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INTRODUCTION 

Since its introduction in the 1950 1 s, the finite element method has 

become a convnonly accepted problem solving tool in many different fields 

of study. The basic premise behind this method is that a large 

continuous physical system can be modeled with a finite set of pieces, 

each of which exhibits the same physical material properties, as the 

continuous system. Hence, the large continuous system is broken down to 

a set of small elements. Theoretically, as the elements become 

infinitesimally small, the solution obtained with the finite element 

method will be the same as the solution obtained by solving the 

differential equations of the continuous system. 

Although in theory an infinitely small mesh will give results that 

are the same as the analytical results, in reality this is presently not 

feasible. Most of the computers available today have some sort of 

numerical accuracy limit. The average computers are only able to carry 

a dozen or so significant digits in each numerical operation, resulting 

in a loss of accuracy with each additional operation. Furthermore, an 

infinitely small mesh would require an almost infinite amount of storage 

capacity. Although the random access memories in computers are becoming 

faster and more compact, it is impractical to allocate that much memory 

just to solve a finite element problem. Therefore, it is desirable to 

have some concept of what would constitute an optima1 mesh for the 

specific problem. That is, what type of mesh will give accurate results 

and at the same time not exceed the physical resources available. 

The goal of this study was to develop a procedure for generating a 
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near-optimum mesh. A near-optimum mesh is one which gives fairly 

accurate results with a minimum number of elements. Hence, a near-

optimum mesh will reduce the amount of computer memory and time needed 

to solve the problem. This characteristic of near-optimum meshes .is 

especially useful for large finite element problems, such as the ones 

found in industry. 

The quest for an optimal finite element mesh as such did not start 

until the 1970's, after the finite element method had become an 

established solution method in industry. In the literature review 

section of this work, some of the different approaches taken to arrive 

at an optimal mesh are presented, as well as some typical examples of 

each approach. Although all the methods presented in the literature 

review will arrive at a near-optimum mesh, not all will do so with the 

same degree of difficulty, or amount of computation. Therefore, the 

method chosen for this study was the one that seemed simple to 

implement, and inexpensive to execute. This method is presented as the 

contour analysis method in the literature review section. 

The theory section includes the development of the finite element 

displacement method, and the formulation of the energy functions that 

are postulated as mesh optimizing functions. The actual development is 

carried out for a four noded, quadrilateral, isoparametric element. It 

is assumed that the physical system to be modeled is made of an 

isotropic material, which is true for most materials. 

Finally, the test case section shows how the contour analysis 

method would arrive at the near-optimum mesh for two different test 

cases. For each test case, the results obtained with each of the 
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methods are compared among themselves to determine which gave more 

reasonable results. Speed is not the only characteristic of the 

desirable mesh refinement method. A combination of accuracy, ease of 

implementation, and speed determined which of the contour analysis 

functions used was the better optimizing function, for the isoparametric 

element used in this study. 



LITERATURE REVIEW 

The search for an optimal mesh has been a topic of study since the 

early 1970's. It was a logical development once the finite element 

method had been proven to be a valid form of solution for many problems. 

The procedure of mesh refinement is a complicated process, since there 

are many factors to consider in an optimal mesh. In some instances the 

factors can be contradictory. In an optimal mesh one would expect to 

find accurate values. It is known that as the elements in a mesh get 

smaller the mesh approximates the continuous system better. This re-

quires more 

computations. 

elements in the mesh, thus, increasing the number of 

However, an optimal mesh would have a good accuracy with 

a minimum number of computations. 

Shephard (1) presents a review of the brief history of mesh 

optimization. Shephard's work is a chronological review of approx-

imately 40 different studies and attempts to develop an optimal mesh. 

Early investigators postulated a system of equations, which had to be 

solved simultaneously. McNiece and Marca1 (2) is one of these studies. 

They proposed finding the optimal mesh by including the nodal coordi-

nates of the mesh as unknowns, along with the nodal displacements, in 

the development of the finite element system equations. Using the 

classical potential energy formulation, they had to find a displacement 

field with a stable and minimum potential energy. The correct displace-

ment field of the continuum of an elastic body under load and at 

equilibrium, makes the potential energy a stationary value. Moreover, 

if the stationary value is a minimum then the equilibrium is stable (3). 

4 
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Therefore, for a grid with only nodal degrees of freedom, McNiece and 

Marcal had to satisfy the following conditions to find a stable 

potential energy level: 

where, 

a II - = 0 u . 
J 

~- 0 d.-
1 

j = 1, 2, 3, ... n 

i = l, 2, 3, ... m 

II is the potential energy function, 
u is the nodal coordinate of node j, 
d is the displacement of node i, 

( 2. 1) 

(2.2) 

m is the number of unrestrained nodal displacements, 
n is the number of unconstrained nodal coordinates. 

Equation (2.2) is the basis for the standard finite element equation, 

[K]<Dl - {Pl = 0 ( 2. 3) 

where [K] is the stiffness matrix, {0} is the global displacement 

vector, and {P} is the global load vector. While Eq. (2.3) is a set of 

linear simultaneous equations, Eq. (2. 1) leads to the following non-

linear equation, 

} D [K] D - p = 0 
2 u. D u. ' 

J J 
j = 1, 2, ... m (2.4) 

Because of the non-linearity of Eq. (2.4), a direct solution was 

not feasible. Instead, McNiece and Marcal resorted to a numerical 

optimization solution of the above equations. The numerical method used 

was the direct search technique, also known as the gradient technique. 

However, even after every possible numerical efficiency was incorporated 

into the algorithm, the method proved to be extremely slow, and 

expensive. This same observation was made by other investigators in the 

field, according to Shephard (1). 



6 

In contrast to the non-linear system of equations developed by 

early investigators, later studies have proposed using iterative schemes 

to find the optimal mesh. In this approach, the problem is first solved 

with a relatively coarse mesh. Then, based on the values obtained with 

the coarse mesh, a new, better mesh is developed. After several 

iterations, the new mesh should eventually approach the near optimum 

mesh. Obviously, the criteria used to define the new mesh is critical, 

since it will determine the new mesh, and the optimum mesh. Conse-

quently, the main difference among the different iterative algorithms, 

is the criteria used to find the near optimum grid, and the way in which 

the mesh transitions between the larger and smaller elements. For this 

reason, the iterative method studies can be broadly classified into 

those which use error functions as a criteria and those that use contour 

analysis. These categories can be broken down further by which error 

or contours are analyzed, and the method of mesh refinement. Hence, the 

two categories presented above will be described below, and some 

examples within each category will be outlined. 

The methods that use an error or residual function as an 

optimizing criteria attempt to reduce the error estimate until it is 

below a predefined maximum. Once the criteria has been met, the mesh is 

said to be the near optimum mesh. Babuska and Rheinboldt (4,5) have 

studied error estimates in one- and two-dimensional problems. In parti-

cular, the two dimensional problem they investigated was a Dirchlet 

problem (constant boundary conditions) on an L shaped region. The study 

was based on the pointwise error & , 
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(2.5) 

where, u is the finite element solution and u is the theoretical 

solution. After applying the Laplacian operator on the above equation, 

the following equation is obtained: 

-K = v2e (2.6) 
2 * where, K is the Dirac function, since v u = O. Based on this, they go 

on to obtain the pointwise error e as a function of two addends; one a 

well understood harmonic function, and the other an unknown function. 

However this unknown function was bounded by considering the adjoining 

nodes and writing difference equations between the node at which the 

error is being computed and the neighboring nodes. The use of differ-

ence equations to bound the unknown function gave rise to the concept of 

nodal cells. Furthermore, they found that within a cell the dominant 

error term was given by the bounds of the unknown function, and not the 

harmonic function. Therefore, if the error within a cell is computed, 

by using the difference equations, then the cells which exceed the 

predefined maximum error are the ones which must be refined. The 

refinement chosen by Babuska and Rheinholdt was the addition of more 

degrees of freedom, additional nodes. Note that the mathematical 

derivations of this method have been deliberately omitted, because of 

the complexity -- they used Besov, Sobolev, and Hilbert spaces in the 

derivation. The interested reader should see references 4 and 5. 

Other authors tried to improve the residual method proposed by 

Babuska, so as to arrive at the near optimum mesh faster. Carey and 

Humphrey (6) proposed normalizing the residuals with respect to the 
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element size such that an error per unit length was obtained. Then, the 

elements in the grid were ranked statistally; that is, based on the 

standard deviation from the average residual, they deduced in which 

areas the elements needed to be either refined or enlarged. Thus, an 

area that is three standard deviations away from the average had more 

nodes added, or taken away, than an area that was only one standard 

deviation away. 

The second category of iteration schemes is the one based on the 

contour analysis of certain functions. This approach is not as mathe-

matically involved as the previously discussed methods. While the two 

approaches above started from the equations of the finite element method 

and developed numerical techniques to perform the optimization, this 

method starts by asking, "What are the characteristics of an optimal 

mesh?" Several authors have attempted to answer this question for 

certain specific elements, by analyzing different functions which are 

the result of finite element solution. Turcke and McNiece (7) looked at 

one and two dimensional problems. Their results indicated that as one 

approaches the optimal mesh configuration, the amount of strain energy 

in each element is the same. Furthermore, Turcke concluded that in a 

two-dimensional problem the nodes of the optimal mesh were roughly 

aligned along the contours of the strain energy density function. 

Further studies have used the conclusions of Turcke and McNiece, 

and applied them to other types of elements. Melosh and Marcal (8) 

studied both plate and shell element meshes. They measured the effi-

ciency of a mesh by taking the difference between the strain energy at 

any point from that at the center of the element, which provides a 
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measure of the strain energy contributed by higher modes of displace-

ment. The resulting a1gorithm was quite simple; they looked at the 

strain energy contours and added more degrees of freedom where the 

contours were closer. Shephard, et al. (9) used the same procedure as 

Melosh and Marcal(8). However, Shephard, et al. included an interactive 

post processor with their contouring routines. This post-processor 

worked as a pre-processor to create a second mesh based on the results 

of a first mesh. 

This process of adding additional degrees of freedom is independent 

of the number of nodes originally in the mesh. Therefore, while the 

amount of optimization in each iteration of a mathematical optimizer, 

like Babuska's, was dependent on the original mesh, the contour analysis 

optimizer is practically independent of the original grid. Moreover, 

mathematica1 optimizers tended to overconstrain the optimal mesh, where-

as in contour analysis, this is entirely up to the user. For example, 

the problem shown in Fig. 2-la shows a square plate being loaded by four 

equa1 loads acting along the two diagonals of the square. This problem 

was modeled with a mathematical mesh optimizer by Turcke (7), and with a 

contour analysis scheme by Shephard (1). Because of symmetry, only the 

upper right-hand quadrant was modeled. In both cases the optimized 

meshes were made up of ideal triangular elements. Turcke's final mesh 

is shown in Fig. 2-lb, and Shephard's final mesh is shown in Fig. 2-lc. 

The mathematical mesh optimizer overconstrained the problem, by adding 

more elements, and it did not refine the mesh as much around the point 

load as Shephard did in his optimized mesh, Fig 2-lc. 

As presented above, much of the current work in mesh optimization 
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1 Corner 
: Modeled 
I L ____ _ 

Figure 2-la. Test problem. 

Figure 2-lc. Near-optimum Obtained with a Contour analysis. 
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is being done with iterative schemes. One of the objectives is the 

study of various scalar functions of stress that can be displayed in 

contours, and how these scalar functions can be used to determine areas 

needing refinement. A second objective of this study is to develop a 

simple iterative scheme that a first time user would find easy to 

follow. Obviously, such a scheme would be well suited for educational 

purposes. Therefore, the iterative scheme chosen for study was the 

contour analysis scheme. But, in order to perform any contour analysis, 

the contours must first be displayed either on a terminal screen or on a 

pen plotter. This can be a problem when the function to be plotted is 

very discretized; that is, there are big jumps in value from one element 

to the next. Experienced finite element users are quite familiar with 

this phenomena when stresses are reported at the center of the elements. 

Therefore, some way had to be found to extrapolate the stresses to the 

nodes, and ,thus, cut down on the large jumps in values. 

In the finite element method a continuous system is modeled as a 

set of piecewise continuous functions. In particular, the displacements 

are generally forced to have inter-element continuity. This is called 

compatibility. Nevertheless, this does not guarantee that the deriv-

atives of the piecewise continuous displacement function will be contin-

uous across element boundaries, and in many cases they are not. Thus, 

one might have one element in compression with the adjacent one in 

tension. This effect is sometimes compounded by the way in which 

element stresses are reported. Usually, the Gauss point stresses are 

averaged, and then the average is said to be the element stress. 

Hinton and Campbell (10) proposed using a least square plane on each 
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element. With the plane, the Gauss point stresses of an element are 

extrapolated to the nodes, and are then averaged with the values 

contributed by the surrounding elements at a node. Hinton and 

Campbell's smoothing plane can be expressed by the matrix presented in 

the theory section that follows. 



THEORY 

A. ISOPARAMETRIC ELEMENT FORMULATION 

The mesh optimization studied here was performed on an existing 

finite element code at Virginia Polytechnic Institute and State 

University. This code was known as the MESS program, which contained 

several elements. Two of these elements were chosen for this study. 

The elements were a two-dimensional, plane-stress element and an 

axisymmetric element, which were formulated based on an isotropic, 

isoparametric element formulation. The theoretical development 

presented here will be for a two-dimensional, plane-stress, 

isoparametric, quadrilateral element. The reader may wish to refer to 

Cook (3) and Zienkiewicz (11) for a more detailed explanation on the 

other members of the isoparametric element family, and on other element 

formulation techniques. 

Since their introduction in the l960's, isoparametric elements have 

been succesfully used in various problem areas. They are widely employed 

in the areas of plates, general shells, and two- and three-dimensional 

elastic problems. The basis of the isoparametric formulation lies in 

the choice of functions used to describe the element shape, as well as 

the element displacement field. The element is named isoparametric 

because the same set of functions (parameters) are used for both shape . 

and displacement. 

Isoparametric elements are formulated in an intrinsic coordinate 

system ~,n, as shown in Fig. 3-1. Figure 3-1 is a square, whose center 

is located at the origin of the ~,n coordinate axes. If this element 

13 
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(-1, 1) ____ ...,_ ____ (1.1) 

4 3 

1 2 
(-1,-1) (1,-1} 

Figure 3-1. An Element in an Intrinsic Coordinate System. 
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were mapped into a Cartesian coordinate system, the result would be as 

shown in Fig. 3-2. Moreover, with the notation found in Cook (3), the 

displacement field, {f}, within the element can be expressed as: 

{f} = [N]<dl (3. 1) 

or in expanded form, 

Ul 
Vl 

rnJ = [NJ 0 N2 0 N3 0 N4 ~41 . 
Nl 0 N2 0 N3 0 

( 3. 1) 

. 
U4 
V4 

where, U and V are the cartesian field displacement components, the 

vector d is the nodal point displacement vector for the element, Ul 

through V4 are the nodal displacements, and [N] is the matrix containing 

the shape functions for the element. The matrix [N] is the same matrix 

used to describe the element shape, 

{X} = [N]<X;} 
or in expanded form, 

{~l = [N6 0 N2 0 
Nl 0 N2 

N3 
0 

(3.2) 

Xl I Yl . 
0 M4 ~4] . (3.2) 

N3 0 

i4 J Y4 

where, X and Y represent the coordinates of any point within the element 

boundaries; Xl, Yl through X4, Y4 are the global coordinates of the node 

points; and Nl through N4 are the shape functions, which are polynomial 

functions of ~,n. The shape functions, arranged in the manner shown in 

Eqs. (3.1} and (3.2) make up the (NJ matrix. 



16 

y v 
n 

1 
2 

x, u 

Figure 3-2. The Element of Fig. 3-1 in a Cartesian Coordinate System. 



17 

Since the quantities of interest, such as stresses and strains, are 

differential functions of the displacement field, a relation between the 

derivatives in both coordinate systems must be found. This relationship 

is commonly known as the Jacobian matrix, [J]. The notation that will 

be used below for the partial derivatives of functions also comes from 

Cook (3). In particular, a colTITia subscript will be used to indicate a 

partial derivative with respect to the variable following the comma. 

{( ),f;} 
( ) 'n 

=[J] r(),xJ 
l ( ) 'y 

(3.3) 

Equation (3.3) says that the partial derivative of a function taken in 

the Cartesian coordinate system can be related to the partial derivative 

of the same function in the intrinsic coordinate system through the 

Jacobian matrix. Obviously, if a partial derivative in the intrinsic 

coordinate must be related to a partial derivative in the Cartesian 

coordinate then the inverse of the Jacobian matrix is needed. The 

Jacobian matrix for a quadrilateral element can be expressed as: 

[ 
N 1, N2, 

[J] = f; ~ 

Nl, N2, n n 

N3, 
~ 

N3, n 

N4,~] 
N4, 

n 

Xl Yl 

X2 Y2 

X3 Y3 

X4 Y4 

( 3. 4) 

As can be seen from Eqs. (3.3) and (3.4), the Jacobian matrix is a two 

by two matrix for the element under study. The strains obtained in the 

intrinsic coordinate system must be related to the strains in the 

Cartesian coordinate system below. Thus, the inverse Jacobian matrix 

must be found to carry this out. Let us denote the inverse of the 
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Jacobian matrix as follows: 

= [Jll: 
J21 

Jl2:] 
J22 

(3.5) 

With this notation the partial derivatives in the Cartesian system are 

found from the derivative values in the intrinsic coordinate system. 

* * u,x Jl 1 J12 0 0 u 
* * 'I; 

u ,y J21 J22 0 0 u (3.6) 
* * >n 

v = 0 0 Jll Jl2 v ,x * * 'I; 
v,y 0 0 J21 J22 v 

>n 

where, the u and v in the equation above are the displacements in the X 

and Y directions, respectively at any point inside the element. Hence, 

( 3. 7) 

The strain-displacement relation in matrix form is, 

{d = I :~J =[~ 0 0 

!] 
u,x 

0 0 u ( 3. 8) ,y 
1 1 v ,x 

v,y 

Finally, combining Eqs. (3.1), (3.6) and (3.8)' a relation between the 

element strain vector, in the Cartesian coordinate system, and the 

displacements, in the intrinsic coordinate system, can be derived, 

{d = [B]{d} (3.9) 

where, the [BJ matrix contains said relation. For the plane-stress, 

quadrilateral element used here, the [BJ matrix is a three by eight 

matrix. With the [BJ matrix known, the element stiffness matrix 

developed by Cook (3) is computed by the following integral over the 

element volume: 
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[k] = (3. 10) 
vol 

where, [k] is the element stiffness matrix, an eight by eight matrix for 

the element considered here; and [E] is the stress-strain relation 

matrix. The matrix [E], a three by three matrix, is as shown below for 

an isotropic material, 

[E] = 
E 

2 (1- \I ) 

1 
\I 

0 

\I 0 
l 0 (3.11) 
0 (1-v)/2 

where, E is the Young•s modulus for the element, and v is Poisson's 

ratio. The integral in Eq. (3.10) is rather difficult to compute 

analytically because of the inherent nonlinearites in matrix [BJ. 

Therefore, in practice it is computed by a numerical Gauss integration 

technique. For the plane-stress element the [k] matrix may be computed 

with 2X2 Gauss integration. The Gauss points for the integration are 

shown in Fig. 3-3. From Eq. (3. 10) the global stiffness matrix for the 

entire model can be assembled by addition of the element stiffness 

matrices, and inverted to get: 

where, 

{0} is the global nodal displacement vector, 
{F} is the external load vector, 
[K] is the global stiffness matrix. 

B. STRESS COMPUTATIONS 

(3. 12) 

Having computed the displacements of each degree of freedom with Eq. 

(3.12), the next step is the calculation of stresses. This can be done 
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Figure 3-3. Notation Used for the Extrapolation of Stresses. 
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by using Eq. (3.9) along with the stress-strain relations, which result 

in the folowing equation: 

{a} = [E][B]{d}. (3. 13) 

For accuracy the stresses obtained with Eq. (3. 13) are computed at the 

Gauss points. Normally, the Gauss point stresses, which result from Eq. 

(3. 13), are averaged for each element. The ensuing average represents 

the stress at the center of the element. This averaging magnifies the 

discrete jumps in the stresses reported at adjacent elements. When the 

stress gradient is fairly flat across two elements, the stress jump is 

not as evident as when the gradient is quite steep. Unfortunately, in 

many instances the locations of interest lie in an area where the stress 

gradient is fairly steep. For example, the regions adjacent to a 

constrained boundary will see steep stress gradients, as well as the 

regions around a stress raiser, such as holes or sharp angles. 

Therefore, if the stresses are to be plotted as smooth contours some way 

must be found to smooth the discrete jumps. Hinton and Campbell (10) 

have proposed a method to smooth stresses by extrapolating the Gauss 

point stresses out to the nodes, where they are then averaged with the 

extrapolated values from the other elements that use the node. This 

method was adopted for the MESS post-processor, not only for the 

smoothing capabilities, but also because the plotting routines used to 

display the stresses required that the plotted functions be defined at 

the nodes. 

Hinton and Campbell (10) suggested passing a plane through the 

Gauss point stresses to reduce the discrete jumps in element stresses. 

This plane extrapolates the Gauss point stresses to the nodes by a least 
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squares fit through the Gauss point values. Thus, the stresses at the 

nodes of the element shown in Fig. 3-3 would be: 

where, 
{an} is the smoothed nodal stress vector, 
{a9} is the unsmoothed Gaussian stress vector, 
[SJ is the least square matrix. 

(3.14) 

and 

The least square matrix is dependent on the number of nodes and 

integration technique used in each element. For the quadrilateral 

element and the 2 X 2 Gaussian integration used in this study, the [SJ 

matrix is: 

[ 1+13/2 1/2 1-13/2 -1/21 [SJ = -1/2 1+13/2 -1/2 1-./3/2 (3. 15) 
1-13/2 -1/2 1 +11/2 -1/2 
-1/2 1-13/2 -1/2 1+13/2 

This matrix has the property of extrapolating the stresses out to the 

nodes. However, several elements may share one node, and not all of 

them may have the same value for the extrapolated stress at the shared 

node. Thus, the stresses that have been extrapolated out to a 

particular node, by the surrounding elements, are averaged, and the 

average is called the smoothed nodal stress value. 

C. SCALAR ENERGY FUNCTIONS 

In the literature review section, the mesh optimization process 

based on contour analysis was introduced. Among the published contour 

analysis studies, the commonly used function was the strain-energy 

density. But, the strain-energy density is not the only function based 

on the internal energy of an element. The object of this study was to 

examine other energy-based functions that are not mentioned in 
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literature, to determine which energy-based function is a better 

optimizing function. Hence, a total of six different functions were 

progranvned into the MESS code to see what type of optimized mesh would 

result by using each one of these functions as optimization criteria. 

The first function considered was the strain-energy density, since it 

seems to be the popular one in the literature. Among the other 

functions considered was the strain-energy per element, which is a 

normalized version of the strain-energy density. The strain-energy, as 

presented below, is computed with the normal stresses of the element. 

The same equation can be used with the deviatoric stresses, which are a 

measure of the stress variation within the element. This deviatoric-

stress-based, strain-energy density can also be normalized by 

multiplying its value by the element area, resulting in a deviatoric-

stress-based strain-energy per element. Two other functions studied as 

optimization functions were the Von Mises stresses and the Von Mises 

stress times the element area. The six functions just presented are 

described below. 

The strain-energy density (strain-energy per unit volume), Uo, can 

be obtained with following relation (3): 

Uo = 1/2 {c}T[E]{c} (3. 16) 

where, the initial strains and stresses are assumed to be zero. 

Recalling that {a} = [E]{c}, and that the [C] matrix is the inverse of 

the [E] matrix, the following relationship can be derived: 

{a} T = {E}T (C]T. (3.17) 

The [C] matrix is symnetric for an elastic material. Also, the 
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transpose of a symmetric matrix is the original matrix. Thus, 

substituting Eq. (3.17) back into Eq. (3.16) one can see that the 

strain-energy density can also be computed by: 

Uo = 1/2 {a}T[C] (3.18) 

where, the stresses in Eq. (3. 18) are taken to be the stresses at the 

Gauss points, since the program MESS already computes stresses at the 

Gauss points. The [C] matrix for a plane-stress quadrilateral, 

isotropic element is: 

[C] = 1/E t~ (3. 19) 

Since the Gauss point stresses are used to compute the strain-energy 

density, the energy density must be extrapolated to the nodes using Eq. 

(3. 15), and smoothed there by averaging. 

To obtain the strain-energy per element, one must multiply the 

strain-energy density of Eq. (3. 18) by the volume of the element. But, 

since the strain-energy density defined by Eq. (3.16) was for an element 

of unit volume, the strain-energy per element can be converted to the 

strain-energy per unit thickness by multiplying the strain-energy by the 

element area only. Therefore, an expression for the area of a 

quadrilateral, in terms of the nodal coordinates is needed, 

AREA= 1/2 £[(Xl)(Y2)+(X2)(Y3)+(X3)(Y4)+(X4)(Yl)] 
-[(Yl)(X2)+(Y2)(X3)+(Y3)(X4)+(Y4)(Xl)]l 

(3.20) 

where, the variables Xl through Y4 are the node point coordinates. 

As pointed out earlier, previous work in contour analysis had 

determined that a near optimal mesh resembled the strain-energy density 
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contour for that grid. If this is the case, it implies that if the 

strain-energy density is multiplied by the area of the element in which 

it was computed, the optimal mesh should have a constant strain-energy 

per element. 

One of the principle reasons for looking at the strain-energy per 

element and the strain-energy density as mesh optimizing functions is 

that they constitute a measure of the energy within an element. They 

are also easy to compute from Eqs. (3. 18) and (3.20), since most finite 

element codes compute stresses. However, there are other functions that 

are also a measure of the energy content of an element. Probably the 

best known is the Von Mises equivalent stress of an element, which is 

based on the distortion-energy theory. The distortion-energy theory is 

a convnonly known method used to predict failure. This theory is 

normally used to compute the equivalent Von Mises stress, which for a 

plane-stress problem is: 

S~= ~1 2 - 2(Sl)(S2} + S22 + 3 •122 (3.21) 

where, Sl and 52 are the normal stress components in the orthogonal 

and 2 directions, and •12 is the shear stress. The stresses used in 

the right side of Eq. (3.21) are the stresses computed by most finite 

element codes. Therefore, only a few added computations are required to 

find a value for the Von Mises stress. Furthermore, the Von Mises 

stress can be multiplied by the area of Eq. (3.20) to obtain a 

normalized Von Mises stress per element. If the Von Mises equivalent 

stresses are a measure of the how the optimum mesh must be transitioned 

then the normalized Von Mises equivalent stresses could be used as a 

criteria for mesh optimization. If the Von Mises equivalent contours 
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values should have a flat contour for an optimal mesh. 

The deviatoric strain-energy density is computed in the same way as 

the strain-energy density, Eq. (3. 18). However, instead of the normal 

stresses, the deviatoric stresses are employed in Eq. (3. 18). The 

deviatoric stresses are defined as the normal stress minus the average 

or hydrostatic stress for the element. For example, the deviatoric 

stress in the X direction would be expressed as: 

Sx = Sx - (Sx + Sy)/3, (3.22) 

since the normal Z stress for a plane-stress element is zero. The 

deviatoric Z stress will not be zero; it will be equal to the negative 

of the hydrostatic stress. This implies that one of the columns that 

was canceled in the overall isotropic [C] matrix must be brought back, 

as well as one of the canceled rows. Hence the [C] matrix for the 

deviatoric strain-energy density is a four by four matrix, 

[CJ = l/E [=~ -v 

-v 
0 

-v 
-v 
1 
0 

(3.23) 

As with the strain-energy density contour, the deviatoric strain-energy 

contour should give a guide to the mesh transition, while the normalized 

deviatoric strain-energy density per element should give a constant 

value for an optimum mesh. Notice, that the normal stresses used in Eq. 

(3.22) are taken to be the Gauss point stresses. Thus, the deviatoric 

based strain-energy density is computed at each Gauss point within an 

element. Then, it is extrapolated to the nodes with Eq. (3.15), and 

smoothed by averaging. 



IMPLEMENTATION 

As previously mentioned, the present study was performed on a 

modified version of an existing code at Virginia Polytechnic Institute 

and State University. The code is commonly known within the Mechanical 

Engineering department as the MESS program (Mechanical Ingineer·~~tress 

program). The logic of this program is presented in the flowchart of 

Fig. 4-1, which was presented by Bathe and Wilson (12). This flowchart 

has three distinct areas in the flow of the logic. First, the user's 

data is read into the main memory. Then, certain data, such as the 

different load cases and the element connectivity, is stored on tape. 

Second, the stiffness matrix of each element is calculated, and 

incorporated into the structure stiffness matrix. Third, the structure 

stiffness matrix is used to solve for the nodal displacements, 

turn are used to compute the Gauss stresses for each element. 

this step, the element connectivity and load case data that was 

which in 

During 

stored 

in step one, are brought back into main memory. Obviously, this third 

step must be executed once for each load case; where, a load case is 

defined as a certain combination of loads that are applied to the 

structure at the same time. 

As presented in their book, the program of Bathe and Wilson 

contained only one type of finite element, a truss element. Two other 

finite elements were added to the subroutines contained in reference 12, 

at Virginia Po1ytechnic Institute and State University. Since most 

elements based on assumed displacement fields use basically the same 

aigorithrn to so1ve for the stiffness matrix, the logic flow presented in 

27 
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START 

Rearl nodal point data and 
establish equation numbers 

Read and store the load 
data for all load cases 

Read and store element data r---_,..J 
over all element groups 

Read element group data and 
assemble global stiffness 
matrix for a 11 element groups 

FOR EACH LOAD CASE 

Read load vector and calculate 
nodal point displacements 

Read element group rlata and 
calculate element stres~es 
over all element groups 

END 

Figure 4-1. Flowchart of the Original MESS Program. 
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Fig. 4-1 remained the same. The two elements added to the MESS program 

were: first, a quadrilateral, a~isynvnetric, isotropic, isoparametric 

element; and second, a quadrilateral, plane-stress, isotropic, isopara-

metric element that could be degraded to a triangular element. The code 

for the first element resides in subroutines TRING and RING, while that 

for the second resides in TISOPARAMETERIC and ISOPARAMETERIC, within 

MESS. 

At the time of this study, program MESS had primitive interactive 

graphic capabilities. Only the original finite element mesh and the 

displaced mesh could be obtained on the screen. However, neither the 

element numbers or node numbers could be obtained in any graphic form. 

Furthermore, stresses computed in MESS could not be displayed 

interactively on the terminal, neither in contour plot nor tabulated 

form. They could only be obtained through the hard-copy output of MESS. 

For these reasons, it was decided to add these interactive post-

processing capabilities, since they would be needed for this study. 

Granted that the stresses could be obtained at the element centers from 

the hard copy output, but when comparing different meshes, with 

different element sizes, it is difficult to make accurate stress 

comparisons when the stresses are not at precisely the same location. A 

contour plot of the stresses would make this comparison almost trivial 

since the stresses at exactly the same location in two different meshes 

can be compared, and general stress trends can also be analyzed. On the 

other hand, being able to check the nodal numbering and element 

numbering can be quite helpful in the development of meshes, since it 

makes it simple to determine where a mistake has been made. 
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As well as modifying the capabilities of the original MESS 

subroutines for post-processing ease, the energy functions of interest 

were added to the subroutines ISOPARAMETERIC and RING. Figure 4-2 is a 

flowchart of the logic of the modified MESS program. It can be seen 

that the energy computations required for this study were computed 

within the original MESS subroutines, instead of separate post-

processing routines. This way the storage requirements are reduced, 

since the Gauss stresses need not be stored, or recomputed. Also, this 

way the stiffness matrix of each element is computed only twice -- once 

for the structural stiffness matrix calculation, and once for the stress 

computations. However, it is obvious that unneeded computations are 

made if the user is not interested in obtaining all six energy contours. 

Nevertheless, the approach taken here allows new elements to be added to 

the MESS program in an easier fashion, because all the programer needs 

to do is compute the specific energies in his element subroutines and 

write them out to a tape. Therefore, the logic of the post-processing 

subroutines need not be modified with the addition of new elements to 

MESS. 

The resulting code greatly enhanced the post-processing features of 

MESS. The user of MESS now has the features listed below available to 

him or her. Note than in this list the features that the user is 

required to see are indicated by the word "required", while the other 

the features are presented if they are requested by the user. The 

interactive post-processing features in MESS are: 
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START 

Read nodal point data and 
establish equation numbers 

Re~d and store the load 
data for all load cases 

Read and store element data L------'lll'\ 
over all element groups 

YES 

NO 

Read element group data and 
assemble global stiffness 
matrix for all element groups 

FOR EACH LOAD CASE 

Read load vector and calculate 
nodal point displacements .... --~ 

Read element group data and 
calculate e1ement stresses 
over all element groups. Also 
calculate energy functions. 

END 
Figure 4-2. Flowchart of the Modified MESS Program. 



32 

l. A plot of the mesh (required}, 
2. Node number plot, 
3. Element number plot, with or without zoom, 
4. Displaced mesh (required}, 
5. Strain energy density (required}, 
6. Strain energy per element, 
7. Strain energy density computed with the deviatoric stresses 
8. Strain energy per element computed with the deviatoric stresses 
9. Von Mises stresses times the element area, 

10. Stress plots. 

Many of the post-processing functions explained above were done by 

passing certain parameters to the package MOVIE.BYU, which was 

interfaced with MESS. The MOVIE.BYU package is distributed by Brigham 

Young University, as the "Movie, 1981 version". This package consists 

of seven independent programs, which either generate or display 

polygonal images. The actual arrangement and use of the seven programs 

will not be covered here; the reader may wish see reference 13 for this 

information. The important thing to note, however, is that this package 

was used only to show the results obtained in MESS. 

The only MOVIE.BYU program of interest in this study was the 

DISPLAY program, because it can display polygonal models on a terminal 

screen or on a plotter. DISPLAY is an executable image (program) that 

consists of three source module libraries, COMMAND.FOR, HIDDEN.FOR, and 

DEVICE.FOR. As the name of the first module indicates, COMMAND.FOR 

contains all the subroutines necessary for interactive command 

processing, as well as the MAIN for program DISPLAY. Library HIDDEN.FOR 

contains the hidden line algorithm for three-dimensional plotting, and 

DEVICE.FOR contains all device dependent functions -- graphic commands 

for moving or drawing with the cursor or pen. 

At the time of interfacing it was decided to make the post-



33 

processor such that any novice user would find it easy to employ. For 

this reason all of the interactive command processing of program DISPLAY 

was eliminated, and replaced with questions requiring a 'yes' or 'no' 

answer. This entailed removing the MAIN (the part of DISPLAY that calls 

the different subroutines) of program DISPLAY, and modifying two of its 

subroutines. The MAIN was replaced with subroutine MOVIE, which is one 

of the interfacing routines. Subroutine MOVIE retains the essence of 

the MAIN -- calling the appropriate subroutines but does not ask any 

questions. Instead, the necessary questions are asked through 

subroutine DISPLY, another interfacing subroutine. Depending on the 

user's response, DISPLY passes the appropriate values to MOVIE. 

Although the present version of the post-processor uses only a few of 

the available comnands in program DISPLAY, it has the capability of 

executing any of the interactive commands, which are summarized in 

subroutine MOVIE. Therefore, if a future version of the post-procesor 

must support a color terminal, then the only modifications that would be 

needed would be a couple of calls to MOVIE from DISPLY with the 

appropriate values for the variable LIT. The possible values for the 

variable LIT and the corresponding interactive command are summarized in 

subroutine MOVIE. 

Two subroutines in the DISPLAY program were modified. The first 

subroutine modified was SUMCEN. In the interactive version of program 

DISPLAY, SUMCEN presents a summary of the parameters set by the user on 

the screen. Since all the DISPLAY parameters are kept transparent to 

the MESS users, all the WRITE statements in SUMCEN were deleted, as well 

as the accompanying FORMAT statements. The second subroutine modified 
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was VIEDRA. VIEDRA contains the necessary calls to draw the indicated 

model on the screen. The only modifications made to VIEDRA were the 

addition of titles for the different plots made through VIEDRA, and the 

change of the FORMAT statement on line number 240. Finally, note that 

these two subroutines must be linked ahead of program DISPLAY so that 

they may replace the respective routines in program DISPLAY. 

As mentioned above, subroutine OISPLY determines what values to 

pass to the DISPLAY program. For this reason DISPLY is the heart of the 

interfacing set of routines, which are presented in Table 4-1. DISPLY 

asks the user certain •yes• or 1 no 1 questions that help it determine 

which set of instructions to invoke. For example, some typical 

questions are: 11 00 you want node numbers? (Y/N) 11 , 11 00 you want the X 

stresses? (Y/N) 11 • Although it is not documented within the post-

processor, any time OISPLY asks a question, the user may respond with a 

letter 1 q1 (for quit), which instructs DISPLY to quit the post-

processing. DISPLY accomplishes this by setting the variable MOVIEF to 

FALSE in common block BMOVIE. In sum, DISPLY determines which of the 

subroutines in Table 4-1 to call, based on the MESS user's answers; if 

the MOVIE variable is set to FALSE by OISPLY or by any other means, then 

all post-processing will stop. 

The maximum size of the problem that MESS can solve is determined 

by the dimension of the A array, which is stored in the only unnamed 

common block. If MESS requires more storage capacity, then the 

dimension of the A array must be increased, and the variable MTOT in 

MESS must be set to the new dimension. This is a simp1e modification, 

since only two lines need to be changed in the MAIN of program MESS. 



Subroutine 

CLEA3D 

DISPLY 

MOVIE 

QUADRT 

READ3D 

READG 

READS 

ZOOM 
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Table 4-1 Interfacing Subroutines 

Description 

This subroutine cleans the arrays used by the three 
dimensional plot of the stresses, and restores the 
viewing frustrum angle and other related constants. 

This subroutine is the one which calls the other 
subroutines in this table. It determines which one to call 
depending on the user's response to 'yes' or 'no' type 
questions. DISPLY is set up to also accept a 'q' for an 
answer to these questions, in which case it will quit post-
processing the MESS output. 

MOVIE performs the calls to the subroutines in the DISPLAY 
program. It determines which sequence of subroutines to 
call by the value of the variable LIT passed to it. The 
possible values of LIT are summarized in Appendix B. 

QUADRT computes new frustrums of vision to display certain 
portions of the model. It displays the selected portions 
and restores the original frustrum of vision when through. 

It reads a stress tape and converts the stresses to Z 
coordinates, making the stress field appear as a surface 
when plotted on the screen. 

This subroutine reads the geometry of a model and sets the 
appropriate values for color, viewing distance, frustrum 
angle, and other default constants. 

This subroutine reads stresses stored on tape by MESS. It 
displays them on the screen as contour plots. 

ZOOM is the subroutine in charge of magnifying certain 
portions of the model geometry according to what the user 
wishes to see. 
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Note that any other dimension specifications of array A, in other 

subroutines, need not be changed because the pointers to array A will 

still be passed correctly. On the other hand, the maximum problem that 

DISPLAY can handle is limited by the dimension specifications of the 

arrays stored in corrmon block QFORIO. In its original release, the 

maximum problem size was limited to 1,000 nodes and 250 elements. 

Subroutine DISPLY checks to see if the problem in MESS can be handled by 

the DISPLAY subroutines. If the problem is too large then the post-

processing is not invoked, and variable MOVIE is set to FALSE. Changing 

the maximum problem size in the DISPLAY subroutines is not as simple as 

changing the problem size in MESS. The post-processing routines do not 

use a dynamic array to store the nodal data. Thus, each individual 

reference to the size of the arrays in common block QFORIO must be 

altered to the desired values. For a complete list of the subroutines 

involved see reference 13, and include the following routines from Table 

4-1: DISPLY, READS, and READ3D. 



CASE STUDIES AND SYNTHESIS OF A 

NEAR-OPTIMUM MESH 

As previously stated, the objective of this study was to synthesize 

a near-optimum mesh, based on certain energy functions, in as few 

iterations as possible. The energy functions were presented in the 

theory section, and are su1T111arized in Table 5-1. In this table, a 

postulated optimization criteria is presented alongside each function. 

A true optimum mesh based on any of these functions would have to meet 

the criteria in Table 5-1. However, in practice it may not be feasible 

or efficient to meet the criteria exactly. 

In practice, an engineer has certain limitations which may not 

allow him to reach the optimum mesh. Some of these limitations could 

be, for example, the accuracy of the computer, time, and money. Each 

criteria of Table 5-1 assumes that the theoretically exact solution is 

obtained. The accuracy of the computer being used will ultimately 

determine the overall accuracy of the final mesh. Therefore, the best 

solution an engineer can obtain will be close estimate of the 

theoretically exact solution. In practice, the user will, also, be 

limited by the time he has available to solve a problem. Thus, the user 

may not be able to perform more than one or two iterations. 

Furthermore, each iteration will require a new computer solution; and, 

although computers are becoming less expensive to use, it will still 

require more money in computer time and engineering effort. Therefore, 

in practice, the engineer must determine what is the objective; is it to 

develop an optimum mesh, or to obtain reasonably accurate displacements 

37 
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Table 5-1. Postulated Optimization Criteria 

Criteria Name 

Strain energy density 

Strain energy per element 

Strain energy density, based 
on the deviatoric stresses 

Oeviatoric stress based 
strain energy per element 

Von Mises equivalent stress 

Von Mises Equivalent stress 
times element area 

Optimization Criteria 

The optimum mesh transition should 
resemble this function's contour 
plot. 

The value of this function should 
be constant throughout the optimum 
grid. 

The optimum mesh transition should 
resemble this function's contour 
plot. 

The value of this function should 
be constant throughout the optimum 
grid. 

The optimum mesh transition should 
resemble this function's contour 
plot. 

The value of this function should 
be constant throughout the optimum 
grid. 
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and stresses with a near-optimum mesh? In many cases the objective will 

be to obtain a fairly accurate solution based on a near-optimum mesh. 

In the development of a near-optimum mesh, an engineer must work 

within the limitations outlined above, and other more subtle 

limitations. The optimization criteria, for generating a near-optimum 

mesh, based on the strain-energy density contours is that the near-

optimum mesh should transition in the same manner as the contour plot. 

Thus, smaller elements are located where the contour lines are more 

closely spaced, and larger elements where they are far apart. This 

criteria sounds straightforward, until the engineer asks how many 

contour lines are needed? Obviously, if one contour plot has twice as 

many contour lines as another contour plot, then a near-optimum mesh 

based on the first contour plot will appear to need more elements than a 

near-optimum mesh based on the second contour plot. Therefore, how does 

the engineer select the number of contour lines to use in developing the 

near-optimum mesh? The answer to this question is that it need not be 

answered at all, because one can use the strain-energy per element 

criteria to determine where the near-optimum mesh is over or under 

refined. This criteria, summarized in Table 5-1, states that the 

strain-energy per element should be constant throughout the optimum 

mesh. This translates to some desirable ratio between the maximum and 

minimum contour values in a near-optimum mesh. Obviously, the closer 

the ratio is to unity, the closer the near-optimum mesh is to the 

optimum mesh. Obtaining the actual value of the desirable ratio was 

another objective of this study, and is discussed later in this section. 

But, even if everyone was to use the same ratio criteria for the near-
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optimum mesh, not everyone would refine the mesh in exactly the same 

way. Hence, not all near-optimum meshes will look alike; however, they 

should give nearly the same solution. 

In the discussion above, the strain-energy per element criteria in 

conjunction with the strain-energy density criteria are implicitly 

postulated as a method to determine a near-optimum mesh. In a similar 

way, the equivalent Von Mises stress and the equivalent Von Mises stress 

times element area can be postulated as an optimization method based on 

the distortion-energy theory. The deviatoric-stress-based strain-energy 

density and the strain-energy per element can also be combined to give a 

third mesh refinement method. Hence the six energy functions sunvnarized 

in Table 5-1 were grouped into three distinct methods, as shown in Table 

5-2. The postulated optimization scheme for each method is included in 

Table 5-2. Each method has two energy functions or contour plots 

associated with it. The first plot of each method is postulated to 

resemble the near-optimum mesh based on that particular method. The 

second plot of each method must have a constant value throughout the 

model for the optimum mesh based on that method. 

The three postulated methods will lead to three different near-

optimum meshes based on the results of a parent analysis. The mesh of 

the parent analysis is called the coarse mesh in this work. Based on 

the results of the coarse mesh, the three methods will be used to 

generate new refined meshes, and each one of these meshes will be 

analyzed. Then, the particular method which generated the refined mesh 

will be applied to the new mesh to determine whether or not the refined 

mesh is near-optimum. For example, once a refined mesh based on method 



Method 
Number 

l 

2 

3 
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Table 5-2. Postulated Optimization Methods 

Plot 
Number 

1 

2 

l 

2 

1 

2 

Function Name 

Strain-Energy 
Density 

Strain-Energy 
per element 

Criteria for Use 

The near-optimum mesh should 
resemble the contour plot of 
this function. 

The ratio of the maximum to 
minimum values of this func-
should be as close to one as 
possible. 

Oeviatoric-Stress- The near-optimum mesh should 
based Strain-Ener- resemble the contour plot of 
gy density this function. 

Deviatoric-Stress-
based Strain-Ener-
gy per element 

The ratio of the maximum to 
minimum values of this func-
should be as close to one as 
possible. 

Von Mises Equiva- The near-optimum mesh should 
lent Stress resemble the contour plot of 

this function. 

Von Mises Equiva-
lent Stress times 
Element area 

The ratio of the maximum to 
minimum values of this func-
should be as close to one as 
possible. 
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one has been generated and solved with program MESS, the same method one 

is applied to the results of the refined mesh to determine if the 

refined mesh is an improved mesh over the original mesh. The same 

scheme will be used for the other two methods of Table 5-2. These will 

be discussed within the test cases that follow. These test cases will 

also be used to establish whether or not any of the criteria in Table 5-

l, or methods in Table 5-2, or a combination thereof, will lead to a 

near-optimum mesh faster. If there is a such a combination then the 

objective is to establish simple guidelines that a novice user can 

follow to generate near-optimum meshes efficiently. 

The first test case presented below is a rather simple problem. A 

thick-wall cylinder is subjected to an internal pressure. The solution 

to this problem can be found through classical elastic theory. 

Therefore, it is not likely that an engineer would need to solve this 

problem with a finite element code. However, it was solved this way to 

gain an understanding of the effect and relationship of the criteria 

presented in Table 5-1. The conclusions obtained with this test case 

were then applied to a more complex problem. In the second test case; a 

bridge beam that is simply supported is subjected to a point load at the 

midspan. The point load introduces the concept of stress raiser or 

stress concentration, which was not present in case one. 

TEST CASE l: A thick-wall cylinder subjected to internal pressure. 

Figure 5-la is a schematic of the short cylinder studied in this 

test case. The cylinder has an inside radius of 5 in (127 mm), and an 

ouside radius of 10 in (254 rrrn). The pressure differential between the 
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Figure 5-la. Schematic of the Thick-Wall Cylinder, in Case 1. 

Figure 5-lb. Stresses in a Thick Wall Cylinder Under Internal Pressure. 
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inside and ouside of the cylinder is l,O~O psi (6.89 MPa). The cylinder 

is made of steel, with a Young's modulus of 30 million psi (207 GPa), 

and a Poisson's ratio of 0.3. Furthermore, the cylinder is so short 

that a plane-stress state exists at the location of interest; that is, 

the longitudinal stress is zero. 

This problem was chosen as the first test case for two reasons. 

First, it is free of stress concentration areas, stress raisers, which 

will bias the energy computations. Sharp corners and high point loads 

usually generate high localized stresses, which in turn generate high 

energy levels. These energy levels can be high enough at times to 

overshadow the remaining lower energy levels in the mesh. Thus, the 

energy levels tend to gather around the stress raiser. This will be 

addressed in more detail in the next test case. Second, the solution of 

this problem can be obtained analytically, as reported by Roark and 

Young (14). They found the following relation for the radial stress, 

0 2 , shown on Fig. 5-lb, 

where, 
P is the internal pressure, 
b is the inside radius, 
a is the outside radius, and 
r is the radius of interest. 

(5.1) 

Substituting the problem parameters into equation (5. l), the lower curve 

in Fig. 5-2 was obtained. This curve shows that the largest, 

compressive, radial stress occurs at the inner radius, l,000 psi. Then, 

the magnitude of the compressive, radial stress decreases to zero at the 

outer radius. Roark and Young (14), also found the relation for the 
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Figure 5-2. Plot of the Stresses Within the cylinder wall. 
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tangential, or hoop, stress, a 9 

= Pb2(a 2+ r2) 
a, rz(az - bz) (5.2) 

Upon substituting the problem parameters into equation (5.2), the upper 

curve in Fig. 5-2 was obtained. From this curve, it is easy to see that 

the highest tensile hoop stress occurs at the inner radius, 1,667 psi 

(11.5 MPa), then it tapers to 1,000 psi (6.89 MPa) at the outer radius. 

Finally, the longitudinal stress is known to be zero from the problem 

statement. Therefore, according to Fig 5-2, the maximum normal stress 

is the tensile hoop stress at the inner radius, 1,667 psi (11.5 MPa). 

Now, the task is to find a near-optimum mesh that will give accurate 

results with as few iterations as possible. The accuracy will be 

determined by how close the finite element stresses at the inside 

surface come to the analytical results, presented above. 

This example problem is a one-dimensional problem. The stresses in 

this problem are independent of the angle, as can be seen in equations 

(5. 1) and (5.2). Hence, this problem can be modeled with an 

axisyrnmetric finite element, which is available in MESS. Instead, it 

was modeled with a plane-stress, quadrilateral element. The plane-

stress, quadrilateral, isoparametric element was chosen to gain a better 

understanding of the optimization process with this element; especially 

since this element was used in the next test case. 

Figure 5-3 shows the fairly coarse and even mesh used in this 

problem. Twenty-five quadrilateral elements and thirty-six nodes were 

used to model a quarter of the thick-wall cyiinder. ihis mesh is enough 
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Figure 5-3. First Mesh Used to Model the Thick Wall Cylinder. 
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to model the entire cylinder, since the geometry and loading are 

syrrmetric. In this model, the horizontal line of symmetry was 

constrained in the Y direction; that is~ the nodes on this line could 

only displace in the X direction. The vertical line of symmetry was 

constrained in the X direction. The internal pressure loading the 

structure was aw lied as forces in the X and Y directions on the nodes 

lying along the inner circumference of the quarter cylinder. 

The results of interest, from the model described above, are shown 

in Figs. 5-4a through 5-9b. In particular Fig. 5-4a is a contour plot 

of the horizontal X stresses, and Fig. 5-4b is a contour plot of the 

shear stresses. The Y stress plot was omitted because it was a mirror 

image of the X stress plot about a 45 degree line. The tensile X stress 

at the vertical line of symmetry in Fig. 5-4a is the hoop stress. Thus, 

the X stress at the inner radius and on the vertical line of synunetry 

should be approximately equal to the maximum normal stress obtained 

using the formula of Roark and Young, 1,667 psi (11.5 MPa). According 

to the contour sequence in Fig. 5-4a, the stress level at the point of 

interest is slightly larger than the G contour, which is 1,665 psi (11.5 

MPa). Knowing that the stress range plotted by the MESS post-processor 

is ninety percent of the actual stress range, the maximum tangential 

stress can be found to be 1,749 psi (12.0 MPa). The maximum radial 

stress is slightly less than the A contour, -680 psi (4.68 MPa), er a 

compressive 680 psi (4.68 MPa). The radial stress obtained with 

equation (5. 1) at the inner radius was a compressive 1,000 psi (6.89 

MPa). In summary, the coarse mesh of Fig. 5-3 provided a fairly 

accurate hoop stress, but a poor estimate of the radial stress. 
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Therefore, the effectiveness of the new meshes will be evaluated by the 

value of the radial stress obtained at the inner radius. 

The strain-energy density contour, for the mesh in Fig. 5-3, is 

shown in Fig. 5-5a, while the strain-energy per element contour is shown 

in Fig. 5-5b. These plots are the first and second plots of method one. 

According to the criteria in Table 5-1 and the plot in Fig. 5-5a, the 

elements of the coarse mesh should be enlarged around the outer surface 

of the cylinder, and reduced around the inner surface, to generate a 

better mesh. Obviously, there are several ways to accomplish this. 

Elements could be placed between the contour lines, such that two of 

each of the element's four sides lie on a contour of Fig. 5-5a, except 

the A and G contours. Instead of the A and G contours, the outer and 

inner boundaries would be used as element sides. On the other hand, 

instead of inserting just one element between each contour, two or more 

elements could be inserted between contours. The final choice would be 

up to the engineer. In this test case the number of nodes and elements 

were kept constant, because a measure of the effect of the grid 

transition on the final solution was desired. Hence, the elements in 

the coarse mesh were resized to give a mesh that was proportional to the 

maximum to minimum strain-energy density ratio of Fig. 5-5a. Moreover, 

they were also proportioned to give a linear mesh; that is, the amount 

by which the element size changed from one element to another was 

approximately constant. This new mesh is shown in Fig. 5-6. 

Figure 5-5b shows the second plot of method one, presented in Table 

5-2. According to the outline for method one, this plot should be 

constant for an optimum mesh. The contours in Fig. 5-5b show that the 
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values vary from 0.04, for contour A, to 0.20, for contour G. The units 

on these values are not important, since only a constant value is 

desired. Thus, the size of the elements around contour A must be 

increased to raise the value of the function, while the size of the 

elements around the G contour must be reduced to decrease the value. 

This is exactly what was done by following the first plot of method one, 

above. 

Figure 5-7a shows the first plot of method two for the coarse 

mesh. The contours in this plot are very similar to the ones in the 

first plot of method one. In fact, if the two plots are overlayed, it 

can be seen that the contour lines almost coincide. Thus, the mesh 

based on method two was very similar to the mesh from method one. This 

mesh is presented in Fig. 5-8. Note that the element size was arranged 

to vary linearly from the inner to the outer elements, as was done for 

the mesh of method one. Figure 5-7b shows the second plot of method 

two. This plot is also very similar to the corresponding plot of method 

one, as can be observed in Figs. 5-7b and 5-5b. 

The first and second plots for the third method are presented in 

Figs. 5-9a and b, respectively. Like the four other energy functions 

reviewed above, these two contour plots of the coarse mesh indicated 

that the new mesh had to have larger elements around the periphery and 

smaller elements around the inner edge. The new mesh based on method 

three is presented in Fig. 5-10. Again, the number of elements and 

nodes was kept constant, and the mesh was transitioned linearly from the 

smallest to the largest elements. A1though this mesh is similar to the 

meshes in Fig. 5-6, method one, and Fig. 5-8, method two, its grading is 



CA. I. l•l ISE-01> 
<8 • 3 33381E-31> 
cc • 0.526•5E-01> 
cO • I. 7U~08E•01 > 
cE • l.Ql172E-01> 
cF • e. 11 e••E•0Z> 
cc • 8. 12Q79E•00> 

WANT TENSILE X 
STllESS£S? IY/Nl> 

54 

OEY!ATO,.IC ST,.ATN Et<i:llCY OENSTTY 

Figure 5-7a. Plot One of Method Two 

<A~~ •'44'£-21>1 

:~ ~ :~~~~~=:~;! 
~o 3 132~•E·Z~>1 
<E a 1i;a11e:·c:zi> 
<F ~ 2 !936~£·~0>1 
<C 0 220•4E•00> 

\l.Otf l/C~ ..,!SE 'S 
T l"lf.S .AR(Jt.'> 
I Y/NI > 

OEllATJR:C STFlAIN ENEFCGY PER ELEt":ENf 

\ 
I 

Figure 5-7b. Plot Two of Method Two 



WAr-.T NOOE Nos ? 
(Y, NI > 

y 
I :;-x 

55 

GEOMETRY 

Figure 5-8. Method Two Mesh. 
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not as pronounced as that for the two other meshes, because the maximum 

to minimum ratio in plot two of method three was not as large as for the 

second plot of the other two methods. 

Sumnarizing the results of the coarse mesh, all six energy 

functions that were obtained for the coarse mesh indicated that the mesh 

had to be refined more around the inner radius. Since it was decided 

beforehand to keep the number of elements and nodes constant throughout 

this test case, the only way to accomplish this was to enlarge the outer 

elements, while reducing the inner ones. This was carried out by 

increasing the size of the elements linearly from the inner radius to 

the outer radius. At the same time, the large to small element ratio in 

the new mesh was made equal to the ratio of the high to low contour 

value of the function of interest. This strategy gave rise to the 

meshes presented in Figs. 5-6, 5-8, and 5-10, which were based on 

methods one, two and three, respectively. Each one of these meshes was 

then loaded in the same manner as the coarse mesh, and solved with 

program MESS. Recall that in the new meshes only the plots of the 

method that generated that particular mesh will be analyzed. 

Figure 5-lla presents the first plot of method one obtained with 

the new mesh of Fig. 5-6. The corresponding second plot is shown in 

Fig. 5-llb. Each one of these plots is accompanied by a reduced frame 

of the corresponding plot in the coarse mesh. This was done to 

facilitate comparisons between the two meshes and the plots they 

produced. The first plot of method one for the new mesh has the inner 

contours more closely spaced than the plot of the coarse mesh. In the 

coarse mesh, the maximum to minimum contour ratio was 8.5, in the new 
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mesh it is 9.3. The near-optimum mesh should have a maximum to minimum 

element size ratio equal to the maximum to minimum contour ratio. This 

implies that the new mesh should be refined further. The next refined 

mesh should have a outside to inside element ratio equal to 9.3. 

However, the maximum contour value in the second plot of method one, 

Fig. 5-llb, is no longer at the inner boundary; it is inside the 

cylinder wall. Thus, Fig.5-llb implies that the size of the elements 

underneath the G contour should be decreased, to obtain a more nearly 

constant value for the second plot of method one. The discrepancy 

between the two plots of method one for the new mesh was caused by the 

linear distribution of element sizes. Obviously, the next iteration on 

the mesh should be done with a nonlinear mesh. 

The new mesh, presented in Fig. 5-6, can be called a near-optimum 

mesh because the values in the second plot of method one improved during 

this iteration. The coarse mesh had a maximum to minimum ratio equal to 

4.9, whereas, for the new mesh it was 1.6, much closer to one. The new 

mesh ratio is not quite unity, which it would be for an optimum mesh, 

but the improvement in this plot was almost a factor of 3 in just one 

iteration. Therefore, the stresses obtained with the new mesh should be 

more accurate than the stresses obtained with the coarse mesh. Figure 

5-12 shows the X stresses obtained with this mesh. The maximum hoop 

stress, according to Fig. 5-12 is 1,7on psi [11.7 MPa), which is 

slightly less than the 1,747 psi (12.0 MPa), hoop stress obtained with 

the coarse mesh. This should not cause any alarm, since the anlytical 

solution was 1,667 psi (11.5 MPa). On the other hand, the maximum 

radial stress, which can be obtained from the horizor.ta1 line of 
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Figure 5-12. Plot of the Tensile X Stresses 
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symnetry of Fig. 5-12, increased with the refined mesh to a compressive 

879 psi (6.06 MPa). It had been 680 psi {4.68 MPa) with the coarse 

mesh, and the analytical solution gave l,000 psi (6.89 MPa). Hence, the 

refined mesh gave better estimates for both the maximum radial and 

tangential stresses. This concludes the first iteration for the mesh of 

method one. 

The refined mesh based on the second method was presented in Fig. 

5-8. As was pointed out then, it was very similar to the mesh based on 

the first method, and so were the results. The tangential stress at the 

inner radius was 1,700 psi (11.7 MPa), and the radial stress at the 

inner radius was compressive 886 psi (6. 11 MPa), Fig. 5-13. As with the 

method one mesh results, the maximum hoop and maximum radial stresses 

were closer to the analytical solution, than the coarse mesh. 

The other results of interest for the method two mesh are presented 

in Figs. 5-14a and b. These two figures show the first and second plots 

of method two for the new mesh. The new mesh resembles the first plot 

of method two, shown in Fig. 5-14a. Also, the coarse mesh had a maximum 

to minimum ratio of 5.3 for the second plot of method two, and the 

refined mesh of has a ratio of 1.7, much closer to one. Hence, both, 

the criteria of Table 5-2, and the actual stress results presented above 

indicate that the refined mesh based on the method two is a better mesh 

than the original coarse mesh. 

The third new mesh was based on method three, and was presented in 

Fig. 5-10. The stresses from this mesh were used to produce the first 

and second piots of method three, shown in Figs. 5-15a and b. The first 

plot of method three resembles the new mesh. Furthermore, the maximum 
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Figure 5-13. Plot of the Tensile X Stresses. 
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to minimum ratio in the second plot decreased from 1.7 to 1.05, after 

only one iteration with a linear mesh. Thus, the third method produced 

an almost optimum mesh quicker that the other two methods considered in 

Table 5-2. This may indicate that this method is not as sensitive to 

mesh size as methods one or two. This will be investigated further in 

test case two. 

If the method three mesh is truly an almost optimum mesh, then the 

stresses obtained with this mesh should approximately equal the ones 

obtained analytically. Figure 5-16 presents the tensile X stresses for 

this mesh. The maximum hoop stress for the third new mesh can be 

obtained from the inner radius at the vertical line of symmetry. The 

maximum hoop stress is l,737 psi (12.0 MPa). The maximum radial stress 

can be obtained from the horizontal line of syrrmetry. It is a 

compressive 746 psi (5. 13 MPa). The maximum hoop stress for this mesh 

is slightly lower than the hoop stress obtained from the coarse mesh, 

like the two previous new meshes analyzed. But, the stresses obtained 

with this mesh were more inaccurate than the ones obtained with the 

previous two meshes. Therefore, the third method converged on a near-

optimum mesh faster than the other two methods considered here. 

However, the stresses were not nearly as accurate as the stresses of the 

other two near-optimum meshes. 

Summarizing this test case, several things were observed during the 

development of the near-optimum grids, using the quadrilateral, 

isopararnetric, plane-stress element. First, a linear mesh helped the 

method three, in Table 5-2, reach a near-optimum mesh faster, while at 

the same time it hindered the other methods presented in the same table. 
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Figure 5-16. Plot of the Tensile X Stresses. 
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Second, the maximum stresses obtained with the method three near-optimum 

mesh were not as accurate as the maximum stresss obtained with the first 

and second method near-optimum meshes. Accuracy was defined as how the 

hoop and radial stresses compared to the analytical solution, computed 

with formulas of reference 13. Third, for this isoparametric finite 

element, methods one and two gave almost the same results; that is, the 

meshes obtained by applying the strain-energy function based on the 

normal stresses, and the deviatoric stresses were extremely similar. 

CASE 2. Tapered platform subjected to a midspan line load. 

The second case analyzed in this study was a tapered platform. A 

schematic of this platform is presented as Fig. 5-17. Here, it can be 

seen that the platform is simply supported on the outer edges, and a 

10,000 lb/in {1.75 MN/m) load is applied along the midspan line. The 

tapered platform is made of steel with a Young's modulus of 30 million 

psi (207 MPa), and a Poisson's ratio of 0.3. Obviously, this problem is 

a symmetric problem, since both the geometry and the loading are 

syrrrnetric. Because of the symnetry of this problem, only one half of 

the platform was modeled, as shown in Fig. 5-18. 

The mesh presented in Fig. 5-18 was intetionally kept uniform , 

although it was determined by inspection of the problem that the highest 

stresses would occur at the line of symmetry. The highest stresses were 

expected at the line of symmetry because this is where the bending wi11 

be highest. Moreover, this is also where the mesh was constrained along 

an entire line of nodes. Nevertheless, the mesh was kept uniform to 

determine which of the methods from Table 5-2 would lead to a refined 
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Figure 5-17. Schematic of the Platform Studied in Case 2. 
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mesh faster. Thus, the mesh in Fig. 5-18 consisted of twelve elements 

and sixteen nodes. As mentioned above, the nodes along the line of 

syrrmetry were constrained in the X direction; that is, they were only 

allowed to move in the Y direction. The only other node that was 

constrained was the one on the lower left-hand corner, which is the one 

that is simply supported; therefore, it was constrained in the X and Y 

directions. 

The mesh described above was loaded and solved with program MESS. 

Figure 5-19a shows the first plot of method one. It shows that the 

contours come closer together at the right side of the model, especially 

toward the upper and lower right-hand corners. From the first plot of 

method one, it is obvious that the mesh should be refined in such a way 

that the new mesh has smaller elements around the right-hand corners. 

The plot presented in Fig. 5-l9b is the second plot of method one. 

According to this plot, the size of the elements between the two B 

contours of Fig. 5-19b should be increased to raise the contour values 

there. Meanwhile, the size of the elements in the right-hand corners of 

the model should be decreased to reduce the high contour values there. 

This agrees with the conclusions obtained from the first plot of method 

one. 

In the previous test case, the first mesh, or what was called the 

coarse mesh, gave a maximum to minimum ratio on the order of 5 for the 

second plot of method one. In this test case the corresponding ratio 

for the second plot of method one is 265. Clearly, this is 

approximately 50 times greater than for the previous test case. If this 

ratio was to be brought down to approximately one, then the mesh had to 
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be refined efficiently. In the first test case, the linear mesh 

restriction hindered the optimization process, because the near-optimum 

mesh was nonlinear. Nonetheless, the restriction was kept to determine 

how it would affect the final result. In this case, the new mesh was 

allowed to take any shape. Therefore, the contour lines of Fig 5-19a 

were used as element boundaries, inserting one element between each 

contour line. 

Because of the nonlinearity of the mesh, an automatic mesh 

generator could not be used to specify the new meshes. Instead, a 

digitizer was used to locate the coordinates of the new nodes, which 

were placed on the contour lines of Fig. 5-19a. This made the process 

of mesh creation considerably faster. The new mesh, based on method 

one, is shown in Fig. 5-20. The element boundaries running from left to 

right resemble the original contour lines quite closely. The element 

lines running up and down were chosen to make individual elements as 

square as possible, without drastically increasing the number of 

elements. A square element will give better accuracy in the two by two 

Gauss integration used in program MESS. 

The second mesh generated was the one based on the method two 

plots. The first plot of method two is presented in Fig. 5-21a, and the 

second is shown in Fig. 5-21b. Both of these contour plots indicate 

that the mesh should be refined more around the right-hand corners of 

the grid. The first plot shows the contour lines getting closer as they 

approach either of the two corners. 

the first plot of method two, 

Hence, according to the criteria of 

the e1ements in the mesh should get 

smaller as they approach either corner on the right side of the mesh. 
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Figure 5-20. Method One Mesh. 
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In the same manner the second plot shows that the elements between the 

two B contours should be enlarged, whereas the elements underneath the 

E, F, and G contour levels should be reduced. Hence, both plots of 

method two indicate that the refined mesh should have smaller elements 

around the right-hand corners. 

As with the new mesh based on method one, the contour lines of the 

first plot of method two were used as element boundaries to generate the 

new mesh based on method two. This new mesh is shown in Fig. 5-22. It 

is similar to the mesh obtained with method one that was presented in 

Fig. 5-20 -- see the reduced frame inset in Fig. 5-22. However, the 

mesh of method two has less elements than the mesh of method one. The 

reason for this is that the first plot of method one, in Fig. 5-19a, had 

contour lines that showed a slightly steeper gradient as the contour 

approached the right side. This can be seen by overlaying the· first 

plot of method one over the first plot of method two. 

The first plot of method three obtained with the mesh of Fig. 5-18 

is presented in Fig. 5-23a. This contour could have been placed on a 

digitizer to generate nodal points along the contour lines shown. 

However, such a grid would have had a rather large, pointed element 

along the contour level 8. To avoid this, the contours were not used 

to generate the element boundaries. Instead, the transition of the new 

grid was chosen to resemble the contour gradient of this plot. This 

mesh is shown in Fig. 5-24. 

With the three new meshes generated, each one was solved to see 

which method arrived at a near-optimum mesh fastest. First, the mesh 

based on method one was solved. This mesh was presented in Fig 5-20. 
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Figure 5-23a. Plot One of Method Three for Coarse Mesh. 
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The first plot of method one obtained with this new mesh is presented in 

Fig 5-25a. It seems that there are no contours present, because the 

contours are all in the upper right-hand corner of the grid. The reason 

for this is that the point load applied at the upper right-hand corner 

introduced an infinite stress raiser, and biased the stress values, 

which in turn biased the energy levels. Thus, the contour lines 

gathered around the node at which the point load is applied. This was 

not seen in the plot of the coarse mesh, which is inset in Fig. 5-25a, 

because that mesh was coarse and the effect of the point load was 

localized, within a large element. Thus, as the grid used to model the 

problem is refined about the upper right-hand corner then the localized 

effect of the point load becomes more apparent. Therefore, it is 

important to start out with a coarse mesh for the first solution of the 

problem; this will ensure that if there any localized stress raisers 

they will not affect the different plots used for the future iterations. 

Furthermore, if a coarse mesh is used for the first attempt, then the 

overall computer and engineering time used to solve the problem is 

reduced, because coarse meshes have less nodes, and they are easier to 

generate with a mesh generator. 

The second plot of method one for the new mesh in Fig. 5-20 is 

shown in Fig. 5-25b. In this contour, the effect of the localized 

stress introduced by the point load is also quite apparent. Up in the 

right-hand corner of the mesh the value of the contour levels seem to be 

decreasing as they approach the corner where the load is applied. It 

seems that when they reach the corner, the value of the function should 

be the value associated with the A level. In reality, when the function 
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reaches the corner it will reach the G level, implying that a very small 

element size is required to model this region correctly. Hence, the 

results of both the first and second plots suggest that the size of the 

elements in the upper right-hand corner should be decreased to reach the 

optimum mesh. 

From the material just presented, the method one mesh of Fig. 5-20 

is a near-optimum mesh compared to the original coarse mesh. The 

maximum to minimum ratio in the second plot of method one for the coarse 

mesh was 265, whereas, the same ratio for the new mesh is approximately 

28. Hence, this mesh is better than the coarse mesh. But, what do the 

stresses indicate about this mesh? As mentioned before, the point load 

in the upper right-hand corner will theoretically give an infinite 

stress; and as the elements around this corner are made smaller the 

stress will continue to increase without bound, until the computer can 

no longer handle the large numbers. Therefore, it is best to compare 

the stress at the lower right-hand corner of the platform, since it is 

also a high stress region, but finite. One way to see whether or not 

the accuracy of the mesh is increasing with each new mesh is to see if 

the stress at the lower corner is asymptotically reaching a certain 

value. The final stress state at the corner will have stress components 

in the X and Y directions, plus a shear stress. As can be seen in Figs. 

5-26a, b, and c, the point load has also biased the Y stress, and shear 

stress contours. Therefore, it would be difficult to compare these 

stresses from mesh to mesh. Fortunately, the X tensile stress contour 

is not affected by the point load, since the point load acts in the Y 

direction. Hence, the value of the X stress at the lower right-hand 
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corner can be used to determine whether the accuracy of the overall 

stress state of the mesh is improving. In the original coarse mesh the 

value of the stress at this corner was approximately 2,840 psi (19.5 

MPa), whereas, in the refined mesh it is almost 3,360 psi (23. 1 MPa). 

Obviously, the stress level has increased in the refined mesh. 

Although the results presented above indicate that the mesh in 

Fig. 5-20 is a near-optimum mesh compared to the original one, the value 

of the second plot of method one was not constant. The ratio of the 

maximum to minimum contour ratio in this plot was 28, which implies that 

further refinements can be made to the mesh in Fig. 5-20, to make it 

more "near-optimum"; that is, reduce the contour ratio further. 

Obviously, the first plot of method one is useless for further 

iterations, since the stress concentration region has biased the 

contours in Fig. 5-25a. Therefore, only the second plot was used to 

generate the next near optimum mesh. The second plot, Fig. 5-25b, shows 

that the size of the elements underneath the A, B and C contour levels 

should be increased, since this is where contour values are low. The 

size of the elements under the E, F, and G levels should be increased; 

but these levels occur at the stress concentration region, where the 

elements are already very small. Hence, for the next near-optimum mesh 

the number of elements was reduced, because this was the simplest way to 

fulfill the requirements presented above. The new near-optimum mesh is 

presented in Fig. 5-27. Thirty elements were used in this mesh, whereas 

thirty-six had been used for the previous method one mesh, in Fig. 5-20. 

The new near-optimum mesh based on method one shows the same 

characteristics as the previous method one mesh. The results for this 
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new mesh are presented in Figs. 5-28a, 5-28b , and 5-29, along with 

insets of the results of the coarse and previous near optimum meshes. 

The first plot of method one, shown in Fig. 5-28a, is again not very 

meaningful because of the stress concentration biasing. On the other 

hand, the ratio of the maximum to minimum values in the second plot, 

Fig. 5-28b, increased from 28 for the previous near-optimum mesh to 33 

for this new mesh. According to the outline of method one the second 

new mesh is farther from being an optimum mesh than the previous one, 

although they are both better than the original coarse mesh, which had a 

265 ratio. Finally, the lower right-hand corner tensile X stress 

obtained with this new mesh was 3,300 psi (22.7 MPa), whereas it was 

3,200 psi (22.0 MPa) for the previous mesh, a mere 100 psi (0.69 MPa) 

improvement. Thus, the time and effort invested in the new near-optimum 

mesh was not justified by the meager improvement in the tensile X stress 

seen at the lower right-hand corner. 

The method two mesh was presented in Fig. 5-22. As may be expected 

by now, the results from this mesh were very similar to the results 

obtained with the method one mesh. The first contour plot of method 

two, for the new mesh, is presented in Fig. 5-30a. This plot of the new 

mesh is meaningless since all the contour levels are gathered about the 

point load. On the other hand, the second plot of method two, Fig 5-

30b, shows that the new mesh is better than the original coarse mesh. 

In the coarse mesh the maximum to minimum ratio in the second plot of 

method two was approximately 5,300. In the new mesh this ratio is 19, 

which is a sizeable improvement. This also shows that this plot is more 

sensitive to the mesh coarseness than the corresponding plot of method 
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one. The second plot of method one had a 265 ratio for the corse mesh, 

while the second plot of method two had a 5,300 ratio for the same mesh. 

Finally, the tensile X stresses obtained with this new mesh are 

presented in Figs. 5-31. In this figure, the maximum tensile stress 

occurs at the lower right-hand corner, the corner of interest, and has a 

value of approximately 3,460 psi (23.8 MPa). This is almost the same 

result obtained with the first near-optimum mesh of method one. 

The grid based on method three was presented in Fig. 5-24. The 

results from this mesh are shown in Figs. 5-32a, 5-32b, and 5-33. 

Figure 5-32a presents the first plot of method three. It is apparent 

that the grid was not refined enough in the first iteration, because the 

point load at the upper right-hand corner has not biased the contours 

yet. Therefore, both method one and method two refined the mesh faster 

in the first iteration. However, one may think that this is not a fair 

comparison because those two meshes were generated by strictly following 

the specified contours. As explained above, this was not done for 

method three mesh, for fear of creating too sharp an angle on some 

quadrilateral elements. This reasoning may give one the inclination to 

go back to the plot in Fig. 5-23a and generate a first iteration mesh by 

strictly following the contours of the first plot of method three. 

However, this would not affect the conclusion presented here. Plot one 

of method three for the coarse mesh does not call for smaller elements 

around the right-hand corner than either method one or method two. 

Moreover, the optimum mesh will have extremely small elements around 

those corners, because of the stress concentration there. 

method three will lead to a refined mesh. However, it will 

Therefore, 

not reach 
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Figure 5-31. Plot of the Tensile X Stresses. 



.... ,,,,,, .. ,., 
<B • 0. 15250E•0•> 
<C • 0.2•452E•04> 
<O • 0.3365•E•04> 
<E • 0.•2856E•0•> 
<F • 0.5205gE+04> 
<C • 0.61261E•04> 

30 VIE\l?IY/NI> 

VON MISES STRESSES 

94 

'I~ 1'1M.S SflllSIU 

Coarse Mesh Result 

Figure 5-32a. Plot One of Method Three for New Mesh • 

<A • 0 99•6•E·0•> 
<8 s 0.2~566E•05> 
<C • 0 •Ql86E•05> 
<D • 0.68806E•05> 
<E = 0 88426C•d5> 
<F • 0 10805E•06> 
<~ : 0 12767£•06> 

WANT TENSILE x I 
STRESSES" I Y/NI > 

~ON MISE'S STRESS ;IMES ELEMENT AREA 

......... ,.,."'t·ft• 
·~· 1-;.1 ·.r.!• 
1/P~t·H•1 
''"''"n" '9."79t•ff• 
ll111L•e5• 

Coarse Mesh Result 

Figure 5-32b. Plot Two of Method Three for New Mesh. 



<• •-0.51999E•04> 
<8 a-0.38125E•04> 
<C a-0.24362E•04> 
<O ·-0.1059QE•84> 
<E • 0.31641E•03> 
<F • 0.IS927E•04> 
<C ~ 0.30690E•04> 

30 VIEV?IY/Nl> 

95 

TENSILE X STRESSES 

Figure 5-33. Plot of the Tensile X Stresses. 



96 

accurate values for the stresses as quickly as the grids made with 

methods one and two. 

The results from these two test cases indicate that method three 

will also lead to a near-optimum mesh. However, in test case two 

method three did not lead to a near-optimum mesh as quickly as methods 

one and two. In the first test case method three lead to a near-optimum 

mesh faster; where, the comparisons between near-optimum meshes 

generated by different methods is based on the maximum to minimum ratios 

of the second plots of each method. The stresses obtained with this 

near-optimum mesh were not as close to the analytical solution as the 

stresses obtained with the not so near-optimum meshes based on methods 

one and two. For these reasons, it seems that for the element 

considered in this study, a quadrilateral, isoparametric, plane stress 

element, method three is not the best optimizing algoritm. Instead, 

methods one or two give a more accurate mesh optimizing algoritms. 

Recall that method three consisted of the Von Mises equivalent stresses 

contour plot (first plot) and the Von Mises equivalent stresses times 

element area (second plot). Method one consisted of the strain energy 

density function (first plot) and the strain energy per element (second 

plot). Finally, method two consisted of the same functions as method 

one, except that instead of using the normal stresses, the deviatoric 

stresses were used. In the remainder of this discussion, the following 

abbreviations will be used for the plots of methods one and two: 

SEO - Strain energy density, first plot of method one 
SE - Strain energy per element, second plot of method one 
OSSEO - Strain energy density computed with deviatoric stresses 

first plot of method two 
DSSE - Strain energy per element computed with deviatoric 

stresses, second plot of method two. 
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The near-optimum results observed with the normal and deviatoric-

stress-based strain-energy function were extremely close. In fact, it 

was not determined which of the two would be a better basis for mesh 

optimizing contour plot. The procedure followed in the two test cases 

above seems to be the most appropriate for a first time finite element 

user. A relatively coarse even mesh is used for the first solution of 

the problem. The first mesh must be coarse for three reasons. First, a 

coarse mesh is easy to generate using any of the commonly available mesh 

genarators. Second, it will not take much computer time to solve such a 

mesh. Third, if there are any stress concentration regions within the 

mesh, either from the geometry or the loads, the results from the coarse 

mesh will not be biased. If they are biased, the contours of the SEO, 

or OSSEO functions appear as a blob in a one region. Once this coarse 

mesh has been solved, the user must observe the OSSEO or SEO contour 

plots and determine whether the overall plot resembles the original 

coarse mesh. If the mesh does not look like the SEO or OSSEO contour 

plots, then the user should use the contour lines as guides in 

developing the next mesh for the problem. In the first iteration it 

will probably be easier to follow the SEO and OSSEO contour lines, 

rather than determine which areas to refine and which to enlarge based 

on the SE per element or the OSSE per element function plots. Once this 

new mesh is solved, the user should again look at the SEO or OSSEO 

contour plots to see if they resemble the mesh used to compute the 

contours. If the contour lines are gathered about a certain region of 

the mesh, while other regions have almost no contours in them, then 

there is a stress concentration area where all the contours are 



98 

gathered. If, on the other hand, the contour plots look similar to the 

mesh, then a near-optimum mesh of sorts has been developed. To 

determine the adequacy of this near-optimum mesh the user must study the 

SE or DSSE per element contour plots the user must also do this if 

there is stress concentration region in the problem. In particular, the 

user must examine the maximum to minimum ratio of these contours. The 

closer this ratio is to one the closer the near-optimum mesh is to the 

optimum mesh. 

A single desirable ratio for the DSSE and SE contour plots was not 

established. In this study, the coarse mesh of the first test case had 

a ratio in the order of 10, while in the second test case the refined 

mesh had a ratio on the order of 30. A possible recomendation is that 

if there are stress concentration regions, the ratio should be brought 

down to below 30 before the mesh is called a near-optimum mesh; and if 

there are no stress concentration regions, then the ratio should be 

brought below 5 before calling the mesh a near-optimum mesh. Note that 

to bring the ratio within these reconvnended values the user will have to 

reduce the size of the elements which have the higher values for the SE 

or DSSE per elen~nt function, and increase the size of the elements 

which have low values for the same functions. 



CONCLUSIONS 

Six energy functions were postulated as possible mesh optimizing 

functions. These functions were grouped together based on the stresses 

used in each function. The grouping resulted in three different methods 

for mesh optimization. Each one of the groups or methods had two plots 

associated with it. The first plot of each method was the one which 

resembled the optimum mesh. The second plot in each method was the one 

which had to be constant throughout the mesh for the mesh to be optimum. 

Two test cases were analyzed to determine whether the six 

postulated functions generated near optimum meshes. The test cases were 

conducted on a finite element code at Virginia Polytechnic Institute and 

State University. This finite element code was interfaced with one of 

the programs in the MOVIE package distributed by Brigham Young 

University, to display the contour plot of the desired functions 

interactively. The finite element used in the test cases was an 

isoparametric, quadrilateral, plane-stress element. The results of the 

test cases showed that all six postulated optimization functions lead to 

a refined meshes which were closer to the optimum mesh than the coarse 

mesh used for the parent analysis. 

Having established that all the postulated functions lead to a 

near-optimum mesh, the test cases were used to determine which function 

was the better one. The postulated method three was the first one to be 

eliminated, in the search for the best method. In one instance, method 

three did not lead to a near-optimum mesh as fast as methods one and 

two. In the other, method three arrived at an almost optimum mesh in 
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just one iteration; however, the stresses obtained from that mesh were 

not as accurate as the stresses from method one and two. It was more 

difficult to determine which of the two remaining methods was the best 

one to use because they were so much alike. 

Methods one and two use the strain energy function to determine the 

values to be plotted. Method one used the normal stresses in 

conjunction with the strain energy function. Method two uses the 

deviatoric stresses in conjuction with the strain energy function to 

compute the values to be plotted. Both methods gave extremely similar 

results for the isoparametric element used in this study, although 

method two seemed to be more sensitive. Therefore, the following 

reconmendation is based on computational speed rather than on accuracy. 

Method one is method recomnended as an optimizing function, because 

program MESS computes the normal stresses for the available 

isoparametric elements. Thus, these stresses can be directly :assed to 

the strain energy formula. If method two were to be used, then the 

deviatoric stresses would have to be computed first from the normal 

stresses before being passed to the strain energy formula. 

The test cases provided a means to determine which approach was the 

best one to use in developing a near-optimum mesh. A list of the steps 

to follow was included along with the results of the test cases. A 

desirable ratio for the second plot of method one was not determined. 

Instead, two target ratios were given for the strain energy per element 

contour plot (method one, plot two). In the presence of an infinite 

stress raiser the ratio should be brought down to below 30, in the 

absence of an infinite stress raiser then the ratio should be brought 
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down to below 5. Once these requirements have been met, then the mesh 

can be called a near-optimum mesh. If by chance the ratio is determined 

to be one then the mesh is the optimum mesh for that problem. 



RECOMENDATIONS FOR FUTURE WORK 

What follows is a list of the possible future work based on the 

present findings and developments. the recomendations have been 

organized by their degree of complexity. 

(1) Investigate the sensitivity of the strain-energy per element and 
the deviatoric-stress-based strain-energy per element. It seems 
that the latter is more sensitive to the coarseness of the mesh; 
that is, it has a larger maximum to minimum contour ratio for the 
same mesh. The investigation should determine whether or not the 
added sensitivity is needed to develop a near-optimum mesh, taking 
into account the extra computations needed to calculate the 
deviatoric-stress-based strain-energy. 

(2) Verify whether or not the methods and criteria presented here will 
lead to the same conclusions for other finite elements. Note that 
the isoparametric, axisymmetric element in the MESS program has 
been setup to provide the plots used in this study. 

(3) Enhance the post-processor to serve as a pre-processor; that is, 
help the user develop the new mesh. There are several approaches 
that may be taken to accomplish this. A quick and easy way may be 
to provide cursor movements to the user. The user can use the 
cursor, instead of a digitizing tablet, to generate the node points 
of the new mesh. 

(4) Make the mesh refinement process totally automatic. This will 
require more mesh refinement studies. The studies will have to 
determine several of the criteria needed to make the optimization 
process automatic. For example: 

(a) Which contour plots are to be used? 
(b) How will degrees of freedom be added or deleted? 
(c) What areas are to refined first? 
(d) When does the mesh refinement process stop? 
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SYNTHESIS OF A NEAR-OPTIMUM FINITE ELEMENT MESH 

by 

Jaime Jara-Almonte 

(ABSTRACT) 

A finite element program post-processor is developed to help 

synthesize a near-optimum mesh. This post-processor displays, 

interactively, six different energy functions, along with the usual 

stress functions. The six energy functions are functions of the energy 

within each element of the mesh. Since it is intended to be an 

educational package, the post-processor does not automatically generate 

the new mesh for the user. Instead, guidelines for near-optimum mesh 

generation are presented. The guidelines are based on the test cases 

included in the study. These test cases were also used to select the 

combination of functions that seemed to be more desirable for 

optimization. A list of possible future work is included. 
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