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(ABSTRACT - Academic)

Noninvasive methods for monitoring wildlife species have revolutionized the way population
parameters, such as population density and survival and recruitment rates, are estimated
while accounting for imperfect detection using capture-recapture models. Reliable estimates
of these parameters are vital information required for making sound conservation decisions;
however to date, noninvasive sampling methods have been of limited use for a vast number of
species which are difficult to identify to the individual levela general requirement of capture-
recapture models. Capture-recapture models that utilize partial identity information have
only recently been introduced and have not been extended to most types of noninvasive
sampling scenarios in a manner that uses the spatial location where noninvasive samples
were collected to further inform complete identity (i.e. spatial partial identity models).
Herein, I extend the recently introduced spatial partial identity models to the noninvasive
methods of remote cameras for species that are difficult to identify from photographs and
DNA from hair or scat samples. The ability of these novel models to improve parameter
estimation and extend study design options are investigated and the methods are made
accessible to applied ecologists via statistical software.

This research has the potential to greatly improve wildlife conservation decisions by improv-
ing our knowledge of parameters related to population structure and dynamics that inform
those decisions. Unfortunately, many species of conservation concern (e.g., Florida panthers,
Andean bears) are managed without having the necessary information on population status
or trends, largely a result of the cost and difficulty of studying species in decline and because
of the difficulty of applying statistical models to sparse data, which can produce imprecise
and biased estimates of population parameters. By leveraging partial identity information
in noninvasive samples, the models I developed will improve these parameter estimates and
allow noninvasive methods to be used for more species, leading to more informed conserva-
tion decisions, and a more efficient allocation of conservation resources across species and
populations.



(ABSTRACT - Public)

Noninvasive methods for monitoring wildlife species have revolutionized the way population
parameters, such as population density and survival and recruitment rates, are estimated
while accounting for imperfect detection using capture-recapture models. Reliable estimates
of these parameters are vital information required for making sound conservation decisions;
however to date, noninvasive sampling methods have been of limited use for a vast number of
species which are difficult to identify to the individual levela general requirement of capture-
recapture models. Capture-recapture models that utilize partial identity information have
only recently been introduced and have not been extended to most types of noninvasive
sampling scenarios in a manner that uses the spatial location where noninvasive samples
were collected to further inform complete identity (i.e. spatial partial identity models).
Herein, I extend the recently introduced spatial partial identity models to the noninvasive
methods of remote cameras for species that are difficult to identify from photographs and
DNA from hair or scat samples. The ability of these novel models to improve parameter
estimation and extend study design options are investigated and the methods are made
accessible to applied ecologists via statistical software.

This research has the potential to greatly improve wildlife conservation decisions by improv-
ing our knowledge of parameters related to population structure and dynamics that inform
those decisions. Unfortunately, many species of conservation concern (e.g., Florida panthers,
Andean bears) are managed without having the necessary information on population status
or trends, largely a result of the cost and difficulty of studying species in decline and because
of the difficulty of applying statistical models to sparse data, which can produce imprecise
and biased estimates of population parameters. By leveraging partial identity information
in noninvasive samples, the models I developed will improve these parameter estimates and
allow noninvasive methods to be used for more species, leading to more informed conserva-
tion decisions, and a more efficient allocation of conservation resources across species and
populations.
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Chapter 1

Spatial Capture-recapture with
Partial Identity: An Application to
Camera Traps

1.1 Abstract

Camera trapping surveys frequently capture individuals whose identity is only known from
a single flank. The most widely used methods for incorporating these partial identity indi-
viduals into density analyses discard some of the partial identity capture histories, reducing
precision, and while not previously recognized, introducing bias. Here, we present the spatial
partial identity model (SPIM), which uses the spatial location where partial identity samples
are captured to probabilistically resolve their complete identities, allowing all partial identity
samples to be used in the analysis. We show that the SPIM out-performs other analytical
alternatives. We then apply the SPIM to an ocelot data set collected on a trapping array
with double-camera stations and a bobcat data set collected on a trapping array with single-
camera stations. The SPIM improves inference in both cases and in the ocelot example,
individual sex determined from photographs is used to further resolve partial identities, one
of which is resolved to near certainty. The SPIM opens the door for the investigation of
trapping designs that deviate from the standard 2 camera design, the combination of other
data types between which identities cannot be deterministically linked, and can be extended
to the problem of partial genotypes.

1
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1.2 Introduction

The goal of capture-recapture studies is to estimate population density, D, or abundance,
N , in the presence of imperfect detection. Often the inferential quantities of interest are D
or N themselves, but other quantities of interest can be estimated from N such as survival,
recruitment or state transition rates. Individuals are either naturally or manually marked
and subjected to repeated capture attempts in order to estimate their capture probability and
thus D or N . Generally, capture-recapture models for wildlife species regard the individual
identity of each capture event as known; however in practice, the identities of individuals
for some capture events can be ambiguous or erroneous. In live-capture studies, tags can be
lost. In camera trapping studies, researchers often obtain partial identity samples – left-only
and right-only photographs that cannot be deterministically linked. In genetic capture-
recapture studies, partial genotypes and allelic dropout can lead to partial identification
or misidentification, respectively. Statistical models have been developed to address the
problem of imperfect identification in live capture using double tagging (e.g. Wimmer et al.,
2013) and in camera trap and genetic capture-recapture studies by regarding the complete
identification of partial or potentially erroneous samples as latent and specifying models for
both the capture-recapture process and the imperfect observation process conditional on
the capture (e.g. McClintock et al., 2013; Bonner & Holmberg, 2013; Wright et al., 2009).
However, relatively little attention has been paid to one of the most important determinants
of sample identity–the spatial location where it was collected. The identity of unidentified
samples should more likely match the identity of other unidentified samples collected closer
together in space than those collected further apart and this information can be used to
model the observation process and aid in the determination of sample identity.

The information about identity contained in the spatial location of samples has been used in
three recent spatially-explicit capture-recapture (SCR) models where some or all individual
identities are latent. Chandler & Royle (2013) consider the situation where 100% of the
samples are of unknown identity and use the spatial location of samples in combination
with a latent SCR model as the basis for estimating density from such data (see Fewster
et al., 2016, for an alternative model for spatially correlated unidentified counts). Chandler
& Clark (2014) probabilistically associate occupancy observations, unidentified by design, to
individuals identified by a mark-recapture survey using their spatial location and a latent
SCR model. Finally, spatial mark-resight models (e.g. Sollmann et al., 2013a) use the spatial
locations of capture to resolve the latent identities of unmarked and sometimes marked but
unidentifiable individuals. In this case, mark status constitutes a partial identity, disallowing
matches between latent marked and unmarked samples. Here, we address the use of sample
location to probabilistically resolve partial identities in camera trapping studies (i.e. single
flank photographs) where complete identities are derived from photographs of both flanks.

Camera traps (remotely triggered infra-red cameras) have become an established method
for collecting capture-recapture data for a wide range of species, especially those that are
individually-identifiable from natural marks found on both flanks of the animal (termed
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“bilateral identification” by McClintock et al., 2013). Camera trapping studies typically
allow capture-recapture data to be collected over longer periods of time and across larger
areas than is feasible using live capture, leading to more captures of more individuals and thus
more precision for population parameter estimates such as density (Kelly et al., 2012). These
characteristics are especially advantageous when studying animals existing at low densities,
such as large carnivores. However, even when using camera traps, researchers have found it
difficult to achieve adequate precision for parameter estimates of low density populations,
so any innovations in statistical methodology that can improve statistical efficiency, such as
allowing unidentified or partial identity samples to be included in the analysis, are of broad
practical interest.

Because animal markings are usually bilaterally asymmetric, researchers need to simulta-
neously photograph both flanks of an individual at least once during a capture-recapture
study in order to obtain a complete identity (McClintock et al., 2013) and this is the rea-
son the majority of camera trap studies deploy two cameras at each trap station. Given
a single simultaneous both-side capture, all of the capture events for an individual can be
combined into a capture history–the record of whether or not it was captured at each trap
and occasion. For individuals that are never photographed on both flanks simultaneously,
left-only and right-only photographs cannot be deterministically assigned to a single indi-
vidual. These partial identity individuals can be linked across occasions using either their
left-only or right-only captures, but it is not known which, if any, of these left-only and
right-only partial identity capture histories were produced by the same individuals. Single-
sided photographs can occur in the standard double camera trap design if one camera is not
triggered or has malfunctioned, one photograph is blurry, or the animal is photographed at
an angle or position that only permits identification of a single flank. While less common in
capture-recapture studies, the use of single camera trap stations can frequently only produce
single-sided photographs, none of which can be deterministically linked without supplemen-
tal information, such as dual-flank photographs from a live capture event (e.g. Alonso et al.,
2015).

Including both left-only and right-only capture events in a single capture history may often
result in instances where the capture events for a single individual are erroneously split across
two individuals, one coming from the left-only captures and the other from the right-only
captures. Therefore, researchers have typically discarded some of the single-sided captures
from analysis (McClintock et al., 2013). If only single camera trap stations are used, left-
only and right-only capture histories can be constructed. If at least some double camera trap
stations are used, the left- and right-only captures can be linked to the complete identity
individuals that were captured on both sides simultaneously at least once during the survey.
In these scenarios, two capture histories are usually constructed – all capture events for
the complete identity individuals are supplemented by either the left-only capture events or
right-only capture events of the partial identity individuals. The most common approach is
to analyze a single side data set and the chosen side is usually the one with more captured
individuals or capture events (e.g. Kalle et al., 2011; Nair et al., 2012; Srivathsa et al., 2015;
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Wang & Macdonald, 2009).

This standard practice for creating capture histories introduces two forms of bias that to our
knowledge have not been identified in the literature. First, if the data set with more captured
individuals is always the one selected for analysis, positive bias is introduced because the
likelihood does not condition on this selection process. Second, linking all three capture types
for the complete identity individuals introduces individual heterogeneity in capture proba-
bility and thus negative bias because the observed captures disproportionately come from
the individuals with the highest capture probabilities (the complete identity individuals),
leading to an overestimate of capture probability which in turn leads to an underestimate
of abundance (Otis et al., 1978). To see how individual heterogeneity is introduced, we
introduce pB, pL and pR, the probabilities of being captured on both sides, left-side only,
and right-side only respectively. Then complete identity individuals will have a capture
probability of P (B ∪ L ∪R) which is necessarily larger than pL and pR.

A second approach to constructing capture histories that avoids the introduction of individ-
ual heterogeneity is to ignore the fact that the left and right side photos from a simultaneous
capture belong to the same individual, average the density estimates from both single side
analyses, and derive a joint standard error assuming independence. This method is proposed
by Wilson et al. (1999); however, Bonner & Holmberg (2013) point out that assuming in-
dependence between the dependent data sets will lead to the underestimation of standard
errors and below nominal confidence interval coverage. Methods that appropriately model
the dependence between the data sets by accounting for the imperfect identification process
are thus required to produce unbiased estimates with appropriate measures of uncertainty.

Two recent papers (McClintock et al., 2013; Bonner & Holmberg, 2013) have extended the
Latent Multinomial Model (LMM) of Link et al. (2010), originally applied to genetic capture-
recapture with misidentification, to allow the complete and partial identity samples to be
modeled together while accounting for the uncertainty in identity of the partial identity
samples. Both papers show that the uncertainty stemming from the imperfect observation
process is more than offset by the gain in precision from using all the capture events, leading
to a net increase in precision of abundance (McClintock et al., 2013) and survival (Bonner
& Holmberg, 2013) estimates, at least for the scenarios considered for simulation. While the
MCMC-based LMM accounts for the uncertainty in identity by sampling from latent true
capture histories that are consistent with the observed capture histories, this approach does
not use the information about where samples were collected.

Using the spatial information associated with samples can reduce the model-based probabil-
ity that samples collected far apart in space relative to the movement characteristics of the
species under consideration are from the same individual. For example, consider 3 samples,
A, B, and C, of unknown identity of a mesocarnivore with a typical home-range area of 4
km2. If samples A and B are 6 km distant, but samples A and C are only 1 km distant,
then it is more likely that samples A and C came from the same individual than samples A
and B. SCR models are a natural framework for dealing with uncertain identity in capture-
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recapture models because they involve an explicit description of how the spatial organization
of individuals interacts with the spatial organization of traps. Therefore, we propose a spa-
tial partial identity model (SPIM) that uses the spatial information associated with each
photograph in camera trap studies to jointly model simultaneous, left-only, and right-only
photographs while accounting for the uncertain identity of partial identity samples within
the SCR framework. We apply this model to two data sets – one from a double camera
station study of ocelots in Belize and one from a single camera station study of bobcats in
southern California.

1.3 Methods

1.3.1 Methods – Model Description

Our model is a typical hierarchical SCR model, except that the complete identities of some
capture events are latent and the capture probabilities depend on the capture type and
number of cameras at a trap. For the process model, we assume that individual activity
centers si, i = 1, . . . , N , are distributed uniformly across a continuous, two-dimensional state
space S according to si ∼ Uniform(S) (but see Borchers & Efford, 2008; Reich & Gardner,
2014; Royle et al., 2016, for alternative specifications). This state space is a rectangular or
polygonal user-defined region inhabited by the population of interest and should be large
enough that any individuals living beyond the limits of the state space have a negligible
probability of being captured on the trapping array.

For the observation model, we assume that conditional on the N×2 matrix of activity center
locations, S, detection probabilities of each animal at each trap depend on the distance
between activity centers and traps and the capture type. First, let X be a J × 2 matrix
for the spatial coordinates of the J traps, with the jth trap being xj, and let v be a vector
of length J containing the number of cameras deployed at each trap (either 1 or 2). We
define events m ∈ {B,L,R} to correspond to both-side simultaneous capture, left-only
capture, and right-only capture, respectively. Then, the binomial capture process for the
mth capture type is Y

(m)
ijk ∼ Binomial(1, p

(m)
ijk ) with p

(m)
ijk being the capture probability of

individual i at trap j on occasion k (e.g., day of a camera trapping study) for event type
m. This process produces the partially latent complete capture history, a set of binomial
frequencies, Yijk = (Y

(B)
ijk , Y

(L)
ijk , Y

(R)
ijk ), all of dimension N × J × K with K being the total

number of occasions and N unknown. Finally, the observed capture history is the set of
binomial frequencies yijk = (y

(B)
ijk , y

(L)
ijk , y

(R)
ijk ), almost certainly not in the same order along the

i dimension as the complete capture history for the L and R capture types. The dimensions
of these three binomial frequencies are nB×J×K, nL×J×K, and nR×J×K, respectively,
with nm being the number of individuals for which at least one m event was observed.

Because double cameras are typically positioned to fire together in order to get a both-
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side capture, it is unlikely that each camera operates independently. Rather than model
the capture probabilities of each of the two cameras separately with some correlation be-
tween cameras, we specify different detection functions for both-side captures and single-side
captures, assuming independence between the both, left, and right-side capture processes,
although an alternative would be to model a latent capture process and a multinomial obser-
vation process with events B, L, and R (e.g. McClintock et al., 2013; Bonner & Holmberg,
2013, see Discussion for potential advantages of the chosen specification). We write the
Gaussian hazard detection function for capture type m as

p(m)(s,x) = 1− exp(−h(m)(s,x)) (1.1)

where s and x are generic activity center and trap locations, respectively, and

h(m)(s,x) = λ
(m)
0 exp

(
−||s− x||

2

2σ2

)
(1.2)

with λ
(m)
0 being the expected number of detections for capture type m for an activity center

located at the same location as a trap and σ being the spatial scale parameter that determines
how quickly capture probability declines with distance between an activity center and a trap.
Because we do not expect any systematic difference in the probability of detecting one flank
over the other, we will set λ

(S)
0 := λ

(R)
0 = λ

(L)
0 where S indicates a single side capture. For

single camera stations, we have the single-side detection function p(1S)(s,x) for both L and
R captures. At double camera stations, the single side capture probability is

p(2S)(s,x) = 1− (1− p(1S)(s,x))2 (1.3)

because there are now two ways to photograph a single side (camera 1 or 2). Note that
p(.)(s,x) here corresponds to equation 2.1 for a single side capture. B captures can only

occur at double camera stations and so we introduce λ
(B)
0 as the expected number of both-

side observations for an activity center located at the same location as a trap. Finally, the
single and both-side capture probabilities at each trap depends on the number of cameras
deployed following p(S)(s,x) = p(1S)(s,x)I(vj=1)+p

(2S)(s,x)I(vj=2) and p(B)(s,x) = 0I(vj=1)+

p(B)(s,x)I(vj=2).

1.3.2 Methods – Unknown N and Latent Complete Identities

We use data augmentation to both estimate the unknown N and resolve the unknown com-
plete identities of the partial identity observations (see Royle et al., 2007; Royle, 2009, for
a complete description of data augmentation in capture-recapture models). Both true and
observed capture histories are augmented up to dimension M×J×K by appending M−nB,
M−nL and M−nR all zero histories to each observed capture history, respectively. A vector
of M partially latent indicator variables z is introduced to indicate which individuals are
in the population with zi ∼ Bernoulli(ψ), inducing the relationship N ∼ Binomial(M,ψ).
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Therefore, population abundance, N is a derived quantity obtained at each MCMC iteration
by N curr =

∑M
i zcurri and so is population density, Dcurr = Ncurr

A
where A is the area of the

state space.

Data augmentation also provides us with a set of latent individuals to which we can assign the
partial identity samples, allowing for the possibility that not all observed left-only histories
match an observed right-only history and vice versa. If we knew the complete identities of
all captured individuals, we could construct the true capture history Y from the observed
capture history y by reordering the rows of y(L) and y(R). Thus, the key idea behind the
SPIM is that we can sample the latent true capture histories by simply reordering the i
indices of y(L) and y(R) accordingly. To do this, we define Y (B) and y(B) to be in the correct
order of identity, corresponding to the order of s and z, and introduce identity vectors to
aid in updating the latent i indices of the true capture history. We specify the known
identity vector ID(B) = (ID

(B)
1 , ID

(B)
2 , . . . , ID

(B)
M ) = 1, . . . ,M . Then, we introduce partially-

latent identity vectors ID(L) = (ID
(L)
1 , ID

(L)
2 , . . . , ID

(L)
M ) and ID(R) = (ID

(R)
1 , ID

(R)
2 , . . . , ID

(R)
M )

indicating which ID
(B)
i each ID

(L)
i and ID

(R)
i correspond to. For example, if the values of

ID
(L)
22 and ID

(R)
32 are 28, the left and right capture histories for the 28th individual in Y (B) and

y(B) are stored in the 22nd and 32nd i indices of y(L) and y(R), respectively. On each MCMC
iteration, we construct latent true capture histories Y from the latent identities in ID(L) and
ID(R) after swapping some of the identities and associated partial identity samples between
activity centers (described in detail below). This process produces posterior distributions for
the SCR parameters that account for the uncertainty in identification of the partial identity
samples as well as posteriors for the true identity of the left and right partial identity samples.
Note, updating ID(L) and ID(R) is equivalent to reordering the rows of the y(L) and y(R), so
they are in fact derived quantities, not parameters of the model.

To prevent samples from the complete identity individuals from being swapped, we define
c to be an n × 1 indicator vector with entries 1 if the complete identity of individual i is
known, whether from a B event at some point during the study or from auxiliary data, and
0 otherwise. In all cases of ci = 1, individual identities are complete and Y (m) = y(m) for
m ∈ {B,L,R}. Conversely, the i indices of y(L) and y(R) with ci = 0 are partial identity
samples and Y (L) and Y (R) are latent. For convenience, we jointly sort Y and y such that the
1, . . . , nComplete ci = 1 individuals are the first individuals to occur in the true and observed

capture histories, ID
(B)
i = ID

(L)
i = ID

(R)
i for the first i = 1, . . . , nComplete individuals, and we

only need to resolve the latent identities of the i = nComplete+1, . . . ,M i indices of the y(L)

and y(R) observed data sets.

1.3.3 Methods – Trap Operation File

It is common for cameras to malfunction in camera trap studies. In typical SCR where
there is only one capture type, this can be accommodated by modifying the capture process
using L (dimension 1 x J), the row vector containing the number of occasions each trap was
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operational, if working with the 2-D data matrix (individual × trap summed over occasions).
If working with the 3-D data array (individual × trap × occasion), L, the complete trap
operation history matrix is then a matrix whose jkth element is 1 if trap j was operational
on occasion k and 0 otherwise. Then, yij ∼ Binomial(Lj, pij), or yijk ∼ Binomial(1, pijk ×
Ljk). Traditionally, the trap operation file does not distinguish between having one or
two cameras operational, despite the capture probability likely being higher when both
traps are functional. In the SPIM, both side captures can only occur when two cameras
are operational and the probability of a single side capture depends on whether one or
two cameras are operational; therefore, the 3-D data array needs to be used to properly
account for camera operation if there are at least some two camera stations and we extend
v, a vector containing the number of cameras deployed at each station, to V , a J × K
matrix containing the number of cameras operational at trap j on occasion k (0, 1, or 2).
Specifically, the single and both-side trap by occasion level detection probabilities for each
individual are then p

(S)
ijk (si,xj) = p

(1S)
ijk (si,xj)I(Vjk=1) + p

(2S)
ijk (si,xj)I(Vjk=2) and p

(B)
ijk (si,xj) =

0
I(Vjk=1)+p

(B)
ijk (si,xj)I(Vjk=2)

, respectively.

1.3.4 MCMC Algorithm

We will describe the novel aspects of the MCMC algorithm here – see Appendix A for the
complete description. The following are our uninformative prior distributions.

1. π(λ
(m)
0 ) ∼ Uniform(0,∞), m ∈ {B, S}

2. π(σ) ∼ Uniform(0,∞).

3. π(ψ) ∼ Uniform(0, 1)

4. π(si) ∼ Uniform(S)

The joint posterior is then:

[z,S, ψ, λ
(B)
0 , λ

(S)
0 , σ,Y|y,X] ∝{

M∏
i=1

{
J∏
j=1

K∏
k=1

[yijk|Yijk][Yijk|λ(B)
0 λ

(S)
0 , σ, si,xj]

}
[si][zi|ψ]

}
[ψ][λ

(S)
0 ][λ

(B)
0 ][σ]

and we sample from this distribution using MCMC. The full conditional for Y
(m)
i is:

[Y
(m)
i |y(m)

i , λ
(S)
0 , σ, zi, si] ∝ [y

(m)
i |λ

(S)
0 , σ, zi, si],where

[y
(m)
i |λ

(S)
0 , σ, zi, si] =

J∏
j=1

K∏
k=1

Binomial(Y
(m)
ijk , zip

(S)
ijk )
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for m ∈ {L,R}. While not part of the joint posterior, the ID vectors can be used to update
Y and conditional on ID(L) and ID(R), we can construct a latent true capture history Y so
our MCMC algorithm follows the standard SCR MCMC algorithm as described by Royle
et al. (2013) with the additional step of updating ID(L) and ID(R) to produce a new latent
true capture history Y on each MCMC iteration. On each MCMC iteration, we update
both ID(L) and ID(R) by swapping nswap values of ID(B) stored in ID(L) and ID(R). We
first update ID(L). We need to identify the correctly ordered indices ID(B) at which to swap
the value of ID(L), mapping ID(L) to ID(B). We then identify the candidate set of ID(B)

individuals that do not correspond to complete identities (ci = 0) and who are currently in
the population (zi = 1). Next, we choose a focal candidate v to swap the value of ID(L)

v

with equal probability across the candidate set. Because proposals that combine candidates
whose activity centers are far apart will almost always be rejected, we apply a distance-based
criterion to rule out improbable combinations, thus raising acceptance rates. To do this, we
calculate the Euclidean distance between the current activity center of the focal candidate
v and the activity centers of all other individuals in the candidate set. We then identify the
set of possible candidate individuals to exchange values of ID

(L)
i with the focal candidate by

identifying which candidate individual activity centers are within a distance threshold, dmax,
of the focal individual’s activity center. From this reduced candidate set of size nforward, we

randomly select individual w with equal probability Pr(swap to ID
(L)
v |ID(L)

w )= 1
nforward

across

the remaining candidates and the focal and selected candidate exchange values of ID
(L)
i .

Because this proposal process is not symmetric, we repeat it in reverse to obtain nreverse,
with the probability of choosing this candidate being Pr(swap to ID

(L)
w |ID(L)

v )= 1
nreverse

. We

recompute the proposed true capture history Y
(L)prop
i for i ∈ {v, w} and accept the proposal

with probability

min

(
1,
f(Y

(L)prop
i )

f(Y
(L)curr
i )

1
nreverse

1
nforward

)
. (1.4)

where f(Y
(L)
i ) is the SCR observation model likelihood. This process is then repeated to

update ID(R) and thus, Y (R) . The value of dmax should be large enough so that it does not
underestimate the variance of N , which can be determined by trial and error, but anecdotally,
we found that dmax ≈ 1.5− 2σ was sufficient to estimate the variance of N appropriately.

1.3.5 Methods – ”Pragmatic” Estimators

We will consider the most common estimator used in practice based on choosing the single
side data set with the most captured individuals and combining it with the both side data
set, if available, and analyzing the resulting data set with a traditional null SCR model
(fixed λ0 and σ). Because choosing the best single side introduces a positive bias, the second
estimator will choose a random side to be combined with the both side data set, if available.
We will refer to these estimators as the “best-side” and “random-side” estimators on single
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camera trapping arrays and “both-plus-best-side” and “both-plus-random-side” estimators
on double camera and hybrid trapping arrays.

1.4 Application 1: Dual Camera Station Trapping Ar-

ray Targeting Ocelots

This data set comes from a long-term, multi-site felid study in Belize conducted from 2008
to the present for which an analysis has not yet been published. The study targeted jaguars,
pumas, and ocelots, but due to their smaller size and more nocturnal activity patterns,
the probability of simultaneously photographing ocelots on both flanks was relatively low,
leading to several ambiguous single-sided capture histories within any given year. Because
this is a multi-year study, the complete identities of some individuals within any given year
are known from other years, but we will use a single data set in isolation to model the more
typical single year survey. This specific data set was collected in the Rio Bravo Conservation
Management Area, Belize, in 2014. The trapping array (Figure 1.1a) consisted of 26 dual
camera stations with a mean spacing of 1.96 km and the survey lasted 98 days (July 20 -
October 25), resulting in 1796 occasions with 2 cameras operational and 425 occasions with
a single trap operational due to malfunction.

Sex could be determined from the photographs for all individuals except for one individual
that was captured a single time. Eight individuals (5 male, 3 female) were captured on both
flanks simultaneously at least once during the experiment producing complete identities and
another (male) was captured on both flanks at a single camera station in short succession
such that it was improbable that both sides did not belong to the same individual. This
individual’s identity was considered complete and the capture was recorded as a left-side
capture, chosen randomly. This was done because a single camera was operational during
this event and our model does not allow a both-side capture to occur when a single camera
is operational and recording the event as both a left and right capture would violate the
independence assumption between the capture processes. There were nine partial identity
left-side capture histories (1 male, 7 female, and 1 unknown) and 12 partial identity right-
side capture histories (5 male and 7 female). From other years, it is known that 5 of the
partial identity left capture histories belong to individuals recorded in the right capture
histories, which can be compared to the SPIM identity posteriors. Overall, there were 10
both-side captures, 30 left-side captures, and 48 right-side captures. The spatial distribution
of captures for partial identity individuals can be seen in Figure 1.1a.

We analyzed the complete data set, the male-only data set, and the female-only data set.
Knowing the sex of almost all individuals provides us the opportunity to exclude matching
partial identity samples of different sexes; however, this information is not observable from
camera trap photographs for many species. To model this more common situation, we first
analyzed the full data set without using the sex covariate. Then, we used the sex covariate
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to exclude matches between sexes to model either the situation where sex is known from
photographs or that of a species living at a lower density than this population of ocelots. Our
model could be modified to allow matches based on categorical covariates such as sex while
sharing the same density and detection function parameters; however for convenience, and
because male and female ocelots likely do not share the same σ or D (M. Kelly, unpublished
data), we analyzed the male and female-only data sets separately. This is conceptually
equivalent to formally including a sex covariate in the SPIM and allowing all parameters to
vary by sex. For all three data sets, we fit the SPIM to the full data set and traditional
SCR models to data sets that augmented all captures for the complete identity individuals
(both, left, and right) by either the left or the right partial identity capture histories. For
all models, we ran one chain for 35K iterations, discarding the first 5K, and in the SPIMs,
we set dmax to 3 km (large enough to not underestimate the variance of N̂) and nswap to
10. Based on the simulations of double camera trap station surveys, we expected the SPIM
estimates to be slightly less precise, but slightly larger due to the individual heterogeneity
introduced by the traditional manner of combining the three data sets.

The results in Table 1.1 largely matched our expectations. The density estimates of the SPIM
were higher than the mean of the two SCR0 estimates by 21, 32, and 31% for the total, male,
and female data sets, respectively. The right side data set was the “best-side” data set and it
produced an estimate closer to the SPIM, which matches the simulation results. 95% HPD
intervals were slightly narrower using traditional SCR in 4 of the 6 possible comparisons
and slightly narrower using the SPIM in the remaining 2. σ estimates for males were higher
than for females and did not vary widely among the three methods of analysis. Adding
the posteriors for N from the male and female only models produced an estimate of 40 (29
- 58), which was one unit narrower than the SPIM not including sex information, despite
including three extra parameters and excluding the individual of unknown sex. Overall, the
SPIM provides more optimistic density estimates, that according to the simulations, should
be closer to the truth with credible intervals that can provide nominal frequentist coverage
or offer more accurate Bayesian interpretations, and removes the need to interpret two sets
of estimates. For the complete data set, the SPIM took 146 minutes to run on a laptop with
a 2.7 GHz Intel I7 processor.

The posterior distributions of sample identity for the partial identity samples provide inter-
esting anecdotes about how both spatial location and a categorical covariate can individually,
and in combination, inform sample identity. In the model not using information about indi-
vidual sex, the 5 partial identity individuals in the left and right data sets that were known
to be the same individuals from other surveys were assigned higher posterior probabilities
of being the same individual than any other partial identity individuals (data not shown).
Using location alone, these probabilities ranged from 0.23 - 0.74 and when adding the infor-
mation about sex, they increased to 0.59 - 0.99 (Table 1.2). The tenth left and right partial
identity histories, L10 and R10, had a high probability of (correctly) being the same individ-
ual with or without using the sex information (0.74 and 0.99, respectively). In Figure 1.1b,
it can be seen that L10 was captured in 4 locations and R10 in 3 locations with roughly
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the same mean capture location. Incorrectly matching R10 with L12 pulls the combined
mean capture location to the east, and incorrectly matching R10 with L13 pulls it to the
south. Incorrectly matching L10 with R13 pulls the combined mean capture location to
south and slightly to the east and matching L10 with R20 pulls it to the east and slightly
to the north. These observations are reflected in the posterior distribution for the activity
center of these two partial identity samples decomposed into the MCMC iterations when
they were correctly matched and when they were not. When including sex information, we
know that R10 (male) cannot match either L12 or L13 (females) and L10 cannot match R13
or R20 (females). This only leaves augmented individuals for L10 and R10 to incorrectly
match and two augmented individuals, uncaptured by definition, with activity centers in
the middle of the trapping array are very improbable. Therefore, the model assigns a 0.99
probability that L10 and R10 are the same individual when sex is considered. Conversely,
L11 and R12 with no nearby same sex matches have a lower posterior probability of being
the same individual (0.60) because they can plausibly be assigned to augmented individuals
living off of the trapping array that were never right or left-captured, respectively.

1.5 Application 2: Single Camera Station Trapping

Array Targeting Bobcats

This data set comes from a study of bobcats in southern California that has been analyzed
using both non-spatial partial identity models (PIM, McClintock et al., 2013; McClintock,
2015) and hybrid mark-resight models (Alonso et al., 2015) that combine mark-resight and
capture-recapture for the unmarked, but individually-identifiable individuals. The trapping
array consisted of 30 single camera stations with a mean spacing of 1.63 km operated over
187 days, producing 4669 occasions and 109 left-only or right-only capture events of 23 left-
side and 23 right-side individuals. Twenty-seven bobcats were GPS-collared, marked, and
photographed on both sides at capture so their left- and right-side capture histories could
be linked and 15 of these individuals were later photographed at camera traps. See Alonso
et al. (2015) for a full description of the survey.

Following McClintock et al. (2013) and Alonso et al. (2015), we analyzed the data set in two
ways. First, we analyzed the data set using the 15 complete identities obtained from the live
captures to compare performance to the PIMs in McClintock (2015) and the hybrid mark-
resight estimators in Alonso et al. (2015). While the hybrid mark-resight estimator makes
use of the number of marked individuals in the population that were not recaptured, we did
not constrain our MCMC sampler with this information so that a better comparison could
be made to the PIM analyses that did not use this information and because the posterior
density of N for the SPIMs placed negligible weight below the known number of individuals
in the population during the survey (41). For the second analysis, we discarded the complete
identities to model a single camera capture-recapture survey that did not have a live capture
component. Because Alonso et al. (2015) found strong support for individual heterogeneity in
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capture probability in the mark-resight models and both Alonso et al. (2015) and McClintock
(2015) found moderate support for individual heterogeneity in capture probability in capture-
recapture models, we compare the SPIM to the PIM and mark-resight models with individual
heterogeneity in capture probability. For each SPIM and SCR analysis, we ran one chain for
35K iterations, discarding the first 5K. For the SPIM models, we set nswap=10 and dmax to 2
km. The SPIM models with and without the 15 complete identities took 57 and 53 minutes
to run on a laptop with a 2.7 GHz Intel I7 processor, respectively.

Among the models using the 15 complete identity individuals, the most precise estimate
was the hybrid mark-resight model using the right-side data set for the capture-recapture
of unmarked individuals; however, the SPIM was more precise than the average of the left
and right side analyses and removes the task of interpreting two estimates (Table 1.3). The
conservative approach would be to interpret the least precise single side analysis, in which
case the SPIM was 14% more precise than both the single-side hybrid mark-resight and SCR
analyses. The SPIM was 66% more precise than the PIM with individual heterogeneity,
which was considerably less precise than the classical capture-recapture single-side analyses
with individual heterogeneity in capture probability discarding the 15 complete identities.
When the 15 complete identities are discarded, the precision of the SPIM is only slightly
reduced and is still 6% more precise than the least precise single-side hybrid mark-resight
estimate and is 30% more precise than the least precise SCR estimate. The former suggests
that there is a similar amount of information about density in the spatial location of captures
on this single camera array as there is in knowing the marked status of 15 individuals and
that the SPIM can remove the need for the live capture component of a study if the only
goal is to mark individuals for mark-resight density estimation. While the SPIM appears to
perform the most favorably on this data set compared to alternatives considered, we note
that a definitive comparison would require a simulation study where the true parameter
values are known and more than one survey can be conducted.

1.6 Discussion

Our study has shown that the spatial locations where samples were collected provides infor-
mation about individual identity and using this information in partial identity models can
improve inference in camera trap studies. Further, the formal treatment of the number of
cameras at trap stations allows for camera number and the spatial distribution of station
types (1 or 2 cameras) to be considered when designing surveys. Simulations in Appendix B
demonstrate that the SPIM estimator performs better than the best-side and random-side
estimators, at least in the sparse data scenarios considered here. In general, the SPIM offers
better performance gains in smaller populations, when there are fewer complete identity
individuals, and when the percentage of individuals that have partial identities is higher.
The performance gains in the hybrid designs was better than the all double designs because
the hybrid designs produced fewer complete identities and a higher percentage of partial
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identities. In fact, the precision of the hybrid designs was not substantially lower than the
all double designs, despite using only 1

4
the number of double camera stations. This result

suggest that hybrid designs could potentially be the best use of a fixed number of cameras
– designs that to our knowledge are not currently being used. Another determinant of the
ratio of partial to complete identity individuals is the ratio of p

(S)
0 to p

(B)
0 . For example, the

trapping array in the ocelot example also targeted jaguars which when photographed, are
significantly more likely than ocelots to produce a complete identity because of their larger
size, slower traveling speed, and less nocturnal activity patterns (M. Kelly unpublished data),
perhaps reducing potential performance gains by using the SPIM.

The SPIM likely performs better on more regular, closely-spaced (relative to sigma) trapping
arrays as investigated in the simulations. Partial identity samples on the interior of a regular,
closely-spaced trapping array are more likely to be correctly matched than those on the edge
of the trapping array or on a trapping array that is spaced more widely because it is less likely
that an animal will only have a single side captured when it is surrounded by traps than if it
is not. This can be seen in the ocelot example where the probability the right and left sample
number 10 are the same individual is very high. In the model not including sex, each sample
is never assigned to an augmented individual (an animal with the other side not captured)
and when sex information is included, all other nearby partial identity samples are ruled out
and the probability the samples match is estimated to be 0.99. This high certainty relies on
the samples being on the interior of the trapping array in an area where the trapping array
is roughly regular, because if these two samples do not match, there must be two augmented
individuals living on the interior of the trapping array for each to match with and this is
improbable. Conversely, left ID 11 is assigned to right ID 12 with probability 0.28 without
sex information and 0.59 with sex information. This reduced certainty is mostly due to
the partial identity samples being collected on the periphery of the array where augmented
individual activity centers are much more likely to exist to be matched with. By the same
argument, the SPIM should perform better on larger arrays where the ratio of interior to
exterior array area is larger, given the same number of individuals are on the array. In our
simulations, the best precision and MSE gains between the 6 x 6 and 8 x 8 arrays depended
on the scenario, but we fixed D and so N varied by array size. Confirming this result requires
further simulation.

As seen in the ocelot example, if an individual covariate aside from spatial location is avail-
able, the probabilities of correctly assigning the left ID to the correct right ID and vice
versa can be considerably increased. We suspect this should in general increase precision for
abundance and density by reducing the pool of potential matches for each partial identity
sample. Indeed, in the ocelot example, when we added the male- and female-only posteriors
for N, we slightly increased precision despite having modeled 3 additional parameters over
the combined model and excluded the individual whose sex was not known. Reducing the
set of potential matches should reduce the span of values of p0, σ, and number of captured
individuals that are consistent with the data, increasing precision of abundance and density.
We suspect the relative value of spatial location and other covariates depends on the degree
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they deterministically or probabilistically rule out potential matches. In general, knowing
sex will rule out approximately half of the potential matches, while knowing spatial location
on a large trapping array relative to σ should rule out a much higher percentage of matches.
In the ocelot example, we took an ad hoc approach to using the sex information, but sex
or other categorical covariates could formally be modeled either by ruling out inconsistent
matches only between observed partial identity individuals, or by also modelling the cate-
gory proportions (e.g. sex ratio) and updating the latent category values of the augmented
individuals on each MCMC iteration.

A comparison of the SPIM to the non-spatial partial identity model of McClintock (2015)
can be found in Supplement B. While the PIM estimator reliably decreased MSE, removed
small sample bias, and increased precision in some scenarios, it reduced precision in the more
data sparse scenarios we considered and offered only small precision gains in the presence of
individual heterogeneity in capture probability. In general, we think individual heterogeneity
in capture probability is difficult for the PIM to accommodate. Because the multinomial
observation process (left, right, or both-side capture) is defined conditional upon capture, the
likelihood that two partial identity capture histories are the same depends on how consistent
their combined number of captures across capture types are with p and N . If all individuals
can have their own p, the number of times the composite individual was captured becomes
much less informative about identity.

Because the left, right, and both-side capture processes in the SPIM are independent, the
likelihood component for partial identity, single-sided capture histories does not depend on
the combined number of capture events. Rather, the likelihood that two partial identity
capture histories are the same depends on how consistent the combined spatial distribution
of captures are with p0 and σ. Therefore, there should be less information about individual
identity when there is individual heterogeneity in σ, and perhaps to a lesser extent, p0. Gen-
eralizations of the 2-flank SPIM to scenarios where partial identities cannot be categorized
into types will require a model similar to the PIM estimator where the combined number of
captures is informative about identity and hard to distinguish from individual heterogeneity.
This problem arises in other SCR models with latent individual identities, such as spatial
mark-resight (e.g. Sollmann et al., 2013a), unmarked SCR (Chandler & Royle, 2013), and the
integrated mark-recapture-occupancy model of Chandler & Clark (2014) so the sensitivity
of these models to individual heterogeneity in p0 and σ should be investigated.

One concern of using the SPIM over traditional SCR or the PIM is computational efficiency.
We feel the computation demands of the SPIM are reasonable, at least for the low density
scenarios where precision gains are the most needed. An R package to fit the SPIM is
available at github.com/benaug/SPIM which includes code to fit the models in either R or
Rcpp and RcppArmadillo (Eddelbuettel & François, 2011; Eddelbuettel & Sanderson, 2014),
which is considerably faster. If a trap operation file is used and the 3-D data array must
be used, the R analysis is much slower, but only slightly slower in Rcpp. In simulations
with random trap failure (data not shown), ignoring trap failure reduced the estimates of λS0
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and λ
(B)
0 , but did not introduce bias or reduced coverage into N estimates, suggesting the

use of the 3-D data array is not necessary, at least when trap failure is at random, but this
warrants further investigation. To provide some benchmarks, we replicated scenario S9.6
on a laptop with a 2.7 GHz intel I7 processor, raising N to 100 with M=150. To run 35K
MCMC iterations, it took 106.7 minutes in R and 10.3 minutes in Rcpp (∼10x faster) with
no trap file and the 2-D data matrix. Using the 2-D trap file and 3-D data array, it took 575.9
minutes in R and 12.6 minutes in Rcpp (∼45x faster). Computation time can further be
reduced using the semi-complete likelihood approach of King et al. (2016) which is currently
being developed for the multimark package (McClintock pers. comm.) The longer reported
run times for the bobcat and ocelot data sets are due to the use of polygonal, rather than
rectangular state spaces, and reflect the computational demand of ensuring that activity
center proposals falling outside of the continuous, many-sided state space are not accepted.
In these cases, switching to discrete state spaces might be more computationally efficient.

As previously recognized by Wright et al. (2009), another application where the spatial
location of partial or potentially corrupted identity samples would be useful is in capture
recapture studies using microsatellite markers. Wright et al. (2009) developed a non-spatial
model that accommodated both partial genotypes and allelic dropout. In genetic capture-
recapture studies, the spatial location where samples were collected is almost always recorded
and could be used to resolve partial and potentially corrupted identities. The potential for
improved inference is perhaps greatest for studies using genotypes from sources with low
complete amplification rates due to small amounts of DNA or higher levels of degradation
such as scat samples in tropical environments (e.g. Wultsch et al., 2014); however, if these
low quality samples are more likely to be erroneous, the misidentification process should be
modeled. Unlike the camera trap observation model, the partial identity genetic samples
have traditionally been completely discarded, suggesting that performance gains could be
larger than seen here.

One last potential DNA-based application is that researchers may choose to genotype fewer
loci than necessary to determine a sample is unique in the population and model the resulting
uncertainty in identity using the SPIM. This could either save project resources or allow
more samples to be amplified for the same amount of resources. Since the information about
identity in each loci comes with diminishing returns per additional loci, it is not clear that the
better use of resources is to genotype fewer samples to a high level of certainty rather than to
genotype many samples to a lower degree of information about identity. Finally, the SPIM
could also be extended to combine any capture-recapture data types where identity cannot
be resolved between methods. For example, Sollmann et al. (2013b) combined capture-
recapture data from camera traps and scat samples by sharing σ between data sets. Using
the SPIM, the latent structure (e.g. activity centers and z) could also be probabilistically
shared. In these cases, we expect improvements in precision over the separate analyses
similar to the all single camera trap designs, because they are both two sampling methods
where identity cannot be deterministically resolved between data sets for any individuals.
Given these alternative applications of the SPIM, we suggest the model presented in this
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paper should be referred to as the 2-flank SPIM.

1.7 Tables and Figures

Table 1.1: Parameter estimates for the ocelot data set using either the Spatial partial identity
model (SPIM) or the standard spatial capture-recapture model (SCR0) on either the both
plus right side data set or both plus left data set. Density is in units of individuals per 100
km2.

Sex Model pS0 p
(B)
0 p0 σ N (95% CI) D (95% CI) CI width

Both SPIM 0.005 0.003 2.00 42 (29− 59) 7.33 (5.09− 10.36) 5.27
SCR0-B+R 0.015 2.05 39 (27− 56) 6.87 (4.74− 9.83) 5.09
SCR0-B+L 0.015 2.25 30 (20− 44) 5.27 (3.51− 7.73) 4.21

Male SPIM 0.005 0.004 2.40 14 (11− 23) 2.63 (1.93− 4.04) 2.11
SCR0-B+R 0.015 2.45 15 (11− 26) 2.72 (1.93− 4.57) 2.63
SCR0-B+L 0.022 2.39 8 (7− 16) 1.41 (1.23− 2.81) 1.58

Female SPIM 0.005 0.002 1.21 24 (14− 40) 6.18 (3.56− 10.18) 6.61
SCR0-B+R 0.016 1.24 19 (12− 35) 4.89 (3.05− 8.90) 5.85
SCR0-B+L 0.007 1.71 18 (10− 38) 4.57 (2.54− 9.67) 7.12

Table 1.2: Posterior probabilities that left and right ocelot samples are from the same in-
dividual for individuals that were determined to be the same from data collected in other
years.

L ID R ID
Pr(L ID = R ID)

Sex Unknown Sex Known

10 10 0.74 0.99
11 12 0.28 0.59
12 13 0.42 0.72
14 14 0.23 0.63
15 15 0.38 0.70
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Table 1.3: Population size estimates for the bobcat data set from the spatial partial identity
model (SPIM), single side SCR analyses (SCR0), non-spatial partial identity models with
individual heterogeneity (PIMh McClintock, 2015), hybrid mark-resight models with indi-
vidual heterogeneity (HMRh Alonso et al., 2015), and classical mark-recapture models with
individual heterogeneity (Mh) (Alonso et al., 2015). The SPIM and single side SCR analyses
are repeated both with (Complete IDs=15) and without (Complete IDs=0) the information
from live-captured individuals.

Complete IDs Model N (95% CI) CI width

15 SPIM 57 (45− 74) 29
SCR0-B+L 57 (41− 75) 34
SCR0-B+R 50 (38− 68) 30
PIMh 52 (29− 114) 85

HMRh-B+L 60 (45− 79) 34
HMRh-B+R 55 (43− 70) 27

0 SPIM 52 (38− 70) 32
SCR0-L 52 (34− 80) 46
SCR0-R 44 (31− 65) 34

Mh-L 40 (27− 94) 67
Mh-R 45 (30− 88) 58
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(a)

(b)

Figure 1.1: (a) Capture locations for partial identity samples in the ocelot data set. R and
L indicate right and left, respectively and M, F and ? indicate male, female, and unknown,
respectively. (b) The posterior distribution for L10 and R10 when they are correctly matched
(red), for L10 when not matched to R10 (green) and for R10 when not matched to L10 (blue).
When L10 is not matched to R10, it mostly matches with R13 and R20. When R10 is not
matched to L10, it mostly matches L12, L13, and L17. These results are from the model not
using sex information.
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1.8 Appendix A: Full MCMC Algorithm

The joint posterior we want to sample from is

[z,S, ψ, λ
(B)
0 , λ

(S)
0 , σ,Y|y,X] ∝{

M∏
i=1

{
J∏
j=1

K∏
k=1

[yijk|Yijk][Yijk|λ(B)
0 λ

(S)
0 , σ, si,xj]

}
[si][zi|ψ]

}
[ψ][λ

(S)
0 ][λ

(B)
0 ][σ]

where M is the dimension of data augmentation. In practice, the analyst should choose
M >> N and will need to raise M if N curr = M at any point of the MCMC algorithm. The
following are our uninformative prior distributions.

1. π(λ
(m)
0 ) ∼ Uniform(0,∞), m ∈ {B, S}

2. π(σ) ∼ Uniform(0,∞).

3. π(ψ) ∼ Uniform(0, 1)

4. π(si) ∼ Uniform(S)

The full conditionals are

1. [λ
(B)
0 |Y (B), σ, z,S] ∝ [Y (B)|σ,z,S, λ(B)

0 ][λ
(B)
0 ], where [Y (B)|σ,z,S, λ(B)

0 ] =∏M
i=1

∏J
j=1

∏K
k=1 Binomial(Y

(B)
ijk , zip

(B)
ijk )

2. [λ
(S)
0 |Y (L),Y (R), σ, z,S] ∝ [Y (L),Y (R)|λ(S)0 , σ, z,S][λ

(S)
0 ], where [Y (L),Y (R)|σ,z,S, λ(S)0 ] =∏M

i=1

∏J
j=1

∏K
k=1 Binomial(Y

(L)
ijk , zip

(L)
ijk )× Binomial(Y

(R)
ijk , zip

(R)
ijk )

3. [σ|Y (B),Y (L),Y (R), λ
(B)
0 , λ

(S)
0 , σ, z,S] ∝ [Y (B),Y (L),Y (R)|σ, z,S, λ(B)

0 , λ
(S)
0 ][λ

(B)
0 ][λ

(S)
0 ],

where [Y (B),Y (L),Y (R)|σ, z,S, λ(B)
0 , λ

(S)
0 ] =

∏M
i=1

∏J
j=1

∏K
k=1 Binomial(Y

(B)
ijk , zip

(B)
ijk ) ×

Binomial(Y
(L)
ijk , zip

(L)
ijk )× Binomial(Y

(R)
ijk , zip

(R)
ijk )

4. [Y
(L)
i |y

(L)
i , λ

(S)
0 , σ, zi, si] ∝ [y

(L)
i |λ

(S)
0 , σ, zi, si], where

[y
(L)
i |λ

(S)
0 , σ, zi, si] =

∏J
j=1

∏K
k=1 Binomial((Y

(L)
ijk , zip

(S)
ijk )

5. [Y
(R)
i |y(R)

i , λ
(S)
0 , σ, zi, si] ∝ [y

(R)
i |λ

(S)
0 , σ, zi, si], where

[y
(R)
i |λ

(S)
0 , σ, zi, si] =

∏J
j=1

∏K
k=1 Binomial((Y

(R)
ijk , zip

(S)
ijk )

6. [zi|Yi, σ, λ(B)
0 , λS0 , si] ∝ [Yi|, zi, σ, λ(B)

0 , λ
(S)
0 , si][zi|ψ], where [Yi|, zi, σ, λ(B)

0 , λ
(S)
0 , si] =

Bern
(

p∗iψ

p∗i+(1−ψ)

)
(p∗i defined below)
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7. [ψ|z] ∝ Beta(1 +
∑

i zi, 1 +M −
∑

i zi)

8. [si|Yi, λ(B)
0 , λ

(S)
0 , σ, zi] ∝ [Yi|si, λ(B)

0 , λ
(S)
0 , σ, zi][si], where [Yi|si, λ(B)

0 , λ
(S)
0 , σ, zi] =∏J

j=1

∏K
k=1 Binomial(Y

(B)
ijk , zip

(B)
ijk )× Binomial(Y

(L)
ijk , zip

(L)
ijk )× Binomial(Y

(R)
ijk , zip

(R)
ijk )

As previously described, conditional on ID(L) and ID(R), we can construct a latent true
capture history Yijk so our MCMC algorithm will follow the standard algorithm as described
by Royle et al. (2013) with the additional step of updating ID(L) and ID(R) and constructing
a new latent true capture history Yijk on each MCMC iteration.

1. Update λ
(B)
0 and λS0 sequentially. Both λ

(B)
0 and λS0 are updated with a Metropolis-

Hastings step using the distribution Normal(λcurr0 , σλ) to propose λcand0 , automatically
rejecting if a negative value is proposed.

2. Update σ. σ is updated with a Metropolis-Hastings step using the distribution
Normal(σcurr, σσ), to propose σcand, automatically rejecting if a negative value is pro-
posed.

3. Update Y by updating ID(L) and ID(R). On each MCMC iteration, we update both
ID(L) and ID(R) by swapping nswap values of ID(B) stored in ID(L) and ID(R). We
first update ID(L). We need to identify the correctly ordered indices ID(B) at which to
swap the value of ID(L), mapping ID(L) to ID(B). We then identify the candidate set
of ID(B) individuals that do not correspond to complete identities (ci = 0) and who are
currently in the population (zi = 1). From this candidate set, we remove the individuals
that would lead to swapping a zi = 0 individual into the population through the value
stored in ID

(L)
i . Next, we choose a focal candidate v to swap the value of ID(L)

v with
equal probability across the candidate set. Because proposals that combine candidates
whose activity centers are far apart will almost always be rejected, we apply a distance-
based criterion to rule out improbable combinations, thus raising acceptance rates. To
do this, we calculate the Euclidean distance between the current activity center of the
focal candidate v and the activity centers of all other individuals in the candidate set.
We then identify the set of possible candidate individuals to exchange values of ID

(L)
i

with the focal candidate by identifying which candidate individual activity centers are
within a distance threshold, dmax, of the focal individual’s activity center. From this
reduced candidate set of size nforward, we randomly select individual w with equal

probability Pr(swap to ID
(L)
v |ID(L)

w )= 1
nforward

across the remaining candidates and the

focal and selected candidate exchange values of ID
(L)
i . Because this proposal process

is not symmetric, we repeat it in reverse to obtain nreverse, with the probability of
choosing this candidate being Pr(swap to ID

(L)
w |ID(L)

v )= 1
nreverse

. We recompute the

proposed true capture history Y
(L)prop
i for i ∈ {v, w} and accept the proposal with



Ben C. Augustine Chapter 1. Appendix B 22

probability

min

(
1,
f(Y

(L)prop
i )

f(Y
(L)curr
i )

1
nreverse

1
nforward

)
. (1.5)

where f(.) is the SCR observation model likelihood. This process is then repeated to
update ID(R) and thus, Y (R) .

4. Update z. Each zi is updated by a Gibbs step using the full conditional above where
p∗i is the probability individual i was not captured during the experiment. Let p̄

(B)
ijk

and p̄
(S)
ijk be the probability of not being captured on both and single sides for each

individual at each trap on each occasion, respectively. Then p̄
(B)
ijk = 1 − p

(B)
ijk and

p̄
(S)
ijk = (1 − p(S)ijk )2 (the squared term is needed because there are two ways to observe

a single side capture, right or left side; see model description and trap file sections for
definition of p

(B)
ijk and p

(S)
ijk which depend on the number of cameras deployed at each

trap and trap operation). The probability of not being captured during the experiment

for each individual is then p∗i =
∏J

j=1

∏K
k=1 p̄

(S)
ijk p̄

(B)
ijk .

5. Update ψ. ψ is updated with a Gibbs step. Since π(ψ) ∼ Uniform(0, 1) is in the Beta
family, the full conditional distribution for ψ is [ψ|z] ∝ Beta(1 +

∑
i zi, 1 +M −

∑
i zi).

6. Update s. Each activity center si is updated with a Metropolis-Hastings step using
the distributions Normal(scurri1 , σs) and Normal(scurri2 , σs) to propose scandi1 and scandi2 ,
respectively. Proposals that fall outside of the state space are rejected. The full
conditional distribution is the SCR observation model likelihood.

7. Record the derived quantities population abundance, N curr =
∑M

i zcurri , and popula-
tion density, Dcurr = Ncurr

||S||

1.9 Appendix B: Simulations

Here, we present a simulation study to assess the performance of the SPIM and compare
it to alternative estimators. In addition to the “pragmatic estimators” described in the
main article, we will also assess the performance of the “naive independence estimator”. An
alternative to the SPIM is to ignore the dependence between the left, right, and both side
data sets and average the density estimates from the individual analyses and derive a joint
standard error assuming independence. This method is proposed by Wilson et al. (1999)
and while Bonner & Holmberg (2013) point out that assuming independence will lead to the
underestimation of standard errors, this estimator might perform reasonably well in some
scenarios, such as when data are sparse and thus there is less dependence between data sets.
A Bayesian analogue to this method is to perform a joint MCMC analysis on the both (when
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available), left, and right data sets, allowing each data set to have its own latent structure
(S,ψ,z), but sharing detection function parameters (λ0 and σ). On each MCMC iteration,
NB (when both side data are available), NL, and NR (current population size values for the
both, left, and right side data sets) are independently calculated by summing zB, zL, and
zR and their average is recorded.

We conducted 384 simulations for each of 36 scenarios, grouped into four sets, to compare
the performance of the SPIM, pragmatic estimators, and the naive independence estimator
across a range of trapping array designs and densities. In order to vary the proportion of
simulated individuals that produced complete identities, we set pS0 =0.13, p

(B)
0 =0.2 in the

first two sets of scenarios and pS0 =0.2, p
(B)
0 =0.13 in the second two sets. The first and third

sets of scenarios were conducted on a 6 x 6 array and the second and fourth was conducted
on an 8 x 8 array. For all scenarios, σ=0.5, trap spacing was 1 unit (2σ), and the state space
extended 2 units beyond the square trapping arrays in both the X and Y dimensions. The
number of IDs to swap on each MCMC iteration, nswap, was set to 10, and the search radius
for activity centers to swap IDs, dmax, was set to 1. Three types of trapping arrays were
considered – one with all double camera stations, one with all single camera stations, and a
hybrid array with 1

4
double camera stations and 3

4
single camera stations (Figure 1.2). We

considered density, D∈{0.2, 0.4, 0.6} for the 6 x 6 array and D∈{0.1, 0.2, 0.4} for the 8 x 8
array. Estimator performance was compared by percent bias of the posterior mode, average
mean squared error (MSE), frequentist coverage of the 95% highest posterior density (HPD)
intervals, and the mean width of the 95% HPD interval for N. N was chosen over density as
the parameter of inferential interest because the number of individuals to simulate for a given
density on the 8 x 8 array of size 121 units2 (N=D×121) had to be rounded to the nearest
integer so the realized data sets could not be simulated from the exact density. The number
of MCMC iterations varied from 35000 to 150000 across scenarios with these numbers chosen
to obtain effective sample sizes for N greater than 400 and monte carlo standard errors for
N of less than 0.5.

In the scenarios where data are more sparse, occasionally there were realizations of the
capture process that did not produce a spatial recapture – a capture of the same animal
at more than one location. Analyzing data sets with no spatial recaptures leads to density
estimates that are biased high (Sun et al., 2014); therefore, for simulated data sets with no
spatial recaptures, data sets were discarded. For simulated data sets with spatial recaptures
between the three data sets, but not within the single side or both plus single side data sets,
the single side estimators were not fit. For simulated data sets that did not have spatial
recaptures in all two or three data sets, the naive independence estimator was not fit. In our
simulations, the only way to obtain a complete identity was by being captured on both sides
simultaneously at least once during the survey. We used linear regression on the response
variable of mean difference in 95% credible interval widths between the SPIM and best-side
estimators to test the hypotheses that precision gains in the SPIM are related to the mean
number of complete identity individuals captured and the percentage of captured individuals
with complete identities.
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1.9.1 Simulation Results

For all single camera trapping arrays, the random-side estimator produced nearly unbiased
density estimates (Figure 1.3), while the best-side estimator was biased high roughly 5% when
pS0 =0.2 and roughly 15% when pS0 =0.13. The SPIM was biased high, but less than 5%, except
for the scenario with the lowest population size where it was biased low by 7%. Coverage
for these three estimators was roughly nominal or above nominal. On average, the SPIM
decreased the 95% HPD interval width by 30-40% with larger increases at smaller population
sizes and when pS0 was lower (Figure 1.4a). The SPIM decreased the MSE by 40-60% over
the best-side estimator (Figure 1.4b) and the random-side estimator (Supplement A). The
naive independence estimator was generally biased high (up to 12.8%), and bias decreased
as N increased (see supplement A for naive independence estimator results). Coverage for
the naive independence estimator was slightly less than nominal and the mean width of the
95% HPD interval was larger than that of the SPIM except in some of the scenarios where
pS0 =0.2 and N was larger; however coverage in these scenarios was around 0.90.

For all double camera trapping arrays, the both-plus-random-side and both-plus-best-side
estimators were biased low 5-7% (Figure 1.3) due to the individual heterogeneity induced
when constructing these data sets, but the both-plus-best-side was less biased because al-
ways choosing the best side induces positive bias as seen in the single camera simulations,
counteracting the negative bias from ignored individual heterogeneity. The SPIM had a
slight negative bias that disappeared as N increased. The both-plus-best-side estimator had
nominal coverage at low N , but coverage tended to be less than nominal as N increased.
The both plus random-side estimator had lower than nominal coverage that decreased with
N . The SPIM had nominal or greater than nominal coverage. On average, the SPIM pro-
duced 95% HPD intervals that were of equal size or slightly wider (4%) than the best-side
estimator (Figure 1.4a). The SPIM produced point estimates with slightly lower MSE, with
a greater improvement at larger N . The naive independence estimator was biased high, but
less so than in the all single trapping array scenarios, and bias decreased with increasing N .
Coverage for the naive independence estimator was around 0.85 in all scenarios and the mean
width of the 95% HPD interval was similar to that of the SPIM and single-side estimators.

For hybrid camera trapping arrays, the both-plus-single-side estimators exhibited the same
patterns as in the all double camera trapping arrays, but to a lesser degree. The both-plus-
random-side estimator was still biased low, but the both-plus-best-side estimator was now
unbiased due to the two sources of bias roughly canceling out (Figure 1.3). Coverage for the
both-plus-best-side estimator was nominal or higher and coverage for the both-plus-random-
side was less than nominal except at the lowest N . The SPIM performed about the same in
terms of bias and coverage as it did in the all double trap scenarios. On average, the SPIM
produced 95% HPD intervals that were 5-17% more narrow than the both-plus-best-side
estimator. (Figure 1.4a), with the largest precision gains seen when N was lower. MSE
reductions were similar to the all double trap scenarios. The difference in precision between
the SPIM and best-side estimator was related to the mean number of complete identity
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individuals captured, the percent of captured individuals whose identity was complete, and
their interaction (all p<0.0001). The number of complete identity individuals influenced
precision more when the percent of individuals whose identity was complete was lower (Figure
1.4b). The naive independence estimator was biased high when pS0 =0.13 as much as 20%
but moderately biased low when pS0 =0.2. Coverage for the naive independence estimator
was slightly less than nominal in all scenarios and the mean width of the 95% HPD interval
was larger than that of the SPIM and single-side estimators.

In the lowest density simulations on all single camera trapping arrays when pS0 =0.13, 14-
20% of the simulated data sets did not have spatial recaptures within either the best-side
or random-side data sets and therefore were excluded from these analysis. In practice, one
could deviate from the best-side or random-side rule if the other data set had a spatial
recapture, but the SPIM was able to accommodate the realizations with spatial recaptures
between, but not within data sets while maintaining acceptable bias and nominal coverage.
Full simulation results can be found in (Supplement A).

1.9.2 Simulation Discussion

When using all single camera trap stations, the best-side estimator was significantly biased
high and although the random-side-estimator is unbiased, the SPIM was significantly more
precise and accurate (Supplement A). The difference in precision between the SPIM and
the random-side estimator was similar to the best-side comparisons in Figure 1.4a and MSE
reductions were moderately less than the best-side comparisons due to the lack of bias in the
random-side analysis. When at least some double camera trap stations are used and thus
some identities are complete, aggregating the single-side capture histories for the complete
identity individuals introduced individual heterogeneity in capture probability and thus neg-
ative bias and reduced coverage into the single-side analyses. For the best-side estimator,
the positive bias due to always selecting the data set with the most individuals was roughly
canceled out by the negative bias from individual heterogeneity in the hybrid trapping array
designs; however, it is not likely this will hold across all combinations of parameter values.
The best-side estimator was biased low in the double camera trapping array designs, suggest-
ing that performance depends on the ratio of complete to partial identity individuals, which
determines the magnitude of individual heterogeneity in capture probability. The SPIM had
minimal bias and nominal coverage in the hybrid and double trapping array designs and
we expect this to hold across a wide range of parameter values and trapping array designs.
Precision of the SPIM was slightly less than the best-side estimator in some of the double
camera trapping array designs; however, coverage of the best-side estimator in most of these
scenarios was slightly less than nominal. In the hybrid designs with fewer complete identity
individuals, the SPIM moderately increased precision and reduced MSE. The performance
gain of the SPIM is further increased when considering other options available to the re-
searcher. If both data sets were analyzed rather than just the best or random-side, the
researcher could choose either the most precise estimate, a protocol that will guarantee less
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than nominal coverage, or the most conservative estimate in which case the precision gains of
using the SPIM will be increased. The naive independence estimator was biased high in all
scenarios except when pS0 > p

(B)
0 on hybrid trapping arrays, exhibited slightly to moderately

low coverage, and was not more precise than the SPIM except in a few scenarios with the
most captured individuals. If the goal is to maintain good frequentist properties, researchers
should choose the analysis method before examining their data and we argue that the SPIM
is the best all-around choice to achieve these ends.
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Figure 1.2: Trapping arrays for the simulation study. Single exes (X) depict single camera
stations and double exes (XX) depict double camera stations. Activity centers from one
realization of the capture process are displayed, with green dots representing complete iden-
tity individuals (B), yellow dots representing partial identity individuals captured on the left
side (L), right side (R) or left and right side (LR). Black dots representing individuals never
captured.
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Figure1.3:BiasandcoverageofpopulationsizefortheSPIM,best-side,andrandom-side
estimators.Scenarioslabeled“a”correspondtoscenarioswithpS0<p

(B)
0 andthoselabeled

“b”correspondtoscenarioswithpS0>p
(B)
0 .Doubleindicatestwocameraperstation,single

indicatesonecameraperstation,andhybridindicatesacombinationofdoubleandsingle
stationsasdepictedinFigure1.2
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(B)
0 >λS0 . Withineachscenario,thenumberofcomplete

identitiesincreaseasNincreases.
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1.10 Supplement A: Simulation Tables for Appendix B
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Table 1.4: Simulation results from the 6 x 6 trapping array with pS0 =0.13 and p
(B)
0 =0.2

(S1.6-S9.6), 8 x 8 trapping array with pS0 =0.13 and p
(B)
0 =0.2 (S1.8-S9.8), 6 x 6 trapping

array with pS0 =0.2 and p
(B)
0 =0.13 (S1.6b-S9.6b), and 8 x 8 trapping array with pS0 =0.2

and p
(B)
0 =0.13 (S1.8b-S9.8b). Models fit include the spatial partial identity model (SPIM),

best-side estimator (best S), random-side estimator (rand S), both-plus-best-side estimator
(B+best), both-plus-random-side estimator (B+rand), and naive independence estimator
(naive). Array values 1, 2, and H correspond to all single stations, all double stations, and a
hybrid of the two. C and P are the mean number of captured complete and partial identity
individuals, respectively. Cov and Wid are coverage and mean width of the 95% credible
interval. %MSE and %Wid are the reduction in MSE and credible interval width of the SPIM
from the best-side or both-plus-best-side analysis. %Discard is the percent of realizations
with no spatial recaptures that was discarded.

Scenario Array Model D N N̂ %Bias MSE %MSE Cov Wid %Wid C P %Discard

S1.6 1 SPIM 0.2 20 20.9 4.3 54 -40.8 0.955 37.1 -36.2 0 6.4 1
1 best S 0.2 20 22.9 14.4 91.3 0.979 65.3 14
1 rand S 0.2 20 20.1 0.6 84.3 0.956 63.2 18
1 naive 0.2 20 22.6 12.8 77 0.935 43.3 32

S2.6 1 SPIM 0.4 40 41.7 4.3 138.9 -38.9 0.958 46.6 -32.1 0 12.8 0
1 best S 0.4 40 45 12.6 227.2 0.958 74.2 2
1 rand S 0.4 40 41.1 2.8 221.1 0.957 71.8 4
1 naive 0.4 40 43.2 7.9 146.4 0.933 48.7 7

S3.6 1 SPIM 0.6 60 60.7 1.2 160 -59.6 0.956 50.8 -35.1 0 19.2 0
1 best S 0.6 60 66.9 11.4 395.8 0.966 85.6 0
1 rand S 0.6 60 62.2 3.7 385.6 0.964 83.5 0
1 naive 0.6 60 63.2 5.3 215.6 0.932 55.8 0

S4.6 2 SPIM 0.2 20 19.5 -2.6 16.1 -0.1 0.945 15 2 8.1 2.6 0
2 B+best S 0.2 20 18.9 -5.4 16.1 0.932 14.7 0
2 B+rand S 0.2 20 18 -10.1 19.9 0.911 14.3 0
2 naive 0.2 20 21.5 7.3 24.9 0.854 15.6 0

S5.6 2 SPIM 0.4 40 39.6 -1 33.9 -3.8 0.945 21.2 3.3 16.4 5.4 0
2 B+best S 0.4 40 38 -5 35.3 0.932 20.5 0
2 B+rand S 0.4 40 36.7 -8.1 42.8 0.901 20.1 0
2 naive 0.4 40 41.6 4.1 48.5 0.857 20.5 0

S6.6 2 SPIM 0.6 60 60 0 50.2 -15 0.943 26.1 4.3 25.3 7.7 0
2 B+best S 0.6 60 57.2 -4.7 59.1 0.917 25 0
2 B+rand S 0.6 60 55.8 -7 70 0.862 24.6 0
2 naive 0.6 60 62.3 3.9 72.8 0.833 24.2 0

S7.6 H SPIM 0.2 20 19.7 -1.3 23.8 -3.7 0.971 19.9 -9.6 4 4.9 0
H B+best S 0.2 20 19.8 -0.8 24.8 0.982 23 1
H B+rand S 0.2 20 18.4 -7.8 30.3 0.952 22 2
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Scenario Array Model D N N̂ %Bias MSE %MSE Cov Wid %Wid C P %Discard

S1.8 1 SPIM 0.1 15 14.6 -2.5 35.6 -47.7 0.95 27.1 -42 0 5.4 1
H naive 0.2 20 24 20.2 80.7 0.922 31.3 3

S8.6 H SPIM 0.4 40 40.2 0.4 50.9 -2 0.943 28 -3.4 7.9 10 0
H B+best S 0.4 40 39.1 -2.2 52 0.961 29.6 0
H B+rand S 0.4 40 37 -7.4 67.9 0.911 28.4 0
H naive 0.4 40 43.9 9.6 115.4 0.914 36.4 0

S9.6 H SPIM 0.6 60 61.1 1.8 77.4 -1.8 0.927 31.5 -7.1 11.9 15.2 0
H B+best S 0.6 60 58.8 -2 78.7 0.953 34.5 0
H B+rand S 0.6 60 55.9 -6.9 103.6 0.896 33.4 0
H naive 0.6 60 62.8 4.7 102.3 0.927 36.4 0
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Scenario Array Model D N N̂ %Bias MSE %MSE Cov Wid %Wid C P %Discard

S1.8 1 SPIM 0.1 15 14.6 -2.5 35.6 -47.7 0.95 27.1 -42 0 5.4 1
1 best S 0.1 15 16.9 12.7 68 0.978 54.8 17
1 rand S 0.1 15 15 -0.1 78.3 0.929 52.3 20
1 naive 0.1 15 16.9 12.8 59.4 0.918 35.6 36

S2.8 1 SPIM 0.2 29 30 3.3 52.5 -72.7 0.973 33.6 -35.8 0 10.9 0
1 best S 0.2 29 33.6 16 192.6 0.975 58.6 3
1 rand S 0.2 29 30.3 4.4 149.5 0.96 58.5 5
1 naive 0.2 29 31.7 9.3 107.8 0.944 40.9 9

S3.8 1 SPIM 0.4 58 59.4 2.4 143.5 -53.4 0.949 46.6 -34.8 0 20.5 0
1 best S 0.4 58 64.8 11.7 307.6 0.954 77.7 0
1 rand S 0.4 58 59.3 2.2 272.2 0.943 74.2 0
1 naive 0.4 58 61.6 6.2 205.1 0.919 50.7 0

S4.8 2 SPIM 0.1 15 14.6 -2.7 9.9 1.3 0.954 10.9 0.1 7 2.2 0
2 B+best S 0.1 15 14.3 -4.4 9.8 0.949 10.9 0
2 B+rand S 0.1 15 13.6 -9.4 11.9 0.911 10.6 0
2 naive 0.1 15 16.3 8.7 18.1 0.847 14 0

S5.8 2 SPIM 0.2 29 28.6 -1.4 16.2 -3.1 0.957 15.2 2.3 13.9 4 0
2 B+best S 0.2 29 27.8 -4.1 16.7 0.954 14.9 0
2 B+rand S 0.2 29 27 -6.9 20.4 0.935 14.7 0
2 naive 0.2 29 30.3 4.4 24.8 0.863 15.7 0

S6.8 2 SPIM 0.4 58 58 0.1 30.3 -6.8 0.954 21.8 3.9 27.9 8 0
2 B+best S 0.4 58 55.8 -3.7 32.5 0.949 21.1 0
2 B+rand S 0.4 58 54.4 -6.2 46.3 0.884 20.8 0
2 naive 0.4 58 59.7 2.8 52.8 0.858 20.6 0

S7.8 H SPIM 0.1 15 14.5 -3.2 12.8 -30.2 0.968 14.4 -13.1 3.3 4.2 0
H B+best S 0.1 15 14.9 -1 18.3 0.962 17.8 1
H B+rand S 0.1 15 13.5 -10.3 20.1 0.929 16.9 1
H naive 0.1 15 17.7 18 61.1 0.936 29.9 3

S8.8 H SPIM 0.2 29 28.9 -0.3 24.7 -2.7 0.96 19.7 -6.7 6.5 8.3 0
H B+best S 0.2 29 28.3 -2.5 25.4 0.97 21.5 0
H B+rand S 0.2 29 26.5 -8.6 34 0.93 20.5 0
H naive 0.2 29 32.4 11.7 84.4 0.938 32.6 0

S9.8 H SPIM 0.4 58 58 -0.1 49.2 -9.8 0.96 27.9 -0.3 13.3 16.3 0
H B+best S 0.4 58 55.2 -4.8 54.5 0.954 28.1 0
H B+rand S 0.4 58 52.5 -9.5 79.6 0.89 27.2 0
H naive 0.4 58 61.5 6 135.7 0.938 40.4 0
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Scenario Array Model D N N̂ %Bias MSE %MSE Cov Wid %Wid C P %Discard

S1.6b 1 SPIM 0.2 20 20.4 2.1 27 -53 0.971 22.7 -34.2 0 8.4 0
1 best S 0.2 20 22.8 14.1 57.4 0.987 40.1 3
1 rand S 0.2 20 20.6 2.9 61 0.965 40.4 3
1 naive 0.2 20 21.6 7.9 34.3 0.95 24.2 6

S2.6b 1 SPIM 0.4 40 40 -0.1 56.2 -49 0.958 29.5 -28.8 0 16.5 0
1 best S 0.4 40 43.4 8.4 110.2 0.966 44.1 0
1 rand S 0.4 40 39.7 -0.8 92 0.966 41.9 0
1 naive 0.4 40 41.1 2.9 66.1 0.932 28.4 0

S3.6b 1 SPIM 0.6 60 60.6 1 78.9 -42.3 0.951 35.7 -25.6 0 24.9 0
1 best S 0.6 60 63.8 6.4 136.8 0.961 49.9 0
1 rand S 0.6 60 60.8 1.4 128.1 0.961 49.1 0
1 naive 0.6 60 61.7 2.8 94.3 0.898 33.2 0

S4.6b 2 SPIM 0.2 20 19.6 -1.9 13.5 -8.4 0.982 14.1 -0.3 6.5 4.8 0
2 B+best S 0.2 20 19.2 -4.1 14.8 0.953 14.2 0
2 B+rand S 0.2 20 18.3 -8.3 18 0.93 13.8 0
2 naive 0.2 20 21.1 5.7 24.1 0.875 15.6 0

S5.6b 2 SPIM 0.4 40 39.6 -1.1 31.4 -7.8 0.956 20 1.7 12.7 9.7 0
2 B+best S 0.4 40 38.1 -4.7 34.1 0.935 19.8 0
2 B+rand S 0.4 40 36.8 -8 41.7 0.885 19.4 0
2 naive 0.4 40 41.1 2.7 49.3 0.839 20.6 0

S6.6b 2 SPIM 0.6 60 59.3 -1.1 42.9 -15.7 0.943 24.6 2.4 19.2 14.5 0
2 B+best S 0.6 60 57 -5.1 50.9 0.919 24.1 0
2 B+rand S 0.6 60 55.2 -8 65.7 0.878 23.7 0
2 naive 0.6 60 60.9 1.5 72.2 0.849 24.9 0

S7.6b H SPIM 0.2 20 19.5 -2.3 19.6 -24.3 0.948 16.5 -14.6 2.7 7.1 0
H B+best S 0.2 20 20.4 2.2 25.9 0.942 20.3 1
H B+rand S 0.2 20 19 -5.2 28.9 0.937 19.3 0
H naive 0.2 20 19.3 -3.5 33.9 0.945 25.8 1

S8.6b H SPIM 0.4 40 39.8 -0.4 35.6 -10.6 0.958 23.5 -10 5.2 14.7 0
H B+best S 0.4 40 40.3 0.7 39.8 0.966 26.5 0
H B+rand S 0.4 40 38.5 -3.8 45.7 0.943 25.8 0
H naive 0.4 40 38.8 -3.1 75.3 0.948 32.7 0

S9.6b H SPIM 0.6 60 60.3 0.4 55.2 -11.4 0.924 28 -9.1 8.3 21.9 0
H B+best S 0.6 60 60.3 0.5 62.3 0.948 31.1 0
H B+rand S 0.6 60 57.3 -4.5 72.7 0.932 30.1 0
H naive 0.6 60 57.8 -3.6 90.3 0.945 33.4 0
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Scenario Array Model D N N̂ %Bias MSE %MSE Cov Wid %Wid C P %Discard

S1.8b 1 SPIM 0.1 15 14 -6.9 15.8 -47.7 0.953 15.5 -38.8 0 6.7 0
1 best S 0.1 15 16 6.5 30.1 0.981 31.5 2
1 rand S 0.1 15 14.7 -1.9 61.3 0.951 30.7 4
1 naive 0.1 15 15.1 0.9 19.9 0.938 18.1 8

S2.8b 1 SPIM 0.2 29 29.1 0.4 27.4 -45.1 0.942 20.8 -29.5 0 14 0
1 best S 0.2 29 31.3 8 49.9 0.963 31.9 0
1 rand S 0.2 29 29.6 2 54.8 0.944 32.4 0
1 naive 0.2 29 30.1 3.6 35.4 0.923 21.2 0

S3.8b 1 SPIM 0.4 58 59.8 3.2 71 -46.5 0.947 32.8 -25.9 0 26.5 0
1 best S 0.4 58 63 8.6 132.6 0.947 45.8 0
1 rand S 0.4 58 59.8 3.1 109.5 0.958 45.4 0
1 naive 0.4 58 60.8 4.8 83.3 0.892 30.5 0

S4.8b 2 SPIM 0.1 15 15 0 7.5 -2.1 0.976 10.4 -0.3 5.8 3.9 0
2 B+best S 0.1 15 14.8 -1.2 7.7 0.974 10.5 0
2 B+rand S 0.1 15 14.2 -5.4 8.9 0.952 10.3 0
2 naive 0.1 15 16.7 11.5 18.8 0.878 16.6 0

S5.8b 2 SPIM 0.2 29 28.7 -1.1 14.8 -6.2 0.947 14.5 1.5 11 7.4 0
2 B+best S 0.2 29 28 -3.6 15.8 0.934 14.3 0
2 B+rand S 0.2 29 27 -7 20.6 0.913 14.1 0
2 naive 0.2 29 30.2 4.1 28.4 0.876 18.4 0

S6.8b 2 SPIM 0.4 58 57.7 -0.5 28.6 -12.1 0.955 20.7 2.2 21.8 15.1 0
2 B+best S 0.4 58 55.9 -3.5 32.5 0.944 20.3 0
2 B+rand S 0.4 58 54.6 -5.9 40.9 0.897 19.9 0
2 naive 0.4 58 59.2 2 53.9 0.847 23.1 0

S7.8b H SPIM 0.1 15 14.6 -2.8 9.2 -12.1 0.963 11.8 -16.5 2.4 5.9 0
H B+best S 0.1 15 15.1 0.8 10.5 0.984 15.1 0
H B+rand S 0.1 15 14 -6.8 13 0.965 14.3 1
H naive 0.1 15 14.8 -1.2 18.8 0.934 25.9 1

S8.8b H SPIM 0.2 29 28.7 -1 21.2 -7.9 0.944 16.5 -12.9 4.5 11.9 0
H B+best S 0.2 29 29.3 0.9 23 0.952 19.3 0
H B+rand S 0.2 29 27.5 -5.2 30.3 0.913 18.3 0
H naive 0.2 29 28.1 -3.1 46.6 0.939 29.7 0

S9.8b H SPIM 0.4 58 57.9 -0.2 36.6 -16.4 0.955 23.8 -6.9 9.3 23.5 0
H B+best S 0.4 58 57.6 -0.7 43.8 0.963 25.7 0
H B+rand S 0.4 58 55.3 -4.7 52.7 0.937 25.1 0
H naive 0.4 58 57.6 -0.7 103.3 0.944 39.5 0
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1.11 Supplement B: Comparison of Spatial Partial Iden-

tity Model to the Non-spatial Partial Identity Model

Here, we will compare the spatial partial identity model (SPIM) to the non-spatial par-
tial identity model of McClintock (2015, PIM). Comparisons between spatial and classical
capture-recapture models are not straightforward because spatial capture-recapture mod-
els inherently model individual heterogeneity in capture probability that arises due to the
spatial structure of the population, the distribution of traps, and the assumed form of the
detection function, while classical models use one of a number of general distributions to
model individual heterogeneity in capture probability such as the finite-mixture or logit-
normal. Therefore, if we want to make a comparison between methods on the same data
sets, which must have spatial structure and individual heterogeneity in order to fit a spatial
model, the heterogeneity distribution for the classical model will necessarily be misspecified,
perhaps confounding the difference of interest - the model for resolving partial identity. A
second complication is that if we want to compare density estimates, the classical method
must determine the area in which the population lives to convert abundance, N , to density,
D. Assuming this is known perfectly is usually unrealistic, so estimating this area would
need to be part of the comparison. Comparing N estimates instead of D estimates is more
straightforward, but the properties of the SPIM N estimates will depend on the D, the
arrangement of the trapping array, and the detection function spatial scale parameter, σ.

To bypass some of these complications, we present a comparison between how well the SPIM
improves inference in a spatially structured population and how well the non-spatial partial
identity model improves inference in a population with either no individual heterogeneity
or moderate individual heterogeneity of the logit-normal form (σN=0.2, where σN is the
normal standard deviation). Because the precision gains seen in the SPIM results were
mostly in the single camera trap station scenarios, we will limit our investigation to those.
To obtain comparable capture probabilities, we calculated the mean capture probability from
the 384 simulated SPIM data sets in the single side scenarios (described in Appendix B with
full results in Supplement A), which ranged from 0.096 to 0.101 in scenarios S1.6 - S3.6,
0.142 to 0.147 in scenarios S1.6b - S3.6b, 0.085 to 0.109 in scenarios S1.8 - S3.8, and 0.162
to 0.173 in scenarios S1.8b - S3.8b. We used the R package multimark to simulate and fit
models to data sets with p ∈(0.10,0.15,0.20,0.25), N ∈(20,40,60,80,100), 5 capture occasions,
and the probability of obtaining left and right photos conditional upon capture both being
0.5. Because individual heterogeneity is generally difficult to model in sparse data sets,
we increased the capture probability to p ∈(0.20,0.25,0.30,0.35) when including individual
heterogeneity. For each scenario without individual heterogeneity, we simulated 400 data
sets and fit both the classical fixed capture probability model, M0, and the PIM model
with a fixed capture probability, (PIM0). For each scenario with individual heterogeneity
in capture probability, we simulated 400 data sets and fit both the classical model with
individual heterogeneity, Mh, and the PIM model with individual heterogeneity, PIMh. As
in the SPIM simulations, we recorded the mean width of the 95% HPD interval, the mean
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difference in the 95% HPD interval between the two models, the mean MSE, and the mean
difference in MSE between the two models.

Multimark simulation results can be found in Tables 1.5 and 1.6 below and the corresponding
SPIM results are in Table 1.4 in Supplement A. The scenarios with p=0.1 are comparable to
SPIM scenarios S1.6-S3.6 and S1.8-S3.8. For the simulations with no individual heterogeneity
(Table 1.5), at capture probabilities this low, neither M0, nor PIM0 could estimate N without
negative bias for populations of size 100 or less with 5 capture occasions, but PIM0 did
reduce the negative bias. Further, PIM0 brought the reduced coverage of M0 back up to
nominal. While PIM0 reduced the MSE at all population sizes, it reduced precision except
when N=100. The precision and gain in precision was greater for the SPIM and the MSE
was lower and the reduction in MSE was greater for the SPIM. Scenarios with p=0.15 are
comparable to SPIM scenarios S1.6b-S3.6b and S1.8b-S3.8b. At this capture probability, M0

is still negatively biased and coverage is low at lower N , but PIM0 nearly removes the bias
and brings coverage back up to nominal. Again, PIM0 reduced the MSE in all scenarios,
but did not increase precision until N=60. The SPIM again produced the highest precision,
lowest MSE, largest gain in precision, and the largest reduction in MSE. The PIM does
not increase precision at all population sizes until p=0.20. Even when p=0.25, PIM0 does
not produce estimates that are as precise and accurate as the S1.6b-S3.6b SPIM scenarios
where the average p is 0.09. In scenarios with individual heterogeneity in capture probability
(Table 1.6), PIMh decreases the MSE, but the results on precision are mixed. The mean
95% credible interval tends to be slightly more narrow in most cases, but the mean difference
in credible interval width between PIMh and PIM0 across data sets suggests PIMh does not
on average increase precision in these scenarios. These conflicting results are likely due to
differences in the skew of the sampling distributions between models.

The main results are that in these scenarios, PIM0 reliably removes small sample bias,
decreases the MSE and improves precision in some scenarios, but does not increase precision
in the scenarios where the data are the most sparse (small N , low p) and the SPIM is more
precise. The introduction of individual heterogeneity in capture probability reduces the
ability of the PIM to increase precision, at least in the scenarios considered. These sparse
data scenarios are generally the scenarios where the need for a gain in precision is the greatest
and these are the scenarios where the SPIM offers the largest gains in precision. Further, the
SPIM increases precision in the presence of the spatially-induced component of individual
heterogeneity. We admit that this is just one of several possible ways that the SPIM could be
compared to the PIM. The comparison would be less favorable for the SPIM if the simulated
populations had a larger σ, given the same overall capture probability, a higher density for
a given N , or individual heterogeneity in the detection function parameters. Conversely, the
performance of PIM0 would most likely be worse if we compared the estimation of density
between the SPIM and PIM using an ad-hoc method to determine the area sampled with
its own level of uncertainty or if the individual heterogeneity distribution was misspecified
(e.g. spatially-induced).
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Table 1.5: Multimark simulation results with no individual heterogeneity in capture prob-
ability – population size estimates, mean 95% credible interval width, mean 95% credible
interval reduction between M0 and PIM0 (%Wid), 95% Credible Interval coverage, mean
MSE, and mean MSE reduction between M0 and PIM0 (%MSE)

N p
N̂ Width

%Wid
Cover MSE

%MSE
PIM0 M0 PIM0 M0 PIM0 M0 PIM0 M0

20 0.10 13 10 49 39 42 0.915 0.816 144.20 194.17 -26
40 0.10 32 25 97 86 26 0.912 0.878 357.15 560.36 -36
60 0.10 52 43 139 135 15 0.938 0.912 601.36 980.07 -39
80 0.10 69 59 156 166 5 0.940 0.910 993.59 1, 576.39 -37
100 0.10 93 82 194 226 -2 0.950 0.922 1, 143.56 1, 944.64 -41
20 0.15 17 14 50 46 24 0.942 0.894 77.26 128.43 -40
40 0.15 38 34 83 95 0 0.945 0.935 183.36 309.28 -41
60 0.15 58 52 97 120 -8 0.930 0.940 352.05 518.07 -32
80 0.15 78 75 109 152 -17 0.938 0.945 510.53 697.30 -27
100 0.15 98 94 118 164 -17 0.958 0.962 577.95 963.00 -40
20 0.20 19 17 43 52 -2 0.930 0.925 52.86 80.14 -34
40 0.20 39 37 57 77 -15 0.952 0.955 120.25 202.69 -41
60 0.20 62 60 75 108 -19 0.958 0.950 204.81 311.16 -34
80 0.20 79 78 74 108 -21 0.968 0.950 254.99 485.68 -47
100 0.20 100 100 83 124 -24 0.962 0.945 340.31 634.56 -46
20 0.25 20 19 31 43 -11 0.945 0.935 30.27 55.11 -45
40 0.25 40 39 43 59 -18 0.968 0.958 61.84 123.69 -50
60 0.25 61 61 52 77 -24 0.940 0.932 149.71 234.27 -36
80 0.25 79 79 54 81 -25 0.940 0.925 169.80 361.42 -53
100 0.25 101 100 63 93 -25 0.935 0.905 241.09 468.31 -49
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Table 1.6: Multimark simulation results with individual heterogeneity in capture probability
– population size estimates, mean 95% credible interval width, mean 95% credible interval
reduction between Mh and PIMh (%Wid), 95% Credible Interval coverage, mean MSE, and
mean MSE reduction between Mh and PIMh (%MSE)

N p
N̂ Width

%Wid
Cover MSE

%MSE
PIMh Mh PIMh Mh PIMh Mh PIMh Mh

20 0.20 20 17 48 49 14 0.990 0.975 43.25 74.56 -42
40 0.20 43 40 80 91 1 0.982 0.995 102.62 170.15 -40
60 0.20 66 62 105 117 -1 0.988 0.995 188.46 265.64 -29
80 0.20 87 84 129 142 0 0.978 0.992 252.75 407.11 -38
100 0.20 108 105 151 163 1 0.972 0.982 349.20 576.93 -39
20 0.25 22 20 44 47 7 0.982 0.965 30.37 49.77 -39
40 0.25 45 43 72 82 2 0.965 0.962 81.22 135.42 -40
60 0.25 68 65 101 108 6 0.975 0.978 134.70 219.48 -39
80 0.25 89 86 118 126 3 0.985 0.980 166.14 298.24 -44
100 0.25 112 108 139 148 4 0.950 0.978 273.89 407.18 -33
20 0.30 23 21 40 44 4 0.970 0.975 22.09 35.34 -37
40 0.30 45 43 66 70 3 0.978 0.980 58.87 81.70 -28
60 0.30 68 66 89 96 2 0.965 0.972 97.88 150.70 -35
80 0.30 92 89 111 115 6 0.942 0.960 181.55 235.32 -23
100 0.30 114 111 126 132 7 0.918 0.960 294.75 404.12 -27
20 0.35 23 22 38 43 1 0.950 0.972 18.27 28.75 -36
40 0.35 46 44 63 65 7 0.945 0.968 48.72 79.62 -39
60 0.35 68 67 80 86 2 0.938 0.958 96.71 133.87 -28
80 0.35 93 88 103 101 12 0.912 0.958 172.80 176.72 -2
100 0.35 114 109 112 114 8 0.920 0.968 210.28 233.44 -10



Chapter 2

Spatial Capture-Recapture for
Categorically Marked Populations
with An Application to Genetic
Capture-Recapture

2.1 Abstract

Recently introduced unmarked spatial capture-recapture (SCR), spatial mark-resight (SMR),
and 2-flank spatial partial identity models (SPIM) extend the domain of SCR to populations
or observation systems that do not always allow for individual identity to be determined with
certainty. For example, some species do not have natural marks that can reliably produce
individual identities from photographs, and some methods of observation produce partial
identity samples as is the case with remote cameras that sometimes produce single flank
photographs. These models share the feature that they probabilistically resolve the uncer-
tainty in individual identity using the spatial location where samples were collected. Spatial
location is informative of individual identity in spatially structured populations with home
range sizes smaller than the extent of the trapping array because a latent identity sample is
more likely to have been produced by an individual living near the trap where it was recorded
than an individual living further away from the trap. Further, the level of information about
individual identity that a spatial location contains is determined by two key ecological con-
cepts, population density and home range size. The number of individuals that could have
produced a latent or partial identity sample increases as density and home range size increase
because more individual home ranges will overlap any given trap. We show this uncertainty
can be quantified using a metric describing the expected magnitude of uncertainty in indi-
vidual identity for any given population density and home range size, the Identity Diversity
Index (IDI). We then show that the performance of latent and partial identity SCR models

39
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varies as a function of this index and produces imprecise and biased estimates in many high
IDI scenarios when data are sparse. We then extend the unmarked SCR model to incorporate
partially identifying covariates which reduce the level of uncertainty in individual identity,
increasing the reliability and precision of density estimates, and allowing reliable density
estimation in scenarios with higher IDI values and with more sparse data. We illustrate the
performance of this “categorical SPIM” via simulations and by applying it to a black bear
data set using microsatellite loci as categorical covariates, where we reproduce the full data
set estimates with only slightly less precision using fewer loci than necessary for confident
individual identification. The categorical SPIM offers an alternative to using probability
of identity criteria for classifying genotypes as unique, shifting the “shadow effect”, where
more than one captured individual has the same genotype, from a source of bias to a source
of uncertainty. We discuss the difficulties that real world data sets pose for latent identity
SCR methods, most importantly, individual heterogeneity in detection function parameters,
and argue that the addition of partial identity information reduces these concerns. We then
discuss how the categorical SPIM can be applied to other wildlife sampling scenarios such as
remote camera surveys, where natural or researcher-applied partial marks can be observed
in photographs. Finally, we discuss how the categorical SPIM can be added to SMR, 2-flank
SPIM, or other future latent identity SCR models.

2.2 Introduction

Animal population density is a fundamental concept in wildlife ecology and therefore, esti-
mating population density is a primary challenge for ecologists (Efford, 2004; Laake et al.,
1993). Mark-recapture and spatial mark-recapture (SCR) methods are among the most re-
liable methods for estimating population abundance and density; however, they generally
require that individual identities of captured animals are determined with certainty (e.g.,
marks are not lost and recorded correctly Otis et al., 1978). Recently, several classes of
spatial capture-recapture (SCR) that utilize latent or partially latent individual identities
have been introduced, extending the utility of SCR models to populations that are unmarked
(unmarked SCR; Chandler & Royle, 2013), populations for which only a subset of individ-
uals are marked (spatial mark-resight (SMR); Sollmann et al., 2013a), and populations for
which some or all samples carry only partial identifications (spatial partial identity models
(SPIM); Augustine et al., 2018a). All of these models share the feature that the true capture
histories for some or all individuals that produced the observed samples are latent and must
be probabilistically reconstructed by updating the latent individual identity of each sample
in an MCMC algorithm. Further, all of these models use the spatial location where samples
were collected, together with a spatially explicit model of sample deposition, to probabilis-
tically link latent or partial identity samples collected closer together in space more often
than those collected further apart, reducing the magnitude of uncertainty in individual iden-
tity and thus, population density estimates. Therefore, the spatial location where a sample
was collected constitutes a continuous partial identity and unmarked SCR and SMR can be
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considered special cases of a SPIM.

The key feature of a SPIM is that the magnitude of uncertainty in individual identity and
the model used to resolve it stems directly from two key aspects of population ecology–
population density and home range size. In models with latent individual identities, there
will be more uncertainty when more individuals are exposed to capture at the same traps,
which occurs when animals live at higher densities and when their home ranges are larger.
Within the context of an SCR model, this is equivalent to scenarios in which there is a higher
density of individual activity centers and larger detection function spatial scale parameters,
e.g., σ for the common half-normal detection model. Note, however, that the key feature
that both population density and home range size determine which is directly responsible for
the magnitude of uncertainty in individual identity is the magnitude of home range overlap,
or more conceptually, the magnitude of overlap in individual utilization distributions (e.g.,
as quantified by Fieberg & Kochanny, 2005), which increases independently by increasing
either population density or home range size.

We propose a metric to quantify the degree of home range overlap for a given population
density and σ, and thus, the expected magnitude of uncertainty in individual identity. The
Simpson’s Diversity Index can be applied to the individual detection probabilities averaged
over many points on the landscape and realizations of the SCR process model to produce
an Identity Diversity Index (IDI), which is conceptually similar to a metric of utilization
distribution overlap for all individuals in the population. The details of how to calculate the
proposed IDI can be found in Appendix A, but Figure 2.1 provides a visualization of how
the magnitude of uncertainty in individual identity scales with population density and home
range size as quantified by the SCR σ parameter. This relationship between the magnitude of
uncertainty in individual identity and the spatial features of animal populations are what set
a SPIM apart from the recently introduced non-spatial partial identity models (e.g. Bonner
& Holmberg, 2013; McClintock et al., 2013; Knapp et al., 2009), where the magnitude of
uncertainty in individual identity scales with population abundance alone.

Another key feature of the currently available SPIM models is that partial identity informa-
tion can reduce the uncertainty in individual identity through three mechanisms–by adding
deterministic identity associations, adding deterministic identity exclusions, and by improv-
ing probabilistic identity associations. Here, we define a deterministic identity association as
a connection between samples from the same individual that also implies that the samples are
excluded from being connected with samples from other individuals. This is distinguished
from a deterministic identity exclusion, which can only prevent certain samples from being
combined together. A probabilistic identity association occurs when two samples have a
positive posterior probability of belonging to the same individual, and as this probability
increases, the probability they belong to another individual necessarily decreases. Proba-
bilistic identity associations can be improved with partial identity information, effectively
converging to deterministic identity associations as partial identity information increases.

All SPIM models use the spatial location where samples were collected to improve probabilis-
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tic identity associations. The unmarked SCR (Chandler & Royle, 2013) uses this informa-
tion alone to inform individual identity. Typical SCR, on the other hand, uses all possible
deterministic identity associations. SMR (Sollmann et al., 2013a) and the 2-flank SPIM
(Augustine et al., 2018a) represent two intermediate cases that both utilize some determin-
istic identity associations and exclusions. SMR makes deterministic identity associations
between the samples of identifiable individuals, usually marked, but potentially unmarked,
which simultaneously excludes them from being connected to samples from other individu-
als. Deterministic identity exclusions are then made between the samples of unidentifiable
individuals whose mark status can be observed (e.g., an unmarked sample cannot belong
to a marked individual Royle et al., 2013). The 2-flank SPIM makes deterministic identity
associations across the same flank of the same individual, enforcing exclusions with non-
matching samples from the same flank. Deterministic identity exclusions arise in the 2-flank
SPIM from the fact that an individual can only have one left and right flank.

Augustine et al. (2018a) demonstrated that further deterministic identity exclusions are pos-
sible in SPIMs by using individual sex to split a data set into two population groups whose
latent identities could not logically match, reducing the uncertainty in individual identity
and thus abundance and density estimates. Splitting the population into identity subgroups
of increasingly smaller size is conceptually similar to applying unmarked SCR to separate
populations, each with increasingly lower population densities, moving the population un-
der study to more favorable regions of the IDI along the density dimension (Figure 2.1).
However, rather than splitting data sets into increasingly small subsets, it is desirable to
have a model that incorporates these categorical identity exclusions, allows for imperfect
observation of the category levels, and allows parameters to be shared across population
identity subgroups. Further, when all categories are combined into a single analysis, the
distribution of individuals across the category levels provides further information that can
improve the probabilistic identity associations. For example, if a population is 75% female,
it is more likely that two nearby male samples came from a single individual than if the
population is 75% male. Thus, we are introducing a new class of SCR model, the “cate-
gorical SPIM”, which uses partially identifying identity covariates to add both deterministic
identity exclusions and reduce the uncertainty in probabilistic identity associations.

Partially-identifying categorical covariates exist in many types of invasive and noninvasive
wildlife sampling; for example, in studies using remote cameras, features such as sex, age
class, and color morph may be observable in at least some photographs. In more invasive
wildlife sampling involving live capture, many more features are measurable and researchers
may apply categorical marks whose combination do not provide full identities (e.g., colored
collars or ear tags), or categorical marks may be fully identifying (e.g., Lewis et al., 2015), but
imperfectly observed. Perhaps the most informative source of categorical identity covariates
come from microsatellite genotypes, which we will use as the main application to demon-
strate how the categorical and spatial information combine to determine the magnitude of
uncertainty in individual identity.

In genetic mark-recapture, individual identities are constructed from amplified microsatellite
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loci – non-coding, highly variable segments of the genome–with individuals considered indi-
vidually unique when a sufficient number of loci are amplified that it is very unlikely that
any two individuals in the population share the same multilocus genotype. The number of
loci necessary to guarantee uniqueness of all genotypes in a population with near certainty
depends on the diversity of genotypes and the genotype frequencies at each microsatellite
loci (Waits et al., 2001). This determination is typically made using P(ID) and/or P(sib) cri-
teria, both of which estimate the probability that any two randomly selected individuals (or
full siblings) in a population would share the same multilocus genotype given the observed
allele diversities and frequencies (Waits et al., 2001).

The standard practice in genetic capture-recapture is to use enough microsatellite loci such
that P(ID) or P(sib) are less than a strict threshold, such as 0.05 or 0.01. Although this
approach can effectively minimize the number of individuals erroneously classified as the
same individual in a capture-recapture data set, these errors cannot be completely eliminated
with absolute certainty. The possibility that multiple individuals have the same multilocus
genotype in a capture-recapture data set has been referred to as the “shadow effect” (Mills
et al., 2000) and is considered a type of low-frequency error in assigning individual identities
that introduces minimal bias into parameter estimates in capture-recapture studies as long as
P(ID) or P(sib) criteria are strictly enforced. Using the categorical SPIM to model genotype
data is especially appealing as it does not make deterministic connections between samples
with matching genotypes and thus, multiple individuals in the population may have the
same genotype, shifting the “shadow effect” from a source of bias to an additional source of
uncertainty.

Here, we generalize the unmarked SCR model to develop the “categorical SPIM”. We show
via simulation that in scenarios with more sparse data than previously considered and/or
scenarios with larger sigmas and larger densities, the unmarked SCR density estimator is
biased and very imprecise, demonstrating the importance of population density and home
range size to the application of latent and partial identity SCR models. We then show that
adding categorical identity covariates removes this bias and increases precision, allowing for
reliable density estimation across a wider range of values of density and σ for a given capture
process scenario. We also demonstrate that the uncertainty in the posterior for ncap, the
latent number of individuals captured during a survey, correlates well with the uncertainty in
the posterior of N , suggesting it is a good single metric to quantify the observed magnitude
of uncertainty in individual identity for a given survey. Finally, we apply the categorical
SPIM to a previously-published black bear data set in which we demonstrate how well the
proposed model can reproduce the original density estimate using fewer loci than originally
genotyped. Using this data set, we demonstrate that all uncertainty in individual identity
can be removed with enough categorical identity covariates, producing equivalent estimates
to an SCR model where all identities are known with certainty.
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2.3 Methods

2.3.1 Methods – Unmarked SCR Foundation

First, we introduce the version of the unmarked SCR model that we will expand to allow
categorical identity covariates. The unmarked SCR model is a typical hierarchical SCR model
except that information about individual identity is not retained during the observation
process. Formal inference is achieved by relating the spatial pattern of observed counts or
detections at each of the J traps to the latent structure of the SCR process model. For the
process model, we assume the N individuals in the population have 2-dimensional activity
centers that are distributed uniformly across a two-dimensional state space S of arbitrary
size (A) and shape, i.e. si ∼ Uniform(S), i = 1, . . . , N (see Borchers & Efford, 2008; Reich
& Gardner, 2014; Royle et al., 2016, for alternative specifications). The activity centers are
organized in the N × 2 matrix S.

For the observation model, we introduce the N×J fully latent capture history Y true, record-
ing the number of detections or counts for each individual at each trap summed across the
K occasions. The locations of the J traps are stored in the J×2 matrix X. We assume that
the number of counts or detections for each individual at each trap is a decreasing function
of distance between the activity centers and traps. If using a count model, we assume the

latent counts are Poisson: ytrueij ∼ Pois(Kλ(si,xj)), where λ(si,xj) = λ0 exp
(
− ||si−xj ||2

2σ2

)
,

xj is the location of trap j, λ0 is the expected number of counts for a trap located at distance
0 from an activity center, and σ is the spatial scale parameter determining how quickly the
expected counts decline with distance. We also consider an alternative Bernoulli observation
model for which ytrueij ∼ Bin(p(si,xj), K), where p(si,xj) = 1− exp(−λ(si,xj)).

During the observation process, the true, latent capture history, Y true, is disaggregated
into the observed capture history, Y obs, discarding information about individual identity by
storing one observation per row in Y obs (e.g., no samples are deterministically connected
to the same individual). More specifically, Y obs is the nobs × J matrix with entries 1 if
sample m was recorded in trap j and 0 otherwise. Note that if we assume a Bernoulli
observation model, each detection event will constitute a single observation, while if we
assume a Poisson observation model, counts are disaggregated into observations of single
counts, because counts from the same individuals cannot be deterministically connected
without certain and unique identities. To visualize this, below is an example of true and
disaggregated observed data set where N=2 and J=3:

Y true =

[
2 0 0
0 1 1

]
Y obs =


1 0 0
1 0 0
0 1 0
0 0 1
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2.3.2 Methods – Categorical SPIM

We propose a class-structured version of the unmarked SCR model in which class membership
is determined by each individual’s full categorical identity (e.g., full genotype). Here, we
define a full categorical identity to be an individual’s set of true values for ncat categorical
covariates, where ncat is the maximum number of categorical covariates considered, and
multiple individuals in the population can share the same full categorical identity. We will
modify this model such that single or multiple categorical covariates, potentially partially
or even fully unobserved, are recorded with each observed sample at each trap. Further,
continuous covariates could be discretized into categories if it is safe to assume there is
no measurement error. The linked density and categorical covariate models (joint process
model) are fully latent and we use the nobs trap-referenced, observed categorical covariates
to make inference about this latent structure. The observed data then consist of two linked
data structures: Y obs, an nobs × J capture history indicating the trap at which each sample
was recorded and Gobs, an nobs × ncat identity history recording the observed categorical
covariate(s) of each sample with category level enumerated sequentially as described below,
or recorded as a 0 if not observed.

For the joint process model, we assume that each individual has a full categorical identity
associated with its activity center. Following Wright et al. (2009), we assume that all possible
category levels for each categorical covariate are known, with the number of categories for
each covariate l being nlevelsl , l = 1, . . . , ncat. Next, we introduce the population category level
probabilities for category l, γl, of length nlevelsl and corresponding to the enumerated category
levels (1, . . . , nlevelsl ) for covariate l. Then we introduce the N×ncat matrixGtrue, where gtruei

is the full categorical identity of the individual with activity center si. Finally, we assume
the categorical identity of each individual for each covariate are distributed following the
covariate-specific category level probabilities according to gtrueil ∼ Categorical(γl), implying
that category levels are independent across covariates (e.g., linkage equilibrium in the genetic
context) and individuals. Using the example true and observed capture histories above,
potential true and observed structures for the categorical identities are:

Gtrue =

[
1 8 3
4 2 3

]
Gobs =


1 8 3
1 8 3
4 0 3
0 0 3


In this case, the first two observed samples could possibly have come from the same individual
as could the third and fourth sample; however, the third sample could not have come from the
same individual as the first two samples. The fourth sample with two unobserved categories
could possibly belong to the same individual as that which produced the first three samples,
with only the third sample being a correct match.

The observation process is the same as unmarked SCR except that a categorical identity,
potentially partially or fully latent, is associated with each trap-referenced observation. The
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missing data process could be a simple binomial model for identification success, perhaps
with covariate-specific identification probabilities; however, if we assume that covariate ob-
servation values do not vary by individual or by category level, the likelihood for the missing
data process does not change when updating latent identities or latent categorical covariate
values and can be ignored in the MCMC algorithm. Therefore, we will make the assump-
tion that covariate identification probabilities do not vary by individual or category level;
however, this assumption would be easy to relax.

The unmarked SCR model and categorical SPIM use a process similar to data augmenta-
tion to estimate population abundance and density (Royle et al., 2007) and to model the
uncertainty in individual identity by providing latent structure to allow for different configu-
rations of the observed samples across the individuals in the population (Chandler & Royle,
2013; Augustine et al., 2018a). Unlike typical data augmentation, the number of captured
individuals, ncap, in unmarked SCR is unknown, so rather than augmenting the observed
capture history, a fully latent capture history, Y true, of size M × J is defined and Y true is
initialized by assigning the observed samples in Y obs an individual identity based on the
spatial proximity of samples and the compatiblity of their observed categorical identities.

We then augment Gtrue to size M × ncat, which is initialized using the minimally-implied
categorical identity of the samples each individual is initialized with and the remaining
elements of Gtrue that are not determined by these samples are simulated from the category
level probabilities. Similar to typical data augmentation, M is chosen by the analyst to be
much larger than N and we use z, a latent indicator vector of length M , to indicate which
individuals are in the population; however, unlike typical data augmentation, this vector is
fully, rather than partially latent. We assume zi ∼ Bernoulli(φ), inducing the relationship
N ∼ Binomial(M,φ). Then population abundance is N =

∑M
i=1 zi and population density,

D, is N
A

. See Appendix B for a full description of the MCMC algorithm.

Note that ncap, the total number of individuals captured, typically denoted by n and a known
statistic in capture-recapture models, is a derived, random variable in unmarked SCR with
a posterior distribution that quantifies the magnitude of uncertainty in individual identity.
As more categorical identity information is added, the posterior distribution of ncap should
converge to the single, true value. Finally, we introduce the derived vector, I, of size nobs,
that records the latent individual, 1, . . . ,M , each sample is assigned to. This vector is
updated on each MCMC iteration, producing a posterior for true identity for each sample
which can be post-processed to obtain pairwise posterior probabilities that any two samples
originated from the same individual. The posterior distribution of the true covariate values
of samples with missing values can also be recorded.
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2.4 Simulations

2.4.1 Simulation Specifications

We conducted two simulation studies to explore the performance of the categorical SPIM.
First, we conducted a simulation study to demonstrate that adding an increasing number
of identity categories removes bias from the unmarked SCR density estimator and increases
accuracy and precision. Here, the number of identity categories is defined to be the total
number of unique categories implied by the ncat covariates with nlevelsl each. These simu-
lations were also constructed to demonstrate that the performance of unmarked SCR and
the effectiveness of adding identity categories varies as a function of population abundance,
density given abundance, and σ.

We start with the sampling scenario similar to that of Chandler & Royle (2013); however,
we make two modifications to create scenarios more challenging for the unmarked SCR
estimator. Chandler & Royle (2013) explored a range of optimistic sampling scenarios as a
proof of concept for the unmarked SCR estimator, where sampling takes place on a 15 x 15
trapping array with unit spacing within a 20 x 20 state space, λ0 = 0.5, σ ∈ {0.5, 0.75, 1},
and D ∈ {0.0675, 0.1125, 0.1875}, corresponding to N ∈ {27, 45, 75}. We consider scenarios
with higher D given N , achieved by decreasing the size of the trapping array and state
space, and with more sparse detection data. We increased data sparsity by reducing λ0 to
0.25 for the first two scenarios and further for the subsequent two scenarios (see below),
and reducing the number of traps by 64% from 225 to 81 (9 x 9 grid with unit spacing,
buffered by 3 units). We considered higher densities for similar values of N by specifying
D ∈ {0.17, 0.35}, corresponding to N ∈ {39, 78} the latter D being larger than explored
by Chandler & Royle (2013) for a similar N (75). We considered that the populations were
sampled for K = 10 occasions (Chandler & Royle, 2013, considered K ∈ (5, 10)).

We conducted simulations across 4 scenarios with a 2 x 2 factorial design using low and high
values of σ and D. Scenarios A1 and A2 were the low σ scenarios with σ = 0.5, and Scenarios
A3 and A4 doubled σ to 1. To account for compensation in the detection function parameters
(Efford & Mowat, 2014) and maintain similar levels of data sparsity with the larger σ, we
lowered λ0 from 0.25 to 0.061 to approximately match the expected number of captures for
each individual to that of the scenarios with σ = 0.5 (E[caps]≈1.65, achieved by trial and
error). On this unit spacing grid, with σ = 0.5, the majority of an individual’s captures
fell within a 4-trap area, whereas with σ = 1 the majority of an individual’s captures fell
within a 16-trap area. Scenarios A1 and A3 were the high abundance scenarios with N=78,
and Scenarios A2 and A4 were the low abundance scenarios with N=39. The approximate
Identity Diversity Indices (interpolated from Figure 2.1) for scenarios A1-A4 were 0.38, 0.23,
0.76, 0.58. Within each scenario, we explored 9 subscenarios with differing numbers of
identity categories, with 1 identity category corresponding to unmarked SCR. Following the
unmarked SCR subscenario, we sequentially added identity covariates with 2 category levels
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each, leading to the number of unique identity categories increasing exponentially with base
2 (2, 4, 8, 16, 32, 64, 128, 256).

Further, scenario A2 was modified to better disentangle the effects of increasing D from
increasing N . Increasing D by increasing N simultaneously increases uncertainty in individ-
ual identity and reduces data sparsity, which have opposite effects on estimator precision.
Therefore, to better explore the effect of increasing D has on the uncertainty in individual
identity, D must be increased by constraining a fixed N into a smaller state space. The state
space can be reduced in two ways; the number of traps can be reduced, keeping the same
state space buffer, or the number of traps can be fixed, reducing the state space buffer. In
the first scenario, data sparsity is increased since a lower proportion of individuals will be
located on the interior of the trapping array and we suspect the absolute number of traps
is important for unmarked SCR density estimation. In the second scenario, data sparsity
is decreased because a larger proportion of individuals live on the interior of the trapping
array. In order to retain the same number of traps, we chose to increased the density of
scenario A2 by reducing the state space buffer from 3 to 1 units, thus constrainting the N
individuals into a reduced state space area (Scenario A2b). The reduction in the state space
area increased D from 0.17 to 0.32, and raising the approximate IDI value from 0.23 to 0.37.

We conducted a second simulation study to demonstrate that the categorical SPIM can
accommodate partially-observed categorical identities and provide a proof of concept for
using partial genotypes that are the result of failed DNA amplification, rather than as part
of the study design as would be the case in the first set of simulations if identity categories
were genotype loci. We used the parameter values from scenario A3 above, but introduced
imperfect detection to the observed genotypes. We simulated data sets with 7 categorical
identity covariates, each with 5 equally common category levels, and the category value for
each categorical covariate was then observed with probability 0.5, leading to the average
categorical identity being observed at 3.5 of the categorical identity covariates. We fit the
categorical SPIM model to these data sets, assuming all partial categorical identities were
usable (Scenario B1) or 75% of the partial categorical identities were usable as might be
the case when using partial genotypes if a subset was deemed to be unreliable due to the
likelihood of containing genotyping errors (Scenario B2). We then fit the null SCR model to
the perfectly observed data for comparison (Scenario B3).

For simulation scenarios A, we simulated and fit our model to 144 data sets within each
subscenario, and for simulation scenarios B, we simulated and fit our model to 128 data
sets (due to cluster computing availability). We ran single MCMC chains starting from the
simulated parameter values for 60,000 iterations, enough to produce effective sample sizes
for abundance of 400 or more for the categorical SPIM scenarios with 2 or more identity
categories. The mixing for most unmarked SCR scenarios with 1 identity category was very
poor for these challenging scenarios and frequentist performance was unlikely to improve with
longer chains. We calculated point estimates using the posterior mode and interval estimates
using the highest posterior density (HPD) interval. We were interested in the frequentist
bias and coverage of the categorical SPIM estimator, the accuracy of the estimator depicted
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visually by the variance and right skew of the sampling distribution and quantitatively by
the mean squared error and coefficient of variation (100×posterior sd/posterior mode), and
the precision, quantified by the mean 95% HPD interval width. Also of interest was the use
of the precision of ncap, also quantified by the mean 95% HPD interval width, as a metric of
uncertainty in the individual identity of observed samples that can predict the uncertainty
in N .

2.4.2 Simulation Results

The unmarked SCR abundance estimator was right-skewed with high variance (Figures 2.2
and 2.3), except in Scenario A2 where both σ was small and abundance was low. The un-
marked SCR estimator had a large mean 95% CI width relative to abundance in all scenarios.
The unmarked SCR abundance estimates were negatively biased (Table 2.3; Appendix C) in
the higher abundance scenarios (A1 and A3) and positively biased in the lower abundance
scenario with the larger σ (A4) or larger density (A2b). Adding and increasing the number
of identity categories reduced bias and increased precision in all scenarios; however, with
diminishing returns as more identity categories were added. The reduction in mean 95% CI
width for ncap by the introduction of identity categories was closely related to the reduction
in mean 95% CI width for abundance; however, the relationship was not linear and varied
by scenario (Figure 2.4). More identity categories were required to reach maximum precision
when abundance was higher and σ larger. The largest improvement in precision and abun-
dance with the addition of identity categories was seen in the low abundance, high density,
low σ scenario (A2b), where the majority of uncertainty in abundance was removed with
the addition of 1 2-level categorical covariate. Note that the precision of A2b converged to
a lower value than scenario A2 because the same N = 39 individuals were constrained to be
located within 1 unit of the trapping array, rather than 3 units, decreasing data sparsity.

Adding just a few identity categories changed the negative bias in abundance for the high
abundance scenarios to positive bias, and magnified the positive bias in the low abundance
scenarios, a pattern that was more pronounced in the large σ scenarios and which we dis-
cussed further in the application. However, this positive bias was removed by the addition of
more identity categories. Positive bias in N̂ was <5% in Scenarios A1, A2, and A4 when 4
identity categories were available, and <5% in Scenario A3 when 16 identity categories were
available. With no or very few identity categories, the latent identity samples tended to be
allocated to more individuals than were actually captured, resulting in positive bias in ncap,
with more bias in the large σ scenarios, and we attribute this as one cause for the positive
bias in N̂ .

Increasing σ decreased the precision and accuracy of the unmarked SCR and categorical
SPIM ncap and N estimates (A1 vs. A3 and A2 vs. A4; Appendix C). Increasing D by
increasing N decreased the precision and accuracy of the ncap estimates, but increased the
precision and accuracy of the N estimates demonstrating that the additional uncertainty in
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individual identity was more than offset by the lower data sparsity (A1 vs. A2 and A3 vs
A4). Increasing D without increasing N decreased the precision and accuracy of both ncap

and N estimates. The IDI did not perfectly predict the metrics of precision and accuracy
across scenarios that changed both σ and D for all levels of identity categories, but the IDI
generally correlated negatively with precision and accuracy (Table 2.3).

The partially observed categorical identity covariate simulations produced minimally biased
abundance point estimates (1 and 2.5% positive bias) and interval estimates that were nearly
as precise as the scenario in which the identities were perfectly observed (Table 2.1). In these
scenarios, categorical identities were observed at half of the 7 identity covariates, on average,
producing data sets with an average of less than 1 sample observed at all category levels–
data sets that would be unusable if full categorical identities were required, as might be the
case with genetic capture-recapture. In Scenario B1, where all partial categorical identities
were used, the interval estimate was 95% as precise as the complete data analysis, and
in Scenario B2, where 25% of the partial categorical identities were unusable, the interval
estimate was 80% as precise than the complete data analysis. In both scenarios, an average
of 3.5 categorical covariates provided enough information that the uncertainty in ncap was
small (mean credible interval widths of 1.8 and 2.4 relative to mean ncap of 18.5 and 17.0 in
B1 and B2, respectively).

2.5 Application – Central Appalachian Black Bears

2.5.1 Application – Problem Description

We applied the categorical SPIM model to an American black bear noninvasive hair trapping
data set that used 7 microsatellite loci for individual identification. This data set comes from
a study conducted along the Kentucky-Virginia, USA border across 2 study areas during
2012 and 2013 to estimate the population density and abundance of a recently reintroduced
population that was in the process of recolonizing vacant range (Murphy et al., 2016). We
chose to use the data set from the larger study area in 2013 because our model should
perform better on the larger trapping array and more samples were collected in 2013 than
in 2012 at this site. The specifics of the data collection methods are described by Murphy
et al. (2016); of particular relevance is that eighty-one hair traps were deployed across the
215-km2 study area with an average trap spacing of 1.6 km, and all traps were checked
weekly for 8 consecutive weeks, with a week constituting a capture occasion. Similar to
most bear hair trapping studies, hair samples were subsampled for genotyping because of
the prohibitive costs of genotyping thousands of samples, such that at most 1 hair sample per
trap per occasion produced an individual identity. The capture and subsampling processes
resulted in 95 samples from 45 females and 87 samples from 37 males, determined using the
P(sib) criterion. The spatial distribution of traps and individually-identified hair sample
observations are depicted in Figure 2.5. The microsatellites used were G10H, G10L, G10M,
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MU23, G10J, G10B, and G10P, which had genotype frequencies of 19, 22, 19, 17, 12, 15,
and 10 for females and 21, 18, 18, 22, 14, 13, and 10 for males. Despite the large number of
genotypes at each locus, the majority of individuals shared just 2-4 genotypes at each locus,
making them less informative than if the loci-specific genotypes were equally distributed as
they were in our simulation studies.

The goal of this analysis was to fit the categorical SPIM using from 1 to 7 loci, added in the
order listed above, and to compare the estimates to the null SCR estimate that does not allow
for any uncertainty in individual identity. Further, we also consider a scenario adding partial
genotype samples (2 for females, 4 for males) into the analysis that were originally discarded.
For all genotype scenarios, the trapping array was buffered in the X and Y dimension by 3
km for females and 6 km for males, leading to state space sizes of 1042.5 km2 and 1473.4
km2 for females and males, respectively. For each sex-specific, 1-7 loci data set, we ran 32
Markov chains for 250,000 iterations each, thinned by 50, and discarded the first 25,000
iterations as burn in, leaving 1.4 million samples from the posterior. This large number of
posterior samples was likely far more than necessary; however, it allowed us to explore the
behavior of the MCMC chains as the last uncertainty in ncap was removed by adding genotype
information (see Supplement 1). Because the hair sample subsampling process allowed for
at most 1 sample per individual/trap/occasion, we used a Bernoulli observation model.
The metrics of comparison were the point estimates (posterior modes), posterior standard
deviations, and coefficients of variation (100×posterior sd/posterior mode) for abundance
as well as the posterior distributions of ncap. Note, however, that the analyses adding the
partial genotypes should not be expected to reproduce the null SCR point estimates, standard
deviations, and number of individuals captured because they included additional data not
used by the null SCR estimate.

2.5.2 Application – Results

The categorical SPIM estimates (Table 2.2) for both sexes generally demonstrated the same
patterns seen in the simulations. Abundance estimates with few identity categories were
positively biased (relative to the SCR estimate) because the estimates of σ were negatively
biased and/or the estimates of ncap were positively biased. The magnitude of bias was larger
for males, either partially or fully the result of a larger σ, estimated to be 2 times larger than
females; although. As more loci were added, the categorical SPIM abundance estimates and
their posterior standard deviations converged towards those of the SCR model and the pos-
terior modes of ncap converged towards the true number captured and the posterior variance
of ncap converged towards 0 (Figure 2.6). The coefficient of variation for all categorical SPIM
estimates was lower than 0.20, except for the 1 loci male estimate.

The 1 locus female estimate was only 30% percent less precise than the full SCR estimate,
with a positive bias (relative to the complete data estimate) of 7.5%. The 3 loci female
estimate was substantially better–11.5% less precise than the full SCR estimate and posi-
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tively biased by only 2.5%. The 4 loci female estimate was effectively equivalent to the full
SCR estimate, with 3% less precision and minimal bias. The 5-7 loci female estimates were
negligibly improved. Adding 2 partial genotype samples reduced the posterior standard de-
viation by 1.7% and coefficient of variation less than 1%. One partial genotype sample was
consistent with two different individuals in the full genotype data set, matching one with
posterior probability of 0.452 and the other with posterior probability 0.544, leaving just a
0.004 posterior probability that this sample was from a new individual. The other partial
genotype matched an individual with 2 captures in the full genotype data set with posterior
probability 0.997, leaving a probability of 0.003 that this was a new individual, and adding
a high probability spatial recapture for this individual.

The 1 locus male estimate was too biased (relative to the full SCR analysis) and imprecise to
be of use, whereas the 2 and 3 loci male estimates had reasonable precision but perhaps too
much positive bias to be useful. The 4 loci male estimate was 17% less precise than the full
SCR estimate, with a positive bias of 7.7%. The 5 loci estimate is only negligibly less precise
than the full SCR estimate, and adding the 6th and 7th loci improved precision negligibly.
Adding 4 partial genotype samples modestly increased the abundance estimate, increased the
posterior standard deviation (due to the larger point estimate), and decreased the coefficient
of variation by 2.5%. The posterior probability that three of the partial genotype samples
each came from separate individuals not represented in the full genotype data set was 1,
while the fourth partial genotype sample matched with 8 other samples from 1 individual,
each with posterior probability 1.

2.5.3 Application – Discussion

This analysis demonstrates that the categorical SPIM estimator performed similarly on a
real world data set as it did for simulated data; however, the positive bias in the male
estimates with few loci was larger than seen in the simulated data sets. We suspect individual
heterogeneity in detection function parameters, particularly σ, may have been present in the
male bear data set. If so, this could have led to poorer performance with few loci/identity
categories, and the requirement of more loci/identity categories to remove bias and increase
precision than if there were no individual heterogeneity. The distribution of observed spatial
recaptures in Figure 2.5 does seem to suggest individual heterogeneity in σ for males, with
one particular individual having a very long-distance spatial recapture and many individuals
having no spatial recaptures. The samples for this individual were rarely combined into one
individual until 3 loci were used and as ncap = 37 (the correct number of capture males)
became increasingly probable with the addition of more loci at which point, the estimate of σ
converged upwards to the full SCR estimate. This behavior is consistent with the simulations
where σ is large, but is more pronounced in this data set, which could be explained by
individual heterogeneity in the detection function parameters. A second factor that tends
to split the samples from this potentially large σ individual apart is that there were several
traps between the two traps where this individual was captured and the categorical SPIM
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found it unlikely that this individual would not have been captured at these traps closer
to its estimated activity center until enough categorical covariate information was available
to make it more even more unlikely that two individuals in the population had the same
multilocus genotype. The second longest spatial recapture in the male data set spans a gap
with no traps and required fewer loci to reliably link its samples together.

The posterior distributions of ncap in Figure 2.6 demonstrate what we believe is a source
of the positive bias in the categorical SPIM estimator. With the addition of just 2 loci
for females and 1 locus for males, all incorrect combinations of samples were ruled out by
the genotype information and the spatial distribution of the samples. However, a 1 or 2
loci genotype is not sufficient to guarantee the local uniqueness of a genotype, leading to
a situation in which samples cannot be erroneously combined into fewer individuals than
produced them, but they can be erroneously split apart into more individuals than produced
them. Thus, in these scenarios, ncap can never take a value lower than the true value,
but rather must always be larger than the true value. We believe the identity exclusions
are removing the lower tail of the posterior distribution of ncap that would be present in
the unmarked SCR estimator, introducing positive bias, which can be removed by adding
more categorical identity information and reducing the upper tail of the posterior of ncap.
In the simulations, this occurs with the addition of just a few identity categories; however,
individual heterogeneity in detection function parameters as argued above, may require more
categorical identity information to remove the positive bias in ncap and thus N .

This analysis also demonstrated the use of genotypes that are partial as a consequence
of DNA amplification failure, with two caveats. First, there were very few usable partial
genotypes because of the DNA amplification protocol used in which samples at the same
trap/occasion were subsequently genotyped until a full genotype was obtained. This process
led to the partial genotypes matching the complete genotype individual at a particular
trap/occasion with high probability because bears usually leave multiple hair samples in
a hair snare, violating the Bernoulli observation process. Second, we assumed the partial
genotype samples did not contain any genotyping errors. Three of the 6 partial genotype
samples used matched other individuals in the population with high probability, but 3 partial
genotypes had posterior probabilities of 1 that they were new individuals. These may have
indeed been new individuals, or perhaps they did not match any other individuals because
they were corrupted. Including partial genotypes in this manner needs to be done with
caution and in consultation with a wildlife geneticist, or the categorical SPIM could be
extended to accommodate genotyping errors (e.g. Wright et al., 2009). If partial genotypes,
or even a subsample of the partial genotypes, can be deemed reliable, including them in the
analysis can increase the precision of abundance and density estimates, especially if high
probability spatial recaptures can be added, as was the case in the female bear data set.
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2.6 Discussion

We developed a spatial capture-recapture model for categorically marked populations that
uses any number of partially identifying categorical covariates to reduce the uncertainty in
the individual identity of latent identity samples via three mechanisms. First, any samples
that are inconsistent at any observed covariates are deterministically excluded from match-
ing. Second, as the number of identity categories created by covariates increases and as the
category level probabilities for each covariate become more equal, it is increasingly unlikely
that more than one individual locally, and in the population, will have the same full cate-
gorical identity. Third, the spatial location of the latent identity samples and the estimated
detection function scale parameter, σ, spatially restrict which samples matching at all ob-
served covariates could have been produced by the same individual. Thus, the categorical
SPIM reduces uncertainty in the individual identity of latent identity samples by providing
deterministic identity exclusions and reducing the uncertainty in probabilistic identity as-
sociations using both spatial and categorical covariate information. The categorical SPIM
simulation and MCMC functions are maintained in the SPIM R package (Augustine, 2018)
and can also be found in Supplement 2.

A specific case of categorically marked populations that is of some practical importance is
that in which individuals are marked by multilocus genotypes. In this case, each locus of
a genotype is a single categorical covariate and the categorical SPIM provides a continuous
model for genotype uniqueness. Thus, the categorical SPIM is an alternative to using the
P(ID) and P(sib) criteria currently used that allows for uncertainty in individual identity
as might be the case when fewer loci are amplified than necessary to meet probability of
identity criteria, which might occur in populations with very low genetic diversity (e.g.
McCarthy et al., 2009). The categorical SPIM also introduces the possibility of using fewer
loci than necessary to meet probability of identity criteria by design, trading some certainty
in individual identity for lower genotyping costs. Genotyping costs do not increase linearly
with the number of loci and Puckett (2017) found that variability in the number of loci used
in microsatellite studies explains very little variability in total project costs. There may
be some cost savings if using fewer loci allows for the use of fewer multiplex panels, which
explain a moderate amount of variability in total project costs (Puckett, 2017).

Simulation scenarios A1-4 (Figures 2.2 and 2.3) show the importance of population abun-
dance, density given abundance, and σ for the accuracy and precision of the unmarked SCR
and categorical SPIM estimators. Estimates from populations with lower density given abun-
dance and smaller σs showed less bias and estimates were more precise for populations with
higher abundances, lower density given abundance, and smaller σs. More categorical iden-
tity groups were necessary to maximize precision when abundance was higher and σ larger;
however, for the scenario that raised D without raising N , the majority of precision gains
came from the addition of the first 4 identity categories. This scenario raising D without
raising N demonstrates the importance of disentangling the relationship between N and D
when assessing the performance of unmarked SCR, and SCR models with latent or partial
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individual identities, more generally. Further, it suggests that categorical identity covariates
are more effective in populations where estimator uncertainty is due to a large D relative to
N , rather than a large σ.

The IDI correlated negatively with the precision and accuracy of ncap estimates. For the
scenarios that increased the IDI holding N fixed (A1 vs. A3, A2 vs. A4, A2 vs, A2b), the
IDI also correlated negatively with the accuracy and precision of N estimates. In scenarios
that increased D by increasing N (A1 vs A2, A3 vs. A4), the increase in uncertainty in ncap

was outweighed by the decrease in data sparsity and N estimates were more precise and
accurate. Our exploration of IDI values here is very limited and a larger simulation study
is necessary to determine how well this index correlates with estimator performance and to
what degree do scenarios with differing population density and σ values producing the same
index value share the same estimator performance. Our results suggest that scenarios with
differing D and σ values that produce the same IDI values will not necessarily produce the
same precision in ncap. We speculate that this is related to how the latent identity samples
interact with different densities of activity centers in the SCR process model. Specifically,
when D is large, there are necessarily more nearby individuals that a latent identity sample
can be allocated to, which increases the uncertainty in individual identity. Finally, note
that some of the largest values of the IDI may represent ecologically implausible or even
impossible scenarios since home range size generally varies inversely with density (Efford
et al., 2016).

It is not widely recognized that SCR models with latent individual identities where ncap

is latent, specifically, unmarked SCR and SMR, produce biased abundance estimates when
data are sparse or that this bias is magnified when density is higher for a fixed abundance
and/or σ is larger. We demonstrated these effects for unmarked SCR; however, these patterns
should also be present in SMR, at least those with very few marked individuals and/or sparse
detection data for the marked individuals as can occur when using natural marks and/or
surveying low density populations. In fact, even though our simulation specifications were
more challenging than those of Chandler & Royle (2013), many studies in practice use fewer
than 81 traps that we considered and an expected 1.65 captures per individual (including
the individuals captured 0 times) is likely optimistic for some sampling scenarios.

The addition of marked individuals should allow for more reliable estimation for the un-
marked population component because the marked individuals provide more information
about the detection function parameters and by construction, reduce the number of sam-
ples with latent or partial individual identifications. Further, the use of individual-linked
telemetry data and a marking process capture history in conjunction with generalized SMR
(Whittington et al., 2016) improves the estimation of model parameters and thus, the relia-
bility of density estimates. Still, until some practical guidelines can be established, relating
estimator performance to abundance, density given abundance, and metrics of data sparsity
(e.g., λ, K, number/spacing/extent of traps), we recommend researchers conduct simula-
tions with unmarked SCR or SMR parameter values appropriate to their study design to
determine if their study designs are sufficient to produce reliable estimates using these mod-
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els. If not, the categorical SPIM offers a second route to remove bias and increase precision
via reducing the uncertainty in individual identity, with the first route being the reduction
of uncertainty in σ using telemetry data (e.g., Sollmann et al., 2013a) and/or informative
priors (Chandler & Royle, 2013; Ramsey et al., 2015).

Simulation scenarios B1-3 (Table 2.1) demonstrate a proof of concept for using data sets
where some or most of the full categorical identities are partial such as partial genotypes.
With a 0.5 probability of successful amplification at each locus, no data sets produced enough
full genotype samples that would have been usable in a model that required certain individual
identification, but the categorical SPIM produced an estimate that was 95% as precise as
the estimate where all loci were amplified with probability 1. Even assuming only 75% of
the samples were usable, the estimate was 80% as precise. Therefore, the categorical SPIM
provides a way to use the partial identity information such as partial genotype samples that
are currently being discarded. We caution, however, that if partial genotype samples are more
likely to have genotyping errors, the categorical SPIM needs to be extended to accommodate
those errors, or perhaps a subset of the partial genotype samples could be deemed reliable
through consultation with a wildlife geneticist. For example, allelic dropout could be ruled
out by discarding any loci that were homozygous or using appropriate tests (e.g., available in
MicroChecker, Van Oosterhout et al., 2004), or partial genotypes could perhaps be deemed
reliable if they repeatedly produced the same partial genotype after a sufficient number of
amplification attempts in a multi-tubes approach. Alternatively, adapting the allelic dropout
model of Wright et al. (2009) to the categorical SPIM would be straightforward and Wang
(2017) present a model for false alleles that could be adopted if sufficiently general. Both of
these error processes would require the modeling of replicate amplification attempts rather
than the consensus genotypes used here.

We will discuss four assumptions of particular importance that we make for the categorical
SPIM. First, and perhaps most consequential, is that there is no individual heterogeneity
in detection function parameters or similarly, there is no transience in the activity centers
during the time of the survey (Royle et al., 2016). Like unmarked SCR and spatial mark-
resight (SMR), the categorical SPIM uses the detection function likelihood to determine how
likely it is that each latent identity sample came from each individual. As demonstrated in
Appendix A, of the detection function parameters, σ largely determines the degree to which
samples from different individuals overlap in space. If there is individual heterogeneity in
detection function parameters, especially σ, and the SCR model does not include this in-
dividual heterogeneity, an average λ0 and/or σ will be estimated, except the average will
be biased upwards since the samples will disproportionately belong to the more detectable
individuals. Still, the latent identity samples from the most detectable individuals will tend
to be incorrectly split across two or more latent individuals because their true spatial dis-
tribution of samples will be deemed unlikely by the model based on the averaged λ0 and/or
σ values. Therefore, ncap will tend to be biased high, introducing positive bias into N . The
black bear example suggests that individual heterogeneity in detection function parameters
(if it was present) can be overcome with increasing identity category information to cor-
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rectly reproduce the true ncap, but adding individual heterogeneity to the categorical SPIM
detection model (as well as unmarked SCR and SMR) would be required to get appropriate
abundance estimates. This should be investigated in the future; although, we expect the
introduction of individual heterogeneity in detection function parameters to drastically in-
crease the uncertainty in individual identity and thus, the utility of the categorical SPIM,
unmarked SCR, and SMR for density estimation. A better strategy would be the use of
covariate-specific detection function parameters for specific covariates such as the sex, if the
subsets of the population that have different detection function parameters can be at least
partially identified.

The second assumption of note is that all possible category levels are known, which may
not be the case for genotypes. There are two ways in which genotypes can be identified and
enumerated for the categorical SPIM: identifying all observed genotypes at each locus, or
identifying all implied genotypes at each locus based on the observed alleles at each locus.
The latter method is certainly more thorough, but given sufficiently large data sets, any
unobserved genotypes will occur in the population very rarely. Regardless, there will always
be the possibility that very low probability genotypes exist in the population that were not
observed in the data set, and not accounting for these individuals will introduce negative
bias in abundance estimates (Wright et al., 2009), though, the magnitude of bias will be
small if the majority of genotypes with non-negligible frequencies are identified. Wright
et al. (2009) raise the possibility of using independent, reference genotypes from the same
population to improve abundance estimates. This information could aid in identifying all
possible genotypes for each locus and could also be used to aid the estimation of genotype
frequencies, which would be especially helpful for sparse data sets. The latter use would
require that the reference genotypes were representative of the population subject to capture
but did not contain any of the same individuals which would violate independence (Wright
et al., 2009).

The third assumption of note is that the full categorical identities are independent among
individuals. When using genotypes, this assumption will be violated if genetic structure ex-
ists at the home range level as a result of relatedness, natural or anthropogenic impediments
to movement, or other factors. Due to the importance of the spatial proximity of samples
in the categorical SPIM, the combination of relatedness and philopatry (e.g. female black
bears) could lead to a spatial correlation in genotypes across the landscape. This could in-
troduce negative bias if sufficiently strong because latent identity samples of nearby, related
individuals will be erroneously combined into one individual too often when using few loci
data sets. We suspect spatial correlation in genotypes at the home range level will be weak in
most spatially structured, non-isolated populations, and the categorical SPIM to be robust
to this effect; although, this might not be the case for species such as canids that travel in
packs that are highly related. As the spatial uniformity of activity centers can be regarded
as a weak prior for the distributions of individuals across the landscape (Royle et al., 2013),
the spatial uniformity of category levels across the landscape is likely a similarly weak prior
with the posterior able to deviate substantially from spatial uniformity, given sufficient data.
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Regardless, the positive bias from individual heterogeneity in detection function parameters
will likely outweigh any negative bias from the non-independence of genotypes, but this ef-
fect should be further investigated. The robustness of the categorical SPIM to assumption
violations in typical genetic data sets can be further established by seeing how well it can
reproduce estimates from full data sets as we did in the black bear application across many
species and study areas.

The fourth assumption we will discuss is that the categorical covariates are independent of
one another. When using genotypes, this is equivalent to linkage equilibrium, which can be
tested for (Rousset & Raymond, 1995), and a test for linkage disequilibrium in the black
bear data set used in our application failed to detect linkage disequilibrium (Murphy et al.,
2016). Non-independence of the categorical covariates may occur for other types of data; for
example, when using natural marks, body size and sex may not be independent. In this case,
a composite covariate that combined body size and sex could be constructed, but this would
require the categorical SPIM to be modified to handle missing data if sometimes only body
size or sex was observed. When present, linkage disequilibrium causes pseudoreplication in
genetic data sets (Selkoe & Toonen, 2006), which we expect to introduce negative bias into
the categorical SPIM estimator because there will be less variability than expected in the
updated latent full categorical identities across MCMC iterations.

We added categorical covariates to the unmarked SCR model, but categorical identity covari-
ates can also be added to SMR, 2-flank SPIM, and likely other types of specialized SPIMs
that may not have yet been developed. Further, the categorical SPIM as described allows
continuous covariates if they are discretized, which requires the assumption that they are
measured without error. Continuous covariates with measurement error models could be
added for a more general “covariate SPIM”. In fact, the spatial location of a sample is a con-
tinuous covariate already being used by SPIMs, and the SCR process and detection function
models can be conceptualized as a measurement error model for the individuals’ activity
centers where the variance of the measurement error process is largely determined by the
size of an animal’s home range. An alternative, but likely less efficient way to accommodate
measurement error is to classify borderline observations as missing data. For example, if one
can ascertain body size from remote cameras, they may be classified as small and large, with
intermediate observations classified as missing data. Another ecologically relevant continu-
ous covariate that is informative of identity is the time a sample was recorded with samples
collected closer together in time being more likely to have been produced by the same in-
dividual. However; making use of the time of sample deposition would require a model for
animal movement and is probably less informative than spatial location, unless σ is large.

While our application and much of the discussion focuses on the use of microsatellite loci
as categorical identity covariates, other observation systems provide categorical identity co-
variates that can be used by the categorical SPIM. Remote cameras, for example, sometimes
provide individual sex, age class, color morph, natural markings, and/or other morphological
features (Villafañe-Trujillo et al., 2018). Some species such as mustelids (Royle et al., 2011;
Villafañe-Trujillo et al., 2018; Sirén et al., 2016) and Andean bears (Molina et al., 2017) can
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have markings on the chest, head, and neck, that can be used to classify unique individu-
als. We suspect categorical and/or continuous covariates can be extracted from these types
of observations that would allow this identifying information to be used without having to
assign a unique identity with certainty, which could be erroneous if two individuals shared
the same markings, or to include the photographs that were not distinct enough to provide
a unique identity. Further, if hair snares and remote cameras are deployed together (e.g.,
Royle et al., 2011) categorical identity covariates from photographs can be combined with
those provided by microsatellite loci.

In addition to the possible ways we envision the categorical SPIM may be used outlined in
this paper, it may allow for better density estimation for currently used observation systems
we are not aware of, and may spur the adoption of new ways of categorically marking species
for which unique marks are not currently available once researchers are aware that density
can be estimated using the information contained in categorical marks. Unique marks will
always be the most informative, but the categorical SPIM offers a middle ground between
uniquely marked and unmarked populations. SMR is another SCR-based model that in
intermediate between fully known and full latent individual identities and combining the
categorical SPIM with SMR is especially appealing because it would allow all of the features
currently available to improve density estimates over unmarked SCR to be combined into
a single model that can accommodate a subset of marked individuals, individual-linked
telemetry data, a marking process capture history, and categorical identity covariates.
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2.7 Tables and Figures

Table 2.1: Simulation results for the partial genotype analyses. Scenarios B1 and B2 had loci
amplification probabilities of 0.5. Scenario B1 used all partial genotype samples, while Sce-
nario B2 used 75% of the partial genotype samples. Scenario B3 is a typical SCR model using
all full genotype samples for comparison. Parameter mean point estimates are presented,
along with coverage of N (Cov), the mean 95% credible interval widths for N (N Wid) and
ncap (n wid), and the mean number of samples with complete genotypes (# complete).

Scenario λ̂0 σ̂ N̂ n̂cap Cov N Wid ncap Wid ncap # complete

True 0.250 0.500 38.0 . . . . . .
B1 0.253 0.490 39.4 18.4 0.953 27.6 1.8 18.5 0.48
B2 0.189 0.481 40.0 17.1 0.953 32.7 2.4 17.0 0.31
B3 0.256 0.492 38.7 . 0.953 26.109 . 18.5 64.31
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Table 2.2: Sex-specific estimates of the detection function baseline encounter rate, λ0, the
detection function spatial scale parameter, σ, and abundance from regular SCR (Full), cat-
egorical SPIM using 1-7 loci (1L - 7L), and categorical SPIM with 7 loci, adding partial
identity samples not included in the SCR estimate (7L+). Point estimates are the posterior
mode, uncertainty is quantified by the posterior standard deviation (N̂ SE) and the coeffi-
cient of variation (N̂ CV). For the categorical SPIM models, n̂cap is the estimated number
of captured individuals. Female estimates are listed first, followed by males.

λ̂0 σ̂ N̂ n̂cap N̂ SE N̂ CV

Full 0.156 0.92 182.9 45 28.7 15.7
1L 0.200 0.80 196.7 44.417 37.5 19.1
2L 0.175 0.81 209.6 46.471 36.7 17.5
3L 0.161 0.90 187.8 45.044 32.0 17.0
4L 0.157 0.92 183.5 45.004 29.5 16.1
5L 0.156 0.92 182.8 45.000 28.9 15.8
6L 0.155 0.92 182.5 45.000 28.9 15.8
7L 0.156 0.92 182.4 45.001 28.9 15.9

7L+ 0.162 0.92 181.0 45.002 28.3 15.6

Full 0.066 2.04 117.5 37 19.0 16.2
1L 0.069 1.29 258.5 47.837 88.1 34.1
2L 0.083 1.58 156.0 39.985 28.2 18.1
3L 0.080 1.73 136.8 38.034 22.9 16.7
4L 0.073 1.85 126.5 37.926 22.3 17.6
5L 0.067 2.02 118.9 36.999 20.0 16.9
6L 0.066 2.04 117.9 37.001 19.3 16.3
7L 0.066 2.03 117.6 37.000 19.1 16.2

7L+ 0.063 2.03 129.4 40 20.4 15.8
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Figure 2.1: The Individual Identity Diversity Index, quantifying the magnitude of uncer-
tainty in individual identity, as a function of population density (D) and the SCR spatial
scale parameter (σ). Increasing D and σ increases the magnitude of uncertainty in individual
identity and with N fixed, the expected precision of N and D estimates.
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Figure 2.2: Posterior modes and mean 95% credible interval width of abundance (N) esti-
mates plotted against the number of identity categories in Scenarios A1, A2, and A2b with
baseline detection rate λ0 = 0.25 and detection function spatial scale parameter σ=0.5. Pop-
ulation Density, D varies across scenarios, and A2b is the scenario that increases D while N
remains fixed. Note the number of identity categories increase exponentially.
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Figure 2.3: Posterior modes and mean 95% credible interval width of abundance (N) es-
timates plotted against the number of identity categories in Scenarios A3, and A4 with
baseline detection rate λ0 = 0.061 and detection function spatial scale parameter σ=1. Pop-
ulation Density, D varies across scenarios. Note the number of identity categories increase
exponentially.
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Figure 2.4: The relationship between uncertainty in the number of individuals captured, ncap

and uncertainty in abundance, N for each of the 5 A scenarios.
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Figure 2.5: Mean male and female capture locations with spatial recaptures for the Kentucky
black bear data set. Male 28 is highlighted in yellow because it had a large spatial recapture
and was not detected at several traps in between the two traps where it was detected,
requiring more loci for the categorical SPIM to link these two samples together.
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Figure 2.6: Posterior distributions for the number of unique individuals captured (ncap) for
the Kentucky black bear female and male data set using 1, 2 and 3 loci. True values from
full data sets are marked in red (45F, 37M).
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2.8 Appendix A: Individual Identity Diversity Index

We propose using the Simpson Diversity Index (Simpson, 1949) to quantify the magnitude
of uncertainty about individual identity in models with latent or partially latent individual
identities. The general idea is that there will be more uncertainty in individual identity of the
latent identity samples when there are more individuals exposed to capture and when more
individuals have closer to an equal probability of being captured at any point on the landscape
if a trap were to be placed there. Population abundance determines how many individuals
are exposed to capture at each point on the landscape–all N individuals are exposed to
capture at all points on the landscape, even if the detection probability of most individuals
is effectively zero. Population density, D, and the detection function spatial scale parameter,
σ, then determine how many individuals will have non-negligible capture probabilities and/or
capture probabilities of similar magnitudes at any point on the landscape. The Simpson’s
Diversity Index can be applied to quantify this diversity of individual identity at any point on
the landscape as a metric of the magnitude of uncertainty in individual identity of the latent
identity samples that is independent of the observation process that includes the trapping
array and number of trapping occasions and, as we will show, is negligibly affected by the
value of the detection function baseline detection parameter, λ0.

The Identity Diversity Index (IDI) can be calculated at each trap conditional on one real-
ization of the activity centers; however, a single metric for each combination of D, λ0, and
σ can be achieved using the expected ID averaged over many traps and realizations of the
activity centers. The expected ID can be calculated at any point on the landscape ,whether
or not a trap is located there by discretizing the state space into J grid cells of equal size.
We define the individual by grid cell level detection probability of the binomial observation
model to be pij, i = 1, . . . , N , with pij determined by the distance between activity center
i and spatial location j and a detection function, such as the hazard half-normal described
in the Methods. We then normalize these probabilities so they sum to 1 at each trap by
p′ij =

pij∑
i pij

. Then ID at spatial location j is IDj = 1−
∑N

i=1 p
′2
ij, which is exactly one minus

the Simpson’s Diversity Index so that larger values indicate more uncertainty in individual
identity. If the spatial distribution of activity centers across the landscape is uniform, the
expected value of ID will be the same in all grid cells, except there is an edge effect induced
by the edge of the state space, which we removed by buffering the grid area by at least
3 times the detection function scale parameter, σ. For each combination of D, λ0, and σ
(ranges listed below), we simulated K=25 realizations of the activity centers on a state space
of size 1444 km2 (a 20 x 20 km grid buffered by 3 times the maximum σ) and calculated
IDjk on the inner 400 km2 divided into 1681 grid cells. The expected ID was then estimated
by averaging IDjk over the 25 activity center replications and 1681 grid cells. For simplicity
in the main text and in plots, we refer to the expected ID as the Identity Diversity Index.

To first demonstrate that λ0 has a relatively minor effect on expected ID, we calculated
the Identity Diversity Index for all combinations of D ranging from 5 to 50 N/100 km2 in
increments of 0.05, λ0 ranging from 0.025 to 0.25 in increments of 0.025, and σ ranging from
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0.25 to 3 km in increments of 0.25. We found no evidence of an interaction between any
of these parameters, so Figure 2.7 shows the relationship between each parameter and the
Identity Diversity Index plotted at the median values of the other parameters. Note that the
Identity Diversity Index does not vary noticeably across the range of λ0 we considered here,
which covers much of the range seen in practice, although there is a very slight increase of size
0.01 in the Identity Diversity Index as λ0 is increased across the full range of λ0 considered
here. This minimal change is because the distribution of pij at location j is shifted right
when λ0 is raised and normalizing pij produces roughly the same values of p′ij for different
values of pij.

We then calculated the Identity Diversity Index across a wider range of parameter values for
D and σ at more granular level. For this second set of simulations, D ranged from 2.5 to
100 N/100 km2 in increments of 2.5, σ ranging from 0.25 to 5 km in increments of 0.1 and
λ was set to 0.025. We used the same 20 x 20 inner grid to calculate the Identity Diversity
Index, but the state space area was larger, at 2500 km2, due to the larger maximum sigma.
These simulations are presented in Figure 2.1 of the main text.

Figure 2.7: The relationship between the Identity Diversity Index and population density,
D, and the spatial capture-recapture baseline detection parameter, λ0, and scale paramater,
σ.
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2.9 Appendix B: MCMC algorithm

The inferential goal is to probabilistically reconstruct the true capture histories and each
individual’s full categorical identity from the observed trap-referenced detections and as-
sociated categorical identities, with potentially missing values, and then produce estimates
of abundance and density that incorporate the uncertainty stemming from imperfect indi-
vidual identity. Here, we will restate some of the notation outlined in the Methods. The
observed trap-reference detections are stored in the nobs × J matrix Y obs, a matrix of all
zeros, except for 1 elements indicating which trap each of the nobs detections were observed
at. The observed categorical identities are stored in the nobs × ncat matrix Gobs. The true
capture history and associated full categorical identities are then stored in Y true and Gtrue,
respectively, both with M rows after data augmentation and the same number of columns as
their observed counterparts. The process model quantities of interest are γ, the population
frequencies of the identity category levels for each ncatl category level for the l covariates,
S, the individual activity centers, z, the data augmentation indicator vector, and ψ, the
binomial inclusion probability for the data augmentation indicator vector.

The joint posterior is:

[λ0, σ,Y
true,GTrue,γ,S, z, ψ|Y obs,Gobs, X]

∝


M∏
i=1


J∏
j=1


nobs∏
m=1

[yobsmj , g
obs
m. |ytrueij , gtruei. ]





×

{
M∏
i=1

{
J∏
j=1

[ytrueij |λ0, σ, si, zi,xj]

}}

×

{
M∏
i=1

{
ncat∏
l=1

[gtrueil |γl]

}}

×

{
M∏
i=1

[zi|ψ][si]

}
× [λ0][σ][ψ][γ]

The prior distributions are

1. π(λ0) ∼ Uniform(0,∞)

2. π(σ) ∼ Uniform(0,∞)

3. π(ψ) ∼ Uniform(0, 1)
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4. π(si) ∼ Uniform(S)

5. π(γl) ∼ Dirichlet(αl), where αl is the vector of Dirichlet parameters of length ncatl ,
indexed by g below. All αl were set to vectors of 1.

Then the joint posterior is the product of the unmarked SCR likelihood, the categorical
identity likelihood, and the prior distributions.

Here, we list the full conditional distributions or the distributions that the full conditionals
are proportional to. Note the first five distributions are exactly the same as a typical SCR
model, the sixth and seventh correspond to the categorical identity component, and the final
component corresponds to the uncertain identity component.

1. [λ0|Y true, σ, z,S] ∝ [Y true|λ0, σ, z,S][λ0], where [Y true|σ,z,S, λ0] =∏M
i=1

∏J
j=1 Binomial(Y true

ij , zipij, K) for the Bernoulli observation model and∏M
i=1

∏J
j=1 Poisson(Y true

ij , Kziλij) for the Poisson observation model.

2. [σ|Y true, λ0, z,S] ∝ [Y true|λ0, σ, z,S][σ], where [Y true|σ,z,S, λ0] =∏M
i=1

∏J
j=1 Binomial(Y true

ij , zipij, K) for the Bernoulli observation model and∏M
i=1

∏J
j=1 Poisson(Y true

ij , Kziλij) for the Poisson observation model.

3. [zi|Y true
i , λ0, σ, si] ∝ [Y true

i |, zi, λ0, σ, si][zi|ψ], where [Y true
i |, zi, σ, λ0, si] = Bern

(
p∗iψ

p∗i+(1−ψ)

)
(p∗i defined below)

4. [ψ|z] = Beta(1 +
∑

i zi, 1 +M −
∑

i zi)

5. [si|Y true
i , λ0, σ, zi] ∝ [Y true

i |si, λ0, σ, zi][si],
where [Y true

i |si, λ0, σ, zi] =
∏J

j=1 Binomial(Y true
ij , zipij, K) for the Bernoulli observation

model and∏J
j=1 Poisson(Y true

ij , Kziλij) for the Poisson observation model.

6. [gtrueil |γl]=Categorical(γl)

7. [γl|Gtrue
.l ]=Dirichlet(yl + αl) where ylg is the number of individuals in the population

(zi = 1) with categorical identity g at loci l and αl is the Dirichlet prior for γl, a vector
of 1’s.

8. [yobsmj , g
obs
m. |ytrueij , gtruei. ]. See below.

Here we outline the MCMC algorithm. Again, note that the first five steps are exactly the
same as a typical SCR model.

1. Update λ0. λ0 is updated with a Metropolis-Hastings step using the distribution
Normal(λcurr0 , σλ0), to propose λcand0 , automatically rejecting if a negative value is pro-
posed. The MH ratio is calculated using distribution 1 above.
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2. Update σ. σ is updated with a Metropolis-Hastings step using the distribution
Normal(σcurr, σσ), to propose σcand, automatically rejecting if a negative value is pro-
posed.The MH ratio is calculated using distribution 2 above.

3. Update z. Each zi is updated by a Gibbs step using the full conditional above where p∗i
is the probability individual i was not captured during the experiment. Let p̄ij be the
probability of not being captured for each individual at each trap on 1 occasion. For
the bernoulli observation process, this is p̄ij = 1− pij and for the Poisson observation
process, this is p̄ij = exp(−λij). The probability of not being captured during the

experiment for each individual is then p∗i =
∏J

j=1Kp̄ij.

4. Update ψ. ψ is updated with a Gibbs step. Since π(ψ) ∼ Uniform(0, 1) is in the Beta
family, the full conditional distribution for ψ is Beta(1 +

∑
i zi, 1 +M −

∑
i zi).

5. Update s. Each activity center si is updated with a Metropolis-Hastings step using
the distributions Normal(scurri1 , σs) and Normal(scurri2 , σs) to propose scandi1 and scandi2 ,
respectively. Proposals that fall outside of the state space are rejected. The full
conditional distribution is the SCR observation model likelihood, whether bernoulli or
Poisson.

6. Update Y true. To update Y true for the Poisson observation model, we use a class-
structured version of the algorithm introduced by Chandler & Royle (2013). For the
case where all samples are compatible with each other, Chandler & Royle (2013),
update the true, latent data at each trap, one at a time, using the multinomial full
conditional that follows from contingency table results for Poisson random variables.
The full conditional from Chandler & Royle (2013), removing the k dimension of
occasion, is:

{ytrue1j , ytrue2j , . . . , ytrueNj } ∼MN(nj, {π1j, π2j . . . , πNj}) (2.1)

where nj is the number of samples recorded at trap j over all K occasions and πij =
ziλij/

∑
i ziλij. However, if some samples cannot be combined with others as is the case

when they have different full categorical identities, the latent true identities of each
sample must be updated one by one. Further, the observed data must be organized in
a manner that they can be associated with the partially-identifying information such as
a genotype. Chandler & Royle (2013) organize the latent identity samples in a vector
of trap counts, nj, or a matrix of trap by occasion counts njk, while we organize the
latent identity samples with no grouping in Y obs, an nobs×J matrix, which is associated
with the observed genotypes, Gobs, an nobs × ncat matrix, by the shared m dimension
spanning 1 . . . nobs.

We then swap the latent individual identity of each sample one at a time. For each focal
sample, f , stored in the trap-referenced observed detection vector yobsf we first identify
all individuals currently in the population (zi = 1) whose latent full categorical identity
match the observed categorical identity of the focal sample at all observed covariates
(Gtrue

il matches Gobs
fl for all l that satisfy Gobs

fl 6= 0, with 0 indicating a missing value),
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creating an indicator vector for consistency of the full categorical identity, q, where
qi = 1 if the latent full categorical identity of individual i is compatible with the
focal sample’s observed categorical identity and qi = 0 otherwise. We then choose a
new identity for the focal sample with a categorical draw from the probability vector
πij = qiziλij/

∑
i qiziλij, which is identical to how one would update the latent identities

in the Chandler & Royle (2013) model, except the probabilities that would swap the
latent sample identity to an individual with an inconsistent categorical identity have
been zeroed out. Finally, the latent, true data Y true is updated by moving the focal
sample trap-referenced observed detection vector, yobsf , from the current to the new
identity (row) of Y true.

The multinomial full conditional result does not hold for the Bernoulli observation
model; however, so we use a Metropolis-Hastings proposal. We use the categorical full
conditional above as the proposal distribution π(ID) ∼ Categorical({π1j, π2j . . . , πNj},
with πij = qiziλij/

∑
i qiziλij. Because the transition distribution for selecting samples

to update is not symmetric, the differing forward and backwards transition probabilities
must be calculated. The forward transition probability is the probability of selecting
a sample to update and then the probability of choosing the new identity ID′, pfor =
1

nobs × π(ID′). The backwards transition probability accounting for the fact that you
can only select individuals with full categorical identities compatible with the focal
observed categorical identity to move back is pback = 1∑

i qi
× π(ID)). We then accept

the proposal with probability:

min

(
1,
f(Y true−prop

i )

f(Y true−curr
i )

pback
pfor

)
. (2.2)

where f(.) is the SCR observation model likelihood.

7. UpdateGtrue. First, letGlatent be anM×ncat indicator matrix with elements glatentil = 0
if the observed categorical identity currently associated with individual i determine
gtrueil and 1 if not, e.g. all category l entries of the samples allocated to individual i
have an observed genotype of 0 (missing), and are thus consistent with any gtrueil value.
Then, i and l entries of Gtrue are updated with a Gibbs step using the full conditional
Categorical(γl) if glatentil = 1 and not updated otherwise.

8. Update γl. γl is updated with a Gibbs step. Following Wright et al. (2009), we adopt
a Dirichlet prior for γl, leading to a Dirichlet full conditional with parameter vector
α′l = yl + αl where ylg is the number of individuals in the population with category
level g for covariate l. To draw values from the full conditional, we first simulate a
vector of Gamma random variables gl ∼ Gamma(α′l, 1), where gl is of length ngenol .
Then, renormalizing these gamma random variables is a draw from the Dirichlet full
conditional, i.e.

glg∑
g glg

.
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9. Calculate the derived quantities population abundance, N curr =
∑M

i zcurri , popula-
tion density, Dcurr = Ncurr

||S|| , and the number of unique individuals captured ncurr =∑
i 1

∑
j y

true
ij >0.
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2.10 Appendix C: Simulation A Results

Table 2.3: Results from Simulation A Scenarios 1 - 4. The columns are “IDCat”, the number
of identity categories, the mean point estimates, the root means squared error of the point
estimates, the coefficients of variation for the point estimates (100×posterior sd/posterior
mode), the mean width of the 95% CIs for N , the 95% CI coverage of N , and ncap, and the
mean number of simulated individuals that were captured. The Identity Diversity Indices
for scenarios A1-4 were 0.38, 0.23, 0.76, 0.58. The Individual Diversity Index for scenario
A2b was 0.37.

Scen IDCat λ̂0 σ̂ N̂ n̂cap N̂
RMSE

n̂cap

RMSE
N

CV
n̂cap

CV
N

Wid
n̂cap

Wid
N

Cov
ncap

A1 1 0.246 0.487 75.2 37.2 40.4 13.7 75.7 34.2 196.5 45.8 0.951 36.5
A1 2 0.243 0.482 83.0 39.0 30.8 10.6 43.1 21.1 127.4 30.5 0.917 36.9
A1 4 0.246 0.493 79.7 37.4 17.9 4.9 22.8 12.6 67.8 17.5 0.938 37.1
A1 8 0.247 0.495 79.1 37.0 13.3 3.0 17.3 8.2 51.6 11.1 0.972 37.0
A1 16 0.249 0.494 77.5 36.1 12.4 2.1 14.8 5.5 43.5 7 0.931 36.2
A1 32 0.255 0.495 78.3 36.8 10.3 1.5 13.7 4.0 40.6 5 0.951 37.0
A1 64 0.251 0.494 78.2 36.6 10.2 1.0 13.3 2.9 39.6 3.4 0.931 36.7
A1 128 0.251 0.498 78.0 36.6 9.5 0.8 12.8 2.1 38.2 2.2 0.958 36.9
A1 256 0.250 0.497 76.0 35.7 9.7 0.7 12.8 1.7 37.2 1.6 0.958 35.9

A2 1 0.252 0.474 40.3 19.2 19.3 7.8 117.0 31.8 149.6 21.8 0.958 18.5
A2 2 0.255 0.489 40.6 18.8 13.7 3.9 52.7 19.4 70.5 13.1 0.958 18.7
A2 4 0.253 0.495 40.6 19.0 11.2 2.5 27.8 12.3 40.5 8.4 0.944 19.0
A2 8 0.245 0.491 40.0 18.6 8.3 1.5 22.3 8.5 33.5 5.4 0.958 18.6
A2 16 0.254 0.487 39.4 18.1 7.4 1.0 20.2 5.9 29.7 3.4 0.958 18.3
A2 32 0.251 0.491 39.4 18.3 6.8 0.8 19.2 4.4 28.3 2.4 0.944 18.6
A2 64 0.256 0.488 38.4 17.9 7.7 0.7 19.0 3.2 27.3 1.5 0.938 18.1
A2 128 0.242 0.500 38.2 17.9 7.2 0.4 18.7 2.5 26.8 1.2 0.951 18.0
A2 256 0.254 0.495 38.1 18.1 7.1 0.3 18.4 1.9 26.4 0.9 0.938 18.1

A2b 1 0.246 0.426 55.7 45.2 56.6 24.3 184.5 30.8 320.1 49.3 0.924 35.1
A2b 2 0.241 0.492 40.1 36.1 11.0 7.9 58.7 22.8 77.0 30.5 1.000 35.1
A2b 4 0.244 0.495 39.4 35.5 6.0 4.1 19.2 12.9 27.4 17.1 0.965 35.2
A2b 8 0.244 0.498 38.7 34.7 5.1 2.8 12.8 8.3 18.1 10.6 0.938 34.8
A2b 16 0.244 0.492 39.4 35.1 3.7 2.1 9.8 5.7 14.3 7.1 0.965 34.9
A2b 32 0.246 0.499 39.0 35.1 3.2 1.4 8.1 4.1 11.4 4.9 0.972 35.1
A2b 64 0.248 0.498 39.1 35.0 2.6 1.2 7.2 3.0 10.1 3.3 0.979 35.3
A2b 128 0.252 0.496 38.5 34.6 2.3 0.8 6.6 2.1 9.1 2.1 0.972 35.0
A2b 256 0.249 0.501 38.7 34.9 2.4 0.5 6.3 1.6 8.8 1.4 0.951 35.1
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Scen IDCat λ̂0 σ̂ N̂ n̂cap N̂
RMSE

n̂cap

RMSE
N

CV
n̂cap

CV
N

Wid
n̂cap

Wid
N

Cov
ncap

A3 1 0.055 1.421 71.1 48.4 70.9 28.4 124.2 42.9 285.2 69.1 0.965 43.6
A3 2 0.055 1.194 79.9 51.1 61.7 24.3 99.8 35.0 264.8 62.3 0.951 43.3
A3 4 0.059 0.976 85.5 48.0 48.1 16.9 65.5 26.9 196.4 47.6 0.958 44.5
A3 8 0.060 0.951 84.7 46.1 35.0 10.3 40.4 17.5 122.5 30.4 0.958 43.5
A3 16 0.059 0.982 81.3 44.9 20.5 5.3 25.5 11.5 76.5 19.4 0.938 43.9
A3 32 0.060 0.986 79.3 44.3 13.0 3.5 18.2 7.6 54.2 12.6 0.958 43.5
A3 64 0.061 0.979 80.3 44.2 12.7 2.3 14.8 5.2 45.1 8.3 0.931 43.7
A3 128 0.060 0.991 78.4 43.5 10.1 1.6 13.4 3.8 39.8 5.7 0.965 43.3
A3 256 0.061 0.979 79.3 43.7 8.9 1.2 12.5 2.7 37.9 3.8 0.965 43.7

A4 1 0.051 1.402 43.0 27.2 44.8 18.7 188.2 43.5 255.7 39.1 0.965 21.4
A4 2 0.056 1.291 54.7 28.8 51.4 15.8 118.5 32.6 211.4 33.0 0.938 22.0
A4 4 0.063 0.920 41.6 22.8 21.8 6.6 82.8 26.2 114.1 22.0 0.972 21.4
A4 8 0.058 0.964 41.8 23.0 16.3 4.2 48.7 17.5 70.0 14.9 0.958 22.2
A4 16 0.060 0.975 40.0 22.1 11.3 2.8 29.9 11.4 42.9 9.1 0.924 21.8
A4 32 0.061 0.962 40.4 22.0 9.2 2.0 23.3 7.8 34.6 5.9 0.938 22.0
A4 64 0.060 0.989 39.0 21.6 7.2 1.3 20.1 5.7 29.0 4.0 0.958 21.7
A4 128 0.062 0.970 40.0 22.0 7.2 0.9 18.4 4.1 27.5 2.6 0.944 22.1
A4 256 0.063 0.969 39.0 21.6 6.8 0.6 17.6 3.0 25.6 1.7 0.951 21.7
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2.11 Supplement 1: MCMC mixing

Here, we demonstrate some features of the mixing of categorical SPIM MCMC chains. First,
as more loci or identity categories are added, the uncertainty in ncap, the number of unique
individuals captured is reduced, and this in turn can lead to very low probability values
of ncap that may require many MCMC iterations to fully characterize the posterior of N .
This can be seen in Figures 2.8 and 2.9, depicting 32 MCMC chains for ncap for the 1-7 loci
data sets of Kentucky male and female bears, respectively. These figures show that as the
genotype information becomes more rich, ncap is increasingly constrained, and the largest
values with positive posterior probability become increasingly less probable, requiring longer
chains to record the increasingly rare events that ncap takes these larger values. Specifically,
for the female data set, ncap = 46 becomes increasingly less probable and for the male data
set, ncap = 38 becomes increasingly less probable (true values are 45 and 37, respectively).

Figure 2.10 depicting a single MCMC chain from the 6 loci male data set shows that these
very small shifts in ncap can have a non-negligible impact on the estimates of the other
parameter values which can lead to bimodal posteriors for ncap, λ0, σ, and N . This pattern
was more pronounced in the male data set due to an especially long-distance spatial recapture
for a single individual. When ncap was estimated to be 38, this individual’s captures were
split across two latent individuals, while when ncap was estimated to be 37, this individual’s
captures were correctly combined into a single latent individual. However, due to the distance
between this individual’s captures, the estimate of σ had to shift upwards substantially to
make this combination of samples more likely and the shift in σ propagated to λ0 and N .
Note also, that the ncap posteriors for male data sets with higher numbers of loci tend to stay
at these low probability ncap values for many consecutive iterations, while the ncap posteriors
for the female data sets do not remain at the low probability ncap values for many consecutive
iterations. This can be attributed to the bimodal distribution of σ in the male data set–
when ncap = 38, σ is underestimated relative to when ncap = 37, leading to an exceeding low
probability that the samples from the individual with the long distance spatial recapture
will be proposed to be combined into a single latent individual.

We suspect bimodal posteriors (possibly multimodal) will be more common in two scenarios.
First, when ncap is small, a 1 unit difference in ncap should have a larger influence on the
estimate of N . Second, realizations of the capture process leading to one or a few long
distance spatial recaptures relative to σ as seen in the male data set may often lead to
bimodal posteriors. These long distance spatial recaptures could be due to rare realizations
of the capture process with fixed detection function parameters, but will be more common if
there is individual heterogeneity in detection function parameters, especially σ. If individual
heterogeneity in σ explains the long distance spatial recapture in the male data set, the 1-7
loci analyses suggest that the misspecification of the observation process that leads to a very
low probability this individual’s samples all came from the same latent individual can be
overcome by adding more genotype information, making it increasingly unlikely that two
individuals in the population had the same genotype.
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Due to the possibility of bimodal posteriors with low probability modes that may have
a disproportionate impact on the posterior, we suggest running multiple chains for many
iterations when there is little to no apparent uncertainty in ncap.

Figure 2.8: MCMC trace plots for ncap, the number of individuals captured, for the 1-7 loci
KY male bear data sets. 32 chains were run for 250, 0 iterations, thinned by 50. Burn in
samples were not removed in these plots to show convergence.
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Figure 2.9: MCMC trace plots for ncap, the number of individuals captured, for the 1-7 loci
KY female bear data sets. 32 chains were run for 250,000 iterations, thinned by 50. Burn
in samples were not removed in these plots to show convergence.
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Figure 2.10: An example MCMC trace plot of a single MCMC chain from the 6 loci KY
male bear data set exhibiting bimodal posterior distributions. Two upward shifts in ncap,
cause downward shifts in σ, which propagate to, λ0 and N .



Chapter 3

Spatial Mark-Resight with Partial
Identity: An Application to Camera
Traps

3.1 Abstract

The estimation of animal population density is a fundamental goal in wildlife ecology and
management, commonly met using mark recapture or spatial mark recapture (SCR) study
designs and statistical methods. Mark-recapture methods require the identification of indi-
viduals; however, for many species and sampling methods, particularly noninvasive methods,
no individuals or only a subset of individuals are individually identifiable. The unmarked
SCR model, theoretically, can estimate the density of unmarked populations; however, it
produces biased and imprecise density estimates in many scenarios typically encountered.
Spatial mark-resight extends the unmarked SCR model by introducing a subset of individuals
that are marked and individually identifiable, individual-linked telemetry data, and the pos-
sibility that the capture-recapture data from the survey used to deploy the marks can be used
in a joint model, all improving the reliability of density estimates. The categorical spatial
partial identity model (SPIM) improves the reliability of density estimates over unmarked
SCR along another dimension, by adding categorical identity covariates that improve the
probabilistic association of the latent identity samples. Here, we combine these two models
into a “categorical SMR” model to exploit the benefits of both models simultaneously. We
demonstrate using simulations that SMR alone can produce biased and imprecise density
estimates with sparse data and/or when few individuals are marked. Then, using a fisher
genetic capture-recapture data set, we show how categorical identity covariates, marked in-
dividuals, telemetry data, and jointly modeling the capture survey used to deploy marks
with the resighting survey all combine to improve inference over the unmarked SCR model.
As previously seen in an application of the categorical SPIM to a real world data set, the
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fisher data set demonstrates that individual heterogeneity in detection function parameters,
especially the spatial scale parameter σ, introduce positive bias into latent identity SCR
models (e.g., unmarked SCR, SMR), but the categorical SMR model provides more tools to
reduce this positive bias than SMR or the categorical SPIM alone. We introduce the possi-
bility of detection functions that vary by identity category level that will remove individual
heterogeneity in detection function parameters than is explained by categorical covariates
such as individual sex. Finally, we provide efficient SMR algorithms that accommodate all
SMR sample types, interspersed marking and sighting periods, and any number of identity
covariates using the 2-dimensional individual by trap data in conjunction with precomputed
constraint matrices, rather than the 3-dimensional individual by trap by occasion data used
in SMR algorithms to date.

3.2 Introduction

The estimation of animal population density is a fundamental problem in wildlife ecology
and management (Efford, 2004; Laake et al., 1993) and increasingly, population density is
estimated using noninvasive methods such as remote cameras and the collection of genetic
material from scat or hair samples because they allow for systematic data collection over
large areas with less effort than live capture surveys (Kelly et al., 2012). One of the most
robust and well-developed class of models for estimating density, mark-recapture, and its
extension to spatial mark-recapture (SCR), require the determination of the individual iden-
tities of all captured individuals; however, many species are not reliably identifiable using
noninvasive methods. SCR models, specifically, have been extended to accommodate fully
unmarked populations (Chandler & Royle, 2013), but unfortunately, the unmarked SCR
model produces biased and imprecise density estimates in many scenarios typically encoun-
tered using noninvasive methods (Chandler & Royle, 2013; Augustine et al., 2018b). The
SCR modeling framework does; however, offer several ways to improve density estimates for
unmarked populations including the introduction of marked individuals (Chandler & Royle,
2013; Sollmann et al., 2013a), informative priors related to home range size (Chandler &
Royle, 2013; Ramsey et al., 2015), telemetry data (Sollmann et al., 2013a; Whittington
et al., 2016), and/or partial identity information (Augustine et al., 2018a,b).

The main features of an SCR model are an explicit model for the distribution of individual
activity centers across a state-space (i.e., the study area) and a model for trap level detection
probability that is a decreasing function of the distance between individual activity centers
and the trap locations. The detection function typically has two parameters, the first of
which is either λ0 or p0, the baseline parameters for the expected number of counts (detection
rate) or the detection probability for a trap located exactly at an activity center, respectively,
depending on if the observation model is Poisson or Bernoulli. The second detection function
parameter is σ which determines how quickly detection rate or probability declines with the
distance between an activity center and a trap, and is related to the home range size of
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the species under study (Royle et al., 2013). When summed over the capture occasions, the
observed data are the individual by trap number of counts or detections.

The unmarked SCR model is an SCR model where the individual identities are not observ-
able, leading to trap-referenced, unidentified counts. The inferential goal of unmarked SCR
is to probabilistically resolve the true identities of the observed trap-referenced counts and
then incorporate the uncertainty in individual identity into the estimates of abundance and
density. The process by which the latent individual identities are probabilistically resolved
involves relating the latent identity trap-referenced counts to the latent activity center struc-
ture of the SCR process model and then updating the latent identities of these samples in
a Markov chain Monte Carlo (MCMC) algorithm. This process uses the spatial location
where samples were collected to probabilistically link samples collected closer together in
space more frequently than those collected further apart, with the estimated σ parameter
playing a large role in determining how frequently any two latent identity samples should
be combined given their spatial proximity. Thus, the σ parameter estimate is particularly
important for correctly allocating the latent identity samples to the latent activity centers
(Chandler & Royle, 2013; Augustine et al., 2018b), and unmarked SCR estimates can be
improved by using informative priors for σ or telemetry data (Chandler & Royle, 2013).

As classified by Augustine et al. (2018b), unmarked SCR is the most basic type of spatial
partial identity model (SPIM), where a SPIM is defined to be a partial identity model that
uses the partially identifying spatial location where latent identity samples were collected
to improve the probabilistic identity associations among samples. A second key feature of a
SPIM is that it capitalizes on two key ecological spatial concepts to resolve the uncertainty
in individual identities – population density and home range size. Augustine et al. (2018b)
demonstrate that when sample identities are latent, the magnitude of uncertainty in indi-
vidual identity is larger in higher density populations and/or when home ranges are larger,
as quantified by the σ parameter in SCR models. Augustine et al. (2018b) propose using
a metric based on the Simpsons Diversity Index (Simpson, 1949) to quantify the expected
magnitude of uncertainty in individual identity for a given density and σ, which they call
the “Individual Diversity Index” (IDI). Further, they propose that the realized magnitude
of uncertainty in individual identity in a SPIM can be quantified by the uncertainty in ncap,
the number of individuals captured. This is a known quantity in a regular mark recapture
model, but is a a random variable in a SPIM, and the uncertainty in ncap correlates well with
the magnitude of uncertainty in abundance and density estimates (Augustine et al., 2018b).

Two other SPIMs, spatial mark-resight (SMR Sollmann et al., 2013a) and the categorical
SPIM (Augustine et al., 2018b), have extended unmarked SCR to incorporate additional
individually identifying information and improve density estimation with latent identity
samples. First, spatial mark-resight introduces the possibility of deterministic identity as-
sociations between the marked and identifiable individual samples, and introduces more
deterministic constraints for the latent identity samples if the marked status of some or all
samples can be observed. Second, the categorical SPIM uses partially identifying categorical
covariates to reduce the uncertainty in the individual identities of latent identity samples
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by adding deterministic constraints between samples whose categorical identities conflict,
and by improving the probabilistic identity associations using the frequencies with which
category levels are found in the population. We will discuss each of these SPIMs in more
detail and then propose that they be combined into a “categorical SMR” model that uses all
of these sources of information for improved density estimation with latent identity samples.

If a portion of a wildlife population is either naturally marked (e.g., unique markings or
morphological features for some individuals Rich et al., 2014) or marks are deployed before
the capture-recapture survey (e.g., VHF or GPS tracking collars, ear tags, etc. Sollmann
et al., 2013a; Whittington et al., 2016), spatial mark-resight models can exploit this infor-
mation to improve density estimation over an unmarked SCR model. The SMR model allows
for the marked portion of the population to be individually identifiable so that some or all
of their samples can be deterministically linked together, with the samples that cannot be
deterministically linked treated like the latent identity samples in unmarked SCR that must
be probabilistically associated using spatial information. The main advantage of SMR is
the availability of deterministic linkages provided by the marked and identifiable samples,
but the presence of marked individuals introduces identity constraints that can be used to
better resolve the uncertainty in the latent identity samples. In SMR, there are three classes
of latent identity sample types carrying different amounts of individually-identifying infor-
mation (as described in Royle et al., 2013). The least informative type of sample is one for
which the marked status cannot be determined. These samples must be probabilistically as-
sociated with both marked and unmarked individuals and are equivalent to a latent identity
sample in unmarked SCR. Marked but not individually identifiable and unmarked samples
are more informative because they can only be probabilistically associated with the marked
and unmarked individuals, respectively, reducing the number of possible individuals a latent
identity sample could belong to. A second advantage of SMR is that telemetry can be linked
to specific marked individuals, allowing telemetry to be used to improve the estimates of
activity center locations of the telemetered individuals (e.g., Whittington et al., 2016) and
the parameters of more ecologically-informed detection function models (e.g., ?) in addition
to the estimates of σ which is the only parameter that may be informed by telemetry in
unmarked SCR.

Recently introduced generalized SMR (Whittington et al., 2016), distinguished from con-
ventional SMR (Sollmann et al., 2013a) described above, provides an additional source of
information that improves the probabilistic association of latent identity samples. The main
purpose of generalized SMR is to correctly describe the distribution of marked individual ac-
tivity centers across the state-space. An important assumption in conventional SMR is that
the spatial distribution of activity centers for the marked individuals is either the same as
the spatial distribution of the unmarked individuals (e.g., the marked individuals constitute
a random sample from the state-space) or that the spatial distribution of marked individu-
als can be specified using a parametric model (Royle et al., 2013). However, generally, the
information necessary for specifying the spatial distribution for the marked individuals is
either not available or imprecise. Generalized SMR determines the spatial distribution of
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the marked individuals by modeling the process by which animals came to be marked (the
“marking process”), improving inference over models where the spatial distribution of the
marked individuals is not correctly specified. A second advantage of modeling the marking
process is that because all captured individuals are individually identifiable during mark-
ing, additional information about the detection function parameters and the locations of
the marked and unmarked individual activity centers is provided, allowing for the identities
of the latent identity samples to be probabilistically resolved with less uncertainty and for
density to be estimated with more accuracy and precision.

Augustine et al. (2018b) introduced the categorical SPIM where, rather than individuals be-
ing fully unmarked, they are categorically marked, precluding the determination of individual
identification, but introducing some information to reduce the uncertainty in the probabilis-
tic identity associations among samples and thus producing more reliable and precise density
estimates. To illustrate this model, consider that identity covariates can be obtained from
noninvasive samples; for example, sex, age class, color morph, and/or antler features may be
determined from remote camera surveys or locus-specific genotypes are available in genetic
surveys. Then, individuals can be classified by their full categorical identities, the combina-
tion of their identity covariate values for all identity covariates. In a camera trap study, a
full categorical identity might be “male, subadult” or “female, adult” or in a genetic study
using 2 microsatellite loci, a full categorical identity would be the genotypes consisting of
the number of DNA sequence repeats for each allele, where one individual’s full categorical
identity might be “(144, 153), (134, 134)”.

A full categorical identity does not provide enough information to produce a unique iden-
tity, but it reduces the uncertainty in individual identity in two ways. First, it introduces
deterministic constraints, preventing samples with conflicting covariate values from being al-
located to the same individuals (e.g., a male and a female sample cannot be combined), and
second, the number of categorical identity covariates, the number of category levels for each
covariate, and the population frequencies of each category level, estimated by the model,
inform the probability that any two samples that match at all identity covariates belong to
a single individual. For example, two “male, subadult” samples more likely belong to the
same individual than two male samples of unknown age class because the age class category
subdivides the male category. Further, in a male biased population, the probability two male
samples came from the same individual is lower than the probability that two female samples
came from the same individual and vice versa. Similarly, Augustine et al. (2018b) demon-
strate that the categorical SPIM offers a continuous model for sample uniqueness in genetic
capture recapture studies, where the addition of microsatellite loci decrease the uncertainty
in individual identity until no uncertainty remains if enough loci are available. Thus, the
categorical SPIM provides an alternative to using the binary probability of uniqueness cri-
teria (P(ID) and P(sib) Waits et al., 2001) that guarantee the near certain uniqueness of
genotypes and relaxes the requirement that genotypes are unique in the population.

Combining the features of SMR with those of the categorical SPIM would improve inference
in typical SMR studies where categorical identity covariates may be available and in cate-
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gorical SPIM studies where it may be possible to classify individuals as marked, whether
by natural or researcher-applied marks. Combining these the features of these two models
will have the greatest utility in scenarios where each these models alone do not produce
unbiased and precise density estimates. As we will demonstrate, SMR can produce biased
and imprecise density estimates when there are few marked individuals and/or data are
sparse, whether due to a low abundance of animals in the population or a low baseline de-
tection rate or detection probability. Categorical SPIM also produces biased and imprecise
density estimates when data are sparse and the available number of identity categories is
small (Augustine et al., 2018b). Further, both SMR and categorical SPIM have difficulty ac-
commodating individual heterogeneity in detection function parameters, especially σ, which
can introduce positive bias in abundance and density estimates (Augustine et al., 2018b).
Augustine et al. (2018b) demonstrated that this positive bias can be removed with enough
categorical identity covariates in the categorical SPIM, so adding these to SMR should al-
low for improved density estimation in the presence of individual heterogeneity in detection
function parameters. Similarly, the extra information stemming from the marked individ-
uals should improve density estimation over the categorical SPIM in these scenarios with
individual heterogeneity in detection function parameters, especially if the marking process
is explicitly modeled and/or if telemetry data are available.

Here, we develop a model that combines the marked individual features of SMR, the possi-
bility of explicitly modeling the marking process as provided by generalized SMR, the use of
individual-linked telemetry data, and the categorical identity covariates of categorical SPIM.
We also introduce the possibility that detection function parameters vary by the values of
the categorical identity covariates, an idea introduced by (Augustine et al., 2018b), but not
yet implemented. Finally, we describe an efficient MCMC algorithm to fit conventional,
generalized, and categorical SMR using the individual by trap capture histories rather than
the individual by trap by occasion capture histories used to date (e.g., Sollmann et al.,
2013a; Whittington et al., 2016). We then investigate the performance of the categorical
SMR model via simulation and apply the model to a fisher (Pekania pennanti) data set
where categorical identity covariates are available in the form of microsatellite loci, where
the marking process allows for perfect individual identification, and where individual-linked
telemetry data are available.

3.3 Methods

3.3.1 Methods – Spatial Mark-Resight Foundation

In the spatial mark-resight study design, a subset of the population is marked either by
researcher-applied or natural marks and then the population is subjected to a resighting
process where the individual identities of marked individuals may or may not be observed
and the individual identities of unmarked individuals are not observable. Sightings of marked
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individuals whose identities can be observed are deterministically associated into a capture
history as they are in a typical SCR model, but there are three types of latent identity
samples specific to mark-resight – marked but unknown identity, unmarked, and unknown
marked status samples. If there are no marked but unknown identity or unknown marked
status samples, the true capture history is partially latent with the marked individual com-
ponent being fully observed. However, if either or both of these two sample types that were
or could have been produced by marked individuals are observed, the true capture history is
fully latent. The inferential goal of SMR is then twofold. First, the latent identity samples
are probabilistically associated with the individuals that could have produced them in the
fully or partially latent true capture history; however, unlike unmarked SCR, these prob-
abilistic associations are subject to the deterministic constraints provided by the observed
sample types. Second, the probabilistically-resolved true capture history is used to estimate
abundance and density while accounting for the uncertainty in individual identification.

Spatial mark-resight is exactly a typical SCR model with an altered observation model.
Therefore, it uses the same process model for the allocation of activity centers across the
landscape. We assume N activity centers, s1 . . . , sN are distributed uniformly across a 2-
dimensional state-space, e.g., si ∼Uniform(S), where S is the 2-dimensional state-space.
These activity centers are organized in the N × 2 matrix S. Note, this specification implies
that the marked and unmarked individual activity centers have the same spatial distribution,
which is reasonable if animals are marked randomly with respect to space as should be the
case for natural marks or a completely random marking process. If the marking process is
not random with respect to space, the capture-recapture data generated from the marking
process can be included in the model leading to a generalized SMR model (Whittington et al.,
2016). We will consider both the case of conventional SMR where individuals are resighted
at JS spatial locations, XS, over KS occasions and generalized SMR where they are first
captured and marked at JM spatial locations, XM , over KM occasions followed by the same
sighting process as conventional SMR. The dimension of the matrices of spatial locations
are JM × 2 and JS × 2, respectively, for XM and XS. Below, we will describe generalized
SMR, with the implication that our description of the sighting process fully describes the
observation model of conventional SMR.

Both the marking and sighting processes of generalized SMR are typical SCR observation
models, with the true capture history being partially or fully latent for the sighting process.
We will consider both a Poisson and Bernoulli observation process for both observation com-
ponents. For the Poisson observation model, we assume the observed counts for individual
i at trap j summed over the KM capture occasions for observation type m are distributed
following ymij ∼ Poisson(KMλmij ) for m ∈ (M,S). We assume the expected counts for each
individual at each trap on each occasion decline as an decreasing function of distance fol-

lowing λm(si,x
m
j ) = λm0 exp

(
− ||si−x

m
j ||2

2(σm)2

)
, where λm0 is the expected number of counts for

a trap located at distance 0 from an activity center for observation type m, and σm is the
spatial scale parameter determining how quickly the expected counts decline with distance.
For the binomial observation model, we assume the detections for individual i at trap j
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summed over the KM capture occasions for observation type m are distributed following
ymij ∼ Binomial(pmij , K

M) where p(si,x
m
j ) = 1− exp(−λm(si,x

m
j )). For convenience, we will

refer to both the trap level detections and trap level counts as “counts” below.

The observed data consists of the fully observed marking process capture history for the
nM marked individuals, the complete or partially-observed sighting process capture history
for the marked individuals, and the sighting process capture histories for the latent identity
samples. We denote the nM × JM capture history for the marking process as Y M and the
nM × JS capture history for the sighting process of the marked individuals as Y S.M . This
matrix contains all of the marked individuals’ sightings unless there are some samples where
marked status can be determined but individual identity cannot, or if there are unknown
marked status samples that belong to marked individuals. Further, this matrix could possibly
consist of all zero entries if the individual identity could not be determined for any of the
marked status samples and thus, it is completely latent as we will consider in the fisher
application.

The observed trap counts of each of the three latent identity sighting sample types can be
aggregated to trap by occasion counts and stored in separate JS×KS dimension matrices for
the marked but no identity, unmarked, and unknown marked status samples (Whittington
et al., 2016), or if counts are summed over occasions as we assume, they can be aggregated
to trap level counts and stored in JS length vectors. However, because we will be associating
categorical identities with each sample, we will store the latent identity samples in matri-
ces. Let nM.unk, num, and nunk be the number of marked but no identity, unmarked, and
unknown marked status samples, respectively. Then Y S.M.unk is the nM.unk × JS matrix of
marked but no identity samples, Y S.um is the num × JS matrix of unmarked samples, and
Y S.unk is the nunk × JS matrix of unknown marked status samples. These latent identity
capture histories consist of all zero entries except for a single ”1” entry indicating the trap
of capture. The inferential goal is then to probabilistically reassemble these latent identity
samples, given the deterministic constraints introduced by the observed sample types, into
the latent components of Y S.true, the augmented (described below), partially latent true
sighting history, and then estimate abundance and density, incorporating this uncertainty in
individual identity.

3.3.2 Methods – Categorical Spatial Mark-Resight

Here, we extend SMR to incorporate the class structured individual identity model of Au-
gustine et al. (2018b) where class membership is determined by an individual’s set of values
for ncat categorical covariates, which we will call an individual’s full categorical identity and
where multiple individuals in the population may share the same full categorical identity.
The joint density and categorical identity process model is exactly the same as the unmarked
SCR-based model described in Augustine et al. (2018b), while the observation model intro-
duces the possibility of dividing the population into marked and unmarked individuals, with
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complete identities possibly available for the marked individuals.

Associated with the individual activity centers is an N × ncat categorical identity matrix
Gtrue, where gtruei is the full categorical identity of the individual having activity center si.
Each of the l categorical covariates have nlevelsl , which we assume are all known and indexed
sequentially by 1, . . . , nlevelsl (Wright et al., 2009). The values ofGtrue are then determined by
the population category level probabilities for each covariate. More specifically, the category
level probabilities for covariate l are γl, each of length nlevelsl . We then assume the categorical
identity of each individual for each covariate are distributed following the covariate-specific
category level probabilities following gtrueil ∼ Categorical(γl) and that category levels are
distributed independently across identity covariates and individuals.

The partially latent observation process is the same as typical SMR; however, we consider
that detection function parameters may depend on the levels of categorical identity covari-
ates. Theoretically, any categorical feature observable or partially observable in an SMR
survey that may determine the value of detection function parameters, such as individual
sex or age class, can also be used as a categorical identity covariate. We consider the simplest
case where the detection function parameters vary by only one categorical identity covariate;
however, detection function parameters may vary by multiple categorical identity covariates
using additive effects on the logit scale. We define the first categorical identity covariate,
gtrue.1 , to be the identity covariate that determines the nlevels1 detection function λM0 , λS0 , and
σ parameters, now redefined to be vectors of length nlevels1 , e.g., λM0 , λS

0 , and σ. Further, the
population-level frequencies of these category levels are already stored in γ1 described above,
which can be used to update missing covariate values. For example, gtrue.1 may be the sexes
of the N individuals in the population in which case, nlevels1 = 2, λM0 = {λM.male

0 , λM.female
0 },

λS0 = {λS.male0 , λS.female0 }, λS0 = {σmale0 , σfemale}, and γ1 is a vector of length 2 with elements
P[sexi]=male and P[sexi]=female. These categorical covariate-specific detection functions
allow for individual heterogeneity in detection function parameters to be reduced, which has
been shown to introduce positive bias in density estimates from latent identity SCR models
when not modeled (Augustine et al., 2018b).

The observed data in the unmarked SCR-based categorical SPIM (Augustine et al., 2018b)
consists of two linked data structures–Y obs, a capture history indicating the trap at which
each latent identity sample was recorded with a 1 with all other entries being 0, and Gobs,
the observed categorical covariate(s) of each sample with category levels indexed sequentially
as described above or recorded as a 0 if not observed. Above, we split the observed latent
identity counts by sample type, so we will need to split Gobs by sample type: GM.unk is the
nM.unk×ncat identity history for the marked but unidentified samples, Gum is the num×ncat
identity history for the unmarked samples, and Gunk is the nunk×ncat identity history for the
unknown marked status samples. Unlike the categorical SPIM, the full categorical identities
for a subset of the individuals, specifically, those that are marked, are partially (if missing
covariate values) or fully known and stored in GM of dimension nM ×ncat and linked to Y M

and Y S.M by the i dimension.
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The inferential challenge is then to probabilistically resolve the individual identities of the
latent identity samples subject to the deterministic sample type and categorical identity
constraints and estimate abundance and density incorporating this uncertainty in individual
identity. This is accomplished using data augmentation (Royle et al., 2007). Both Y M and
Y S.M are augmented up to dimension M × JM and M × JS, respectively, with M chosen
to be much larger than the expected abundance. We will rename the augmented sighting
history Y S.true because it will be allocated latent identity samples from both the marked
and unmarked components of the population in order to probabilistically reconstruct the
complete, true sighting history. The augmented individuals have fully latent full categorical
identities which requires GM to be augmented up to dimension M × ncat, which we will
rename asGtrue. The vector z is introduced to indicate that individuals are in the population
with value 1 and 0 otherwise, with the first nM individuals values fixed to 1 because they
are known to be in the population. Then, it is assumed that zi ∼ Bernoulli(φ) inducing
the relationship N ∼ Binomial(M,φ). Population abundance, N =

∑M
i=1 zi is a derived

parameter and population density, D, is N
A

where A is the state-space area. Finally, the
identity to which each latent identity sample is assigned to on each MCMC iteration is a
derived parameter, all of which are stored in vector, ID, of size nlatent, the total number
of latent identity samples of all types. The posteriors for ID can be post-processed to
calculate the pairwise posterior probabilities that any two samples were produced by the
same individual. The algorithms for updating all parameters, including those for updating
Y S.true subject to the deterministic constraints stemming from the sample types and the
observed categorical covariates can be found in Appendix A.

3.4 Simulations

3.4.1 Simulation Specifications

We conducted simulations across eight scenarios to illustrate two main features of SMR
and categorical SMR – 1) that conventional SMR estimates with sparse data and/or with
few marked individuals produce biased and imprecise estimates, similar to Augustine et al.
(2018b) that demonstrated unmarked SCR produces unbiased and imprecise estimates when
data are sparse, and 2) that bias can be removed and precision increased by introducing
categorical identity covariates. We first replicated scenarios A1-A4 from Augustine et al.
(2018b) with the caveat that we considered that 10% of the population was marked. These
four scenarios constituted a factorial design with D ∈ (0.17, 0.35), corresponding to N ∈
(39, 78), and σ ∈ (0.5, 1). For scenarios with σ = 0.5, we set λS0 = 0.25, which led to an
expected number of captures per individual of 1.65. To maintain a similar level of data
sparsity in scenarios with σ = 1, we set λS0 = 0.061 to maintain the same 1.65 expected
captures per individual. To specify approximately 10% of the population to be marked, we
used 4 marked individuals when N = 39 and 8 marked individuals when N = 78.
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We then considered four additional scenarios (A1b - A4b) where data were more sparse,
but more marked individuals were available to demonstrate that the increased precision
stemming from additional marked individuals can be offset by increasing data sparsity. For
scenarios with σ = 0.5, we lowered λS0 to 0.125, leading to an expected number of captures
per individual of 0.8. Then for scenarios with σ = 1, we lowered λS0 to 0.03, matching
the 0.8 expected number of captures per individual. To specify approximately 20% of the
population to be marked, we used 8 marked individuals when N = 39 and 16 marked
individuals when N = 78. For all eight of these scenarios, we fit a regular conventional SMR
model, followed by the conventional version of the categorical SMR model with 1-8, 2-level
categorical identity covariates added sequentially, leading to the unique number of identity
categories increasing with base 2 (2, 4, 8, 16, 32, 64, 128, 256). We assumed there were no
marked but unidentifiable or unknown marked status samples, leaving unmarked samples as
the only latent identity sample type.

All simulations were conducted on a 9 x 9 trapping array with unit spacing. The state-
space was defined by buffering the trapping array by 3 units. Individuals were subjected to
captured over K = 10 occasions. For all 8 scenarios, we simulated 125 data sets and fit the
conventional SMR or categorical SMR model, using the posterior modes for point estimates
and the highest posterior density intervals (HPD) for interval estimators. We computed the
bias and mean squared error (MSE) of the point estimates and the 95% coverage and 95%
HPD interval widths of the interval estimators to quantify frequentist bias and coverage,
and estimator accuracy and precision. Finally, we estimated num, the number of unmarked
individuals that produced the unmarked samples to compare to the simulated values and to
explore the influence of the uncertainty in num on the precision of the density estimates.

3.4.2 Simulation Results

The conventional SMR estimates were approximately unbiased for the small σ scenarios A1
and A2 (Table 3.3) and positively biased for the larger σ scenarios, by 7% for the high
density scenario A3 and by 22% for the low density scenario A4. In both of these large σ
scenarios, the bias was largely removed once 4 identity categories were available. For the
scenarios with more sparse data and more marked individuals (A1b-A4b), there was about
5-7% positive bias in the higher density scenarios A1c and A3c with about 20% positive bias
in the lower density scenarios A2c and A4c. This bias was effectively removed by adding
identity categories (Figures 1 and 2, Table 3.3), but the number required for each scenario
varied, with more being required for the larger σ scenarios A3c and A4c. The frequentist
coverage for the SMR and categorical SMR estimators was close to nominal, on average, for
all scenarios (Table 3.3). Estimator accuracy and precision were improved by adding identity
categories in all scenarios, but generally with diminishing returns (Figures 3.1 and 3.2, Table
3.3). Two exceptions to this trend are found in scenarios A3b and A4b (Figure 3.2), with
more sigmoidal relationships between the number of identity categories and precision where
adding 2 identity categories did not offer much improvement, but using 4-16 offered greater
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improvements before precision and accuracy gains tapered off again. The density estimates
in scenarios A1c-A4c with more marked individuals, but fewer captures per individual were
less precise and accurate than scenarios A1-A4 with fewer marked individuals and more
captures per individual, requiring substantially more identity categories to achieve the same
precision and accuracy (Figures 3.1 and 3.2, Table 3.3).

Unlike the unmarked SCR and categorical SPIM simulations in Augustine et al. (2018b), the
bias in the sparse data SMR and categorical SMR estimates was always positive. Generally,
the bias of the SMR estimates was of a similar magnitude as the unmarked SCR estimates;
however the SMR estimates were more accurate and precise, with the SMR advantage over
the unmarked estimator decreasing as the number of identity categories increased. Once 256
identity categories were available, the improvement in accuracy and precision of the SMR
estimates over the unmarked SCR estimates was negligible. Similar to the unmarked SCR
and categorical SPIM estimates, the SMR and categorical SMR models overestimated the
number of latent identity individuals captured, ncap in Augustine et al. (2018b) and num in
the present simulations, when no or few identity categories were available. Also similar is
the fact that adding more identity categories reduced the uncertainty in num, which is the
mechanism reducing uncertainty in abundance and density.

3.5 Application – Conventional and Generalized SMR

Analysis of Fisher Genetic Capture-Recapture

3.5.1 Application – Problem Description

We applied the proposed categorical SMR models to a genetic capture-recapture data set,
which provided abundant categorical identity covariates in the form of genotype loci. Further,
microsatellite loci provide enough categorical identity covariates to guarantee near certainty
in individual identities when all loci are used (as determined by P(ID) and P(sib) criteria),
providing a metric to which scenarios using fewer loci can be compared. In contrast to Au-
gustine et al. (2018b) which used an unmarked model extended to allow categorical identity
covariates; this data set provided several additional sources of information to improve the
probabilistic association of latent identity samples and thus density estimates. First, several
previously captured individuals, marked with GPS collars or conceivably marked with other
unique identifiers observable upon live capture (see below), were known to be in the popula-
tion during the sighting process, not all of which were sighted. Second, telemetry data were
available for a subset of these marked individuals. Third, capture-recapture data from the
marking process was available so that the marking process could be explicitly modeled.

This data set is from a joint live capture and hair snare survey of fishers in the province
of Alberta, Canada, where individual sex and 8 microsatellite loci were available to use as
categorical identity covariates. The microsatellite loci used were Ggu101, Lut604, Ma-1, Ma-
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19, MP144, MP182, Mvis72 (as labeled by Wildlife Genetic International) which produced
10, 10, 10, 5, 13, 16, 11, and 14 unique loci-level genotypes, respectively. Live capture
occurred at 37 locations over 129 days with individual trap sites being used for a mean of
46 days (range from 2-115). During this time, 24 fishers were captured (8 male, 16 female)
from 1 to 4 times each (mean of 1.5). GPS collars were placed on 10 individuals (5 male, 5
female), which allowed for individuals to be identified upon recapture. In the original study,
the individual identities of the 14 individuals that were not fitted with a GPS collar were
determined by their 8 loci genotypes. For the purposes of this application, we assume that all
24 live-captured individuals were marked in a manner that allowed them to be identified with
certainty upon recapture during the marking process (e.g., with collars, passive integrated
transponder tags, or ear tags) because we do not assume that unique genotypes correspond
to unique individuals with certainty due to the possibility of the shadow effect (where more
than one captured individual share the same genotype; Mills et al., 2000) and the individuals
could have been uniquely marked.

The hair snare survey was conducted at 64 locations over a 4 month period with snares
checked every month, leading to 4 monthly capture occasions. Assuming a unique 8 loci
genotype is unique in the population, twenty-four individuals (10 male, 14 female) were de-
tected via hair snare from 1 to 8 times (mean of 2.4); however, some of these individuals
were not live captured and vice versa. The spatial distribution of captures for both capture
processes are illustrated in Figure 3.3. Because we assume no individuals can be identified
with certainty from their genotypes, the hair snare survey is analogous to a sighting session
where categorical identity covariates are observed in the form of microsatellite loci. This
example deviates from typical SMR because the sightings for the marked individuals cannot
be deterministically linked. Therefore, the true sighting histories for the marked individuals
were fully latent and the partial identity samples were treated as unknown marked sta-
tus samples with associated categorical identity covariates and allowed to match with both
marked and unmarked individuals. This disaggregation led to 57 partial identity samples
with a maximum of 9 categorical identity covariates (sex plus 8 microsatellite loci). Fi-
nally, in this application, live traps were targeted towards areas thought to be higher quality
fisher habitat, while hair snares were placed more widely, suggesting that conventional SMR
will underestimate density for this data set and that generalized SMR will be necessary for
proper inference once complete individual identities are discarded, precluding a typical SCR
analysis.

We analyzed this data set in three ways, sequentially adding microsatellite loci until there
was no remaining uncertainty in individual identity in each analysis. The three analyses were
1) only using the sighting (hair snare) observations in a conventional SMR model, 2) using
the sighting observations and telemetry data in a conventional SMR model, and 3) using
both the marking (live capture) and sighting data in a generalized SMR model without the
telemetry data. Microsatellite loci were added in the order of least to most diverse so that
the lowest level of categorical identity information was available for each X-loci estimate.
Due to expected sex differences is fisher space use, we used identity covariate-specific detec-
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tion functions for the sex covariate to reduce individual heterogeneity in detection function
parameters. In all three analysis types, we included a scenario where 25 partial genotype
samples (originally excluded due to the presence of loci that failed to amplify or otherwise
produce a loci level genotype) were added to the full 8 loci data set. These partial genotype
samples did not provide the sex marker, but provided from 1-6 microsatellite loci each (mean
1.6).

For all models, MCMC chains were run for 100,000 iterations, with the first 5,000 discarded,
and thinned by 20. Posterior modes were used for point estimates and the highest posterior
density (HPD) intervals were used for interval estimates. To provide benchmarks to compare
to the conventional and generalized categorical SMR estimates, we fit regular SCR models
to both the marking (live capture) and sighting (hair snare) process data assuming unique 8
loci genotypes were unique individuals (justified by the P(sib) criterion). We refer to these
estimates as the ”marking SCR estimate” and ”sighting SCR estimate” below. The 8 loci
genotypes also allowed us to know the number of unique individuals seen during the sighting
process, nunk, with near certainty (24), a quantity that is generally not known in SMR.

3.5.2 Application – Results

The conventional SMR density estimates with and without telemetry (Table 3.1) were gen-
erally lower than the reference sighting SCR estimates. This pattern is consistent with the
expected negative bias when applying conventional SMR to a population where the marked
individuals are not a random sample of individuals from the state-space. The density esti-
mates with and without telemetry stabilized after at least 3 loci were used, with the 1-3 loci
estimates exhibiting less bias (relative to the 4-8 loci estimates because the reference SCR
estimates were not subject to the same negative bias of the conventional SMR estimates)
when telemetry was used. The precision of the density estimates was similar for the 4-8
loci estimates with and without telemetry, which showed a slight improvement in precision
over the 3 loci estimates. The 3-8 loci conventional SMR models correctly estimated the
number of individuals producing the latent identity samples, nunk, except for the 6 loci esti-
mate without telemetry. The 6 loci model estimated nunk to be 25, erroneously splitting the
samples for one male with spatial recaptures distributed over a particularly large area (see
Figure 3.3) across two individuals. When this individual’s samples were erroneously split,
the male σ estimate was substantially lower than the models correctly estimating nunk to be
24, indicating strong individual heterogeneity in σ.

While the conventional SMR density estimates appeared to be negatively biased, the σ
estimates for the 3, 4, 5, 7, and 8 loci conventional SMR estimates without telemetry were
very similar to the sighting SCR estimates. The σ estimates for the 3-8 loci estimates using
telemetry were slightly higher than the sighting SCR estimates; however, these conventional
SMR σ estimates should not be expected to match the sighting SCR analysis exactly because
the latter did not use the telemetry data. Adding the 25 partial genotype samples slightly
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increased the density point estimates and slightly decreased the precision of the density
estimates in the conventional SMR estimates with and without telemetry. The model without
telemetry estimated that these 25 samples belonged to 4 individuals, while the model using
telemetry estimated that they belonged to 5 individuals, likely due to the larger σ estimate of
this model allowing the partial identity samples to be allocated to individuals with activity
centers further from the traps where samples were recorded. Of these two models, the one
with telemetry, which estimated 1 additional captured individual than the model without
telemetry, saw a larger increase in the density estimate over the 8 loci estimate without
partial genotypes.

The generalized SMR density estimates were higher than the conventional SMR estimates,
and similar to both the marking and sighting SCR density estimates. This result is consistent
with the removal of negative bias by modeling the marking process explicitly Whittington
et al. (2016). The generalized SMR density estimates were less precise than the conventional
SMR density estimates, which can be partially explained by the fact that if conventional
SMR estimates are negatively biased due to a non-random spatial distribution of the marked
individuals, the variance will be underestimated. The generalized SMR density estimates
were more precise than the marking SCR density estimate, but less precise than the sighting
SCR density estimate, which reflects the fact that some of the uncertainty in the marking
process density estimate propagated into the uncertainty in the generalized SMR density
estimate. The generalized SMR σ estimates were a weighted average of the marking and
sighting SCR σ estimates, with the estimates being closer to the sighting SCR estimates
because the average number of captures per individual was higher during the sighting process.
The marking process λ0 estimates were higher in the generalized SMR model than the
marking process SCR model due to the lower σ estimates in the generalized SMR model and
the sighting process λ0 estimates were lower in the generalized SMR model than the sighting
process SCR model due to the higher σ estimates in the generalized SMR model.

The generalized SMR density estimates stabilized after 2 loci were used, with no uncertainty
left in individual identity once 5 loci were used and the precision of the density estimates was
similar for the 0-5 loci estimates (Table 3.2). The 0 and 1 loci estimates were 28% and 14%
lower than the 5 loci estimate, but were similarly precise. The 3 loci estimate incorrectly
estimated that the latent identity samples belonged to nunk=23 individuals, one too few, but
the density estimate was not noticeably affected by this slight underestimation. The density
estimate using the 25 partial genotypes was similar to the 2-5 loci estimates, with similar
precision. Like the conventional SMR estimate using telemetry, the generalized SMR model
estimated that the 25 partial genotype samples belonged to 5 individuals.

3.5.3 Application – Discussion

The conventional SMR fisher estimates generally behaved similarly to those seen in the
conventional SMR simulations. Density estimates were biased when using few identity cat-
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egories, and this bias was removed with the addition of more identity categories. Unlike the
categorical SMR simulations; however, the fisher categorical SMR density estimates using
the fewest identity categories (2 sex categories, 0 loci) were negatively biased, switching
to positive bias with the addition of 1 and 2 loci. The bias seen in the categorical SMR
simulations with fewer identity categories was always positive. Both negative and positive
bias with fewer identity categories was observed in the categorical SPIM estimator Augustine
et al. (2018b); therefore, we suspect either positive or negative bias is possible when applying
SMR and categorical SMR to sparse data sets with few marked individuals, depending on
the exact simulation specifications.

As expected, the addition of telemetry data and an explicit model for the marking process
improved SMR density estimation, especially when there were fewer identity categories. The
conventional SMR density estimates using 0-3 loci were less biased (relative to the 4-8 loci es-
timates) when using telemetry data and this lower bias was associated with better estimates
of nunk and σm. The 0-3 loci generalized SMR density estimates were less biased than the
conventional SMR estimates without telemetry, each relative to their 8 loci estimates, which
was also associated with better estimates of nunk and σm. Using the partial 25 genotype sam-
ples had a negligible effect on the categorical SMR density estimates; however, the majority
of the partial genotypes were only observed at 1 locus, with the mean multilocus genotype
being observed at 1.6 locus, so very little identity information was available. Further, it is
possible the partial genotype samples contained genotyping errors that reduced their useful-
ness (see Augustine et al., 2018b, for more discussion of the application of categorical SPIM
models to microsatellite genotypes).

Similar to the black bear application of Augustine et al. (2018b), it appears that one partic-
ular male fisher (Figure 3.3) had an especially wide distribution of spatial recaptures during
the sighting process, perhaps introducing individual heterogeneity in σm. When combin-
ing the marking and sighting processes, the spatial extent of this male’s spatial recaptures
became less extreme relative to other males; however, individual heterogeneity likely still
remained. Correctly connecting this male’s samples in the conventional SMR models, which
required at least 3 loci, was influential to the magnitude of bias in the density estimate. In
the conventional SMR model with fewer than 3 loci, this male’s samples were split between
two individuals, leading to a large reduction in the σm estimate. The larger σm estimate
observed when using either the telemetry data in the conventional SMR models or a model
for the marking process in the generalized SMR models appeared to counteract the problems
introduced by individual heterogeneity in σ.

It appears that explicitly modeling the marking process was necessary for unbiased density
estimates in this fisher data set where animals were not marked randomly with respect to
space (Whittington et al., 2016). One potential downside of modeling the marking process
not previously discussed is that if the data from the marking process are sparse, as it was in
the fisher data set, the precision of the density estimates will be eroded. Further, it is not
clear that the σ parameters between the marking and sighting process were the same. The
marking process SCR σ point estimates for males and females were larger than the sighting
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process SCR σ estimates, with little posterior overlap (data not shown). It is possible
that fisher space use changes in different seasons, or this difference could be a consequence
of individual heterogeneity in σ for both sexes, with the larger σ individuals being more
disproportionately observed in the marking process which had lower baseline detection rates
than the sighting process. A third possibility is that activity centers are transient through
time (Royle et al., 2016) and the average duration a live capture (marking process) site was
open was 2 months, while all hair snares (sighting process) were operational over 4 months,
allowing individuals to move further distances. In general, the consistency of σ through
space, time, and between observation methods should be treated with more scrutiny, and
the repercussions of σ inconsistency should be investigated further (Popescu et al., 2014;
Tenan et al., 2017).

3.6 Discussion

We combined the features of SMR and the categorical SPIM that improve the probabilistic
association of latent identity samples and thus density estimation into the categorical SMR
model. Specifically, the categorical SMR model allows for a subset of the individuals to be
marked, individual-linked telemetry data for marked individuals, a capture history generated
by the marking process, and any number of categorical identity covariates. Further, we
developed one version of the categorical SMR model that allows for the detection function
parameters to vary as a function of the category levels for one of the identity covariates, which
will reduce the magnitude of unexplained individual heterogeneity in detection function
parameters if this individual heterogeneity can be explained by one of the identity covariates,
such as individual sex. This feature can be added to the categorical SPIM to improve
inference when no marked individuals are available.

Our simulation study showed that similar to unmarked SCR (Augustine et al., 2018b), SMR
density estimates can be biased and imprecise when data are sparse and/or there are few
marked individuals. The simulation scenarios that matched the unmarked SCR scenarios of
Augustine et al. (2018b) showed a similar level of bias, but the marking of just 10% of the
population greatly improved the precision of density estimates. The second set of scenarios
we considered with 20% of the population marked and λ0 reduced by 50% demonstrated
that gains in accuracy and precision from adding more marked individuals can be more than
offset by increasing data sparsity. We demonstrated that the addition of categorical identity
covariates can remove bias and increase precision in all of these scenarios, introducing another
method to improve accuracy and precision in SMR models if categorical identity covariates
are available.

The fisher application demonstrated that the addition of telemetry data improved the prob-
abilistic identity associations in conventional SMR as did adding more identity categories in
the form of microsatellite loci. The addition of an explicit model for the marking process to
the categorical SMR also improved the probabilistic identity associations, and was required
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to estimate density without bias due to the marking process that was not spatially random
Whittington et al. (2016). One downside of modeling the marking process was that the
sparse marking process data introduced more uncertainty into the density estimate of the
generalized categorical SMR model, suggesting that generalized SMR estimates could be im-
proved if researchers conduct more substantial marking process surveys, where the expected
number of captures for marked individuals is more than that necessary to apply a mark.

We chose our simulation scenarios to be challenging for the conventional SMR model with no
telemetry data and no explicit marking process. We are unaware how representative these
scenarios are for typical data sets for which SMR is currently being applied. For studies
using natural marks, the percentage of marked individuals can be small ?, individually
identified about 10% of the population, but had 2.8 captures/estimated N. Further, for low
density populations with low detectability, recording 0.8 - 1.6 captures per individual as we
assumed in the simulations, with this average including those individuals not captured, may
be challenging. While we are unaware of any published SMR papers with density estimates
that may be biased due to data sparsity and/or a low percentage of marked individuals, our
results may explain imprecise and biased density estimates for studies that were not published
because they produced implausible or uselessly imprecise density estimates. Further, our
simulation trapping array with 81 traps is larger than many remote camera studies, and the
effect of trap number, spacing, and extent on unmarked SCR and SMR estimates should be
investigated. Preliminary analysis suggested that bias and imprecision are more extreme on
trapping arrays with fewer traps and a smaller spatial extent. Given all the factors that may
determine the reliability and precision of SMR density estimates, we recommend simulation
studies be done before implementing a regular or categorical SMR survey to ensure that the
study design is sufficient to produce data that allows for reliable inference.

A second challenge for latent identity SCR models is the presence of individual heterogeneity
in detection function parameters, especially σ. In both the application of the categorical
SPIM (Augustine et al., 2018b) and the application of the categorical (conventional) SMR
model in this paper, one male individual had an especially large distribution of spatial
recaptures, and in both analyses, this one individual’s captures were erroneously split across
two individuals when few categorical covariates were used, causing the σ estimate to be
substantially too low and the density estimate too large. However, our fisher application
deviated from typical SMR studies due to the fact that we could not deterministically link
marked individual samples during the sighting process (due to the shadow effect; Mills
et al., 2000), treating all latent identity samples as unknown marked status samples. If
marked individuals could have been identified during sighting, this individual’s samples would
have been deterministically linked. In general, as the proportion of marked and identifiable
individuals increases, the positive bias due to individual heterogeneity in latent identity
SCR models will likely shift to negative bias as is seen in the null SCR model with perfect
individual identification.

Given that the null SCR estimates will be conservative (biased low) in the presence of indi-
vidual heterogeneity in detection function parameters, it is desirable to be able to reproduce
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the null SCR estimate in latent identity models. The categorical SMR model offers more
tools over the categorical SPIM to reproduce the null SCR density estimates in the presence
of individual heterogeneity in σ. When telemetry data or an explicit model for the marking
process were included in the fisher analysis, the samples for the individual with a large σ
were less likely to be split apart, and when they were, the σ estimate and density estimates
were less affected due to the information coming from these other data sources. Individual
heterogeneity could be modeled in latent identity SCR models; however, there is no current
consensus about how to do so when it is unknown to what degree compensation between
parameters exists (Efford & Mowat, 2014) for any given species and study design. The iden-
tity covariate-specific detection functions introduced in this paper offer a solution for the
subset of individual heterogeneity in detection function parameters that can be explained
by categorical covariates. Finally, when planning latent identity SCR studies, testing the
robustness of density estimates to some unmodeled deviations from homogeneity in detection
function parameters will help determine the reliability of the density estimates the survey
will produce.

While we considered genetic microsatellites in this application, categorical marks are avail-
able in other forms of noninvasive capture-recapture methods. As discussed by Augustine
et al. (2018b), when using remote cameras, features such as sex, age class, color morph,
natural markings, and/or morphological features may provide categorical identity informa-
tion. Currently, this information is being used to assign unique individual identities (e.g.,
Molina et al., 2017; Sirén et al., 2016; Royle et al., 2011); however, not all individuals may
have features that permit a unique identification. In this case, ignoring the photographs of
these individuals will introduce strong individual heterogeneity in p0 and thus negative bias
in abundance and density estimates. Spatial mark-resight is currently being used to avoid
this problem; however, multiple observers can disagree about individual identities (e.g. Rich
et al., 2014). The categorical SMR model allows for the photos about which observers agree
to be considered as marked with known identities and for the observable features in photos
for which some observers thought contained identifiable individuals (e.g., presence of scars,
botflies, etc.) to be used as categorical identity covariates, information that is currently be-
ing discarded for species including various mustelids (Royle et al., 2011; Sirén et al., 2016),
Andean bears (Molina et al., 2017), and pumas (Rich et al., 2014). When applying SMR
to naturally marked populations, the number of marked individuals is considered unknown
(Royle et al., 2013), which we did not consider in the model development; however, we pro-
vide a categorical SMR MCMC sampler for naturally marked populations in Supplement
1.

Similar to Augustine et al. (2018b), we considered density estimation for populations where
all individuals are potentially categorically marked (e.g., sex, age class, and microsatellite
loci). The addition of marked individuals in this paper is the first step towards allowing for
researcher deployed categorical marks that only apply to the marked subset of individuals
such as non-unique color tags. If categorical marks are applied to a subset of individuals
and the full categorical identities are not unique, their partial identities can be modeled
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similarly to how the natural partial marks are modeled, except that they only apply to
the marked portion of the population. If the numbers of each mark type deployed are
known, this information can be used to reduce the uncertainty in individual identity; however
constraints on updating the latent identity covariate values will be introduced, requiring a
different algorithm to update these values. Researcher-deployed categorical marks would
allow for better density estimation for species that can be categorically marked, but the
number of each mark types are not sufficient to guarantee each individual has a unique mark.
One potential application of categorical marks is the application of colored visual implant
elastomers in amphibians. For example, Sutherland et al. (2016) marked salamanders in 4
unique locations using 4 colors for a total number of 624 combinations, which might not
be perfectly observable upon recapture. Further, if more individuals were marked than the
number of unique full categorical identities, some duplicate marks could be deployed and the
resulting uncertainty could be incorporated into the density estimate by the categorical SMR
model. If all or a subset of marks are applied only to the captured individuals, estimation
will be improved over the categorical SPIM and categorical SMR models that consider that
uncaptured individuals may have the same full categorical identity as captured individuals.

Finally, we developed efficient MCMC algorithms for conventional and generalized SMR,
with and without categorical identity covariates and telemetry data, that allow for all three
types of SMR latent identity samples and interspersed marking and sighting occasions. This
was done using the 2-dimensional individual by trap data, instead of the 3-dimensional
individual by trap by occasion data used to date. The temporal constraints on the allocation
of latent identity samples to individuals due to the occasion they were marked as well as the
constraints posed by the Bernoulli observation model (can only observe a 0 or 1) are handled
using constraint matrices in the latent data update. The additional computational cost of
checking the constraint matrices during the latent data update is usually more than offset
by the fact that the observation model likelihood, which must be calculated several times
per iteration, uses the 2 dimensional data. These MCMC algorithms, as well as a version of
conventional SMR for natural marks, where the number of marked individuals is unknown,
can be found in Supplement 1. These functions will be maintained in the SPIM package
(https://github.com/benaug/SPIM).

3.7 Tables and Figures
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Table 3.1: Conventional spatial mark-resight estimates with and without the use of telemetry
data (Tel) for the fisher data set using 0-8 loci and including partial genotypes into the 8
loci analysis. SCRS is the complete data SCR estimate for the sighting data set. Columns
include the sex-specific λ and σ parameter estimates, followed by the estimated number of
individuals that produced the partial identity samples, the estimated density, and the mean
95% credible interval widths for the latter two quantities.

loci Tel λS0m λS0f σm σf n̂unk D̂ nunk wid D wid

0 N 0.70 0.70 1.42 1.41 18.006 1.86 13 3.55
1 N 0.70 0.47 1.22 0.84 26.986 4.35 7 4.39
2 N 0.65 0.30 1.35 1.31 26.009 2.92 5 3.73
3 N 0.50 0.35 1.60 1.55 24.001 1.90 2 1.48
4 N 0.39 0.32 2.25 1.44 24.000 1.76 0 1.09
5 N 0.30 0.33 2.28 1.47 24.000 1.72 0 1.05
6 N 0.58 0.35 1.54 1.54 25.002 1.86 0 1.20
7 N 0.35 0.35 2.24 1.48 24.000 1.69 0 1.05
8 N 0.37 0.38 2.34 1.48 24.000 1.76 1 1.05

8+ N 0.37 0.46 2.48 1.52 28.001 2.04 2 1.23
0 Y 0.42 0.36 2.16 1.67 19.982 1.51 9 1.69
1 Y 0.31 0.24 2.18 1.82 23.989 2.07 7 2.11
2 Y 0.26 0.24 2.36 1.75 25.008 2.32 5 1.79
3 Y 0.32 0.26 2.34 1.77 24.000 1.86 2 1.23
4 Y 0.32 0.27 2.51 1.79 24.000 1.72 1 1.09
5 Y 0.29 0.25 2.56 1.77 24.000 1.69 0 1.05
6 Y 0.30 0.22 2.53 1.84 24.000 1.65 0 1.05
7 Y 0.27 0.24 2.49 1.84 24.000 1.72 0 1.02
8 Y 0.27 0.28 2.47 1.69 24.000 1.76 1 1.09

8+ Y 0.37 0.40 2.63 1.71 28.999 2.18 2 1.20
SCRS N 0.28 0.31 2.20 1.44 . 3.54 . 1.73
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Table 3.2: Generalized spatial mark-resight estimates for the fisher data set using 0-5 loci
and including partial genotypes into the 8 loci analysis. SCRM and SCRS are the complete
data SCR estimates for the marking and sighting data sets, respectively. Columns include
the sex-specific marking and sighting λ parameter estimates and the sex specific σ estimates,
followed by the estimated number of individuals that produced the partial identity samples,
the estimated density, and the mean 95% credible interval widths for the latter two quantities.

loci λM0m λM0f λS0m λS0f σm σf n̂unk D̂ nunk wid D wid

0 0.007 0.009 0.114 0.079 3.46 2.85 24.995 2.45 11 2.10
1 0.008 0.012 0.175 0.116 3.30 2.33 23.996 2.94 7 2.27
2 0.008 0.013 0.172 0.113 3.32 2.13 24.001 3.18 4 2.34
3 0.011 0.013 0.179 0.121 2.93 2.13 23.000 3.18 1 2.17
4 0.011 0.011 0.213 0.122 2.97 1.94 23.999 3.36 0 2.24
5 0.012 0.013 0.216 0.121 2.94 2.02 24.000 3.43 0 2.27

8+ 0.011 0.011 0.271 0.182 2.96 2.04 28.997 3.85 3 2.13
SCRM 0.004 0.004 . . 6.25 3.20 . 3.23 . 6.52
SCRS . . 0.275 0.309 2.20 1.44 . 3.54 . 1.73



Ben C. Augustine Tables and Figures 103

Figure 3.1: Posterior modes and mean 95% credible interval width of abundance (N) esti-
mates plotted against the number of identity categories in Scenarios A1, A2, A1b, and A2b
with detection function spatial scale parameter σ = 0.5 and baseline detection rate λ0 = 0.25
with 10% of the population marked and λ0 = 0.125 with 20% of the population marked.
Note the number of identity categories increase exponentially.
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Figure 3.2: Posterior modes and mean 95% credible interval width of abundance (N) esti-
mates plotted against the number of identity categories in Scenarios A3, A4, A3b, and A4b
with detection function spatial scale parameter σ = 1 and baseline detection rate λ0 = 0.061
with 10% of the population marked and λ0 = 0.03 with 20% of the population marked. Note
the number of identity categories increase exponentially.
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Figure 3.3: The spatial configuration of marking (live capture) and sighting (hair snare)
locations, mean marking/sighting locations and spatial recaptures for the fisher application.
The male marked with a circle has an especially wide distribution of spatial recaptures,
especially during the sighting (hair snare) survey.
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3.8 Appendix A: MCMC algorithm

First, we will restate some of the notation of the categorical SMR model. As in the Methods
section, we will describe a generalized SMR version with a marking and a resighting process,
but a conventional SMR version is similarly structured with the marking process omitted.
We assume individuals are marked at locations XM (dimension JM × 2 over KM occasions)
and resighted at locations XS (dimension JS×2 over KS occasions). The observed marking
process data is Y M of dimension nM × JM , where nM is the number of marked individuals.
The sighting process data consist of up to four structures: Y S.M , the sighting history of
the marked and identified individuals, Y S.M.unk, the sighting history of the marked and
unidentified individuals, Y S.um, the sighting process data of the unmarked individuals, and
Y S.unk, the sighting process data for the unknown marked status individuals. These latter
three structures are matrices of latent identity samples with JS columns and nM.unk, num,
and nunk rows, respectively. Each row of these matrices consists of all zero entries except for
a single “1” indicating the trap of capture.

Each of the sighting history matrices has an associated categorical identity matrix, GM ,
GM.unk , Gum , and Gunk, with the number of rows matching their corresponding capture
histories and ncat columns. The true sighting history and categorical identity structure
are then Y S.true and Gtrue, formed by augmenting each structure up to M rows with all
zero entries and then initializing the samples in the latent identity capture histories to the
elements of Y S.M using spatial proximity and consistency between their observed categorical
identities. Finally, the unobserved elements of Gtrue are initialized using the starting values
for the population category level frequencies following gtrueil ∼ Categorical(γl) for each of the
l categorical identity covariates. The inferential goal is then to probabilistically reconstruct
the latent elements of Y S.true and Gtrue, estimate the activity centers, S, the elements
of the data augmentation indicator vector z, the data augmentation inclusion probability
φ, the population category level frequencies γ, the category level-specific detection function
parameters for both observation processes, λM0 , λS0 , and σ, and then abundance and density.

In order to allow for marking and sighting processes to overlap while using the individual
by trap that excludes the occasion dimension, we use the individual by trap by occasion
data to construct indicator matrices that either allow or disallow latent identity samples
from being allocated to each marked individual depending on the occasion on which each
individual was marked and the occasion on which the latent identity samples were observed.
These constraint matrices are CM.unk, Cum, and Cunk, with nM rows and nM.unk, num, and
nunk columns, respectively. Each matrix has elements 1 if latent sample j can be combined
with marked individual i and elements 0 otherwise. For example, unmarked samples can
only be allocated to marked individuals before they were marked and marked samples can
only be allocated to marked individuals after they were marked. Similarly, if the sighting
process is binomial, another constraint matrix is used to disallow latent captures to be
combined in a manner that produce individual by trap by occasion observations greater
than 1 (described in Augustine et al., 2018b). Finally, we omit the description of telemetry



Ben C. Augustine Appendix A: MCMC algorithm 107

data here, referring readers to Whittington et al. (2016), which correctly describes how we
accommodated telemetry data in the categorical SMR model.

The joint posterior is then:

[λM0 ,λ
S
0 ,σ,Y

true,Gtrue,γ,S, z, ψ|Y M ,Y S.M ,Y S.M.unk,Y S.um,Y S.unk,GM ,GM.unk,Gum,Gunk, XM , XS]

∝

{
M∏
i=1

{
J∏
j=1

[yMij |λM0 ,σ, si, zi,xMj ]

}}

×


M∏
i=1


J∏
j=1


nM.unk∏
m=1

[yS.M.unk
mj , gS.M.unk

m. |yS.trueij , CM.unk
ij , gtruei. ]





×

{
M∏
i=1

{
J∏
j=1

{
num∏
m=1

[yS.ummj , gS.umm. |yS.trueij , CM.um
ij , gtruei. ]

}}}

×


M∏
i=1


J∏
j=1


nunk∏
m=1

[yS.unkmj , gS.unkm. |yS.trueij , Cunk
ij , gtruei. ]





×

{
M∏
i=1

{
J∏
j=1

[yS.trueij |λS0 ,σ, si, zi,xSj ]

}}

×

{
M∏
i=1

[gtruei1 |γ1,yMi. ,yS.truei. ,λM0 ,λ
S
0 ,σ]

}

×

{
M∏
i=1

{
ncat∏
l=2

[gtrueil |γl]

}}

×

{
M∏
i=1

[zi|ψ][si]

}
× [λM0 ][λS0 ][σ][ψ][γ]

We assume the following prior distributions:

1. π(λM0m) ∼ Uniform(0,∞), for m ∈ (1, . . . , nlevels1 )

2. π(λS0m) ∼ Uniform(0,∞), for m ∈ (1, . . . , nlevels1 )

3. π(σm) ∼ Uniform(0,∞), for m ∈ (1, . . . , nlevels1 )

4. π(ψ) ∼ Uniform(0, 1)

5. π(si) ∼ Uniform(S)
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6. π(γl) ∼ Dirichlet(αl), where αl is the vector of Dirichlet parameters of length ncatl ,
indexed by g below. All αl were set to vectors of 1.

Here, we list the full conditional distributions or the distributions they are proportional
to. Note the first six components are exactly the same as a typical SCR model except
there are two observation processes, the seventh and eighth component correspond to the
categorical identity model, and the final component corresponds to the uncertain identity
model. We omit that the detection function parameters distributions are conditional on their
respective capture locations, which partially determine the individual by trap encounter rates
or probabilities.

1. [λM0m|Y M , σm, z,S] ∝ [Y M |λM0m, σm, z,S][λM0m], where [Y M |λM0mσm, z,S] =∏
i∈(Gtrue

.1 =m)

∏J
j=1 Binomial(Y M

ij , zip
M
ij , K

M) for the Bernoulli observation model and∏
i∈(Gtrue

.1 =m)

∏J
j=1 Poisson(Y M

ij , ziK
MλMij ) for the Poisson observation model. m ∈

(1, . . . , nlevels1 )

2. [λS0m|Y S.true, σm, z,S] ∝ [Y S.true|λS0m, σm, z,S][λS0m], where [Y S.true|λS0mσm, z,S] =∏
i∈(Gtrue

.1 =m)

∏J
j=1 Binomial(Y S.true

ij , zip
S
ij, K

S) for the Bernoulli observation model and∏
i∈(Gtrue

.1 =m)

∏J
j=1 Poisson(Y S.true

ij zi, K
SλSij) for the Poisson observation model. m ∈

(1, . . . , nlevels1 )

3. [σm|Y M ,Y S.true, λM0m, λ
S
0m, z,S] ∝ [Y M |λMm0, σm, z,S][Y S.true|λSm0, σm, z,S][σm], where

[Y M |λM0m, σm, z,S] =∏
i∈(Gtrue

.1 =m)

∏J
j=1 Binomial(Y M

ij , zip
M
ij , K

M) for the Bernoulli observation model and∏
i∈(Gtrue

.1 =m)

∏J
j=1 Poisson(Y M

ij , ziK
MλMij ) for the Poisson observation model and

[Y S.true|λS0m, σm, z,S] =∏
i∈(Gtrue

.1 =m)

∏J
j=1 Binomial(Y S.true

ij , zip
S
ij, K

S) for the Bernoulli observation model. Then,∏
i∈(Gtrue

.1 =m)

∏J
j=1 Poisson(Y S.true

ij zi, K
SλSij) for the Poisson observation model. m ∈

(1, . . . , nlevels1 )

4. [zi|Y M
i. ,Y

S.true
i. ,λM0 ,λ

S
0 ,σ, si] ∝ [Y M

i. ,Y
S.true
i. |λM0 ,λS0 ,σ, si, zi][zi|ψ],

where [Y M
i. ,Y

S.true
i. |λM0 ,λM0 ,σ, si, zi] = Bern

(
p∗iψ

p∗i+(1−ψ)

)
(p∗i defined below)

5. [ψ|z] = Beta(1 +
∑

i zi, 1 +M −
∑

i zi)
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6. [si|Y M
i ,Y S.true

i , λM0m, λ
S
0m, σm, zi] ∝ [Y M

i |si, λM0m, σm, zi][Y S.true
i |si, λS0m, σm, zi][si],

where [Y M
i |si, λM0m, σm, zi] =

∏J
j=1 Binomial(Y M

ij , zip
M
ij , K

M) for the Bernoulli observa-

tion model and
∏J

j=1 Poisson(Y M
ij , K

Mziλ
M
ij ) for the Poisson observation model. and

[Y S.true
i |si, λS0m, σm, zi] =

∏J
j=1 Binomial(Y S.true

ij , zip
S
ij, K

S) for the Bernoulli observa-
tion model and∏J

j=1 Poisson(Y S.true
ij , KSziλ

S
ij) for the Poisson observation model. m = Gtrue

i1 .

7. [gtruei1 |γ1,Y M
i. ,Y

S.true
i. , λM0m, λ

S
0m, σm, si, zi]

∝ [Y M
i. |λM0m, σm, si, zi][Y S.true

i. |λS0m, σm, si, zi][gtruei1 |γ1][γ1][λM0m][λS0m][σm]
where [Y M

i. |λM0m, σm, si, zi] =
∏J

j=1 Binomial(Y M
ij , zip

M
ij , K

M) for the Bernoulli observa-

tion model and
∏J

j=1 Poisson(Y M
ij , K

Mziλ
M
ij ) for the Poisson observation model. Then,

[Y S.true
i. |λS0m, σm, si, zi] =

∏J
j=1 Binomial(Y S.true

ij , zip
S
ij, K

S) for the Bernoulli observa-
tion model and∏J

j=1 Poisson(Y S.true
ij , KSziλ

S
ij) for the Poisson observation model. m = Gtrue

i1 . Then,
[gtruei1 |γ1] ∝ Categorical(γ1).

8. [gtrueil |γl]=Categorical(γl) for l = 2, . . . , ncat

9. [γl|Gtrue
.l ]=Dirichlet(yl + αl) where ylg is the number of individuals in the population

(zi = 1) with categorical identity g at loci l and αl is the Dirichlet prior for γl, a vector
of 1’s.

10. [yS.M.unk
mj , gS.M.unk

mj |yS.trueij , CM.unk
ij , gtrueij ], [yS.ummj , gS.ummj |yS.trueij , Cum

ij , g
true
ij ],

and [yS.unkmj , gS.unkmj |yS.trueij , Cunk
ij , gtrueij ] see below.

Here we outline the MCMC algorithm. Again, note that the first five steps are exactly the
same as a typical SCR model, but with two observation processes.

1. Update λ0m for the marking and sighting processes. λ0m is updated with a Metropolis-
Hastings step using the distribution Normal(λcurr0m , σλ0m), to propose λcand0m , automat-
ically rejecting if a negative value is proposed. The MH ratio is computed using
distributions 1 or 2 above, for the marking and sighting processes, respectively.

2. Update σm. σm is updated with a Metropolis-Hastings step using the distribution
Normal(σcurr, σσm), to propose σcandm , automatically rejecting if a negative value is
proposed. The MH ratio is computed using distribution 3 above.

3. Update z. Each zi is updated by a Gibbs step using the full conditional above where p∗i
is the probability individual i was not captured during the both observation processes.
Let p̄ij be the probability of not being captured for each individual at each trap over
the KM marking and KS sighting occasions. For the bernoulli observation process,
this is p̄ij = (1 − pMij )K

M
(1 − pSij)K

S
and for the Poisson observation process, we first

compute pSij = 1 − exp(−λMij ) and pSij = 1 − exp(−λMij ). The probability of not being

captured during the experiment for each individual is then p∗i =
∏J

j=1 p̄ij.
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4. Update ψ. ψ is updated with a Gibbs step. Since π(ψ) ∼ Uniform(0, 1) is in the Beta
family, the full conditional distribution for ψ is Beta(1 +

∑
i zi, 1 +M −

∑
i zi).

5. Update s. Each activity center si is updated with a Metropolis-Hastings step using
the distributions Normal(scurri1 , σs) and Normal(scurri2 , σs) to propose scandi1 and scandi2 ,
respectively. Proposals that fall outside of the state-space are rejected. The MH ratio
is calculated using distribution 6 above.

6. Update Y S.true. To update Y S.true for the Poisson observation model, we use a class-
structured version of the algorithm used by Whittington et al. (2016), but update the
latent identity samples one by one. If there is only one identity class as in typical SMR,
the full conditional for the focal latent identity sample f observed at trap j is:

{yS.true1j , yS.true2j , . . . , yS.trueNj } ∼MN(1, {π1j, π2j . . . , πNj}) (3.1)

with πij = ziλij/
∑

i ziλij, and different elements of λij set to zero depending on the
observed sample type. For unknown marked status samples, no elements of λij are
set to zero. For marked but unknown identity samples, elements nM + 1, . . . ,M are
zeroed out. Then, for unmarked samples, elements 1, . . . , nM are zeroed out. When
the marking and sighting processes overlap, the compatibility of the focal sample must
be checked with all of the marked individuals. Any of the i individuals that are incon-
sistent with the f focal sample have their λij values set to zero prior to the calculation
of πij. When categorical identity covariates are introduced, further restrictions are
placed on πij. Any individuals whose full categorical identity does not match that of
the focal sample have their λij values set to zero prior to the calculation of πij. In all
cases, once πij is calculated with the appropriate elements set to zero, the focal sample,
f is updated in Y S.true using this full conditional.

For the Bernoulli observation model, the multinomial full conditional result above
does not hold so we use a Metropolis-Hastings proposal. We use the multinomial full
conditional above with the appropriate constraints depending on sample type and full
categorical identity as the proposal distribution. Because the transition distribution
for selecting samples to update is not symmetric, the differing forward and backwards
transition probabilities must be calculated. The forward transition probability is the
probability of selecting a sample to update and then the probability of choosing the new
identity ID′, pfor = 1

nobs×π(ID′). The backwards transition probability accounting for
the fact that you can only select individuals with full categorical identities compatible
with the focal observed categorical identity to move back is pback = 1∑

i qi
×π(ID)). We

then accept the proposal with probability:

min

(
1,
f(Y true−prop

i )

f(Y true−curr
i )

pback
pfor

)
.

where f(.) is the SCR sighting observation model likelihood.
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7. Update gtruei1 . Elements of gtruei1 are updated one at a time, using the distribution
π (gtruei1 )=Categorical(γl) to propose gtrue

′
i1 . We then accept the proposal with proba-

bility

min

(
1,
f(gtrue

′
i1 )

f(gtruei1 )

π (gtruei1 )

π
(
gtrue

′
i1

)).
where f(.) is distribution 7 above.

8. Update gtrueil for l = 2, . . . , ncat. gtrueil is updated for all elements that are not determined
by the samples currently allocated to individual i using distribution 8 listed above.

9. Update γl. γl is updated with a Gibbs step. Following Wright et al. (2009), we adopt
a Dirichlet prior for γl, leading to a Dirichlet full conditional with parameter vector
α′l = yl + αl where ylg is the number of individuals in the population with category
level g for covariate l. To draw values from the full conditional, we first simulate a
vector of Gamma random variables gl ∼ Gamma(α′l, 1), where gl is of length ncatl .
Then, renormalizing these gamma random variables is a draw from the Dirichlet full
conditional, i.e.

glg∑
g glg

.

10. Calculate the derived quantities population abundance, N curr =
∑M

i zcurri , popula-
tion density, Dcurr = Ncurr

||S|| , and the number of unique individuals captured ncurr =∑
i 1

∑
j y

true
ij >0. The number of unique marked and unmarked individuals captured may

also be computed.

3.9 Appendix B: Simulation A Results
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Table 3.3: Results from Simulation A Scenarios 1 - 4 where 10% of the population was
marked. The columns are “IDCat”, the number of identity categories, the mean point
estimates, the 95% CI coverage of abundance, the mean width of the 95% CIs for N and
num, and the mean number of simulated individuals that were captured.

Scen IDCat λ̂0 σ̂ N̂ n̂cap N̂ MSE n̂cap MSE N Cov N wid n̂cap Wid ncap

A1 1 0.247 0.496 79.3 33.6 552.7 57.2 0.912 78.7 23.5 33.0
A1 2 0.251 0.490 79.1 33.6 324.9 25.9 0.936 67.3 18.8 33.3
A1 4 0.256 0.488 81.0 34.2 194.4 14.0 0.952 55.1 13.6 33.9
A1 8 0.241 0.493 79.6 33.3 148.9 6.9 0.936 46.0 9.2 32.8
A1 16 0.249 0.495 78.1 32.9 121.3 3.5 0.904 40.6 6.3 33.0
A1 32 0.252 0.498 77.1 32.5 87.3 2.5 0.976 37.5 4.2 33.1
A1 64 0.249 0.501 77.6 32.6 98.8 1.4 0.928 36.6 3.0 33.0
A1 128 0.250 0.498 79.3 33.5 90.8 0.4 0.952 36.2 2.0 33.6
A1 256 0.245 0.500 77.5 32.7 86.6 0.2 0.952 35.4 1.4 32.8

A2 1 0.246 0.485 39.8 16.7 258.1 20.5 0.880 55.8 13.2 16.3
A2 2 0.237 0.490 39.9 16.7 127.3 8.9 0.936 45.4 10.2 16.2
A2 4 0.245 0.489 40.1 16.7 74.6 4.3 0.960 35.0 6.7 16.6
A2 8 0.247 0.491 39.4 16.4 65.4 2.0 0.944 30.4 4.5 16.5
A2 16 0.250 0.486 39.2 16.2 45.0 0.8 0.968 27.8 2.9 16.4
A2 32 0.245 0.495 39.1 16.3 46.6 0.5 0.960 26.6 2 16.4
A2 64 0.250 0.493 38.2 16.1 44.4 0.3 0.968 25.2 1.4 16.2
A2 128 0.247 0.493 38.9 16.5 36.5 0.2 0.976 25.4 1.0 16.5
A2 256 0.256 0.487 38.9 16.5 42.6 0.0 0.944 25.3 0.7 16.5

A3 1 0.057 0.950 83.6 42.7 624.7 105.4 0.968 114.5 34.5 39.5
A3 2 0.060 0.936 83.6 42.1 606.9 83.0 0.960 106.2 31.2 39.3
A3 4 0.060 0.978 79.9 40.5 473.5 59.4 0.928 88.4 26.0 39.2
A3 8 0.060 0.977 81.3 40.6 450.1 40.7 0.888 71.0 20.2 39.2
A3 16 0.062 0.980 78.9 39.5 248.1 18.6 0.936 56.2 14.8 39.0
A3 32 0.061 0.988 77.8 39.0 121.0 6.1 0.952 44.4 9.9 39.2
A3 64 0.061 0.982 77.5 38.4 68.7 2.5 1.000 38.8 6.8 38.5
A3 128 0.060 0.981 79.3 39.3 80.8 2.0 0.960 36.5 4.8 39.2
A3 256 0.061 0.988 79.4 39.4 88.1 1.2 0.944 34.4 3.4 39.7

A4 1 0.054 1.304 46.5 22.7 897.9 94.5 0.936 95.8 20.9 18.8
A4 2 0.056 0.931 45.3 22.5 562.9 60.8 0.936 85.0 19.7 20.0
A4 4 0.057 0.969 40.6 20.5 216.0 24.4 0.944 60.4 14.8 19.5
A4 8 0.058 0.967 41.5 20.7 151.8 10.1 0.952 47.4 11.1 20.0
A4 16 0.061 0.956 40.7 20.1 64.0 5.1 0.976 35.6 7.5 19.9
A4 32 0.060 0.973 39.1 19.4 43.5 1.8 0.976 29.4 4.8 19.5
A4 64 0.059 1.009 38.4 19.3 44.0 1.0 0.928 25.8 3.4 19.6
A4 128 0.059 0.992 38.4 19.1 34.9 0.5 0.968 24.6 2.3 19.3
A4 256 0.059 0.990 38.9 19.4 40.3 0.3 0.960 24.0 1.6 19.5
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Scen IDCat λ̂0 σ̂ N̂ n̂cap N̂ MSE n̂cap MSE N Cov N wid n̂cap Wid ncap

A1c 1 0.120 0.471 83.4 25.1 1, 074.7 30.4 0.936 102.1 15.2 23.2
A1c 2 0.124 0.465 84.3 25.2 662.5 14.2 0.960 87.7 12.6 24.0
A1c 4 0.120 0.483 81.9 25.0 310.7 8.7 0.968 74.0 10.0 24.2
A1c 8 0.124 0.482 80.2 24.4 259.7 4.2 0.944 59.9 7.2 24.3
A1c 16 0.123 0.487 78.5 23.7 200.8 2.2 0.952 52.6 5.1 23.8
A1c 32 0.122 0.487 78.7 23.9 107.0 1.1 0.992 49.3 3.6 24.1
A1c 64 0.125 0.491 78.1 23.9 116.6 0.6 0.968 45.9 2.4 24.1
A1c 128 0.123 0.485 78.2 23.7 122.9 0.4 0.976 45.4 1.6 23.9
A1c 256 0.130 0.485 79.1 24.3 124.5 0.3 0.936 44 1.2 24.4
A2c 1 0.105 0.471 47.0 13.6 653.7 12.7 0.944 90.2 9.1 12.4
A2c 2 0.114 0.453 44.6 13.0 342.1 6.5 0.960 77.6 7.2 12.3
A2c 4 0.121 0.468 39.6 12.0 90.4 2.1 0.968 49.9 5.0 11.9
A2c 8 0.123 0.487 39.1 12.0 66.8 1.1 0.968 40.6 3.6 12.0
A2c 16 0.122 0.479 40.1 12.0 85.5 0.6 0.944 38.6 2.4 12.2
A2c 32 0.123 0.483 40.1 12.2 65.5 0.4 0.960 35.6 1.6 12.4
A2c 64 0.123 0.479 40.0 12.2 75.1 0.3 0.952 35.2 1.2 12.3
A2c 128 0.127 0.475 38.9 11.8 56.5 0.1 0.952 33.1 0.8 11.9
A2c 256 0.123 0.484 38.6 11.8 61.3 0.1 0.928 32.4 0.4 11.9
A3c 1 0.028 0.959 84.6 27.4 1, 304.2 34.0 0.928 113.8 16.7 25.7
A3c 2 0.027 0.938 82.7 27.5 555.1 23.7 0.968 111.8 15.6 25.6
A3c 4 0.029 0.917 84.1 27.8 686.4 23.2 0.968 103.3 14.2 26.5
A3c 8 0.031 0.928 81.7 27.2 523.2 14.7 0.960 85.0 11.8 26.6
A3c 16 0.030 0.918 84.1 27.6 391.9 9.1 0.952 77.6 9.2 26.3
A3c 32 0.031 0.910 81.8 26.4 230.5 3.6 0.968 66.1 6.7 26.1
A3c 64 0.031 0.928 79.8 26.1 214.1 1.8 0.968 56.0 4.8 26.0
A3c 128 0.030 0.961 77.5 25.7 143.0 1.2 0.976 51.2 3.4 25.8
A3c 256 0.029 0.989 77.8 26.0 141.2 0.6 0.944 48.8 2.4 26.2
A4c 1 0.028 0.883 46.0 14.9 716.9 14.0 0.952 99.2 10.8 13.7
A4c 2 0.028 1.883 45.8 14.8 606.4 14.9 0.928 96.5 9.5 13.3
A4c 4 0.030 0.908 45.8 14.6 604.0 9.3 0.936 86.4 8.2 13.5
A4c 8 0.026 0.904 45.2 14.1 376.4 6.8 0.952 78.4 6.8 12.9
A4c 16 0.029 0.912 41.4 13.6 107.9 2.6 0.968 59.6 5.2 13.2
A4c 32 0.029 1.369 40.3 13.2 107.0 1.6 0.960 49.4 3.5 13.2
A4c 64 0.030 0.925 40.1 13.1 76.5 0.8 0.976 42.5 2.5 13.2
A4c 128 0.030 0.964 38.8 12.9 76.0 0.4 0.968 38.7 1.6 12.9
A4c 256 0.028 0.950 38.2 12.7 90.2 0.2 0.936 36.5 1.2 12.7



Bibliography

Alonso, R.S., McClintock, B.T., Lyren, L.M., Boydston, E.E. & Crooks, K.R. (2015) Mark-
recapture and mark-resight methods for estimating abundance with remote cameras: a
carnivore case study. PloS one, 10, e0123032.

Augustine, B.C. (2018) SPIM. https://github.com/benaug/SPIM.

Augustine, B.C., Royle, J.A., Kelly, M.J., Satter, C.B., Alonso, R.S., Boydston, E.E. &
Crooks, K.R. (2018a) Spatial capture-recapture with partial identity: an application to
camera traps. Annals of Applied Statistics, 11.

Augustine, B.C., Royle, J.A., Murphy, S.M., Chandler, R.B., Cox, J.J. & Kelly, M.J. (2018b)
Spatial capture-recapture for categorically marked populations with an application to
genetic capture-recapture. BioRxiv.

Bonner, S.J. & Holmberg, J. (2013) Mark-recapture with multiple, non-invasive marks. Bio-
metrics, 69, 766–775.

Borchers, D.L. & Efford, M. (2008) Spatially explicit maximum likelihood methods for
capture–recapture studies. Biometrics, 64, 377–385.

Chandler, R.B. & Clark, J.D. (2014) Spatially explicit integrated population models. Methods
in Ecology and Evolution, 5, 1351–1360.

Chandler, R.B. & Royle, J.A. (2013) Spatially explicit models for inference about density in
unmarked or partially marked populations. The Annals of Applied Statistics, 7, 936–954.

Eddelbuettel, D. & François, R. (2011) Rcpp: Seamless R and C++ integration. Journal of
Statistical Software, 40, 1–18.

Eddelbuettel, D. & Sanderson, C. (2014) Rcpparmadillo: Accelerating r with high-
performance c++ linear algebra. Computational Statistics and Data Analysis, 71, 1054–
1063.

Efford, M., Dawson, D.K., Jhala, Y. & Qureshi, Q. (2016) Density-dependent home-range
size revealed by spatially explicit capture–recapture. Ecography, 39, 676–688.

114



Ben C. Augustine Bibliography 115

Efford, M. & Mowat, G. (2014) Compensatory heterogeneity in spatially explicit capture–
recapture data. Ecology, 95, 1341–1348.

Efford, M. (2004) Density estimation in live-trapping studies. Oikos, 106, 598–610.

Fewster, R., Stevenson, B. & Borchers, D.L. (2016) Trace-contrast models for capture–
recapture without capture histories. Statistical Science, 31, 245–258.

Fieberg, J. & Kochanny, C.O. (2005) Quantifying home-range overlap: the importance of
the utilization distribution. Journal of Wildlife Management, 69, 1346–1359.

Kalle, R., Ramesh, T., Qureshi, Q. & Sankar, K. (2011) Density of tiger and leopard in a
tropical deciduous forest of mudumalai tiger reserve, southern india, as estimated using
photographic capture–recapture sampling. Acta Theriologica, 56, 335–342.

Kelly, M.J., Betsch, J., Wultsch, C., Mesa, B. & Mills, L.S. (2012) Noninvasive sampling for
carnivores. Carnivore ecology and conservation: a handbook of techniques (L Boitani and
RA Powell, eds) Oxford University Press, New York, pp. 47–69.

King, R., McClintock, B.T., Kidney, D. & Borchers, D. (2016) Capture–recapture abun-
dance estimation using a semi-complete data likelihood approach. The Annals of Applied
Statistics, 10, 264–285.

Knapp, S.M., Craig, B.A. & Waits, L.P. (2009) Incorporating genotyping error into non-
invasive dna-based mark–recapture population estimates. Journal of Wildlife Manage-
ment, 73, 598–604.

Laake, J., Burnham, K. & Anderson, D. (1993) Distance sampling: estimating abundance
of biological populations. Chapman 8c Hall, London.

Lewis, J.S., Logan, K.A., Alldredge, M.W., Bailey, L.L., VandeWoude, S. & Crooks, K.R.
(2015) The effects of urbanization on population density, occupancy, and detection prob-
ability of wild felids. Ecological Applications, 25, 1880–1895.

Link, W.A., Yoshizaki, J., Bailey, L.L. & Pollock, K.H. (2010) Uncovering a latent multino-
mial: analysis of mark–recapture data with misidentification. Biometrics, 66, 178–185.

McCarthy, T.M., Waits, L.P. & Mijiddorj, B. (2009) Status of the gobi bear in mongolia as
determined by noninvasive genetic methods. Ursus, 20, 30–38.

McClintock, B.T. (2015) multimark: an r package for analysis of capture–recapture data
consisting of multiple noninvasive marks. Ecology and evolution, 5, 4920–4931.

McClintock, B.T., Conn, P.B., Alonso, R.S. & Crooks, K.R. (2013) Integrated modeling of
bilateral photo-identification data in mark-recapture analyses. Ecology, 94, 1464–1471.



Ben C. Augustine Bibliography 116

Mills, L.S., Citta, J.J., Lair, K.P., Schwartz, M.K. & Tallmon, D.A. (2000) Estimating animal
abundance using noninvasive dna sampling: promise and pitfalls. Ecological applications,
10, 283–294.

Molina, S., Fuller, A.K., Morin, D.J. & Royle, J.A. (2017) Use of spatial capture–recapture
to estimate density of andean bears in northern ecuador. Ursus, 28, 117–126.

Murphy, S.M., Cox, J.J., Augustine, B.C., Hast, J.T., Guthrie, J.M., Wright, J., McDermott,
J., Maehr, S.C. & Plaxico, J.H. (2016) Characterizing recolonization by a reintroduced
bear population using genetic spatial capture–recapture. The Journal of Wildlife Man-
agement, 80, 1390–1407.

Nair, T., Thorbjarnarson, J.B., Aust, P. & Krishnaswamy, J. (2012) Rigorous gharial pop-
ulation estimation in the chambal: implications for conservation and management of a
globally threatened crocodilian. Journal of Applied Ecology, 49, 1046–1054.

Otis, D.L., Burnham, K.P., White, G.C. & Anderson, D.R. (1978) Statistical inference from
capture data on closed animal populations. Wildlife monographs, pp. 3–135.

Popescu, V.D., Valpine, P. & Sweitzer, R.A. (2014) Testing the consistency of wildlife data
types before combining them: the case of camera traps and telemetry. Ecology and evolu-
tion, 4, 933–943.

Puckett, E.E. (2017) Variability in total project and per sample genotyping costs under
varying study designs including with microsatellites or snps to answer conservation genetic
questions. Conservation Genetics Resources, 9, 289–304.

Ramsey, D.S., Caley, P.A. & Robley, A. (2015) Estimating population density from presence–
absence data using a spatially explicit model. The Journal of Wildlife Management, 79,
491–499.

Reich, B.J. & Gardner, B. (2014) A spatial capture-recapture model for territorial species.
Environmetrics, 25, 630–637.

Rich, L.N., Kelly, M.J., Sollmann, R., Noss, A.J., Maffei, L., Arispe, R.L., Paviolo, A.,
De Angelo, C.D., Di Blanco, Y.E. & Di Bitetti, M.S. (2014) Comparing capture-recapture,
mark-resight, and spatial mark-resight models for estimating puma densities via camera
traps. Journal of Mammalogy, 95, 382–391.

Rousset, F. & Raymond, M. (1995) Testing heterozygote excess and deficiency. Genetics,
140, 1413–1419.

Royle, J.A. (2009) Analysis of capture–recapture models with individual covariates using
data augmentation. Biometrics, 65, 267–274.

Royle, J.A., Chandler, R.B., Sollmann, R. & Gardner, B. (2013) Spatial capture-recapture.
Academic Press.



Ben C. Augustine Bibliography 117

Royle, J.A., Dorazio, R.M. & Link, W.A. (2007) Analysis of multinomial models with un-
known index using data augmentation. Journal of Computational and Graphical Statistics,
16, 67–85.

Royle, J.A., Fuller, A.K. & Sutherland, C. (2016) Spatial capture–recapture models allowing
markovian transience or dispersal. Population ecology, 58, 53–62.

Royle, J.A., Magoun, A.J., Gardner, B., Valkenburg, P. & Lowell, R.E. (2011) Density
estimation in a wolverine population using spatial capture–recapture models. The Journal
of wildlife management, 75, 604–611.

Selkoe, K.A. & Toonen, R.J. (2006) Microsatellites for ecologists: a practical guide to using
and evaluating microsatellite markers. Ecology letters, 9, 615–629.

Simpson, E.H. (1949) Measurement of diversity. Nature.

Sirén, A.P., Pekins, P.J., Abdu, P.L. & Ducey, M.J. (2016) Identification and density estima-
tion of american martens (martes americana) using a novel camera-trap method. Diversity,
8, 3.

Sollmann, R., Gardner, B., Parsons, A.W., Stocking, J.J., McClintock, B.T., Simons, T.R.,
Pollock, K.H. & O’Connell, A.F. (2013a) A spatial mark–resight model augmented with
telemetry data. Ecology, 94, 553–559.
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