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ABSTRACT 

 

The crystallization and melting behaviors of an ethylene/1-hexene copolymer and series of 

narrow molecular weight linear polyethylene and poly(ethylene oxide) fractions were studied 

using a combination of ultra-fast and conventional differential scanning calorimetry, optical 

microscopy, small angle X-ray scattering, and wide angle X-ray diffraction.  

In the case of linear polyethylene and poly(ethylene oxide), the zero-entropy production 

melting temperatures of initial lamellae of isothermally crystallized fractions were analyzed in the 

context of the non-linear Hoffman-Weeks method. Using the Huggins equation, limiting 

equilibrium melting temperatures of 141.4 ± 0.8oC and 81.4 ± 1.0oC were estimated for linear 

polyethylene and poly(ethylene oxide), respectively. The former and the latter are about 4oC 

lower and 12.5oC higher than these predicted by Flory/Vrij and Buckley/Kovacs, respectively. 

Accuracy of the non-linear Hoffman-Weeks method was also examined using initial lamellar 

thickness literature data for a linear polyethylene fraction at different crystallization 

temperatures. The equilibrium melting temperature obtained by the Gibbs-Thomson approach 

and the    value extracted from the initial lamellar thickness vs. reciprocal of undercooling plot 

were similar within the limits of experimental error to those obtained here through the non-linear 

Hoffman-Weeks method.  

In the next step, the Lauritzen-Hoffman (LH) secondary nucleation theory was modified to 

account for the effect of stem length fluctuations, tilt angle of the crystallized stems, and 



 

temperature dependence of the lateral surface free energy. Analysis of spherulite growth rate 

and wide angle X-ray diffraction data for 26 linear polyethylene and 5 poly(ethylene oxide) 

fractions revealed that the undercooling at the regime I/II transition, the equilibrium fold surface 

free energy, the strength of the stem length fluctuations and the substrate length at the regime 

I/II transition are independent of chain length. The value of the equilibrium fold surface free 

energy derived from crystal growth rate data using the modified Lauritzen-Hoffman theory 

matches that calculated from lamellar thickness and melting data through the Gibbs-Thomson 

equation for both linear polyethylene and poly(ethylene oxide). Larger spherulitic growth rates 

for linear polyethylene than for poly(ethylene oxide) at low undercooling is explained by the 

higher secondary nucleation constant of poly(ethylene oxide). While the apparent friction 

coefficient of a crystallizing linear polyethylene chain is 2 to 8 times higher than that of a chain 

undergoing reptation in the melt state, the apparent friction coefficient of a crystallizing 

poly(ethylene oxide) chain is about two orders of magnitude lower. This observation suggests 

that segmental mobility on the crystal phase plays a significant role in the crystal growth 

process. 

In case of the statistical ethylene/1-hexene copolymer, the fold surface free energies of 

the copolymer lamellae at the time of crystallization and melting increase with increasing 

undercooling, approaching the same magnitude at high undercooling. As a result of this 

temperature dependence, the experimental melting vs. crystallization temperature plot is parallel 

to the       line and the corresponding Gibbs-Thomson plot is non-linear. This behavior is 

attributed to the fact that longer ethylene sequences form a chain-folded structure with lower 

concentration of branch points on the lamellar surface at lower undercooling, while shorter 

ethylene sequences form lamellar structures at higher undercooling exhibiting a higher 

concentration of branch points on the lamellar surface. Branch points limit the ability of lamellar 

structures to relax their kinetic stem-length fluctuations during heating prior to melting. 
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GENERAL AUDIENCE ABSTRACT 

 

Morphology of semi-crystalline polymers is strongly affected by their crystallization 

conditions. Thermodynamic and kinetic models allow us to understand the crystallization 

mechanism of a semi-crystalline polymer and relate its crystallization conditions to the final 

morphology. In this research, we studied the molar mass dependence of the crystallization and 

melting behaviors of narrow molecular weight distribution linear polyethylene (LPE) and 

poly(ethylene oxide) (PEO) fractions using a modified Lauritzen-Hoffman (LH) secondary 

nucleation theory. We have shown that the equilibrium melting temperature of LPE and PEO 

fractions found from the non-linear Hoffman-Weeks method are within the experimental 

uncertainty identical with these measured directly for extended chain crystals or derived from a 

Gibbs-Thomson analysis. The value of the equilibrium fold surface free energy derived from 

crystal growth rate data using the modified LH theory matches that calculated from lamellar 

thickness and melting data through the Gibbs-Thomson equation for both LPE and PEO. We 

reported that the higher segmental mobility of PEO in the crystalline phase leads to significantly 

lower apparent chain friction coefficients during crystal growth compared to LPE. We also 

studied the role of short-chain branching in the crystal growth kinetics of ethylene/1-hexene 

copolymers. We observed that the fold surface free energies during crystallization and during 

melting are both function of the undercooling while the ratio of the former to the latter decreases 

with increasing undercooling. We proposed that this behavior may be related to the 



 

concentration of short-chain branches at the surface of the lamellae, where higher concentration 

leads to lower relaxation. 
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 (  )
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by Equation 5.1. (d)    (○) and    (●) vs.    for the initial lamellae of EH3. Error bars correspond 

to one standard deviation. 

[140] 

Figure 5.7. (a) Normalized weight distribution function of the lamellar thickness for the initial 

lamellae of EH3 crystallized isothermally at 113.6
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[143] 
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this fraction was studied at a heating rate of 70
o
C/min. The arrow in Figure 6.1c indicates the peak 

melting temperature of the initial lamellae. 

Figure 6.2. Melting temperature vs.      for non-thickened lamellae of: (a) PEO 34K crystallized at 

51.6 (●), 52.6 (▲), 53.6 (■), 54.6 (◊),55.6 (○), 56.6 (♦) and 57.6
o
C (□). (b) PEO 70K crystallized at 

51.6 (●), 52.6 (▲), 53.6 (■), 54.6 (◊),55.6 (○), 56.6 (♦) and 57.6
o
C (□). (c) PEO 100K crystallized 

at 51.6 (●), 52.6 (▲), 53.6 (■), 54.6 (◊),55.6 (○), 56.6 (♦) and 57.6
o
C (□). (d) PEO 232K 

crystallized at 50.6 (∆), 51.6 (●), 52.6 (▲), 53.6 (■), 54.6 (◊),55.6 (○) and 56.6
 o

C (♦). The dashed 

lines represent the best fit of the melting temperature data to Equation 6.1. 
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[164] 

Figure 6.4.    vs.    for (a) PEO 34K, (b) PEO 70K, (c) PEO 100K and (d) PEO 232K. The short 

dash line and the solid line are the linear Hoffman-Weeks and the non-linear Hoffman-Weeks 

extrapolations, respectively. The long dash line is the       line. 
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PEO 44K (■), PEO 75K (♦), PEO 113K (◊) and PEO 157K (▲). 
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  = 54.2 ± 

2.7 erg/cm
2
. Error bars correspond to one standard deviation. (b)    vs.   for regime I (◊) and 

regime II (■). The solid lines represent the best fit to the data.   
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Chapter 1. Introduction 

1.1. Scope of Dissertation 

This work has three major objectives. The first objective is to estimate the equilibrium 

melting temperatures of linear flexible polymers using the non-linear Hoffman Weeks method. 

The second objective is to understand the effects of chain length and temperature on the crystal 

growth kinetics of polymers. A third objective is concerned with the effects of a non-

crystallizable comonomer and temperature on the kinetics of crystal growth for semi-crystalline 

copolymers.  

Apart from a review of the literature in Chapter 2, this dissertation consists of four 

manuscripts, which are published or are under review.1 The main focus in Chapter 2 is on the 

morphology, thermodynamics and kinetics of crystallization of polymers and copolymers. 

The equilibrium melting temperature of polymers has been routinely estimated in the 

literature using the linear Hoffman-Weeks method.2 Recently, Marand et al.3 introduced a non-

linear treatment of melting temperature vs. crystallization temperature data to evaluate the 

equilibrium melting temperature of polymers, considering the effect of stem length fluctuations 

during crystal growth. It was shown that the neglect of the temperature dependence of the fold 

surface free energy in the linear Hoffman-Weeks methods leads to significant underestimation 

of the equilibrium melting temperature, which can have important consequences for the analysis 

of the chain length dependence of crystal growth rates.3 Our first objective is to use the non-

linear Hoffman-Weeks method to determine the equilibrium melting temperatures of linear 

polyethylene in Chapter 3 and poly(ethylene oxide) in Chapter 6. Comparison of the equilibrium 

melting temperatures so obtained with values calculated using the Gibbs-Thomson analysis and 

with melting temperatures measured for extended-chain crystals allows us to assess the 

accuracy of the non-linear Hoffman-Weeks method. Huggins fits relating the equilibrium melting 
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temperature of linear polyethylene and poly(ethylene oxide) to the chain length is also provided 

in Chapter 3 and 6, respectively. Analysis of the undercooling dependence of the lamellar 

thickness for a linear polyethylene fraction is carried out with both the modified Lauritzen-

Hoffman theory and Strobl’s multi-stage model.4   

In Chapter 4, we modify the Lauritzen-Hoffman (LH) secondary nucleation theory to 

account for the effect of stem length fluctuations, tilt angle of the crystallized stems, and 

temperature dependence of the lateral surface free energy.2, 5 Using the modified Lauritzen-

Hoffman theory with equilibrium melting temperatures determined from the non-linear Hoffman-

Weeks method, we analyze the spherulite growth rate data of 26 fractions of linear polyethylene 

(Chapter 4) and 5 fractions of poly(ethylene oxide) (Chapter 6) with different molecular weights. 

Substrate length measurements carried out for 3 linear polyethylene and 4 poly(ethylene oxide) 

fractions using wide angle X-ray diffraction allow us to investigate the chain length dependence 

of spherulite growth rates of these polymers, probe the role of segmental mobility on the crystal 

growth kinetics and determine whether chain transport during crystal growth can be explained 

solely on the basis of chain reptation, as was postulated by Hoffman and Miller.5 

In Chapter 5 we study the melting and crystallization behaviors of a statistical ethylene/1-

hexene copolymer using ultra-fast differential scanning calorimetry, small angle X-ray scattering 

and optical microscopy. The short-chain branches along the backbone of this copolymer do not 

enter the polyethylene crystal structure, interrupting the crystallization process.6 The high 

heating rates achieved by the ultra-fast DSC technique enable us to minimize the effects of 

melting-recrystallization-remelting, annealing and thermal lag on the melting of this copolymer.7 

Comparison of the magnitudes of the fold surface free energy during crystallization (from 

spherulite growth rate and lamellar thickness data) and during melting (from melting endotherms 

and lamellar thickness data) allows us to gain valuable information regarding the role played by 

short-chain branches at different crystallization temperatures. 
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Finally, Chapter 7 offers concluding remarks and suggestions for future work. 
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Chapter 2. Literature Review 

The physical properties of semi-crystalline polymers are governed by various factors such 

as the chemical structure and molecular weight of the polymer, molecular orientation, 

morphology, etc.1 Morphology of semi-crystalline polymers is strongly affected by their 

crystallization conditions.2 Crystallization temperature, time, and pressure are some of the 

variables controlling the morphology of a semi-crystalline polymer.2 Thermodynamic and kinetic 

models allow us to relate those variables to the final morphology of a semi-crystalline polymer. 

Kinetic models also enable us to study the crystallization mechanism of a semi-crystalline 

polymer. We can comprehend the effects of molecular weight of the polymer and the chain 

topology on the crystallization of polymers by understanding their crystallization mechanism. In 

the first part of this chapter I will briefly review the main morphological characteristics of semi-

crystalline polymers. I will also review the thermodynamic models describing crystallization and 

melting of homopolymers and copolymers. Finally, I will introduce two of the most commonly 

used crystallization kinetic models, the Lauritzen-Hoffman secondary nucleation model3 and 

Strobl’s multi-stage crystallization model4.  

 

2.1. Morphology of Semi-crystalline Polymers 

Experimental evidence such as broad and diffuse X-ray diffraction patterns, bulk densities 

intermediate between the densities of the crystal and liquid state, and low values for the heat of 

fusion indicate that polymers crystallize partially.5 In other words, the bulk of a semi-crystalline 

polymer consists of crystalline and amorphous phases. Early diffraction studies on the 

crystalline phase of polymers revealed that the unit cell of the crystals contains only few 

monomers and the bond distance in the cells are consistent with covalent bond distances.6  
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The first model describing semi-crystalline polymers based on X-ray diffraction, 

densitometry and mechanical property studies was the fringed micelle model, Figure 2.1.7  

 

Figure 2.1. Schematic representation of the fringed-micelle model for a semi-crystalline polymer.
5
 

 

In this model crystals are about 100 Å thick with chains long enough to wander through multiple 

amorphous and crystalline regions.7 This model was able to explain the wide angle X-ray 

diffraction patterns and mechanical properties of semi-crystalline polymers. However, it could 

neither justify the spherulitic structures observed in many semi-crystalline polymers by optical 

microscopy nor rationalize their small angle X-ray scattering patterns.5  

Keller’s studies on polyethylene single crystals precipitated from a hot xylene solution 

revolutionized the concept of polymer crystallinity.8 Keller’s electron microscopy and electron 

diffraction studies suggested that the thickness of polyethylene single crystals was much 

smaller than the length of the chains and led him to propose the chain-folded lamellar crystal 

model, Figure 2.2.8 In this model, polymer chains fold back and forth in the single crystal 

lamella, approximately perpendicular to the crystal basal plane. In polyethylene, however, the 
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crystallized stems exhibit a tilted conformation with respect to the lamella fold surface to lower 

the amount of steric hindrance between adjacent folds.9-14 Each lamella could contain one or 

several chains.  

 

Figure 2.2. Schematic representation of a chain-folded lamellar structure.  ,  , and   are the length, 

width, and thickness of the lamella, respectively.   and   are the lateral and fold surface free energies of 

the lamella, respectively. 

 

Lauritzen and Passaglia15 showed that the length of polymer stems crystallizing on a 

lamella can fluctuate around the average lamellar thickness by few Angstroms. Their 

calculations showed that the entropic contribution caused by fold surface roughness can 

overcome the enthalpic penalty associated with new lateral surfaces resulting from the 

differences in adjacent stem lengths.15 Figure 2.3 illustrates a schematic representation of stem 

length fluctuations in a polymeric crystal. Crystal stem length fluctuations are a function of the 

crystallization temperature, which results in a temperature dependent fold surface free energy.15 

Hoffman et al.16 suggested that the crystal stem length fluctuations equilibrate by chain 

movements right before melting, lowering the fold surface free energy of the lamella. 
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Figure 2.3. Schematic representation of a polymer chain crystallizing on a preexisting substrate. The 

length of the crystallized stems fluctuates around the average lamellar thickness by few Angstroms 

(grossly exaggerated in the schematic). 

 

Upon cooling the polymer from the melt, crystallization initiates by formation of the primary 

nuclei through a homogenous (local order in the melt) or a heterogeneous (surface of impurities 

in the melt) process. Primary nucleation in polymers is generally heterogeneous.2 Attachment of 

the chains to the primary nuclei accompanied with the chain folding process leads to the 

lamellar structures in the melt. Lamellae stack and branch and form multi-layered axialitic and 

hedritic morphologies. During this process, the tie-chains, cilia, loose and tight folds are rejected 

between the adjacent radial arrays and will form the amorphous regions between the lamellae. 

The dense and non-crystallographic branching results in a sheaf-like structure, which grows into 

the spherulite.2 Spherulites are the most common structure observed during crystallization of 

polymers under quiescent conditions.5 Figure 2.4 shows a schematic representation of 

formation of a spherulite in the super-cooled melt. 



8 
 

 

 

 

Figure 2.4. Schematic representation of the formation of a spherulite in the supercooled melt.
5
 

  

In most cases, when polymers crystallize isothermally, the spherulite radius increases linearly 

with time until the spherulites impinge on each other. For a variety of polymers, the chains are 

normal to the radial direction of the spherulites.2 

In random copolymers, the resulting morphology can be more complicated. Based on the 

relative size of the comonomers and the crystallization kinetics, one comonomer may enter the 

lamellae formed by the other comonomers or get rejected into the amorphous phase between 

the lamellae, disturbing the chain folding process.17-19 The non-crystallizable comonomer 

reduces the thickness and lateral dimensions of the lamellae and the size of the spherulites.2 

The non-crystallizable comonomer can also disturb the growth of the spherulites.20 If the amount 

of non-crystallizable comonomers passes a certain threshold, spherulites will not form under 

Acicular 
Shape 

Axialitic 
Shape 

Sheaf-like 
Structure 

Spherulite 



9 
 

isothermal crystallization conditions.20 This threshold also depends on the size of the 

comonomer and the crystallization kinetics.20 

 

2.2. Thermodynamics of Polymer Crystallization 

2.2.1. Homopolymers 

Considering the lamella shown in Figure 2.2, the Gibbs free energy of fusion of the 

lamella,   , at its melting temperature,   , is 

  (  )    (   )               
    (2.1) 

where     and     are the Gibbs free energy of fusion per unit volume for an infinitely large 

crystal and the fold surface free energy of the crystal at the melting temperature, respectively.5 

When a crystal of infinite size is at equilibrium with its melt     is equal to zero and therefore, 

  

 (  
  
)
      ̅̅ ̅̅    

  
  ̅̅̅̅    (2.2) 

or 

         
  
        

  

  
   (2.3) 

Here  (  
  
) and    are the density of the crystalline phase at   

  
 and molar mass of the 

repeat unit in the polymer chain, respectively.   
  

 or the equilibrium melting temperature of the 

crystal is the temperature where an infinitely large extended chain crystal is in equilibrium with 

its melt.   ̅̅ ̅̅  and   ̅̅̅̅  are the enthalpy and the entropy of fusion per mole of repeat unit, 

respectively.    and    are the volumetric enthalpy of fusion and volumetric entropy of fusion of 

an infinitely large extended chain crystal, respectively. In Equation 2.3 it is assumed that the 

density of the crystalline and amorphous phase are nearly identical so 
 (  

  
)

  
  ̅̅ ̅̅     and 
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 (  
  
)

  
  ̅̅̅̅    . Assuming that    and    are independent of temperature, we can express     

at    as 

         
  

  
   

  (  
  
   )

  
   (2.4) 

Accuracy of this approximation, constant    and   , can be examined using experimental 

values of    and   . Polyethylene is probably one of the most studied macromolecules in this 

regard. Wunderlich et al.21-22 calculated the values of    ̅̅ ̅̅  and   ̅̅̅̅  for polyethylene at different 

temperatures using Equations 2.5 and 2.6: 

  ̅̅ ̅̅ ( )  ∫     ( )  
 

 

 ∫     ( )  
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  ̅̅̅̅ ( )  ∫
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 ∫
    ( )

 
  

 

 

 
(2.6) 

Here,      and      are the molar heat capacity of crystalline and amorphous polyethylene at 

constant pressure, respectively. For temperatures between -273 and -23oC, they found values 

of      and      after measuring the constant pressure heat capacities of semi-crystalline 

polyethylene samples and extrapolating them to 100 and 0 percent crystallinities.22 The same 

procedure was applied for      at temperatures beyond -23oC.      in the range of -23 to 187oC 

was found by extrapolation from measurements performed on polyethylene melts as the 

aforementioned method loses its accuracy with the variable degree of crystallinity in this 

range.22 Utilizing the density of polyethylene crystals,23 values of   ̅̅ ̅̅  and   ̅̅̅̅  have been 

converted to    and    and plotted in Figure 2.5. From the data plotted in Figure 2.5 we can 

see that considering a constant value for    and    is a poor approximation.    of polyethylene 

increases with temperature, reaches a maximum around 125oC,       = 283 J/cm3, and 
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decreases thereafter.22-23 On the other hand,      versus   starts to deviate from a straight line 

around 80oC, Figure 2.5. 

 

Figure 2.5. Experimental values of    (●) and     (■) versus temperature. Dashed lines are drawn as a 

guide to the eye.
22

 

 

However, comparing values of     calculated by Equation 2.4 with the experimental 

values found from            demonstrates little to no difference at temperatures above 

80oC, Figure 2.6.    of 283 J/cm3 was used in Equation 2.4 as the constant value for   . For 

temperatures above 80oC the maximum deviation of the calculated     from its experimental 

values is about 1%. At temperatures below 80oC the experimental values of     are smaller 

than those predicted by Equation 2.4. As was demonstrated in this example, using Equation 2.4 

is only acceptable at temperatures close to   
  

. 



12 
 

 

Figure 2.6.     versus   found from Equation 2.4 (—) and the experimental values (○). 

 

Taking the temperature limits into account, Equations 2.1 and 2.4 can be combined to 

relate the melting temperature to the lamellar thickness. For        and       we find the 

melting temperature of the lamella as 

     
  
[  

    
   

] (2.7) 

Equation 2.7 is known as the Gibbs-Thomson equation, which defines the melting line in the   

versus   ⁄  plot.5 In addition, the Gibbs-Thomson equation provides access to the minimum 

thickness,     , of lamellae that can form at the crystallization temperature,     

     
    
   

 
      

  

[  (  
  
   )]

 
      

  

    
 (2.8) 
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where     and    are the fold surface free energy at the crystallization temperature and the 

undercooling, respectively. Although Equation 2.8, a thermodynamic equation, gives us insight 

into the minimum lamellar thickness at   , the actual average lamellar thickness and the lamellar 

thickness distribution are controlled by the crystallization kinetics. 

2.2.2. Copolymers with a Non-crystallizable Monomer 

When units of comonomer   are added to a polymer chain made of   units, the   units 

can either be rejected into the amorphous phase or enter   crystals. The former behavior was 

modeled by Flory24 (exclusion model) while the later (inclusion model) was studied by Sanchez 

and Eby.25 In the exclusion model, Flory assumed that the   units of a     copolymer do not 

crystallize under experimental conditions.24 Figure 2.7 shows a schematic representation of 

exclusion of the   units from the crystalline phase.  

 

Figure 2.7. Schematic representation of a lamella of a     copolymer where the   units (●) are 

excluded from the crystalline phase of   units. 

 

Flory stated that when the     copolymer is crystallized to the maximum amount possible, 

crystallized sequences of   are in equilibrium with same size   sequences in the amorphous 

phase. He expressed the probability to find a sequence made of   units of   in the amorphous 

phase at a given crystallization temperature,    
  

, as 
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 where     and   are the free energy of fusion of a crystallized sequence of   made of   units 

and the gas constant, respectively.24 By considering   
   

   
 (

   

 
)(

 

  
 

 

  
  ) and                    

      ( 
   

 

   
) he showed that the weight fraction of   sequences made of   units in the 

amorphous phase under equilibrium conditions,   
  , is 

  
       [      (  )]     (   ) (2.10) 

where     and   
  are heat of fusion and fold surface free energy per   unit, respectively.24   

  
 

is the equilibrium melting temperature of a pure   polymer. If   
  is the weight fraction of   

sequences made of   units in the polymer chains, thus,      or the minimum number of units in 

a crystallized   sequence is obtained assuming   
    

  .24 Taking   as the probability to find 

a   unit next to another   unit (in random copolymers   is equal to the mole fraction of   units, 

  ),   
  is 
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) (   )    (2.11) 

Therefore, the minimum lamellar thickness at equilibrium is given as  

          {  (
   
 
)     [

(   )

(       )
]} (      )⁄  (2.12) 

where      is the length of a   unit projected along the  -axis of the crystal.24 Flory also defined 

the necessary condition for crystallization to occur as   
    

  
, where   

  is the probability to 

find a sequence made of   units of   in the copolymer chain. This relationship simplifies to 

       for random copolymers. Therefore, the equilibrium melting temperature of the 

copolymer,     
  

 , can be found at       , Equation 2.13.24 
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The exclusion model considers the preferential partitioning of   units into the crystal phase, an 

entropic effect, as the origin of the depression of the equilibrium melting temperature.24 In a 

random copolymer this depression is directly related to the mole fraction of the   units,   . 

Finally, the weight fraction crystallinity under equilibrium conditions,   , is24 
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(2.14) 

The model predicts that for a random copolymer of   and   units an increase in    leads to a 

decrease in the overall crystallinity along with an increase of      .24  

 

2.3. Kinetics of Polymer Crystallization 

2.3.1. Lauritzen-Hoffman Secondary Nucleation Theory 

The faceted single crystals formed from polymer solutions along with the exponential 

dependence of the spherulitic growth rate,  , on the undercooling suggest that polymer 

crystallization is nucleation-controlled, which is the basis of the Lauritzen-Hoffman secondary 

nucleation theory (LH theory).3, 26-27 The LH theory was first applied to interpret crystallization 

behavior of linear polyethylene and then developed for other polymers.27 This model has also 

been used to analyze the crystallization kinetics of copolymers with a non-crystallizable unit.28-29 

The LH theory does not address the primary nucleation step in crystallization of polymers and 

only focuses on the growth kinetics of lamellar crystals. This model assumes that the initial 
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growth front exists in the melt and tries to rationalize the steady state growth (constant  ) of 

crystals under isothermal conditions.3, 27 

 The basic LH model is shown schematically in Figure 2.8, depicting the crystal growth 

front. In the LH model, crystal growth is assumed to take place on a smooth substrate. The 

growth rates of spherulites and lamellae are assumed to be identical in this model. Also, the 

crystallized stems are perpendicular to the fold surface of the lamellae, Figure 2.8. Stem length 

fluctuations in the crystals were not considered in the initial model.27 

 

Figure 2.8. Schematic representation of a lamella.    and    are the width and thickness of the 

crystallized stems, respectively. A chain is moving in the reptation tube from the melt and crystallizing on 

the lamella, completing a new layer with the rate of  , leading to an overall crystal growth rate of   (the 

new layer is colored in gray).
27

 

 

After cooling the melt to    the crystal growth process begins with primary nucleation, 

heterogeneous or homogenous. After the primary nuclei are formed, the first stem attaches to 
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the growth front with a rate constant of   , Figure 2.9. During this process the segment is 

adsorbed to the growth front without any crystallographic attachment. The free energy barrier for 

this process was initially defined as the work required to create two new lateral surfaces during 

this process,      .
30 In more recent treatments, this free energy barrier is viewed as an entropy 

penalty associated with the segmentalization of the chain as it approaches the crystal growth 

front.30 After overcoming the free energy barrier, the stem will undergo a rapid crystallographic 

attachment on the substrate forming the first crystallized full stem.27, 31  Since the crystallized 

stem is assumed to be in local equilibrium with the melt, it can go back to the melt in two steps: 

a slow step to the attached state with a rate constant of   followed by a rapid step to the melt. 

The slow step in melting has an energy barrier of       
  . In the LH theory, the 

thermodynamics of fusion follows the Gibbs-Thomson approach, therefore, values of     at low 

to intermediate undercoolings can be found using Equation 2.4.31  

 

Figure 2.9. Schematic representation of the crystallization steps and their rate constants. The fast steps 

are shown with arrows with dashed lines. 

 

After deposition of the first stem, the polymer chain can continue to attach another stem 

on the substrate by folding back on itself with a rate constant of  , Figure 2.9. The free energy 
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barrier for this step is related to the work of chain folding,         . The second stem will then 

crystallize rapidly forming the second crystallographic attached full stem, which can melt with a 

rate constant of  . The reverse process has the same free energy barrier as the slow step of 

melting the first stem.27, 31 By repeating this process, the crystallized stems will cover the whole 

substrate and form a new crystallized layer.27, 31  

The theory provided above considers the     approach. In the early versions of the 

theory it was assumed that a fraction of the chain,  , crystallizes during deposition of the stems 

from the melt on the growth front, lowering the energy barrier of deposition and removal of the 

stems by        
  .3 However, a high   would result in the divergence of   at some finite 

undercooling (the   catastrophe).27  For example, a   > 0.25 leads to a   catastrophe in linear 

polyethylene at temperatures above the glass transition temperature,   .27 To avoid the 

physically unrealistic   catastrophe I will use the   = 0 approach throughout my thesis. 

Lauritzen and Hoffman defined the rate constants for each step as27 

         ( 
     

   
) (2.15) 

        ( 
      

   

   
) (2.16) 

      ( 
        
   

) (2.17) 

      ( 
      

   

   
) (2.18) 

where  ,   , and   are the Boltzmann constant and factors representing retardation due to 

transfer of the polymer segments across the melt-crystal interface for the first stem and the 

subsequent stems, respectively.27 The first segment attaching to the growth front is located in 

close proximity, therefore, local movements of the chain may be sufficient for transferring the 

stem across the melt-crystal interface. However, other segments have to move through the 
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entangled melt to pass that interface. As a result,   , and   may have different values. Hoffman 

and Miller27 defined the   terms in Equations 2.15 to 2.18 by employing the reptation theory as 

  
 

 
(
   
 
)    ( 

  
 

   
) (2.19) 

where  ,  , and   
  are the number of the covalent bonds in the polymer chain backbone, 

Planck’s constant, and the activation energy for reptation, respectively. The Arrhenius form of 

the segmental transport equation provided in Equation 2.19 can be used when the 

crystallization temperatures are much higher than   .27  At temperatures below    + 100, using 

an equation in the form of the Vogel-Fulcher-Tamman-Hesse equation is more appropriate.27 In 

this thesis, I will use the   expression given by Equation 2.19 as the crystallization temperatures 

used in my studies are well above    + 100.   is given in Equation 2.20.27 
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)    (
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 (2.20) 

Where   ,   , and   
  are the reference temperature where the diffusion coefficient of the 

polymer is measured, Rouse regime monomeric friction coefficient at the reference temperature, 

and the average initial lamellar thickness, respectively.27 The net free energy of formation of a 

new crystalline layer containing   stems,    , can also be written as 

                
    (   )    [   

       ] (2.21) 

Figure 2.10 shows changes of     with number of deposited stems on the substrate,  .  
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Figure 2.10.     versus  . Rate constants of each step are shown on the diagram. 

 

For a given lamellar thickness, the nucleus becomes “stable” when     becomes negative 

by crystallizing    stems. In the figure above,    = 8. Using Equation 2.21,    for a given lamellar 

thickness is 

   
            

   

    [   
       ]

   (2.22) 

which is rounded up to the nearest integer. The flux equations were written for the forward and 

backward steps shown in Figure 2.10 (except   = 0    = 1) as3 

   
  

                 

   
  

                 

.          .            .           .            . 

.          .            .           .            . 

.          .            .           .            . 
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                     (2.23) 

where    is the occupation number for each  . For   = 0    = 1  

   
  

                   (2.24) 

Here    is the occupation number for   = 0, which was expressed as27 

        (2.25) 

where    is the configurational path degeneracy and    is the number of stems of width    

comprising the substrate length  .27 As another assumption in the LH theory, the crystal growth 

front shown in Figure 2.8, is divided into several substrates of length  , separated by defects in 

the crystal structure, Figure 2.11.27 The existence of a finite substrate length is required for the 

theory to account for a constant crystal growth rate at high temperatures, in regime I. 

 

Figure 2.11. Schematic representation of the crystal growth front. The crystal growth front is divided into 

substrates with average length of   by defects in the crystal structure. 

 

Applying the steady state approximation, 
   

  
 = 0, the flux over each barrier would be 
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Therefore 
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Leading to 
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Generalized into the form of 
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For the case       3 
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 (2.31) 

Crystal growth with a constant growth rate requires that     under steady-state conditions 

and that,      remain finite as   potentially becomes very large. Hence,   must be equal to 

  (   ). Combining this result with             from Equation 2.23, Lauritzen and 

Hoffman found the flux as3 

  
    (   )

      
 (2.32) 

To find the average initial lamellar thickness and the crystal growth rate, the flux should be 

integrated over all possible lamellar thicknesses. However, integral of the flux found by Equation 

2.32 is non-elementary. To solve this problem, Lauritzen and Hoffman assumed that   and   
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are the same for the first and subsequent stems (the first condition is already satisfied as I 

assumed   = 0) so   would be equal to   , and3 

      (  
 

 
) (2.33) 

The flux   was then expressed as a function of the lamellar thickness utilizing the stated rate 

constants as 
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The net flux over the barrier at    is the sum of the fluxes for all possible lamellar thicknesses at 

  , which is given by 
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where    is the length of the monomer projected along the  -axis of the crystal. The surface 

nucleation rate,   (in stems per second per meter), was defined as27 
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Therefore 

  
   

    
[

    
     

    (       
  )
]    ( 

       
     

  
) (2.37) 

The average initial lamellar thickness,   
 , is the flux weighted average thickness of the lamellae 

and was calculated as27 
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Resulting in 
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which was rewritten employing Equation 2.8 as 
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  for polyethylene is about 10 Å, and is a weak function of temperature.3, 27 As mentioned 

before, crystals with thicknesses lower than      would be thermodynamically unstable. 

Therefore, the kinetic contribution to the average initial lamellar thickness,  , makes the lamella 

stable. The substrate completion rate,   (in meter per second), is obtained by Equation 2.41.27 

    (   )        (          ) [      (
        

  

  
)]⁄  (2.41) 

The ratio of     determines the mean distance between surface nuclei on the crystal growth 

front,   , Equation 2.42.27  

   (
  

 
)
   

 (2.42) 

The mean distance between surface nuclei governs the crystal growth regime in the LH theory, 

Figure 2.12.27 At low undercoolings, regime I, the surface nucleation rate is slow compared to 

the surface completion rate, therefore,     . Under these circumstances, attachment of one 

stem is sufficient for rapid completion of the substrate, Figure 2.12. The growth rate in regime I 

is controlled by   and is written as        . Note that if the growth front was not divided into a 

set of substrates lengths  , the growth rate would increase with crystal size in this regime. 
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Figure 2.12. Schematic representation of the crystal growth in regime I, II, and III.
27

 The surface nuclei 

are shown in gray. 

 

In the regime II, at intermediate undercoolings,    is smaller than   but larger than ca. 2 to 

2.5  .
27 In this regime, multiple stems are attaching on the surface and completing a crystallized 

layer together, Figure 2.12. Hence, both   and   determine the growth rate as       (   )
  ⁄ .27 

In regime III, at high undercoolings,     . Rapid attachment of stems is observed in regime III 

as surface nucleation is much faster than substrate completion, Figure 2.12. Here, the growth 

rate is only dependent on   as            where    is the inter-stem distance in this regime.27 

Regime I to regime II and regime II to regime III transitions occur when      and       , 

respectively.27 

Lauritzen and Hoffman defined the unified growth rate equation, Equation 2.43, by 

applying Equations 2.37 and 2.42 to the crystal growth rate equations in regime I, II, and III.26 
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) (2.43) 
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Here the nucleation constant is 

    
          

  

   
 (2.44) 

The constant term in the nucleation constant,   , is equal to 2 in regime I and III and 1 in regime 

II. Therefore,                .
27 The regime I to regime II and regime II to regime III transition 

temperatures can be obtained by plotting       
    ⁄  versus    ⁄   , Figure 2.13. The slope 

of this plot represents the nucleation constant,    , in Equation 2.43.26 All three regimes of 

crystal growth are only observed in a few polymers, like polyethylene fractions.32 The regime I to 

II transition is reported for poly (ethylene oxide) while the regime II to III transition is seen in 

polymers like isotactic polypropylene.33-34 

 

Figure 2.13. Schematic representation of the       
    ⁄  versus    ⁄    plot. 

 

Morphological transitions are also seen during regime transitions of a few polymers. 

Hoffman et al.35 reported that coarse-grained non-banded spherulites and axialites are formed 



27 
 

during crystallization of polyethylene fractions in regime I and regime II, respectively. Bassett et 

al.14 also studied crystallization of polyethylene and stated that rigid sheets are the dominant 

species in regime I while the S-shape lamellae appear more frequently in regime II. A change in 

the number of the branches per lamella was observed in different crystallization regimes of cis-

polyisoprene.36 

2.3.2. Strobl’s Multi-stage Model 

Keller, Hikosaka, Rastogi, Toda, Barham and Goldbeck-Wood introduced the idea of 

multi-stage crystallization in their work on crystallization of polyethylene at elevated 

pressures.37-39 Keller et al. observed that at high enough pressures,   > 3.6 × 108 Pa, and 

temperatures, polyethylene crystals are stable in the highly mobile hexagonal form, which can 

thicken easily and form lamellae with thicknesses as large as couple microns.37, 39 By reducing 

the pressure, polyethylene crystals undergo a transition from hexagonal to orthorhombic. The 

Ostwald’s rule of stages states that a phase transformation will always proceed through stages 

of metastable states whenever such metastable states exist.40 Referring to this rule, they 

concluded that the crystallization of polyethylene at atmospheric pressure under specific 

conditions might be a multi-stage phenomenon: chains first crystallize in the hexagonal form 

and then transit to an orthorhombic structure as the lamellae get thicker. To satisfy these 

conditions, hexagonal crystals should be more stable at smaller thicknesses and grow faster.38 

Using this idea, Strobl further developed the multi-stage crystallization model.4, 41-44 

In Strobl’s multi-stage model, four phases exist: the amorphous melt phase labeled by 

“  ”, the crystalline mesomorphic phase labeled by “   ”, the initial native crystals labeled by 

“  ”, and the stable crystals labeled by “  ”.41 In the case of polyethylene, the mesomorphic 

phase is the hexagonal crystal phase, which during isothermal crystallization transforms to the 

orthorhombic phase at a specific lamellar thickness and forms the initial native crystals.41 During 

heating, the initial native crystals melt and recrystallize in the form of stable crystals.41 To 
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simplify the phase diagram, we will not talk about the stable crystal phase. Figure 2.14 shows a 

schematic representation of the phase diagram proposed by Strobl. The mesomorphic to initial 

native crystal, melt to mesomorphic, and melt to initial native crystal lines intersect at the triple 

point temperature,   .41 

 

Figure 2.14. Schematic representation of Strobl’s phase diagram. Melting (―), mesomorphic to initial 

native crystal (- -), melt to mesomorphic (˖˖˖), and melt to initial native crystal (- ˖ -) lines are shown in the 

picture.   
  

 and    
  

are the equilibrium mesomorphic to native crystals and melt to mesomorphic 

temperatures, respectively.
41

 

 

Isothermal crystallization in Strobl’s model can proceed through two different paths. In 

path one, at temperatures below the triple point temperature,   , the chains first form a 

mesomorphic phase as this is the stable phase at smaller thicknesses. These crystals will 

thicken with time and eventually get to the mesomorphic to native crystal line, a thickness were 

the native crystals are more stable than the mesomorphic phase. At this thickness a 



29 
 

mesomorphic to native crystal transition will occur.41 Figure 2.15 shows a schematic 

representation of the crystallization process in path one. 

 

Figure 2.15. Schematic representation of the crystallization process of the polymer chains in path one of 

Strobl’s multi-stage model.
43

 

 

By crystallizing at temperatures above   , path two, a single step process from the melt to 

native crystals will occur as the mesomorphic phase is unstable compared to the native crystals. 

Under typical crystallization conditions, however, polymers cannot form crystals by this path. 

Only through the use of special crystallization techniques to lower the crystallization energy 

barrier, such as self-seeding, crystals can be obtained with the second path.41  

Initial native crystals are the crystals that can be observed by experimental 

measurements. Therefore, the mesomorphic to native crystal line from path one and the melt to 

native crystal line from path two will form the crystallization lines and govern the measurable 

initial lamellar thicknesses, Equations 2.45 and 2.46.41  

     
  
[  

    
  

     
] (2.45) 

     
  
[  

    
  

     
] (2.46) 

   
   is the surface free energy of the crystals formed through the mesomorphic to native crystal 

transition.    
   in Equation 2.46 is the surface free energy of the crystals formed through the 

melt to native crystal transition.41      and      are the volumetric enthalpy of transition from 
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the native crystal to the mesomorphic phase and the native crystal to the melt phase, 

respectively 

In Strobl’s model chain attachment to the mesomorphic layer is the rate determining step 

of path one. The thermodynamic minimum thickness of the mesomorphic layer,       , is 

calculated by 

       
    

  
   
  

   (   
  
   )

 (2.47) 

where    
   and     are the mesomorphic phase surface free energy and the volumetric 

enthalpy of fusion of the mesomorphic phase, respectively.  As the entropic activation barrier in 

the chain attachment to the lamella is directly proportional to        and the second term in 

Lauritzen-Hoffman secondary nucleation theory is related to the entropic activation barrier, the 

growth rate in path one of Strobl’s multi-stage model is given by42, 44 
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where    is the nucleation constant in Strobl’s model. Differentiating Equation 2.48 respect to 

the crystallization temperature leads to Equation 2.49.44 
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By plotting the ( 
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 versus    plot values of    and    
  

 can be found from the 

slope and the intercept, respectively.44    
  

 is also known as the zero growth rate temperature, 

   
 , in Strobl’s multi-stage model.44 At this temperature, an infinitely large extended chain 

mesomorphic layer is in equilibrium with the melt. Direct crystallization from the melt cannot 

happen at temperatures below    
  

.44 
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Chapter 3. Investigating the Equilibrium Melting Temperature of      

Linear Polyethylene Using the Non-Linear Hoffman-Weeks Approach 

 

Hadi Mohammadi, Matthew Vincent and Hervé Marand 

 

3.1. Attribution 

Matthew Vincent contributed to this work by conducting the ultra-fast DSC experiments 

and providing insight on the analysis of the ultra-fast DSC data. Design of the experiments, 

conventional DSC experiments, and processing and analysis of the data were all performed by 

Hadi Mohammadi. The paper was prepared by Hadi Mohammadi and Hervé Marand. Matthew 

Vincent also provided useful comments throughout the review of the paper.  

 

3.2. Abstract 

The melting behavior of three linear polyethylene fractions with number average molecular 

weights of 11, 29, and 100.5 kg/mol was studied as a function of crystallization time with 

conventional and ultrafast calorimetry. The initial melting temperatures of non-thickened 

lamellae formed under isothermal conditions over a range of crystallization temperatures were 

analyzed with the non-linear Hoffman-Weeks method to determine the equilibrium melting 

temperature.   
  

 values of 138.4 ± 0.9oC, 139.7 ± 0.9oC, and 140.9 ± 0.8oC were estimated for 

PE 11K, PE 29K, and PE 100K, respectively, in close agreement with those reported in the 

literature for the melting of extended-chain crystals or with the Gibbs-Thomson analysis. The 

Lauritzen-Hoffman theory and the non-linear Hoffman-Weeks treatment were modified to 

account for the effect of the tilt angle,  , of the crystallized stems of linear polyethylene on the 
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initial average lamellar thickness. Accuracy of the non-linear Hoffman-Weeks method was 

examined using initial lamellar thickness,   
  , data reported for PE 29K in the literature at 

different crystallization temperatures. The equilibrium melting temperature obtained by the 

Gibbs-Thomson approach and the    value extracted from the   
  vs.    ⁄  plot were similar 

within the limits of experimental error to those obtained here through the non-linear Hoffman-

Weeks method. Using the Huggins equation, the equilibrium melting temperature of an infinitely 

long linear polyethylene chain is found to be equal to 141.4 ± 0.8oC, the same value proposed 

by Wunderlich. 

 

3.3. Introduction 

Many research groups have studied the crystallization and melting of linear polyethylene 

(LPE) under quiescent conditions.1-5 The first step in the analysis of crystallization kinetics data 

for any polymer consists of determining the equilibrium melting temperature,   
  

, for the 

relevant crystal phase, as this is the reference temperature from which the undercooling, that is, 

the crystallization driving force, is determined.6 The equilibrium melting temperature is the 

temperature at which an infinitely large and perfect extended-chain crystal is in equilibrium with 

the melt. Determination of an accurate   
  

 value for LPEs has been a point of intense 

controversy for more than five decades.6-14 To understand why this is so, one must recall that 

the morphology of semi-crystalline polymers is controlled by kinetic factors.6, 15 In the case of 

linear polyethylene, its quiescent isothermal crystallization will only take place on a reasonable 

time scale using conventional techniques, if it is carried out in the 120-130oC temperature range, 

depending on molecular weight.16-17 Under these conditions, crystallization yields thin, 

metastable, chain-folded, lamellar crystals, not the equilibrium, infinitely large, extended-chain 

crystals.1, 15, 18-19 As a result,   
  

 is typically estimated by one of two common extrapolative 

methods:6 1) the Gibbs-Thomson thermodynamic approach,6, 14, 20-22 which makes use of a 
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correlation between the thickness and the melting temperature of lamellar crystals and 2) the 

Hoffman-Weeks method,23-24 which describes the correlation between crystallization and melting 

temperatures. Linear polyethylene is somewhat unique in the sense that the   
  

 value for its 

orthorhombic crystal phase can also be estimated by two other techniques. First, theoretical 

approaches have been used by Broadhurst7 and Flory-Vrij8-9 to estimate the equilibrium melting 

temperature of crystals of high molecular weight linear polyethylene by extrapolation of the 

melting data of normal paraffin crystals. Second, Bassett et al.15, 25-26 have shown that one can 

make use of the exceptionally high segmental mobility in the hexagonal crystal phase of LPE 

formed under high pressure to prepare micrometer-size, extended-chain, orthorhombic crystals. 

Wunderlich et al.10, 13 showed that the melting temperature of such crystals provides an 

excellent estimate of the equilibrium melting temperature for the orthorhombic phase. From the 

standpoint of theory, linear polyethylene is, therefore, an unique material that should allow its 

equilibrium melting temperature to be determined unequivocally by a number of methods. The 

mere fact that the determination of LPE’s equilibrium melting has been controversial is an 

indication that some of the experimental methods used in its determination need to be 

scrutinized further.  

In this publication, we first justify the use of the non-linear Hoffman-Weeks treatment,27 

reminding the reader of the many reasons why its linear counterpart23-24 is not supported by 

theory and observations. Then, we discuss melting data obtained, using both conventional and 

ultra-fast chip calorimeters, for three LPE fractions crystallized isothermally at different 

temperatures over a range of crystallization times. We considered the sample mass, 

crystallization time and heating rate dependences of the calorimetric data to minimize annealing 

and melting-recrystallization-remelting phenomena and account for superheating and thermal 

lag effects.13 We extrapolated experimental melting data to zero heating rate, zero crystallinity 

conditions, and use these extrapolated melting temperatures in the context of the non-linear 
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Hoffman-Weeks method27 to determine the equilibrium melting temperature for three LPE 

fractions. Results of the present studies show that there is perfect agreement between the 

equilibrium melting temperature estimates obtained using extended-chain crystals prepared 

under high pressure,10, 13, 28 the Gibbs-Thomson approach,14, 21-22 the Huggins extrapolation 

procedure,7, 29 and the non-linear Hoffman-Weeks method. Finally, the   
  

 values obtained in 

this work will also be used to rationalize the initial lamellar thickness data obtained by Barham et 

al.30 for a linear polyethylene fraction in the context of the Lauritzen-Hoffman (LH) theory and 

Strobl’s multi-stage model.3, 5-6  

3.3.1. Justification of the Non-linear Hoffman-Weeks Treatment 

Pertinent theoretical aspects of the extrapolative method devised by Hoffman and 

Weeks23 for the estimation of   
  

 are discussed in Appendix A. In this method, the melting 

temperature of a polymer is correlated with its crystallization temperature for samples that are 

usually crystallized for long times. A linear regression of the observed melting temperature 

versus crystallization temperature plot is linearly extrapolated to the equilibrium line,      , to 

yield the equilibrium melting temperature.23   

Observation of linearity in any data set over a narrow range of variables does not enable 

one to claim that the same linearity should be observed outside this narrow range of variables, 

unless, of course, such claim is guided by sound theory. The linearity in the Hoffman-Weeks 

treatment can only be justified if two assumptions are met (see Appendix A): first, given that the 

slope of a linear Hoffman-Weeks plot is associated with the reciprocal of the lamellar thickening 

coefficient, every data point in such a plot must be characterized by the same lamellar 

thickening coefficient,27, 31 and second, the intercept,   , of a plot of   
  versus    ⁄  for the 

polymer of interest must have a magnitude much smaller than that of the lamellar thickness.27 

Neither of these assumptions is met in practice, as we outline below.  
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In regard to the constancy of the thickening coefficient, Alamo et al.31 have demonstrated 

that both the slope of the    vs.    regression line and the extrapolated equilibrium melting 

temperature vary systematically with the chosen range of crystallization temperatures and 

crystallization times. In recent reports, Toda et al.24, 32 suggested that the linear Hoffman-Weeks 

treatment can be successfully applied to linear polyethylene. In this study, the crystallization 

times appeared to be chosen in such a way that primary crystallization was complete. From the 

approximate linearity of their    vs.    data, and the observation of a slope equal to ½, they 

conclude that the lamellar thickness doubled before the end of the primary crystallization stage 

and did so at all temperatures. The constancy of the slope also suggested that further 

thickening subsequent to the lamellar doubling was either slow or non-existent. This is not the 

first time a doubling of the lamellar thickness has been suggested to take place during the 

isothermal melt crystallization of linear polyethylene. Barham et al.33 proposed that doubling, 

tripling and even quadrupling of the long spacing took place subsequent to lamellar formation. 

Studies aimed at reproducing that work were not successful.34-36 Other evidence provided in 

support of the doubling in lamellar thickness is based on slow heating studies of solution 

crystallized ultra-high molar mass linear polyethylene single crystal mats.37 The lamellar 

thickness doubling mechanism invoked by Rastogi et al.37 for single crystal mats requires highly 

regular fold surfaces and adjacent reentry folding, an unlikely situation for crystallization from 

the melt, especially at moderate to high undercooling. Finally, the lamellar doubling mechanism 

was only observed during slow heating, never under isothermal conditions. Hence, the claim of 

an instantaneous doubling in lamellar thickness during isothermal melt crystallization without 

subsequent isothermal thickening does not appear to be supported by previous work in the case 

of linear polyethylene. The doubling in lamellar thickness at an early stage of primary 

crystallization followed by an invariance of the lamellar thickness at later times is also 

inconsistent with a number of Raman, transmission electron microscopy and small angle X-ray 

scattering (SAXS) studies that have unequivocally proven the existence of a continuous lamellar 
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thickening process occurring at higher rate at higher temperature.34-36, 38-43 Hence, to ensure that 

all samples in a Hoffman-Weeks plot are characterized by the same thickening coefficient,  , 

the crystallization times at successive crystallization temperatures must be very carefully 

adjusted. 

In regard to the magnitude of   , experimental values for linear polyethylene are found to 

be several times larger than   , the value predicted by the LH theory and thus contribute 

significantly to the lamellar thickness.30, 44-48 Similar conclusions have been reported by Jones et 

al. 49 for isotactic poly(styrene), by Korenaga et al.50 for poly(oxymethylene), and by Cheng et 

al.51 for poly(ethylene oxide). 

A number of authors have also shown the linear Hoffman-Weeks approach to be 

untenable on other grounds.  For instance, some have shown that the linear Hoffman-Weeks 

approach leads to   
  

 values that are much lower than these obtained by other methods.14, 45, 52  

Others, have noticed upon cursory examination of the underlying theory that the linear Hoffman-

Weeks equation loses its functionality for initial or non-thickened lamellae (when  (     ) = 1), 

where it simplifies to      .31 In other words, the linear Hoffman-Weeks equation incorrectly 

suggests that non-thickened lamellae are always in equilibrium with the melt. Finally, we shall 

see that the intrinsic non-linearity between crystallization and melting temperatures sheds light 

on the discrepancy3, 14, 46, 53-54 between the fold surface free energy obtained from a Gibbs-

Thomson analysis (   ) and that determined from spherulite growth rate data (   )12, 17, 21, 27. 

Large    values can be rationalized in the context of the Lauritzen and Passaglia (LP) 

model,55 which introduced the concept of stem-length fluctuation in the framework of the LH 

theory. Fluctuations in the stem length lead to the formation of a fold surface exhibiting a 

temperature-dependent roughness and, hence, a temperature dependent fold-surface energy, 

   . In the LP model, the quantity    is expressed as the sum of  , the thickness increment 

above the minimum thermodynamically stable lamellar thickness (kinetic stabilization) and a 
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term accounting for the dependence of fold surface energy.27, 45, 48, 53, 55 We show in the 

Appendix A that large values of    lead to a non-linear relationship between    and    even in 

the absence of thickening effects. A similar conclusion was reached by Huseby and Bair45 for 

crystallization of LPE from solution.  

The non-linear Hoffman-Weeks method27 is expected to yield a better estimate of the 

equilibrium melting temperature because it accounts more accurately for the dependence of the 

lamellar thickness on undercooling. However, its application to linear polyethylene crystals 

requires first a slight adjustment to account for the existence of chain tilt.15, 18-19, 56 Revision of 

the LH theory to account for the effect of chain tilt on the initial average lamellar thickness 

expression, followed by brief derivations of the linear and non-linear Hoffman-Weeks equations 

are given in the Appendix A.  

 

3.4. Experimental 

3.4.1. Experimental Strategy 

To obtain the melting temperature of initial non-thickened lamellae, we first recorded the 

melting of samples crystallized at different temperatures for various crystallization times using a 

TA Instruments Q2000 conventional DSC and a Mettler-Toledo Flash™ DSC 1 operated over a 

range of heating rates. The initial melting temperature was defined as the melting temperature 

of samples exhibiting the lowest observable crystallinity since under these conditions the 

melting temperature is approximately independent of crystallization time. The initial melting 

temperature needed to be corrected for the effects of instrument thermal lag and melting 

kinetics, which become more prevalent at higher heating rates. Other thermal lag effects, such 

as those associated with the mass/thickness of the chosen samples, were minimized with the 

use of sufficiently thin films.57-59 To eliminate the former non-equilibrium effects, the melting 
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temperature of initial lamellae was measured at various heating rates and extrapolated to zero 

heating rate using a fitting equation suggested by Toda et al.59  Heating rates in excess of 

70oC/min in conventional DSC experiments were chosen (conservatively) to ensure that 

annealing and melting-recrystallization-remelting phenomena would not occur during heating of 

linear polyethylene.24, 54, 60-61 Since the shape of a melting peak is affected by the ratio of the 

relaxation time to the response time of a sample during heating in the calorimeter, melting 

experiments were performed with metal standards in each instrument to study the heating rate 

dependence of response and relaxation times.57 From these studies we concluded that for 

heating rates between 70 and 110oC/min for the conventional DSC and between 1000 and 

10000oC/s for the Flash™ DSC 1, the shape of the DSC trace, as characterized by the ratio of 

relaxation to response times, was independent of the heating rate.  The Flash™ DSC 1 results 

obtained in this work were used to confirm the reliability of the more precise conventional DSC 

results. 

3.4.2. Sample Preparation 

Three narrow molecular weight linear polyethylene samples with    = 11.4, 28.9, and 

100.5 kg/mol and corresponding     ⁄  of 1.19, 1.11, and 1.11 (SRM 1482, 1483, and 1484, 

respectively) were obtained from NIST and used as received. The samples are coded as PE 

11K, PE 29K and PE 100K, respectively. The films used in these experiments were prepared 

using a Carver laboratory press operated at 150oC under a nitrogen atmosphere. 

Thermal lag studies for the conventional DSC were carried out following the melting of a 

small piece of Indium (mass less than 0.1 mg) sandwiched between two PE 100K films.57 Our 

results indicate that Indium and Indium sandwiched between two 50 μm thick PE films had the 

same melting temperature in the range of heating rates between 70 and 110oC/min.57 Similar 

experiments carried out with significantly thicker (e.g. 1 mm thick PE films) showed systematic 
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deviations between the Indium sandwich and the Indium standard.57 All conventional DSC 

studies discussed here used 50 μm thick PE films with average mass of about 1.5 mg. 

Linear polyethylene films used in the Flash™ DSC were first prepared with a thickness of 

1 mm and cut into 1×1×1 mm3 specimens. 1 μm thick samples were cut from such specimens 

using a Leica RMC Cryo-Ultramicrotome operated at -110oC. Previous experiments by Toda et 

al.24 indicated that temperature gradients in such samples were minimized even for heating 

rates as high as 10000oC/s. Cryomicrotomed films were subsequently immersed in 60/40 wt/wt 

% DMSO/Water mixture at -60oC. After washing with deionized water, these samples were left 

to dry in a vacuum oven at room temperature for a week. Samples were then cut to smaller 

pieces (ca. 10 ng estimated from their volume and density59) and placed carefully on the 

Flash™ DSC 1 UFS1 microchip using an eyelash. 

3.4.3. DSC Calibration 

The conventional DSC experiments were carried out in sealed Tzero pans in the TA 

Instruments Q2000 DSC under a dry nitrogen flow of 50 mL/min. Thermal calibration during 

heating was performed with indium, tin, and zinc standards using TA Instruments’ calibration 

wizard. 

All Flash™ DSC 1 experiments were carried out under a dry nitrogen flow of 15 mL/min 

with the sample support temperature at -100oC. Temperature calibration was performed on each 

chip as chips differ slightly from one another. Since the indium and linear polyethylene melting 

peaks interfere at high heating rates, tin was chosen as the calibration standard for the Flash™ 

DSC 1 chips. During calibration, a small piece of tin was positioned on top of the polyethylene 

sample. Our experiments revealed that the chip calibration was stable over repeated heating 

and cooling cycles. Therefore, the calibration procedure was completed after collecting all 

polymer crystallization and melting data in order to avoid measurement errors due to possible 

confinement effects caused by the calibration standard. The mass (ca. 10 ng) of the Tin 
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standard was estimated from the heat of fusion measurement at a heating rate of 3000oC/s. 

These experiments were repeated three times for each standard. The onset melting 

temperature of the Tin standard was measured at different heating rates varying from 1000 to 

10000oC/s and extrapolated to zero heating rate using Equation 3.1 proposed by Toda et al.24, 59 

     (   )     
      (3.1) 

where  ,   , and    are the heating rate, and constant prefactors, respectively. The terms 

   
  and     represent the effect of the melting kinetics and the instrumental thermal lag on 

the melting temperature of the standard, respectively. For polymer samples, the value of   is 

typically less than or equal to 0.5 depending on the activation barrier for melting.24 For metal 

standards, which melt without kinetic effects,   is considered to be the contribution of the latent 

heat of fusion during melting, and is expected to be near 0.5 for samples with small masses.24, 58 

  (   ) is the zero-entropy production melting temperature of the tin standard in the absence 

of any non-equilibrium effects. Values of   (   ) were used for the single-point calibration of 

the melting temperatures of the linear polyethylene samples for the Flash™ DSC 1 

measurements. 

3.4.4. DSC Experiments 

All calorimetric experiments were initiated by heating the sample to 160oC and holding it at 

this temperature for 2 minutes to erase prior thermal history. In the conventional DSC, samples 

were then cooled to specific crystallization temperatures at a rate of 10oC/min and crystallized 

for various times,   . Samples were subsequently melted with a heating rate ranging between 

70 and 110oC/min (in increments of 5oC/min) and their peak melting temperature and heat of 

fusion were recorded. For every crystallization temperature, a baseline heating trace was also 

recorded for a sufficiently short crystallization time that no crystallinity had time to develop. This 

baseline was subtracted from the heating trace of partially crystallized samples to minimize the 

error (less than 1%) in the measured heat of fusion. The lower the degree of crystallinity, the 
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narrower the breadth of the melting endotherm, the smaller the expected error. For each 

crystallization temperature, the initial melting temperature,   , of non-thickened lamellae is 

defined as the melting temperature of samples exhibiting the lowest crystallinity, where    does 

not change with time. The zero-entropy production melting temperature of these non-thickened 

lamellae was obtained for each crystallization temperature by extrapolation to zero heating rate 

using Equation 3.1.24, 59  

Similar crystallization and melting procedures were applied to samples studied in the 

Flash™ DSC 1 with a cooling rate of 1000oC/s and heating rates varying from 1000 to 

10000oC/s in increments of 1000oC/s. In contrast with Toda et al.24 who used non-isothermal 

melt crystallization, all data reported here was collected for crystallization temperatures where 

the development of crystallinity could be measured in its entirety under isothermal conditions. 

Crystallization temperatures,   , were chosen on the low temperature side to ensure that 

crystallization did not take place during cooling or during subsequent heating prior to melting. 

On the high temperature side, as is further discussed in the next section, crystallization was 

limited to temperatures where crystal growth occurs much faster than isothermal lamellar 

thickening. Under such conditions, the melting temperature is approximately constant at the 

earliest stages of crystallization. With these limitations in mind, conventional DSC experiments 

could only span a 3 to 4oC range of crystallization temperature (ca. 121.5oC to 125.5oC), while 

the fast calorimetry experiments could probe a significantly broader temperature range, ca. 8 to 

10oC.  
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3.5. Results and Discussion 

3.5.1. Calorimetric Data 

Since the present melting studies were carried out with isothermally melt crystallized LPE 

samples at rates in excess of 70oC/min, annealing or melting-recrystallization-remelting were 

easily avoided during heating.13, 24, 54, 60-61 Figure 3.1 shows the evolution of the melting 

endotherm recorded with a heating rate of 70oC/min in the conventional calorimeter for PE 29K 

crystallized for different times at 122.5oC. 

 

Figure 3.1. Evolution of the melting endotherm for PE 29K crystallized for different times at 122.5
o
C. 

Heating traces were recorded in the conventional DSC at a rate of 70
o
C/min. 

 

As expected, the degree of crystallinity, as inferred from the endotherm area increases with the 

crystallization time and is accounted for by the nucleation and growth of new lamellae at short 

crystallization time, along with thickening of old lamellae at later times.16, 34-36, 39-40  
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Figure 3.2. Melting temperature vs. crystallization time for PE 29K crystallized at 122.5
o
C. These peak 

melting temperatures were recorded in the conventional DSC at a rate of 70
o
C/min. The range of 

crystallization times used to define the melting temperature of initial non-thickened lamellae is marked by 

arrows. 

 

The melting temperature (Figure 3.2) and the degree of crystallinity (Figure 3.3) exhibit a 

sigmoidal increase with logarithm of crystallization time as was previously reported.16-17 At the 

earliest stage, lamellae have formed without any restriction and have not had sufficient time to 

thicken. These lamellae start to thicken after their formation, leading to an increase in the 

observed melting temperature. The parallel evolution of the degree of crystallinity and melting 

temperature with time indicates that the increase in lamellar stability is directly correlated with 

the “age” of the lamella, hence, with the time of its formation.17  



49 
 

 

Figure 3.3. Percentage crystallinity vs. crystallization time for (a) PE 11K crystallized at 122.5(■), 

123.5(♦), 124.0(▲), 124.5 (*) and 125.5
o
C (+),  (b) PE 29K crystallized at 122.5(■), 123.5(♦), 124.0(▲), 

124.5 (*) and 125.5
o
C (+) and (c) PE100K crystallized at 121.5(●), 122.5(■), 123.5(♦), 124.5 (*) and 

125.5
o
C (+).The percentage of crystallinity was calculated using the value

3
 of 293 J/g for the heat of 

fusion from conventional DSC traces recorded at a rate of 70
o
C/min. 
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A similar observation of parallel increase in melting temperature and degree of crystallinity 

with time is made for LPE fractions crystallized in the Flash™ DSC 1 and heated at a rate of 

1000oC/s, Figures 3.4 and 3.5. Absolute values of the enthalpy of fusion and their 

corresponding degree of crystallinity were not obtained for samples melted in the Flash™ DSC 

1 calorimeter since the heat flow rate was not calibrated. To provide a qualitative description of 

the evolution of the crystallization process, we plotted the ratio of the enthalpy of fusion after 

crystallization for time    over the maximum enthalpy of fusion observed after very long times 

vs. the crystallization time. The time scale over which changes are observed in the Flash™ DSC 

1 was much shorter than that characteristic of the conventional DSC, possibly a consequence of 

enhanced nucleation effects. 

 

Figure 3.4. Melting temperature vs. crystallization time for PE 29K crystallized at 114.3
o
C. These peak 

melting temperatures were recorded in the Flash™ DSC 1 at a rate of 1000
o
C/s. The range of 

crystallization times used to define the melting temperature of initial non-thickened lamellae is marked by 

arrows.  
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Figure 3.5.           vs. crystallization time for (a) PE 11K crystallized at 116.1 (●), 118.1 (■), 120.1 

(▲),122.1 ( ) and 124.1
o
C (♦) , (b) PE 29K crystallized at 114.3 (○), 116.3 (□), 118.3 (◊), 120.3 (×) and 

122.3
o
C (+) and (c) PE 100K crystallized at 114.5 (▼), 116.5 ( ), 118.5 ( ), 120.5 ( ) and 122.5

o
C ( ) .  

Flash™ DSC 1 melting data were recorded at a rate of 1000
o
C/s. 

 

Examination of Figures 3.2 and 3.4 show that the melting temperature increases steadily 

with time at long crystallization time with no apparent plateau. A similar observation was 

reported earlier by Marand et al.17 for linear polyethylene and by Huang et al.62 for low styrene 
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content ethylene-styrene copolymers, which is consistent with the continuous isothermal 

lamellar thickening mechanism63 evidenced using Raman scattering by Stack et al.,40 

transmission electron microscopy imaging by Voigt-Martin et al.41 and x-ray scattering by 

Fischer et al.64 None of the above studies on melt crystallized LPE support the lamellar doubling 

mechanism proposed for stacked single crystals.37 

The melting temperature of initial or non-thickened lamellae was defined at each 

crystallization temperature for a specific heating rate as the peak melting temperature for 

crystallization times associated with the very low crystallinity region where no significant 

thickening is observed (marked by arrows in Figures 3.2 and 3.4). Under these conditions the 

melting temperature, while dependent on heating rate, was approximately independent of time. 

Since high heating rates were used in these measurements, a proper account of the associated 

superheating was necessary. Figure 3.6 shows the increase in melting temperature with 

increase in heating rate (from 70oC/min to 110oC/min in increments of 5oC/min) for PE 100K 

crystallized at 121.5oC for 30 s in the conventional DSC. 

  

Figure 3.6. Evolution of the melting endotherm for PE 100K crystallized in the conventional DSC at 

121.5
o
C for 30 s. Heating traces were recorded at rates varying from 70

o
C/min to 110

o
C/min in 

increments of 5
o
C/min. 



53 
 

Initial melting temperatures were corrected for the effect of instrumental thermal lag using 

the thermal lag constant (   × 103 = 5.1 ± 0.1 min) determined from the slope of a plot of Indium 

melting temperature vs. heating rate. Figure 3.7 shows the changes in the thermal lag corrected 

initial melting temperature vs. square root of heating rate for the three fractions crystallized 

isothermally at different temperatures in the conventional DSC.  

 

Figure 3.7. Melting temperature in the conventional DSC versus      for non-thickened lamellae of: (a) 

PE 11K crystallized at 122.5(■), 123.5(♦), 124.0(▲), 124.5 (*) and 125.5
o
C (+), (b) PE 29K crystallized at 

122.5(■), 123.5(♦), 124.0(▲), 124.5 (*) and 125.5
o
C (+), and (c) PE 100K crystallized at 121.5(●), 

122.5(■), 123.5(♦), 124.5 (*) and 125.5
o
C (+). The dashed lines represent the best fit of the melting 

temperature data to Equation 3.1. 
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As expected from Equation 3.1, the melting temperature, after subtraction of thermal lag 

effects (term     in Equation 3.1), increases linearly with the square root of heating rate. 

Hence, extrapolation of the heating rate dependent initial melting temperature to zero-heating 

rate was carried out using Toda’s equation (Equation 3.1) with   = 0.5, yielding   (   ) the 

zero-entropy production melting temperature of initial or non-thickened lamellae at each 

crystallization temperature (Table 3.1). Our choice of   = 0.5 for the non-thickened lamellae of 

linear polyethylene was motivated by the discovery of Toda et al.24 that crystals of low thermal 

stability undergo melting without an activation barrier. Errors in the   (   ) and    values 

shown in Table 1 were determined through the non-linear least square regression to Equation 

3.1. In the model proposed by Toda and Konishi,59 the value of    is proportional to   ⁄ , thus, 

should be independent of the crystallization temperature. In contrast, our results show that    

increases with crystallization temperature.  

Table 3.1.   (   ) and    for non-thickened lamellae at different crystallization temperatures  

(conventional DSC data,    × 10
3
 = 5.1 ± 0.1 min) 

PE 11K 

   (
o
C) 122.5 ± 0.1 123.5 ± 0.1 124.0 ± 0.1 124.5 ± 0.1 125.5 ± 0.1 

  (   ) (o
C) 128.4 ± 0.1 128.7 ± 0.1 129.0 ± 0.1 129.1 ± 0.1 129.7 ± 0.1 

      ([     ]   ) 0.2 ± 0.1 0.5 ± 0.1 0.8 ± 0.1 1.5 ± 0.1 2.0 ± 0.1 

PE 29K 

   (
o
C) 122.5 ± 0.1 123.5 ± 0.1 124.0 ± 0.1 124.5 ± 0.1 125.5 ± 0.1 

  (   ) (o
C) 129.9 ± 0.1 130.1 ± 0.1 130.3 ± 0.1 130.5 ± 0.1 130.9 ± 0.1 

      ([     ]   ) 0.4 ± 0.1 0.5 ± 0.1 0.7 ± 0.1 0.8 ± 0.1 1.0 ± 0.1 

PE 100K 

   (
o
C) 121.5 ± 0.1 122.5 ± 0.1 123.5 ± 0.1 124.5 ± 0.1 125.5 ± 0.1 

  (   ) (o
C) 130.5 ± 0.1 130.8 ± 0.1 131.0 ± 0.1 131.3 ± 0.1 130.8 ± 0.1 

      ([     ]   ) 1.3 ± 0.1 1.9 ± 0.1 2.2 ± 0.1 3.5 ± 0.2 3.1 ± 0.1 
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Toda et al.24, 58-59 suggest that small and thin samples (thickness less than a couple μm) 

should be used to minimize the influence of thermal lag on the melting temperature observed in 

the Flash™ DSC-1. Plots of initial melting temperature vs.      in Figure 3.8 are non-linear with 

a positive curvature, suggesting the importance of thermal lag effects.  

 

Figure 3.8. Initial melting temperature vs.      for: (a) PE 11K crystallized at 116.1 (●), 118.1 (■), 120.1 

(▲), 122.1 ( ) and 124.1
o
C (♦) , (b) PE 29K crystallized at 114.3 (○), 116.3 (□), 118.3 (◊), 120.3 (×) and 

122.3
o
C (+) and (c) PE100K crystallized at 114.5 (▼), 116.5 ( ), 118.5 ( ), 120.5 ( ) and 122.5

o
C ( ) 

(Flash
TM

 DSC 1 data). The dashed lines represent the best fit of the melting temperature data to Equation 

3.1. 

 

The existence of thermal lag may be related to the small amount of crystallinity or rather 

the predominant amorphous character of our samples at short crystallization times. The thermal 
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conductivity of the amorphous phase in linear polyethylene is about 10 times smaller than that 

of the crystalline phase.65-66 As thermal conductivity is inversely proportional to the thermal lag, 

we expect the low crystallinity samples studied here to be more strongly influenced by thermal 

lag than the high crystallinity samples studied by Toda et al.24, 59 In contrast to the conventional 

DSC data where instrumental thermal lag and melting kinetics effects were accounted for 

sequentially, the heating rate dependence of initial melting temperatures in the FlashTM DSC 1 

was analyzed in a single step through non-linear regression with Equation 3.1 (Figure 3.8). 

Melting kinetics and thermal lag contributions (coefficients    and   ) as well as zero-entropy 

production initial melting temperatures,   (   ), are given in Table 3.2. 

Table 3.2.   (   ),    and    for the non-thickened lamellae crystallized isothermally at different 

crystallization temperatures. These results were obtained using the Flash™ DSC-1. 

PE 11K 

   (
o
C) 116.1 ± 0.3 118.1 ± 0.3 120.1 ± 0.3 122.1 ± 0.3 124.1 ± 0.3 

  (   ) (o
C) 126.1 ± 1.9 126.0 ± 1.6 127.1 ± 1.7 128.4 ± 1.7 129.0 ± 1.7 

      ([   ]   ) 0.8 ± 0.6 1.0 ± 0.5 1.3 ± 0.5 1.6 ± 0.05 1.8 ± 0.5 

        ( )  8.0 ± 4.3 9.2 ± 3.7 8.3 ± 3.9 5.8 ± 3.9 5.8 ± 4.0 

PE 29K 

   (
o
C) 114.3 ± 0.2 116.3 ± 0.2 118.3 ± 0.2 120.3 ± 0.2 122.3 ± 0.2 

  (   ) (o
C) 126.9 ± 1.8 127.9 ± 0.9 127.7 ± 1.5 129.1 ± 0.6 129.8 ± 1.7 

      ([   ]   )  0.4 ± 0.6 0.9 ± 0.3 1.4 ± 0.5 1.5 ± 0.2 1.7 ± 0.5 

       ( ) 6.6 ± 4.3 4.1 ± 2.2 1.0 ± 3.6 1.8 ± 1.5 2.1 ± 4.0 

PE 100K 

   (
o
C) 114.5 ± 0.1 116.5 ± 0.1 118.5 ± 0.1 120.5 ± 0.1 122.5 ± 0.1 

  (   ) (o
C) 128.2 ± 0.6 128.8 ± 0.4 129.5 ± 0.4 129.7 ± 0.8 130.6 ± 1.6 

      ([   ]   )  0.7 ± 0.2 0.7 ± 0.1 0.5 ± 0.1 1.1 ± 0.2 1.5 ± 0.5 

       ( ) 1.6 ± 1.4 2.0 ± 1.0 6.0 ± 1.0 3.3 ± 1.8 1.6 ± 3.8 
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While    increases with increasing crystallization temperature, no relation between    and 

crystallization temperature is observed. The uncertainties associated with the   (   ) values 

measured by the Flash™ DSC 1 are much larger than these estimated from conventional DSC, 

partly as a result of the very long extrapolation of    values to    . 

3.5.2. Non-Linear Hoffman-Weeks Analysis 

Once the initial melting temperatures   (   ) for non-thickened lamellae formed at 

different crystallization temperatures are known (Tables 3.1 and 3.2), normalized melting,  , 

and crystallization,  , temperatures can be calculated for different choices of the equilibrium 

melting temperature. According to the non-linear Hoffman-Weeks theory,   and   should 

exhibit a linear relationship with a slope of one when the correct equilibrium melting temperature 

is used in the calculation of   and  . Figure 3.9 shows the dependence of  , the slope of the 

    plot, on the choice of equilibrium melting temperature for the data collected with the 

conventional DSC for each of the LPE fractions. Equilibrium melting temperatures of 138.4 ± 

0.9oC, 139.7 ± 0.9oC, and 140.9 ± 0.8oC are determined from the condition   = 1 for PE 11K, 

PE 29K, and PE 100K, respectively. While the error bars on the equilibrium melting 

temperatures for the three LPE fractions overlap somewhat, the data obtained in this work is 

consistent with the increase in equilibrium melting temperature with increasing molecular 

weight, expected on the basis of chain-end effects.7-9, 29  
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Figure 3.9. Slope   of the     plot vs. choice for the equilibrium melting temperature for the   -    

data obtained with the conventional DSC: (a) PE 11K, (b) PE 29K, and (c) PE 100K. The true equilibrium 

melting temperature is obtained when the slope   of the     plot is equal to one. Error bars 

correspond to the 95% confidence interval associated with the linear regression of   vs.  . 

 

The     plots drawn with the appropriate equilibrium melting temperatures are shown in 

Figure 3.10, where data obtained from the Flash™ DSC 1 experiments have been added (filled 

square symbols). Data from the Flash™ DSC 1 experiments superpose quite well on the     

plot established with data from the conventional DSC data, which is reassuring considering the 
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very narrow crystallization temperature range probed by conventional DSC.  As a consequence 

of larger error bars, the FlashTM DSC 1 data was not used in the determination of the equilibrium 

melting temperature for each fraction. The compatibility of FlashTM DSC 1 and conventional 

DSC data support our assertion that annealing and melting-recrystallization-remelting 

phenomena were properly avoided in the conventional DSC experiments and heating rate 

corrections were reliably taken care of in the FlashTM DSC 1 data.  

 

Figure 3.10.   vs.   for (a) PE 11K, (b) PE 29K and (c) PE 100K using the data obtained from 

conventional DSC (♦) and Flash™ DSC 1 (■). The plots were drawn using the equilibrium melting 

temperature leading to a slope of unity for each     plot. Error bars associated with   values arises 

from the uncertainty in the observed melting temperature. 
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Our results also suggest that the magnitude of  ̅, the intercept of the     plot (given in 

Figure 3.10), may be increasing with increasing molecular weight of the LPE fraction. In the 

Appendix A (Equation A.18), we show that  ̅ is defined in terms of    and    
 . Analysis of the 

temperature dependence of spherulite growth rates for LPE fractions57 suggests that the 

equilibrium fold surface free energy    
  is independent of molecular weight for molecular 

weights in the range from 10 to 130 kg/mol. As a result, an increase in  ̅ would be attributed to 

the increase of    and therefore, the increase of   (the parameter characterizing the strength of 

stem length fluctuations) with molecular weight. 

 

Figure 3.11.    vs.    for (a) PE 11K, (b) PE 29K and (c) PE 100K using the data obtained from 

conventional DSC (♦) and Flash™ DSC 1 (■). The short dash line and the solid line are the Hoffman-

Weeks and the non-linear Hoffman-Weeks extrapolations, respectively. The long dash line is the       

line. 
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On Figure 3.11, we have plotted observed melting vs. crystallization temperatures from 

conventional and FlashTM DSC 1 experiments for the three narrow molar mass LPE fractions. In 

each case, the intercept of the regression line with the         line (linear Hoffman-Weeks 

extrapolation) yields an apparent equilibrium melting temperature that is about 6oC lower than 

its non-linear counterpart. The apparent equilibrium melting temperatures obtained by the linear 

Hoffman-Weeks analysis are actually lower than observed melting temperatures reported for 

LPE in the literature24 for samples of similar molecular weights. 

3.5.3. Comparison of Predictions of   
  

 for LPE by Different Approaches 

The   
  

 estimates obtained using the non-linear Hoffman-Weeks method are about 4oC 

lower than those obtained with the Flory-Vrij equation for linear polyethylene (Figure 3.12).3 On 

the other hand, our estimates are very similar to those reported by Wunderlich et al.10 and 

Okada et al.28 for the melting of extended-chain crystals. To obtain the equilibrium melting 

temperature of an infinitely long polyethylene chain,   
    

, we used a Huggins equation to fit the 

equilibrium melting temperature data for short linear alkanes reported by Dirand et al.,67 the LPE 

data reported by Wunderlich et al.,10 Okada et al.,28 as well as the data obtained here using the 

non-linear Hoffman-Weeks approach. Figure 3.12 also includes the SAXS data of Cho et al.22 

as analyzed by Crist.14 This composite dataset spans a very large range of chain lengths          

(4 ≤    < 41000, where    is the number of backbone carbon atoms per chain).  Equation 3.2 

shows the parameters associated with the best fit of the experimental data by the Huggins29 

equation: 

  
  

        (
      

      
) (3.2) 

Upon examination of Figure 3.12, we can conclude that while both the Flory-Vrij and the 

Huggins equations provide excellent fits for linear alkanes in the range of    = 10 - 100, 

systematic deviations from the Flory-Vrij8 equation are observed for very short (   < 10) and for 
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very long (   > 200) alkanes. Stack and Mandelkern11 indicated that a linear polyethylene 

sample, no matter how well fractionated, cannot satisfy the assumptions made in the Flory-Vrij 

theory, as its chains do not all have the exact same lengths.  

 

 

Figure 3.12. Equilibrium melting temperature vs.   , the number average number of backbone carbon 

atoms per chain. Data from: Dirand et al.
67

 for short alkanes (♦),Wunderlich et al. (■),
10, 13

 and  Okada et 

al. (▲),
28

 for extended-chain crystals, Cho et al.
22

 analyzed by Crist
14

 using the Gibbs-Thomson method 

() and  the present work using the non-linear Hoffman-Weeks approach (○). The solid line shows the 

best fit to the experimental results with a Huggins equation while the dash line represents the prediction 

from the Flory-Vrij equation. The inner plot shows the data and associated fits for short alkanes.  

 

They concluded that since pairing of chain ends could not be expected in non-monodisperse 

linear polyethylenes, the Flory-Vrij equation should not be used for estimation of their 

equilibrium melting temperature. Mandelkern et al.12 later realized that premelting takes place in 
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crystals of short linear alkanes (  > 50) some 30 to 40oC below their equilibrium melting 

temperature. They concluded that since layers containing chain ends disorganize during the 

premelting process, the Flory-Vrij equation may only be appropriate for short linear alkanes (  > 

50) where the effect of premelting is negligible. Our results suggest that the Huggins equation 

can fit data from alkanes to high molecular weight polyethylenes. 

Equation 3.2 also indicates that   
    

, the equilibrium melting temperature of an infinitely 

long linear polyethylene chain is equal to 141.4 ± 0.8oC, the same value proposed by 

Wunderlich and Czornyj.10 The   
    

 reported by Flory and Vrij8 is 4.1oC higher than the value 

obtained in this work. Many analyses of the temperature dependence of the lamellar thickness 

or of the spherulite growth rate rely on the Flory-Vrij predictions when equilibrium melting 

temperatures are not available for the material studied.3, 68  While a 4.1oC difference may seem 

trivial, it has a significant effect on the analysis of the crystal growth kinetics of linear 

polyethylene. As the polyethylene crystallization is studied at low undercooling, a change in the 

equilibrium melting temperature by few degrees leads to a significant change in the magnitude 

of the undercooling where crystal growth rates are measured. This difference will also affect the 

analysis of the molecular weight dependence of crystal growth rates.57 

3.5.4. Analysis of Lamellar Thickness Data and Phase Diagram 

Using longitudinal acoustic mode (LAM) Raman scattering measurements, Barham et al.30 

determined the initial stem length,   
 , of PE 29K crystallized from the melt under isothermal 

conditions with or without self-seeding before quenching in water prior to the measurements. 

We reanalyzed Barham’s data using the crystal modulus of 295 GPa recommended for LPE by 

Strobl et al.69 and Hocquet et al.44, 70  The crystalline stem length,  , in melt crystallized linear 

polyethylene crystals is related to the lamellar thickness,  , in polyethylene lamellae by the tilt 

angle   = 35o,1, 19, 71-74 (see Appendix A). The plot of initial crystalline lamella thickness,   
  vs. 

   ⁄ , where each undercooling is calculated using   
  

 = 139.7oC determined here for PE 29K 
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is shown on Figure 3.13. A linear relationship between   
  and    ⁄  is observed for this data 

over a wide range of crystallization temperatures (85oC to 128oC) covering all three regimes of 

crystal growth in PE 29K, and confirms that for melt crystallized LPE the tilt angle,  , is 

approximately independent of crystallization temperature. Using Equations A.14 in the Appendix 

A, we calculated    
  = 45.5 ± 2.0 erg/cm2 and    = 4.4 ± 0.4 nm from the slope and intercept of 

the   
  versus    ⁄  plot for PE 29K. Upon reanalysis of the Gibbs-Thomson plot reported by 

Cho et al.,15 Crist6 reported     = 44 ± 5 erg/cm2, for a melt crystallized linear polyethylene 

sample (   = 21 kg/mol,     ⁄  = 2.9). 

 

Figure 3.13.   
   vs.   ⁄   for PE 29K using the data from Barham et al.

30
 

 

Using the    
  value obtained from the   

  vs.    ⁄  plot in combination with the constant  ̅ 

obtained from the non-linear Hoffman-Weeks analysis and Equation A.18 (Appendix A), we can 

derive a new value of    = 5.7 ± 0.6 nm. The values of    obtained from the   
  vs.    ⁄  plot 

1/∆T (oC-1) 
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and the non-linear Hoffman-Weeks treatment differ only by about 20% providing support for the 

applicability of the non-linear Hoffman-Weeks approach. It is worth mentioning that as    
  and 

   are inversely related to     , choosing any other tilt angle would not affect the agreement 

between the lamellar thickness and the melting temperature data. Assuming a    value of 1 nm 

and using Equation A.15 leads to a magnitude of 0.029 ± 0.003 oC-1 for the fluctuation strength 

parameter,  . This value compares favorably with estimates by Hoffman et al.53 (   0.014 oC -1) 

and by Miller48 (   0.026 oC -1) for the solution crystallized linear polyethylene.75  

Using the best fit parameters obtained from the   
  versus    ⁄  plot, we calculate the 

initial lamellar thickness for the crystallization temperatures used in our melting studies for PE 

29K. Combining the initial lamellar thicknesses at these crystallization temperatures with the 

melting temperatures obtained from the DSC measurements, we can plot the melting line, 

(a.k.a.) the Gibbs-Thomson line, in a    vs.   ⁄  plot, Figure 3.14.  

The equilibrium melting temperature determined from the intercept of the Gibbs-Thomson 

plot, 139.0 ± 0.5oC, is within experimental error identical with the value found with the non-linear 

Hoffman-Weeks method. The slope of the Gibbs-Thomson line yields     = 41.5 ± 2.0 erg/cm2, 

within experimental uncertainty equal to the value of    
 . This finding supports the assumption 

of 
   

 

   
  , used in the non-linear Hoffman-Weeks approach. This observation suggests that 

upon heating linear polyethylene the stem length fluctuations may be able to equilibrate before 

melting, possibly as a result of local chain segmental diffusion, as was noted by Hoffman et al.53 

To examine the thermodynamic predictions offered by Strobl,5 we added Barham’s 

crystallization temperature vs. initial lamellar thickness data to the melting data in Figure 3.14 to 

construct the phase diagram for PE 29K. On Figure 3.14, we also plotted the crystallization line 

for the LH theory, obtained by rearrangement of Equation A.14 (Appendix A): 
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[  
    

 

(  
    )  

] (3.3) 

 

Figure 3.14.   vs.    
 ⁄  for PE 29K:    vs.    

 ⁄  () and     vs.    
 ⁄  (). The Gibbs-Thomson melting 

line (―) and the crystallization line predicted by the LH theory (…) are also plotted. 

 

The crystallization line derived from the LH theory (Equation 3.3) describes perfectly all 

data points, self-seeded at low undercooling where   
     and regular crystals at high 

undercooling where    is close to   
 , Figure 3.14. These observations indicate that 

crystallization of linear polyethylene can be well described by a single-stage mechanism 

involving only two phases without the need to invoke the multi-stage, three-phase approach of 

Strobl.5 While the transitions predicted by the Ostwald rule of stages2, 76 may occur, they may 

not constitute rate-determining steps during the crystallization of linear polyethylene. Further 

discussion of this question will be offered when we examine the spherulite growth rate data of 

linear polyethylene in a subsequent manuscript. 



67 
 

3.6. Conclusion 

The melting behavior of three linear polyethylene fractions with number average molecular 

weight of 11, 29, and 100.5 kg/mol was studied as a function of crystallization time with 

conventional and ultrafast calorimetry. The initial melting temperatures of non-thickened 

lamellae formed under isothermal conditions over a range of crystallization temperatures were 

used in the non-linear Hoffman-Weeks method to determine the equilibrium melting 

temperature.   
  

 values of 138.4 ± 0.9oC, 139.7 ± 0.9oC, and 140.9 ± 0.8oC were estimated for 

PE 11K, PE 29K, and PE 100K, respectively, in close agreement with those reported by 

Wunderlich et al.10 and Okada et al.28 for the melting of extended-chain crystals and by Crist14 

with the Gibbs-Thomson analysis. The Lauritzen-Hoffman theory and the non-linear Hoffman-

Weeks treatment were modified to account for the effect of the tilt angle,  , of the crystallized 

stems of linear polyethylene on the initial average lamellar thickness. Tilt angle of the 

crystallized stems contributes an additional      in the expression for the   parameter. 

Accuracy of the non-linear Hoffman-Weeks method was examined using Barham’s initial 

lamellar thickness data for PE 29K measured at different crystallization temperatures. The 

equilibrium melting temperature obtained by the Gibbs-Thomson approach and the    value 

extracted from the   
  vs.    ⁄  plot of Barham’s data were similar within the limits of 

experimental error to those obtained here through the non-linear Hoffman-Weeks method. The 

ratio of 
   

 

   
 was also found to be approximately equal to one, satisfying an important assumption 

in the non-linear Hoffman-Weeks treatment. 
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3.8. Appendix A: Modification of the LH Theory for Tilted Stems, Linear and Non-

linear Hoffman-Weeks Treatments 

We first propose a trivial modification of the Lauritzen-Hoffman secondary nucleation 

theory3, 6 to account for the presence of chain-tilt in lamellar LPE crystals.  

 

 

 

Figure A.1 (a) Projection in the a-c plane of a linear polyethylene lamella with tilted crystallized stems and 

(b) its 3D schematic representation.  ,  , and   are the width, length, and thickness of the lamella, 

respectively.   and   are the length and tilt angle of the crystallized stems, respectively.    and    are the 

width and thickness of the crystallized stems, respectively. A chain has crystallized from the melt on the 

lamella by moving in the tube, completing a new layer with the rate of  , leading to an overall crystal 

growth rate of   (the new layer is colored in gray). 

a 

b 
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Crystallized stems of linear polyethylene exhibit a tilted conformation relative to the 

normal of the lamellar fold surface to reduce the amount of steric hindrance between adjacent 

folds. Figure A-1.a shows the projection in the a-c plane of a linear polyethylene lamella with 

tilted stems. Tilting leads to a change in the stem lateral and fold surface areas, introducing a 

     term in the rate constants for stem attachment to and removal from the substrate in the LH 

theory. Using the same nomenclature as Hoffman et al.3 the modified rate constants for each 

step are expressed as: 

        ( 
     

       
) (A.1) 

      ( 
        

       
) (A.2) 

         ( 
        

       
) (A.3) 

and the flux  ( ) over the secondary nucleation barrier for a lamellar crystal of thickness   is 

 ( )     [   ( 
     

       
)     (

        

       
)    ( 

(            ) 

       
)] (A.4) 

The net flux over the barrier at    is expressed as 

     
 

  
∫  ( )  

 

            ⁄

 

     
     

  
[

            

    (        )
]    ( 

       

          
) (A.5) 

The initial average lamellar thickness,   
 , can be calculated as 

  
  ∫   ( )  

 

            ⁄

∫  ( )  
 

            ⁄

⁄  (A.6) 
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]  

      
  

    
 

       

    
[
        

        
] (A.7) 

The first term on the R.H.S. of Equation A.7 is the minimum lamellar thickness that is 

thermodynamically stable at an undercooling    or temperature   . The second term, labeled   

in the LH theory, is understood as the thickness increment that brings the secondary nucleus 

into the region of stability and allows the crystal to grow near its maximum rate. Accounting for 

the tilt angle of the stems adds a      term to the definition of   found in the LH theory. Hence, 

we write the average initial lamellar thickness as: 

  
       

       

    
[
        

        
]          (A.8) 

Since the terms   or    have a negligible temperature dependence in the temperature range 

where LPEs crystallize isothermally, a plot of   
  versus    ⁄  is expected to be linear with slope 

and intercept yielding     and   . ,  

In the Hoffman-Weeks method, the lamellar thickness,  , at any stage of crystallization is 

related to the initial lamellar thickness,   
 , using a thickening coefficient,  (     ), as 

   (     )  
  (A.9) 

where    is the crystallization time. Finally, to relate the melting temperature of a lamella to its 

thickness, Hoffman and Weeks invoke the Gibbs-Thomson equation,6, 20 (Equation A.10), which 

is derived in a straightforward manner through consideration of the equilibrium between a 

lamella of thickness   and the melt at   .  

     
  

(  
    

   
) (A.10) 

Combination of Equations A.8 through A.10 leads to the following non-linear relationship 

between the melting and crystallization temperatures  
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 (A.11) 

Hoffman and Weeks assumed that at low undercooling, the influence of    on   
  can be 

neglected since    is typically less than 1 nm and almost independent of temperature. They also 

assumed that     can be well approximated by    . Use of these two approximations reduces 

the term in the second square bracket to 1 and leads to the linear form of the Hoffman-Weeks 

equation (Equation A.12) 

     
  

(  
 

 (     )
)  

  

 (     )
 (A.12) 

A linear regression of the experimental    versus    data is then extrapolated to the equilibrium 

line,      , to yield the equilibrium melting temperature,   
  

. The slope of the regression line 

is equal to the reciprocal of the thickening coefficient, assumed in this treatment to be 

independent of time and temperature.  

A few years after the seminal work of Hoffman and Weeks was published,23 Lauritzen 

and Passaglia55 suggested that if the stem length was allowed to fluctuate during crystal growth, 

the fold surface free energy constant in the LH theory would need to be replaced by a 

temperature dependent effective, or kinetic, fold surface free energy. At low to moderate 

undercooling, the undercooling dependence of the apparent fold surface free energy,    , is 

approximated by a simple first-order correction (Equation A.13).  

       
 (     ) 

(A.13)  
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where    
  the magnitude of the fold surface free energy for lamellae with equilibrium roughness 

and   is a constant characterizing the mean strength of the kinetic stem length fluctuations. 

Under these conditions, the initial lamellar thickness,   
 , is rewritten as 

  
  

    
   

  

    
    (A.14) 

with 

   
    

    
  

  
    (A.15) 

Observation28 that the quantity    was several times larger than    led Marand et al.27  to 

question the validity of the linear Hoffman-Weeks treatment. Indeed, combining Equations A.14 

and A.15 with the Gibbs-Thomson equation leads to the general non-linear relationship between 

melting and crystallization temperatures:  
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 (A.16) 

which differs from Hoffman-Weeks equation (Equation A-12) in two ways; first,    has been 

replaced by    and, second,     was substituted by    
 . The main consequence of the first 

substitution is that the    term in the second square bracket on the R.H.S. of Equation A.16 is 

no longer negligible in comparison to     
 .  Equation A.16 can then be rearranged as: 

  
  

  
  

   

  (     )
   

 

   
(

  
  

  
  

   

 
    

    
 ) (A.17) 

Where we define the constant  ̅ by: 

 ̅  
    

    
   (A.18) 
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Introducing the normalized melting temperature   
  

  

  
  

   
 and the normalized crystallization 

temperature   
  

  

  
  

   
 , where   ,    and    

  
 are absolute temperatures, the general non-

linear Hoffman-Weeks equation is written as: 

   (     )
   

 

   
(   ̅) (A.19) 

Following the arguments advanced by Hoffman et al.,53 the ratio 
   

 

   
 is set to 1, to reflect the 

assumption that the stem length fluctuations equilibrate as a result of segmental transport at the 

crystallization temperature after lamellar formation and during heating prior to melting. Hence, 

for samples crystallized for sufficiently short times such that its lamellae have not thickened 

(    ), the   vs.   plot should be linear with a slope of one and intercept  ̅, if   
  

 is selected 

correctly. Note that the non-linear Hoffman-Weeks treatment, assumes that the quantity    has 

negligible temperature dependence. This approximation is justified in the context of the LH 

theory since the    parameter can be taken as a constant at low undercooling.3, 6, 53 Similarly, 

use of the LP model, has been restricted to low undercooling conditions, where a linear 

dependence of     on undercooling is generally assumed.45, 48, 53 Should crystallization at large 

undercoolings be of interest, modification of the non-linear Hoffman-Weeks treatment may be 

necessary to account more rigorously for the undercooling dependence of the fold surface free 

energy, possibly through a series expansion of the undercooling.  
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Chapter 4. Analysis of the Temperature and Chain Length 

Dependences of the Spherulite Growth Rate for Linear Polyethylene 

Fractions 

 

Hadi Mohammadi, Gregory Fahs and Hervé Marand 

 

4.1. Attribution 

Gregory Fahs contributed to this work by conducting the wide angle X-ray diffraction 

experiments. Design of the experiments and processing and analysis of the data were 

performed by Hadi Mohammadi. The Lauritzen-Hoffman secondary nucleation theory was 

modified by Hadi Mohammadi. The paper was prepared by Hadi Mohammadi and Hervé 

Marand. 

 

4.2. Abstract 

The Lauritzen-Hoffman (LH) secondary nucleation theory is modified to account for the 

effect of stem length fluctuations, tilt angle of the crystallized stems,  , and temperature 

dependence of the lateral surface free energy. Spherulite growth rate data of 26 linear narrow 

molecular weight distribution polyethylene fractions (   from 9K to 120K) are analyzed at low to 

moderate undercoolings using the modified LH theory. Equilibrium melting temperatures of the 

fractions are estimated using the Huggins equation proposed in a previous publication. A regime 

I to II transition is observed at an undercooling        = 12.7 ± 0.5oC, independent of chain 

length. In both regimes,   scales as          . This chain length dependence differs from that 

predicted by the classical LH theory but is similar to that reported by Hikosaka et al. The 
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magnitude of    
     ⁄  is equal to 45.5 ± 5.2 erg/cm2, independent of chain length and within 

experimental error identical to that derived from the undercooling dependence of the initial 

lamellar thickness and to        ⁄  derived from the Gibbs-Thomson equation. The ratio 

   
     

 ⁄  is equal to 2.1 ± 0.3, in accord with prediction from the LH model. If the analysis of the 

growth rate data is carried out with a chain length dependent  ̅, the growth rate front factors     

and       exhibit slightly different dependencies on chain length,               and      

         , and the strength of the stem length fluctuations,  , increases with chain length. If on 

the other hand, the quantity  ̅ is assumed to be independent of chain length, (i.e. the strength of 

the stem length fluctuations,  , is a constant equal to 0.032 oC-1 at       ), then the exponents of 

the power law dependencies of    ,      and   on chain length are identical. The (110) and 

(200) crystal substrate lengths of three linear polyethylene fractions, approximated by their 

respective lattice coherence lengths, were measured for at their respective I/II regime transition 

temperatures using wide angle X-ray diffraction. These substrate lengths exhibit a magnitude of 

30 to 40 nm, independent of chain length. The average apparent friction coefficient of a 

crystallizing linear polyethylene chain,   
          , exhibits a stronger chain length dependence 

than that of a chain undergoing reptation in the melt state,        , when accounting for 

contributions from constraint release and contour length fluctuations. Shorter chains exhibit 

  
     while for longer chains   

    . This observation indicates that reptation is not the only 

mechanism at play in the transport of segments through the melt-crystal interface during crystal 

growth. 

 

4.3. Introduction 

The temperature and chain length dependence of spherulite or crystal growth rates for 

linear polyethylene (LPE) have been extensively studied in the context of nucleation theories.1-8   
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These and similar studies9 established the existence of a discontinuity in the temperature 

dependence of the growth rate at low undercooling, commonly referred as to a transition 

between regime I and regime II growth. Investigation of bulk crystallization kinetics led to similar 

observations.10 While the transition temperature has been shown to be independent of the 

experimental technique employed for its evaluation, the molecular origin of its existence is still 

debated.1, 9-11 Toda9 argues that it is a consequence of morphological changes at the crystal 

growth front while Hoffman et al.1, 5 associate it with the existence of a coherent crystal growth 

substrate of finite length. Analysis of the temperature dependence of spherulite or crystal growth 

rates leads to an estimation of the secondary nucleation constant, hence, to a value for the fold 

surface free energy,   . The value of ca. 90 mJ/m2 typically reported for this quantity from 

growth rate measurements is about twice as large as that reported in investigations of the 

temperature dependence of the initial lamellar thickness or in studies of the melting behavior 

using the Gibbs-Thomson approach.12-17 Other discrepancies in the literature are concerned 

with the chain length (i.e. molecular weight) dependence of spherulite growth rates at fixed 

undercooling. Examination of ten relatively narrow molecular weight LPE fractions with number 

average molecular weights (  ’s) ranging from 13 to 71 kg/mol led Hoffman et al.6 to suggest 

the existence of two distinct crystal growth laws. In the range denoted B-B’ (     from 15.3 to 

38.6 kg/mol where     is (     )  ⁄  and    is the weight average molecular weight of 

LPE)18 crystal growth occurs under conditions of near ideal reptation with          , while in 

the range denoted C-C’ (    from 53.6 to 90.6 kg/mol) the pure reptational motion of the 

longest polymer chains is perturbed by an increasing frequency of multiple 

attachments/nucleation events per chain leading to with       . The absence of theoretical 

justification for the use of the z-average molecular weight, the lack of statistical significance of 

these results (use of a small set of fractions and significant scatter in the log-log plot of   vs.   

data) and, more importantly, the fact that studies of chain dynamics in the melt state have 
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shown the need for corrections to the classical reptation theory (cf. constraint release and 

contour length fluctuation contributions) suggest that the chain length dependence of spherulite 

growth rates needs to be revisited. This specific claim is further substantiated by results from 

Hikosaka et al.3 suggesting a different power law relationship (       ). A reexamination of 

LPE spherulite growth rate analysis is also justified by the fact that all versions of the Lauritzen-

Hoffman (LH) theory have ignored the effect of chain tilt with respect to the lamella basal plane 

as well as the effect of chain length fluctuations.6, 11, 19-21 Both effects were shown to play a 

significant role in analyses of the correlations between lamellar thickness and crystallization or 

melting temperatures.15 A thorough examination of the self-consistency of the LH theory also 

requires proper equilibrium melting temperatures to be used for each of the LPE fractions of 

varying molecular weights. All analyses carried out by Hoffman and coworkers relied on the 

Flory-Vrij22 melting temperature estimations. In a recent paper, we advocated strongly against 

the use of such reference temperatures and suggested that a Huggins equation with a limiting 

(infinite molecular weight) equilibrium melting temperature of 141.4oC was more appropriate.15   

In this manuscript, we derive a set of equations allowing a more rigorous analysis of 

temperature and chain length dependence of spherulite growth rates for linear polyethylene 

(see Appendix B). This formalism preserves the basic tenets of the classical LH theory but 

accounts for the temperature dependence of both the lateral and surface free energies and the 

existence of crystallized stem tilt. Furthermore, this formalism does not equate the ratio of the 

force of crystallization to the reeling-in rate to the curvilinear friction coefficient of a chain in the 

melt. It assumes that other retardation processes during crystal growth may lead to a deviation 

from the         law expected for pure melts when considering reptation in the context of 

contour length fluctuations and constraint release mechanisms (see Appendix C). To maximize 

the statistical reliability of our results, we will analyze spherulite growth rate data reported in the 

literature for 26 fractions with number average molecular weights ranging from 9 to 120 kg/mol.1-
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2, 4, 6-8 Quantized chain folding is not present in linear polyethylene fractions with molecular 

weights higher than 9 kg/mol, while fractions with molecular weights higher than 120 kg/mol do 

not show a distinct regime I to II transition.2, 4, 6-7 In contrast with previous studies,1-2, 6-7 the 

equilibrium melting temperature for each of these fractions will be determined using the Huggins 

equation reported in our previous work.15 These equilibrium melting temperatures are ca. 4oC 

lower than the Flory-Vrij22 estimates, which is very significant when considering the low 

undercooling characteristic of LPE isothermal crystallization conditions     10 – 20oC. To 

broaden the scope of previous studies we will also estimate the substrate length for three 

narrow molecular weight distribution linear polyethylene samples at their regime I/II transition 

undercooling,       , from lattice coherence length measurements using wide angle X-ray 

diffraction. Obtaining an accurate value for the substrate length is a crucial step in the 

determination of the apparent chain friction coefficient during crystallization. The result of such 

analyses will be examined in the context of previous investigations of the temperature 

dependence of the initial lamellar thickness, and of correlations between melting and 

crystallization temperatures through non-linear Hoffman-Weeks treatment to evaluate the self-

consistency of our analytical approach.  

 

4.4. Experimental 

4.4.1. Lattice Coherence Length Measurements 

Three narrow molecular weight LPE samples with   = 11.4, 28.9, and 100.5 kg/mol with 

corresponding     ⁄  of 1.19, 1.11, and 1.11 (SRM 1482, 1483, and 1484 respectively) were 

purchased from NIST and used as received. Frank23 suggested that the substrate length of a 

growing crystal is similar to its lattice coherence length. The widths of the (110) and (200) 

reflections of semicrystalline LPE were measured at the regime I to regime II transition 
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temperature using a Rigaku S-Max 3000 SAXS/WAXD instrument at Virginia Tech. This 

diffraction set-up was equipped with a Micromax-007HF high intensity microfocus rotating 

anode copper source (CuKα,   = 0.154 nm, operated at 40 kV and 30 mA) and a gas filled 2-D 

multiwire, proportional counting detector. The X-ray beam was collimated using three pinholes.  

Samples were pressed into 1 mm thick films using a Carver Laboratory Press (Model C) at 

160oC under a nitrogen atmosphere. The films were then cut into 1×1×1 mm3 specimens and 

sandwiched between two Kapton™ films. Each sandwich was then affixed to the sample 

platform of a Linkam THMS 600 heating/cooling stage using an O-ring and then placed in the 

diffractometer. The Linkam stage had a 1 mm diameter hole to allow the passage of the X-rays. 

The sample temperature was regulated within ±0.1oC using a Linkam T-95-PE temperature 

controller. Temperature calibration of the heating stage was performed in the range of 50 to 

150oC using 6 melting standards: Benzophenone (   = 48.5oC), 2,6-di-tert-butyl-4-methylphenol 

(   = 70oC), imidazole (   = 90oC), m-toluic acid (   = 111oC), methylhydroquinone (   

=128oC), and l-xylose (   = 150oC). Before each WAXD measurement, the LPE samples were 

heated to 160oC at a heating rate of 30oC/min under vacuum and kept at this temperature for 2 

minutes to erase their previous thermal history. The specimens were then cooled to       at a 

rate of 30oC/min and crystallized isothermally for 12 hr. Goderis et al.24 showed that the lattice 

coherence length of LPE crystals does not change significantly with time for crystallization at 

     . WAXD patterns of the crystallized samples were recorded in a 0.05 - 0.28 nm-1 q range 

(i.e. 2θ between 7 and 40o) for 20 min under vacuum at their respective crystallization 

temperatures using a Fujifilm™ HR-V image plate (with an aperture of 0.375” diameter and a 

sample-to-image plate distance of 92.0 mm). The image plate was scanned using a RAXIA-Di™ 

image plate reader. Angular calibration was performed using the third-order diffraction ring of a 

silver behenate standard. Using the SAXSGUI™ software package, the WAXD scattering 

intensity was corrected for Kapton™ scattering as well as absorption. Similar measurements 
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were performed using a lanthanum hexaboride standard to evaluate the instrumental peak 

broadening. 

 After subtraction of the amorphous halo, the (110),    = 10.5o, and (200),    = 11.5o, 

diffraction peaks of LPE crystals were fitted with Gaussian functions, Equation 4.1. 

 ( )       ( 
(    )

 

   
 ) (4.1) 

where   ,  ( ),    and    are the Bragg angle at maximum intensity, the angular dependent 

diffraction intensity, the diffraction peak height and the standard deviation of the Gaussian 

intensity distribution, respectively. The integral breath of each diffraction peak,  , was then 

obtained using:  

    √   (4.2) 

The integral breadth (           ) for the diffraction of lanthanum hexaboride at    = 10.5o 

was obtained following the same method. The instrumental broadening contribution to the 

observed peak broadening of LPE crystals was then accounted for using the integral breadth of 

the standard,      , Equation 4.3.  

      
          

  (4.3) 

      is the corrected integral breadth for each diffraction peak. The lattice coherence length 

associated with each growth front,  (   ), was then calculated using the Scherrer equation,25 

Equation 4.4. 

 (   )  
 

           
 (4.4) 

Measurements were performed in triplicate for each LPE sample. 
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4.5. Results and Discussion 

4.5.1. Modified Lauritzen-Hoffman Secondary Nucleation Theory 

Following Hoffman and Miller,6 the average number of CH2 units per chain,  , was 

calculated for each fraction used in the isothermal spherulite growth rate analysis, Equation 4.5. 

  √      (4.5) 

Here    and    are the number- and weight-average numbers of CH2 units per chain, 

respectively. Table 4.1 lists   and the polydispersity index (PDI) for each fraction. References 

for the temperature-dependent spherulite growth rate data of these LPE fractions are also 

included in Table 4.1 along with the respective equilibrium melting temperatures estimated 

using the Huggins equation.15  

  
  

        (
      

      
) (4.6) 

Table 4.1. Average number of CH2 units per chain, polydispersity index, and equilibrium melting 

temperature for the LPE fractions used here (reported in the literature). 

n PDI   
  

 (
o
C) Ref. N PDI   

  
 (

o
C) Ref. 

690 1.13 137.4 [2] 2000 1.19 140.0 [4] 

780 1.09 137.9 [4] 2030 1.12 140.1 [4] 

790 1.13 137.9 [7] 2360 1.12 140.3 [7] 

800 1.09 138.0 [4] 2560 1.10 130.4 [4] 

810 1.07 138.1 [4] 2750 1.22 130.4 [4] 

1080 1.10 138.1 [7] 3480 1.09 130.7 [7] 

1170 1.08 138.3 [4] 3830 1.37 130.7 [4] 

1100 1.39 138.6 [4] 4140 1.30 130.8 [8] 

1390 1.14 139.4 [2] 4530 1.17 130.9 [4] 

1410 1.02 139.6 [4] 5020 1.12 130.9 [1, 4] 

1600 1.10 139.7 [7] 6620 1.10 141.1 [7] 

1640 1.07 139.8 [4] 7590 1.26 141.1 [4] 

1700 1.07 139.9 [4] 8990 1.12 141.2 [7] 
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Figure 4.1a-d illustrates the isothermal spherulite growth rate vs. crystallization 

temperature data found in the literature for 26 narrow molar mass distribution LPE fractions (PDI 

< 1.4). In all instances, the isothermal spherulite growth rates were measured by optical 

microscopy.1-2, 4, 7-8 All thermodynamic, crystallographic and other constants necessary for the 

analysis of spherulite growth rate data are given in Table 4.2. The value of  ̅ for each fraction 

was estimated by interpolation from a data set obtained using the non-linear Hoffman-Weeks 

analysis of similar materials, Figure 4.2.15 The significant scatter observed in Figure 4.2 led us 

to carry out two different analyses in this manuscript. First, we assumed that  ̅ is independent of 

chain length (dashed line in Figure 4.2) and used the average value of  ̅ measured for three 

narrow molar mass distribution NIST fractions ( ̅ = 17.7 ± 1.7). In the second approach, we 

used a Huggins type equation ( ̅       [
      

      
]) (solid line in Figure 4.2) to estimate the value 

of  ̅ for each fraction. We recall that  ̅ is given by 
    

    
  and   , the limiting lamellar thickness at 

infinite undercooling, varies with chain length similarly to  , the strength of stem length 

fluctuations.15, 26 Speculating that the strength of stem length fluctuations correlates with the 

thickness of the melt-crystal interphase in the case of linear polyethylene could explain the 

increase of  ̅ with chain length (solid line in Figure 4.2).27-30 
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Figure 4.1. Spherulite growth rate vs. crystallization temperature for LPE fractions characterized by   of:  

a) 690 (□), 780 (▲), 790 (*), 800 (◊) and 810 (●)  b) 1080 (+), 1100 (♦), 1170 (×), 1390 (■), 1410 (Δ), 1600 

(-) and 1640 (○)  c) 1700 (□), 2000 (●), 2030 (♦), 2360 ( ), 2560 (*), 2750 (+) and 3480 (Δ)  

d) 3830 (×), 4140 (◊), 4530 (■), 5020 (○), 6620 ( ), 7590 ( ) and 8990 (-). 

a

a 

b 

c d 
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Figure 4.2.  ̅ vs.   for three LPE fractions. The dashed line shows the average value for  ̅         

while the solid line represents the best fit to the data, using a Huggins like equation. 

 Error bars correspond to one standard deviation associated with the linear fit of M vs. X data.
15

  

 

Table 4.2. Constants used for the analysis of spherulite growth rate data of LPE. 

   4.55×10
-8

 cm [31]   -1.2 × 10
-3 o

C [32] 

   4.15×10
-8

 cm [31]   35
o
 [33-36] 
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o
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3 
[37]    21.3 [38] 

  
  24 kJ/mol [39]     6.022×10
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As discussed in Appendix B, the crystal growth regimes can be determined by plotting 

    
  

 

   
    (  )   (  )[   (  )] and     

  
 

   
    (  )  

 (  )

 
[   (  )] vs. 

   (   ) [
 

  
 

 ̅

  
  ] [   (  )], Equations B.29 and B.30. The regime I/II transition temperature 

is related to the change of slope in such plots. The location of the regime transition temperature 

is not affected by our choice of  ̅. Given the undercooling limits associated with regimes I and II, 

we can evaluate the dependence of spherulite growth rate on chain length for each regime, 

Figures 4.3 and 4.4. 

 

Figure 4.3.   vs.   at    = 14.6
o
C, in regime II. The solid line represents the best fit to the data.  

The dashed line is a power law behavior with exponent of -1.3. 

 

Figure 4.3 shows a plot of   vs.   at    = 14.6oC in regime II. The chain length 

dependence of the spherulite growth rate exhibits a power law behavior with an exponent of -1.8 

± 0.2. A similar analysis carried out at    = 11.4oC in regime I leads to an exponent of -1.5 ± 

0.2.  The average power law exponent found here (-1.6 ± 0.2) is much larger than that reported 

𝑮 𝒏 𝟏 𝟖 𝟎 𝟐 
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by Hoffman and Miller,6 (     ) but is similar to that reported (-1.7) by Hikosaka et al.3 for 

folded chain single crystals and spherulites of LPE fractions. The data presented here does not 

support the existence of distinct spherulite growth regimes with different chain length 

dependences.1, 6 The calculated power law exponents and associated conclusions are obviously 

independent of the interpolation method for  ̅. Figure 4.4 illustrates changes in     the power 

law exponent in       with undercooling. The chain length dependence of   is the same in 

both regimes I and II within experimental uncertainty. 

 

Figure 4.4. Power law exponent for the dependence of   on   in regime I (◊) and regime II (■).  

Error bars correspond to one standard deviation. 

 

We then determined the values of   
  and    

     ⁄  for each fraction in regimes I and II 

using Equations B.24, B.28, B.29 and B.30, Figure 4.5. Within each regime the data displays a 

constant slope. 

 

(K) ∆T (oC) 
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Figure 4.5.     
  

 

   
    (  )   (  )[   (  )] and     

  
 

   
    (  )  

 (  )

 
[   (  )]vs. 

   (   ) [
 

  
 

 ̅

  
  ] [   (  )] for the   = 3480 fraction. The dashed lines represent the best fit to the data 

in regime I (◊) and regime II (■). The solid line shows the transition between regimes I and II.  

 

The ratio    
     

 ⁄  is equal to 2.1 ± 0.3, in accordance with theoretical predictions.6 Figure 4.6 

shows the changes of    
     ⁄  with   assuming  ̅ is independent of chain length. Values of 

   
     ⁄  in regimes I and II are randomly scattered about their average      

     ⁄  = 46.1 ± 5.7 

erg/cm2 and       
     ⁄  = 44.5 ± 4.3 erg/cm2. The average value of    

     ⁄  in regimes I and II 

for polyethylene fractions with    values ranging from 9 to 120 kg/mol is 45.5 ± 5.2 erg/cm2, 

independent of chain length. The same magnitude and uncertainty are obtained for    
     ⁄  

when the calculations are repeated with a chain length dependent  ̅. Considering the often 

quoted tilt angles of 19o and 35o for melt crystallized LPE (associated with (101) and (201) fold 

surfaces), respective values of 42.9 ± 4.9 and 37.2 ± 4.3 erg/cm2 are found for the equilibrium 

Regime I 

Regime II 
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fold surface free energy,    
 .33-36 Analysis of the initial lamellar thickness data of Barham et al.42 

for a melt-crystallized 29K LPE fraction led to    
  = 45.5 ± 2.0 erg/cm2.15 Hoffman et al.43 

suggested that the fold surface of melt-crystallized LPE lamellae equilibrate during heating to 

the melting point, therefore,    
     . A Gibbs-Thomson analysis of Barham’s 29K LPE data 

led us to     = 41.5 ± 2.0 erg/cm2.15 A similar analysis of Cho et al.’s data12 led Crist13 to     = 

44 ± 5 erg/cm2. Within the limits of experimental error, all values reported here for    
  and     

for melt crystallized polyethylene fractions are identical. These values are about half that 

reported by Hoffman et al.4-6, 11, 43-45 

  

Figure 4.6.    
     ⁄  vs.   for crystal growth of LPE fractions in regime I (◊) and in regime II (■). Fold 

surface free energies reported here were obtained assuming  ̅ is independent of chain length. The solid 

line shows the average value    
     ⁄  = 45.5 ± 5.2 erg/cm

2
 . The same average value is obtained when 

assuming that  ̅ increases with chain length (see Figure 4.2). 

 

To determine more reliably the location of the regime transition temperature and the 

magnitude of    in each regime for each fraction, we took advantage of the observation (Figure 
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4.6) that    
  and     

  are independent of chain length and carried out the linear regression 

(Equations B.29 and B.30) by constraining the fits with the assumption of a constant    
  or     

  

value.  The transition temperature between regimes I and II is located at the point of intersection 

of the linear regression fits for each regime. For all fractions studied here, the transition between 

regimes I and II is sharp. The values of       found by this method are very close to these 

estimated by Hoffman et al.4 from spherulite growth rate measurements and by Allen et al.10 

from calorimetric data, independent of the method used to interpolate  ̅. 

 

Figure 4.7.        vs.  . The solid line represents the average        = 12.7 ± 0.5
o
C. 

 

Figure 4.7 depicts the dependence of       , the undercooling at the I/II regime transition 

on chain length,  . The undercooling at the I/II regime transition shows no dependence on chain 

length and has an average value       
   

 = 12.7 ± 0.5oC, about 4oC lower than the value reported 

by Hoffman and Miller.6 This difference in the       
   

 value is a reflection of the different methods 

used to determine the equilibrium melting temperatures (Flory-Vrij vs. Higgins-Broadhurst).15 

∆
T I

→
II
 (

o
C

) 
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Figure 4.8.    vs.   for regime I (◊) and regime II (■) calculated: (a) assuming  ̅ to be constant and  

(b) assuming  ̅ to be chain length dependent (see Figure 4.2). 

The solid lines represent the best fit to the data. 

a 

b 

𝑮𝒐𝑰 𝒏
 𝟏 𝟔 𝟎 𝟐 

𝑮𝒐𝑰𝑰 𝒏
 𝟏 𝟗 𝟎 𝟐 

𝑮𝒐𝑰 𝒏
 𝟎 𝟗 𝟎 𝟑 

𝑮𝒐𝑰𝑰 𝒏
 𝟏 𝟔 𝟎 𝟐 
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Figures 4.8.a and 4.8.b illustrate the power law dependence of    on chain length 

(      ) in regimes I and II for LPE. We note that the chain length dependences of     and 

     depend on the method used to assign the value of  ̅ for each fraction (Figure 4.8). When  ̅ 

is assumed independent of chain length, the power law exponents for     and     , in regimes I 

and II, are similar, within experimental error, to the power law exponent for G (  and   ~ 1.75).  

These results are expected from an inspection of Equations B.29 and B.30 where    
  and     

  

are independent of chain length. In the range of chain lengths considered here, we find 

  = 0.032 oC-1, approximately independent of chain length (Figure 4.9.a). When  ̅ is assumed to 

increase with chain length, the power law exponents for     and     , in regimes I and II, are 

different (Figure 4.8). Under these conditions,   is observed to increase with chain length 

(Figure 4.9.b) following the behavior of  ̅ (Equation B.17). The difference in behaviors shown by 

the stem length fluctuation parameter,  , in Figures 4.9.a. and 4.9.b is easily understood by 

consulting Equation B.17. The  ̅-containing term on the left hand-side of Equation B.17 is about 

five times larger than the    term, that is, the largest contribution to the limiting initial lamellar 

thickness at infinite undercooling,   , is from stem length fluctuations. 

Figure 4.10 shows the WAXD pattern for the LPE fraction with    = 28.9 kg/mol 

crystallized isothermally at 127.4oC (regime I/II transition temperature) for 12 hr. Integral 

breadth, Bragg spacing and coherence length for the (110) and (200) reflections of the three 

LPE fractions are shown in Table 4.3 at their regime I/II transition temperature. The (110) and 

(200) coherence lengths corrected for the tilt angle of the crystallized stems are 42 ± 1 nm and 

29 ± 2 nm, within experimental uncertainty independent of chain length, Table 4.3. The average 

(110) substrate of linear polyethylene crystals at the regime I to II transition temperature is made 

of 75 ± 2 crystallized stems. Using the isohypse technique, Point et al.46-47 showed that the 

substrate of linear polyethylene crystals must be made of less than 1800 stems (  < 1 μm). 
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Toda,9 studying single crystal growth from the melt, pushed the upper bound further down to 

100 nm for linear polyethylene.  

 

 

Figure 4.9.   vs.   in regime I (◊) and in regime II (■) calculated at the regime I/II transition temperature:  

(a) assuming  ̅ to be constant and (b) assuming  ̅ to be chain length dependent (see Figure 4.2). 

The solid lines represent the best fit to the data. 

a 

b 
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Figure 4.10. Diffracted intensity vs. 2θ for the sample with    = 28.9 kg/mol crystallized isothermally at 

127.4
o
C for 12 hr.  

 

Table 4.3. Integral breadth, Bragg spacing and substrate length for the (110) and (200) growth fronts of 

three LPE fractions at their respective I/II regime transition temperatures. 

   (kg/mol)  (   )   (   )  (   ) (nm)  (   )   (   )  (   ) (nm) 

11.4 0.24 ± 0.02 10.6 ± 0.1 43 ± 6 0.27 ± 0.01 11.5 ± 0.1 31 ± 2 

28.9 0.24 ± 0.01 10.5 ± 0.1 42 ± 1 0.28 ± 0.01 11.5 ± 0.1 28 ± 1 

100.5 0.25 ± 0.02 10.6 ± 0.1 41 ± 4 0.29 ± 0.01 11.5 ± 0.1 26 ± 2 

 

Alcazar et al.48 measured the substrate length of isotactic poly(vinylcyclohexane) at 

different temperatures. This polymer displays twinned growth sectors, which makes the direct 

measurement of the substrate length feasible via dark field electron microscopy imaging. They 

found that in regime II the substrate of poly(vinylcyclohexane) crystals is made of 35 to 60 
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stems and becomes larger at higher temperatures.48 The number of stems comprising the 

substrate length for poly(vinylcyclohexane) is comparable with that for linear polyethylene. 

The width of the critical nucleus, defined by             ⁄ , is the minimum size 

necessary for a nucleus to reach the zone of thermodynamic stability (Appendix B).    and L(110), 

the (110) substrate length measured at the regime I to II transition temperature, are plotted as a 

function of chain length in Figure 4.11. The measured (110) substrate length is larger than the 

width of the critical nucleus, satisfying an important criterion for any physical model of crystal 

growth. 

 

Figure 4.11.  (   ) (○) and    (■) vs.   at the regime I/II transition temperature. The solid line is the best fit 

to the    vs.   data assuming   
  is independent of chain length. Error bars correspond to the standard 

deviation on triplicate measurements. 

 

Knowledge of the quantities  (   ),    
     ⁄ ,    , and      at the regime I to II transition 

temperature, allows determination of   , the path degeneracy, and   
 , the apparent chain 

friction coefficient during crystallization normalized to a reference temperature of    = 448.15 K. 

Examination of Equation B.31 indicates that, when  ̅ is constant, the path degeneracy,   , 
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should be independent of chain length (see Figure 4.12.a). On the other hand, when  ̅ is 

assumed to increase with chain length, the power law exponents in regimes I and II differ from 

each other, leading to a chain-length dependent configurational path degeneracy (see Figure 

4.12.b). 

 

 

Figure 4.12.    vs.   at the regime I/II transition temperature estimated: (a) assuming  ̅ to be constant 

and (b) assuming  ̅ to be chain length dependent (see Figure 4.2).  

The solid lines represent the best fit to the data. 

a 

b 

𝑪𝒐 𝒏
𝟎 𝟓 𝟎 𝟓 

𝑪𝒐 𝒏
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The apparent friction coefficient during crystallization normalized to a reference 

temperature of    = 175oC (Figure 4.13) exhibits a power law dependence on chain length, 

  
          , that is independent of the interpolation method for  ̅ (see Equation B.32). This 

power dependence is stronger than the dependence of the friction coefficient associated with 

the curvilinear reptation process of the chain in a pure melt accounting for constraint release 

and contour length fluctuations at the reference temperature of    = 175oC,        , Figure 

4.13.  

 

Figure 4.13. Apparent chain friction coefficient for LPE during crystallization (○) and curvilinear chain 

friction coefficient in the melt (- - -) at the reference temperature of 175
oC. The solid line is the best fit to 

the apparent chain friction coefficient of LPE during crystallization. 

 

𝝃𝒄
𝒐 𝒏𝟐 𝟏 𝟎 𝟐 
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For short chains the magnitude of   
  is very close to   , Figure 4. 13. The difference 

between   
  and   increases with increasing chain length. Therefore, other processes must be 

involved in the transport of chain segments through the melt-crystal interface. Self-poisoning49-51 

is an example of such processes. During crystallization of longer LPE chains, wrongly attached 

stems on the crystal growth front detach slower, increasing the retardation time of crystallization 

and hence, the apparent friction coefficient.  

Studying the chain length dependence of the crystal growth rate of folded chain crystals 

(FCCs) and extended chain crystals (ECCs), Hikosaka et al.3 claimed that during crystallization 

of LPE, the sliding diffusion of the chains on the crystal growth front is much slower than the 

forced reptation process, hence, it is the main process controlling the chain length dependence 

of the crystal growth rate. Our results in the shorter chain region (  
     at   = 700 - 2000) 

contradicts the proposed mechanism by Hikosaka et al.3 On the other hand, appointing the 

sliding diffusion of the chains on the crystal growth front as the main source of friction implies 

that crystallizing segments from other chains should be much more feasible than adjacent re-

entry of a crystallizing chain, a behavior only observed at high undercoolings (regime III). For 

further evaluation of the apparent friction coefficient data of the chains crystallizing into FCCs 

and ECCs, the chain length dependence of  ̅ and the configurational path degeneracy of the 

FCCs and ECCs needs to be considered carefully. 
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4.6. Conclusions 

The Lauritzen-Hoffman secondary nucleation theory is modified to account for the effect of 

stem length fluctuations on crystallization kinetics of polymers. The tilt angle of the crystallized 

stems and the temperature dependence of the lateral surface free energy are also considered in 

the model. Spherulite growth rate data of 26 linear narrow molecular weight polyethylene 

samples are analyzed at low to moderate undercoolings using the modified LH theory. 

Equilibrium melting temperature of the fractions are estimated by a Huggins equation. The 

regime I to II transition occurs at an undercooling        = 12.7 ± 0.5oC independent of chain 

length. In both regimes,   is proportional to          . This power law dependence was much 

stronger than that reported by Hoffman and Miller.6 The value of    
     ⁄  is equal to 45.5 ± 5.2 

erg/cm2 and independent of chain length. The ratio of    
     

 ⁄  is equal to 2.1 ± 0.3, matching 

the LH model’s prediction. On one hand, if we assume a chain length dependent  ̅, then,     

and      exhibit different dependencies on chain length (i.e.               and               ). 

At       , the strength of the stem length fluctuations,  , increases with molecular weight and 

reaches a plateau at high molecular weights. If on the other hand, we assume a constant value 

of 17 for  ̅ , we obtain a constant value   of 0.032 oC-1 at       . Under these circumstances,     

and       exhibit similar dependencies on chain length as  . The substrate lengths of three 

linear polyethylene fractions were measured at their        using WAXD. The substrate lengths 

of the (110) and (200) growth fronts were independent of molecular weight. The apparent 

friction coefficient of a crystallizing linear polyethylene chain was proportional to         . Higher 

apparent friction coefficients indicate that additional mechanisms are involved in the transport of 

chain segments through the melt-crystal interface during crystal growth.  
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4.7. Appendix B: Modification of the LH Theory 

Figure B.1 shows the schematic three dimensional representation of a linear 

polyethylene lamella with tilted crystallized stems. 

 

Figure B.1. Schematic three-dimensional representation of a linear polyethylene lamella with tilted 

crystallized stems.   ,   ,   and   are the width, thickness, length and tilt angle of crystallized stems, 

respectively.   , and   are the length and thickness of the lamella, respectively.   is the substrate length. 

A chain, moving in the reptation tube, has crystallized from the melt on the lamella, completing a new 

layer at the rate of  , leading to an overall crystal growth rate of   (the new layer is colored in gray). 

 

Accounting for the tilt angle, the average substrate completion rate,  ̅, in the LH theory is 

expressed as:11 

 ̅  
  

    
(   ̅) (B.1) 
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Given the expression for the rate of stem attachments ( ) and detachments ( ) at low 

undercoolings in regimes I and II,15 the substrate completion rate at the crystallization 

temperature,   ,  is given by: 

 ̅  
   

    
(
     

  
[
        

        
])    ( 

        

       
) (B.2) 

  is a retardation factor associated with the transfer of polymer segments across the melt-

crystal interface.     and   are the Gibbs free energy of fusion per unit volume for an infinitely 

large crystal and the Boltzmann constant, respectively. The average substrate completion rate 

is related to the average reeling-in rate of a polymer chain onto the crystal growth front,  ̅, by:6, 44 

  ̅   ̅ (
  

  
     

) (B.3) 

where   
  is the initial crystallized stem-length. The average reeling-in rate associated with 

displacement of polymer chains during crystallization in a viscous polymer melt is6, 44 

 ̅  
 ̅

  
 (B.4) 

where   ̅and    are the average force felt by the chain during crystallization and the apparent 

friction coefficient of the chain in the subcooled melt at   , respectively. The average force of 

crystallization is related to the gradient in free energy of crystallization, which accounting for 

chain tilt leads to:6, 15, 44, 52 

 ̅  
 

  
        [  

  
    

       
] 

 ̅  
 

  
      

   

  
[
        

        
] (B.5) 

where     is the fold surface free energy during crystal growth. Combining Equations B.3, B.4 

and B.5 leads to: 
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 ̅  (
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) (B.6) 

Comparison of Equations B.2 and B.6 leads to the expression for   given in Equation B.7.  

  (
   

    
  )   (

        

       
) (B.7) 

In the LH theory, the crystal growth rates in regime I,   , and regime II,    , are expressed as6, 11 
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 (B.8) 
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(B.9) 

where    is the number of stems of width    comprising the substrate of length  . Using the 

expression of the net flux over the barrier at the crystallization temperature,    
, derived for 

lamellae with tilted chains,15 we obtain:   
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(B.11) 

where    and    are the configurational path degeneracy and the C-C bond length projected 

along the crystal c-axis, respectively. In the most recent version of the LH theory, the lateral 

surface free energy is understood as the entropic penalty associated the localization of chain 

segments on the growth front during stem deposition.45 For a crystallizing chain, the magnitude 
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of this entropic penalty is controlled by the chain stiffness, and therefore is related to the 

characteristic ratio,   .45 Given the range of molecular weights studied here, we can use the 

limiting characteristic ratio,   , and express the lateral surface free energy as:45  

  
  

  
  (

    

 
)(

  

  
)

 

  
 (B.12) 

where   
  

,     and    are the equilibrium melting temperature, the volumetric heat of fusion 

and the C-C bond length, respectively. The temperature dependence of the limiting 

characteristic ratio is given by:32, 38 

     

  
   (B.13) 

where   is a constant.32, 38 Using Equation B.13, we can express the quantity    as a function of 

the undercooling and the limiting characteristic ratio at the equilibrium melting temperature, 

     
  , showing explicitly the temperature dependence of the lateral surface free energy, 

Equation B.14. 
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 (B.14) 

Introducing the lateral surface free energy at the equilibrium melting temperature,  

   (
    

 
)(

  

  
)

 

 
    

  
, we can simplify Equation B.14 to:  

  
     (   )

  
     (B.15) 

Consideration of stem length fluctuations during crystal growth leads to the following 

temperature dependence of     at low to intermediate undercoolings:19, 43  

       
 (     ) (B.16) 
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The term   in Equation B.16 accounts for the strength of stem length fluctuations.43 Recalling 

the expressions for    and   ,15 

      
     

   
  

  
 

   
       

    
[
        

        
] 

we obtain the following expression for  : 

  
 ̅
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               (   )
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] (B.17) 

where   ̅ is the constant in the non-linear Hoffman-Weeks equation defined as 
    

    
 .26 Hoffman 

and Miller6 assumed that the chain friction coefficient during crystal growth is the same as that 

associated with the reptation process in the melt and use an Arrhenius expression to account 

for changes in    with temperature.39, 53-54 One should note that other mechanisms, such as 

sliding diffusion3 and poisoning,51 may be involved in the transport of crystallizing segments 

across the melt-crystal interface and may or may not exhibit the same temperature dependence 

as reptation. In the absence of a detailed knowledge of the mechanisms involved, we will also 

make the assumption that the temperature dependence of    is calculated using   
 , the 

activation energy for center of mass diffusion. Therefore, 

     
    (

  
 

   
)   ( 

  
 

   
) (B.18) 

where   
  and   are the apparent chain friction coefficient at the reference temperature  

   = 175oC and the gas constant, respectively. Given the range of molecular weights studied 

here,   
  is independent of molecular weight.39 Using the appropriate temperature dependences 

for      ,   and    we obtain: 
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For regime II we obtain  
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 Taking the natural logarithm on both sides of Equations B.19 and B.25, we obtain 
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We will show that plots of the right-hand sides of Equations B.29 and B.30 vs.    (   ) [
 

  
 

 ̅

  
  ] [   (  )] are linear within experimental error. Hence, the quantities    

  ,    ,     
  and      

obtained from the slope and intercept of each plot, must be approximately independent of 

temperature. Values of    
  and     

  lead to the determination of    
     ⁄  in regimes I and II 

using Equations B.24 and B.28. Since there are good reasons to expect that the substrate 

length varies with crystallization temperature,31, 48 we can only calculate the configurational path 

degeneracy and the apparent friction coefficient for the crystallizing chain at the regimes I/II 

transition temperature through a combination of Equations B.20 and B.26.  

   
     

       
   

  (
   

    
)
 

 (B.31) 

  
  

        

    
 (

   
 

    
)
 

  
   

(
   

    
 )   (

  
 

   
) 

(B.32) 

Two separate criteria are set to determine the reliability of the proposed approach. First, 

the values of    
  calculated for regimes I and II should be identical. Second,   , the number of 

stems per substrate length, should be larger than   , the minimum number of stems necessary 
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for a secondary surface embryo to become a stable nucleus.6  We can calculate    by setting 

the Gibbs free energy of formation of   crystalline stems to zero or     = 0, which leads to: 
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4.8. Appendix C: the Curvilinear Friction Coefficient 

Hoffman and Miller6 calculated the curvilinear friction coefficient of linear polyethylene 

chains under steady-state forced reptation using the approach provided by DiMarzio et al.52 

However, their simplifications led to a monomeric friction coefficient larger than expected.6 

Hoffman and Miller6 assumed that during crystal growth in regimes I and II, the polymer 

segments transfer to the crystal growth front with a Rouse regime movement of the chain in the 

reptation tube.6 The curvilinear diffusion coefficient at the reference temperature,   
 , can be 

related to the center of mass diffusion coefficient as52, 55 

  
  

   

  
 

        
  

〈  
 〉

 (C.1) 

where   ,   ,      
  and 〈  

 〉 are the curvilinear friction coefficient, the center of mass diffusion 

coefficient, the length of the reptation tube and the average square end-to-end distance of the 

chain in the melt at the reference temperature, respectively.6 Following Klein and Ball55 and 

DiMarzio et al.52 we get 
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   is the reptation tube diameter at the reference temperature, which can be found by 

approximating the polyethylene chain with a freely-jointed chain made of   Kuhn segments of 

length,  ̅, and mass,   .  

    ̅√   (C.3) 

Here,    is the average number of Kuhn segments between entanglements.32 The freely-jointed 

chain is related to the real chain by: 
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where      
,   and    are the limiting characteristic ratio at the reference temperature, the       

C-C-C bond angle and the molecular weight of a CH2 unit, respectively. For flexible linear 

Gaussian chains the average molecular weight between entanglements,   , is:38 
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 (C.7) 

   is a dimensionless constant, which is insensitive to temperature and denotes the number of 

entanglement strands present per cube of the reptation tube diameter.     and    are the 

Avogadro number and the density of the polyethylene melt at the reference temperature, 

respectively. Considering the melt density of linear polyethylene at the reference temperature as 

        (    ) where    and   are constants,40 we obtain: 
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Equation B.9 leads to    = 3.86 nm at a temperature of 175oC for polyethylene, 30% higher than 

the 3 nm value quoted by Hoffman and Miller.6 Note that the value calculated here for the tube 

diameter is consistent with that (3.6 nm) given by Fetters et al. at 175oC.32 Furthermore, Lodge41 

has shown that the center-of-mass diffusion coefficient of linear polyethylene is proportional to 

      rather than    . Under these conditions, Equation C.2 leads to: 
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 (C.10) 

where   
  is a constant.41 The non-linear relation between the chain friction coefficient and the 

number of repeat units is understood as arising from a combination of the effects of constant 

release and contour length fluctuations, which lead to a faster escape of the chain from its 

reptation tube.41   
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Chapter 5. On the Crystallization and Melting Behaviors of Metallocene 

Linear Low-Density Polyethylene 

 

Hadi Mohammadi, Matthew Vincent and Hervé Marand 

 

5.1. Attribution 

Matthew Vincent contributed to this work by conducting the ultra-fast DSC experiments and 

providing insight on the analysis of the ultra-fast DSC data. Design of the experiments, spherulite 

growth rate measurements, and processing and analysis of the data were performed by Hadi 

Mohammadi. The paper was prepared by Hadi Mohammadi and Hervé Marand. 

 

5.2. Abstract 

The crystallization and melting behaviors of a random ethylene/1-hexene copolymer were 

studied by a combination of optical microscopy, small angle X-ray scattering, and ultra-fast 

differential scanning calorimetry. Fold surface free energies of the copolymer lamellae at the time 

of crystallization and melting increase with increasing undercooling, approaching the same 

magnitude at high undercooling. As a result of this temperature dependence, the experimental 

melting vs. crystallization temperature plot is parallel to the       line and the corresponding 

Gibbs-Thomson plot is non-linear. This behavior is attributed to the fact that longer ethylene 

sequences form a chain-folded structure with lower concentration of branch points on the lamellar 

surface at lower undercooling, while shorter ethylene sequences form lamellar structures at higher 

undercooling exhibiting a higher concentration of branch points on the lamellar surface. Branch 
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points limit the ability of lamellar structures to relax their kinetic stem-length fluctuations during 

heating prior to melting. 

 

5.3. Introduction 

Metallocene linear low density polyethylenes (m-LLDPEs) are copolymers synthesized from 

ethylene and α-olefins in the presence of a homogenous catalyst.1 The α-olefin comonomers 

introduce short branches on an otherwise linear ethylene backbone. As a consequence of 

homogenous catalysis, m-LLDPEs exhibit narrow molecular weight and random branch 

distributions.1 When the α-olefin is a 1-butene or larger comonomer, the short branches (ethyl or 

larger) are rejected from the polyethylene crystal structure.2-4 Effect of short-chain branching on 

the crystallization and melting of m-LLDPEs is very complex.3, 5 The spherulite growth rate, degree 

of crystallinity, and melting temperature of m-LLDPE are typically lower than these of a linear 

polyethylene (LPE) of similar chain length crystallized under similar conditions.3, 5-6 We limit our 

discussion here to the case of low short-chain branch content copolymers, which undergo chain-

folded lamellar crystallization at low to intermediate undercoolings.7  

In general, the relationship between polymer morphology and crystallization conditions is 

ascribed to the crystal growth mechanism.  The average crystal growth rate of a polymer lamella 

results from a balance between a nucleation barrier and the crystallization driving force.8-9 The 

driving force for passage over the crystallization barrier is directly proportional to the difference 

between the actual lamellar thickness and the minimum lamellar thickness,      that is 

thermodynamically stable.8-9 The net flux of passage over the barrier also dictates the secondary 

nucleation rate, which controls the actual initial lamellar thickness distribution.8-9 If we now focus 

on random copolymers made of crystallizable (ethylene) and non-crystallizable (α-olefin) units, the 

net flux over the nucleation barrier is also a function of the actual composition of the melt at the 

interface with the crystal growth front.10-13 Indeed, as we learned from Flory’s thermodynamic 
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theory of copolymer crystallization,10-11 the “crystallizability” of such copolymers, that is their 

maximum degree of crystallinity, depends on the crystallization temperature. Specifically, only the 

longest crystallizable sequences can participate in crystal growth at high temperature, while 

shorter sequences crystallize at relatively lower temperatures.11 Hence, the actual lamellar 

thickness resulting from crystallization is governed by the kinetic constraints associated with the 

transport and nucleation of the crystallizable ethylene sequences.5 Therefore, for crystallization of 

an ethylene sequence to occur at a finite rate at a given temperature, it must result in a lamella, 

whose thickness is lower than Flory’s estimate of the minimum lamellar thickness for that 

sequence.10-11 In other words, Flory theory cannot be used to provide a reliable estimate of the 

lamellar thickness of m-LLDPE during crystallization. As an alternative, the minimum 

thermodynamically stable lamellar thickness during crystallization of m-LLDPE can be assessed by 

the Gibbs-Thomson method,8, 14 which predicts that               
 ⁄ , where       and    

  are 

the fold surface free energy during crystallization and the Gibbs free energy of fusion per unit 

volume of an infinitely large crystal of the copolymer, respectively.8, 14-15 Here, the effects of 

crystallizable and non-crystallizable sequence length distributions on the minimum 

thermodynamically stable lamellar thickness at a given crystallization temperature are incorporated 

in the fold surface free energy during crystallization. In this context, we apply the formalism of the 

Lauritzen-Hoffman secondary nucleation theory (originally developed for crystallization of linear 

homopolymers) to the crystal growth of m-LLDPE and determine the temperature dependence of 

      from the lamellar thickness and spherulite growth rate data.9, 15-16  

In the case of linear polyethylene, the temperature dependence of the fold surface free 

energy during crystallization,    ,  was approximated by a linear function of the undercooling at low 

to moderate undercoolings,        
 (     ), where    

  and   represent the equilibrium fold 

surface free energy and the strength of stem-length fluctuations, respectively, both independent of 

the crystallization temperature.17-20 The quantity    
  was also shown to be equal to the fold surface 
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free energy of the lamellae during melting,    , i.e. the stem length fluctuations of LPE equilibrate 

before the melting of lamellae.19-20 While a similar correlation may be used to rationalize the 

temperature dependence of the fold surface free energy of m-LLDPE during crystallization, one 

should expect the magnitude of     to vary with the crystallizable and non-crystallizable sequence 

length distributions and, therefore, with the crystallization temperature. A temperature dependent 

    should lead to a non-linear Gibbs-Thomson plot (i.e. the plot of melting temperature vs. 

reciprocal of lamellar thickness should exhibit curvature) for m-LLDPE. However, such behavior 

has not yet been reported for m-LLDPE copolymers.21  

To understand this discrepancy, we emphasize first that crystallization of m-LLDPE may 

result in the segregation between ethylene and short branch units, which would affect the resulting 

melting endotherm.5, 22-23 The extent of segregation at the time of melting increases with 

crystallization time, and depends on temperature and bulk copolymer composition.23 Melting of 

sufficiently crystalline copolymers into a heterogeneous amorphous “phase” generates an entropic 

effect, which leads to superheating of the crystalline lamellae.  In the context of the Gibbs-

Thomson equation, ignoring the existence of superheating would result in overestimating      , the 

fold surface free energy of copolymer lamellae at the time of melting.5, 22, 24 Crist et al.5, 22, 24 

suggested that the quantity        can only be reliably estimated when the melt composition is very 

close to the bulk composition, i.e. when the crystallinity is very small. They claimed that such 

conditions only occur at the upper end of the melting range.5, 22, 24 Crist and Mirabella24 also 

showed that the DSC peak melting temperature does not correspond to the melting of lamellae 

with the average thickness. Their model, following previous work by Alberola,25 considers that the 

weight distribution function of lamellar thicknesses is proportional to the square of the temperature 

difference (    
  
  ) where     

  
 is the equilibrium melting temperature of the copolymer.24 This 

model, however, can only be used in the limit of zero-superheating. The implications of these two 

important studies23-24 can be only reconciled if one investigates the melting of initial lamellae since 
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the associated melting temperatures are not affected by segregation-induced superheating. 

Finally, it is worth noting that the melting endotherm of m-LLPDE copolymers recorded with the low 

heating rate characteristic of a conventional DSC can be affected by melting-recrystallization-

remelting and/or annealing phenomena.26-29   Hence, one should investigate the melting behavior 

of these materials under high heating rate conditions and extrapolate to zero-heating rate to 

account for superheating. 

In this paper we study the spherulite growth and melting of a m-LLDPE sample containing 3 

mol% butyl branches. Spherulite growth rates and lamellar thickness data collected at different 

temperatures are analyzed using a modified LH theory.19-20 Crystallized stems of m-LLDPE exhibit 

a tilted conformation in the lamellae, reducing the steric hindrance between adjacent folds.6, 30 The 

modified LH theory accounts for the effects of tilt angle of the crystallized stems,  , and for the 

temperature dependence of both the fold (     )  and lateral ( ) surface free energies on the 

spherulite growth rate and average lamellar thickness of m-LLDPE 19, 31 This analysis provides two 

estimates of the magnitude of the fold surface free energy during crystallization, one from the 

spherulite growth rate data and one from the lamellar thickness data. Comparison of these       

values allows us to determine the tilt angle necessary for self-consistency of the modified LH 

theory in the case of m-LLDPE copolymers.  

We also investigate the melting behavior of isothermally crystallized m-LLDPE using a 

Mettler-Toledo Flash™ DSC 1. The high heating rates achieved in this calorimeter enable us to 

minimize the effects of melting-recrystallization-remelting and annealing on the melting behavior. 

We crystallize this copolymer at different temperatures for different times and first determine the 

characteristics of the melting endotherm associated with initial lamellae. Studying the melting 

behavior of initial lamellae enables us to ensure that 1) the melt composition is equal to the bulk 

composition and 2) melting results in a homogeneous amorphous phase. We then extrapolate the 

characteristics of the melting endotherm associated with initial lamellae to zero-heating rate to 
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account for the effects of superheating, melting kinetics and thermal lag. Using these extrapolated 

melting traces in the context of the method developed by Crist and Mirabella,24 we obtain, for each 

crystallization temperature, the lamellar thickness distribution function and the fold surface free 

energy of the copolymer at the time of melting. Finally, we attempt to rationalize the temperature 

dependence of the fold surface free energy of m-LLDPE during crystallization using the melting 

data. 

 

5.4. Experimental 

5.4.1. Material 

The m-LLDPE sample studied in this work (EH3) was kindly provided by ExxonMobil Co. 

EH3 is an ethylene/1-hexene copolymer containing 3 mol% 1-hexene comonomer and a weight-

average molecular weight of 85 kg/mol and polydispersity index of 2. This material was used as is 

without further purification. The peak melting temperature recorded for this material at 10oC/min 

subsequent to crystallization by cooling to –20oC at a rate of 40oC/min from the melt was found to 

be equal to 112.7oC, consistent with data obtained under similar conditions for a variety of 

ethylene/α-olefin copolymers and hydrogenated poly(butadiene)s.32-33 

5.4.2. Spherulite Growth Rate Measurements 

Thin EH3 films (ca. 25 μm) were prepared using a Carver laboratory press operated at 

150oC under a nitrogen atmosphere. Small pieces of the films were sandwiched between clean 

glass cover slips and placed in a Linkam THM 600 heating-cooling stage under a dry nitrogen flow 

of 50 ml/min. The sample temperature was regulated within ±0.1oC using a Linkam TMS 93 

temperature controller. Temperature calibration for the stage and temperature controller was 

performed in the range of 60 to 150oC using 5 melting standards: 1,3-diphenoxy-benzene (   = 

60oC), imidazole (   =90oC) m-toluic acid (   = 111oC) methylhydroquinone (   = 128oC), and l-
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xylose (   = 150oC). Before each spherulite growth rate measurement, the EH3 films were heated 

to 160oC and kept in the melt state for 1 minute to erase previous thermal history. The films were 

subsequently cooled at a rate of 50oC/min to the desired crystallization temperature and the 

spherulite growth was monitored using an Olympus BX-50 polarized light optical microscope 

interfaced to a video camera. Using the ImageJ image analysis software, spherulite radii were 

measured as a function of time for five to ten spherulites at each crystallization temperature. 

Spherulite growth rates were calculated as the slope of the observed linear increase of the radius 

with time. For all isothermal spherulite growth experiments in the 107 to 118oC temperature range, 

the relative standard deviation on the average spherulite growth rate was determined to be less 

than 5%. 

5.4.3. Differential Scanning Calorimetry 

Differential scanning calorimetry (DSC) experiments were performed using a Mettler Toledo 

Flash™ DSC 1 instrument operated under a dry nitrogen flow of 15 mL/min with the sample 

support temperature at -100oC. Using a Carver laboratory press operated at 150oC under a 

nitrogen atmosphere, an EH3 film with a thickness of 1 mm was prepared and then cut into a 

1×1×1 mm3 specimen. 1 μm thick samples were cut from the specimen using a Leica RMC Cryo-

Ultramicrotome operated at -110oC. Cryomicrotomed films were subsequently immersed in a 60/40 

wt/wt % dimethylsulfoxide/water mixture at -60oC. After washing with deionized water, these 

samples were left to dry in a vacuum oven at room temperature for a week. Samples were then cut 

to smaller pieces (ca. 20 ± 1 ng estimated from their specific heat capacity in the melt) and placed 

carefully on the Flash™ DSC 1 UFS1 microchip using an eyelash. Our experiments revealed that 

the chip calibration was stable over repeated heating and cooling cycles. Therefore, the calibration 

procedure was completed after collecting all crystallization and melting data in order to avoid 

measurement errors due to possible confinement effects caused by the calibration standard. To 

calibrate the Flash™ DSC 1 chip, a small piece of tin was positioned on top of the m-LLDPE 



130 
 

sample. The mass (ca. 11 ± 1 ng) of the tin standard was estimated from the heat of fusion 

measurement at a heating rate of 3000oC/s. The onset melting temperature of the tin standard was 

measured at different heating rates varying from 1000 to 10000oC/s and extrapolated to zero 

heating rate using Equation 5.1 proposed by Toda et al.34-35 

     (   )     
      (5.1) 

where  ,   , and    are the heating rate, and constant prefactors, respectively. The terms    
  

and     account for the effect of melting kinetics and instrumental thermal lag on the melting 

temperature of the standard, respectively. For metal standards, which melt without kinetic effects, 

  reflects the contribution from the latent heat of fusion during melting, and is expected to be near 

0.5 for samples with small masses.34, 36   (   ) is the zero-entropy production melting 

temperature of the tin standard in the absence of any non-equilibrium effects. Values of   (   ) 

were used for the single-point calibration of the melting temperatures of the EH3 sample in the 

Flash™ DSC 1. 

All calorimetric experiments were initiated by heating the EH3 sample to 190oC and holding it 

at this temperature for 1 s to erase prior thermal history. The EH3 sample was then cooled to 

specific crystallization temperatures at a rate of 1000oC/s and crystallized for various times,   . 

Crystallization temperatures were chosen in such a way that crystallization occurred on a practical 

time scale under isothermal conditions and did not take place during cooling or during subsequent 

heating. The sample was then melted with a heating rate ranging between 1000 and 10000oC/s (in 

increments of 1000oC/s). For every crystallization temperature, a baseline heating trace was also 

recorded for a sufficiently short crystallization time that no crystallinity had time to develop. This 

baseline was subtracted from the heating trace of partially crystallized samples to minimize the 

error (less than 1%) in the measured heat of fusion. The lower the degree of crystallinity, the 

narrower the breadth of the melting endotherm, the smaller the expected error.37 Melting 

endotherms of EH3 exhibited a Gaussian distribution (see Figures 5.5 and 5.6). Each melting trace 
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was fitted with a Gaussian function and the peak melting temperature, half-width at half-height of 

the melting endotherm and heat of fusion were recorded. The degree of crystallinity of each 

sample was estimated using the heat of fusion of LPE, 293 J/g.38-39 For each crystallization 

temperature, the initial melting temperature,   , was defined as the peak temperature for the 

endotherm of samples exhibiting the lowest crystallinity, where    does not change with time (see 

Figure 5.5). The zero-entropy production melting temperature of these initial lamellae was obtained 

for each crystallization temperature by extrapolation to zero-heating rate using Equation 5.1.34-35 

 

5.5. Results and Discussion 

 For each crystallization temperature, the spherulite radius increases linearly with 

crystallization time, i.e. spherulite growth rates are independent of crystallization time. Therefore, 

the diffusion-controlled spherulite growth process reported by Bassett et al.40 for an ethylene/1-

butene copolymer obtained by homogeneous catalysis and containing the same number of 

branches per 1000 carbon atoms, is not observed for the EH3 copolymer. Observations of linear 

spherulitic growth for homogeneous ethylene/α-olefins copolymers have been reported by 

others.41-44 As a result, we can assume that the chemical composition of the melt in the vicinity of 

the growth front does not change during isothermal crystallization of EH3. Spherulite growth rates 

for the EH3 copolymer are shown as a function of crystallization temperature in Figure 5.1. The 

insert in Figure 5.1 demonstrates that spherulite radius increases linearly with time. 
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Figure 5.1. Spherulite growth rate vs. crystallization temperature for the EH3 copolymer. The insert shows 

spherulite radius vs. crystallization time for a sample crystallizing isothermally at 114.5
o
C. The solid line is 

the best linear fit to the data. Error bars correspond to one standard deviation. 

 

Using small angle X-ray scattering, Cho et al.21, 45 studied the isothermal crystallization of 

various m-LLDPEs with different amounts of ethyl and hexyl branches at different temperatures, 

  . Figure 5.2 shows the average lamellar thickness,  , at different undercoolings,        
  
   , 

obtained by Cho et al.21, 45 for a metallocene ethylene/1-octene copolymer with a weight-average 

molecular weight of 85 kg/mol and the same branch content as EH3. 
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Figure 5.2. Number-average lamellar thickness vs. reciprocal of the undercooling from Cho et al.
21, 45

 for a 

metallocene ethylene/1-octene copolymer with 3 mol% hexyl branches and molecular weight of 85 kg/mol. 

The solid line represents the best linear fit to the experimental data, using an equilibrium melting 

temperature of 135.4
o
C. 

 

Since the scattering data was analyzed using the interface distribution function approach,21, 

45  , represents the number-average lamellar thickness.46-47 The equilibrium melting temperature of 

this copolymer,     
  

 = 135.4oC is estimated using Flory’s equation:10-11 

 

    
   

 

  
    (

 

  ̅̅ ̅̅
)   (    ) (5.2) 

where   
  

,   ̅̅ ̅̅ , and    are the equilibrium melting temperature of a similar chain length LPE 

sample, the molar enthalpy of fusion of LPE, and the mole fraction of non-crystallizable units in the 

copolymer, respectively. The value of   
  

 = 140.6oC is estimated using the Huggins equation 

discussed in our previous publication.20 The solid line in the   vs.      plot is the best linear fit to 

the experimental data (          ). For m-LLDPE samples with more than 2 mol% branch 
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content, the average lamellar thickness measured by Cho et al.21, 45 was independent of the branch 

size and the crystallization time. This observation can be related to the fact that the short-chain 

branches cannot enter the crystal structure of m-LLDPE, hence, m-LLDPE crystals do not exhibit 

  -relaxation and do not thicken during isothermal crystallization.32 As the molecular weight and 

branch content of our sample are similar to these in the samples studied by Cho et al.,21, 45 the fit to 

the   vs.      plot can be used to estimate the lamellar thickness of EH3 at different crystallization 

temperatures.  

Applying the modified LH theory to the crystallization of m-LLDPE, we can relate the 

spherulite growth rate,  , and the lamellar thickness,  , of isothermally crystallized m-LLDPE to the 

crystallization temperature and the fold surface free energy during crystallization, Equations 5.3 

and 5.4.19 Equation 5.3 is derived under the assumption that in this range of crystallization 

temperatures, crystal growth occurs in regime II. 
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 ,  ,   ,   ,   and    are the activation energy for center-of-mass diffusion, the universal 

gas constant, the width  and thickness of a crystallized stem, Boltzmann’s constant and the 

volumetric enthalpy of fusion of the copolymer, respectively.19 Values of   
  and    for EH3 are 

similar to these reported for LPE as the melt dynamics and the crystal structure of low branch 

content m-LLDPEs and LPE are nearly identical.48-50 Values of    and    are estimated for EH3 at 

its equilibrium melting temperature from analyses of the temperature dependence of the unit cell 

dimensions for a metallocene ethylene/1-hexene copolymer with 2.3 mol% butyl branches.48 The 

lateral surface free energy at the equilibrium melting temperature,    is calculated using:20, 31  
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where   ,   , and    are the C-C bond length, the C-C bond length projected along the crystal c-

axis, and the limiting characteristic ratio, respectively. The temperature dependence of    in 

Equations 5.3 and 5.4 is considered negligible in the given range of crystallization temperatures. 

 (  ) and   (  ) are functions of the crystallization temperature written as:19 

 (  )  
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]√
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All thermodynamic, crystallographic and other constants necessary for the analysis of the lamellar 

thickness and spherulite growth rate data are given in Table 5.1.  

The     
  
 

   
          (  ) vs. [

   (  )

  
] plot for isothermally crystallized EH3 is shown 

in Figure 5.3. The ordinates in Figure 5.3 were determined using experimental spherulite growth 

rates measured here (Figure 5.1) and interpolated values of the lamellar thickness at the same 

crystallization temperature (Figure 5.2). Values of       calculated from the slope of the line tangent 

to this plot are shown as a function of the crystallization temperature for three different crystallized 

stem tilt angles in the insert in Figure 5.3. 
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Table 5.1. Constants used for the analysis of the lamellar thickness and spherulite growth rate data of           

m-LLDPE. 

   4.58×10
-8

 cm [48] 

   4.17×10
-8

 cm [48] 

   1.54×10
-8

 cm 

   1.273×10
-8

 cm 

   283 J/cm
3 
[39] 

  
  24 kJ/mol [50] 

  8.3145 J/mol 

  1.3806×10
-23 

J/K 

   7.38 at 140
o
C [49] 

 

 

Values of       estimated from the lamellar thickness data, Equation 5.4, are also depicted 

on the same plot, Figure 5.3. The fold surface free energies of EH3 during crystallization 

determined from analyses of the spherulite growth rate and the lamellar thickness data 

superimpose when a value of 53.2o is chosen for  . Using   values lower (19o) or higher (70o) than 

53.2o result in significant differences between the lamellar thickness and the spherulite growth rate 

estimates of the fold surface free energy, Figure 5.3. It is noteworthy that a tilt angle of   = 50 ± 7o 

was recently reported by Fritzsching et al.30 for a hydrogenated polybutadiene sample with similar 

molar mass and 4.6 mol% ethyl branches using small angle X-ray scattering, transmission electron 

microscopy, and longitudinal acoustic-mode Raman scattering data of Alamo et al.6 
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Figure 5.3.     
  
 

   
          (  ) vs. [

   (  )

  
] for the EH3 copolymer (○). The inner plot shows the fold 

surface free energy during crystallization obtained from the spherulite growth rate data (♦) and from the 

lamellar thickness data (○) using   = 53.2
o
.The solid line is the best fit to this data. The best fit to the       

values found from the spherulite growth rate data using   = 19
o
 (- - -) and   = 70

o
 (- · -) are also shown in the 

insert. Error bars correspond to one standard deviation. 

 

We then estimated the magnitude of the fold surface free energy per crystallized stem of 

linear polyethylene in the same range of undercooling using   = 0.032 oC-1 and    
     ⁄  = 45.5 ± 

5.2 erg/cm2, Figure 5.4.19 As in the case of linear polyethylene, the magnitude of the fold surface 

free energy per crystallized stem increases with increasing degree of undercooling for the EH3 

copolymer, Figure 5.4. Within the limits of error, the fold surface free energies per crystallized stem 
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are identical for EH3 and LPE, suggesting that the growth rate of EH3 spherulites is controlled by 

the availability of the crystallizable sequences in the vicinity of the crystal growth front. It is 

interesting to note that m-LLDPE adopts the same fold surface free energy per crystallized stem as 

LPE, favoring a higher tilt angle to compensate for the increased steric hindrance associated with 

the short branches. 

 

 

Figure 5.4. Fold surface free energy during crystallization per stem vs. undercooling for EH3 copolymer 

estimated from: spherulite growth rate and lamellar thickness data (♦) and only lamellar thickness data (○). 

The solid line is the best fit to the experimental data. The dashed line is the fold surface free energy during 

crystallization per stem for linear polyethylene. Error bars correspond to one standard deviation. 

 

We now turn our attention to the melting behavior of the EH3 copolymer. The degree of 

crystallinity, melting temperature, and half-width at half-height of the Gaussian fit to the melting 

endotherm of the EH3 copolymer increase with logarithm of crystallization time, Figure 5.5.  
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Figure 5.5. (a) Heat Flow vs.   for different crystallization times (endotherm up) for    = 101.6
o
C. (b) Percent 

crystallinity vs.    for     = 101.6
o
C. (c) Peak melting temperature vs.    for     = 101.6

o
C. (d) Half-width at 

half-height of the Gaussian fit to the melting endotherm vs.    for the EH3 copolymer crystallized isothermally 

at 101.6
o
C. The sample was melted using a heating rate of 1000

o
C/s. The arrow in Figure 5-c indicates the 

peak melting temperature of the initial lamellae. 

 

 

a b 
𝒕𝒄 

c d d 
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Figure 5.6. (a) Heat Flow (Gaussian fit) vs. temperature for heating rates between 1000 and 10000 
o
C/s, in 

increment of 1000
o
C/s for    = 101.6

o
C. (b) Half-width at half-height of the Gaussian fit to the melting 

endotherm vs. heating rate for the EH3 copolymer crystallized isothermally at 101.6
o
C. (c) Melting 

temperature of initial lamellae vs.      for the EH3 copolymer crystallized isothermally at 97.6 (●), 99.6 (♦), 

101.6 (+), 103.6 (■), 105.6 (◊), 107.6 (▲), 109.6 (○), 111.6 (×), 113.6 (∆) and 115.6
 o
C (□). The dashed 

curves are the best fits to the experimental data by Equation 5.1. (d)    (○) and    (●) vs.    for the initial 

lamellae of EH3. Error bars correspond to one standard deviation. 

 

𝚱 

a b 

c d d 
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The parallel evolution of the degree of crystallinity and melting temperature with time has 

been reported for LPE and m-LLDPE in previous studies.6, 20 The increase in melting temperature 

and half-width at half-height of the melting endotherm with time, however, results from the increase 

in the concentration of short chain branches in the amorphous phase.12, 21, 45 The melting 

temperature of initial lamellae is shown by the arrow on Figure 5.5 for crystallization at 101.6oC. 

The melting temperature and the half-width at half-height of the melting endotherm of isothermally 

crystallized lamellae of EH3 are strongly influenced by the heating rate, Figure 5.6. The half-width 

at half-height of the melting endotherm of EH3 increases linearly with increasing heating rate, 

Figure 5.6b. Figure 5.6c shows the changes in the peak melting temperature of initial lamellae vs. 

the square root of heating rate for the EH3 sample isothermally crystallized at different 

temperatures. Crystals of low thermal stability undergo melting without an activation barrier, 

therefore, a   of 0.5 was used to extrapolate the peak melting temperatures of initial lamellae to 

zero heating rate, Equation 5.1.20, 35 Plots of initial melting temperature vs.      in Figure 5.6c are 

non-linear with a positive curvature, suggesting the importance of thermal lag effects during the 

melting of EH3. The existence of thermal lag is related to the low crystallinity level at short 

crystallization times.19 Changes of   , and    (the melting kinetics and instrumental thermal lag 

prefactors in Equation 5.1) with crystallization temperature are depicted in Figure 5.6d. As 

suggested by Toda et al.34-36    and    are independent of crystallization temperature, their 

product,     , being constant and equal to 4.27 ± 0.04 × 10-5 (oC/s)1.5. 

Using the heating rate dependence of the half-width at half-height of the melting endotherm 

and Equation 5.1 we can construct the zero-heating rate endotherm for the initial lamellae of EH3 

at each crystallization temperature. Using Crist and Mirabella’s framework24 (Equation 5.8) we 

determined, for each crystallization temperature, the       value necessary to ensure that the 

lamellar thickness distribution derived from the melting endotherm through Equation 5.8 leads to 

the same number-average lamellar thickness as reported experimentally (Figure 5.2). To correlate 
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melting temperature and lamellar thickness, we used the Gibbs-Thomson equation14 (Equation 

5.9) and introduce      , the fold surface free energy of initial lamellae during melting. 

 ( )   ( )(    
  
  )

 
 (5.8) 

  
          

  

  (    
  
  )

 (5.9) 

Here,  ( ) and  ( ) are the normalized weight distribution function of the lamellar thickness and 

the power absorbed by the DSC at temperature   during melting, respectively.15  As EH3 lamellae 

do not thicken with time,21, 45 the lamellar thickness distribution obtained for the initial lamellae 

remains mostly unchanged until long crystallization times where secondary crystallization occurs.32 

The distribution polydispersity index (PDI) increases with increasing crystallization temperature, 

Figure 5.7, but the distribution remains sharp (PDI < 1.03). Crist and Mirabella24 showed that a m-

LLDPE copolymer containing more short-chain branches (more constraints) exhibits narrower 

lamellar thickness distribution. Therefore, we can attribute the increase in the breadth of the 

lamellar thickness distribution at higher crystallization temperatures to the crystallization of longer 

crystallizable sequences (less constraints on lamellar surfaces ).11 

Figure 5.8 depicts the fold surface free energy of EH3 during crystallization and melting as 

a function of undercooling. At low undercooling, the magnitude of the fold surface free energy 

during melting is significantly lower than the fold surface free energy during crystallization but 

approaches the value of     = 27.0 ± 3.1 erg/cm2 estimated for linear polyethylene with   = 53.2o, 

Figure 5.8 (            ).
19 On the other hand, at higher undercooling, similar fold surface free 

energies are observed for the copolymer during crystallization and melting (             ), Figure 

5.8. Using the values of       as the equilibrium fold surface free energy for EH3, we can calculate 

the apparent strength of the stem length fluctuations, insert in Figure 5.8. 
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Figure 5.7. (a) Normalized weight distribution function of the lamellar thickness for the initial lamellae of EH3 

crystallized isothermally at 113.6
o
C. (b) Polydispersity index of the initial lamella of EH3 vs. crystallization 

temperature. 

 

Again, at low undercoolings the magnitude of   approaches that of linear polyethylene (     

= 0.032 oC-1) while at higher undercoolings much lower values of   are observed.19-20 

Reorganization of the crystallized stems during crystallization and subsequent melting results in 

equilibration of the kinetic stem length fluctuations.17 Short chain branches at the surface of the m-

LLDPE lamellae limit such reorganization. Examination of the variation of       and        with 

undercooling (Figure 5.8) allows us to conclude that at low undercooling the long crystallizable 

sequences of m-LLDPE fold multiple times, leading to lamellar structures similar to these in linear 

polyethylene. A large fraction of the stem length fluctuations in these lamellae can equilibrate 

before melting as the concentration of short-chain branches on the lamellar surface is low. At high 

undercooling, short crystallizable sequences increase the concentration of short-chain branches 

on the lamellar surface, resulting in lamellae, whose stem length fluctuations cannot equilibrate 

before melting. As a result of a temperature-dependent fold surface free energy during melting, the 

zero-entropy production melting temperature for the number-average lamellar thickness,     (  

a b 
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 ), estimated using Equation 5.9 is almost parallel to the         line (    (   )     + 6.4oC) 

Figure 5.9a.  

  

Figure 5.8. Fold surface free energy of initial crystals of EH3 during crystallization: using spherulite growth 

rate and lamellar thickness data (♦) and using only lamellar thickness data (○). The solid line is the best fit to 

the experimental data. Fold surface free energy of initial crystals of EH3 during melting from peak melting 

temperature vs. undercooling (□). The insert shows the apparent strength of stem length fluctuations vs. 

undercooling. The dashed line is the best fit to the experimental data. Error bars correspond to one standard 

deviation. 
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Figure 5.9. (a)      (   ) vs.    for EH3 lamellae. The solid line represents        . The filled circle is the 

equilibrium melting temperature of EH3 obtained using Flory theory (Equation 5.2). (b) Gibbs-Thomson plot 

for the EH3 copolymer. The filled circle is the equilibrium melting temperature found using Flory’s equation. 

Error bars correspond to one standard deviation. 

 

A similar behavior was observed by Alamo et al.6 for the melting of low crystallinity (   ) 

LLDPE samples. The effect of a temperature dependent fold surface free energy during melting is 

also obvious in the Gibbs-Thomson plot, Figure 5.9b. A linear fit to the experimental data leads to 

the physically meaningless     
  

 = 180.2 ± 1.2oC, about 40oC higher than the equilibrium melting 

temperature of linear polyethylene.20 Therefore, the melting temperature vs. reciprocal of lamellar 

thickness plot for this copolymer sample must be non-linear. 

 

  

a b 
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5.6. Conclusions 

Spherulite growth rate and lamellar thickness data of an m-LLDPE sample containing 3 

mol% butyl branches were analyzed using the modified LH theory. Values of the fold surface free 

energy during crystallization determined from these different datasets superimpose if a crystallized 

stem tilt angle of 53.2o  is chosen. Independent support for this tilt angle value from a combination 

of transmission electron microscopy, X-ray and Raman scattering provide strong support for the 

use of the modified LH theory in such materials.  The fold surface free energy during crystallization 

increases with increasing undercooling for the copolymer as it does for linear polyethylene. The 

fold surface free energy per stem during crystallization approaches that of linear polyethylene at 

low undercooling. The peak melting temperature and the half-width at half-height of melting 

endotherms of initial lamellae were measured for different heating rates using the Flash™ DSC 1 

for samples isothermally crystallized at different temperatures. Extrapolation to zero-heating rate 

allowed to account for the effects of superheating, melting kinetics and thermal lag. The initial 

lamellar thickness distribution estimated from the melting endotherm for each crystallization 

temperature is narrow with a polydispersity index increasing slightly with increasing crystallization 

temperature. At low undercooling the magnitude of the fold surface free energy during melting is 

significantly lower than the fold surface free energy during crystallization, while at higher 

undercooling, similar fold surface free energies are observed for the copolymer during 

crystallization and melting.  As a result of this temperature dependence, the experimental    vs.    

plot is parallel to the       line while the corresponding Gibbs-Thomson plot is non-linear. This 

behavior is attributed to the fact that longer crystallizable sequences form a chain-folded structure 

with lower concentration of branch points on the lamellar surface at lower undercooling, similar to 

the case of linear polyethylene. On the other hand, at higher undercooling the crystallization of 

shorter ethylene sequences results in the formation of lamellar structures exhibiting a higher 

concentration of branch points.  An increase in the concentration of branch points on the lamellar 
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surface is expected to lead to a reduction in the ability of lamellar structures to relax their kinetic 

stem-length fluctuations during heating prior to melting. 
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Chapter 6. Analysis of the Crystallization Temperature and Chain 

Length Dependences of the Spherulite Growth Rate of        

Poly(ethylene oxide) 

 

Hadi Mohammadi, Zhenyu Huang, Samantha Talley and Hervé Marand 

 

6.1. Attribution 

Samantha Talley contributed to this work by conducting the wide angle X-ray diffraction 

experiments. Zhenyu Huang measured the spherulite growth rates. Design of the experiments, 

conventional DSC experiments, and processing and analysis of the data were all performed by 

Hadi Mohammadi. The paper was prepared by Hadi Mohammadi and Hervé Marand. 

 

6.2. Abstract 

Zero-entropy production melting temperatures for initial lamellae of isothermally 

crystallized poly(ethylene oxide) fractions were analyzed in the context of the non-linear 

Hoffman-Weeks method, leading to a limiting equilibrium melting temperature of 81.4 ± 1.0oC, 

12.5oC higher than that estimated by Buckley and Kovacs. Analysis of the spherulite growth 

rate and wide angle X-ray diffraction data revealed that the value of the equilibrium fold surface 

free energy derived from crystal growth rate data matches that calculated from lamellar 

thickness and melting data. The regime I/II transition undercooling, equilibrium fold surface free 

energy, strength of the stem length fluctuations, and substrate length at the regime I/II transition 

are found to be independent of chain length. The magnitude of the apparent chain friction 
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coefficient during crystal growth is significantly lower for poly(ethylene oxide) than for linear 

polyethylene, possibly as a result of a much more active   -relaxation for the former polymer. 

   

6.3. Introduction 

Poly(ethylene oxide) (PEO) has been one of the most extensively studied semi-crystalline 

polymers for the last 50 years.1-6 Crystallization of poly(ethylene oxide) is particularly interesting 

in the sense that even at very low temperatures crystalline chains undergo a rapid                   

  -relaxation.7-9 For instance, at room temperature the net rate of displacement of PEO chains 

through helical jumps along the c-axis is about 15 times faster than that for linear polyethylene 

(LPE) chains in orthorhombic crystals at 100oC.7-12 As a result of the rapid   -relaxation, 

isothermal crystallization of low to intermediate molecular weight poly(ethylene oxide) fractions 

(  < 20 kg/mol) at ambient pressure gives rise to extended-chain crystals.13-14 Understanding 

of the role played by segmental mobility in the crystal phase on the crystallization mechanism, 

is however still lacking.15 To start it is of interest to compare the molecular weight dependence 

of the crystallization rate for LPE under ambient and under high pressure. The exponent of the 

power law dependence of the spherulite growth rate of orthorhombic crystals on chain length at 

constant undercooling is -1.7.15-16 Examination of experimental data for a large number of 

narrow molar mass LPE fractions allowed us to relate the magnitude of this exponent to the 

apparent chain friction coefficient during transport to the crystal growth front.16 This exponent 

increases to -0.7 for growth rates of hexagonal crystals prepared at constant undercooling via 

crystallization under high pressure.15, 17-19 Significantly higher segmental mobility is observed for 

LPE chains in the hexagonal phase compared to the orthorhombic phase.8, 17-19 It is anticipated 

that studies of the isothermal crystallization of poly(ethylene oxide), a polymer with similar   -

mobility as hexagonal crystals of LPE, may enable us to get some insight on the role of 

segmental mobility in the crystal phase on the crystallization mechanism. 
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The first step in analyzing the crystallization behavior of any polymer is to determine its 

equilibrium melting temperature,   
  

.16, 20 Using an analysis similar to that proposed by Flory 

and Vrij,21 Buckley and Kovacs22-23 suggested that the equilibrium melting temperature of an 

infinite molecular weight PEO sample,   
    

, is equal to 68.9 ± 0.4oC. Later, Mandelkern and 

Stack24 noted that the extrapolative method of Buckley and Kovacs22-23 has two major problems: 

1) the samples used in the analysis were not rigorously monodisperse, thus, the crystals were 

not molecular crystals with paired chain-ends and 2) the free energy expansion was not 

performed correctly. Furthermore, we noticed that for PEO fractions with molecular weights 

between 2 to 10 kg/mol, the melting data of used in the extrapolation was not characteristic of 

extended-chain crystals but included chain-folded crystals or had crystallinity not exceeding 90-

95%.13-14, 23 In the case of fractions studied by Buckley and Kovacs, the crystallinity of their 

extended-chain crystals reached a maximum value of 70%.23 A lower concentration of 

extended-chain crystals leads to an artificially lower equilibrium melting temperature. These 

errors strongly affect the relationship obtained for the chain length dependence of the 

equilibrium melting temperature of PEO.24 Mandelkern and Stack24 suggested that the 

equilibrium melting temperatures of high molecular weight PEO fractions are essential for 

obtaining a reliable relationship between chain length and equilibrium melting temperature. 

Using the Hoffman-Weeks method, Afifi-Effat and Hay,2 Marentette and Brown,25 Alfonso and 

Russell,26 Beech and Booth27 and Allen28 have reported values in the range of 75 to 80oC for 

the equilibrium melting temperature of poly(ethylene oxide) for molecular weights in excess of 

105 g/mol. However, as we have showed in a number of publications,29-30 the linear Hoffman-

Weeks method underestimates the equilibrium melting temperature of polymers. Therefore, a 

non-linear Hoffman-Weeks analysis of the melting behavior of high molecular weight 

poly(ethylene oxide) fractions is necessary.16, 30 
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In this paper we discuss the melting data obtained using a conventional calorimeter for 

four poly(ethylene oxide) fractions crystallized isothermally at different temperatures over a 

range of crystallization times. We consider the heating rate dependence of the calorimetric data 

to minimize annealing and melting-recrystallization-remelting phenomena, and to account for 

superheating and thermal lag effects.31-32 We extrapolate the experimental melting data to zero 

heating rate, zero crystallinity conditions and use these extrapolated melting temperatures in 

the context of the non-linear Hoffman-Weeks method to determine the equilibrium melting 

temperature for these PEO fractions.29-30 We then use these values to determine the 

parameters of the Huggins equation relating equilibrium melting temperature to chain length.29, 

33 We then analyze spherulite growth rate data for five PEO fractions with number average 

molecular weights ranging from 21 to 157 kg/mol using the modified Lauritzen-Hoffman (LH) 

theory.16 The modified LH theory accounts for the temperature dependence of both the fold 

         and lateral     surface free energies on the spherulite growth rate of PEO.16, 20, 34-36 We 

estimate the substrate length for these PEO fractions at the undercooling,       , for the regime 

I/II transition using lattice coherence length measurements carried out by wide angle X-ray 

diffraction.37-38 The substrate length obtained by this method is used to determine the apparent 

chain friction coefficient during crystal growth.16 The results of such analyses are used to shine 

some light on the crystallization mechanism of poly(ethylene oxide). 

 

6.4. Experimental 

6.4.1. Material 

Nine narrow molecular weight poly(ethylene oxide) fractions with weight average 

molecular weights ranging from 21 to 232 kg/mol were purchased from Scientific Polymer 

Products and Polymer Laboratories and used as received. The molecular characteristics of 
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these fractions are given in Table 1. These samples were kept in an evacuated desiccator in the 

dark prior to usage to minimize degradation.39-40  

6.3.2. Differential Scanning Calorimetry 

The melting behavior of four PEO fractions (PEO 34K, 70K, 100K, and 232K) was studied 

using sealed TzeroTM pans in a conventional TA Instruments Q2000 differential scanning 

calorimeter (DSC) under a dry nitrogen flow of 50 mL/min. Thermal calibration during heating 

was performed with indium, tin, and zinc standards using TA Instruments’ calibration wizard. 

The PEO films used in these experiments were prepared using a Carver laboratory press 

operated at 100oC under a nitrogen atmosphere. Thermal lag studies for the conventional DSC 

were carried out following the melting of a small piece of indium (mass less than 0.1 mg) 

sandwiched between two PEO 70K films.16 Our results indicate that indium and indium 

sandwiched between two 50 μm thick PEO films had the same melting temperature in the range 

of heating rates between 70 and 110oC/min.16 Similar experiments carried out with significantly 

thicker (e.g. 1 mm thick PEO films) showed systematic deviations between the indium sandwich 

and the indium standard. All DSC studies discussed here used 50 μm thick PEO films with 

average mass of about 1.5 mg. 

All calorimetric experiments were initiated by heating the sample to 110oC and holding it 

at this temperature for 30s to erase prior thermal history. The samples were then cooled down 

to 0oC with a cooling rate of 20oC/min and held at this temperature for 30s. The samples were 

subsequently heated (with a heating rate of 50oC/min) to a self-seeding temperature about 5oC 

higher than the peak melting temperature.  At this point, most of the crystalline sample was 

molten. The samples were then cooled to specific crystallization temperatures at a rate of 

20oC/min and crystallized for various times,   . The small crystalline fraction remaining from the 

self-seeding procedure acted as nucleation sites during isothermal crystallization. While this 

self-seeding technique is highly reproducible, it does not alter the crystallization behavior of 
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PEO.1, 14 Crystallization temperatures,   , were chosen on the low temperature side to ensure 

that crystallization did not take place during cooling or during subsequent heating prior to 

melting. On the high temperature side, crystallization was limited to temperatures where crystal 

growth occurs much faster than isothermal lamellar thickening. Under such conditions, the 

melting temperature is approximately constant at the earliest stages of crystallization. Samples 

were subsequently melted by heating at a rate ranging from 70 to 110oC/min (in increments of 

5oC/min) and their peak melting temperature and heat of fusion were recorded. For every 

crystallization temperature, a baseline heating trace was also recorded for a sufficiently short 

crystallization time where no crystals had time to develop. This baseline was subtracted from 

the heating trace of partially crystallized samples to minimize the error (less than 1%) in the 

measured heat of fusion. The lower the degree of crystallinity, the narrower the breadth of the 

melting endotherm, the smaller the expected error.41 The degree of crystallinity of each sample 

was estimated using the heat of fusion of PEO, 188 J/g.24 For each crystallization temperature, 

the initial melting temperature,   , of non-thickened lamellae is defined as the melting 

temperature of samples exhibiting the lowest crystallinity, where    does not change with time. 

The zero-entropy production melting temperature of these non-thickened lamellae was obtained 

for each crystallization temperature by extrapolation to zero heating rate using Equation 6.1 

proposed by Toda et al.31-32  

              
      (6.1) 

where  ,   , and    are the heating rate, and constant prefactors, respectively. The terms 

   
  and     account for the effect of melting kinetics and instrumental thermal lag on the 

melting temperature of the standard, respectively. The thermal lag constant (   × 103 = 6.9 ± 

0.1 min) was determined from the slope of the indium onset melting temperature vs. heating 

rate plot.29 Crystals of low thermal stability undergo melting without an activation barrier, 
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therefore, a   of 0.5 was used to extrapolate the peak melting temperature of initial lamellae to 

zero heating rate, Equation 6.1.29, 31 

 6.3.3. Spherulite Growth Rate Measurements 

Spherulite growth rates of five PEO fractions (PEO 21K, 44K, 75K, 113K, and 157K) were 

measured by optical microscopy.42 Thin PEO films (ca. 30 μm) were prepared using a Carver 

laboratory press operated at 100oC under a nitrogen atmosphere. Small pieces of the films 

were sandwiched between clean glass cover slips and placed in a Linkam THM 600 heating-

cooling stage under a dry nitrogen flow of 50 ml/min. The sample temperature was regulated 

within ±0.1oC using a Linkam TMS 93 temperature controller. Temperature calibration for the 

stage and temperature controller was performed in the range of 50 to 110oC using 5 melting 

standards: benzophenone (   = 48.5oC), 1,3-diphenoxy-benzene (    = 60oC), 2,6-di-tert-butyl-

4-methylphenol (   = 70oC imidazole (   = 90oC) m-toluic acid (   = 111oC) Before each 

spherulite growth rate measurement, the PEO films were heated to 100oC and kept in the melt 

state for 3 minutes to erase previous thermal history. The films were subsequently cooled at a 

rate of 50oC/min to the desired crystallization temperature and the spherulite growth was 

monitored using an Olympus BX-50 polarized light optical microscope interfaced to a video 

camera. Using the ImageJ image analysis software, spherulite radii were measured as a 

function of time for four spherulites at each crystallization temperature. Spherulite growth rates 

were calculated as the slope of the observed linear increase of the radius with time.42 As the 

crystal growth front of poly(ethylene oxide) changes around 51oC,25, 43 the spherulite growth rate 

measurements were only analyzed for    > 51oC. For all isothermal spherulite growth 

experiments in the 51 to 62oC temperature range, the relative standard deviation on the 

average spherulite growth rate was determined to be less than 5%.42 
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6.3.4. Lattice Coherence Length Measurements 

Lattice coherence lengths of four PEO fractions (PEO 34K, 70K, 100K and 232K) were 

determined using wide angle X-ray diffraction. The widths of the (120) reflection of 

semicrystalline PEO was measured at the regime I to regime II transition temperature using a 

Rigaku S-Max 3000 SAXS/WAXD instrument at Virginia Tech. This diffraction set-up used a 

Micromax-007HF high intensity microfocus rotating anode copper source (CuKα, λ = 0.154 nm, 

operated at 40 kV and 30 mA) and a gas filled 2-D multiwire, proportional counting detector. 

The X-ray beam was collimated using three pinholes. Samples were pressed into 1 mm thick 

films using a Carver Laboratory Press at 100oC under a nitrogen atmosphere. The films were 

then cut into 1×1×1 mm3 specimens and sandwiched between two Kapton™ films. Each 

sandwich was then affixed to the sample platform of a Linkam THMS 600 heating/cooling stage 

using an o-ring and then placed in the diffractometer. The Linkam stage had a 1 mm diameter 

hole to allow the passage of the X-rays. The sample temperature was regulated within ±0.1oC 

using a Linkam T-95-PE temperature controller. Temperature calibration of the heating stage 

was performed in the range of 50 to 150oC using 6 melting standards: benzophenone (   = 

48.5oC), 2,6-di-tert-butyl-4-methylphenol (   = 70oC), imidazole (   = 90oC), m-toluic acid (   = 

111oC), methylhydroquinone (   = 128oC), and l-xylose (   = 150oC). Before each WAXD 

measurement the PEO sample was heated to 100oC at a heating rate of 30oC/min under 

vacuum and kept at this temperature for 1 minute to erase its previous thermal history. The 

sample was then cooled at a rate of 30oC/min to room temperature and held there for 1 minute. 

The sample was heated to the self-seeding temperature at a rate of 30oC/min and finally cooled 

to       at a rate of 30oC/min. WAXD patterns of the crystallized samples were recorded in a 

0.05 - 0.28 nm-1 q range (i.e. 2θ between 7 and 40o) for 30 min under vacuum at the appropriate 

crystallization temperatures using a Fujifilm™ HR-V image plate (with an aperture of 0.375” 

diameter and a sample-to-image plate distance of 92.0 mm). The image plate was scanned 



160 
 

using a RAXIA-Di™ image plate reader. Angular calibration was performed using the third-order 

diffraction ring of a silver behenate standard. Using the SAXSGUI™ software package, the 

WAXD scattering intensity was corrected for Kapton™ scattering as well as absorption. Similar 

measurements were performed using a lanthanum hexaboride standard to evaluate the 

instrumental peak broadening. After subtraction of the amorphous halo, the (120),    = 9.5o, 

diffraction peak of PEO crystals was fitted with a Gaussian function, Equation 6.2. 

          ( 
(    )

 

   
 ) (6.2) 

where   ,     ,    and    are the Bragg angle at maximum intensity, the angular dependent 

diffraction intensity, the diffraction peak height and the standard deviation of the Gaussian 

intensity distribution, respectively. The integral breath of the diffraction peak,  , was then 

obtained using:  

    √   (6.3) 

The integral breadth (      = 0.169) for the diffraction of lanthanum hexaboride at    = 10.5o 

was obtained following the same method. The instrumental broadening contribution to the 

observed peak broadening of PEO crystals was then accounted for using the integral breadth of 

the standard,      , Equation 6.4.  

      
          

  (6.4) 

      is the corrected integral breadth for the diffraction peak. The lattice coherence length 

associated with the (120) growth front,       , was then calculated using the Scherrer 

equation,44 Equation 6.5. 

       
 

           
 (6.5) 

Measurements were performed in triplicate for each PEO fraction. 
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6.4. Results and Discussion 

6.4.1. Chain Length Dependence of the Equilibrium Melting Temperature for            

Poly(ethylene oxide) 

Figure 6.1a shows the evolution of the melting endotherm with crystallization time for PEO 

34K crystallized isothermally at 52.6oC. These melting endotherms were recorded with a 

heating rate of 70oC/min. Since all melting studies were carried out at rates in excess of 

70oC/min, melting-recrystallization-remelting and annealing were avoided during heating.23, 29 

The degree of crystallinity (Figure 6.1b) and melting temperature (Figure 6.1c) of PEO 34K 

exhibit a sigmoidal increase with logarithm of crystallization time, which is related to the 

nucleation and growth of new lamellae and the thickening of old lamellae at earlier and later 

crystallization times, respectively.29 The melting temperature of initial lamellae is shown with an 

arrow in Figure 6.1c for PEO 34K crystallized isothermally at 52.6oC. These lamellae have not 

had enough time to thicken, therefore, an increase in melting temperature is not observed. The 

effect of thermal lag on the melting of initial lamellae of PEO was corrected using the thermal 

lag constant in Equation 6.1 (   × 103 = 6.9 ± 0.1 min).29, 31-32 Figure 6.2 shows the melting 

temperatures of initial lamellae of vs. square root of heating rate for PEO samples crystallized 

isothermally at different crystallization temperatures. As expected, the corrected melting 

temperature increases linearly with the square root of heating rate.29, 31-32 The zero-entropy 

production melting temperature of initial lamellae at each crystallization temperature,        , 

was estimated from the intercept of the corresponding plot. In the model proposed by Toda and 

Konishi,31 the melting kinetics constant (  ) is proportional to   ⁄ . As   = 0.5 is constant for the 

studied PEO fractions, the values of    are found to be independent of crystallization 

temperature for each fraction. 
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Figure 6.1. (a) Evolution of the melting endotherm for PEO 34K crystallized for different times at 52.6

o
C. 

(b) Degree of crystallinity vs. crystallization time for PEO 34K crystallized at 52.6
o
C. (c) Melting 

temperature vs. crystallization time for PEO 34K crystallized at 52.6
o
C. Melting behavior of this fraction 

was studied at a heating rate of 70
o
C/min. The arrow in Figure 6.1c indicates the peak melting 

temperature of the initial lamellae. 

 

Using the initial melting temperatures for non-thickened lamellae formed at different 

crystallization temperatures, normalized melting,  , and crystallization,  , temperatures are 

calculated for different choices of the equilibrium melting temperature.29-30 Once the correct 

equilibrium melting temperature is used,   and   exhibit a linear relationship with slope of one, 

Figure 6.3.29-30 Equilibrium melting temperatures of 78.8 ± 1.0, 80.8 ± 0.6, 81.0 ± 1.5, and 80.8 ± 

1.2oC are determined by this method for PEO 34K, 70K, 100K, and 232K, respectively. The 

a b 

c 
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value of 81.0 ± 1.5 oC estimated for PEO 100K is higher than any equilibrium melting 

temperature value reported in the literature for PEO fractions.2, 26-28 The equilibrium melting 

temperatures of these PEO fractions overlap within the uncertainty limits, however, the data 

obtained for PEO are consistent with the increase in equilibrium melting temperature with 

increasing molecular weight, expected on the basis of chain-end effects.29  

 

 

Figure 6.2. Melting temperature vs.      for non-thickened lamellae of: (a) PEO 34K crystallized at 51.6 

(●), 52.6 (▲), 53.6 (■), 54.6 (◊),55.6 (○), 56.6 (♦) and 57.6
o
C (□). (b) PEO 70K crystallized at 51.6 (●), 

52.6 (▲), 53.6 (■), 54.6 (◊),55.6 (○), 56.6 (♦) and 57.6
o
C (□). (c) PEO 100K crystallized at 51.6 (●), 52.6 

(▲), 53.6 (■), 54.6 (◊),55.6 (○), 56.6 (♦) and 57.6
o
C (□). (d) PEO 232K crystallized at 50.6 (∆), 51.6 (●), 

52.6 (▲), 53.6 (■), 54.6 (◊),55.6 (○) and 56.6
 o
C (♦). The dashed lines represent the best fit of the melting 

temperature data to Equation 6.1. 

a b 

c d 
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The equilibrium melting temperatures obtained for PEO fractions by the non-linear 

Hoffman-Weeks method are about 13oC higher than these predicted by the Buckley-Kovacs 

equation.22-23 The values of the non-linear Hoffman-Weeks constant,  ̅. determined from the 

intercept of the   vs.   plot are also independent of chain length ( ̅ = 6.9 ± 0.6), see the insert 

in Figure 6.5.29, 41  

 

 

Figure 6.3.   vs.   for (a) PEO 34K, (b) PEO 70K, (c) PEO 100K and (d) PEO 232K. The plots were 

drawn using the equilibrium melting temperature leading to a slope of unity for each  -  plot. Error bars 

associated with M values arises from the uncertainty in the observed melting temperature. 

a b 

c d 
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Plots of observed melting temperature vs. crystallization temperature are shown in Figure 

6.4 for the various fractions. For each PEO fraction, the intercept of the linear regression line 

with the        line (the linear Hoffman-Weeks extrapolation) leads to an apparent equilibrium 

melting temperature that is about 10oC lower than the non-linear counterpart. 

 

 

 

Figure 6.4.    vs.    for (a) PEO 34K, (b) PEO 70K, (c) PEO 100K and (d) PEO 232K. The short-dash 

line and the solid line are the linear Hoffman-Weeks and the non-linear Hoffman-Weeks extrapolations, 

respectively. The long-dash line is the       line. 

a b 

c d 
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To obtain the chain length dependence of equilibrium melting temperature of PEO, the 

values estimated in this work as well as those reported by Afifi-Effat and Hay,2 Buckley and 

Kovacs,22-23 Qiu et al.,45 and Kovacs and Straupe46 for the melting of low molecular weight (  < 

2 kg/mol) extended chain crystals were fitted to a Huggins equation, Figure 6.5.33  

 

Figure 6.5. Equilibrium melting temperature vs.   , the number average number of backbone carbon 

atoms per chain. Data from melting of extended chain crystals reported by: Afifi-Effat and Hay,
2
 Buckley 

and Kovacs,
22-23

 Qiu et al.,
45

 and Kovacs and Straupe
46

 (), the Gibbs-Thomson Plot
47

 (∆),  and  the 

present work using the non-linear Hoffman-Weeks approach (□). The solid line shows the best fit to the 

experimental results with a Huggins equation while the dash line represents the prediction from the 

Buckley-Kovacs equation.
22-23

 The error bars correspond to one standard deviation.  

The inset shows  ̅ vs.   .  
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This plot also includes the equilibrium melting temperature of a PEO fraction with number 

average molecular weight of 100 kg/mol determined from a Gibbs-Thomson plot.47 Equation 6.6 

shows the parameters associated to the best Huggins fit to the data: 

  
  

        (
       

       
) (6.6) 

where    is the number average number of bonds per chain. The equilibrium melting 

temperature of an infinitely long poly(ethylene oxide) chain is 81.4 ± 1.0oC, 12.5oC higher than 

that estimated by Buckley and Kovacs.22-23 In contrast with the relationship found for linear 

polyethylene,29 both constants in the numerator and the denominator of Equation 6.6 are 

positive. As the constant in the numerator is related to the melting of chain ends, Buckley and 

Kovacs attributed this positive value to hydrogen bonding of the hydroxy terminated chains.22-23 

6.4.2. Analysis of the Spherulite Growth Rates for Poly(ethylene oxide) 

The average number of bonds per chain,  , was calculated by Equation 6.7 for each 

fraction used in the isothermal spherulite growth rate analysis (Table 6.1). 

  √      (6.7) 

where    is the weight average number of bonds per chain. Figure 6.6 shows the isothermal 

spherulite growth rate vs. crystallization temperature data for the PEO fractions studied here.42 

The spherulite growth rate data are analyzed by the modified LH theory (see Appendix D) for   

   > 51oC, as the crystal growth front of PEO lamellae changes from the (210) plane to the 

(010) plane at crystallization temperatures around 51oC.25, 43 All thermodynamic, 

crystallographic and other constants necessary for the analysis of spherulite growth rate data of 

PEO are given in Table 6.2. 
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 Table 6.1. Molecular characteristics of the poly(ethylene oxide) fractions used in this study. 

Sample    (g/mol)     ⁄    

PEO 21K 21000 1.08 1380 

PEO 34K 33600 1.02 2300 

PEO 44K 43500 1.1 2830 

PEO 70K 70000 1.06 4910 

PEO 75K 74900 1.03 5030 

PEO 100K 101200 1.04 7250 

PEO 113K 113200 1.13 8200 

PEO 157K  157000 1.09 10240 

PEO 232K 231600 1.04 16090 

 

Table 6.2. Constants used for the analysis of spherulite growth rate data of poly(ethylene oxide). 

   4.62×10
-8

 cm [25, 48]   
  17 kJ/mol [6, 49] 

   4.62×10
-8

 cm [25, 48]   8.3145 J/mol 

   1.46×10
-8
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-23

 J/K 

   0.93×10
-8
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o
C [51] 

   231 J/cm
3
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The crystal growth regimes of poly(ethylene oxide) were determined by plotting     
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The regime I/II transition temperature is determined from the point where the slope of these 

plots alters significantly. The values of       found by the analysis of the spherulite growth rate 

data are very close to these estimated by Allen et al.5 from calorimetric data.  

 

Figure 6.6. Spherulite growth rate vs. crystallization temperature for PEO fractions: PEO 21K (○),  

PEO 44K (■), PEO 75K (♦), PEO 113K (◊) and PEO 157K (▲). 

 

Figure 6.7 illustrates the chain length dependence of the undercooling at the I/II regime 

transition,       . As for linear polyethylene,29 the undercooling at the I/II regime transition of 

poly(ethylene oxide) shows no dependence on chain length (      
   

 = 23.0 ± 0.4oC). After 

finding the undercooling limits associated with regimes I and II, we can evaluate the chain 

length dependence of spherulite growth rate for each regime. Figure 6.8a shows a plot of   vs. 

  at    = 23.6oC in regime II. The dependence of the spherulite growth rate on chain length 

exhibits a power law behavior with an exponent of -0.54 ± 0.05.  Figure 6.8b illustrates the 

changes in - s the power law exponent in       with undercooling. Within experimental 

uncertainty the chain length dependence of   is almost the same in both regimes I and II. The 
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average power law exponent found here (-0.38 ± 0.06) is much smaller than that reported for 

LPE.29  

 

Figure 6.7.        vs.  . The solid line represents the average        = 23.0 ± 0.4
o
C. 

 

 

Figure 6.8. (a)   vs.   at    = 23.6
o
C, in regime II. The solid line represents the best fit to the data.  

The dashed line is a power law behavior with exponent of -1. (b) Power law exponent for the dependence 

of   on   in regime I (◊) and regime II (■). Error bars correspond to one standard deviation. 

𝑮~𝒏 𝟎 𝟓𝟒±𝟎 𝟎𝟓 

a b 
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The values of   
  and    

  for each fraction in regimes I and II are determined using 

Equations D.3 to D.10, Figure 6.9. The ratio    
     

 ⁄  is equal to 2.06 ± 0.15, in agreement with 

theoretical predictions.16, 20, 34  

 

Figure 6.9.     
  

 

   
              [       ] and     

  
 

   
         

     

 
[       ]vs. 

        [
 

  
 

 ̅

  
  ] [       ] for PEO 44K. The dashed lines represent the best fit to the data in  

regime I (○) and regime II (□). The solid line shows the transition between regimes I and II. 

 

Figure 6.10a shows the changes of the equilibrium fold surface free energy with chain 

length. Values of    
  in regimes I and II are randomly scattered about their average      

  = 55.0 

± 3.0 erg/cm2 and       
  = 53.4 ± 2.4 erg/cm2. The average value of    

  in regimes I and II for the 

PEO fractions with    values ranging from 34 to 232 kg/mol is 54.2 ± 2.7 erg/cm2 is 

independent of chain length. A Gibbs-Thomson analysis of Schönherr and Frank’s data47 for a 

PEO fraction with number average molecular weight of 100 kg/mol yields     = 49.8 ± 1.4 

erg/cm2. Within the limits of experimental error, all values reported here for    
  and     for melt 

Regime I 

Regime II 
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crystallized PEO fractions are almost identical. In the range of chain lengths considered here, 

we also find that the strength of stem length fluctuations,   = 0.016 oC-1, is independent of chain 

length. The power law dependence of    on chain length    ~     for PEO fractions in regimes 

I and II is also shown in Figure 6.10b. The power law exponents in regime I and II are -0.35 ± 

0.05 and -0.55 ± 0.04, respectively. 

 

Figure 6.10. (a)    
  vs.   from spherulite growth of PEO fractions in regime I (◊) and in regime II (■) and 

from a Gibbs-Thomson analysis (○).
47

 The solid line shows the average value    
  = 54.2 ± 2.7 erg/cm

2
. 

Error bars correspond to one standard deviation. (b)    vs.   for regime I (◊) and regime II (■). The solid 

lines represent the best fit to the data. 

 

Figure 6.11a shows the WAXD pattern for the PEO 34K fraction crystallized isothermally 

at 55.8oC (regime I/II transition temperature) in the range of 2θ of 16 to 20o. In this range of 

diffraction angles, PEO exhibits diffraction peaks for the (120), (111) and (013) crystal planes.53-

54 After deconvolution of these peaks, the (120) substrate length was estimated from the 

integral breadth of the (120) diffraction peak. In the given range of molecular weights, the (120) 

substrate length at the regime I/II transition temperature,       , was independent of chain 

𝑮𝒐𝑰~𝒏
 𝟎 𝟑𝟓±𝟎 𝟎𝟓 

𝑮𝒐𝑰𝑰~𝒏
 𝟎 𝟓𝟓±𝟎 𝟎𝟒 

a b 
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length (      = 350 ± 20 Å), Figure 6.11b. A similar behavior was observed for linear 

polyethylene.16 The width of the critical nucleus, defined by         , is the minimum size 

necessary for a nucleus to reach the zone of thermodynamic stability (Appendix D).16, 20, 34    

and        are plotted as a function of chain length in Figure 6.11b. The width of the critical 

nucleus is smaller than the measured (120) substrate length, satisfying an important criterion for 

any realistic model of crystal growth. 

 

Figure 6.11. (a) Diffracted intensity vs. 2θ for PEO 34K crystallized isothermally at 55.8
o
C. The solid lines 

show the deconvoluted diffraction peaks. (b)        (○) and    (■) vs.   at the regime I/II transition 

temperature. The solid line is the best fit to the    vs.   data. Error bars correspond to the standard 

deviation on triplicate measurements. 

 

Given the quantities of       ,    
 ,    , and      at the regime I to II transition temperature, 

we determine   , the configurational path degeneracy, and   
 , the apparent chain friction 

coefficient during crystallization normalized to a reference temperature of    = 100oC (Appendix 

D). The values of configurational path degeneracy obtained by this method are about an order 

of magnitude higher than these determined for linear polyethylene at its regime I/II transition 

a b 
(120) 

(111) 
(013) 
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temperature.16 Different power law dependences of     and      on chain length leads to a 

chain-length dependent configurational path degeneracy (  ~     ±    ), Figure 6.12. As the 

chain length increases, the number of possible paths for crystallization increase.   
 , the 

apparent friction coefficient during crystallization normalized to a reference temperature of    = 

100oC is plotted as a function of chain length in Figure 6.13. 

 

Figure 6.12.    vs.   at the regime I/II transition. The solid line represents the best fit to the data. 

 

   , the friction coefficient associated with chain reptation in a pure melt accounting for 

constraint release and contour length fluctuations at the reference temperature of    = 100oC is 

also depicted in Figure 6.13.16 Values of    were calculated using experimental values for the 

center of mass diffusion coefficient of poly(ethylene oxide) reported in the  literature at 100oC.6, 

49, 55 The values of    calculated here are in agreement with the values obtained by Niedzwiedz 

et al.56 from rheology and neutron spin-echo experiments. The center of mass diffusion 

coefficient of PEO exhibits a power law dependence on chain length, where the power 

exponent is -2.34 ± 0.07.6, 49, 55 This leads to a relationship of   ~     , similar to the power law 

𝑪𝒐~𝒏
𝟎 𝟑𝟗±𝟎 𝟎𝟖 
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relationship observed for linear polyethylene.16 Unlike LPE, however, the values of   
  are much 

smaller (about 20 to 60 times) than   . The apparent friction coefficient during crystallization 

also exhibits a power law dependence on chain length,   
 ~     ±    , where the power law 

exponent is much lower than for LPE (0.7 vs. 1.7).16 

 

Figure 6.13. Apparent chain friction coefficient for PEO during crystallization (○) and curvilinear chain 

friction coefficient in the melt (- - -) at the reference temperature of 100
o
C. The solid line is the best fit to 

the apparent chain friction coefficient of PEO during crystallization. 

 

To understand the nature of PEO’s apparent friction coefficient during crystallization, we 

compare the spherulite growth rates of two pairs of LPE and PEO fractions with similar average 

number of bonds per chain, Figure 6.14. At low undercooling (regime I), the spherulite growth 

rate of LPE is significantly larger than that of PEO, while the difference between the spherulite 

growth rates decreases with increasing undercooling. Table 6.3 shows the values of different 

parameters defined in the LH theory controlling the spherulite growth rate (Equation D.3) of LPE 

and PEO at    = 10oC in regime I. 

𝝃𝒄
𝒐~𝒏𝟎 𝟕𝟒±𝟎 𝟎𝟔 

𝝃𝒐~𝒏𝟏 𝟑 
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Figure 6.14. Spherulite growth rate vs. undercooling for LPE (■) and PEO (○) fractions with average 

number of bonds per chain of: (a) 1380 and (b) 5030.
38, 57

 

 

Table 6.3. Parameters defined in the LH theory controlling spherulite growth rate of LPE and PEO at                 

   = 10
o
C (regime I).

29
  

  = 1380 at    = 10
o
C 

Sample       (K
3s2g-1)             [

 

  
 

 ̅

  
  ] (K

-1)     (106 cm/s)    
  (K) 

LPE 21.1 1.87 0.15 0.14 0.013 200 

PEO 21.6 1.90 0.11 0.12 3.43 460 

  = 5030 at    = 10
o
C 

Sample       (K
3s2g-1)             [

 

  
 

 ̅

  
  ] (K

-1)     (106 cm/s)    
  (K) 

LPE 21.1 1.87 0.15 0.14 0.022 200 

PEO 21.6 1.90 0.11 0.12 1.90 460 

 

In the range of molecular weights studied, values of      ,      ,      , and [
 

  
 

 ̅

  
  ] are 

independent of chain length and are almost identical for LPE and PEO. The larger spherulite 

growth rates for LPE than for PEO are therefore related to the higher secondary nucleation 

constant of PEO (  
         

      ~ 2.3), which leads to a lower rate of secondary nucleation. 

a b 
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On the other hand, the larger    values for poly(ethylene oxide) lead to smaller differences 

between the spherulite growth rates at higher undercooling where the effects of secondary 

nucleation on the ratio of the spherulite growth rates decreases. Our calculations related PEO’s 

large    value to low apparent friction coefficients. However, any coupling between lamellar 

thickening and crystal growth is ignored in the LH theory. Polymers with high   -relaxation rates 

adjust for lamellar thickening during crystal growth, which lead to additional forces on the chains 

during crystallization. As a result, by not considering the contribution of these forces on transfer 

of the segments through the melt-crystal interface, we underestimate the value of the apparent 

friction coefficient during crystallization. Such underestimation may also influence the chain 

length dependence of   
 . 

 

6.5. Conclusions 

The melting behavior of four poly(ethylene oxide) fractions with weight-average molecular 

weights of 34, 70, 100, and 232 kg/mol is studied as a function of crystallization time and 

temperature by conventional calorimetry. The initial melting temperatures of non-thickened 

lamellae formed under isothermal conditions over a range of crystallization temperatures are 

used in the context of the non-linear Hoffman-Weeks method to determine the equilibrium 

melting temperature.   
  

 values of 78.8 ± 1.0, 80.8 ± 0.6, 81.0 ± 1.5, and 80.8 ± 1.2oC for PEO 

34K, 70K, 100K, and 232K, respectively. Fitting the dependence of equilibrium melting 

temperature on chain length to a Huggins equation leads to a limiting equilibrium melting 

temperature of 81.4 ± 1.0oC for an infinitely long poly(ethylene oxide) chain. Spherulite growth 

rate data of five narrow molecular weight poly(ethylene oxide) fractions with weight average 

molecular weights of 21, 44, 75, 113, and 157 kg/mol are analyzed at low to moderate 

undercoolings using the modified LH theory. The regime I to II transition occurs at an 

undercooling        = 23.0 ± 0.4oC independent of chain length. In both regimes,   is 
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proportional to      . The value of    
  is equal to 54.2 ± 2.7 erg/cm2 and independent of chain 

length. The ratio of    
     

 ⁄  is equal to 2.06 ± 0.15, matching the LH model’s prediction.     

and       exhibit different dependencies on chain length (i.e.           ±     and      

      ±    ). Combination of the non-linear Hoffman-Weeks and spherulite growth rate analyses 

leads to a value   of 0.016 oC-1 at       , independent of chain length. The substrate length for 

PEO 34K, 70K, 100K, and 232K fractions were measured at their        using WAXD. The 

length of the (120) growth fronts were independent of molecular weight. The apparent friction 

coefficient and configurational path degeneracy of a crystallizing poly(ethylene oxide) chain 

were proportional to      ±     and      ±    , respectively. The magnitude of the apparent chain 

friction coefficient during crystal growth is significantly lower for PEO than for LPE, possibly the 

result of a much more active   -relaxation for the former polymer. Observation of significantly 

larger spherulitic growth rates for LPE than for PEO at low undercooling is explained by the 

higher secondary nucleation constant for PEO than for LPE (  
         

      ~ 2.3). The 

difference in spherulitic growth rates between PEO and LPE at high undercooling is smaller due 

to the lower apparent friction coefficient of PEO. 
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6.7. Appendix D: Modification of the LH Theory 

The modified LH theory was initially developed for the analysis of the lamellar thickness 

and spherulite growth rate data of linear polyethylene.29 In the modified LH theory, the fold 

surface free energy during crystallization at low to intermediate undercooling is assumed to be a 

linear function of undercooling, Equation D.1.35 

       
         (D.1) 

Here,    
  and   are the equilibrium fold surface free energy during crystallization and the 

strength of stem length fluctuations, respectively.35 The lateral surface free energy is also 

regarded as a function of crystallization temperature, Equation A.2.36 

  
          

  
     (D.2) 

where    is the lateral surface free energy at the equilibrium melting temperature,  

   (
    

 
)(

  

  
)

 

 
    

  
.16 Here,   ,   ,   ,   , and      

   are the volumetric heat of fusion, the 

crystallized stem width, the average bond length,  the average bond length projected along the 

c-axis, and the limiting characteristic ratio at the equilibrium melting temperature, respectively. 

 , is a constant providing access to the undercooling dependence of the chain dimensions 

(Equation D.2). Using the modified LH theory, we can relate the spherulite growth rate,  , of 

isothermally crystallized PEO at regime I (Equation D.3) and regime II (Equation D.4) to the 

crystallization temperature and the equilibrium fold surface free energy during crystal growth, 

   
 .16  

     
  

 

   
              [       ]            

         [
 

  
 

 ̅

  
  ] [       ] (D.3) 
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 (D.10) 

  
 ,  ,   ,   ,   and    are the activation energy for center-of-mass diffusion, the universal gas 

constant, the width and thickness of a crystallized stem, Boltzmann’s constant and the 

volumetric enthalpy of fusion of the copolymer, respectively.     and      are the spherulite 

growth rate constants in regime I and II, respectively.  ̅ is the constant in the non-linear 

Hoffman-Weeks equation, which is related to   by:16, 29-30 

  
 ̅

  
   

                

    
    

 [
                    

                    
] (D.11) 
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The configurational path degeneracy,   , and the apparent friction coefficient for the 

crystallizing chain at the regimes I/II transition temperature,   , can be calculated from 

Equations D.12 and D.13.16  

   
     

   
   

  (
   

    
)
 

 (D.12) 

   
       

 

    
    

  
  

   (
   

    
 )   (

  
 

   
) (D.13) 

Here,    is the number of stems per substrate length. For each PEO fraction,    is normalized 

to a reference temperature of    = 100oC by:6, 49, 58 

     
    (

  
 

   
)   ( 

  
 

   
) (D.14) 

where   
  is the apparent chain friction coefficient at the reference temperature. The minimum 

number of stems necessary for a secondary surface embryo to become a stable nucleus,   , is 

also written as:16 
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where16 
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Chapter 7. General Conclusions and Future Work 

 

7.1. General Conclusions 

 Investigations of the melting and crystallization behaviors of series of narrow molecular 

weight distribution linear polyethylene and poly(ethylene oxide) fractions using ultra-fast and 

conventional differential scanning calorimetry, wide angle X-ray diffraction, and optical 

microscopy were discussed in Chapters 3, 4, and 6. Most significantly, we have shown that the 

non-linear Hoffman-Weeks treatment leads to equilibrium melting temperatures that are within 

the experimental uncertainty identical with these measured directly for extended chain crystals 

or derived from a Gibbs-Thomson analysis. Our results indicate that the chain length 

dependence of the equilibrium melting temperature of these polymers follows a Huggins type 

equation with limiting equilibrium melting temperatures of 141.4 ± 0.8oC and 81.4 ± 1.0oC for 

linear polyethylene and poly(ethylene oxide), respectively, significantly different from that 

predicted by the Flory-Vrij1 and Buckley-Kovacs2 equations. Using equilibrium melting 

temperatures obtained from the non-linear Hoffman-Weeks analysis, we have shown for the first 

time that the value of the equilibrium fold surface free energy derived from crystal growth rate 

data using the modified Lauritzen-Hoffman theory matches that calculated from lamellar 

thickness and melting data through the Gibbs-Thomson equation for both linear polyethylene 

and poly(ethylene oxide). We reported that the regime I/II transition undercooling, equilibrium 

fold surface free energy, and strength of the stem length fluctuations and substrate length at the 

regime I/II transition of linear polyethylene and poly(ethylene oxide) are independent of chain 

length. The apparent chain friction coefficient during crystal growth exhibits different power law 

exponents than that found for reptation in the melt. The magnitude of the apparent chain friction 

coefficient during crystal growth is significantly lower for PEO than for LPE, possibly the result of 
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a much more active   -relaxation for the former polymer (note that any coupling between 

lamellar thickening and crystal growth is ignored in the LH theory). Observation of significantly 

larger spherulitic growth rates for LPE than for PEO at low undercooling is explained by the 

markedly higher secondary nucleation constant for PEO than for LPE (  
 (   )   

 (  ) ~ 2.3).  

The fact that the difference in spherulitic growth rates between PEO and LPE at high 

undercooling is smaller than expected on the basis of their   
  ratio is explained by the lower 

apparent friction coefficient of PEO. 

 In Chapter 5, the role of short-chain branching in the crystal growth kinetics of 

ethylene/1-hexene copolymers is discussed. It is observed that the fold surface free energies 

during crystallization and during melting are both function of the undercooling. The ratio of the 

former to the latter decreases with increasing undercooling, suggesting that the extent of the 

relaxation of stem-length fluctuations during heating and melting also decreases with increasing 

undercooling. We proposed that this behavior may be related to the concentration of short-chain 

branches at the surface of the lamellae, where higher concentration leads to lower relaxation. 

 

7.2. Future Work 

7.2.1. On the Crystallization Mechanism of Linear Flexible Polymers 

One of the most important aspects of our spherulite growth rate analysis was concerned 

with accounting for the effect of stem length fluctuations in Lauritzen-Hoffman secondary 

nucleation theory. Using this approach, we were able to answer one of the main discrepancies 

observed between the Lauritzen-Hoffman kinetic theory and the Gibbs-Thomson 

thermodynamic analysis: why are the fold surface free energies during melting and 

crystallization different? However, we were not able to draw definite conclusions on the chain 

length dependence of the strength of stem length fluctuations. Performing the non-linear 
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Hoffman-Weeks analysis at more crystallization temperatures and for a larger number of narrow 

molecular weight distribution fractions would lead to better statistics and possibly allow us to 

determine whether or not the strength of stem-length fluctuation is chain length dependent. 

Our results also indicated that the segmental mobility within the crystalline phase may play 

an important role in the crystal growth mechanism (coupling of lamellar thickening and chain-

folded lamellar growth). Such observation needs to be confirmed through measurement of 

apparent friction coefficients for other semi-crystalline polymers with high   -relaxation rates. 

Polytetrafluoroethylene and t-polybutadiene are two polymers meeting that criterion.3 After 

determining the equilibrium melting temperature of these polymers via the non-linear Hoffman-

Weeks method, the spherulite growth rate and wide angle X-ray diffraction data can be 

analyzed, allowing us to look for similar trends in the chain length dependence of their apparent 

friction coefficient as for poly(ethylene oxide) and the hexagonal phase of linear polyethylene.  

Analysis of the spherulite growth rate of m-LLDPE copolymers with less than 2 mol% short 

branches can also be useful in this regard. While these copolymers experience lamellar 

thickening during crystallization,4 the rate of their   -relaxation can be adjusted by varying 

concentration of the short-chain branches. 

 7.2.1. On the Crystallization and Melting of Semi-Crystalline m-LLDPE 

 It is imperative to confirm the effect of short-chain branching on the morphology of semi-

crystalline m-LLDPE copolymers with other experimental techniques. The morphological 

aspects suggested here can be examined by studying single crystals of m-LLDPE at various 

undercoolings via longitudinal acoustic mode Raman scattering, small angle X-ray scattering 

and atomic force microscopy. These single crystals can be obtained by crystallization from the 

melt or solution.5-6 One would also like to study the effect of the overall concentration of the 

short-chain branches on both the fold surface energies during crystallization and during melting 

for copolymer lamellae at various undercoolings. 



191 
 

7.3. References     

1. Flory, P.; Vrij, A., Melting points of linear-chain homologs. The normal paraffin 

hydrocarbons. Journal of the American Chemical Society 1963, 85 (22), 3548-3553. 

2. Kovacs, A.; Gonthier, A.; Straupe, C. In Isothermal growth, thickening, and melting of poly 

(ethylene oxide) single crystals in the bulk, Journal of Polymer Science: Polymer Symposia, 

Wiley Online Library: 1975; pp 283-325. 

3. Hu, W. G.; Schmidt‐Rohr, K., Polymer ultradrawability: the crucial role of α‐relaxation chain 

mobility in the crystallites. Acta Polymerica 1999, 50 (8), 271-285. 

4. Cho, T.; Heck, B.; Strobl, G., Equations describing lamellar structure parameters and 

melting points of polyethylene-co-(butene/octene) s. Colloid and Polymer Science 2004, 

282 (8), 825-832. 

5. Toda, A.; Keller, A., Growth of polyethylene single crystals from the melt: morphology. 

Colloid and Polymer Science 1993, 271 (4), 328-342. 

6. Liu, J.; Xie, F.; Du, B.; Zhang, F.; Fu, Q.; He, T., Lateral habits of single crystals of 

metallocene-catalyzed low molecular weight short chain branched polyethylene from the 

melt. Polymer 2000, 41 (24), 8573-8577. 

 


