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Modeling and Estimation of Bat Flight for Learning Robotic Joint
Geometry from Potential Fields

Matthew J. Bender

(ABSTRACT)

In recent years, the design, fabrication, and control of robotic systems inspired by biology
has gained renewed attention due to the potential improvements in efficiency, maneuver-
ability, and adaptability with which animals interact with their environments. Motion stud-
ies of biological systems such as humans, fish, insects, birds and bats are often used as a
basis for robotic system design. Often, these studies are conducted by recording natural
motions of the system of interest using a few high-resolution, high-speed cameras. Such
equipment enables the use of standard methods for corresponding features and producing
three-dimensional reconstructions of motion. These studies are then interpreted by a designer
for kinematic, dynamic, and control systems design of a robotic system. This methodology
generates impressive robotic systems which imitate their biological counter parts. However,
the equipment used to study motion is expensive and designer interpretation of kinematics
data requires substantial time and talent, can be difficult to identify correctly, and often
yields kinematic inconsistencies between the robot and biology.

To remedy these issues, this dissertation leverages the use of low-cost, low-speed, low-
resolution cameras for tracking bat flight and presents a methodology for automatically
learning physical geometry which restricts robotic joints to a motion submanifold identified
from motion capture data. To this end, we present a spatially recursive state estimator which
incorporates inboard state correction for producing accurate state estimates of bat flight. Us-
ing these state estimates, we construct a Gaussian process dynamic model (GPDM) of bat
flight which is the first nonlinear dimensionality reduction of flapping flight in bats. Addi-
tionally, we formulate a novel method for learning robotic joint geometry directly from the
experimental observations. To do this, we leverage recent developments in learning theory
which derive analytical-empirical potential energy fields for identifying an underlying motion
submanifold. We use these energy fields to optimize a compliant structure around a single
degree-of-freedom elbow joint and to design rigid structures around spherical joints for an
entire bat wing. Validation experiments show that the learned joint geometry restricts the
motion of the joints to those observed during experiment.



Modeling and Estimation of Bat Flight for Learning Robotic Joint
Geometry from Potential Fields

Matthew J. Bender

(GENERAL AUDIENCE ABSTRACT)

In recent years, robots modeled after biological systems have become increasingly prevalent.
Such robots are often designed based on motion capture experiments of the animal they aim
to imitate. The motion studies are typically conducted using commercial motion capture
systems such as ViconTM or OptiTrackTM or a few high-speed, high-resolution cameras such
as those marketed by PhotronTM or PhantomTM. These systems allow for automated process-
ing of video sequences into three-dimensional reconstructions of the biological motion using
standard image processing and state estimation techniques. The motion data is then used
to drive robotic system designs such as the SonyTM AiboTM dog and the Boston Dynamics
Atlas humanoid robot. While the motion capture data forms a basis for these impressive
robots, the progression from data to robotic system is neither algorithmic nor rigorous and
requires substantial interpretation by a human.

In contrast, this dissertation presents a novel experimental and computational framework
which uses low-speed, low-resolution cameras for capturing the complex motion of bats in
flight and introduces a methodology which uses the motion capture data to directly design
geometry which restricts the motion of joints to the motions observed in experiment. The
advantage of our method is that the designer only needs to specify a general joint geometry
such as a ball or pin joint, and geometry which restricts the motion is automatically identi-
fied. To do this, we learn an energy field over the set of kinematic configurations observed
during experiment. This energy field “pushes” system trajectories towards those experimen-
tally observed trajectories. We then learn compliant or rigid geometry which approximates
this energy field to physically restrict the range of motion of the joint. We validate our
method by fabricating joint geometry designed using both these approaches and present ex-
periments which confirm that the reachable set of the joint is approximately the same as the
set of configurations observed during experiments.
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Chapter 1

Introduction

In recent years, many investigators have used biology as inspiration for robotic systems due
to the promises of increased efficiency, adaptability and maneuverability as compared to
conventional robotic platforms such as wheeled, tracked, fixed-wing, or rotary-wing systems.
The current design paradigm for designing biologically inspired systems consists of three main
steps: 1) record observations of the motion of a biological system using commercially available
motion capture systems or a few high-speed, high-frame rate cameras [29, 30, 50, 71, 72, 93],
2) perform a quantitative or qualitative analysis of the system of interest [87, 109, 114, 115],
and 3) using designer interpretation of the motion data, design a system which mimics
the observed motion [8, 75, 80]. This design paradigm has yielded many impressive and
functional robotic systems [56, 77]. However, commercial motion capture systems made by
ViconTM or OptiTrackTM or high-quality cameras made by PhotronTM or PhantomTM are
expensive. Additionally, designer interpretation of kinematics data requires substantial time
and talent and can differ from its biological counterpart in important ways [45]. Due to
the proliferation or research in bioinspired robotics, a new, low-cost, algorithmic approach
for collecting biomotion data and synthesizing robotic hardware is needed. To this end,
this dissertation develops an experimental protocol which exploits an emerging class of low-
speed, low-resolution cameras for studying the complex motions of bat flight, develops a low-
dimensional nonlinear dynamic model of the observed motion, and develops an algorithmic
framework for learning joint geometry from biological motion capture data.

Bat motion is difficult to study due to the articulated wing skeleton [52] and nonlinear,
anisotropic, internally-actuated wing membrane [101]. To study this complex motion, many
investigations have used a few high-frame-rate, high-resolution cameras [24, 86]. In contrast,
our experimental protocol employs twenty to thirty GoPro Hero 3+ Black Cameras which re-
duces occlusions of feature points but introduces nonlinear lens distortion and large-baseline,
nonlinear motions in image space. These issues make state estimation difficult because stan-
dard methods for image correspondence tend to fail when nonlinearities and large-baseline
motion are present in the image sequences. Even with hand annotated images, the low sam-
pling rate produced position and pose estimates of the bat skeleton which, when projected
back into the images, exhibited very high reprojection errors. To reduce estimation errors,
we derive a conditionally independent state estimator which incorporates inboard state cor-
rection. Through both synthetic and experimental results, this dissertation shows that our
estimator produces state estimates which are an order of magnitude more accurate than
those generated by Kalman filters which do not incorporate inboard state correction.

1



2 Chapter 1. Introduction

In addition to exploiting inexpensive imaging equipment for motion capture of bat flight, a
goal of this project was to develop a low-order dynamic model of bat flight. Fortunately,
there is a large body of work which developed Gaussian Process models for dimensionality
reduction of human motion. Methods such as Gaussian Process Latent Variable Models
(GPLVM) [59] and Gaussian Process Dynamic Models (GPDM) [116] have shown that human
walking can be described in a two to three degree of freedom latent space. We use the
GPDM framework because it identifies the latent space and the dynamics within the latent
space simultaneously. Our application of GDPM to bat flight data is the first nonlinear
dimensionality reduction of bat flight and provides critical insight to coupling between the
degrees of freedom of the bat skeleton. This dynamic model could be used in the future as
the motion model in a state estimator or for robotic system design. While dynamics and
control investigations are outside the scope of this thesis, we use the kinematics data to
develop rigorous methods for robotic joint design.

The current design paradigm for biologically inspired robots would require designer interpre-
tation of the kinematics data generated by our low-cost motion capture system. In contrast,
we develop two frameworks which learn range-of-motion limiting features of robotic joint ge-
ometry that restrict motions to those observed during experiment. Both methods presented
herein learn a submanifold on which motions evolve by developing analytical-empirical (AE)
potential energy functions over the space of admissible configurations. The AE potential
functions serve to “push” system trajectories close to the set of configurations observed dur-
ing experiments. Our first investigation which uses such energy models optimizes the stiffness
of compliant spring elements to approximate the learned energy function. Thus the compli-
ant structure which surrounds the joint penalizes motions away from the identified manifold
by storing strain energy as the joint reaches the edge of the admissible set. Our second AE
potentials paper uses the AE model to identify a zero-potential set of configurations which
is used to design range-of-motion restricting end caps for spherical joints. We construct an
entire bat wing using this method and show that the learned geometry successfully restricts
joint motions to those observed during experiment.

This thesis is comprised of the three journal papers which describe the experimental methods
for studying the complex motion of bat flight, develop a Gaussian Process Dynamic Model
(GPDM) of bat flight, optimize a compliant, range-of-motion-limiting structure around a
single degree of freedom joint, and learn the geometry of range-of-motion limiting end-caps
from experimental observations of bat flight. The citations for the three papers and the
contributions of each author are listed below

1. Matthew J Bender, Li Tian, Xiaozhou Fan, Andrew Kurdila, and Rolf Müller. Spa-
tially recursive estimation and gaussian process dynamic models of bat flapping fight.
Nonlinear Dynamics, (In Press), 2018

• Matt Bender: Led development of GoPro camera array and synchronization sys-
tem as well as the collection of bat flight data. Derived the conditionally in-
dependent Bayes’ filter which incorporates inboard state correction. Processed
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calibration data and wrote most of the MatLab code used for state estimation
and processing. Developed the Gaussian Process Dynamic Model of bat flight.
Generated all figures and results presented in this paper.

• Li Tian: Invaluable contributions to development of synchronization system and
GoPro array. Assisted with data collection and provided editorial comments on
the paper.

• Xiaozhou Fan: Invaluable contribution to data processing by leading the team
which manually labeled images such that state estimation could be conducted.
Assisted with data collection and provided editorial comments on the paper.

• Andrew Kurdila: Co-chair of first author’s PhD Committee. Invaluable contri-
butions to the development of the estimator and GPDM of bat flight. Provided
copious editorial comments on writeup.

• Rolf Müller: Co-chair of first author’s PhD Committee. Invaluable contributions
to data collection both in execution and in acquiring funding and establishing
facilities and equipment for experiments. Provided many editorial comments on
writeup.

2. Matt J. Bender, Aishwarya George, Nathan Powell, Andrew Kurdila, and Rolf Müller.
Empricial potential functions for driving bioinspired joint design. ASME Journal of
Dynamic Systems, Measurements, and Control, In Press, 2018

• Matt Bender: Designed the general structure of the joint geometry, derived the
solution for beam displacement and force calculations, wrote a substantial portion
of the paper. Fabricated and tested all prototype joints. Generated all figures
and results presented in this paper.

• Aishwarya George: Contributed to code development, wrote an FEM section for
the paper which was removed from the final paper due to length restrictions, and
provided editorial comments on the writeup.

• Nathan Powell: Contributed to code development, wrote an FEM section for the
paper which was removed from the final paper due to length restrictions, and
provided editorial comments on the writeup.

• Andrew Kurdila: Co-chair of first author’s PhD Committee. Invaluable con-
tributions to the initial concept that robotic hardware could be designed using
analytical empirical potential energy functions. Wrote theory section which de-
velops the AE models used in this paper. Provided copious editorial comments
on writeup.

• Rolf Müller: Co-chair of first author’s PhD Committee. Invaluable contributions
to data collection of bat flight both in execution and in acquiring funding and
establishing facilities and equipment for experiments. Provided many editorial
comments on writeup.
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3. Matt J. Bender, Jia Guo, Nathan Powell, Andrew Kurdila, and Rolf Müller. Learing
bioinspired joint geometry from motion caputre data of bat flight. Bioinspiration &
Biomimetics, In Review, 2018

• Matt Bender: Formulated the process for using the analytical empirical potential
functions for learning the geometry of joint end-caps. Developed MatLab code
for processing data. Designed, fabricated, and tested all hardware used in this
paper. Wrote a substantial portion of the final manuscript.

• Jia Guo: Assisted with code development and provided editorial comments on
the writeup.

• Nathan Powell: Assisted with code development and provided editorial comments
on the writeup.

• Andrew Kurdila: Co-chair of first author’s PhD Committee. Invaluable contribu-
tions to the development analytical-empirical models theory and wrote the asso-
ciated appendix of the paper. Provided copious editorial comments on writeup.

• Rolf Müller: Co-chair of first author’s PhD Committee. Invaluable contributions
to data collection both in execution and in acquiring funding and establishing
facilities and equipment for experiments. Provided many editorial comments on
writeup.



Chapter 2

Spatially Recursive Estimation and
Gaussian Process Dynamic Models of
Bat Flapping Flight

Bats exhibit exceptional agility, maneuverability, and efficiency during flight due to the
complex articulated multibody structure of their wings and to the nonlinear and unsteady
dynamics that govern their motion. While excellent progress has been made in the study
of the kinematics of bat flapping flight, there still does not exist a dynamic model which
is suitable for use in state estimation. This issue is typically overcome by using a few high
frame rate cameras to capture motion, however, such systems are expensive and prone to
measurement occlusion. This paper establishes a methodology that is designed to exploit
an emerging class of experimental hardware which employs low resolution, low cost, and
highly redundant imaging networks. The redundant camera network ameliorates the issue
of self-occlusion, but the large-baseline, nonlinear motion of points in image space makes
tracking difficult without a suitable motion prior. To remedy this issue, this paper exploits
the tree topology of the bat skeleton and introduces a conditionally independent Bayes’ filter
implemented with inboard state correction. Our results show that at low frame rates, this
estimator performs better than both the standard and conditionally independent without
inboard correction approaches for state estimation of an open kinematic chain. In addition to
the estimation strategy, we construct a Gaussian process dynamic model (GPDM) of flight
dynamics which we will use in future work as a suitable motion prior for state estimation.
The GPDM presented in this paper is the first nonlinear dimensionality reduction of bat
flight.

2.1 Introduction

A surge of research into micro-air-vehicles (MAVs) has taken place over the past decade. The
novelty of flapping-wing MAVs encourages optimism that significant performance enhance-
ments may arise based on bioinspiration. Although substantial progress has been made in
observing, modeling, and synthesizing flapping flight MAVs, most designs employ only a few
degrees of freedom per wing. These designs resemble those of an insect [120] or bird [90].
When compared to insects and birds, the potential benefits of using bats for MAV bioin-

5
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spiration include enhanced maneuverability, stability, and efficiency. To date, researchers
have synthesized 2 examples of bat-like robots. One incorporates a smart metal alloy (SMA)
actuator [25] and another employs anisotropic membrane material to approximate the bat
wing membrane [80, 82]. These examples are impressive, functional realizations that ap-
proximate bat flight. However, they do not approach the full skeletal complexity of bats.
Because of the early stage of development of MAVs based on flapping flight, the need to
develop rigorous biomimetic estimation, modeling, and design principles for such vehicles is
pressing. Thus, the goal of this paper is to devise an experimental and analytical framework
for the characterization of complex articulated flapping flight which can form the basis for
rigorous biomimetic MAV design methodologies.

The main difficulty in realizing the full complexity of bat flight in flapping wing MAVs is
the fundamental lack of understanding of the kinematics and dynamics of the bat skeleton.
While our kinematic definition is described in more detail in Section 2.4, it is characterized
by a family of homogeneous transforms, H0

l , which maps body fixed vectors on link l back
to the inertial frame. These transforms are formulated as

H0
l =

[
R0

l r00,l
0T 1

]
,

where R0
l is a rotation matrix which describes the relative orientation between the body

fixed frame on link l and the inertial frame, and r00,l is the location of the origin of the lth
body fixed frame expressed in the inertial frame. Both of these terms are functions of the
joint coordinates q1:l for all links l ∈ T where l is an address in the connectivity tree, T , of
the bat skeleton.

Using these kinematic variables, it is possible to express the equations governing the dynamics
of bat flight in the form,

M(q)q̈ +C(q, q̇)q̇ +
∂V

∂q
= τa + τc (2.1)

where M is the mass matrix, C is the Coriolis matrix, V is the system potential energy, τa
is a vector of aerodynamic forces and torques, τc is a vector of control forces and torques,
and q =

[
qT1 , ..., q

T
L

]T is the entire state vector. Despite the analytical formulation for the
nonlinear mass matrix M(q) we cannot determine values for link lengths, masses, or inertias
with enough certainty which would render it useful for state prediction. Additionally, the
Coriolis matrix C(q, q̇) depends on the an-isotropic, internally actuated wing membrane for
which only preliminary investigations have been conducted [24]. Furthermore, the complex
aerodynamic torques, τa, are caused in part by the highly articulated wing structure of bats.
The study of this class of fluid flows still poses numerous open research challenges in the
field of computational fluid dynamics [92] because unsteady, nonlinear effects are substantial
and cannot be neglected [38]. Performing on-line computation of these aerodynamics is
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intractable because they require on the order of 106 to 108 computational degrees of freedom
[111, 113] and, consequently, hours or days to complete [112]. Finally, the control forces and
torques, τc, are unknown and unmeasurable with current data acquisition hardware. Thus,
even if all the previous terms were known, we still do not know how to drive the system. Thus,
Equation 2.1 cannot be used for robotic design, prediction in recursive filtering algorithms,
or dimensionality reduction.

It must be emphasized that identifying joint states and identifying the dynamics in Equation
2.1, are inherently coupled. Recall that any recursive probabilistic filter includes a prediction
step which generates a preliminary state estimate from the equations of dynamics. We
have already noted, however, that the classical equation of robotics in Equation 2.1 are
poorly understood rendering them effectively useless in this context. Conversely, algorithms
which approximate the equations of robotics in Equation 2.1 can be constructed by relying
on experimentally determined kinematic variables,

{
ql
}L
l=1

, but we do not have such joint
trajectories—estimating them is the purpose of this paper. After estimating joint trajectories,
we learn a Gaussian process dynamic model (GPDM) which defines a discrete evolution law
within a latent space and a mapping from latent space to the full state space. To the best
of our knowledge, this is the first nonlinear dimensionality reduction of bat flight.

To begin our detailed discussion of our method, Section 2.2 provides a literature review of
related research in bat flight and state of the art estimation methods. In Section 2.3, we
present an overview of our framework for estimating joint states without a suitable motion
model. Next, Section 2.4 discusses the theoretical formulation for our estimator and reviews
the GPDM formulation. Section 2.5 presents synthetic simulations and experimental results
which show that our estimator out performs traditional methods and that the manifold we
identify using GPDM is consistent with the observed motions. Finally, Section 2.6 provides
concluding remarks and opportunities for future work.

2.2 Related Research

Bat Flight Studies

The kinematics and aerodynamics of bat flapping flight is exceptionally rich and complex
and has been studied by many researchers to date. Previous studies of bat flight have
employed a small number of high frame rate, high resolution, low distortion cameras [15, 24,
49, 85, 86, 87, 107, 119]. Due to the quality of cameras used, the motion of points in the
image space, while nonlinear, has a small baseline in these studies. This allows for a direct
application of standard techniques like optical flow and Lucas-Kanade tracking [15] to be
used to establish temporal marker correspondence. Because of the small number of cameras,
initialization of marker points in each frame can be done manually with little or modest user
intervention. Software packages exist for processing this data which are open-source [21, 44]
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or commercially available [105].

While the experimental hardware used in these studies allows for the use of more or less
standard tracking and correspondence algorithms, the limited number of cameras are prone
to systematic, pervasive, and periodic self occlusions [87, 107]. In many papers this effect is
substantial. In fact, the loss of inertial estimates due to self occlusion is reported to occur
during 15.6% of the observation time during an experiment [87]. Additionally, many of the
previous studies only use data from a single wing for dimensionality reduction [87], CFD
studies [111, 112, 113], and PIV measurements [86, 87, 119].

Finally, the previous experiments were conducted with fruit-eating bats. While these bats
have highly articulated wings, their food does not evade them. Bats that are predators
of insects must pursue and capture prey, often in dense forest environments. Thus, they
typically exhibit more agile maneuvers during capture of prey [6] and, therefore, present a
formidable challenge to motion studies.

Table 2.1 summarizes the experimental paradigms used in previous studies and provides
a contrast to the experimental methods presented in this paper. As shown in Table 2.1,

Source Cams fps Res Points Species
[2] 2 200 Film 6 R. ferrumequinum

[107] 2 500 ? ≈20 C. brachyotis
[49] 4 200 1024 17 C. brachyotis
[119] 2 250 ? 9 G. soricina

[15, 24, 85, 86,
87]

3-4 1000 1024 17-32 C. brachyotis
R. aegyptiacus
P. pumilus
E. hypomelanus
P. vampyrus

Our Array 30 120 720p ≈120 R. ferrumequinum
(This Paper) (17) (34) H. pratti

(H. armiger)

Table 2.1: Bat Flight Motion Capture System Specifications

the experimental facility developed in this paper uses an order of magnitude more cameras,
operating at 1

2
to 1

8
the frame rate, and at a substantially lower resolution than that used

historically. The cameras used in these experiments are GoPro Hero 3+ Black cameras which
record 720p video at 120 frames per second (fps). These cameras were selected because they
provide adequate sampling rate and resolution at an order of magnitude lower cost than
typical high speed, high resolution cameras. An example of the images produced by the
system is shown in Figure 2.1. In the figure, a top-view camera can see the back of the
bat and tops of the wings, and a side-facing camera can see the top of the right wing in
some frames and the bottom of the right wing in others. In future work, we will study and
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compare the complex maneuverability exhibited by an assortment of species of bats. Such
maneuvers will require the highly redundant camera system developed for our experiments
to minimize or eliminate the problem of self occlusion.

While the experimental hardware used in our experiments will eliminate the self occlusion
problem in many flight regimes and allows motion capture of both wings, the low cost cameras
introduce difficulties which are not observed in conventional studies that employ a few high
quality cameras, such as lens distortion, low resolution, and large baseline motion. These
difficulties cause the standard methods such as feature descriptor matching or optical flow
to fail when applied to our image sets. Thus, we look to recent advancements in articulated
motion estimation for approaches which can be adapted to our application.

Estimation of Kinematic Pose

Although standard tracking and correspondence methods often fail for the data sets used in
this paper, many researchers have studied kinematic estimation of biological systems, and
alternative methods have been proposed. The three-dimensional reconstruction of biological
kinematics has been studied for a long time, and many survey articles on the topic exist. One
popular review [72] discusses the state of the art in human motion capture techniques for
monocular, stereo, and redundant camera systems. Another review [34] focuses on motion
estimation techniques for the human hand, including the use of various numbers of cameras
for pose determination. A more recent review [61] summarizes techniques for estimating 2D
motion of characters in monocular image sequences (using only one camera). These reviews
are only a few of those that exist, and the reader is directed to the references of these reviews
for a more exhaustive list of common state estimation techniques for motion capture studies.

Within these reviews of articulated motion capture, many themes emerge in the approaches
developed to date. All of the current kinematic estimation algorithms use either determin-
istic or probabilistic methods. Deterministic methods aim to identify pose via constrained
optimization. Conversely, probabilistic methods aim to model the subject’s motion and the
sensors with which the object is observed to iteratively predict and correct the estimated
state of the system. Additionally, certain variants of the stochastic motion capture approach
are capable of representing multiple hypotheses, which makes the approaches attractive when
ambiguities in pose exist.

While these methods differ in execution, both deterministic and probabilistic formulations of
the problem can be applied as a batch process or as a recursive algorithm. Batch solutions use
data from all time steps and all sensors to estimate all states at all time steps simultaneously.
Due to the dimensionality of the biological kinematic estimation problem, this approach is
generally computationally demanding or intractable altogether. Thus, a common formulation
is to estimate all states at a single time given all sensor information from that time step.
This is the most common paradigm in motion estimation and has been employed in previous
studies of bat flight [12, 13, 15]. Recursive solutions use a subset of the collected data to
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estimate a portion of the pose states at a block of the time steps. Because our formation is
probabilistic and recursive, the remainder of the review will focus on such methods.

Probabilistic estimation approaches approximate a target posterior probability distribution
by making assumptions about the general form of the distribution, the prediction of states
from one time step to the next, and correction of estimates using senor information [106]. One
very common method for determining pose from sets of images is to predict all states in the
kinematic chain simultaneously. This approach usually requires that spatial and temporal
correspondence are performed a priori within each camera view. Previous work conducted
by the authors has formulated the motion estimation problem in this fashion [12]. Some
work has been done by bootstrapping optical flow or expectation maximization to solve the
correspondence problem online [15, 32]. For optical flow to be applicable, small baseline
motion is desirable, and in some instances required. Due to the low frame rate used for our
experiments, this is not the case in our data.

Another method for approximating the posterior is to partition the state space into a hier-
archal tree and represent the distribution as piecewise constant over that tree [97, 98, 104].
Typically the process of partitioning is conducted using a hierarchal search. The initial state
partitions are coarse, and the probability density function is typically evaluated at the center
of each bin. Bins with sufficient empirical probability density are further partitioned. The
posterior distribution is approximated as the piecewise constant combination of the finest
partitions. While this method could potentially be applied to our experiments, the com-
putational cost increases as the bin refinement increases. For our purposes, we would need
very fine bin partitions to achieve reconstruction results which are accurate enough for use
in CFD simulations and dimensionality reduction. Thus, this method is not ideal for our
experiments. In another work [46], the tree structure is used for hierarchal matching in two
dimensional space to estimate the posterior of the three dimensional pose. Poses are then
refined by projecting a three-dimensional estimate into each camera, and K-best trajectory
tracks are chosen using a Viterbi algorithm. Finally, refinement is done in image space.

More recent works use probabilistic graphical models (GMs) to represent dependencies be-
tween states and sensor information. The GM methods can employ directed or undirected
graphs and can be formulated using a priori knowledge of the structure of the state space
or learn the relationship from training data. A recent work represents kinematic constraints
stochastically as connections between nodes in the graph [94]. Each node represents the
states which describe the orientation of a body with respect to the surrounding bodies. This
work constructs the posterior as a product of Bayes’ rule on individual parts in which body
parts are dependent on each other. Training data is required to learn the relationship be-
tween parts of the model. Again, these methods are also not applicable to our problem
because training data, which does not exist for the bat, is required for implementation.

Another approach which exploits the tree structure of the kinematic skeleton is to parti-
tion the state space and perform estimation on each partition sequentially. This approach
would assume that groups of states are conditionally independent from one another. The
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closest estimation strategy which appears in the literature is partitioned sampling [65] which
is an extension of ICondensation [54] as used for tracking hand motion. The algorithm
partitions the state space into a tree structure assuming that the motion of the palm can
be estimated independently of the fingers. Using the corrected palm state, the algorithm
works outward through the connectivity tree to estimate the position of the fingers. This
approach employs conditional independence (CI) but differs from ours in that the algorithm
is implemented using a particle filter and the palm state is not re-corrected when the finger
states are estimated. Our estimation framework also assumes conditional independence but
is implemented using an unscented Kalman filter and applies inboard state correction (ISC)
as new state partitions are estimated. This feature, as demonstrated in this paper, helps
prevent over-fitting noise in inboard link states which dramatically reduces the amount of
error observed in outboard link states.

Estimation of Nonlinear Dynamic Models

The second goal of this paper is to develop a suitable low-order representation of bat flight
which can be used for automated tracking in future studies. While nonlinear dimensionality
reduction of bat flight has not been performed previously, such analysis is pervasive in human
motion studies [59, 108, 114, 116]. These low-order representations of human motion have
been used to automate tracking in commercial motion capture systems, drive pose synthesis
for animations, and plan joint trajectories for humanoid robots. This paper develops an
approach which is based on the methods presented in [108, 114, 116] which develop Gaussian
Process Dynamic Models (GDPM) for learning low-order representations of human motions.
The GDPM framework extends the work in [59], which introduces Gaussian Process Latent
Variable Models (GPLVM), by preserving the continuity of training data. This is important
when little training data is available—as is the case for our problem. The approach derived
in this paper is described in more detail in Section 2.4.

2.3 Overview of Our Method

In this paper we exploit the connectivity of the multibody model of the bat bioskeletal
structure to develop a conditionally independent spatially and temporally recursive Bayes’
filter which incorporates inboard state correction (ISC) for estimating bat motion from video
sequences. The essential feature of this formulation is that all previously corrected states
are re-corrected when each new partition of the state space is corrected. Figure 2.2 visu-
ally summarizes the sequence of steps in the conditionally independent Bayesian estimation
procedure which incorporates inboard state correction introduced in this paper.

The estimation procedure progresses from the upper left to upper right in the top row of
panels, and then to the next row from lower left to lower right. The first two frames are
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identical to the estimation scheme presented above: the estimate of the states of links 1 to 4
at time step k − 1 is depicted in the upper left panel of the figure, and this state is used as
the prediction for the next frame. In the next panel to the right, measurements associated
with the base body are used to correct the estimate of link 1. In the rightmost, top row
panel, this updated estimate of the link 1 state is used in the correction step for link 2. It is
important to note in this panel that the estimates are much closer to the observations even
though the observations of only the root link have been incorporated. In the succeeding
panels, a spatially recursive process is derived as the algorithm traverses to conditionally
independent collections of states and their associated measurements. The recursion proceeds
from the root of the connectivity tree to its outermost leaves. In this case, the algorithm
starts at the bat body and then proceeds to generate state estimates using measurements
of the humerus, radius-ulna, and outboard along the digits. The novelty in our recursion
is that lower link states are corrected as new link states are estimated. For example, when
link 3 states are corrected, the states for link 1 and 2 are re-corrected to insure that the
initial correction steps did not over-fit noise. While re-correcting previously estimated joint
states requires additional computational resources, we demonstrate through a collection of
representative studies that in comparison to both the standard method which corrects all
states simultaneously and the conditionally independent (CI) method which partitions the
state space but does not re-correct link states as new states are estimated, our inboard state
correction (ISC) methodology yields far better estimation results. Our discussion of the
proposed methodology begins in Section 2.4 where we present our kinematic representation
of bat flight, the derivation of the conditionally independent spatially recursive Bayes’ filter
with ISC, and a review of the foundational theory of Gaussian Process Dynamic Models for
identifying a low order, nonlinear model of bat flapping flight.

2.4 Theoretical Formulation

In their full complexity, bats are infinite dimensional, nonlinear systems because of their
elaborate musculo-skeletal system and flexible wing membrane. However infinite dimensional
models are intractable for system identification and state estimation, so some approximation
is required. Approaches to this problem can organized into rigid and non-rigid models: this
paper is concerned with the motion of the bones modeled as rigid links connected by ideal
joints. This section defines the kinematics and dynamics of the skeleton and presents our
conditionally independent estimation algorithm.

Kinematics and Dynamics of Bat Flight

To develop a suitable kinematic model, we assume that the bat skeleton is well-approximated
by an open kinematic chain. We assume that the base body is comprised of three links:
one zero-length link which accounts for x-y-z translation, and two rigid links joined by a
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rotational degree of freedom at the base of the tail. This rotational DOF is added to enable
the shoulder markers to move with respect to one another. This choice is justified because
the markers cannot be placed at the center of rotation of the shoulder. They are instead
placed on the shoulder blades which move laterally as the bat flaps its wings. This relative
motion between points can cause large estimation errors if the body is assumed to be a single
rigid link. The wings of the bat are attached to the ends of the two base body links and are
comprised of a humerus, a radius, three metacarpals, three first phalanges and three second
phalanges. While the bat actually has 5 digits on each hand, the claw digit is very short
and does not affect the overall wing motion. Similarly, the second digit is very close to the
third digit and only consists of a metacarpal. Therefore, both of these links are omitted
from our analysis. We assume that the shoulder joints have three DOF, the elbow joints
have one DOF, and the metacarpal and phalangeal joints have two DOF. According to this
definition, the complete state space for the bat has 51 DOF. All generalized joint coordinates
are parameterized using the conventional and well known DH convention [96]. A detailed
discussion of the kinematics can be found in [13].

From this kinematic definition, we can assemble state vectors for individual links and groups
of links. The state vector for the lth link, ql, contains all degrees of freedom for that link.
These state vectors can be grouped using the notation qa:b, where b is a link index which is
outboard with respect to link index a. While we discuss the sensor model and the mapping
from states, q, to measurements, ϕ, in more detail below, the measurements of features in
image space for links 1 to l over time steps 1 to k are denoted as ϕ1:l,1:k. This notation is
critical in the derivation of the conditionally independent Bayes’ filter with inboard state
correction (ISC).

Conditionally Independent Bayes’ Filter with Inboard State Cor-
rection

We begin the derivation of the filter by applying the chain rule to the global posterior
distribution

p(q1:l,k|ϕ1:l,1:k) = p(ql,k|q1:l−1,k;ϕ1:l,1:k)p(q1:l−1,k|ϕ1:l,1:k). (2.2)

where ql,k is the state vector for link l, ϕ1:l,1:k are the camera measurements of links 1 : l
for time steps 1 to k. Using the chain rule on the global posterior, p(q1:l,k|ϕ1:l,1:k), allows us
to isolate the probability of the state vector of link l given the states of the previous links,
q1:l−1,k, and all the measurements.

To simply this distribution, the first conditional independence property that we apply as-
sumes that inboard link states, q1:l−1, are independent of the measurements of the current
link, l, given measurements of the inboard links. We express this fact using the notation,
q1:l−1,k ⊥⊥ ϕl,1:k|ϕ1:l−1,1:k, and we can write

p(q1:l,k|ϕ1:l,1:k) = p(ql,k|q1:l−1,k;ϕ1:l,1:k)p(q1:l−1,k|ϕ1:l−1,1:k). (2.3)
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We can repeatedly apply the chain rule to p(q1:l−1,k|ϕ1:l−1,1:k) in Equation 4.16 until it follows
that

p(q1:l,k|ϕ1:l,1:k) =

(
L∏
l=2

p(ql,k|q1:l−1,k;ϕ1:l,1:k)

)
p(q1,k|ϕ1,1:k). (2.4)

The second term on the right of Equation 2.4 is the posterior distribution for the joint
states of link 1. This posterior can be estimated using any implementation of the Kalman
filter—we choose the unscented Kalman filter. Thus, we need to formulate an expression for
p(ql,k|q1:l−1,k;ϕ1:l,1:k) to complete the spatially recursive filter derivation.

Applying Bayes’ rule to p(ql,k|q1:l−1,k;ϕ1:l,1:k), we have

p(ql,k|q1:l−1,k;ϕ1:l,1:k) = ηp(ϕ1:l,k|q1:l,k;ϕ1:l,1:k−1)p(ql,k|q1:l−1,k;ϕ1:l,1:k−1). (2.5)

Additionally, observations at time k are independent of previous observations given the
current, ϕ1:l,k ⊥⊥ ϕ1:l,1:k−1|q1:l,k. Applying this conditional independence condition

p(ql,k|q1:l−1,k;ϕ1:l,1:k) = ηp(ϕ1:l,k|q1:l,k)p(ql,k|q1:l−1,k;ϕ1:l,1:k−1). (2.6)

Expanding p(ql,k|q1:l−1,k;ϕ1:l,1:k−1) using the definition of the marginal probability, we have

p(ql,k|q1:l−1,k;ϕ1:l,1:k−1) =

∫
p(ql,k|ql,k−1;ϕ1:l,1:k−1; q1:l−1,k)∗

p(ql,k−1|q1:l−1,k;ϕ1:l,1:k−1)dql,k−1. (2.7)

Finally, we can apply conditional independence conditions to simplify this expression. For
state prediction we employ a random walk motion model—the reason for this is discussed
in more detail in the follow section. Due to the random walk motion model and the chain-
like structure of the bat skeleton, we can assume that the propagation of link l states are
independent of all other states. That is, we have ql,k ⊥⊥ q1:l−1,k|ql,k−1. Also, the propagation
of joint states for link l does not depend on previous measurements given the previous
states, ql,k ⊥⊥ ϕ1:l,1:k−1|ql,k−1. Finally, previous states and future states are independent
given current observations, ql,k−1 ⊥⊥ q1:l−1,k|ϕ1:l,1:k−1. So, we conclude that

p(ql,k|q1:l−1,k;ϕ1:l,1:k−1) =

∫
p(ql,k|ql,k−1)p(ql,k−1|ϕ1:l,1:k−1)dql,k−1. (2.8)

Equations 2.3, 2.6, and 2.8 summarize the recursive Bayes’ filter with inboard state cor-
rection. Equation 2.3 computes the joint probability of all links up to and including link
l. Equation 2.6 incorporates new sensor information as well as sensor information from all
previously corrected inboard link states. Finally, the prediction is computed using Equation
2.8.
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Kalman and Particle filters are often used to implement Bayes’ filters. Particle filters are
typically applied to estimation problems which expect multi-modal distributions which are
common in single-frame human pose estimation studies. This paper however performs tem-
poral tracking of bats using a highly redundant camera system, so pose ambiguity is not an
issue and multi-modal belief propagation is not necessary. Thus we choose the unscented
Kalman filter which can accommodate the nonlinear skeletal kinematics of our problem and
does not require analytic Jacobian matrices for the motion and sensor models—the motion
model is linear, but the sensor model is highly nonlinear.

In the derivation of the recursive Bayes’ filter we assume that all DOF for each link are
adequately constrained by the sensor data available. However, this is not always true in the
bat motion capture studies. For example, the humerus has three degrees of freedom, but the
length to diameter ratio of this link is such that any collection of markers are insufficient to
identify all its degrees of freedom. Thus, we group this link with the radius and effectively
estimate the planar orientation and geometry of the entire arm simultaneously. Additionally,
we group the metacarpals together, first phalanges together, and second phalanges together
for a total of 5 groups. While we group links in this manner, our derivation of the spatially
recursive Bayes’ filter holds for any group assignment so long as inboard links are estimated
before or at the same time as outboard links. The next section presents the motion model
used for state prediction.

The absence of sufficiently accurate motion models for biologically articulated motion per-
meates the motion capture literature [72], and many use random walk for state propagation
[12, 23, 43]. Thus, we use this model as well,

q1:l,k+1 = q1:l,k +w,

where w is Gaussian noise that is assumed to have a constant covariance and be zero-mean.
While random walk is a very simple motion model it provides two important attributes for
our estimation problem. First, it does not assume a direction of motion which is important
because we do not want to constrain the estimator to a particular regime of flight. Second,
it assumes that states do not change dramatically between adjacent time steps which is
common in systems with inertia. Furthermore, the uncertainty injected at each prediction
step can be estimated from inspection of the experimental videos. The bat’s body is roughly
100mm long from the tip of the ears to the end of the feet, and it travels about one body
length in 7 frames. Thus, the zero mean uncertainty in body translation we approximate as
15mm. For angular uncertainty, we assume that the humerus undergoes the largest rotation
in order to flap the wing up and down. We also assume that the entire upstroke is roughly
90o of motion, which occurs over approximately 8 frames. From these observations, we
estimate that the wing joint standard deviation is approximately 12o. Despite these large
uncertainties induced by the poor understanding of the bat motion model, the estimator
benefits from a very accurate representation of the sensor model used for correction.



16 Chapter 2. Estimation and GPDM of Bat Flight

Although our cameras are low cost and low resolution, camera imaging models are well
known [64, 103]. While GoPro camera lenses possess a large amount of nonlinear distortion,
we assume that this distortion can be removed prior to estimation. With distortion removed
we assume that the camera is modeled by the linear projection model in [64]

ϕ =

{
ψx

ψy

}
=

1
cλ

cKΠ0H
c
0x

0, (2.9)

where λ is distance from the camera focal center to the point x0 in inertial coordinates, cK
is a matrix of camera parameters for the cth camera, Π0 is a matrix which maps from ho-
mogeneous inertial coordinates to homogeneous pixel coordinates, and Hc

0 is a homogeneous
transform which relates the camera frame to the inertial frame. While this camera model
maps a point in the inertial basis to a camera measurement, the motion model is in joint
space. We map between joint space and inertial space using the nonlinear kinematics defined
in Section 2.4. Thus, the entire sensor model becomes

ϕ =

{
ψx

ψy

}
=

1
cλ

cKΠ0H
c
0H

0
l (q1:l)x

l + v, (2.10)

where ϕ is the location of a feature in the image space of camera c, H0
l (q1:l)x

l maps a point
from the body fixed vector xl to the inertial frame, and v is Gaussian noise.

One source of error in our sensor measurements is due to uncertainty in the calibration pa-
rameters calculated by the MultiCamSelfCal [100] toolbox. The reprojection error reported
by the toolbox is consistently 1.5 pixels mean with 1.5 pixels standard deviation. Thus, in
our sensor model we assume 3 pixels of measurement uncertainty.

A previous effort by the authors [12] presented results using the standard UKF algorithm, but
here we employ the derived algorithm that is recursive in space and in time. This algorithm is
demonstrated on both synthetic and experimental data in Section 2.5. Estimation accuracy
is compared to the standard UKF estimator and the CI estimator without inboard correction.
Our estimator is capable of producing adequate reconstructions of bat flight; however, we
require manual correspondence of feature points in images due to large baseline motion and
a poor motion model. Thus, the second goal of this paper is to identify a low order model
of bat flight which can be used for the prediction step in the future.

Gaussian Process Dynamic Models

This study uses GPDM to determine a low-order, nonlinear dynamic model from the kine-
matic states estimated by our ISC unscented Kalman filter. For implementation details,
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refer to the code provided in [115]. We provide a review of the foundational theory here
which was originally derived for dimensionality reduction of human motion [108, 114, 114].

Given a data sequence Q := {q1, q2, ... , qK} which contains K observations of the N -
dimensional state vector qk ∈ RN ∀k ∈ [1, 2, ..., K], we define the latent space dynamics
and the mapping from latent space to kinematic pose space as

xk = f(xk−1,A) + nx, (2.11)
qk = g(xk,B) + ny, (2.12)

where, xk ∈ RD is a D-dimensional latent space in which the dynamics are embedded, nx

is process noise, and ny is projection noise. The dynamic model, f , and the mapping from
latent space to feature space, g, are defined as

f(x,A) =
∑
j

ajϕ(xj,x) = Aϕ(x), (2.13)

g(x,B) =
∑
j

bjψ(xj,x) = Bψ(x), (2.14)

where the vector valued weighting coefficients, aj and bj, can be assembled into matrices
such that A :=

[
a1,a2, . . .

]
and B :=

[
b1, b2, . . .

]
. Thus, evaluating f and g can be written

as a linear combination of basis functions where ϕ(x) = [ϕ(x1,x), ϕ(x2,x), ...]
T , and ψ(x) =

[ψ(x1,x), ψ(x2,x), ...]
T . The individual basis functions are defined as,

ϕ(xj,x) = α1exp
(
−α2

2
||x− xj||2

)
+ α3x

Txj + α−1
4 δ(x,xj), (2.15)

ψ(xj,x) = β1exp
(
−β2

2
||x− xj||2

)
+ β−1

3 δ(x,xj), (2.16)

where α := [α1, α2, α3, α4] and β := [β1, β2, β3] are vectors of hyper parameters which control
the shape of each basis function. These model parameters are optimized to fit the given data
set.

One method for fitting this model to a data set is to choose a fixed set of hyper-parameters
and then optimize over A and B [3]. However, this approach can create a model which is
specific to a particular trial or specimen. To identify a model which is more general, authors
in [108, 114, 116] marginalize over the parameters in A and B and optimize latent variables
and hyper-parameters. To identify these parameters we maximize the joint probability of
the collected data Q, corresponding latent states X :=

[
x1, . . . ,xK

]
, hyper-parameters α

and β, and a weighting matrix W as

p(Q,X,α,β,W) = p(Q|X,β,W)p(X|α)p(α)p(β)p(W). (2.17)
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The distribution over the function which maps from latent space to state space is represented
by the first term on the right hand side. By assuming a Gaussian on the model parameters in
B they can be marginalized out of the equation. Doing so has two important implications:
the model is now independent of the large number of parameters in B, and a closed for
expression can be derived [66]. The marginalization results in

p(Q|X,β,W) =
|W|K√

(2π)KN |Kq|N
exp

(
−1

2
trace

(
KqQW2QT

))
, (2.18)

where, W := diag(
[
w1, w2, ...wN

]
) weights Q so that the model does not over fit degrees

of freedom with large variations and ignore degrees of freedom with small variations. The
covariance kernel, Kq, is used to quantify the closeness of points in the latent space. Each
element in this matrix uses the kernel in Equation 2.16, and the matrix is assembled as

(Kq)ij = β1exp
(
−β2

2
||xi − xj||2

)
+ β−1

3 δ(xi,xj), (2.19)

where, i indexes over the number of input data points, and j indexes over the number of
basis function centers. The number of input points and the number of basis function centers
are not required to be equal. However, in this implementation, they are equal.

The second term on the right hand side of Equation 2.17 quantifies the probability of a given
set of dynamics in the latent space. Again, we assume a Gaussian prior on the columns of
A such that they can be marginalized out of the equation. This probability is formulated as

p(X|α) =
∫
p(X|A,α)p(A|α)dA. (2.20)

The final distribution is independent of the model parameters, A, and the dynamic model
only depends on hyper-parameters, α, and the latent states, X. Furthermore, by assuming
the latent space dynamics are Markovian, this probability can be computed in closed form
as

p(X|α) = p(x1)√
(2π)(K−1)D|Kx|D

exp
(
−1

2
trace

(
K−1

x X2:KX
T
2:K

))
. (2.21)

In this equation, the latent variables are non-dimensional and do not require a weighting
matrix. Additionally, the matrix X2:K only contains latent states from time steps 2 to K.
Finally, The covariance matrix uses the kernel function from Equation 2.15 and is assembled
as

(Kx)ij = α1exp
(
−α2

2
||xi − xj||2

)
+ α3x

T
i xj + α−1

4 δ(xi,xj), (2.22)

for all i, j ∈
[
2, . . . , K

]
. The next terms in the distribution in Equation 2.17 are the priors
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on α, β which are formulated as

p(α) =
∏
i

α−1
i (2.23)

p(β) =
∏
i

β−1
i (2.24)

These priors serve to constrain the hyper-parameters to small values.

The final term in Equation 2.17 is the prior on the weighting matrix. For this paper, a half
normal prior is assumed on each entry in W

p(W) =
D∏

m=1

2

κ
√
2π

exp
(
−w

2
m

2κ2

)
, (2.25)

where κ is a scaling parameter set to 1000 in our experiments and wm is greater than 0.
This prior insures that the weights do not introduce singularities in our estimation and that
dimensions with small variations do not dominate the optimization [116].

The probability distribution in Equation 2.17 can be maximized by minimizing the negative
log likelihood of the distribution which is expressed as

(2.26)L =
D

2
ln||Kx||+

N

2
ln||Kq||−Kln|W|+1

2
trace(K−1

x X2:KX
T
2:K) +

1

2
xT
1 x1 +

1

2
trace(K−1

q QW2QT ) +
∑
j

ln(βj) +
1

2κ2
trace(W2) +

∑
j

lnαj.

To minimize the loss function above, we use Balanced GPDM as in [115]. This approach
iterates multiple times over two phases. The first phase holds hyper-parameters fixed while
optimizing latent states. The second phase holds the latent states fixed while optimizing
hyper parameters. This process iterates until a maximum number of cycles elapses or a set
threshold is reached.

Once the optimization completes, trajectories can be propagated in latent space using the
flowing distribution

xk ∼ N
(
µX(xk−1);σ

2
X(xk−1)I

)
, (2.27)

where µX is the mean function and σ2
X is the covariance function. Due to the construction

of the posterior distribution, the mean and covariance functions are defined as

µX(x) = XT
2:KK

−1
x kX(x), (2.28)

σ2
X(x) = ϕ(x,x)− kX(x)TK−1

x kX(x). (2.29)
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where kX(x) =
[
ϕ(x2,x), . . . , ϕ(xK ,x)

]
. To project latent trajectories back into state space

the mean and covariance functions can be written as

µQ(x) = QTK−1
q kQ(x), (2.30)

σ2
Q(x) = ψ(x,x)− kQ(x)TK−1

q kQ(x), (2.31)

where kQ(x) =
[
ψ(x1,x), . . . , ψ(xK ,x)

]
. Note that the projected trajectories will be zero

mean due to the mean subtraction applied to the original data.

2.5 Results

Synthetic Data

Before testing our algorithm on experimental data, numerical experiments were conducted
with synthetic data to compare the accuracy of the CI, ISC, and standard UKF estimators.
Synthetic data was created using the same kinematics defined in Section 2.4. Joint angles
were assumed to be sinusoidal with different phase shifts and amplitudes for each degree
of freedom. Synthetic measurements were created in 21 cameras assuming no noise and no
occlusions within the FOV of each camera. All cameras were given nonlinear lens distortion
on the order of that identified by the MultiCamSelfCal toolbox for the experiments. Figures
2.3 - 2.5 show the estimation error for each group of states for the synthetic data. In the
figures, solid lines represent the error in our ISC UKF, dashed lines are the error in the CI
UKF, and dotted lines indicate the error in the standard UKF.

In Figure 2.3, both of the spatially recursive estimators perform equally well while the stan-
dard estimator has the largest error. Both spatially recursive estimators perform equally
well because the body points used to estimate these states move almost linearly within the
images: the only nonlinearity is due to the lens distortion which is removed prior to esti-
mation. In Figure 2.4, group 2 estimation errors are shown. Again, the standard estimator
performs poorly for these states. The CI estimate also has a slightly larger error than the
ISC estimate for portions of the flap cycle which are not locally linear.

While there is minimal difference in the state estimates for the first two groups, states in
group five show significant differences in the CI and ISC estimators while the standard
estimator still performs poorly. Figure 2.5 shows the estimation error for four phalangeal
degrees of freedom which are in the fifth group of links. While all three estimators have
periodically varying error, the ISC estimator has consistently lower error than the standard
or CI UKF algorithms. The periodic nature of the estimation error is expected due to the
sinusoidal form of ground truth states; the estimators have the highest error for the segments
which are not locally linear. Additionally, the measurements used to update these states in
the fifth group are observations of the wing tip points for each digit. These points undergo
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highly nonlinear, large baseline motions within the images which is difficult to approximate
with the weak motion prior and the linear update of the Kalman filter. Additionally, any
estimation error from the previous groups will be contained within the estimates for links
outboard along the kinematic chain. The ISC estimator produces substantially better state
estimates than the CI or standard UKF estimates because it corrects inboard link state
estimates as it estimates outboard link states to insure that cross covariances between link
states are incorporated in the final state estimate. Thus, the ISC estimator provides the
best estimates for this specific class of problem.

While the ISC estimator does improve estimation accuracy, it is notably slower than the CI
or standard UKF estimators. In repeated trials, the ISC estimator requires twice as much
computation time as the standard estimator and ten times as much computation time as
the CI. estimator. Because of the added computational cost of our method, we wish to
insure that this strategy provides significant improvement in state prediction accuracy for
our problem. While we cannot collect experimental data at higher frame rates with our
hardware, we can generate synthetic data at any frame rate we choose.

Figure 2.6 shows the estimation error for all three algorithms as frame rate is increased. The
figure shows the error of the standard estimator in the left column, the CI estimator in the
middle column, and our ISC estimator in the right most column. The states shown are: θ1 on
the top row and θ44 on the bottom row. Solid lines represent 120fps, dashed lines represent
240fps, and dotted lines represent 480fps. At a frame rate of 120fps, the ISC implementation
of the UKF produces state estimates which have an order of magnitude lower error than the
standard or CI estimates. However, all three estimators have approximately the same error
at a sampling rate of 480fps. The weak motion model and the linear correction step of the
Kalman filter induce less error during estimation as frame rate increases. As shown in the
figure above, the ISC UKF does not provide a significant improvement on the estimation
accuracy at high sampling rates. However, due to the improved estimation accuracy of the
ISC estimator at low frame rates, we can conclude that it is well suited for our specific class
of problem—capturing fast articulated motion with low frame rate cameras.

Experimental Estimation Results

The conditionally independent UKF with inboard state correction which is derived above
is applied to estimate joint states of bats in flight. The video data was collected at the
SDU-VT International Laboratory at Shandong University in Jinan, China. The array of
cameras used to collect raw video sequences of bats in flight consisted of 21 GoPro Hero 3+
action cameras recording 720p video at 120 frames-per-second. A male Hipposiderous pratti
was used in the experimental data presented in this paper. The estimator derived above is
used to estimate the joint states of the bat and reconstruct the motion of 34 marker points
distributed across the bat’s body and wings. All link names, DH parameters, and estimation
group assignments are included in a previous paper [13].
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Prior to conducting motion capture experiments, the system was calibrated using the Mul-
tiCamSelCal Toolbox [100]. Calibration videos were taken at the aforementioned resolution
and frame rate. During this video, all lights are turned off and a single point of light was
moved though the capture volume. The toolbox finds the light in the images and performs
a sparse bundle adjustment algorithm to determine the intrinsic and extrinsic parameters of
the cameras. The distortion parameters were used to remove radial distortion from feature
points prior to state estimation. Seventeen of the twenty-one cameras in the experiment
are used to produce the reconstruction results: the omitted cameras have reprojection errors
higher than 2pixels as computed by the MultiCamSelfCal Toolbox.

After the calibration, feature correspondence is computed. The authors have attempted
tracking points in image space using standard methods such as SIFT, SURF, and boot-
strapped optical flow without much success. The low sampling rate of our cameras leads
to large displacements between frames. Thus, the nonrigid motion of features is substantial
and the assumptions made in these tracking methods are not valid at least without further
modification or tuning. Thus, the images are labeled by hand to ensure that correct cor-
respondence is achieved. Once the correspondences are available, trajectory estimation is
performed. Figures 2.7 - 2.9 show the state estimates for the three estimators on each of
the state groups 1, 2, and 5. Groups 3 and 4 are omitted for brevity. Solid lines represent
the ISC estimator, dashed lines represent the CI estimator, and dotted lines represent the
standard UKF. Note that in the first group of states which are shown in Figure 2.7, the
CI and ISC estimators return comparable estimates while the standard estimator contains
significantly more noise and diverges from the other two estimates.

In Figure 2.8, the CI and ISC estimator perform comparably well for all states. The standard
estimator deviates substantially from the other two estimates. Figure 2.9 shows the ISC
estimator performing substantially better than the CI or standard estimators for all joint
states in group 5. Additionally, the ISC estimator does not contain large DC offsets in joint
angle which are present in the other two estimators.

Ultimately, the results above are only a qualitative analysis of the estimation accuracy,
because we do not have ground truth data for our experiments. To quantitatively evaluate the
estimation accuracy we reproject the identified skeleton pose into the images and determine
its deviation from the original image features. Figure 2.10 shows the skeleton estimate from
each of the three estimators reprojected into the image at 5 different time steps. Both
recursive estimators perform much better than the standard estimator. The ISC estimator,
produces reprojections which are closer to the original feature space measurement for points
in the hands of the bat. These reprojected skeletons are only a snapshot of the reprojection
error.

To illustrate the estimation accuracy more completely, we compute the reprojection errors
of all points at all time steps. The reprojection errors in three different cameras are shown
in Figure 2.11. In the figure, ISC UKF reprojection errors are denoted by the ‘+’ markers
and CI UKF errors are denoted by the ‘o’ markers. Additionally, 95% confidence ellipses
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for the ISC method (solid line) and CI (dashed line) are shown. The standard estimator
has been omitted from these plots because the reprojection errors are typically greater than
±50pixels. The uncertainty ellipses for the ISC estimator are substantially smaller than the
ellipses for the CI estimator. In the three cameras presented, the reprojection error for the
ISC estimator is approximately ± 5 pixels and the reprojection error for the CI estimator is
approximately ± 15 pixels. Thus, the ISC estimator is performing much better than the CI
estimator.

Gaussian Process Dynamic Model Results

With reliable estimates for joint states, we learn a GPDM for prediction in future tracking
applications. To perform the manifold estimation, we omit the base body translational DOFs
and run the GPDM algorithm on the remaining 48 generalized joint coordinates. Excluding
the body motion ensures that the identified model is independent of the a particular path
of the bat. To identify a model for straight and level flapping flight we ran the optimization
described above on 80 time steps of flapping flight data. In addition to the experimental data,
we specified the number of latent degrees-of-freedom as D = 2, 3, or 4 and initialized the
latent states by using the first D modes of a PCA decomposition of the original kinematics
data.

Figure 2.12 shows the resulting manifolds. Subfigures (a), (b), and (c) show the manifolds
identified when assuming that the latent space has two, three, and four DOF, respectively.
The identified latent states are represented by the blue points while the green points indi-
cate fair HMC samples around these latent states. The purpose of the HMC samples is to
demonstrate uncertainty in the manifold. Finally, the red trajectory is a simulation which
extrapolates samples beyond the experimental data used for optimization. If the bat per-
formed each flap cycle the same, the blue points would appear to be periodic repetitions, the
green points would show little deviation from the identified trajectories, and the red points
would continue to trace the original latent states identified in the optimization. While none
of the figures show the ideal behavior important information can be gleaned from this study.

The manifold which assumes 2 latent DOF is shown in Figure 2.12a. The latent states
exhibit large jumps in the trajectory and there is little consistency between cycles. Figure
2.12b which assumed three latent DOF shows a manifold which is smooth and exhibits little
uncertainty. Despite the small uncertainty, only semi-periodic motion is observed. Further
discussion of this feature is provided below. Finally, the 4 DOF latent space illustrated
in 2.12c. This manifold has high uncertainty in the third DOF and acyclic motions are
observed. Thus, due to the semi-periodic nature of the 3 DOF manifold and the consistency
of the HMC samples, we assume that this is the correct number of DOF for the latent space
of the observed motion.

To provide an intuitive interpretation of the identified 3 DOF manifold, Figure 2.13 shows the
identified latent trajectory (black line) with 6 highlighted latent states that approximately
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encompass the quasi-circular shape of the manifold when projected onto the V1—V2 plane.
The latent state highlighted by the red circle corresponds to the bottom of the upstroke.
The red skeleton in the middle of Figure 2.13 depicts the pose of the bat during this instant
of the flap cycle. Proceeding counter-clockwise around the circle, the green circle denotes
the middle of the upstroke. Continuing on to the cyan circle, the bat reaches the top of
the upstroke and the down stroke begins at the yellow circle. Finally, the magenta circle
corresponds to the middle of the down stroke and the blue circle to the bottom of the down
stroke. From the color-corresponded skeletal projections in this figure, we can conclude that
the V1 and V2 directions describe the cyclic nature of bat flapping flight and these latent
states describe what portion of the flap cycle the bat is in.

To further understand the identified dynamic model, Figure 2.14 shows the identified man-
ifold in the center and four highlighted points which move up the V3 direction. The circular
points correspond to the bottom of the upstroke and the triangles correspond to the top
of the upstroke. As the colors get lighter the adduction-abduction degree of freedom, θ2,
become less extreme. Thus, for lower values of V3 the amplitude of flapping is smaller than
for larger values. In the experiment conducted for this paper, the lower values of V3 occur
at the beginning of the test and the higher values at the end of the test. We can further
understand the implications of this phenomenon by projecting these latent states back into
state space.

The projection of latent states into state space is shown in Figure 2.15. The solid and dashed
lines which represent the predictions match the experimental data represented by dots. Note
that for θ1 − θ3 the amplitude of oscillation is larger at the beginning of the test (solid line)
than at the end (dashed line). This behavior is consistent with the previous discussion of
the V3 dimension and may explain the semi-periodic shape of the manifold shown previously.
Additionally, the extrapolated predictions (dotted line) appear to be periodic repetitions of
the experimental data.

While the consistency of the projections from latent space into feature space is encouraging,
we aim to understand the cause of the aperiodic nature of motion in the V3 dimension of the
latent space. As discussed previously, if all flap cycles in the experiment where kinematically
equivalent, the latent space should show periodic repetitions of the same motion. Because
of the semi-periodic nature of the data, we suspect that there exist important variations in
flap cycle for this test. By computing the linear velocity of the bat’s body, which is shown in
Figure 2.16, it is apparent that the bat was accelerating for the first half of the experiment
and maintaining constant velocity for the remainder of the flight. In Figure 2.16 the sections
of the manifold which correspond to acceleration and constant velocity are correlated to the
velocity plot using similar line types. Solid lines correspond to acceleration and dashed lines
correspond to the constant velocity portion of the test. From this figure, it is clear that there
are two different segments to the manifold which is consistent with the analysis presented
previously. Thus, we have successfully identified a discrete dynamic model for straight and
level bat flight.
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2.6 Conclusions

The first goal of this paper is to estimate the position and pose of a bat during a straight
and level flight maneuver. While this type of work has been conducted previously, the
low-resolution, low-frame rate cameras which we employ in this paper make standard state
estimation and marker tracking methods fail. To overcome these issues we formulate a
conditionally independent Bayes’ filter which incorporates inboard state correction (ISC) for
trajectory estimation. Our method is shown to yield better state estimates on noise free
synthetic data and on experimental data than the standard or conditionally independent
without inboard state correction estimators. Furthermore, inertial trajectories of fiducial
markers where reconstructed with ±5 pixel reprojection error using the ISC estimator.

The second goal of this work is to derive a low dimensional dynamic model suitable for anal-
ysis and study of flapping flight. We employ Gaussian Process Dynamic Models (GPDMs)
to identify a low dimensional representation of bat flight. Our results demonstrate that a
three-dimensional manifold is sufficient for describing straight and level flight of bats. In
addition, we identify a dynamic model within this latent space and a projection from la-
tent space to feature space such that the model can be used as a motion prior for future
experimental studies. To the best of our knowledge, this is the first nonlinear dimensionality
reduction of bat flight kinematics.
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Figure 2.1: Point occlusions are frequent and periodic in bat flight. The top camera captures
the down stroke well, but occlusion occurs on the upstroke. Conversely, the side camera
captures the upstroke well, but portions of the down stroke are occluded.
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Figure 2.2: Conditionally Independent Spatially Recursive Bayesian Estimation. Unlike the
i.i.d. approach to recursive estimation, the conditionally independent estimator corrects all
previous link states as new link states are added. This prevents over fitting noise for root
links which improves estimation accuracy.
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Figure 2.3: Estimation Error of Group 1. Both the CI (dashed line) and the ISC (solid line)
estimators perform equally well for the these states while the standard estimator (dotted
line) deviates markedly from the ground truth state.
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Figure 2.4: Estimation Error of Group 2. The ISC estimator (solid line) starts to out
perform the CI estimator (dashed line). The standard estimator (dotted line) still exhibits
large errors in the state estimates.
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Figure 2.5: Estimation Error of Group 5. The ISC estimator (solid line) is clearly out
performing the CI (dashed line) and standard (dotted line) estimators. The image space
motion of the features on these links is highly nonlinear due to the kinematics of the bat
skeleton.
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shows θ44. From left to right: standard, CI, and ISC error estimates.
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Figure 2.7: Group 1 State Estimates. Top Row: Z, Y, and X body displacement. Bottom
Row: Roll, Pitch, and Yaw angles. The ISC (solid) and CI (dotted) estimates are almost
equivalent. Large amounts of high frequency noise are present in the standard estimator
(dashed). Gray shaded regions represent ±2σ deviation.
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Figure 2.8: Group 2 State Estimates. θ1 - θ4: right arm joint angles. θ5 − θ8: left arm joint
angles. ISC Method (solid), Standard (dashed), and CI (dotted) estimates. Gray shaded
regions represent ±2σ deviation.



30 Chapter 2. Estimation and GPDM of Bat Flight

-100

0

100

200

3
3
 (

d
e
g

)

-200

-100

0

100

3
4
 (

d
e
g

)

0

200

400

3
5
 (

d
e
g

)

-100

0

100

200

3
6
 (

d
e
g

)

-200

-100

0

100

3
7
 (

d
e
g

)

-200

-100

0

100

3
8
 (

d
e
g

)

-200

0

200

400

3
9
 (

d
e
g

)

-500

0

500

4
0
 (

d
e
g

)

0 0.2 0.4 0.6

time (s)

0

200

400

4
1
 (

d
e
g

)

0 0.2 0.4 0.6

time (s)

-1500

-1000

-500

0

4
2
 (

d
e
g

)

0 0.2 0.4 0.6

time (s)

-400

-200

0

4
3
 (

d
e
g

)

0 0.2 0.4 0.6

time (s)

-100

0

100
4

4
 (

d
e
g

)

Figure 2.9: Group 5 State Estimates. θ33 - θ38: Left hand second phalanx joint angles. θ39 -
θ44: right hand second phalanx joint angles. ISC (solid), Standard (dashed), and CI (dotted)
estimates. Gray shaded regions represent ±2σ deviation.



2.6. Conclusions 31

Cam: 312 Est Type: condind

(a) ISC
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(b) CI
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(c) STD

Figure 2.10: Skeleton Reprojection Camera 2. The skeleton is reprojected back into the image
at 5 different time steps. The ISC estimator produces more accurate skeletal reprojections
than the other two estimators.
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Figure 2.11: Reprojection Error from Cameras 1-3. The reprojection errors for the ISC esti-
mator (+) with 95% confidence ellipse (solid line) are notably smaller than the reprojection
errors for the CI estimator (o) with 95% confidence ellipse (dotted line). The standard UKF
estimator is omitted because reprojection errors are typically greater than ± 50 pixels.
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Figure 2.12: Latent Space Visualization. Blue points are the learned latent coordinates, red
points are simulated trajectories, and green points are fair HMC samples from the distribu-
tion. Arrows indicate the direction of motion.
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Figure 2.13: Understanding the Latent Space: V1 and V2. The identified manifold is depicted
at the left. The circle marks are color corresponded to the skeletons in the center and left
figures. Starting at the red circle, the wings are approximately at the bottom of the upstroke.
The upstroke continues counter clockwise around the quasi-circular manifold. The top of the
upstroke is indicated by the yellow marker, and the bottom of the down stroke is indicated
by the blue marker. Thus, the V1 and V2 directions describe the portion of the flap cycle the
bat is in.
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Figure 2.14: Understanding the Latent Space: V3. In the center figure, circle markers are
placed at latent states which correspond to the bottom of the down stroke and triangle
markers are placed at locations which correspond to the top of the down stroke. As the
markers get lighter in color, V3 increases. These markers are color-corresponded to the skele-
tal plots on the left and right. Skeletons that are lighter show smaller flapping amplitudes
in the adduction-abduction degree of freedom. Thus, lower values of V3 correspond to the
bat flapping “harder” than higher values of V3.
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elbow rotations for the right wing. θ39 − θ44 are second phalanx rotations on the right hand.
Dots represent the training data points. The first two flap cycles (solid lines) are of notably
larger magnitude than the remaining cycles of training data (dashed lines). The remaining
cycles (dotted lines) are extrapolated from the experimental data using the learned GPDM.
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in Figure 2.15.



Chapter 3

Empirical Potential Functions for
Driving Bioinspired Joint Design

Bioinspired design of robotic systems can offer many potential advantages in comparison
to traditional architectures including improved adaptability, maneuverability, or efficiency.
Substantial progress has been made in the design and fabrication of bioinspired systems.
While many of these systems are bioinspired at a system architecture level, the design of
linkage connections often assumes that motion is well approximated by ideal joints sub-
ject to designer-specified box constraints. However, such constraints can allow a robot to
achieve unnatural and potentially unstable configurations. In contrast, this paper develops
a methodology which identifies the set of admissible configurations from experimental ob-
servations and optimizes a compliant structure around the joint such that motions evolve on
or close to the observed configuration set. This approach formulates an analytical-empirical
potential energy field which “pushes” system trajectories towards the set of observations.
Then, the strain energy of a compliant structure is optimized to approximate this energy
field. While our approach requires that kinematics of a joint be specified by a designer,
the optimized compliant structure enforces constraints on joint motion without requiring an
explicit definition of box-constraints. To validate our approach we construct a 1-DOF elbow
joint which closely matches the analytical-empirical and optimal potential energy functions
and admissible motions remain within the observation set.

3.1 Introduction

Bioinspiration has become an ubiquitous theme in the design of novel robotic systems due to
the adaptability, efficiency, and maneuverability with which biological systems interact with
their environment. Humanoid robots and flapping wing micro air vehicles are two excellent
examples of how bioinspiration [56, 77] can lead to novel robotic designs. Such robotic
systems are often modeled as collections of rigid or flexible bodies connected by ideal joints,
as studied in numerous texts on robotics [96] or more generally multibody dynamics [35].
More recent examples of bioinspiration, such as robotic fish and humanoid inspired hand
manipulators, incorporate compliant joints to produce more realistic bioinspired robots and
to reduce the number of actuators required for practical control designs [9, 62]. To date, the
compliant and conventionally designed robotic systems inspired by biomechanical models rely

36
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heavily on designer interpretation of biomotion studies. The output of these experiments may
be an intuitive and qualitative understanding of animal motion or it may be a quantitative
numerical model generated from videos or images of the specimen in motion. In either case,
the observations are subsequently used by an analyst to propose a low dimensional surrogate
robot that can emulate the desired motion regimes. In contrast, this paper presents an
analytical framework which learns a motion submanifold from experimental observations of
motion and optimizes a compliant structure around a joint such that motions evolve on or
near the identified manifold.

The methodology presented in this paper relies on experimental observations of biological
motion. Detailed discussions of the motion capture experiments and methods for generating
thee-dimensional motion data from multiview video sequences of bat flight are reported in
[12, 13, 14]. Sample results are shown in Figure 3.1 which depict the estimated skeleton
position and pose (white lines and circles) reprojected onto the original image. The yellow
points are the original image features which

Cam: 302 Est Type: condind

Figure 3.1: Estimated Skeleton Reprojected into a Camera View. White lines and points
are the skeletal reprojections. Yellow ‘+’ marks are the original image features.

are used as measurements during state estimation. Because the estimators reported in [13, 14]
are formulated in joint space, joint motion is isolated by using forward kinematics [96]. For
this paper, we express the motion of the wrist relative to the humerus-fixed frame. We are
only interested in the motion of the wrist point due to flexion and extension of the elbow. This
data is used to construct an analytical-empirical potential energy function which restricts
motions to those observed during the experiment.

Essentially, the analytical-empirical potential characterizes a motion submanifold on which
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configurations evolve. After constructing this model and specifying the general joint architec-
ture, a compliant structure is optimized around the joint which ensures that configurations
evolve on, or at least close to, the identified manifold. Our approach requires that a de-
signer choose the joint type, but the structure which restricts the joint to the reachable set
observed during experiment is learned from data. To the best of our knowledge, this is the
first attempt at using biological motion capture to directly design compliant joints: all of
the previous theories rely expert interpretation of the observed motion to determine joint
limits and design the geometry to ensure that motions stay within the set of observations.
To properly frame our work with respect to the existing literature, we begin with a review
of current work in biological motion capture, conventional robotic design, compliant mecha-
nisms, and under-actuated robotic design. We then outline our approach which uses learning
theory for development of analytical-empirical models.

3.1.1 Literature Review

In the last 20 years, much progress has been made in understanding and modeling animal
motion. Perhaps the most mature example is the study of human motion. Techniques for
capturing and identifying motion of humans range from traditional marker-based motion
capture, for which there are a few commercially available platforms such as VICON™and
OptiTrack™, to markerless motion capture systems like the Microsoft Kinect™. Develop-
ments in image processing and machine learning have enabled strike-a-pose recognition in
single image frames without the need for temporal tracking [33]. The number of articles
devoted to this topic is large and cannot be extensively reviewed in this short paper. A
seminal survey of these methods and many others used to study human motion is presented
in [72]. Because of the substantial investment of research efforts in this area, benchmark
data sets of human motion exist [40, 93] which enable researchers to study many classes
of motion without repeating time-consuming and expensive experiments. These data sets
have been used to study musculo-skeletal pathologies, design more efficient prosthesis and
exoskeletons, plan humanoid robot joint trajectories, and design humanoid robotic hardware.
This last topic is the most relevant to our work.

Particularly germane to the methods presented in this paper is the design of compliant
anthropomorphic hand manipulators. Early hand manipulators were often designed using
conventional articulated links, passive springs, and actively controlled actuators. Current
trends focus more on incorporating compliant joints to achieve articulations. The authors
of [62, 63] design a robotic finger and hand using compliant spring elements inside the
joints instead of conventional pins. They note that the compliance built into the joint
resolves the tendon tensioning issues that arise from using pulleys to transmit joint torques.
Omitting the bulky pulleys from the joints also enables the embedding of sensors within the
joints to determine position and external contact forces. While this work employs compliant
connections, joint design and the admissible configuration space of the fingers is largely
determined by designer interpretation of biological motion capture experiments.
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In addition to the study of humanoid robots, a large body of work was conducted in the early
to mid 2000s to study the complex kinematics, dynamics, and aerodynamics of bat flapping
flight. The seminal body of work conducted at Brown University exemplified that the bat is
an exceptional flier in the animal kingdom. This body of work and associated investigations
included kinematic analysis [15, 16, 24, 52, 53], experimental aerodynamics studies [48, 49]
and dimensionality reduction of complex kinematics [6, 87]. These efforts enabled the design
and construction of some early biomimetic prototypes [25]. Using this impressive body of
work, researchers at Caltech have created a free-flying bat robot documented in [81, 82, 83].
While the progression from motion capture experiments to a free-flying bat robot is an
excellent example of bioinspiration from experimental data, selecting joint ranges of motion
and design of the hardware is driven by expert interpretation of the experimental data and
dimensionality reduction studies.

Additionally, similar research has been conducted with swimming robots inspired by the
motion of the bluegill sunfish. Researchers in [36] present detailed kinematics of the swim-
ming motion of these animals which was used to create the fish inspired robot in [9]. The
authors note in this study that the stroke can be segmented into two phases: propulsion and
recovery. Thus, in this initial work, the pectoral fins only contained one degree of freedom
which swept a fin in the posterior direction for propulsion and in the anterior direction for
recovery. The authors note that the recovery portion of the stroke significantly reduced the
body velocity of the robot. Thus, in [7] the authors add a passive degree of freedom which
enables the fin to pronate and supinate so that the cross sectional area of the pectoral fin
is minimized during recovery and maximized during propulsion. Again, the joint is design,
both the specification of kinematics and admissible range of motion, is driven by expert
interpretation of the results of experimental biomotion studies.

In contrast to bioinspired robot design which typically relies on analyst interpretation of
kinematics data, there has been significant progress in using structural optimization to gen-
erate 3D printable action figures from characters modeled by animators. The goal of this
body of work is to reduce the time and talent required to generate poseable 3D figures from
the skinned or solid meshes that are used for animation. A few authors have automated
the design of ball joints for articulated characters such that they can be statically posed [5].
Additionally, the authors of [79] optimize a hexagonal wire frame so that certain deformed
shapes can be achieved by applying different sets of static input forces. The authors choose
a few static configurations and optimize the geometric parameters of the character based on
a cost function which penalizes the deviation of the printed character’s deformation from
the desired pose. This optimization is conducted subject to force equilibrium constraints.
While the authors use strain energy [17] to formulate the constraints, they do not optimize
directly over the energy function. Rather, they differentiate the energy function to determine
internal forces and require that the internal and external forces sum to zero—as would be
expected for a system in static equilibrium.

Another approach in this field [95] modifies material properties within the volume of a three-
dimensional character to achieve some desired poses when external loads are applied. The
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authors generate a CAD model of a three-dimensional character and export the meshed solid
in undeformed and deformed configurations. This approach formulates the strain between the
undeformed mesh and the deformed mesh as the ratio of characteristic tetrahedral elements
within the meshed volume. The authors also use the discrete elastic rod method developed
in [17] to compute the strain energy density within the model. Again, the strain energy is
differentiated to compute the internal forces in the object and the optimization is conducted
subject to static equilibrium constraints. In this paper, we develop a new approach which
uses motion capture data of a bat in flight to directly design a compliant structure around
a designer-specified kinematic mechanism which is physically realizable. The next section
outlines our approach for designing the compliant structure.

3.1.2 Our Approach

The methods presented in this paper differ from previous bioinspired robotics and poseable
character studies in two fundamental ways: (1) direct observations of motion in the full
configuration space are used to identify a motion submanifold which approximates these
observations, and (2) an optimization problem is formulated by minimizing the difference
between an empirical potential energy function and the physical strain energy of our selected
joint geometry. Firstly, our method optimizes joint geometry directly from the experimental
data by identifying an empirical potential energy field. This energy field “pushes” system
configurations toward the set or submanifold we observed during motion capture experi-
ments. The advantage of this approach is that designer interpretation is limited to the
selection of a general joint architecture and a compliant structure is optimized around the
joint to mimic the identified energy field over the configuration space of the joint. One
such architecture could be a pin or ball joint with compliant elements which penalize joint
motions away from a set of observed configurations. In this paper, we choose a pin joint
to approximate elbow motion of a flying bat. Secondly, our work differs from the previous
poseable character studies in the formulation of the optimization problem. Our cost function
does not penalize deviations from static target poses, but rather penalizes the difference in
energy over the entire range of motion. Furthermore, we do not subject the optimization to
force constraints, but rather enforce box constraints on the geometric parameters such that
our optimization yields geometry which is physically realizable. Our approach is summa-
rized in four general steps: (1) collect experimental observations of the system of interest,
(2) construct an analytical-empirical energy field over the observed joint configurations, (3)
choose a suitable joint structure to optimize, and (4) optimize the joint structure such that
the difference in strain energy of the joint and the identified analytical-empirical energy is
minimized.

In this paper, we use experimental observations of bat flight as reported in [13, 14] to design
a compliant realization of a bat elbow joint for a bat robot. We choose to approximate
the elbow motion of a bat using a 1-DOF pin joint. We construct the analytical-empirical
potential using methods described in [28]. Finally, we optimize geometric parameters which
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appear in the analytical-empirical model to approximately match the energy of the observed
motions. An example image from our experiments and the optimized joint geometry are
depicted in Figure 3.2. Before presenting the analytical methods for designing joint geometry,
we conclude this section with a brief introduction to analytical-empirical models.
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Figure 3.2: Experimental Image (right) and Example Compliant Joint (left). We isolate the
elbow motion from our kinematics data and optimize the geometry of the compliant joint.

3.1.3 Analytical-Empirical Models

For many years, the derivation of models for classical mechanical systems such as ground
vehicles, air vehicles, marine vehicles, robotic systems, satellites, space stations, gear trains,
mechanisms, . . . have been taught in texts on analytical mechanics as exemplified by [37,
39, 69]. The last few decades has seen the further development of these approaches in rig-
orous studies of geometric mechanics [1, 19, 22]. One particularly important application
of the general theory of geometric mechanics has been in the development of correspond-
ing theories for discrete Lagrangian or Hamiltonian mechanics as summarized in [68, 73].
These approaches have proven vital in developing discrete integration laws as in [41] that
preserve important system invariants such as linear momemntum, angular momentum, or
total mechanical energy for a classical mechanical system.

Recently in [28] the authors have investigated a theoretical framework for deriving discrete
Lagrangian or Hamiltonian models that in some approximate sense preserve an underly-
ing subset or submanifold that supports the dynamics of a complex system. This approach
gives a means of creating ‘analytical-empirical’ (AE) models that exploit any known geomet-
ric structure of the system with information obtained from direct experimental observation
of the mechanics of the problem at hand. The approach in [28] is intended to generate
analytical-empirical models of biological motion, such as those considered in the study of
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human motion [42] or bat motion [13, 14]. The critical contribution of the work in [28]
has been to use recent machine-learning approaches [31, 88], along with observations of the
biosystem under study to determine an empirical function that essentially drives the evolu-
tion of a high dimensional model so that it approximately lies on an empirically-determined,
lower dimensional manifold.

The authors have introduced AE models in [28] for approximating high dimensional nonlinear
systems which arise when studying motion of insect or animal systems. We briefly summarize
the theory in this section and explain how it is used in this paper. From any of a large
selection of standard texts [96] on analytical mechanics or multi body dynamics, it is well-
known that the governing equations for a system of rigid or elastic bodies that are connected
by ideal joints can be generated from Lagranges equations with multipliers,

d

dt

(
∂T

∂q̇k

)
− ∂T

∂qk
+
∂U

∂qk
+
∂ϕi

∂qk
λi = Qk. (3.1)

In Equation 3.1, {qk}k=1,...,d is a set of redundant, generalized coordinates for the mechanical
system that is subject to m holonomic constraints ϕi(q(t)) = 0, i = 1 . . .m. Also, T =
T (q, q̇, t) is the kinetic energy, U = Ug(q, t)+Us(q, t) is the potential energy which is the sum
of gravitational and strain potential energies, λ is an m-vector of Lagrange multipliers, and
Q is a d-vector of generalized forces. When the constraints ϕi(q) = 0 are known explicitly
in analytic form, it is a standard result of analytical mechanics that, at least in principle, it
is possible to rewrite the system in terms of d∗ = d−m independent generalizes coordinates
q∗i , i = 1, . . . , d∗ which eliminates the Lagrange multipliers. Of course, there are many
mechanical systems that do not admit globally defined generalized coordinates and Equation
3.1 above can be extended by geometric mechanics to these systems by considering evolutions
on a smooth configuration manifold Qo [1, 19, 22].

The rigor afforded by techniques of geometric mechanics has an important implication for
this paper: Lagrangian formulations can be introduced which are guaranteed under precise
conditions to converge to solutions of the system with holonomic constraints and Lagrange
multipliers [20]. In these approaches the approximations are solutions of the penalty param-
eterized unconstrained Lagrangian equations

d

dt

(
∂T

∂q̇k

)
− ∂T

∂qk
+
∂U

∂qk
+
∂Vϵ
∂qk

= Qk k = 1, . . . , d. (3.2)

In Equation 3.2, Vϵ := Vϵ(q; ϵ) is an empirical potential energy function that has the property[
q : Vϵ(q; ϵ) = 0

]
=
[
q : ϕi(q) = 0, i = 1, . . . ,m

]
. (3.3)

The reader is directed to [20] for a rigorous discussion of the convergence of trajectories that
solve Equation 3.2 to motions t 7→ q(t) which also solve Equation 3.1. Reference [26, 28]
derives probabilistic error rates of convergence for some such penalty formulations.

The important distinction between the two formulations is that Equation 3.1 is defined in
terms of the holonomic constraints ϕ : Rd → Rm and Equation 3.2 is defined in terms of an
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energy function Vϵ : Rd → R. When we say in this paper that the motion of an animal evolves
on a submanifold contained within the high-dimensional configuration space, we do not in
general know the associated constraints ϕ that would generate such a motion. Identifying ϕ
directly would be an onerous task in all but the simplest cases because the dimension, m,
is unknown and the function itself is nonlinear. Moreover, the number of dependencies, m,
can be quite large compared to d. For human motion studies it is typical that d = O(100)
and the number of independent parameters d∗ = d−m can range from 1 to 3 [108, 109]. It
follows that m is only slightly smaller than d. On the other hand, the penalty formulation in
Equation 3.2 is written in terms of a single scalar valued function Vϵ : Rd → R which forces
system trajectories to lie on the manifold without explicitly enforcing constraints. We will
seek to exploit a special case of this strategy for the design of bioinspired joint models from
observations of complex biomotions. Specifically, we will identify the empirical potential Vϵ
in the model above and use it to design the physical structure of a biomimetic bat elbow
joint.

To design the physical joint structure, we use Equation 3.2 in two ways: once for the biological
system under investigation, and again for our realization of the bioinspired hardware. For
the biological system, we neglect the flexibility and gravitational effects of the constituent
bodies of the bioskeleton and only seek to understand the structure of the submanifold that
is associated with the large motions across the joint. Thus, both the gravitational and strain
potential energies are zero and the identified empirical potential term Vϵ pushes the system
trajectory towards the identified manifold. Conversely, for the mechanical system Vϵ is zero
and the physical system potential U is non-zero. Because we are isolating the motion of
a single joint, we further assume that the gravitational potential, Ug, is zero. Thus, the
strain energy, Us, is entirety of the potential stored in the joint. We subsequently optimize
joint parameters so that the strain energy approximates the empirical potential as closely
as possible. Furthermore, since this is our first experimental validation of the modeling
technique described in [28], we only consider the static terms and the two models based on
Equation 3.2 reduce to

∂Vϵ
∂qk

= Qk
∂Us

∂qk
= Qk. (3.4)

In summary, we seek to identify the AE model, Vϵ, and then approximate it using the physical
strain energy of the joint, Us.

Identifying the Analytical-Empirical Potential

The empirical potential Vϵ in the above governing equations is in general a nonlinear function
of the configuration variables q and is determined from experimental observations. The the-
oretical background for the pragmatic algorithm discussed in this section is rather abstract,
especially during an initial exposure to the approach. Here, we review only the relevant
theory needed to understand the approach in this paper. The reader is referred to the very
brief overview of the theory in Appendix 3.6, the papers [31, 88] on learning theory, or our
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discussions on applications to Lagrangian mechanics [28] for additional details. We assume
that observations of the configuration

{qi}1≤i≤n := {q1, . . . , qn} (3.5)

are available from experiments. The collection {qi}1≤i≤n are assumed to be random samples
distributed according to an unknown probability measure µ on Qo ∈ Q. If we assume there
are m unknown constraints ϕ that define the motion submanifold, Qo, a critical defining
property is that the potential Vϵ satisfies Equation 4.15 making it an ideal substitute for
the holonomic constraints. It is essential then, to choose the empirical potential such that
Vϵ(q) = 0, at least approximately, on the motion submanifold. An elegant approach to this
problem is achieved using the theory of reproducing kernel Hilbert spaces (RKHS), briefly
summarized in the Appendix.

In principle, the construction of a RKHS of functions over the set Q as outlined in Appendix
3.6 enables the definition of an “ideal” potential function Vµ : Q → [0, 1] that has the property
that

Vµ(q) = 0 ⇔ q ∈ support(µ) = Q0,

where we think of Q0 as the set of feasible states and µ as a probability measure which
describes the distribution of states over the configuration space. Intuitively, the function Vµ
takes a minimum value where the measure µ is concentrated (i.e. q ∈ Qo), while it is large
elsewhere (i.e. q ̸∈ Qo). When we define the scaled, ideal potential Vµ,ϵ(q) := 1

ϵ2
Vµ(q), we

see that Vµ,ϵ : Q → [0, 1/ϵ2] and the potential Vµ,ϵ → ∞ as ϵ → 0 over regions outside of
Q0. If we could construct the ideal potential Vµ,ϵ, including it in a Lagrangian formulation
of the dynamics would have the effect of driving trajectories toward the feasible region.
Unfortunately, the ideal potential Vµ cannot be calculated in practice: it depends on an
infinite dimensional operator that depends on the unknown measure µ.

In this paper we use the data-driven approximation Vϵ of Vµ,ϵ given by

Vϵ(q) =
1

ϵ2
Vq(q) =

1

ϵ2

(
1− 1

n
Kq(q)

Tgλ(K)Kq(q)

)
(3.6)

where n is the number of observations or samples, Kq(q) := {K(q1, q), . . . , K(qn, q)}
T ∈ Rn,

Kst := K(qs, qt) ∈ Rn×n for 1 ≤ s, t ≤ n, and gλ(·) is a filter function as defined in [31]. In
practice we compute

gλ(K) := Udiag(g(λi))UT

with K := UλiU
T the spectral decomposition of the symmetric, real matrix K. The filter

function has a number of forms. For example, it can correspond to performing Tikhonov
regularization or spectral cut-off over the eigenspaces. [88]

There are many practical reasons why the family of functions Vϵ are well-suited to our
overall strategy to construct robotic systems which exhibit desired motions that emulate
animal motion. The empirical potentials Vϵ are expressed in closed form in terms of the



3.1. Introduction 45

single kernel function K(·, ·) : Q× Q → R. It is easy to choose the kernel, K(·, ·) so that the
functions Vϵ are smooth, i.e., Vϵ ∈ C∞(Q,R). In this paper we choose the kernel function to
be

K(q, q) = exp
(
−β||q − q||2

)
, (3.7)

where q is the basis function center, β is a hyper-parameter which controls the sharpness of
K, and q is the location in the full configuration space at which the function is evaluated.
This choice of kernel function ensures that Vϵ is suitable for geometric mechanics formulations
of Lagrangian mechanics on Rn and submanifolds of Rn. Finally, since Vq(q) ∈ [0, 1] ∀q ∈ Q,
we know that Vϵ(q) ∈ [0, 1

ϵ2
] ∀q ∈ Q. This last property gives a simple intuitive interpretation

of the penalized empirical potentials. The set

Qϵ,o :=
[
q ∈ Q | Vϵ(q) ≤ 1

]
=
[
q ∈ Q | Vq(q) ≤ ϵ2

]
(3.8)

is a good approximation of the set in Equation 3.33 with Qo the set of states that can be
observed in principle. It is important to remember that the family of functions Vϵ,q depend
only on the samples {qk}{k=1,...,n} and penalty parameter ϵ, and reflect only the geometry
of approximations to the underlying set Qo. The empirical potential in no way encodes
information about the actual potential energy stored in a mechanical system.
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Figure 3.3: Empirical Potential Constructed Over Samples on the Unit Circle. Configu-
rations associated with low potential energy (blue) occur near the sampled data (magenta
dots) while configurations associated with high potential energy (yellow) occur away from
the sampled data.

To illustrate these concepts more clearly, consider the following example. Suppose a particle
moves around the unit circle. To construct the empirical potential energy function, we start
by collecting a finite number of position measurements. For simplicity, we assume that all
the samples are spaced evenly over the circle. Thus, the measurement set in Equation 3.5
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contains entries qi = {xi, yi}T . Using these samples and the kernel function in Equation 3.7,
Equation 3.6 is evaluated over a uniform grid of points qi = {xj, yj}T ∈ [−2, 2] × [−2, 2].
Figure 3.3 shows the empirical potential energy function over this interval.

In Figure 3.3, the empirical potential function takes a minimal value (dark blue) near the
measurement set (magenta points) and a high value (yellow) everywhere else. Thus, if it
is included in a Lagrangian model of the dynamics of the system, the empirical potential
will push system trajectories towards the observed set. In other words, the dynamics of the
identified system will evolve on Qϵ,o.

In this paper, we present a methodology which uses constructions similar to this example to
automate the design of robotic hardware which prefers configurations on the manifold iden-
tified from experimental observations of the system of interest—in this case, a bat in flight.
The next step in the process is to approximate this empirical potential with a physically
realizable potential U .

Approximating the Analytical-Empirical Potential

The actual, physical potential energy U can be derived for many mechanical systems from
first principles. Such a function U will ordinarily depend on physical parameters p such as
material and structural constants and we write

U(q) = U(q; p). (3.9)
It will often be useful in discussing our method to normalize the empirical potential Vϵ so
that it is scaled to some reference value that makes physical sense. Suppose we have a
measurement or accurate estimate of the potential energy of a physical system Ur(qr, p). We
set Vr,q(q) := Ur(qr, p)Vq(q). Our general approach seeks to find the material and structural
parameters in p for a candidate robot component or system design such that the actual
potential energy matches the empirical energy Vr,q that only represents an ideal geometry,

U(q) ≈ Vr,q(q).

Physical Energy ≈ Empirical Energy
In general, the parameters, p, are identified from a regularized optimization problem [84] of
the form

p∗ = argmin
p∈P

||Vr,q(·)− U(·, p)||2H1
+λ||Vr,q(·)− U(·, p)||2H2

(3.10)

with H1 and H2 function spaces with norms ||·||H1 and ||·||H2 , respectively. In this expres-
sion, λ is the regularization parameter and H2 is referred to as a smoothness space. Thus,
increasing λ results in smoother solutions as measured in the H2 norm. In this paper, the de-
sign of a robotic component or system is based on the solution of the regularized constrained
optimization problem

p∗ = argmin
p∈P

k∑
i=0

|Vr,q(ξi)− U(ξi; p)|2. (3.11)
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where
[
ξ
]
i=1,...,k

a collection of collocation points which are used to match the energy func-
tions as closely as possible.

With the prerequisite theory for learning empirical potential functions covered, we proceed in
the next section by presenting the details of our analytical framework for designing optimal
joint geometry from empirical observations of motion.

3.2 The Methodology

In this paper, we will use observations of the wrist location relative to the humerus fixed
frame to optimize geometry which approximates motion of a bat elbow during straight
and level flight. To simplify optimization, fabrication and experimental validation of the
joint we project the experimental data onto SO(2) and assume a single rotational degree
of freedom. The original data and its projection are shown in Figure 3.4. We assemble
these measurements into the set q̄ := {q̄i ∈ Qo ∈ R | i ∈ {1, . . . , I}}. In this paper
we specifically choose a kernel function K : R × R → R to be the exponential function
in Equation 3.7. With the observation set and the kernel function defined, the empirical
potential function is calculated using Equation 3.6. A simple example which provides a
physical interpretation of the purpose of this potential function is a spring which opposes
motion away from the manifold. In synthetic experiments, we can use the identified Vq̄(q)
directly; however, building a nonlinear spring which can approximately realize this energy
function may be difficult or intractable. Because linear springs are much easier to fabricate,
we formulate an optimization problem which assumes that the empirical potential function
can be realized by a collection of linear beam elements that progressively load as joint angles
near the boundary of the sample set are subtended. The kinematic definition for the joint
architecture is presented in the following section.
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Figure 3.4: Wrist motion as observed from the Humerus frame. Dark blue points are the
original data, light blue points are the data projected onto SO(2) which is the Lie group of
proper rotations that, roughly speaking, are parameterized by one angle. The data on SO(2)
is used to identify joint angles which are used to learn the empirical potential.
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3.2.1 The System Model

In this section we introduce the system model and kinematics for a specific embodiment of
a compliant joint. The joint presented in this paper is a single degree of freedom (DOF) pin
joint with linear beam springs which effectively limit the range of motion of the articulated
mechanism. The general system architecture is illustrated in Figure 3.5. Refer to the actual
physical system in Figure 3.9.

In Figure 3.5 the articulated link, which approximates the radius of the bat arm, has length
l0 and rotates through angle q relative a rigid support which approximates the humerus of
the bat arm. The compliant beam elements are shown below the articulated link and are
anchored on the left to the humerus. As the articulated link is deflected, the compliant
beams will store strain energy. This strain energy field is optimized to approximate the
empirical potential energy which is identified using methods above.
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Figure 3.5: Compliant Joint Design. Link 0 is the articulated link and links 1 to L are the
beam elements which approximate the empirical potential function.

While the kinematic model of the joint is shown to be nonlinear in the analysis that follows,
we assume that the constituent beams depicted in Figure 3.5 deform such that a linear
approximation is accurate. The transverse static displacement of each beam i = 1, ..., L is
assumed to satisfy the linear partial differential equation

∂2

∂x2i

(
Ei(xi)Ii(xi)

∂2ui
∂x2i

(xi)

)
= 0 (3.12)

where ui(xi) is the vertical displacement of beam i at any point xi along its length li.
Assuming that the modulus of elasticity Ei(xi) and moment of inertia Ii(xi) are constant,
and that the beams satisfy cantilever boundary conditions, a closed form solution for this
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equation is derived in many standard texts [26, 51]. These references also derive the strain
energy within each beam to be

Ui =
1

2

∫
Ei(x)Ii(x)

(
∂2ui
∂x2i

(xi)

)2

dxi. (3.13)

The well known finite element approximation of the strain energy is then factored into the
form

Ui =
1

2
uT

i Kiui, (3.14)

where ui =
[
ui,1, ui,2...ui,2ni

]T is the vector of nodal displacements, ni is the number of nodes
in the ith beam, and Ki is the stiffness matrix for beam i [26, 51]. Thus, to determine the
energy stored in the beams, we need an expression for the nodal displacements of each beam.
The nodal displacements ui,j of beam i are in fact nonlinear functions of the rotation q as
discussed in detail in the next section.

3.2.2 Joint Kinematics

To derive an expression for the displacement of each compliant beam, we begin by defining
the kinematics of our beam system. The displacement of each beam is determined by the
configuration of the rigid link l0. When a load is applied to the end of the rigid link of length
l0, it will deflect by an angle q such that the virtual work done on the system is equal to
the energy stored within the beams. To compute the energy stored in the beams, we first
determine the deflections of each beam. As the rigid link moves through angle q, the vertical
deflection at the contact location of beam 1 is

u0(l0 − d1) = (l0 − d1)tan(q). (3.15)

If the vertical deflection of the rigid link at the contact location of beam 1 exceeds the offset
h1, that is, u0(l0 − d1) > h1, then

u1(l1) = u0(l0 − d1)− h1. (3.16)

Similarly, when displacement of u1(l1 − d2) > h2, it follows that the vertical displacement at
the contact point of beam 2 is given by

u2(l2) = u1(l1 − d2)− h2. (3.17)

Thus, the vertical displacement at the end of beam i can be expressed as a piecewise function
of the displacement of beam i − 1. We see that Equations 3.15 - Equation 3.17 are special
cases of the recursion

ui(li) =

{
0, ui−1(li−1 − di) < hi

ui−1(li−1 − di)− hi, otherwise.
(3.18)
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Using Equation 9, the tip displacement of any beam in a system of L beams can be deter-
mined in closed form. With tip displacements known, we derive analytical and numerical
solutions for the displacements at any location on the beam having length li in the next
section.

3.2.3 Recursive Formulation of Nonlinear Potential Energy

In this section, we derive an analytical solution for computing the potential energy stored
within the beams as the robotic joint undergoes large rotations q. We assume that each
beam is modeled with two or three nodes: one at the clamped end, one at the free end, and
an optional node located a distance li − di+1 from the clamped end of beam i. The optional
node is only included when beam i contacts beam i + 1. Using the kinematics defined in
Section 3.2.2, we develop an analytical algorithm for computing the loads, and subsequently
the displacements, within each beam. The loading condition when the articulated link first
contacts beam 1 is illustrated in Figure 3.6.

.

.
q

𝑙0 cos 𝑞

. .
𝑃0

𝑃𝐵1

𝑙0 − 𝑑1

Figure 3.6: Loading Condition for Beam 1. when the articulated link contacts beam 1, the
load applied to beam 1, PB1 acts perpendicular to the articulated link.

In the figure, a load, P0 is applied to the articulated link. This load is resisted by the load
PB1. We assume frictionless contact such that only a transverse load is transfered to beam 1.
After calculating the load applied to beam 1, the kinematics from Equation 3.18 are used to
determine u1(l1). Then we determine the angular displacement of the end of beam 1 using
Castigliano’s theorem.

P1 =
3E1I1
l31

u1(l1) =
2E1I1
l21

∂u1
∂x1

∣∣∣∣
l1

, (3.19)

3u1(l1)

2l1
=
∂u1
∂x1

∣∣∣∣
l1

. (3.20)

This relationship holds until beam 1 contacts beam 2. Then, the loading condition changes,
and Equations 3.19 and 3.20 are no longer valid.
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To determine if beam 1 has contacted beam 2, we solve for the deflection at the contact
location for beam 2 and use the kinematics condition in Equation 3.18, where i = 2. If
Equation 3.18 results in a non-zero displacement for the tip of beam 2, then the internal
forces can be computed using a system of equations which is derived using the kinematics
and Castigliano’s theorem. We have the constraint

u1(a1) = u2(l2) (3.21)

where a1 = l1 − d2 and the load-displacement equation

P1a
2
1(3l1 − a1)

6E1I1
− P2a

3
1

3E1I1
=

P2l
3
2

3E2I2
+ h2. (3.22)

Additionally, we know that

u1(l1) = (l0 − d1)tan(q)− h1, (3.23)
P1l

3
1

3E1I1
− P2a

2
1(3l1 − a2)

6E2I2
= (l0 − d1)tan(q)− h1. (3.24)

with a2 = l2 − d3. Using Equations 3.22 and 3.24, we solve for the loads P1 and P2, and
subsequently solve for the nodal displacements. This process is repeated in a similar fashion
once beam 2 contacts beam 3.

More generally, we can compute the internal loads in a system of L beams by using the
kinematics developed in Section 3.2.2 and Castigliano’s Theorem. The general system of
equations is

P1l
3
1

3E1I1
− P2a

2
1(3l1 − a2)

6E2I2
= (l0 − d1)tan(q)− h1, (3.25)

Pia
2
i (3li − ai)

6EiIi
− Pi+1a

3
i

3EiIi
=
Pi+1a

2
i+1(3li+1 − ai+1)

6Ei+1Ii+1

−
Pi+2a

3
i+1

3Ei+1Ii+1

− hi+1, (3.26)

PLl
3
L

3ELIL
− hL =

PL−1a
2
L−1(3lL−1 − aL−1)

6EL−1IL−1

−
PLa

3
L−1

3EL−1IL−1

. (3.27)

In the equations above ai = li − di+1. In this paper we present two and tree beam imple-
mentations of the compliant joint. For the two beam system, only Equations 3.25 and 3.27
are required. For the three beam implementation, all three equations are used with i = 2
and L = 3. Proof of this is trivial and left to the reader. After these loads are computed,
the deflections can be computed. Then a nonlinear function of the generalized coordinate q
representing rotation of the rigid bar. The energy is computed as

UK(q) =


1
2
uT

1K1u1 u0 ≥ h1, u1,p ≤ h2,
1
2
uT

1K1u1 +
1
2
uT

2K2u2 u1,p ≥ h2, u2,p ≤ h3,
1
2
uT

1K1u1 +
1
2
uT

2K2u2 +
1
2
uT

3K3u3 u2,p ≥ h3.

(3.28)
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Note that this is a minor abuse of notation due to the stiffness matrices having different
numbers of rows and columns, but it is apparent from context that the K with the largest
subscript only has two rows and two columns. While equation 3.28 is developed for three
beams, it can be extended to L elements trivially. Equation 3.28 is a piecewise quadratic en-
ergy function which is optimized to approximate the empirical potential function in Equation
3.6. Details of the optimization for our experiments will be discussed in 3.3.

3.3 Numerical Optimization

The empirical energy function Vr,q(q) in Equation 3.6 is a summation of exponentials and the
hardware realization developed in this paper uses piecewise quadratic springs. Therefore, we
choose to design the joint by solving the optimization problem

p∗ = argmin
p∈P

∑
i

|Vr,q̄(ξi)− UK(ξi; p)|2, (3.29)

where i indexes over a set of quadrature points chosen by the designer and P is a set of
admissible parameters. The admissible parameters P in Equation 3.29 can include any
desired beam parameters, namely Ei, Ii, li, hi, and/or di. The optimization should be
constrained such that all these terms are positive because they are physical properties of
the system. While this constraint does reduce the size of our solution space, there are many
other practical constraints which can be imposed to restrict our solution space even further.

One important constraint is to limit beam parameters such that the beams are of approx-
imately the same stiffness. One optimization condition which enforces this is selected to
be

I1 ≤ 2I2 ≤ 2I3. (3.30)

This constraint ensures that all moments of inertia are within 100% of each other. Addition-
ally, we place an upper limit on the sum of offsets, h. This restricts the size of the mechanism
and prevents small energies from dominating the optimization. Similar constraints can be
added to any of the beam parameters. For the experiments in the paper we only optimize
over the moments of inertia and offsets. Optimizing over moments of inertia is beneficial
because the energy function scales linearly with this parameter. Optimizing over h changes
the locations of the discontinuities to improve the fitness of the realized energy function.

3.4 Results

In this section, we validate our theoretical and analytical framework for optimizing com-
pliant structures around conventional pin joints. To this end, we fabricate three examples
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of compliant joints: two from synthetic data and one from experimental data. All three
joints were designed in AutodeskTM InventorTM and printed using a Monoprice Maker Select
V2 3D printer. The printer fabricates parts from polylactic acid (PLA) which has a wide
range of reported elastic moduli. Furthermore, printing parameters such as percent infill,
infill geometry, layer thickness, and print speed can have adverse effects on the print quality
and final strength of the material. Thus, modulus of elasticity is determined by performing
bending tests on cantilever beams which are printed using the same parameters which will be
used to print the optimized joints. After determining the modulus of elasticity, we present
validation experiments for the optimized joints.

To determine the modulus of elasticity for our PLA, we clamp 2 inch long 3D printed beams
in a vice, and measure their load-deflection curves. Each beam is loaded using a Dynamixel
RX-24F servo and pulley to which a cable is attached. The cable connects to a a Transducer
Techniques TBS-40 Full-Bridge Thin Beam Force Sensor with associated mounting hardware
which are used to measure the load applied to the beam. The other end of the force sensor
is attached to the end of the beam with a second length of cable. The beam is loaded
by commanding the servo to a new angle displacement. Commands are sent to the servo
by using the Dyanmixel Wizard and associated USB to TTL converter provided by the
manufacturer. To measure the force applied at a particular displacement, the force sensor is
connected to a Keyes234 breakout board for an HX711 full-bridge amplifier which filters the
signal generated by the force sensor and performs analog to digital conversion of the signal.
The serial output lines on the breakout board are connected to an Arduino Uno which runs
the Sparkfun HX711 Arduino library and transmits the force measurements via USB to the
computer. Finally, the deflection at the tip of each beam is measured using a Mitutoyo
height gauge with a resolution of 0.001 inches. To insure result consistency with respect to
beam thickness, bending tests are conducted with beam thicknesses of 0.068, 0.085, 0.104,
0.124, and 0.144. All beams are fabricated with a width of 0.202in. The test system is shown
in Figure 3.7.

Using this system, we measure the load at various tip deflections. Figure 3.8 shows the force-
displacement relationship for all of the beams tested. The figure shows that all thickness
tested have a strongly linear force-displacement curve. Thus, Castigliano’s theorem can be
applied to determine the modulus of elasticity of the PLA used in these experiments. Ideally,
the modulus calculated for each of the 5 beams should be identical. The computed modus
of elasticity of was 308 ksi with a standard deviation of 21 ksi.

With the modulus of elasticity determined, the optimization problem in Section 3.3 was
completed to design three different bioinspired joints. First, synthetic data was created by
assuming an angular deflection of ±15deg. An empirical potential was fit to samples that
were evenly distributed through
the range of motion. During optimization, the moment of inertia, Ii, and offset, hi for each
beam was allowed to vary. The upper limit for the sum of the offsets hi is 0.158in. One
complaint joint was designed using 2 beam elements and another was designed assuming 3
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Figure 3.7: Modulus of Elasticity Test. The computer controls the Dynamixel. The Arduino
and Keyes 234 are reads the load cell. The height gauge measures the beam deflection.
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Figure 3.8: Force Displacement Functions for Linear Beam Testing. Five different thickness
beams were tested to generate load displacement functions. Beam thicknesses tested were:
0.068” (blue), 0.085” (red), 0.104” (gray), 0.124” (yellow), and 0.144” (green). As shown in
the figure all of the force deflection curves are strongly linear. Therefore, we can assume
linear beam bending through these ranges of deflection.

beam elements. In addition to the synthetic data, elbow angles of a Pratt’s round leaf bat
(H. pratti) during straight and level flight were used to design a third joint. This data was
collected using the methods presented in [14]. The identified parameters for all three joints
are provided in Table 3.1.

The three joints in Table 3.1 were printed using a Monoprice Maker Select V2 printer. Layer
resolution was set to 0.2mm. The printed joints are shown in Figure 3.9. The joint on the
left is generated using synthetic data and the thickness, t, and vertical offsets, h1 and h2,
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of two beams are optimized. The joint in the middle is generated using synthetic data and
thicknesses and offsets of three beams are optimized. The joint on the right is the 3 beam
design generated using motion capture data of the bat elbow. This the compliant structure
surrounding this joint is also contains three beam elements. The articulated link pinned
to the joint on the right can be removed and placed on any of the other specimens during
testing.

Parameter 2 Beam
Syn-
thetic

3 Beam
Syn-
thetic

3 Beam
Experi-
mental

I1 [in4] 1.25e-5 4.65e-6 1.83e-6
I2 [in4] 2.50e-5 1.86e-5 1.65e-5
I3 [in4] N/A 9.30e-6 5.5e-6
h1 [in] 0.118 0.075 0.118
h2 [in] 0.038 0.050 0.059
h3 [in] N/A 0.033 0.020

Table 3.1: Joint Parameters Identified by Optimization

Figure 3.9: Three Compliant Articulated Mechanisms Designed from Synthetic or Exper-
imental Data. Left: 2 beam specimen generated from synthetic data. Middle: 3 beam
specimen generated from synthetic data. Right: 3 beam specimen generated from motion
capture data of the elbow shown with articulated link attached. The articulated link is
removable and can be installed on each of the test pieces. All parts were 3D printed using
a Monoprice Maker Select V2 printer with a layer resolution of 0.2mm
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To validate the energy functions for each of the optimized joints, the beam bending test
system, shown in Figure 3.7, is used. As in the beam bending tests, the servo is used to
apply force to the free end of the articulated mechanism, deflection at the free end of the
mechanism is measured with the height gauge, and the applied force is measured with the
load cell. The load cell and height gauge are zeroed when the articulated link and fixed
link are parallel. The actuator progressively loads the beam and force-displacement data
is recorded. The force-displacement and energy-displacement function for each compliant
mechanism is shown in Figure 3.10.

In Figures 3.10a through 3.10c, the bottom plots show the force-displacement measurements
obtained using the load cell and height gauge. The blue line is the optimized force-deflection
curve, the gray dashed lines denote force displacement curves for joints printed with ±100µm
tolerances which is the maximum resolution of the printer used to fabricate the joints. Finally,
the red ‘+’ marks denote the experimental force-displacement measurements. Due to the
offset of the first compliant beam, all of these plots show a “dead-zone” in which zero force
is required to achieve a wide range of deflection. The ends of the dead-zones occur at 9o,
6o, and 13o for the two-beam synthetic, three-beam synthetic, and three-beam experimental
joints, respectively. Furthermore, these plots show bends in the force displacement curves
at 13o, 11o, and 21o, respectively. This behavior is observed due to the offset between the
first and second compliant beams. Finally, the three beam joints show a final bend in
the force-displacement curves at 15o and 24o for the three-beam synthetic and three-beam
experimental mechanisms, respectively. These changes in slope are less noticeable because
the optimized thicknesses of the third beams are much thinner than the optimized thicknesses
of the second beams as reported in Table 3.1. The data shown in these force-displacement
plots is used to compute the experimental energy-displacement curves used for validation of
the energy optimization method presented in Section 3.2.1.

The energy-displacement curve for each compliant joint is shown in the top of Figures 3.10a
through 3.10c. In the plots, the black line is the analytical-empirical potential function,
the blue line is the optimized energy function and the red ‘+’ marks are the experimental
energy. The experimental energy is computed using a mid-point Riemannian sum over the
experimental force-displacement data. The gray dashed lines represent confidence bounds
which reflect minimum and maximum stiffnesses given manufacturing tolerances of ±100µm
on the optimized parameters. The optimized energy function approximates the analytical
empirical energy function as closely as possible. The discrepancy between these curves
occurs because the piecewise quadratic energy function cannot exactly match the sum-of-
exponential form of the analytical empirical energy function. Furthermore, the experimental
energy is close to the optimal energy and is within the bounds established from manufacturing
tolerances. Thus, our analytical and theoretical framework for designing joint geometry is
validated for the single degree of freedom static case.
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Figure 3.10: Load-Deflection and Energy-Deflection functions for the compliant mechanism
designed using synthetic data and three beam elements. The analytical-empirical energy
function (black line) fits over the range of sample points. The optimized load and energy
(blue) are close to the experimental load and energy (red with ’+’ markers). The experi-
mental values are within the confidence bounds (gray dashed) which are computed assuming
±100µm tolerance on the optimized beam height and offsets.

3.5 Conclusion

In this paper present an analytical and theoretical framework for generating compliant struc-
tures around pinned joints by using empirical observations of bat flapping flight. The motion
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capture data used for this work was collected in previous investigations [12, 14]. Using this
data, we construct an analytical-empirical potential function over the observed configura-
tions. We then optimize a compliant structure around the joint which prefers configurations
on or near the submanifold identified from the observed configurations. Experimental vali-
dation of our algorithm is presented for both synthetic and experimental motion data. The
experimental validations show force and energy functions which closely match the empirical
beam energy identified using our framework. While the joints constructed for this paper are
rather simple, they successfully demonstrate the methodology presented herein, and we will
expand on the hardware in future investigations.

The ultimate goal of this research is to generate a general framework for automating the
design and fabrication of robot joint geometry from empirical observations of biomotion.
Thus, in the future we will solve the more general problem of generating geometry which
prefers motion on an arbitrary manifold in RN .

3.6 Appendix A: Reproducing Kernel Hilbert Spaces
(RKHS)

The empirical potential function Vϵ is constructed in terms of a kernel function K that
defines a reproducing kernel Hilbert space of functions over Q. A real-valued function K(·, ·) :
Q × Q → R is referred to as a kernel function on Q × Q provided that it is symmetric and
continuous. For each q̄ ∈ Q we define a basis function Kq̄(q) := K(q, q̄) in terms of the
kernel K: this is known as the basis function centered at q̄. In most practical problems,
the kernel K looks like a “bump function” in that it decays very rapidly far away from
its center q̄. In fact, it often takes the form of a radial basis function which is written as
K(q, r) := K̂(∥q − r∥) for some function K̂ : [0,∞) → [0,∞). There are a wide selection of
such kernels that are commonly used for scattered data approximation including exponential
functions, multiquadrics, and thin plate splines [117]. In our numerical studies we select the
exponential kernel K(x, y) := e−β∥x−y∥2 , for example, but any other of these popular kernels
could also be used.

The RKHS H is defined to be the closed linear span of the the set of functions {Kq(·)}q∈Q
[84]. In other words, the RKHS consists of all those functions f : Q → R such that

f(·) = lim
k→∞

k∑
i=1

αiK(ξi, ·) (3.31)

for sequences of coefficients {αi}i=1...k ⊂ R and locations {ξi}i=1...k ⊂ Q. The determining
property that makes H a RKHS is that the kernel K satisfies the reproducing property
(f,Kq)H = f(q) for all q ∈ Q and f ∈ H. When K is sufficiently regular, it is possible
to interpret the RKHS space H as a subset of the µ-weighted Lebesgue space L2(Q, µ).
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This inclusion is represented by an injective, continuous mapping iK : H → L2(µ) with
iK : f ∈ H 7→ i(f) = f ∈ L2(µ). When the kernel K is also bounded, it can be shown
that it, as well as its adjoint i∗K : L2(Q, µ) → H, are compact. In this case the operators
Tµ := i∗KiK : H → H and TK := iKi

∗
K : L2

µ(Ω) → L2
µ(Ω) are compact and self-adjoint. Our

empirical potential energy functions are defined in terms of the operator Tµ. See [88] for a
detailed discussion of the properties of these infinite dimensional operators, their eigenvalues,
and their eigenfunctions.

We define the ideal potential energy, corresponding to the samples distributed by the un-
known measure µ on Q as

Vµ(q) := 1−
(
T+
µ TµKq, Kq

)
H
. (3.32)

This ideal potential energy has the property that Vµ : Q → [0, 1]. If the distribution µ only
generates samples in a subset Qo ⊆ Q, we have

support(µ) = Qo =
[
q ∈ Q | Vµ(q) = 0

]
. (3.33)

That is, the support of the probability measure µ is Qo [31, 88]. In other words, Vµ takes a
minimum value over the set of ideal or possible observations and is non-zero otherwise. This
means that the probability of generating samples outside of Qo is zero. Roughly speaking,
choosing a potential energy Vϵ(q) := 1

ϵ2
Vµ(q), has the effect of “pushing” system trajectories

away from high potential values and onto the set of observations. This effect becomes more
pronounced as the penalty parameter ϵ→ 0. Unfortunately, we cannot use Vµ(q) in practice
since it depends on the unknown probability measure µ that describes the distribution of
measurements over Q and involves the generally infinite dimensional operator Tµ. Instead
we construct a sampling approximation Vq defined as

Vϵ(q) :=
1

ϵ2
(
1− (gλ(Tq)TqKq, Kq)H

)
(3.34)

=
1

ϵ2

(
1− 1

n
Kq(q)

Tgλ(K)Kq(q)

)
(3.35)

where Kq(q) := {K(q1, q), . . . , K(qn, q)}
T ∈ Rn, Kst := K(qs, qt) ∈ Rn×n for 1 ≤ s, t ≤ n,

Sq is the sampling operator Sqf := {f(q1), . . . , f(qn)}
T ∈ Rn, Tq := 1

n
SqS

∗
q , and gλ(·) is

a filter function as defined in [31]. Perhaps it is easiest to think of gλ(·) as an approx-
imate pseudoinverse that neglects extreme singular values. It is the expression Vq(q) :=
1 − 1

n
Kq(q)

Tgλ(K)Kq(q) that constitutes a practical algorithm for approximating the ideal
potential Vµ(q).



Chapter 4

Learning Bioinspired Joint Geometry
from Motion Capture Data of Bat
Flight

Bioinspired robotic systems are often designed by assuming that the kinematics of the bi-
ological system of interest are well approximated by an open kinematic chain subject to
box constraints. These box-constrains are typically generated by designer interpretation of
biomotion studies or pragmatic fabrication constraints. In contrast to this standard design
paradigm, this paper presents a methodology for learning joint geometry which restricts the
range of motion of generic ball joints to only the reachable set observed during biomotion
experiments. This reachable set is identified by constructing in analytical-empirical potential
energy function over the experimental observations. The energy function “pushes” configu-
rations close to the set of observations. This energy function is then thresholded to identify
the zero-potential configuration set, and joint geometry is constructed using the resulting
contour. We construct an entire bat wing using this method, and demonstrate through
motion capture experiments that the learned geometry successfully restricts motions to the
zero-potential set.

4.1 Introduction

In recent years, bioinspiration has become an ubiquitous theme in robotics due to potential
improvements in the adaptability, maneuverability, and efficiency with which biological sys-
tems interact with their environments. To date, many researchers have studied the motion of
humans [72], insects [99], birds [77], bats [102], fish [58], and many other biological systems as
a basis for robotic design. Typically these studies record observations of different regimes of
motion using high speed video equipment. The video sequences are then digitized to provide
either an intuitive, qualitative understanding of animal motion or a quantitative analysis
which includes two or three-dimensional reconstruction of the observed motion. This data
is then used to design robotic systems which imitate their biological counterparts.

Most often, the first step in designing robotic systems is to approximate the biomotion
observed during experiments by assuming that the skeletal mechanics occurs within the space

60
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SE(3)×SO(n1)×SO(n2)×. . .×SO(nl) where l is the number of links in the kinematic chain,
SE(3) accounts for the body translation and rotation, and SO(ni) is the special orthogonal
group for a joint with ni mutually orthogonal rotations. The motion of the system is typically
restricted to a submanifold of this configuration space by enforcing box constraints on joint
motion. In many studies, the box constraints are identified by a designer or are imposed
by pragmatic considerations related to fabrication constraints. This simplification, however,
is a departure from the actual motion observed during experiments. It should be noted
that this design paradigm yields very capable and impressive robotic systems. However,
it requires moderate to substantial intervention by an expert analyst, may be difficult to
identify correctly, may lead to admissible configurations which are unnatural or unstable,
and even the optimal solution may differ from the original kinematics in important ways.
Thus, the goal of this paper is to establish a rigorous methodology for learning robotic joint
geometry directly from biomotion data.

Our framework uses motion capture data of bats in flight and recent developments in learn-
ing theory to formulate an algorithm for automated processing of biological motion data into
robotic joint geometry. We use experimental observations to learn the existence of a mo-
tion submanifold within the full configuration space by formulating an analytical-empirical
potential energy field over the set of poses observed during experiments. This energy field
“pushes” system trajectories towards those configurations. The energy field is used to iden-
tify the a zero-potential (ZP) set of admissible configurations. The boundary of the ZP set
is used to design a range-of-motion limiting end cap which only permits motions on or near
the identified submanifold.

To motivate this work we begin with a review of recent advancements in bioinspiration of
robotic systems which use experimental observations of biological motion as a foundation for
designing robotic systems. Then, we describe our methods for collecting biomotion data of
bat flight. Next, we present the learning theory which identifies an empirical potential energy
function over the biomotion data. Then, we discuss how the energy function is used to drive
the design of joint geometry. Finally, we present results from biomotion experiments, energy
function learning, hardware fabrication, and validation experiments which demonstrate that
our method successfully designs range-of-motion limiting geometry directly from motion
capture data. We conclude with a few closing remarks and present opportunities for future
study.

4.2 Recent Developments in Bioinspired Robot Design

4.2.1 Walking Robots

Due to the wide range of potential applications, human motion studies are arguably the
most prolific in the field of biological motion capture. Human pose estimation has been used
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to drive realistic animations, design robotic hardware, improve prosthesis design, and study
musculo-skeletal pathologies. A comprehensive review of such applications is presented in
[47]. Due to the wide range of applications, many benchmark datasets have been created [30,
93]. In such datasets, many regimes of motion data are available for open-source download
and inclusion in new research. These studies of motion have been used to design, fabricate,
and control many different humanoid robots.

Humanoid robots are of substantial interest due to their ability to operate in similar environ-
ments as humans and leverage the use of tools designed for use by their human counterparts.
To date, many impressive and highly-functional examples of such robots have been created
such as Lucy [110], HUBO [78], HRP-3 [55], Athlete [76], and Petman [75]. In all of these
studies, human kinematics are approximated by an open-kinematic chain of rigid links con-
nected by ideal rotational joints. Each joint is subject to range of motion limitations known
as box-constraints. While the constraints are identified from motion studies, they are either
generated by designer interpretation of biological kinematics, or they are imposed by prac-
tical considerations made due to fabrication restrictions. Additionally, limited discussions
of how the constraints are determined is given beyond stating the number of DOF per joint
and the range of motion. These designs are excellent examples of bioinspired robots which
use designer interpretation of motion capture data as a basis for design.

In addition to using motion studies for design, anatomical studies of humans are often used to
propose alternative designs. For example, authors in [67] design a bipedal walking platform
using a system of parallel actuators for the leg units. Orientation and position of each
foot is controlled using 6 linear actuators for each leg. Actuator placement is loosely based
on the human musculo-skeletal system. Another work, [70] presents the updated design of
a musculo-skeletal humanoid robot which incorporates a shoulder-blade inspired shoulder
joint which improves the range of motion of a traditional ball and socket joint employed to
approximate the human shoulder. The authors note that the complex shoulder geometry
made hand positioning difficult. This issue was overcome by using a cell phone camera sensor
to track motion of the shoulder blade with respect to the chest. While these works give a
more detailed discussion of kinematic design and mimic anatomical features of humans, they
do no learn joint geometry directly from motion data.

In addition to the human motion studies, may animals have been studied to determine
how morphological attributes affect their motion. In [29], the scaling of limbs and posture
within the cat family (felidae) are investigated. The authors compare the morphology and
stances of 9 different species of cats by recording video of the animals walking. In the study,
planar kinematics of hindlimb and forelimb motion are analyzed. Additionally, [50] presents
a detailed anatomical study of the hindlimb of a cheetah compared to that of a greyhound.
Authors aim to determine morphological differences which enable the cheetah to run at 29
m/s while the greyhound only runs at 17 m/s. Surprisingly, the authors find that the hip
extensor muscle in the cheetah has a smaller volume than in the greyhound. However, the
authors posit that the cheetah runs faster due a greater amount of back activation and a
larger hip stabilizer which is used for resisting pitching moments induced during high speed
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running. These studies have been used as the basis of robotic system design.

For example, in [89] the authors develop a cat-robot with biomimetic hindlimbs supported by
a rolling cart. This robot is used to study the role of muscular sensory signals at the limbs in
terminating the stance phase of walking gaits. Research has shown that cats, while physically
smaller and of smaller brain size, move faster and with more agility than dogs. This suggests
that differences in locomotion arise from morphological considerations and not control or
intelligence. Beyond citing [29, 50], minimal discussion of the kinematic design of the robot,
beyond stating that the legs have 3 DOF each and 4 pairs of flexion-extension muscles,
is presented. As in the design of humanoid robots, the authors of [4] supplement motion
analysis with anatomically correct features to design a leg inspired by a cheetah for use in
the MIT Cheetah Robot [91]. The inertia of the leg is reduced by mimicking the biological
structure of bone using a foam-core, resin-shell, shape-deposition manufacturing method.
Furthermore, internal stresses are reduced by adding a passive Achilles tendon to the lower
limb. These robots are impressive, functional realizations of robotic hardware designed from
expert interpretation of biological motion and morphology. Due to the success in designing
walking robots using this paradigm, other investigations have used similar methods to design
robotic manipulators.

4.2.2 Robotic Manipulators

In the design of robotic hands, both kinematic analysis of video and morphological studies
of the musculo-skeletal system provide inspiration for high-dexterity robotic manipulators.
In [57], the authors develop a novel experimental protocol to measure the force exerted by
the human thumb and index finger. The experimental hardware accounts for soft tissue
effects and slippage. Kinematic measurements are also recorded using a ViconTM motion
capture system. Additionally, muscle activation is measured using an sEMG sensor. The
authors use this data to design and control a two-finger manipulator. This study simplifies
the kinematics of the hand and only considers planar kinematics of the thumb and index
finger.

In addition to kinematics and force data driven design, a substantial amount of work has been
done in using anatomical studies of the human hand as a basis for design. Authors in [27],
use anatomically correct rigid links, elastic ligament connections, and antagonistic tendons
to construct a robotic manipulator inspired by the human hand. The authors note that
simplified, constant-DOF mechanisms which resemble the human hand have been created
in the past but this restricts motion of the device. Their approach enables substantially
larger forces to be applied to manipulated objects and the range of motion of the hand is
dramatically increased. Their goal is to incorporate compliance in the hand while retaining
forceful interaction with the environment and increasing the range of motion of the hands.
However, fabrication of the mechanical structure is based on anatomy and not driven by
experimental observations of motion.
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4.2.3 Flapping Wing Robots

In addition to the study of human motion, the synthesis of flapping wing robots has gained
renewed attention in recent years due to promises of increased performance based on bioin-
spiration. Typically these robots resemble that of an insect or bird [77]. Many designs
include panel shaped or flexible plate wings which are actuated at the root. Recently, in-
vestigators have introduced passive degrees of freedom which decrease air resistance on the
upstroke by enabling the wing surface to flex and extend during flight [18, 74]. In addition
to flexion-extension compliance, authors in [118] add a compliant wing spar to mimic avian
wrist actions allowing pronation-supination of the wing surface. The authors present exper-
imental results which show that the optimized compliant mechanism increases the upward
acceleration of the body just before the upstroke-downstroke transition. These works are
excellent examples of adding an optimal, compliant structures to increase performance, but
the designs are based on qualitative analysis of bird wing kinematics.

In addition to bird and insect robots, bat flight has been studied as inspiration for flapping
wing robots. The seminal research presented in [15, 16, 24, 52, 53] studies the kinematics
of bat flight in detail. In addition to determining the foundational kinematics, researchers
in [87] perform principle orthogonal decomposition (POD) to determine which kinematic
variables have the highest contribution to the overall motion of the bat. Such studies of
motion are then used to create robotic hardware detailed in [25] which contain the most
important degrees of freedom. This hardware is placed in a wind tunnel to measure lift and
drag forces and compute Cl and Cd curves which are widely available for standard fixed wing
MAVs but are extremely difficult to generate for flapping wing robots. This substantial body
of research is then used to develop robots such as the one described in [81, 82, 83]. As in [25],
the robot, Bat Bot B2, is designed using the POD analysis in [87] to determine the most
important degrees of freedom and actuation. In contrast to the walking robots discussed
above, this work presents a detailed description of how biomotion studies of bats in flight
are used to inform kinematic robotic design. The reason for the care in specifying kinematics
is due to weight restrictions of flying robots which are not as stringent for walking robots.
However, the kinematics of the bat robot constructed still differ from the kinematics of the
biology [45] and ultimately, a designer is responsible for specifying all aspects of wing design.

4.2.4 Trends In Bioinspired Robotic Design

In the body of research reviewed above, there exist three paradigms for kinematic design of
bioinspired robotic hardware: 1) observe motion, construct a kinematic model, and identify
box constraints on the assumed degrees of freedom, 2) study the anatomy in detail and model
bones and joints based on morphological aspects of the subject, and 3) use a combination
of methods 1 and 2. These paradigms have been used to create bioinspired robots with
impressive functionality. However, many have noted that the configurations achievable by the
robots deviate from the biological counterparts which they aim to imitate [45]. Many works
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have focused on path planning or control algorithms for compensating for fundamentally
flawed kinematics.

In [121], the authors propose an optimization scheme for matching the pose of a humanoid
robot to that of a human actor performing Taiji. The algorithm substantially improved
the robot’s ability to mimic the recorded motions. The authors note that the difficulty in
matching pose is caused by differences in kinematics. Box constraints on joint angles of
the robot are one limitation which prevents the robot from exactly matching the pose of
the human. Additionally in [60], the authors propose a method for using Kinect sensor
measurements of human motion to drive the motion of a Nao robot. The authors propose
clever methods for overcoming differences between the robot and the human which makes
transitions between certain poses unstable. These investigations which attempt to correct
flawed kinematics motivate the need for developing rigorous design methodologies which
preserve the observed motion of the biosystem under study.

In contrast the methods presented above, our approach presents an alternative design paradigm:
collect experimental observations of motion, select a general joint architecture, and use the
motion data to directly drive the detailed design of the joint such that only motions ob-
served during experiments are admissible. This methodology is similar to previous works in
that we collect multiview video of the biological system we are studying and that we must
select a general joint architecture. However, Our method is unique in that we use empir-
ical observations of motion to identify an analytical-empirical potential energy field which
pushes motions towards configurations observed during experiments. We then use this en-
ergy field to automate the design of geometry which restricts motions to those observed
during experiments.

4.3 Experimental Methods

The joint geometry designed in this paper is learned from experimental observations of a
bat performing straight and level flight. To collect experimental measurements, a low-cost,
highly-redundant imaging system based on the GoPro Hero 3+ Black is used to collect
video of the flight motion from 21 different viewing angles. While the redundant nature of
the viewing system successfully minimizes occlusion, the consumer grade cameras introduce
significant amounts of radial distortion in the images. The video is used to reconstruct the
three-dimensional motion of over 200 marker points distributed across the bat’s body and
wings. To learn joint geometry, only the markers on the joints of the bat skeleton are used.
Extensive discussions about distortion removal and reconstruction of the motion is reported
in [12, 13, 14].

In [13, 14] the authors use the well-known Devanit-Hartenberg (DH) convention to assign
rotational degrees of freedom to each of the joints on the wing. This process defines an open
kinematic chain which approximates the bat skeleton. To identify joint states, the authors
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assume that a point fixed rigidly to the lth rigid link can be transformed into the inertial
frame by a series of homogeneous transformations which are functions of the joint states and
DH model parameters. This approach is the standard method for creating an open kinematic
chain skeletal model of a biological system.

One drawback of this method, is that the DH convention requires that a priori kinematic
model assumptions are made prior to state estimation. Uncertainty in the model makes
skeletal joint state estimates inaccurate, and any error incurred while estimating proximal
link states is automatically included in the state estimates of all distal links. The goal of
this paper is to establish an algorithmic framework for automating the design of robotic
joint geometry without requiring these a priori assumptions. Thus, we use the methods in
[12] to estimate three dimensional locations of individual marker points so that the rigid
link assumption does not taint the estimates. The resulting point trajectories are shown
in Figure 4.1. Furthermore, we abandon the kinematic models of [13, 14] and assign body

Figure 4.1: Estimated Locations of Feature Points. The colored lines transition from warm
colors for points close to the body to cool colors at the figure tips. The black lines depict
the skeletal pose every 8 time steps.

fixed frames by using relative orientations of points. This relaxes the constraints between
coordinate frames which are imposed by the Denavit-Hartenberg convention. A detailed
discussion of how coordinate frames are assigned is presented in Section 4.4.1

4.4 Theoretical Methods

In this section, we present the methodology for using biomotion data for learning joint
geometry. We begin by presenting our definition of bat skeletal kinematics. Next, we briefly
describe the recent developments in learning theory which enable us to formulate empirical
potential functions for the purposes of robotic design. Finally, we discuss how these empirical
potential functions are used to design robotic geometry.
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4.4.1 Isolating Relative Joint Motion

In this paper, we assign body-fixed coordinate frames using the relative orientations of the
proximal and distal points on neighboring pairs of bones. The coordinate frame which is
fixed to a particular bone is used to isolate the motion of the point located on the distal
end of the bone’s distal neighbor. We assume that this motion is caused solely by the joint
which connects the two bones. Finally, we assume that all joints have 2 rotational degrees-
of-freedom (DOF) and that link length is not fixed when body fixed coordinate frames
are assigned. We begin by assigning the humerus-frame and work outwards through the
kinematic chain.

To assign the humerus-fixed frame, we assume that the shoulder rotation is responsible for
orienting the arm plane which is defined by the shoulder, elbow, and wrist points. The
humerus fixed frame is then defined with the ẑ direction perpendicular to this plane. The
humerus fixed x̂ points in the direction of the humerus vector which spans from the shoulder
point to the elbow point. Finally, the ŷ direction is the cross product of ẑ and x̂. In other
words

rhum = xelbow − xshoulder, (4.1)
rrad = xwrist − xelbow, (4.2)

ẑhum =
rhum × rrad

||rhum × rrad||
, (4.3)

x̂hum =
rhum

||rhum||
, (4.4)

ŷhum = ẑ × x̂, (4.5)
where rhum is the vector which points from the shoulder to the elbow, and rrad is the vector
which points from the elbow to the wrist. The three basis vectors, x̂hum, ŷhum, and ẑhum,
must have unit magnitudes which is the why the normalizations appear in Equations 4.3
and 4.4. Theoretically, normalization of Equation 4.5 is not required because x̂hum and
ẑhum are unit magnitude, however, to avoid numerical precision issues this equation is often
normalized in practice. The complete homogeneous transform which describes the humerus
fixed frame position and orientation is

H0
hum =

[
R0

hum xelbow

0T 1

]
=

[[
x̂ ŷ ẑ

]
hum

xelbow

0T 1

]
(4.6)

where R0
hum is a rotation matrix describing the relative orientation between the inertial frame

and the humerus fixed frame and xelbow is the elbow point. Note that this matrix and all
components need to be computed for each time step. Once these matrices are assembled,
the motion of the wrist point in the humerus fixed frame is computed as

xhum
wrist = Hhum

0

[
x0
wrist

1

]
=

[
Rhum

0 −Rhum
0 xelbow

0T 1

] [
x0
wrist

1

]
. (4.7)
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where Rhum
0 is the matrix-transpose of R0

hum. The transformation in Equation 4.7 is applied
in the same manner to each of the remaining distal links after the associated body fixed
frames are defined.

To specify the wrist fixed frame, we assume again that the x̂rad direction points along the
radius. Then we define the ŷrad direction as the cross product of the ẑhum direction and
x̂rad. Finally, ẑrad is defined as the cross product of the x̂rad and ŷrad directions. In other
words

x̂rad =
rrad

||rrad||
, (4.8)

ŷrad = ẑhum × x̂rad, (4.9)
ẑrad = x̂rad × ŷrad, . (4.10)

These basis vectors are then assembled into rotation matrix R0
rad and the metacarpal motion

is expressed in the radius fixed frame by making the appropriate substitutions into Equation
4.7. Additionally, the remaining body fixed coordinate frames are assigned using the con-
vention described for the metacarpals: the x̂link direction points along the bone, the ŷlink
direction is perpendicular to the proximal ẑ, and the new ẑlink is the cross product of x̂link

and ŷlink for the current link. As before, after the associated homogeneous transforms are
identified, Equation 4.7 is used to determine the relative motion between the body fixed
frame and the end point of its distal neighbor.

Using the transformations described above we can isolate the relative motion between the
end point of any bone and the end point of its proximal neighbor. In the future, this data
will be used directly to identify geometry of generic joints which permit motion in SE(3). In
other words, the joint would allow translation and rotation between the neighboring bodies
which, in many biological systems, is more indicative the of the actual motion. For this
paper, we simplify the problem and assume that each joint can move in SO(3), and we
allow two rotational degrees of freedom, θz and θy, about the body fixed proximal frame. To
identify the rotation about the z-axis

θz,i = tan−1

(
yi
xi

)
(4.11)

where xi and yi are the x and y coordinates of the ith sample point. Additionally, the rotation
about the y-axis is determined by

θy,i = tan−1

(
zi√

x2i + y2i

)
(4.12)

where where zi is the z coordinates of the ith sample point transformed into the proximal body
fixed frame. The standard approach for designing robotic hardware typically determines joint
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angles in a similar manner. Most-often, box constraints are established on the joint angles.
If the identified box constraints are sufficiently narrow for θz or θy a designer may choose
to eliminate that degree of freedom altogether. This approach may overly restrict joint
motion. Additionally, if both angles are used in the parameterization, box constraints could
enable the joint to reach configurations which were not observed during experiment—such
configurations would be observed in the corners of the reachable set. Restricting the motion
to the appropriate subspace of the box constraints must then be done in the path planning
and control phase of the system design.

In contrast, our approach learns a potential energy field over the joint angles computed from
Equations 4.11 and 4.12 and uses this energy field to shape the joint such that only the set
of configurations observed during the experiments is possible. The next section presents the
foundational theory used to learn a potential energy function from the empirical observations.
After learning this potential function, joint geometry is designed to realize the motion.

4.4.2 Identifying the Empirical Potential Functions

Bioinspiring robotic systems from biomotion data is an attempt to design a synthetic system
who’s dynamics approximate, as closely as possible, the biological system under investigation.
One method for describing the dynamics of a system is to derive equations of motion using
Lagrangian mechanics. Lagrange’s equations for a constrained mechanical system are

d

dt

(
∂T

∂q̇k

)
− ∂T

∂qk
+
∂U

∂qk
+
∂ϕ

∂qk
λT = Qk (4.13)

where T is the kinetic energy, U is the potential energy, qk is the kth state variable, ϕ is a
vector of holonomic constraints, λ is a vector of Lagrange multipliers, and Qk are the inputs
to the system. These equations of motion have been long studied and there exist close form
solutions for many mechanical systems. Unfortunately, biological systems are extremely
complex, and it is often difficult or impossible to identify these equations of motion for such
systems. This is in part why bioinspired robotic systems often approximate the observed
biological motion as a collection of ideal rotations subject to box constraints; for such a
system, solutions to Lagrange’s equations, while non-trivial, can be derived in closed form.
However, approximations at this stage of the design process fundamentally prevent design
efforts from mimicking biological motion.

Fortunately, recent developments in learning theory have generated methods which identify
a motion submanifold from experimental data and use this submanifold to approximate the
equations of motion. The Lagrange formulation used in this paper replaces the holonomic
constraint term with an empirical potential energy. Thus, Lagrange’s equations then become

d

dt

(
∂T

∂q̇k

)
− ∂T

∂qk
+
∂U

∂qk
+
∂Vϵ
∂qk

= Qk, (4.14)
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where Vϵ is an empirical potential function identified using the experimental observations ob-
tained during biomotion studies. Empirical potential functions are an attractive alternative
to holonomic constraints because they can be chosen such that[

q : Vϵ(q; ϵ) = 0
]
=
[
q : ϕi(q) = 0, i = 1, . . . ,m

]
. (4.15)

In other words, the set of q which make the empirical potential function equal to zero are
the same set of q that make the holonomic constraints equal to zero. If we construct the
empirical potential function such that the set of q are the experimentally observed joint
configurations computed in the previous section, then low potential energy is observed near
these experimental observations and high potential energy is observed away from the obser-
vations. Thus, deviations from the minimal potential energy set will generate forces that
“push” trajectories back toward the set of observed configurations.

An elegant solution for identifying a suitable empirical potential function is provided by the
theory of reproducing kernel Hilbert spaces (RKHS). The theory relies on the selection of a
kernel function which is real, symmetric, and positive definite. A common choice of kernel
function is the radial basis function

K(q, q) = exp (−β||q − q||) (4.16)

where, q is the function center, q is the location at which the function is evaluated, and β is a
hyper parameter which controls the sharpness of the basis function. In this paper, Equation
4.16 is the kernel with which the empirical potential energy is learned. The derivation of the
empirical potential is outside the scope of this paper, so the reader is directed to [28, 31, 88]
for a complete discussion. The result, however, is that the empirical potential function is
identified as

Vϵ(q) =
1

ϵ2

(
1− 1

n
Kq(q)

Tgλ(K)Kq(q)

)
. (4.17)

where Kq(q) := {K(q1, q), . . . , K(qn, q)}
T ∈ Rn, Kst := K(qs, qt) ∈ Rn×n for 1 ≤ s, t ≤ n,

gλ(·) is a filter function as defined in [31], and ϵ is a small parameter which scales the
affect of Vϵ. Appropriate selection of ϵ will be critical in future work for scaling the energy
function such that the optimized strain energy of the joint adequately approximates the
empirical potential. In this paper, we do not optimize the strain energy of a compliant joint,
but rather identify a “zero-potential set” and use its contour to constrain the joint motion.
Thus, we choose ϵ = 1 for all energy fields identified in this paper. Finally, gλ(·) as an
approximate pseudo-inverse which neglects extreme singular values in K.

Equation 4.17 can be evaluated on any set of experimental data. In this paper, we isolate
the motion of a single joint using the method presented in the previous section and identify
the empirical potential function for each joint individually. Thus, for a particular joint, the
set of sample data is Qjoint = {q1, . . . , qN} where N is the total number of observations, and
each qi = {θz, θy}Ti is the ith pair of identified joint angles. In this paper, the assume that
each joint is well approximated by two orthogonal rotational degrees of freedom. Thus, ball
joints are used as the general joint geometry.
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4.4.3 Using the Empirical Potential For Joint Design

The empirical potential functions identified in the last section are used to shape a motion-
restricting cap which constrains the motion of the ball joints to the configuration set observed
during experiments. Once the empirical potential function is identified, a threshold is applied
to the energy field to identify a “zero-energy contour” and an offset is added to allow for the
appropriately sized link to protrude from the joint. Because we choose ϵ = 1 in this paper,
the energy function will take values between zero and one, and we choose the threshold for
the zero potential set to be 0.05. The link radii are 3mm, 0.5mm, and 2mm for the radius,
metacarpals, and phalanges, respectively. These radii are chosen due to the tolerances and
accuracy which can be achieved using a 3D printer which is used to fabricate all the parts
in the bat wing.

The elbow and phalangeal joints consist of five main parts: the distal link, the proximal link,
the center ball, the collar, and the end cap. The ball is located at the center of the joint with
the collar clipped around the outside. The collar fits into a groove on the proximal link and
prevents rotation around the axis pointing down the distal link. The end cap fits over the
top of the ball and the contour identified from the empirical potential function is cut out of
the end to permit motion on the identified submanifold. Finally, the distal link fits into a
hole in the ball and protrudes out of the end cap into the next joint. The assembly for these
links is shown in Figure 4.2.

Phalange 1 BallCollar End Cap

Phalange 2

Clocking Feature

Figure 4.2: Digit 3 Phalange 2 Joint Assembly. Phalange 1 holds the central ball and collar
which only allow rotation about the indicated axes (dashed lines). The end-cap is designed
using the methods shown above. The clocking feature insures that proper orientation is
maintained during assembly.

While the joint in Figure 4.2 is used for most of the wing joints it cannot be used to form
the wrist joint because all the metacarpals are assumed to have the same center of rotation.
Thus, the center metacarpal has a ball at the proximal end while the outer metacarpals have
spherical sections which fit around the ball at their proximal ends. This gives all the joints
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the same center of rotation. Instead of using a collar to eliminate the third degree of freedom,
pins protrude from the proximal ends of the metacarpals which fit into a track on the back
of the radius. Finally, the motion sets of the fourth and fifth metacarpals overlap—which
will be shown in the following section. This would cause the identified contours for these
links to intersect allowing these digits to occupy the reachable set of the other. To remedy
this, a slight rotational offset is applied to the motion data. This separates the motion sets
such that independent contours can be generated. After the metacarpal links protrude from
the end cap, the offset is reversed to ensure that the final motions of the metacarpals match
the original observations.

Metacarpal 

End Cap

Metacarpal 3

Metacarpal 4

Metacarpal 5

Radius

Figure 4.3: Wrist Assembly. The distal end of the radius is shaped like a cup to hold the
three metacarpals. The distal ends of metacarpals 3 and 5 are spherical sections which fit
over the ball which is located at the end of metacarpal 4. The end cap has range of motion
restricting contours for all three metacarpals.

4.5 Results

Using the data from Section 4.3 and the theoretical approach presented in Section 4.4, we
isolate motion of each joint, learn the empirical potential functions, identify the zero-potential
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set, and generate the contours used to make the final joint geometry which will restrict motion
of the fabricated bat wing to the set of configurations observed during experiments.

4.5.1 Kinematic Data

Using the kinematic identification process presented in Section 4.3 we recursively isolate the
motion of each link, starting with the radius, and work outward to the distal phalanges. The
motion of each individual joint is shown in Figure 4.4.

(a) Radius
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(b) Metacarpals (c) D3 P. Phalanx

(d) D3 D. Phalanx (e) D4 P. Phalanx (f) D4 D. Phalanx

(g) D5 P. Phalanx (h) D5 D. Phalanx

Figure 4.4: Motion of Wing Bones with Respect to Their Proximal Neighbors. The original
data (blue ‘+’) is shown with the data projected onto the surface of a sphere (red ‘o’).
The relative motion of each bone is dramatically different. Each joint exhibits substantially
different motions which will result in dramatically different joint contours.



74 Chapter 4. Learn Joint Geom. from Motion Capture

Due to our identification method, the wrist motion shown in Figure 4.4a is planar and, in
this paper, is approximated by a single rotational degree of freedom. However, there is length
variation present in the original data which is denoted by the red circles. In a future work,
the empirical potential function, and subsequently the fabricated geometry, will be identified
to account for this stretching, but in this preliminary work, we only consider rotation.

While the motion of the wrist is planar and approximated by a single pin joint, the motion
of the metacarpals, shown in Figure 4.4b, is substantially different. The motion of each
metacarpal sweeps out an wedge-shaped area on the sphere. This area requires approximately
90 degrees of motion in the first principle direction. When this first direction is in full
extension (i.e. z ≈ 0), more motion is required in the second principle direction than when
the first direction is in full flexion. Note also, that the original motion of the fourth and
fifth metacarpals (magenta and cyan circles) intersect. If we use this data to design joint
geometry, the zero-potential sets will intersect and so will the final contours resulting in a
wrist cap which allows these metacarpals to move too far into the reachable set of their
neighbor. To remedy this issue, the projected data (green, red, and blue ‘+’ marks) for the
third, fourth and fifth phalanges is pre-rotated by 18o, 14o, and −15o, respectively. This
prevents the empirical potentials from overlapping which results in distinct contours for
each metacarpal opening in the wrist cap. To insure that the motion of the proximal end
of each metacarpal is still faithful to the experimental observations, we undo this rotation
immediately after the link protrudes from the metacarpal cap by adding a compensating
offset in the opposite direction. This produces links which are not correct anatomically, but
we are only concerned with motion mimicry in this paper.

While the metacarpal motions are all similar in shape, the motions of the phalanges, which
are shown in Figures 4.4c to 4.4h, are distinct from one another. The proximal phalanges
tend to have a range of motion which would require approximately the same amount of
motion in two principle directions, while the distal phalanges exhibit more motion in the
first principle direction than in the second principle direction.

4.5.2 Identified Empirical Potential Functions

Using the kinematic data presented in Figure 4.4 the energy functions for the joints are
learned. The parameters used to learn the energy functions are the same for all joints
λ = 0.001 and β = 10. The learned energy functions are plotted over the sphere and shown
in Figure 4.5. In the figure, light colors correspond to high potential energy, and dark
colors correspond to low potential energy. Each of these energy functions is used to find the
zero-potential (ZP) set assuming a threshold of 0.1. The identified ZP sets are outlined in
red.

In the figure, the learned energy functions for all the joints are unique in shape and size.
The energy function for the radius is long and thin which is expected due to our specification
of the kinematics: the radius is assumed to only move within the plane of the arm. The
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(a) Radius (b) Metacarpals (c) D3 P. Phalanx

(d) D3 D. Phalanx (e) D4 P. Phalanx (f) D4 D. Phalanx

(g) D5 P. Phalanx (h) D5 D. Phalanx

Figure 4.5: Learned Energy Functions for Each Joint. Dark colors represent configurations
which have low potential energy and lighter colors represent configurations with high poten-
tial energy. The red contour is the boundary of the zero potential set.

component of motion which generates samples not on the arc subtended by a fix-length
radius link is due to extension in the elbow joint and is not included the empirical potential
and, therefore, cannot be included in these visualizations. The energy functions for the two
phalanges on the third digit show that little motion is required in either principle direction
for the first phalanx, and an arc-like configuration set required for the second phalanx. In
contrast, the ZP set for the first phalanx of digit four is triangular in shape while the second
phalanx ZP set is similar in shape to that of the third digit second phalanx. Finally, the both
phalanges on the fifth digit have notably different motions that the corresponding phalanges
on digits three and four. A larger ZP set is required for the first phalanx, and a tear drop
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shape ZP set is observed for the second phalanx.

These energy functions show that geometry for each joint must be substantially different to
recreate the wing configurations observed during experiment. If box constraints were applied
to any of these motions, the links could extend well into the yellow region of the plots which
indicates high energy and therefore undesirable, and potentially unnatural configurations.
Thus, the ZP sets identified in this section are better suited for generating realistic joint
geometry.

4.5.3 Joint Geometry

The ZP sets identified in the last section are used to determine the appropriate contours for
constructing the end caps for the joints. As discussed in the last section, the ZP sets indicate
the permissible motion of the distal end of each link. The geometry which restricts the motion
of each link does so at the proximal end of the link. Thus, the ZP set is projected to a sphere
of the same radius as the ball within the joint. Spherical radii are 6mm, 6mm, 8mm, and 6mm
for the elbow, fourth metacarpal, third and fifth metacarpal, and phalanges, respectively.
Additionally, the ZP set is identified assuming a zero radius link, so the boundary of the ZP
set is offset by the radius of the link. Radius offsets are 3mm for the elbow and 0.5mm for
the metacarpals, and 2mm for the phalanges. The original ZP sets and the final contours
are shown in Figure 4.6.

As expected given the motion data and the empirical potential functions previously pre-
sented, the identified contours shown in Figure 4.6 are dramatically different for each joint.
The scales of the x, y, and z axes reflect the projection of the ZP sets onto the surface of the
ball joint.

As mentioned in the discussion of the empirical potential function, all of the joint contours
are identified using fixed λ and β. The choice of these parameters however, can substantially
affect the resulting contour. To demonstrate the effects of β on resulting geometry, Figure 4.7
shows the contours generated from the empirical potential function of the second phalanx
on digit 4 with β equal to 10, 5, and 1. The figure shows that decreasing β results in
substantially smoother contours for the same observed joint motion. This result is expected
because the empirical potential function is constructed with radial basis functions centered
at each of the observed configurations. The basis functions will become wider with smaller
values of β. Smoother contours may be desirable if the experimental data set has a limited
number of observations. As with any smoothing or filtering operation, reducing β to may
remove artifacts of motion which were important to capture. Figure 4.7 shows that with
β = 10 a non-convex contour is identified, but when β = 1 the resulting contour becomes
convex.
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(a) Radius (b) Metacarpals (c) D3 P. Phalanx

(d) D3. D Phalanx (e) D4 P. Phalanx (f) D4 D. Phalanx

(g) D5 P. Phalanx (h) D5 D. Phalanx

Figure 4.6: Identified Contours for Each Joint. The zero potential set (red dots) and the
identified boundary contour (black line) which is used to create the joint geometry.

4.5.4 Physical Prototypes

The black contours in Figure 4.6 are the final geometries which are used to generate solid
models of the joint end caps. The contours are exported to an ExcelTM spread sheet by sam-
pling 100 evenly spaced points from each contour. The points are imported into AutodeskTM

InventorTM and a closed, three-dimensional, interpolation spline is drawn through the points.
The spline is then projected onto a hemisphere which is the desired radius of the ball joint
plus a tolerance of 0.25mm to insure that the ball can move freely within the resulting joint.
Next, the portion of the hemisphere which is inside the contour is deleted. Using the result-
ing surface, the Thicken operation is used to loft material outward and generate the basic
geometry. Finally, features are added such that the end cap fits snuggly over the distal end
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(a) β = 10 (b) β = 5 (c) β = 1

Figure 4.7: Effect of Hyper-parameter on Contour Shape. As β decreases the contours
become smoother.

of the adjoining link and that proper orientation of the two parts is maintained. The basic
joint structure of the elbow and all phalangeal joints are the same: a central ball with a
collar which restricts motion of the third axis is placed at the center of the spherical joint.
The progression from contour import to final fabrication is show in Figure 4.8.

(a) Contour (b) Surface (c) Thickened Geometry

Figure 4.8: Design Process for Elbow and Phalangeal Joints

After modeling is finished, an STL file of each part is exported from InventorTM and the part
is printed on a MonopriceTM Maker SelectTM Plus V2 printer. The fully assembled wing is
shown in Figure 4.9.

Figure 4.9 shows three skeletal poses of the bat wing and a close-up of the digit 3 phalanges.
This realization of the hardware is bulky because of manufacturing constraints imposed by
the 3D printer. However, if the joints were made of metal, they could be scaled such that a
reasonably sized bat wing could be fabricated and tested in a wing tunnel.



4.5. Results 79

(a) Middle of Down Stroke (b) Digit 3 Phalages

(c) Top of Upstroke (d) Upstroke Pose

Figure 4.9: Bat Wing Designed with Empirical Potential Functions

4.5.5 Submanifold Validation

To insure the zero-potential sets identified in Figure 4.5 are enforced by the contours gen-
erated in Figure 4.6 which are realized by the hardware depicted in Figure 4.9, we perform
validation testing on each of the joints. The base link of each joint is clamped in a vice and
the articulated link is moved through the admissible range of motion. A GoPro Dual Hero
system is used as a small baseline stereo pair and an Aperture mini-20d LED photography
light is used to illuminate the link during the test. The stereo pair is calibrated using the
MatLab stereoCameraCalibrator. A small piece of black felt is glued to the end of the artic-
ulated link such that the center can be easily tracked in the resulting images using optical
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flow. After calibration and point tracking are complete, stereo triangulations of all sample
points are generated and compared to the ZP set. The ZP set is identified at the surface
of the ball joint while the three-dimensional validation data is collected at the end of the
articulated link. Thus, the 3D validation data is projected back to the surface of the ball
joint. The validation data is shown in Figure 4.10.

(a) Radius (b) Metacarpals (c) D3 P. Phalanx

(d) D3 D. Phalanx (e) D4 P. Phalanx (f) D4 D. Phalanx

(g) D5 P. Phalanx (h) D5 D. Phalanx

Figure 4.10: Validation Results for the Fabricated Joints.

The figure shows that all of the joints fabricated exhibit motions close to the zero-potential
sets in Figure 4.6. The metacarpal joints exhibit the most error due to the fabrication process
with which they are created. As discussed previously, size constraints require that these joints
are assembled from three pieces. Angular alignment cannot be guaranteed which is the cause
of the offsets in the data. Despite this offset, the shape of each boundary is consistent with
the zero potential set. The elbow joint exhibits the second largest deviations from the
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identified zero potential set in that the range of motion of this joint is substantially larger
than the original ZP set. This is again due to fabrication constraints. Small inconsistencies
in the joint end cap are magnified at the end of the 85mm long radius which is where the
validation measurements are taken. Finally, the phalangeal joints show only small deviations
from the identified ZP set. The deviations are due to subtleties in the generated contours
which cannot be fabricated with the printer used in this investigation. From the validation
data presented in Figure 4.10 we conclude that our methodology is able to generate robotic
joint geometry which restricts motions to the reachable set identified from an analytical
empirical potential function learned over experimental observations of biological motion.

4.6 Conclusions

In this paper, we present a novel design paradigm which uses experimental observations of
a bat in flight and recent developments in learning theory to identify an empirical poten-
tial energy function and learn robotic joint geometry. To do this, we isolate the motion of
each joint by assigning body fixed coordinate frames without making the standard rigid link
assumptions. Then, we use the relative motion between two joints to identify an energy
function which effectively penalizes configuration away from those observed during experi-
ment. Finally, we apply a threshold to the energy function to learn the admissible set of
configurations and learn the appropriate geometry for a joint end cap which restricts motions
to that set. We validate this method by collecting motion capture data of each joint and
show that each joint only permits motions close to the experimental observations. This work
serves as the basis for future studies on robotic design.

While the hardware fabricated for this paper is too cumbersome for a free-flying robot, future
work will focus on miniaturization, the addition of compliance, coupling between degrees of
freedom, placement of actuators, and control strategies which may be derived using the
empirical potential function methods identified in this paper.
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Conclusions

The goal of this dissertation is to establish an algorithmic process for synthesizing robotic
joint geometry from studies of biological motion. Once the biological system of interest is
selected, the methods in this paper can be applied to acquire motion capture data using a
highly redundant but low-cost system, process the motion capture data into reliable state
estimates despite potentially large-baseline nonlinear motions, learn a low-order dynamic
model for the system of interest, and learn an joint geometry for a skeleton which closely
mimics the motions of the observed system. In this paper, the process is demonstrated by
performing these activities on the complex motions of bats in flight. Furthermore, our adds
the following contributions to the state of the art:

1. We use a highly redundant, low cost low frame rate data acquisition system for studying
the complex motion of bats in flight.

2. We derive, a conditionally independent Bayes’ filter which incorporates inboard state
correction to dramatically improve estimation accuracy for the highly nonlinear, large-
baseline motions exhibited by bats.

3. We formulate a three degree-of-freedom latent space dynamic model of bat flight using
Gaussian Process Dynamic Models—this is the first nonlinear dimensionality reduction
of bat flight.

4. We present a methodology for designing and optimized compliant structure around a
single degree of freedom joint

5. We formulate a methodology for designing restrictive geometry which automatically
designs restrictive end caps for spherical joints.

Previous investigations of bat flight, and may other studies of animal motion for that matter,
use high resolution high frame rate cameras for data acquisition. This method enables the
use of standard tracking methods such as bootstrapped optical flow or feature descriptor
matching for feature correspondence. While expensive cameras make image processing easy,
these cameras are prohibitively expensive and may prevent new researchers from entering the
field. To remedy this issue, our system of GoPro cameras can be purchased and assembled
for an order of magnitude less cost and the associated estimation strategy will yield estimates
comparable to that of much more expensive systems.

82
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In addition to reducing data acquisition cost, we also present the first nonlinear dimension-
ality reduction of bat flight. Our model shows that the flap cycle is described with two
independent degrees of freedom and that acceleration is described by a third independent
degree of freedom. In the future this model will be used as a motion prior for improv-
ing predictions within the state estimator discussed previously in an attempt to automate
correspondence.

In addition to deriving a dynamic model of bat flight, this thesis presents two methods for
learning joint geometry from motion capture data. Previous investigations have relied on
designer interpretation of kinematics data to generate robotic hardware, but due to the pro-
liferation of research in this area a new, automated method is needed. Thus, our framework
both designs optimal compliant geometry and optimal rigid geometry which restrict joint
motions to an identified manifold. The manifold is identified by using recent developments
in learning theory which use analytical empirical energy functions as an analog for tradi-
tional honolomic constraints for mechanical systems. The advantage in using the empirical
potentials is that no designer interpretation is required to identify the constraining function.
Rather, the energy function is built over a set of empirical observations and “pushes” system
trajectories to those configurations. We demonstrate the validity of this method by con-
structing an entire bat wing and presenting validation data which shows that configurations
of the fabricated joints remain close to the identified submanifold.

We hope that this thesis provides a foundation for studying biology using low-cost imaging
equipment and synthesizing robotic systems directly from the acquired data. To this end,
the possibilities for extending this work are almost endless. The data collection methodology
can be applied to any system of interest—even one that’s not biological. One limitation of
our work is that the fabricated joints still exhibit motions on SO(2) and SO(3). Many texts
on biology paint a much more complicated picture of the actual kinematics of biological
systems. Our framework could be extended to allow 6DOF motion between neighboring
links. The hardware would then be optimized as a continuous solid with varying stiffness
material. The goal would be to print the entire bat wing—or other biological system—on a
variable stiffness three-dimensional printer such that no assembly of the skeleton is required
and that the motion mimics, as closely as possible, the motion of the biological system.

In addition to generalizing the joint structure that our methodology accommodates, one
could extend this work to identify degree of freedom coupling, optimally place actuators
and design realizable controllers. The methods presented herein only consider the relative
motion between a link and its proximal or distal neighbor. However, from the GPDM learned
in Chapter 2 suggests that joints should move in unison. Therefore, the energy functions
identified in Chapters 3 and 4 could be formulated to exploit coupling between non-adjacent
links. Finally, the energy fields identified could be differentiated to determine a force field
which may be useful in control design or actuator placement. The terminus of this research
direction is the complete automation of biologically inspired robotic design.
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