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Using Kullback-Leibler Divergence to Analyze the Performance of
Collaborative Positioning

Jeannette D. Nounagnon

(ABSTRACT)

Geolocation accuracy is a very crucial and a life-or-death factor for rescue teams. Natural
disasters or man-made disasters are just a few convincing reasons why fast and accurate
position location is necessary. One way to unleash the potential of positioning systems is
through the use of collaborative positioning. It consists of simultaneously solving for the
position of two nodes that need to locate themselves. Although the literature has addressed
the benefits of collaborative positioning in terms of accuracy, a theoretical foundation on the
performance of collaborative positioning has been disproportionally lacking.

This dissertation uses information theory to perform a theoretical analysis of the value of
collaborative positioning.The main research problem addressed states: ’Is collaboration al-
ways beneficial? If not, can we determine theoretically when it is and when it is not?’
We show that the immediate advantage of collaborative estimation is in the acquisition of
another set of information between the collaborating nodes. This acquisition of new infor-
mation reduces the uncertainty on the localization of both nodes. Under certain conditions,
this reduction in uncertainty occurs for both nodes by the same amount. Hence collaboration
is beneficial in terms of uncertainty.

However, reduced uncertainty does not necessarily imply improved accuracy. So, we de-
fine a novel theoretical model to analyze the improvement in accuracy due to collaboration.
Using this model, we introduce a variational analysis of collaborative positioning to deter-
mine factors that affect the improvement in accuracy due to collaboration. We derive range
conditions when collaborative positioning starts to degrade the performance of standalone
positioning. We derive and test criteria to determine on-the-fly (ahead of time) whether it
is worth collaborating or not in order to improve accuracy.

The potential applications of this research include, but are not limited to: intelligent po-
sitioning systems, collaborating manned and unmanned vehicles, and improvement of GPS
applications.
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Notation and Nomenclature

In this dissertation, the following notation and nomenclature is adopted. Normal font lower
case letters (e.g: ǫ, x) are scalars (deterministic but with unknown values). Normal font
upper case letters are random variables. Bold face lower case letters are vectors, and bold
face upper case letters are matrices. The table below illustrates the use of this nomenclature
and includes other definitions for mathematical and statistical notations.

µ The mean of a scalar distribution
σ2 The variance of a scalar distribution
µ The mean vector of a multivariate distribution
Σ A covariance matrix
Σk

i=j Summation sign for index i going from j to k with j ≤ k
I The identity matrix
xA The position vector of node A
xB The position vector of node B

x A scalar
X|Y The conditional random variable X given random variable Y = y
|x| The absolute value of scalar x
||x|| The Euclidean norm of vector x
Σ−1 The inverse matrix of matrix Σ
det(Σ) The determinant of matrix Σ
XT The transpose of matrix X
FIM The Fisher Information Matrix
Tr(Σ) The trace of matrix Σ
0m,n An mxn null matrix
Im An mxm identity matrix
diag[M] The diagonal matrix M
logz (x) The logarithm of x to base z
log (x) The natural logarithm of x (the logarithm to base e)
SNRdB The Signal-to-noise ratio in dB

xiii



exp(x) The exponential of x
min The minimum of a set
sup The supremum of a set
f(x; θ) The pdf f(x) depending on parameter θ
fX,Y (x, y) The joint pdf of random variables X and Y
E[g(x)] The expected value of function g(x) given that the pdf of X is fX(x)
n! The factorial of n
Ck

n The number of k-combinations in a set of n elements

N(µ, σ2) A scalar Gaussian distribution with mean µ and variance σ2

SNk(ξ,Ω,η) The multivariate skew-normal pdf of a k -dimensional random vari-
able of location vector ξ, dispersion matrix Ω, and shape/skewness
parameter η

H(fX) The entropy or uncertainty of a random variable X described by a
distribution f(x)

H(fXY ) The entropy of the joint pdf fXY (x, y) of the random variables X and
Y

H(fX|Y ) The conditional entropy of X|Y = y described by a distribution fX|Y

H(fX ||gX) The cross-entropy of two distributions f(x) and g(x) each describing
a random variable X

KLD(fX ||gX)The Kullback-Leibler Divergence between two distributions f(x) and
g(x)

MI(X, Y ) The mutual information between two random variables X and Y
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Chapter 1

Introduction

The problem of geolocation has gained interest in recent years with the introduction of the
FCCś E911 standard along with numerous efforts to improve position accuracy of GPS-based
(Global Positioning System) systems and also to improve position and tracking accuracy in
GPS-denied environments. Geolocation is useful not only for consumer applications, but
also vital in many situations involving public safety. Timely responses to find individuals
after bomb attacks or natural disasters are just a few reasons for such increased interest.
Public safety and military applications also need improved and more accurate geolocation
devices and techniques. Consequently, achieving accuracy in position location is a task of
great importance.

Looking ahead, the overall technological trend in regard to positioning, navigation and track-
ing applications is that navigation and positioning applications are merging. In industry, the
technological roadmap for commercial technologies in the field of inertial navigation systems
(INS) includes performance objectives such as: providing less than three to five meters in
both horizontal and vertical accuracy, and locating indoors to a floor and a room. Mission
duration requirements are moving towards more than 30 minutes of sustainable performance
in a fully GPS-denied environment, and 24 hours performance with intermittent GPS. The
main technical challenge is to be able to navigate through significant GPS signal degradation
or denial for longer periods of time [97].

Although they provide tracking information indoors, Inertial Navigation Systems are known
to date for degrading accuracy over time. As a result, they are only reliable for a short period.
That was until the INS+GPS combination made its way to the technological market. The
combination of INS and GPS has proven itself very reliable especially in areas where GPS
is accessible because accurate position estimates from GPS minimize the tracking errors in
INS. However, in GPS-denied environments, relying solely on INS with no way to improve
position estimates has and will continue to be a problem unless appropriate solutions are

1
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considered.

As collaborative positioning is better understood, we believe that in the near future, the
combination of INS+Collaborative Positioning will be one answer that will improve the
performance of indoor navigation and tracking applications. Nonetheless, it is evident that
as sensors increase in numbers around us, understanding the theoretical fundamentals about
how to make efficient use of such available resources is a ground-breaking effort that will
open the way to improve the tracking of our first responders in emergency situations.

According to the United States Department of Homeland Security (DHS) Science and Tech-
nology Group on March 3, 2015, ’Developing sensors and communications devices that can
track first responders in a variety of indoor environments remains a critical need that previ-
ous research and development efforts have not been able to address’. Consequently, adequate
indoor tracking in a GPS-denied environment is still a problem that we have yet to resolve.

One solution that has been considered in some applications is to exchange data (collaborate)
between devices that need to be located or tracked. By exchanging data, devices that could
not locate themselves can acquire some information about their position from neighboring
devices with the hope to improve overall performance. Exchanging data however brings
additional complexity to the communication layer between devices. Provided the limited
bandwidth that all devices have to share to communicate, the old adage: ’Think before
you speak’ is worth considering in this context; that is, assessing ahead of time whether it
is worth sharing data, is worth understanding to efficiently use the limited communication
bandwidth and power resources available, especially in emergency scenarios.

The problem of collaboration is not trivial. In an emergency scenario with first responders
on a scene indoors, exchanging data with another first responder carries the potential to
worsen one’s own position accuracy. How then can one tell when it is worth exchanging data
or not to improve accuracy? This is the problem we address in this research.

One way to approach the analysis of collaboration is the use of simulations. However, sim-
ulation results are limited because they cannot be easily adapted to different environments,
especially unpredictable environments like emergency situations. Hence, the proper approach
that we selected is to address the problem theoretically.

The problem of knowing ahead of time whether collaborating will be beneficial or not is
the problem that we address in this research, specifically for the positioning problem. The
problem of collaborative navigation is an extension of this work. In fact, by combining
collaborative positioning with INS systems, we believe that we can address the positioning
errors within tracking systems in GPS-denied environment. Consequently, in this research,
we focus on the following question: ’Is collaboration always beneficial? If not, can we deter-
mine theoretically when it is and when it is not?’

In essence, collaboration is about acquiring new information. Thus, if we can mathemati-
cally describe the new information acquired, we would be able to mathematically describe
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the impact of the new information on position estimation accuracy. This is the main foun-
dation of this research: we address the problem of collaborative positioning (an estimation
problem) from an information theory perspective. In essence, in this research, we analyze
the information acquired during collaboration and model its impact on the position accu-
racy. The goals of this research are mainly two-fold: a) derive a theoretical framework that
provides a theoretical understanding of how collaborative positioning works and b) provide
practical criteria that can tell ahead of time whether it is worth collaborating or not, with
the intent to improve positioning accuracy.

1.1 Literature Review

Numerous algorithms have been implemented for geolocation. The generic approach to esti-
mate position consists of placing sensors in fixed known locations, and using techniques such
as trilateration to locate a transmitter (Tx) or receiver (Rx). On one hand, one transmitter
to be located (or node) may transmit the appropriate location parameter to receivers of
known positions (or anchors) which process all range estimates to the node to determine
its position. On the other hand, a transmitter can transmit a signal with timestamps, for
example, to a set of receivers of known positions. As a convention, we shall refer to nodes as
sensors that need to be located and refer to anchors as sensors of known positions used to
help locate a node. All nodes determine their range with respect to anchors; a central unit
combines all range information to estimate the position of the node. This is essentially how
range-based geolocation systems operate.

One common technique, namely trilateration, converts estimated distances between anchors
and the node into radii of circles centered at sensor nodes. Ideally, when there are no errors,
all circles intersect at a point: the location of the node. However, this is never the case
due to errors that reduce the accuracy of the location information. The accuracy of the
position estimate depends greatly on the type of information transmitted between a radio
and sensors, and on the perturbations the signal suffers along the flight.

If time of arrival is used to estimate distances, distance can be obtained by time of flight.
This requires that all sensors’ clocks in the system be synchronized. Since electromagnetic
waves travel in free space at the constant speed of light, the relationship between time of
flight and distance is the product of time of flight and the speed of light. In such cases, the
receiver must be capable of identifying the first arriving signal. Due to the presence of ob-
stacles along the path traveled by a transmitted signal, the signal is reflected and diffracted.
Hence, time of flight is increased. This phenomenon is called multipath. As a result of
multipath, multiple copies of the same signal arrive at different times at the receiver. These
copies can combine constructively, or destructively. Therefore, in time of arrival systems
which estimate time of flight, the accuracy of estimation relies on the ability of the receiver
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to estimate the first arriving signal, that is, the signal that traveled the direct line of sight
(LOS) path between the transmitter and receiver. In some cases, this direct path is blocked
such that the signal has to travel a longer distance to reach the receiver. The additional path
length introduced into the blocked LOS path is defined as non line of sight (NLOS) error.
Therefore, NLOS errors are a major issue in position location systems as they cause positive
unknown range errors. Another type of error is measurement noise. In order to detect time
of arrival (TOA) of the first arriving signal, the receiver must have the capabilities to do so.
Receiver bandwidth is one parameter that determines how accurately a receiver can detect
the first arriving signal. The larger the receiver’s bandwidth, the higher the resolution in
time of arrival estimates.

Once the processing station acquires all sensors’ data, a position of the node can be estimated
using different types of position estimators. Position estimators can be linear (e.g : Linear
Least Squares Estimator) or non-linear (e.g: Maximum Likelihood Estimator). In the linear
case, the distribution of position estimates is known to be the same as the distribution of
observed range measurements. In the non-linear case, one cannot predict the distribution
of position estimates. Nonetheless, maintaining or improving the accuracy of positioning
systems is very critical for many applications today.

While requirements for improved accuracy are becoming more stringent, the number of nodes
to locate in positioning systems keeps increasing. In the well-established standalone posi-
tioning framework, each node location is evaluated individually, with the use of reference
anchors of known locations. This is the position estimation system aforementioned.

As moving nodes become less accessible to their anchors (e.g: indoors), location availability
of tracked devices can quickly become a serious concern in standalone positioning. To cir-
cumvent this challenge, we have observed the emergence of collaborative positioning [11]. It
consists of solving simultaneously for the location of more than a single node by making use
of additional resources available (i.e an additional node that also needs to be located). By
gathering more data about a node’s location through its neighboring nodes, collaborative
positioning has two great potential advantages over standalone positioning: (1) increased
availability: it increases the capability to locate nodes that could not be located otherwise
(inability to ’hear’ a sufficient number of anchors); (2) increased accuracy: it provides the
opportunity to improve the position accuracy of nodes that could locate themselves without
collaboration.

To illustrate this point, we consider the case of GPS applications. GPS makes use of pseudo-
ranges and requires at least four satellites to resolve a position. The fourth satellite is used for
clock synchronization. Wide Area Augmentation System (WAAS) is an augmented version
of the GPS that is only available in North America. It uses an additional ground station
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to improve by at least a factor of 5 the position accuracy of standard GPS systems. This
indicates that being able to augment positioning systems through the use of other nearby
nodes has the potential to improve GPS accuracy. This advantage is even more obvious
indoors in cases where there are too few visible satellites to locate a node. In such cases,
collaborating with other nodes to acquire the minimum number of communication links has
an immediate advantage of increased availability. Similarly to WAAS in relation to GPS,
for nodes that could locate themselves, collaborating with other nodes that could also locate
themselves has a promising positive impact for improved accuracy.

Although the advantage of collaborative positioning in the sense of increased availability is
easy to understand and forecast, its advantage in terms of improved accuracy is not always
guaranteed. Indeed, the communication link to the collaborating node could be so noisy
to the point of making the collaborative estimation accuracy worse than what could be
achieved with standalone positioning. Hence, it is important to understand the conditions
under which collaborative positioning outperforms standalone estimation, when it does not,
and why. This is the main overall problem we intend to address in this research.

Numerous aspects of collaborative positioning have been covered in the literature; however,
they mostly target how to solve (from an estimation theoretic perspective) the collaborative
problem and describe the performance of the resulting algorithm. Reference [78] introduces
two approaches for solving the collaborative problem and concludes that the maximum likeli-
hood estimator (MLE) is more appropriate. References [22–26] propose different approaches
for the MLE problem, but tend to identify solutions that are not proven optimal in the
MLE sense. Jia and Buehrer [14] then introduce a branch-and-bound solution to identify
the global optimum, the MLE solution.

In regard to assessing the performance of position estimators, it is common practice to com-
pute the mean squared error (MSE) of position (PMSE). However, this information alone
only indicates how inaccurate an estimator is; it does not provide information on how well
the estimator performed given the data at hand. The Cramer-Rao Lower Bound (CRLB, or
CRB) has been defined as the lower bound to the variance of any estimator that yields on
average the true position (also called an unbiased estimator). Since PMSE is the sum of the
squared bias and the variance of an estimator, if an estimator is unbiased, PMSE reduces
to just the variance that will be greater than or equal to the CRB. When the variance of
an unbiased estimator reaches the CRB, the estimator is described as efficient. The Cramer
Rao Bound is equal to the trace of the inverse of the Fisher Information Matrix (FIM) which
is a measure of information on the location to estimate that can be extracted from the dis-
tributions (or pdfs) of observed range measurements.

There are two very common metrics used to measure information gained between distribu-
tion functions: a) The Fisher Information, which is a metric derived from the FIM, and b)
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the Kullback-Leibler Divergence, that we define later. We introduce two concepts that define
the foundation of these information metrics: uncertainty and inaccuracy. Uncertainty has to
do with the vagueness of an information while inaccuracy has to do with its incorrectness.
To put it in more simple terms, we use Bell’s simplified distinction between these terms [98].
If a confidence level is defined as ’the number expressing the degree of confidence in a result’,
then uncertainty has to do with the ’quantified doubt about the result of a measurement’,
and accuracy has to do with the ’closeness of the agreement between measurement result
and true value’.

When it comes to comparing the performance of collaborative vs standalone positioning,
it has been proven that the Cramer-Rao Bound (CRB) of position [1] using a set of col-
laborative range measurements, under some minor connectivity conditions, is smaller than
the CRB using standalone range measurements [18], [12, 20]. Schloemann and Buehrer [13]
introduce results on FIM-based summary statistics that can help identify if it is worth
using collaborative positioning over standalone. Although these metrics perform well in
line-of-sight (LOS) conditions, they do not in non-line-of-sight (NLOS) conditions, and duly
so because the CRB, and other FIM-based statistics in general tend to apply to unbiased
estimators [1] under stringent conditions. Another analysis on the value of collaborative esti-
mation is presented by Schloemann and Buehrer [17] which addresses the fact that the CRB
for collaborative positioning is also reduced in NLOS conditions when compared against
the standalone positioning CRB. The main limitation of these theoretical analyses of the
performance of collaborative positioning is that they have focused more on the Cramer Rao
Bound, which is a measure of uncertainty rather than inaccuracy; although both uncertainty
and inaccuracy can be equivalent when unbiased efficient estimators are used, (i.e, for the
case of unbiased estimators that attain the CRB). Furthermore, analyses on factors that
impact the accuracy of collaborative positioning in the literature have mainly been based on
simulations rather than theory.

Having identified the limitations of using the CRB to address theoretically the performance
of collaborative positioning, more recently, Schloemann, Dhillon and Buehrer [19] introduced
an early theoretical model whose intent is to track the change in accuracy using stochastic
geometry. This is a promising model that could provide more insight into identifying theo-
retically how geometric configurations affect changes in accuracy due to collaboration.

The state-of-the art contribution of this research is in the theoretical analysis of the im-
provement in accuracy due to collaboration from an information theoretic perspective. The
essential result from this research is that we prove theoretically that even with a reduced
CRB due to the acquisition of a collaborative link, it is still not guaranteed that collab-
oration will improve accuracy. We derive factors that affect the improvement in accuracy
due to collaboration and also range conditions when collaboration starts to hurt standalone
estimation. Then, we introduce criteria that assess ahead of time whether collaboration will
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be beneficial in terms of accuracy or not.

Using information theory, we explain the difference between uncertainty and inaccuracy and
justify why analyzing both are needed to gain a better understanding of the performance of
collaborative positioning. Although a reduced CRB was proven, an intuitive understanding
for why the reduction in uncertainty occurs has yet to be provided. In this work, we rely on
information theoretic concepts to address the why.

We establish that getting more information about a node location via collaboration only
reduces its uncertainty. It does not always indicate that accuracy will be improved. Via
theoretical analysis, we present 1) an uncertainty analysis of collaborative positioning and
2) an analysis of its accuracy. Rather than using the CRB or FIM, we use an information
theoretic tool that can 1) measure the departure of inaccuracy from uncertainty, 2) measure
the reduction in uncertainty, and 3) as we uncovered in this research, measure the improve-
ment in accuracy due to collaboration. This tool, the Kullback-Leibler Divergence [10], is
introduced in more detail, and a discussion on its suitability for our analysis is included.
We show that in differential geometry, the Fisher Information Matrix defines a metric that
represents a local version of the Kullback-Leibler Divergence (KLD) [10,27]. This shows that
using KLD complements and extends the CRB analysis by removing all stringent conditions
that traditionally made the FIM and CRB less practical.

Since the position estimator selected is a key contributor to the results from our theoretical
analysis, we base our analysis using two position estimators, both linked to the Maximum
Likelihood Estimator because it is the recommended estimator in collaborative position-
ing systems: the Newton-Raphson (NR) Maximum Likelihood Estimator(MLE), a recursive
estimator, [67] and Torrieri’s Linear estimator, which is a one-shot version of the MLE esti-
mator [33].

1.2 Motivation for Selecting the Kullback-Leibler Di-

vergence

The selection of the Kullback-Leibler Divergence as a tool for our theoretical analysis is
justified by the fact that it has been used for more than 60 years for its sound foundation on
decision-choice theory in numerous fields. One of the concerns that motivated the original
paper by Kullback and Leibler [10] was to define a measure of the ’distance’ between statis-
tical populations in terms of information, in the Shannon’s sense. The goal was to answer
the question that any statistician, given two populations could ask: ’How difficult is it to
discriminate between them with the best test?’ The fact that this problem can be defined
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in almost all fields of study has justified the wide use of this tool over the years, and is also
the reason why we consider it to compare standalone to collaborative positioning.

In macroeconomics, central banks and supervisory authorities derive models that they use
to predict the future state of the economy. And when it comes to predicting future events
(e.g : crash in the stock market) it is easy to be overwhelmed by the choice of models and
their efficiency. The trivial issue in economics is that once an event occurs, it becomes the
truth, and models that did not predict it accurately can then be considered less reliable.
The not-so-trivial problem is that economists would really like to know ahead of time which
model to trust for their decision making process, so that better policies can be put in place
to avert upcoming problems. Therefore, the decision making process in model selection must
account for a lot more parameters than just the average performance of the economy. The
decision-making tool needs to simultaneously look at many events and account for the effect
of surprises and not be biased by a surprising event. One tool that these institutions mostly
rely on is the Kullback-Leibler Divergence for its decision-theoretic capabilities as mentioned
in [34]. This capability to thoroughly make a decision by accounting for more than the aver-
age behavior of distributions, is the main reason that motivated our choice of KLD for this
research and that warrants its popularity in decision-choice theory.

In addition to decision-choice theory, KLD has been used intensively in statistics, signal pro-
cessing, pattern recognition, and coding theory, to name a few. For instance, reference [36]
uses it for speech and image recognition applications. Burnham, et al., refer to it as an ex-
tension of likelihood theory that avoids the pitfalls of null hypothesis testing [42]. KLD has
been used in numerous parametric estimation problems such as reference [43] where it helps
identify if the relative maximum of a log-likelihood function is a global maximum. It has
also been used in estimating Gaussian Mixture Model parameters [36]. KLD has been ap-
plied as a performance metric when designing detectors and more generally with hypothesis
tests ( [35], [37–39]). It has also been used in source coding, as a penalty term in Shannon
coding [35, 40]. In Bayesian econometrics, it is considered in dynamic stochastic general
equilibrium (DSGE) models as a sound tool for decision-choice theory [34]. Reference [41]
uses KLD to measure the loss (or difference) between a true model and a derived model in
Bayesian analysis. Hence, in our context, using the KLD to address the differences between
standalone and collaborative positioning is an approach worth considering.

As a discriminating tool between two pdfs, the KLD has a great advantage when we want to
compare the performance of collaborative and standalone estimators, because it compares
the shapes for the pdfs of both standalone and collaborative estimates, hence encompassing
all the statistical information that can be known about each distribution in the process,
especially higher moments beyond the variance. In contrast with other performance metrics
like MSE which tend to focus only on the first two moments (thus assuming Gaussian pdfs
because the mean and variance describe fully a Gaussian distribution), KLD is, as we prove
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later in this paper, a more reliable tool than MSE, especially when the pdfs compared are
asymmetric (that is, non-Gaussian). We also show that when one wishes to the performance
of standalone and collaborative estimators, KLD proves itself more useful in practice, than
the FIM and CRB.

When one compares the joint density to the product of marginal densities using KLD, one
gets a particular KLD called mutual information [7, 9]. Mutual information provides the
linear and non-linear dependence between two variables [49]. Cover, et al., define it as a
measure of the amount of information one random variable contains about another...the re-
duction in uncertainty of one random variable due to the knowledge of the other. Mutual
information tends to be even more popular than KLD in the literature. It has been used
extensively in cases where one needs to know the dependencies between two pdfs. It has
been thoroughly studied for multivariate normal distributions [51] and for particular cases
like skew-elliptical distributions( [45, 46]). Reference [48] uses mutual information to recon-
struct the more-than-pair-wise interractions between molecules in biological networks. It
has been used in natural language processing applications ( [52,53]), neuroscience ( [54–56]),
data fusion [57], and multiple sensor platforms [60]. In Simultaneous Localization and Map-
ping (SLAM) applications [59], which consist of a single node (a robot in most applications)
attempting to locate itself while defining a map of its surrounding environment, mutual in-
formation is maximized as a cost function to minimize uncertainty [58]. It has been used as
a bound to mean square error in Gaussian channels ( [50,61]). It has also been used in even
more applications pertaining to MIMO and communication channels ( [44, 61–65]).

1.3 Organization of Dissertation

The goal of this research is to use the Kullback-Leibler Divergence to assess the performance
of collaborative positioning in comparison to the standalone estimator. The technical con-
tent of this research is organized as follows.

In Chapter 2, some background is provided on the different terminologies used in this work.
We introduce information theoretic concepts and relate them to estimation theory. The
distinction between uncertainty and inaccuracy is important to assess the performance of
collaborative positioning adequately. We introduce a well-known information theoretic tool,
the Kullback-Leibler Divergence. We briefly introduce how the Kullback-Leibler Divergence
and its relationship with uncertainty and inaccuracy can be made applicable to the context
of collaborative position estimation.

Chapter 3 introduces a novel performance metric that is used to detect the most accurate
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estimator better than a comparison of position MSEs (PMSE) in the presence of heavy tails
in the error distribution. A heavy tail in the distribution of position error occurs when an
estimator tends to yield estimates that form a cluster of outliers such that a representation
of the distribution (or pdf) of position error yields an asymmetric shape with a longer tail;
hence the term heavy tail. Heavy tails are mainly caused by the presence of errors in the
range measurements (e.g : NLOS errors). Heavy tails have been known as a case that PMSE
(as a performance metric) tends not to assess well in general as mentioned by Zekavat and
Buehrer [67]. This is because PMSE only considers the variance and bias of a distribution
(which are defined as the first two moments), and is easily offset by the presence of just one
outlier in the set of position estimates. In practical positioning systems, estimates tend to
be averaged over time and outliers tend to be discarded to minimize the offset in the PMSE
evaluation. A new problem arises: ’where is the cutoff point when discarding outliers?’ The
answer to this question has been dynamic over the years as the FCC continues to increase
the limits of regions of interest from 67th to 95th percentile.
Knowing that regardless of FCC’s cutoff limit, PMSE doesn’t handle well data beyond the
average behavior, we introduce in this chapter a novel performance metric that provides a
solution to the problem of needing a cutoff point in the performance assessment when using
PMSE. By accounting for all statistical information without pre-processing the data, the
main contribution of this performance metric is that it allows the original data to be used
without pre-processing. This is practical in the context of field-testing, but it is also practical
for theoretical analysis because the original data is used as-is.

Chapter 4 defines our theoretical analysis framework and contains a theoretical analysis of
the inaccuracy of collaborative positioning with respect to (w.r.t) standalone positioning.
Using the performance metric introduced in the previous chapter, we derive a theoretical
model of the improvement in accuracy due to collaboration. This model allows us to assess
theoretically when collaborating starts to hurt the performance of standalone estimation. It
allows us to prove theoretically, that although there is a benefit to collaboration, collabora-
tion is not always accurate. This had not yet been addressed in the literature theoretically.
It was only done via simulations.

Chapter 5 presents a theoretical analysis of the uncertainty of collaborative positioning. In
this chapter, we explain why collaboration reduces the CRB and introduce an observable
metric that can indicate the maximum gain in accuracy due to collaboration. The impact
of this finding is that we use observable information to assess the maximum improvement
in accuracy that we can get, if one chooses to collaborate. This has applications in numer-
ous fields as it provides means to assess ahead of time whether one should collaborate or not.

Chapter 6 introduces criteria to identify on-the-fly whether it is worth collaborating or not
with the intent to improve accuracy. The practical implication of this chapter are that it
provides criteria that we have proven from our theoretical analysis to be valid observable
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indicators that collaborating with a given node will be beneficial in terms of accuracy. Know-
ing that poor geometric conditions and NLOS conditions can degrade the performance of
acceptable estimators, the criteria are introduced and tested in both LOS and NLOS range
conditions and in both good and poor geometric conditions as a means to validate and make
efficient use of the theoretical analysis introduced in this research.

Chapter 7 includes a summary of contributions and addresses future research considerations.



Chapter 2

Background

When considering the performance of collaborative positioning, most theoretical analyses
have focused on its uncertainty by analyzing the Cramer-Rao Lower Bound (CRB or CRLB).
In regard to the accuracy of collaborative positioning with respect to (w.r.t) standalone
positioning most analyses have been completed through simulations. In this chapter, we
introduce concepts and tools that allow us to: 1) theoretically analyze the performance of
collaborative positioning in terms of accuracy and 2) extend the CRB analysis.

The Cramer-Rao Bound (CRB) is a lower bound on the variance of an unbiased estimator.
It is the trace of the inverse of the Fisher Information Matrix (FIM) which is a measure of
how much information a data set provides about a parameter ( [88], [89]). A CRB analysis
of collaborative estimation by Schloemann and Buehrer has indicated that the collaborative
CRB is less than the standalone CRB in the multivariate case [18]. For unbiased estimators,
the CRB is a measure of uncertainty. It is a lower bound on the inaccuracy (mean squared
error - MSE) of an unbiased estimator. Thus it is different from inaccuracy, although for effi-
cient estimators, MSE reduces to the CRB. Therefore, a better understanding of uncertainty
and inaccuracy is needed to get a deeper insight into what CRBCOL ≤ CRBSTD means, and
why this inequality does not necessarily indicate that collaborative estimation will be more
accurate than standalone positioning.

In this chapter, we define our analytical framework and explain the difference between two
concepts: uncertainty and inaccuracy. Their mathematical difference yields the Kullback-
Leibler Divergence (KLD), which is the main tool used in this research to analyze the-
oretically the performance of collaborative positioning w.r.t standalone positioning. The
Kullback-Leibler Divergence and one of its special forms, mutual information, are introduced
along with their applications. The Kullback-Leibler Divergence and the Fisher Information
Matrix are related. The key relationship between them is also derived and interpreted.

12
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2.1 Analytical framework

Our goal is to analyze the performance (in terms of accuracy) of the collaborative posi-
tion estimator with respect to (w.r.t) the standalone position estimator when estimating the
position vectors of two nodes xA = [xA, yA]

T and xB = [xB, yB]
T both fixed points in a two-

dimensional Euclidean space using time of arrival (TOA). The results defined in this chapter
are not restricted to neither TOA nor a two-dimensional space. We assume that all receivers
and transmitters are synchronized in time, based on synchronization techniques [4, 5]. We
also assume that at any time one needs to locate the two nodes, they are within communi-
cation range of their anchors. The position estimators considered in this chapter are: the
Newton-Raphson (NR) Maximum Likelihood Estimator (MLE) [67] and Torrieri’s Linear
estimator, which is a one-shot version of the MLE estimator [33] described in Appendix 2.A.

In the standalone configuration, we assume each point can locate itself using three sensors
of known fixed locations, specifically, we define anchors xAi = [xAi, yAi]

T , i = {1, 2, 3} for
locating xA. Similarly, xB can be located using anchors xBj = [xBj, yBj]

T , j = {1, 2, 3}.

We consider both line-of-sight (LOS) and non-line-of-sight (NLOS) errors on all range mea-
surements. In LOS, a zero-mean Gaussian distributed error N(0, σ2) is added to the true
range measurements. In NLOS, an additional exponentially-distributed bias is added to all
range measurements. For theoretical analyses, we assume that all range measurements are
in LOS conditions. Given the true distance d between a point and its anchor, the variance σ2

of observed range measurements is dependent on their signal-to-noise (SNR) ratio as follows:

SNRdB = 10log10

(

d2

σ2

)

=⇒ σ2 =
d2

10

(

SNRdB
10

) (2.1)

The set of range measurements observed between, for instance, xA and its ith anchor xAi is:

rAi =
√

(xAi − xA)2 + (yAi − yA)2 + nAi + bAi (2.2)

where nAi ∼ N(0, σ2
Ai) is Gaussian distributed with zero-mean and variance σ2

Ai. The posi-
tive bias bAi is zero in LOS conditions. In our analytical framework, we assume LOS range
conditions. During simulations, we also test for the presence of an NLOS bias in the range
measurements. In NLOS conditions (for simulations only), we assume bAi has a pdf that
is exponentially-distributed with pdf fB(b) = λ exp(−λb), and mean λ−1, where λ is the
parameter of the exponential distribution.

In collaborative positioning, an additional range measurement is acquired between xA and
xB to simultaneously solve for the positions of both nodes. We call this additional range
measurement the collaborative link rAB. We assume that the observed range measurements
on the collaborative link are symmetrical: rAB = rBA.
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2.2 Uncertainty vs. Inaccuracy

In this section, we first define uncertainty and inaccuracy in general terms and illustrate
their definitions in our research context. Kerridge [72] established that ’there are two ways
to define the lack in precision in the occurrence of a statistical event: either a) there is not
enough information - uncertainty of the information, or b) some of the information gathered
is incorrect - inaccuracy of the information’. Thus, uncertainty has to do with the sufficiency
of the data available to estimate a parameter. It indicates the vagueness of the estimation.
Uncertainty can also be understood from the perspective of the law of large numbers: the
more observables we acquire about a parameter, the more its uncertainty reduces. A large
reduction in uncertainty eventually leads to more confidence in the accuracy of the data to
be estimated, if the right estimator is used.

Inaccuracy has to do with the incorrectness of a set of estimates. It addresses how correct
an estimator is. Given a set of range measurements that have the same uncertainty, two
estimators can yield two very different position estimates out of the same set of observed
range measurements: the ’inaccurate’ estimator yields estimates that are farther from the
true value than the ’accurate’ estimator. The choice of the estimator is one example that
can affect accuracy.

By definition, Shannon’s entropy, or uncertainty, of any discrete random variableX described
by its probability mass function (pmf) p(x) is a measure of the randomness of a discrete
random variable X with values {x1, x2, ..., xn}:

H(pX) = −
n
∑

i=1

pX(xi) log p(xi) (2.3)

It is important to note that using the terminology entropy in the case of continuous pdfs
should be strictly referred to as differential entropy, because Shannon’s entropy was origi-
nally applicable to discrete functions. The error between differential entropy and Shannon’s
entropy for discrete pmfs has been discussed in [7].
The cross-entropy of two pmfs p(x) and q(x) describing a discrete random variable X with
values {x1, x2, ...xn} is:

H(pX ||qX) = −
n
∑

i=1

p(xi) log q(xi) (2.4)

Per Kerridge [72], cross-entropy can be defined as a measure of inaccuracy, or incorrectness
of the information in pmf q(x) if the data in pmf p(x) is a reference for the best definition of
accuracy available. For instance, if q(x) describes a new model being tested that indicates
the distribution of outcomes for a value on the stock market, q(x) could be the distribu-
tion of outcomes from a better reference model that has been used in the past and that
is known to be trustworthy. The cross-entropy of q(x) in reference to p(x) would measure
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the inaccuracy of q(x) given that the reference for the truth is p(x) based on the data at hand.

Nath then extended Kerridge’s results to the continuous case [73, 74]. Cross-entropy has
been used in the literature as an alternative to squared error, for example in neural networks
applications [70,75]. Thus, going forward, we understand that cross-entropy is also a measure
of inaccuracy if the reference pdf reflects accuracy based on the data at hand.
The Shannon-Gibbs inequality is defined as:

H(pX) ≤ H(pX ||qX) (2.5)

From the Shannon-Gibbs inequality, inaccuracy should reduce to uncertainty when q(x) =
p(x). This means that when estimating a parameter, one can only be as accurate as the
vagueness of the information provided on average. Reference [71] provides a survey on how
uncertainty and inaccuracy connect with each other.

2.2.1 In our research context

Looking at uncertainty and inaccuracy in the context of our research, uncertainty is based
on the errors in the set of observed range measurements. Say we have a set of range mea-
surements that we use to estimate a position. We pick two position estimators. Each of
them uses the same set of observed range measurements. Hence, they use data that is based
on the same uncertainty. The inaccurate estimator is the one that yields answers that are
farthest from the true position.

Uncertainty does not depend on a position estimator, but inaccuracy does. Uncertainty is
based on the noise in the range measurements that we acquire. If we get very noisy range
measurements, we will end up with a larger uncertainty than if we had less noisy range
measurements. Inaccuracy on the other hand depends on the position estimator selected. If
you have two position estimators, the estimator that gives position estimates closest to the
truth is the one that is most accurate. The estimator that gives answers farthest from the
true position is the least accurate.

Uncertainty characterizes the noise in the range measurements regardless of the estimator
that you pick. The noise that you have in your range measurements bounds the capabil-
ities for your estimator to accurately make an assessment. This bounding effect describes
in essence the Shannon-Gibb’s inequality which states that inaccuracy is bounded by un-
certainty. As mentioned in the next section, the mathematical positive difference between
uncertainty and inaccuracy represents the Kullback-Leibler Divergence.
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2.3 Kullback-Leibler Divergence

Two properties of cross-entropy, as a measure of inaccuracy, are that 1) it is minimum when
both pdfs are equal, and 2), ’At any instant, the departure of inaccuracy from entropy
represents the Kullback-Leibler Divergence’ [73]. Therefore, both entropy (uncertainty) and
cross-entropy (inaccuracy) are combined into the Kullback-Leibler Divergence as follows:

KLD(pX ||qX) = H(pX ||qX)−H(pX) (2.6)

The Kullback-Leibler Divergence (KLD) was introduced in 1951 by Kullback and Leibler as
a means to measure, ’with the best test’, how different a pdf is from a reference pdf [10]. As
such, it is a discrimination tool. Comparing a probability density function gX(x) against a
reference pdf fX(x), KLD is defined as:

KLD(fX ||gX) =
∫

x
fX(x) log

fX(x)

gX(x)
dx (2.7)

2.3.1 Properties

Sign of KLD

From Shannon-Gibb’s inequality, we can conclude that the Kullback-Leibler Divergence is
always positive or equal to zero. Equality only holds when the two pdfs being compared are
equal.

0 ≤ KLD(fX ||gX) (2.8)

Asymmetry of KLD

Another property of KLD is that it is not a symmetric metric in general, that is:

KLD(fX ||gX) 6= KLD(gX ||fX) (2.9)

Triangle Inequality

The Kullback-Leibler divergence is not called a ’distance’ mainly because it does not satisfy
the triangle inequality. That is:

KLD(fX ||gX) +KLD(gX ||hX) 6≥ KLD(fX ||hX) (2.10)
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2.3.2 Applications

The selection of the Kullback-Leibler Divergence as a tool to analyze theoretically factors
that make the performance of collaborative positioning differ from the performance of stan-
dalone positioning is justified by the fact that this tool has been used for more than 65 years,
for its sound foundation on decision-choice theory in numerous fields. In our application, we
use the robust capability of KLD to make decisions, to generate a performance metric and
a theoretical model for our analysis of the accuracy of collaborative positioning.

One of the concerns that motivated the original paper by Kullback and Leibler [10] was to
define the ’distance’ between statistical populations in terms of information, in the Shan-
non’s sense. The goal was to answer the question that any statistician, given two populations
could ask: ’How difficult is it to discriminate between them with the best test?’ The fact
that this problem can be defined in almost all fields of study has justified the wide use of
this tool over the years, and is also the reason why we consider it to compare standalone to
collaborative positioning.

In fact, KLD has been used in statistics, signal processing, pattern recognition, coding the-
ory, econometrics, to name a few. By being a discrimination tool between two pdfs, KLD is a
useful tool to evaluate the difference in performance between collaborative and standalone es-
timators. It compares the shapes of the pdfs of both standalone and collaborative estimates,
encompassing all the statistical information that can be known about each distribution in
the process, especially higher moments beyond the variance. In our research, we use this
powerful discriminating feature to: 1) derive a robust performance metric, 2) identify factors
that affect the improvement in the accuracy of collaborative positioning w.r.t standalone, 3)
identify range conditions within which collaboration starts to hurt the accuracy of standalone
estimation.

2.4 Mutual Information

When one compares the product of marginal densities fX(x)fY (y) to the joint density
fXY (x, y) using KLD, one gets a particular KLD called mutual information (MI) [7, 9]:

MI(X, Y ) = KLD(fXY (x, y)||fX(x)fY (y)) (2.11)

Since mutual information is a Kullback-Leibler Divergence, it is positive. Unlike KLD, MI
is symmetric (see Appendix 2.C), which means that:

MI(X, Y ) = MI(Y,X) (2.12)



Jeannette Nounagnon Chapter 2. Background 18

Let H(fX) be the uncertainty (or Shannon’s entropy) of the pdf fX(x) of a random variable
X:

H(fX) =
∫

x
fX(x) log

1

fX(x)
dx (2.13)

Given the definition of the Kullback Leibler Divergence, the mutual information between
two variables X and Y is the reduction in uncertainty of X from knowing about Y and
vice-versa [7]:

MI(X, Y ) = H(fX) +H(fY )−H(fXY )

= H(fX)−H(fX|Y )

= H(fY )−H(fY |X)

≥ 0

(2.14)

where the conditional entropy is given by:

H(fX|Y ) = H(fXY )−H(fY ) (2.15)

and the joint entropy of X and Y is the entropy of their joint distribution f(XY )(x, y):

H(fXY ) =
∫

x

∫

y
fXY (x, y) log

1

fXY (x, y)
dydx (2.16)

Another characteristic of mutual information is that it provides the linear and non-linear de-
pendence between two variables [49]. In doing so, it has an advantage over linear correlation.
In fact, we know that if two variables are independent, their linear correlation coefficient is
zero. However, we also know that the converse does not hold: that is, if the correlation
coefficient is zero, we cannot automatically conclude that both variables are independent,
unless the two variables are Gaussian distributed [27]. Using mutual information addresses
this limitation of linear correlations. That is, if two variables are independent, their mutual
information is zero. Conversely, if mutual information is zero, then, both variables have
to be independent. The converse is true because: 1) mutual information is defined using
KLD, which only yields zero when both pdfs compared are equal, and 2) mutual information
accounts for non-linear correlation.

Mutual information tends to be even more popular than KLD in the literature, as men-
tioned in the previous chapter. In our research context, using KLD to compare the pdf of
collaborative estimates to the pdf of standalone estimates is very similar to deriving their
mutual information. This special form of KLD is another tool that we later use to explain
why the collaborative CRB is less than the standalone CRB. It is important to note that
for multidimensional variables, mutual information can be negative because it accounts for
all dependencies across all variables, which can yield unpredictable results that can be very
complex to interpret. For 2 and 3-dimensional positioning systems with pdfs belonging to
the multivariate elliptical family of distributions, which contains the multivariate Gaussian
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distribution, mutual information is derived by [46]. Additionally, mutual information is
an average measure, which implies that a point-wise (non-average) computation of mutual
information can also be negative.

2.5 Fisher Information Matrix vs. Kullback-Leibler

Divergence

The Fisher Information Matrix (FIM) is used intensively in the literature because the trace
of its inverse yields a lower bound on the variance of any unbiased estimator, namely, the
Cramer-Rao Lower Bound (CRB). In their original paper, Kullback and Leibler [10] es-
tablished that the Kullback-Leibler Divergence (KLD) and the Fisher Information Matrix
(FIM) are related. However, as Zacks [89] indicated, they are designed to fulfill different
roles. The FIM tends to be used in estimation problems, while KLD tends to be used in
decision theory. In our application, KLD is considered a reliable statistical tool that bases
its selection of the most accurate position estimator on all statistical information provided to
make a decision. Additionally, many other references [27,91] consider the FIM a local version
of the KLD. Numerous papers have used the relation between KLD and FIM as a bridge to
connect estimation theory to information theory. For instance, reference [50] relates mutual
information to the MMSE in Gaussian channels.

In this section, we show how the FIM and KLD are related and describe how they differ
in the information they communicate. With this, we intend to show that KLD is a better
tool than FIM for theoretically analyzing the performance of collaborative positioning w.r.t
standalone positioning in general. If we consider the likelihood function for a parameter θ,
f(x; θ), and another likelihood function f(x; θ + ǫ), whose parameter differs from f(x; θ) by
a small amount ǫ, the KLD between these two distributions is proportional to the FIM as
derived in Appendix 2.B:

KLD(f(x; θ)||f(x; θ + ǫ)) = −ǫ2

2
Ef(x;θ)[

∂2

∂θ2
log f(x, θ)]

=
ǫ2

2
IFisher

(2.17)

The FIM is a KLD between two likelihood functions of the same family, whose parameters
are very close, up to a factor. This relationship provides deeper insight into what the FIM
and CRB mean, and how they differ from the information provided by KLD:

• The FIM measures the curvature of the log-likelihood function. This makes the CRB
(which is derived from the inverse of the FIM) the radius of curvature of the likelihood
function [1]. Thus, when the likelihood function is sharp, its radius of curvature, the
CRB, is reduced.
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• KLD measures the relative entropy for using f(x; θ + ǫ) rather than f(x; θ). In an
estimation problem, the goal is to minimize ǫ. Minimizing ǫ yields efficient estimators.
Thus the FIM is a good measure of how well we can estimate θ if we get f(x; θ+ ǫ) as
long as ǫ is small. If ǫ increases, the FIM is no longer adequate.

• Putting this into context for our research problem on collaborative positioning: using
the CRB to assess the performance of collaborative positioning does not tell the entire
story. The FIM and CRB only assess performance adequately when the likelihood
functions being considered are very close to the most accurate likelihood function
(centered at the parameter we want to estimate). This explains why the CRB makes
a good assessment on the lower bound of the inaccuracy (mean squared error) of
unbiased estimators (that is, estimators that yield on average the true position), but
does not assess well a lower bound on the inaccuracy of biased estimators (e.g: in
biased estimators, the mean squared error can be lower than the CRB).

• The FIM is an approximation of KLD using a second order Taylor series. As the pa-
rameters of the likelihood functions go farther apart (as ǫ increases), an approximation
to the second degree is no longer valid and the FIM no longer measures adequately the
information gained between the distributions. KLD becomes the better-suited tool. It
includes both linear and non-linear discrimination data.

2.6 Summary

In this chapter, we explained the difference between uncertainty and inaccuracy, both from
a conceptual perspective and mathematically. Uncertainty (or entropy) has to do with the
lack of confidence (or doubt) in the information at hand. Inaccuracy deals with the incor-
rectness of the information. Mathematically, the positive difference between inaccuracy and
uncertainty is called the Kullback-Leibler Divergence (or relative entropy). It is a powerful
tool that can be used to assess the discriminating power between likelihood functions.

KLD is a suitable, theoretically-tractable tool for three main reasons. First, it relates un-
certainty to inaccuracy, giving us a tool to assess inaccuracy relative to a reference for the
best accuracy achievable. Second, through mutual information, it is used to measure the
reduction in uncertainty (information gain) due to collaboration. Third, as we show in this
research, it is also a suitable tool to measure the reduction in inaccuracy due to collaboration.

In the next chapters, we use KLD to assess the performance of collaborative positioning w.r.t
standalone positioning. First, KLD is used to derive a performance metric that we claim
outperforms a comparison of position mean squared error (PMSE). Second, KLD is used to
analyze the inaccuracy and uncertainty of collaborative positioning theoretically. Results



Jeannette Nounagnon Chapter 2. Background 21

from these analyses are then combined to define criteria that can tell ahead of time whether
collaboration will be more accurate than standalone in both good and poor geometries, and
in the lack or presence of non-line of sight (NLOS). In short using KLD to analyze the
performance of collaborative positioning extends the theoretical CRB analyses available in
the literature and provides a means to analyze theoretically the inaccuracy of collaborative
positioning; analysis which was only done to-date through simulations.



Appendix

2.A Linear Position Estimator

2.A.1 Torrieri’s Linear Position Estimator

In vector form, the set of observed range measurements from M anchors used to estimate a
point (or node) can be written in the following vector format:

r = h(x) + n (2.18)

Where, r is a Mx1 vector and h(x) represents the vector of the Euclidean distance between
a node and its anchors.
Assuming these range measurements are independent, their joint density function is:

fR(r|x) = [(2π)M/2 detN]−1 exp [−(1/2)(r-h(x))TN−1(r-h(x))] (2.19)

Where N is the covariance matrix of the measurement errors. The solution that maximizes
the pdf described above, minimizes Q(x), the negative argument of the exponential function:

Q(x) = (r-h(x))TN−1(r-h(x)) (2.20)

Its estimate x̂, is obtained by setting the gradient of Q(x) to 0. This is a non-linear Least
Squares Estimator because Q(x) is a non-linear function. To linearize the problem, we first
derive the Taylor series expansion of h(x) and disregard anything beyond the first two terms.
We get:

h(x) ∼= h(xo) +G(x− x0) (2.21)

Where G is the matrix of derivatives evaluated at a reference point x0. We assume that the
one-shot reference point x0 has to be within the convex region of the global minimum.

G =









∂f1
∂x1

|x=x0 ... ∂f1
∂xn

|x=x0

...
...

...
∂fN
∂x1

|x=x0 ... ∂fN
∂xn

|x=x0









(2.22)

22
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Combining equation (2.21) and equation (2.20), we get:

Q(x) = (r1 −Gx)TN−1(r1 −Gx) (2.23)

where
r1 = r− h(x0) +Gx0 (2.24)

Taking the gradient of the linearized Q(x) yields:

∇xQ(x) = 2GTN−1Gx− 2GTN−1r1 (2.25)

Setting the gradient of Q(x) to zero yields:

2GTN−1Gx̂− 2GTN−1r1 = 0 (2.26)

Solving for x̂, we get the following linear position estimator:

x̂ = x0 + (GTN−1G)−1GTN−1(r− h(x0)) (2.27)

2.A.2 Mean and bias of linear position estimator

The mean of the linear estimator derived in the previous equation is:

E[x̂] = E[x0] + E
[

(GTN−1G)−1GTN−1(r− h(x0))
]

(2.28)

After rewriting the expression for x̂ as follow:

x̂ = x+ (GTN−1G)−1GTN−1[(h(x)− h(x0)−G(x− x0) + n] (2.29)

The bias of the linear estimator derived is:

b = E[x̂]− x = (GTN−1G)−1GTN−1(h(x)− h(x0)−G(x− x0) + E[n]) (2.30)

2.A.3 Covariance matrix of linear position estimator

The covariance matrix for this estimator is P, such that:

P = E[(x̂− E[x̂])T (x̂− E[x̂])] (2.31)

Given that:
(x̂− E[x̂]) = A(n− E[n]) (2.32)

where
A = (GTN−1G)−1GTN−1 (2.33)
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And, given that N is symmetric, (N−1)T = (NT )−1 = N−1, P is equal to:

P = ANAT

=
(

(GTN−1G)−1GTN−1
)

(N)
(

(GTN−1G)−1GTN−1
)T

= (GTN−1G)−1GT
[

GTN−1
]T [

(GTN−1G)−1
]T

=
[

GTN−1G
]−1 [

GTN−1G
] [

(GTN−1G)−1
]T

=
[

(GTN−1G)−1
]T

=
[

(GTN−1G)
]−1

(2.34)

Hence, the covariance matrix for this linear position estimator is:

P =
[

(GTN−1G)
]−1

(2.35)

2.A.4 Fisher Information Matrices for standalone and collabora-
tive estimation

The Cramer-Rao lower bound is the smallest variance achievable by any unbiased estimator
given a set of range measurements. Since we are considering two groups of observed range
measurements, namely the standalone set and the collaborative set, there exist two Cramer-
Rao Bounds, one for each group of observed range measurements: CRBCOL for collaborative
positioning and CRBSTD for standalone positioning. The CRB can be derived once we obtain
the inverse of the Fisher information matrix for each set of range measurements.

Fisher Information Matrix (FIM) derivation for Collaborative

The conditional pdfs of the range observed between position vector xA and its ith anchor,
and vector xB and its jth anchor are:

fR(rAi|xA) =
1

√

2πσ2
AAi

exp

(

−(rAi − h(xAi))
2

2σ2
AAi

)

(2.36)

fR(rBj|xB) =
1

√

2πσ2
BBj

exp

(

−(rBj − h(xBj))
2

2σ2
BBj

)

(2.37)

With observed range measurements corrupted by independent and Gaussian-distributed
noise, the joint pdf of all observed range measurements is the product of pdfs of individual
range measurements. The standalone pdf of observed range measurements is:

fRSTD(r|xA,xB) =
3
∏

i=1

fR(rAi|xA)
3
∏

j=1

fR(rBj|xB) (2.38)
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If fR(rAB|xA,xB) is the pdf of the range on the collaborative link, the joint pdf of observed
range measurements in the collaborative positioning system is:

fRCOL(r|xA,xB) = fR(rAB|xA,xB)
3
∏

i=1

fR(rAi|xA)
3
∏

j=1

fR(rBj|xB) (2.39)

The Fisher Information Matrix (FIM) is defined as [1]:

FIM = −E

[

(∂2ln fR(r|x))
∂x2

]

(2.40)

The FIM can be derived to be:

FIM =

















∂2ln fR(r|xA,xB)
∂xA

2
∂2ln fR(r|xA,xB)

∂xA∂yA

∂2ln fR(r|xA,xB)
∂xA∂xB

∂2ln fR(r|xA,xB)
∂xA∂yB

∂2ln fR(r|xA,xB)
∂xA∂yA

∂2ln fR(r|xA,xB)
∂yA2

∂2ln fR(r|xA,xB)
∂xB∂yA

∂2ln fR(r|xA,xB)
∂yA∂yB

∂2ln fR(r|xA,xB)
∂xA∂xB

∂2ln fR(r|xA,xB)
∂yA∂xB

∂2ln fR(r|xA,xB)
∂xB

2
∂2ln fR(r|xA,xB)

∂xB∂yB
∂2ln fR(r|xA,xB)

∂xA∂yB

∂2ln fR(r|xA,xB)
∂yA∂yB

∂2ln fR(r|xA,xB)
∂xB∂yB

∂2ln fR(r|xA,xB)
∂yB2

















(2.41)

Taking the natural log of fRCOL(r|xA,xB), we get:

ln fRCOL(r|xA,xB) = ln fR(rAB|xA,xB) +
3
∑

i=1

ln fR(rAi|xA) +
3
∑

j=1

ln fR(rBj|xB) (2.42)

Thus the FIM for the set of collaborative range measurements, after computations yields:

FIMCOL =

[

ΣFACOL ΣFAB

ΣT
FAB ΣFBCOL

]

(2.43)

where, given θAAi
, the angle between xA and its ith anchor xAi, and θBBi

, the angle between
xB and its ith anchor xBi:

ΣFACOL =







∑3
i=1

cos2 (θAAi
)

σ2
AAi

+ cos2 (θAB)
σ2
AB

∑3
i=1

cos (θAAi
) sin (θAAi

)

σ2
AAi

+ cos (θAB) sin (θAB)
σ2
AB

∑3
i=1

cos (θAAi
) sin (θAAi

)

σ2
AAi

+ cos (θAB) sin (θAB)
σ2
AB

∑3
i=1

sin2 (θAAi
)

σ2
AAi

+ sin2 θAB

σ2
AB







(2.44)

ΣFBCOL =





∑3
i=1

cos2 (θBBi)
σ2
BBi

+ cos2 (θAB)
σ2
AB

∑3
i=1

cos (θBBi) sin (θBBi)
σ2
BBi

+ cos (θAB) sin (θAB)
σ2
AB

∑3
i=1

cos (θBBi) sin (θBBi)
σ2
BBi

+ cos (θAB) sin (θAB)
σ2
AB

∑3
i=1

sin2 (θBBi)
σ2
BBi

+ sin2 θAB

σ2
AB





(2.45)

ΣFAB = ΣT
AB =





− cos2 (θAB)
σ2
AB

− cos (θAB) sin (θAB)
σ2
AB

− cos (θAB) sin (θAB)
σ2
AB

− sin2 θAB

σ2
AB



 (2.46)
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Fisher Information Matrix (FIM) derivation for Standalone

In the standalone case, the collaborative link no longer exists. Hence, the FIM for the
standalone problem yields:

FIMSTD =

[

ΣFASTD 0
0 ΣFBSTD

]

(2.47)

where:

ΣFASTD =







∑3
i=1

cos2 (θAAi
)

σ2
AAi

∑3
i=1

cos (θAAi
) sin (θAAi

)

σ2
AAi

∑3
i=1

cos (θAAi
) sin (θAAi

)

σ2
AAi

∑3
i=1

sin2 (θAAi
)

σ2
AAi





 (2.48)

ΣFBSTD =





∑3
i=1

cos2 (θBBi)
σ2
BBi

∑3
i=1

cos (θBBi) sin (θBBi)
σ2
BBi

∑3
i=1

cos (θBBi) sin (θBBi)
σ2
BBi

∑3
i=1

sin2 (θBBi)
σ2
BBi



 (2.49)

It is important to note that the joint pdfs of observed range measurements for standalone and
collaborative only differ by the presence of the collaborative link information. Thus, using
the same position estimator, we expect both estimators to yield different pdfs. Therefore,
as long as a collaborative link exists, one estimator will always be more accurate than the
other.

2.A.5 Distributions of position estimates

Considering we assumed Gaussian range measurements and a linear position estimator, the
pdf of position estimates is a Gaussian distribution. The vector of position coordinates to
estimate is:

x = [xA, yA, xB, yB]
T (2.50)

Therefore, the pdf for the collaborative position estimator is fXCOL(x) ∼ N(µCOL,ΣCOL)
where the mean µCOL is a 4x1 vector, and ΣCOL is a 4-x-4 matrix. Similarly, the pdf of
the standalone position estimator is fXSTD(x) ∼ N(µSTD,ΣSTD) where the mean µSTD is
a 4x1 vector, and ΣSTD is a 4-x-4 matrix. From the previous sections, the mean for each
estimator is:

µSTD = E[x0] + E
[

(GT
STDN

−1
STDGSTD)

−1GT
STDN

−1
STD(rSTD − f(x0))

]

(2.51)

µCOL = E[x0] + E
[

(GT
COLN

−1
COLGCOL)

−1GT
COLN

−1
COL(rCOL − f(x0))

]

(2.52)

where:
NSTD = diag[σ2

AA1, σ
2
AA2, σ

2
AA3, σ

2
BB1, σ

2
BB2, σ

2
BB3] (2.53)

NCOL = diag[σ2
AA1, σ

2
AA2, σ

2
AA3, σ

2
BB1, σ

2
BB2, σ

2
BB3, σ

2
AB] (2.54)
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GSTD =





























∂hA0A1

∂xA

∂hA0A1

∂yA
0 0

∂hA0A2

∂xA

∂hA0A2

∂yA
0 0

∂hA0A3

∂xA

∂hA0A3

∂yA
0 0

0 0
∂hB0B1

∂xB

∂hB0B1

∂yB

0 0
∂hB0B2

∂xB

∂hB0B2

∂yB

0 0
∂hB0B3

∂xB

∂hB0B3

∂yB





























(2.55)

where indices A0 and B0 represent the initial guesses at reference vector x0. hA0A1 is the
Euclidean distance between points xA0 and anchor xA1 . Given that:

∂hA0A1

∂xA

=
xA0 − xA1

√

(xA0 − xA1)2 + (yA0 − yA1)2
= cos (θA0A1) (2.56)

GSTD yields:

GSTD =





















cos (θA0A1) sin (θA0A1) 0 0
cos (θA0A2) sin (θA0A2) 0 0
cos (θA0A3) sin (θA0A3) 0 0

0 0 cos (θB0B1) sin (θB0B1)
0 0 cos (θB0B2) sin (θB0B2)
0 0 cos (θB0B3) sin (θB0B3)





















(2.57)

Similarly, in the collaborative framework, where there is a collaborative link, we get:

GCOL =



























cos (θA0A1) sin (θA0A1) 0 0
cos (θA0A2) sin (θA0A2) 0 0
cos (θA0A3) sin (θA0A3) 0 0

0 0 cos (θB0B1) sin (θB0B1)
0 0 cos (θB0B2) sin (θB0B2)
0 0 cos (θB0B3) sin (θB0B3)

cos (θA0B0) sin (θA0B0) − cos (θA0B0) − sin (θA0B0)



























(2.58)

Hence, the multivariate distributions for the collaborative and standalone estimators are:

fXCOL(x) =
(

[2π]4 det(ΣCOL)
)−1/2

exp
[

−1

2
(x − µCOL)

TΣCOL
−1(x − µCOL)

]

(2.59)

fXSTD(x) =
(

[2π]4 det(ΣSTD)
)−1/2

exp
[

−1

2
(x − µSTD)TΣSTD

−1(x − µSTD)
]

(2.60)
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In our theoretical framework, fXCOL(x) and fXSTD(x) are Gaussian-distributed pdfs of posi-
tion estimates with the same bias: the true position vector x = [xA, yA, xB, yB]

T . Covariance
matrices are ΣSTD = (GT

STDNSTDGSTD)
−1 and ΣCOL = (GT

COLNCOLGCOL)
−1.

Σ−1
STD =

[

ΣFASTD 0
0 ΣFBSTD

]

(2.61)

where:

ΣFASTD =







∑3
i=1

cos2 (θA0Ai
)

σ2
A0Ai

∑3
i=1

cos (θA0Ai
) sin (θA0Ai

)

σ2
A0Ai

∑3
i=1

cos (θA0Ai
) sin (θA0Ai

)

σ2
A0Ai

∑3
i=1
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ΣFBSTD =
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 (2.63)

Σ−1
COL =

[

ΣFACOL ΣT
FAB

ΣFAB ΣFBCOL

]

(2.64)

ΣFACOL = ΣFASTD +
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ΣFBCOL = ΣFBSTD +
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ΣFAB = ΣT
AB =
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− sin2 θA0B0
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 (2.67)

From these equations, we can establish that the equation below. For simplicity, we refer to
indices A0 and B0 as A and B hereafter.

Σ−1
COL = Σ−1

STD +R (2.68)

R =

[

P −P
−P P

]

(2.69)

where P is:

P =





cos2 (θAB)
σ2
AB

cos (θAB) sin (θAB)
σ2
AB

cos (θAB) sin (θAB)
σ2
AB

sin2 θAB

σ2
AB



 (2.70)

These pdfs define the distributions of position estimates for the collaborative and standalone
etimators using Torrieri’s estimator. It is worth noting that in our scalar analysis and uncer-
tainty analysis (Chapters 4 and 5), we consider a special case for our model: one where the



Jeannette Nounagnon Chapter 2. Background 29

difference between the diagonal of the covariance matrices for both standalone and collab-
orative positioning is infinitesimally small. This was done to 1) simplify the scalar analysis
and 2) allow us to see how mutual information between the distributions of collaboration
and standalone estimates affects the performance of collaborative position estimation.

The best estimator achievable, in the CRB sense, for xA and xB has a Gaussian distribution
fXref (x) = fCRB(x) ∼ N(µCRB,ΣCRB) where the mean µCRB is a 4x1 vector, and ΣCRB

is a 4-x-4 matrix equal to the inverse of the Fisher Information Matrix.

fXCRB(x) =
(

[2π]4 det(ΣCRB)
)−1/2

exp
[

−1

2
(x − µCRB)

TΣCRB
−1(x − µCRB)

]

(2.71)

µCRB = [xA, yA, xB, yB]
T (2.72)

The covariance matrix of the best unbiased estimator has the smallest CRB between the
collaborative or standalone estimators. From [17] the covariance matrix of this best estimator
is a matrix that yields the collaborative Cramer-Rao Bound (CRBCOL). This best covariance
matrix is therefore the inverse of the Fisher Information Matrix using the collaborative set
of range measurements.

ΣCRB = FIM−1
COL (2.73)
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2.B Relating Fisher Information Matrix to Kullback-

Leibler Divergence

If we consider a distribution for a parameter θ, f(x; θ), and its neighboring distribution
f(x; θ + ǫ), whose parameter differs from f(x; θ) by a small amount ǫ, the KLD between
these two nearly similar distributions is proportional to the FIM as shown below.

KLD(f(x; θ)||f(x; θ + ǫ)) =
∫

x
f(x; θ) log f(x; θ)− f(x; θ) log f(x; θ + ǫ)dx

= Ef(x;θ)[log f(x; θ)]− Ef(x;θ)[log f(x; θ + ǫ)]
(2.74)

Knowing that by definition, the Taylor series for any given function at a value x0 is:

f(x0) + (x− x0)f
′(x0) +

1

2
(x− x0)

2f ′′(x0) + ... =
∞
∑

n=0

(x− x0)
nf

(n)(x0)

n!
(2.75)

Taking the Taylor series of log f(x; θ + ǫ) up to the second order, we get:

log f(x; θ + ǫ) ∼= log f(x; θ) + ǫ
∂

∂θ
log f(x; θ) + ǫ2

∂2

2∂θ2
log f(x; θ) (2.76)

Since f(x; θ) is a pdf, expectation and differentiation can be exchanged. Thus, taking the
expected value of the second term in the equation above yields:

Ef(x;θ)[ǫ
∂

∂θ
log f(x; θ)] = ǫ

∂

∂θ

∫

fθ(x, θ) log f(x; θ)dx = 0 (2.77)

In the expression above,
∫

fθ(x, θ) log f(x; θ)dx is equal to unity, given that the log function
is the natural log. Thus, its derivative is zero. Hence,

Ef(x;θ)[log f(x; θ + ǫ)] ∼= Ef(x;θ)[log f(x; θ) + ǫ2
∂2

2∂θ2
log f(x; θ)] (2.78)

The KLD yields:

KLD(f(x; θ)||f(x; θ + ǫ)) = Ef(x;θ)[log f(x; θ)]− Efθ [log f(x; θ + ǫ)]

= −ǫ2

2
Ef(x;θ)[

∂2

∂θ2
log f(x; θ)]

=
ǫ2

2
IFisher

(2.79)

where matrix IFisher is referred in the literature [27] as expected Fisher information, and
identified as ’providing a local metric in the space of distributions indexed by the parameter
vector θ...it is formally a metric tensor describing the manifold of models.’ [27]. In fact, this
matrix represents a metric in an n-dimensional Riemannian manifold.Reference [96] explains
it a bit more clearly: ’in the limit of infinitesimal deformations, the Kullback-Leibler distance
between the two densities is a quadratic form with the Fisher information matrix playing
the role of the metric tensor.’
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2.C Mutual Information Symmetry

In this appendix, we prove that mutual information is symmetric.
Let P and Q be two random variables with joint distribution function. fP,Q(p, q) and stan-
dalone pdfs fP (p) and fQ(q). By definition, the mutual information between P and Q is
MI(P,Q) such that:

MI(P,Q) =
∫

p

∫

q
fPQ(p, q) log

fPQ(p, q)

fP (p)fQ(q)
dqdp

=
∫

p

∫

q
fPQ(p, q) log

fP |Q(p|Q = q)fQ(q)

fP (p)fQ(q)
dqdp =

∫

p

∫

q
fPQ(p, q) log

fQ|P (q|P = p)fP (p)

fP (p)fQ(q)
dqdp

=
∫

p

∫

q
fPQ(p, q) log

fP |Q(p|Q = q)

fP (p)
dqdp =

∫

p

∫

q
fPQ(p, q) log

fQ|P (q|P = p)

fQ(q)
dqdp

=
∫

p

∫

q
fPQ(p, q) log fP |Q(p|Q = q)dqdp−

∫

p
fPQ(p, q) log fP (p)dp

=
∫

p

∫

q
fPQ(p, q) log fQ|P (q|P = p)dqdp−

∫

q
fPQ(p, q) log fQ(q)dq

= −H(fP |Q) +H(fP ) = −H(fQ|P ) +H(fQ)

(2.80)

Hence,
MI(P,Q) = H(fP )−H(fP |Q) = H(fQ)−H(fQ|P ) = MI(Q,P ) (2.81)

Consequently, mutual information is symmetric.



Chapter 3

Kullback-Leibler Divergence as a
Performance Metric

When it comes to assessing the performance of position estimators (e.g: during field testing)
in terms of accuracy, the correct performance metric to choose is the one that meets applica-
tion requirements. Hence performance metrics are application-specific. A common technique
to assess the performance of position estimators compares their position mean squared errors
(PMSE) or its square root: Root Mean Squared Error (RMSE). However, this performance
metric is limited because it focuses on the central information (mean and variance) of the
distribution of position error. In this chapter we show that the Kullback-Leibler Divergence
can be used to address this limitation for applications where end-tail behaviors in the error
distributions matter.

Kullback-Leibler Divergence (KLD) measures the distance between two distributions. It
achieves this by comparing the shapes of two pdfs, one of which being the reference for
accuracy based on the data at hand. There are two important features about KLD that
we utilize in this chapter. Firstly, KLD encompasses all the statistical information that can
be known about each distribution in its comparison. This means that its comparison is not
restricted to the average behavior of the distributions (the first two moments). Secondly, it
is a relative measure of accuracy. It achieves this by comparing distributions to a reference
for accuracy.

In this chapter, we use KLD to introduce a performance metric which outperforms a compar-
ison of RMSE, especially when distributions of position error have a heavy-tail. A heavy-tail
skews the first two moments, making them poor descriptors of the overall distribution.

To summarize the results discussed in this chapter, using the Kullback-Leibler Divergence,

32
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we introduce a novel performance metric that accounts for all statistical information of the
error distributions being compared. This novel performance metric is a robust option for
applications like E911, where a comparison of the central information (mean and variance)
of error distributions is not sufficient.

3.1 Motivation and Literature Review

Selecting a performance metric to assess the accuracy of a position estimator is mainly
application-specific. Li, et al. in [79]- [83] discuss different performance metrics that can be
selected based on the driving requirement for measuring performance. In some applications,
one may need to pay more attention to estimates that have a good behavior. In such cases,
metrics like Harmonic Average Error are proposed by the authors. In other applications, it is
more important to focus on estimates with a bad behavior (outliers) [80]; root mean squared
of position error (RMSE) is then recommended. Other metrics like Average Euclidean Error
(AEE) and Geometric Average Error (GAE) are also presented for a more intuitive look
at the errors (AEE) and to provide a more balanced measure of the performance (GAE).
Of all the metrics indicated above, RMSE is the one that is theoretically tractable. This
feature has warranted its very common adoption as a performance benchmark. Given that
our goal is to theoretically analyze the performance of collaborative positioning, it was the
only metric worth considering for further study.

Given a set of M position estimate vectors x′
k with values {x′

1,x
′
2, ...x

′
M}, and a position

vector x of a true position, RMSE is defined as:

RMSE =
√

E[δ2k] =
√

E[||x′
k
− x)||2] (3.1)

where δk represents the kth position error for position estimate x′
k
. In practice, the expected

value term in the equation above is estimated using the sample mean.

RMSE is an absolute error. This means that it measures error in comparison to the truth
(the true position). Hence, it is only useful when compared against another absolute error,
or against a reference for accuracy (like the CRB). The latter comparison is called relative
error assessment. In reference [81], Li et al address the advantages of relative measures
of performance. The authors indicate that ’relative error reveals better the inherent error
characteristics of an estimator rather than the absolute error’. It is common practice to
either compare RMSE to another RMSE or its squared to the Cramer-Rao Bound. In an
RMSE-to-CRB comparison, the efficiency of the estimator is evaluated; that is, its perfor-
mance with respect to (w.r.t) the best performance achievable if the estimator is unbiased
( [1], [21], [84], [85], [31], [86], [87], [12]). In an RMSE-to-RMSE comparison, the estimator
with the smallest RMSE is deemed most accurate.
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RMSE is the square root of the mean of all squared position errors. Thus, a comparison
of RMSEs only assesses performance based on the central information (mean and variance)
of the error distributions. As a result, a comparison of RMSEs does not account well for
end-tail and heavy-tailed distributions [67]. In fact, the presence of a single outlier can offset
an RMSE estimate and lead to an erroneous assessment of performance.

In our research context, the inputs to the standalone and collaborative estimators only differ
by the addition of the collaborative link (set of range measurements between the collabo-
rating nodes). It is possible that differences between the pdfs of their position errors occur
beyond the first two moments (mean and variance). In such cases, a comparison of RMSEs
would not be adequate because it would only compare the first two moments of the error
distributions. For this reason, we need to identify a metric that will account for all moments
of the pdf of position error.

In this chapter, we introduce a novel performance metric that accounts for all statistical
information in the error distributions. We achieve this using KLD. The usefulness of this
approach is that it not only compares the entire statistical content of the error distributions,
but it also compares them to the best performance achievable based on the position estimates
at hand.

3.2 Novel Performance Metric: ∆KLD

KLD(fX ||gX) can be used to compare two pdfs, with fX(x) being the reference for estimation
accuracy based on the information at hand. In this context, it can be used to select the most
accurate pdf by accounting for all statistical information (all moments) in the pdfs compared.
Let δ represent the set of position errors from all position estimators. Let δref represent the
smallest position error at any point in time based on the performance of the standalone and
collaborative estimators. Given x the true position vector of a node, x̂kSTD the kth standalone
position estimate and x̂kCOL the kth collaborative position estimate, the kth smallest position
error between standalone and collaborative estimators is:

δkref = min{||x̂kSTD − x||, ||x̂kCOL − x||} = min{δkSTD, δkCOL} (3.2)

Let COL represent the collaborative estimator and STD the standalone estimator. If f∆ref (δ)
is the pdf that describes the set of smallest position errors between the standalone and
collaborative position estimators, and if f∆STD(δ) and f∆COL(δ) represent the pdfs of position
error from the standalone and collaborative estimators, respectively, then, ∆KLD identifies
the most accurate estimator as follows:

KLD(f∆ref ||f∆STD) > KLD(f∆ref ||f∆COL) , COL is more accurate than STD
KLD(f∆ref ||f∆STD) < KLD(f∆ref ||f∆COL) , STD is more accurate than COL

(3.3)
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Therefore, a valid candidate for a performance metric is ∆KLD:

∆KLD = KLD(f∆ref ||f∆STD)−KLD(f∆ref ||f∆COL)

= H(f∆ref ||f∆STD)−H(f∆ref ||f∆COL)
(3.4)

∆KLD > 0 , COL is more accurate than STD
∆KLD < 0 , STD is more accurate than COL

(3.5)

Since cross-entropies H(f∆ref ||f∆STD) and H(f∆ref ||f∆COL) are measures of inaccuracy,
equation (3.4) indicates that ∆KLD measures the reduction in inaccuracy due to collabora-
tion; this is also the improvement in accuracy due to collaboration. Thus, ∆KLD identifies
the most accurate estimator based on a comparison of all statistical information from the pdfs
of position error for both standalone and collaborative estimators to a reference distribution.
We show in the simulation section that this approach is more robust than a comparison of
position RMSEs.

It is important to note that a definition for f∆ref (δ) must exist when using ∆KLD. f∆ref (δ)
is a reference for accuracy based on the data available. Thus omitting f∆ref (δ) will be
equivalent to computing either KLD(f∆COL||f∆STD) or KLD(f∆STD||f∆COL) which only
provides discriminating information regarding how different the distributions f∆COL(δ) and
f∆STD(δ) are from each other, with no additional information on which distribution is most
accurate. Therefore, ∆KLD requires a definition for f∆ref (δ), the reference pdf that is used
to select which pdfs of position error (between f∆STD(δ) and f∆COL(δ)) is most accurate.

f∆ref (δ) can be defined either theoretically or artificially. Deriving f∆ref (δ) theoretically is
equivalent to identifying the distribution that represents the most accurate distribution for
position error given an estimator, and a set of range measurements. For unbiased linear es-
timators, we know that the variance of the most accurate estimator will not be smaller than
the CRB. Thus, if the range measurements are for instance Gaussian-distributed, the pdf of
position estimates will have a known mean (the true position), and a variance equal to the
CRB. Consequently, f∆ref (δ) will have a Rayleigh-like distribution whose parameters can
be defined. However, for non-linear estimators, the theoretical distribution of position error
cannot be determined because the distribution of position estimates is unknown. Since the
MLE is the recommended position estimator for collaborative positioning [78], a theoretical
derivation for f∆ref (δ) is not possible.

Alternatively, deriving f∆ref (δ) in practical cases, for empirical data, has been accomplished
in the literature by making an artificial definition for f∆ref (δ) based on the data observed in
reality. Burnham and Anderson indicated that ’there are no true models’ and establish that
’in the analysis of empirical data, one must face the question: ’What model should be used
to best approximate reality given the data at hand?’ (the best model depends on sample
size).’ [42]. We consider this recommendation to circumvent the limitation on the knowledge
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of the ’true’ f∆ref (δ), and refer to f∆ref (δ) as a ’reference pdf for the most accurate position
estimator’. We consider a novel approach to define the reference distribution f∆ref (δ) that
is based on the requirement that f∆ref (δ) is the distribution of the smallest position error
between the standalone and collaborative estimators for any estimate. In this regard, it is an
artificially derived distribution of the best definition of accuracy based on the data at hand
at any point in time. The need to artificially derive a reference distribution when comparing
two models has also been discussed by Degroot and Feinberg in the context of comparing
two model predictions of rain to identify the most reliable one [92]. The implications of our
novel approach for defining f∆ref (δ) are that:

• f∆ref (δ) needs not be equal to the theoretical reference pdf achievable (in the CRB-
sense). It only needs to be the pdf that will identify which pdf (f∆STD(δ) or f∆COL(δ))
is most accurate, at the occurrence of every statistical event, based on the data at
hand.

• a definition for f∆ref (δ) requires prior knowledge of the true position to assess which
estimator yields the smallest position error: this requirement is acceptable because we
intend through this metric to provide a performance metric more reliable than RMSE
which also requires prior knowledge of the true position.

• when one estimator yields the smallest position error all the time, its pdf will be equal
to f∆ref (δ).

• the smallest position error from both collaborative and standalone estimators is the
observable for f∆ref (δ).

As an example, f∆refA(δ) is the pdf describing the smallest position error for node A obtained
from both standalone and collaborative estimators. The kth observable of f∆refA(δ) is δrefAk:

δrefAk = min{||x̂kSTD − xA||, ||x̂kCOL − xA||} (3.6)

f∆ref (δ) was selected such that, if one estimator, say the collaborative estimator, is more
accurate all the time, then f∆ref (δ) = f∆COL(δ) and ∆KLD will be positive. If ∆KLD
is positive, the collaborative estimator will be deemed more accurate than the standalone
estimator. To the best of our knowledge, there is no precedent for this approach in the
literature. This proposed metric defines the most accurate position estimator as the one
whose pdf of position error is the closest, in the Kullback-Leibler sense, to f∆ref (δ). The
performance of this metric is further addressed in the simulation section where we confirm
that our proposed metric is able to identify the most accurate estimator better than a
comparison of position RMSEs, in the presence of strong heavy tails in the error distribution.
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3.3 Simulation Results

We consider a 2-D synchronized Time of Arrival (TOA) system in a 300mx300m Matlab
simulation environment. We test the theoretical results presented in the previous sections
in both LOS and NLOS cases on all range measurements. The SNR on all non-collaborative
links is fixed to 20 dB, unless otherwise specified. The SNR on the collaborative link varies
from 0 to 40 dB, unless otherwise specified. We use the Newton-Raphson Maximum Likeli-
hood estimator (MLE) [67] in the simulation cases presented. We also consider both good
and poor geometric configurations for node A as shown on Fig. 3.1(a) and Fig. 3.1(b),
respectively. In the good geometric configuration, node A is within the convex hull of its
standalone anchors. It is outside the convex hull in the poor geometric configuration. Node
B is always within the convex hull of its anchors. To test the proposed performance metric
in very good and poor conditions, we consider two cases: 1) we assume LOS on all range
measurements in a good geometric configuration as a best case scenario and 2) we assume
non-line of sight (NLOS) errors on all range measurements in a poor geometric configuration
as a worst case scenario. In NLOS range conditions, NLOS errors are added to all range
measurements (both collaborative and standalone range links) for both nodes A and B. All
NLOS errors are exponentially-distributed with a mean of 25 meters. The exponential dis-
tribution was selected because it is the most common distribution used to describe NLOS
errors in the literature. The poor geometric configuration was selected to analyze a case
where one node (A) can gain more from collaboration than node (B) due to its standalone
geometric configuration. Fig. 3.1 shows the geometric configurations described above. The
circles around nodes A and B delimit the area within which 400 different simulation cases
are executed. For each simulation case considered, 1000 position estimates are generated for
each of nodes A and B. For each of the 400 simulation cases, we vary the SNR relative to the
range measurements on the collaborative link from 0 to 40 dB while keeping the SNR on all
standalone links to 20 dB. The SNR and the variance σ2

AB of observed range measurements
on the collaborative link are related as follows:

SNRdB = 10log10

(

d2

σ2
AB

)

=⇒ σ2
AB =

d2

10

(

SNRdB
10

) (3.7)

In the next sub-sections, we present simulation results from individual simulation cases and
later present simulation results based on the average of the 400 simulation cases.

3.3.1 Simulation Results for Proposed Performance Metric

The proposed performance metric ∆KLD is examined in this section. We compare the
performance of ∆KLD and Root Mean Squared Error (RMSE) in four specific examples.
For reference, the plots for the pdfs of position error are provided alongside the 67% and 90%
values for the CDF of position error. As discussed in the theoretical section, ∆KLD as a
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(a) Good geometric condition for nodes A and B
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(b) Poor geometric configuration for node A alone

Figure 3.1: Simulation geometric configurations: Overview of test configuration. The circles
centered at A and B are delimiting regions containing 400 different positions of nodes A and
B, respectively, for 400 different simulation cases. A1, A2, A3 are anchors for A. B4, B5,
B6 are anchors for B. (a) Good geometric configuration for A and B with respect to their
anchors. LOS with 20 dB-SNR is assumed on all range measurements in this configuration.
(b) Poor geometric configuration for node A with respect to its anchors. Exponentially-
distributed NLOS errors of mean 25 m are added to all range measurements for both nodes
A and B.

performance metric identifies an accurate estimator, as the one whose pdf of position error is
closest to the reference pdf of position error. A negative ∆KLD means that the standalone
estimator is more accurate, while a positive ∆KLD indicates that the collaborative estimator
is more accurate than the standalone estimator.
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Test Case #1: ∆KLD and RMSE disagree

The first example on Fig. 3.2 shows one simulation case where the MLE estimator is used
in a good geometric configuration (Fig. 3.1(a)) with LOS on all range measurements for
both nodes A and B, 20 dB-SNR on all standalone range measurements and 30 dB-SNR on
the collaborative link. From visual observation of the pdfs of position errors on Fig.3.2(b),
we note that the pdf of position error for the collaborative estimator (f∆COL(δ)) is closer
to the reference pdf (f∆ref (δ)) than the pdf of position error for the standalone estimator
(f∆STD(δ)). This indicates that if we look at all statistical information provided by the pdfs
of position error, the collaborative estimator is more accurate than the standalone estimator.
This explains why ∆KLD identifies collaborative estimation as most accurate, while RMSE
disagrees as shown on Fig.3.2(c). The presence of a heavy tail on the error distribution for
estimates of point xA makes RMSE’s assessment incorrect. Per Fig.3.2(c), the CDF 67%
and 90% values agree with ∆KLD that collaboration is more accurate.
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(b) Pdf of position error for node A. f∆ref (δ), f∆COL(δ) and f∆STD(δ) represent pdfs of position error for
the reference pdf, the collaborative and standalone estimators, respectively.

Metrics STD COL More Accurate
RMSE 16.4108 17.5802 STD
CDF67 13.44 8.2154 COL
CDF90 25.1023 16.2203 COL
DKLD 0.30892 COL

(c) Performance metrics summary for node A

Figure 3.2: Specific Example #1: (a) Good geometric configuration (Fig. 3.1(a)) in one
test case with 1000 position estimates for each node, (b) pdf of position error for node A,
(c) performance metrics summary for node A. Using MLE in LOS range conditions with
good geometric conditions (Fig. 3.1(a)), 20 dB on all standalone links and 30 dB on the
collaborative link. ∆KLD and RMSE disagree on identifying accurate estimator. The
presence of a heavy tail on the pdf of position error makes RMSE’s assessment incorrect.
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Test Case #2: ∆KLD and RMSE disagree

The second example in Fig.3.3 shows one of 400 simulation cases where the MLE estimator is
used in a poor geometric configuration (Fig. 3.1(b)) with an exponentially-distributed NLOS
error of mean 25 meters on all range measurements for both nodes A and B, 20 dB-SNR on
all standalone range measurements and 20 dB-SNR on the collaborative link. Based on a
comparison of pdfs of position errors to the reference pdf (Fig.3.3(b)), the standalone estima-
tor is most accurate. RMSE and ∆KLD disagree on which estimator is most accurate. Per
Fig.3.3(c), RMSE and ∆KLD disagree in identifying the most accurate estimator because
near the 100m mark on the pdf plot, the collaborative estimator has a set of outliers. These
outliers also offset the 90% CDF value. ∆KLD accounts for these outliers differently than
RMSE does. By definition, since KLD accounts for all statistical moments of the distribu-
tions being compared, we can conclude that ∆KLD makes the most accurate assessment of
all the metrics provided in Fig.3.3(c). Furthermore, in this test case, the CDF67 value indi-
cates that if we only look at the 67% error bound to make an assessment of which estimator
is most accurate, we end up selecting the standalone estimator. However, when we look at
the 90% error bound to make an assessment, we end up selecting the collaborative estima-
tor. This confirms that discarding some points to make an assessment on which estimator
is most accurate does not reflect the ’actual’ performance of the estimator. This further
confirms that ∆KLD’s assessment is more robust than the other metrics proposed because
it accounts well for the outliers and does not require discarding any data obtained to make
an assessment.
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(a) Poor geometric configuration for node A in one test case (Fig. 3.1(b)): RxA, RxB are anchors
used to locate nodes A and B, respectively.
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(b) Pdf of position error for node A. f∆ref (δ), f∆COL(δ) and f∆STD(δ) represent pdfs of position
error for the reference pdf, the collaborative and standalone estimators, respectively.

Metrics STD COL More Accurate
RMSE 64.5782 63.5365 COL
CDF67 57.8436 62.0478 STD
CDF90 110.1587 95.7022 COL
DKLD -0.06202 STD

(c) Performance metrics summary for node A

Figure 3.3: Specific Example #2: (a) Poor geometric configuration for node A in one test
case with 1000 position estimates for each node, (b) pdf of position error for node A, (c)
Performance metrics summary for node A. Using MLE with poor geometry (Fig. 3.1(b))
with an exponentially-distributed NLOS error of mean 25 meters on all range measurements
for both nodes A and B, 20 dB-SNR on all standalone range measurements and 20 dB-SNR
on the collaborative link. ∆KLD and RMSE disagree on identifying the most accurate
estimator.
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Test Case #3: ∆KLD and RMSE agree

The third example in Fig.3.4 shows the NLS estimator in a good geometric configuration
(Fig. 3.1(a)) with LOS on all range measurements for both nodes A and B, 20 dB-SNR on all
standalone range measurements and 30 dB on the collaborative link. In this case scenario,
both RMSE and ∆KLD agree that collaborative positioning works as shown on Fig.3.4(c).
The pdfs on Fig.3.4(b) confirm through visual inspection that the collaborative estimator
is more accurate than the standalone estimator because the collaborative estimator pdf of
position error is closer to the reference pdf than the standalone pdf.
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(a) Good geometric configuration (Fig. 3.1(a)) for a single test case: RxA, RxB are anchors used
to locate nodes A and B, respectively.
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(b) Pdf of position error for node A. f∆ref (δ), f∆COL(δ) and f∆STD(δ) represent pdfs of position
error for the reference pdf, the collaborative and standalone estimators, respectively.

Metrics STD COL More Accurate
RMSE 15.6492 14.2602 COL
CDF67 15.3155 14.3981 COL
CDF90 23.5202 21.9643 COL
DKLD 0.09113 COL

(c) Performance metrics summary for node A

Figure 3.4: Specific Example #3: (a) Good geometric configuration (Fig. 3.1(a)) in one
test case with 1000 position estimates for each node, (b) pdf of position error for node A,
(c) performance metrics summary for node A. Using the NLS estimator in good geometric
configuration (Fig. 3.1(a)) with LOS on all range measurements for both nodes A and B, 20
dB-SNR on all standalone range measurements and 30 dB on the collaborative link. Both
∆KLD and RMSE agree that collaborative estimation works.
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Test Case #4: ∆KLD and RMSE agree

In the fourth example, we show a simulation case where it is not obvious to identify the
most accurate estimator by visual inspection. Fig.3.5 shows the MLE estimator in a poor
geometric configuration (Fig. 3.1(b)) with exponentially-distributed NLOS errors with a
mean of 25 meters on all range measurements for both nodes A and B, 20 dB-SNR on all
standalone range measurements and 20 dB-SNR on the collaborative link. In this case, both
RMSE and ∆KLD agree that standalone is the most accurate estimator.
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(a) Poor geometric configuration for node A (Fig. 3.1(b)) in one simulation case: RxA, RxB are
anchors used to locate nodes A and B, respectively.

-50 0 50 100 150 200 250 300 350
Position Error [m]

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

PD
F

f
∆ ref

(δ
ref

)

f
∆ COL

(δ
COL

)

f
∆ STD

(δ
STD

)

(b) Pdf of position error for node A. f∆ref (δ), f∆COL(δ) and f∆STD(δ) represent pdfs of position
error for the reference pdf, the collaborative and standalone estimators, respectively.

Metrics STD COL More Accurate
RMSE 77.7491 85.2644 STD
CDF67 71.6957 57.8219 COL
CDF90 115.4308 177.1944 STD
DKLD -0.010381 STD

(c) Performance metrics summary for node A

Figure 3.5: Specific Example #4: (a) Poor geometric configuration (Fig. 3.1(b)) for node A
in one simulation case with 1000 position estimates for each node, (b) pdf of position error
for node A, (c) performance metrics summary for node A. Using the MLE estimator in poor
geometric configuration (Fig. 3.1(b)) with exponentially-distributed NLOS errors of mean
25 meters on range measurements for both nodes A and B, 20 dB-SNR on all standalone
range measurements and 20 dB-SNR on the collaborative link. Both ∆KLD and RMSE
agree that collaborative estimation is not beneficial.
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3.3.2 Summary of individual test cases results

From the four individual simulation cases discussed above, we have shown cases where RMSE
and ∆KLD both agree and disagree on their assessment of which estimator is most accurate.
We confirmed through simulations that RMSE is not reliable because it accounts for only the
first two moments in error distributions. Furthermore, we also provided the CDF 67% and
90% values for the distribution of position error. These two values confirmed that traditional
techniques that discard outliers by pre-processing data prior to making an assessment on the
most accurate estimator, yield local assessments on the performance of estimators and do
not account for end-tail behaviors well. Since the definition of an outlier is very subjective
and usually depends on the user or the application, such techniques are limited in their
usefulness. ∆KLD on the other hand, does not require pre-processing of data and accounts
well for outliers. In this regard, ∆KLD is a robust performance metric in applications where
we need to account for end-tail behaviors in the error distribution.

3.3.3 Simulation Results on Accuracy of Collaborative Positioning

Having validated through specific simulation testcases that ∆KLD accounts for end-tail
behaviors from the error distributions, we now compare the performance of standalone vs.
collaborative positioning using ∆KLD, a comparison of position RMSEs and a comparison
of CRBs, in both poor and good geometric configurations, under both LOS and NLOS con-
ditions, over a set of 400 simulation cases.

We show in the following plots (Fig. (3.6)), the number of times collaborative positioning
is more accurate than standalone, based on 400 different test cases where the positions of A
and B are randomly selected within the circles shown on Fig. 3.1.

For each of the 400 test cases, we estimate 1000 points to measure RMSE of position and
∆KLD, as well as CRB. Thus we generate 400,000 points each time we vary the SNR on
the collaborative link. The SNR on the collaborative link varies from 0 to 40 dB, while
the standalone SNR is maintained at 20 dB. On each plot, we show how comparisons of a)
RMSEs, b) KLDs and c) CRBs indicate that collaborative positioning is more accurate than
standalone. The results confirm that using a comparison of CRBs to determine whether
collaborative estimation is more accurate than standalone’s does not always work, because a
comparison of CRBs always indicates collaboration as more accurate, while accuracy metrics
like ∆KLD and RMSE indicate that collaborative estimation is not always accurate.

A comparison of position RMSEs or ∆KLD, on the other hand can identify when collabora-
tive estimation is more accurate than standalone or not. However, a comparison of position
RMSEs may incorrectly identify the most accurate estimator, because RMSE is sensitive to
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outliers, and does not account well in general for end-tail behaviors. In this regard, RMSE
turns out to be more pessimistic in believing collaborative positioning to be more accurate,
than our proposed metric ∆KLD. This can be seen in the line of sight plots at SNR=40dB
(Fig. 3.6(a)). In fact, although we expect, that at such a high SNR with LOS on all range
measurements and good geometric configuration, collaborative positioning will be more ac-
curate, RMSE is still more pessimistic than our proposed metric. Therefore, in our context
of comparing the accuracy between standalone and collaborative estimation, ∆KLD is a
more robust performance metric than a comparison of CRBs or RMSEs.

As expected in Fig. 3.6(a), in LOS range conditions, collaboration improves position accu-
racy as the SNR on the collaborative link increases. NLOS errors in range measurements
tend to cause outliers in the error distribution. In Fig. 3.6(b), in the presence of NLOS
errors, the combination of a large range variance (low SNR) and NLOS errors can actually
improve accuracy because the Gaussian range variance and always positive NLOS bias com-
pensate each other. As the SNR increases, the noise variance reduces considerably and the
effect of NLOS errors can no longer be compensated by the noise variance. As a result, the
presence of NLOS errors yields more outliers, which results (in general) in degraded accuracy
as the SNR increases. The considerably low value for the RMSE plots at high SNRs in NLOS
range conditions (in Fig. 3.6(b)) is due to the fact that RMSE does not handle well outliers.
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Figure 3.6: Percentage of times collaboration is more accurate vs. SNR on collaborative link.
400 simulation cases are considered. This plot indicates how often different performance
metrics (a comparison of CRBs, a comparison of RMSEs and the proposed performance
metric using ∆KLD) indicate that collaborative estimation is more accurate than standalone
estimation. A comparison of CRBs is the most optimistic on the performance of collaborative
estimation, it always shows that collaboration is more accurate, even when collaboration is
not expected to be accurate at very low SNRs on the collaborative link. A comparison
of standalone and collaborative RMSEs of position is the most pessimistic metric on the
performance of collaboration, it indicates that collaborative estimation does not perform
well even when it is expected to perform well at high SNRs on the collaborative link. Of
all the metrics, the proposed ∆KLD selects more reliably the collaborative estimator as
intuitively expected based on the SNR on the collaborative link. It does so by accounting
for all statistical moments in the error distributions.
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3.4 Summary

Performance metrics are used to target different purposes, and the selection of performance
metrics must always be application-specific. For applications that care about the first two
moments of the distribution of error and nothing else, a comparison of position root mean
squared errors (RMSEs) is an adequate option. However, some applications like E911 have
different requirements; position estimators have to be assessed based on their 67% and 95%
bounds, and these requirements are getting more stringent over the years. For such appli-
cations that need to compare more than the central information in the error distribution,
RMSE is no longer the best metric because it tends to not handle end-tail behaviors well.

In this chapter, we introduced a novel performance metric that uses the Kullback-Leibler
Divergence to identify the most accurate position estimator. Two features characterize our
metric: 1) it is based on an assessment of all statistical moments of the distributions, and
2) it is relative to the best performance that can be achieved based on the data at hand.

The performance metric introduced in this chapter is a more robust option for our application
because, unlike RMSE, it accounts for all statistical information in its assessment of perfor-
mance. Furthermore, if a theoretical distribution for its reference distribution is available,
it is also theoretically tractable like RMSE. The new performance metric was successfully
tested and compared against a comparison of RMSEs in both good and poor geometries,
with both LOS and NLOS conditions.

After validating the performance metric through simulations, we tested the accuracy of col-
laborative positioning using ∆KLD, a comparison of position RMSEs and a comparison
of CRBs. These simulation results confirm that the collaborative CRB is less than the
standalone CRB. However, this reduction in CRBs does not necessarily mean that collabo-
rative positioning is more accurate. In the next chapters, we analyze the implications of this
reduction in CRB w.r.t the accuracy of collaborative positioning.



Chapter 4

Inaccuracy Analysis of Collaborative
Positioning

In the previous chapter, we established that collaborative positioning is not always benefi-
cial in terms of accuracy. In the literature, analyses of factors that affect the accuracy of
collaborative positioning have mainly been completed via simulations. We need to define a
theoretical framework within which we can analyze the accuracy of collaborative positioning.
This is the focus of this chapter.

This chapter provides a theoretical analysis (using Gaussian-distributions of position esti-
mates) of the inaccuracy of collaborative positioning. We provide a variational analysis of
the improvement in accuracy due to collaboration, along with range conditions when collab-
orative positioning starts hurting the performance of standalone positioning.

To complete these theoretical analyses, we rely on the Kullback-Leibler Divergence (KLD).
In the previous chapter, we introduced a novel model using ∆KLD and established that
using ∆KLD to assess the performance of collaborative positioning is more robust than a
comparison of position mean squared errors (PMSEs) because ∆KLD is a relative metric
that accounts for all statistical information in the error distribution. In this chapter, we take
advantage of the theoretical tractability of ∆KLD to analyze (1) factors that contribute to
an increase in accuracy due to collaboration and (2) range conditions under which collabo-
rative positioning outperforms standalone positioning.

In this chapter, we introduce a theoretical model to analyze the improvement in accuracy
due to collaboration. We analyze the proposed theoretical model and identify factors that
affect the accuracy of collaborative positioning. These factors are: the geometry of each node
with respect to (w.r.t) its anchors, the quality of the collaborative link and the geometry

51
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of the collaborating nodes w.r.t each other. Under some conditions, when the collaborating
nodes share a coordinate, the improvement in accuracy due to collaboration reaches local ex-
trema. Range conditions on when collaboration starts to hurt the performance of standalone
positioning are derived.

4.1 Using ∆KLD for theoretical analysis

Recall the definition of ∆KLD from Chapter 3.

∆KLD = KLD(f∆ref ||f∆STD)−KLD(f∆ref ||f∆COL) (4.1)

∆KLD indicates the reduction in inaccuracy, or improvement in accuracy due to collabo-
ration. In the previous chapter, we used ∆KLD as a performance metric to identify the
estimator that is most accurate in terms of position error. In that case, all pdfs used repre-
sented pdfs of position error. f∆ref (δ) was derived empirically.

In this chapter, our goal is to identify via theoretical analysis, factors and conditions that
affect the improvement in accuracy due to collaborative estimation. In this context, we
derive ∆KLD using pdfs of position estimates:

∆KLD = KLD(fXref ||fXSTD)−KLD(fXref ||fXCOL) (4.2)

fXref is theoretically derived as the pdf of position estimates from the most accurate esti-
mator attainable. It is defined as fXref (x) in this analytical framework. We first simplify
our analysis model and later derive theoretical conclusions that we generalize.

Considering that accuracy is tightly connected to the selected position estimator, identify-
ing the position estimator to use in our analysis is critical. We assume that the position
estimator used is Torrieri’s linear estimator because (1) it is linear and (2) it is in essence
a one-shot version of the Maximum Likelihood Estimator [33]. This selection is justified by
reference [78] which indicates that the MLE is the recommended estimator for collaborative
position estimation. Hence, by selecting both a one-shot version of the MLE, and a linear
estimator, we are able to predict the distribution of position estimates and theoretically
analyze the performance of collaborative positioning w.r.t standalone positioning.

To simplify our framework, we also assume that all range measurements used are Gaussian-
distributed in line-of-sight (LOS) range conditions, which implies that the distribution of
position estimates is also Gaussian if the position estimator used is linear. Also, for simplic-
ity, the bias difference in the multivariate definition of ∆KLD (equation (4.84)) is assumed
negligible. This means that we assume both collaborative and standalone estimators to have
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the same bias; more specifically, we assume that both estimators are unbiased.

One of the challenges in using ∆KLD is that KLD requires prior knowledge of the pdfs of
position estimates and of a reference pdf which represents the best estimator attainable. The
best position estimator achievable, however, may be non-linear. So defining an accurate pdf
for its position estimate is non-trivial.

Nonetheless, we assume that we can define fXref (x). Theoretically, our assumed definition
of fXref (x) is that it is the pdf of an unbiased estimator whose covariance matrix is the in-
verse Fisher Information Matrix that we identify later. The choice of fXref (x) as a Gaussian
distribution can also be assumed appropriate based on the maximum entropy principle. This
principle indicates that when one has no prior knowledge of a distribution, it is acceptable
to select the distribution whose sufficient moments are known (e.g: mean, variance), and the
distribution that yields the largest entropy. We know that the Gaussian distribution is fully
represented by the mean and variance. Furthermore, in the family of continuous exponential
pdfs, the Gaussian distribution has the largest entropy. Hence, assuming fXref (x) to be
Gaussian is an acceptable assumption.

In this work, we first focus on the Gaussian distribution and later address how other expo-
nential distributions (specifically, the skew-normal distribution) are affected by the results
presented. In regard to the distributions of position estimates, the selection of the Gaussian
distribution for the pdfs of position estimates for the collaborative and standalone estimators
(i.e: fXCOL(x) and fXSTD(x), respectively) is fundamentally because it is the most common
distribution used to define models and lends itself to analysis.

Finally, KLD was estimated using the Information Theoretical Estimators (ITE) toolbox [28].
This toolbox estimates all information metrics used in our simulation results. Since KLD
will be estimated, we expect that some of the errors in its estimation during simulation will
be due in part to the fact that the pdfs in our theoretical framework are assumed continuous
while in actuality, we used discrete observables of a continuous function to generate estimates
of their density functions.

4.1.1 Deriving ∆KLD

From the discussion above, the pdfs for position estimates from the collaborative (fXCOL(x))
and standalone (fXSTD(x)) estimators are derived in Appendix 2.A and yield:

fXCOL(x) =
(

[2π]4 det(ΣCOL)
)−1/2

exp
[

−1

2
(x − µCOL)

TΣCOL
−1(x − µCOL)

]

(4.3)
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fXSTD(x) =
(

[2π]4 det(ΣSTD)
)−1/2

exp
[

−1

2
(x − µSTD)TΣSTD

−1(x − µSTD)
]

(4.4)

The best estimator achievable, in the CRB sense, for xA and xB has a Gaussian distribution
fXref (x) = fXCRB(x) ∼ N(µCRB,ΣCRB) where the mean µCRB is a 4x1 vector, and ΣCRB

is a 4-x-4 matrix equal to the inverse of the Fisher Information Matrix.

fXCRB(x) =
(

[2π]4 det(ΣCRB)
)−1/2

exp
[

−1

2
(x − µCRB)

TΣCRB
−1(x − µCRB)

]

(4.5)

µCRB = [xA, yA, xB, yB]
T (4.6)

The covariance matrix of the best unbiased estimator yields the smallest CRB between the
collaborative or standalone estimators. From [17] the covariance matrix of this best estimator
is therefore FIM−1

COL, the inverse of the Fisher information matrix derived from the set of
range measurements for the collaborative position estimator.

ΣCRB = FIM−1
COL (4.7)

The expression for ∆KLD then becomes:

∆KLD = KLD(fXCRB||fXSTD)−KLD(fXCRB||fXCOL) (4.8)

In Appendix 4.B, we derive the multivariate equation for ∆KLD when the pdfs of position
estimates have multivariate Gaussian distributions. It is equal to:

∆KLD = −1

2
log [2π]n det(ΣCOL)−

1

2

[

(µCRB − µCOL)
TΣ−1

COL(µCRB − µCOL)
]

+
1

2
log ([2π]n det(ΣSTD)) +

1

2

[

(µCRB − µSTD)
TΣ−1

STD(µCRB − µSTD)
]

+
1

2

(

tr
{

Σ−1
STDΣCRB

}

− tr
{

Σ−1
COLΣCRB

})

(4.9)

Assuming both standalone and collaborative positioning estimators are unbiased (that is,
their mean-vectors are both equal to the true position vector), the bias terms cancel and
∆KLD for this analysis of Gaussian-distributed pdfs of position estimates is therefore equal
to:

∆KLD =
1

2
log

det(ΣSTD)

det(ΣCOL)
+

1

2
tr
{[

Σ−1
STD −Σ−1

COL

]

ΣCRB

}

(4.10)

where the reference covariance matrix is such that: (ΣCOL − ΣCRB) and (ΣSTD − ΣCRB)
are positive semi-definite.
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4.2 Overview of the sign of ∆KLD

The sign of ∆KLD indicates when collaborative positioning degrades the accuracy of stan-
dalone estimation (∆KLD ≤ 0), and when it improves standalone accuracy (∆KLD ≥ 0).
In this section, we provide an initial top-level summary of conditions that affect the sign of
∆KLD. Our theoretic analytical framework consists of analyzing the reduction in inaccu-
racy due to collaboration by considering ∆KLD as derived in equation (4.10).

This analysis proves that the sign of ∆KLD is determined by how the following factors
interact with each other: (1) the geometric configuration of the nodes w.r.t their anchors,
and (2) the efficiency of both standalone and collaborative estimators relative to the collab-
orative CRB.

From equation (4.10), there are two main terms in the expression of ∆KLD: the LogDet
term and the Trace term. Brogan [77] refers to the covariance matrices ΣCOL and ΣSTD as
GDOP matrices because they provide information on the effect of geometry in the distribu-
tion of position estimates. Since ∆KLD is heavily-dependent on the GDOP matrices, we
expect geometry to play a key-role in the sign of ∆KLD.

The first term in the expression of ∆KLD (the LogDet term) represents the difference
between the log determinants of the GDOP-matrices [77]. The determinant of the GDOP-
matrix is related to the volume of the hyperellipsoid whose principal axes are in the direction
of the eigenvectors of the GDOP-matrices, and whose semi-major axes have length equal to
the eigenvalues of the matrices [77]. Since the determinant of a matrix describes its geo-
metric volume, the difference of LogDets measures a change in the volume described by the
covariance matrices. As such, it describes how the geometric configuration of the anchors
w.r.t. their targets contributes to an improvement or reduction in accuracy in collaborative
estimation. Specifically, the smaller the determinant of the collaborative GDOP-matrix w.r.t
the determinant of the standalone GDOP-matrix, the more positive ∆KLD becomes.

We now consider the second term, namely the Trace term. By definition, an unbiased esti-
mator is efficient if its variance reaches its CRB. Thus, the Trace term is a measure of the
efficiency of both estimators relative to the collaborative CRB (CRBCOL). Minimizing this
term is highly dependent on the efficiency of the standalone estimator w.r.t CRBCOL, and
is bound by the difference between the standalone CRB (CRBSTD) and CRBCOL.

It is worth noting in equation (4.10) that the LogDet term turns out to be positive while
the Trace terms turns out to be negative. Hence, the LogDet term determines the maximum
value achievable by ∆KLD. As a result, the Trace term represents the loss in improvement
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in accuracy due to collaboration because it reduces ∆KLD from a positive value, to a neg-
ative value under some range conditions that are discussed later in this chapter.

This result is important because it generates the following conclusions based on our starting
assumptions:

• For unbiased estimators, the maximum improvement achievable by collaborative po-
sitioning is completely defined by the geometric configuration of the nodes w.r.t their
anchors, and w.r.t each other.

• For unbiased estimators, any loss in improvement in accuracy is bound by the relative
efficiency of the standalone estimator w.r.t to the collaborative Cramer-Rao Bound.
For unbiased efficient estimators, this relative efficiency is a function of the difference
between the standalone and collaborative CRBs.

• For unbiased estimators, when the reduction in log volume described by the covari-
ance matrices becomes less than the loss in estimator efficiency of both estimators,
collaborative estimation starts to hurt the accuracy of standalone estimation.

4.3 Variational analysis

Recall the expression for ∆KLD:

∆KLD =
1

2
log

det(ΣSTD)

det(ΣCOL)
+

1

2
tr
{[

Σ−1
STD −Σ−1

COL

]

ΣCRB

}

(4.11)

From Appendix 2.A, equation (2.68), we have:

Σ−1
COL = Σ−1

STD +R (4.12)

R =

[

P −P

−P P

]

(4.13)

where matrix P is:

P =





cos2 (θAB)
σ2
AB

cos (θAB) sin (θAB)
σ2
AB

cos (θAB) sin (θAB)
σ2
AB

sin2 θAB

σ2
AB



 (4.14)

R depends on two terms: σ2
AB and angle θAB. Angle θAB is defined as: tan−1 (yB−yA)

(xB−xA)
. σ2

AB

depends on the SNR on the collaborative link (SNRdBCOL) as follows:

SNRdBCOL = 10log10

(

d2AB

σ2
AB

)

=⇒ σ2
AB =

(xA − xB)
2 + (yA − yB)

2

10

(

SNRdBCOL
10

) (4.15)
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In addition to the geometric configurations of the targets w.r.t their anchors, the expression
of R implies that, in terms of accuracy, collaborative estimation differs from standalone
estimation based on two more factors: the quality of the collaborative link, and the angle
between the two points to locate collaboratively: xA, and xB. To identify how each of these
factors affect the accuracy of collaboration, we analyze the sign of the first derivative of
∆KLD w.r.t. each of these parameters. We start by deriving ∆KLD w.r.t R and later
use the chain rule to obtain the derivative w.r.t σ2

AB and angle θAB. The sign of the first
derivative of ∆KLD is used to analyze factors that increase or decrease ∆KLD.

By definition, for a matrix U(r), the derivative of the LogDet of U(r) w.r.t r is:

∂ log detU(r)

∂r
= Tr

(

U(r)−1∂U(r)

∂r

)

(4.16)

Thus, the derivative of ∆KLD w.r.t matrix R is a matrix whose elements are ∂∆KLD
∂{i,j}

where

R{i,j} is the element of matrix R at row i and column j:

∂∆KLD

∂R{i,j}

=
1

2

[

Tr(ΣCOL.
∂(Σ−1

STD +R{i,j})

∂R{i,j}

)− Tr(ΣCRB)

]

=
1

2
[Tr(ΣCOL −ΣCRB)] (4.17)

Given that we established earlier thatΣCOL−ΣCRB is positive semi-definite, [Tr(ΣCOL −ΣCRB)]
is always positive. Since we are only concerned with the sign of the derivative of ∆KLD,
there is no need to expand this expression any further.

4.3.1 Change in accuracy as σAB varies

Using the chain rule to compute the first derivative of ∆KLD w.r.t σAB, we get:

∂∆KLD

∂σAB

=
∂∆KLD

∂R
.
∂R

∂σAB

(4.18)

∂R

∂σAB

=

[

∂P
∂σAB

− ∂P
∂σAB

− ∂P
∂σAB

∂P
∂σAB

]

(4.19)

∂P

∂σAB

=
−2

σ3
AB

[

cos2 θAB cos θAB sin θAB

cos θAB sin θAB sin2 θAB

]

(4.20)

Thus:
∂∆KLD

∂σAB

= − R′

σ3
AB

[Tr(ΣCOL −Σref )] (4.21)

where

R′ =

[

P ′ −P ′

−P ′ P ′

]

(4.22)



Jeannette Nounagnon Chapter 4. Inaccuracy Analysis of Collaborative Positioning 58

P ′ =

[

cos2 (θAB) cos (θAB) sin (θAB)
cos (θAB) sin (θAB) sin2 θAB

]

(4.23)

Given that the trace of matrix R’ includes elements on xA, yA, xB, yB, and that P ’ along
the trace is always positive and equal to two (Tr(R′) = 2), we can conclude that the sign of
∂∆KLD
∂σAB

is negative along the trace.

These results show that keeping all other unknowns constant, and increasing σAB reduces
the improvement of collaborative estimation. Thus, the improvement of collaborative posi-
tioning w.r.t standalone positioning decreases as the noise on the collaborative link increases.
Intuitively, this result is expected because one would expect the performance of collaborative
estimation to degrade as the noise on the collaborative link increases.

To illustrate this result, we consider the following test case (Fig.4.1): the SNR on the collabo-
rative link varies, while the SNR on all standalone links is maintained at 20 dB. Although our
theoretical results were based on Torrieri’s linear algorithm, which is in essence a one-shot
MLE estimator, we use the standard MLE and assume LOS on all range measurements. The
selection of the MLE estimator is to show that our theoretical results can be generalized to
non-linear estimators and non-Gaussian distributions of position estimates. This was done
to provide a practical understanding of these theoretical results, especially since the MLE
is the recommended estimator in collaborative positioning [78]. Fig.4.1 indicates that our
theoretical results also apply to the MLE estimator.

∆KLD which reflects the improvement in accuracy of collaborative positioning, increases
as the SNR increases; its gradient w.r.t σAB is always positive. These results validate the
intuitive understanding that as the accuracy of the collaborative link increases, the accuracy
of collaborative estimation improves.

4.3.2 Change in accuracy as angle θAB varies

Recall that the derivative of ∆KLD w.r.t matrix R is a matrix whose elements are ∂∆KLD
∂R{i,j}

where R{i,j} is the element of matrix R at row i and column j:

∂∆KLD

∂R{i,j}

=
1

2

[

Tr(ΣCOL.
∂(Σ−1

STD +R{i,j})

∂R{i,j}

)− Tr(ΣCRB)

]

=
1

2
[Tr(ΣCOL −ΣCRB)] (4.24)

Using the chain rule to compute the first derivative of ∆KLD w.r.t angle θAB, we evaluate
how θAB affects the accuracy of collaborative estimation:

∂∆KLD

∂θAB

=
∂∆KLD

∂R
.
∂R

∂θAB

(4.25)
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Figure 4.1: The upper curve represents the average change in accuracy (average ∆KLD)
from using collaboration between nodes A and B as the SNR on the collaborative link varies.
The lower plot is the derivative of the average ∆KLD as the SNR on the collaborative
link varies. It is not monotonic and maximal at 20 dB, which means that ∆KLD has an
inflection point at 20 dB. This shows that as the SNR on the collaborative link increases,
the average ∆KLD becomes convex down, thus indicating that ∆KLD is heading towards
a local maximum. Given that all standalone links have an SNR of 20 dB on their LOS
range measurements, the inflection point indicates that the improvement in accuracy due
to collaboration switches from a local minimum to a local maximum when the SNR on the
collaborative link is the same as the SNR on all the other links. As the SNR increases,
the collaborative link becomes more accurate than all other links, thus improving position
accuracy due to collaboration. Improvements in accuracy due to collaboration are therefore
a function of the noise on the collaborative link relative to the noise on all standalone links.

∂R

∂θAB

=

[

∂P
∂θAB

− ∂P
∂θAB

− ∂P
∂θAB

∂P
∂θAB

]

(4.26)

∂P

∂θAB

=
1

σ2
AB

[

− sin (2θAB) cos (2θAB)
cos (2θAB) sin (2θAB)

]

(4.27)

Thus:
∂∆KLD

∂θAB

=
R′

σ2
AB

[Tr(ΣCOL −ΣCRB)] (4.28)

where

R′ =

[

P ′ −P ′

−P ′ P ′

]

(4.29)
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P ′ =

[

− sin (2θAB) cos (2θAB)
cos (2θAB) sin (2θAB)

]

(4.30)

We consider the trace of matrix R′ which describes changes on xA, yA, xB and yB. From the
expression of ∂∆KLD

∂θAB
, its magnitude varies as a function of: a) θAB and b) the magnitude of

the scalar Tr(ΣCOL −ΣCRB). The implications of this result are:

• Recall that ∂∆KLD
∂θAB

is a function of Tr(ΣCOL − ΣCRB), which is a function of the
geometry of the nodes w.r.t their anchors. This means that as angle θAB varies, the
geometry of the nodes w.r.t their anchors determines the magnitude of changes in
∆KLD.

• If variations in ∆KLD can be observed, the trace of R′ indicates that an increase in
∆KLD for xA results in a decrease in ∆KLD for yA. This means that one expects
the changes in accuracy for xA and yA to be symmetric across the x-axis. This inter-
esting result is observed and further discussed in the simulation section of chapter 5
where we show that changes in ∆KLD for the x and y coordinates of each node vary
asymmetrically along the x-axis w.r.t θAB. This also confirms simulation results on
collaborative positioning that were derived by Jia et al in Fig. 8 of reference [14]: as
the angle between collaborating nodes A and B varies between 0 and 360 degrees, the
bias plots for node A’s xA and yA coordinates were shown to be symmetric across the
x-axis.

• If variations in ∆KLD can be observed, the trace of R′ indicates that for both nodes,
the increase and decrease in ∆KLD due to collaboration w.r.t θAB is a function of
sin(2θAB). When sin(2θAB) = 0, the increase or decrease in ∆KLD is at a local
extremum (minimum or maximum) because the first derivative of ∆KLD w.r.t θAB is
zero. Given that sin(2θAB) = 0 if and only if sin(θAB) = 0 or cos(θAB) = 0, we can
conclude that the increase or decrease in ∆KLD w.r.t θAB reaches a local extremum
when nodes A and B share a coordinate. This result is significant because it allows
a user with angle-of-arrival information to identify ahead of time, on average, which
points will yield local maximum or local minimum on the improvement in accuracy
based on the geometric configuration of each node w.r.t its anchors.

We consider a special test case for illustration. In a 300 m-by-300 m Matlab simulation
environment described in Fig. 4.2. We use the Newton-Raphson MLE to estimate positions
for nodes A and B and assume LOS on all range measurements. The SNR on all standalone
and collaborative links is fixed at 20 dB. We vary the value of angle θAB between nodes A
and B, from 0 to 2π in 21 intervals, by fixing node A and varying the location of node B in a
circle of fixed radius of 40 meters. We repeat the same experiment at 100 different locations
for node A by maintaining good geometric configuration and the radius between A and B
fixed. At each fixed position for node A and node B, we generate 1000 position estimates for
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Figure 4.2: Analysis of geometry on the accuracy of collaborative estimation: Anchors vs.
node positions. Point B rotates around point A in a circle such that angle θAB varies in
different geometric configurations with respect to all anchors.

each node and compute ∆KLD. The results in Fig.4.3 show the average ∆KLD for the 100
different test cases. From the upper plot in Fig.4.3, we note that collaborative positioning
is more accurate than standalone in the scenario considered, which means that collabora-
tion improved the geometric configuration and contributed to an increase in accuracy. The
lower plot in Fig.4.3 indicates that the sign of the derivative of ∆KLD is closely related to
− sin(2θAB). Additionally, the linear correlation coefficient between the average ∆KLD of
point A and − cos(2θAB) is 0.85, while the linear correlation coefficient for point B is 0.79.

In summary, factors that cause variations in ∆KLD are: a) the quality of the collaborative
link, b) the geometry of the nodes with respect to their anchors, and c) the geometry of
the nodes with respect to each other. Local extrema of the change in accuracy due to
collaborative estimation occur whenever A and B share a coordinate, based on the geometric
configuration of each node w.r.t its anchors. In other words, in collaboration, the lack of
geometric diversity between the collaborating nodes can either improve standalone accuracy
significantly, or degrade it significantly, based on the geometric configuration of each node
w.r.t its anchors.
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Figure 4.3: Analysis of geometry on the accuracy of collaborative estimation: Analyzing
average change in accuracy as the angle between A and B varies from 0 to 2π. Average
is computed over 100 different positions of A, with B rotating around A in a circle. The
gradient plot confirms that when A and B share a coordinate, the increase or decrease in
accuracy due to collaborative estimation is maximal.

4.4 Analyzing the sign of ∆KLD

4.4.1 Analyzing a simplified framework: the case of scalar unbi-
ased efficient estimators

A negative ∆KLD indicates that collaborative estimation hurts standalone accuracy. A
multivariate analysis of the range conditions when collaboration starts to hurt standalone
positioning would consist of solving for the zeros of ∆KLD given factors that affect the
covariance matrices in equation (4.10). This task is not trivial because it requires taking
the derivative of the logDet of matrices. The multivariate version of ∆KLD being complex
to analyze and interpret, we use its scalar version and analyze it to derive a more intuitive
understanding of range conditions where collaborative positioning hurts the performance of
standalone estimation. We assume that we want to estimate xA and xB, or yA and yB with
standalone and collaborative positioning. In the remainder of the scalar analysis, we will
only focus on the x-coordinates of nodes A and B: xA and xB.

In Appendix 4.C, we derive the scalar version for ∆KLD. For the sake of theoretical analysis,
we consider that the estimates for scalars xA and xB both have a Gaussian distribution and
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are jointly Gaussian when estimated collaboratively. Their standalone estimator’s variances
are σ2

A and σ2
B. In collaborative estimation, a correlation coefficient ρ is added to the off-

diagonal of the covariance matrix of their 2x2 joint distribution. Hence, both standalone
and collaborative estimators have the same diagonal as shown in the equations below. The
reference variances σ2

AT and σ2
BT represent the collaborative CRBs for estimating scalars xA

and xB collaboratively. Thus, having assumed unbiased estimators, we get: σ2
AT ≤ σ2

A and
σ2
BT ≤ σ2

B.

ΣSTD =

[

σ2
A 0
0 σ2

B

]

(4.31)

ΣCOL =

[

σ2
A ρσAσB

ρσAσB σ2
B

]

(4.32)

ΣT =

[

σ2
AT 0
0 σ2

BT

]

(4.33)

where ρ is a scalar that we interpret later in section 4.5.2. We assumed that the covariance
matrices ΣCOL and ΣSTD from both standalone and collaborative estimators have nearly
the same diagonal. This assumption in this part of the analysis is useful for two reasons: 1)
it reduces the number of unknowns by making the diagonal terms of both standalone and
collaborative the same, and 2) later, it allows us to address a special case in collaboration:
how mutual information impacts the accuracy of collaborative positioning.

We now analyze the conditions when this assumption is acceptable. If φk is the additional
term that should be added to the kth element on the diagonal of ΣCOL above, then this
assumption is feasible if φ1 << σ2

A such that σ2
A + φ1 ≈ σ2

A. Similarly, if we assume that
φ2 << σ2

B such that σ2
B +φ2 ≈ σ2

B, the assumption above also holds. Hence, our assumption
for this scalar is acceptable under such conditions.
The scalar ∆KLD is then equal to (see Appendix 4.C):

∆KLD = − log
√

1− ρ2 − ρ2χ

2(1− ρ2)
(4.34)

where the correlation coefficient ρ between the parameters is such that −1 ≤ ρ ≤ 1 and
0 ≤ χ ≤ 2, with:

χ =

[

σ2
AT

σ2
A

+
σ2
BT

σ2
B

]

(4.35)

with σ2
AT and σ2

BT being the variances of the CRBs for estimating scalars xA and xB collab-
oratively.
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It is important to note here that the mutual information between xA and xB is always positive
and equal to − log

√
1− ρ2, which is the first term in equation (4.34). This was proven in

Appendix 4.D.

Equation (4.34) is displayed on Fig.4.4 as a function of ρ for different values of χ. It repre-
sents the overall change in accuracy for both nodes A and B due to collaboration.

The plot indicates that the change (improvement or reduction) in accuracy due to collab-
oration relies mainly on two factors: 1) the value of χ, indicative of the relative efficiency
of the estimators w.r.t the collaborative CRB, and 2) ρ, the adjustment to the standalone
covariance matrix due to the addition of one or more collaborative links as explained in

Section 4.5. The three extrema for this plot occur at: ρ = {0;−√
1− χ;

√

1− χ}.

Values ρ = −√
1− χ and ρ =

√
1− χ are the two maxima for ∆KLD as long as χ < 1.

This means that as long as χ < 1, collaborative estimation will be more accurate than stan-
dalone, within an interval slightly greater than or equal to ρ = [−√

1− χ,
√
1− χ], with ρ

not exceeding interval [−1, 1]. This implies that when χ < 1, there is always a potential
for collaborative positioning to be more accurate than standalone, or as accurate. Further-
more, when χ is very small, function ∆KLD is positive over a greater interval for ρ, hence,
collaborative estimation accuracy depends less on ρ. χ represents the relative efficiencies of
the estimators w.r.t the collaborative CRB. This infers that when the standalone estimator
efficiency is very poor relative to the collaborative CRB, the collaborative estimator tends to
be more accurate, and this accuracy depends less on the value of ρ, as long as ρ is non-zero.
If the standalone estimator is very accurate, then, χ increases, and collaborative estimation
accuracy is better over a smaller interval for ρ. This infers that as χ increases, the accuracy
of collaborative estimation depends more on the value of ρ. If χ is greater than unity, collab-
oration will mostly be less accurate than standalone overall, or at best perform as accurately
as standalone estimation.

A ρ = 0 condition is essentially indicative that we gained nothing from collaboration, be-
cause when ρ = 0, both standalone and collaborative covariance matrices are equal.
In practice however, ρ = 0 cannot exist as long as there is a collaborative link between nodes
A and B. To be more specific, as long as there exists a minimum level of communication
connectivity between the collaborating nodes that can cause the existence of a collaborative
link, ρ cannot equal zero. However, a small ρ can exist.

For unbiased estimators, a small ρ can yield a small or near zero-∆KLD. A very small or
near-zero ∆KLD indicates that collaboration did not change the accuracy of the standalone
estimator. As shown in Section 4.6, a zero ∆KLD exists when the bias of the standalone
estimator is maintained. In other words, if the collaborative and standalone estimators have
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the same bias, then, it is possible that we gain nothing from collaborating (∆KLD = 0).

In Section 4.5, we show that beyond the scalar problem, ρ describes in general the adjust-
ment to the standalone covariance matrix due to the addition of one or more collaborative
links. Hence a small ρ indicates that the collaborative matrix did not change much, while a
large ρ indicates that the collaborative matrix is very different from the standalone matrix.
Hence, for a small ρ, we expect very little impact from collaboration. Conversely, as ρ in-
creases, we expect the performance of the collaborative estimator to be very different from
the standalone’s. This large difference in performance can result in a significant improve-
ment in accuracy or in a significant degradation. The determining factor is the value of χ
which represents the relative efficiency of both estimators w.r.t the collaborative CRB. This
result indicates that understanding how the collaborative covariance matrix varies as one or
more collaborative links are added will provide useful insight into assessing the benefits of
collaborative positioning. In Section 4.5, we derive closed-form expressions for the change in
the standalone matrix due to the addition of one or more collaborative links.

Since the collaborative CRB CRBCOL is smaller than the standalone CRB CRBSTD, the
reference variances σ2

AT and σ2
BT refer to CRBCOL. Then, when standalone is very efficient

for both A and B, χ = 2 for the scalar case, and is maximal. As a result, the plot shows
that standalone estimation is accurate all the time (for χ = 2). Interpreting this result, we
get the following: if the standalone estimator is efficient, the trace of its covariance matrix
Tr(ΣSTD) is closer to CRBSTD. For Tr(ΣSTD) to be near CRBCOL (in order for χ to equal 2)
, the difference (CRBSTD −CRBCOL) must tend towards zero. In such a case, collaborative
estimation did not bring any benefit to standalone estimation. If both ρ and χ are large,
collaboration will always worsen the standalone accuracy. In the uncertainty analysis, we
show that the difference between the CRBs is a measure of the reduction in uncertainty
due to collaboration. The smaller this reduction, the larger χ and the less collaboration is
beneficial.

Furthermore, for unbiased estimators, the mutual information between xA and xB is the
maximum increase in accuracy that collaboration can yield. In this scalar analysis, we note
that the term − log

√
1− ρ2 is the mutual information for the distributions of xA and xB.

Interestingly, in the 2-dimensional Euclidean space, this is equivalent to the LogDet term
in equation (4.10) which reflects the geometric configuration of the nodes and their respec-
tive anchors. Thus, we can conclude the following: if the collaborative estimator is more
accurate than the standalone estimator, the geometric configuration of the nodes w.r.t their
anchors plays a major role in establishing the bound on the improvement in accuracy due to
collaboration. In the multi-dimensional case, the geometric configuration of the nodes w.r.t
their anchors contributes to the maximum improvement in accuracy due to collaboration.
In this scalar analysis, under the theoretical model defined in this section, the LogDet term
is the maximum improvement in accuracy due to collaboration.
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Figure 4.4: (Zoomed-in view) Sign of scalar ∆KLD for unbiased estimators. ∆KLD indi-
cates improvement in accuracy due to collaboration. When ∆KLD is negative, standalone
is more accurate than collaborative estimation. χ reflects the efficiency of the standalone
estimator w.r.t the collaborative CRB: a small χ indicates a very inefficient standalone esti-
mator w.r.t the collaborative CRB. ρ represents the adjustment to the standalone covariance
matrix due to the addition of a collaborative link. A small ρ means that the collaborative
covariance matrix is almost equal to the standalone covariance matrix. Hence, for small ρ,
we don’t expect a large change in accuracy due to collaboration. A large ρ indicates that
both standalone and collaborative covariance matrices are very different. Thus we expect
a significant change in accuracy (either good or bad) due to collaboration. The significant
change in accuracy is beneficial (it yields an improvement in accuracy ) if χ is small (i.e, the
standalone estimator is not efficient). The significant change in accuracy is not beneficial
(it yields a degradation in accuracy) if χ is large (a large χ indicates an efficient standalone
estimator w.r.t to the collaborative CRB). This graph also indicates that the mutual infor-
mation between estimates of A and B is the maximum improvement in accuracy achievable
by the collaborative estimator for unbiased estimators when the diagonal of both collabo-
rative and standalone covariance matrices are the same. It shows that mutual information
alone cannot tell that collaborative estimation will be more accurate than standalone. It
simply yields the potential in accuracy improvement that collaboration entails.
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From our original assumption that the covariance matrices from the pdfs of position estimates
have the same diagonal, we can derive that KLD(fXCOL||fXSTD) is the localization mutual
information. This mutual information KLD(fXCOL||fXSTD) is the maximum improvement
in accuracy due to collaboration if both estimators are efficient. This complements an ob-
servation from equation (4.8) of ∆KLD, that if collaborative positioning is more accurate
than standalone such that fXref (x) = fXCOL(x), and the standalone estimator is efficient,
then, the maximum ∆KLD achievable will be KLD(fXCOL||fXSTD). This result is further
addressed in Chapter 5.

Hence the following relationship holds if a) the standalone estimator is efficient (w.r.t to the
standalone CRB), or has a lower variance than the standalone CRB, and b) the collaborative
positioning estimator is more accurate than the standalone estimator:

∆KLD ≤ KLD(fXCOL||fXSTD) (4.36)

Although the conditions aforementioned are very stringent, it is worth noting that from
simulation results, we observed that this relationship holds on average if a good estima-
tor (like the MLE) is used. To put it simply, if a very good estimator (like the MLE) is
used, and collaboration tends to be more accurate than standalone estimation, then, on
average we will observe the relationship above. Furthermore, the closer ∆KLD is from
KLD(fXCOL||fXSTD), the more confident we can be that the estimator used maximized the
potential that collaborative positioning has to offer, given the data at hand.

One of the goals of this paper is to identify metrics that can help assess whether collaboration
will improve accuracy ahead of time. The best increase in accuracy achievable defined in
this section is based on prior knowledge of the distributions of position estimates. Hence, it
requires prior knowledge of the distributions of the collaborative estimates. In this regard,
KLD(fXCOL||fXSTD) is not a practical metric to tell ahead of time, prior to collaborating,
whether collaboration will improve accuracy significantly or not. Thus, we need to assess
other ways to measure the impact of collaboration based on observables. We address this in
the next chapter in section 5.2.

So far, we have addressed the change in accuracy due to collaboration under a constrained
theoretical framework. We now consider the impact of other conditions on our theoretical
results.
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4.4.2 Analyzing the case of biased estimators

If we consider the case where all estimators are biased, regardless of the conditions that gen-
erated the estimator bias (e.g: NLOS on range measurements, choice of position estimator,
etc...), ∆KLD yields:

∆KLDBiased =
1

2
log

det(ΣSTD)

det(ΣCOL)
− 1

2

[

(µCRB − µCOL)
TΣ−1

COL(µCRB − µCOL)
]

+
1

2

[

(µCRB − µSTD)
TΣ−1

STD(µCRB − µSTD)
]

+
1

2

(

tr
{(

Σ−1
STD − Σ−1

COL

)

Σref

})

(4.37)

For Gaussian distributions, comparing the equation above to the unbiased form of ∆KLD
from equation (4.10) indicates that when the standalone and collaborative estimators have
the same bias, the improvement in accuracy due to collaboration is the same as in the
unbiased case. When they each have a different bias, the difference in biases affect the value
of ∆KLD by the following term, which can be either positive or negative:

∆KLDbiased −∆KLDunbiased = −1

2

[

(µCRB − µCOL)
TΣ−1

COL(µCRB − µCOL)
]

+
1

2

[

(µCRB − µSTD)
TΣ−1

STD(µCRB − µSTD)
]

(4.38)

Consequently, for Gaussian distributions, if the standalone and collaborative estimators have
the same bias, the improvement in accuracy due to collaboration is no longer dependent on
the bias of both estimators. It is solely dependent on the covariance matrices of the estimators
and the reference distribution. Hence, if both estimators share the same bias, an analysis of
the improvement in accuracy due to collaboration can be restrained to analyzing the change
in covariance matrices due to the acquisition of the collaborative link. This analysis of the
collaborative covariance matrix is further addressed in Section 4.5.

4.4.3 Relating ∆KLD to Generalized Geometric Dilution of Pre-
cision (GGDOP)

Geometry contributes significantly to the improvement in accuracy due to collaboration. In
Appendix 4.F, we derived the closed-form expression relating the multivariate ∆KLD to the
Generalized GDOP (GGDOP).
By definition, if nodes A and B collaborate, the collaborative GGDOP for node A is defined
as GGDOPACOL such that:

GGDOP−1
ACOL =

Ω
(

1
σ2
AB

+
∑w

j=1
1

σ2
AAj

)2 (4.39)
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where w is the number of anchors of known location used to locate node A. In our defined
system, w = 3. σ2

AB is the noise variance on the collaborative link. Given angle θAAi
defined

between node A and its ith anchor, and angle θBBj
between node B and its jth anchor, we

have:

Ω =
sin2(θAA1 − θAA2)

σ2
AA1

σ2
AA2

+
sin2(θAA1 − θAA3)

σ2
AA1

σ2
AA3

+
sin2(θAA2 − θAA3)

σ2
AA2

σ2
AA3

+
sin2(θAA1 − θAB)

σ2
AA1

σ2
AB

+
sin2(θAA2 − θAB)

σ2
AA2

σ2
AB

+
sin2(θAA3 − θAB)

σ2
AA3

σ2
AB

(4.40)

Since the logDet term in the expression of ∆KLD is a positive value, the sign of ∆KLD
is mainly dependent on the magnitude of the trace term, which is negative and derived in
Appendix 4.F. We note that the trace term is a function of the collaborative Generalized
GDOPs of both nodes A and B.

This result confirms that the accuracy of collaborative estimation is dependent on the col-
laborative Generalized GDOP. We note that when both GGDOPACOL and GGDOPBCOL

are small, the trace term in the expression of ∆KLD is minimized. This implies that a small
collaborative Generalized GDOP will tend to minimize the trace term and increase ∆KLD.
Hence, a valid criteria to consider for maximizing ∆KLD is to minimize the collaborative
Generalized GDOP. In Chapter 6, we derive and test a criteria based on this conclusion.

4.5 Adjustment to covariance matrix due to collabora-

tion

As discussed in section 4.4.2, for Gaussian distributions of position estimates, when a linear
estimator is used and the collaborative and standalone estimators share the same bias, an
analysis of ∆KLD can be constrained to the analysis of covariance matrices only. The prob-
lem with a covariance matrix analysis is that although deriving Σ−1

COL is known (equation
(2.64) in Appendix 2.A), deriving its inverse (ΣCOL) can be very computational intensive,
especially when we have more than 2 collaborating nodes. Hence it is worth identifying a
more efficient way to predict ΣCOL from: a) the standalone covariance matrix and b) the
set of collaborative links range measurements.
In this section, we address this concern by deriving the closed-form expression of the collabo-
rative covariance matrix ΣCOL based on the addition of a collaborative link to the standalone
problem.

The results from this section are useful because they provide the tools to analyze the change
between standalone and collaborative matrices for the case of linear estimators. In cases
where the collaborative problem involves more than two nodes, this approach yields a signif-
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icant processing cost reduction when it comes to analyzing how different the standalone and
collaborative covariance matrices are. The results in this section can also be used to derive
the collaborative CRB more efficiently than a traditional computation for the inverse of the
FIM.

Furthermore, in section 4.4, we claimed that the more different the covariance matrices are,
the larger ρ is, and the greater of an impact collaboration has on the standalone position-
ing accuracy, whether good or bad. By deriving closed-form expressions of ΣCOL in terms
of ΣSTD, we can assess this impact in practical applications, assuming a one-shot MLE
(like Torrieri’s) is used. Hence the contributions of this section are two-fold: 1) derive a
closed-form expression for the covariance matrix ΣCOL, given the change in the standalone
positioning problem due to the acquisition of one or more collaborative links, and 2) derive
an interpretation for ρ beyond the scalar case.

4.5.1 Deriving a closed-form expression for ΣCOL

In Appendix 4.E, we derive a closed form expression for ΣCOL, given the change in the
standalone covariance matrix. We use the Sherman-Morrison equation to achieve this goal.
In this section, we summarize the results detailed in the appendix.

We observe that:
Σ−1

COL = Σ−1
STD +R (4.41)

where matrix R = bb
T

σ2
AB

with vector b equal to:

b = [cos (θA0B0), sin (θA0B0),− cos (θA0B0),− sin (θA0B0)]
T (4.42)

θA0B0 represents the angle between the original guesses for nodes A (xA0) and B (xB0) as
defined in Torrieri’s estimator in Appendix 2.A. σ2

AB represents the variance of the noise on
the observed range measurements across the collaborative link.

Using the Sherman-Morrison’s formula, we get:

ΣCOL = (Σ−1
STD + R)−1

= ΣSTD − r

σ2
AB

(ΣSTDbb
TΣSTD)

= ΣSTD − r

σ2
AB

(ΣSTDbb
TΣSTD)

(4.43)

with scalar r equal to:

r =
1

1 + σ−2
ABb

TΣSTDb
(4.44)
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To summarize, using the Torrieri’s linear estimator, when we collaborate between two nodes,
Σ−1

STD is updated by adding matrix R to yield a new matrix Σ−1
COL. The Sherman-Morrison’s

formula allows us to predict ΣCOL from ΣSTD and R for the case of collaboration between
two nodes at a lower computation cost than generating the inverse of Σ−1

COL. For two or
more collaborating nodes, the Morrison formula is the applicable generalized formula to
derive ΣCOL. This generalization-case is more detailed in Appendix 4.E, and summarized
below.

Consider that we want to assess the impact of collaborative positioning on standalone posi-
tioning when we collaborate between three nodes A, B and D. We assume that both stan-
dalone and collaborative estimators are unbiased. Thus, they have the same bias. From
section 4.4.2 this implies that an analysis of the impact of collaborative positioning on the
accuracy of standalone positioning can be constrained to an analysis of covariance matrices.
We define Ck

n as the number of k-combinations in a set of n elements:

Ck
n =

n!

k!(n− k)!
(4.45)

where n! stands for factorial n.

If C2
3 is the number of 2-combinations in a set of 3 elements, in the collaborative problem,

there can be up to C2
3 = 3 collaborative links between any two nodes. Hence, Σ−1

COL then
takes the form:

Σ−1
COL = Σ−1

STD +R (4.46)

where the new generalized matrix R is of the form

R = UVUT (4.47)

In a 2-dimensional Euclidean space, if there are 3 collaborative links between nodes A, B and
D, matrix U is a 6x3 matrix and V is a 3x3. More generally, in an h-dimensional Euclidean
space, if there are t collaborating nodes, there can be up to C2

t collaborative links between
any two nodes.
This results in matrix R = UVUT where matrix U is an ht-by-C2

t matrix and V is a
C2

t -by-C
2
t matrix. Matrix U contains information on the geometric configuration between

the collaborating nodes and matrix V contains information about the variance of the range
measurements for all collaborative links.

When the collaborative positioning problem concerns three or more nodes, the generalized
form of the Sherman-Morrison equation is used. It is called the Woodbury identity. Hence,
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using the Woodbury identity, we get ΣCOL as follows:

ΣCOL = (Σ−1
STD +R)−1

= (Σ−1
STD +UVUT )−1

= ΣSTD −ΣSTDU(V−1 +UTΣSTDU)−1UTΣSTD

(4.48)

The importance of this result is that, when using a linear estimator, the Sherman-Morrison
formula, and in general the Woodbury identiy allow us to predict the covariance matrix of
the collaborative estimator given: a) ΣSTD, and b) the set of acquired collaborative links.
In cases where the standalone and collaborative estimators have the same bias, deriving this
new covariance matrix ahead of time, can provide useful information on the impact that
collaboration has on standalone estimation, at a significantly reduced computation cost.

4.5.2 Interpreting ρ beyond the scalar analysis case

We integrate the expression of ΣCOL from equation (4.43) into the definition of ∆KLD when
nodes A and B collaborate. We get a simplified form of ∆KLD that can be proven to be:

∆KLD = −1

2
[log det (I4 − rRΣSTD)− Tr(RΣCRB)] (4.49)

where I4 is the 4x4 identity matrix, and matrix R = bb
T

σ2
AB

with:

b = [cos (A0B0), sin (A0B0),− cos (A0B0),− sin (A0B0)]
T (4.50)

Recall the scalar form of ∆KLD from Section 4.4, equation (4.34).

∆KLD = − log
√

1− ρ2 − ρ2χ

2(1− ρ2)
(4.51)

By observation of the first two terms in equations (4.49) and (4.51), we get that (1− ρ2) in
the scalar case, is equivalent to the determinant of matrix (I4 − rRΣSTD) in the generalized
multivariate case. From this equivalence, we can conclude that ρ describes the adjustment
to the standalone matrix due to the acquisition of a collaborative link. Hence, the larger
ρ, the greater the difference between the standalone and collaborative estimators, and the
greater the impact that collaboration can have on standalone estimation. As discussed in
Section 4.4, whether this impact is a significant improvement or a significant degradation
in accuracy, is determined by the relative efficiency of both standalone and collaborative
estimators. w.r.t the collaborative CRB.



Jeannette Nounagnon Chapter 4. Inaccuracy Analysis of Collaborative Positioning 73

4.6 A Lower Bound to KLD(fXCOL||fXSTD)

Given the pdfs of position estimates for the standalone and collaborative estimator, we
analyze the lower bound to KLD(fXCOL||fXSTD) because it provides more insight into the
trades involved in the improvement in accuracy due to collaboration. Recall ∆KLD:

∆KLD = KLD(fXref ||fXSTD)−KLD(fXref ||fXCOL) (4.52)

If the standalone estimator is efficient or better, and if the collaborative estimator is the best
it can be (that is fXCOL(x) = fXref (x)), then, the following occurs:

∆KLD = KLD(fXCOL||fXSTD)−KLD(fXCOL||fXCOL) = KLD(fXCOL||fXSTD) (4.53)

which implies that ∆KLD is positive, maximal and equal to KLD(fXCOL||fXSTD) under
the conditions aforementioned.

This implies that if fXref (x) = fXCOL(x), the best improvement in accuracy due to col-
laboration is KLD(fXCOL||fXSTD). Hence, the closer ∆KLD is to KLD(fXCOL||fXSTD),
the more we can confirm that the estimator used has maximized the achievable gain due
to collaboration. Similarly, the farther ∆KLD is from KLD(fXCOL||fXSTD), the more we
know that collaboration is not yielding the best improvement achievable.

We now consider KLD(fXCOL||fXSTD) as the multivariate KLD between two Gaussian dis-
tributions with different biases and covariance matrices. In this section, we evaluate the lower
bound to KLD(fXCOL||fXSTD) using the Kullback-Leibler inequality [29]. The Kullback-
Leibler inequality for KLD(fXCOL||fXSTD) is defined as [29]:

Ψ∗
STD(µCOL) ≤ KLD(fXCOL||fXSTD) (4.54)

where:

• µCOL is the first moment of fXCOL(x).

• Ψ∗
STD is the convex conjugate of the cumulant generating function of the standalone

estimator defined in equation 4.183 in Appendix 4.I. The cumulant generating function
is the log of the moment generating function.

The lower bound is derived in Appendix 4.I. It follows from that derivation that a lower
bound to KLD(fXCOL||fXSTD) is:

0 ≤ 1

2
(µCOL − µSTD)

TΣ−1
STD(µCOL − µSTD) ≤ KLD(fXCOL||fXSTD) (4.55)
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This equation indicates that when the bias of the standalone and collaborative estimators
are different, the lowest bound to the best performance due to collaboration is a function
of 1) the geometric configuration of the nodes w.r.t their anchors and 2) the change in bias
w.r.t the standalone covariance matrix.

Kullback Leibler’s inequality can be applied in general to non-Gaussian pdfs of position
estimates, to assess the lower bound to KLD(fXCOL||fXSTD). For Gaussian pdfs, some
important conclusions follow from this inequality.

• The lower bound derived is in agreement with our theoretical analysis of the accuracy
in Section 4.4. We had assumed that both estimators had the same bias (they were
unbiased). As such, the lower bound to the best improvement in accuracy due to
collaboration was zero as shown on Fig. 4.4.

• The lower bound to KLD(fXCOL||fXSTD) is zero when both standalone and collabo-
rative estimators share the same bias.

• As long as the biases of the collaborative and standalone estimators are not equal,
there will always be a non-zero positive lower bound to KLD(fXCOL||fXSTD). This
implies that there will always be a non-zero potential to improve accuracy through
collaboration as long as maintaining the standalone bias is not enforced. This is in
accordance with the common trade-off between reducing an estimator variance while
trying to maintain its bias.

• The minimum KLD(fXCOL||fXSTD) does not depend on the variance of the collab-
orative estimator, but on its mean and on the mean and variance of the standalone
estimator. This implies that the minimal improvement in accuracy is dependent on
a) the performance of the standalone estimator and b) the difference in bias of both
standalone and collaborative estimators.

4.7 Generalization: Assessing the case of asymmetric

distributions

In our system definition, and in our theoretical framework, we assumed Gaussian range
measurements with LOS, which when used with a linear position estimator, yield Gaussian-
distributed position estimates. Since our analysis so far was limited to an analysis of variance
and mean, the advantage of using KLD instead of MSE is not evident because both use these
same moments, and MSE yields an even lower computation cost. Nonetheless, it is worth
mentioning that using KLD for theoretical analysis of Gaussian distributions was still more
robust than a comparison of position MSEs because KLD compares the covariance matrices
to the collaborative CRB in addition to comparing the covariance matrices to each other.
Hence using KLD for Gaussian distributions still has an advantage because it additionally
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assesses the efficiency of the estimators. In this section, the advantages of using KLD over
MSE is evident because KLD is shown to account for other moments beyond the mean and
covariance.

Knowing that in practice, the distribution of position estimates does not generally yield a
Gaussian distribution, we consider the case where the pdfs are asymmetric (non-Gaussian).
It is of interest to characterize how using ∆KLD under normal (Gaussian) assumptions
differs from using ∆KLD when pdfs being compared are non-Gaussian.

As Serfling [66] indicates, one way to approach the case of asymmetric pdfs (for the case of
skewed pdfs) is to model the skewness using distributions that have been generated to model
the skewness. Examples include: the skew-t, skew-elliptical and skew-normal distributions.
Using this type of distributions allows us to parametrize features like the presence of ’heavy
tails’ in the pdf of position estimates, which have been known to degrade the location accu-
racy of position estimators as mentioned by Zekavat and Buehrer [67], and have also been
hard to assess via the use of goodness measures. We show here that KLD lends itself even
more useful with asymmetric pdfs as it accounts for all the statistical information of the
pdfs, and assesses estimation error at all levels, including heavy-tails.
As an example of asymmetric pdfs, we select the skew-normal distribution introduced by [69],
which has a non-zero skewness. For additional information and reference, reference [68] ex-
tends the definition of Azzalini’s function to the case of non-zero kurtosis.

We consider that position estimates for both standalone and collaborative estimators have
a multivariate skew-normal distribution. Such a distribution parametrizes the skewness, so
that we can better visualize and understand how it is being considered in the comparison
between pdfs of standalone and collaborative estimates. We use the results in [46] to de-
rive the KLD for Multivariate Skew-Normal Distributions. Knowing that MSE would only
compare the bias and covariance matrices, we show that using KLD compares the skewness
in addition to the mean and covariance. We conclude by generalization that higher mo-
ments than the skewness would also be captured with a comparison of KLDs. Thus, we can
say that if the pdfs of position estimates have non-zero higher moments like skewness and
kurtosis, MSE will not account for them, while KLD will. Furthermore, we evaluate the
changes in ∆KLD if we assume that the pdfs of positioning estimates for the collaborative
and standalone estimators fXCOL(x) and fXSTD(x), and the reference pdf fXref (x) are no
longer Gaussian.

4.7.1 The Skew-Normal Distribution

In 1996, Azzalini and Valle introduced the multivariate closed-form expression of the skew-
normal (SN) distribution [69] that yields a normal multivariate pdf when the skewness is
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zero, and also marginal pdfs that are skew-normal.
The multivariate skew-normal pdf of a k -dimensional random vector Z of location vector ξ,
dispersion matrix Ω, and shape/skewness parameter η is Z ∼ SNk(ξ,Ω,η) and its pdf is as
follow:

fZ(z) = 2φk(z; ξ,Ω)Φ[ηTΩ−1/2(z − ξ)] (4.56)

where Φ is the univariate cumulative distribution function of the normal distributionN1(0, 1):

Φ(x) =
∫ x

∞
φ1(t)dt =

1

2

(

1 + erf

(

x√
2

))

(4.57)

φk(z; ξ,Ω) = (det(Ω))−1/2 φk(z0), with z0 = Ω−1/2(z − ξ) is the pdf of the k-variate normal

distribution Nk(ξ,Ω) and with (det(Ω))−1/2 being the reciprocal of the square root for the
determinant of the k-by-k covariance matrix.
It is worth noting that the mean, variance, and skewness of the skew-normal distribution are
defined as follows:

Mean =

√

2
π
ηΩ

√
η2 + 1

+ ξ (4.58)

Variance =

(

1− 2η2

π (η2 + 1)

)

Ω2 (4.59)

Skewness =

√
2(4− π)η3

((π − 2)η2 + π)3/2
(4.60)

For Gaussian distributions, the skewness, or third moment is zero. In this section, we consider
the case of non-zero skewness, specifically the case where pdfs of position estimates have a
skew-normal distribution.

4.7.2 The Kullback-Leibler Divergence for multivariate Skew-Normal
Distributions

Valle et al derived the multivariate Kullback-Leibler Divergence between the pdfs of two
k-dimensional vectors such that: fX1(x) ∼ SNk(ξ1,Ω1, η1

) and fX2(x) ∼ SNk(ξ2,Ω2, η2
)

[46] as follow:

KLD(fX1||fX2) = KLD(fX01||fX02)+

√

2

π
(ξ1−ξ2)

TΩ−1
2 δ1+E[log{2Φ(W1−1)}]−E[log{2Φ(W2−1)}]

(4.61)
where KLD(fX01||fX02) is the KLD for normal multivariate distributions, with fX01(x) ∼
SNk(ξ1,Ω1, 0) and with fX02(x) ∼ SNk(ξ2,Ω2, 0). The thorough derivation of the KLD
between normal multivariate distributions KLD(fX01||fX02) was provided in Appendix 4.A.

KLD(fX01||fX02) =
1

2

[

log

(

det(Ω2)

det(Ω1)

)

− k + tr(Ω−1
2 Ω1) + (ξ1 − ξ2)

TΩ−1
2 (ξ1 − ξ2)

]

(4.62)
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where:

Wi−j ∼ SN1



ηTi (ξj − ξi), η
T
i Ωjηi,

ηTi δj
√

ηTi Ωjηi − (ηTi δj)
2



 (4.63)

where:

δ =
Ωη

√

1 + ηTΩη
(4.64)

We have:
W1−1 ∼ SN1

(

0, ηT1 Ω1η1, (η
T
1 Ω1η1)

1/2
)

(4.65)

W1−2 ∼ SN1



ηT1 (ξ2 − ξ1), η
T
1 Ω2η1,

ηT1 δ2
√

ηT1 Ω2η1 − (ηT1 δ2)
2



 (4.66)

W2−1 ∼ SN1



ηT2 (ξ1 − ξ2), η
T
2 Ω1η2,

ηT2 δ1
√

ηT2 Ω1η2 − (ηT2 δ1)
2



 (4.67)

W2−2 ∼ SN1

(

0, ηT2 Ω2η2, (η
T
2 Ω2η2)

1/2
)

(4.68)

Given the position estimates for nodes A and B in a two-dimensional system, in both stan-
dalone and collaborative positioning, and given the standalone fXSTD ∼ SNk(ξSTD,ΩSTD,ηSTD)
and collaborative pdfs fXCOL ∼ SNk(ξCOL,ΩCOL,ηCOL), as well as the pdf of the best esti-
mator achievable (most accurate reference) fXT ∼ SNk(ξT ,ΩT ,ηT ), if fXT0(x), fXSTD0(x)
and fXCOL0(x) represent multivariate normal distributions of position estimates, we get:

KLD(fXref ||fXSTD) = KLD(fXT 0||fXSTD0) +

√

2

π
(ξT − ξSTD)

TΩ−1
STDδT

+E[log{2Φ(WT−T )}]− E[log{2Φ(WT−STD)}]
(4.69)

KLD(fXref ||fXCOL) = KLD(fXT 0||fXCOL0) +

√

2

π
(ξT − ξCOL)

TΩ−1
COLδT

+E[log{2Φ(WT−T )}]− E[log{2Φ(WT−COL)}]
(4.70)

It is worth noting here that KLD(fXref ||fXCOL) and KLD(fXref ||fXSTD) listed below are
both functions of: a) KLD(fXT 0||fXCOL0) and KLD(fXT 0||fXSTD0) which assumes all pdfs
are Gaussian and b) additional terms that must address the asymmetry of the distributions
being compared. This confirms that KLD and consequently ∆KLD, which is the difference
between the two upper equations, will account for other moments beyond the mean and
variance. Hence, ∆KLD will account for all moments available in the pdfs being compared.
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4.7.3 Error in assuming fXref(x) incorrectly

In our theoretical model, we assumed that all distributions were Gaussian and derived
∆KLD0 that can also be defined as shown in equation (4.163).

In Appendix 4.G, we derive the errors due to incorrectly estimating ∆KLD for the case of
skew-normal pdfs.

Let ∆KLDSN represent ∆KLD assuming all pdfs used are skew-normal. Let ∆KLD0

represent ∆KLD assuming all pdfs used are Gaussian-distributed. The errors in incorrectly
assessing ∆KLD if we assume all pdfs are Gaussian, while they are all skew-normal is:

∆KLDSN −∆KLD0 =

√

2

π
(ξref − ξSTD)

TΩ−1
STDδref − E[log{2Φ(WSTD−ref )}]

−
√

2

π
(ξref − ξCOL)

TΩ−1
COLδref + E[log{2Φ(WCOL−ref )}]

(4.71)

If fXref (x) is skew-normal but , while fXCOL(x) and fXSTD(x) remain Gaussian, the error
in our theoretical model due to incorrectly assuming fXref (x) is derived below.

Let ∆KLDSN,0 represent ∆KLD when fXref (x) is skew-normal and fXCOL(x) and fXSTD(x)
are Gaussian distributed. When fXCOL(x) and fXSTD(x) are Gaussian pdfs, from the pre-
vious equation, Φ(WCOL−ref ) = 0 and Φ(WCOL−ref ) = 0, which yields:

∆KLDSN,0 = H(fref ||fSTD)−H(fref ||fCOL)

= ∆KLD0 +

√

2

π
(ξref − ξSTD)

TΩ−1
STDδref −

√

2

π
(ξref − ξCOL)

TΩ−1
COLδref

(4.72)
The error in incorrectly assuming fXref (x) while fXCOL(x) and fXSTD(x) are assumed Gaus-
sian is:

∆KLDSN,0 −∆KLD0 =

√

2

π
(ξref − ξSTD)

TΩ−1
STDδref −

√

2

π
(ξref − ξCOL)

TΩ−1
COLδref

(4.73)

4.7.4 Summary

In this section, we note that our theoretical model ∆KLD0 which assumes all pdfs are
Gaussian is included in all combinations of ∆KLD considered (equations (4.71) and (4.72)).
This implies that beyond the case where all distributions are Gaussian-distributed, ∆KLD
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accounts for other moments of the distributions being compared. As such, it is more robust
than a comparison of MSEs which only focuses on the first two moments of the distributions
being considered.

4.8 Conclusion

In this chapter, we introduced a theoretical model that we use to analyze the improvement
in accuracy due to collaboration. This model is based on the Kullback-Leibler Divergence.
It uses ∆KLD with the pdfs of position estimates of both standalone and collaborative
estimators.

Through a variational analysis, we derived factors that affect increase and decrease in ∆KLD
assuming Gaussian distributions of position estimates. We also assessed range conditions
within which collaborative positioning starts to hurt standalone accuracy.

From the inaccuracy analysis of ∆KLD, we found that factors that affect the improvement
in accuracy due to collaborative estimation are 1) the geometric configuration of the nodes
w.r.t their anchors, 2) the quality of the collaborative link and 3) the angle between the
collaborating nodes.

We also addressed how the theoretical results from our analysis will be impacted in cases
where some assumptions in our theoretical model do not hold. Our theoretical model as-
sumed Gaussian distributions. Hence, we derived the incorrectness of our model in cases
where all pdfs of position estimates are skew-normal (asymmetric). These derivations fur-
ther confirmed that when the pdfs are non-Gaussian, using KLD is a more robust analytical
approach because it provides the means to analyze how other moments (beyond mean and
variance) can affect accuracy due to collaboration.



Appendix

4.A Kullback-Leibler Divergence between multivariate

Gaussian distributions

In this appendix, we derive the Kullback-Leibler Divergence (KLD) between multivariate
Gaussian distributions.

Given two multivariate Gaussian distributions fX(x) and gX(x) of nx1 mean vectors µf and
µg, and nxn covariance matrices Σf and Σg, the Kullback-Leibler Divergence between both
pdfs is:

KLD(fX ||gX) =
∫

fX(x) log
fX(x)

gX(x)
dx

=
∫

fX(x) log
([2π]n det(Σf ))

−1/2 exp
[

−1
2
(x − µf )

TΣ−1
f (x − µf )

]

([2π]n det(Σg))
−1/2 exp

[

−1
2
(x − µg)TΣ

−1
g (x − µg)

] dx

= Ef



log
det(Σf )

−1/2 exp
[

−1
2
(x − µf )

TΣ−1
f (x − µf )

]

det(Σg)−1/2 exp
[

−1
2
(x − µg)TΣ

−1
g (x − µg)

]





= −1

2
log

det(Σf )

det(Σg)
− 1

2
Ef

[

(x − µf )
TΣ−1

f (x − µf )− (x − µg)
TΣ−1

g (x − µg)
]

= −1

2
log

det(Σf )

det(Σg)
− 1

2
Ef

[

(x − µf )
TΣ−1

f (x − µf )
]

+
1

2
Ef

[

(x − µg)
TΣ−1

g (x − µg)
]

=
1

2

[

log
det(Σg)

det(Σf )
− tr

{

Σ−1
f Σf

}

+ Ef

[

(x − µg)
TΣ−1

g (x − µg)
]

]

(4.74)

By definition,

Ef

[

(x − µg)
TΣ−1

g (x − µg)
]

= (x − µg)
TΣ−1

g (x − µg) + Tr
{

Σ−1
g Σf

}

(4.75)

80
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Given that Σf is a n-by-n matrix, we get:

tr
{

Σ−1
f Σf

}

= Tr {In}
= n

(4.76)

Hence, the multivariate version of the Kullback-Leibler Divergence between two multivariate
Gaussian distributions gX(x) and fX(x) is:

KLD(f ||g) = 1

2

[

log
det(Σg)

det(Σf )
− n+ (x − µg)

TΣ−1
g (x − µg) + Tr

{

Σ−1
g Σf

}

]

(4.77)
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4.B Deriving ∆KLD for multivariate Gaussian distri-

butions

In this appendix, we derive ∆KLD for the case of multivariate Gaussian pdfs of position
estimates. The multivariate Gaussian pdf with n-dimensions is defined as:

fX(x) = ([2π]n det(Σf ))
−1/2 exp

[

−1

2
(x− µf )

TΣ−1
f (x− µf )

]

(4.78)

For our position estimation problem, each of the two nodes to locate is in 2-dimensional
space. Hence, the multivariate pdfs considered are in 4-dimensions. The pdfs for fXCOL(x)
and fXSTD(x) are:

fXCOL(x) =
(

[2π]4 det(ΣCOL)
)−1/2

exp
[

−1

2
(x − µCOL)

TΣCOL
−1(x − µCOL)

]

(4.79)

fXSTD(x) =
(

[2π]4 det(ΣSTD)
)−1/2

exp
[

−1

2
(x − µSTD)TΣSTD

−1(x − µSTD)
]

(4.80)

4.B.1 Kullback-Leibler Divergence between best and standalone
estimators

Using the multivariate definition of the KLD from Appendix 4.A, the KLD between the
pdf fXSTD(x) of position estimates from the standalone estimator and the pdf fXref (x) =
fXCRB(x) of position estimates from the best estimator available is:

KLD(fXCRB||fXSTD) =
1

2
log

det(ΣSTD)

det(ΣCRB)
− n

2

+
(µCRB − µSTD)

TΣ−1
STD(µCRB − µSTD) + tr

{

Σ−1
STDΣCRB

}

2

(4.81)

4.B.2 Kullback-Leibler Divergence between best and collabora-
tive estimators

Similarly, the KLD between the pdf fXCOL(x) of position estimates from the collaborative
estimator and the pdf fXref (x) = fXCRB(x) of position estimates from the best estimator
available is:

KLD(fXCRB||fXCOL) =
1

2
log

det(ΣCOL)

det(ΣCRB)
− n

2

+
(µCRB − µCOL)

TΣ−1
COL(µCRB − µCOL) + tr

{

Σ−1
COLΣCRB

}

2

(4.82)
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4.B.3 Difference between KLDs: Estimation of ∆KLD

The reduction in inaccuracy (or improvement in accuracy) due to collaboration is ∆KLD.
It is defined as:

∆KLD = KLD(fXCRB||fXSTD)−KLD(fXCRB||fXCOL) (4.83)

∆KLD =
1

2
log

det(ΣSTD)

det(ΣCOL)
+

(µCRB − µSTD)
TΣ−1

STD(µCRB − µSTD) + tr
{

Σ−1
STDΣCRB

}

2

−
(µCRB − µCOL)

TΣ−1
COL(µCRB − µCOL) + tr

{

Σ−1
COLΣCRB

}

2
(4.84)
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4.C Scalar ∆KLD derivation for theoretical analysis

In this appendix, we derive the scalar ∆KLD for our theoretical analysis of collaborative
positioning in section 4.4.

Recall ∆KLD:

∆KLD = KLD(fXref ||fXSTD)−KLD(fXref ||fXCOL) (4.85)

∆KLD =
1

2
log

det(ΣSTD)

det(ΣCOL)
+

(µref − µSTD)
TΣ−1

STD(µref − µSTD) + tr
{

Σ−1
STDΣref

}

2

−
(µref − µCOL)

TΣ−1
COL(µref − µCOL) + tr

{

Σ−1
COLΣref

}

2
(4.86)

The multivariate version of ∆KLD being very complex to analyze, we derive its scalar ver-
sion. We assume that we want to estimate scalars xA and xB in standalone and collaborative
context. Based on our assumptions defined in section 4.4, the covariance matrices yield:

ΣSTD =

[

σ2
A 0
0 σ2

B

]

(4.87)

ΣCOL =

[

σ2
A ρσAσB

ρσAσB σ2
B

]

(4.88)

ΣT =

[

σ2
AT 0
0 σ2

BT

]

(4.89)

where ρ is a scalar that we interpret later in section 4.5.2. For the sake of theoretical analysis,
we consider that the reference variances σ2

AT and σ2
BT represent the collaborative CRB for

estimating scalars xA and xB. Thus, having assumed unbiased estimators, we get: σ2
AT ≤ σ2

A

and σ2
BT ≤ σ2

B. It is also worth noting that in this theoretical framework, we assume that
the diagonal terms of both covariance matrices are nearly equal.

Hence, ∆KLDscalar is equivalent to:

∆KLDscalar : τ + υ + ω ≥ 0 (4.90)

where

τ =
1

2
log

det(ΣSTD)

det(ΣCOL)
= − log

√

1− ρ2 (4.91)
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υ =
tr
{

Σ−1
STDΣref

}

− tr
{

Σ−1
COLΣref

}

2
= − ρ2

2(1− ρ2)

[

σ2
AT

σ2
A

+
σ2
BT

σ2
B

]

(4.92)

ω =
(µref − µSTD)

TΣ−1
STD(µCRB − µSTD)− (µCRB − µCOL)

TΣ−1
COL(µCRB − µCOL)

2
=

1

2

[

(µAT − µAs)
2

σ2
A

+
(µBT − µBs)

2

σ2
B

]

− 1

2(1− ρ2)

[

(µAT − µAc)
2

σ2
A

+
(µBT − µBc)

2

σ2
B

]

+
ρ

1− ρ2
(µBT − µBc)(µAT − µAc)

σAσB

(4.93)

where variables with endices ending in ∗AT refer to data from the best estimator. Variables
with indices ending in ∗A and ∗As refer to data from the standalone estimator. Variables
with indices ending in ∗Ac refers to data from the collaborative estimator. If both standalone
and collaborative estimators are unbiased, the last equation above is equal to zero.

Hence, the scalar ∆KLD is:

∆KLDscalar = − log
√

1− ρ2 − ρ2χ

2(1− ρ2)
(4.94)

where: −1 ≤ ρ ≤ 1 and 0 ≤ χ ≤ 2, with:

χ =

[

σ2
AT

σ2
A

+
σ2
BT

σ2
B

]

(4.95)



Jeannette Nounagnon Chapter 4. Inaccuracy Analysis of Collaborative Positioning 86

4.D Mutual Information between multivariate and be-

tween scalar Gaussian distributions

In this appendix, we derive the mutual information between two multivariate and two scalar
variables with Gaussian distributions.

We consider the multivariate Gaussian pdfs fXSTD(x) and fXCOL(x) of respective covariance
matrices:

ΣSTD =

[

ΣA 0
0 ΣB

]

(4.96)

ΣCOL =

[

ΣA ΣAB

ΣT
AB ΣB

]

(4.97)

When the block-diagonal of ΣCOL and ΣSTD are nearly the same, a special case occurs when
computing the reduction in uncertainty due to collaboration. The reduction in entropy when
the block diagonal matrices are the same, is equal to the mutual information between the
distributions of position estimates for the nodes.

The entropy H(fXSTD) for pdf fXSTD(x) was proven to be (Appendix 5.A):

H(fXSTD) =
1

2
log ((2πe)n det (ΣSTD)) (4.98)

Where log = loge.

After collaboration, the entropy for pdf fXCOL(x) is defined as:

H(fXCOL) =
1

2
log ((2πe)n det (ΣCOL)) (4.99)

4.D.1 Multivariate Mutual Information

The mutual information (MI) or reduction in uncertainty when the block diagonal matrices
are equal is:

MI = H(fXSTD)−H(fXCOL) =
1

2
(log detΣSTD − log detΣCOL)

=
1

2
log

detΣSTD

detΣCOL

(4.100)
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Hence, the multivariate mutual information between multivariate Gaussian pdfs is:

MI =
1

2
log

detΣSTD

detΣCOL

(4.101)

4.D.2 Scalar Mutual Information

In the scalar case, we have:

ΣSTD =

[

σ2
A 0
0 σ2

B

]

(4.102)

ΣCOL =

[

σ2
A ρσAσB

ρσAσB σ2
B

]

(4.103)

where ρ is a scalar less than unity. Hence, the scalar mutual information yields:

MIscalar =
1

2
log

det(ΣSTD)

det(ΣCOL)

=
1

2
log

σ2
Aσ

2
B

σ2
Aσ

2
B − (ρ2σ2

Aσ
2
B)

=
1

2
log

σ2
Aσ

2
B

σ2
Aσ

2
B(1− ρ2))

=
1

2
log

1

(1− ρ2))

= − log
√

1− ρ2

(4.104)
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4.E Adjusting standalone matrix by rank update

Recall from Appendix 2.A that the definitions for GSTD and GCOL were derived in equations
(2.58) and (2.57):

GSTD =





















cos (θA0A1) sin (θA0A1) 0 0
cos (θA0A2) sin (θA0A2) 0 0
cos (θA0A3) sin (θA0A3) 0 0

0 0 cos (θB0B1) sin (θB0B1)
0 0 cos (θB0B2) sin (θB0B2)
0 0 cos (θB0B3) sin (θB0B3)





















(4.105)

Similarly, in the collaborative framework, where there is a collaborative link, we get:

GCOL =



























cos (θA0A1) sin (θA0A1) 0 0
cos (θA0A2) sin (θA0A2) 0 0
cos (θA0A3) sin (θA0A3) 0 0

0 0 cos (θB0B1) sin (θB0B1)
0 0 cos (θB0B2) sin (θB0B2)
0 0 cos (θB0B3) sin (θB0B3)

cos (θA0B0) sin (θA0B0) − cos (θA0B0) − sin (θA0B0)



























(4.106)

By observation, we note that GCOL and GSTD are related by a rank-1 update as follows:

GCOL =

[

GSTD

b

]

(4.107)

where vector b is such that:

b = [cos (θA0B0), sin (θA0B0),− cos (θA0B0),− sin (θA0B0)]
T (4.108)

This rank-1 update is generated by the acquisition of a collaborative link between nodes
A and B. Hence, when nodes A and B collaborate, the acquisition of a set of new range
measurements between nodes A and B modifies GSTD with a rank-1 update such that GSTD

becomes GCOL. Given that the covariance matrices are such that:

ΣSTD = (GT
STDNSTDGSTD)

−1 (4.109)

ΣCOL = (GT
COLNCOLGCOL)

−1 (4.110)

it can be proven (this was also shown via lengthy derivations in Appendix 2.A) that the
update in GSTD results in a new Σ−1

COL such that:

Σ−1
COL = Σ−1

STD +R (4.111)
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where we observe that 4x4 matrix R is also equal to:

R =
bbT

σ2
AB

(4.112)

We now introduce the Sherman-Morrison formula given an n-by-n matrix K, and two n-by-1
vectors b and c:

(K+ bcT )−1 = K−1 − r(K−1bcTK−1) (4.113)

where scalar r is equal to:

r =
1

1 + cTK−1b
(4.114)

This formula means that if we update a matrix K, we can derive more easily the inverse of
the updated matrix without having to go through the traditional computationally-expensive
inverse derivation.

Since block matrix Σ−1
STD is block-diagonal, deriving its inverse ΣSTD is trivial:

Σ−1
STD =

[

ΣFASTD 0
0 ΣFBSTD

]

(4.115)

where:

ΣFASTD =







∑3
i=1

cos2 (θAAi
)

σ2
(AAi)

∑3
i=1

cos (θAAi
) sin (θAAi

)

σ2
(AAi)

∑3
i=1

cos (θAAi
) sin (θAAi

)

σ2
(AAi)

∑3
i=1

sin2 (θAAi
)

σ2
AAi





 (4.116)

ΣFBSTD =







∑3
i=1

cos2 (θBBi)
σ2
(BBi)

∑3
i=1

cos (θBBi) sin (θBBi)
σ2
(BBi)

∑3
i=1

cos (θBBi) sin (θBBi)
σ2
(BBi)

∑3
i=1

sin2 (θBBi)
σ2
BBi





 (4.117)

Hence, ΣSTD is simply:

ΣSTD =

[

Σ−1
FASTD 0
0 Σ−1

FBSTD

]

(4.118)

However, deriving ΣCOL from Σ−1
COL can be very computationally intensive. Hence, using

the Sherman-Morrison formula can be beneficial in our research context.

Therefore, using the Sherman-Morrison formula with equation (4.111), we get:

ΣCOL = (Σ−1
STD +R)−1

= ΣSTD − r

σ2
AB

(ΣSTDbb
TΣSTD)

= ΣSTD − r

σ2
AB

(ΣSTDbb
TΣSTD)

(4.119)
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with scalar r equal to:

r =
1

1 + σ−2
ABb

TΣSTDb
(4.120)

To summarize, using the Torrieri’s linear estimator, when we collaborate between two nodes,
we update GSTD with a rank-1 update. Σ−1

STD is then updated by adding matrix R to yield
a new matrix Σ−1

COL. The Sherman-Morrison formula allows us to predict ΣCOL using ΣSTD

and R for the case of collaboration between two nodes.

From equation (4.119), using the Sherman-Morrison formula allows us to generate a simpler
closed-form expression relating ΣCOL to ΣSTD and R. This result is useful because it allows
us to derive an expression for ΣCOL without having to go through the computationally-
expensive task to derive the inverse of Σ−1

COL. The cost saving of this formula is especially
significant in real world applications if we consider collaboration between more than two
collaborating nodes.

To illustrate this point, we now consider the case where three nodes A, B and D need to be
located using standalone and collaborative positioning. If 0m,n is an m-by-n null matrix, the
standalone matrix GSTD becomes a 9x6 matrix as follows:

GSTD =







GASTD 03,2 03,2

03,2 GBSTD 03,2

03,2 03,2 GDSTD





 (4.121)

where GASTD is a 3x2 matrix equal to:

GASTD =







cos (θA0A1) sin (θA0A1)
cos (θA0A2) sin (θA0A2)
cos (θA0A3) sin (θA0A3)





 (4.122)

We define Ck
n as the number of k-combinations in a set of n elements:

Ck
n =

n!

k!(n− k)!
(4.123)

If C2
3 is the number of 2-combinations in a set of 3 elements, in the collaborative problem,

there can be up to C2
3 = 3 collaborative links between nodes A, B and D. Hence, GSTD can

be updated by a rank-n matrix where 1 ≤ n ≤ 3. Σ−1
COL then takes the form:

Σ−1
COL = Σ−1

STD +R (4.124)

where the new generalized matrix R is of the form

R = UVUT (4.125)
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In a 2-dimensional Euclidean space, if there are 3 collaborative links between nodes A, B and
D, matrix U is a 6x3 matrix and V is a 3x3. More generally, in an h-dimensional Euclidean
space, if there are t collaborating nodes, there can be up to C2

t collaborative links between
any two nodes.
This results in matrixR = UVUT where matrixU is a ht-by-C2

t matrix and V is a C2
t -by-C

2
t

matrix. Matrix U contains information on the geometric configuration between the collabo-
rating nodes and V contains information about the variance of the range measurements for
all collaborative links.

In the case where the collaborative positioning problem concerns three or more nodes, the
generalized form of the Sherman-Morrison formula is used. It is called the Woodbury identity.
Hence, using the Woodbury identity, we get:

ΣCOL = (Σ−1
STD +R)−1

= (Σ−1
STD +UVUT )−1

= ΣSTD −ΣSTD −ΣSTDU(V−1 +UTΣSTDU)−1UTΣSTD

(4.126)

To conclude, the importance of these results is that, when using a linear estimator, with
the Woodbury identity, we are able to predict the covariance matrix of the collaborative
estimator given the standalone covariance matrix, and its update due to the presence of
collaborative links. In cases where the standalone and collaborative estimators have the
same bias, deriving this new covariance matrix ahead of time, can provide useful information
on the impact that collaboration has on standalone estimation, at a significantly reduced
computation cost.
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4.F ∆KLD vs. Generalized GDOP

Geometry contributes significantly to the improvement in accuracy due to collaboration. In
this appendix, we derive the closed-form expression for ∆KLD when the standalone and
collaborative estimators are unbiased and have a multivariate-Gaussian distribution. We
also analyze how the Generalized GDOP (GGDOP) and ∆KLD are related.

Let fXSTD(x) and fXCOL(x) represent the pdf of position estimates from the standalone and
collaborative estimators, respectively. Let fXref (x) represent the pdf of the most accurate
estimator. All pdfs are assumed Gaussian and multivariate.

For unbiased estimators, recall ∆KLD:

∆KLD =
1

2
log

det(ΣSTD)

det(ΣCOL)
+

tr
{

Σ−1
STDΣref

}

2
−

tr
{

Σ−1
COLΣref

}

2
(4.127)

with:

Σ−1
STD =

[

ΣFASTD 0
0 ΣFBSTD

]

(4.128)

where:

ΣFASTD =







∑3
i=1

cos2 (θA0Ai
)

σ2
A0Ai

∑3
i=1

cos (θA0Ai
) sin (θA0Ai

)

σ2
A0Ai

∑3
i=1

cos (θA0Ai
) sin (θA0Ai

)

σ2
A0Ai

∑3
i=1

sin2 (θA0Ai
)

σ2
A0Ai





 (4.129)

ΣFBSTD =







∑3
i=1

cos2 (θB0Bi
)

σ2
B0Bi

∑3
i=1

cos (θB0Bi
) sin (θB0Bi

)

σ2
B0Bi

∑3
i=1

cos (θB0Bi
) sin (θB0Bi

)

σ2
B0Bi

∑3
i=1

sin2 (θB0Bi
)

σ2
B0Bi





 (4.130)

where σ2
B0Bi

is the variance of the noise on the observed range measurements between node
B and its ith anchor. σ2

A0Ai
is the variance of the noise on the observed range measurements

between node A and its ith anchor. Angle θB0Bi
is the angle between node B and its ith

anchor. θA0Ai
is the angle between node A and its ith anchor. σ2

B0Bi
is the variance of the

noise on the observed range measurements between node B and its ith anchor. σ2
A0Ai

is the
variance of the noise on the observed range measurements between node A and its ith anchor.

We showed in Appendix 2.A that:

Σ−1
COL = Σ−1

STD +R (4.131)

R =

[

P −P
−P P

]

(4.132)

where P is:

P =





cos2 (θAB)
σ2
AB

cos (θAB) sin (θAB)
σ2
AB

cos (θAB) sin (θAB)
σ2
AB

sin2 θAB

σ2
AB



 (4.133)
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with σ2
AB being the variance of the noise on the observed range measurements between nodes

B and A, and θAB being the angle between nodes A and B.

Thus, ∆KLD yields:

∆KLD =
1

2
log

det(ΣSTD)

det(ΣCOL)
− Tr (RΣref )

2
(4.134)

The closed form expressions for
(

det(ΣSTD)
det(ΣCOL)

)

and Tr {RΣref} in terms of nodes A, B are
presented.

Deriving
(

det(ΣSTD)
det(ΣCOL)

)

(

det(ΣSTD)

det(ΣCOL)

)

= det(ΣSTD) det(Σ
−1
COL)

= det(ΣSTD) det(Σ
−1
STD +R)

= det(I4 +ΣSTDR)

(4.135)

where ΣSTDR is a 4x4 matrix and I4 is the 4x4 identity matrix.

By definition, for a 4x4 matrix M, we have:

det(I4 +M) = 1 + det(M) + Tr(M) +
1

2
[Tr(M)]2 − 1

2
Tr(M2)+

1

6
[Tr(M)]3 − 1

2
Tr(M)Tr(M2) +

1

3
Tr(M3)

(4.136)

For the case where M = ΣSTDR, it can be proven that:

Tr(M) = mA1 +mA2 +mB1 +mB2

[Tr(M)]2 = (mA1 +mA2 +mB1 +mB2)
2

[Tr(M)]3 = (mA1 +mA2 +mB1 +mB2)
3

Tr(M2) = (m2
A1 +m2

A2 +m2
B1 +m2

B2)

Tr(M3) = (m3
A1 +m3

A2 +m3
B1 +m3

B2)

(4.137)

Where mA1, mA2, mB1, mB2, represent the main diagonal elements of matrix M. Therefore,
we get:

(

det(ΣSTD)

det(ΣCOL)

)

= det(I4 +ΣSTDR) = γ (4.138)

where γ is:

γ = (1 +mA1 +mA2)(mB1.mB2)+

(1 +mB1 +mB2)(mA1.mA2)+

(1 +mA1 +mA2)(1 +mB1 +mB2)

(4.139)
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γ is always greater than unity because the collaborative determinant was proven to be smaller
than the standalone determinant under our assumptions.

Deriving tr {RΣref}

In this subsection, we derive the closed form expression for tr {RΣref}.

Given w anchors of known locations used to locate node A, and w anchors of known locations
used to locate node B, the angle θAAi between points A and its ith anchor is:

θAAi = tan−1 (yi − yA)

(xi − xA)
(4.140)

θAAi can be obtained in systems with angle-of-arrival information available, or using an initial
estimate for A, namely xA0 per Appendix 2.A. Thus, the Generalized Geometric Dilution of
Precision (GGDOP) for point A is defined as:

GGDOPA =







∑w
i=1

∑w
(j=1,j≥i)

sin2 (θAAi−θAAj)

σ2
i
σ2
j

(
∑w

i=1 1/σ
2
i )

2







−1

(4.141)

After lengthy derivations, the closed form expression for tr {RΣref} can be derived to be:

Tr {RΣref} = TrC1 + TrC2 (4.142)

TrC2 =
1

DetC2

(

sin2(θA0B0)

σ2
A0B0

)(

−bk2 +
3
∑

i=1

cos2(θBBi)

σ2
BBi

+
cos2(θAB)

σ2
AB

)

+
1

DetC2

(

cos2(A0B0)

σ2
A0B0

)(

−bk2 +
3
∑

i=1

sin2(θBBi)

σ2
BBi

+
sin2(θAB)

σ2
AB

)

+
1

DetC2

(

2cos(A0B0)sin(A0B0)

σ2
A0B0

)(

bk2
2

−
3
∑

i=1

cos(θBBi)sin(θBBi)

σ2
BBi

− sin(θAB)cos(θAB)

σ2
AB

)

(4.143)

where:

bk2 =
w
∑

i=1

sin2(θAAi−θAB)
σ2
AB

σ2
AAi

σ2
AB detΣFACOL

(4.144)
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If GGDOPACOL is the collaborative GGDOP for node A, then:

detΣFACOL =
sin2(θAA1 − θAA2)

σ2
AA1

σ2
AA2

+
sin2(θAA1 − θAA3)

σ2
AA1

σ2
AA3

+
sin2(θAA2 − θAA3)

σ2
AA2

σ2
AA3

+
sin2(θAA1 − θAB)

σ2
AA1

σ2
AB

+
sin2(θAA2 − θAB)

σ2
AA2

σ2
AB

+
sin2(θAA3 − θAB)

σ2
AA3

σ2
AB

= GGDOP−1
ACOL.





1

σ2
AB

+
w
∑

j=1

1

σ2
AAj





2

(4.145)

If GGDOPBCOL is the collaborative GGDOP for node B, then:

DetC2 = GGDOP−1
BCOL.





1

σ2
AB

+
w
∑

j=1

1

σ2
BBj





2

+
3

4
bk2

2 − bk2

(

1

σ2
AB

i=3
∑

i=1

1

σ2
BBi

)

+bk2

(

cos(θAB)sin(θAB)

σ2
AB

3
∑

i=1

cos(θBBi)sin(θBBi)

σ2
BBi

)

(4.146)

Similarly for TrC1, we get:

TrC1 =
1

DetC1

(

sin2(A0B0)

σ2
A0B0

)(

−bk1 +
3
∑

i=1

cos2(θAAi)

σ2
AAi

+
cos2(θAB)

σ2
AB

)

+
1

DetC1

(

cos2(A0B0)

σ2
A0B0

)(

−bk1 +
3
∑

i=1

sin2(θAAi)

σ2
AAi

+
sin2(θAB)

σ2
AB

)

+
1

DetC1

(

2cos(A0B0)sin(A0B0)

σ2
A0B0

)(

bk1
2

−
3
∑

i=1

cos(θAAi)sin(θAAi)

σ2
AAi

− sin(θAB)cos(θAB)

σ2
AB

)

(4.147)

bk1 =
w
∑

i=1

sin2(θBBi−θAB)
σ2
AB

σ2
BBi

σ2
AB detΣFBCOL

(4.148)

detΣFBCOL = GGDOP−1
BCOL.





1

σ2
AB

+
w
∑

j=1

1

σ2
BBj





2

(4.149)

DetC1 = GGDOP−1
ACOL.





1

σ2
AB

+
w
∑

j=1

1

σ2
BBj





2

+
3

4
bk2

1 − bk1

(

1

σ2
AB

i=3
∑

i=1

1

σ2
AAi

)

+bk1

(

cos(θAB)sin(θAB)

σ2
AB

3
∑

i=1

cos(θAAi)sin(AA)

σ2
AAi

)

(4.150)

Since the logDet term in the expression of ∆KLD is a positive value, the sign of ∆KLD
is mainly dependent on the magnitude of tr {RΣref}, which is the sum of TrC1 and TrC2
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derived above. In each expression for TrC1 and TrC2, indices A0 and B0 each refer to xA0 ,
and xB0 , respectively and describe the first guess in the one-shot estimator. Indices A and
B refer to the true position vectors of nodes A and B: xA and xB, respectively.

Each of the terms TrC1 and TrC2 are also functions of the collaborative Generalized GDOP
(GGDOP) for both nodes A and B w.r.t their anchors. This confirms that the accuracy
of collaborative estimation is dependent on the Generalized GDOP. We note that both
GGDOPACOL and GGDOPBCOL are proportional to the trace term. This implies that a
small collaborative Generalized GDOP tends to minimize the loss in ∆KLD. Hence, a small
collaborative GGDOP tends to maximize ∆KLD. Therefore, a valid criteria to consider for
maximizing ∆KLD is to minimize the collaborative Generalized GDOP.
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4.G ∆KLD Model inaccuracies in case of asymmetric

distributions

In our theoretical analysis, we had assumed the case where all pdfs considered in ∆KLD
were Gaussian. In this appendix, we consider the case of asymmetric distributions of position
estimates. Specifically, we focus on skew-normal pdfs and derive errors in the estimation of
∆KLD if the pdfs used in its computation are non-Gaussian.

By definition, the cross-entropy between the pdfs of two k-dimensional vectors such that:
fX1(x) ∼ SNk(ξ1,Ω1, η1) and fX2(x) ∼ SNk(ξ2,Ω2, η2) is [46]:

H(fX1||fX2) = H(fX01||fX02) +

√

2

π
(ξ1 − ξ2)

TΩ−1
2 δ1 − E[log{2Φ(W2−1)}] (4.151)

where H(fX01||fX02) is the cross-entropy between the pdfs of two k-variate Gaussian distri-
butions fX01(x) and fX02(x),

Wi−j ∼ SN1



ηTi (ξj − ξi), η
T
i Ωjηi,

ηTi δj
√

ηTi Ωjηi − (ηTi δj)
2



 (4.152)

with

δj =
Ωjηj

√

1 + ηTj Ωjηj
(4.153)

W1−1 ∼ SN1

(

0, ηT1 Ω1η1, (η
T
1 Ω1η1)

1/2
)

(4.154)

W1−2 ∼ SN1



ηT1 (ξ2 − ξ1), η
T
1 Ω2η1,

ηT1 δ2
√

ηT1 Ω2η1 − (ηT1 δ2)
2



 (4.155)

W2−1 ∼ SN1



ηT2 (ξ1 − ξ2), η
T
2 Ω1η2,

ηT2 δ1
√

ηT2 Ω1η2 − (ηT2 δ1)
2



 (4.156)

W2−2 ∼ SN1

(

0, ηT2 Ω2η2, (η
T
2 Ω2η2)

1/2
)

(4.157)

Using the definition above, the cross-entropy between the pdfs of position estimates for the
standalone estimator (fXSTD(x)) and the reference estimator (fXref (x)) yields:

H(fXref ||fXSTD) = H(fX0,ref ||fX0,STD)+

√

2

π
(ξref − ξSTD)TΩ−1

STDδref−E[log{2Φ(WSTD−ref )}]
(4.158)
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Similarly, the cross-entropy between the pdfs of position estimates for the collaborative
estimator (fXCOL(x)) and the reference estimator (fXref (x)) yields:

H(fXref ||fXCOL) = H(fX0,ref ||fX0,COL)+

√

2

π
(ξref − ξCOL)

TΩ−1
COLδref−E[log{2Φ(WCOL−ref )}]

(4.159)

where pdfs fX0,ref (x), fX0,STD(x), and fX0,COL(x) are Gaussian-distributions and:

H(fX0,ref ||fX0,STD) =
1

2

{

k log(2π) + log(det(ΩSTD)) + Tr(Ω−1
STDΩref )+

(ξref − ξSTD)
TΩ−1

STD(ξref − ξSTD)
(4.160)

H(fX0,ref ||fX0,COL) =
1

2

{

k log(2π) + log(det(ΩCOL)) + Tr(Ω−1
COLΩref )+

(ξref − ξCOL)
TΩ−1

COL(ξref − ξCOL)
(4.161)

From the definition of ∆KLD in equation (3.4), we have:

∆KLD = H(fXref ||fXSTD)−H(fXref ||fXCOL) (4.162)

We define ∆KLD0 as ∆KLD assuming all pdfs are Gaussian distributed. This is the
expression of ∆KLD used in the multivariate case as derived in equation (4.77).

∆KLD0 = H(fX0,ref ||fX0,STD)−H(fX0,ref ||fX0,COL)

=
1

2

{

log(
det(ΩSTD)

det(ΩCOL)
) + Tr

(

(Ω−1
STD −Ω−1

COL)Ωref

)

}

+
1

2

{

(ξref − ξSTD)
TΩ−1

STD(ξref − ξSTD)
}

− 1

2

{

(ξref − ξCOL)
TΩ−1

COL(ξref − ξCOL)
}

(4.163)

In the next subsections, we compute different values for ∆KLD given different distributions
families and compare them against ∆KLD0.

4.G.1 ∆KLD with skew-normal distributions: fXCOL(x) ∼ SNk(ξ1,Ω1, η1),
fXSTD(x) ∼ SNk(ξ2,Ω2, η2), fXref(x) ∼ SNk(ξr,Ωr, ηr)

The expression for ∆KLDSN , the value for ∆KLD assuming all pdfs are skew-normal is:

∆KLDSN = H(fXref ||fXSTD)−H(fXref ||fXCOL)

= ∆KLD0 +

√

2

π
(ξref − ξSTD)

TΩ−1
STDδref − E[log{2Φ(WSTD−ref )}]

−
√

2

π
(ξref − ξCOL)

TΩ−1
COLδref + E[log{2Φ(WCOL−ref )}]

(4.164)
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Where ∆KLD0 is ∆KLD assuming all pdfs are Gaussian distributed.

4.G.2 Errors in theoretical model of ∆KLD

In our theoretical model, we assumed that all distributions were Gaussian and derived
∆KLD0 that can also be defined as shown on equation (4.163).

The errors in incorrectly assessing ∆KLD if we assume all pdfs are Gaussian, while they
are all skew-normal is:

∆KLDSN −∆KLD0 =

√

2

π
(ξref − ξSTD)

TΩ−1
STDδref − E[log{2Φ(WSTD−ref )}]

−
√

2

π
(ξref − ξCOL)

TΩ−1
COLδref + E[log{2Φ(WCOL−ref )}]

(4.165)

If fXref (x) is skew-normal, while fXCOL(x) and fXSTD(x) remain Gaussian, the error in our
theoretical model due to incorrectly assuming fXref (x) only is derived below.

Let ∆KLDSN,0 represent ∆KLD when the pdfs of fXCOL(x) and fXSTD(x) are Gaussian,
and fXref (x) is skew-normal. When fXCOL(x) and fXSTD(x) are Gaussian pdfs, from the
previous equation, Φ(WCOL−ref ) = 0 and Φ(WCOL−ref ) = 0, which yields:

∆KLDSN,0 = H(fref ||fSTD)−H(fref ||fCOL)

= ∆KLD0 +

√

2

π
(ξref − ξSTD)

TΩ−1
STDδref −

√

2

π
(ξref − ξCOL)

TΩ−1
COLδref

(4.166)

The error in incorrectly assuming fXref (x) while fXCOL(x) and fXSTD(x) are assumed Gaus-
sian is:

∆KLDSN,0 −∆KLD0 =

√

2

π
(ξref − ξSTD)

TΩ−1
STDδref −

√

2

π
(ξref − ξCOL)

TΩ−1
COLδref

(4.167)
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4.H Deriving KLD(fXCOL||fXSTD) for theoretical frame-

work

In this appendix, we derive KLD(fXCOL||fXSTD) for the theoretical framework described in
section 4.4.

Let fXCOL(x) represent the pdf of position estimates from the collaborative estimator,
fXSTD(x) is the pdf of position estimates from the standalone estimator and fXref (x) is
the pdf of position estimates from the most accurate estimator as defined in Appendix 2.A.
Recall ∆KLD:

∆KLD = KLD(fXref ||fXSTD)−KLD(fXref ||fXCOL) (4.168)

If fXCOL(x) = fXref (x),

∆KLD = KLD(fXCOL||fXSTD)−KLD(fXCOL||fXCOL) = KLD(fXCOL||fXSTD) (4.169)

which implies that ∆KLD is positive, maximal and equal to KLD(fXCOL||fXSTD).

If fXref = fXCOL, ∆KLD = KLD(fXCOL||fXSTD) (4.170)

Using the general multivariate definition of KLD from equation (4.77), where fXSTD(x) and
fXCOL(x) represent the pdfs of standalone and collaborative position estimates,
KLD(fXCOL||fXSTD) is equal to:

KLD(fXCOL||fXSTD)n=4 =
1

2

[

log
det(ΣSTD)

det(ΣCOL)
− n

]

+
1

2

[

(µCOL − µSTD)
TΣ−1

STD(µCOL − µSTD) + tr
{

Σ−1
STDΣCOL

}]

(4.171)

Recalling our assumptions from our analytical framework (for the scalar analysis in section
4.4), let us consider that the standalone and collaborative position estimators have covariance
matrices defined as shown below. We assume that the difference between their diagonals is
infinitesimally small.

ΣSTD =

[

ΣA 0
0 ΣB

]

(4.172)

ΣCOL =

[

ΣA ΣAB

ΣT
AB ΣB

]

(4.173)
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4.H.1 Deriving tr
{

Σ−1
STDΣCOL

}

The product
{

Σ−1
STDΣCOL

}

yields:

tr
{

Σ−1
STDΣCOL

}

= tr
{

Σ−1
A ΣA

}

+ tr
{

Σ−1
B ΣB

}

= n
(4.174)

Equation (4.171) can thus be rewritten as follows

KLD(fXCOL||fXSTD)n=4 =
1

2

[

log
det(ΣSTD)

det(ΣCOL)
+ (µCOL − µSTD)

TΣ−1
STD(µCOL − µSTD)

]

(4.175)
This describes KLD(fXCOL||fXSTD) for our framework.

Based on the definitions of ΣCOL and ΣSTD such that they have nearly the same diagonal,
the difference of LogDets is equal to the mutual information (MI) between the distributions
of position estimates for nodes A and B as proven in equation (4.101).

1

2
log

det(ΣSTD)

det(ΣCOL)
= Mutual Information (4.176)

Hence, for our theoretical framework in section 4.4, KLD(fXCOL||fXSTD) is:

KLD(fXCOL||fXSTD) = MI +
1

2

[

(µCOL − µSTD)
TΣ−1

STD(µCOL − µSTD)
]

(4.177)

Since we assumed unbiased estimators, we get:

KLD(fXCOL||fXSTD) =
1

2
log

det(ΣSTD)

det(ΣCOL)
= Mutual Information (4.178)

However, in general, the expression for KLD(fXCOL||fXSTD) is:

KLD(fXCOL||fXSTD)n=4 =
1

2

[

log
det(ΣSTD)

det(ΣCOL)
− n

]

+
1

2

[

(µCOL − µSTD)
TΣ−1

STD(µCOL − µSTD) + tr
{

Σ−1
STDΣCOL

}]

(4.179)

When KLD(fXCOL||fXSTD) is a mutual information, we can conclude that the change in
accuracy due to collaboration is the same for both nodes A and B. The results from this
appendix prove that KLD(fXCOL||fXSTD) is equal to the mutual information for the dis-
tributions of position estimates of nodes A and B if: 1) the pdfs have the same bias, and
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2) if the covariance matrices of both standalone and collaborative estimators have the same
diagonal. When those conditions are not met, KLD(fXCOL||fXSTD) still represents the max-
imum improvement in accuracy due to collaboration (as long as fXref (x) = fXCOL(x)), but
it is no longer a mutual information.



Jeannette Nounagnon Chapter 4. Inaccuracy Analysis of Collaborative Positioning 103

4.I Deriving a lower bound to KLD(fXCOL||fXSTD)

Let fXCOL(x) ∼ N(µCOL,ΣCOL) and fXSTD(x) ∼ N(µSTD,ΣSTD) represent the pdfs of
position estimates from the collaborative and standalone estimators, respectively. In this
appendix, we evaluate the lower bound to KLD(fXCOL||fXSTD) using the Kullback-Leibler
inequality [29] defined as:

Ψ∗
STD(µCOL) ≤ KLD(fXCOL||fXSTD) (4.180)

where:

• µCOL is the first moment of fXCOL(x).

• Ψ∗
STD is the convex conjugate of the cumulant generating function of the standalone

estimator.

4.I.1 Deriving the multivariate convex conjugate of the cumulant
generating function

We consider the case of a Gaussian pdf fX(x) with mean vector µ, and covariance matrix Σ.
The joint moment-generating function of this Gaussian distributed function fX(x) is defined
as [2, 3]:

MX(t) = E[exp (tTX)] = exp (tTµ+
1

2
tTΣt) (4.181)

By definition, the cumulant generating function (CGF) Γ(t) is equal to the log of the moment
generating function (MGF). For a Gaussian distribution, we obtain:

Γ(t) = tTµ+
1

2
tTΣt (4.182)

By definition, Ψ∗
f (y), the convex conjugate of the CGF is derived by taking the supremum

of: yT t− tTµ− 1
2
tTΣt.

Ψ∗
f (y) = sup (yT t− tTµ− 1

2
tTΣt) (4.183)

We now derive Ψ∗
f (y), the convex conjugate of the CGF Γ(t). Since the CGF is derived

by taking the log of the MGF, it is differential and convex. Hence, the supremum can be
derived as follows.

Taking the derivative of the argument of the supremum, we get:

∂

∂t
(yT t− tTµ− 1

2
tTΣt) =

∂

∂t

(

(y− µ)T t− 1

2
tTΣt

)

= (y− µ)−Σt
(4.184)
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Setting the derivative above to zero, and solving for t, we get t0:

t0 = Σ−1(y− µ) (4.185)

Plugging this value of t0 for t back into
(

(y− µ)T t− 1
2
tTΣt

)

, we get Ψ∗
f (y) as shown in

the following equations. We consider that since Σ is symmetric, (Σ−1)T = Σ−1.

Ψ∗
f (y) =

(

(y− µ)TΣ−1(y− µ)− 1

2
(Σ−1(y− µ))TΣΣ−1(y− µ)

)

=
1

2
(y− µ)TΣ−1(y− µ)

(4.186)

4.I.2 Deriving the multivariate lower bound to KLD(fXCOL||fXSTD)

Using equations (4.180) and (4.186), the convex conjugate of the cumulant generating func-
tion for the standalone pdf, evaluated at µCOL is:

Ψ∗
STD(µCOL) =

1

2
(µCOL − µSTD)

TΣ−1
STD(µCOL − µSTD) (4.187)

Hence, a lower bound to KLD(fXCOL||fXSTD) is:

1

2
(µCOL − µSTD)

TΣ−1
STD(µCOL − µSTD) ≤ KLD(fXCOL||fXSTD) (4.188)

We now derive an alternate version for this lower bound. We note that the natural log of a
Gaussian distribution is:

log
(

([2π]n det(Σ))−1/2 exp
[

−1

2
(x − µ)TΣ−1(x − µ)

])

(4.189)

which is equivalent to:

−1

2
log ([2π]n det(Σ))−

[

1

2
(x − µ)TΣ−1(x − µ)

]

(4.190)

Hence, the lower bound can be rewritten as follow:

− log fXSTD(µCOL)
√

([2π]n det(ΣSTD)) ≤ KLD(fXCOL||fXSTD) (4.191)

If the inverse of the covariance matrix is readily available, the following alternative for
evaluating a lower bound to KLD(fXCOL||fXSTD) is:

log

√

det(Σ−1
STD)

fXSTD(µCOL)
√

([2π]n)
≤ KLD(fXCOL||fXSTD) (4.192)



Chapter 5

Uncertainty analysis of collaboration

In Chapter 2, we showed that when it comes to assessing the performance of estimators, there
is a clear distinction between uncertainty and inaccuracy and that both terms can be related.
In Chapter 4, we presented an analysis of the inaccuracy of collaborative positioning from
an information-theoretic perspective. In this chapter, we introduce an information-theoretic
perspective on the uncertainty of collaborative positioning. More specifically, the focus of
this chapter is to present an intuitive information-theoretic explanation for why the CRB is
reduced with collaboration and address how a) the change in uncertainty due to collabora-
tion and b) the change in inaccuracy due to collaboration relate.

In Chapter 3, we showed via simulations that collaboration reduces the positioning Cramer-
Rao Bound (CRB) [1] relative to standalone. This result has been proven theoretically in the
literature. Specifically, it has been proven that the Cramer-Rao Bound (CRB) of position
using a set of collaborative range measurements, under certain mild connectivity conditions,
is smaller than the CRB using standalone range measurements ( [18], [20], [12]). Another
analysis on the value of collaborative estimation was presented by [17] which addresses the
fact that the CRB for collaborative positioning is also reduced in NLOS conditions when
compared against the standalone CRB.

Reference [13] introduced results on Fisher Information Matrix summary statistics that could
help identify if it is worth collaborating. When it comes to predicting whether it is worth
collaborating or not, these metrics perform well in line-of-sight (LOS) conditions. However,
they do not in non-line-of-sight (NLOS) conditions, and duly so because the CRB applies to
unbiased estimators [1].

If CRB-based criteria do not directly affect accuracy due to collaboration, and if a reduced
CRB due to collaboration does not always make collaborative positioning more accurate

105
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than standalone positioning, we are faced with one fundamental question: ’What does a
reduced CRB due to collaboration really mean?’ To address this question we need to first
understand why collaboration reduces the CRB. This is the main problem we address in this
chapter.

In this chapter, we use the Kullback-Leibler Divergence to explain why collaboration reduces
the CRB from an information-theoretic perspective. We show how a reduced CRB due to
collaboration relates to our accuracy analysis presented in chapter 4. We also derive an
upper bound based on observables for the reduction in uncertainty due to collaboration.

5.1 Why is CRBCOL ≤ CRBSTD? An information theo-

retic perspective

In information theory, information gain is also called reduction in uncertainty. When we
collaborate, we acquire new information, or gain information. This information gain is ac-
quired through the addition of a set of range measurements from the collaborative link. The
acquisition of new range measurements is the reason why a reduction in uncertainty occurs
when we collaborate. Since the Cramer-Rao Bound is a measure of localization uncertainty,
the acquisition of a new set of range measurements through the collaborative link is the
reason why the collaborative Cramer-Rao Bound is smaller than the standalone CRB.

The Cramer Rao Bound is usually referred to as a measure of localization uncertainty. There
are two main reasons for this valid interpretation. Firstly, the CRB is derived from the Fisher
Information Matrix, hence it is obtained using the set of observed range measurements and
is directly affected when we acquire a new set of range measurements through collabora-
tion. Like uncertainty as defined in Chapter 2, it is not dependent on the position estimator
used, but on the set of observed range measurements. Secondly, the CRB is a measure of
uncertainty because it meets Gibb’s inequality; that is, it represents a lower bound to the
inaccuracy (i.e: the variance) of any unbiased estimator, if the pdfs of position estimates
have a Gaussian distribution. It is more specifically known as a measure of localization un-
certainty because it describes the radius of curvature of the likelihood function derived from
the sets of observed range measurements used to locate a node. To summarize, the fact
that we acquire a new set of range measurements when we collaborate is the reason why the
collaborative CRB is smaller than the standalone CRB.

We now look at the same problem from a different perspective. We prove theoretically that
the reduction in the CRB is due to the acquisition of a new set of observed range measure-
ments from the collaborative link.
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In general, the pdf of an n-dimensional Gaussian distribution fX(x) of mean vector µ and
covariance matrix Σ is defined as:

fX(x) =
1

√

(2π)n det (Σ)
exp

(

−1

2
(x− µ)TΣ−1(x− µ)

)

(5.1)

The entropy for a multivariate Gaussian distribution fX(x) was proven to be (Appendix
5.A):

H(fX) =
1

2
log ((2πe)n det (Σ)) (5.2)

Where log = loge (i.e: the natural log function)

This equation indicates that if observables are Gaussian-distributed, uncertainty or entropy
is a function of the covariance matrix; more precisely, a function of the logDet of the co-
variance matrix. It is worth noting that entropy is not based on the mean of a distribution.
Essentially, uncertainty measures the lack in confidence in a set of range measurements. One
particular advantage of looking at uncertainty rather than just a variance is that for non-
Gaussian distributions, uncertainty reflects better the lack in confidence than the variance.
This is because the maximum entropy principle indicates that in the family of exponential
functions, the Gaussian distribution has the largest entropy. Hence, looking only at the
variance is a reflection of uncertainty strictly for Gaussian distributions (up to a factor).
However, for non-Gaussian distributions, entropy or uncertainty is a better way to assess the
lack in confidence in a set of data.

We assume that the covariance matrices of both standalone and collaborative position es-
timators are equal to the inverse of their respective Fisher Information Matrices. That is,
we assume ΣSTD = FIM−1

STD and ΣCOL = FIM−1
COL. Let H(fXCOL) be the entropy of

fXCOL(x), the pdf of position estimates from the collaborative estimator. Let H(fXSTD) be
the entropy of fXSTD(x), the pdf of position estimates from the standalone estimator. We
also refer to H(fXCOL) and H(fXSTD) as localization uncertainties, because they describe
the entropies for pdfs of position estimates.

The change in localization uncertainty due to collaboration is defined as:

H(fXSTD)−H(fXCOL) = log detΣSTD − log detΣCOL

= log
detΣSTD

detΣCOL

(5.3)

We prove in Appendix 5.B that if we acquire new information through collaboration, and
the covariance matrices ΣSTD and ΣCOL represent inverses of FIMSTD and FIMCOL, then
the difference between localization uncertainties H(fXSTD) and H(fXCOL) is positive.

H(fXSTD)−H(fXCOL) ≥ 0 (5.4)
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Hence, the collaborative CRB is reduced because of the acquisition of a new set of range
measurements through the collaborative link.

Collaborative positioning has a distinguishing characteristic from a simple acquisition of
new information. In addition to being characterized by an acquisition of new information,
collaboration creates a dependence between the variables being estimated. In creating this
dependence, collaboration conditions the position vectors being estimated. If the dependence
between the nodes can be expressed such that the standalone and collaborative covariance
matrices share the same diagonal, then the reduction in localization uncertainty would be
the same for both nodes A and B. In this specific case, this reduction in uncertainty is called
mutual information.

5.1.1 Reduction in uncertainty as mutual information

In this sub-section, we discuss conditions when the reduction in uncertainty is equal to
mutual information. Recall from Chapter 2 that the mutual information MI between two
random variables P and Q with marginal pdfs fP (p), fQ(q) and joint pdf fP,Q(p, q) is a
special form of Kullback-Leibler Divergence [7]. It is defined as:

MI(P,Q) = KLD(fP,Q(p, q)||fP (p)fQ(q)) = H(fP )−H(fP |Q) = H(fQ)−H(fQ|P ) (5.5)

It is positive and symmetric as proven in Appendix 2.C. It also confirms the results from
Dembo, et al which indicate in [94] that conditioning reduces entropy.

For Gaussian distributions fXSTD(x) and fXCOL(x) describing the position estimates for
nodes A and B, mutual information can be derived using KLD when the covariance matrices
of the collaborative and standalone estimators have the same diagonal components, and the
estimators have the same bias.

KLD(fXCOL||fXSTD) =
1

2

[

log
det(ΣSTD)

det(ΣCOL)

]

= MI(xA,xB) (5.6)

We prove this result in Appendix 4.H where we show that the KLD between the collaborative
pdf of position estimates fXCOL(x) and the standalone pdf of position estimates fXSTD(x)
is:

KLD(fXCOL||fXSTD) =
1

2

[

MI(xA,xB) + (µCOL − µSTD)
TΣ−1

STD(µCOL − µSTD)
]

(5.7)

with

ΣSTD =

[

ΣA 0
0 ΣB

]

(5.8)
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ΣCOL =

[

ΣA ΣAB

ΣT
AB ΣB

]

(5.9)

We showed in section 4.4 that if both standalone and collaborative position estimators are
unbiased and efficient, KLD(fXCOL||fXSTD) reflects the maximum improvement in accuracy
due to collaboration. This is intuitively true because the covariance matrices represent the
inverse of FIMs. Hence, KLD(fXCOL||fXSTD) is a measure of the difference between the
best performance of standalone and collaborative estimators, provided the collaborative es-
timator is more accurate than the standalone.

If the covariance matrices have the same diagonal, this maximum improvement in accuracy
due to collaboration is the same for both nodes A and B. If the diagonals are not equal,
KLD(fXCOL||fXSTD) reflects only the maximum improvement in accuracy if the estimator
used is a robust estimator (like the MLE); it is no longer symmetric like the mutual infor-
mation. This result is significant because it indicates that if we use a very good estimator
(like the MLE), we can assess the maximum improvement in accuracy due to collabora-
tion from the pdfs of fXCOL(x) and fXSTD(x). The inconvenience of this metric is that
it requires prior knowledge of fXCOL(x), hence it is not observable prior to collaboration
and is not a valid metric to assess ahead of time whether one should collaborate or not.
However, in practical systems, after collaboration, it is a valid metric to assess whether the
estimator used maximized the potential of collaborative positioning, if we expect collabo-
rative positioning to be more accurate than standalone positioning. The closer ∆KLD is
from KLD(fXCOL||fXSTD), the more we can be assured that the collaborative estimator has
reached the maximum potential it can achieve due to collaboration.

5.1.2 Summary

To summarize, when we use collaborative estimation, we acquire more information about
the parameters we need to estimate. This acquisition of more information reduces the uncer-
tainty of collaborative estimation. The reduction in uncertainty generated by collaboration
is also called information gain. This reduction in uncertainty is the reason why the collab-
orative CRB is less than the standalone CRB. Under certain conditions (described earlier),
this information gain is also called mutual information.

Intuitively, it is expected that for unbiased, efficient estimators with Gaussian distributions
of position estimates, the maximum improvement in accuracy would be a function of the dif-
ference of the inverse FIMs. This intuitive result is confirmed through KLD(fXCOL||fXSTD)
because it represents the difference of logDet between the standalone and covariance matrices.
Therefore, if a very good estimator is used (one that is efficient or better),KLD(fXCOL||fXSTD)
is a good indicator of the maximum improvement in accuracy due to collaboration, provided
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the collaborative estimator is more accurate than the standalone estimator. KLD(fXCOL||fXSTD)
is more useful than a difference of logDet of covariance matrices because: 1) it is not limited
to Gaussian distributions, thus it provides more useful information than a difference of co-
variance matrices, and 2) it incorporates the difference in estimator biases in its assessment
of the maximum improvement in accuracy due to collaboration.

For Gaussian distributions, by being a function of covariance matrices for unbiased estima-
tors, KLD(fXCOL||fXSTD) is mainly based on the geometry of the nodes with respect to
(w.r.t) their anchors. This means that the maximum improvement that can be achieved due
to collaboration is mainly dependent on the geometric configuration of each node w.r.t its
anchors.

AlthoughKLD(fXCOL||fXSTD) can be used to assess the maximum improvement in accuracy
due to collaboration if the collaborative estimator is more accurate than the standalone
estimator, it relies on prior knowledge of fXCOL(x). As a result, it is not observable prior to
collaboration and is not a valid metric to assess ahead of time whether one should collaborate
or not. In the next sections, we derive an upper bound to KLD(fXCOL||fXSTD). This upper
bound is based on observables. Hence, its major advantage is that it can be used to assess
the best improvement in accuracy due to collaboration prior to collaborating.

5.2 Evaluating the observable reduction in uncertainty

due to collaboration

The logDet difference between the inverse FIMs from the standalone and collaborative sets of
range measurements yields the reduction in localization uncertainty due to collaboration for
unbiased efficient estimators with Gaussian-distributed position estimates. The reduction of
the standalone CRB (CRBSTD) to the collaborative CRB (CRBCOL) is a corollary of this
reduction in localization uncertainty if both standalone and collaborative estimators are effi-
cient. In section 4.4, we established that the difference CRBSTD−CRBCOL bounds the loss
in accuracy due to collaboration. The larger this difference, the smaller the loss in accuracy
due to collaboration and the more collaboration improves in accuracy. Hence, the difference
CRBSTD − CRBCOL is important in assessing the potential impact that collaboration has
on the standalone accuracy. However, this difference requires prior knowledge of the true
position. Hence it is not observable and cannot help in telling ahead of time whether it is
worth collaborating or not.

In this section, coming from an information theoretical perspective, we introduce a simpler
approach to estimate another form of reduction in uncertainty due to collaboration: the re-
duction in uncertainty from the set of observed range measurements. This approach is more
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suitable for practical systems because it is based on observable range measurements used to
estimate the locations of nodes A and B, and can be computed prior to collaborating. We
show that this reduction in range uncertainty is an upper bound to KLD(fXCOL||fXSTD)
which tends to represent the maximum improvement in accuracy due to collaboration if the
collaborative estimator is more accurate than the standalone estimator.

In our framework defined in Appendix 2.A, we defined the pdf of range measurements used
to locate xA and xB in the standalone format as:

fRSTD(r|xA,xB) =
3
∏

i=1

fRAi(rAi|xA)
3
∏

j=1

fRBj(rBj|xB) (5.10)

where rAi is the set of observed range measurements between node A’s position vector xA

and its ith anchor xAi, and rBj is the set of observed range measurements between node B’s
position vector xB and its jth anchor xBj. fRAi(rAi|xA) and fRBj(rBj|xB) represent the pdfs
for the sets of observed range measurements between node A and its anchors, and node B
and its anchors, respectively.

The pdf of range measurements used to locate xA and xB in a collaborative framework is:

fRCOL(r|xA,xB) = fRAB(rAB|xA,xB)
3
∏

i=1

fRAi(rAi|xA)
3
∏

j=1

fRBj(rBj|xB) (5.11)

It can be noted that fRSTD(r|xA,xB) is the product of marginal pdfs between pdfs of ob-
served range measurements for nodes A and B. fRCOL(r|xA,xB) is the joint pdf of observed
range measurements for nodes A and B. Therefore, the KLD between fRCOL(r|xA,xB) and
fRSTD(r|xA,xB) is by definition a mutual information.

The mutual information between the sets of observed range measurements is therefore:

KLD(fRCOL||fRSTD) =
∫

fRAB(rAB|xA,xB) log fRAB(rAB|xA,xB)drAB

= −H(fRAB(rAB|xA,xB))
(5.12)

It is worth pointing that this reduction in uncertainty,
∑

fRAB(rAB|xA,xB) log fRAB(rAB|xA,xB), is a negative value when plotted originally, be-
cause log fRAB(rAB|xA,xB) is negative as fRAB(rAB|xA,xB) is a pdf (with values less than
one). The absolute value of the inverse of this negative metric is what actually represents the
information gain. By dropping the negative sign of

∑

fRAB(rAB|xA,xB) log fRAB(rAB|xA,xB),
and by generating an inverse-proportional relationship, we get a larger positive information
gain when the SNR is high and a small information gain when the SNR on the collabora-
tive link is low. Intuitively, this adaptation of the information gain makes sense because
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it indicates that when the collaborative link is corrupted by a noise of small variance, we
acquire more information from collaboration. Hence, this is how we approach describing
the observable information gain in our context of position estimation. This approach is fur-
ther justified and elaborated by Lindley [95] in his adaptation of Shannon’s communication
theory to statistical theory. He explains: ’The reason for this is as follows: the maximum
information, in a statistician’s sense, will be obtained when the probability distribution is
concentrated on a single value of θ, and the information will be reduced as the distribution
of θ ’spreads’; this is exactly the reverse of the situation faced by a communications engineer,
where the concentration on a single value would allow no choice in his messages. The two
scales are therefore reversed.’ [95]

Therefore, the reduction in range uncertainty due to collaboration is shown below.
It is inversely proportional to the uncertainty of the pdf of the collaborative link’s range
measurements.

Information Gain = |
∑

fRAB(rAB|xA,xB) log fRAB(rAB|xA,xB)|
= |H(fRAB(rAB|xA,xB))|−1

(5.13)

The information gain provided in equation (5.13) is based on observable range measurements
rather than a distribution of position estimates. It is the same for both nodes A and B be-
cause it is a mutual information. We showed in the previous section that the reduction in
localization uncertainty (the LogDet difference), which indicates the maximum increase in
∆KLD when collaboration is more accurate, is based on prior knowledge of the distribu-
tions of position estimates. Thus, a question arises: ’How does the information gain (from
observed range measurements) relate to the reduction in localization uncertainty from the
distribution of position estimates?’ From the data processing inequality, we expect the mu-
tual information from equation (5.13) to be an upper bound to the information gain from
the distribution of position estimates on average. Hence, the following inequality holds if
collaborative positioning is more accurate than standalone:

KLD(fXCOL||fXSTD) ≤ |H(fRAB(rAB|xA,xB))|−1 (5.14)

where KLD(fXCOL||fXSTD) relies heavily on the geometry of the nodes w.r.t their anchors
and requires prior knowledge of the distributions of both standalone and collaborative esti-
mators. |H(fRAB(rAB|xA,xB))|−1 relies heavily on the noise on the collaborative link and
only requires prior knowledge of the distribution of range measurements on the collaborative
link.

5.3 Reconciling inaccuracy and uncertainty analyses

How do uncertainty and inaccuracy affect the improvement in accuracy due to collaboration?
In this section, we reconcile both theoretical uncertainty and inaccuracy analyses. We simu-
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late the theoretical inequalities derived so far using the MLE estimator which is non-linear,
but is the recommended estimator in collaborative position estimation problems.

5.3.1 Summary of Inequalities in Collaborative Positioning

Recall that fXCOL(x) and fXSTD(x) represent the pdfs of position estimates for both col-
laborative and standalone estimators, respectively. fXref (x) represents the pdf of estimates
from the most accurate position estimator.
Combining the lower bound from Section 4.6 equation (4.55) and the upper bound from
equation (5.14) above, KLD(fXCOL||fXSTD) is bounded as follows:

1

2
(µCOL − µSTD)

TΣ−1
STD(µCOL − µSTD) ≤ KLD(fXCOL||fXSTD) ≤ |H(fAB(rAB|xA,xB))|−1

(5.15)

From the inaccuracy analysis in Chapter 4, we showed that if fXref (x) = fXCOL(x), the best
performance of the collaborative position estimator occurs when
∆KLD = KLD(fXCOL||fXSTD). Hence, a ∆KLD value very close to KLD(fXCOL||fXSTD)
shows that the collaborative estimator has reached its best performance. To put it simply,
if a good estimator (like the MLE) is used, and collaborative positioning tends to be more
accurate than standalone, then, we expect that on average:

∆KLD ≤ KLD(fXCOL||fXSTD) (5.16)

We validate this through our simulation results.

As a result:
∆KLD ≤ KLD(fXCOL||fXSTD) ≤ |H(fAB(rAB|xA,xB))|−1 (5.17)

Where KLD(fXCOL||fXSTD) is a tight bound on average, and only applies when collab-
orative positioning is more accurate than standalone. KLD(fXCOL||fXSTD) can only be
observed post-collaboration, while |H(fAB(rAB|xA,xB))|−1 is an observable upper bound on
average, that we expect to be looser than KLD(fXCOL||fXSTD). The simulation results val-
idate these expectations. The bounds derived are probabilistic upper bounds that hold on
average. This implies that for a single individual test case, we may not be able to observe
this inequality. However, these inequalities hold over an average of different tests.

A practical bound to take away from these theoretical analyses is:

∆KLD ≤ |H(fAB(rAB|xA,xB))|−1 (5.18)

This bound indicates that when a good estimator (like the MLE) is used, then, we expect the
improvement in accuracy due to collaboration to be less than the information gain acquired
from the set of range measurements on the collaborative link.
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5.3.2 Simulation results and discussion

We test the bounds from the previous section using the simulation conditions described in
Section 4.3.2. In a 300 m-by-300 m Matlab simulation environment described on Fig. 5.1,
the SNR on all standalone and collaborative links is fixed at 20 dB. A 20 dB SNR is a
fairly realistic assumption; it indicates that the standard deviation for the noise on a set of
range measurements is a tenth of the true distance. We use the Newton-Raphson MLE to
estimate positions for nodes A and B and assume LOS on all range measurements. We vary
the value of angle θAB, the angle between nodes A and B, from 0 to 2π in 21 intervals, by
fixing node A and varying the location of node B in a circle of fixed radius of 40 meters.
We repeat the same experiment at 100 different locations for point A by maintaining good
geometric configuration and the radius between A and B fixed. At each fixed position for
node A and node B, we generate 1000 position estimates and compute the following metrics:
∆KLD, KLD(fXCOL||fXSTD) that we name ’UpperBound’, and |H(fAB(rAB|xA,xB))|−1

that we name ’InfoGain’ in Fig.5.2-Fig.5.6. We average the values of these metrics over the
100 different test cases. The goal of these simulations is to validate the bounds derived in
equation (5.17).

Our simulation results validate our theoretical results on average (by averaging the results
from 100 simulation testcases) as shown in Fig.5.2, Fig.5.3 and Fig.5.5. Therefore, although
the theoretical results derived were obtained based on unbiased, efficient estimators with
Gaussian distributions, we note that on average these bounds hold when using the non-
linear MLE estimator in LOS conditions as shown in the simulation results included.

Fig.5.2, Fig.5.3 and Fig.5.5 display the average of ∆KLD, KLD(fXCOL||fXSTD) and the
information gain |H(fAB(rAB|xA,xB))|−1 over 100 test cases. These values were computed
for just the scalar x and y coordinates of nodes A (Fig.5.2) and B (Fig.5.3), and also for
the combined coordinates of both nodes (Fig.5.5). The plots confirm that the bounds from
equation (5.17) hold on average.

Fig.5.4 and Fig.5.6 show the percentage of timesKLD(fXCOL||fXSTD) and |H(fAB(r|xA,xB))|−1

are upper bounds to ∆KLD for 100 individual cases. These plots reflect that for individual
test cases, the bounds do not always hold. However, on average, they do.

As discussed earlier, the fact that ∆KLD is very close toKLD(fXCOL||fXSTD) indicates that
the MLE estimator tends to maximize the attainable gain due to collaboration. The simula-
tion plots confirm the results from the literature that the MLE is the recommended estimator
for collaborative positioning. Fig.5.2-Fig.5.3 show that ∆KLD attainsKLD(fXCOL||fXSTD)
on average. As such, when collaborative positioning is more accurate than standalone po-
sitioning, and the MLE is used, collaboration tends to provide on average the maximum
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Figure 5.1: Simulation setup to validate the performance of the bounds relating ∆KLD,
KLD(fXCOL||fXSTD) and |H(fAB(rAB|xA,xB))|−1. Node B rotates around node A in a
circle such that angle θAB varies in different geometric configurations with respect to all
anchors. 100 testcases are considered. For each test case, node B rotates around node A in
21 intervals of angles ranging from 0 to 2π, at a radius of 40 meters. At each fixed position
of nodes A and B, 1000 position estimates for both nodes are generated in both standalone
and collaborative frameworks.
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improvement in accuracy for x and y coordinates in LOS conditions.

Subplots (a) and (b) in Fig.5.2-Fig.5.3 and Fig.5.5 also confirm that on average, as mentioned
in the inaccuracy analysis, when two nodes share a coordinate, the lack of geometric diver-
sity yields extrema in ∆KLD. We also observed from the simulation results that changes
in accuracy for node A’s x and y coordinates are opposite. The same occurs for node B’s x
and y coordinates. These results confirm our variational analysis results from Chapter 4.

It is also worth noting that the scalar bounds (Fig.5.2(b)-Fig.5.3(b)) perform better than
the multivariate bounds (Fig.5.6); that is, the scalar bounds have a higher accuracy than the
multivariate bounds. This difference in performance between scalar and multivariate KLD-
based metrics has been noticed in the literature and addressed in Chapter 2 in particular for
the case of mutual information where its scalar form tends to be more intuitive to interpret
than its multivariate form.

The bound labelled in all plots as InfoGain is as expected a looser upper bound to ∆KLD.
In practical systems however, it is observable. Therefore, it is a valid criteria to assess the
maximum improvement in accuracy due to collaboration, prior to collaborating. In the
next chapter, we use it as a criteria to tell ahead-of-time whether collaboration will be ben-
eficial in terms of accuracy or not.
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Figure 5.2: Upper bounds to ∆KLD for node B’s x and y coordinates. These results
show node B’s x (a) and y (b) coordinates derived using the MLE in LOS conditions
based on Fig. 5.1 setup. The metrics shown are averaged over 100 test cases. This
figure describes how the following inequality holds: ∆KLD ≤ KLD(fXCOL||fXSTD) ≤
|H(fRAB(rAB|xA,xB))|−1. ∆KLD is the change in accuracy due to collaboration.
InfoGain = |H(fRAB(rAB|xA,xB))|−1 is the observable reduction in range uncertainty
from the set of observed range measurements. It is a looser bound than UpperBound =
KLD(fXCOL||fXSTD) which represents the best improvement in position accuracy if the
collaborative estimator is more accurate than the standalone estimator.
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Figure 5.3: Upper bounds to ∆KLD for node A’s x and y coordinates. These results
show node A’s x (a) and y (b) coordinates derived using the MLE in LOS conditions
based on Fig. 5.1 setup. The metrics shown are averaged over 100 test cases. This
figure describes how the following inequality holds: ∆KLD ≤ KLD(fXCOL||fXSTD) ≤
|H(fRAB(rAB|xA,xB))|−1. ∆KLD is the change in accuracy due to collaboration.
InfoGain = |H(fRAB(rAB|xA,xB))|−1 is the observable reduction in range uncertainty
from the set of observed range measurements. It is a looser bound than UpperBound =
KLD(fXCOL||fXSTD) which represents the best improvement in position accuracy if the
collaborative estimator is more accurate than the standalone estimator.
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(b) Node A & B: y-coordinates - Accuracy of Upper Bounds

Figure 5.4: Accuracy of Upper Bounds to ∆KLD for nodes A and B, x-y coordinates.
These plots describe the percentage of times the proposed upper bounds are accurate for
100 test cases. Results are based on position estimates for node A’s x and y coordi-
nates using the MLE in LOS range conditions based on Fig. 5.1 setup. InfoGain =
|H(fRAB(rAB|xA,xB))|−1 is the observable reduction in range uncertainty from the set of
observed range measurements. UpperBound represents KLD(fXCOL||fXSTD). These plots
confirm that the bounds defined Fig.5.2 and Fig.5.3 are valid on average or better.
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Figure 5.5: Upper Bounds to ∆KLD for nodes A and B - multivariate case. In this figure we
use the MLE in LOS conditions (based on Fig. 5.1 setup). The metrics shown are averaged
over 100 test cases. This figure describes how the following inequality holds: ∆KLD ≤
KLD(fXCOL||fXSTD) ≤ |H(fRAB(rAB|xA,xB))|−1. The fact that ∆KLD tends towards
KLD(fXCOL||fXSTD) indicates that on average, the estimator used maximizes the potential
that collaborative positioning can provide.
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Figure 5.6: Accuracy of Upper Bounds to ∆KLD for nodes A and B - multivariate case. In
this figure we use the MLE in LOS range conditions (based on Fig. 5.1 setup). The metrics
shown are averaged over 100 test cases for the 2-dimensional position estimates for both
nodes A and B. This plot indicates that the 2-dimensional metrics do not perform as well as
the x-coordinates and y-coordinates metrics derived in Fig. 5.2 and Fig. 5.3

5.4 Conclusion

In this chapter, we explained why the collaborative Cramer-Rao Bound (CRB) is less than
the standalone CRB. When we estimate collaboratively, we acquire new information. As a
result, the information gain from collaboration yields a reduction in localization uncertainty
that we derived for the case of unbiased efficient estimators with Gaussian distributions. The
fact that localization uncertainty reduces with collaboration explains why the collaborative
CRB is smaller than the standalone CRB. For unbiased efficient estimators with Gaussian
distributions, the reduction in localization uncertainty is strictly equal to the positive differ-
ence of LogDets of inverse FIMs.

From our theoretical framework, we derived bounds for the reduction in localization un-
certainty due to collaboration. We reconciled the uncertainty and inaccuracy results by
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deriving inequalities between ∆KLD (which represents the improvement in accuracy) and
uncertainty bounds.

By simulating these theoretical inequalities using the Maximum Likelihood estimator, we
were able to generalize our theoretical results. Via simulations, we showed that the infor-
mation gain acquired by the addition of the collaborative link is an acceptable probabilistic
upper bound to ∆KLD for the MLE in LOS range conditions. As such, it is a valid criteria
to assess ahead of time whether it is worth collaborating to improve accuracy. We address
the use of this criteria in the next chapter and validate it in both LOS and NLOS conditions,
and in both good and poor geometric configurations.



Appendix

5.A Entropy for multivariate Gaussian Distributions

In this appendix, we derive the entropy or uncertainty of a multivariate Gaussian distribu-
tion. We consider that the log function has base e: log = loge (i.e: the natural log).

The pdf fX(x) of an n-dimensional Gaussian distribution of mean vector µ and covariance
matrix Σ is defined as:

fX(x) =
1

√

(2π)n det (Σ)
exp

(

−1

2
(x− µ)TΣ−1(x− µ)

)

(5.19)

We prove that the entropy or uncertainty for fX(x) is:

H(fX) =
1

2
log ((2πe)n det (Σ))

(5.20)

It is worth noting that entropy does not depend on the bias of the distribution.

Proof :

H(fX) = −
∫

fX(x) log (fX(x))dx

= −EfX [log (fX(x))]

= EfX

[

1

2
log ((2π)n det (Σ)) +

(

1

2
(x− µ)TΣ−1(x− µ)

)]

=
1

2
log ((2π)n det (Σ)) +

1

2
EfX

[(

(x− µ)TΣ−1(x− µ)
)]

=
1

2
log ((2π)n det (Σ) + n)

=
1

2
log ((2πe)n det (Σ))

(5.21)
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5.B Reduction in localization uncertainty due to col-

laboration

In this appendix, we derive the reduction in localization uncertainty due to collaboration.
Our goal is to show that the acquisition of new information through collaboration reduces
uncertainty and is the main reason why the CRB reduces with collaboration. We also show
that under certain conditions, the reduction in localization uncertainty reduces by the same
amount for each of the collaborating nodes.

5.B.1 Proof: Collaboration reduces the CRB

Let fXCOL(x) represent the multivariate Gaussian distribution of position estimates from
the collaborative estimator. Let fXSTD(x) be the multivariate Gaussian pdf of position es-
timates from the standalone estimator. We assume that the covariance matrices of both
standalone and collaborative estimators are equal to the inverse of their respective Fisher
Information Matrices. That is, we assume ΣSTD = FIM−1

STD and ΣCOL = FIM−1
COL.

From (Appendix 5.A), the entropy H(fXSTD) of fXSTD(x) is:

H(fXSTD) =
1

2
log ((2πe)n det (ΣSTD)) (5.22)

Where log = loge (i.e: the natural log function)

The entropy H(fXCOL) of fXCOL(x) is:

H(fXCOL) =
1

2
log ((2πe)n det (ΣCOL)) (5.23)

Hence, the change in entropy due to collaboration is:

H(fXSTD)−H(fXCOL) = log detΣSTD − log detΣCOL

= log
detΣSTD

detΣCOL

(5.24)

Recall from Appendix 2.A equation 2.68 that:

Σ−1
COL = Σ−1

STD +R (5.25)
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Therefore, the change in entropy due to collaboration is:

H(fXSTD)−H(fXCOL) = log
detΣ−1

COL

detΣ−1
STD

= log
det (Σ−1

STD +R)

detΣ−1
STD

(5.26)

where matrix R = bb
T

σ2
AB

, with σ2
AB being the variance of the set of observed range measure-

ments on the collaborative link, and vector b is such that:

b = [cos (θAB), sin (θAB),− cos (θAB),− sin (θAB)]
T (5.27)

where θAB is the angle between nodes A and B. Hence,

H(fXSTD)−H(fXCOL) = log
det (Σ−1

STD +R)

detΣ−1
STD

= log
det (Σ−1

STD + σ−2
ABbb

T )

detΣ−1
STD

(5.28)

It can be proven that:

det (Σ−1
STD + σ−2

ABbb
T ) = (1 + σ−2

ABb
TΣSTDb) det (Σ

−1
STD) (5.29)

So,

H(fXSTD)−H(fXCOL) = log
(1 + σ−2

ABb
TΣSTDb) det (Σ

−1
STD)

detΣ−1
STD

= log (1 + σ−2
ABb

TΣSTDb)

(5.30)

By definition, an n-by-n matrix M is positive semi-definite if and only if for all real
n-dimensional vector p, the following equation holds:

pTMp ≥ 0 (5.31)

Since the condition ’if and only if’ holds in both directions, we can conclude that because
matrix ΣSTD is a covariance matrix, it is positive semi-definite. Hence, for any real vector
b, the following occurs:

bTΣSTDb ≥ 0 (5.32)

Hence, σ−2
ABb

TΣSTDb ≥ 0 which infers that the argument of the log function in
[log (1 + σ−2

ABb
TΣSTDb)] is greater than unity. As a result, the change in entropy is positive.

H(fXSTD)−H(fXCOL) = log (1 + σ−2
ABb

TΣSTDb)

≥ 0
(5.33)
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We note that vector b represents the rank-1 update to matrix GSTD as discussed in Ap-
pendix 4.E. Hence, b reflects the acquisition of new information. From the equation above,
this new information acquired through collaboration reduces the localization uncertainty of
the standalone estimator by an amount equal to: log (1 + σ−2

ABb
TΣSTDb).

Furthermore, in Appendix 4.E, we derived a closed-form expression relating the collaborative
covariance to the standalone covariance matrix.

ΣCOL = (Σ−1
STD +R)−1

= ΣSTD − r

σ2
AB

(ΣSTDbb
TΣSTD)

(5.34)

with scalar r positive and equal to:

r =
1

1 + σ−2
ABb

TΣSTDb
(5.35)

Taking the trace of both sides of equation (5.34), we get:

Tr(ΣCOL) = Tr(ΣSTD)− Tr(
r

σ2
AB

(ΣSTDbb
TΣSTD)) (5.36)

If ΣCOL = FIM−1
COL, and ΣSTD = FIM−1

STD, then their traces yield the collaborative and
standalone Cramer-Rao Bounds, respectively. As a result, the reduction in CRBs due to the
acquisition of the collaborative link yields:

Tr(ΣSTDCRB)− Tr(ΣCOLCRB) = Tr(
r

σ2
AB

(ΣSTDbb
TΣSTD)) (5.37)

which is a quadratic form that is always positive. Therefore, the acquisition of new infor-
mation through collaboration yields a reduction in localization uncertainty. The reduction
in CRBs due to collaboration is a corollary of this result.

5.B.2 Uncertainty reduction by same amount under certain con-
ditions

In the previous section, we showed that for Gaussian distributions of position estimates, the
LogDet Ratio reflects the reduction in localization uncertainty due to collaboration. For un-
biased efficient estimators, this reduction in uncertainty is also the maximum improvement
in accuracy due to collaboration.
In this appendix, we compute the LogDet Ratio of covariance matrices ΣSTD and ΣCOL

assuming that the covariance matrices have the same diagonal. This result is significant
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because it implies that when collaborating, the potential to improve position accuracy in-
creases by the same amount for the collaborating nodes if the standalone and collaborative
covariance matrices have the same diagonal.

Let us consider that the standalone and collaborative position estimators have covariance
matrices defined as shown below. We assume that their diagonals are equal.

ΣSTD =

[

ΣA 0
0 ΣB

]

(5.38)

ΣCOL =

[

ΣA ΣAB

ΣT
AB ΣB

]

(5.39)

Using block matrices, and Schur complements, the determinant for the standalone covariance
matrix is:

detΣSTD = det (ΣA) det (ΣB) (5.40)

The determinant for the collaborative covariance matrix is:

detΣCOL = det (ΣA) det
(

ΣB −ΣT
ABΣ

−1
A ΣAB

)

(5.41)

where
(

ΣB −ΣT
ABΣ

−1
A ΣAB

)

is the Schur complement of ΣA. By definition, since ΣCOL is a
covariance matrix, the Schur complement is also equal to the conditional covariance, which
means:

ΣB|A =
(

ΣB −ΣT
ABΣ

−1
A ΣAB

)

(5.42)

Similarly, the determinant for the collaborative covariance matrix is also equal to:

detΣCOL = det (ΣB) det
(

ΣA −ΣABΣ
−1
B ΣT

AB

)

(5.43)

where
(

ΣA −ΣABΣ
−1
B ΣT

AB

)

is the Schur complement of ΣB. By definition, since ΣCOL is a
covariance matrix, the Schur complement is also equal to the conditional covariance, which
means:

ΣA|B =
(

ΣA −ΣABΣ
−1
B ΣT

AB

)

(5.44)

A sanity check on the condition that A and B estimations are independent, would make the
previous equation yield: ΣB|A = ΣB (and ΣA|B = ΣA) because ΣAB is zero in standalone
positioning.

Hence, the difference of log determinants yields the same reduction in uncertainty for nodes
A and B:

log
det(ΣSTD)

det(ΣCOL)
= log

det(ΣA) det(ΣB)

det(ΣA) det(ΣB|A)

= log
det(ΣB)

det(ΣB|A)
= log

det(ΣA)

det(ΣA|B)

(5.45)
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As a covariance matrix, det(ΣCOL) is positive semidefinite. Given that ΣA is also a covari-
ance matrix, it is positive semidefinite. Hence, its Schur complement ΣB|A is also positive
semidefinite, and the following inequalities occurs, from equation (5.44):

det (ΣB|A) ≤ det (ΣB) (5.46)

det (ΣA|B) ≤ det (ΣA) (5.47)

Consequently, the ratio of determinants is always greater than or equal to unity. So:

log
det(ΣSTD)

det(ΣCOL)
≥ 0 (5.48)

Most importantly, the logDet difference, which represents the reduction in uncertainty due
to collaboration is the same for node A and B.

log
det(ΣSTD)

det(ΣCOL)
= log

det(ΣB)

det(ΣB|A)

= log
det(ΣA)

det(ΣA|B)

(5.49)



Chapter 6

Criteria to recommend collaboration
on-the-fly

Having identified theoretically factors that affect the accuracy of collaborative positioning,
can we tell ahead of time whether collaboration will improve accuracy or not? This is the
main research problem addressed in this chapter.

We address the following topic: ’How can we assess on-the-fly, that is, without prior knowl-
edge of the true position, and without estimating collaboratively, whether collaborating will
be beneficial in terms of accuracy?’ From the results of the previous chapters: a) geometry
and b) the quality of the collaborative link affect the accuracy of collaborative positioning.
We use these two factors to identify criteria that can help assess whether it is worth collab-
orating or not on-the-fly.

To summarize the results discussed in this chapter, we derive criteria to tell ahead of time
when to collaborate for improved accuracy. The criteria selected are based on the uncertainty
of the collaborative link and on the generalized geometric dilution of precision (GGDOP).
They are tested for both good and poor geometric configurations in both LOS and NLOS
conditions.

6.1 Criteria Definitions

Two major factors affect the accuracy of collaborative positioning: the geometric configura-
tion of the nodes with respect to (w.r.t) their anchors, and the quality of the collaborative
link.

129
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6.1.1 Geometric Criterion

In regard to geometry, we consider the Generalized GDOP (GGDOP) defined below ( [99],
[16], [76]). It was selected because it partially dissociates the impact of range variances
and geometry on the localization error as elaborated by Buehrer et al [15]. In addition, we
showed in Chapter 4 that GGDOP affects the sign of ∆KLD. Given m range measurements
obtained from m nodes of known location, the angle αAi between points A and the ith node:

αi = tan−1 (yi − yA)

(xi − xA)
(6.1)

αi can be obtained in systems with angle-of-arrival information available, or by using an
initial estimate for A. Thus, the standalone GGDOP for point A is defined as [99]:

GGDOPASTD =







∑m
i=1

∑m
(j=1,j≥i)

sin2 (αAi−αAj)

σ2
i
σ2
j

(
∑m

i=1 1/σ
2
i )

2







−1

(6.2)

GGDOP is referred to as generalized because it includes the standard GDOP when the range
variances are equal [99]. It follows from this definition that if nodes A and B collaborate,
the collaborative GGDOP for node A is defined as GGDOPACOL such that:

GGDOP−1
ACOL =

Ω
(

1
σ2
AB

+
∑w

j=1
1

σ2
AAj

)2 (6.3)

where w is the number of anchors of known location used to locate node A. In our defined
system, w = 3.

Ω =
sin2(θAA1 − θAA2)

σ2
AA1

σ2
AA2

+
sin2(θAA1 − θAA3)

σ2
AA1

σ2
AA3

+
sin2(θAA2 − θAA3)

σ2
AA2

σ2
AA3

+
sin2(θAA1 − θAB)

σ2
AA1

σ2
AB

+
sin2(θAA2 − θAB)

σ2
AA2

σ2
AB

+
sin2(θAA3 − θAB)

σ2
AA3

σ2
AB

(6.4)

The on-the-fly criterion derived to account for geometry is as follows: if the standalone
GGDOP is greater than the collaborative GGDOP, collaborate. Obviously, this criteria can
only be used if angle-of-arrival information is available, or if an initial estimate for A and
B are available. A valid initial estimate can be the standalone estimate for A and B. If a
non-linear estimator is used, the initial guess of the non-linear estimator for A and B is also
a valid candidate to provide an estimate of αi as discussed in [93].

[

GGDOPCRITA : GGDOPSTDA ≥ GGDOPCOLA Collaborate for A
GGDOPCRITB : GGDOPSTDB ≥ GGDOPCOLB Collaborate for B

]

(6.5)
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6.1.2 Uncertainty Criterion

In regard to the quality of the collaborative link, there are two reasons why we consider the
magnitude of the information gain (reduction in range uncertainty) as a valid component
that can tell ahead of time whether collaboration will improve accuracy: 1) it is based on
observables, and 2) most importantly, the information gain is a function of σAB (for Gaussian
distributions), which affects the accuracy of the collaborative estimation, as shown in our
variational analysis in Chapter 4. Furthermore, by being a measure of uncertainty rather
than just a variance, the information gain will be more reliable than the variance when the
set of range measurements on the collaborative link has a non-Gaussian distribution.
Recall from Chapter 5 equation (5.13) that the information gain from the acquisition of
the collaborative link is a function of the uncertainty H(fRAB(rAB|xA,xB)) of the range
measurements on the collaborative link. This information gain was defined as:

Information Gain = |
∑

fRAB(rAB|xA,xB) log fRAB(rAB|xA,xB)|
= |H(fRAB(rAB|xA,xB))|−1

(6.6)

We established in equation (5.18) that this information gain is an upper bound to the maxi-
mum improvement in position accuracy due to collaborative positioning, if the collaborative
positioning estimator reaches its optimal performance. Hence, a ’large information gain’ indi-
cates that collaborative positioning has the potential to be more accurate than standalone, if
a very good estimator is used. However, just assessing the magnitude of the information gain
does not easily provide a way to quantify the qualitative term: ’large information gain’. To
assess whether the information gain from collaboration is large enough, we propose a compar-
ative approach. We compare the uncertainty on the collaborative link H(fRAB(rAB|xA,xB))
to the uncertainty of the set of standalone observed range measurements. Since we proved
that a small H(fRAB(rAB|xA,xB)) yields a large information gain, the comparative approach
should target minimizing H(fRAB(rAB|xA,xB)). We thus propose the following criteria for
on-the-fly assessment of whether it is worth collaborating or not for improved accuracy.

In the criteria defined below, H(fRAB(rAB|xA,xB)) = HRAB, and the different uncertainties
of range measurements from the standalone links are represented as follows: HRAi is the
uncertainty of the set of observed range measurements between node A and its ith anchor;
HRBj is the uncertainty of the set of observed range measurements between node B and its
jth anchor. In the criteria represented below, we assume that each node has three anchors
in the standalone configuration.

Mean Uncertainty Criteria

We introduce the following criterion (Mean Uncertainty Criterion, or MEANUC): If the un-
certainty of the collaborative link is smaller than the average uncertainty from the standalone
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range measurements, collaborate.






MEANUCA : mean [HRA1, HRA2, HRA2] ≥ HRAB Collaborate for A
MEANUCB : mean[HRB1, HRB2, HRB3] ≥ HRAB Collaborate for B
MEANUCAll : mean[HRA1, HRA2, HRA3, HRB1, HRB2, HRB3] ≥ HRAB Coll. for A and B







(6.7)

Max Uncertainty Criteria

Another criterion is to compare the uncertainty of the collaborative link to the maximum
uncertainty on all standalone links. If the uncertainty on the collaborative link is smaller
than the maximum uncertainty available in the set of standalone range measurements, then
collaborate:






MAXUCA : max[HRA1, HRA2, HRA3] ≥ HRAB Collaborate for A
MAXUCB : max[HRB1, HRB2, HRB3] ≥ HRAB Collaborate for B
MAXUCAll : max[HRA1, HRA2, HRA3, HRB1, HRB2, HRB3] ≥ HRAB Coll. for A and B







(6.8)
It is worth noting that the derivation of these criteria does not account for the estimator used,
which also contributes to the accuracy of collaborative estimation. In the simulation section,
we test the proposed criteria with the recommended estimator for collaborative positioning:
the Maximum Likelihood Estimator (MLE), as indicated by [78].

6.2 Simulation Results

6.2.1 Simulation environment

We consider a 2-D synchronized Time of Arrival (TOA) system in a 300mx300m Matlab
simulation environment. We test the criteria presented in the previous sections in two con-
figurations that represent a best case scenario and a worst case scenario. The best case
scenario includes LOS range conditions on both standalone and collaborative links and a
good geometric configuration between the nodes w.r.t their anchors. It is shown on Fig.
6.1(a). The worst case scenario includes NLOS range conditions on both standalone and
collaborative links with poor geometric configuration for node A. It is shown on Fig. 6.1(b).
In NLOS range conditions, an exponentially-distributed NLOS bias of mean 25 meters is
added to both standalone and collaborative range measurements. The use of the exponen-
tial distribution to represent NLOS errors was selected because this distribution is commonly
used to describe NLOS errors in the literature.

The SNRs on all standalone links are fixed to 20 dB. The SNR on the collaborative link
varies from 10 to 40 dB. For each SNR on the collaborative link, we generate 400 test cases
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by selecting 400 different positions for nodes A and B within the delimiting circles shown on
Fig. 6.1. The delimiting circles were used to maintain the desired geometric configurations.
For each pair of fixed nodes A and B, 1000 position estimates are derived to assess whether
collaborative positioning is more accurate than standalone positioning. Hence, for each SNR
on the collaborative link, 400,000 position estimates are analyzed for each node. We use
the Newton-Raphson Maximum Likelihood estimator (MLE) to estimate positions for both
nodes A and B.

We indicated that the Generalized GDOP requires a true position, or an initial estimate. In
these simulations, the Weighted Linear Least Squares (WLLS) estimator is used to generate
initial estimates for nodes A and B. The initial estimates used to generate GGDOP are the
average of 1000 position estimates from the WLLS estimator in the standalone configuration.
In the good geometric configuration, node A is within the convex hull defined by its anchors.
In the poor geometric configuration, node A is outside the convex hull. Node B is always
within the convex hull defined by its anchors in either configurations. The poor geometric
configuration was selected to analyze a case where one node (i.e: node A) can gain more
from collaboration than node (B) due to its standalone geometric configuration. Fig. 6.1
shows the geometric configuration described above.
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Figure 6.1: Simulation geometric configurations: Overview of test configuration. The circles
centered at A and B are delimiting regions containing 400 different positions of A and B,
respectively, for 400 different simulation cases. A1, A2, A3 are anchors for A. B4, B5,
B6 are anchors for B. (a) Good geometric configuration for A and B with respect to their
sensors. LOS is assumed on all range measurements in this configuration. (b) Poor geometric
configuration for A with respect to its sensors. NLOS is assumed on all range measurements
in this configuration. Exponentially- distributed NLOS errors of mean 25 m are added to all
range measurements for both nodes A and B
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6.2.2 Performance metric of criteria

We assess the performance of the proposed criteria using the accuracy rate of the criteria.
The accuracy rate (labeled ’Accu’ in Fig. 6.2-6.6) determines the number of times a criterion
was accurate, out of the number of times the criterion recommended to collaborate.

Accu =
Number of times a criteria’s recommendation was accurate

Number of recommendations from criteria
(6.9)

In Fig. 6.2-6.6, label ’Accu’ indicates the accuracy rate (as a percentage) of different criteria.
The higher the accuracy rate, the more accurate the criterion is when it recommends to
collaborate.

6.2.3 Performance of geometric criteria

In regard to geometry, we assess the performance of the GGDOP criterion from equation
(6.5) in the next plot. As discussed earlier, to compute GGDOP on-the-fly requires an
initial estimate of each node’s location. We use the Weighted Linear Least Squares estimator
(WLLS) in the standalone configuration to generate initial estimates for each node’s location.
In LOS range conditions, in Fig. 6.2 the geometric criterion accuracy ranges between 90%
and 100% for both nodes; in NLOS range conditions, the criterion ranges from 65% to 90%.
These results indicate that in LOS range conditions, and good geometric configurations,
GGDOP can be considered as a reasonably good metric to identify whether collaborative
positioning will improve accuracy or not. In NLOS range conditions, the GGDOP criterion
may yield unpredictable results.
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Figure 6.2: Performance of GGDOP criteria in two case scenarios: 1) a best case scenario
with LOS range conditions and good geometric conditions per Fig. 6.1(a) and 2) a worst-
case scenario with NLOS range conditions and poor geometric conditions for node A per
Fig. 6.1(b). AccuA and AccuB represent the accuracy of criterion GGDOPCRIT for nodes
A, and B, respectively.
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6.2.4 Performance of uncertainty criteria

In regard to uncertainty, we proposed a set of uncertainty criteria based on a comparison
between the uncertainty of the collaborative link range measurements relative to the un-
certainty of all other range measurements. The plots from Fig. 6.3 and Fig. 6.5 show the
results for the MEAN Uncertainty criteria (MEANUC) in LOS and NLOS range conditions,
respectively. The plots from Fig. 6.4 and Fig. 6.6 show the results for the MAX Uncertainty
(MAXUC) in LOS and NLOS range conditions, respectively. Differences in performance
between the MAX and MEAN criteria are negligible. Hence, either criterion can be used.
In LOS range conditions and good geometric configurations, when the SNR on the collab-
orative link is equal to or greater than the average SNR of all standalone links (20 dB in
this testcase), the uncertainty criteria (both MAX and MEAN) have accuracy rates of at
least 90% up to 100% whenever they recommend to collaborate. In NLOS range conditions,
the accuracy of both uncertainty criteria depends more on the geometry of the nodes with
respect to (w.r.t) their anchors. For node B, which in NLOS range conditions has a good
geometric configuration w.r.t its standalone anchors (per Fig. 6.1(b), the uncertainty criteria
have accuracy rates between 80% and 90%. For node A which has a poor geometric con-
figuration w.r.t its standalone anchor, the uncertainty criteria accuracy rates vary between
60% and 90%. This implies that the uncertainty criterion yields reasonable results even
in NLOS range conditions, if the geometric configuration of the node w.r.t its standalone
anchors is good. It is worth noting that it is very likely that the uncertainty criteria does
not recommend to collaborate often. We expect that the uncertainty criteria will be making
more recommendations at high SNRs, and less recommendations at low SNRs.
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Figure 6.3: Performance of uncertainty criteria in (line-of-sight) LOS range condi-
tions and good geometric configuration per Fig 6.1(a). Performance of MEANUC:
AccuA(MEANUCA) represents the percentage of accuracy of criterion MEANUCA. Simi-
larly, AccuA(MEANUCAll) represents the accuracy rate for the MEANUCAll criterion.
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Figure 6.4: Performance of uncertainty criteria in (line-of-sight) LOS range conditions and
good geometric configuration per Fig 6.1(a). Performance of MAXUC: AccuA(MAXUCA)
represents the percentage of accuracy of criterionMAXUCA. Similarly, AccuA(MAXUCAll)
represents the accuracy rate for the MAXUCAll criterion.
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Figure 6.5: Performance of uncertainty criteria in non-line-of-sight (NLOS) range con-
ditions and poor geometric conditions per Fig 6.1(b). Performance of MEANUC:
AccuA(MEANUCA) represents the percentage of accuracy of criterion MEANUCA. Sim-
ilarly, AccuA(MEANUCAll) represents the accuracy rate for the MEANUCAll criterion.
The discontinuities on the plot at zero-dB (for node B) indicate that both criteria did not
recommend to collaborate at such a low SNR for any of the simulation cases considered.
This means that the uncertainty criteria does not recommend often at low SNRs.
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Figure 6.6: Performance of uncertainty criteria in non-line-of-sight (NLOS) range conditions
and poor geometric conditions per Fig 6.1(b). Performance of MAXUC: AccuA(MAXUCA)
represents the percentage of accuracy of criterionMAXUCA. Similarly, AccuA(MAXUCAll)
represents the accuracy rate for the MAXUCAll criterion.
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6.3 Simulation summary and conclusion

In previous chapters we evaluated theoretically factors that affect the improvement in accu-
racy due to collaboration. In this chapter, we focused on the practical aspect of our work
by introducing criteria that tell ahead of time whether collaboration will improve accuracy.
The two types of criteria are uncertainty-based and geometrically-based.

From the simulation results in this section, both uncertainty and GGDOP criteria are rea-
sonable metrics to tell ahead of time whether to collaborate or not. In LOS range conditions,
when they recommend to collaborate, the two types of criteria are nearly 100 % accurate if
the SNR on the collaborative link is above the average SNR from all standalone links. In
NLOS range conditions, when the SNR on the collaborative link is above the average SNR
from all standalone links, their accuracy is reduced, but still ranging from 60% to nearly
90%. When the geometric configuration of the node to locate w.r.t its standalone anchors is
good, the uncertainty criteria yield an accuracy rate between 80% and 90% in NLOS range
conditions. Furthermore, regardless of NLOS or LOS range conditions, when the geomet-
ric configuration of the nodes w.r.t their anchors is good, the uncertainty criteria yield an
accuracy of at least 80% up to 100%. In LOS range conditions, the accuracy rate of the
uncertainty criteria is at least 90%, and in NLOS range conditions, it is at least 80%. This
implies that the proposed uncertainty criteria are reasonable metrics to consider in both
LOS and NLOS range conditions with good geometric configuration.



Chapter 7

Summary and Conclusions

7.1 Summary

The problem of collaborative positioning is a current challenge that needs more attention in
both academia and industry. The research community still has more ground-breaking funda-
mentals to uncover about this positioning concept. Technical challenges that collaborative
positioning entails include: a) managing the communication layer between collaborating de-
vices, b) identifying how much data to share, and c) identifying whom to collaborate with.
These are very essential questions that need to be answered prior to making this position-
ing application very useful in numerous critical domains pending its deployment (e.g : first
responders tracking and unmanned vehicles collaborative actions). It is therefore a topic
worthy of continued investigation.

The essential philosophical question asked in this research is: ’Is collaborative positioning
always beneficial? If not, can we theoretically analyze when it is or not beneficial?’ One of
the major technical questions that collaborative positioning entails and that we addressed in
this research is ’How can we tell ahead of time whether collaboration will improve accuracy
or not?’ Analyzing these questions via simulations is not adequate and would not yield
conclusions that can be easily adapted to different environments. Hence, in this research,
we considered a theoretical approach to address these questions. Our research motivation
was to provide the theoretical tools to understand how collaborative positioning works; and
from this understanding, assess its performance before and after collaborating. Hence, this
research is an analysis of: 1) why collaborative positioning works, 2) factors that impact its
performance and make it worse than the traditional standalone positioning, and 3) criteria
that can tell ahead of time whether collaboration will improve position accuracy.

The main research challenge consisted of identifying a way to mathematically describe the
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new information acquired through collaboration and assess its impact on standalone accu-
racy. Previous research efforts on this topic have mainly focused on the Cramer-Rao Bound.
We explained in this research that this approach was limited because it only addressed the
uncertainty of collaborative positioning and not its accuracy directly. This is because the
Cramer-Rao Bound is a measure of localization uncertainty and as such only describes the
lack in confidence in the set of position estimates acquired. It does not provide direct in-
formation on the inaccuracy of collaborative positioning, although, if both standalone and
collaborative estimators attain their Cramer-Rao Bounds, the maximum improvement in ac-
curacy can be derived from the reduction in uncertainty due to collaboration. Our research
results distinguish themselves from the previous literature by 1) dissociating uncertainty
from inaccuracy, two terms that have been used alternatively without distinction in most
applications, and 2) focusing on the accuracy analysis of collaborative positioning.

In this research, we addressed this theoretical problem as follows. First, we defined a theoret-
ical framework that can be used to model the improvement in accuracy due to collaboration.
Second, we used this model to analyze factors that vary and conditions that worsen position
accuracy in collaboration. Third, we used the results from our theoretical analysis to iden-
tify criteria that can tell ahead of time whether collaboration will improve accuracy. Since
collaborative positioning is a costly application both in terms of computation power and
communication bandwidth, these criteria that tell ahead of time whether to collaborate or
not will provide tools to efficiently collaborate.

Although most of the results uncovered during this research were expected (i.e: geometry
between nodes and between nodes w.r.t their anchors, and the quality on the collaborating
nodes are the main drivers to the change in accuracy in collaborative positioning), there
were some not-so-obvious but important results as well. First, the improvement in accuracy
reaches extrema when the collaborating nodes share a coordinate, under certain conditions.
Second, one cannot expect to guarantee a minimum improvement in collaborative position-
ing accuracy while maintaining the standalone bias. Third, the geometric configuration and
the change in bias between standalone and collaborative estimators determine the maximum
improvement in accuracy. If both estimators share the same bias, then the geometric config-
uration of the nodes to locate w.r.t their anchors pre-determines the maximum improvement
in accuracy due to collaboration. Finally, the loss term in the improvement in position ac-
curacy is bound by the relative efficiencies of the standalone and collaborative estimators
w.r.t the collaborative Cramer-Rao Bound, for Gaussian distributions of position estimates.

We also derived closed-form expressions that can be used to predict the covariance matrix
of the collaborative estimator, given the standalone covariance matrix and the collaborative
range measurements of one or more collaborating nodes, if a linear estimator is used. Fur-
thermore, we provided a means to determine whether the improvement in accuracy due to
collaboration has reached its maximum potential. We also introduced a novel performance
metric that is a practical and more robust performance benchmark when in need to select
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an accurate position estimator. With FCC’s E-911 requirements increasing in complexity,
our proposed performance metric is worth considering because it accounts well for end-tail
behaviors in the distributions of position errors. Contrarily to position root mean squared
error (RMSE), which requires pre-processing of the data to remove outliers, our proposed
novel metric makes its assessment without the need to pre-process data. It is not only theo-
retically tractable (like RMSE), but also more robust and more accurate than RMSE in the
presence of outliers.

Since collaboration is about acquiring new information, we used an information-theoretic
tool, the Kullback-Leibler Divergence, to assess the impact of collaborative positioning on
position accuracy. We showed that the acquisition of new information through collaboration
is beneficial in terms of uncertainty, but not necessarily in terms on inaccuracy. The analysis
results from this research can be summarized in the following five points.

First, we introduced a performance metric based on the Kullback-Leibler Divergence (KLD),
that compares the entire statistical distributions of position error between collaborative and
standalone estimators, to identify the most accurate estimator. Via simulations, we con-
firmed that the proposed metric outperforms a comparison of position root mean squared
error (RMSE) in the presence of strong heavy tails in the error distributions.

Second, using KLD, we introduced an uncertainty analysis of collaborative positioning by
explaining why collaboration reduces localization uncertainty. We derived an observable
measure of the reduction in uncertainty due to collaboration and indicated that for consis-
tently good estimators (like the Maximum Likelihood Estimator), this observable reduction
in uncertainty (or information gain) is an upper bound to the improvement in accuracy due
to collaboration.

Third, we validated theoretically and through simulations that the fact that collaboration
reduces uncertainty does not guarantee that accuracy is improved. In regard to accuracy, we
showed that aside from selecting the right position estimator, an improvement in accuracy
due to collaboration is dependent on three main factors: 1) the quality of the collaborative
link range measurements relative to the other range measurements, 2) the geometric configu-
ration of the nodes with respect to their anchors, and 3) the angle between the collaborating
nodes.

Fourth, we derived theoretically the threshold intervals within which collaboration starts
to hurt the accuracy of standalone estimation for scalar unbiased estimators. This analysis
indicates that an improvement in accuracy due to collaboration is dependent on 1) the ef-
ficiency of the standalone estimator, 2) the geometric configuration of the nodes w.r.t their
anchors, and 3) the difference in biases between the standalone and collaborative estimators.
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And fifth, we derived two types of criteria to detect on-the-fly and ahead of time whether
collaborative estimation will be more accurate than standalone based on: 1) a reduction in
Generalized GDOP due to collaboration, and 2) the uncertainty of the collaborative link
range measurements relative to all other range measurements. We tested our results in both
non-line of sight and line of sight range conditions, with both poor and good geometric
configurations.

7.2 Conclusions

The originality of this research lies in the fact that we have been able to use information
theory to address an estimation theoretic problem, in order to derive a theory that explains
the changes in the accuracy of collaborative positioning w.r.t standalone positioning.

We found that collaboration is certainly beneficial because it creates new information that
can increase our confidence in the data at hand. However, collaboration does not guarantee
that accuracy in position estimation will improve. We derived factors that make the change
in accuracy due to collaboration vary, and also range conditions when collaboration starts
to hurt the performance of standalone estimation. We explained that the information gain
from the observable range measurements due to collaboration contributes to the maximum
increase in localization accuracy due to collaboration. We also explained why collaboration
reduces localization uncertainty. We determined a formula for the maximum improvement
in accuracy due to collaboration under some conditions, defined its bounds and interpreted
them. Finally, we selected criteria to tell ahead of time whether collaboration will improve
accuracy or not. Hence, we have achieved the goal of this research which was to assess
whether collaboration is always beneficial or not. If not, could we determine theoretically
when it is, and when it is not?

Potential users that can benefit from these research results are mainly: 1) designers of indoor
navigation and GPS-denied positioning systems (e.g : for tracking first responders, civilians
in a mall, etc...), 2) developers of navigation systems for unmanned vehicles, and 3) designers
of spacecraft navigation and control systems for constellations of satellites.

We believe this research contributed to the state-of-the-art by providing 1) the tools and
models to better understand how collaborative positioning impacts position accuracy, 2) cri-
teria which identify whether to collaborate or not, thus making the communication between
collaborating nodes more efficient, and 3) tools to assess the efficiency of collaborative posi-
tioning.



Jeannette Nounagnon Chapter 7. Summary and Conclusions 147

Looking ahead, future research considerations could focus on: 1) deriving a range condition
model that assesses when collaboration starts to hurt the accuracy of standalone as more
nodes are added, 2) extending the proposed model in this research with skew-elliptical dis-
tributions of position estimates as a more generic theoretical model to analyze the change
in accuracy due to collaboration, and 3) combining the stochastic-geometric model from
Schloemann and Buehrer to the information-theoretic model from this research in order to
improve our understanding of the impact of geometry on the accuracy of collaboration when
multiple nodes from different geometric configurations are combined.
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