adaptive radii are
slightly better than those with the optimal fixed radius.

Figure 7.8 shows the statistical variability in localization radii for the Lorenz model over
time with the weights w1 = 0.7 and w2 = 0.3. Figure 7.8(a) shows the average of local-
ization radius variability in time for each state variable of the Lorenz model and Figure
7.8(b) shows the standard deviation of localization radius change in time for each state
variable. The average and standard deviations are taken over the state variables; we see
that the adaptive values chosen by the algorithm can vary considerably. This variability
can be further seen in Figure 7.9, which shows the evolution of localization radii in both
time and space for the Lorenz model. The first 100 cycles of training phase and the last 100
cycles of the testing phase are selected. The weights of the adaptive localization criterion
are w1 = 0.7 and w2 = 0.3.

7.5.4 QG model with adaptive localization in time and space

The pool of localization radii for this experiment consists of random vectors of size 1085,
where each component of the vector can have values in the range of proper radii for the
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(a) Training phase (b) Testing phase

Figure 7.7: Data assimilation with the Lorenz-96 model (7.9). EnKF is applied with a
Gaussian covariance localization function. EnKF results with adaptive covariance local-
ization are shown for different choices of the weighting factors w1, w2. The localization is
adaptive in time and space, and is compared to results with fixed localization radius. The
training phase consists of 800 assimilation cycles, followed by the testing phase with 200
assimilation cycles. The ML algorithm used here is RF.

(a) Average of localization radii (b) Standard deviation of localization radii

Figure 7.8: Statistical variability in localization radii for different state variables of the
Lorenz-96 model (7.9). The total 1000 assimilation cycles include both training and testing
phases. The weights of the adaptive localization criterion are w1 = 0.7 and w2 = 0.3.



Azam Moosavi Chapter 7. Adaptive Localization 139

(a) First 100 assimilation cycles (b) Last 100 assimilation cycles

Figure 7.9: Evolution of localization radii in both time and space for the Lorenz-96 model
(7.9). The weights of the adaptive localization criterion are w1 = 0.7 and w2 = 0.3.

QG model. One practical restriction is that the localization radius used for neighboring
grid points should not be too different. We noticed that having to much variability in the
choice of localization radii for grid points located nearby in space may lead to physical
imbalances and filter divergence. One remedy is to narrow down the range of possible
radii to a limited range. Here for example, we restricted the localization radius possible
values to [2, 3], [3, 4], or [4, 5]. EnKF uses 25 ensemble members, an inflation factor of
1.06, and the GC localization function.

Figure 7.10 shows the RMSE of the analysis error at each assimilation cycle. The time and
space adaptive radii results are not as good as those obtained with the fixed, hand-tuned
radius. This is likely due to the very limited range of radii that the algorithm was allowed
to test in each experiment.

Figure 7.8 shows the statistical variability in localization radii for the QG model, with the
adaptive criterion weights w1 = 0.7 and w2 = 0.3 . The variability is computed across all
state vector components. The limited range of values from which the radius selection is
made leads to a small variability of the radii. The changes made by the adaptive algorithm
are shown in Figure 7.12 for the first 10 cycles of training phase and for the last 10 cycles
of test phase. The weights of the adaptive localization criterion are w1 = 0.7 and w2 = 0.3.
We notice that the radii chosen for different state variables seem to be uncorrelated in space
or time.
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(a) Training phase (b) Testing phase

Figure 7.10: Data assimilation with the QG model (7.10). EnKF is applied with a GC
covariance localization function. The (log) RMSE is shown on the vertical axis, and the
time (assimilation cycles) is shown on the horizontal axis. EnKF results with adaptive
covariance localization are shown for different choices of the weighting factors w1, w2.
The localization is adaptive in time, and is compared to results with a fixed localization
radius. The training phase consists of 80 assimilation cycles, and testing phase follows
with 20 assimilation cycles. The time and space adaptive radii results are not as good as
those obtained with the fixed, hand-tuned radius. The ML algorithm used here is RF.

(a) Average of localization radius (b) Standard deviation of localization radius

Figure 7.11: Statistical variability in the localization radius for each state variable of QG
model (7.10). The total assimilation cycles are 100 including both training and testing
phases. The weights of the adaptive localization criterion are w1 = 0.7 and w2 = 0.3.
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(a) First 10 assimilation cycles (b) Last 10 assimilation cycles

Figure 7.12: Variability of localization radius in both time and space for QG model (7.10).
The pool of radii is {3, 4} The weights of the adaptive localization criterion are w1 = 0.7
and w2 = 0.3.

7.5.5 On the choice of the learning model

The work in this paper is not aimed to cover or compare all suitable ML algorithms in the
context of adaptive covariance localization. In the numerical experiments presented above,
we chose the RF as the main learning model, however the method proposed is not limited
this choice, and can be easily extended to incorporate other suitable regression model. For
example RF could be replaced with GB, however the computational cost of training the
regressor, and the performance of the DA algorithm must be both accounted for.

DA performance To compare the performance of the DA filter with localization radii
predicted by RF against GB, we study the RMSE obtained by incorporating each of these
two learning models. Figure 7.13 shows the average RMSE over the test phase resulting
by replacing RF with GB. Here, the RMSE results for both cases, i.e. time-only and space-
time adaptivity, resulting by incorporating RF tend to be slightly lower that resulting when
GB is used.

Computational time Table 7.1 shows the CPU-time spent in fitting the training dataset
or training the learning model with both RF and GB. Here we show the running times
based on the numerical experiments carried out using Lorenz-96 model. Learning RF
model is less time consuming than QG, especially in the case of space-time adaptivity.
This is mainly because RF, by construction, supports multi-target regression, while GB



Azam Moosavi Chapter 7. Adaptive Localization 142

(a) Lorenz-96; time adaptivity (b) Lorenz-96; space-time adaptivity

(c) QG; time adaptivity (d) QG; space-time adaptivity

Figure 7.13: Data assimilation with the Lorenz-96 model (7.9), and QG model (7.10).
Average RMSE resulting from EnKF over test phase, of the learning algorithm, is obtained
by using both RF and GB. Results with adaptive covariance localization are shown for
different choices of the weighting factors w1, w2. The dynamical model and adaptivity
type, e.g. time vs space-time, are shown under each panel. The space-time adaptivity in
QG model uses limited pool of radii with fixed weight combination as discussed in Figure
7.10.

Table 7.1: CPU-time of the training time of the two ML algorithms, RF and GB for both
time adaptivity and space-time adaptivity approaches. Data assimilation experiment car-
ried out using Lorenz model (7.9).

CPU time
(seconds)

Adaptivity type
time space-time

ML
model

GB 0.0467 16.3485
RF 0.0308 0.7508
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does not. A simple extension of GB is used for space-time adaptivity, by fitting a regressor
to each of the outputs.

From both Figure 7.13, and Table 7.1, we can empirically conclude that RF yields a com-
bination of better performance and lower computational time, than GB.

7.5.6 Discussion of numerical results

Several points can be concluded from the experimental results. Firstly, one needs to con-
sider different decision criterion weights for different problems. Here the best weights are
not the same for both models. For the Lorenz model, a combination with a larger weight
for KL distance has a positive affect. A more balanced set of weights works better for
the QG model. Secondly, adaptivity leads to a considerable variability of the localization
radii in both time and space. As the feature importance plots show, the values of state
variables have a significant bearing on radius predictions. Moreover, the importance of all
state variables is not the same, and some variables in the model have a higher impact on
the prediction of localization radii. Finally, the training of the localization algorithms in
both time and space with the current methodology is computationally expensive. Future
research will focus on making the methodology truly practical for very large models.

7.6 Concluding Remarks and Future Work

This study proposes an adaptive covariance localization approach for the EnKF family
of data assimilation methods. Two methodologies are presented and discussed, namely
adaptivity in time and adaptivity in space and time. The adaptive localization approach
is based on RF and GB machine learning regression techniques. The learning model can
be trained off-line using historical records, e.g., reanalysis data. Once it is successfully
trained, the regression model is used to estimate the values of localization radii in future
assimilation cycles. Numerical results carried out using two standard models suggest that
the proposed automatic approach performs at least as good as the traditional EnKF with
empirically hand-tuned localization parameters.

In order to extend the use of machine learning techniques to support data assimilation, an
important question that will be addressed in future research concerns the optimal choice of
features in large-scale numerical models. Specifically, one has to select sufficient aspects
of the model state to carry the information needed to train a machine learning algorithm.
In the same time, the size of the features vector needs to be relatively small, even when the
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model state is extremely large. Next, the computational expense of the training phase is
due to the fact that the analysis needs to be repeated with multiple localization radii. Future
work will seek to considerably reduce the computational effort by intelligently narrowing
the pool of possible radii to test, and by devising assimilation algorithms that reuse the bulk
of the calculations when computing multiple analyses with multiple localization radii.
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Algorithm 6 Adaptive localization algorithm
1: Input: Radii Pool =

[
r1, r2, r3, · · · , rn

]
2: dataset = []
3: For k ∈ assimilation times
4: If k ∈ training phase
5: Cost = ∞

6: Obtain the feature set F, as described in 7.3.1
7: For i = 1 to n
8: r = Radii Pool[i]
9: Obtain x f

k , xa
k

10: Evaluate Cr (7.8)
11: If (Cr < Cost) Then
12: Winner Radius = r
13: Cost = Cr
14: End If
15: dataset[k, :] = [F,Winner Radius]
16: End For loop
17: Use the analysis ensemble obtained using Winner Radius in the next assimilation

cycle
18: End If
19: Train the learning model with dataset
20: If k ∈ test phase
21: r = Learning model predicts the localization radius
22: Perform the assimilation, i.e. calculate that analysis, using a covariance matrix

localized with r
23: End If
24: End For loop



Chapter 8

A Learning Based Approach for
Uncertainty Analysis in Numerical
Weather Prediction Models

8.1 Introduction

Computer simulation models of the physical world, such as numerical weather prediction
(NWP) models, are imperfect and can only approximate the complex evolution of physical
reality. Some of the errors are due to the uncertainty in the initial and boundary conditions,
forcings, and model parameter values. Other errors, called structural model errors, are due
to our incomplete knowledge about the true physical processes, and manifest themselves
as missing dynamics in the model [211]. Examples of structural errors include the misrep-
resentation of sea-ice in the spring and fall, errors affecting the stratosphere above polar
regions in winter [212], as well as errors due to the interactions among (approximately-
represented) physical processes.

Data assimilation improves model forecasts by fusing information from both model out-
puts and observations of the physical world in a coherent statistical estimation framework
[213, 214, 215, 212]. While traditional data assimilation reduces the uncertainty in the
model state and model parameter values, no methodologies to reduce the structural model
uncertainty are available to date.

In this study we consider the Weather Research and Forecasting (WRF) model [216], a
mesoscale atmospheric modeling system. The WRF model includes multiple physical

146



Azam Moosavi Chapter 8. Numerical Weather Prediction Uncertainty 147

processes and parametrization schemes, and choosing different model options can lead to
significant variability in the model predictions [217, 218].

Among different atmospheric phenomena, the prediction of precipitation is extremely
challenging and is obtained by solving the atmospheric dynamic and thermodynamic equa-
tions [218]. Model forecasts of precipitation are very sensitive to physics options such as
the micro-physics, cumulus, long wave, and short wave radiation [219, 218, 220]. Other
physics settings that can affect the WRF precipitation predictions include surface physics,
planetary boundary layer (PBL), land-surface (LS) parameterizations, and lateral bound-
ary condition. Selecting the right physical process representations and parameterizations is
a challenge. In practice the values of physical parameters are empirically determined such
as to minimize the difference between the measurements and model predictions [216, 220].

Considerable effort has been dedicated to determining the best physical configurations of
the weather forecast models such as to improve their predictions of precipitation. No sin-
gle choice of physical parameters works perfectly for all times, geographical locations, or
meteorological conditions [221, 222]. Lowrey and Yang [220] investigated the errors in
precipitation predictions caused by different parameters including micro-physics and cu-
mulus physics, the buffer zone, the initialization interval, the domain size and the initial
and boundary conditions. Jankov et al. [223] examined different combinations of cumulus
convection schemes, micro-physical options, and boundary conditions. They concluded
that no configuration was the clear winner at all times, and the variability of precipitation
predictions was more sensitive to the choice of the cumulus options rather than micro-
physical schemes. Another study conducted by Nasrollahi [218] showed that the best
model ability to predict hurricanes was achieved using a particular cumulus parameteriza-
tion scheme combined with a particular micro-physics scheme. Therefore, the interactions
of different physical parameterizations have a considerable impact on model errors, and
can be considered as one of the main sources of uncertainty that affect the forecast accu-
racy.

This paper demonstrates the potential of machine learning techniques to help solve two
important problems related to the structural/physical uncertainty in numerical weather pre-
diction models. he first problem addressed herein is the estimation of systematic model
errors in output quantities of interest at future times, and the use of this information to
improve the model forecasts. The second problem considered is the identification of those
specific physical processes that contribute most to the forecast uncertainty in the quantity
of interest under specified meteorological conditions.

The application of machine learning techniques to problems in environmental science has
grown considerably in recent years. In [224] a kernel based regression method is devel-
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oped as a forecasting approach with performance close to Ensemble Kalman Filter (EnKF)
and less computational resources. Krasnopol et al. [225] employ an Artificial Neural Net-
work technique for developing an ensemble stochastic convection parameterization for
climate models. Attia et al. [188] develop a new filtering algorithm called Cluster Hybrid
Monte Carlo sampling filter (CLHMC) non-Gaussian data assimilation which relaxes the
Gaussian assumptions by employing a clustering step. Moosavi et al. [226] use regression
machine learning techniques for adaptive localization in ensemble based data assimilation.

This study focuses on the uncertainty in forecasts of cumulative precipitation caused by
imperfect representations of physics and their interaction in the WRF model. The total
accumulated precipitation includes all phases of convective and non-convective precipita-
tion. Specifically, we seek to use the discrepancies between WRF forecasts and measured
precipitation levels in the past in order to estimate in advance the WRF prediction un-
certainty. The model-observation differences contain valuable information about the error
dynamics and the missing physics of the model. We use this information to construct two
probabilistic functions. The first one maps the discrepancy data and the physical parame-
ters onto the expected forecast errors. The second maps the forecast error levels onto the
set of physical parameters that are consistent with them. Both maps are constructed us-
ing supervised machine learning techniques, specifically, using Artificial Neural Networks
and Random Forests [81]. The two probabilistic maps are used to address the problems
posed above, namely the estimation of model errors in output quantities of interest at fu-
ture times, and the identification of physical processes that contribute most to the forecast
uncertainty.

The remainder of this study is organized as follows. Section 8.2 covers the definition of
the model errors. Section 8.3 describes the proposed approach of error modeling using
machine learning. Section 8.4 reports numerical experiments with the WRF model that
illustrate the capability of the new approach to answer two important questions regarding
model errors. Conclusions are drawn in Section 8.5.

8.2 Model errors

First-principles computer models capture our knowledge about the physical laws that gov-
ern the evolution of a real physical system. The model evolves an initial state at the initial
time to states at future times. All models are imperfect, e.g., atmospheric model uncertain-
ties are associated with sub-grid modeling, boundary conditions, and forcings. All these
modeling uncertainties are aggregated into a component that is generically called model
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error [227, 228, 229]. In the past decade there has been a considerable scientific effort to
incorporate model errors and estimate their impact on the best estimate in both variational
and statistical approaches [213, 230, 231, 232, 233, 212, 234].

In what follows, we describe our mathematical formulation of the model error associated
with NWP models. A similar formulation has been used in [211] where the model struc-
tural uncertainty is studied based on the information provided by the discrepancy between
the model solution and the true state of the physical system, as measured by the available
observations.

Consider the following NWP computer modelM, that describes the time-evolution of the
state of the atmosphere:

xt =M (xt−1,Θ) , t = 1, · · · ,T . (8.1a)

The state vector xt ∈ R
n contains the dynamic variables of the atmosphere such as temper-

ature, pressure, precipitation, tracer concentrations, at all spatial locations covered by the
model, and at t. All the physical parameters of the model are lumped into Θ ∈ R`.

Formally, the true state of the atmosphere can be described by a physical process P with
internal states υt, which are unknown. The atmosphere, as an abstract physical process,
evolves in time as follows:

υt = P (υt−1) , t = 1, · · · ,T. (8.1b)

The model state seeks to approximates the physical state:

xt ≈ ψ(υt), t = 1, · · · ,T, (8.1c)

where the operator ψ maps the physical space onto the model space, e.g., by sampling the
continuous meteorological fields onto a finite dimensional computational grid [211].

Assume that the model state at t − 1 has the ideal value obtained from the true state via
(8.1c). The model prediction at t will differ from the reality:

ψ(υt) =M
(
ψ(υt−1),Θ

)
+ δt

(
υt
)
, t = 1, · · · ,T, (8.2)

where the discrepancy δt ∈ R
n between the model prediction and reality is the structural

model error. This vector lives in the model space.

Although the global physical state υt is unknown, we obtain information about it by mea-
suring of a finite number of observables yt ∈ R

m, as follows:

yt = h(υt) + εt, εt ∼ N(0,Rt), t = 1, · · · ,T, (8.3)
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Here h is the observation operator that maps the true state of atmosphere to the observation
space, and the observation error εt is assumed to be normally distributed.

In order to relate the model state to observations we also consider the observation operator
H that maps the model state onto the observation space; the model-predicted values ot ∈

Rm of the observations (8.3) are:

ot = H(xt), t = 1, · · · ,T. (8.4)

We note that the measurements yt and the predictions ot live in the same space and there-
fore can be directly compared. The difference between the observations (8.6b) of the real
system and the model predicted values of these observables (8.4) represent the model error
in observation space:

∆t = ot − yt ∈ R
m, t = 1, · · · ,T. (8.5)

For clarity, in what follows we make the following simplifying assumptions [211]:

• the physical system is finite dimensional υt ∈ R
n,

• the model state lives in the same space as reality, i.e., xt ≈ υt and ψ(·) ≡ id is the
identity operator in (8.1c), and

• H(·) ≡ h(·) in (8.3) and (8.4).

These assumptions imply that the discretization errors are very small, and that the main
source of error are the parameterized physical processes represented by Θ and the in-
teraction among these processes. Uncertainties from other sources, such as boundary
conditions, are assumed to be negligible.

With these assumptions, the evolution equations for the physical system (8.1b) and the
physical observations equation (8.3) become, respectively:

υt = M
(
υt−1,Θ

)
+ δt

(
υt), t = 1, · · · ,T, (8.6a)

yt = h(υt) + εt. (8.6b)

The model errors δt (8.2) are not fully known at any time t, as having the exact errors
is akin to having a perfect model. However, the discrepancies between the modeled and
measured observable quantities (8.5) at past times have been computed and are available
at the current time t.
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Our goal is to use the errors in observable quantities at past times, ∆τ for τ = t − 1, t −
2, · · · , in order to estimate the model error δτ at future times τ = t, t + 1, · · · . This is
achieved by unravelling the hidden information in the past ∆τ values. Good estimates
of the discrepancy δt, when available, could improve model predictions by applying the
correction (8.6a) to model results:

vt ≈ xt + δt. (8.7)

Our proposed error modeling approach constructs input-output mappings to estimate given
aspects of model errors δt. The inputs to these mappings are the physical parameters Θ of
the model. The outputs to these mappings are different aspects of the error in a quantity of
interest, such as the model errors over a specific geographical location, or the error norm
of model error integrated over the entire domain.

Specifically, the aspect of interest (quantity of interest) in this study is the error in pre-
cipitation levels forecasted by the model. The parameters Θ describe the set of physical
processes that are essential to be included in the WRF model in order to produce accu-
rate precipitation forecasts. The WRF model is modular and different combinations of the
physical packages can be selected, each corresponding to a different value of Θ.

We use the error mappings learned from past model runs to estimate the model errors
δt. We also consider estimating what combination of physical processes Θ leads to lower
model errors, or reversely, what interactions of which physics cause larger errors in the
prediction of the quantity of interest.

8.3 Approximating model errors using machine learning

We propose a multivariate input-output learning model to predict the model errors δ, de-
fined in (8.2), stemming from the uncertainty in parameters Θ. To this end, we define
a probabilistic function φ that maps every set of input features F ∈ Rr to output target
variables Λ ∈ Ro:

φ(F) ≈ Λ , (8.8)

and approximate the function φ using machine learning.

Different particular definitions of φ in (8.8) will be used to address two different problems
related to model errors, as follows:

1. The first problem is to estimate the systematic model error in certain quantities of
interest at future times, and to use this information in order to improve the WRF
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forecast. To achieve this one quantifies the model error aspects that correspond to
running WRF with different physical configurations (different parameters Θ).

2. The second problem is to identify the specific physical processes that contribute
most to the forecast uncertainty in the quantity of interest under specified meteo-
rological conditions. To achieve this one finds the model configurations (physical
parameters Θ) that lead to forecast errors smaller that a given threshold under spec-
ified meteorological conditions.

In what follows we explain in detail the function φ specification, the input features, and
the target variables for each of these problems.

8.3.1 Problem one: estimating in advance aspects of interest of the
model error

Forecasts produced by NWP models are contaminated by model errors. These model
errors are highly correlated in time; hence historical information about the model errors
can be used as an input to the learning model to gain insight about model errors that affect
the forecast. We are interested in the uncertainty caused due to the interaction between
the various components in the physics based model; these interactions are lumped into the
parameter Θ that is supplied as an input to the learning model. The learning model aims
to predict the error of NWP model of next forecast window using the historical values
of model error and the physical parameters used in the model. We define the following
mapping:

φerror (Θ,∆τ, oτ, ot) ≈ ∆t τ < t. (8.9)

We use a machine learning algorithm to approximate the function φerror. The learning
model is trained using a dataset that consists of the following inputs:

• WRF physical packages that affect the physical quantity of interest (Θ),

• historical WRF forecasts (oτ for τ ≤ t − 1),

• historical model discrepancies (∆τ for τ ≤ t − 1),

• WRF forecast at the current time (ot),

• the available model discrepancy at the current time (∆t) since we have access to the
observations from reality yt at the current time step.
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In supervised learning process, the learning model identifies the effect of physical pack-
ages, the historical WRF forecast, the historical model discrepancy, and the WRF forecast
at the current time on the available model discrepancy at the current time. After the model
get trained on the historical data, it yields an approximation to the mapping φerror. We
denote this approximate mapping by φ̂error.

During the test phase the approximate mapping φ̂error is used to estimate the model dis-
crepancy ∆̂t+1 in advance. We emphasize that the model prediction (WRF forecast) at the
time of interest t+1 (ot+1) is available, where as the model discrepancy ∆̂t+1 is an unknown
quantity. In fact the run time of WRF is much smaller than the time interval between t and
t + 1, or in other way, the time interval is large enough to run the WRF model and obtain
the forecast for next time window, estimate the model errors for next time window and
finally improve the model forecast by combining the model forecast and model errors.

At the test time we predict the future model error as follows:

∆̂t+1 ≈ φ̂
error (Θ,∆τ, oτ, ot+1) , τ < t + 1 .

As explained in [211], the predicted error ∆̂t+1 in the observation space can be used to esti-
mate the error δt+1 in the model space. In order to achieve this one needs to use additional
information about the structure of the model and the observation operator. For example, if
the error ∆̂t+1 represents the projection of the full model error onto the observation space,
we have:

∆t+1 ≈ Ht · δt+1, δ̂t+1 ≈ Ht

Ä
HT

t Ht

ä−1 HT
t · ∆̂t+1, (8.10a)

where we use the linearized observation operator at the current time, Ht = h′(xt). A more
complex approach is to use a Kalman update formula:

δ̂t+1 ≈ cov(xt, ot) (cov(ot, ot) + Rt)−1 ∆̂t+1, (8.10b)

where Rt is the covariance of observation errors. The Kalman update approach requires es-
timates of the covariance matrices between model variables; such covariances are already
available in an ensemble based data assimilation system. Once we estimate the future
model error δt+1, we can improve the NWP output using equation (8.7).

8.3.2 Problem two: identifying the physical packages that contribute
most to the forecast uncertainty

Typical NWP models incorporate an array of different physical packages to represent mul-
tiple physical phenomena that act simultaneously. Each physical package contains several
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alternative configurations (e.g., parameterizations or numerical solvers) that affect the ac-
curacy of the forecasts produced by the NWP model. A particular scheme in a certain
physical package best captures the reality under some specific conditions (e.g., time of the
year, representation of sea-ice, etc.). The primary focus of this study is the accuracy of
precipitation forecasts, therefore we seek to learn the impacts of all the physical packages
that affect precipitation. To this end, we define the following mapping:

φphysics (∆t) ≈ Θ , (8.11)

that estimates the configuration Θ of the physical packages such that the WRF run gener-
ates a forecast with an error consistent with the prescribed level ∆t (where ∆t defined in
equation (8.5) is the forecast error in observation space at time t.)

We train the model to learn the effect of the physical schemes on the mismatch between
WRF forecasts and reality. The input data required for the training process is obtained
by running the model with various physical package configurations Θtrain

i , and comparing
the model forecast against the observations at all past times τ to obtain the corresponding
errors ∆train

τ,i for τ ≤ t and i ∈ {training data set}. The output data is the corresponding
physical combinations Θ that leads to the input error threshold.

In order to estimate the combinations of physical process configuration that contribute
most to the uncertainty in predicting precipitation we take the following approach. The
dataset consisting of the observable discrepancies during the current time window ∆t is
split into a training part and a testing part. In the test phase we use the approximated
function φ̂physics to estimate the physical process settings “Θ1

j that are consistent with the
observable errors ∆{1}t, j . Here we select ∆{1}t, j = ∆test

t, j for each j ∈ {test data set}. Note that
in this case, since we know what physics has been used for the current results, one can
take “Θ{1}j to be the real parameter values Θ{1}j used to generate the test data. However, in
general, one selects ∆{1}t, j in an application-specific way and the corresponding parameters
need to be estimated.

Next, we reduce the desired forecast error level to ∆{2}t, j = ∆
{1}
t, j /2, and use the approximated

function φ̂physics to estimate the physical process setting “Θ{2}j that corresponds to this more
accurate forecast. To identify the package setting that has the largest impact on the observ-
able error we monitor the variability in the predicted parameters “Θ{2} − “Θ{1}. Specifically,
the number of times the setting of a physical process in “Θ2

j is different from its setting in“Θ1
j is an indicator of the variability in model prediction when that package is changed. A

higher variability in predicted physical packages implies a larger contribution towards the
model errors - as estimated by the ML model.
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8.3.3 Machine learning algorithms

In order to approximate the functions (8.9) and (8.11) discussed earlier we use regression
machine learning methods. Choosing a right learning algorithm to use is challenging as it
largely depends on the problem and the data available [188, 235, 149, 226]. Here, we use
Random Forests (RF) and Artificial Neural Networks (ANN) as our learning algorithms
[81]. Both RF and ANN algorithms tan handle non-linearity in regression and classifica-
tion. Given that the physical phenomena governing precipitation are highly nonlinear, and
and atmospheric dynamics is chaotic, we believe that RF and ANN approaches are well
suited to capture the associated features. We briefly review these techniques next.

Random forests

A random forest [195] is an ensemble based method that constructs multiple decision
trees. The principle idea behind ensemble methods is that a group of weak learners can
come together to form a strong learner [193, 195]. The decision tree is built top-down from
observations of target variables. The observation dataset is partitioned, smaller subsets are
represented in branches, and decisions about the target variables are represented in the
leaves.

There are many specific decision-tree algorithms available, including ID3 (Iterative Di-
chotomiser 3) [197], C4.5 (successor of ID3) [198], CART (Classification And Regression
Tree), CHAID (CHi-squared Automatic Interaction Detector), and conditional inference
trees [199]. If the dataset has multiple attributes, one can decide which attribute to place at
the root or at different levels of the tree by considering different criteria such as information
gain or the gini index [236].

Trees can be non-robust, with small changes in the tree leading to large changes in regres-
sion results. Moreover, trees tend to over-fit the data [237]. The random forest algorithm
uses the bagging technique for building an ensemble of decision trees which are accurate
and powerful at handling large, high dimensional datasets. Moreover, the bagging tech-
nique greatly reduces the variance [191]. For each tree in the forest, a bootstrap sample
[193, 191] is selected from the dataset and instead of examining all possible feature-splits,
some subset of the features is selected [200]. The node then splits on the best feature in
the subset. By using a random sample of features the correlation between trees in the en-
semble decreases, and the learning for each tree is much faster by restricting the features
considered for each node.
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Artificial neural networks

ANN is a computational model inspired by human brain’s biological structure. ANN con-
sist of neurons and connections between the neurons (weights) which are organized in
layers. At least three layers of neurons (an input layer, a hidden layer, and an output layer)
are required for construction of a neural network, where the input layer distributes the
input signals to the first hidden layer. The feed-forward operation in a network passes
information to neurons in a subsequent hidden layer. The neurons combine this informa-
tion, and the output of each layer is obtained by passing the combined information through
a differentiable transfer function that can be log-sigmoid, hyperbolic tangent sigmoid, or
linear transfer function.

In supervised learning the network is provided with samples from which it discovers the
relations of inputs and outputs. The learning problem consists of finding the optimal pa-
rameters of network such that the error between the desired output and the output sig-
nal of the network is minimized. The network first is initialized with randomly chosen
weights and then the error is back-propagated through the network using a gradient de-
scent method. The gradient of the error function is computed and used to modify weights
and biases such that the error between the desired output and the output signal of the net-
work is minimized [133, 132] . This process is repeated iteratively until the network output
is close to the desired output [134].

8.4 Numerical experiments

We apply the proposed learning models to the Weather Research and Forecasting model
[216] in order to:

• predict the bias in precipitation forecast caused by structural model errors,

• predict the statistics associated with the precipitation errors, and

• identify the specific physics packages that contribute most to precipitation forecast
errors for given meteorological conditions.
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8.4.1 The WRF model

In this study we use the non-hydrostatic WRF model version 3.3. The simulation domain,
shown in Fig. 8.1, covers the continental United States and has dimensions of 60 × 73
horizontal grid points in the west-east and south-north directions respectively, with a hori-
zontal grid spacing of 60km [238]. The grid has 60 vertical levels to cover the troposphere
and lower part of the stratosphere between the surface to approximately 20km. In all sim-
ulations, the 6-hourly analysis from the National Centers for Environmental Prediction
(NCEP) are used as the initial and boundary conditions of the model [239]. The stage IV
estimates are available at an hourly temporal resolution over continental United States. For
experimental purposes, we use the stage IV NCEP analysis as a proxy for the true state of
the atmosphere. The simulation window begins at 6amUTC (Universal Time Coordinated)
on May 1st 2017, and the simulation time is a six hour window time the same day. The
“true” states of the atmosphere are available using the NCEP analysis data hourly. All the
numerical experiments use the NCEP analysis data to run WRF model on May 1st 2017.

The model configuration parameters Θ represent various combinations of micro-physics
schemes, cumulus parameterizations, short wave, and long wave radiation schemes. Specif-
ically, each process is represented by the schema values of each physical parameter it uses,
as detailed in WRF model physics options and references [240]. The micro-physics option
provides atmospheric heat and moisture tendencies in atmosphere which also accounts for
the vertical flux of precipitation and the sedimentation process. The cumulus parameter-
ization is used to vertically redistribute heat and moisture independent of latent heating
due to precipitation. The long wave radiation considers clear-sky and cloud upward and
downward radiation fluxes and the short wave radiation considers clear-sky and cloudy
solar fluxes.

A total number of 252 combinations of the four physical modules are used in the sim-
ulations. The micro-physics schemes include: Kessler [241], Lin [242], WSM3 Hong
[243], WSM5 Hong [243], Eta (Ferrier), WSM6 [244], Goddard [245], Thompson [246],
Morrison [247]. The cumulus physics schemes applied are: Kain-Fritsch [248], Betts-
Miller-Janjic [249], Grell Freitas[250]. The long wave radiation physics include: RRTM
[251], Cam [252]. Short wave radiation physics include: Dudhia [253], Goddard [254],
Cam [252].

For each of the 252 different physics combinations, the effect of each physics combi-
nation on precipitation is investigated. The NCEP analysis grid points are 428 × 614,
while the WRF computational model have 60 × 73 grid points. For obtaining the discrep-
ancy between the WRF forecast and NCEP analysis we linearly interpolate the analysis
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to transfer the physical variables onto the model grid. Figure 8.1(a) and 8.1(b) shows the
NCEP analysis at 6am and 12pm on 5/1/2017 which are used as initial condition and “true”
(verification) state, respectively. The WRF forecast corresponding to the physics micro-
physics: Kessler, cu-physics: Kain-Fritsch, ra-lw-physics: Cam , ra-sw-physics: Dudhia
is illustrated in Figure 8.1(c). Figure 8.2 shows contours of discrepancies at 12pm (∆t=12pm)
discussed in equation (8.5) for two different physical combinations, which illustrates the
effect that changing the physical schemes has on the forecast.
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(a) NCEP analysis at 6am provides initial condi-
tions

(b) NCEP analysis at 12pm provides a proxy for the
true state of the atmosphere

(c) WRF forecast at 12pm corresponding to the
physics micro-physics: Kessler, cumulus physics:
Kain-Fritsch, long wave radiation physics: Cam,
short wave radiation physics: Dudhia

Figure 8.1: Initial conditions, the analysis and the WRF forecast for the simulation time
12pm on 5/1/2017. Shown in the plots are the accumulated precipitation in millimeter unit.
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(a) Micro-physics scheme: Kessler, cumulus
physics: Kain-Fritsch, short wave radiation: Cam,
long wave radiation: Dudhia
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(b) micro-physics scheme: Lin, cumulus physics:
Kain-Fritsc, short wave radiation: RRTM Mlawer,
long wave radiation: Cam

Figure 8.2: Shown in the plots are contours of observable discrepancies which are the
differences in the accumulated precipitation results of WRF forecast against the analysis
data ∆t=12pm on 5/1/2017 for two different physics combinations. The observation operator
extracts the precipitation solution from the WRF state vector.

8.4.2 Experiments for problem one: predicting pointwise precipita-
tion forecast errors over a small geographic region

We demonstrate our learning algorithms to forecast precipitation in the state of Virginia
on May 1st 2017 at 6pm. Our goal is to use the learning algorithms to correct the bias
created due to model errors and hence improve the forecast for precipitation. As described
in section 8.3.1, we learn the function φerror of equation (8.9) using the training data from
the previous forecast window (6am to 12pm):

φerror (Θ,∆τ, oτ, ot=12pm) ≈ ∆t=12pm, 7am ≤ τ < 12pm.

We use two learning algorithms to approximate the function φerror, namely, the RF and
ANN using Scikit-learn, machine learning library in Python [210]. The RF with ten trees
and CART learning tree algorithm is used. The ANN with six hidden layers and hyperbolic
tangent sigmoid activation function in each layer and linear activation function at last
layer is employed. The number of layers and number of neurons in each layer are tuned
empirically. For training purposes, we use the NCEP analysis of the May 1st 2017 at 6am
as initial conditions for the WRF model. The forecast window is 6 hours and the WRF
model forecast final simulation time is 12pm. The input features are:
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• The physics combinations (Θ).

• The hourly WRF forecasts projected onto observation space oτ, am ≤ τ ≤ 12pm.
The WRF state (xt) includes all model variables such as temperature, pressure, pre-
cipitation, etc. The observation operator extracts the precipitation portion of the
WRF state vector, ot ≡ xprecipitation

t . Accordingly, ∆t is the discrepancy between WRF
precipitation forecast ot and the observed precipitation yt.

• The observed discrepancies at past times (∆τ, 7am ≤ τ < 12pm).

The output variable is the discrepancy between the NCEP analysis and the WRF forecast
at 12pm, i.e., the observable discrepancies for the current forecast window (∆t=12pm). In
fact, for each of the 252 different physical configurations, the WRF model forecast as well
as the difference between the WRF forecast and the analysis are provided as input-output
combinations for learning the function φerror. The number of grid points over the state of
Virginia is 14× 12. Therefore for each physical combination we have 168 grid points, and
the total number of samples in the training data set is 252×168 = 42, 336 with 15 features.

Both ANN and RF are trained with the above input-output combinations described above
and during the training phase, the learning model learns the effect of interaction between
different physical configurations on the WRF forecast and model error and obtains the
approximation to the function φerror which we denote by φ̂error. The goal is to have more
accurate forecast in the future time windows. We don’t have the analysis data of future
time windows but we can run WRF for future time windows and also predict the future
model error using the approximated function φ̂error. Once we obtain the predicted model
error we can use that information in order to raise the accuracy of WRF forecast. In the
testing phase we use the function φ̂error to predict the future forecast error ∆̂t=6pm given
the combination of physical parameters as well as the WRF forecast at time 6pm as input
features.

∆̂t=6pm ≈ φ̂
error (Θ,∆τ, oτ, ot=6pm) , 1pm ≤ τ < 6pm.

To quantify the accuracy of the predicted error we calculate the Root Mean Squared Error
(RMSE) between the true and predicted discrepancies at 6pm:

RMS E =

Ã
1
n

n∑
i=1

(
∆̂

i
t=6pm − ∆

i
t=6pm

)2
, (8.12)

where n = 168 is the number of grid points over Virginia,. ∆̂
i
t=6pm is the predicted dis-

crepancy in the ith grid point, and ∆i
t=6pm is the ith actual discrepancy in the ith grid point.
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The actual discrepancy is obtained as the difference between the NCEP analysis and WRF
forecast at time t = 6pm. This error metric is computed for each of the 252 different con-
figurations of the physics. The minimum, maximum and average RMSE over the 252 runs
is reported in Table 8.1.

minimum(RMS E) average(RMS E) maximum(RMS E)
ANN 1.264 × 10−3 1.343 × 10−3 5.212 × 10−3

RF 1.841 × 10−3 1.931 × 10−3 7.9 × 10−3

Table 8.1: The minimum, average, and maximum RMSE between the predicted ∆̂t=6pm and
the true ∆t=6 over 252 physics combinations.

The predicted discrepancy in the observation space ∆̂t=6pm can be used to approximate the
discrepancy in the model space δ̂t=6pm using equation (8.10). Here all the grid points are
observed and therefore the error in the model space equal to the error in the observation
space. Next, the estimate forecast error can be used to correct the forecast bias caused by
model errors using (8.7), and hence to improve the forecast at 6pm: x̂t=6pm = xt=6pm + δ̂t=6pm.
Figure 8.3(a) shows the WRF forecast for 6pm for the state of Virginia using the following
physics packages (the physics options are given in parentheses):

• Micro-physics (Kessler),

• Cumulus-physics (Kain),

• Short-wave radiation physics (Dudhia),

• Long-wave radiation physics (Janjic).

Figure 8.3(b) shows the NCEP analysis at time 6pm, which is our proxy for the true state of
the atmosphere. The discrepancy between the NCEP analysis and the raw WRF forecast
is shown in the Figure 8.4(a). Using the model error prediction we can improve the WRF
result by adding the predicted bias to the WRF forecast. The discrepancy between the
corrected WRF forecast and the NCEP analysis is shown in the Figure 8.4(b). The results
show a considerable reduction of model errors as compared to the uncorrected forecast of
Figure 8.4(a). Table 8.2 shows the minimum and average of original model error vs the
improved model errors.
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minimum(∆t=6pm) average(∆t=6pm)
Original forecast 6.751 × 10−2 5.025 × 10−1

Improved forecast 2.134 × 10−4 6.352 × 10−2

Table 8.2: The minimum and average of ∆t=6pm for the original WRF forecast vs the im-
proved forecast

(a) Original WRF prediction (b) NCEP analysis

Figure 8.3: WRF prediction and NCEP analysis at 6pm on 5/1/2017. Zoom-in panels show
the predictions over Virginia.
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(a) Discrepancy between original
WRF forecast and NCEP analysis

(b) Discrepancy between the cor-
rected WRF forecast and the NCEP
analysis

Figure 8.4: Discrepancy between WRF forecasts and the NCEP analysis over Virginia at
6pm on 5/1/2017. The forecast correction clearly improves the model results.

8.4.3 Experiments for problem one: predicting the norm of precipi-
tation forecast error over the entire domain

We now seek to estimate the two-norm of precipitation model error over the entire conti-
nental U.S., which gives a global metric for the accuracy of the WRF forecast, and helps
provide insight about the physics configurations that result in more accurate forecasts. To
this end the following mapping is constructed:

φerror (Θ, ‖oτ‖2, ‖∆τ‖2, ‖ot=12pm‖2, ōt=12pm) ≈ ‖∆t=12pm‖2, 7am ≤ τ < 12pm.

To build the training dataset, we run WRF with each of the 252 different physical config-
urations. The forecast window is 6 hours and the WRF model forecast final simulation
time is at 12pm. The hourly WRF forecast and discrepancy between the analysis and WRF
forecast is used as training features.

The input features are:

• different physics schemes (Θ),

• the norms of the WRF model predictions at previous time windows, as well as at the
current time (‖ot=12pm‖2, ‖oτ‖2, 7am ≤ τ < 12pm), and
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• the norms of past observed discrepancies (‖∆τ‖2, 7am ≤ τ < 12pm).

The output variable is the norm of the discrepancy between WRF precipitation prediction
and the NCEP precipitation analysis for the current time window (‖∆t=12pm‖2).

We use two different learning algorithms, namely, RF with ten trees in the forest and ANN
with four hidden layers, the hyperbolic tangent sigmoid activation function in each layer
and linear activation function at last layer. The number of layers and neurons at each layer
is tuned empirically. The total number of samples in the training set is 252 with 15 of
features. During the training phase the model learns the effect of interaction of different
physical configurations on model error and obtains the approximated function φ̂error.

In the test phase we feed the approximated function the model information from 1pm to the
endpoint of the next forecast window 6pm to predict the norm of the model error ‖∆̂t=6pm‖2.

φ̂error (Θ, ‖oτ‖2, ‖∆τ‖2, ‖ot=6pm‖2, ōt=6pm) ≈ ‖∆t=6pm‖2, 1pm ≤ τ < 6pm.

Validation of the learned error mapping Table 8.3 shows the RMSE between the ac-
tual and predicted norms of discrepancies for ANN and RF. The RMSE is taken over the
252 runs with different physics combinations. Both learning models are doing well, with
the ANN giving slightly better results than the RF.

RMS E(‖∆̂t=6pm‖2, ‖∆t=6pm‖2)
ANN 2.6109 × 10−3

RF 2.9188 × 10−3

Table 8.3: Difference between predicted discrepancy norm ‖∆̂t=6pm‖2 and the reference
discrepancy norm ‖∆t=6pm‖2. The RMS E is taken over all test cases.

Analysis of the best combination of physical packages Based on our prediction of the
norm of model error, the best physics combination that leads to lowest norm of precipita-
tion error over the entire continental U.S. for the given meteorological conditions is:

• the BMJ cumulus parameterization, combined with

• the WSM5 micro-physics,

• Cam long wave, and
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• Dudhia short wave radiation physics.

According to the true model errors, the best physics combination leading to the lowest
norm of model error is achieved using the BMJ cumulus parameterization, combined with
the WSM5 micro-physics, Cam long wave, and Cam short wave radiation physics.

8.4.4 Experiments for problem two: identify the physical processes
that contribute most to the forecast uncertainty

The interaction of different physical processes greatly affects precipitation forecast, and
we are interested in identifying the major sources of model errors in WRF. To this end we
construct the physics mapping (8.11) using the norm and the statistical characteristics of
the model-data discrepancy (over the entire U.S.) as input features:

φphysics
Ä
∆̄t=12pm, ‖∆t=12pm‖2

ä
≈ Θ.

Statistical characteristics include the mean, minimum, maximum, and variance of the filed
across all grid points over the continental U.S. Note that this is slightly different than (8.11)
where the inputs are the raw values of these discrepancies for each grid point. The output
variable is the combination of physical processes Θ that leads to model errors consistent
with the input pattern ∆̄t=12pm and ‖∆t=12pm‖2.

To build the dataset, the WRF model is simulated for each of the 252 different physical
configurations, and the mismatches between the WRF forecasts and the NCEP analysis at
the end of the current forecast window are obtained. Similar to the previous experiment,
the initial conditions used in the WRF model is the NCEP analysis for the May 1st 2017
at 6am. The forecast window is 6 hours and the WRF model forecast is obtained for time
12pm. The discrepancy between the NCEP analysis at 12pm and WRF forecast at 12pm
forms the observable discrepancy for the current forecast window ∆t=12pm. For each of the
252 different physical configurations, this process is repeated and statistical characteristics
of the WRF forecast model error ∆̄t=12pm, and the norm of model error ‖∆t=12pm‖2 are used
as feature values of the function φphysics.

Validation of the learned physics mapping From all the collected data points, 80%
(202 samples) are used for training the learning model, and the remaining 20% (50 sam-
ples) are used for testing purposes.

The RF has default ten trees in the forest and ANN has four hidden layers and hyperbolic
tangent sigmoid activation function in each layer with linear activation function at last
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layer. The number of layers and neurons at each layer is tuned empirically. The learning
model uses the training dataset to learn the approximate mapping φ̂physics. This function is
applied to the each of the 50 test samples ∆test

t=12pm to obtain the predicted physical combina-
tions “Θ1. In order to evaluate these predictions, we run the WRF model again with the “Θ1

physical setting and obtain the new forecast ôt=12pm, and the corresponding observable dis-
crepancy ∆̂

test
t=12pm. The RMSE between the norm of actual observable discrepancies and the

norm of predicted discrepancies are shown in Table 8.4. The small values of the difference
demonstrates the performance of the learning algorithm.

RMS E(‖∆̂
test
t=12pm‖2, ‖∆

test
t=12pm‖2)

ANN 4.1376 × 10−3

RF 5.8214 × 10−3

Table 8.4: The RMSE between estimated discrepancy using predicted physical combina-
tions ∆̂

test
t=12pm and the reference discrepancy ∆test

t=12pm.

Analysis of variability in physical settings We repeat the test phase for each of the 50
test samples with the scaled values of observable discrepancies ∆test

t=12pm/2 as inputs, and
obtain the predicted physical combinations “Θ2. Large variability in the predicted physical
settings “Θ indicate that the respective physical packages variability have a strong influence
on the WRF forecast error. We count the number of times the predicted physics “Θ2 is
different from “Θ1 when the input data spans the entire test data set.

The results shown in Figure 8.5 indicate that micro-physics and cumulus physics are not
too sensitive to the change of input data, whereas short-wave and long-wave radiation
physics are quite sensitive to changes in the input data. Therefore our learning model
indicates that having an accurate short-wave and long-wave radiation physics package will
aid in greatly reducing the uncertainty in precipitation forecasts due to missing/incorrect
physics.

8.5 Conclusions

This study proposes a novel use of machine learning techniques to understand, predict,
and reduce the uncertainty in the WRF model precipitation forecasts due to the interaction
of several physical processes included in the model.
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Figure 8.5: Frequency of change in the physics with respect to change in the input data
from ∆test

t=12pm to ∆test
t=12pm/2. Each data set contains 50 data points, and we report here the

number of changes of each package.

We construct probabilistic approaches to learn the relationships between the configuration
of the physical processes used in the simulation and the observed model forecast errors.
These relationships are then used to solve two important problems related to model errors,
as follows: estimating the systematic model error in a quantity of interest at future times,
and identifying the physical processes that contribute most to the forecast uncertainty in a
given quantity of interest under specified conditions.

Numerical experiments are carried out with the WRF model using the NCEP analyses as a
proxy for the real state of the atmosphere. Ensembles of model runs with different param-
eter configurations are used to generate the training data. Random forests and Artificial
neural network models are used to learn the relationships between physical processes and
forecast errors. The experiments validate the new approach, and illustrates how it is able to
estimate model errors, indicate best model configurations, and pinpoint to those physical
packages that influence most the WRF prediction accuracy.

While the numerical experiments are done with WRF, and are focused on forecasting pre-
cipitation, the methodology developed herein is general and can be applied to the study of
errors in other models, for other quantities of interest, and for learning additional relation-
ships between model physics and model errors.



Chapter 9

Conclusions and Future Research
Directions

Large scale simulation models are essential to understand real world phenomenon. A fine-
tuned simulation model can be used to forecast the behavior of the real system. However,
there still exists a discrepancy between the model forecast and the real observations of
reality. This disparity is arising due to our assumptions of a perfect model, perfect model
inputs, and parameters. The uncertainty analysis research plays an important role to detect
the source of uncertainty, quantify and analyze the uncertainty in model forecasts. Further,
the uncertainty analysis information can be merged with model forecast for uncertainty
reduction and model forecast amelioration.

This dissertation develops novel techniques and methodologies for uncertainty analysis.
We investigate different types of uncertainty in computational models, including the un-
certainty due to lack of knowledge about the true physics of the natural phenomenon,
uncertainty due to interaction of physical processes in model, uncertainty due to sampling
in ensemble based approaches, and uncertainty due to model order reduction, etc. We
explore different origins of uncertainty in models, probing uncertainty quantification and
reduction techniques in the context of several types of models, including stochastic sim-
ulation of chemical reactions, physical models, reduced-order models, data assimilation,
and numerical weather prediction models.

For each of the models, we obtain the discrepancy between the model prediction and
the real phenomenon observation. The discrepancy in time have valuable information
about the root of uncertainty and guide us to develop and apply different methodologies
such as data fitting approaches, regression machine learning algorithms, and state space

169
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models, in order to model the error, quantify the uncertainty, and finally improve the model
predictions using our uncertainty analysis information.

In stochastic simulation of chemical reactions we derive new numerical algorithms that
approximate the exact exponential solution of chemical master equation. These approxi-
mation techniques are further used following a statistical approach which reduce the un-
certainty of tau-leap method when using large time steps.

The structural uncertainty in physics-based computer models due to our incomplete knowl-
edge about the true physical processes is studied. This uncertainty manifests itself as miss-
ing dynamics in the model. The dynamics of these errors is modeled using a state-space
approach, which enables to identify the source of uncertainty and to recognize the miss-
ing dynamics inside model. Furthermore, the model solution is improved by taking into
account the error predicted by the state-space approach.

In the context of reduced-order models, we introduce multivariate input-output models
to predict the errors and bases dimensions of local parametric reduced-order models. We
refer to these mappings as multivariate predictions of local reduced-order model character-
istics (MP-LROM) models. We approximate these multivariate mappings using machine
learning regression techniques. Furthermore, we illustrate the application of MP-LROM
error models for more efficient design of reduce-order models. The application develops
an algorithm for local parametric domain decomposition of reduce-order models which is
used following interpolation and concatenation techniques to reduce the uncertainty and
raise the accuracy of the reduced-order models. In the future we seek to increase the ef-
ficiency of MP-LROM error models by declining the need for high-fidelity simulations
of the training data. Using error bounds, residual norms and a-posteriori error estimation
decreases the demand for high-fidelity simulations.

In data assimilation, we introduce adaptive localization for the EnKF family of methods.
The EnKF family suffers from sampling error when the sample size is not enough to rep-
resent well the true state of the system. We propose a machine learning based approach for
adaptive localization which reduces the uncertainty originating from sampling error. The
first one is the adaptive localization in time, where the localization radius changes at each
assimilation cycle. The second one is the adaptive localization in space and time where the
localization radius changes both at each time step as well as each system state. The future
research in this area focuses on study and resolving the existing challenges including: con-
straint optimization for doing the localization for each state independently without model
physics violation, choosing the better localization radii from the possible localization radii
and feature selection method for very big scale models.

In numerical weather prediction models, we study uncertainty quantification and reduc-
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tion in WRF model forecast due to interaction of physical processes that affect the accu-
racy of precipitation prediction. We tried to quantify and further reduce the uncertainty
of model prediction using past discrepancy data between model forecast and reality. A
machine learning approach uses the past discrepancy data to predict the future model er-
ror which then is used to enhance the original model forecast. Furthermore, we analyzed
what physical processes cause more error in model prediction that needs to be changed
or improved. The future research focuses on using the past observable discrepancy data
as time series and apply deep learning algorithms Recurrent Neural Networks (RNN) or
Long Short Term Memory (LSTM) networks in order to predict the future model error
more accurately.
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