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Immunoepidemiological Modeling of Dengue Viral Infection

Ryan Nikin-Beers

ABSTRACT

Dengue viral infection is a mosquito-borne disease prevalent in tropical areas, resulting in
over 300 million cases each year, a quarter of which are symptomatic. Dengue virus has
four distinct serotypes, where the interactions between these strains have implications on the
severity of the disease outcomes. During primary infections with one strain, dengue infection
is largely asymptomatic, sometimes resulting in mild dengue fever. However, patients that
develop a secondary infection with a different strain are at an increased risk of more severe

disease, such as dengue hemorrhagic fever or dengue shock syndrome.

The two competing hypotheses for the increased severity during secondary infections are anti-
body dependent enhancement and original antigenic sin. Antibody dependent enhancement
suggests that long-lived antibodies from primary infection dominate antibody responses to
secondary virus strains. The pre-existing antibody does not remove virus; instead, it signals
phagocytes to migrate to the site of infection and ingest antibody-virus particles. Once in-
side the cell, virus unbinds and infects the phagocyte, which leads to enhanced infection and
more severe disease. Original antigenic sin proposes that T lymphocytes specific to primary
infection dominate cellular immune responses during secondary infections, but are inefficient
at clearing cells infected with non-specific strains. Thus, the infected cells are not cleared
quickly enough, leading to the immune cells remaining for longer periods, producing more

cytokines, and leading to more severe disease.



To analyze these hypotheses, we developed and analyzed within-host mathematical models.
In previous work, we developed models of neutralizing and non-neutralizing antibody re-
sponse. We found that in order to fit the secondary infection model to data, we must predict
a decreased non-neutralizing antibody effect during secondary infection. Since this effect ac-
counts for decreased viral clearance and the virus is in quasi-equilibrium with infected cells,

we could be accounting for reduced cell killing and the original antigenic sin hypothesis.

To further understand these interactions, we then develop a model of T cell responses to
primary and secondary dengue virus infections that considers the effect of T cell cross-
reactivity in disease enhancement. We fit the models to published patient data and show
that the overall infected cell killing is similar in dengue heterologous infections, resulting
in dengue fever and dengue hemorrhagic fever. The contribution to overall killing, how-
ever, is dominated by non-specific T cell responses during the majority of secondary dengue
hemorrhagic fever cases. By contrast, more than half of secondary dengue fever cases have
predominant strain-specific T cell responses with high avidity. These results support the
hypothesis that cross-reactive T cell responses occur mainly during severe disease cases of

heterologous dengue virus infections.

Finally, using the results from our within-host models and making certain simplifying as-
sumptions, we develop an immunoepidemiological model of dengue viral infection which
couples the within-host virus dynamics to the population level through a system of partial
differential equations. The resulting multiscale model examines the dynamics of between-
host infections in the presence of two circulating virus strains that involves feedback from
the within-host and between-host interactions. We analytically determine the relationship
between the model parameters and the characteristics of the solutions to the model, and
find analytical thresholds under which infections persist in the population. Furthermore,
we develop and implement a full numerical scheme for our immunoepidemiological model,

allowing the simulation of population dynamics under variable parameter conditions.
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GENERAL AUDIENCE ABSTRACT

Dengue viral infection is a mosquito-borne disease with four distinct strains, where the in-
teractions between these strains have implications on the severity of the disease outcomes.
The two competing hypotheses for the increased severity during secondary infections are
antibody dependent enhancement and original antigenic sin. Antibody dependent enhance-
ment suggests that long-lived antibodies from primary infection remain during secondary
infection but do not neutralize the virus. Original antigenic sin proposes that T cells specific
to primary infection dominate cellular immune responses during secondary infections, but

are inefficient at clearing cells infected with non-specific strains.

To analyze these hypotheses, we developed within-host mathematical models. In previous
work, we predicted a decreased non-neutralizing antibody effect during secondary infection.
Since this effect accounts for decreased viral clearance and the virus is in quasi-equilibrium
with infected cells, we could be accounting for reduced cell killing and the original antigenic

sin hypothesis.



To further understand these interactions, we develop a model of T cell responses to primary
and secondary dengue virus infections that considers the effect of T cell cross-reactivity in
disease enhancement. We fit the models to published patient data and show that the overall
infected cell killing is similar in dengue heterologous infections, resulting in dengue fever and
dengue hemorrhagic fever. The contribution to overall killing, however, is dominated by non-
specific T cell responses during the majority of secondary dengue hemorrhagic fever cases.
By contrast, more than half of secondary dengue fever cases have predominant strain-specific
T cell responses. These results support the hypothesis that cross-reactive T cell responses

occur mainly during severe disease cases of heterologous dengue virus infections.

Finally, using the results from our within-host models, we develop a multiscale model of
dengue viral infection which couples the within-host virus dynamics to the population level
dynamics through a system of partial differential equations. We analytically determine the
relationship between the model parameters and the characteristics of the solutions, and find
thresholds under which infections persist in the population. Furthermore, we develop and

implement a full numerical scheme for our model.



Acknowledgments

Firstly, I would like to thank my advisor Dr. Stanca Ciupe for her help, guidance, and
advice during my time at Virginia Tech. The knowledge and insight I have gained have been

invaluable.

I greatly appreciate the assistance I have received from my collaborators, especially the

support from Dr. Lauren Childs, Dr. Julie Blackwood, and Dr. Kaja Abbas.
A special thanks is also required to Dr. Leah Johnson for her cooperation in the past months.

Finally, I wish to express my gratitude to my mother and father for always encouraging me

to pursue my education.

vi



Contents

1 Introduction 1
1.1 Manuscripts used in this dissertation . . . . . . ... ... 0L 2

2 Biological Background 3
2.1 Epidemiology . . . . . . . . 3
2.1.1 Epidemiology of dengue . . . . . . .. ... ... L. 3

2.2 Immunology . . . . . . . .. 5t
2.2.1 Immunology of dengue . . . . . . . . ... ... ... 6

3 Mathematical Background 8
3.1 Epidemiological modeling background . . . . . . . . .. ... 0oL 9
3.1.1 Epidemiological modeling in dengue . . . . . . . .. .. ... ... .. 11

3.2 Immunological modeling background . . . . . . . . .. ... ... .. ... 14
3.2.1 Immunological modeling in dengue . . . . . ... ... ... ... .. 18

3.3 Multiscale modeling background . . . . . . . . ..o 22
3.3.1 Review of multiscale modeling in HIV . . . . . ... ... ... ... 25

vii



4 Modeling Original Antigenic Sin in Dengue Viral Infection 32

4.1 Abstract . . . . ... 33
4.2 Introduction . . . . . . ... 33
4.3 Model development . . . . . . . . . ... 35
4.3.1 Primary infections . . . . . . .. ... L 35
4.3.2 Secondary infections . . . . ... ... 36
4.4 Results . . . . . . 38
4.4.1 Analysis of the primary infection model . . . . . . . . . ... ... .. 38
4.4.2 Analysis of the secondary infection model . . . . . . . ... ... .. 40
4.4.3 Parameter values . . . . . .. ... 42
4.4.4 T cell responses during primary infections . . . . . . .. .. ... .. 43
4.4.5 T cell responses during secondary infections . . . . . . ... ... .. 47
4.5 DISCUuSsSion . . . . ... 58

5 Unraveling Within-Host Signatures of Dengue Infection at the Population

Level 60
5.1 Abstract . . . . . .. 61
5.2 Introduction . . . . . . ... 61
5.3 Materials and methods . . . . . . . ... oL 63

5.3.1 Time-since-infection multiscale model . . . . . . . .. .. ... . ... 63

5.3.2  Within-host virus dynamics . . . . . .. . ... ... ... ... ... 68
5.4 Analytical results . . . . .. .. 68

viil



5.4.1 Boundedness . . . . . . . ... 70

5.4.2  Determining generic equilibrium . . . . . . ... .00 0oL 72
5.4.3 Extinction equilibrium . . . .. ..o o000 0oL 79
5.4.4 Strain 1 equilibrium . . . . .. ..o 80
5.4.5 Strain 2 equilibrium . . .. ..o 81
5.4.6 Coexistence equilibrium . . . . .. .. ... o000 82
5.4.7 Determining generic stability . . . . . ... ..o 83
5.4.8 Extinction stability . . . . . ... oo oo 102
5.4.9 Strain 1 stability . . . . .. ... 107
5.4.10 Strain 2 stability . . . . .. ..o 115
5.4.11 Coexistence stability . . . . . .. ... .. ... L. 115
5.5 Numerical results . . . . . . ... 116
5.5.1 Numerical algorithm . . . . . ... .. .. ... ... 116
5.5.2 Generating numerical results . . . . . ... ... L. 124
5.5.3 Numerical simulations . . . . ... .. ... ... 0oL 125
5.6 Equilibrium structure . . . . . .. ... 127
5.6.1 Imtroduction . . . . . .. .. 127
5.6.2 Solving for valuesof b . . . . . ... oL 130
5.6.3 Determining equilibrium structure . . . . . . .. ... .00 133
5.6.4 Generating figures 5.3 and 5.4 . . . . .. ... 135
5.7 Discussion . . . . .. . 138

1X



5.8 Conclusion

6 Conclusion

141



List of Figures

3.1

3.2

3.3

3.4

3.5

SIR model. A diagram of model (3.1), showing the interactions between
susceptible (), infected (I), and recovered (R) individuals. . . . . . . . . ..

Host-vector model. A diagram of model (3.3), showing the interactions
between susceptible (.Sy), infected (1), and recovered (Rj) hosts, and suscep-

tible (S,) and infected (I,) vectors. . . . . . . ... L

Viral infection model. A diagram of model (3.4), showing the interactions

between target cells (T"), infected cells (7), and virus (V). . . . . ... .. ..

T cell models. (a) A diagram of model (3.6), showing the proliferation of
T cells (E). (b) A diagram of model (3.7), showing the interactions between
resting (E,) and active (E,) Tcells. . . . .. .. ... ... ... ... ... .

Antibody-dependent enhancement model. A diagram of model (3.8),
showing the interaction between target cells (77), infected cells (1), virus (V),
B cells (B), activated B cells (B, ), plasma cells (P), cross-reactive antibodies
(A1), and strain-specific antibodies (Ay). Neutralizing antibodies are dark
green (strain-specific) or light green (cross-reactive) and non-neutralizing an-

tibodies are dark blue (strain-specific) or light blue (cross-reactive). . . . . .

x1



3.6

4.1

4.2

4.3

4.4

4.5

4.6

Multiscale model. A diagram of model (3.9), showing the interaction be-
tween susceptible (S) and infected (7) individuals. The transmission and re-
covery rates may depend on a model of within-host dynamics, which describes

the interactions between target cells (7'), infected cells (1), and virus (V). . .

Virus dynamics during primary infections. Virus RNA per ml as given
by model (4.1) (solid lines) versus patient viral load data from primary DF
infection with DENV-2 serotype (solid dots). . . . . . ... ... ... ....

T cell mediated killing during primary infections. Cumulative infected
cell loss at time v due to T cell mediated killing in primary DF infections as

given by equation (4.17). . . . . . ..o

Virus dynamics during secondary DF infections. Virus RNA per ml as

given by model (4.3) (solid lines) versus patient viral load data from secondary

24

DF infections with DENV-2 serotype (solid dots). (Patient 388 data not shown.) 49

Virus dynamics during secondary DHF infections. Virus RNA per
ml as given by model (4.3) (solid lines) versus patient viral load data from

secondary DHF cases with DENV-2 serotype (solid dots). . . . . . .. .. ..

T cell mediated killing during secondary DF infections. Cumulative
infected cell loss at time 7 due to non-specific (solid lines) and strain-specific
(dashed lines) T cell mediated killing in secondary DF infections as given by
equation (4.20). . . . . .

T cell mediated killing during secondary DHF infections. Cumulative
infected cell loss at time 7 due to non-specific (solid lines) and strain-specific
(dashed lines) T cell mediated killing in secondary DHF infections as given

by equation (4.20). . . . . . .

xii



4.7 Comparing killing and proliferation rates in secondary DF and DHF

4.8

4.9

5.1

infections. The left figure compares p (killing rate of strain-specific T cells)
and 7 (killing rate of non-specific T cells) in both secondary DF and DHF
infections. The right figure compares ¢; (proliferation rate of non-specific T
cells) and ¢o (proliferation rate of strain-specific T cells) in both secondary

DF and DHF infections. . . . . . . . . . . . . .

Comparing loss, average viral load and difference in clearance in pri-
mary DF (PDF), secondary DF (SDF), and secondary DHF (SDHF)
infections. A comparison of L(t;¢) (Equations 4.17 and 4.21, the total in-
fected cell loss at time of infected cell clearance), Ay (tyc) (Equation 4.18,
the average viral load between time of virus detection and time of viral clear-
ance), and D (Equation 4.19, the difference between the time of viral clearance
and the time of infected cell clearance) between primary, secondary DF, and

secondary DHF infections. . . . . . . . . . .. .. ... ... ...

Comparing infected cell loss in secondary DF and DHF infections. A
comparison between P (Equation 4.22, the percentage of killing done by non-
specific T cells) and 1 — P (the percentage of killing done by strain-specific T
cells) in both secondary DF and DHF infections. The percentage of secondary
DF and DHF infections caused by either non-specific or strain-specific T cell

responses is also compared. . . . . . . ... L

Schematic diagram of two-strain between-host dengue infection.
Shaded diamonds indicate infected states with strain 1 (blue) and strain 2
(red). Corresponding colored arrows demonstrate infection of susceptible in-
dividuals by strain 1 (blue) and strain 2 (red). Subscripts 4, j indicate the

disease status for strain 1 (first subscript) or strain 2 (second subscript) with

(oY €S, LRY.

xiil

o6

66



5.2

5.3

5.4

9.5

Within-host viral load. The average virus profile for individuals from
[20, 117] as fitted in [88, 89] follows a triangular distribution when viewed
on a log scale. Solid line for dengue fever (F) and dashed line for dengue

hemorrhagic fever (H). . . . . . . . ... ... .

Between-host infected population dynamics. The total infected popula-
tion (combining both primary and secondary infections) of strain 1 (blue solid)
and strain 2 (red dashed) over 10,000 days results in (a) the extinction equi-
librium, (b) persistence of only strain 2 and (c¢) the coexistence equilibrium.
In (a), b = 0.018, Ngpo = 5 x 10%, and Nggq = 5.2485 x 10°. In (b), b = 0.023,
Nsgo = 5 x 104, and Nggo = 5.2485 x 10°. In (c), b = 0.028, Nggo = 1.4 x 10°,
and Npgy = 4.3485 x 10°. Parameters: A, myg, rp, rg found in Table 5.2,
Viprim = Vi, Vaprim = Vi, Visee = Vi, Vasee = Vp. Initial conditions:
Ngso = 6.5 x 10%, Npgo = 6 x 10%, Ngro = 90, Nyso = 40, Nro = Nygo = 10.
See Section 5.6.4 for the 7 distribution of initial values. Numerical algorithm

parameters: At = A7 = 0.5, max(7) = 100, max(¢) = 10,000. . . ... ...

Qualitative between-host equilibrium structure varying the propor-
tionality constant relating viral load to between-host transmission
rate, b. In addition to the impact of b, the strain order and disease type
(F = dengue fever, H = dengue hemorrhagic fever) affect the between-host
equilibrium structure. The two possible courses of infection are Vi prim — V2 sec

and Vo prim — Visecr - -« o o o o

Qualitative between-host equilibrium structure when b = 0.024. The
strain order and disease type (F = dengue fever, H = dengue hemorrhagic
fever) affect the between-host equilibrium structure. The two possible courses
of infection are Vi prim — Va,seec and Vo prim — Vi sec. This plot summarizes the

qualitative between-host equilibria when b = 0.024 as displayed in Fig. 5.4. .

Xiv

128

129



List of Tables

3.1

4.1

4.2

4.3

4.4

5.1

5.2

Characteristics of HIV multiscale modeling studies. The study topic,
objective, model implementation, linking mechanism between within-host and

between-host models, and inferences of the studies included in the review are

summarized. . . ... 29
Fixed parameters and initial conditions. . . . . . . .. ... ... ... ... 45
Estimated parameters obtained by fitting model (4.1) to primary DF data. . 45

Estimated parameters obtained by fitting model (4.3) to secondary DF data. 48

Estimated parameters obtained by fitting model (4.3) to secondary DHF data. 48

Variables and parameters of the between-host model. . . . . . . . ... ... 65

Parameter values for simulations. . . . . . . . . . . ... ... 125

XV



Chapter 1

Introduction

The outline of this dissertation is as follows. In the second chapter, we review the biolog-
ical background necessary for understanding the studies, including the epidemiology and
immunology of dengue viral infection. The hypotheses of original antigenic sin and antibody
dependent enhancement are discussed. In the third chapter, we review the mathematical
background of modeling disease dynamics, including an overview of epidemiological, immuno-
logical, and immunoepidemiological models. We summarize the results from our review of
HIV immunonepidemiological models, which was joint work with Dr. Narges Dorratoltaj,
Dr. Stanca Ciupe, Dr. Stephen Eubank, and Dr. Kaja Abbas. In the fourth chapter, we
describe a within-host model of original antigenic sin in dengue viral infection. This study,
completed under the guidance of Dr. Stanca Ciupe, was motivated by the results from a
previous within-host model of antibody dependent enhancement, which we describe briefly in
chapter three. In the fifth chapter, we describe an immunoepidemiological model of dengue
viral infection, which was joint work with Dr. Julie Blackwood, Dr. Lauren Childs, and
Dr. Stanca Ciupe. This model used the results from our within-host models in order to
understand how the within-host dynamics of dengue viral infection affect the extinction,
persistence of a single strain, or coexistence of multiple strains at the population level. In

the sixth chapter, we summarize our main results and describe future work.
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Chapter 2

Biological Background

2.1 Epidemiology

Epidemiology is the study of how and why diseases spread in populations. To properly study
these effects, and to institute proper control measures against diseases, reliable and accurate
data must be obtained [92]. The intensity of a disease often focuses on three measures: the
incidence, which is the number of new cases in a specific time period; the prevalence, which
is the number of current cases at a particular time point; and the severity, which describes a
specific stage of development of the disease (for example, the size of a lesion or the volume

of a tumor) [92].

2.1.1 Epidemiology of dengue

Dengue viral infection is a mosquito-borne disease prevalent in tropical areas, resulting in
over 300 million cases each year, a quarter of which are symptomatic [13]. Dengue virus
has four distinct serotypes, namely DENV 1-4. The interactions between these strains have
implications on the severity of the disease outcomes. During primary infections with one

strain, dengue infection is largely asymptomatic, sometimes resulting in mild dengue fever



(DF). DF is characterized by rash, headache, and nausea [82]. After infection, lifelong
immunity from reinfection with homologous serotype is developed, and a period of cross-
protection against other strains occurs for one to three months [59]. However, after this
period of cross-protection, patients that develop a secondary infection with a different strain
are at an increased risk of more severe disease, such as dengue hemorrhagic fever (DHF') or
dengue shock syndrome (DSS) [13]. DHF is characterized by symptoms such as high blood
platelet count, bleeding, and liver damage, whereas DSS involves high blood pressure, weak

pulse, internal bleeding, and shock if not treated properly [82].

[lnesses with symptoms similar to DF have been documented since 400 AD in the Chin
dynasty [38]. Although long known to be associated with insects, dengue virus has only
been recently discovered to be transmitted by mosquitos within the past hundred years [83].
Epidemics are caused mostly by transmission through the vector Aedes aegypti, although
slow-moving outbreaks caused by the less efficient Aedes albopictus vector have also been
observed [32, 44]. While DF has had a long history, the more severe diseases of DHF and
DSS have only been recently documented, with the first observed case of DHF occurring in
1953 [38]. Although dengue occurs mostly in tropical and subtropical areas, up to 3.6 billion
people are thought to be living in areas susceptible to dengue, with seventy-five percent of
the susceptible population living in the Asia-Pacific region [124]. The range and spread of
dengue viral infection has been increasing in recent years, along with the number of severe
cases [83]. Before 1970, only nine countries reported having severe cases of dengue, while
the number of countries currently with severe cases of dengue is over thirty [82, 83]. Since
the spread of the mosquito vector is correlated with temperature, one hypothesis for this
increased spread has been the increase in global temperature over recent decades, although
other factors such as globalization and wider movement of people may be contributing factors
[83]. One of the most striking cases of the emergence of more severe disease was seen in Cuba
in the early 1980s. After a vector control campaign had eliminated most cases of dengue
fever prior to 1970, the campaign was discontinued [83]. In 1977, an epidemic involving strain

DENV-1 occurred, although most cases were asymptomatic, and the most severe cases were



mild dengue fever [73]. However, in 1981, after a strain of DENV-2 had been introduced
into the region, a severe outbreak occurred, with thousands of cases of DHF and DSS, along

with many more thousands of cases of overt DF [44]. The more severe cases often occurred

in patients who had been infected with DENV-1 in 1977 [43].

Due to the increased prominence of dengue viral infection in the past few decades, much
effort has been made recently to develop a dengue vaccine. Populations presumed to most
benefit from a dengue vaccine are residents of and travelers to endemic areas, and thus
any vaccine should be effective across all age groups [82]. Currently, there is one licensed
dengue vaccine, Dengvaxia, that has undergone clinical trials. Two other vaccines, TDV and
LATV, are currently in phase III clinical trials [45]. One of the reasons that dengue vaccines
have not been developed earlier is due to the significant complications that may arise when
introducing a dengue vaccine into a population. Due to the higher risk of more severe disease
during secondary infections, any vaccine that is not protective across all strains may induce
prevalence of more severe diseases [45]. While Dengvaxia has been licensed, Halstead raises
concerns that results from the trials show evidence of vaccine-enhanced infection [45], which

raises significant ethical quandaries.

2.2 Immunology

Immunology studies the different reactions of an immune system within a host to the invasion
of the host by a foreign particle, often a virus, parasite, or fungus. The immune system
response can be split into two main parts, namely innate immunity and adaptive immunity:.
Innate immunity contains no memory, and involves a non-specific response to any invading
pathogen. Adaptive immunity relies on memory of previous infections, and develops a specific

response depending on the pathogen [6].

The adaptive immune responses consists of two main types: an antibody response often

carried out by B cells and a cell-mediated immune response often carried out by T cells.



The antibody response activates B cells, which mature into plasma cells and produce anti-
bodies, which then bind to the infiltrating pathogen. Antibodies can be classified as either
neutralizing, meaning the antibody-pathogen particle is refrained from the ability to bind
to a target cell; or non-neutralizing, meaning that while the antibody-pathogen particle can
still infect a target cell, the antibody marks the cell to be ingested by phagocytes, which are

cells that exist specifically to eliminate infected cells [17].

In cell-mediated immune responses, activated T cells eliminate infected cells that have virus
proteins on their surface, destroying infected cells before the virus has a chance to replicate
inside them [6]. Certain kinds of T cells release cytokines, which can inhibit viral production,
increase the chance infected cells are recognized, and actively recruit more effector cells to

the infection site [17].

2.2.1 Immunology of dengue

In patients with dengue viral infection, the immune response is thought to contribute to
the incidence of more severe disease during secondary heterologous infection. While cases
of DHF and DSS can occur during primary infection, they much more often occur during
secondary infection [113]. These cases are associated with viraemia levels much higher than
those associated with cases of DF [113]. During primary infection, the immune response to
dengue viral infection is relatively typical, with an early Immunoglobulin M (IgM) response
followed by a later Immunoglobulin G (IgG) response [59], where the term immunoglobulins
is used to characterize different types of antibody molecules [17]. During secondary infection
with a different strain, a faster IgG response occurs, often with a lesser IgM response [59].
Protective antibodies are produced against all four strains, even if the patient has only been
infected with two strains, which is why cases of tertiary or quaternary infection rarely occur

82].

The two competing hypotheses for the increased severity during secondary heterologous

infections are antibody dependent enhancement and original antigenic sin. Antibody de-



pendent enhancement suggests that long-lived antibodies from primary infection dominate
antibody responses to secondary virus strains. The pre-existing antibody does not remove
virus; instead, the antibody-virus particles bind to receptors on circulating monocytes for the
fragment crystallizable region of IgG antibody molecules (Fcy receptors) [17]. Monocytes
of this type are not normally infected during primary infection. However, once inside these
monocytes, virus unbinds and infects these cells, which leads to enhanced infection and more

severe disease [46, 25].

Original antigenic sin proposes that T lymphocytes specific to primary infection dominate
cellular immune responses during secondary infections, but are inefficient at clearing cells
infected with non-specific strains. Thus, the infected cells are not cleared quickly enough,
leading to the immune cells remaining for longer periods, producing more cytokines, and
leading to more severe disease [112, 120]. More severe disease has been shown to be associated

with higher dengue-specific CD8+ T cell responses [80].



Chapter 3

Mathematical Background

Mathematical modeling can be used in a variety of ways, but in the context of this thesis, we
will discuss the ways it can be used to describe the dynamics of infectious diseases. Models
can make quantitative predictions or discover qualitative aspects about the underlying sys-
tem. In lieu of large-scale experimental studies, models can analyze the costs and benefits of
vaccination campaigns, drug therapies, and control measures. They allow biologists to gain
insight into the interactions occurring within hosts, between hosts, or the interplay between
these two levels. Due to the complexities of most biological systems, we often make simpli-
fying assumptions so that we can work practically with the models. An understanding of
the most important biological aspects of a system is required to make the model outcomes
biologically relevant. Due to recent technological advances, vast amounts of new data can
help to refine our mathematical models, which can then help to refine the biological experi-
ments performed. Models can use a variety of different methods to describe the behavior of
biological systems, including ordinary or partial differential equations, difference equations,
stochastic equations, and individual-based models. For the purposes of this thesis, we will

focus mostly on describing models of differential equations.



3.1 Epidemiological modeling background

One of the simplest models used to describe how a disease spreads throughout a population
is the compartmental SIR model, which describes the interaction between susceptible indi-
viduals (), infected individuals (1), and recovered individuals (R) [28, 54]. It is assumed
that infected individuals infect susceptible individuals at rate (3, individuals recover at rate
v, each class dies at rate u, and susceptible individuals are birthed at rate p. Due to the
equal birth and death rates, the population remains constant. Note that the mean duration
of infection is % and the mean lifetime of an individual is % A diagram of this model is shown

below in Figure 3.1. We can then write this model as the following system of differential

equations,
ds
— = pu— BSI — S
il S,
dl
= = B8 = (v +p)l, (3.1)
dR
— = ~] — uR.
7 = - pR

While the model in this form assumes each class describes proportions of the population,
and thus S + I + R = 1, the model can be modified so that each class describes a number
of individuals. By setting each of the rates equal to zero, we can solve for the two equilibria

(S,1, R) of this system, namely,

E, =(1,0,0),
By = <7+/~L p(B = (v + 1) V(B—(”Y+u))) (3.2)
: g Bly+p) T By )

The steady state E; is known as the epidemic equilibrium, while F5 is known as the endemic
equilibrium. If the system reaches the epidemic steady state, this means the disease will
eventually clear from the population, possibly after one epidemic. However, to reach the

endemic steady state, multiple epidemics usually occur, and eventually there will always be
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Figure 3.1: SIR model. A diagram of model (3.1), showing the interactions between
susceptible (.9), infected (I), and recovered (R) individuals.

a number of people in the population who are infected. We can define the reproduction

number

Ro=—2—
i’

which describes the number of new infections produced by each infected individual [28]. It

can be shown that the epidemic steady state is locally asymptotically stable if Ry < 1 (and

unstable if Ry > 1), and the endemic steady state is locally asymptotically stable if Ry > 1

(and unstable if Ry < 1). Thus, one goal of any intervention in an endemic area is to attempt

to diminish Ry below 1 to force extinction of the disease.

While this model has mostly been used in theoretical contexts, it can be used to derive
estimates for Ry in populations. Using the incidence rate at endemic equilibrium of 51,
and an assumption of an exponential waiting time in S, then the average age of infection

can be calculated as
1

- BIg,
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Thus, using the average lifetime of the population

L=

1
ﬁ7
it can be shown that Rg =1 + %. This estimate has been used to calculate Ry for multiple
diseases in developed countries, such as measles, chicken pox, mumps, and rubella [53].
These estimates for Ry can then be used to determine estimates for minimum values of herd
immunity

1

h=1-——
Ry’

which tells the proportion of the population that must have immunity, whether disease- or

vaccination-induced, such that an epidemic does not occur [54].

3.1.1 Epidemiological modeling in dengue

Many models have been developed to describe the dynamics of dengue viral infection in a
population. They can incorporate one or multiple strains, explicitly model both the vector
population and the host population, or implicitly model the vector population through direct
contact [7]. One of the earliest models developed to describe dengue dynamics assumed just
a single strain in the population [10]. The model explicitly accounted for both the vector
and human populations, where the human population is modeled by an SIR model, with
susceptible, infected, and recovered classes Sy, I, and R}, respectively; while the vector
population is modeled by an SI model, with susceptible and infected classes S, and I,,
respectively. It is assumed that mosquitos stay infected until death and that the total host
population N, = Sy, + I, + Rj,. The model assumes transmission probabilities from infected
vector to susceptible host 5, and from infected host to susceptible vector 5,. The biting rate
b, which is the mean number of bites per vector per unit of time, is also accounted for, and
affects the transmission between vectors and hosts. The mosquito population is regenerated

by the recruitment rate r, which is assumed to be some constant proportion of eggs out
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of the mosquito population that mature into adult females, which are the only mosquitos
that can infect humans with dengue. The host recovery rate is v;, and the host and vector
death rates are p; and p,, respectively. The situation is summarized in Figure 3.2, and the

equations are given as

dd—Sth = Ny, — %’fshlv — HnSh

% — %‘:Shlv — (vn + pn) In,

% = dn — pn R, (33)
ddStv e %Svlh — 1S,

‘gtv _ ﬁNLvalh — ol

Many epidemiological dengue models are based on an extension of this model, looking at
impact of travellers, temperature, stages of mosquito, predicting control measures on out-
breaks [33, 68, 97]. For example, Luz et al extended the model to include both larvae and
adult populations of mosquitos to analyze different control measures [68]. They found that
while applying insecticide to larvae may reduce outbreaks drastically in the short term, could
result in large outbreaks in the future due to resistance developing. They found the optimal
and most cost-effective strategy, applying insecticide to adult population six times per year

[68).

Due to the enhanced disease effects from the interactions between different strains, more re-
cent models have taken into account multiple serotypes in a region. Two different hypotheses
for enhanced disease are suspected: either susceptibllity enhancement, which assumes that
individuals are more susceptible to secondary infection if they are infected with primary
infection; or transmission enhacement, which assumes that the transmission rate is higher
for individuals with secondary infection [7]. Although there is still controversy about which
effect has more of an impact, most dengue models involving multiple serotypes assume trans-

mission enhancement [7].
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Figure 3.2: Host-vector model. A diagram of model (3.3), showing the interactions
between susceptible (Sy,), infected (1), and recovered (Rp,) hosts, and susceptible (.S,) and
infected (I,) vectors.



14

Hartley et al developed a model of multiple serotypes in order to determine which parame-
ters varied by seasonality were most impactful on outbreaks. Comparing their model with
data from an outbreak in Thailand, they found that parameters such as biting rate, vector

mortality, and the infectious period of hosts were the most important [50].

Dengue epidemiological models may also model the mosquito population implicitly by us-
ing models of direct contact. These models account for the mosquito population through
transmission by direct contact between hosts, since individuals infect mosquitos, which then
infect other individuals [34]. Billings et al used a model of this type to study the effect of
transmission enhancement and cross-immunity, including vaccines protecting against a single
strain and vaccines protecting against multiple strains [16]. They found that using separate
vaccines to protect against each serotype would not lead to the eradication of the disease,
consistent with the knowledge that a vaccine must be protective against all strains at once

in order to be effective [16].

3.2 Immunological modeling background

Mathematical models can also be used to study the underlying dynamics occcurring within
a single host, often involving dynamics of the pathogen load or the immune response [95].
For example, to study the interactions between target cells T', infected cells I, and virus V,
we can use a model similar to the compartmental SIR model described in Equations 3.1. In
this case, target cells recruit from some source at rate A and are infected by virus at rate 3,
becoming infected cells, which then produce virus at rate p. Virus is cleared at rate ¢, and

target cells and infected cells die at rates dp and dj, respectively. Figure 3.3 describes these
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Figure 3.3: Viral infection model. A diagram of model (3.4), showing the interactions
between target cells (7'), infected cells (1), and virus (V).

interactions, which we then can use to obtain the system of differential equations,

dT

— = A= 0BTV —dsT

— = A= BTV — d;T.

dl

— =BTV —d;I 3.4
dt 5 I+, ( )
dVv

— =pl —cV.

i P cV.

Solving for the equilibria, we find there are two steady states (T, 1,V),

A= (i,0,0> ,
o (3.5)
C = (Cil BpA — cdrdr  SpA — CdldT) '
Bp’  Bpd; 7 Ped; '

In this case, the steady states can be used to describe A, a short-term acute infection, and
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C, a long-term chronic infection. It can be shown that the reproduction number

_ BpA
cd [dT

Ry

is the average number of virions produced by an infected cell. Thus, if Ry < 1, A will be
locally asymptotically stable (and unstable if Ry > 1), meaning the virus will eventually clear
from the host. However, if Ry > 1, C' will be locally asymptotically stable (and unstable
if Ry < 1), meaning a certain number of virus and infected cells will always remain in the
body. The goal of drug therapy for chronic infection should thus be to reduce Ry below this
threshold.

One of the most successful uses of this model has been in the context of HIV, due to the
abundance of data available, although variations of the model have been used in the context
of other infections including hepatitis C, hepatitis B, and influenza [90, 94, 95, 108]. HIV is
a chronic infection, which has three main stages of infection: the acute phase, the chronic
phase, and the AIDS stage [63]. The above model can account for the first two stages,
because during the chronic phase, the virus stays relatively constant, which is known as the
set-point viral load [57]. Using the model with minor variations to account for drug therapy,
the virus production and clearance rates were determined by comparing the model to patient
data. Modeling results found that the half-life of virus was estimated at approximately six
hours [96]. Since during the chronic phase, the virus is effectively at steady state, this means
the patient must produce virus quickly as well, leading to an average estimate of 10'° virions
produced daily [96]. Due to the rapid production and clearance of HIV, it could be shown
that the virus could easily mutate and become resistant to drugs, if measures were not taken
to counteract these effects [95]. Even though this model does not incorporate an immune
response, it can still approximate viral dynamics during the first two stages of HIV infection,
although the model may need an immune response early in infection during the acute phase

to more accurately model this phase of the infection.

For certain infections, an immune system response is required to clear the infection, such
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as a T cell or antibody response [95]. For example, a simple model describing T cells may
include proliferation, recruitment, and death. Therefore, if T cells E proliferate at rate pg,

recruit from some source s, and die at rate dg, this can be modeled as

dE
=S+ ppE —dpE. (3.6)

We can also distinguish between active and resting T cells. The resting T cells E, recruit
from some source s, a proportion a of resting T cells differentiate into active T cells E,, and
a proportion r of active T cells differentiate into resting T cells. Active and resting T cells
proliferate and die at rates pg, and dg, and pg, and dg,, respectively. These interactions

can be modeled as

dE,
=S +pErEr - dErEr - aEr + TEaa
dE, ’
dt :pEaEa —dEaEa—i—aEr —TEa.

These models are shown in Figure 3.4, and can be incorporated into the TIV model. Models
of T cells have also been used in HIV to clarify its dynamics. Experiments were unclear
about whether the drop in T cells during the AIDS phase of HIV was due to high turnover
rate of T cells, such that at some point the T cells were not able to sustain their killing rate
of the virus [56]; or if it was due to T cell production being lowered [52]. Given that the
death rate of T cells can be used as an estimate of the turnover rate of the T cell population,
it was shown through estimating the parameters of the model based on experimental data,
the proliferation and death rates of T cells were three times the rate of normal levels [79].
Thus, it is strongly suggested that the period of decline of T cells from the chronic phase to
the AIDS phase can be described by increased T cell death, and not decreased production
rate of T cells [79].
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Figure 3.4: T cell models. (a) A diagram of model (3.6), showing the proliferation of T
cells (E). (b) A diagram of model (3.7), showing the interactions between resting (E,) and
active (E,) T cells.

3.2.1 Immunological modeling in dengue

Even with controversy over the impact of the immune response on increased disease severity
in secondary infection, there have been relatively few attempts modeling the within-host
dynamics of dengue. However, there has been an increase in attempts in recent years due to
more data becoming available [67]. Results from vaccination studies in the future will hope-
fully make more data available, which can then be used in models to better understand these
impacts [67]. For the models that have been developed, they mostly focus on incorporating
at least one type of immune response, whether neutralizing antibodies, non-neutralizing an-
tibodies, or T cells [11, 40, 88]. Due to the early stages of development of these models, there
have been contradictory results, and it is unclear whether these are due to different data
sets being used or the different models created. For example, studies found that increased
disease severity was due to enhancing neutralizing antibodies [40], effects from both T cells

and antibodies [11], and non-neutralizing antibody effects [88].
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We briefly describe the model that we developed with Dr. Stanca Ciupe below, which incor-
porates both neutralizing and non-neutralizing antibody effects. This work was published

in Mathematical Biosciences [88].

During primary infection, we assume target cells T are uninfected monocytes, which are
produced at rate s, die at rate dr, and become infected by dengue virus V at rate (3.
Infected monocytes I then die at rate 6 > dr due to toxicity induced by both the virus
and immune response [70, 74]. Virus is produced at rate p and cleared at rate c. Resting
B cells B become activated B cells B, at rate a when encountering virus. Activated B
cells become plasma cells P at rate k, also dependent on virus. To account for long-lived
plasma cells remaining in the body, we assume plasma cells have logistic growth rate r and
carrying capacity Kp. They produce antibodies A at rate N, which in turn then reduce
viral infectivity at rate n (neutralizing antibody effects) and enhance viral clearance at rate
v (non-neutralizing antibody effects). Resting B cells, activated B cells, and antibodies die

at rates dp, dp,, and d 4, respectively.

We model secondary infection similar to primary infection, with the caveat that during
secondary infection with a different strain V5, both strain-specific antibodies As and cross-
reactive antibodies A; are produced. Under the assumption of antibody dependent en-
hancement, we model the neutralizing antibody effects by assuming the infectivity rate [,
of secondary virus is enhanced by the presence of cross-reactive antibody and reduced by
strain-specific antibodies at rate . The non-neutralizing antibody effects of strain-specific
antibody are still accounted for, as A, enhances viral clearance at rate ~5. However, we as-
sume that cross-reactive antibody renders the virus unavailable for binding by strain-specific

antibody, leading to a reduction of secondary viral clearance at rate ygA;.

We diagram these interactions of secondary infection in Figure 3.5, with the model equations

given below. The model for primary infection can be found by ignoring I, Vs, Az, B,,, P,
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and As.
d—T—s—d T BiTVi BTV,
dt N r 1—|—’)7A1 1—}—7’]142’
al, _— pTvV: o
dt N 1 +T]AZ v
dW;
d—tl =p1y — (c+ A1)V,
dVs
d—1€2 = paly — (¢ + 72 A2 — Y A1) Vo,
it (3.8)
“F = —aBVi— aBV; - dsB,
dgta" — aBV, — kB,,V; — dp, Ba,,
dP, P
Coyp (1- 22 £ kB,
a ( Kp> TP,
dA;
! — NPZ - d Ai,
dt A

where 1 =1, 2.

Using patient data [117], we found that our model was unable to explain the data when
assuming enhancement by neutralizing antibodies during secondary infection. Instead, we
found that in order to successfully fit the secondary infection model, we must predict a
decreased non-neutralizing antibody effect during secondary infection. One possible biolog-
ical explanation for this result may be that by binding to heterologous virus, cross-reactive
antibodies render the virus unavailable for removal by strain-specific antibodies. However,
since this non-neutralizing effect accounts for decreased viral clearance and the virus is in
quasi-equilibrium with infected cells, we could be accounting for reduced cell killing and the
original antigenic sin hypothesis. Due to these results, we thus developed a new model which

takes into account the T cell responses, which we describe in chapter four.
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Figure 3.5: Antibody-dependent enhancement model. A diagram of model (3.8),
showing the interaction between target cells (T), infected cells (1), virus (V), B cells (B),
activated B cells (B,), plasma cells (P), cross-reactive antibodies (A;), and strain-specific
antibodies (Ay). Neutralizing antibodies are dark green (strain-specific) or light green (cross-
reactive) and non-neutralizing antibodies are dark blue (strain-specific) or light blue (cross-
reactive).
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3.3 Multiscale modeling background

While we have previously described models that have studied the impacts of within-host
dynamics and population dynamics separately, in reality, the within-host effects often have
effects on the population dynamics between hosts [49, 76]. For example, certain drug thera-
pies for influenza have been known to lessen the period of symptoms and decrease viraemia
levels [51], which could then lead to lower transmission rates for individuals on the drug
therapy [66]. Thus, these drug therapies may have an important role to play in lessen-
ing the chances for influenza outbreaks, outcomes which could be tested through modeling
[49]. In recent years, there has been increased interest in discovering how the effects at the
within-host and between-host scales can be coupled to account for these scales affecting each

other.

Within-host and between-host models are usually linked in one of two ways: either the
within-host model only impacts the between-host model, or there is some feedback between
the two levels. An example of the within-host model only impacting the between-host level
may be during an outbreak of HIV or influenza, where the viral load correlates to the
transmission rate between hosts, but this in turn does not affect within-host dynamics of
getting the disease [49, 102]. Alternatively, modeling a disease transmitted by environmental
spores may require feedback between the two levels, assuming the number of spores in the
environment changes the inoculum size [103]. Thus, if the within-host dynamics affect the
number of spores transmitted, which then affect the number of spores in the environment,
which then changes the inoculum size, which then affects the within-host dynamics, both

levels have a clear impact on the other [76].

Deciding how the within-host and between-host levels are linked is one of the current chal-
lenges in using coupled models. One of the simplest assumptions that can be made is that
pathogen load is in some way linked to the rate of transmission, which has been shown in
studies of multiple diseases including HIV and dengue viral infection [9, 85]. However, there

have been relatively few studies examining whether other aspects such as infection dura-
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tion, viral peak, or area under the viral load affects transmission [49]. Incorporating host
symptoms may impact levels of infectiousness and shedding within the host, which may thus

impact transmission [49].

We diagram an example of a coupled model in Figure 3.6 and show how it can be derived
mathematically. We can first assume that the within-host dynamics are modeled by the
interactions of target cells, infected cells, and virus as described in Equations (3.4), supposing
they are modeled over time 7 instead of time ¢. Using the output of this model, we can
define functions f(7) and «(7) that incorporate the solutions T'(7), I(7), and/or V(7).
We then develop a between-host SI model over time ¢ describing the interaction between
susceptible individuals S(t) and infected individuals i(7,t) at time ¢ that have been infected
for time 7. We can thus use our function (7) as the transmission rate and «(7) as the loss
rate of infected individuals, whether that occurs through natural mortality, disease-induced
morality, or recovery. Susceptibles are birthed at rate A and die at rate u. We thus write

the between-host model as

%(f) = A —uS(t) — S(t) /0 N B(r)i(r, t) dr,

di(r,t) it t)
o

or
i(0,t) = S(t)/o B(1)i(r,t)dr.

a(r)i(T,t), (3.9)

New insights can be gained into different epidemiological effects by using models similar to the
one described above. Ganusov and Antia showed that making the simplifying assumption to
treat recovery rate as an independent parameter may not account for all its effects, especially
during vaccination [37]. While vaccination may increase recovery rate, it can also induce an
immune response that can change the impact of transmission and virulence, resulting in a
different evolution of disease spread than increasing recovery rate alone [37]. Other models
which incorporate multiple strains of a pathogen have analyzed how within-host fitness and

competition between strains within hosts can affect the overall evolution of strains [22, 69].
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Dynamics
within an
infected host

Figure 3.6: Multiscale model. A diagram of model (3.9), showing the interaction between
susceptible (S) and infected () individuals. The transmission and recovery rates may depend
on a model of within-host dynamics, which describes the interactions between target cells

(T'), infected cells (1), and virus (V).



25

Using results from our within-host dengue models described in Section 3.2.1 and Chapter
4, we incorporate these within-host dynamics into an epidemiological model of dengue in
Chapter 5. We study the effects of within-host dynamics on the spread of dengue fever and

dengue hemorrhagic fever.

3.3.1 Review of multiscale modeling in HIV

To further understand the different types of multiscale modeling used, we conducted a review
of these types of models in the context of HIV with Dr. Narges Dorratoltaj, Dr. Stanca
Ciupe, Dr. Stephen Eubank, and Dr. Kaja Abbas. Dr. Dorratoltaj, Dr. Abbas, and I
collaborated on writing the paper; Dr. Dorratoltaj and I analyzed and reviewed the papers
and created figures and tables; and Dr. Ciupe and Dr. Eubank helped in final revisions of
the paper. This work has been published in PeerJ [30]. We summarize some of the results

from the paper below and in Table 3.1.

Linking mechanisms

The potential for transmission between HIV+ individuals to susceptibles is affected by the
viral load of infected hosts [9]. In all the models that we analyzed in this review, the
transmission rate between hosts is dependent on the within-host viral load. We categorize
the models into those where the transmission rate is a function of viral load and those where

the equilibria of the within-host model are used to determine the transmission rate.

The within-host and between-host scales of HIV immunoepidemiological models are coupled
by basing the transmission rate on the time-varying viral load since infection. The viral load
(and thus the transmission rate) is high during the acute and AIDS stages of HIV infection
while being low during the chronic stage [57, 26]. Unlike the basic ST epidemiological model
that assumes constant transmission rate (3, the between-host model assigns time-varying

transmission rate, which is dependent on the non-linear viral immune dynamics of HIV in
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the within-host model.

In some models, the transmission rate depends on the viral load continuously over time
[105, 72, 102]. Saenz and Bonhoeffer also distinguished between drug-resistant and drug-
sensitive strains and their corresponding impact on the transmission rate [102]. Martcheva
and Li made the death of infected individuals depend on the viral load over time, since the

AIDS stage is associated with high viral load [72].

In the context of HIV evolution, while the transmission rate varies through time depending
on the viral load, the viral load is also modeled to distinguish between different strains
[29, 69]. The transmission rate depends on a predefined infectivity profile which changes
depending on the stage of infection, and the frequency of the different viral strains in an
infected population. Doekes et al made the transmission rate depend on the frequency of

viral strains that were only in actively infected CD4+ T cells [29].

The within-host viral load can be used to individualize the transmission rate over time

[125, 107]. The CD4+ T cell count can also be used to determine the stage of infection [125].

Another method of linking the within-host and between-host scales is to use the within-host
model to determine an equilibrium for the viral load. This equilibrium can then be used
as a constant parameter in the between-host model, which can then be analyzed further
by differing the parameters of the within-host model [75, 24]. Cuadros and Garcia-Ramos
accounted for the amplified viral load due to co-infection and the corresponding increase in
HIV transmission rate [24]. Metzger et al determined the differing viral loads associated with
HIV and therapeutic infecting particles, and their effect on the transmission probabilities

between infected populations [75].

Clinical and public health implications

Clinical studies have shown that HIV has evolved an intermediate level of virulence at the

within-host level that optimizes the transmission potential of the virus at the population
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level [35]. However, at the within-host level, HIV can evolve quickly [63], virulence increases
during the course of the infection [60], and infections with higher replicative capacities have
higher virulence [60]. Replicative capacities also increase over the course of infection, albeit
slowly [60]. Because of this behavior of HIV at the within-host level, it might be expected
that HIV would evolve a high virulence at the within-host level, even if it did not optimize the
transmission potential at the population level. To understand these seemingly contradictory
results, immunoepidemiological models were used, which incorporated these behaviors of
HIV at the within-host level [69, 29]. The model developed by Lythgoe et al found that
small rates of within-host evolution optimize the transmission potential at the population
level, whereas higher rates of within-host evolution lead to high levels of virulence, but lower
transmission potential [69]. Lythgoe et al suggest that the clinical observations seen in HIV
may be a result of a within-host fitness landscape that is complex to traverse, since this leads
to smaller rates of within-host evolution [69]. They also suggest the effect of the adaptive
immune response may play a role in explaining the observed behavior [69]. Based off the
results from Lythgoe et al, a similar model was constructed by Doekes et al, which included
a latent reservoir of CD4+ T cells at the within-host level [29]. They found that this latent
reservoir may be responsible for delaying the evolutionary dynamics at the within-host level,

which then leads to the transmission potential being optimized [29].

While there is uncertainty over the timing of initiating antiretroviral therapy (ART), some
studies have suggested there may be benefits to beginning treatment early [121, 21]|. Exper-
imental studies also suggest that because ART reduces transmissibility, increasing coverage
levels may reduce the prevalence of HIV [21]. However, drug-resistant strains can emerge,
which can lead to treatment failure [58, 48]. Immunoepidemiological models were used to
understand these effects of ART, focusing on treatment timing [107, 125], coverage levels
[105], and drug resistance [102, 107]. The models showed that in general, initiating treat-
ment early [125, 107], increasing coverage [105, 102], and increasing effectiveness of ART

[105, 102] reduces the prevalence of HIV.

However, in certain cases, increases in the prevalence of HIV may occur even with early
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treatment initiation, increased coverage, and increased effectiveness of ART to drug-sensitive
strains. Models showed that as ART coverage levels increase, the prevalence of drug-resistant
strains increase, which cause an increase in HIV prevalence [102]. Prevalence can also increase
if drug-resistant strains cause the drug efficacy to decrease significantly [107]. These results
imply that there may be an optimal therapy coverage level that will minimize the number
of infections [102]. Therefore, in these cases, the models suggest that HIV prevalence can be

reduced by focusing efforts on decreasing the risk of drug resistance emergence [102].

Clinical studies have observed that under certain conditions, the prevalence of HIV increases
when ART coverage levels increase [126]. Zaidi et al hypothesize that since ART reduces
viral load, patients may live longer, and thus have the ability to infect more people [126].
Immunoepidemiolgical models also observed this effect [105], including a model of super-
infection [72]. Both model outcomes are consistent with the hypothesis of Zaidi et al, since the
models find that the increased prevalence is due solely to decreases in viral load [105, 72]. The

model developed by Shen et al found that this effect can be minimized if drug effectiveness

is high [105].

Clinical trials have shown that therapeutic interfering particles (TIPs) have the potential to
reduce within-host viral load [64] and transmit between hosts [1]. Experimental studies have
also shown that HIV transmission rates between hosts depend on the within-host viral load
[35]. Based on these assumptions, an immunoepidemiological model is developed, which de-
ploys TIPs to a small proportion (1%) of the population [75]. The effect on HIV prevalence
due to deploying TIPs is compared to deploying ART and to deploying a hypothetical HIV
vaccine. When TIPs have the ability to transmit between hosts, the model shows deploying
TIPs reduces HIV prevalence to lower levels than deploying ART therapy or deploying vac-
cines. However, the model shows that if TIPs do not have the ability to transmit between
hosts, then there is minimal effect on the reduction of HIV prevalence [75]. While more
study of TIPs is needed, TIPs have the potential to be an effective therapy than either ART

or vaccines.
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Experimental studies suggest that co-infection may be responsible for increases seen in set-
point viral load (spVL) at the within-host level over time [78]. These increases due to
co-infection vary substantially within-host [61]. Also, the concentrations of co-infection in
high-risk groups versus low-risk groups may affect how HIV spreads in the general population
[2]. To study the mechanisms responsible for these effects of co-infection, an immunoepi-
demiological model was developed [24]. They found that populations with higher spVL lead
to higher increases in viral load due to co-infection, whereas populations with lower spVL
leads to lower increases in viral load due to co-infection. This leads to a greater chance of
co-infection increasing the prevalence of HIV in populations with high average spVL [24].
Therefore, the effects of co-infection may be mitigated by identifying the viral factors that
can reduce the spVL in the population.

Table 3.1: Characteristics of HIV multiscale modeling studies. The study topic,
objective, model implementation, linking mechanism between within-host and between-host
models, and inferences of the studies included in the review are summarized.

Linking
Study | Topic Objective Implementation Inferences
Mechanism
[72] Super- How does HIV Partial differential equa- Transmission rate between In certain cases, decreasing vi-
infection super-infection tions hosts and death rate of in- ral load can cause higher preva-
affect population dividuals depend on viral lence of HIV since infected in-
dynamics? load within host over time. dividuals may live longer; os-
cillations at population level
do not occur in superinfec-
tion, contrasting previous stud-
ies that did not use linked mod-
els.

[102] Drug re- How do the Partial differential equa- Transmission rate between Increasing early initiation and

sistance

dynamics of

drug-sensitive

tions

hosts depends on viral load

within host over time.

coverage decreases total preva-

lence upto an optimal treat-

and drug- ment coverage level but in-
resistant HIV creases incidence and preva-
strains within lence of drug resistant infec-

hosts affect the
prevalence of
drug-resistant

strains in  the

population?

tions; above the optimal treat-
ment coverage level, number of
infections may not decrease in
the long term and can even in-

crease.
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Linking

Study | Topic Objective Implementation Inferences
Mechanism

[69] Evolution | How does com- Integro-differential equa- Strain-specific infectivity Small rates of within-host evo-
petition between tions with delay rate between hosts de- lution modestly increase HIV
strains within- pends on frequency of virulence while maximizing
host affect evo- strains within-host. transmission potential; high
lution of HIV rates of within-host evolution
virulence? largely increase HIV viru-

lence but lower transmission
potential.

[29] Evolution | How does latent Integro-differential equa- Strain-specific infectivity Relatively large latent reser-
reservoir of in- tions with delay rate between hosts de- voirs cause delay to within-host
fected CD4+4+ T pends on frequency of evolutionary processes, which
cells affect the strain in actively infected select for moderately virulent
types of strains CD4+ T cells within-host. strains that optimize transmis-
of HIV that will sion at the population level;
evolve within and with no reservoir, highly vir-
between hosts? ulent strains are selected for

within-host that do not opti-
mize transmission at the pop-
ulation level.

[24] Co- How does co- Ordinary differential equa- Transmission rate between Impact of co-infection increases

infection infection affect tions hosts depends on steady- as average set-point viral load
the HIV replica- state of viral load within of population increases.
tion capacity? host.

[125] ART How does the Individual-based model Transmission rate to Beginning ART during acute
timing of an- each susceptible partner infection is most effective for
tiretroviral depends on viral load of reducing spread of HIV.
therapy (ART) infected individual.
in individuals
affect the spread
of HIV?

[105] ART How does an- Partial differential equa- Transmission rate depends ‘While ART decreases the viral
tiretroviral ther- tions on saturated viral load load and infectiousness of each
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Chapter 4

Modeling Original Antigenic Sin in

Dengue Viral Infection

In previous work, further described in Section 3.2.1, we developed a within-host model of
dengue viral infection, using ordinary differential equations, for the interactions between
target cells, infected cells, virus, B cells, plasma cells, and antibodies [88]. We included both
neutralizing antibody effects, which reduce viral infectivity, and non-neutralizing antibody
effects, which enhance the clearance of the virus. We first determined parameters which
allowed the model to match the dynamics of dengue primary infection, and then used clinical
data [117] to parameterize the changes between primary and secondary infections. We found
that in order to fit the secondary infection model to data, we must predict a decreased
non-neutralizing antibody effect during secondary infection. Since this effect accounts for
decreased viral clearance and the virus is in quasi-equilibrium with infected cells, we could
be accounting for reduced cell killing and the original antigenic sin hypothesis. We thus

developed a new model which takes into account the T cell responses.

This work was done under the guidance of Dr. Stanca Ciupe and has been published in
Mathematical Medicine and Biology [89]. Parts of the manuscript have been modified for

this dissertation.
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4.1 Abstract

Cross-reactive T cell responses induced by a primary dengue virus infection may contribute
to increased disease severity following heterologous infections with a different virus serotype
in a phenomenon known as the original antigenic sin. In this study, we developed and
analyzed in-host models of T cell responses compared to primary and secondary dengue virus
infections that considered the effect of T cell cross-reactivity in disease enhancement. We fit
the models to published patient data and showed that the overall infected cell killing is similar
in dengue heterologous infections, resulting in dengue fever and dengue hemorrhagic fever.
The contribution to overall killing, however, is dominated by non-specific T cell responses
during the majority of secondary dengue hemorrhagic fever cases. By contrast, more than
half of secondary dengue fever cases have predominant strain-specific T cell responses with
high avidity. These results support the hypothesis that cross-reactive T cell responses occur

mainly during severe disease cases of heterologous dengue virus infections.

4.2 Introduction

There are currently two competing hypotheses for the mechanisms behind increased disease
severity during secondary heterologous infections: the antibody dependent enhancement
(ADE) and the original antigenic sin (OAS). The ADE hypothesis proposes that, during
secondary heterologous infections, antibodies specific to the primary infection bind to the
secondary virus but cannot neutralize it [122, 42, 81, 46, 116, 23]. Instead, phagocytes
recruited to clear the virus-antibody immune complexes internalize non-neutralized virus
and become infected in the process [114, 122, 98]. This leads to increased infectivity and,

potentially, to increased disease severity.

The OAS hypothesis proposes that cross-reactive CD4 and CD8 T cells specific to the original

virus serotype dominate the overall T cell immune responses during secondary heterologous
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virus infections [120, 47, 70, 74, 80, 101]. These lower avidity cross-reactive T cells, inefficient
in removing infected cells, outcompete the higher avidity T cells specific to the new serotype.
Their function is altered with an increased production of pro-inflammatory cytokines con-
tributing to severe dengue pathogenesis [80]. Moreover, the observed disease enhancement
due to OAS in the adult population [77] is correlated with weak patient and HLA-specific T
cell responses [118, 120]. The OAS hypothesis, however, is contradicted by several studies.
It has been shown that T cell responses can offer protection in the general population [118],
that heterologous T cell responses are not needed for disease enhancement in children [86],
and that peak CD8 T cell responses do not correlate with capillary leakage in children with
DHF [31].

To address the role of T cells during secondary heterologous infections we develop, analyze
and compare to data mathematical models of T cell responses during primary and secondary
dengue infections. Mathematical models of dengue infections have focused on the efficacy
of the dengue vaccine [55, 23] on the transmission and severity of heterologous infections at
the population levels [84] and on the role of antibody dependent enhancement at the in-host
level [88, 20, 11, 91]. To address the role of ADE, we recently developed an in-host model of
both neutralizing and non-neutralizing antibody responses during heterologous dengue virus
infections. We found that, during secondary heterologous infections, cross-reactive non-
neutralizing antibodies bind the heterologous virus and render it unavailable for binding and
subsequent removal by strain-specific antibodies through antibody-dependent cell-mediated
viral inhibition (ADCVI) and/or antibody-dependent cell-mediated cytotoxicity (ADCC)
[88]. Such a decrease in the non-neutralizing effects during secondary infections may, in fact,
be attributed to a decrease in the strength of T cell responses during secondary infections due
to OAS. In this study, we investigate this hypothesis by developing mathematical models of
T cell responses during primary and secondary dengue infections. By comparing our models
to published DF and DHF adult patient data [20, 117], we predict that T cell responses are
delayed and non-specific during the majority of DHF cases, but strain-specific in more than

half of the DF cases, suggesting that the original antigenic sin may correlate with disease
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severity.

The paper is structured as follows. In Section 4.3, we develop models of T cell responses
to primary and secondary heterologous dengue virus infection, which includes both strain-
specific and cross-reactive T cells. In Section 4.4, we present analytical results regarding
the stability of our models and numerical results from fitting the models to published adult
primary DF, secondary DF and secondary DHF patient data. In particular, we use the
estimates to determine the role of cross-reactive T cell responses in disease enhancement.

We conclude in Section 4.5 with a discussion.

4.3 Model development

4.3.1 Primary infections

We model T cell mediated immune responses to the primary dengue virus infection as follows.
We assume that the virus strain, V, interacts with susceptible monocytes, T, at rate (3,
producing infected monocytes, I. Infected cells produce p virions per day, die daily at rate
9, and are killed by T cells, E, at rate p. In the absence of infection, there are sg/dg dengue
specific T cells available, with sg being the source (from thymus) and dg being the per capita
death rate. When a naive T cell population encounters infected cells I, it starts expanding
at rate ¢ to produce effector cells specific to the virus, £. We assume that the expansion is
delayed 7 days and model this by the term ¢E(t — 7)I(t — 7). The delay of 7 days accounts
for the length of time it takes naive T cells before they become dengue specific, E. Finally,

virus has a natural decay rate of ¢. These interactions are modeled by the following system
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of delay differential equations.

d_T
dt
dE
— =sp+oE({t—T1)I[(t —T) —dgFE,

flt] (4.1)
— =[BTV — uEI — 61
T =5 It ;
av
dt

= BTV,

=pl —cV,
with constant history for the initial conditions

T0)=Ty>0,E(t)=FEy>0,1I(t) =1, >0,V(0) =V, >0, (4.2)

s
where —7 <t <0 and Ey = d_E We refer to time ¢ = 0 as the time of virus detection.
E

4.3.2 Secondary infections

During secondary infections, heterologous virus, V5, infects target monocytes, T, at the same
rate (3, giving rise to infected monocytes, I,. Population I produces p virions per day, dies
at per capita rate 9, and is removed through killing. During heterologous infections, it has
been reported that non-specific, cross reactive T cells respond faster to secondary infections
than strain-specific T cells, but they are less efficient in removing the infected cells [101].
We assume that there are both non-specific and strain-specific T cell responses against the
heterologous strain, namely E7, the non-specific response generated in the primary infection
(previously the E variable), and the Vi-specific T cell response, E;. We model them as
follows. We assume that both non-specific and strain-specific T cells, F; and FE,, are at
levels sp/dg in the absence of infection, with sp being the source and dg the per capita
death rate. We model this by assuming the expansion of the effector population Fy at rate
ol (t—11) Eo(t—71), 71 days after the interaction between infected cells Iy and E,. Moreover,

the population F; expands at rate ¢1Is(t —72) Ey (t—72), T2 days after the interaction between
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infected cells Iy and E;. Here, ¢o # ¢1. Thus, cross-reactive T cells respond faster to
secondary infections if ¢; > ¢5. For mathematical simplicity, we assume 74 = 7 = 7.
Moreover, non-specific and strain-specific T cells remove I at rates nlyE; and plsEs, with
n # w. If non-specific T cell responses are dominant and inefficient, we would expect that
¢1 > ¢2 and n < p. Finally, V5 has a natural decay rate of ¢ as in (4.1). We can ignore
populations I; and Vj, representing the infected cells and virus associated with primary
infection, which we assume are cleared at the time of secondary heterologous infection.
Because of this, we also assume that target cells have rebounded to their pre-infection levels

at the start of secondary infection. The model describing this is:

dT
Sy
= BTV,
dE
d—tl = SE -+ ¢1E1(t — T)]g(t — T) — dEEl,
dE
d—t2 =sp+ ¢abs(t — 7)1t — 7) — dpkh, (4.3)
dI
i = BTVa = pByly =01, = 01,
dV-
d—t2 = ply — cVs,

with constant history for the initial conditions
T(O) =Ty >0, El(t) =FEy > O,Eg(t) =FEy > O,[Q(t) =1y >0, ‘/2(0) =Vy >0, (44)

S . . . . .
where —7 <t <0, Ey = —E, and t = 0 is the time of detection of heterologous virus strain

dg
Va.
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4.4 Results

Analytical results show that both models (4.1) and (4.3) have viral clearance hyperplanes of
steady states:

S) = <T, 2—?0,0) : (4.5)
E

and
— SE SE
= 4.
> ( "dp’ dp’ 0 O) (46)

respectively, where T can be any positive number. These states are globally asymptotically
stable for any delay 7, which we prove below. We will then use these models and temporal
viral data from primary and secondary infected patients to numerically investigate virus and

T cell dynamics for specific dengue cases.

4.4.1 Analysis of the primary infection model

We perform global stability analysis of the system (4.1) for 7 = 0 and 7 > 0. System (4.1)

has a viral clearance hyperplane of steady states:
— Sg

Sy = <Ta — 0, 0) ’ (47)
dp

where T' can be any positive number.

Proposition 4.4.1. For system (4.1) with T = 0, the hyperplane Sy is globally attracting.

Proof. As in [27, 18, 93], we consider the following Lyapunov functional:

T(t) E(t) 1(t)
:?/ dr+/ <1——)d+¢/ d+5¢ " (4.8)
" JT sp/dp dgr Pl

Since all parameters and variables are positive, W (t) > 0 and W(t) = 0 if and only if
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Tt) =T, E(t) = CSZ_E’ I(t) =0 and V(t) = 0. For notational simplicity, we assume T', F, I,
E
and V are functions of ¢ such that T'=T(t), E = E(t), I = I(t), and V = V(). Moreover,

dw ¢ (dT Sp dEN\ ¢ (dI\ ¢ [(dV
E?__<E)+G_EE><$)+E<%)+E<E>

2
SE
= Er Ty —1 E<
(dEE )dE =0,

(4.9)

and dd—vi/ = 0 if and only if (T, E,I,V) = <_, flE,O 0) Therefore, {S;} is the maximal

d
invariant set where i 0 and, by LaSalle’s invariance principle, S; is globally attracting.
O

Proposition 4.4.2. For system (4.1) with 7 > 0, the hyperplane Sy is globally attracting.

Proof. Consider the Lyapunov functional:

¢/M dr+/E/(: (“d—ﬂ) dr +¢/
/ dr—l—cb/

Note that since all parameters and variables are positive, we have W (t) > 0. Also, W(t) =0

if and only if T(t) = T, E(t) = Z—E, I(t) = 0 and V(t) = 0. For notational simplicity, we
E

write T'=T(t), E = E(t), I = I(t), and V = V(¢). Moreover,

dw ¢ (dT Sp dEN\ & (dI\ ¢ [(dV
z?‘p(%)*@‘aﬁ)(ﬁ)+ﬁ<a)+m(%)

(4.10)

+ @(EM)I(t) — Bt —1)I(t — 7)) (4.11)
psp E(t—7)I(t—7) 66 SE ?

Y dg?

for all t > 0 and dd—VtV =0 if and only if (T, E,I,V) = <_ 2E () O) Therefore, {S;} is the

maximal invariant set where o 0 and, by LaSalle’s invariance principle, S; is globally
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attracting. 0

4.4.2 Analysis of the secondary infection model

We perform global stability analysis of the system (4.3) for 7 = 0 and 7 > 0. System (4.1)
Since all parameters and variables are positive, we are only interested in the asymptotic

stability of the clearance hyperplane

7 SE SE
So=\(T,—,—,0,0 4.12
2 (’dE’dE”)’ ( )

where T' can be any positive number.

Proposition 4.4.3. For system (4.3) with T = 0, the hyperplane Sy is globally attracting.

Proof. Consider the following Lyapunov functional:

() Ex(t) Ex(t)
W) = 2 tn) / dr + ¢2/ (1 - —) dr + qbl/ (1 _ _E) dr
©n T sg/dp dpr sg/dp dpr

I>(t)
+7¢1¢2(“+”)/ dr+¢1¢25/ dr.
1) 0 i Jo

(4.13)

For notational simplicity, we let T' = T'(t), Ey = Ey(t), Ey = Es(t), Iy = I5(t), and V4 =

Va(t). Note that W (t) = 0 if and only if (T, B\, Es, I, Vi) = <T ZE ZE 0 0) and W(t) > 0

otherwise since all parameters and variables are positive. Moreover,

aw . ¢1¢2(M + 7]) dT SE dE1 SE dEg
T (dt) “b?( dEEl) ( ar ) +¢1( dEEQ) (W)
¢1¢2(/~L+77) dl, n P1920 (dV
fn dt pp \ dt
¢1¢2SE ¢1¢277E112 B ¢1¢2ME2]2 . P1p2SE I — ¢1¢25I2

dg 7 n dg 77

—¢1¢205 _y 1 2dEE2 s 1) dgE, <0
i 0 nh =

(4.14)
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aw —
and e = 0if and only if (T, E1, Ey, I5, V5) = (T ZE ZE 0 O) Then {Ss} is the maximal
invariant set where T 0 and, by LaSalle’s invariance principle, Sy is globally attracting.

O

Proposition 4.4.4. For system (4.8) with T > 0, the hyperplane S is globally attracting.

Proof. Consider the following Lyapunov functional:

T(t) Eq(t) E>(t)
W(t) = G121+ 1) / dr + @/ (1 - —) dr + ¢1/ (1 - S—E) dr
/"Llr] T SE/dE dE,r SE/dE dE,r

AR /12“) - ¢1¢25/ i (4.15)
M1 0 PEJo

+ 16 / (B + Balr) ) dr

For notational simplicity, we let T' = T'(t), Ey = E;(t), By = Ey(t), Is = I5(t), and V5 =
Va(t). Note that W (t) = 0 if and only if (T, Ey, Ey, I, V3) = (‘ ZE ZE 0 0) and W (t) > 0
otherwise since all parameters and variables are positive. Moreover,

aw . ¢1¢2(,u + 7’]) dT SE dEl SE dEQ
a - <dt) +¢2< dEEl) < i ) +¢1< dEEg) <W)

QML) (D), 208 (TR | Gy n(EOR(0) + B 1)

“n dt dt
— ¢1¢2(E1(t — T)[Q(t — 7') + Eg(t — T)Ig(t — ’7'))
4.16
_ _¢1¢277E1[2 _ ¢1¢2,UE212 _ ¢1¢25]2 _ ¢1¢2C5V2 (4.16)
2 n n bu

P1¢asp (Er(t—7)  Ey(t—1)
. ( o 2 )Ig(t—T)

2 2
SE
_ _ _ <
o1 <dEE2 1) dgFEs — ¢o (dEEl 1) dgFE1 <0

d _
and d—szf/ = 0 if and only if (T, Ey, By, I, Vs) = (T Z—E Z—E 0 O) Then {55} is the maximal

invariant set where i 0 and, by LaSalle’s invariance principle, Ss is globally attracting.
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4.4.3 Parameter values

We assume that ¢t = 0 corresponds to the day of virus detection. Initially, there are Ty = 107
uninfected monocytes per ml [20], Vi = 357 virus RNA per ml [117], Ey = 60 T cells per ml
[19] and Iy = 1 infected monocyte per ml. Monocytes get infected at rate § = 1.72 x 1071°
ml per RNA per day [20]. Infected monocytes die at rate 06 = 0.14 per day [20]. Dengue
virus is produced at rate p = 10* per day [20] and has a natural decay rate of ¢ = 3.48 per
day [20]. T cells die at per capita rate dg = 0.5 per day [19] and are at steady-state before
virus detection. Thus, sp = Eydg = 30 cells per ml per day. These fixed parameter values

are summarized in Table 4.1.

We assume that specific and non-specific T cell killing rates (x and n), proliferation rates (¢,
and ¢), and the delay 7 are unknown and we estimate them by comparing virus population

given by models (4.1) and (4.3) to temporal patient virus data.

We use published temporal viral load data from patients with primary DF infections induced
by the DENV-2 serotype [20] and patients with secondary DF and DHF infections induced
by the DENV-2 serotype [117, 20] after having been previously infected with one of the other
three serotypes. We obtained the data by examining the publications and their supplemen-
tary material. We first define a common time course between our models and the two data
sets [117, 20]. Virus detection time (¢ = 0 in our models), occurs 5.8 days prior to the first
data point reported in [20] (corresponding to symptom onset) and 9.8 days prior to the first
data point reported in [117] (corresponding to two days before the fever onset). To align the
model and the two data sets, we add 5.8 days to the time vector in [20] and 9.8 days to the

time vector in [117].
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4.4.4 T cell responses during primary infections

We estimate parameters p, ¢, and 7 by fitting V(¢) given by model (4.1) with initial con-
ditions (4.2) to temporal patient data. We use temporal viral load from five patients with
primary DF infections induced by the DENV-2 serotype published in [20] (patient ID: 21,
24, 25, 63, and 83). We align the data to the common time course as described in Section
4.4.3, set all other parameters at the values in Table 4.1, and estimate {u, ¢, 7} using the
Nelder-Mead simplex method, programmed using ‘fminsearch’ in Matlab [62]. From an ini-
tial n-dimensional vector xg, the Nelder-Mead simplex method creates a simplex of n + 1
points. The n + 1 points are found by calculating x¢+0.05x () for ¢ = 1,2, ..., n, along with
the initial vector xq. It then calculates the function values for each of these points, and or-
ders them from lowest to highest. At each iteration, it discards the point associated with the
highest function value, and calculates a new point. Under certain conditions, it keeps only
the point with the smallest function value and calculates n new points. The algorithm stops
when both the new calculated point and its function value are within a specified tolerance

of all of the other points and their function values [62]. In our case, we use the criterion

> llog(y(t:) — log(v(t,))]

i=1
where y(t;) is the data at time ¢; and v(¢;) is the viral load from the output of the model
at time ;. We use the Nelder-Mead simplex method since it is used for unconstrained opti-

mization and does not need to consider the differentiablility of the function to be minimized

62].

We find that patient 63’s estimate for ¢ is two orders of magnitude lower than the estimates
for the other patients. We consider it an outlier, and we exclude it from our analysis.
For the remaining patients, we compute parameter averages, 95% confidence intervals using
bootstrapping, and inter-patient ranges (see Table 4.2). We predict an average delay of 20

hours in the activation of T cells following recognition of infection.
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We use the inter-patient average parameter estimates to characterize the dynamics of the
virus and T cell responses during primary infection (see Figure 4.1). We predict that virus
reaches a maximum concentration, of 1.04 x 10 RNA per ml, 6.24 days after viral detection
(of 357 RNA per ml). Following peak viremia, the virus decays below the limit of detection
by day 11.3. These results are consistent with clinical reports [110, 113, 38].

We are interested in the role of T cell responses in clearing the virus through cell-cell mediated
killing of infected cells. We define the cumulative infected cell loss due to T cell mediated

killing on the interval 0 <t < v to be
”
L) = [ uEWIE) d (.17
0
and the average daily viral concentration on interval 0 < ¢ < to be

Av(y) =+ / Vi dt. (4.18)

Moreover, we define the viral and infected cell clearance times, ty ¢ and t;¢, to be the times
when V(t) <1 RNA per ml and I(¢) < 1 cell per ml, respectively. We define the difference

between the time of viral clearance and the time of infected cell clearance to be

D - tvc - t]c'. (419)

For each patient, we quantified the temporal changes in L(v) for 0 < v < t;¢, Ay(7) for
0 < v < tyc and D. We found that the inter-patient average for Ay (ty¢) is 9.43 x 10®
RNA per ml per day, for D is 4.56 days, and for L(t;¢) is 6.40 x 10° cells per ml. Individual
patient graphs showing the cumulative infected cell loss due to T cell mediated killing L(~y)
over time for 0 < v < 15 are shown in Figure 4.2. Among the patients, the cumulative
infected cell loss increases sharply for the first 6.57 days after virus detection (on average

1.88 days before the time of infected cell clearance).



Table 4.1: Fixed parameters and initial conditions.

Initial Condition Description Value Units Reference
To Initial uninfected monocytes 107 cells/ml [20]
Ey Initial T cells 60 cells/ml [19]
Iy Initial infected monocytes 1 cells/ml -

Vo Initial virus 357 RNA/ml [117]
Parameter Description Value Units Reference
B Infectivity rate 1.72 x 10710 ml/RNA - day [20]

SE Effector cell production rate 30 cells/ml - day [19]
dg Effector cell death rate 0.5 per day [19]

0 Infected monocytes death rate 0.14 per day [20]

P Virus production rate 10* RNA/ml - cells - day [20]

c Virus clearance rate 3.48 per day [20]

Table 4.2: Estimated parameters obtained by fitting model (4.1) to primary DF data.

Parameter Mean Confidence Intervals Range
I 1.04 x 1075 [9.05 x 107%,1.18 x 107°] [9.15 x 107%,1.14 x 107]
1) 4.44 x 107% [3.27 x 107%,5.59 x 1074 [3.61 x 1074,5.48 x 1074

T 0.83 [0.34,1.31] [0.41,1.19]

45
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Figure 4.1: Virus dynamics during primary infections. Virus RNA per ml as given
by model (4.1) (solid lines) versus patient viral load data from primary DF infection with
DENV-2 serotype (solid dots).
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Figure 4.2: T cell mediated killing during primary infections. Cumulative infected

cell loss at time ~y due to T cell mediated killing in primary DF infections as given by equation
(4.17).

4.4.5 T cell responses during secondary infections

We examine the possible changes in the virus and the T cell dynamics in patients with
secondary heterologous dengue infections as given by the model (4.3) as follows. We use
temporal virus data from 21 DF and 20 DHF patients infected with the DENV-2 serotype
[117, 20]. We align the data to a common time course as described in Section 4.4.3 and fix

parameters to the values given in Table 4.1. We assume the number of target cells have



48

returned to their original state, which allows us to use the same number of initial target
cells Ty. Moreover, we assume that parameters p, ¢, and 7 are the mean values in Table
4.2. We estimate the remaining parameters n (the killing rate of non-specific T cells) and
¢9 (the proliferation rate of strain-specific T cells) by fitting V() as given by model (4.3)
with initial conditions (4.4) to individual patient virus data using the Nelder-Mead simplex
method, programmed using ‘fminsearch’ in Matlab [62]. The best fits for individual patients
with secondary infections resulting in DF and DHF cases are presented in Figures 4.3 and
4.4, respectively. Inter-patient average and 95% confidence intervals for each estimated

parameter are presented in Tables 4.3 and 4.4 for DF and DHF infections, respectively.

Table 4.3: Estimated parameters obtained by fitting model (4.3) to secondary DF data.

Parameter Mean Confidence Intervals Range
n 2.77 x 107% [-1.01 x 107%,6.54 x 1079 [1.47 x 10712,3.79 x 1077]
02 1.53 x 1073 [5.02 x 107%,2.56 x 1073]  [4.97 x 1077,7.34 x 1073

Table 4.4: Estimated parameters obtained by fitting model (4.3) to secondary DHF data.

Parameter Mean Confidence Intervals Range
n 3.06 x 1076 [-4.27 x 1077,6.54 x 1079 [1.06 x 10712,3.24 x 1077
02 3.09 x 107* [-2.83 x 107%,9.00 x 1074  [5.18 x 107%,5.52 x 10%]
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Figure 4.3: Virus dynamics during secondary DF infections. Virus RNA per ml as
given by model (4.3) (solid lines) versus patient viral load data from secondary DF infections
with DENV-2 serotype (solid dots). (Patient 388 data not shown.)
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Figure 4.4: Virus dynamics during secondary DHF infections. Virus RNA per ml as
given by model (4.3) (solid lines) versus patient viral load data from secondary DHF cases
with DENV-2 serotype (solid dots).
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Figure 4.5: T cell mediated killing during secondary DF infections.
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Figure 4.6: T cell mediated killing during secondary DHF infections. Cumulative
infected cell loss at time v due to non-specific (solid lines) and strain-specific (dashed lines)
T cell mediated killing in secondary DHF infections as given by equation (4.20).

As in the primary infections, we quantify the role of T cell responses in enhancing disease
severity. For i = 1,2, we define the cumulative loss of infected cells due to T cell mediated

killing during the time interval 0 <t < v to be
il
0

where k1 = nE1(t) and Ky = pEs(t) correspond to non-specific and strain-specific T cell
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responses, and E)(t) and Es(t) are given by the model (4.3). The total cumulative infected

cell loss in secondary infections during time period 0 <t < 7 is

L(v) = Li(7y) + La(7)- (4.21)

As before, we calculate the values L(t;¢) (Equation 4.21), Ay (ty¢) (Equation 4.18 where
in this case V(t) = Vi(t)), and D (Equation 4.19) for each individual patient experiencing
secondary DF and DHF infections, where t;c is the time of infected cell clearance and ty ¢
is the time of virus clearance. In order to make the distinction between infections where

infected cell killing is induced by strain-specific or non-specific T cells, we define

Li(tic)

pP= ,
Li(tic) + La(tic)

(4.22)

to be the percentage of non-specific killing and 1 — P to be the percentage of strain-specific
killing of infected cells between the time of viral detection and the time of infected cell

clearance.

We investigate the differences in virus and T cell dynamics between the primary and sec-
ondary infections as given by models (4.1) and (4.3). When secondary infections result in
DF cases, we predict a virus peak of 1.06 x 10 RNA per ml, occurring 6.29 days after viral
detection, and decaying below detection 5.16 days later. These results are similar to those
from primary DF infection. By contrast, when secondary infections result in DHF cases, a
virus peak of 1.62 x 10 RNA per ml occurs 6.72 days after detection and decays below
detection 5.38 days later. The peak virus concentration is 1.6-times higher than in primary
infection, as observed experimentally [113]. The timing of peak and decay, however, is not

significantly different than the timings of the primary and secondary DF infections.

During secondary DF infections, model (4.3) predicts that the proliferation rate of strain-
specific T cells is 3.4 times larger than that of non-specific T cells, ¢ = 1.53 x 1073 compared
to ¢ = 4.44 x 10~ per cell per day. The killing rate of the non-specific T cells is 3.8 times
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smaller than that of strain-specific T cells, n = 2.77 x 1075 compared to u = 1.04 x 1075 per
cell per day.

During secondary DHF infections, model (4.3) predicts that the proliferation rate of strain-
specific T cells is 1.4 times smaller than that of non-specific T cells, ¢ = 3.09 x 10~*
compared to ¢; = 4.44 x 10~* per cell per day. The killing rate of non-specific T cells is 3.4
times smaller than that of strain-specific T cells, n = 3.06 x 107% compared to u = 1.04x 107°

per cell per day. These results are summarized in Figure 4.7.

%107 Killing Rates «107° Proliferation Rates

Secondary DF Secondary DHF Secondary DF Secondary DHF

Figure 4.7: Comparing killing and proliferation rates in secondary DF and DHF
infections. The left figure compares p (killing rate of strain-specific T cells) and 7 (killing
rate of non-specific T cells) in both secondary DF and DHF infections. The right figure
compares ¢, (proliferation rate of non-specific T cells) and ¢, (proliferation rate of strain-
specific T cells) in both secondary DF and DHF infections.

These results alone do not support the idea of OAS during secondary infections as n < pu

in both DF and DHF cases, but ¢; > ¢, in secondary DF' cases and ¢, < ¢; in secondary
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DHF cases. To further determine the role of strain-specific and non-specific T cell responses
we calculate the average values of L(t;c) (Equation 4.21), Ay (tve) (Equation 4.18 where
V(t) = Va(t)) and D (Equation 4.19) as given by the best fit of the model (4.3) to data from

patients experiencing DF and DHF secondary infections.

Inter-patient averages for the average daily virus loads Ay (ty¢) are 9.43 x 108, 1.06 x 10° and
1.69 x 10° RNA per ml during primary DF, secondary DF and secondary DHF infections,
respectively. The inter-patient average D values are 4.56, 4.81 and 5.18 days in primary DF,
secondary DF and secondary DHF infections. While the average viral load is higher and
time between virus and infected cell clearance are longer during DHF secondary infections,
the differences are not significant. Similarly, the inter-patient averages for the cumulative
cell loss L(t;¢) are similar during primary DF, secondary DF and secondary DHF infections,
changing from 6.40 x 10° to 6.22 x 10°% to 7.87 x 106 cells per ml, respectively. Therefore
the overall infected cell loss due to T cell mediated killing does not correlate with disease

severity. These results are summarized in Figure 4.8.
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Figure 4.8: Comparing loss, average viral load and difference in clearance in pri-
mary DF (PDF), secondary DF (SDF), and secondary DHF (SDHF) infections.
A comparison of L(t;c) (Equations 4.17 and 4.21, the total infected cell loss at time of in-
fected cell clearance), Ay (ty¢) (Equation 4.18, the average viral load between time of virus
detection and time of viral clearance), and D (Equation 4.19, the difference between the
time of viral clearance and the time of infected cell clearance) between primary, secondary
DF, and secondary DHF infections.

We next investigate whether specific and non-specific T cell mediated killing as given by
model (4.3) is different among secondary DF and DHF cases. For each patient with secondary
DF and DHF infections, we graphed L;(v) and Ly(7y) for 0 < v < 15 (see Figures 4.5 and
4.6, respectively). We also calculated P (Equation 4.22) and 1 — P, which are defined as
the percentage of infected cell loss due to non-specific T cell responses and the percentage of
infected cell loss due to strain-specific T cell responses, respectively. We found that during
secondary DF infections, 57% of patients (12 out of 21) had strain-specific T cell responses
that were responsible for an average of 96.1% of infected cell loss. The other 43% of the

patients (9 out of 21) had non-specific T cell responses which were responsible for 94.2%
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of infected cell loss. For secondary DHF infections, 90% of the patients (18 out of 20) had
non-specific T cell killing responsible for 98.3% infected cell loss while the remaining 10% (2
out of 20) of the patients had strain-specific T cell responses responsible for 85.7% infected
cell loss. These results are summarized in Figure 4.9. We infer from these results that
more severe secondary DHF cases have mainly non-specific T cell responses. By contrast,
more than half of secondary DF cases have predominant strain-specific, high avidity, T cell
responses. These results support the OAS hypothesis that cross-reactive T cell responses

occur mainly during severe disease cases of heterologous dengue virus infections.

Secondary DF Secondary DHF
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Figure 4.9: Comparing infected cell loss in secondary DF and DHF infections. A
comparison between P (Equation 4.22, the percentage of killing done by non-specific T cells)
and 1 — P (the percentage of killing done by strain-specific T cells) in both secondary DF
and DHF infections. The percentage of secondary DF and DHF infections caused by either
non-specific or strain-specific T cell responses is also compared.
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4.5 Discussion

We developed a mathematical model of T cell responses to dengue primary infections. We
fitted the model to temporal dengue virus data [20], and we used it to evaluate parameters
for T cell expansion and killing capacity. We determined that an average of 20 hours delay
in immune cell expansion is needed to adequately capture the initial viral concentration
and the times of viral peak and viral clearance, as seen in primary infection data and other
clinical reports [38, 114, 110, 20]. For the estimated parameters our model predicted a sharp
increase in cumulative cell loss due to T cell mediated killing for the first week following

virus detection, followed by a slow decrease corresponding to infected cell removal.

We investigated the mechanisms behind disease enhancement during secondary infections
with heterologous virus strains. Several hypotheses have been proposed for the increase in
disease severity experienced during DHF and DSS cases, such as the antibody dependent
enhancement [122, 42, 81, 46] and the original antigenic sin [114, 122, 98]. We have previously
examined the effect of ADE using an in-host modeling approach [88] and predicted that cross-
reactive non-neutralizing antibodies may explain the increased virus concentration and time

to clearance seen in DHF cases.

Fewer studies and data have been generated on the possible role of T cell responses dur-
ing heterologous dengue infections. As with B cell responses [98], a secondary infection
may be dominated by cross-reactive memory T cells that are reactivated during heterolo-
gous challenge, yet have less avidity for the current infecting serotype, and may limit the
development of strain-specific T cell populations through competition for space and signal
[101, 36, 119, 120]. To determine whether non-specific T cell clones with less avidity for new
infections are predominant during heterologous infections, we adapted the T cell model to
secondary heterologous dengue virus infections. We considered that both strain-specific and
non-specific T cell populations are produced, and we investigated their individual contribu-
tion to disease outcome by fitting the model to temporal secondary infections dengue virus

data [20, 117]. We evaluated parameters for strain-specific and non-specific T cell expansion,
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as well as Kkilling capacity.

We found that while both non-specific and strain-specific T cell responses are developed
during heterologous infections, their roles in the removal of infected cells differ during DF
and DHF cases. During heterologous DF cases, we predict that 12 out of 21 patients have
a predominantly strain-specific T cell response. By contrast, during DHF cases, 18 out of
20 patients have a non-specific T cell response. We did not predict any difference in overall
infected cell death due to T cell mediated killing during primary DF, secondary DF and
secondary DHF' cases. However, the overall T cell response during DHF is higher than in
DF cases, suggesting that other T cell functions, such as cytokine production, may correlate
with disease severity. Further investigation is needed to determine the exact role of pro-

inflammatory cytokines.

In conclusion, we developed and analyzed in-host models of dengue viral infections that
considered the contributions of T cells to disease severity. We fitted the models to published
patient data and showed that the overall infected cell killing is similar in dengue secondary
infections resulting in DF and DHF cases. The contribution to overall killing, however, is
dominated by non-specific, less efficacious, T cell responses during secondary DHF cases
compared with strain-specific, high avidity T cell responses in at least half of secondary DF
cases. Therefore, the cross-reactive cellular immune responses, as described in the hypothesis
of original antigenic sin, may be present and responsible for the disease enhancement during

heterologous infections.



Chapter 5

Unraveling Within-Host Signatures of
Dengue Infection at the Population

Level

Based on the results from our previous within-host models, we developed a model that
describes how the within-host behavior of dengue viral infection affects epidemiological out-
comes. This was joint work done with Dr. Julie Blackwood, Dr. Lauren Childs, and Dr.
Stanca Ciupe. I developed the analytical results, Dr. Childs and Dr. Blackwood developed
the numerical scheme, and we all wrote and revised the manuscript and created the figures
together. We have modified parts of the manuscript for this dissertation. The manuscript
has been accepted by the Journal of Theoretical Biology, and is in the process of publication

87).
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5.1 Abstract

Dengue virus causes worldwide concern with nearly 100 million infected cases reported an-
nually. The within-host dynamics differ between primary and secondary infections, where
secondary infections with a different virus serotype typically last longer, produce higher viral
loads, and induce more severe disease. We build upon the variable within-host virus dynam-
ics during infections resulting in mild dengue fever and severe dengue hemorrhagic fever.
We couple these within-host virus dynamics to a population-level model through a system
of partial differential equations creating an immunoepidemiological model. The resulting
multiscale model examines the dynamics of between-host infections in the presence of two
circulating virus strains that involves feedback from the within-host and between-hosts inter-
actions, encompassing multiple scales. We analytically determine the relationship between
the model parameters and the characteristics of the model’s solutions, and find an analyt-
ical threshold under which infections persist in the population. Furthermore, we develop
and implement a full numerical scheme for our immunoepidemiological model, allowing the

simulation of population dynamics under variable parameter conditions.

5.2 Introduction

Mathematical models have been used to determine the mechanisms behind the differences
in virus dynamics observed during primary and secondary infections, and during mild and
severe cases [8, 12, 20, 40, 88, 89, 91]. Virologically, disease severity translates to higher viral
loads that last for longer periods of time [65, 110]. In particular, during infections resulting in
dengue fever (denoted by F), virus has a lower delayed peak and a shorter time to clearance.
By contrast, during infections resulting in dengue hemorrhagic fever (denoted by H), virus
has a higher peak and a longer time to clearance [65, 110]. However, such virus profiles
alone are not indicators of disease severity, since there exists intra-patient immunological

variability. Mathematical models have examined the interplay between virus and host in
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the disease enhancement seen during secondary infections, in particular antibody dependent
enhancement [20, 88] and original antigenic sin [89]. Calibration of such models to data
from patients with mild and severe infections [20, 117] strongly supported original antigenic
sin, rather than antibody dependent enhancement, as the driver of increased disease severity

89).

In this study, we investigate the relationship between individual virus-immune profiles and
the dynamics of dengue infection at the population level. In particular, we are interested
in the relationship between the type of disease (F versus H) during primary infection and
enhancement in susceptibility and transmissibility at the population level during secondary
infections with a heterologous serotype. Previous modeling work has reported both reduced
[4, 5] and enhanced transmission [14, 16, 25, 104] during secondary heterologous infections,

as well as enhanced susceptibility [3, 99] and cross-immunity between serotypes [15, 84].

We investigate the role of disease severity (F versus H) of primary and secondary infections
with two co-circulating dengue serotypes on the incidence and persistence of the strains in
the population. We first develop a time-since-infection immunoepidemiological model which
couples the within-host virus dynamics with the population-level transmission dynamics
of two dengue serotypes. We then investigate the model analytically and find conditions
for the extinction and persistence of one or both serotypes in the population. Finally, we
numerically approximate the model to determine how disease severity during primary and
secondary infections affects transmission, susceptibility, and the persistence of strains in the
population. The novelty of our approach consists of assessing how the severity of the in-host

infection translates into the disease persistence in the population.
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5.3 Materials and methods

5.3.1 Time-since-infection multiscale model

We develop a time-since-infection multiscale partial differential equation (PDE) model of
dengue infection. At the population level, our model considers the dynamics of two different
virus serotypes that are co-circulating in the population. We ignore explicit vector transmis-
sion and assume that infection acts like direct contact (i.e. people become infected, which
will infect a certain number of mosquitoes, which will then infect a certain number of other
people). Although there are four dengue serotypes, we make the simplifying assumption
that there are only two serotypes present in the population at one time. Lastly, we model
population densities and assume that the population size is fixed at the initial population

size, defined as the birth rate divided by the per capita mortality rate, A/my.

For each serotype, we assume that individuals can either be susceptible (5), infected (1),
or recovered (R) from infection. At a given time ¢, we denote the population density of
individuals susceptible to both serotypes by Ngg(t), recovered from a primary infection by
Ngs(t) or Ngg(t), and recovered from infections with both strains by Nzg(t) (the subscripts
in our notation refer to the infection status with strain 1 and 2, respectively). Since infec-
tion with one strain typically induces immunity against repeated infections with the same
strain [77, 100], we only consider primary-secondary infection events caused by two different
virus strains. Although the dynamics of these populations can be described by ordinary
differential equations (ODEs), we additionally track the time-since-infection 7 for infected
individuals. Therefore, the infected classes depend on two independent variables, ¢ and T,
and are described by PDEs. To distinguish variables that depend on time versus those that
depend on both time and time-since-infection, we denote the former using capital letters
and the latter using lowercase letters. In particular, we denote the population density of
individuals who have been infected with a primary infection for 7 days at time ¢ by n;s(7,t)

or ngr(7,t). Similarly, the population density of individuals who have been infected with a
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second heterologous virus for 7 days at time ¢ is ng;(7,t) or n;g(7,t). We assume that the

outbreak occurs in a region of negligible disease mortality [39].

Both primary and secondary infections occur through contact with infected individuals at
rate bV ;(7) where b is a constant of proportionality that relates the viral load to the between-
host transmission rate, ¢ denotes the strain (i € {1,2}) and j denotes the infection order (j €
{prim, sec}). While the relationship between transmission rate and viral load is assumed
to be linear in this case, we discuss other possibilities for this relationship in Section 4.
The dependence of V;; on 7 accounts for the differences in between-host transmissibility
depending on an individual’s time-since-infection, which we define explicitly in Section 5.3.2.
We assume that the recovery rate, r;;, can depend on both strain 7 and infection order
(j € {prim, sec}). In our analysis, we assume the recovery rate r; ; and the virus profile V; ;
are independent of each other. However, the recovery rate 7; ; and the virus profile V; ; are
related to each other in our simulations. For example, we assume the recovery rate is one
over the length of infection. See Table 5.1 for a summary of all parameters and variables. A

schematic representation of the model is provided in Figure 5.1.

Here, we present the complete mathematical representation of the system. The ODEs for
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Table 5.1: Variables and parameters of the between-host model.

Variable Definition Notes
t time t €0, 00)
T time-since-infection 7 € [0, 00)
Nyy(t), ngy(7,t)  population size with status x (for strain 1)
and y (for strain 2) z,y € {S,I, R}
Nr total population size
Parameter Definition Notes
A fixed birth rate
mo per capita mortality rate
b proportionality constant relating viral load
to transmission rate
Tij recovery rate for an infection ie{1,2},
with strain i of order j j € {prim, sec}
Vi viral load for an infection ie{l1,2},
with strain i of order j J € {prim, sec}

the population densities in disease-free states are given by

dNgs(t Ngs(t) [
ss(t) = A —mgNgs(t) — s / OV prim (T)1015 (7, 8) + OVaprion (T)1051 (7, 1)
dt Nz(t) Jo
V1 see( T)nrR(T, 1) + 0Vasec(T) R0 (T, t>] dr,
dNgp(t Nsr(t) %
ZR( ) _ o Nsn(t) — sr(t) / [bVl,pnm(T)nls(Ta t) + OV see(T)1R(T, t)}dT
t Nz(t) Jo -
+ T2,primMSI (77 t) dT’
0
dNps(t Ngs(t) [~
Zs( ) = _mONRS(t) — RS( ) / [b%,prim(T)nSI(T7 t) + b%vsec(T)an(T’ t>:| dr
t Nz(t) Jo -
+ / T1,primMis (77 t) dr,
0
dNgg(t =
Zf( ) — _mONRR(t) + / (Tl,secnIR(T7 t) + T2,secnRI(77 t))dT
0
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Figure 5.1: Schematic diagram of two-strain between-host dengue infection.
Shaded diamonds indicate infected states with strain 1 (blue) and strain 2 (red). Corre-
sponding colored arrows demonstrate infection of susceptible individuals by strain 1 (blue)
and strain 2 (red). Subscripts i, j indicate the disease status for strain 1 (first subscript) or
strain 2 (second subscript) with {7, j} € {S, I, R}.

The PDEs for the infection states are given by

(977,51(7', t)

4 (977,5](7', t)

or
Onrs(T,t)

ot = —MoNngsr (7', t) - 7’2,prim77/SI(7—7 t)v

or
6nRI(7', t)

on S T,t
+ Iasf ) —monrs(T, 1) = T1primnis(7, 1),

4 a’n,R](T, t)

or
(97113(7', t)

a1 = —MoNRr (T, t) — T2,secRI (7—7 t)v

i 8n1R(T, t)

or

ot = —m()n[R(T, t) - rl,secnIR(Ta t)?
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with boundary conditions

ns(0,8) = ]]\QIS;(S&TE) /OOO :bVQ,pMm(T)nSI(T, t) + bVa sec(T)nR1 (T, t) dr,
nig(0,8) = ]]\:;‘;(%) /OOO :b‘/l’prim(T)n]S(T, t) + Vi sec(T)n1R (T, t) dr,
nai(0,4) = ]]V\ZS(%) /0 h :bvgvmm(f)nsf(f, £) + BV see(F)roms (7, t): dr,
00.6) = 2 [ rs(720) + W)

The initial conditions for our system are given by

Nss(0) = Nsso, Nsr(0) = /0°° nso(7)dr,
Nsr(0) = Nsro, Nis(0) = /000 nrso(7)dr,
Nrs(0) = Nrso, Nri(0) = /000 ngro(7)dr,
Npa(0) = Nego,  Nig(0) = /0 " nimo(r)dr.
where
N, (t) = /000 ng (T, t)dr for x € {SI,1S, RI,IR}. (5.2)

Finally, the total population at each time ¢ is given by

NT(t) = Nss(t) + NSR(t) + NRS(t) + NRR(t)
. (5.3)
—|—/0 (nsj(T, t) + njs(T, t) + nR[(T, t) + n[R(T, t))dT.

A
Since the system is closed, Np(t) = — for all ¢.
mo

We refer to our model formulation collectively as system (5.1). We aim to determine un-

der what conditions one or both viruses establish as endemic in the population. We first

investigate this analytically, by determining the equilibria of system (5.1) and their stability.
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5.3.2 Within-host virus dynamics

As described in Section 5.3.1, we assume that the transmission rate of dengue virus between
individuals is proportional to the viral load within infected individuals which, in turn, di-
rectly depends on the time since infection (7) [85]. While the profile of a viral load as 7
varies is subject to variability based on an individual’s immune characteristics [88, 89], the
virus profile across all infected individuals can be approximated by a triangular-like distri-
bution [20, 88, 89, 117]. Models of ordinary differential equations were used to describe the
interaction between primary and secondary virus, the host target cells, and the host immune
responses [88, 89]. Fitting of these models to human viral load data [20, 117] generated virus
profiles which were roughly triangular in nature when viewed on a log scale. Here, we ap-
proximate the dynamics of virus profiles by triangular distributions which follow the average
virus profiles described in [88, 89]. We consider two virus profiles: one describing dengue
fever (F); and one describing dengue hemorrhagic fever (H) based on data from [20, 117] (see
Figure 5.2). In the case of dengue fever, virus peaks at a lower value and earlier in infection
(see Figure 5.2, solid line) and, in the case of dengue hemorrhagic fever, virus has a higher

peak and persists for a longer time before clearance (see Figure 5.2, dashed line).

5.4 Analytical results

Here, we provide an asymptotic stability analysis of the model which is based on the methods

described in [71] (pp. 333-343). First, define

00
Uy prim = / b‘/l,prim(7_)6_(m0+rlvp7"im)7' dr,
OOO
U2 prim :/ b‘/Q,prim(7)6_(m0+T2vpriM)T dr,
OOO
[ gee = / 6%7560(7)6_(m0+7“1,sec)‘r dr,
0

F2 sec — / b%,sec(7>€_(mo+rz'sech dr.
0
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12 T T

dengue fever (F)
= = dengue hemorrhagic fever (H)

—
(0] [e¢] o

Log viral load (RNA/mL)
N

15

Time (days)

Figure 5.2: Within-host viral load. The average virus profile for individuals from [20, 117]
as fitted in [88, 89] follows a triangular distribution when viewed on a log scale. Solid line
for dengue fever (F) and dashed line for dengue hemorrhagic fever (H).
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These equations capture the total force of infection of a given infection type (e.g. I'iprim
represents primary infection with strain 1) over an infectious period. For analytical purposes,
we do not assume anything about the nature of the virus profiles. We can first show that

the solutions of system (5.1) are bounded.

5.4.1 Boundedness
Proposition 5.4.1. The solutions of System (5.1) are bounded.

Proof. Note that based on the definitions (5.2), Np(t) as defined in (5.3) is thus

Nr(t) = Ngs(t) + Nsr(t) + Nrs(t) + Nrr(t) + Ngi(t) + Nis(t) + Ngr(t) + Nir(t). (5.4)

Since patients will eventually die if infected long enough, we can assume that for all ¢,

lim ng;(7,t) = 0.
T—00

Now consider integrating the partial differential equation associated with ng;(7,t) in System

(5.1) with respect to 7.

Thus, we have

Ongr(T,t) N Onsr(T,t)
or ot

© /n (7-’ t) on (7’, t) o9
/0 < Sé’]‘ + Sét dT:/O — monsi(7,1) = raprimnsi(7, 1) | dr

s d( I nsi(r,t) d7‘>

= —monsr(7,t) — roprimnsi(7,t) dr

lim ng;(s,t)| + o = —(mo + Tz,prim)/ nsr(T,t) dr
5§—00 0 0
dNgr(t
n51(0,8) + L (g 4 1) N (1)
dNg;(t)

T nsr(0,t) — (mo + r2prim) Ns1(t).
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We can find similar results for n;g(7,t), ngi(7,t), and nr(7,1).

In summary, we have

dN;;(t) = ngr(0,t) — (mo + roprim) Ns1(t),
dNCI;(t) = n15(0,t) — (Mo + 71.prim) N15(2),
dN;ztj(t) = npr(0,t) — (Mo + 72,5ec) Nr1 (1),
ng;(t) =n7r(0,t) — (Mo + 71,5ec) N1r(1). (5.5)

Using the boundary conditions from System (5.1), the equations (5.5), and the definitions
(5.2), we write the equations of System (5.1) as

del:(t) = A —mgNgs(t) — ngs(0,t) — nys(0, 1),

szf(t) = —moNsgr(t) — nrr(0,t) + roprimNsr(t),

dNZ:(t) = —moNgrs(t) —nrr(0,t) + r1 primNrs(t),

dNZf(t) = —moNgr(t) + r2,secNrr(t) + 715ecNir(t),

dN;;(t) =ngr(0,t) — (mo + roprim) Ns1(t),

dNCI;(t) =n15(0,t) — (mo + 71prim) N1s (1),

dN;;(t) =npr(0,t) — (Mo + 72,5ec) Nrr (t),

dNZ;(t) = n1r(0,t) — (Mo + 1,50¢) Nrr (). (5.6)

Adding together the equations in (5.6) and using the definition of Nr(¢) in (5.4), we find

that
dNr(t

dt

~—

= A —moNp(t).
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Thus,
A A
Nr(t)= — +Ce ™ < — +(C
mo myo
for some constant C'
Thus, the solutions of System (5.1) are bounded. O

5.4.2 Determining generic equilibrium

We look for equilibria of System (5.1) by looking for time-independent solutions that satisfy

System (5.1) with the time derivatives equal to zero.

The equilibria
(Ns: Nin, Nas, Ny 051 (7), mis (7). mis(7), mia(7))

of system (5.1) are given by

A —ng(0) — njs(0)

Nio =
SS mo )
we = T2primTsr(0) = (mo + 72.prim) 17 (0)
K myo (mO + T2,prim) ’
N = Torimf7s(0) = (mo + 71 pris )51 (0)
s mo (mO + Tl,prim) ’
1 (71 r(0 T9 sect 7 (0
N, = _< 1secl7 R )+ 2,5ecT R ( ))’ (5.7)
mo mo + T1,sec mo + T2, sec
ng (1) =ng(0)e ~motra prim)T
nis(t) =n 5(0)6_(m0+n prim)7
npr(7) = npr(0)e” (motra,ecc)T
(7)) = njp(0)e (mot LT,
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where (n%;(0), nj5(0),n};(0), nj(0)) are solutions of system (5.8)

* 1 * * * *
nsr(0) = +{ A =n57(0) —nrs(0) | | n5r(0)T2,prim + nR1(0)T2,5ec |,
A

* 1 * * * *
is(0) = 5 (A = 131(0) = nis(©)) (is (O i + i) cc )

(5.8)

i (0) = s (P (0) = 0+ 7 i s ©)) (32 (O i + s O )

,prim
nir(0) = W (rlmimngl(o) — (mo + Tz,prim)n73(0)> <n75(0)F1,prim + n?R(U)Fl,sec)

,prim

Note that the total equilibrium population remains constant as
* * * * * * * * * * A
Np = Ngg+ Ngg + Ngs + Ngg + <n51(7) + nys(7) + ngy (1) + n13(7)>d7 = e
0

Proposition 5.4.2. The solutions of System (5.8) can be used to determine the generic

equilibrium, as written in Equations (5.7).

Proof. We look for time-independent solutions

(Nis: Nin, Nas, Nvws 051 (7), mis (7). mieg (7), (7))
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that satisfy System (5.1) with the time derivatives equal to zero. Thus, System (5.1) becomes

N* o0
A= oo = 38 [ Wi i (1) + 0Voin 7 ()
T 0
BV (Pn() + bv2,m<f>n;1<f>] dr =0,
N* o0
o= S [ |7 + 0 el
T
+/ 7”27pmmn*s[(7') dT = 0,
0
N* o0
o = S [ Vo715 + Wi )]
T
+/ rlmanjS(T) dT = 0,
0
—moNjg + / (TLSGCTGR(T) + 7“2786071*31(7‘))(17‘ =0,
0
dny () * *
;,17_ = _mOnSI(T) - T27primn51(7)a
dnig(7) * *
;% = _monIS(T) - Tl,primnls(T)a
dniyy(7) * *
}CZ_ = _moan(T) - 7”2,3607131(7'),
dan(T)

= —mong(T) — Tl,secn?R(T)a

dr

(5.10)



where equations (5.10) have initial conditions

ng(0) = —]Xis /OO {b‘@ prim(T)Ng 1 (T) 4 OV see(T)n (T ]dT,
n7s(0) NES [bvl prim (T)N75(T) + OV see(T)17 R (T } dr,
g (0) = NES [ng prim (T)1057(T) + OVa sec(T) N, (T } dr,
nir(0) = NER {bvl prim(T)N75(T) + V1 see(T)NT R (T }dT

Consider

dné, (T
P51 — gy (7) — P (1)

with initial condition in 7 (i.e. from our boundary conditions of System (5.1))

Nig [
S5 / [bvg,pmm(f)ngf(f)+b%,sec(f)nﬁa(7) dr.
NT 0

nsi(0) =

Solving the differential equation in (5.12) we have

n*SI(T) - ngI(O)e_(mO-i_T?»pTim)T'

75

(5.11)

(5.12)

(5.13)

(5.14)

However, note this is not an explicit solution since n%;(0) depends on ng,(7), as can be seen

in equation (5.13). We can solve for nj¢(7), nj;(7), and njz(7) similarly.



Thus, in summary, we have

e_(mO +7‘2,prim)7—
Y

_(mO +T1,prim)7'
)

Y

)
)
)6_(m0+7’2,sec)7—
)

_(mO+T1,sec)T

Substituting the solutions (5.15) into our initial conditions (5.11), we find

. N* [ee]
w0 = 35 [
T
* N* ll *
is(0) = 3 [ |agran (i (00
T L
. N* oo [
nin0) = 2 [
T

» N* oo I
nyr(0) = ]\}95/0
T

OV prim ()15 (0)€ ™0 T20mm)T - V5 oo (7)1 (0)e

_(m0+7’1,pr'im)7'

+ bVl,S@C(T)n;R(

OV prinn (7)1 (0)€ ™0 T2mm)T 5V oo (7)1 (0)

_(mO +T1,prim)7'

OV prim (T)n75(0)e + 0V sec(T)n7R(0)e

Using the above definitions (5.16), we can write the other four equations (5.9) as

o0

= ng7(0) = n75(0) = 0,

* —(mo—+r i )T

- sr—nir(0 primMg1 ( oz prim =0,
moN n;p(0) + T ne;(0)e ( prim)T Jr = ()

o0

_(m0+rl,prim)7— dT — 0

*
—moNpg — ngr(0) + 1 primN15(0)e =0,

J
J

o
* * —(mo—+71,sec)T * —(mo+72,sec)T _
—mONRR+/ 1 sec(0)e (mo+T1,sec) + 72 5ecpr(0)e (motra,see)” g — (),
0

Note for a > 0, we have

*° 1
/ e Tdr = —.
0 a

m0+7‘2 sec T dT

m() +71,sec T

_(mO +T2 sec 7'

76

(5.15)

)

dr,

(mO"FT’l sec T d7—

|
I
|
|

(5.16)

(5.17)
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We operate under the assumption that all parameters are positive.

Thus, we can write equations (5.17) as

A —moNgg —ng(0) —njg(0) =0,
raprim51(0) _
mo + T2 prim
"prim7s(0) _
mo + 1, prim
Tl,secn?R(O) 712,860”}[ (O)

—moNyp + + =0
RR
mo T1,sec mo T2 sec

)

—moNgp — njp(0) +

—moNis = i (0) +

Y

Solving these equations for Ngg, N&p, Nig, and Njp, we have

A —n5;(0) = nig(0)

Ngg = — ;
N =" 2.primM57(0) — (1m0 + 7"2,mm)n§R(0)’
mo(mo + T2,prim)
o Tiprims(0) — (Mo + r1prim )N (0)
ks mo(mo + 71 prim) ’
Nt = 1 <7’1,secn?R(O> n Tz,seanI(0)> . (5.18)
Mo \ Mo + T'1,sec Mo + T2, sec

At this point, we can write the generic equilibrium
(s Nin: Nis: Nivs Ws1(7), i (7), iy (7), (7))

using the equations in (5.15) and (5.18).

However, these equations still depend on the variables
(1500003500, 0, 1340 ).

Thus, we need to derive a system of these variables such that they can be solved for.



Using the equations (5.15), (5.18), and the definition of Nj., it can be shown that
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Np = —. (5.19)

Substituting the equations (5.18) and (5.19) into equations (5.16), we have

o A (0) —nig(0) [ e
32(0) = S [ g (o) o

_'_ b‘/27sec(7—)n21(0)6_(m0+’r‘2,sec)7':| dT,

A _;* % [e’¢)
(0) = n;(0) ”15(0)/ [bvl’mm(T)nis(o)e—(mowl,pnm%
0

+ b‘/vlvgec(’r)n;R(0)6_(m0+T1,sec)T:| dT’

. r2,prim51(0) = (Mo + T2prim )07 R(0) / - x (Mot prim)T
O — bV rim 0 0 2,prim
nr(0) A(mo+7“27pm~m) ; 2,p (T)ns(0)e
+ bvz,sec(f)n}%f(O)e‘(””*”’m’f} dr,
. 1primM5(0) = (Mo + 71prim )05 (0) / - * (Mot prim)T
O — bV rim 0 0 1,prim
nyz(0) A( 0+T17mim) ; Lp (T)n7s(0)e

+ bVl,SEC(T)niR(O)e_(m“”’S“)T] dr.  (5.20)

Using the definitions of I't prim, ['2 prims ['1sec; and I's sec, we can write equations (5.20) as

* 1 * * * *
nsr(V) =+ A —nsr(U) —nis nsr 2,prim + NRT 2,sec |
0)=x(A (0) (0) O)r +nrr(0)F

* 1 * * * *
frs (0) - K <A N nSI(O) - nIS(O)) <nIS (O)Flvp"“im + nIR(O)Fl,sec>7

* 1 * * * *
TLRI(O) = —A(mo n rl,prim) (Tl,primnjs(o) — (mo + Tl,pr-i',n)’rLRI(O)) <nSI(0)F2,pT'i7n + nRI(O)FQ,sec>7

nrr(0) = v (rz,primn’éz(o) — (mo + m,mm)n;R(o)> (njs(o)rl,prim + n};R(o)rl,Sec) (5.21)

A(mO + T2,pr'im)
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In summary, we now have a system of the variables

(150000, 350 0. i) )

that can be solved for. We note the system in (5.21) is the same as System (5.8).

Using the solutions to System (5.8), we can thus write the generic equilibrium

(Nis: Nin, Nas, Nivws 051 (7), mis (7). mies (7), (7))

using the definitions described in equations (5.15) and (5.18). We note these equations are

the same as the ones described in Equations (5.7).
Thus, the proposition is proved. O

The solutions of system (5.8) result in four possible equilibria. We first list the equilibria.

5.4.3 Extinction equilibrium
Proposition 5.4.3. The extinction equilibrium is

(N;s, Niims Nisgs N 151 ()5 (7)s g (7). niRm)

A
:(— 0,0,0,0,0,0,0). (5.22)

mo’

Proof. Trivially, we see that one solution of System (5.8) is
(7510, 35(0), 75, (0), 3 (0) ) = (0,0,0,0).

Thus, plugging these values into Equations (5.7), we find this equilibrium is

(A, 0,0,0,0,0,0, O).
mo
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We denote this equilibrium as the extinction equilibrium. O

5.4.4 Strain 1 equilibrium

Proposition 5.4.4. The equilibrium where only strain 1 persists is

(N;& N Nisg, N 1 (r), s (), mies (1), n7R<T>)

A A T’imr T’im_l AF T’im_l — .
:< O ’f’l,p ( 1,p ) ’ O, 0’ ( 1,p )e (mo—I—Tl’p”m)T’ 0’ O) ) (523)

y YUy
1ﬂl,]m’im mO(mO + Tl,primrl,prim) F1,pm’m

Proof. To find a non-trivial solution to System (5.8), we first assume that njz(0) = 0 and

nk(0) = 0. We also assume that nj¢(0) is nonzero.

Thus, the second equation from System (5.8) becomes

0is(0) = 5 (A= 150 = n36(0)) (s Ot ) =0

which implies
n35(0) (A<1 i) + Ta i (0) + rl,mmna(m) 0.

Since n}4(0) is nonzero,

A(l - Fl,;m"im) + Fl,;m“im'n;s‘(()) + Fl,primngj(o) = 07

which implies

. A(Fl,;m"im - 1) - Fl,p?‘imn*SI(O) )

Fl,prim

(5.24)
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Because nj;;(0) = 0, the third equation in System (5.8) becomes

1
rim T S r rim | — Y-
St (rmnis(0)) (45O ) =0

Since n}4(0) is nonzero, we thus have that n¥;(0) = 0.

Thus, equation (5.24) becomes

A(Fl,pm’m - ]-)

1ﬂl,]m’im

nys(0) =
In summary, a solution to System (5.8) is

(1500030 g0 ) = (0, 2= .0},

1ﬂl,]m’im

Thus, plugging these values into Equations (5.7), we find this equilibrium is

(N;s, N Nisgs N (7). w3 (7), s (1), nm))
:< Ao, ArmimBaprin =) o o A sprin =1 gt g 0).

y YUy
1ﬂl,]m’im mo (mO + Tl,primrl,prim) 1,prim

We denote this as the equilibrium where only strain 1 persists. O

5.4.5 Strain 2 equilibrium

Proposition 5.4.5. The equilibrium where only strain 2 persists is

(N;s, Nis Nisgs N 151 (1), s (7)s g (7), nﬁRm)

:< A AT2,prim(F2,;m“im - 1) ’ 07 O, A(F2,prim - 1) e_(mOJl'TZ,p'rim)T, O, 07 O) . (525)

)
F2,prim mO(mO + T2,primr2,prim> F2,;m"im
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Proof. The proposition is proved similar to Proposition 5.4.4 by interchanging nj¢(0) with
ng(0).
Also, the first equation from System (5.8) is used instead of the second equation.

In summary, a solution to System (5.8) is

(15000 mis10). 3 0). i) = (2522222, 0,0,0).

F2,;m"im

Thus, plugging these values into Equations (5.7), we find this equilibrium is

(¥ N N N (7)), (7). i)
:( A AT2,p7‘im(F2,prim - 1) : O, 07 A(F2,prim - 1) 6_(m0+7«27p”.m)7—’ 07 O, 0) '

)
F2,prim mo (mO + T2,primr2,prim) F2,prim

We denote this as the equilibrium where only strain 2 persists. O

5.4.6 Coexistence equilibrium

Remark 5.4.1. There are two coexistence equilibria.

Using Mathematica, we find that there exist two solutions to System (5.8) such that the

terms
(150000, 350 0.0 )
are all nonzero.

Assuming all positive parameters, we find that at most one of the solutions has all positive

terms.

Thus, plugging these values back into Equations (5.7), we find two distinct coexistence

equilibria, where at most one coexistence equilibrium is positive.
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However, they are difficult to write explicitly for general parameters.

Therefore, using specific parameters, we solve for the equilibria numerically using System

(5.8) and Equations (5.7).

5.4.7 Determining generic stability

We now determine the stability for a generic equilibrium. We can then use these results to

determine the stability of our equilibria.

Define Cla 027 Pl,prim,)u PZ,pm’m,)\a Pl,sec,)\a and FZ,sec,)\ as

i . .
Cl = T/ <b‘/1 ,prim )nIS(T) + b‘/l,sec(T)nIR(T)> d’T,
mo . .
Cy = T/ <bV2 prim (T)Ngr (T) + ng,SEC(T)nRI(T)> dr,
Fl,pm’m)\ = @/ b‘/l’prim(T)e_(m0+rl,prim+)\)T dT,
A 0
F2,p7“im,)\ = @/ b‘/é,prim(T)e_(m0+T2’prim+)\)T dT,
A 0
Fl,sec,)\ - %/ b‘/l’sec(7‘)6_(m0+7’1,sec+)\)7' d’T,
0
Coser = 0 [* Wi
0

Proposition 5.4.6. Consider the generic equilibrium
(Ngs: Nir: Nis: Nivs W51 (7), (), mier(7), (7))

Assume



84

Using the matriz definition My =

A+ mo 0 0 1 1 0 0
0 A+ mo 0 _ "T2prim 0 0 1
A+mo+r2, prim
0 0 A +mo 0 —T1,prim 1 0
A+mo+71 prim

—CQ 0 0 1- Ngvsrg’prim’/\ 0 —N;Sr‘g’sec’/\ 0 ’ (526)
-C1 0 0 0 1- Ng‘srl,prim,A 0 _Ng‘srl,sec,A

0 0 —Cs _N}*%SFZ,prim,A 0 1- N}ESFZ,sec,A 0

0 _Cl 0 0 _Nger,prim,A 0 1-— NgRFI,sec,A

the stability of the equilibrium can be found by analyzing the solutions to the equation

det(M,\) = 0.

If all the solutions have negative real parts, then the generic equilibrium is locally asymptoti-
cally stable. If at least one of the solutions has positive real parts, then the generic equilibrium

18 unstable.

Proof. Consider the generic equilibrium
(Nas: Nins Niss Ny w51 (7), mis(7), mier(7), (7).

To determine the stability of this particular equilibrium of the system, we first linearize

System (5.1) around the equilibrium.



We let
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)+ nsp(T, 1),
nrs(7,t) = nig(T) + nrsp(7, 1),
nri(7,t) = g (7) + nriy(7, 1),
nir(7,t) = njp(T) + nigy(T, 1), (5.27)

where the functions with subscript p represent perturbations from the equilibrium.

Recall

Np(t) = —. (5.28)

Plugging in definitions (5.27) and (5.28) into System (5.1) and its boundary conditions, we
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have

d(Ngs + Nss(t))
dt

=A-mo (Ngs + Nss(t))

oo

_ % <N§s + NsSp(t)) /0 |:bV1,p’rim(T) (n}‘S(T) + nrsp(T, t))

+ bVa prim (T) (nZI(T) + nsip(T, t)) + V1 sec(T) (n;R(T) +nrrp(T, t))
W) (mha (7) 4 sy (7))

d(N3r + Nspr(t))
dt

= —mg <N§R + NSRp(t))
- % (N§R + NSRP(t)) /0 - {bvl,pnm(T) (n;S(T) ¥ nsp(T, t))
+ bV sec(T) (n;R(T) + nrrp(T, t))} dr + /Ooo Ta.prim (ngl (1) + nsip(r, t)) ir.

d(Nis + Nasy(1))

i — —mo(Nis + Nasy (1))

_ % (NE»,S + NRSp(t)) /Ooo |:b‘/2,p7“im(7') (n}; (7) + nsrp(T, t))

+ Vo sec(T) (n}}; (1) + nrip(T, t))} dr + / T1,prim (n?S(T) + nrsp(T, t)) dr,
0

d(Nien + Nusy (1))

)

+ / T1,sec (n}R(T) + nrr(T, t)) + 72, sec (n}ﬁa] (1) + ngri(r, t))dﬂ
0

8<n§1 (1) -ngst(T, t)) . 8<n§1 (1) ‘gtnslp(77 t)) — —(mo + m)pr,“n)(ngl(f) + nsp(T, t))7
8(7175(7) ‘ngISP(T, t)) . 8<n75(7) ;tnmp(ﬂ t)) — —(mo+ rl,m-m)<n?s(7’) + nrsp(r, t))7
8(71721(7) ‘;TnRIP(T, t)) . 8(nR1(T) ;tnmp(ﬂ t)) — —(mo+ rz,sec)(n}}z(T) + nrip(T, t)),
8(n’}R(T) + nrrp(T, t)) 3("112(7) +n1rp(T, t))

+ = —(mo + T1,sec) (n?R(T) + nrrp(T, t)),



(n5:(0) + sy (0.0)) =

(n?s(O) +n1sp(0, t)) -

(i (0) + msp (0.1)) =

(n?R(O) + n1rp(0, t)) -

mo

A

mo

A

mo

A

mo

A

(Ngs + NSSp(t)) /Ooo
(w35 + Nsspt0) [
(Nis + Nas(0) [

(N + Nom®) [~

-bvz,prim(T) (n’gl(T) +nsrp(T, t))

+ Waee(r) (mha (7) 4 sy (7))

-bvl,prim(T) (n?s(T) + nrsp(T, t))

+ bV, see(T) (TL?R(T) + nrrp(T, t))} dr,

_bvz,prim(T) (nqu (1) + nsip(T, t))

-bvl,prim(T) (n}S(T) + nrsp(T, t))

1 Vi seo(T) (n;R(T) + nrrp(T, t))} dr.

+ bV, sec(T) (n}}f (7) + nrip(T, t))} dr,

87
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Through multiplying out and taking derivatives, we have the following system.

dN, t "
725:( ) =A- moNSS
N* > T * * * *
= TS T UV i (7 () + Vo prion (7)1 (7) + Vi) () + WV (1)
0 L
— moNssp(t)
N* oo [
= TS T W i (s (7. 6) + Vg (s, 1)
0 L
+ bVl,sec(T)nIRp (7'7 t) + b%,sec(T)nRIp(T7 t):| dr
N o * * * *
— SS” / {bvl,mm (7)n75(7) + 0Va,prim (T)N51(7) + bVi s (TG R(T) + bVa,see (T)nRr (7) | dr
0
N oo
Mo SSp / {bVLp”m T)nrsp(T,t) + bV prim (T)nsip (7, t)
0
WV (1) + W) (7,0
dN. t « Ng e . . °° X
D) — oV = PO [0V (i) 4 Vh e (i) | 4 [ i)
0 0
moNgr [
— mONSRp(t) — T / |:bV1,p7‘im (T)nISp(T7 t) + bVl,SEC(T)nIRP(T7 t):| dr
0
- %Rp(t) / |:bV1,pr'im(T)n;S(T) + bVl,sec(T)n;R(T)] dr + / T2,pr'imnSIp(T7 t) dr
0 0
- %Rp(t) / |:bV1,pr'im(7')nISp(T7 t) + bVl,sec(T)nIRp (7-7 t):| dr,
0
dNgsp(t . Nis [ . ) o )
%() = —moNhg — T0Rs / {bvz,mm(T)ns,(T) +bvz,sec(7)nm(7)} dr + / r1primnts (T) dr
0 0
moNgs [
— mONRSp(t) — T / |:bV27pm'm (T)ns[p(T, t) + szysec(T)nR[p(T, t):| dr
0
_ %&’@) / [bvg,,,,.m(f)ngj(f) + ng,sec(T)n}}I(T)] dr +/ T1,primnisp(T,t) dT
0 0
- %&)(t)/ [sz,prim(T)nsm(T, t) + bV sec(T)nRIp(T, t)] dr,
0
LA — o+ [ |raprinnin(r) + rsceni(7)
0

- mONRRp(t) + / |:7'2,pr'imnIRp(T7 t) + T2,secnRIp(T7 t):| dr,
0
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dn; (1) n Onsip(r,t) | Onsip(r,t) _ — (Mo + T2 prim )51 (T) = (Mo + T2, prim 0515 (T, 1),

dr or ot
* O t O 7t *
ans (T) + nISP(T7 ) + nISp(T ) = —(mo + Tl,pri'm)nls(T) - (mo + Tl'p’m‘m)nISP(T7 t)7
dr or ot
dn* t 1o} t *
npr(T) n Ongrp(T,t) nrip(T, 1) = —(mo + T2,5ee)npr (T) = (Mo + T9,5ec)NRIp (T, 1),
dr or ot
* t t *
dnir(T) + Onirp (7, t) + Onirp(7,1) _ —(mo + 11sec)nrr(T) — (Mo + T1,5ee)n1Rp(T, 1),
dr or ot
moNss

n51(0) + nsip(0,t) =

A /{MWMW&W+MWW%M+”
0

+ —mOiVSS / |:bV2,prim(T)nSIP(T7 t) + sz,sec (T)nRIP (T’ t):| dr
0

%‘S‘p(t) / [b‘/z,prim(T)ngI(T) + bVQ,Sec(T)n};/I (T):| dr
0

Nssp(t) [
 Molssy(t) / [bvz,prim(T)nSIp(7'7 t)+bvz,sec(r)nmp(ﬂt>] dr,
0

* N* * * *
is(0)+ 15y 0.0) = "5 [ (008 i (i () + el min(r) | ar
0

4 Mo Vis / [bvl,mmu)nmpu,t)+bv1,sec<7>nmp<ﬂt>] dr

0

+%&v(t> / [bvl,mm(f)n}s(r)+bv1,sec(r)n?a(f)} dr
0

4 Molssy(t) / [bvl,mmmnmp(n )+ Vi see(r)mamp (7, t)] dr,
0

* N* it * *
i (0) + r1p(0.0) = PRI [ 00 i (7 () 08 ()t
0

moNks

TR

/ [bV2,pri7n(T)nSIp(T7 t) + Vo see(T)nRIp(T, t)] dr
0

N t oo * *
+ %‘SP() / [b%,prim(T)nSI(T) + b%vsec (T)nRI (T):| dr
0

Nrsp(t) [

+ 7no+3p() / |:b‘/2,prim(7')nslp(7_7 t) + b‘/Z»SGC(T)nRIP(T’ t):| dT’
0

moNsr

n?R(O) +nIRp(07t) = A

/ |:bV1,pm'm (T)n?S(T) + b‘/lvsec(T)n;R(T)] dr
0
4 mofisn / [bvl,m-m(f)nmp(n ) + BVi,see()nrmp (T, t>] dr
0
+ %ﬂ’p(t) / [bVI,prim (T)’n;S(T) + bVLSGC (T)an(T):| dr
0

+ %Rp(t) /oo [bvl,prim(T)nISP(Tv t) + bVl»SGC(T)nIRP(T’ t):| dr. (529)
A 0
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A
At equilibrium, since Nj = —, the following equations are satisfied, as described in Equa-
m

0
tions (5.9), (5.10), and (5.11).

* N* ° * * * *
A— moNss — mOA S5 / |:b‘/1,p'r'imnls (7') + b%,prim(T)nSI(T) + bVl,secnIR(T) + b‘/Z,sec(T)nR[(T)] dr = 0,
0
* N* o * * e *
—moNgs - N5 [bvl,mmmn[sm + bVl,sec(T)nm(T)} ar [ raprimnin(r) e =,
0 0
* N5 st * * e *
o Njs — 0B [ [sz,prim(T)nsz(T) DV e (T <T>} v+ [ riinnis(r)dr =0,
0 0

—moNgpg + / [h,secn?R(T) + r2,secnRI(7—)*:| dr =0,
0

% = —(mo + 72, prim)n57(7T),
dnisT(T) = —(mo + 71,prim)n1s(T),
dn};;(T) = —(mo + r2,5ec)nR1(T),
d”ZI:(T) = —(mo + 71,sec)n1r(T),

* N* < T * *
1 (0) = PO [ 0Vh i (7)1 () Ve (7 (7) | dr.
0 L

* N* > T * *
n1s(0) = %/ V1 prim (T)n1s(T) 4+ Vi sec(T)n1R(T) | dT,
o L

y moNF aal " "
nrr(0) = %/ V2 prim (T)ns1(7T) + bV2sec(T)nR1 (7) | dT,
0 L

n?R(O) = mOT]VS*R /Ooo -bvl,pr'im(T)n?S(T) + b‘/l,sec(T)n;R(T) dr. (530)

Since we assume our perturbations are small, we can ignore any quadratic terms of pertur-

bations. Using the equations (5.30) and ignoring the quadratic terms of perturbations, we



can simplify system (5.29) to the following system.

Nssp(t) _ o Nssn(t)
dt
- molEs /0 ” [bvlmm(T)mS,,(T, £) + 6V, prim (T 10(7, 1)
+ OV1sec(T)NiRp(T, t) + V2 sec(T)NRIp(T, t)] dr
— moNosy(t) / ~ [bVLwim(T)’lﬁs(T) + DV pri (7)051(7)
0
+ OV see(T)nTR(T) + bV2,sec(T)n721(T):| dr,
7stdzzp(t) = —moNsrp(t) — mOTNgR /000 [bvl,pf-ivn(T)nISP(T7 t) + bVi sec(T)nrmp (7, t)] dr
_ 7m°NiRp(t) /Oo [b%,prim(T)n;S(T) +bV1,sec(7')n?R(T):| dr + /00 r2,primNsp(T, ) d7,
0 0
dNZiiP(t) = —moNgs,(t) — mOTNES /0oo [sz,pnm(T)nszp(T, t) + bVa see(T)NRIp(T, t)] dr
_ mONiiSP(ﬂ / b [bw,mmu)nzm) + bvz,sec(T)nz‘H(T)} dr + / T primmsp(r.t) dr,
0 0
C”VRTI?(Q = —moNrgp(t) + /Ooo |:7"2,pm‘mnIRp(T7 t) + r2,5ecNRIp(T, t)] dr,

8n51p(7'7 t) i 877,51;,(7’7 t)

= —(mo + TZ,prim)nSIp(T7 t)7

or ot
on Tt on Tt
I%pT( ) + Isapt( ) _ —(mo + 71,prim)n1sp(T, 1),
Ongrrp(T,t Ongrrp(T,t
Rg;_( ) + ngt( ) = _(mO + r2,sec)nRIp(T7 t)7

Onrrp(T,t) n Onrpp(T,t)

or ot = —(mo + 71,sec)N1Rp(T, 1),
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A

moNssp(t)
TR

N* oo [ 7
nsip(0,t) = L2158 / WVa.prim (T)51p(T, 1) + bVa,see (T)R1p (T, t) | dT
0 L i

/Ooo [b‘/z,priM(T)ngI(T) + 0V sec(T) 1 (T)} dr

N* oo I 7
nISp(07 t) = % / bVl,pm’m (T)nISp(T7 t) + bVl,sec(T)nIRp(T7 t) dr
0 L i
4 TR [ o0 i (7o) + 0V )
0

N* oo [ 7
nrip(0,t) = %/ bV prim (T)ns1p(T, ) + bV sec (T)nR1p (T, t) | dT
o L ]

moNRsp

4 TR a0 (0 (7) 4 WV (1)

N* oo [ 7
nIRp(07 t) = % / bVl,pm’m (T)nISp(7'7 t) + bVl,sec(T)nIRp(T7 t) dr
0 L 4

+ %Rp(t) /O°° [bVl,prim(T)n;s(T) + bVLSEC(T)n}‘R(T)} dr. (531)

System (5.31) is a linear system. Thus, we look for solutions of the following forms.

Nisp(t) = Nssoe™,
Nipy(t) = Ngpoe™,
Ngsy(t) = Ngsoe™,
Ngrp(t) = Nrgoe™,
nsry(7,t) = ngro(r)e™,
nrsp(T, 1) = nyso(7)e™,
nrip(T,t) = ngio(T)e™,
nrrp(T,t) = nrro(7)eM, (5.32)

where Ngsso, Nsro, Nrsos Nrros Ns10(T), nrso(7), nrio(7), nrro(7), and A are nonzero. This

ensures we are dealing with a perturbation away from the equilibrium.

Thus, if system (5.31) is solved such that the real parts of A are negative, then over time, the
perturbations get closer to zero, and thus our solutions (5.27) move closer to the equilibrium.

In this case, the equilibrium is locally asymptotically stable.
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If system (5.31) is solved such that the real parts of A are positive, then over time, the
perturbations get larger, and thus our solutions (5.27) move away from the equilibrium. In

this case, the equilibrium is unstable.

Therefore, our goal is to write system (5.31) in such a form such that it can be used to
determine whether the system is solved when the real parts of A are negative or when the

real parts of \ are positive.

Substituting the solutions (5.32) into the system (5.31), we obtain

d(Nssoe’\t) N
— = —moNssoe
mONg‘S o At At
-—= V1, prim (T)nrso(T)e”™" + bVa prim (T)nsro(7)e
0
+ bV see(T)nrro(T)eM + sz,sec(T)nmo(T)eM] dr
N At [e’s) . .
- R [ oV i (i) Vo i (7 (1)
0
WV () + Vo e ()| .
d(NSRoe/\t) At moNéR o At At
————r = —moNsggroe — — / |:bV1,pT-im(T)njso(T)€ + bV sec(T)nrRO(T)E ]dT
0
N At ¢S} . . %)
- % / |:bV1,pr'im(7')nIS(7') + bVl,sec(T)nIR(T):| dr + / T2,pr'i7anSIO(7-)6>\t dr,
0 0
d NRS()S)\t N oo
7( — ) = —moNgsoe™ — LOA RS / |:bV2,p7‘im (T)nsro(r)e™ + b‘/Z,sec(T)nRIO(T)e/\t] dr
0
N At e} . . e}
_ % / [ngyp”-m(T)nSI(T) + szysec(T)nRI(T):| dr + / T]yprimnjso('r)ekt dr,
0 0
d(NRRoekt) At i At At
— = —moNgrroe +/ {Tz,mmnmo(ﬂe + 72,secnrI0(T)E }dﬂ
0
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3(n510(7)e”) 8<n510(7')6’\t) At
- n - = —(mo + r2,prim)nsro(7)e™,
a(mso(T)eM) 8<n150(7)6m) At
- n - = —(mo + T1,prim)nrso(rT)e™,
8(nmo (T)eM) 8<nRzo(T)6/\t) At
- . - = —(mo + 72,sec)nRI10(T)E,
8(”11%0 (T)ekt) 8(n1RO(T)eM) .
= + 5 = —(m() + Tl,sec)nIRO (T)€ ’
N i
nsio 00" = P2 [ v (rnsio(10eN + 0 e (rmia(r)e™ [ ar
0
N At oo I « * 1
Rl / bV prim (T) 151 (7) + bV, see (T)nes () | d,
| l
Nis [>T -
naso(0)e = "5 [T i (r)aso(r)e + 0V ee (7 o(r)e |
| l

A

N At oo I " * ]
+ M/ bVl,pr'im(T)nIS(T) + bVl’sec(T)nIR(T) dr,
o | J

Nis [ _
nrro(0)e = TS / BVaprim (T)510(7)eN + BV,sec(T)nmro(r)e™ | dr

At
moNRrsoe

N f / |:bV2,pr-im(T)n§I(T) + bVQ,sec(T)n}x’,I (7'):| d’7'7
0

A

Nip [T -
nrro(0)e’ = Totsk / WV prim (T)150(7)e + bV see(T)n1R0 (7)™ | dT
0 |

At
moNsroe

e R P R R ) (5.33)

Note from taking derivatives, we have

d <N ssoekt)

= = ANgsoe™,
d (N SROe)\t)

= = ANgproe™,
d (N Rsoekt)

= = ANggoe™,
d (N RROe)\t)

— ANpppe™. (5.34)
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Consider

8(7@510(7')6”) 8(713[0(7‘)6’“) N

-+ = —(mg —+ TQJ,Mm)nS[O(T)e .

or ot

Then by taking derivatives, we have

dn T
N (%()) + Angro(T)eN = —(mo + 72prim)nsro(T)e
dngro(T

We can do this similarly for the other partial differential equations. In summary, we have

that the partial differential equations in system (5.33) can be written as

Y dnsgo(7)
dr

) = —(mo + T2prim + )\)nSIO(T)eMa

d
eAt ( n[(;(i(T)) _ _(mo + T4 prim + )\)nISO(T)eMa
d
e)\t ( n}EZI;(T)) = _(mO + T2, sec + )\>nRIO(7—)€)\t7
ae ((Aniro(T) y
€ dr = _(mO + T1,sec + A)”IRO(T>€ . (535)

After taking the derivatives as described in (5.34) and (5.35), a term of e* can be factored

out of every equation of system (5.33). This term of e™ can then be eliminated from every



equation of system (5.33). Therefore, we have that system (5.33) can be written as

ANsso =

ANsro =

—moNsso
N °
B % / |:bV1,prim(T)nISO(T) + Vo prim (T)n510(T)
0
+ b‘/l,sec (T)nIRO(T) + b%,seC(T)nRIO (T):| dr
N oo * *
w / |:b‘/1,p7“im(7—)n15(7—) + b%,prim(T)nSI(T)
0
+ BVhsee (M) R(7) + sz,secv)n?u(T)] 4T,
moNsgr [
—moNsro — A / {bVLWW(T)nISo(T) + V1 see (T)mRO(T)} a
0

ANRso =

N OO * * >
w / |:bV1,pm'm (T)nIS(T) + b‘/l,sec(T)nIR(T)] dr + / T2, primMSI0 (T) dr,
0 0

N oo
—moNrso — % / |:b‘/2,Prim(T)nSIO(T) + b‘/Z,seC(T)nRIO(T):| dr
0

N, e * * ~
mo ARSO / [ng,pm-m (r)nk(r) + b‘/z’seC(T)nRI(T)] dr + / 1, primnrso(T) dr,
0 0

ANRRro = —moNgrRro + / [Tz,pm'mnmo (1) + T2,secnmo(7')] dr,
0

dnsro(T)
dr

dnrso(T)
dr

an[o (7‘)
dr

dn[Ro (7‘)
dr

= —(mo + 72,prim + A)nsro(7),
= —(mo + T1,prim + A)nrso(7),
= —(mo + 72,sec + A)nrro(7),

- _(mO + T1,sec + )\)nIRO(T)7

96



m N* o0
nsro(0) = M/
0

A

N oo
4 MoNsso /
A 0

m N* o0
nrso(0) = M/
0

A

moNsso [
+ ol /O

m N* oo
nrio(0) = M/
0

A

moNrso [
i ol /0

moNg >
niro(0) = M/
0

A

" moNs ro /°°
A 0

Solving the differential equations of system (5.36), we have the following.

bV2,prim(T)nSIO(7_) + b‘/Z,sec(T)nRIO (T) dr

[bvz,mmmngm + sz,sec(T)n}‘u(T)] dr,

V1, prim (T)n150(T) + bV sec(T)n1R0(T) | dT
[V i (s (7) 4 WV ()]
bV2,prim(7—)nSIO(7—) + b‘/Z,sec(T)nRIO(T) dr

|:bV2,m-im(T)n§](T) + bVQ,sec(T)nj%I (7—):| dr,

V1, prim (T)n150(T) + bV sec(T)n1R0(T) | dT

[bVLpMm(T)n;S(T) + bVLSEC(T)n;R(T):| dr.

6_(7”0 +72 prim +)\)7'
)

)

)

)
)
)6_ (m0+7‘2,sec+>\)7
)

mo +T1,sec+)\)7_

97

(5.36)

(5.37)

Thus, substituting the solutions (5.37) into the other equations of system (5.36), we obtain
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the system of equations

ANsso = —moNsso
= s [ oV 0)e " b (rnsio(0)e "
0
+ OVhsec(P)naro(0)e " MOFT N BV L (T)nno (0>e’(”°“2’“°w] .
_ LO]XSSO /OC><> {bVme‘m (T)n7s(T) + bVa prim (T)n5 1 (T) + Vi sec(T)n1r(T) + bV?ysec(T)"y?I(T)] dr,
ANsro = —moNsro
- mOTNgR /Oo [bVI,prim(T)nISO(0)€7(m0+rl’pTim+A)T + bV1,sec(T)nIRo(0)67(%”1’5&“%] dr
0
_ LOJXSRO /Oo [bVLpMm(T)n}S(T) + bV1,sec(T)n;R(7—)] dr + /oo ro.primnsro(0)e” (MoFT2prim AT g
0 0
ANRrso = —moNrso
- s [ [bvz,pm(T)nsm(ma(mo+rzwm“>f + bvz,sec(ﬂmm(0>e*<m°”2’m“>f] dr
0
- % /oo [bVQ’prim(T)’rLg](T) + ng,sec(T)n}}I(T)] dr + /00 71 primnso(0)e” OTTLorim AT g
0 0
ANrro = —moNrRro + /Oo [rl,secnmo(o)ef(m(’“l’“”A)T + rz,secnmo(0)67(m“+rz’5€c+A)T] dr,
0
nsr0(0) = mOTNgS /OOO {sz,pm'm(T)nsm(O)ef(m“““”m“” + sz,sec(T)TIRJO(0)67(7”0“2’5““)7} dr
+ % /oo {ng,pMm(T)nZI(T) + bVa, sec(T)nR1 () | dT,
0

m N* oo [ _ . T — s T
nrso(0) = % / bV prim (T)nrso(0)e MO Lerim TNT L by (T nrgo(0)e” (MO eee T g7
0 L

N oo [ % *
4 TR0 [ i (7 (7) + i e (i)
0 L

moN5 s (o ) . —(mo+r T
nmo(o):% / WV prim (T)ns10(0)e MO r2rimINT L pys (FYnpro(0)e (Mot Tsect DT gp
0

N oo [ * *
+ molRso / OVa,prim (1151 (7) + bVa,see () (7) | d,
0 L

N* oo —(m, T i T —(m, T T
n1r0(0) = %/ {bVLpMm(T)mso(O)e (mo+r1prim+ 0T L bV o (T)nrro(0)e ™ (MO st g
0

+ LO]XSRO /00 _bVLpMm(T)n;S(T) + bVl,sec(T)n;R(T)_ dr. (538)
o L
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We can ignore the equation involving Nggo in system (5.38) since Nggo is uncoupled from

all the other equations in system (5.38).

o 1
/ e “Tdr = —,
0 a

and only exists if the real part of a is positive.

Note

Recall that C1, Ca, I't primx, Do primoas I'1secr, and I'g sec are defined as

G =0 [ (Wil is() + Wil ial) )
Co= 0 [ (Wopinlr)054() + W)
T primo = % /0 > BV prign (7)€~ 010N

T prims = % /OOO BV, prign (7)€~ 020 AN

T e = % /OOO BVisee()e™ (MOHTLscctNT g

T3 seer = % /0 T DV ()oY

Thus, using these definitions and the fact that the integrals must exist, we can write (5.38)

as

ANsso = —moNsso — N5sT'1,prim,an150(0) — N5sI'2 prim,ansro(0)
— N5sT'1 see,an1ro(0) — NssI2 see,axnr10(0) — C1Ngso — C2Nsso,

ANsro = —moNsro — N3rT1,prim,an150(0) — NSgT'1 see,xnrro(0)

T2, prim

1S Ro + A + mo + T2, prim

nsro(0),

ANgrso = —moNgrso — NrsT2,prim,ans10(0) — NrsT2 see,xnrio(0)

T1,prim
— C2N, — N, 0
2VRso + A+mo + T1,prim ISO( )7
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ns10(0) = N5sT2,prim,ans10(0) + N5sT'2 sec,anr10(0) + C2 Nsso,
n150(0) = NgsT1 prim,an150(0) + N§sT1,sec,xn1r0(0) + C1 Nsso,
nr10(0) = NgsTaprimansio(0) + NesTe,see,xnri0(0) + C2Nrso,

n1ro(0) = NSt prim,an150(0) + NSrT'1 see,xnrro(0) + C1 Nsro. (5.39)

Rewriting the equations of system (5.39), we obtain

(A+mo + C1 + C2)Nsso + N5sT2 prim,ans10(0) + N5sT'1, prim,an1s0(0)

+N§SF2,sec,>\nRIO(O) + N;SFlysec,,\nIRO(()) = O7

T2, prim

mnsm(o) + N5gT1 prim,anrso(0) + Nggli1 sec,anrro(0) = 0,

(A+mo + C1)Nsro —

T1,prim

- m’ﬂ[so(o) + NisT2 seeanrio(0) = 0,

(A +mo + C2)Nrso + NrsT2 prim,ans0(0)
—C5Nss0 + (1 = N5sT2 prim,» )ns10(0) — N5sT2 sec,anrro(0) = 0,
—C1Nsso+ (1 = N3sT1,prim,x)n150(0) — N5sT1,sec,an1r0(0) = 0,
—C2Nrso — NisT2 prim,ansio(0) + (1 = NrsT'2, see,x)nr10(0) = 0,

—C1Nsro — N5rT1 primanis0(0) + (1 — NSrT see,x )nrro(0) = 0. (5-40)

We can now write system (5.40) as

where
y' = (Nsso, Nsro, Nrso, nsi0(0), nrs0(0), nrio(0), nIRO(O)) 7
0= (0,0,0,0,0,0,0),
and

M)\:<M1 Mg),
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where
A+ mg+ Cy + Cy 0 0
0 A+my+ C; 0
0 0 A+ mg+ Cy
M, = —Cy 0 0
- 0 0
0 0 —,
0 —-C 0
and
NET's prim NS primoa N§T's secn NI seen
#ﬁ;fm N§er,prim7k 0 N§er,sec,A
Niol's primoa #’Z’Zm Niol'a seen 0
My = | 1= Ngsl2prima 0 —N§sT2 scen 0
0 1 — Ngsl't prim,a 0 —Nggl' seen
—Nrsl2prim 0 1 — NjT'a seen 0
0 —Ngrl'1 prim, 0 1 — Ngrl't seen

M, is a 7 X 7 matrix.

Since y? is nonzero, equation (5.41) implies

det(MA) = 0.

(5.42)

Equation (5.42) is an equation of \. However, this is not a normal characteristic equation of

A due to the definitions of I't prim. s I'2prim xs T'1seens and 'y gec .

Adding rows to other rows does not change the determinant of M. Thus, we can simplify

M, slightly.

We add rows 4 and 5 to row 1, we add row 7 to row 2, and we add row 6 to row 3. Thus,
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we have M, =

A+ mo 0 0 1 1 0 0
0 A+ mo 0 o Zprim 0 0 1
A+mo+r2 prim
—T1,prim

0 0 A+mo 0 A+mo+71 prim 1 0
—CQ 0 0 1-— Ngsrg’prim’/\ 0 —Ngsl"g’sec’k 0 : (543)
_Cl 0 0 0 1-— Ng‘SFl,p'rim,/\ 0 _Ng‘srl,sec,)\

0 0 —Cs —Nj6Ta primoa 0 1— NjigTo seen 0

0 -C1 0 0 _Nger,prim,A 0 1- Nger,sec,A

In summary, as described when we defined solutions (5.32), we have shown that the stability
of the generic equilibrium can be determined by analyzing the solutions A to equation (5.42).
If the solutions all have negative real parts, the equilibrium will be locally asymptotically

stable. If at least one solution has positive real parts, then the solution will be unstable.
Note that (5.43) is the same matrix described in definition (5.26).

Thus, the proposition is proved. O

5.4.8 Extinction stability

Proposition 5.4.7. The extinction equilibrium

* * * * * * * * A
<N557NSR?NRS?NRRvnSI(T)vnIS(T>7nRI(T>7nIR(T)) = (%70707070707070) (5.44)

1) is locally asymptotically stable if T'y prim < 1 and Lo prim < 1;

2) is unstable if 'y prim > 1 or Ty prim, > 1.

Proof. To determine stability of the equilibrium, we can use the matrix M, defined in (5.26).
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Recall
0o
mo
Fl,;m"im,)\ = b‘/i,prim(7>e (motr1p 4 dTu
Ao
00
mo —(Mmo+r2,prim+A)T
F2,pm’m,)\ = T/ b%,prim(T)e (mo+72,prim+2) dr.
0

We plug in the extinction equilibrium as defined in (5.44) into the matrix M).

Using Mathematica, we find that

A A
det(M)\) ()\ + mO) (m_rl,prim,)\ - 1) (_
0

F2,pm’m,)\ - ]-) .
mo

Solutions A must satisfy det(M,) = 0.

Thus, we have solutions A;, Ay, and A3 that satisfy the equations

)\1 +my = 07
A
—F rim - ]_ - O,
mo 1p A2
A
—TI rimAs 1=0.
mo 2primAs
(5.45)
Let
Hl,pmm / b‘/l ;m"zm —(mo FrLprim AT dT, (546)
0
H2,p7’zm / va2 pmm —(mo Fr2prim tA)T dr. (547)
0

From equations (5.45), we consider

A
—TI' prim 1=0.
mo 1,p A2 T
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This is equivalent to

Hl,prim(>\2> = 17 (548)
where Hj ppim, is defined in equation (5.46).

Similarly, equation

A
—T rim —-1=0
mo 27p 7>\3

from equations (5.45) is equivalent to
H2,prim()\3) = 1, (549)

where Hy pim, is defined in equation (5.47).

Lemma 5.4.1. IfI'y ji < 1, then solution Ay from equations (5.45) has negative real parts.

Proof. Assume \y = o + i where a > 0.
Note [ef!] = 1 for all .

Using H prim as defined in equation (5.46), we have

o
|Hl,pm'm()\2)‘ = ‘ / b‘/l,prim (T)e—(m0+r17p”m+>\2)7_ dT
?w .
S / vame'm (7‘)6_(m0+7”1,pr'im)‘r|6—(a+62)7_| d7-
OOO |
OOO
= / b‘/l,p’r‘im (7—)6_(mO+T1,PT'im)T€—o¢T dT
OOO
S / b‘/var,im(T)e_(mO‘l'Tl,prim)T d7_
0

= Fl,prim <1

In summary, if I'y .4, < 1 and Ay has positive real parts, then |Hy prim(A2)| < 1.



105

However, solution Ay must satisfy Hj prim(A2) = 1, as shown in equation (5.48).

Therefore, in order to satisfy Hi prim(A2) = 1, solution Ay must have negative real parts. O

Lemma 5.4.2. IfI'y i < 1, then solution \s from equations (5.45) has negative real parts.

Proof. The lemma is proved similar to Lemma 5.4.1 by replacing Ay with Az, I'1 ,pin, With

Lo prim, and Hy prim(X) With Ho prim (A), where Hj ppim is defined in equation (5.47). O

Lemma 5.4.3. If 't priy, < 1 and T'gprimy, < 1, then the extinction equilibrium is locally

asymptotically stable.
Proof. We show that the solutions Aj, Ay, and A3 from equations (5.45) have negative real
parts.

Note that A; + mg = 0 implies A\; = —mg. Since mgy > 0, solution A; always has negative

real parts.
If I'y prim < 1, then from Lemma 5.4.1, solution Ay has negative real parts.
If I'y prim < 1, then from Lemma 5.4.2, solution A3 has negative real parts.

Thus, if 'y prim < 1 and Iy prim < 1, all solutions Ay, Ag, and A3 from equations (5.45) have
negative real parts.

Thus, the extinction equilibrium is locally asymptotically stable. O

Lemma 5.4.4. If 'y ,im > 1, then solution Ao from equations (5.45) has positive real parts.

Proof. Consider Hj prim(A) as defined in equation (5.46).
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The solution Ay must satisfy the equation Hi prim(A2) = 1, as shown in equation (5.48).
Note that
Hl,pm’m(o) = / b‘/lmm'm(7)6_(m0+rl’pmm)7— dT = Fme'm-
0
If Fl,;m"im > 1, then Hl,prim(o) > 1.

Treating Hi prim(A2) as a function of the real variable A, we note that

lim Hl,pm’m()\2) =0

)\2—>OO
Since Hi prim(0) > 1, we have that the equation Hj ,.im(A5) = 1 is only satisfied for some
A5 > 0.

In summary, if I'y .4, > 1, then solution Ay must have positive real parts. O

Lemma 5.4.5. If 'y i > 1, then solution Ag from equations (5.45) has positive real parts.

Proof. The lemma is proved similar to Lemma 5.4.4 by replacing Ay with A3, I'1 ypin, With

Lo prim, and Hy prim(A) With Ho prim (), where Hj ppim is defined in equation (5.47). O

Lemma 5.4.6. If I'1 primy, > 1 01 Uy primy > 1, the extinction equilibrium is unstable.

Proof. If T'y prim > 1, then from Lemma 5.4.4, solution Ay from equations (5.45) has positive

real parts.

If T'y prim > 1, then from Lemma 5.4.5, solution A3 from equations (5.45) has positive real

parts.

Thus, if I'1 prim > 1 or 'y prim > 1, the extinction equilibrium is unstable. O
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In summary, we proved statement 1) in Proposition 5.4.7 using Lemma 5.4.3.
We proved statement 2) in Proposition 5.4.7 using Lemma 5.4.6.

Thus, the proposition is proved. O

5.4.9 Strain 1 stability

Proposition 5.4.8. The equilibrium where only strain 1 persists

(N;S,N;R, ;;S,N;;R,nm),n;s(f),na(f),n;Rm)

A A rimr M’m_l AF rim_l _ .
— ( 0 Tl,p ( Lp ) , 07 O’ M@ (7”'0“"'f‘l,p'rzn’L)T7 O’ 0) (550)

s Uy
Fl,;m"im mo (mO + Tl,primrl,prim> Fl,;m"im

1) exists if I't prim > 1;
2) is locally asymptotically stable if Ry, < 1;
3) is unstable if Ry, > 1,

where

o F2,prim Tl,prim(rl,;m"im - 1>F2,sec
Fl,prim (mO + Tl,prim)rl,prim

Ro, (5.51)

Proof. We first use the following lemma.

Lemma 5.4.7. The equilibrium where only strain 1 persists exists only if I'y prim > 1.

Proof. Assuming nonnegative initial conditions on System (5.1), it can be shown that all
solutions are unique and nonnegative. Thus, in order for this equilibrium to exist, we need

I'y prim — 1 > 0. Thus, if the equilibrium exists, we must have I'y ., > 1. O

From the definition of the equilibrium in (5.50), we have n¥§,(7) = 0 and nj,;(7) = 0.
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Thus, we have

m [e.e]
Ca =" [ Wapin (1) (7) + Wasae(rig () d = .
0

A
Also, since
A F rim 1 — i
nrs(7) = %e (mo-t71,prim)T
1,prim
and
nigp(T) =0,
we have
mo o * *
C, :T/ VA prim (T)N 7 (T) + OVA see(T)n] 5 (T) dT
0

mO) A(Fl,;m"im - 1) /OO —(mo+T1 prim)T
= | — - - bv i 0 1,prim
( A ( Fl,prim 0 b (T)e

_ (@) A(Fl,;m"im - 1) I )
A Fl,pm‘m 1,prim

=(mo) (L1 prim — 1). (5.52)

Using the equilibrium where only the first strain persists as defined in (5.50),

(Ngs, Nigs Niss Nigs 1 (7), s (), g (7). nyRm)

:( A 0 Arl,;m"im(rl,prim - 1) 707 07 A(Fl,;m"im - 1>€_(m0+7«17p”.m)7— 0 O),

) Uy s Uy
Fl,prim mo (mO + Tl,;m“imrl,prim) Fl,prim

we plug these values along with C; and Cs into the matrix M, as defined in (5.26).
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Using Mathematica, we find that

1
det(M)\) = (F2 - ) ()\ + mo)()\ + mOFl,prim)

1,prim 0(m0 + Tl,prim)

(moFme‘m()\ —+ m0F17pTim) — Arl,prim,)\(A -+ mo))

((mO + rl,prim)(morl,prim - AP2,pm'm,)\) + Arl,primrlsec,)\(l - F1,pm'm))

Note that solutions A must satisfy det(M)) = 0.

Thus, we have solutions Ay, Ag, A3, and A4 that satisfy the following equations.

A+ mgy =0,

Ao+ mol'y prim = 0,

Mol prim (A3 + Mot prim) — A1 primoxs (As +mg) = 0,

(mo + 71 prim) (M1 prim — A2 primoag) + A1 prim (1 — T prim)U2,see, 0, = 0.

(5.53)

Lemma 5.4.8. Solutions A1, As, and A3 from equations (5.53) always have negative real

parts.

Proof. From equations (5.53), A; +my = 0, which implies A\; = —my. Since mgy > 0, solution

A1 always has negative real parts.

From equations (5.53), Aa+mol'1 prim = 0, which implies Ao = —mol'y prim. Since my > 0 and

Iy prim > 1, solution Ay always has negative real parts. From equations (5.53), we consider

mol'1 prim(As + Mol prim) — A1 primoag (As +mg) = 0.
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Then,
Mol prim(As + Mol prim) = A1 primors (As + mo).
Thus,
1—‘1 prim()\?) + morl pm'm) A
: ’ = i F rim . 554
)\3 + mo mo Lp A3 ( )

Assume A3 = a + i where ae > 0. Now consider the left side of equation (5.54).

Since I'y prim > 1, we have

Fl,prim()\i’) + morl,pm'm)
)\3 + my

o F \/(Oé + mOFI,pMm>2 + 52 = F
— L 1,prim 1,prim-
Y Vi +mg)? + 5 ’

Now consider the right side of equation (5.54).
Note that |e®| =1 for all /3.

Also, note that

o0
mo —(mo+r im )T - —A3T
Iy primas = N / V1 prim(T)e (Mo+T1prim)T o= AT (7
0

Thus,

A
— | T Tim
‘(Wm> LA

o
- ‘/ bVl,pnm(T)e_(m0+7“1,mm)re—>\37 dr
(Om .
S/ b‘/l,pm'm(7')6_(m0+rlvprim)7'|€—(a+ﬁz)7—‘dT
0C>O |
S/ bvl,prim(T)e_(mo“‘rl,m-im)T|€—0cr"e—ﬁz—r|dT
OOO
S/ b‘/Lp?“im(7)6_(m0+rlvprim)7'6—a7— d’T
OOO
S/ b‘/Lp,r.im(T)e_(mO‘l'Tl,prim)T dr
0

- 1ﬂl,]m’im
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Thus, if A3 = a+ §i where o > 0, then the right side of equation (5.54) is less than or equal
to I'y prim, but the left side of equation (5.54) is greater than I'y p.i,.

Therefore, to satisfy equation (5.54), A3 cannot have positive real parts, and thus A3 must

have negative real parts.

In summary, solutions A;, Az, and A3 always have negative real parts. O

From equations (5.53), we consider

(mO + rl,prim)(morl,prim - AF2,pm’m,)\4) + Arl,pm'm(]- - Fl,prim)r2,sec,)\4 =0.

Thus,

(mO + Tl,prim)(morl,prim - AF2,prim,)\4) = Arl,prim(l - Fl,prim)r2,sec,)\47

which implies

mO(mO + Tl,prim)rl,prim =A ((mO + Tl,prim)rlprim,)q + rl,pm'm(l - Pl,prim)rlsec,)\él) ;

which implies

A
Tim r Tim Tim 1-I Tim r sec ) =1. (5.95
(mO(m0+T1,prim)F1,prim) ((m0+7’1,p JP2prim x4 71 prim Lprim) 2 sec ( )

Thus, solution A\, must satisfy equation (5.55).

Note

o0
mo —(mo+r im+Aa)T
Loprimag = e / bVa prim(T)e (motr2,prim+A)T 1
0

)
m(] —(mo+r sec“l‘)\ T
P2,sec,)\4 — T/ b%,sec(T)e (mo-+rz, 4) dr.
0
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Let

Cc = (m(] + Tl,prim)rl,;m“imv
d = 7°17prim(1—‘1,prim - 1)7

1 [oe)
Hi(\) = —/ b{Lngim(T)e_(m”””"'“”)T + dVg,SEC(T)e_(mO”Z’S“)T e dr.  (5.56)
0

(& 1ﬂl,]m’im
Then we have that equation (5.55) is equivalent to

Hy(\) = 1. (5.57)

Thus, solution A\, must satisfy equation (5.57).

Lemma 5.4.9. If Ry, < 1, the equilibrium where only strain 1 persists is locally asymptoti-

cally stable.

Proof. To prove this statement, we just need to to show that the solution A4 from equations

(5.53) has negative real parts due to Lemma 5.4.8.

The solution \; must satisfy H;(\;) = 1 as shown in equation (5.57), where H; is defined in
(5.56).

Suppose \y = a + [i where o > 0.

Note |e?!] = 1 for all S.
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Thus, using ¢, d, and H; as defined in (5.56),

1 o0
- / |: ‘ b‘/27p7“im(T)e_(mo—i—rzprim)q— + db‘/ZSec(T)e_(m0+r2,sec)7':| €_>\4Td7'
0

C Fl,prim

|Hi(Ay)| =

1 [ '
<- / OV i (7)€~ MO FT2200T 4 ABV (7)€ MO | | (AT
Cc Jo 1—‘l,pmm

8

b%yl’”m( )6_(m0+r2,pr'i7n)7— + db%,sec(7>€_(mo+r275“)7 |€_O‘T| |€_Bi7—|d7’

1—‘l,pmm

OV i (7)€ 0T 20mim)T bV, (7)o (Mo FT2aee)T | om0 g

1—‘1 ,prim

BV i (7)e PO QB () m a7 | 7

8

Ncﬁﬁ

1—‘l,pmm

= r rim dr sec
(Fl,pmm 2P * > )

F Tim d
- 2,p + F2 sec
1 C

A= Ol Ol ol

o 1—‘2,107’7,771 Tl,prim(rl,prim - 1)P2,sec
1ﬂl,]m’im (mO + Tl,prim)rl,prim

:Rol < 1.

In summary, |H;(\g)| < 1 if Ay has positive real parts.
Therefore, in order to satisfy Hi(\s) = 1, solution A\; must have negative real parts.

In conclusion, from Lemma 5.4.8, the solutions Aj, A2, A3 to the equations (5.53) always have

negative real parts.

We then showed that since Ry, < 1, the solution A4 to the equations (5.53) must have

negative real parts.

Therefore, if Ry, < 1, the equilibrium is locally asymptotically stable. O

Lemma 5.4.10. If Ry, > 1, the equilibrium where only strain 1 persists is unstable.

Proof. We show that the solution A, from equations (5.53) has positive real parts if Ry, > 1.
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We use ¢, d, and H; as defined in (5.56).

Since Ry, > 1,

1 0
Hl (0) = _/ b|: < %,prim(T)e_(mo—FTz’prim)T + d%,sec(T)e_(mo—l—m’sec)T dr
0

(& F1,pm’m
1 c
= - F2,;m"im + dF2,sec
(& F1,pm’m
o FZ,pm’m dF
- T + - 2,sec
1,prim
o F2,;m"im Tl,prim(rl,;m"im - 1)F2,sec
Fl,;m"im (mO + Tl,prim>rl,;m"im
= Rol > 1.

The solution Ay must satisfy H;(A;) = 1, as shown in equation (5.57).

Treating Hi()\4) as a function of the real variable A4, we note

)\4—>OO

Thus, since H;(0) > 1, we have that H;(\}) =1 for some \} > 0.
Thus, Hi(As) = 1 has a solution with a positive real part.

Therefore, if Ry, > 1, the equilibrium is unstable. O

In summary, we proved statement 1) in Proposition 5.4.8 using Lemma 5.4.7.
We proved statement 2) in Proposition 5.4.8 using Lemma 5.4.9.
We proved statement 3) in Proposition 5.4.8 using Lemma 5.4.10.

Thus, the proposition is proved. O
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5.4.10 Strain 2 stability

Proposition 5.4.9. The equilibrium where only strain 2 persists

(N;s, N Nisss N 1y ()5 (7)s ey (), n;Rm)

_( A ATQ,prim(Fz,prim - 1) 0.0 A<F2,prim - 1>6_(m0+7’2,m-im)7 0.0 0)

- )
F2,p7’im mo (mO + T2,primr2,prim) F2,p7’im

1) exists if 'y prim > 1;
2) is locally asymptotically stable if Ry, < 1;
3) is unstable if Ro, > 1,

where
F Tim M P rim ]- P sec
Ro, = —2 r2prim(I2p )T, . (5.58)
F2,p7’im PZ,pTim(mO + T2,p7’im)
Proof. The proof is similar to Proposition 5.4.8. O

5.4.11 Coexistence stability
Conjecture 5.4.1. The coexistence equilibrium
(M. N N N (7)) (7))
exists and is locally asymptotically stable if
Uy prim > 1 (and/or) Ty prim > 1

and the following dependent conditions are met.

If 'y prim > 1, then also require Ro, > 1; if I's prim > 1, then also require Ro, > 1.
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While we cannot prove this remark analytically, numerical results allow us to conjecture this

statement.

If I'y prim > 1 (and/or) Iy ppim > 1, then the extinction equilibrium is unstable from Propo-

sition 5.4.7.

If I'y prim > 1 and Ry, > 1, then the equilibrium where only strain 1 persists is unstable

from Proposition 5.4.8.

If 'y prim > 1 and Ry, > 1, then the equilibrium where only strain 2 persists is unstable

from Proposition 5.4.9.
Also note the solutions to System (5.1) must be bounded, as shown in Proposition 5.4.1.

Therefore, if the statements listed in Remark 5.4.1 are true, the solution must approach an

equilibrium that is locally asymptotically stable.

Since no other equilibria are locally asymptotically stable, the coexistence equilibrium must

be locally asymptotically stable.

In our numerical simulations, we do not find a situation where the coexistence equilibrium

exists when one of the other equilibria is stable.

Thus, we postulate that the coexistence equilibrium only exists and is locally asymptotically

stable when all other equilibria are unstable.

5.5 Numerical results

5.5.1 Numerical algorithm

We provide a complete set of equations for the numerical algorithm required to simulate our
time-since-infection immunoepidemiological model, system (5.1). Here, denote time by ¢ and

time-since-infection by 7. At (= Ar) is the step size used; K is the maximum number of
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steps in 7-time; k is the reference index to denote the k-th step in time-since-infection; and

q is the reference index to denote the ¢-th step in system time. Note that this derivation

requires At = A7, and the numerical scheme is in a format so that it can be readily adapted

to code (i.e. the indices for 7 have been shifted such that the lower bound starts at 1). We
A

also assume that Np = —.
myo

The algorithm for the PDEs in System (5.1) is

k,q
phtla+l _ Nsr
I =
S 1 + (mo —+ TQJ,M'm)At’
k.q
phrla+l _ Ns
IS8 - 9
1 + (mo —+ T17pTim)At
nk,q
k+1 1
nR—ll— g+l RI ’ (559)
1 + (m() + T27860)At
k.q
plLatl _ iR
7 =
R 1 + (mo + T17560)At’
with boundary conditions
Nq+l [ K+1 T
lg+l _ *Y'SS 2 : k,q+1 7q+1
Ngr - b (‘/2 prim Ngr + ‘/2 sec ) At )
Nr
g+l [ K+1 T
Lg+1 __ NSS b Vk k,q+1 Vk k,q+1 At
Ng - N 1 pmmnls 1,sec iR )
Tl k=2 A
g+1 [ K+1 T
g+l _ NRS 2 : k g+1 k,q+1
NRr N b <‘/2,pmmn51 + ‘/2 secnRI ) At ) (560)
Tl k= i
NetL [ K+1 T
l,g+1 _ ‘YSR 2 : k,q+1 k,q+1
nIR - N b (‘/1 ,prim Nrs + VY1 ,sec iR ) At
Tl k= i
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The algorithm for the ODEs in System (5.1) is given by

NlH-l _ AAt + NgS
55 At K+1 k k,q+1 k k,q+1 k k,q+1 k k,q+1 7
1+ mOAt + Nr |:b Zk:2 <‘/2,primnS} + Vl,primnIZS' + V2.,secnR7[ + Vl,secnI.R >At:|
Ni g+ raprim At [ 405 nkf 7 At]
NlH-l — . _
S At K+1 k k,q+1 k k,q+1 ’
1+ mOAt + Nt bZkZQ <‘/1,primn1:‘3’ + Vl,secnI.R >At
. N +71prim At [ i +1At}
Nps = A — — T (5.61)
1+ mOAt + J%_; b Zk:Z <V21?primn5)}1+ + ‘/2]fsecnR)lIJ+ >At
N&L. + At [ A (rlﬂsecnlﬁgﬂ + szsecn%?Jrl) At]
NlH-l —
RE 1+ moAt
The initial conditions are
K+1
k
Nss(0) = Nsso, Nar(0) =) nfoAt,
k=2
K+1
k
Nsr(0) = Nsro, Nis(0) = Z nisoAt,
k=2
K+1
k
Nrs(0) = Ngso, Nri(0) =) nfyAt,
k=2
K+1
k
NRR(O) = NRRO> N[R(O) = ZnIROAt‘
k=2

We follow [71] (pp. 351-356) to develop the numerical algorithm. We include a discussion of
several important assumptions made throughout the derivation, which is intended to provide

some intuition in the choices that led to our final numerical scheme.
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Notation and Truncation of the Domain

We denote time by t and time-since-infection by 7. To discretize the domain, we divide the
age of infection direction by equally spaced steps using a step size of A7 such that after the
k-th step, 7, = kA7. Similarly, the time direction is divided into equally spaced steps of
size At such that after the ¢-th step, ¢, = ¢At. We assume variables in the ODEs in System
(5.1) evaluated at time t, have the form Ngg(?,), and are approximated numerically by Ns.
The variables in the PDEs in System (5.1) have the form ng(7x, t,), and are approximated

. K,
numerically by ngf.

As the domain of the system is infinite,
D =A{(r,t): 7>0,t >0},

we must create a reasonable approximation and truncate the domain in both age of infection
(1) and time (t)
D={(r,t):0<7<G,0<t<T}.

Because individuals eventually succumb to natural mortality if infected for a sufficiently long

period of time, lim ng;(7,t) = 0. To evaluate the infinite integral
T—r00

00
/ r2,primn5’[(7_a t) d7->
0

we choose G large enough so that ngr(7,t) < € for all 7 > G. Thus, we guarantee the differ-
ence between the finite sum and the infinite integral is sufficiently small. Similar reasoning

can be applied for the infinite integrals involving n;s(7,t), ngrr(7,t), and nr(7,t).

For the numerical simulations, we assume a constant recovery rate, implying an underlying
exponential distribution in 7. Even with a moderate average length of infection, there remain
individuals with long infections, so we must take care to choose G large enough to minimize

the proportion of the class discarded. We have found G = 100 to be sufficient.
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Partial Differential Equations

We first consider the partial differential equation for ng; from System (5.1) and evaluate it

at tg41 and 75, which results in

ETLSI(TM top1) + E”SJ(%, tgr1) = — (Mo + T2prim) s (Ths tgr1)- (5.62)
Using forward differentiation for the derivative in 7, such that the term on the right hand
side occurs at time 73 (step k), and backward differentiation for the derivative in ¢, such that

the term on the right hand side occurs at time ¢, + At (step ¢+1), we have

k+1,g+1 nk,q+l k,q+1 k,q

Ng S Ng —Ng k,qg+1
L Ar L _ 4 fAt L — —(mg + Ty prim) it (5.63)

The choice of forward differentiation for the derivative in 7 and backward differentiation for
the derivative in ¢ is needed for the cancellation of mixed terms (evaluated at the k-th step

with respect to 7 and the g+1-th step with respect to t) on the left hand side.

To simplify, we assume both age of infection and time proceed at the same rate such that
A1 = At. This assumption is necessary for cancellation of the mixed terms in equation

(5.63), and forms a square mesh for the discretized domain.

Following cancellation on the left hand side of equation (5.63), the mixed term nlg’}”l only

appears on the right hand side. However, it is necessary that we approximate this variable

with a similar term to one appearing on the left hand side. Thus, we use the assumption

kgl o kHLaFl s : : k+1,g+1 ; :
ngi™ A nigr . Without such an assumption, the solution for ng, """ in equation (5.63)

depends on n?™ and the solution for ng¢™" in the boundary conditions (5.60) depends on

ktlgtl oy .
ngr "7 which cannot be numerically computed.

With A7 = At, and with the assumption that ng’}”l ~ ng}rl’qﬂ, equation (5.63) simplifies
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to
k+1,q+1 k,q
n -n
51 SI — —(mo + Tg,prim)ngj:l’q—i—l. (564)
At
Solving equation (5.64) for nsi"*™" we obtain
nka
k+1,g+1 SI
n = . 5.65
= 1 + (mo —+ TQJ,M'm)At ( )
Similar equations are obtained for the other PDEs, nj$"4™ n%tb4™ “and nft9! which

are summarized in equations (5.59).

We return to the boundary conditions for the PDEs later in Section 5.5.1 as they depend on

Ngg, Ngr, and Ngg at time ¢,41, which we have not yet computed.

Ordinary Differential Equations

We consider the ordinary differential equation for Ngg from System (5.1) and evaluate it at

tg4+1, which results in

dNgg(t
% = A —moNgs(ter1)
Ngs(t -
_ M/ |:b‘/1,prim(7')n15(7—v tar1) + OVaprim(T) 1051 (T tg11)
Nr(tge1) Jo

+ V1 sec(T)n1R(Ty tyr1) + Vo sec(T)nRI (T, tg11) [dT. (5.66)

We then use backward differentiation from time ¢,,4, such that all terms on the right hand
side of equation (5.66) occur at step g + 1. The choice of backward differentiation comes
from the need to match the boundary condition which will be evaluated at step ¢ + 1 (see

Boundary Conditions subsection).

The integral terms evaluate the 7-dependent variables across the entire history of infection.
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We approximate the integral with a sum by employing the right Riemann sum with step size
AT up to our maximum infection length considered, GG. This results in K = % intervals of
length A7. On each interval, we evaluate the integrand at the right endpoint. A component
of these integrands is the output of our within-host model after the k™ interval, i.e. Vf] with

i €{1,2} and j € {prim, sec}.

Thus, using backward differentiation from time ¢,4; and approximating the integral using a

right Riemann sum, we can write equation (5.66) as

1
NIt — N9
58 58 _ q+1

At
+1
_ N [bz (V nGr Vi 4+ Vit Vi vq+1>m
Nq_|_1 2,prim'“ST 1,prim'°IS 2,sec'"RI 1,sec'“IR
(5.67)
We use that fact that there is constant population size such that N%H Ni = Np = m—o

i.e. System (5.1) sums to 0. Without a constant total population, it would not be possible
in our numerical scheme to explicitly solve for the variables from our ODEs, since N g+l
depends on NgJSr , which depends on Ngfr , as can be seen in equations (5.67) and (5.68).
Additionally, we note that many available pre-packaged software programs assume a step-

size of At = A7 = 1. We caution that this step-size may be too large to observe all the

dynamics, and may possibly lead to inconsistency in total population size.

Using the knowledge of constant population size and the assumption At = A7, we solve

equation (5.67) for N&t' and obtain

AAt 4+ Nig

NlH-l
S5 ! k,g+1 katl | ko pkatl | yrk kgl '
1 + mOAt + |:b Zk 1 (‘é,prim + ‘/1 przmnIS + ‘/Q,SecnRI + Vl,SeCnIR >At:|

(5.68)

Next, we consider the ordinary differential equation for Ngg in System (5.1). We use back-



123

ward differentiation from time ¢,,, and approximate the integrals using right Riemann sums

to obtain

1 +1 K
NIt N4 N
SR SR __ q+1 SR ‘rk k,q+1 ‘rk k,q+1 2
At - ;LONSR - b E lpmmnls 1 secnIR T

Again we consider constant population size Ny, At = A7 and solve for Ng;l to obtain

NgR + TQJ,M'mAt |:Z£(:1 ng’}ﬁ_lAt]

1 + mOAt + ]6_; |:b lec{zl <‘/1]?przmnlzg+l + Vi secnI}%+1> At:|

q+1 _
NSR =

. : 1 1
Similar arguments are used to obtain Nfs' and Nib'.

It is important to note, that as currently written, we start our reference indices k at k = 0.
We see that since we use right Riemann sums and we begin the sums at £ = 1, this implies
the first interval used in 7-time is [, 71]. To avoid confusion when coding this algorithm in
coding languages that start with a default initial index of 1 (e.g. MATLAB), we shift the
indices for the 7 variable up by one, thus starting our reference indices k at £ = 1. This

results in a change to the bounds of the sums. For example, equation (5.68) becomes

AAt + Nég

NEE =

55 K+1 k,q+1 k,q+1 k,q+1 k,q+1 '
»d k sq k sq k »d

1+ mOAt + |:b Z ( 2, pmmnSI + Vl pmmnls + ‘/2,secnRI + Vl,secnIR )At]

We summarize the algorithm for the ODEs in equations (5.61).

Boundary Conditions

We now return to consider the boundary conditions for our PDEs in System (5.1). We note

that since they depend on both the PDEs and ODEs, we must compute those before we can
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compute our boundary conditions.

As described in the Ordinary Differential Equations subsection, we start our reference indices
k at k = 1. Thus, we evaluate the boundary conditions at 74 = 0 and ¢,4,. For example, the

boundary condition associated with ng; is

Ngs(tgs1)

/ |:b‘/2,pm'm(7')n51(7', tor1) + Vo see(T)nRI (T, tg11) |dT. (5.69)
NT(tq—i—l) 0

nsi(Ti,tgr1) =

As done previously, we assume constant total population Nr and At = A7, and we use right
Riemann sums to evaluate the integrals. We note we also computed Ngg(t,+1) previously.

Thus, we write equation (5.69) as

ot [OEAL
Lo+l _ D55 [b S (gﬁprimn’;ﬁ“ + ngsecn’;;l“) At . (5.70)

n
SI N
T k=2

We can write the other boundary conditions similarly using our previously computed PDEs

and ODEs. The boundary conditions are summarized in equations (5.60).

5.5.2 Generating numerical results

We simulate two virus profiles that are defined for 7 > 0, where Vr(7) is the profile associ-
ated with dengue fever, and Vy(7) is the profile associated with dengue hemorrhagic fever
(see Figure 5.2). The recovery rates rp and ry, associated with dengue fever and dengue
hemorrhagic fever respectively, are also determined from the virus profiles as one over the
average length of infection (see Table 5.2). We determine the total infectiousness under each

condition based on the shape of virus profiles in Figure 5.2 as

Dengue fever: / Vi (1)e™mote)T dr ~ 40.8003,
0

Dengue hemorrhagic fever: / Vi (1)e™motr)™ dr ~ 52.4801.
0
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The choice of parameterization will impact the quantitative values for the existence and
stability of the different equilibria, which we refer to as equilibrium structure. The derivation

of the equilibrium structure under our chosen parameterization is described in Section 5.6.

Table 5.2: Parameter values for simulations.

Parameter Standard value Units

A —lgggo people - day !
mo 0 day~!

b varied in [0,0.03] ml-(RNA - day)™
(83 = day~!

T = day~!

Vi see Figure 2 solid line RNA - ml!

Vi see Figure 2 dashed line RNA - ml™!

5.5.3 Numerical simulations

We determine the equilibrium structure based on the course of infection, i.e. which strain
infects first and whether each infection results in dengue fever or dengue hemorrhagic fever.
Therefore, we consider all possible combinations of strain order and disease type. Since
we assume infection with one strain induces immunity against secondary infections with
the same strain, we only consider primary-secondary infection events caused by two different
virus strains. For example, in Figure 5.3, the course of infection is either (i) primary infection
with strain 1 resulting in dengue fever followed by secondary infection with strain 2 resulting
in dengue fever (Vi prim = F, Vo = F) or (ii) primary infection with strain 2 resulting in
dengue hemorrhagic fever followed by secondary infection with strain 1 resulting in dengue
hemorrhagic fever (V3 ,rim = H, Vi s = H). For each combination we determine whether
both strains can coexist within the population, both strains go extinct, or only one strain
persists. The equilibrium reached is based on parameter b, the constant that relates viral load
to between-host transmission rate, and the disease type each strain induced (F versus H).

Under fixed model parameterization and changing b, we can obtain all the described between-
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Figure 5.3: Between-host infected population dynamics. The total infected population
(combining both primary and secondary infections) of strain 1 (blue solid) and strain 2 (red
dashed) over 10,000 days results in (a) the extinction equilibrium, (b) persistence of only
strain 2 and (c) the coexistence equilibrium. In (a), b = 0.018, Ngpo = 5 x 10%, and
Ngso = 5.2485 x 10°. In (b), b = 0.023, Ngpo = 5 x 10%, and Nggo = 5.2485 x 10°.
In (c), b = 0.028, Ngro = 1.4 x 10°, and Ngpgo = 4.3485 x 10°. Parameters: A, mo,
rg, u found in Table 5.2, Vi prim = Vi, Vaprim = Vi, Visee = Vi, Vosee = Ve. Initial
conditions: NRSO = 6.5 X 104, NRRO =06 X 104, NSI(] = 90, N[so = 40, NRIO = NIRO = 10.
See Section 5.6.4 for the 7 distribution of initial values. Numerical algorithm parameters:
At = A1 = 0.5, max(7) = 100, max(t) = 10, 000.

host dynamics: extinction, persistence of one virus strain and coexistence (see Figure 5.3).

Our model predicts that both the strain order and disease type can lead to different between-
host stable equilibria (see Figures 5.4 and 5.5). When both virus strains produce a primary
infection resulting in dengue fever, there is between-host extinction of both infections, assum-
ing that b is sufficiently low (b < 0.024096). In contrast, primary infection by either strain
resulting in dengue hemorrhagic fever is more likely to lead to between-host coexistence, or
at least the persistence of a single strain in the population for a minimum & (0.0190548 < b).
Over a range of b (0.0190548 < b < 0.024096), all equilibria are possible, and the between-
host equilibrium structure depends on the strain order and disease severity (see Figure 5.5).
It is important to recognize that these results demonstrate the equilibrium structure under
our chosen parameterization as b is varied. While this shows the overall importance of strain
order and disease type for shaping the between-host equilibrium structure, similar analyses

should be conducted to determine the structure for strains with different characteristics.
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Because dengue fever usually occurs during primary infection and dengue hemorrhagic fever
is more likely to occur during secondary infection, the most biologically relevant scenario to
analyze when considering a de novo infection is the case F-H/F-H, where both courses of in-
fection lead to dengue fever in primary infection and dengue hemorrhagic fever in secondary
infection. In this scenario, the only possible outcomes are either extinction or coexistence.
This is often the case with dengue viral infection, as areas either have no strains circulating
or multiple strains circulating. However, our model can also account for two later infections
(e.g. third and forth exposure in the population) in which case an H-F/H-F scenario is

possible.

5.6 Equilibrium structure

5.6.1 Introduction

The parameter b is the proportionality constant relating the viral load to the transmission
rate. For a particular strain order and disease type, we can calculate how changing the value

of b will affect the equilibrium structure.

Let

Vis — / Vigeelr)e (matried g (5.71)
0

The following four equations come up in our stability conditions that determine the difference
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H-H/H-H}
o H-H/H-F} Coexistence
@HF/HH}
o H-F/H-F
‘e H-H/F-H|
€ H-H/F-F
~ H-F/F-H}
> H-F/F-F} edintion ) |
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Figure 5.4: Qualitative between-host equilibrium structure varying the propor-
tionality constant relating viral load to between-host transmission rate, b. In
addition to the impact of b, the strain order and disease type (F = dengue fever, H = dengue
hemorrhagic fever) affect the between-host equilibrium structure. The two possible courses
of infection are Vi prim — Vasec and Va prim — Vi sec-
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Figure 5.5: Qualitative between-host equilibrium structure when 6 = 0.024. The
strain order and disease type (F = dengue fever, H = dengue hemorrhagic fever) affect the
between-host equilibrium structure. The two possible courses of infection are Vi prim — V2 sec

and V5 prim — Visee. This plot summarizes the qualitative between-host equilibria when
b = 0.024 as displayed in Fig. 5.4.
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between an equilibrium being locally asymptotically stable or unstable.

Ty prim = 1, (5.72)
Ly prim = 1, (5.73)
Ro, = 1, (5.74)
Ro, =1, (5.75)

where

Fl,prim :/ b‘/lm,,.im(T)e_(mO‘l'Tl,prim)T dT’
/ (5.76)

o
Caprin = [ Wagrim()e 0372 i
0

and Ry, and Ry, are defined in (5.51) and (5.58) respectively. Note that all of these equations

involve b and at least one of the definitions in (5.71).

Thus, we can solve for the values of b that satisfy these conditions.

5.6.2 Solving for values of b

We now solve the equations (5.72), (5.73), (5.74), and (5.75) for b. We associate each of

these equations with a different value of b, i.e bg, ., ba,,, bry,, and bg,,.



Solving equation (5.72) for b, we have

Fl,prim =1

/ BV i (7)™ 0T T = 1
0

b-Vip=1

1
b

Thus, we label

1
bGlP - @

Similarly, by solving equation (5.73) for b, we find

1

bGZP - @

" Ve
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(5.77)

(5.78)

(5.79)



Solving equation (5.74) for b, we have

Ro, = 1

F2,prim Tl,prim(rl,prim - 1>F2,sec

=1
L prim L'y prim (Mo + 71, prim)
bVap n 71 prim (OVip — 1)bVag _1
bVip bVip(mo + 71 prim)
Vap n 71 prim (OVip — 1)bVag 1
Vip bVip(mo + 71 prim)
Vap n b1y prim Vas (bVip — 1) 1
Vip bVip(mo + 71 prim)
Vap 7“1,primV23V1Pb - 7“1,pm‘mV25 —1

‘/IP ‘/IP (mO + Tl,;m"im)
‘/2P(m0 + Tl,;m"im) + Tl,prim%s‘/le - Tl,prim%s = ‘/IP(mO + Tl,prim)

mo(Vier — Vap) + 71 prim(Vip + Vas — Vap)

=b.
Tl,prim‘/lP‘/ZS

Thus, we label

I mo(Vie — Vap) + 11 prim(Vip + Vag — Vap)
flor Tl,prim‘/lPVéS .

Similarly, by solving equation (5.75) for b, we find

I mo(Vap — Vip) + roprim(Vap + Vig — Vip)
fioz T2,prim‘/2P‘/15 .
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(5.80)

(5.81)

Note the equations (5.77) show I'y pi = 1 is equivalent to b = bg,,. Thus, I't i < 1 1is

equivalent to b < bg,, and I't ,rim > 1is equivalent to b > bg, .. We have similar equivalences

for bG2p7 bROla and bROQ.
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In summary, from the above derivations, we have the following equivalences.

Ly prim < 1= b <bg,,

Iy prim > 1 <= b > bg,,

Lo prim < 1 <= b < bg,,

Lo prim > 1 <= b 2 ba,, (5.82)
Ro, <1<4<=b<bg,,
Ro, > 1 <= b>bg,
Ro, <1 <4<=b < bp,

R0221<:>b2bR02

5.6.3 Determining equilibrium structure

We use the definitions (5.78)-(5.81) and the equivalences (5.82) to determine for which values

of b each equilibrium is locally asymptotically stable.

Extinction equilibrium

From Proposition 5.4.3, the extinction equilibrium is locally asymptotically stable when

Fl,;m"im < 1 and F2,;m"im < 1.

From the equivalences (5.82), the extinction equilibrium is locally asymptotically stable if

b < bGlP and b < ngp‘

Thus, the extinction equilibrium is locally asymptotically stable if

0<b< min(bGlP, bGzp)’ (583)
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Equilibrium where only strain 1 persists

From Proposition 5.4.4, the equilibrium where only strain 1 persists is locally asymptotically

stable if I'1 pim, > 1 and Ry, < 1.

From the equivalences (5.82), the equilibrium where only strain 1 persists is locally asymp-

totically stable if b > bg,, and b < bg,, .

Thus, the equilibrium where only strain 1 persists is locally asymptotically stable if

ba,p, < b < bg,,. (5.84)

Note if Vip = Vop (meaning the virus types of both strains during primary infection are the

same), then bg,, = bg,,. Therefore, the equilibrium can never be stable in this case.

Equilibrium where only strain 2 persists

From Proposition 5.4.5, the equilibrium where only strain 2 persists is locally asymptotically

stable if I'y i, > 1 and Rg, < 1.

From the equivalences (5.82), the equilibrium where only strain 2 persists is locally asymp-

totically stable if b > bg,, and b < bgoe.

Thus, the equilibrium where only strain 2 persists is locally asymptotically stable if

bG,p < b < bpry,. (5.85)

Note if Vip = Vop (meaning the virus types of both strains during primary infection are the

same), then bg,, = bg,,. Therefore, the equilibrium can never be stable in this case.
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Coexistence equilibrium

From Conjecture 5.4.1, the coexistence equilibrium is locally asymptotically stable if all of

the other states are unstable.
If the extinction equilibrium is unstable, then b > min(bg, ., ba,p )-

If the equilibrium where only strain 1 persists is unstable (and the extinction equilibrium is

also unstable), then b > bg,,.

If the equilibrium where only strain 2 persists is unstable (and the extinction equilibrium is

also unstable), then b > bg,,.

Thus, based on these results, the coexistence equilibrium is locally asymptotically stable if

b > max (min(be,,, bayp )s bror s DRy ) - (5.86)

5.6.4 Generating figures 5.3 and 5.4

Introduction

Note Section 5.6.3 gives the general conditions for stability of the equilibria in terms of b. In
order to calculate the definitions (5.78)-(5.81), we use the definitions (5.71), which depend

on the virus profiles of strain order and disease type.

In our simulations, we use two virus profiles Vr(7) and Vi(7), where Vp(7) is the virus
profile associated with dengue fever and Vi (7) is the virus profile associated with dengue

hemorrhagic fever. These virus profiles are shown in Figure 5.2.

The recovery rates for dengue fever and dengue hemorrhagic fever are rp = % and rg = 1—14

respectively, since the virus profile for dengue fever in Figure 5.2 clears in 12 days and the

virus profile for dengue hemorrhagic fever in Figure 5.2 clears in 14 days.

We also use my = ~ 3.9139 x 107° to represent an average lifespan of 70 years.

1
70(365)
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We define

which we can calculate using the above parameters. These parameters are summarized in

Table 5.2.

We note that based on the particular combination of strain order and disease type, each of
Vir, Vap, Vig, and Vog as defined in (5.71) will be equal to either vgp or vy. Also, each of

T1prims T2,prim, T1,sec, and 72 .. Will be equal to either rp or ry.

Figure 5.4
Based on the parameters in Table 5.2, we calculate the values of bg,,, ba,,, br,,, and bg,,
as defined in (5.78)-(5.81) for a particular combination of strain order and disease type.

Thus, we can determine the equilibrium structure for the particular combination of strain

order and disease type.

For example, if we have Vi prim = F, Voprim = H, Vigee = H, Voge = F, we have that

Vip = vr, Vap = vu, Vig = v, and Vag = vp.
Therefore, bGlp = (0.0245096, bG2P = (0.0190548, me = 0.01749, and bRO2 = 0.0232979.

From equation (5.83), the extinction equilibrium is locally asymptotically stable if

0 < b < 0.0190548.

From equation (5.84), the equilibrium where only strain 1 persists must always be unstable

since br,, < b, p-
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From equation (5.85), the equilibrium where only strain 2 persists is locally asymptotically

stable if 0.0190548 < b < 0.0232979.

From equation (5.86), the coexistence equilibrium is locally asymptotically stable if

b > 0.0232979.

We can use this same process to determine the equilibrium structure for all possible combi-

nations of strain order and disease type. These results are summarized in Figure 5.4.

Figure 5.3

We use the F-F/H-H row of Figure 5.4 to produce the three different outcomes of extinction,
single-strain persistence, and coexistence as shown in Figure 5.3. Here, extinction occurs if
0 < b < 0.0190548, strain 2 persists if 0.0190548 < b < 0.0232979, and coexistence occurs if
b > 0.0232979.

Thus, we choose b = 0.018 to produce the extinction equilibrium, b = 0.023 to produce the

equilibrium where strain 2 persists, and b = 0.028 to produce the coexistence equilibrium.

We use the parameters as described in the Figure 5.3 caption. The 7-distribution of our

initial conditions is

. 1 ) 1
T2,primNsro if 0 < 7 < ;0if 7 > },
T2, prim T2 prim

1, prim T1,prim

1 1
r2,5ecNrI0 110 < 7 < ; 0if 7 > },

T2, sec T2, sec

1 1
nso(T) = {Tl,pmmsto fo<7< ; 0if 7 > },

. 1 ) 1
Tl,secNIRO if0<7< ; 0if 7 > }
T1,sec T1,sec
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5.7 Discussion

The precise mechanisms generating the population-level dynamics of dengue serotypes re-
main difficult to uncover as a result of the complexity of the pathogen itself. For example,
four distinct dengue serotypes exist and there is a marked increase in disease severity fol-
lowing a secondary infection with a heterologous serotype. Multiple competing hypotheses
exist to explain this phenomenon, and further uncertainty exists surrounding the role of
both primary and secondary infection and the disease type induced (F vs H) in driving
the transmission and persistence of multiple serotypes in the population. We developed
a time-since-infection immunoepidemiological model as a means of integrating the within-
host and population-level dynamics of two co-circulating strains of dengue. Through both
model analysis and numerical simulations, we demonstrate that the between-host equilib-
rium structure critically depends on both the strain order and disease type. To be precise, it
may be more appropriate to consider this model as an infection-age structured model with
transmission rate related to within-host viral load. Even though our virus profiles are gener-
ated from within-host models [88, 89], we simplify these profiles to triangular distributions
during our simulations. This is different than other self-described immunoepidemiological
models [111, 41], which generate the within-host model using differential equations. Our
simplifications may have an affect on our results and is something worth exploring in the

future.

Although dengue has four serotypes, we simplified our analysis to consider two co-circulating
strains. At the population level, we assumed that the transmission dynamics for each strain
followed the classic SIR paradigm and we simultaneously tracked the infection status for
both strains in the population. Importantly, we assumed that the transmission rate asso-
ciated with each dengue infection is directly proportional to the viral load of an infectious
individual. Because viral load is directly related to an individual’s time-since-infection, we
coupled our population-level model with the within-host virus dynamics, where we consid-

ered that primary and secondary infections may result in either dengue fever or dengue
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hemorrhagic fever. We find that, for large enough transmission rates, we can observe ei-
ther between-hosts extinction of both virus infections, persistence of one virus infection, or
coexistence of both virus infections depending on the profiles of infection. In particular, if
the within-host primary infections for both strains result in dengue hemorrhagic fever then
one or both strains will remain endemic in the population. That is true even if the within-
host secondary infection by either or both strains results in dengue fever. This implies that
the severity of infection in the population is not dependent on the increased severity of a
secondary heterologous infection in an individual, and only depends of the profile of the

individual’s primary infection.

Our model assumes that the individual’s virus profile influences transmission to another
individual. These results may change if we change our assumption to account for an indi-
vidual’s immunological responses [89], their role in transmission [4, 5, 14, 16, 25, 104], or
if we consider cross-immunity between virus strains [15, 84]. Moreover, we assume a linear
relationship between the transmission rate and viral load. Further investigation is needed
to determine whether these results will change if we use density dependent transmission
rates [105], Hill-type transmission rates [35], or strain variability in per contact transmission

probability [106].

Dengue persistence and extinction in a population are influenced by factors other than order
of infection and viral type. Previous studies focusing on the role of spatial spread [115],
stochastic extinction events [109, 123|, and seasonal forcing [4] have all shown that these
characteristics can drive the spread of dengue infection in a population. Understanding the
impacts of such added complexities is important to obtain a more global picture of this
system; however, it will likely impact the analytic tractability of our system and is beyond

the scope of our current work.
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5.8 Conclusion

Using a modeling framework that integrated the within-host transmission dynamics and
between-host virus dynamics of dengue virus infection, we investigated the roles of order
and type of infection in driving the long term persistence of co-circulating dengue serotypes
in a population. Our findings indicate that these processes can determine whether both
strains co-exist, both become extinct, or only one persists. The integration of multiple scales
—in our case both within-host and between-hosts dynamics — provides a means to investigate

complex processes that have significant dependence on input from different levels.



Chapter 6

Conclusion

In summary, we have outlined different mathematical models describing dengue viral infec-

tion, both at the within-host level and at the epidemiological level.

We first developed within-host models of dengue viral infections that considered the con-
tributions of T cells to disease severity. We fitted these models to published patient data
and showed that the overall infected cell killing is similar in dengue secondary infections
resulting in DF and DHF cases. The contribution to overall killing, however, is dominated
by non-specific, less efficacious, T cell responses during secondary DHF cases compared with
strain-specific, high avidity T cell responses in at least half of secondary DF cases. Therefore,
the cross-reactive cellular immune responses, as described in the hypothesis of original anti-
genic sin, may be present and responsible for the disease enhancement during heterologous

infections.

Using the results from our within-host models and certain simplifying assumptions, we stud-
ied the effects of incorporating the within-host viral dynamics into the transmission dynamics
at the betwen-host level. We investigated the roles of order and type of infection in driving
the long term persistence of co-circulating dengue serotypes in a population. Our findings

indicate that these processes can determine whether both strains co-exist, both become
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extinct, or only one persists.

In the future, we are interested in expanding the dengue infection immuno-epidemiolgical
study to address the effects of vaccination. Due to the higher risk of more severe disease
during secondary infections due to cross-reactive immune responses, a vaccine that is not
protective across all strains may induce prevalence of more severe diseases [45]. Mathematical
models are a cost-efficient way to study this possible outcome, and to predict prevention
methods that limit negative effects that may arise from the introduction of vaccines. We
are also interested in including vector transmission explicitly and analyzing how different
control methods may affect the spread of the virus in different populations. Even though we
have mainly studied dengue viral infection, we are interested in applying models of a similar

nature to other diseases.

In our review of immunoepidemiological models, we only focused on models of HIV. In the
future, we would like to review how immunoepidemiological models are applied to infectious
diseases on a broader scale, categorize how these models are validated against data, and

classify how their results differ from epidemiological models.

Since we would like the work we do to have an impact on the spread of the diseases we are
studying, we would like to collaborate with biologists to determine whether we can design
experiments that can further inform the models. For example, we would like to verify our
explanation for the role of original antigenic sin during dengue viral infection, which may
give more insight into developing better vaccines. We are also interested in how the results
of the immunoepidemiological model can be validated experimentally, and further studying

optimization algorithms to obtain better model predictions.
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