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PREFACE 

This thesis is divided into three separate sections dealing with 

the use of moire interferometry to obtain surface displacements and 

strains. 

In Part I it is demonstrated experimentally that moire patterns 

of displacement can be obtained with very high sensitivity (within 

97.6% of the theoretical limit). 

Parts II and III present two distinct experimental techniques 

for obtaining the complete state of strain using a rosette approach. 

With the first technique displacement fringes generated by moire 

interferometry are mechanically sheared to produce normal strain 

fringes. With the second method the warped wavefronts that emerge 

from the deformed specimen grating are optically sheared and super-

imposed to produce the strain fringes. 

The results obtained in these experiments represent a signifi-

cant quantitative and qualitative improvement in the ability of moire 

to provide displacement and strain data of high sensitivity and excel-

lent contrast. l·lith traditional moire methods the sensitivity of dis-

placement measurements is typically 0.025 mm (0.001 in) per fringe 

order: hence the results of the first experiment represent an increase 

in sensitivity of two orders of magnitude. Furthermore, because moire 

interferometry is a two beam interference technique, the quality of the 

fringes are excellent, even when very high fringe densities are 

present. Because traditional moire work is limited by lower displacement 
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sensitivity, strain contour patterns obtained by optical differentia-

tion have correspondingly low sensitivity. They require large shearing 

distances, corresponding to large gage lengths, and even then yield 

relatively sparce patterns of strain fringes. 
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NOTATION 

f, fl, f 2 = frequency of grating 

f c = carrier pattern frequency 

g, gl , g2' g3 = pitch of grating 

NI, N' x' 
ui' ux, 

m = integer denoting diffraction order 

r, s = subscripts denoting reference grating and speci-
men grating, respectively 

x, y, 45 = subscripts denoting direction of parent quantity 

Ny, 

Uy, 

F = focal length of lens 

= fringe order of contours of displacement; also 
the number of wavelengths of optical path dif-
ference between wavefronts emerging from speci-
men grating 

= number of wavelengths of optical path length 
between a warped wavefront and its original 
position 

N I = 45 fringe order of contour of normal strain 

U45 = displacement component 

X45 = coordinate lying 45° from x-axis 

a = half of the angle of intersection of two 
collimated light beams 

B =angle of incidence for a ray of light striking a 
diffraction grating 

= shear strain 

fringe pattern translation distance for mechanical 
shearing 
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!>, = change of 

ex, ey, €45 = normal strain component 

e = angle between a diffracted ray and grating normal 

!- = wavelength of light 

¢ = included angle between the two plane mirrors 
used in the modified telecentric lens system 
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. ?ART I 
, 

MOIRE INTERFEROMETRY NEAR THE THEORETICAL LIMIT 

SYNOPSIS--The theoretical maximum sensitivity achievable by moire 
interferometry using monochromatic light of A= 488 nm is 0.24 µm/ 
fringe (9.6 ~in/fringe). In the experiment reported here a sensitivity 
of 97.6% of the theoretical maximum was obtained. A specimen grating 
of 2000 lines per nm (t/mm) or 50,800 t/in was applied with an 
aluminum reflective coating which greatly reduced absorption losses. 
The reference grating was a virtual grating of 4000 t/mm (101 ,600 
t/in). The fringes were of excellent contrast and high density. 

INTRODUCTION 

Moire interferometry utilizes two high frequency diffraction 

gratings in series to produce fringes. The first or reference grating 

is held fixed, while the second or specimen grating is attached to the 

workpiece and deforms htith it. In Fig. l. la a coherent, monochromatic 

beam of light is diffracted into two orders by the reference grating 

of frequency fr = 2f s' and each of these orders is next diffracted by 

the specimen grating. Both gratings are shown transmitting their dif-

fracted beams. However, in most situations of practical interest, a 

reflective specimen grating is necessary because the specimen is 

opaque. Figure 1 .lb shows the diffraction produced by a reflective 

grating when illuminated by two symmetrical beams from a reference 

grating. Here also, fr= 2fs. In either case, at each grating the 

angles into which the incident beams are diffracted are given by: 

sin em = m~ + sin B . ( 1 . l ) 
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Fig. 1 .la. Moir~ patterns are generated in transmission by the inter-
ference of pairs of quasi-parallel beams emerging from 
the specimen grating. 
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Fig. l.lb. Moire patterns generated in a reflection system. 
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Fringes are formed from the interference between any two nearly 

parallel beams emerging from the specimen grating. 1 

Since a single beam striking the specimen grating cannot be dif-

fracted into parallel orders (see Eq. (1.l)L at least two beams must 

be produced by the reference grating if moir€ fringes are to be formed. · 

This puts a lower limit on the pitch, gr, of the reference grating: 

the smallest pitch for which Eq. (1 .1) yields two diffraction orders is 

X/2, and this holds only at grazing incidence (s = ±90°). 

Typically, moire fringes are contours of in-plane displacement 

components in the direction perpendicular to the lines of the reference 

grating. The value of a displacement component at any given fringe is 

given by 

U = Ng r . ( l . 2) 

Differentiating Eq. (1 .2) with respect to N yields 

( l . 3) 

Thus, the displacement per unit change of fringe order equals the pitch 

of the reference grating. This derivative also defines the sensitivity, 

and a reference grating with a small pitch yields fringes of relatively 

high sensitivity. 

Since gr= X/2 is the limiting value of the reference grating 

pitch that can result in moire fringes, it follows from Eq. (1 .3) that 

X/2 is also the limiting value of maximum sensitivity. Noting its 

wavelength dependence, the limit of maximum sensitivity ranges from 

0.32 to 0.23 µm/fringe (12 to 9 µin/fringe), corresponding to 
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wavelengths ranging from 633 nm, the red helium-neon emission line, to 

458 nm, the blue argon emission line. 

In practice, because grazing incidence is approached as gr 

approaches A/2, the intensity of the light on the specimen grating falls 

to zero. Hence actual values of gr must always be greater than A/2. 

Until now moire fringes with a sensitivity of approximately 1/3 

the theoretical maximum have been produced, using a 1200 t/mm reference 

grating. 2 In the present work, using light of A= 488 nm with a 

4000 t/mm (101 ,600 t/in) reference grating, a sensitivity of 0.25 µm/ 

fringe (9.8 µin/fringe) was achieved. This is 97.6% of the theoretical 

maximum sensitivity possible at this wavelength. This improvement was 

made possible by the use of a highly reflective specimen grating used 

in conjunction with a viritual reference grating and fringe multipli-

cation. Each of these techniques will be briefly explained. 

Reflectorized Specimen Grating 

A new technique3 was utilized to produce a highly reflective 

aluminized grating on the specimen surface. This is in contrast to the 

silicone rubber grating process4 which gives low reflectance. 

In the new process, as before, a photographic plate is exposed to 

the interference pattern produced by two intersecting, collimated beams 

of coherent light. The angle of intersection and the wavelength 

determine the frequency of the interference pattern by4 

f = 2sina 
A ( l .4) 
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Upon developing and drying, those areas of the photographic emulsion 

which were exposed to interference maxima shrink less than those areas 

exposed to minima. The result is a regu1arly corrugated surface on the 

plate with a frequency equa1 to that of the interference pattern. Next, 

the plate is bleached and then coated with a semitransparent layer of 

aluminum by vacuum deposition. 

This plate serves as a mold for the specimen grating. A small 

quantity of Norland Optical Adhesive 61 (Norland Products Inc., New 

Brunswick, NJ) is poured on the specimen, and the aluminized plate is 

placed (grating down) on top of it (Fig. l.2a). To polymerize this 

acrylic adhesive, it is irradiated with ultraviolet light, which must 

pass through the deve1oped emulsion on the photographic plate and the 

layer of aluminum. To facilitate the light's passage through these 

media, the photoplate is bleached and the aluminum layer is made 

semitransparent. After the cure the plate is removed, and because 

adhesion at the aluminum/emulsion interface is weaker, the aluminum is 

transferred. Thus, the specimen is covered with a highly reflective 

grating (Fig. l .2b). 

Fringe Multiplication 

From Eqs. (1 .2) and (1 .3) it can be seen that the displacement 

component, U, and the sensitivity are functions of the pitch of the 

reference grating, gr, only. Therefore the specimen grating pitch, gs, 

can conveniently be chosen to be a multiple of gr with no loss of 

fringes or sensitivity in the resulting moire pattern. The ratio 

gs/gr= f r/fs is called the fri~ge multiplication factor. 4 In the work 



UV Illumination 

Photographic I 
Plate 

Bleached 
Photographic 
Grating (a) 

Semi-transparent 
Evaporated 
Aluminum 

Reflectorized Grating7 

;(;!:~,~. 

( b) 

Fig. 1 .2. The reflectorized grating replication procedure: (a) An 
aluminized grating formed on a photographic plate is used 
as a mold to replicate its surface on an acrylic adhesive. 
The adhesive is cured by UV light. (b) After curing, the 
mold is removed. The aluminum remains, and a reflectorized 
specimen grating results. 

-....J 
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reported here this ratio is two. Even valued fringe multiplication 

factors allow for viewing the specimen at normal incidence, and using 

a factor of two instead of some higher value results in a higher signal 

to noise ratio. Also, by using fringe multiplication along with a 

virtual reference grating, replication of only the lower frequency 

specimen grating is necessary. 

The Virtual Grating 

In Fig. 1 .1 any means of producing the two rays labelled 0 and 

-1, each at an angle a with respect to the grating nonnal, will result 

in the same moire pattern. Two collimated, coherent beams intersecting 

at an angle 2a is one way; the volume of space in which the two beams 

intersect is called a virtual grating. 4 The value of a needed to 

produce a virtual grating of frequency f is given by Eq. (1 .4). 

Using a virtual grating eliminates the need for a relatively large, 

expensive, high frequency, real grating, and by varying a, its fre-

quency or pitch can easily be changed and adjusted. 

DESCRIPTION OF SPECIMEN 

The specimen is shown in Fig. l .3. It is a tension specimen of 

polymethylmethacrylate, 51 x 200 x 3 mm (2 x 8 x 1/8 in) with a 10 mm 

(0.40 in) diameter central hole. A reflectorized grating, f s = 
2000 £/rrm (50,800 £/in), was applied to the 76 x 51 mm (3 x 2 in) area 

around the hole. The dashed lines indicate those areas that are 

enlarged in Fig. l .5. 
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Fig. 1 .3. Tension specimen with a 76 x 51 mm (3 x 2 in) reflectorized 
grating. Dotted areas are shown enlarged in Fig. 1 .5. 
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ARRANGEMENT OF SPECIMEN AND bPTICAL ELEMENTS 

Figure l .4 is a schematic of the experiment setup. The specimen 

is mounted on a loading fixture oriented at right angles to a flat 

mirror with the grating grooves parallel to the mirror. A collimated 

beam of coherent light from a parabolic mirror is directed at the speci-

men and flat mirror simultaneously. The light reflecting from the flat 

mirror onto the specimen intersects the light directly impinging on the 

specimen at an angle 2a, forming a virtual grating there. For this 

experiment, a= 77.6° and A= 488.0 nm, which by Eq. (l .4) gives a 

virtual grating frequency of 4000 £/mm (101 ,600 £/in). The loaded 

specimen then diffracts the light; its +l and -1 orders are collected 

by the field lens, which acts also as the camera lens and produces an 

image of the moire pattern in the camera. 

PROCEDURE 

The specimen was oriented perpendicular to the flat mirror. Next 

the virtual grating of 4000 £/rrvn (101 ,600 £/in) was established as 

follows: first a was adjusted to approximately 77° (Fig. 1 .4), then a 

finer adjustment of the virtual grating frequency was made by rotating 

the specimen in its plane and by further adjusting a by moving the 

parabolic mirror until the +l and -1 diffraction orders were super-

imposed in the focal plane of the lens. Final adjustments of the same 

kind were made until the moire pattern in the image plane of the lens 

consisted of a few fringes only. 

Next the specimen was loaded in tension to produce a high fringe 

density at the hole edge, and the pattern was recorded on film. 



Specimen 
Grating 

Specimen 
and loading 
fix1ure 

~ ;:,... 

Camera ' /~ 
Lens 

Mirror 
Fig. l .4. Diagram of optical arrangement used to obtain moir~ fringes. 

A virtual grating of frequency of 4000 ~/mm (101 ,600 1/in) 
is formed in front of the specimen. The specimen grating 
frequency is 2000 i/nn (50,800 1/in). 

_ __. 

~ 
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RESULTS 

Figure 1 .5 shows the fringe pattern obtained by using a virtual 

reference grating of 4000 ~/mm {101 ,600 t/in). This corresponds to a 

sensitivity of 0.25 µm/fringe (9.8 µin/fringe) which is 97.6% of the 

theoretical limit. The maximum fringe density at the hole is 24 

fringes/rrnn (610 fringes/in). Although only zones of highest fringe 

density are shown here, fringes of excellent contrast were seen 

throughout the entire 76 x 51 mm area of the specimen grating. 

CONCLUSIONS 

1. Moire interferometry with a reference grating frequency of 4000 

£/mm (101,600 £/in) was demonstrated; this frequency and 

associated sensitivity of measurement were 97.6% of the theoretical 

limit. 

2. Very high fringe density, 24 fringes/rmn (610 fringes/in), was 

produced. Fringe contrast was excellent. 

3. Reflectorized gratings provide a superior means of obtaining 

the moire patterns compared to silicone gratings. 



Fig. 1 .5. Two enlargements of the moire pattern of the vertical dis-
placement component. Maximum fringe density is 24 fringes 
per rmn ( 610 fringes/in) . 

_.. 
(..•.) 



-PART II 

FULL-FIELD DISPLACEMENT AND STRAIN ROSETTES 
~ 

BY MOIRE INTERFEROMETRY 

SYNOPSIS--A cross-line phase-type specimen grating was interrogated by 
moire interferometry techniques to produce full-field fringe patterns 
of three displacement components: U~, Uy and U45 • For U45 , sensitivity 
was 1/1700 mm/fringe (1/43,000 in/frJ. ~losely packed fringes with 
great information content were obtained. Fringe patterns of strain 
components ex, e and e45 were produced by mechanical shearing (or 
optical differentiation) of the displacement patterns; a shearing dis-
tance of only 0.6 mm (0.025 in) was used. The rosette method yields 
complete strain information from these three components of normal 
strains--which were derived from three direct derivatives of displace-
ment. Consequently, the need for cross-derivatives of displacement, 
which are highly sensitive to accidental rigid body rotations, is 
circumvented. 

INTRODUCTION 

Dantu5 was perhaps the first to show that cross-line gratings of 

the amplitude (or bar-and-space) type function also as gratings in the 

±45° directions. This applies for crossed phase gratings, too. Let the 

array of dots in Fig. 2.1 represent the peaks in a crossed phase 

grating. Such a grating diffracts light in the same way as a linear 

grating that has crests and troughs of pitch g1 lying parallel to the 

x-axis; simultane<>usly it diffracts light in the same way as a linear 

grating parallel to the y-axis. These diffractions depend on the 

orderly arrangement of repeating rows of features. However, repeating 

rows of features also exist in the diagonal ±45° directions and these 

act as linear diffraction gratings with pitch g2 = g1/./2. In fact, a 

great number of different repeating rows exist, and they all function 

14 
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Fig. 2.1. Peaks on a crossed phase 
grating are formed in 
regularly spaced rows of 
pitch g1, g2 , g3 , etc. 
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as linear gratings in their respective directions. The rows shown in 

Fig. 2.1 along e = -63°, with pitch g3 , is an example. 

When used in conjunction with moire interferometry, such gratings 

can yield fringes defining three normal displacement fields, e.g., Ux, 

U45 and Uy. These may be used to generate full-field patterns of 

normal strain components Ex' E45 and Ey' by the approximate method 

known alternatively as optical differentiation or mechanical shear-

ing. 5•6•7 The three strain components define the complete state of 

surface strain throughout the field of view; with them, shear strains 

Yxy can be calculated by the rosette equation 

Yxy = 2E 45 - (Ex + ty) ( 2 .1) 

and principal strains and maximum shear strain in the xy surface can be 

calculated by standard relationships. 

The objectives of this work are: 

(1) to demonstrate that high quality patterns of U45 can be 

obtained by interrogating a crossed phase grating along the 45° 

direction, 

(2) to show that moire interferometry can produce high quality 

displacement patterns with extremely high information content, i.e., 

with very closely packed fringes, and 

(3) to demonstrate that mechanical shearing can be used with 

small translations to generate full-field patterns of strain components 
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PRELIMINARY TESTS 

A crossed phase grating of 600 lines per mm (15,000 £/in) was 

formed in silicone rubber on a specimen by the method outlined in Refs. 

2 and 4. The specimen was a tensile plate, 63 x 200 x 3 mm (2.5 x 8 x 

1/8 in), with a 13 mm (0.5 in) diameter central hole. It was machined 

from black polymethylmethacrylate (pmma). It was mounted in a small 

loading fixture in justaposition to the apparatus illustrated in Fig. 

2.2. 

The apparatus is the same as that described in Ref. 2, except that 

a second illumination beam was provided at angle a 2 • The beam incident 

at a 1 generated a virtual reference grating of 1200 £/mm (30,000 £/in); 

it was used to interrogate the specimen grating in the x and y direc-

tions. The beam at a 2 generated a virtual reference grating of 1700 

£/l1111 (43,000 £/in) and was used to interrogate the diagonal specimen 

grating (Fig. 2.1) of pitch g2 (or frequency 1/g2 = 850 £/mm). Fringe 

multiplication by a factor of 2 was used. 

The results are shown in Fig. 2.3. The method of Ref. 2 was used 

for each pattern, whereby a carrier of about 10 £/mm (250 £/in) was 

introduced by rotational mismatch of the specimen and virtual reference 

gratings; the no-load patterns were photographed with the specimen (and 

loading fixture) oriented successively in the x, y and X45 directions; 

corresponding full-load patterns were photographed with precisely the 

same directions; each pair of photographic negatives were superimposed 

to generate the moire pattern of load minus no-load contours; and the 

superimposed negatives were optically filtered to eliminate the carrier 

patterns. 



Fig. 2.2. 

sin a =t f 
f1 = 1200 .l/mm 

(30,000 1/in.) 

f2= fl f, 

Camera 

Optical arrangement for these tests. 

(Xl 



Fig. 2.3. Displacement fields Ux, Uy, U45 (left to right) for a tensile 
plate with central hole. 

\.0 
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The results were fulfilling inasmuch as the quality of the U45 

pattern was fully as good as the Ux and UY patterns. This high quality 

was obtained even though it was formed with an incidental specimen 

grating--one that existed only as a consequence of the basic crossed 

grating--and even though its sensitivity was /2 or 1 .41 times that of 

the Ux and UY fields. 

SUBSEQUENT TESTS 

A similar specimen, now 51 mm (2 in) wide with a 10 mm (0.4 in) 

diameter hole, was prepared with a silicone rubber crossed grating of 

600 £/mm (15,000 £/in). The no-load pattern of moire interference is 

shown in Fig. 2.4. These initial fringes were caused by imperfect uni-

formity of the specimen grating and the virtual reference grating. 

The full-load pattern of Fig. 2.5 shows a substantially greater 

load than before, with so many displacement fringes that they are not 

well resolved in this figure. They are very well resolved in the camera 

and on the photographic negative, however, as seen in the enlarged view 

shown in Fig. 2.6. The density of fringes along the side of the hole 

was more than 12 fringes per mm (300 per in). 

Strain Components by Mechanical Shearing 

The fringe pattern of Figs. 2.5 and 2.6 was modified by a rigid 

body rotation of the specimen (and loading fixture) to add a carrier 

pattern of about 24 fringes per rrm (600 per in). While the fringes 

were very closely spaced, they could still be easily resolved by the 

film, Kodak Contrast Process Pancrromatic film. 
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Fig. 2.6. Enlarged view of fringes in Fig. 2.5. 
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An exposure was made. Then the film holder was translated per-

pendicular to the direction of the (effective) specimen grating and a 

second exposure was made on the same film. The fringes of the two 

superimposed (but displaced) images crossed in various zones to create 

a moire pattern depicting fringes of constant ~U Jc . This was optically x x 
filtered as described in Ref. 2 to produce the pattern of Fig. 2.7a. 

Similarly, Figs. 2.7b and c show the results of mechanically shearing 

the displacement fields U and U45 , respectively. y 
Since 

(2.2) 

where f 1 is the frequency of the (virtual) reference grating, and since 

where ~Ux is the local change of specimen displacement between two 

points that are ex apart, 

Thus, 
N I 

- x . e:x - f5 ' 
1 x 

N I 

- _L_. e:y - f c • 
1 y 

(2.3) 

(2.4) 

where N' represents fringe orders in the patterns of Fig. 2.7. They are 

approximations which approach the exact values as c ~ 0. However, N' 

is proportional to c with this method, so some choice of finite c is 

required. 

Shearing translation c was 0.64 rrnn (0.025 in) for the patterns of 

Fig. 2.7. The degree of approximation corresponds to that inherent in 

an electrical resistance strain gage of 0.64 mm (0.025 in) gage length. 



(a) (b) (c) 

Fig.2.7. Strain components e ,-e , e45 (left to right) by mechanical 
shearing, \vith shea~ di¥tance of 0.64 mm (0.025 in). 

N 
+::> 
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Figure 2.8 shows the effect of increasing c to l mm (0.040 in) 

for the sy pattern. In cases where the strain gradient is small, it is 

often useful to increase the shearing distance and thus increase the 

number of fringes in the pattern. 

The initial pattern of Fig. 2.4 generates an apparent initial 

strain field, too, which should be subtracted from the corresponding 

strain field of Fig. 2.7a. The mechanical shearing technique was 

applied for this no-load condition to generate the pattern of Fig. 2.9. 

The apparent strain pattern is sparse, even though a much larger shear-

ing distance of 3.2 mm (0.125 in) was used. The small apparent strains 

of the no-load pattern caused the slight departures from symmetry seen 

in Fig. 2.7. 

When interpreting these patterns, material points in the specimen 

should be assumed to lie midway between the corresponding points in the 

two superimposed images. 

DISCUSSION 

U45 Is a Dependent Variable 

Displacement components Ux and UY fully define the in-plane dis-

placement of a point. Component U45 is a dependent variable, vis., 

(2.5) 

Displacement field U45 is not investigated to determine displacements 

for their own sake, but as a vehicle for the rosette method to determine 

strains. 



Fig. 2.8. Strain field€ with shearing 
distance of l 1'ln (0.040 in). 

Fig. 2.9. Initial strain field with shearing 
of 3.2 mm (0.125 in). 

N 
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Alternate Means of Strain Anaivsis 

Three strains determine the complete state of strain at a point, 

e.g., £x' £y' Yxy· The shear strain can be evaluated by cross-

derivations of displacements as 

au au 
y =-X+___t_ xy ay ax (2.6) 

This is in contrast to the rosette equation, Eq. (2.1), which can be 

evaluated with direct derivatives exclusively (Eq. (2.3) and correspond-

ing relations for y and X45 ). 

Rotational Mismatch 

Rotational mismatch is the angular misalignment between lines on 

the specimen and reference gratings. With moire interferometry--just 

as in coarse moire--it is often difficult to control the rotational 

mismatch. In the special case of a symmetrical displacement field, the 

gratings can be adjusted to produce a symmetrical moire pattern. Even 

in this case, however, the no-load pattern resulting from imperfect 

gratings may be non-symmetrical. In the general problem, the degree 

of rotational mismatch is unknown. 

Still, mismatch is of no consequence if identical mismatch occurs 

for the no-load and load patterns, if they are subtracted in the data 

reduction process. Accidental rigid-body rotations that are likely to 

occur in the loading process, however, produce data with unknown 

rotational mismatch. 
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Post8 has shown that Eq. (2~4) can be used even with unknown 

rotational mismatch if the mismatch is identical in the U and U x y 
patterns. This, too, is difficult to control in many instances. 

Rotational mismatch introduces fringes that bisect the perpen-

diculars to the specimen and reference gratings. Since the accidental 

rotational mismatch fringes results from a very small (unknown) rotation, 

the fringes may be assumed to lie perpendicular to the grating lines 

of the reference gratings. 

Superiority of the Rosette Method 

The derivatives aux/ax and aUx/ay can be written in terms of 

fringe orders of the displacement patterns, viz., (l/f)aNx/ax and 

(l/f)aNx/ay, respectively. With fringes of rotation lying perpendicular 

to the grating lines, it becomes clear that the direct derivatives, 

e.g., aNx/ax remain unaffected by the fringes of rotational mismatch 

while the cross-derivatives, e.g., aNx/ay are critically sensitive to 

them. 

Consequently, the method that uses direct derivatives exclusively 

is superior for most cases--specifically, the rosette method. 

Differentiation 

Three direct derivatives must be determined for the rosette 

method. Various methods of differentiation may be utilized, including 

graphical differentiation, where: (a) displacement curves are plotted 

from fringe data, (b) tangents are estimated and (c) their slopes are 

measured. In the present work, differentiation was performed by the 
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mechanical shearing method, where derivatives are approximated by ratios 

of finite increments (e.g., Eq. (2.3)). 

Comparison of Figs. 2.6 and 2.7 emphasizes that differentiation 

is a wasteful or inefficient process. The great abundance of displace-

ment contours in Fig. 2.6 is reduced to the sparce pattern of derivative 

contours in Fig. 2.7. However, differentiation of experimental data is 

inherently wasteful, regardless of the method employed. In a non-

homogenous strain field, the derivative of displacements may be deter-

mined to a given accuracy (e.g., 90%) if the displacements are known 

to a superior accuracy (e.g., 99%). Various computer assisted data 

reduction systems can be employed to fit and smooth the experimental 

data, thereby improving the accuracy of displacement information and 

consequently, their derivatives. 

A distinct feature of the mechanical shearing method of dif-

ferentiation lies in its full-field nature, where the derivative is 

determined at all points in the field of view. 

Two-beam Interference 

Figure 2.6 illustrates that fringe densities as high as 12 fringes 

per mm (300 per in) were clearly resolved. The displacement fringes 

used for mechanical shearing had a 24 fringes per mm (600 per in) 

carrier pattern added to this. These, too, could be seen in the camera 

film plane (with the aid of magnification) and the fringes were well 

resolved and had high contrast. This must be so, since the double 

exposure of this pattern and its sheared (or translated) twin produced 

the clear moire patterns from which Fig. 2.7 was derived. 
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The method of moire interferometry utilized here is two-beam 

interferometry and has all the valuable attributes of two-beam 

interferometry. When sufficiently coherent light is used, fringe order 

is virtually unlimited; fringe densities exceeding 100 per mm (2500 per 

in) can be realized; fringe contrast is virtually independent of fringe 

order; and the fringes can always be viewed on the surface of the 

workpiece. 

The importance of these qualities is underscored by the work of 

Parks9 on speckle interferometry. Speckle interferometry and moire 

interferometry have the same governing equations and the same sensi-

tivity in displacement per fringe. Parks shows, however, that the 

speckle method suffers limitations associated with speckle correlation, 

namely, serious limitations of range, contrast and fringe localization. 

It is clear from the figures exhibited here that moire interferometry 

does not suffer these limitations. 

FURTHER WORK 

Two refinements would be attractive: (1) means for continuously 

variable shearing displacements combined with simultaneous viewing of 

the fringes of strain components, and (2) means to provide results as 

fringe patterns of the load-induced strain components, i.e., the load 

minus no-load strain components. This research is being contemplated. 
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CONCLUSIONS 

This work de!T()nstrates the following qualities: 

1. A crossed phase grating can be interrogated at 45° to generate the 

U45 displacement field. 

2. Sensitivity corresponding to gratings of 1700 £/mm (43,000 t/in) 

can be obtained, i.e., sensitivity of 1/1700 rrrn per fringe. 

3. Well defined displacement fringes of very high fringe orders and 

very large fringe densities can be generated by moire interferometry. 

4. Full-field patterns of strain components can be produced by 

mechanical shearing (or optical differentiation) of the displacement 

patterns. 

5. Shearing distances can be very small, comparable to the gage length 

of very short electrical resistance strain gages. 

6. The rosette approach circumvents the experimental difficulties 

associated with rigid body rotations and accidental misalignment of 

the reference grating. 



PART III 

FULL-FIELD STRAIN ROSETTE BY SHEARING INTERFEROMETRY 

SYNOPSIS--The complete state of plane strain on the surface of a 
tensile specimen with a central hole was obtained by shearing moiri 
interferometry. Each of the warped wavefronts generated in a moiri 
interferometry system was separately sheared and recorded on film with 
a carrier pattern. An adjustable air wedge located near the corrmon 
focal point of a telecentric lens system was used to shear the wave-
fronts. The two patterns were superimposed and optically filtered to 
yield normal strain contours. This procedure was carried out in the 
x, X45 and y directions with respect to the applied load to yield 
three whole-field strain rosettes. Using a shearing distance of only 
0.58 mm (0.023 in) and a virtual grating of 2400 lines/rrm (60,000 
lines/in) for each direction, a strain contour interval of 720 µm/m 
(720 µin/in) was obtained. The experimental result was found to be in 
good agreement with theory. 

INTRO DU CTI ON 

In Part II moiri interferometry was used in a full-field 

rectangular rosette on the surface of a specimen. The rosette method 

insured that the shear strains obtained from the displacement fields 

would be free from errors caused by accidental rigid body rotations. 

In that work a displacement rosette was obtained first, and then each 

component pattern (Ux, u45 , UY) was mechanically sheared to produce the 

corresponding normal strain component. With the method of shearing 

interferometry used in the present work, there is no need to record the 

displacement fringes at all. 

In Part II a cross line grating was used on the specimen. 

Advantage was taken of the fact that in such a grating regularly re-

peating rows of features exist in the ±45° directions, which act as a 

45° diffraction grating. However, the pitch in the ±45° directions, 

32 
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g2, is not the same as that in the x and y directions, g1. 

Specifically, 

(3.1) 

This necessitates the use of a separate reference grating for the 45° 

direction. In the work presented here these limitations were overcome 

by making a specimen grating with three linear arrays of equal pitch 

in the x, x45 and y directions. 

THEORY OF THE SHEARING INTERFEROMETRY METHOD 

The in-plane x component of displacement at any point on a 

deformed specimen is given by 

(3.2) 

where Nx, the fringe order, also equals the number of wavelengths of 

optical path difference between the two diffracted wavefronts WA and 

w8, that emerge from the specimen and interfere. (This is illustrated 

in Fig. 3.1 .) From that figure it is also clear that 

(3.3) 

where NA and N8 are the optical path length changes of the wavefronts 

with respect to their colTITlon original (or no-load) position, W0 , that 

they occupied before the specimen was deformed. 

Differentiating Eq. (3.3) with respect to x yields 

=fa~_aN8] 
1 ~x ax 9r 
' 

(3.4) 
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which, for small, finite ~x, can be written as the following approxi-

ma ti on, 

N' g = x r 
t:.x (3.5) 

Equation (3.5) implies that the normal strain ex can be obtained from 

the subtractive moire of two shearing interference patterns, t:.NA/t:.x and 

t:.N8/t:.x. To better understand this conclusion, consider Fig. 3.2. In 

that figure, W represents a warped wavefront that has emerged from the 

specimen grating. Its separation from its original, unwarped con-

figuration, W0 , is given by N(x,y). A replica of W, shown as W' in 

Fig. 3.2, is sheared (translated) an amount, t:.x. W and W are every-

where separated by a distance t:.N(x,y), an amount equal to the variation 

of W with t:.x. Since they are wavefronts of coherent light, Wand W' 

will interfere and yield contours of t:.N(x,y}/t:.x. The difference 

between two such interference patterns, i.e. t:.NA/t:.x - t:.N8/t:.x, can be 

found by superpositioning one pattern on the other. The result will 

be a moire pattern of contours of constant normal strain, ex. 

In the same way contours of ey can be obtained from the shearing 

interference patterns of t:.NA/t:.y and t:.N8/t:.y, while those of e45 can be 

obtained from t:.NA/t:.X45 and t:.N8/t:.X45 . 

It can be seen that with this approach strain information may 

be obtained without first obtaining the displacement pattern. 
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THE SHEARING APPARATUS 

Figure 3.3 shows the layout of the optical elements used to ob-

tain the full-field shearing interference patterns of NA and N8 . The 

specimen, with its specimen grating G , is positioned at the object s 
plane of a modified telecentric lens system comprised of lenses L1 

and L2. A wavefront originating at Gs is imaged at the film plane, C. 

An adjustable air wedge is located near the common focal point of the 

lenses. It is made from two optical flats that serve as partial 

mirrors, m1 and m2, with an included angle, ¢, between them. 

In operation wavefronts WA and w8 are each sheared separately. 

In Fig. 3.3 beam B is shown striking the specimen grating while beam 

A is obstructed. The diffracted beaw with warped wavefront w8 is 

converged by L1 to a small zone near m1 and m2. As w8 propagates 

through m1 and m2, two beams are generated and reflected through ap-

proximately 45° angles to L2. From there the beams advance and cross 

C with equal wavefront warpages, w6 and WB' sheared or displaced by a 

distances. (To shear WA, beam B is blocked and only beam A is allowed 

to strike the grating.) The amount of shear is controlled by varying 

the wedge angle, ¢. 

From Fig. 3.4, it is clear that 

s = 2¢ F . (3.6) 

In this experiment using lenses with a 460 mm (18_ in) focal length and 

a wedge angle of 6.4 x 10-4 radians (0.037°), s = 0.58 mm (0.023 in). 

The shearing apparatus also provided a carrier pattern to facilitate 

obtaining the subtractive moire fringes, N' (see eq. (3.5)), and to 
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make optical filtering possibl.e. Figure 3.4 also shows how a carrier 

is generated by the apparatus; at the ~mage plane, C, the two quasi-

planar wavefronts, w8 and WB' intersect at an angle, 2a = d/F, and 

generate an interference pattern governed by the relationship, 

>.f 
sina = a = T 

where f c is the frequency of the carrier pattern, for example in 

fringes/mm, and where the small angle approximation has been used 

because d << f. Since a = d/2F, Eq. (3.7) yields 

In this work/,= 515 nm, d = 3.5 mn (0.14 in), producing a carrier 

frequency of 15 lines/mm (375 lines/in). 

( 3. 7) 

(3.8) 

Accordingly, the magnitude of the shear and the carrier pattern 

frequency can be controlled independently by adjusting the air wedge. 

The carrier pattern frequency is proportional to mirror separation, 

d, and the shear is proportional to their relative angle ¢. 

In Fig. 3.5 the details of the physical construction of the air 

wedge are shown. It is designed so that only W and W1 reach the image 

plane with sufficient energy to be recorded by the film. An obstruc-

tion is used to stop the beam reflecting from surface s1. Uncoated 

glass surfaces are used for s1, s2 and s3. These surfaces have a 

reflectance of approximately 10% at the 45° angle of incidence used in 

this experiment. Hence, multiple reflections from them are at least 

an order of magnitude weaker than w8 and W~. Finally a ground glass 

surface is used for s4, which scatters most of the light striking it 
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forvrnrd, in the direction of propagation of the incident beam. 

Additional Properties of the Modified Telecentric Lens System 

Hollister and Watts10 have shown that the properties of a tele-

centric lens system make it especially useful for imaging grids in 

course moire applications where magnifications induced by small out-

of-plane displacements must be kept to a minimum. Figure 3.6 

illustrates the basic layout of such a system. Two lenses are used 

with the primary focal plane of the first serving as the object plane 

and with the secondary focal plane of the second serving as the image 

plane. A stop at the common focal plane between the lenses allows 

only near paraxial rays emanating from the object to pass through the 

system. An especially useful property of ~his system for the present 

work is its insensitivity to changes in the distance between L1 and L2. 

Varying this distance will not alter the location of the image plane; 

it will always be in the secondary focal plane of L2 as long as the 

object is in the primary focal plane of L1. 

The imaging system used in this work, shown in Fig. 3.3, is a 

telecentric system that has been modified in two ways: (1) the stop 

at the common focal point has been removed to enhance image quality of 

specimen boundaries and scribed lines; and (2) an air wedge has been 

inserted near the common focal point to shear the wavefront. Because 

this system is also insensitive to changes in the lens separation, 

both sheared wavefronts, w8 and WB' are imaged at focal plane C, not-

withstanding a difference in their optical paths between the lenses. 

In other words the telecentric lens system insures that w8 and WB are 
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both effectively identical to the wavefront emerging from the specimen 

surface in the primary focal plane of L1. In this way a constant 

shearing distance, s, is obtained across the wavefront. 

The difference in optical path referred to above will, however, 

cause the carrier frequency, fc, to slightly deviate at each point 

from its value given by Eq. (3.8). Figure 3.7 shows the effective 

optical paths that the two wavefronts follow in the modified tele-

centric system. Because V' is behind the focal point of L2, this 

beam is slightly convergent and has a convex wavefront as it crosses C. 

At C, the tiny difference in path length, ~A, contributes to the 

carrier pattern everywhere and alters fc. 

This variation in carrier frequency, fc' however, will produce 

no net effect in the final moire pattern obtained when the sheared 

interference patterns of WA and w8 are superimposed on film because the 

variation of f c with position is dependent only on d, and this is held 

constant throughout the experiment. Thus, at every point the carrier 

subtracts out, yielding only the strain components resulting from a 

constant shear. 

SPECIMEN 

The specimen used was a 210 x 64 x 3.2 mm (8.25 x 2.5 x 0.125 

in) polymethylmethacrylate tensile coupon with a 13 mm (0.50 in) 

central hole. The grating that was applied to the specimen consisted 

of three linear arrays of identical pitch, g = 0.83 µm (33 µin). 

These arrays were oriented perpendicular to the x, x45 , and y direc-

tions as shown in Fig. 3.8. 
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Fig. 3.8. The 1/8 in. thick PMMA specimen. A triaxial, reflective 
grating was applied to the central 4 x 2.5 in. portion. 
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To obtain such a triaxial array, the grating mold was prepared 

in a somewhat different manner from that used in Part II. There a 

photographic plate was exposed twice to the linear interference 

pattern given by Eq. (1 .4); after the first exposure the plate was 

rotated 90° and then re-exposed. That result is shown schematically 

in Fig. 2.1. As was shown in Part II, a grating produced in this way 

already contains a 45° grating, but the frequency and pitch in the 

45° direction is different from those in the x and y directions. To 

obtain a mold with equal grating frequencies in all three directions, 

a photographic plate was exposed to the interference pattern three 

times with a 45° rotation between exposures. 

A triaxial mold produced in this manner contains two gratings in 

the 45° direction, one of frequency f1 and the other of frequency 

12 f1. Only the grating of frequency f1, however, will diffract light 

in the proper direction (i.e., normal to the specimen) when the 

specimen is interrogated by the virtual grating of twice this fre-

quency, 2f1. 

The triaxial grating used in this experiment was coated with a 

thin film of aluminum by vacuum deposition and applied to the specimen 

in the same manner as in Part I. 

PROCEDURE 

Although the method used here to obtain strain fields does not 

require first obtaining displacement fields, they were in fact 

recorded in this experiment as a convenience to facilitate obtaining 

datum values for the fringe order numbers of the strain fields. 
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Without some means of establishlng the absolute value of strain at 

some point, the moire patterns of normal strain contours provide only 

relative differences in strain between points on the specimen. 

The procedure described below was carried out twice, once for 

the unloaded state and again for the loaded condition. 

The specimen was aligned to place its x grating in registration 

with the virtual reference grating (fr= 2400 lines/mn (60,000 lines/ 

in)). The displacement field Ux was then recorded on film by allowing 

both wavefronts, WA and w8, to pass through the system simultaneously 

after blocking shearing mirror, M2 (Fig. 3.3). M2 was blocked so that 

only the displacement field would be recorded, without also recording 

the shearing patterns of WA and w8. ·To obtain bNA' M2 was unblocked 

and beam B was blocked allowing only beam A to be diffracted by the 

specimen. The shearing interference pattern of bNA plus the carrier 

pattern was recorded on a second film. Beam A was blocked next and 

w8 was sheared, and its interference pattern, M~8 , plus the same 

carrier pattern used for ilNA, were recorded as a double exposure on the 

same film. These superimposed fringe patterns yielded a moire 

pattern depicting N~ = bNA - 6N8, fringes of constant normal strain, 

ex. The specimen was then rotated to place the 45° grating in 

registration with the virtual grating and the above procedure was re-

peated to yield fringe patterns of u45 and e45 . Finally they 

grating· was interrogated in the same manner to yield fringe patterns 

of UY and ey. The three patterns of strain fringes were optically 

filtered to improve contrast. 
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RESULTS 

Figure 3.9 shows the normal strain moire patterns obtained for 

the x, x45 , and y directions. For all of these patterns the pitch of 

the reference grating, gr, was 0.42 µm (16.6 µin) and the shearing 

distance was 0.58 mm (0.023 in). Substituting these values in eq. 

(3.5) gives a contour interval of 720 µm/m. 

These fringe patterns represent the strains caused by the 

applied load plus the apparent strains caused by the slight initial 

mismatch of the reference and specimen gratings. Where significant, 

the no-load strains must be subtracted out to yield the load-induced 

strains alone. The no-load displacement fields for the three direc-

tions were used for this purpose. They are shown in Fig. 3.10. (The 

no-load strain patterns that were obtained optically by shearing 

interferometry were not used for this purpose because they contained 

less than one fringe across the entire field.) The no-load strain 

fringe number at a given point can be found by counting the number of 

displacement fringes crossing a gage length equal to the shearing 

distance in the direction of shear. 

The strain data in the patterns of Figs. 3.9 and 3.10 were com-

pared to the theoretical predictions of Ref. 2 along the x-axis, the 

y-axis, and a line at 20° to they axis in quadrant IV where these 

lines fell within a circle of diameter equal to the specimen width. 

This region is shown in Fig. 3.8. Quadrant IV was chosen because the 

apparent no-load strain is relatively insignificant. Only the fringe 

orders of the ey component along the 20° line and the x-axis are 

altered by more than a tenth 9f a fringe in this quadrant, and these 
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Fig. 3.10. No-load displacement fields used for calculating the 
initial no-load fringe orders of strain. From left to 
right: Ux, u45 , Uy. 
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apparent strain contributions were subtracted in the data analysis. 

The circular area in which the experimental and theoretical results 

were compared was chosen because the complete theoretical solution is 

derived in this region. However, the number of points in this region 

affords a sufficient test of the method. 

On all plots referred to below, fringe order and strain were 

plotted against distance measured radially from the specimen center. 

The distance coordinate, p, was normalized with respect to the specimen 

half width. Therefore at the hole p = 0.2 and at the edge of the 

specimen on the y-axis p = 1 .0. 

Figure 3.11 presents the comparison of experiment and theory for 

ex and ey along the minimum section (y-axis}, and Fig. 3.12 gives ex 

and ey along the x-axis. 

In Fig. 3.13 the complete state of strain was extracted from the 

data along the 20° line and compared to theory. This was accomplished 

in two steps. First, experimental values of ex, e45 and ey were 

plotted and then, using the rosette equation, 

(3.9) 

the shear strain, y , was determined from the experimental data and xy 
plotted against the theoretical curve. 

Agreement between theory and experiment is very good. Deviations 

corresponded to about 180 µm/m, or less, corresponding to about 1/4 

fringe order, or less, in all zones, while maximum strain and fringe 

order were about 7560 µm/m and 10.5, respectively, or about 40 times 

larger than the maximum deviations. 
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CONCLUSIONS 

l. Shearing moir~ interferometry has been shown to provide full-

field contours of strain. It has been found to yield strain data 

in good agreement with theory for a tensile specimen with a 

central hole. In particular, good agreement was obtained for the 

shear strain, yxy' underscoring the value of utilizing a rosette 

to obtain the complete state of strain. 

2. The use of a triaxial specimen grating with three arrays of equal 

pitch was accomplished. It offers a practical means of obtaining 

the strain rosette using only one reference grating. 

3. The use of a telecentric lens system in conjunction with an air 

wedge provides an effective means of shearing wavefronts while 

simultaneously providing a carrier pattern. Moreover it minimizes 

potential problems of misfocus which could introduce additional 

and unintentional shear. 



REFERENCES 

1. Guild, J., The Interference S stems of Crossed Diffraction 
Gratings (Clarendon Press, Oxford, 1956 . 

2. Post, D. and Baracat, W. A., "High-Sensitivity Moire Inter-
ferometry--A Simplified Approach," Experimental Mechanics, 21(3), 
pp. 100-104 (March 1981). 

3. Basehore, M., 11Moire Interferometry for Out-of-Plane Displacement 
Meausrements, 11 Doctorial Dissertation, VP! & SU, 1981 

4. Post, D., 110ptical Interference for Deformation Measurements -
Classical, Holographic and Moire Interferometry," Mechanics of 
Non-destructive Testing, Proceedings edited by W. W. Stinchcomb, 
Plenum Publishing Corp., New York (1980). 

5. Dantu, P., 11 Extension of the Moire Method to Thermal Problems," 
Experimental Mechanics, 4(3), pp. 64-69 (1964). 

6. Duncan, J.P. and Sabin, P. G., "An Experimental Method for 
Recording Curvature Contours in Flexed Elastic Plates," Experi-
mental Mechanics, 5(1), pp. 22-28 (1965). 

7. Post, D. and Maclaughlin, T. F., "Strain Analysis by Moire Fringe 
Multiplication," Experimental Mechanics, 11(9), pp. 408-413 
(Sept. 1971). 

8. Post, D., 11The Moire Grid Analyzer Method for Strain Analysis, 11 

Experimental Mechanics, 5(11), pp. 368-377 (1965). 

9. Parks, V. J., "The Range of Speckle Metrology, 11 Experimental 
Mechanics, 20(6), pp. 181-191 (June 1980). 

10. Hollister, G. S. and Watts, D., "Telecentric Systems for Moire 
Analysis, 11 Experimental Mechanics, 10(1), pp. 31-38 (January 1970). 

57 



The vita has been removed from 
the scanned document 



ADVANCES IN DISPlACEMENT AND STRAIN ANALYSIS 

BY MOIR~ INTERFEROMETRY 

by 

Eric M. Weissman 

(ABSTRACT) 

Moire interferometry was developed and extended in two related 

areas: (1) high density displacement fringes of excellent quality 

were obtained with a sensitivity of 97.6% of the theoretical maximum, 

and (2) the complete state of strain on the surface of a tensile 

specimen with a central hole was obtained by two different shearing 

techniques. 

In the high sensitivity experiment a highly reflective diffrac-

tion grating of 2000 lines/mm (50,800 i/in) was applied to the 

surface. Load induced displacement fringes with a sensitivity of 

0.24 µm/fringe (9.6 µin/fringe) were obtained by using a virtual 

reference grating of 4000 lines/mm (101 ,600 t/in). 

In a second experiment a silicone, cross-line specimen grating 

of 600 t/ITUTI (15,000 i/in) was interrogated in the x, y, and 45° direc-

tions to obtain a full-field displacement rosette. Fringe patterns 

of normal strain components, ex, e45 and ey were then produced by 

mechanically shearing the displacement patterns. A shearing distance 

of 0.6 mm (.025 in) was used. By using this strain rosette, the 

complete state of strain was obtained while avoiding errors in shear 



strain values caused by unintentional rigid body rotations. 

In a third experiment the complete state of strain was found by 

shearing interferometry. Each of the warped wavefronts generated in 

a moire interferometry system was separately sheared and recorded on 

film with a carrier pattern. An adjustable air wedge located near 

the common focal point of a telecentric lens system was used to shear 

the wavefronts. The two patterns were superimposed and optically 

filtered to yield normal strain contours of ex, e45 , and ey. The 

experimental result was found to be in good agreement with theory. 
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