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Stability in Graph Dynamical Systems

Joseph A. McNitt

Academic Abstract
The underlying mathematical model of many simulation models is graph dynamical

systems (GDS). This dynamical system, its implementation, and analyses on each will be
the focus of this paper. When using a simulation model to answer a research question, it is

important to describe this underlying mathematical model in which we are operating for
verification and validation. In this paper we discuss analyses commonly used in simulation
models. These include sensitivity analyses and uncertainty quantification, which provide

motivation for stability and structure-to-function research in GDS. We review various
results in these areas, which contribute toward validation and computationally tractable

analyses of our simulation model. We then present two new areas of research - stability of
transient structure with respect to update order permutations, and an application of GDS

in which a time-varying generalized cellular automata is implemented as a simulation
model.
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General Audience Abstract
There are many systems in our society which are vital, and require quantitative analysis.

These include population dynamics, transportation, and energy. To answer research
questions about these systems, one may construct a mathematical model of the system and

conduct simulations. It is important to define both the mathematical model and the
simulation model in order to better understand the source of errors, or to be confident in
the validity of the models. One source of error may be in parameters of our simulation

model. It can be difficult to gather reliable and precise data, especially in massively
interacting systems. Thus we would like to know that there is a range of values which will
result in similar outcomes. Stability results can give us this assurance. This paper mainly

focuses on stability results in graph dynamical systems (GDS), which is the underlying
mathematical model of many simulation models, especially ones with a networked

structure.
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Chapter 1

Background

Complex systems can occur in biology, economics, sociology, transportation, and others.
These systems would benefit from analysis but are often too large or vital to expose to
exhaustive experimentation. An economy changing, or a disease propagating through a pop-
ulation are two examples in which direct experimentation would be impractical, unethical,
or simply impossible. Therefore these real systems must be approximately described and
simulated.

Models can be created that provide a mathematical framework which describes a system.
We can analyze the model in order to gain general information about the processes of these
systems. In order to then simulate these processes, we implement the mathematical model
as a computational simulation model. We first must understand the mathematical system in
which we will focus, and which is the underpinning of many simulation models (in particular
networked ones): graph dynamical systems (GDS).

A GDS contains three elements: a dependency graph, a function, and a state space. In gen-
eral, our dependency graph G can be directed or undirected. With n = |V (G)| and for some
set K (called the vertex state space), each vertex, v, has a state, xv ∈ K. The system state
is then the collection of these vertex states, denoted (x1, ..., xn) ∈ Kn where Kn is called the
system state space. To complete the description, we define the GDS function F : Kn → Kn.
To construct F , we first construct vertex functions (fv)v which are rules defining how each
vertex state changes. Our graph G corresponds to the dependent variables in these functions
in the following manner. For vertex v, with N(v) as the closed neighborhood, each fv is a
function from K |N(v)| → K.

We now define the input to each fv as x[v] ∈ K |N(v)|, where each element is the state of the
corresponding vertex in the closed neighborhood. This is defined more precisely as follows:
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letting n[v] be the sorted sequence of the neighbors of v along with v itself, we have

x[v] = (xn[v](1), xn[v](2), ..., xn[v](d(v)+1)) ,

where d(v) is the degree of vertex v. The GDS function, F , is assembled using some update
scheme which is discussed in the next definitions. Once we have our GDS function, we denote
the graph dynamical system as the triple (F,G,Kn).

Definition 1. A parallel or synchronous GDS is one in which the GDS function, F : Kn →
Kn, is defined as F (x) = (f1(x), f2(x), ..., fn(x)).

Definition 2. A sequential or asynchronous GDS is one in which a sequence of the vertices
is given, π, and the GDS function Fπ : Kn → Kn is defined as

Fπ = Fπ(n) ◦ Fπ(n−1) ◦ · · · ◦ Fπ(1) .

Here (Fv)v is the set of local functions where Fv(x) = (x1, x2, ..., fv(x[v]), ..., xn) and x =
(x1, ..., xn) ∈ Kn.

Though these update schemes are most common, we can also generalize the update sequence
to a block sequential update:

Definition 3. We let G be a graph, and B = {B1, B2, ..., Bm} be some partition of V (G).
We define a function FBk : Kn → Kn as

(FBk(x))v =

{
fv(x[v]) if v ∈ Bk

xv if v 6∈ Bk .

For some π ∈ Sm, we have the block sequential map, FB : Kn → Kn, defined as

FB = FBπ(m)
◦ FBπ(m−1)

◦ · · · ◦ FBπ(1) .

Once we have our GDS function F , it is useful to work in the space of state transitions under
function applications. Thus we define the phase space:

Definition 4. Given a GDS function, F , the phase space, Γ(F ), is the directed graph in
which the vertices are the system states s ∈ Kn, and for every state s ∈ Kn, there exists a
directed edge (s, F (s)).

We now define three concepts used to describe the dynamics in the phase space.

Definition 5. For a GDS function F , the orbit of state x ∈ Kn for a discrete dynamical
system F is {x, F (x), F 2(x), ...}.
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Definition 6. For a GDS function F , a periodic orbit is an orbit with some finite period T .
In other words: for state x, a periodic orbit is such that for some N > 0, and some T > 0,
we have F n(x) = F n+T (x) for any n ≥ N .

Definition 7. For a GDS function F , a limit cycle of length T is a sorted sequence of system
states, (x, F (x), ..., F T−1(x)) such that F T (x) = x, T is minimal and T ≥ 1. Thus it is the
sequence of states which repeat in a periodic orbit.

Definition 8. For a GDS function F , a fixed point x ∈ Kn is one in which F (x) = x, and
the set of fixed points is denoted Fix(F ).

There are systems closely related to GDS that have been studied:

• Automata networks
This is the same system as a GDS. It is called automata network because it was seen
as a generalization of cellular automata (CA), which is a GDS on a regular grid. The
motivation for this framework also comes from discrete automata.
In [11], Goles and Martinez discuss this framework and especially possibilities of using
Lyapunov-type functionals. These can give information about the limit cycles and will
be discussed further in Section 1.2.2.

• Polynomial dynamical systems
These are GDS where the vertex functions are polynomials of the neighboring vertex
states. The GDS is updated synchronously. This approach was taken because of the
algebraic structure which results, supporting the use of computational algebra. In [21],
Laubenbacher applies this framework to modeling and analyzing a competition between
viruses in a network of cells.

• Boolean networks
These are GDS where the state space is {0, 1} which can represent genes being on or
off. In terms of a mathematical structure, this was studied as the minimum size of the
state space. Kauffman [17] and Kauffman and Ribeiro [30] studied this application,
especially limit cycle structure, in order to describe various cell types.

• Interacting particle systems
These are stochastic systems with continuous time, constructed in a physics frame-
work. They are collections of Markov processes. There is an underlying countable
dependency graph, and thus it is similar to a GDS but there is stochasticity and time
continuity. An example of an interacting particle system in physics is an Ising model.
There is often a lattice structure that represents the dependencies, so it is similar to a
CA. Vertices take states of either -1 or 1 representing spin, and thus we see similarities
to a boolean network. The defining characteristics that push it into the category of an
IPS is that it is continuous time and the transition function is stochastic [22].
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• Hopfield networks
These are similar to GDS in that there is an underlying graph defining the dependen-
cies. The local functions are threshold functions (see Section 1.2.2 for definition) which
do not depend on their own state, only states in the open neighborhood. Garimella [10]
discusses conditions in which the dynamical system will reach a steady state. In other
words there are only fixed points as limit cycles. These conditions were given by
Hopfield [15] and Goles [13].

To capture a system with a mathematical model, assumptions and generalizations must typ-
ically be made. When modeling, we have a question or questions which need answering. To
be sure that the mathematical model aligns with the real system we must validate the model
to the extent necessary to answer the research questions. There are different aspects of the
real system that can be prioritized. A mechanistic validation would focus on important
features of the system and be sure they were represented. A predictive validation would be
statistical and run the simulation with the inputs of a historical example and ensure it gives
similar results. The process of evaluating whether the simulation model correctly implements
the mathematical model is called verification. This verification and validation ensures that
we can meaningfully use our simulation model to hypothesize about the underlying system.

In the section below, we will discuss common simulation models, as well as verification meth-
ods. This will give motivation for stability theory in the underlying mathematical model.
Stability results can contribute toward verification of our simulation model. The section
below will also motivate our later results which take some aspects of the structure of a GDS
and gain information about the dynamics of that function (structure-to-function results).
Structure-to-function results allow us to examine dynamics in a computationally tractable
way.

1.1 Motivation

Graph Dynamical Systems can describe many simulation models, including interaction based
models. In this section we will describe such simulation models, and reveal sensitivity anal-
yses of quantities of interest with respect to our model parameters. This will be useful
information in itself, but will also inform and encourage analyses of the mathematical model.

1.1.1 Description

An interaction-based model is defined at the level of distinct interactions. Each agent in a
specified resolution is modeled, and the interactions between agents are distinct. Various
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resolutions are possible - examples of an agent could be a person, a household, or a larger
region. Each agent will have a set of possible states and rules which govern the adjustment
of those states over time. Agents interact with other agents, which is captured by these rules.

This is in contrast to models in continuous systems such as differential equations or differ-
ence equations, which describes the average agent and average interactions. One positive
of working with an interaction-based approach is that each agent can have its own rules.
Huff et al. [16] studies secondary effects of a pandemic - especially the effect of a pandemic
on food supply. They apply a system dynamics model to this system and use aggregated
information about production, distribution, and consumption. This method is useful to find
general sensitivities, but can miss important information about individual interactions. This
reveals a possibility in interaction based models which is not present in other methods -
heterogeneity among the agents. This could be useful specifying behavior and interventions
at the level of the chosen agent as well as monitoring individual agents, but quickly becomes
computationally intractable. Another difficulty is that it is more data demanding, as infor-
mation must be gained at a finer resolution (e.g. per person/entity).

Parameterization and stochasticity

To make interaction based models more tractable, we consider parameterization and stochas-
ticity. Often when implementing a mathematical model as a simulation model, we will include
classes of different types of agents. These classes will often have similar update functions,
and simply be parameterized. This takes away some heterogeneity as each agent may not
have a unique function.

Heterogeneity can then be reintroduced through (random) parameters as in [5]. Barrett et
al. created a model of traffic flow with simple acceleration and deceleration rules. Each
car followed the same rules and thus it is an unencapsulated agent representation. The
interaction based aspect allowed them to track each car’s position individually, and thus
compare the simulation results to traffic data. The simulation model results did not match
the data well. But when a random deceleration was introduced, the simulation model could
be calibrated to the data.

Encapsulated vs unencapsulated agents

In many interaction based models, the inputs to the agent rules come from various systems.
An example is [6], in which Barrett et al. considered the public response to a detonation
of an improvised nuclear device. They modeled the communication system, power network,
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transportation, health dynamics, and individual behavior as well as dependencies between
these. In an encapsulated agent, the system information for all of these would be included in
each agent at all times. This can become computationally intractable. Thus to model these
multiple systems in the same scenario, they factorize the simulation model by simulating
each system for a short amount of time, and use the output to update the next system.
Thus each system is not updated at each time step, but takes the output from the previ-
ous systems to use as input. The agents in this simulation model are called unencapsulated
agents and they allow interdependencies to be accounted for in a tractable way.

Benefits of an unencapsulated agent based model include extensibility, clarity, and speed. It
is relatively simple to add another system on top of an existing model. A question that is
difficult to answer is: does this model come close to the system dynamics?

Multiple spatial and temporal scales

There are multiple aspects in which the scale of the model can vary. These include the
temporal and spatial aspects. As our interaction based model has some update method, we
must consider time scales. In the reference above [6], Barrett et al. considers time scales and
ways in which they can be used to capture the desired model. As implementation of GDS is
discrete, defining the time scale is necessary.

Spatial information can often be important to a given research question. One possible
method to capture spatiality is to create a grid of the focus region. Each cell would then
correspond to a vertex in a cellular automaton. In the spread of organisms or of disease, this
can be a useful tool. Guimapi et al. [14] studied the spread of a pest in Africa using this
method. Each cell had certain properties related to its area such as vegetation, humidity,
and temperature. This could be defined as the parameters to each vertex function. The
rules describing the state changes (infested/uninfested) are dependent on neighbor states
and require a certain threshold value for each parameter. This framework is similar to a
GDS, but the vertex functions are periodic due to the various temperature values across a
season.

This application of a cellular automaton is also similar to some differential equations tech-
niques. Through finite element or finite volume methods, one partitions the space in order
to calculate.

There can also be multiple levels to our system. There may be a spatial scale of a disease
spreading through short distances, and also through air travel. Balcan et al. [4] study the
interplay between commuting and long distance travel during an infectious disease epidemic.
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This requires not only multiple spatial scales but also multiple time scales, as long distance
travel data is daily, whereas commuting data is hourly. To implement multiple spatial scales,
Voronoi regions were constructed around airport locations. This allows a collection of the
finer resolution commuting space into the air travel network. This can be an adequate way
to implement interaction based models which contain multiscale networks.

Role of GDS in modeling

These interaction-based models align well with GDS, and are often implementations of these
mathematical models [18]. We know that a GDS is a triple, so to represent interaction based
models we must identify these three components. The dependency graph can be induced
by each vertex function. The vertex functions will be the rules which are assigned to the
updating of an agent’s state. With a specified update scheme, these produce a GDS function.
The state space will be the allowable states in the simulation model. Since the concept of
our interaction based model can thus be described with a GDS, we need verification methods
to ensure that the simulation model correctly implements the mathematical model. We can
also find stability results in GDS to ensure that there are allowable uncertainties in aspects
of our simulation model which will not cause a bifurcation in quantities of interest. Structure
to function results in GDS allow for quick comparisons between different simulation models.

1.1.2 Analysis

This section describes possible analyses on the simulation model. This information and
suggestions come from the National Academy of Sciences [8]. They discuss verification,
uncertainty quantification, sensitivity analysis, and others.

Verification

We define verification as the comparison between the simulation model implementation and
the mathematical model describing the real system. There are two aspects of verification,
code verification and solution verification. Code verification ensures that our program has
no bugs. Solution verification attempts to accurately quantify and limit numerical error.
This is especially important with a continuous model such as PDEs.

To conduct verification, we may utilize the hierarchical nature of a computer code, and assess
smaller methods first. We can use test problems to verify different aspects of our code. Test
problems are a set of inputs to the problem in which the solution is known. Thus we can
input these values and ensure that the output is correct.
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Uncertainty quantification and sensitivity analysis

When working with simulation models, understanding which aspects have the greatest effect
on certain dynamics is generally required for system understanding, for focusing computa-
tional burden, analysis, predictions, and validation.

There are two ways in which to study sensitivity - one is a computational/statistical approach
in which we study the simulation model and its output, and one is an analytic approach in
which we study the mathematical model. In the following, we will consider methods and is-
sues surrounding computational/statistical sensitivity analysis. We will then discuss results
in analysis of sensitivities in GDS.

Sensitivity analysis (SA) and uncertainty quantification (UQ) are two analysis classes that
quantify variance in simulation model output. Uncertainty quantification is the study of
causes of variation in an estimated quantity of interest (QOI) [8]. There are two possible
sources of variation in computed QOI - variation in inputs and stochasticity. So an important
step is to quantify both input variation and stochastic variation. Some of these come from
variation in the underlying system, but some come from lack of knowledge of the underlying
system. A direct way to then conduct uncertainty quantification would be to select a range
of input variation and simulate to understand how it affects the output variation, but we
would like to have a less time-consuming way to do this.

UQ is dealt with in terms of probability, we need to understand what is probabilistic in the
nature of the underlying system and what is probabilistic in the model itself. To understand
how variation propagates, simulations must be performed. There are different types of sta-
tistical designs which can be utilized. A full factorial design is the most expensive but also
the most detailed. This design spans all variation at high resolution and runs simulations
for all of these inputs. This is expensive and usually infeasible.

One option to limit the number of simulations is sampling. This process allows for a smaller
amount of simulations in order to get data points that will fit to another less expensive
model. So a function is estimated from these data points and then a full-factorial design can
be implemented on this model. One example is a Gaussian process interpolator, as well as
other regressions. This will lower computational cost, but many aspects of the behavior of
the model are lost.

Another similar method is model reduction. This gives an estimate of the model by reducing
the number of dimensions or degrees of freedom [8]. One question that comes up in this
area is which variables could be discarded. It can be difficult to accurately reduce non-linear
models.
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A third method spoken of in [8] is forward propagation of uncertainty. This speaks to lim-
iting a full-factorial design with ideas such as Monte Carlo sampling. One issue with this
approach is that rare but consequential parameter values can often be missed. This can be
limited by using latin hypercube sampling.

Sensitivity analysis is defined here as uncertainty quantification specific to inputs. Sampling
as above is vital to sensitivity analysis. Local sensitivity analysis is specific to certain trial
points and global SA tries to better capture the effects of relationships between inputs. Lo-
cal sensitivity often is described with partial derivatives, in which case it may be useful in
differentiable models.

Though these strategies are less than ideal, they can contribute toward answering a given
research question. When required to provide an assessment of some problem, one has various
constraints, and these types of analyses may be the best possible given time and resources
available. Ideally, these statistical analyses will give insight into the real system. But
much of this analysis directly compares the real system and the simulation model results.
In the section below, we will discuss stability results and structure to function results in
the GDS model. Stability results allow us to be confident in small errors in our choice of
parameters, while structure to function results allow us to quickly test our simulation model
in a computationally tractable way. The following section discusses these ideas in further
depth.

1.2 Stability results

A strong understanding of the underlying mathematical model is vital to have confidence in
any sensitivity analysis of the simulation model. There are also analyses that can be done
on the mathematical model which give results which lend toward verification. Our focus will
be stability and structure-to-function results in GDS.

There are different types of stability - state stability, and structural stability. State stability is
the first type of stability most people are exposed to - it is whether small state perturbations
will result in the same state in the long run. This is defined as follows:
We consider omega limit sets in dynamical systems, developed as follows:

Definition 9. For some phase space Γ, and state x ∈ Γ, an accumulation point of x is a
limit of some subsequence of the forward orbit of x.

Definition 10. For some function F and a state x, its ω-limit set, ωF (x) is the set of
accumulation points of x.
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Structural stability is the stability of the dynamics to aspects of the system - this means that
perturbing the GDS ”slightly” will still result in similar dynamics. More precisely, structural
stability as defined in [9] is developed as follows:

We first define a homeomorphism:

Definition 11. For topological spaces, A and B, a function h : A→ B is a homeomorphism
if it is continuously invertible.

We then define topological conjugation:

Definition 12. Let f : A → A and g : B → B be two maps. f and g are said to be
topologically conjugate if there exists a homeomorphism h : A→ B such that, h ◦ f = g ◦ h.

We can then define structural stability by using a distance metric in the function space, d(·, ·):

Definition 13. Let f : J → J . f is said to be structurally stable on J if there exists ε > 0
such that whenever d(f, g) < ε for g : J → J , it follows that f is topologically conjugate to g.

We see that the definition of topologically conjugate speaks to continuity through the home-
omorphism. These definitions, therefore, can apply easily to continuous dynamical systems;
but with discrete dynamical systems, it may be less directly applicable. To be able to use
these definitions in a meaningful way, one can use GDS in which certain aspects are infinite.

Although we will be mostly dealing with GDS where all aspects (elements of the GDS triple)
are finite, two aspects can be made infinite - state space and the underlying graph. One
benefit of working with sensitivity in an infinite state space is that tools from continuous
analysis can be utilized.

Devaney [9] and Lind [23] include a distance metric which reveals how to make states arbi-
trarily close in an infinite discrete case. First we define a state space which is Boolean at
each vertex, K = {0, 1}. Our graph then is infinite, we call the resulting state space K∞ =
K ×K ×K × · · · .

Now we define a distance metric between states x = (x0, x1, ...) and y = (y0, y1, ...):

d(x, y) =
∞∑

i=0

|xi − yi|
2i

.

Once we have this metric, we can assess stability through our previous definitions. This
distance is useful because the distance can be arbitrarily small, and thus a small ε could
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then be used in the structural stability definition to discover a topological conjugate.

Lind [23] and Devaney [9] study a shift map, σ((x0, x1, ...)) = (x1, x2, ...). They are able to
show that this map is continuous with the distance defined above. Devaney then shows that
this map is topologically conjugate to the quadratic map, Fµ(x) = µx(1−x) for µ > 2 +

√
5,

to consider the structural stability of this quadratic map.

Lind takes the above distance and considers its application to GDS functions with the graph
as Z, i.e. an infinite one-dimensional lattice. He shows that a local function in this setting
is continuous, and that it commutes with the shift operator. He shows that fv is a local
function in this setting if and only if it commutes with the shift operator and is continuous
over the state space. He is then able to use this to discuss state stability.

Lind also investigates the number of 1’s in a state, or other patterns in the limit. With the
above distance, he is able to connect sums over the system state with integrals. This ability
to study limiting behavior is powerful, but rare for cases in which the state space is finite,
because a defined distance in the finite case cannot be arbitrarily close.

In a finite state space, we could define our topology so that everything is an open set to give
us continuity, but this wouldn’t lead to any interesting results because we have not added
any structure to our dynamical system with this definition, and any distance will still have
a discrete co-domain.

When possible, usefully employed continuity can be beneficial because continuous systems
have a lot of theory in sensitivity, while discrete systems are relatively sparse. One reason
for this discrepancy is that a well known sensitivity measure of continuous systems does not
easily translate to discrete systems - the derivative. Now, tools such as the derivative were
developed for continuous systems in order to conduct the type of analysis that we have seen
over the past hundreds of years. Since GDS and similar discrete dynamical systems have
only been rigorously studied for around 50 years, it is important to similarly develop these
tools - as Newton developed the derivative, which drove Calculus.

To begin our discussion of sensitivity ideas in finite GDS, we will consider a metric that
acts similarly to a derivative. To understand this metric we must dig deeper into distance
between states in finite GDS.

There are multiple distances which we can define between states in a finite state space.
We could define distance as the minimum length of the directed path in the phase space.
Hamming distance, which is the number of states which are different, is one type of distance
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which is used by Kauffman [17], defined as follows:

Definition 14. For system states x = (x1, x2, ..., xn) and y = (y1, y2, ..., yn), we define the
Hamming distance, d(·, ·) : Kn ×Kn → as d(x, y) =

∑n
i=1 I(xi 6= yi).

This can be useful in state stability. Another type of distance that can be useful is a Boolean
distance which is 0 if states are the same, and 1 otherwise. A concept of derivative has been
conceived with this distance, activity [1].

1.2.1 State stability

In GDS, to assess state stability, we consider measures on the phase space and their prop-
erties under perturbation to states. This differs from structural stability because the GDS
function is not perturbed - we only consider one phase space. We can consider state stability
in the short term by analyzing ||F (x)− x|| for a GDS (F,G,Kn), a state x ∈ Kn, and some
norm: || · || : Kn → Z. Here I is the indicator function

We will first discuss activity, which applies to the short term, and applies to a Boolean state
space.

Activity

In this section, our state space will be Kn = {0, 1}n. Activity is the probability that a
change in a vertex state will cause a change in the image under the GDS function. Formally,
it is developed as follows.

For v ∈ V (G), we define the vth unit vector ev as:

ev = (0, 0, 0, . . . , 0, 1, 0, . . . , 0)

so that the state of vertex v is 1 and the state of every other vertex is 0. We then define a
function on a specific vertex and system state:

αF,v(x) = I[F (x+ ev) 6= F (x)] .

Here addition is modulo 2 as we are in the Boolean state space. This function is a partial
derivative. As a derivative gives rate of change of the function with respect to a variable,
our function also considers the local change of a function with respect to a change in one
variable of the state, using the Boolean distance described above:
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αF,v(x) =
∂F

∂xv
(x) .

We then take the expected value over all states, x. It is useful to take a probabilistic approach
because of the combinatorial nature of our problem. We would like to consider each state
in which the only difference is in xv. So our sample space is the state space. We set the
probability of choosing any state equal, and our random variable is αF,v(·). The activity of F
with respect to v is this value:

ᾱF,v = E[αF,v] .

This can be viewed as the sensitivity of the GDS function with respect to initial vertex
state xv. Next we look at the overall sensitivity and activity. The sensitivity of F is defined:

ᾱ =
n∑

i=1

ᾱF,i/n .

The activity of F is defined as the vector:

ᾱF = (ᾱF,1, ᾱF,2, ..., ᾱF,n) .

The sensitivity allows us to rank vertices on “importance” of their state to the function, i.e.
how often a change in each vertex will result in a change to the image. These values are
computationally intractable to compute. The results in [1] give activity values for specific
graphs including lattices, d-regular trees, and random graphs. These activity values are cal-
culated applying various GDS functions.

A downside of activity (as with a derivative) is that it is short term. A longer term activity
concept mentioned in [1] is k-step activity. It has the same type of definition as activity, but
with the function F replaced by F k for some k ∈ Z:

αFk,v(x) = I[F k(x+ ev) 6= F k(x)] ,

αFk,v = E[αFk,v(x)] .

This considers whether states which differ in the ith spot will stay different after k steps.
Another long-term idea is to consider state stability of limit cycles.

Attractor stability

Though we will always eventually have periodic orbits in a GDS with a finite state space,
there are a variety of possibilities in the structure and stability of these limits.
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Ribeiro and Kauffman [30], as well as Kuhlman and Mortveit [19], consider state stability
of limit cycles. This research has biological applications in the classification of cell types.
Since genes are being turned on and off rapidly, and cell states are likewise updated rapidly,
the focus must be on state stability of limit cycles. To study these ideas, they construct an
attractor graph, defined as follows:

Definition 15. For some function F , an attractor, A ⊂ Γ(F ), is a subset of the system
state space, Kn, such that F (A) = A:

Definition 16. For some function F , and state space Kn, the attractor graph of F is a
graph G = (V,E) where V = {Ai}i is the set of attractors, and there exists an edge e =
(Ai, Aj) ∈ E if for some x ∈ Ai, we have ωF (x+ ek) = Aj for some 1 ≤ k ≤ n].

In other words, this is a graph where the vertices are attractors in the phase space and there
exists a directed edge if a state in one attractor can be perturbed at a single vertex to become
a state in the basin of another attractor. These graphs may result in strongly connected com-
ponents. These strongly connected components in the attractor graph are called ergodic sets.

Ribeiro and Kauffman wanted to find GDS in which there were multiple ergodic sets. This
could suggest that cell type is driven by a system similar to GDS, and that the different cell
types could correspond to different ergodic sets. They found that multiple ergodic sets was
indeed possible, but only after constraining the noise to specific vertices.

In the results of Kuhlman and Mortveit [19], they show that there exist GDS which lead to
an arbitrarily large number of ergodic sets. One of the main theorems is as follows:

Theorem 17. There exist permutation block sequential bi-threshold GDS maps F for which
strongly connected components of the attractor graph G(A) have binary hyper-cubes Qn

2 as
sub-graphs for any integer n ≥ 1.

Here Qn
2 is a graph in which vertices are binary tuples, there are n vertices, and an edge

exists if the hamming distance between vertices is 1.

This shows that the attractors can be sensitive to vertex changes. Other results in this paper
give conditions for which attractor graphs contain only singletons. These results show that
there can be multiple ergodic sets, even when the dynamics of switching is not restricted.
This account of the range of possible ergodic set structure gives credence to the idea of
Ribeiro and Kauffman that ergodic sets could drive cell type.
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1.2.2 Structural stability with respect to a measure

In the following, we will apply the idea of structural stability to a measure of our phase space.
The definition below speaks to a similarity in phase space between two nearby functions:

Definition 18. A function f in a family of functions F is called structurally stable with
respect to µ if for any g ∈ F , there exists ε > 0 such that |f −g| < ε then we have µ(Γ(f)) =
µ(Γ(g)) for some measure µ.

In the following we may consider structural stability with respect to some measure of a GDS
function on a restricted function space. This restriction could correspond to a specific local
function form, a specific type of graph, or a specific range of possible update schemes. We
first consider a restriction of perturbations on the function space to confine functions of a
particular form.

Function perturbations

There are results which discuss stability of limit cycle length under perturbations in a re-
stricted function space. Thus the structure of the function is constant, and perturbations are
applied to function parameters. Threshold, bi-threshold, dynamic threshold, block threshold
have been studied extensively in this regard, and will be discussed in the following [20,29,32].
To characterize the length of limit cycles, potential functions can be used. We define a po-
tential function as a function of this form, P : Kn → R≥0 where Kn is the state space:

Definition 19. A function P : Kn → R is called a potential function of F if P (x) ≥ 0 for
all x ∈ Kn, and P (F (x))− P (x) < 0 for all x ∈ Kn such that x 6= F (x).

It is often used to find cases in which it will continue to decrease and therefore create a
contradiction to its positivity. These functions are similar to Lyapunov functions in the
continuous setting.

Results on GDS limit cycle structure have been developed using this framework. We first
look at generalized threshold functions defined as follows:

Definition 20. For vertex i and neighborhood N(i) with corresponding states x[i], a gener-
alized threshold function on i is defined:

fi(x[i]) =

{
1
∑

j∈x[i] aijxj ≥ ki

0
∑

j∈x[i] aijxj < ki
,
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where xi is the state of vertex i, ki ∈ {0, 1, ..., d(i) + 2}, and aij ∈ R is a weight assigned to
the edge (i, j).

Barret et al. [7] characterized limit cycle lengths for asynchronous threshold functions. Goles
and Olivos (1981) were the first to characterize limit cycle lengths for synchronous threshold
functions. They are cited in Kuhlman et al. [20], who then extended the ideas to more
general threshold functions. The major result of Goles and Olivos shows that the length
of the limit cycles under synchronous threshold functions has an upper bound of 2. We
define our GDS function as F : Kn → Kn, updated synchronously, with a Boolean state
space, Kn = {0, 1}. We can now see the theorem:

Theorem 21. For our GDS function, F , and for all x = (x1, ..., x2) ∈ Kn, there exists s ∈ N
such that F s+2(x) = F s(x).

They proved this by showing a contradiction for long limit cycles in their effect on a potential
function. This is a very technical argument and will not be discussed here.

Kuhlman et al. [20] extends these results to a bi-threshold case, as well as considering the
case of sequential updating. Bi-threshold functions are generalizations of threshold functions
as follows:

Definition 22. A bi-threshold function for a single vertex, i, is:

fi(x[i]) =





1 if xi = 0 and
∑

j∈x[i] aijxj ≥ k↑i
0 if xi = 1 and

∑
j∈x[i] aijxj < k↓i

xi otherwise

,

where k↓i , k
↑
i ∈ {0, 1, ..., d(i) + 2}, and aij are the elements of the dependency matrix. Their

work reveals a bifurcation in the sensitivity of max limit cycle length. And thus there is
a sensitivity of the limit cycle length to the function parameters. One main result in [20]
extends Goles and Olivos’ proof technique to generalize their result:

Theorem 23. A synchronous bi-threshold GDS may only have fixed points and 2-cycles as
limit sets.

This gives stability of maximum length of limit cycle with respect to function parameter
changes. The second main result in [20] gives a bifurcation of the max limit cycle for the
asynchronous case.

Theorem 24. Let G be a graph, let π ∈ SG, and let (fv)v be bi-threshold functions all
satisfying k↓v − k↑v ≤ 1. The sequential dynamical system map Fπ only has fixed points as
limit sets.
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This theorem is again proved using a potential function argument, but with a different func-
tion than above. We will call this the potential function, and it takes into consideration
threshold values as follows:

For a given vertex v, and system state s, the vertex potential is defined:

P (v, s) =

{
k↓v xv = 1

d(v) + 2− k↑v xv = 0
.

This vertex potential is the minimum number of neighboring states which are equal to xv
that would cause xv to remain constant - i.e. if xv = 1 and there are k↓v neighboring states
equal to 1, after an update, we will get xv = 1, but if there are k↓v − 1 neighboring states
equal to 1, we will get xv = 0.

The edge potential is then defined as follows:

P (e = (v, v′), s) =

{
1 xv 6= xv′

0 xv = xv′
.

Now the system potential, for an underlying graph G and a given system state s, is the sum
of the vertex and edge potentials:

P (x) =
∑

v∈V (G)

P (v, x) +
∑

e∈E(G)

P (e, x) .

Note that the system potential will always be positive. Now we will consider the change in
this system potential. Our GDS is (Fπ, G,K

n) for π ∈ SG. Our sequential function is

Fπ = Fπ(n) ◦ Fπ(n−1) ◦ · · · ◦ Fπ(1) .

We consider change in potential between Fπ(v−1) ◦Fπ(v−2) ◦ · · ·◦Fπ(1)(x) = y for some x ∈ Kn

and Fπ(v)(y). We call this application of Fπ(v) a vertex update. Considering the sequential
aspect of our GDS, the above composition allows simply adding the changes in potential on
a vertex update:

∆v(P (x)) = P (Fπ(v)(x))− P (x) ,

to give us our difference of potential when applying Fπ: P (Fπ(x)) − P (x). Thus we have:
if each ∆v(P (x)) < 0, then P (Fπ(x)) − P (x) < 0. It is clear that on a vertex update, if
the vertex state remains constant, the system potential remains constant. Thus we consider
a change in the vertex state. In [20] the authors derive that on a vertex state change, the
potential change is ∆v(P (x)) ≤ k↓v − k↑v − 2. Thus if k↓v − k↑v ≤ 1, we have that the change in
system potential is negative on a vertex update. And thus any limit cycle of length greater
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than 1 would result in a negative potential function, and thus a contradiction. Therefore we
have the result.

Having found useful potential functions to use for synchronous and asynchronous threshold
functions, attempts were made to extend these ideas to more generalizations of the threshold
function. In [32], Wu et al. consider a transition-based dynamic threshold system, in which
for a given vertex, the threshold may change on a change in state. It is developed as follows:

Definition 25. We define T ↑v and T ↓v as the sets of permissible up and down thresholds,
respectively. We define these as

T ↑v = {av, av+1, ..., bv} and T ↓v = {a′v, a′v + 1, ..., b′v} ,
where av ≥ 0, a′v ≥ 1, bv ≤ d(v) + 1, and b′v ≤ d(v) + 2.

The vertex state space includes the current threshold values, and the current transition index
as follows:

Definition 26. We will define Mv = {0, 1} × T ↑v × T ↓v × T and we will also define M∗
v =

{0, 1}d(v)+1 × T ↑v × T ↓v × T .

where T is the space of time/transition indices. We can then define functions that capture
the transitions of threshold values and time as: gv : M∗

v → T ↑v × T ↓v and hv : M∗
v → T ,

respectively. We can now define our vertex functions:

Definition 27. A transition based dynamic threshold function has vertex functions:

fv(x[v]) =
(
θv,k↑v ,k↓v(x[v]), gv(x[v], k↑v , k

↓
v , τv), hv(x[v], k↑v , k

↓
v , τv)

)
.

This can apply to certain disease models in which one can contract a disease multiple times,
but the probability of contraction changes with each instance. It is a step toward analysis
of GDS where the functions directly depend on time. The main result for the synchronous
update case is:

Theorem 28. Let F be a synchronous, transition-based dynamic threshold function. Then
the projection of every periodic orbit of F onto its x = (x1, ..., xn)-component has period at
most two. In particular, if k↑v or k↓v has period p > 2 on a periodic orbit, then the x-component
on this orbit is fixed.

The major result for the asynchronous case is as follows:

Theorem 29. Consider a transition-based dynamic SDS map. If there exists a τmax such
that for all vertices v and τ ≥ τmax,∆v(τ) = k↓v(τ)− k↑v(τ) < 2, then, it has only fixed points
as limit sets and from any initial configuration, a fixed point is reached in at most (nτmax +
1)(3m + 2n + 1) time steps where m and n are the number of edges and vertices in the
underlying graph X respectively.
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These two theorems are able to apply the same potential functions to this more generalized
function to reason about the periodic structure.

We have considered ways of generalizing the threshold function, and considering the case of
a parallel update and a sequential update. We can also consider standard threshold func-
tions with a general block update scheme. A block update is defined above - where disjoint
subsets of vertices, blocks, are updated in parallel, and there is a sequence of block updates.
This type of update mechanism can be powerful because it is a generalization of both the
synchronous and asynchronous update schemes - synchronous update corresponds to a block
size of |V (G)| for some GDS (F,G,Kn), while asynchronous corresponds to block sizes of
1. The results above show that there is a difference in the periodic structure of a parallel
and sequential update of various threshold systems. The following investigates how the limit
cycles change as we consider block sizes between synchronous and asynchronous.

Mortveit [29] considers the possible lengths of limit cycles in the block sequential setting.
The main result is as follows:

Theorem 30. Let G be a simple graph and B a block partition of V (G). If the largest non-
trivial block of B has size at most three, then any block-sequential threshold finite dynamical
system with update sequence π ∈ SB only has fixed points as limit sets. If the largest nontrivial
block has size at least four, then a block-sequential threshold finite dynamical system may have
limit cycles of length at least two.

This proof similarly uses a potential function argument. This proof is different since for the
block sequential case one cannot simply track the change in a vertex state over the period -
because there are some parallel blocks. Thus the potential function changes must be calcu-
lated for possible changes to each block of vertices.

In [29], Mortveit conjectured that block size of at least four have limit cycles of length at
most two. This was disproved by Goles and Montealegre [12] - where they showed that
there exist block-sequential threshold GDS with large limit cycles, suggesting some deeper
dependence of limiting behavior on update scheme.

The results above and the method used to find them can be extended to more general cases
if graph structure is taken into account. Adiga et al. [3] found a way to extend the potential
function argument above to show some limit cycle stability with respect to a block-sequential
update structure of any size if there is a connection with the underlying graph:

Theorem 31. Let G be a simple graph with vertex set V (G) and edge set E(G). Let B be a
block partition of V (G). If every block B ∈ B satisfies Condition 32 below, then, any block-
sequential standard threshold system induced by B for any update order on the blocks has
only fixed points as limit sets. Also, the transient length is at most (|E(G)|+ |V (G)|+ 1)/2.
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Condition 32. For any non-empty B′ ⊆ B and any assignment x of vertex states for B′, ||B′||−
2|ΛB′(x)| − |B′| < 0, where ||B′|| is the number of edges in the subgraph induced by B′ and:

ΛB′(x) = {{u, v} ∈ E(X) | u, v ∈ B′, and xu = xv} .

This result gives more information about the structure of limit cycles with ranges of block
sequential updates. It could be seen as stability of limit cycle length with respect to correlated
graph and update perturbations.

Graph perturbations

Adiga et al. [2] considered stability under graph perturbations. They modeled a disease
spread over a network, and the measure on which to assess stability was the number of
infections. In the Boolean network, this measure can be defined as mass:

Definition 33. For state space Kn = {0, 1}n, the mass of a state x = (x1, x2, ..., xn) ∈ Kn

is defined as m(x) =
∑n

i=1 xi.

Mass can be a useful concept in Boolean networks as it will give a count of the number
of vertices affected. Adiga et al. [2] considered the structural stability of the mass of GDS
functions under network perturbations. Perturbing the graph can be applicable as it will
reflect some graph noise or uncertainty that can arise in simulation models. The result could
also be applied to a system in which the number of edges in a graph slowly grows.

Graph perturbations are also function perturbations, but can be more difficult to apply be-
cause there must be some mechanism to change the function accordingly. Therefore, this
paper considered threshold models as above, a dynamical system in which the function is
closely aligned with the graph properties. To analyze random graph perturbations, we must
first define the setting in which we will work:

We define a sample space and a weight to this space. The space which we will use is Ω1 = Gn,p

in which Ω1 is the set of all subgraphs of Kn, and p relates to the probability of each edge
appearing. This gives, for a chosen graph G ∈ Ω1, the associated weight

P1(G) = p|E(G)|(1− p)|E(Kn)|−|E(G)|.

We note that |E(Kn)| =
(
n
2

)
. We now consider graph perturbations in a uniform edge

addition model. This involves selecting a graph from our sample space, and adding edges:

Definition 34. A uniform edge addition model is developed as follows: We choose Ru(ε) ∈
Ω1, with probability P1

(
Ru(ε)

)
where p = ε/n. We then take a given graph G, and consider

the perturbed graph as the edge union: G′ =
(
V (G), E(G) ∪ E(Ru(ε)

)
.
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Adiga et al. [2] considered threshold models for the GDS function. The vertices are updated
sequentially, and thus given an initial state, we know from previously stated results that we
will reach an equilibrium point. This will be the point at which to measure the system mass.
Adiga et al. [2] also consider a random seed set, in which vertices are selected as 1 at random,
as this size will have an effect on the stability. Thus, given a graph G, and given seed size,
we define a sample space Ω2 = {x ∈ Kn | m(x) = s} and the weight of the elements of this
space is uniform: P2(x) = 1/

(
n
s

)
.

Thus our final sample space is Ω = Ω1×Ω2. Then the weight for a given graph G and initial
state x over this space is P (G, x) = P1(G) · P2(x). We let the random variable, X, be the
mass of the corresponding equilibrium point.

The major theorem for the linear threshold case shows that the number of infections in these
threshold GDS models is stable with respect to graph perturbations:

Theorem 35. Let G(V,E) be a graph with maximum degree ∆ and G+Ru(ε) be the perturbed
graph obtained by adding edges uniformly at random with factor ε. For a given threshold
GDS, given an initial random seed set of size s, the expected number of infected vertices in
the perturbed graph G′ =

(
V (G), E(G) ∪ E(Ru(ε)

)
is

E(XG′) = O(s(∆ + ε+ log n) log n) ,

whereas the expected number of infected vertices in the unperturbed graph is

E(XG) = O(s∆ log n) .

This theorem quantitatively reflects the stability of mass with respect to graph perturba-
tions, as we consider the expected behavior of a graph G and nearby graphs. Thus when
implementing a simulation model which reflects a threshold model, we can be confident that
uncertainty in graph structure will not have a disproportionate effect on mass of resulting
equilibrium.

Update order

We have discussed various GDS update schemes in the previous sections. In this section we
will consider Sequential Dynamical Systems (SDS), GDS with asynchronous update. One
main area of study in SDS is stability with respect to perturbations of update sequence.

In the above sections, when considering SDS, each vertex appeared precisely once in the
update sequence. When this occurs, the update sequence is a permutation. For a given
graph G, the set of permutations of G is denoted SG. This can be generalized to any finite
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sequence of vertices, without restrictions on the number of appearances of vertices. We
call this general update sequence a word and denote the set of words as WG for a given
G. To consider stability, we will consider specific types of update sequence perturbations
represented by an update graph, defined as follows:

Definition 36. For some graph G, the update graph U(G) = (V,E) is one in which V = SG
and there exists an edge e = {π, π′} if for some integer k where 1 ≤ k ≤ n, we have

• π′ =
(
π(1), π(2), ..., π(k − 1), π(k + 1), π(k), π(k + 2), π(k + 3), .., π(n)

)
and

• {π(k), π(k + 1)} 6∈ E(G).

Equivalence relations are useful in stability topics, as one can then assess these equivalences
under two perturbed systems. We thus state this definition:

Definition 37. For a set S, we say that the relation ∼ is an equivalence relation if the
following hold

• For all a ∈ S, a ∼ a,

• If a, b ∈ S and a ∼ b, then b ∼ a,

• If a, b, c ∈ S, a ∼ b, and b ∼ c, then a ∼ c.

The components of our update graph above will define an equivalence relation on Sn as
follows.

Given a graph G, for a, b ∈ Sn, we define a relation ∼α′ by a ∼α′ b if {a, b} ∈ E
(
U(G)

)
. We

then take the transitive closure and reflexive closure to get an equivalence relation ∼α, and
we call this α-equivalence. We use this structure to reason about the function dynamics.

Proposition 38. Given a graph G, local functions (Fi)i, and π, π′ ∈ Sn, we have

π ∼α π′ =⇒ Fπ = Fπ′ .

Thus we use an equivalence relation on our permutations to assess equality of the corre-
sponding SDS functions. We can develop a simple test of this equivalence class as follows.

We consider the equivalence classes under our relation, SG/ ∼α= {[π]α | π ∈ SG}. These
can be represented as acyclic orientations as follows. We first define an ordering relation on
permutations π:

Definition 39. For a graph G and a given permutation π, we write i <π j if i appears before
j in π.
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For a given G, we define O : SG → Acyc(G) with the rule O(π) = (V (G), E) where E is
the orientation of G such that (i, j) ∈ E if {i, j} ∈ E(G) and i <π j. We write Oπ for
convenience.

Once we have defined this Oπ, we can state the following theorem:

Theorem 40. For given graph G and π, π′ ∈ SG, we have Oπ = Oπ′ ⇐⇒ π ∼α π′.

Thus we can simply direct our graph as prescribed for Oπ, and if equal, we have Fπ = Fπ′ .
Note that the converse of the previous theorem does not necessarily hold- if Oπ 6= Oπ′ , this
theorem will give no information about the function. Thus we investigate dynamics of the
function through more general equivalence relations.

When there exists a graph isomorphism between two finite dynamical system phase spaces,
we call them dynamically equivalent :

Definition 41. Two finite dynamical systems with maps φ, θ : Kn → Kn are dynamically
equivalent if there exists a bijection h : Kn → Kn such that φ ◦ h = h ◦ θ.

Clearly functional equivalence implies dynamical equivalence, but there are other conditions
between GDS which give dynamical equivalence. To construct these conditions, we first
provide definitions. We define Aut(G) as the set of all graph automorphisms of G. We now
define Aut(G)-invariance:

Definition 42. A sequence of vertex functions, (fv)v, is Aut(G)-invariant if either of the
following conditions hold:

• fv = fγ(v) for all γ ∈ Aut(G);

• γ ◦ Fv ◦ γ−1 = Fγ(v).

Definition 43. For a graph G we let α(G) = |Acyc(G)|.

With these definitions, we come to the first theorem in [28]:

Theorem 44. For any sequence (fv)v of Aut-invariant vertex functions, the maps Fπ
and Fγπ are dynamically equivalent.

We can also bound the number of dynamical equivalence classes, to give the result: ᾱ(G) is
an upper bound for the number of such maps, up to dynamical equivalence, constructed as
follows



24

Definition 45. For a given graph G and automorphism γ, we define the operation 〈γ〉\G
as the orbit graph of G and the cyclic group 〈γ〉. An orbit graph is a multi graph where the
vertices resp. edges are the orbits of γ acting on V (G) resp. E(G).

With this definition, we can construct an equation which bounds the number of dynamical
equivalence classes:

ᾱ(G) =
1

|Aut(G)|
∑

γ∈Aut(G)

|Fix(γ)| = 1

|Aut(G)|
∑

γ∈Aut(G)

α(〈γ〉\G) .

We will now consider only certain permutation perturbations and how they relate to the limit
cycles of the SDS phase space. We define a click to an acyclic orientation as the conversion
of a source to a sink. This means that for some source, i, for any edge (i, j), we re-orient
this edge (j, i). We consider a relation, ∼κ′ , between acyclic orientations O,O′ as O ∼κ′ O′
if O becomes O′ under a single click. We take the transitive and reflexive closures of this
relation to get κ-equivalence, ∼κ. Thus O ∼κ O′ if some number of clicks of O gives you O′.
This will relate to the SDS map in its cycles. We therefore define a stability measure, cycle
equivalence:

Definition 46. Two finite dynamical systems with maps φ : Kn
1 → Kn

1 and θ : Kn
2 → Kn

2

are cycle equivalent if there exists a bijection h : Per(θ)→ Per(φ) such that

φ|Per(φ) ◦ h = h ◦ θ|Per(θ) .

In Macauley and Mortveit [28], they relate the limit cycle structure to this equivalence class:

Theorem 47. For a graph G, and for permutations π, and π′, if Oπ ∼κ Oπ′ then Fπ and Fπ′
are cycle equivalent.

This equivalence relates to update sequence by the one-to-one correspondence between
acyclic orientations and α-equivalence classes. Thus, given an acyclic orientation, we choose
a representative π =

(
π(1), π(2), ..., π(n)

)
from the respective α-equivalence class - and a

click to the acyclic orientation can be defined in terms of our permutation:

σs(π) =
(
π(s+ 1), π(s+ 2), ..., π(n), π(1), π(2), ..., π(s)

)
.

With this, we have related this action on Acyc(G) to a perturbation of the update sequence,
and we can thus state the following:

Theorem 48. For a graph G, for any π ∈ SG, the SDS maps Fπ and Fσs(π) are cycle
equivalent.

Macauley [27] generalized this to words:
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Theorem 49. For a graph G, for any w ∈ WG, the SDS maps Fw and Fσs(w) are cycle
equivalent.

As the previous result could be tested through Oπ, this can also be tested. If given a phase
space, we can test cycle equivalence through comparing the multi-sets of cycle lengths. But
we may not be given a phase space, and constructing a phase space can be computationally
expensive/intractable. To construct our more efficient test, we must first provide some defi-
nitions.

Definition 50. A cycle basis C for a graph, G, is a minimal set of cycles such that:

G−∑C∈C C = (V (G), E(G)−∑C∈C e) contains no cycles, where e ∈ E(C).

We now define Coleman’s ν-function:

Definition 51. For a given cycle basis, C = {C1, ..., Ck}, and a given acyclic orientation,
A, of graph G, we define νC : Acyc(G)k → Z as:

νC(A)i = |n+(i)| − |n−(i)| ,

where n+(i) are the edges in the cycle represented by Ci which have the same orientation in A,
and n−(i) are the edges in the cycle represented by Ci which have the opposite orientation
in A.

Macauley and Mortveit [28] use this function on the acyclic orientation to give another
structure-to-function theorem:

Theorem 52. For a given graph G, cycle basis C, and permutations π, π′ ∈ SG, we have

νC(Oπ) = νC(Oπ′) ⇐⇒ π ∼κ π′ .

This theorem allows us to analyze κ-equivalence in a way that is computationally tractable.
This type of structure-to-function result can be useful in analyzing large simulation models
and their underlying mathematical models.

Another aspect of stability which we can consider is stability of the set of periodic points of
an SDS with respect to update order perturbations. We develop these ideas as follows:

Definition 53. For a given graph G and vertex functions for each v ∈ V (G), if we have
Per(Fπ) = Per(Fπ′) for any π, π′ ∈ SG resp. Per(Fω) = Per(Fω′) for any ω, ω′ ∈ WG then we
say that for graph G, the set of local functions, (Fv)v, is π-independent resp. ω-independent.
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Definition 54. Given a graph, G, the local functions (fv)v are block invariant if Per(FB) =
Per(FB′) for any block sequential functions induced by (fv)v and block partitions B, and B′
as well as any sequences from SB and SB′ respectively.

There are results related to functional and cycle equivalence of a specific type of SDS,
ECAs [24–26]. We have defined automata networks above. Cellular automata are Boolean
GDS’s where the graph is a regular grid. Elementary cellular automata are Boolean GDS in
which the graph is an n-circle and the update is parallel. Each local function is also equal.
Wolfram was one of the pioneers in these systems [31], and thus the local functions, when
discussing cellular automata are often called Wolfram rules or simply rules. Since the graph
is a circle, each local function will have 3 inputs. Thus there are 223 = 256 possible rules.

Asynchronous cellular automata are ECAs in which the update order is sequential. There
are results that characterize update sequence stability of the rules in ACA.

• There are 104 rules that are permutation independent, 86 of which are word indepen-
dent [24,25].

• There are 41 rules that are block invariant [26].

These results are examples of the differences between word, permutation, and block invari-
ance.



Chapter 2

Contributions

2.1 Phase space invariance for asynchronous Boolean

networks under shifts of update sequence

2.1.1 Introduction

In the previous sections we have shown that kappa equivalence implies cycle equivalence, it
can also imply stability of portions of transient structure. In the Appendix A, we describe the
mechanisms of this, which will be summarized here. A driver of Theorem 48 above was the
graph morphism in the phase space Fπ(1) ◦Fπ = Fσ1(π) ◦Fπ(1). This is an isomorphism when
restricted to periodic points, but can still be useful when the transient paths are considered.
We include the following definitions in this paper in order to describe this behavior.

Definition 55. For a given GDS function, F , a state, x, is a garden of Eden state ( GoE)
state if F−1(x) = ∅.

Definition 56. For a given GDS function F , state space Kn, and GoE state x, a transient
path PF (x) is the sequence defined as follows:

PF (x) = (x, F (x), F 2(x), ..., F τ−1(x))

where τ is the smallest number such that F τ (x) ∈ Per(x). We denote `(PF (x)) = τ .

2.1.2 Results

The main theorem bounds the range and size of the set of maximum transient lengths along
update sequence shifts:

27



28

Theorem 57. Assume that x = x(0) ∈ GoE(Fπ) with maximal transient path P0 = PFπ(x(0))
satisfies (i) Fπ(x) 6∈ Per(Fπ) and (ii) F−1π

(
Fπ(x)

)
⊂ GoE(Fπ). Then (a) the states x(k) ∈ Kn

defined by
x(k) = Fπk ◦ · · · ◦ Fπ1(x) in Γ(Fσk(π)), with 0 ≤ k ≤ n− 1 , (2.1)

are all transient states of their respective phase spaces. Moreover, (b) any sequence of max-
imal transient paths (Pk)k with Pk containing x(k) satisfies the inequality

|`(Pk)− `(P0)| ≤ 1 , (2.2)

and (c) ∣∣{k | `(Pk) 6= `(Pk+1)}
∣∣ ≤ 2 . (2.3)

Thus, given a GDS with a specific update sequence, we know that much of the transient
structure will remain constant. Especially useful is that the maximum transient length may
only vary by 1. This may be applicable in implementation, as it gives assurance that update
order clicks will not cause a bifurcation in the length of transient paths.

2.1.3 Contributions

In this paper, I helped to construct the condition and the proof of Theorem 6 (see Ap-
pendix A). I contributed to writing the transient path definition. I contributed to writing
the condition and proof of the Theorem 6. I contributed to the proof of Proposition 2 (see
Appendix A). I also edited and helped prepare for publication. See Appendix A for a copy
of the manuscript.

2.2 A multi-pathway modeling approach to assess the

threat of Tuta absoluta in southeast Asia

2.2.1 Introduction

Above, we have considered threshold functions, and generalizations which depend on time.
In Appendix B below, we consider an implementation of a more general periodic GDS. We
extended the work of Guimapi [14] and their investigation into the spread of Tuta absoluta.
Tuta absoluta is a pest which infects many plants but especially tomato plants. They con-
sidered Africa as a focus region, while we consider Southeast Asia. Tuta absoluta can spread
through flying - in [14] they considered a radius of 50-75 km per month. Tuta absoluta can
also spread through tomato trade. Thus our research extends [14] through including the
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long-distance spread. Future work could include a mathematical treatment of this frame-
work of periodic GDS in studying stability of limit cycle length.

2.2.2 Methods

We consider a stochastic periodic model which takes into account three pathways of spread:
short-distance, farm-to-market, and market-to-market. The second pathway resembles the
spread of Tuta absoluta due to transport from farm to market and from market to village.
The third pathway reflects market to market trading of tomatoes. Thus we consider a
generalized cellular automata in which edges are added due to being contained in the same
region, as well as trade between regions. The periodicity results from the nature of tomato
production in these regions being dependent on rainfall. We use an SEI model, in which
a cell changes states from susceptible to exposed depending on suitability and infectivity
of neighboring cells (along each of the above pathways). See details in Appendix B. An
exposed cell then becomes infected after 1 month. This is reasonable as this is the estimated
life cycle of the pest, and thus if conditions are suitable enough to become exposed there
will be another generation after a month. An infected cell then stays infected as there is
currently no successful attempts to remove Tuta absoluta.

2.2.3 Contributions

In this paper, I contributed by collecting data relevant to our model. I did literature re-
views, and implemented the model from Guimapi [14]. I implemented many aspects of our
mathematical model in the simulation model, including adding the distance edges, and the
functions which output probability of infection. I helped to construct statistical designs. I
simulated the resulting model and analyzed output. I contributed to writing section 2.2. See
Appendix B for selected sections of the manuscript.



Chapter 3

Conclusion

This thesis has explored stability, structure-to-function, validation, and implementation con-
cepts in GDS. These concepts can be applied to simulation models given a research question.
Stability results have been given which will help with verification of the simulation model,
as well as validation of the mathematical model. Structure-to-function results have been
given which help with gaining information about dynamics of a model in a computationally
tractable way. Implementation concepts have been explored which help with understanding
the dynamics of a given simulation model, uncertainty quantification, as well as verification
and validation techniques. This background creates a base on which the contributions could
be built.

This thesis documents the contributions made throughout this Master’s program. In GDS,
transient length was found to be stable under update order shifts. This bound on the tran-
sient length under update order shifts can be important to simulation science as a bound
on the time needed to reach a limit cycle. This can help with computational tractability
in certain cases. It also gives more structure to GDS, and is the first instance of using the
generalized phase space to investigate changes in update order. This is an area which may
contribute much in future studies.

An implementation of GDS was considered - modeling pest spread in southeast Asia. This
contributes to simulation science by adding to a cellular automata with long-distance edges.
Many pests and diseases can be spread locally and through trade and travel. Thus, the
methods developed in this project can contribute toward improving these spatially multi-
scale networked models.
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Appendices

The page numbers to be noted in the following are in the upper right. Please disregard other
page numbers as they are from the copied manuscripts.

34



PHASE SPACE INVARIANCE FOR ASYNCHRONOUS
BOOLEAN NETWORKS UNDER SHIFTS OF UPDATE

SEQUENCE

RICKY X. F. CHEN, JOSEPH A. MCNITT, HENNING S. MORTVEIT†,
RYAN PEDERSON, AND CHRISTIAN M. REIDYS

Abstract. For an asynchronous Boolean network (ABN), how
much of its phase space structure is preserved under cyclic shifts
of the update sequence, or more generally, under κ-equivalence of
permutation update sequences? In this paper we give an answer
to this by extending work of Macauley & Mortveit (2009) who
showed that the periodic orbit structures of ABNs are completely
preserved under κ-equivalence. In particular, their result implies
that attractor structure is invariant under cyclic shift of the up-
date sequence. Here we extend their results to describe the parts of
the transient structures of the phase space that are preserved un-
der κ-equivalence. Our main result is a Lipschitz-continuity type
theorem for sequences of maximal transient paths, thus demon-
strating that these phase space structures are essentially preserved
under cyclic shifts of update sequence. Moreover, for fixed vertex
functions, we prove that the set of maximal transient lengths of
induced SDS maps over a κ-class has cardinality at most 2. In our
proofs, we also derive insight into the generalized phase space of
asynchronous Boolean networks, a much more general object whose
structure can provide information about dynamics of for example
ABNs with stochastic update mechanisms.

1. Introduction

Asynchronous Boolean Networks (ABN) and the more general frame-
work of graph dynamical systems (GDS), is a precise and useful dynam-
ical system representation capturing distributed, dynamical phenom-
ena with local interactions. Applications range from disease dynamics
on social contact graphs [2], to packet transport in wireless networks,

Key words and phrases. Boolean networks; finite dynamical system; asynchro-
nous; transient structure; update sequence; shifts; Lipschitz.

†Corresponding author: Henning S. Mortveit; Telephone: +1 540-231-5327; Fax:
+1 540-231-2606.
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traffic systems with individual cars [13], and dynamics of biological sys-
tems [6, 15]. We will assume that the reader is already familiar with no-
tation and terminology for asynchronous Boolean networks constructed
as composed maps F : Kn −→ Kn of the form

Fπ = Fπn ◦ Fπn−1 ◦ · · · ◦ Fπ1 ,
where π = (π1, . . . , πn) is a permutation of {1, 2, . . . , n}, and where each
map Fv : Kn −→ Kn may only change the state of its associated ver-
tex xv while leaving all other states of the system state x = (x1, . . . , xn)
fixed. If necessary, please review definitions and details in Section 2.
It is assumed that K is finite, typically K = {0, 1}. We remark that
this particular class of finite dynamical systems is often referred to as
sequential dynamical systems (SDS), see [7, 12], as automata networks,
see [3–5], and as polynomial dynamical systems, see [1].

Let σk(π) = (πk+1, . . . , πn, π1, . . . , πk) denote the cyclic, left k-shift of π
and observe that

Fσk(π) = Fπk ◦ Fπk−1
◦ · · · ◦ Fπ1 ◦ Fπn ◦ · · · ◦ Fπk+1

.

In [9] it was shown that the restricted map

(1) Fπk : Per(Fσk−1(π)) −→ Per(Fσk(π)) ,

where Per(F ) denotes the periodic points of F , induces an isomorphism
from the set of periodic orbits of Fσk−1(π) to the set of periodic orbits
of Fσk(π) for 1 ≤ k ≤ n. This result implies that the periodic orbit
structure of Fπ is preserved under cyclic shifts of the update order π.
The starting point for their proof is the re-bracketing of the expression

(Fπk ◦ Fπk−1
◦ · · · ◦ Fπ1 ◦ Fπn ◦ · · · ◦ Fπk+1

) ◦ Fπk
which leads to

(2) Fσk(π) ◦ Fπk = Fπk ◦ Fσk−1(π) , 1 ≤ k ≤ n,

which in turn gives graph morphisms

(3) γk : Γ(Fσk−1(π)) −→ Γ(Fσk(π)) ,

where Γ(F ) denotes the phase space of F , see Section 2. In this paper
we use the sequence (γk)k to analyze the extent to which the transient
portions of the phase space of Fπ are preserved under shifts of the
update sequence. Note that a GoE state is a state with no pre-image.
Our key results can be summarized as follows:

Proposition: States x, y ∈ Kn can only be identified under γk if they
have the same immediate successor in Γ(Fσk−1(π)), that is, if Fσk−1(π)(x) =
Fσk−1(π)(y), see Proposition 3.
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Proposition: Each morphism γk maps Kn onto the set of states Kn \
GoE(Fσk(π)), that is, the non-leaf vertices of Γ(Fσk(π)), see Proposi-
tion 4. Consequently, we have Kn \ γk(Kn) ⊂ GoE(Fσk(π)).

Theorem: Suppose x ∈ GoE(Fπ), Fπ(x) 6∈ Per(Fπ), and F−1π (Fπ(x)) ⊂
GoE(Fπ). Then the following three statements hold, see Theorem 6.

(i) none of the states in the sequence x(k) = Fπk ◦ · · · ◦ Fπ1(x)
in Γ(Fσk(π)) are periodic.

(ii) the length of any maximal transient path Pk through x(k) in Γ(Fσk(π))
with 0 ≤ k ≤ n − 1 differs in length from P0 (the path through x
in Γ(Fπ)) by at most 1.

(iii) the set {`(Fπ′) | π′ ∈ [π]κ} of maximal transient lengths of SDS
maps over a κ-class [π]κ has size at most 2.

The reason for the first condition is to remove the degenerate cases in
which transient states are mapped to periodic points under Fπk . The
second condition is to avoid the situation with GoE states x such as
the one illustrated in the upper left phase space of Figure 1 and the
GoE state marked by (∗).
Example 1. This example illustrates the main results for the case
where the graph G is Circle4 (vertex set {1, 2, 3, 4} and edges all {i, i+
1} with indices modulo 4) with the added diagonal edge {1, 3}, and
bi-threshold functions τv,m,k01,k10 : {0, 1}m −→ {0, 1} defined by

(4) τv,m,k01,k10(x[v]) =





1, xv = 0 and
∑

i x[v]i ≥ k01 ,

0, xv = 1 and
∑

i x[v]i < k10 ,

xv, otherwise.

Here the index v is the vertex to which the function is assigned. The
phase space for F(2,1,3,4) is shown in the upper left of Figure 1 with the
other shifted phase spaces in clockwise order. Here k01 = 1 and k10 = 3
in all cases.

The underlined/red vertices shown in the phase space of F(1,3,4,2) in
the upper right diagram represent the image of Fπ1 = F2 of Γ(F(2,1,3,4))
shown in the upper left diagram. Similarly for Fπ2 = F1 from the upper
right to the lower right, for Fπ3 = F3 from the lower right to the lower
left, and for Fπ4 = F4 from the lower left to the upper left.

Organization of the work. In Section 2 we introduce the basic
definitions. Main results are given in Section 3 and the generalization
to κ-equivalence is derived in Section 3.1. They are followed by a brief
discussion and outline of future work in Section 4.
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Figure 1. Phase spaces for the SDS maps of Exam-
ple 1. For these (1, 3)-bithreshold SDS maps, the base
update sequence is π = (2, 1, 3, 4), shown in the upper
left phase space. The remaining phase spaces are for up-
date orders (1, 3, 4, 2) in the upper right, (3, 4, 2, 1) in the
lower right, and (4, 2, 1, 3) in the lower left.

2. Background and Terminology

Let G be a finite graph with vertex set V (G) = {1, 2, . . . , n} and undi-
rected edges E(G). For v ∈ V (G) we let n[v] denote the sorted sequence
consisting of v and its neighbors in G. We denote the symmetric group
over V (G) by SG and refer to its elements as update orders. To each ver-
tex v we associate a vertex state xv from a finite set K, typically {0, 1}.
The system state is x = (x1, . . . , xn). We set x[v] = (xn[v]i)i and in-
troduce local dynamics through a list of vertex functions (fv)

n
v=1. The

role of the function fv is, essentially, to map the state of vertex v at
time t to its state at time t + 1 based on x[v] at time t. To make this
precise, we introduce the functions Fv : Kn −→ Kn by

Fv(x1, . . . , xn) = (x1, . . . , xv−1, fv(x[v]), . . . , xn) .

Definition 1. Let (fv)v be a sequence of vertex functions over G and
let π = (π1, . . . , πn) ∈ SG. The corresponding sequential dynamical
system map Fπ : Kn −→ Kn is the function composition defined by

(5) Fπ = Fπn ◦ · · ·Fπ1 .

The phase space of a F : Kn −→ Kn is the directed graph Γ(F )
with V (Γ(F )) = Kn and edges

{(
x, F (x)

)
| x ∈ Kn

}
. We let Per(F )
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and Fix(F ) denote the set of periodic points and fixed points of F ,
respectively. A Garden-of-Eden (GoE) state x of F is a state for
which F−1(x) = ∅. A state x ∈ Kn \Per(F ) is called a transient state,
and the first periodic point of the sequence {F t(x)}t with t ≥ 0 is called
the periodic point incident to x, denoted by xω. For x ∈ GoE(F ) we
define PF (x) by

(6) PF (x) = (x, F (x), F 2(x), . . . , F τ−1(x)) ,

a path in Γ(F ), where τ is the maximal integer for which F τ−1(x) 6∈
Per(F ). We set `(PF (x)) = τ , which we call the transient length of x,
and we refer to PF (x) as a maximal transient path of F . We define the
maximal transient length `(F ) of F : Kn −→ Kn by

(7) `(F ) = max
x∈GoE(F )

`(PF (x)) .

The generalized phase space of the function sequence F = (Fv)v over G
is the directed graph Γ̄(F ) with vertex set Kn and edge set

(8)
{(
x, Fv(x)

)
| x ∈ Kn, v ∈ V (G)

}
,

where the edge (x, Fv(x)) is labeled by v. A π-edge in Γ̄(F ) is a sequence
(or path in Γ̄(F )) of n + 1 states (x(0), x(1), . . . , x(n)) where x(k) =
Fπk(x(k − 1)) for 1 ≤ k ≤ n, and thus Fπ(x(0)) = x(n). It is clear
that the π-edges in Γ̄(F ) correspond to the edges of Γ(Fπ) and that for
each x ∈ Kn there is a unique π-path in Γ̄(F ) with origin x. A π-path
is a concatenation of incident π-edges. Thus π-paths correspond to
orbits of Fπ. A partial π-edge is an end portion of a π-edge, that is, a
sequence of the form (x(m), x(m+ 1), . . . , x(n)) where m > 1 and with
the same conditions as for a π-edge. Part of the generalized phase space
of F = (Fv)v is illustrated in Figure 2. Finally, for π = (π1, . . . , πn) ∈

x  = x(0) x(1) x(2) x(k) x(n - 1) x(n) = F(x)

1

1

1
2

2 3 k

k

k+1 n

n

x0
n

Figure 2. A portion of the generalized phase space
of F = (Fv)v. For simplicity, we have used edge la-
bels 1, 2, and so on rather than π1 and π2. This local
structure detailing the transition x 7→ Fπ(x), as well as
how other transitions x′ 7→ Fπ(x) may occur, are central
to the proof of our Theorem 6.
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SG we write σk(π) ∈ SG for the cyclic, left k-shift of π, that is

σk(π) = (πk+1, . . . , πn, π1, . . . , πk) .

3. Results

We start by recording the following result, parts of which was shown
in [9].

Proposition 2. The map

(9) Fπk : Γ(Fσk−1(π)) −→ Γ(Fσk(π))

is a graph morphism for 1 ≤ k ≤ n. Restricted to Per(Fσk−1(π)), Fπk is
an isomorphism.

Proof. We address the case k = 1, the remaining cases being identical.
From Equation (2) it is clear that if Fπ(x) = z, then Fσ1(π)(Fπ1(x)) =
Fπ1(z), and (Fπ1(x), Fπ1(z)) is an edge (possibly a loop) in Γ(Fσ1(π)),
proving the first statement. The second statement is shown in [9]. �

Naturally, if the map Fπk is bijective, then Fσk−1(π) and Fσk(π) have
isomorphic phase spaces. Next, we present a criterion guaranteeing
that states will not be identified under the graph morphism Fπ1 .

Proposition 3. Let (x, y) and (x′, y′) be disjoint edges in Γ(Fπ) with y 6=
y′. Then Fπ1(x) 6= Fπ1(x

′).

Proof. Assume that Fπ1(x) = Fπ1(x
′). Then Fπn ◦ · · · ◦ Fπ2 ◦ Fπ1(x) =

Fπ(x) = Fπ(x′), that is, y = y′, a contradiction. �

In other words, for states x, x′ ∈ Γ(Fπ) to be identified under Fπ1 , a
necessary condition is that they have the same image under Fπ. We
next demonstrate that all non-GoE states of Γ(Fσ1(π)) have a non-
empty preimage in Γ(Fπ) under Fπ1 .

Proposition 4. If x′ ∈ Γ(Fσ1(π)) is a non-GoE state, then there ex-
ists x ∈ Γ(Fπ) with Fπ1(x) = x′.

Proof. Let x′ ∈ Γ(Fσ1(π)) be a non-GoE state, and let z′ ∈ F−1σ1(π)
(x′).

Then Fσ1(π)(z
′) = Fπ1(Fπn ◦ · · · ◦ Fπ2(z′)) = x′. Clearly, x = Fπn ◦ · · · ◦

Fπ2(z
′) ∈ Kn satisfies Fπ1(x) = x′. �

Corollary 5. If x ∈ Kn \ Fπ1(Kn) then x ∈ GoE(Fσ1(π))
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Theorem 6. Assume that x = x(0) ∈ GoE(Fπ) with maximal transient
path P0 = PFπ(x(0)) satisfies (i) Fπ(x) 6∈ Per(Fπ) and (ii) F−1π

(
Fπ(x)

)
⊂

GoE(Fπ). Then (a) the states x(k) ∈ Kn defined by

(10) x(k) = Fπk ◦ · · · ◦ Fπ1(x) in Γ(Fσk(π)), with 0 ≤ k ≤ n− 1 ,

are all transient states of their respective phase spaces. Moreover, (b) any
sequence of maximal transient paths (Pk)k with Pk containing x(k) sat-
isfies the inequality

(11) |`(Pk)− `(P0)| ≤ 1 ,

and (c)

(12)
∣∣{k | `(Pk) 6= `(Pk+1)}

∣∣ ≤ 2 .

Proof. We first show that x(k) 6∈ Per(Fσk(π)) by constructing a contra-

diction. Assume that x(k) is periodic. Since Fπk+1
preserves periodic

points, see [9], it follows that x(k+1) is periodic. By induction, we
conclude that x(n) = Fπ(x(0)) is periodic. This is impossible in light
of the first assumption, proving the first part of the theorem. From
this we conclude that there is at least one maximal transient path Pk
containing x(k) for 0 ≤ k < n.

Let P0 =
(
x, Fπ(x), F 2

π (x), . . . , F τ−1
π (x)

)
where τ ≥ 2, and let hk =

Fπk ◦ · · · ◦ Fπ1 . Then, for any maximal transient path Pk contain-
ing x(k) = hk(x) in Γ (Fσk(π)), the path

(
hk(x), hk(Fπ(x)), . . . , hk(F

τ−2
π (x))

)

is a (consecutive) part of Pk. That is, Pk is of the form
(
. . . , x(k), hk(Fπ(x)), . . . , hk(F

τ−2
π (x)), . . .

)
.

The remaining task is to analyze if in Pk there is a state preceding x(k)

and if there is a non-periodic state following hk(F
τ−2
π (x)).

For any z ∈ F−1π (Fπ(x)), there might be many partial π-edges ending
at z, see the following illustration where the edge label i indicates πi:

ξx
mx

// · · · n
// x

1
// x(1)

2
// · · · k

// x(k)
k+1

// · · · n
// Fπ(x)

����

ξz
mz
// · · · n

// z
1
// z(1)

2
// · · ·

k

<<

m≥mz
// · · ·

n

==

z′
1
// z′(1)

2
// · · · k

// z′(k)
k+1
// · · ·

n

DD

xω

Let mz denote the minimum number such that (πmz , . . . , πn) induces a
partial π-edge of maximum length among all the partial π-edges ending
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»
z »

x

xz

F
¼
(x)

x(k) = h
k
(x)

h
k
(F

¼
(x))

»
m

z

n

h
k

h
k

h
k

F
¾k(¼)

F
¾k(¼)

F
¾k(¼)

F
¼

F
¼

Figure 3. The diagram for the proof of Part (b) and
Case (1) of Theorem 6. Partial π-edges are dashed.
Hollow circles indicate states from the generalized phase
space.

at z. Then mz ≥ 2 since otherwise we have a full π-edge, and thus z
would have at least one preimage in Fπ, contradicting the assumption
that z ∈ F−1π (Fπ(x)) ⊂ GoE(Fπ).

Note that not all states in F−1π (Fπ(x)) necessarily have π-paths in Γ̄(F )
through x(k). We are only interested in those states z that satisfy hk(z) =
x(k). For a fixed k, let m′k = min{mz : z ∈ F−1π (Fπ(x))∧ hk(z) = x(k)}.
There are two cases:

Case (1): m′k ≤ k+1. We claim that in any maximal transient path Pk
containing x(k), the state x(k) has a preimage which is a GoE state
in Fσk(π). By the definition of m′k, if m′k ≤ k + 1, there exist z ∈
F−1π (Fπ(x)) and 2 ≤ mz ≤ k+1 such that h(z) = x(k), and (πmz , . . . , πn)
induces a partial π-edge ending at z. Assuming that the starting state
of the partial π-edge is ξz, we have

Fπn ◦ · · · ◦ Fπmz (ξz) = z, and hk(z) = x(k) ,

and since mz ≤ k + 1, we have

Fπk ◦ · · · ◦ Fπ1 [Fπn ◦ · · · ◦ Fπk+1
(Fπk ◦ · · · ◦ Fπmz (ξz))] = x(k) .

That is, Fσk(π)(Fπk ◦ · · · ◦Fπmz (ξz)) = x(k), and the preimage Fπk ◦ · · · ◦
Fπmz (ξz) must be a GoE state since otherwise z would not be a GoE
state by contradicting mz ≥ 2.
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Case (2): m′k > k + 1. Then x(k) is a GoE state in Fσk(π) by reasoning
similar to the one of the previous case.

Summarizing Cases (1) and (2), in any maximal transient path Pk,
there will be at most one state preceding x(k). Furthermore, by noticing
that m′k ≥ m′l ≥ 2 due to the easy-to-check observation {z | hk(z) =
x(k)} ⊆ {z | hl(z) = x(l)} for k < l, we have shown: if for some k, in
any maximal transient path Pk, there is one state preceding x(k), then
for any l > k, in any maximal transient path Pl, there is one state
preceding x(l).

Let xω be the periodic point incident to x, and let y be the periodic
point such that Fπ(y) = xω. Let 0 < m′′ ≤ n be the minimum integer
such that hm′′(y) = hm′′(F

τ−1
π (x)). This is illustrated in the following:

x // // F τ−1
π (x)

1
// · · · m′′

// ξ
m′′+1

// · · · n
// xω

oooo

...

m′′

OO

y

1

OO

Then, it is clear that:

(i). For k < m′′ the state hk(F
τ−1
π (x)) is not a periodic point in Γ (Fσk(π)),

and hk(F
τ−1
π (x)) belongs to any maximal transient path Pk.

(ii). For k ≥ m′′, the state hk(F
τ−1
π (x)) is a periodic point in Γ (Fσk(π))

and is therefore not in Pk.

Thus (i) and (ii) imply that in any maximal transient path Pk, there
exists at most one state following hk(F

τ−2
π (x)).

Note that the cases from the x(k)-end and the cases from the hk(F
τ−2
π (x))-

end are independent. Taking all of the cases we discussed above into
account, the maximal transient path Pk can have a possible length
contained in the set {τ − 1, τ, τ + 1}, completing the proof of Part (b).

For Part (c), let kmin be the minimum integer such that in a maximal
transient path Pkmin

, there is a state preceding x(kmin). From (i) and (ii)
above, we can conclude:
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• If kmin < m′′ we have: for 0 ≤ k < kmin, `(Pk) = τ ; for kmin ≤
k < m′′, `(Pk) = τ + 1; and for k ≥ m′′, `(Pk) = τ .
• If kmin = m′′, we have: for 0 ≤ k < n, `(Pk) = τ .
• If kmin > m′′, we have: for 0 ≤ k < m′′, `(Pk) = τ ; for m′′ ≤
k < kmin, `(Pk) = τ − 1; and for k ≥ kmin, `(Pk) = τ .

Hence, Part (c) follows, completing the proof. �

Remark 7. From Part (c) of the previous proof it is clear that there
may be SDS maps for which the length of the paths Pk are all the same.

Corollary 8. Let (fi)i be a sequence of vertex functions over G, let π ∈
SG, and define λk = `(Fσk(π)) for 0 ≤ k < n. There is a positive
integer m such that

{
λk | 0 ≤ k < n

}
⊂
{
m− 1,m

}
.

Proof. Set M = maxk λk. If M = 0 (true if and only if Fπ is invertible),
or if M = 1, then the statement holds with m = 1. If M ≥ 2 we can
apply Theorem 6 choosing a GoE state x(0) whose maximal transient
path has length M , possibly using π′ = σk(π) for a suitable value of k.
In this case, the statement holds for m = M . �

Example 1. (Continued) In the phase space in the upper left of Fig-
ure 1 the marked GoE state x(0) = (0, 1, 0, 1) does not satisfy the
conditions of Theorem 6, nor does the point x(2). If we set z(0) = x(2)

and ignore the fact that Fπ(z(0)) is periodic, then the fact that condi-
tion (ii) of the theorem is not satisfied allows for the possibility that
the corresponding maximal transient paths may exceed P0 in length by
more than 1.

3.1. Generalization to κ-Equivalence. So far, we have only con-
sidered cyclic shifts of update sequences. However, the theory we have
developed extends directly to κ-equivalence as shown in this section. To
start, we recall necessary definitions; for full details see [9]. First, and
without loss of generality, we may assume that the dependency graph G
is simple and undirected. For π ∈ SG we let O(π) denote its induced
acyclic orientation, which we view as a map, and we write Acyc(G) for
the set of all acyclic orientations ofG. Two update sequences π, π′ ∈ SG
are α-equivalent if O(π) = O(π′), and, if this is the case, it follows
that Fπ = Fπ′ , see [11, 14] where it is also shown that π ∼α π′ if and
only if π and π′ differ by a sequence of adjacent transpositions none
of which corresponds to an edge in G. Thus, α-equivalence implies
functional equivalence of maps Fπ.
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Continuing, two acyclic orientations O,O′ ∈ Acyc(G) are κ-equivalent
if the differ by a sequence of source-to-sink conversions. A source-
to-sink conversion of an acyclic orientation O is a conversion of one
of its sources to a sink. It is done by reversing the orientation of all
edges incident to the given source vertex. A click sequence mapping O
to O′ is a sequence c = (c1, . . . , cm) of vertices where each vertex ci is
a source at the time it is applied. We write O′ = c(O) for this, and
set cm = (c1, . . . , cm) where c0 = ∅ is the empty sequence. Thus, ci+1 is
a source in ci(O) for 0 ≤ i ≤ m−1. We may always assume that m < n,
see [10]. At the level of permutation update sequences, a source-to-sink
conversion corresponds precisely to (i) a (possibly empty) sequence
of adjacent transpositions of non-adjacent vertices followed by (ii) a
cyclic, left 1-shift bringing the selected source vertex to the end of
the update sequence. This gives rise to the equivalence relation ∼κ
on Acyc(G), and this extends directly to SG. Since the first type of
transformation renders the resulting map Fπ invariant (α-equivalence),
it follows that the theory we have developed extends from sequences
of cyclic shifts of update sequences π ∈ SG to the more general setting
of sequences of source-to-sink conversions of acyclic orientations O ∈
Acyc(G). Let π ∈ SG be a linear extension of O ∈ Acyc(G). By
α-equivalence, FO := Fπ is well-defined.

Theorem 9. Assume that x = x(0) ∈ GoE(Fπ) satisfies all conditions
of Theorem 6, and let π ∈ SG. For any π′ ∈ [π]κ and click-sequence c =
(c1, . . . , cm) for O(π), the sequence of states x(k) ∈ Kn defined by

x(k) = Fck ◦ · · · ◦ Fc1(x) in Γ(Fck(O(π))), with 0 ≤ k ≤ m ,

are all transient states of their respective phase spaces. Moreover, any
sequence of maximal transient paths (Pk)k with Pk containing x(k) sat-
isfies the inequality

|`(Pk)− `(P0)| ≤ 1 .

Corollary 10. Let G be a simple graph. For any sequence (fi)i of
vertex functions, and for any π ∈ SG, there exists a positive integer m
such that {

`(Fπ′) | π ∼κ π′
}
⊂
{
m− 1,m

}
.

An immediate consequence is the following: for fixed vertex func-
tions (fi)i, the set L of all possible maximal transient lengths of maps
Fπ is bounded in size by

|L| ≤ 2TG(1, 0) = 2κ(G) ,
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where TG is the Tutte polynomial of G and κ(G) is the number of κ-
classes for G, [8]. Again, for complete details on κ-equivalence, we refer
to [8–10].

4. Summary and Questions

In this paper we have extended the work of [9] and demonstrated that,
in addition to the periodic structure, a large portion of the transient
structure of phase spaces of SDS (and ABN) is preserved under κ-
equivalence. We have shown that the maps (Fi : K

n −→ Kn)i are
morphisms connecting the phase spaces

(
Γ(Fσk(π))

)
k
, and have used

this to establish several shared properties of the underlying, shifted
SDS maps. In particular, Theorem 6 demonstrates how sequences of
transient path structures are essentially preserved across all the shifted
phase spaces.

Returning to Figure 1 we see that there are in fact three candidates for
the state x(0) of Theorem 6. These are (1, 0, 0, 0), (1, 1, 0, 1) and (0, 1, 1, 0).
As a result, Theorem 6 guarantees that there are 3 separate sequences
of maximal transient paths. For future work, it may be interesting to
enumerate or bound the number of independent sequences of maximal
transient paths (Pk)k.

Another aspect of this work is that it offers new insight into the struc-
ture of the generalized phase space of F = (Fi)i. This object encodes
the phase space of all maps of the form Fπ with π ∈ SG, but also
information about more complex structures such as sequential dynam-
ical systems where the update sequence is a word or where the update
mechanism is part of a stochastic process. An aspect not addressed in
this paper is what may loosely be called the dynamics of GoE-states
under shifts to the update sequence: for the non-preserved portions
of phase space, how do these states “re-attach” themselves to the pre-
served portions of phase space. After n cyclic shifts, one returns to the
original phase space, so it seems reasonable to expect that there is some
structure and regularity to this process. Insights on this would possibly
offer more information about GoE-states and their enumeration.
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Abstract

Tuta absoluta is a devastating pest of the tomato crop which has spread in Europe, Africa, and Asia

over the last decade. There is strong evidence of multiple pathways, both natural and human-assisted,

for its rapid range expansion. We propose a generic data-driven epidemiological modeling approach to

study this complex phenomenon accounting for biology, seasonal production, trade and demographic

information. We apply this model to study the dynamics of T. absoluta spread in South and Southeast Asia

– a region at the frontier of its current range. Our objective is to assess the possible routes of introduction,

the role of different pathways in the spread and predict its spread pattern in the study region.

Our analysis with respect to incidence reports strongly suggests the role of both natural and human-

assisted pathways in the spread of T. absoluta. Applying the model to the rest of the study region, we

predict that within five years T. absoluta will invade all the major vegetable growing areas of mainland

Southeast Asia if no steps are taken to mitigate the spread. We also consider alternate scenarios of

introduction of the pest to the region through trade and travel. Further, we show that monitoring and

effective interventions at the market level can reduce the speed of the spread.

1 Introduction

The world is witnessing a rapid increase in global trade and travel [15]. Due to this increased global connec-

tivity, both international and domestic, no region is spared of the threat from exotic species invasion [21].

1
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climate change and detrimental impact of intensive agriculture on natural resources are likely to further

aggravate the problem. As a result, global food security, human health and social welfare will be adversely

impacted. The South American Tomato leafminer, or Tuta absoluta, is a representative example of biological

invasion that has significantly affected tomato production worldwide in the last decade.

Indigenous to South America, T. absoluta was accidentally introduced to Spain in 2006 [6, 12]. Since

then, it has rapidly spread throughout Europe, Africa, Western Asia, the Indian subcontinent, and parts of

Central America [9]. In South Asia, the pest was first reported by India in 2014 [22, 43]. By early 2016, it was

discovered in the Kathmandu area of Nepal [4], the northern part of Bangladesh in May 2016 [20], and then

in northeastern India [41]. The speed of he spread poses a significant time critical threat to tomato cultivation

in Southeast Asia. In order to effectively respond, one needs to identify possible routes of introduction and

likely spatio-temporal patterns of spread in this region. With tomato being a commercially important crop,

this invastion has had significant global impact. For example, in the Netherlands and Turkey alone, the

annual estimated intervention cost are D4 and D167 millions per year, respectively [30, 35]. Due to extensive

insecticide treatment in Europe, insecticidal resistance has been recently observed in populations [18]. Overall,

lack of effective indigenous predators has made integrated pest management (IPM) a challenging task.

Since tomato is among the top two traded vegetables in the world (http://www.fao.org), it is

strongly suspected that trade played a critical role in T. absoluta’s rapid spread [9]. Indeed, on multiple

occasions it has been discovered in packaging stations ([14] for example). It was observed that the spread

pattern in Bulgaria was correlated with prime trade routes [24]. The Animal and Plant Health Inspection

Service of the United States Department of Agriculture (USDA-APHIS) has instituted quarantine regulations

for imports from regions where the pest is present [47]. Rapid increase in protected cultivation methods such

as green houses and tunnel farming have allowed it to overwinter as well as survive the wet season.

Faced with the challenging task of preparing for the invasion of pests and pathogens, and responding

effectively to mitigate such incursions should they happen, decision makers are increasingly relying on

computational models of pest risk maps and spread to aid decision making [48]. While models that create

pest risk maps (e.g. CLIMEX) are useful to identify locations which are suitable for long-term establishment,

spread models help specify the spatio-temporal dynamics of how the pest spreads. The latter approach is

particularly useful in planning for the possible threat from an invasive species [5, 31, 32, 32, 33] through in

silico experiments simulating hypothetical invasion scenarios. Together, these tools can be used to address

questions such as which locations to monitor, what control measures to take (areawide IPM practices, trade

2
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restrictions, etc.), what is the impact on the economy and health, and so on.

Although there is a general consensus that vegetable and seedling trade is a primary driver of T. absoluta

spread, previous modeling efforts have exclusively focused on ecological aspects. Two studies [12, 46]

provide risk maps using CLIMEX and take additional factors into account. Guimapi et al. [19] used a cellular

automata approach to capture the global spread of the pest by factoring in temporal variations and spatial

distribution of vegetation, temperature, and tomato production. In recent years, the role of human-mediated

dispersal is increasingly accounted for by the modeling community (see for example [11, 15, 28, 39]). In

general, modeling the multi-pathway dispersal of pests such as T. absoluta is a challenging task due to

inadequate understanding of the complex interconnected food system. To add to the problem, most countries

ended up not being prepared for the infestation, either due to lack of awareness of the pest or the sheer speed

of invasion. Absence of quality incidence records makes callibration and validation hard. Some of these

problems were highlighted in the modeling effort by Venkatramanan et al. [49], where a network diffusion

model was developed to study the role of trade in the spread of T. absoluta in Nepal.

Our work. We describe a multi-pathway propagation model to study the spread of invasive species, which

is applied to study the possible spread of T. absoluta in the region of South and Southeast Asia comprising of

10 countries: the Association of Southeast Asian Nations (ASEAN) and Bangladesh. We believe this is a

timely study, given that T. absoluta has already invaded almost all major tomato growing areas in Bangladesh

and according to unofficial reports parts of Myanmar. To develop the model, we identified, analyzed, and

fused disparate datasets corresponding to natural factors (precipitation, elevation, vegetation, humidity,

temperature), biology (host preference, suitability, population growth), seasonal production of host crops,

trade dynamics (imports, exports, domestic trade, city locations, city to city distances), and demographic

factors (consumption, GDP, population). To our knowledge, this is the first study that explicitly accounts for

multiple pathways of introduction and spread of T. absoluta. Furthermore, earlier work has not studied the

entire Southeast Asia region, particularly in the context of agricultural crops. With the pest having already

spread to major tomato producing areas in Bangladesh [20], there is a high chance that it will be introduced

to the remaining countries in the near future. From a methodological perspective, this work contributes a

generic and modular framework to study invasive species spread accounting natural and human assisted

dispersal pathways.

Our analysis suggests the role of multiple pathways in the spread of T. absoluta. The model was evaluated
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with respect to incidence reports in Bangladesh. In particular, while short distance spread (self-mediated)

is important for rapid spread locally, critical long distance jumps (human-mediated) explain the non-radial

expansion in the country. Applying the model to the rest of the study region, we predict that within five years

T. absoluta will invade all the major vegetable growing areas of mainland Southeast Asia if no steps are

taken to mitigate the spread. We also consider alternate scenarios of introduction of the pest to the region

through trade and travel. Finally, we analyze the effect of monitoring and controlling with respect to different

pathways.

2 Methods

We developed a stochastic network propagation model to simulate the multi-pathway spread of T. absoluta.

See Figure 1a for an illustration. The network is constructed by overlaying the focus region with a grid.

The grid cells form the nodes of the network. A directed-weighted edge from one cell to another indicates

that there is a pathway by which the pest can be introduced from the former to the latter. There are three

pathways in which a cell can become infected: short-distance dispersal, local human-mediated dispersal

and long-distance dispersal. Short-distance dispersal captures the spread through natural means, from an

infested cell to its adjacent susceptible cells. For human-assisted spread we consider large urban areas in

the region which we refer to as localities, and model the interactions within and between localities. Local

human-mediated dispersal captures the spread due to “local” or farm–city–farm interactions, where the pest

can spread from infested cells in the vicinity of a large urban area to other cells in the locality. Long-distance

human-mediated dispersal corresponds to spread through trade between cities. Trade flows are estimated

using a gravity model approach accounting for total production and population in and around each city. The

susceptibility of a cell to pest invasion is determined by the availability of preferred hosts in that cell. If the

pest is already established in a cell, then its “infectiousness” depends on the seasonal production volume of

these host crops (a surrogate for pest population) and relative preference of the pest to these hosts.

This section is organized as follows. First we provide information on the ecology of T. absoluta, setting

the background for model structure and some of the key assumptions. Then, we describe the model, followed

by the methodology used to determine various parameter values or ranges. The parameter values and major

datasets used are summarized in Table 1. The final section is on experiment design describing the scenarios

studied.
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Figure 1: Schematic of the model. (a) The multiple pathways of spread are illustrated. (b) The states and
factors that influence state transitions.

2.1 T. absoluta biology

The tomato leafminer exhibits a short life cycle of about 24–38 days (temperature at 25± 3◦C), from egg

to adult, as it is a multivoltine species with overlapping generations in the field [17]. This species causes

serious damage to numerous solanaceae crops such as eggplants, potatoes, and especially tomato crops [45].

It penetrates into tomato leaves, stems, or fruits, wherein it feeds and develops by creating conspicuous mines

as well as galleries. T. absoluta additionally restricts tomato plant growth by feeding on the growing tips.

Considering the warm weather throughout the year, particularly in the dry season, the study region presents

ideal conditions for rapid development and spread of T. absoluta. Pest risk analysis [46] shows that the

Ecoclimatic Index for this region is above 50 (highly suitable). Sylla et al. [45] analyzed host preference

of T. absoluta in France and Senegal. While the highest preference is for tomato, it can survive well on

eggplant and potato, which happen to be major vegetable crops in the study region. However, since T. absoluta

primarily attacks leaves of eggplant and potato, the chance of the pest spreading through trade of these crops

seems to be low.

2.2 Model description

We use a discrete-time Susceptible-Exposed-Infected (SEI) epidemic model to simulate multi-pathway pest

dispersal. See Figure 1a for an illustration. The focus region is overlayed with a grid of cell size 0.25 arc
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degree ×0.25 arc degree, which is approximately 27.8km× 27.8km at the equator. These dimensions are

comparable to that used in Guimapi et. al. [19] (25km× 25km). Each cell can be in three states: susceptible

(S) denoting pest free state, exposed (E) denoting that the pest has been introduced but the population has

not yet built up to influence other cells, and infectious (I) denoting that the pest has established and the cell

can influence its neighbors (in each pathway). The simulation progresses in discrete time steps, where each

step corresponds to a month. The likelihood that a cell transitions from state S to E depends on (i) suitability

of the cell for T. absoluta to establish at that time step, (ii) influence of cells in state I in each pathway, and

(iii) level of infestation in each cell with state I . An exposed cell goes to the state I after a latency period of `

time steps. This is the time required for the population to build up to infect other cells.

State transitions. The rules for state transitions are shown in Figure 1b. A susceptible (S) cell can be

influenced by infectious (state I) cells through the three different pathways. Each such cell infects the

susceptible cell with some probability. If T. absoluta is succesfully introduced to a cell, it moves from

state S to E. The exposed state corresponds to the situation where T. absoluta has established, but it is not

widespread in the area to influence other cells. It stays in state E for one time step before transitioning to

state I . This is a reasonable assumption considering that the conditions are favorable for the pest to complete

a life cycle within one month. Once the pest has established in a cell, the cell remains infected forever, a fair

assumption considering that, historically, eradication of T. absoluta has not been successful1.

Susceptibility and infectiousness of a cell. We have used monthly production to determine the susceptib-

lity of a cell in state S and infectiousness of a cell in state I . The suitability of a cell v for pest establishment

at time t is denoted by ε(v, t). This is 1 if production at t is non-zero and 0 otherwise. For a cell in state I ,

the level of infestation in an infected cell v at time t is denoted by ρ(v, t). It is modeled as a linear function

of host presence at time t, for which we use the weighted sum of production volume of tomato, eggplant, and

potato in that cell at time t. The weights correspond to relative oviposition preference of T. absoluta on the

three hosts.

Localities. To account for human-assisted dispersal, we considered dense centers of human activity such as

big cities or towns. Typically, these locations are the major consumers of vegetables. Since horticultural prod-

ucts are less durable, in developing countries, owing to lack of good storage and transport infrastructure [2],
1The only exception is United Kingdom where the pest was detected early [13].
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major producing regions are close to cities [8]. In addition, they house big wholesale markets and the trader

and distributor infrastructure. Therefore, capturing the spread due to activities within and between cities is

critical to model human-mediated spread. For this purpose we constructed localities, each representing dense

pockets of human activity in the following manner. We identified major urban centers in the study region. A

locality corresponding to each city consists of all grid cells for which this is the nearest city and the distance

is at most the locality radius (in kilometers), with the additional constraint that each cell belongs to the same

country as this city. We also account for administrative restrictions. Local human-mediated dispersal is

modeled as the interaction between cells belonging to a city. Long distance human-mediated dispersal is

modeled as trade flows of considered host crops from one city to another. For a city i, L(i) denotes all cells

which are assigned to it.

Now, we describe the three different pathways of spread.

Short distance dispersal. At any time step, a cell’s state is influenced by its Moore neighborhood of range r.

When range r = 1, it corresponds to the adjacent cells (eight at most) and when r = 2, it corresponds

to r = 1 neighbors and cells adjacent to them. The Moore neighborhood of v is denoted by Mv.

ps(v, t) = αsε(v, t)

(
1− exp

(
−

∑

v′∈Mv(r)

ρ(v′, t)
))

, (1)

where αs is a tuning parameter for this pathway. The probability that v is influenced by its neighbors is

1−∏v′∈Mv(r)
1− ρ(v′, t), which is approximated by equation (1).

Local human-mediated dispersal. Here, the cell’s state is influenced by the infected cells in its locality

through the marketing chain. In general, it is hard to model the local dynamics as there are several actors in

bringing the commodities from farm to market to consumers. Further, these are country and commodity spe-

cific. See for example Kethonga et al. [25] for the typical structure of marketing chains and Rebaudo et al. [36]

for modeling human interactions in the context of invasive species spread. Here, we use a simple approach.

Every cell v is influenced by cells in its locality L based on their infectiousness. The expression is similar to

that in (1), but with cells in the locality instead of the Moore neighborhood.
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p`(v, t) = α`ε(v, t)

(
1− exp

(
−
∑

v′∈L
ρ(v′, t)

))
, (2)

where α` is a tuning parameter for this pathway.

Long-distance human-mediated dispersal. We only consider trade of tomato in our model (see Sec-

tion 2.1). We model the flow of vegetables among markets based on the following assumptions: (i) the total

outflow from a city depends on the amount of produce in its surrounding regions and imports from countries

outside the focus region at time t, and (ii) the total inflow depends on total consumption, processing demand,

and exports from the city to countries outside the focus region. For each country, the domestic flow is

estimated using a doubly constrained gravity model [3, 23]. For a city i, let Oi and Ii denote total outflow and

total inflow respectively. The flow Fij from city i to city j is given by Fij(t) = ai(t)bj(t)Oi(t)Ij(t)f(dij),

where, dij is the time to travel from i to j, and f(·) is the distance deterrence function: d−βij exp(−dij/κ),

where β and κ are tunable parameters. The coefficients ai and bj are computed through an iterative process

such that the total outflow and total inflow at each node agree with the input values [23]. Overall, we have 12

networks representing flows for each month. The outflows and inflows are calculated as follows:

Oi(t) = Prod(i, t) + Import(i, t)− Export(i, t)− Proc(i, t), (3)

Ii(t) = Cons(i) . (4)

Here, Prod(i, t) and Cons(i) are the monthly production and consumption (assumed same every month)

at the locality. Export and Import are the monthly total export to, import from or both from outside the

country. Proc(i, t) is the tomato produced for processing. Typically, tomato meant for processing is cultivated

locally [51]. In the next section, we will discuss how each of these locality attributes are computed. Given a

locality j, let its total infectiousness be denoted by ρT(j, t) =
∑

v′∈L(j) ρ(j, t). Suppose cell v belongs to

locality i. Then, the probability of cell v transitioning from S to I due to long-distance dispersal is given by:

p`d(v, t) = α`dε(v, t)

(
1− exp

(
−
∑

j 6=i

∑

v′∈L(j)
FjiρT(j, t)

))
. (5)
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Here, α`d is a tunable parameter for this pathway and i is the locality to which v belongs to. The influence

depends on total infectiousness of a locality and the flow from that locality to the locality i.

2.3 Cell, locality, and network attributes

In this section, we will describe how attributes such as production, consumption, and trade flows between

localities were computed. Table 1 provides the list of model parameters with their values or ranges and data

source as applicable.

Seasonal production. Broadly, in this region, the cropping pattern depends on two factors: seasons–dry

and wet, and elevation–highland (upland) and lowland. The aim was to estimate monthly production volume

of tomato, eggplant and potato for each cell. This was accomplished in two steps. First, we estimated annual

production in each cell. Then, this value was disaggregated to monthly production. The annual production

was estimated as follows. From SPAM [53], we obtained annual production estimates for each cell. However,

there are several issues with directly using this data. Firstly, these are estimates for the year 2005, and

secondly, tomato and eggplant production estimates are not available. Instead, vegetable production volume

is available. Also, for countries where data was available, we did not find any correlation between reported

tomato (eggplant) production and total SPAM vegetable production for that region. Therefore, for each

country, we obtained the most recent production data available (2013 or later) at the highest spatial resolution

(region/province/country) (Table S1). The production of a particular vegetable type at a cell was computed as

follows:
Total production in the region

Total SPAM production for cells in the region
× SPAM production in the cell

. For tomato and eggplant, we used vegetable production as the surrogate. There were also cases where no

data was available (Cambodia, Myanmar and Laos for example). In such cases, for potato, we used SPAM

data as is. For tomato and eggplant, the SPAM value for vegetables was scaled by a scaling factor which

was determined as follows. For countries where data was available, we computed the ratio of total tomato

production and total SPAM vegetable production for the country. The median value (≈ 0.05) was used as the

scaling factor. The same procedure was used for eggplant.

To predict seasonal production, we used regional quarterly tomato and eggplant production data that

was available for Philippines [34] (16 regions), precipitation and elevation data at the cell level. For each
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region, we obtained the product rate by normalizing quarterly production values with respect to maximum

value among these. We used production rate instead of production values since there are several factors

that determine a region’s production: climate, vegetable preference, demand, etc. Therefore, it may not be

meaningful to compare production across regions. We conducted a linear regression with the product rate as a

dependent variable and precipitation and elevation as independent variables (SPSS 24.0). Since the dependent

variable was highly skewed, we used a log-transformation. To control elevation, we classified the elevations

into two groups, high and low, using k-means clustering (SPSS 24.0). Due to the small sample size, we

excluded the samples in the high-elevation group and conducted a linear regression analysis for the group

of low elevation (< 235). The total 56 samples in the group showed negatively strong correlation between

precipitation and logarithm of product rate (r = −0.734). More information is provided in Supplementary

Information. For most countries, only qualitative information on seasonal production is available making

validation near impossible. However, we observed that for the entire region seasonal production was strongly

tied to rainfall; during the wet season, the amount of production is considerably less compared to the dry

season.

Locality construction. We identified cities with population greater than a certain population threshold

in the entire study region to determine localities in the model. We considered a range of threshold values,

and chose 250, 000 as the threshold for the model with the main criteria for the choice being coverage of

production and population, and knowledge of major wholesale markets (Supplementary Information). The

locality radius was chosen to be 100kms since local production in an urban area was within 50–60kms

from the city center (Table S2, Supplementary Information). To obtain long distance trade flows, the travel

times between pairs of cities were computed using Google API [1]. For the distance deterrence function

of the gravity model, we set β = 2 and κ = 300 (kms). The former was set based on the analysis in

Venkatramanan et al. [49] while for the latter we observed from literature survey that long distance trade is

typically between nearby towns.

Production, consumption, imports, exports and processing. Monthly tomato production at a locality

was obtained by aggregating production at all cells that belong to it. For consumption, we used country-level

production [16], which was available for half of the countries. For Singapore, we estimated it as the difference

between total inflow (production and imports) and total outflow (exports) based on FAO data. For Vietnam,
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Wijk et al. [51] provides this information. For Myanmar, Cambodia and Laos, we found no information. We

used median consumption for the region. We also analyzed consumption with respect to per capita gross

domestic product (GDP). However, we did not find any correlation between GDP and consumption both

globally as well as restricted to the study region.

For most countries, imports and exports are a small fraction of domestic production. We have ignored

these quantities. However, these flows were accounted for when evaluating possibility of pest introduction.

The main exceptions were the significant tomato imports from India to Bangladesh and trade between

Malaysia and Singapore. We identified major routes of trade from India to Bangladesh [29] and the total

imports from India (FAOSTAT) was distributed uniformly between three cities close to the border with

India along these routes. Finally, these imports were evenly distributed for the later half of the year since

Bangladesh imports mostly during the rainy season. To capture the significant trade between Singapore

and Malaysia, we included Singapore in the domestic flow network of Malaysia as there is high interaction

between the two countries. The resulting flow from the gravity model from Malaysia to Singapore was

obtained by aggregating network flows across months and across edges with Singapore as destination. This

flow was comparable to the annual imports from Malaysia to Singapore. With the exception for Thailand [26],

there is no information on the amount of tomato production consumed by the processing industry even

though there is evidence of processing industry in Vietnam [51], Malaysia and Indonesia. For each locality

in Thailand, we scaled the monthly production by the ratio annual production of fresh tomatoes over total

annual production (fresh and processed).

2.4 Experiment design

The tunable parameters of the model are the pathway scaling factors αs, α`, and α`d, Moore range rM, latency

period ` and the scenario , i.e., start point of infestation (time and location). These are listed in Table 1.

First, we simulated the spread in Bangladesh where T. absoluta is already present and incidence reports

are available. We evaluated the model output for each set of parameter values by comparing it with ground

truth using a maximum likelihood estimation method for comparison. We used a sparse adaptive design

with refinements using Classification and Regression Trees (CART) method to parameterize the model. The

selected model was subsequently used to study the possible spread in the rest of the region under various

scenarios. Sensitivity analysis was performed to assess uncertainty of model outcomes.

Evaluation of the model is a particularly challenging task as available incidence data is highly inadequate

11

59



Table 1: Model parameters and variables, their ranges and references.

Parameter Description Range/values Source†

rM Range of Moore neighbor-
hood

1,2,3 [19]

` Latency period to transition
from E to I

1,2,3

β, κ Gravity model parameters 300–500,2 [49]
– Locality population thresh-

old and radius
250,000, 100kms population of cities [42] and reports

ε Suitability threshold 0
ρ Infectivity of a cell based on

amount of production
Host production (SPAM), host pref-
erence [45], precipitation and eleva-
tion

Scenarios Seeding simulations: time
and cells to infect

4 cases: Bangladesh
(B1 and B2),
Malaysia (M1)
and Philippines (P1)

T. absoluta incidence reports in
Bangladesh, FAOSTAT for interna-
tional trade and migration reports.

Start month March, April, May Based on incidence reports
αs Short-distance spread scaling

factor
0–500

α` Local human-mediated dis-
persal scaling factor

0–500

α`d Long distance spread scaling
factor

0–500

†The appropriate references are provided in the Supplementary Information.

for calibration and validation. For example, there are only eight locations in Bangladesh for which data

is available. Further, it is possible that there were delays in identifying and reporting. Therefore, during

the model evaluation phase, to account for both spatial and temporal observation noise, we considered six

scenarios: Start times were March, April or May (the month T. absoluta was reported) and two locations of

initial infections (i) B1: cell corresponding to location of first report (26.19◦N, 88.43◦E) and (ii) B2: all cells

in the Moore neighborhood (range 1) for the location of first report. For each parameter setting the simulation

was run with 100 repetitions. We computed the empirical probability that a cell is in state I at time t. The

output was compared with ground truth using a maximum likelihood method adapted from [10]. Let C be a

reporting cell with tC denote the month of actual report. To account for uncertainty in reporting, we consider

a time window rather than the exact time of report during comparison. Let Uτ = [tC − τ, tC ] be the time

window or interval, where τ is the uncertainty parameter. Here, for simplicity, we will assume that tC is

greater than or equal to τ . Supposing CR is the set of cells corresponding to ground truth, and p(C, t) is the

probability that cell C is infected at time t in the model, then, the likelihood L is given by,

L =
∑

C∈CR

( ∑

t∈Uτ
p(C, t) +

∑

t/∈Uτ

(
1− p(C, t)

))
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In our case, the uncertainty parameter τ = 2. First, we coarsely sampled the parameter space. Applying

CART, we identified subspaces of the parameter space for which likelihood was high (see Figure 3c). We

refined our search in the next stage to improve the parameterization. In addition, we implemented the cellular

automata model by Guimapi et al. [19] which serves as the baseline model for comparison.

Software and Computational aspects. The model was implemented in Python 2.7. For data management

and processing, we used PostGreSQL and SQlite. Statistical analysis was done using Python, R 3.4.3 and

SPSS 24.0. The experiments were run using Discovery, a high performance computing cluster with 232

nodes (16-core Sandy Bridge-EP E5-2670 2.60GHz (3.30GHz Turbo) Dual Processor (8 Cores per Processor)

nodes with 32 GB of Memory and 500 GB Internal Hard Drive).

3 Results

3.1 Production, trade and pathways of pest entry in the study region

Using data from FAO (FAOSTAT 2013, Table 1), we analyzed the dynamics of production and trade of

various hosts of T. absoluta. Here, the objective is to study the dynamics of country-level production and

trade flow of various hosts of T. absoluta.

General trends. A plot of normalized aggregated tomato production, imports, and exports in the region is

shown in Figure 2a (Supplementary Information). There is a steady increase in the production and amount

of internal trade, with more or less the same rate of change for both quantities. While the export of tomato

outside of the focus region (plot “Exports”) has risen steeply in the recent years, the imports generally indicate

a downward trend (plot “Imports”). However, there is a lot of discrepancy in reporting import (or export)

figures, particularly the commodity flows with countries outside the region. The filled curves shows the

difference in these estimates when considered individually. However, the plots clearly indicate that there is a

general thrust towards tomato production and trade in the region. Recent efforts to increase production and

trade infrastructure in these countries endorse this increasing trend. Under these circumstances, T. absoluta’s

invasion can have a high negative impact on the economy and livelihood of the people in this region.

Production. Among the countries listed in the FAOSTAT dataset, Indonesia is by far the largest producer

(≈ 1M tonnes) followed by Phillipines and Malaysia (≈ 200K tonnes each). FAOSTAT does not have tomato
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Figure 2: Country-level production and trade of tomato in the focus region using FAOSTAT 2013.
(a) General trends of overall production and trade in the region over a decade. We aggregated tomato
production across countries in the region for each year from 2004 to 2013 and normalized by dividing it by
the maximum value. We did the same with imports into and exports out of the region as well as internal trade.
The trade data presented for each year is the average of total quantity reported by importing countries and
exporting countries. (b) The trade of tomato in the focus region. The trade between countries of the focus
region is represented by green edges. Also shown are imports from T. absoluta affected countries categorized
by region. The edge thickness is a function of the trade volume.

production data for Vietnam and Cambodia. However, alternate data sources (personal communication)

indicate that Vietnam is the second largest producer (≈ 400K tonnes) (see [50] for 2005 information). The

data also indicates that Indonesia is the largest producer of eggplants in the region, followed by Philippines.

Trade. The network capturing tomato trade within the focus region, imports from T. absoluta affected

countries and exports to countries which have not reported the pest, is shown in Figure 2b. The network

was constructed using data from FAOSTAT Trade matrix (Table 1). We note that with the exception of

Philippines, there is a lot of trade activity among countries in the focus region. However, the majority of

trading happens between neighboring countries. Malaysia and Singapore serve as major hubs for tomato trade

with considerable amount of trade among themselves, within the focus region and beyond. Most significant

flows are from Malaysia to Singapore (> 30, 000 tonnes) followed by Thailand to Malaysia (> 2, 000 tonnes).

Philippines does not report any fresh tomato trade with other countries. However, it does report imports

of processed tomato. We also analyzed how the network structure evolved across years. While we did not

observe much variation in the network structure, there is some change in the countries importing to and
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exporting from this region (Supplementary Information for networks of alternate hosts).

Pathways of entry. T. absoluta was first reported in northern Bangladesh near Rangpur (Table S3). Since

then it has spread to almost all major tomato producing areas of the country. The pest could enter the study

region from Bangladesh to neighboring countries such as Myanmar. In fact, our analysis indicates that there

is a high chance that the pest is already present in this country. Also, the network structure does indicate

a high risk of introduction of T. absoluta through trade. In particular, our analysis of how the network has

evolved over the years (Supplementary Information) shows that while the basic network structure does not

vary much, the imports from T. absoluta infested countries is steadily increasing. By virtue of being important

hubs, there is a high chance that the pest will enter through the ports of Malaysia and Singapore, and spread

to Thailand, Brunei, and Indonesia due to their high interactions with these neighbors. Since Philippines does

not share its borders with any country in the region and there is no evidence of tomato trade with rest of the

countries, there is a low chance that the pest will be introduced through natural spread or trade. However,

human mobility is a possible pathway. The Middle East is the top destination for Filipino workers [40].

Therefore, there is a possibility of introduction through travel. Besides, it is possible that this was the case

with India. In 2014, T. absoluta was reported in the South Western part much farther away from the country’s

border with its neighbor Pakisthan which is yet to report presence of the pest. Afghanisthan reported only

in 2015. Also, India does not show any imports from T. absoluta infested countries.

3.2 Assessing the role of each pathway in the spread of T. absoluta

In Bangladesh, following the first report of T. absoluta in India in 2014 [22], pheromone traps were deployed

in eight places (Table S3). In May 2016, the pest was detected in Panchagarh District in the northern part of

Bangladesh [20]. Within 10 months, the pest was reported in almost all major areas of vegetable production.

Our analysis strongly indicates that both short distance spread and trade are important pathways in the spread

dynamics. For the parameter set with the best fit, the likelihood was close to 6, i.e., on an average, simulation

output matched six out of seven locations. If we consider the case where the human-influence was turned off

(α` = 0 and α`d = 0), the highest likelihood was 5. Also, we observed an interesting pattern with respect

to Moore range (rM) and latency period (`). When only natural spread is considered, the rate of expansion

is higher (rM = 2) and latency period (1) is lower than when we account for human-mediated spread

(rM = 1, ` = 2). This is in some sense expected due to long distance jumps facilitated by human-assisted

15

63



spread. It also means that T. absoluta can achieve the same (or greater) range expansion with considerably

less flying capacity and population growth.

While our results highlight the role of human-mediated spread, it is possible that this pathway is more

important for the spread than it appears. First of all, vegetable production data for Bangladesh (SPAM)

indicates that almost all cells have non-zero production of hosts of T. absoluta. Therefore, there is a contiguous

landscape of suitable areas for the pest to spread naturally. But in general this may not be the case; the only

way two locations can be connected is by trade or travel pathways. One obvious example is two land masses

separated by sea. Secondly, and more importantly, it does not explain the gap between the first report and

the report in Gaibandha district (25.15◦N, 89.23◦E, Table ?? in Supplementary Information). The distance

between the two locations is only 185kms while this location reported the presence only after nine months of

first report suggesting that natural spread might be much slower. According to our best fit model accounting

only for natural spread, the corresponding cell gets infected between the third and fifth months.

We simulated the spread using the model developed by Guimapi [19] for Bangladesh. For Moore

neighborhoods of 2 and 3 the spread was too rapid. The highest score for the evaluation metric in all cases

was 1 for a time window of 2.

4 Discussion

This study is very relevant and timely considering that crops such as tomato, eggplant, and potato are among

the top vegetables in most of these countries. Traditionally, these crops have been grown in the winter during

the dry season. However, over the past decade, due to rising demand–domestic as well as from neighboring

countries–there has been a thrust towards year-round production using protected cultivation methods and

resilient varieties [2, 27]. Also the food industry is gradually restructuring: supermarkets replacing traditional

food chains. Therefore, invasions from pests such as T. absoluta can have a huge negative impact on the

socioeconomic fabric of this region. Besides invasive species spread, there are other applications where

understanding production and trade dynamics of major crops is useful or even essential. These include studies

of natural or human-initiated disasters, climate change, nutrition, etc.

In recent years, there has been a thrust towards integrated modeling approaches to understand invasive

species dynamics. Multi-pathway models have been analyzed to study the role of human-mediated disper-

sal [10, 37, 39]. Robinet et al. [39] show that the distribution and spread pattern of the pinewood nematode in
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China is strongly correlated with density of human population and infrastructure such as railways and river

ports. A similar approach was applied to the pine processionary moth [37]. Carrasco et al. [10] combine

spatially explicit models with a phenology model to incorporate population dynamics of the pest (western

corn rootworm). Like the previous works, this work accounts for human population. Carrasco et al. consider

two types of long-distance dispersals – domestic and international. The domestic mode is modeled as a

flow network between cities using a gravity model approach. The flow between two cities is a function of

human population of these cities and the distance between them. Nopsa et al. [28] use a network science

approach to studying the role of transport and storage infrastructure in the spread of pests and pathogens of

wheat. Sutrave et al. [44] use a time-varying network model to study the spread of Soybean rust. However, in

all these cases, there was more information available on the incidence of the pest or pathogen under study

enabling validation of the developed models. For emerging pests, this is nearly impossible to obtain such

incidence reports, particularly in countries that lack awareness or infrastructure,

Our model is in part motivated by the hybrid approaches used in the study of infectious diseases of humans

and livestock (for example [7, 52]). Bradhurst et al. [7] study the spread of foot and mouth disease in livestock

by using an aggregate population-level model to capture within-herd spread and an individual-based model for

between herd spread. This is much like our approach of capturing local and long-distance human-mediated

spread. A similar approach is used by Yang et al. [52] to forecast influenza outbreaks. They use a patch

network model where a compartmental model is used to simulate intra-locale spread and a gravity model

based approach is used for inter-locality spread of flu in the neighborhoods of New York.

Key challenges. We have used a multitude of datasets– production, consumption, trade dynamics, climate,

biology, etc.– to capture, to a reasonable extent, the complexity of the invasion process. A major challenge

was data inadequacy. For many countries such as Vietnam, Cambodia, and Laos, production data had to

be collected (or even inferred) from several publications and reports. Therefore, data came from disparate

sources (multi-type, different countries, etc.), and were misaligned in time (different years) and spatial

resolution (grid to country level). Production and trade data from FAOSTAT also had gaps in it. In particular,

it was hard to model seasonal production and human assisted spread. Seasonal production is dependent not

only on the host, climate, and geography, but also on people’s preferences and market demand. For most

countries, only qualitative information is available. Another example is the modeling of consumption. It is

possible that there is lot of variation in consumption within a country [51] as well as across seasons. Even at
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the country level, data is available for only half of the countries. Also, we did not find any correlation between

consumption and GDP or tomato production (correlation < 0.01). To determine outflows and inflows for

each locality, we had to identify major ports for imports and exports as well as estimate fraction of production

which was used for processing. This data was available only for a couple of countries.

Limitations. The fidelity of models such as the one presented here crucially depends on the availability of

quality data as well as a good understanding of the processes involved. As pointed out on multiple occasions,

the scarcity of data has forced us to greatly simplify some of the processes. However, the developed framework

is modular and extensible. Given high-resolution accurate datasets and a better knowledge of the processes,

individual modules can be replaced with more sophisticated modeling approaches. One example is the use of

volume of production of preferred host crops as a surrogate for population. In the future, complex phenology

models can be used instead to model accurately the growth of the pest under specific conditions. This would

require years of study of the tritrophic interactions concerning the pest, host, and its indigenous predators

(like for example, the work by Carrasco et al. [10]). However, as cautioned by Robinet et al. [38], this would

add to the complexity of the model making it near impossible to verify and validate.

The farm–market-consumer interactions (local human-mediated spread) are well understood at a con-

ceptual level. More or less, in all the countries of the focus region, the structure remains the same. It

involves various actors such as farmers, wholesalers, retailers, wet markets, supermarkets, etc. Nevertheless,

it is nearly impossible to accurately model the dynamics. Rebaudo et al. [36], for example, use a complex

agent-based model to study just the interaction between farmers of two villages in the context of the potato

moth in Ecuador. Similarly, given data on actual flow of vegetables, the gravity model can be improved or

replaced by more sophisticated approaches. The natural spread pathway can be further improved by taking

into account wind trajectories.

Applying this generic modeling approach to other study regions or other pests would require taking

into account additional factors. For example, seedling trade could be an important pathway, particularly in

the European and the Mediterranean region as well as North America. From a production perspective, it is

becoming important to factor in protected cultivation methods, which have enabled farmers to extend the

growing season. Also, it is important to study account for damage done by the pest.
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Figure 3: CART analysis of the parameter space. There are two regimes that can be observed which provide
better fit.
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