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(ABSTRACT) 

Stem profile models which allow for both taper and form changes (Gray 

1956) were constructed and evaluated. Gray defined form to be the basic 

shape of the tree, e.g. cone or parabolid, and taper to be the rate of nar-

rowing in diameter given a tree form. Ormerod's stem profile model was 

selected as the basic model since its parameters were readily interpreta-

ble in terms of Gray's taper and form definitions. Two stage modeling 

procedures were used to relate individual tree taper and form parameters 

to tree and stand charateristics. Two second-stage parameter estimation 

alternatives were evaluated. Parameter estimates for both techniques, 

ordinary least squares and random function analysis, were similar. Char-

acteristics used to predict stem form were total tree height, crown ratio, 

height to the live crown, site index, and tree age. The taper parameter 

was related to diamett.r at breast height, crown ratio and site index. 

Error evaluations suggest that substantial gains in predicting stem diam-

eters were not made using the variable taper and form stem profile models. 

Two methods were proposed for modeling whole stem inside-bark dia~eter 

or cross-sectional a::.-ea increment. ¥."hole stem increment models were 



derived from several stem profile ~odels and Presseler's hypothesis on the 

vertical distribution of cross-sectional area growth. Stem profile mod-

els evaluated for constructing compatible increment models were Kozak and 

others (1969), Ormerod (1973), Goulding and Murray (1976), Max and Burk-

hart (1976), Cao and others (1980), and Amidon (1984). The increment mod-

el based on Presseler's hypothesis was derived as a generalization of the 

work of ~itchell (1975). Evaluations, with limited increment data, con-

sistently showed that the models based on Presseler's hypothesis predict 

inside-bark diameter increment with less error than do the profile model 

compatible increment models. This may be due to lack of crown information 

currently used in stem profile models. 
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INTRODUCTION 

Efficient and effective management of timber resources depends on 

understanding current biological, financial, and governmental constraints 

and estimating future ones. The goal of timber management is to provide 

the mix of timber quantity, quality, and size that will maximize owner 

satisfaction while meeting the imposed contraints. Forest growth 

projection systems are often used to estimate future biological potential 

in terms of quantity and size under various forest management 

alternatives. This biological potential is evaluated with the financial 

and governmental constraints to select the best management alternative. 

The selection of the "optimal" forest management alternative depends, in 

part, on how well future forest growth can be estimated. 

Future forest growth has been successfully modeled at several levels of 

resolution (Munro, 1974). The highest level of resolution, according to 

~unro, is the individual tree model. At this level each tree in a forest 

or stand is "grown" individually using various sub-models, e.g. height 

growth models and basal area increment models. :otal forest or stand 

growth is determined by subsequently accumulating individual ~ree growth. 

Therefore, more accurate models of individual tree growth and yield may 

help to improve forest growth and yi~ld estimates. 
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Two models are used extensively in fornstry for modeling an individual 

tree's growth and yield. They are stem profile models and stem diameter 

or cross-sectional area growth models. This study deals ~ith methods for 

modeling stem profile and gro~th. 

Stem profile can be defined as the way in which a tree's diameter 

changes from the bottom of the tree to the top. Mathematical models of 

stem profile are often used to determine a tree's yield, i.e. it's log or 

volume content. In most studies, one stem profile model is assumed to be 

appropriate for all trees in a given population. This approach fails to 

account for changes in tree form as growing conditions around the tree 

change. If the variation in stem form is systematically related to 

changes in growing conditions through either tree characteristics or 

stand conditions, then procedures should be developed to incorporate 

these tree characteristics and stand conditions in a variable form stem 

profile model. 

Almost all individual tree stem diameter or cross-sectional area 

increment models have been concerned with modeling increment at 4.5 feet 

above ground level. while the models have proved useful, they are not 

complete since gro~th occurs at all points along the stem. A more 

complete modeling approach would estimate diameter or cross-sectional 

area increment along the entire tree stem. Two methods for modeling bole 

diameter or cross-sectional area increment are presented in ~his study. 



The first method is derived from the concept of compatibility between stem 

profile and increment models. The second method attempts to quantify a 

hypothesis for the vertical distribution of cross-sectional area 

increment along the tree stem. 

OBJECTIVES 

The objectives of this study were to: 

1. Develop and evaluate procedures for incorporating form changes into 

stern profile models, 

2. Develop and evaluate whole stem diameter or cross-sectional area 

increment models based on parent stem profile models and biological 

hypotheses of tree stem growth. 
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NOTATION AND TERMINOLOGY 

The following terminology and notation are frequently used throughout 

this study. All diameters are in inches, heights in feet, and areas in 

square feet. 

h height on a tree stem above ground level. 

h' join point height for the two segment profile model or the 

upper join point height for the three segment profile model. 

h" lower join point height for the three segment profile model. 

h' join point height at time t for the two segment profile model 
t 

or the upper join point height at time t for the three segment 

profile model. 

h'\ lower join point height at time t for the three segment profile 

d or dh 

d h,t 

cah , t 

~ca h 

Q 

model. 

diameter on a tree stem at height h. 

diameter on a tree stem at height h in year t. 

annual diameter increment on a tree stem at height h. 

cross-sectional area on a tree stem at height h. 

c~oss-sectional area on a tree stem at height h in year t. 

cross-sectional area increment on a tree stem at height h. 

stem cross-sectional area increment below the crown. 
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AIB ~itchell's below crown cross-sectional area increment. 

D breast height diame:er. 

AD individual tree annual breast height diameter increment. 

bat individual tree basal area in year t. 

Aba individual tree annual basal area increment. 

H total tree height. 

AH individual tree annual height increment. 

Ht total tree height in year t. 

PH h/H. 

L distance on a tree stem from the top of the tree (H-h). 

Z (H-h)/H. 

THT height on the tree stem where Acah=O when h=THT. 

HTL height to some point on the terminal leader. 

CR crown ratio. 

WCH height to the widest part of the live crown. 

BCH height to the base of the live crown. 

CH height to the live crown (either WCH or BCH). 

AGE individual tree age since planting or plantation age. 

V total tree bole cubic-foot volume. 

V total tree bole cubic-foot volume in year t. 
t 

BI annual bole volume increment. 

BA stand basal area per acre. 

IPA total ~rees pe~ acre. 

SI base age 25 site index (Burkhart and others 1972). 
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K 0.005454154. 

a,~ •... model parameters. 
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LITERAT!;RE REVIEW 

STEM PROFILE MODELS 

A stem profile model describes the tree stem in terms of diameter 

either inside or outside bark at any given height on the tree. The 

independent variables usually associated with the prediction of stem 

diameters are diameter at breast height (dbh), total tree height, and some 

expression for the location of the appropriate diameter. By using stem 

profile models, log or bolt dimensions and volumes as well as total tree 

volume can be estimated. If the proper stem profile model has been 

specified, tree volumes are found by integration (Matte 1949). 

A number of stem profile models have appeared in the forestry 

literature. For purposes of review, the models ~ill be classified as 

fol lows: 

1. One-equation models, 

2. Multi-equation models, 

3. Compatible models, 

4. Multivariate models. 

while there is some overlap in these categories, they should show the 

evolutionary process that has developed in the modeling of stem profile. 
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ONE-EQUATION MODELS 

Behre (1923) rejected profile models proposed by certain S1o.·edish 

scientists because their models did not adequately approximate upper stem 

diameters across the range of form classes studied. As a result, Behre 

proposed a new stem profile model of the form: 

d 
D = L 

cx+6L" 

The equation is conditioned so that the diameter estimated at the top of 

tree is zero. The equation has the form of a hyperbola and has no 

inflection point. Since it has no inflection point, its utility in 

modeling butt swell is limited. Behre (1927) modified the model by 

imposing the condition that d=D ~hen L=H-4.5. 

Follot."ing Behre, most one-equation stem profile models 1o:ere 

polynomials of various orders. ~atte (1949), 1o:orking with loblolly pine, 

proposed the equation: 

l I 2 

To condition d=D when L=H-4.5, the constraint cx+p+~=l was imposed. As 

with Behre. t~is model was not i~tended for use below breast height on a 

tree. 
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Gray (1956) modified the "horizontal wind-pressure" theory of Metzger 

which held that the tree stem was formed to offer uniform resistance to a 

lateral force, such as ,..ind, applied to the crown. Gray suggested 

Metzger's assumption that the tree was anchored in a relatively solid 

material was incorrect and concluded that the "main" stem of a tree had 

the form of a truncated quadratic parabolid. The "main" stem was defined 

as that part below the crown and above the point affected by butt swell. 

Gray's stern profile equation is thus of the form: 

h = ad 2 • 

Gray differentiated between the concepts of form and taper when 

referring to the stem profile. He provided the following definitions for 

form and taper: 

• 

• 

form is the characteristic shape of the solid as determined by the 
power index of d in the diameter/height curve of such a solid, and 

taper is the rate of narrowing in diameter in relation to the increase 
in height of a solid of a given form as determined by a in the 
diameter/height curve of such a solid. 

In Gray's model the form parameter was assumed to be constant while the 

taper parameter varied by tree. 

Using polynomials of relative height, Bruce and others (1968) shewed 
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the form of the upper four-fifths of the average red alder stem could be 

adequately explained by two low-order terms while the bottom one-fifth of 

tht> tree required the addition of one or two higher-order terms in a 

polynomial expression. Their model for stem profile was: 

where 

3/2 3 312 
= p \" l: 5.f(D.H)(>: -o·· l i=l 

X = (H-h)/(H-4.5). 
f(D,H) = function of D and H. 

n. 
1. >: ) 

The positive square root of e0 represents the bark ratio at breast height. 

The values of n. in this equation are 3, 32, and 40. The terms involving 
l 

the 32nd and 40th powers have increasing influence in their equation as X 

-+ 1. The portion of the tree where this occurs is the butt section. 

Hence, this model might be considered a fore-runner to the multiple 

equation models to be reviewed later. Al though their model did not 

include a measure of form, the authors suggested that one might be 

included to improve profile estimation. 

Kozak and others (1969) tested the model proposed by Bruce and others 

and concluded that the additional amount of variation explained was of 

little practical benefit. They suggested that a simple quadratic model of 

relative height •;.;as appropriate. Their model is: 
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Several modifications were made to this base model to acquire some 

desirable properties. In order for d=O when h=H the condition a+8+1=1 was 

imposed. This converted the base model to: 

(d/D) 2 = 8[(h-H)/H]+l[(h-H)/HJ 2 . 

This modified profile model proved adequate for most of the 19 species 

and species groups tested from British Columbia. For several species, 

however, negative diameters were estimated in the upper portion of the 

stem due to the quadratic nature of the base model. In order to insure 

that the model has only one solution (h=H) when d=O, another constaint was 

imposed. With this constraint the profile model was further reduced to a 

one parameter model of the form: 

(d/D) 2 = 1(1-2(h/H)+(h/H) 2 ). 

The authors indicate that stratification into relative height/diameter 

classes should improve the estimation of stem profile, although they were 

not able to include this idea in their study. These relative 

height/diameter classes are, in part, a function of growing conditions as 

the authors state. 

A stem profile model for old-field slash pine based on the following 

assumptions was proposed by Bennett and Swindel (1972): 

~ITERATURE ~EVIEW , ' 
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• Tree stem diameter inside-bark is related to a third order polynomial 
of the height at that diameter. 

• The ratio of diameter inside-bark at breast height to diameter 
outside-bark is constant for all trees. 

• The diameter inside-bark at the top of the tree is zero. 

From these assumptions they derived the following model: 

d = aD(H-h)/(H-4.5) + 8(H-h)(h-4.5) + lH(H-h)(h-4.5) 

+ n(H-h)(h-4.5)(H+h+4.5). 

Amidon (1984), working with slash pine and five mixed-conifer species, 

proposed a stem profile model of the form: 

d = aD(H-h)/(H-4.5) + 8(H 2 -h)(h-4.5)/H 2 

Amidon compared this model to several profile models for accuracy and 

precision in predicting diameters along the tree stem. He found that it 

compared favorably to other, more complicated models for the five 

mixed-conifer species. 

~!CLTI-EQVATION ~!ODELS 

The idea of using two or more equations to model stem profile probably 

resulted from the concept that a tree is composed of various geometric 
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solids. The butt section of a tree is usually depicted as a frustrum of a 

neiloid, the middle sections as frustrums of a paraboloid, and the top as 

a cone or a paraboloid (Husch and others,1972). Grosenbaugh (1966) 

concluded, since a tree can take on many shapes, that a single two 

variable profile model can not fully specify stem profile correctly. 

Ideally the decomposition of the tree stem into its component forms should 

add flexibility and aid in obtaining a better description of stem profile. 

Ormerod (1973) stated that previous stem profile models were empirical 

in nature and he proposed a model based on a tree's geometric forms. The 

model is of the form: 

( H-h)c:t 
d = dl H-I 

where d 1 =Base diameter at height I, 

I =Either 4.5 feet or the join point height. 

The model assumes the shape of a par3boloid when et is less than one, a cone 

when c:i is equal to one, and a neiloid when c:i is greater than one. 

Conditions are placed on the model so that d=O when h=H and d=d 1 when h=I. 

Ormerod used a two-equation model for stem profile and joined the two 

equations at thirty percent of total tree height. The final model may be 

written as: 
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d = ( 0.3H-h )S 
(D-dI) 0.3H-4.5 + dI 0 < h < 0.3H 

= ( H h / dI H-0.3H 0.3H < h < H 

where d1 =Diameter at height I=0.3H. 

The t~o equations are continuous at thirty percent of total height but not 

smooth. Comparisons of this two-equation model with that of Kozak and 

others' model showed that, based on standard errors of inside-bark 

diameter estimates, improvements in model fit were made with the two 

equation model. These were made on the same data sets originally used by 

Kozak and others. Ormerod also stated that introducing stand density, 

site, etc. through the exponent may help model fit. 

Max and Burkhart (1976), using a technique called segmented polynomial 

regression (Fuller 1969, Gallant and Fuller 1973), combined two and three 

quadratic polynomials into single profile models. The individual 

polynomials had the same form as the model proposed by Kozak and others 

(1969). Working with both planted and natural loblolly pine, they 

formulated three distinct profile models. For example, the so-called 

quadratic-quadratic-quadratic model may be specified as: 

i;.chere I 1 = 1 i.f h/H ~ j 1 
= 0 otherwise, 

I') = 1 if h/H < . 
- J 0 

~ 

= 0 othen.:ise. 
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This model divides the stem profile into three segments. The first 

segment covers from ground-level to relative stem height j 2 . The second 

segment covers from j 2 to j 1 and the third segment from jl to the top of 

the tree. Conditioning of the model specifies that d=O when h=H. The 

points j 1 and j 2 are called join points. Additional conditions imposed on 

the equations make the profile model both continuous and smooth at the 

join points. All parameters and join points were estimated using 

non linear regress ion procedures. A two-equation mode 1 made up of two 

quadratic polynomials and one join point as well as another three equation 

model (quadratic-linear-quadratic) were also evaluated. 

All three models were compared to the Kozak and others (1969) model as 

well as each other using the planted and natural loblolly pine stem data. 

All segmented profile models outperformed the Kozak and others model. The 

quadratic-quadratic-quadratic model was found to be superior for natural 

loblolly pine over the quadratic-linear-quadratic and quadratic-quadratic 

models. However, for planted lob lolly pine the 

quadratic-quadratic-quadratic model did not provide significant 

improvement over the quadratic-linear-quadratic model. Likelihood ratio 

test procedures were used to test the models. 

This same segmenting technique was used by ~latney and Sullivan (1979) 

and Cao and others (1980). ~atney and Sullivan joined two higher order 

polynomials to form their stem profile model. A fifth-order polynomial 
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was used to model the butt portion of the tree while a cubic polynomial 

was used for the top. In addition, they restricted their model to pass 

through diameters at breast-height and at forty percent of total tree 

height as well as the top of the tree. Cao and others joined three 

quadratic equations in (L/H) when testing various profile and volume ratio 

models for volume and diameter prediction. 

Demaerschalk and Kozak (1977) argued that previous attempts at 

multi-equation models lacked either sophistication, proper conditioning, 

or were based on breast height diameter which is subject to butt swell. 

They suggested that the base diameter of a profile model should be at a 

relative height instead of some fixed height above ground-level. Diameter 

at the inflection point on the stem profile was chosen. The upper stem 

equation, before conditioning, is: 

where 

(d/D.) = a(L/H)8~(1-(L/H)) 
l 

D. =Diameter at the inflection point. 
l 

The equation used to model the stem profile below the inflection point, 

before conditioning, is: 

(d/D.) = o+K(l-(L/H))A 
l 

The equations were conditioned to he continuous ~nd smooth at the 
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inflection point. They were also conditioned so that d=O when L=O and d=D 

when L=H-4.5. After conditioning, only two parameters are left to be 

estimated for the upper stem equation and one parameter for the bottom 

equation. 

Bennett and others (1978) modified the work of Bennett and Swindel 

(1972) by specifing a model for stem profile from ground level to breast 

height and adding flexibility to the model for stem profile above breast 

height. Their model is conditioned to be continuous at breast height but 

is not smooth. Dell (1979), Dell and others (1979), and Feduccia and 

others (1979) have used this modified model to predict unthinned slash and 

loblolly pine stem profile. Their results showed that stratification into 

crown ratio classes improved stem profile estimation. 

A three-equation stem profile model used by Weyerhaeuser Company was 

discussed by Frazer (1979). Join points were determined by an iterative 

search procedure which minimized the residual variation in stem diameter. 

The base diameter of each tree was chosen as the base diameter of a 

paraboloid having the same total cubic foot volume and total height. 

CO~PATIBLE ~ODELS 

The idea of a compatible profile equation derived from an existing 

total volume equation was introduced by Demaerschalk (1972). His 
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investigations followed from the problem encountered when a profile 

equation is used in conjunction with a~ already existing volume equation. 

While the profile equation is used mainly for segment size and volume 

prediction, total tree volume estimated by the profile model differed from 

the volume estimated by the total volume equation. 

Demaerschalk (1972) proposed that most total volume equations could 

produce a compatible profile equation. working with the logarithmic 

volume equation 

log(V) = a+alog(D)+ilog(H) 

the author showed that the profile equation 

where 

log(d) = a+blog(D)+clog(L)+elog(H) 

a,b,c, and e =Functions of the volume equation parameters and 
a free parameter, 

produced the same total stem volume when integrated over the total height 

of the tree as was estimated by the volume equation. These compatible 

profile models require only the "free" parameter to be estimated using 

profile data. All other parameter estimates result from the volume 

equation. Demaerschalk (1973) gives compatible profile equations for 

other common total volume equations. 

Gouiding and :lurray (1976) generalized Dernaerschalk's compatibility 
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work by showing any compatible profile equation can be expressed in the 

form: 

d 2 = ((a+l)/K)(V/H)(L/H)a. 

However, investigations into the properties of these compatible profile 

models revealed inadequate flexibility in describing butt swell in most 

trees. They then proposed another expression for the compatible profile 

model: 

d 2 = (V/KH)f(L/H) 

where f(L/H) = n-th order polynomial in L/H. 

To condition the profile model so that d=O when L=O, the equation 

n 
r C6./Ci+l)) = i 

i=O 1 

where 6. =Coefficients of the polynomial f(L/H) 
l 

must hold. The flexibilty of this profile model results from being able 

to specify n as large as necessary to define the stem profile. In 

estimating the stem profile of radiata pine, a fifth-order polynomial was 

used. 

While the works of Demaerschalk and Goulding and ~lurray dealt -:.rith 

total volume equations, Clutter ( 1980) showed that compatible profile 

equations were also available from variable-top merchantable volume 
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equations. Clutter derived both inside and outside bark profile models 

that required no profile data for their use. All parameter estimates are 

derived from the merchantable volume equation. 

MULTIVARIATE MODELS 

Fries (1965) and Fries and ~!atern (1965) introduced multivariate 

analysis to stem profile modeling. By calculating the eigenvalues and 

eigenvectors for a matrix of stem diameters, the authors were able to show 

that stem form of several tree species could be adequately expressed by 

the first two or three eigenvectors. The first eigenvector approximates 

the mean stem profile of all study trees, ~hile the other eigenvectors 

were shown to accounted for other factors such as crown ratio, form, and 

size. 

Kozak and Smith (1966) tested both multivariate methods and simple 

regression models in stem profile estimation. Their work with a number of 

species in British Columbia suggested that little improvement was made in 

stem profile estimation by using more than the first eigenvector. They 

also found very little difference between multivariate and simple 

regression models and concluded that, for most purposes, the simple 

polynomial models were sufficient. 

Liu and Keister (1978), working with principal components analysis, 

developed a stem profile model based on the first eigenvalue and its 

LITERATt.:RE REVIEW 20 



associated eigenvector. They interpreted the first eigenvector as 

defining the mean stem profile for the slash and loblolly pine plantations 

studied. Using regression analysis, they were able to predict the 

elements of the first eigenvector using various transformations of 

relative stem position. Trees within a particular location but having 

different crown ratios were found to have different stem profiles. 

Several authors have expressed the idea that some additional variable 

may help to improve profile estimation. These variables are often 

functions of stem form possibly related to individual tree 

characteristics or stand gro~ing conditions. However, very few of these 

stem profile models are flexible enough to take advantage of these 

additional variables. As Gray (1956) points out, there are two components 

of the stem which profile models should include: form and taper. Most, if 

not all, models of stem profile arrive at a single stem form for "all" 

trees through either empirical methods or by arguing for a particular form 

through mechanical or biological hypotheses. "All", in this case, means 

either every tree of the group being studied or the population of trees 

represented by the study data. After the profile model is derived and fit 

to the study data, only taper can change as tree characteristics or stand 

condi~ions change. Several studies, for example, Burkhart and walton 

(1985), Dell (1979), Dell and others (1979), and Feduccia and others 

(1979), have tried to incorporate crown ratio into the modeling process in 

order to add flexibility to a particuiar profile model. 
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flexibility is gained in terms of taper, none can be attained for form 

since their equations assume a specific form. A stem profile model which 

allows for both form and taper changes may be able to take advantage of 

these form-related variables. 

WHOLE STE~ DIAMETER/CROSS-SECTIOt\AL AREA It\CRE~El':T ~!ODELS 

Among the first to propose a system for estimating diameter increment 

for the entire tree stem was Arney (1972). He defined a potent!al 

diameter growth model at any stem internode for coastal Douglas-fir. The 

amount of competition experienced by the branch whorl at a internode was 

used to reduce the potential diameter growth at.that internode. Although 

Arney's model does not account for butt swell, the modifier function was 

developed so that it would be consistent with several observed growth 

patterns. First, maximum ring width is found somewhere around the base of 

the live crown and it steadily decreases from there to the top of the tree 

(Duff and ~olan 1953, Farrar 1961, Hall 1963, Kozlowski 1971, Yoshida and 

Kanamitsu 1979). Arney also based his model on three general observations 

on increment width and area of the branch-free bole attributed by Larson 

(1963) to Hartig (1870,1871,1891). 

1. Trees w!th strongly devP.loped cro~ns, such as those growing free or in 

small openings in the stand, showed a basipetal increase in both area 

growth and r!ng width. 

LITERATIJRE REVIEW 



2. Stand-grown trees with side development hindered but not overtopped 

showed approximately equal area growth in all stem parts; however, 

ring width decreased basipetally. 

3. Stand-grown trees overtopped and with small crowns relative to their 

bole length showed a basipetal decrease in both measurements. 

~itchell (1975), also working with Douglas-fir, estimated total bole 

volume increment as a function of foliar volume of the subject tree and 

the foliar volume of an open-grown tree of the same crown dimensions. 

Once the total volume increment was estimated, its allocation to the stem 

followed Presseler's growth hypothesis (Larson 1963). Presseler's 

hypothesis states that area increment at any location on a tree stem is 

proportional to the amount of foliage above that location. Mitchell's 

whole stem cross-sectional area increment model had the form: 

where 

6ca = ( 2BI ) h WCH+HTL 0 < h < WCH 

( 2BI )( HTL-h ) 
= WCH+HTL HTL-WCH WCH < h ~ HTL 

~cah = cross-sectional area growth at height h, 
BI= total bole volume increment, 

WCH =height to widest part of crown, 
HTL =Height to some point on the terminal leader. 

~itchell used HTL because he considered cross-sectional area growth on 

most of the terminal leader to be negligible. This model is segmented and 
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is continuous at the join point WCH but not smooth. 

Farrar (1961) states that the form of the annual stem layer, i.e. the 

vertical distribution of the stem increment, determines the shape or form 

of a tree stem. One can conclude, therefore, that stem form changes as 

the vertical distribution of stem increment changes. Larson ( 1963) 

recognized several factors which may contribute to these increment and 

form changes. These are stand density, crown class, age, site, crown 

size, genetics, and management techniques such as thinning or pruning. 
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STEM PROFILE MODELING 

DATA 

The felled tree data used in this analysis came from old-field loblolly 

pine plantations in the Coastal Plain of Virginia, Delaware, ~aryland, and 

~orth Carolina as well as the Piedmont of Virginia. Tt.:o trees were 

selected from each randomly located 0.1-acre circular plot. Plot 

characteristics collected were age, average height of the dominant canopy 

(feet), total trees per acre, and total basal area per acre (sq. feet). 

After diameter outside bark at breast height was measured to the nearest 

0.1 inch, each tree was felled and total tree height and live crown length 

were measured to the nearest 0.1 foot. Each tree was then bucked into 

four foot sections up to a two-inch top diameter outside bark and the 

diameter outside bark at the bottom of each four foot section was measured 

to the nearest 0.1 inch. Although stump height was not measured on each 

tree, it t.:as. approximately 0 . .5 feet and this value was assumed for all 

subsequent analyses. 

A total of 480 sample trees were collected. For this analysis those 

trees with only 3 of 4 diameter/height measurements were deleted. 

Therefore, data from 4.51 sample tree were used. Table 1 gives some sample 

statistics for the 4.51 trees. 
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Table 1: Summary statistics for tree characteristics and stand 
conditions associated ~ith 451 old-field loblolly 
pine trees. 

Characteristic Mean Std. Dev. ~!inimum Maximum 

D 6. 1 1. 6 2.8 12.3 

H .'.. l. 5 11. 5 20 . .'.+. 81. 0 

CR 0.46 0.13 0.20 0.83 

AGE 15.9 4.8 8.0 35.0 

SI 62.7 6.3 46.1 83.6 

BA 140.4 41. 9 44.6 277 .3 

TPA 742.1 253.9 300.0 2900.0 
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These data have been analyzed in various fashions by Burkhart and 

others (1972), Burkhart (1977), Cao and Burkhart (1980), Cao and others 

(1980), Burkhart and Walton (1985), and ~e~berry and Burk (1985). A more 

complete description of the sampling procedures and the felled tree data 

can be found in Burkhart and others (1972). 

~ETHODS AND PROCEDlRES 

Gray's 1956 profile model assumes that the clear bole of a tree has the 

form of a quadratic parabolid. Modifications can be made to this model, 

ho~ever, ~hich allo~ for variable stem form. Gray's profile relationship 

can be written as: 

1 I 2 
d = ah 

Basic tree form is expressed with the exponent on height according to 

Gray's form definition with appropriate modification. Variable stem form 

can be introduced by changing the exponent on height to an unknown. This 

modified model has the form 

,,;here a is the taper parameter and S is the form parameter. \ote that B = 

implies a cone and 6 = 1/2 implies a quadratic parabolid. 
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The modified Gray stem profile model is similar to the model proposed 

by Ormerod (1973). Ormerod's model can be written in its most general 

form as: 

where 

( H-h )~ 
d = aD H-4.5 

a= slope parameter, 
aD =taper parameter, 
B = form parameter. 

Note that the taper parameter, in this case, is aD. This definition is 

required in the Ormerod model because of tree size standardization imposed 

by introducing D into the profile model. The slope parameter a can be 

interpreted as accounting for tree taper not accounted for by the tree 

dbh. Ormerod's model has the same properties as the modified Gray model 

in terms of accounting for both form and taper changes and has other 

desirable properties. It is conditioned so that d=O when h=H. The 

equation is also conditioned so that if a~l then d~D when h=4.5. These 

conditions make the generalized Ormerod profile model applicable over 

more of the bole than Gray's model. For this reason the Ormerod stem 

profile model was selected as the basic model in this study. 

Even though the generalized Ormerod stem profile model has a variable 

form parameter, typical pooled-data fitting procedures would estimate a 

single form parameter for the entire ?Opulation of trees. To utilize the 

form parameter, the fitting procedures should be applied to groups of 
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trees with similar form in hopes of relating group characteristics to tree 

form. In this study, the individual tree served as the group so that form 

differences were not confounded with any grouping criteria. 

Once the stem profile model and the individual tree analysis were 

chosen, a two-stage modeling procedure was selected to obtain a stem 

profile model which accounts for both taper and form changes. Two-stage 

mod.eling procedures have been used extensively in forestry. Smalley and 

Bailey (1974) and Hyink and Moser (1983) used the techinque for modeling 

stand diameter distributions. Ferguson and Leech (1978) and Davis and 

West (1981) generated yield functions for Monterey pine with a two-stage 

procedure. Similar two-stage techniques were used with individual 

loblolly pine trees by Newberry and Burk (1985) for merchantable 

volume/total volume ratios and Burkhart and Walton (1985) for stem profile 

modeling. All of these two-stage procedures followed the same basic 

technique. In the first stage, the parameters of a base model were 

estimated for each plot or tree in the data set. The estimated parameters 

from the first stage were then related, through regression techniques, to 

plot or tree characteristics in the second stage. 

There was one major difference among these two-stage models. In all of 

these studies except the Ferguson and Leech and the Davis and West 

studies, estimation error from the first stage was assumed to be zero in 

the second-stage analysis. It was also assumed that no correlation 
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existed among the error terms from different second-stage models. These 

assumption are necessary to use ordinary least squares COLS) in the second 

stage. If these assumptions do not hold, the second-stage OLS estimates 

are unbiased but not efficient (Krnenta 1971). Therefore, models based on 

second-stage OLS techniques may be misleading. 

Two-stage procedures which account for first-stage parameter 

estimation error and across-equation error correlation in the second 

stage have often been used by statisticians to analyze growth studies 

(e.g. Rao 1965, Grizzle and Allen 1969, and Laird and Ware 1982). These 

techniques are normally applied in studies where individual units are 

measured through time. However, they can be applied to the two-stage stern 

profile model as well. In the two-stage stem profile model, measuring 

diameters at different heights on an individual tree stern is analogous to 

measuring a single attribute on an individual unit at different points in 

time. By viewing height along the stern as a continuum similar to time, 

and applying the appropriate two-stage procedures, a more general error 

structure can be included in the second-stage parameter estimation 

procedures. 

Ferguson and Leech (1978) and Davis and West (1981) account for the 

first-stage estimation error and second-stage across-equation error 

correlations by applying ::he "random coefficients" analysis proposed by 

Swamy (1971). Swarny's work is an extension of Zeller (1966) in which the 
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seemingly unrelated regressions technique was applied to the economic 

aggregation problem. Ferguson and Leech and Davis and West modified 

Swamy' s work so that a more general second-stage equation, "random 

function" analysis, could be used. The random function analysis accounts 

for both first-stage estimation error and second-stage across-equation 

error correlations in the second-stage model by applying a two-stage 

generalized least squares solution technique similar to Zellner (1962). 

This technique gives asymptotically minimum variance linear unbiased 

estimates of the second-stage parameters. 

In this study, the generalized Ormerod stem profile model was fit by 

nonlinear least squares to each of 451 old-field loblolly pine trees in 

the first stage. From these first-stage models, 451 estimated slope 

parameters, estimated form parameters, and estimated parameter 

variance-covariance matrices were needed in the second-stage analyses. 

Two points should be considered before moving on to the second stage. 

First, the errors in each first-stage model may be dependent since the 

heights at which diameters were measured were chosen systematically for an 

individual tree. If these correlations are severe, the parameter 

variance-covariance estimates could be substantially underestimated. 

Runs tests (Lehmann 1975) were made for each tree to determine if 

dependent error structures existed in these data. The results from the 

runs tests were used in a overall sign test procedure (Lehmann 1975) to 

determine if more dependencies exist in the error structures than would be 
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expected by chance. Second, solution techniques for the nonlinear 

regression problem often utilize linear approximations. The parameter 

variance-covariance estimates, using the linear approximations, are 

asymptotically correct. In this study, the number of diameter/height 

observations per tree ranged from approximately 5 to 20, hardly large 

sample sizes. Therefore, two different sets of parameter 

variance-covariance estimates were included in this study. The first set 

of estimates, which will be referred to as the ordinary estimates, were 

the parameter variance-covariance estimates of the linear approximation 

to the nonlinear model made through a Taylor series expansion. The second 

set of estimates were obtained using the jackknifing procedures of Duncan 

(1978). Al though both procedures generate approximate parameter 

variance-covariance estimates, two sets of estimates should help to 

assess how sensitive the random function solution technique is to 

differences in the estimated parameter variance-covariance structure. 

In the second stage, the 451 estimated sets of slope and form 

parameters were related to individual tree characteristics and stand 

conditions using both correlation and regression techniques. The 

individual tree characteristics used in this analysis were dbh, total tree 

height, height to the live crown, crown ratio, and age. The stand 

conditions used were total basal area per acre, total trees per acre, and 

site index (Burkhart and others 1972). These variables and appropriate 

transformations were used as independent variables in the second-stage 
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analysis. 

In applying OLS techniques to estimate the second-stage parameters, 

second-stage models of the general form: 

where 

A 
a. = 

J 

A a. = 
J 

A a. =estimated first-stage slope parameter for tree j, 
11J 
ej =estimated first-stage form parameter for tree j, 

lli'l2k =second-stage regression parameters, 

Xlij'X2kj =second-stage independent variables, 
e1j,e2j =second-stage error terms, 

E(B 1j) = E(B2j) = 0 
Var(B 1j) = 0 12 Var(B2j) = 0 22 

covce 1j,e2j) = o 
n = number of second-stage parameters in the 

slope equation, 
m = number of second-stage parameters in the 

form equation, 

were assumed. 

To determine the appropriate model forms, second-stage OLS regression 

models were evaluated with several different criteria. Preliminary 

models 1.·ere screened using the coefficient of determination and Cp 

statistic (Draper and Smith 1981) from an all-possible regressions 

procedure. These mo~uls were further evaluated for prediction using the 
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PRESS statistic (Montgomery and Peck 1982) and multicollinearity using 

variance inflation factors (Belsley and others 1980). Second-stage 

models which passed these initial evaluations underwent two final 

evaluations. The first evaluation ensured that the final models made, at 

least some. biological sense. The models were compared to findings 

presented by Larson (1963) on tree form and its relationship to tree 

characteristics and stand conditions. The final evaluation determined 

model suitability for predicting stem diamet~rs. Three error criteria 

were used with 4002 diameter measurements from the 451 loblolly pine 

trees. They were 

where 

N 
! (o. - p. )/N 

i=l l. l. 

N 
! I 0. - p. I /N 

i=l l. l. 

N 
! (o.- p.) 2 /N 

i=l l. l. 

o. = ith observed diameter in inches, 
l. 

p. = ith predicted diameter in inches, 
l. 

N = number of measurements. 

These three criteria can be described as average error or bias, mean 

absolute deviation (MAD), and the square root of mean squared deviation 

(R~SD), respectively. In addition to total error by the three criteria, 

the errors were also categorized by percent height classes, allowing 

comparisons of the various models along the entire tree bole. 
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The tree characteristics and stand conditions which were selected as 

the "best" independent variables in the OLS model selection procedures 

were assumed to be the appropriate variables in the random function 

analysis. The second-stage models evaluated with the random function 

analysis had the form: 

where " a.= estimated first-stage slope parameter for tree j, 
,.J 
~.=estimated first-stage form parameter for tree j, 

J 
rli'r2k =second-stage regression parameters, 

xlij'x2kj = second-stage independent variables, 

olj'o2j = second-stage error terms, 

ECo 1j) = ECo 2j) = o 
Var(o 1j) = t 1 

2 Var(o 2j) = t2 
2 

Cov(o 1j,o2j) = t 12 
El., E?. = first-stage error terms. 

J -J 
E(tlj) = E(t 2j) = 0 
Var(e 1j) = 0 12 Var(e 2j) =a/ 

Cov(tlj'EZj) = 0 
n = number of second-stage parameters in the 

slope equation, 
m = number of second-stage parameters in the 

form equation. 

The first- and second-stage error terms were assumed to be independent. 

OLS can no longer be used since the errors between the slope and form 

parameter estimation equations are correlated. Therefore, a technique 
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such as the random function analysis was appropriate. A computer program 

was written in FORTRAN IV to carry out the random function analysis. 

Details of the solution technique are given in Ferguson and Leech (1978) 

and Davis and West (1981). 

Error analyses similar to the ones discussed earlier for the OLS models 

were also performed for the random function models. 

RESULTS AND DISCUSSION 

The Ormerod stem profile equation was fitted, using Gauss-Newton 

nonlinear regression procedures, to the diameter/height observations from 

each of the 451 old-field loblolly pine trees. As a result, 451 

first-stage slope and form parameter estimates were obtained for 

second-stage analysis. 

In order to assess whether dependent error structure existed in the 

systematically obtained diameter/height data for each tree, the residuals 

from the 451 non-linear regressions were analyzed using runs tests 

(Lehmann 1975). The hypothesis tested for each of the 451 loblolly pine 

trees was 

HO: the sequence of errors is random, 

Hl: the sequence of errors is not random. 
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Each test was performed as a two-tailed test at the 0. 05 level of 

significance. Of the 451 tests, 78 were significant at the 0.05 level. 

When 451 tests are performed at the 0.05 level of significnace, one would 

expect 22.55 sigificant tests even though the null hypothesis is true. To 

test whether the number of significant tests found in this study were 

statistically different from the expected value of 22. 55 significant 

tests, a sign test (Lehmann 1975) was performed at the 0.05 level. Since 

the sample size is quite large, a normal approximation to the binomial 

distribution was used. The calculated test statistic was z=ll.98. 

Comparing this value with z0 . 025=1. 96 indicates that there are more 

dependent error dependencies in the data than would be expected by chance. 

However, since the appropriate technique for handling this error 

structure could not be determined, no procedures were used to account for 

dependent errors in any of the 451 trees. 

Correlation analysis showed that several tree characteristics and 

stand conditions were related to the estimated slope and form parameters. 

Table 2 shows these correlations. In most cases, the tree characteristics 

and stand conditions were more correlated with the form parameter than 

with the slope parameter. These correlation coefficients were compared to 

observations on stem taper and tree characteristics and stand conditions 

attributed by Larson (1963) to various researchers. When Larson referred 

to stem taper, he was probably referring to a combination of taper and 

form as defined by Gray. Therefore, decreases in either slope or form 
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Table 2: Sample-based correlation coefficients between the estimated 
slope(a) and form(e) parameters and several tree 
characteristics and stand conditions. Results are based on 
451 sample trees. 

r 

slope(a) form Ce) 

Tree Characteristics 

D -0.31254 -0.27748 

AGE -o. 27245 -0.39754 

H -0.29513 -0.48935 

CR 0.19971 0.47614 

BCH -0.30076 -0.52287 

Stand Conditions 

SI NS NS 

BA -0.19324 -0.41144 

TPA 0.16367 NS 

where NS= not significant (a= 0.05) 
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parameter result in decreases in taper as defined by Larson. The 

observations from Larson can be summarized as follows: decreasing taper is 

associated with decreasing crown ratio, increasing age, increasing stand 

density, increasing site quality, and decreasing dbh/total height ratio. 

Many of the correlations given in Table 2 are in general agreement with 

these observations. The variables associated with possibly inconsistent 

correlations are dbh, site index, and trees per acre. Partial correlation 

analysis was used in hopes of resolving these inconsistencies. Since 

Larson considered the dbh/total height ratio, the partial correlation 

between the form and slope parameters and dbh given total height were 

calculated. These partial correlation coefficients were -0. 14022 and 

0.17861 for the slope parameter and dbh and the form parameter and dbh, 

respectively. Therefore, when height is considered the correlations 

between dbh and tree shape are somewhat more cons is tent with Larson's 

observations. The partial correlation between the form parameter and 

trees per acre given stand or tree age (p=-0.13358) suggests a decreasing 

form parameter with increasing number of trees per acre given stand age. 

The partial correlation between the slope parameter and trees per acre 

given stand age was not significant. The partial correlation analysis 

involving site index did not provide any results consistent with Larson's 

observations of decreasing taper with increasing site quality. Larson 

based his observation on the premise that increasing site quality produced 

increasing tree height for a given dbh. It appears from this analysis 

that the impact of site quality on tree taper and form is more complex 
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than Larson suggested. 

The second-stage regression equations which predict first-stage slope 

and form parameters for Ormerod's stem profile model are given in Table 3. 

Six sets of second-stage equations are provided since two equations for 

the form parameter were selected. These sets are divided into three 

categories according to the second-stage parameter estimation procedure: 

the OLS estimates, the random functions model estimates using the ordinary 

variance-covariance estimates, and the random functions model estimates 

using the jackknife variance-covariance estimates. The three categories 

of second-stage estimation procedures produce parameter estimates which 

are quite similar. However, substantial differences in the second-stage 

parameter standard errors occur. The magnitude of these parameter 

standard errors is directly related to the magnitude of the estimated 

first-stage variance-covariance structure. These estimated standard 

errors from the random function analyses must be viewed with caution. 

Both the ordinary and jackknife first-stage parameter variance-covariance 

estimates lead to negative second-stage variance estimates for o1j and 

o2j. These negative variances probably result from inconsistencies in the 

first-stage parameter variance-covariance estimates due to the small 

number of diameter/height observations per tree. These negative variance 

estimates were changed to small positive values in the solution algorithm 

as suggested by Ferguson and Leech (1981). 

STEM PROFILE ~ODELING 40 



Table 3: Six sets of second-stage prediction equations for the 
slope(a) and form(6) parameters of the Ormerod stem 
profile model. Estimated standard errors are given in 
parentheses. 

Ordinary Least Squares 

Model 1 

a= 0.963708 + 0.333880/D + 0.001108(CR)(SI) 
(0.01113) (0.05049) (0.00027) 

R2 = 0.1338 MSE = 0.00215 

6 = 0.605984 + 6.008530/H + 0.004148(GR)(SI) 
(0.02147) (0.83038) (0.00076) 

R2 = 0.2858 MSE = 0.01256 PRESS= 5.6999 

Model 2 

a= 0.963708 + 0.333880/D + 0.001108(GR)(SI) 
(0.01113) (0.05049) (0.00027) 

R2 = 0.1530 MSE = 0. 00211 

-B = 1.111138 - 0.004049(BCH) - 0.095125(BCH/AGE) 
(0.02253) (0.00084) (0.02418) 

R2 = 0.2977 MSE = 0.01235 PRESS = 5.6079 

Random Function Analysis/Ordinary Variance Estimates 

~!odel 3 

a= 0.961458 + 0.331587/D + 0.001127(CR)(SI) 
(0.24506) (1.12043) (0.00588) 

B = 0.581179 + 6.038970/H + 0.004500(CR)(SI) 
(0.17876) (7.02600) (0.00649) 

STE:! PROFILE :IODELI~G 41 



Table 3: Continued. 

Random Function Analysis/Ordinary Variance Estimates 

Model 4 

a= 0.961522 + 0.331563/D + 0.001125(CR)(SI) 
(0.24506) (1.12043) (0.00588) 

B = 1.101170 - 0.003996(BCH) - 0.098577(BCH/AGE) 
(0.19179) (0.00687) (0.19965) 

Random Function Analysis/Jackknife Variance Estimates 

Model 5 

a= 0.946929 + 0.024639/D + 0.003090(CR)(SI) 
(2.12053) (10.12902) (0.05925) 

B = 0.605675 + 6.002427/H + 0.004128(CR)(SI) 
(0.19765) (7.71054) (0.00706) 

Model 6 

- 0.957899 - 0.074163/D + 0.003218(CR)(SI) a = 
(2.12039) (10 .11460) (0.05916) 

-B = 1.107484 - 0.003996(BCH) - 0.094128(BCH/AGE) 
(0.20891) (0.00771) (0.22226) 

where R2 = coefficent of determination 
~SE = mean square error 

PRESS = PRESS statistic 
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Ascribing biological meaning to a mathematical model is often 

difficult, especially in systems that are not fully understood such as 

form and taper of the stem profile. However, in these models for taper 

and form,~several observations can be made by allowing certain variables 

to vary while holding the remaining variables .. constant. For these 

observations the taper parameter nD was used. The tree taper parameter 

decreases as dbh decreases while the tree form parameter (models 1,3,5) 

decreases as total tree height increases. This is consistent with the 

observation from Larson on taper and dbh/total height ratios. Both taper 

and form parameters (models 1,3,5) decrease as the combined crown 

ratio/site index term decreases. Consider large-crowned trees on good 

sites versus small-crowned trees on poor sites to interpret this term. 

The small-crowned/poor-site trees tend to concentrate their annual growth 

in the area of the live crown, thereby, producing a more cylindrical, less 

conical tree. The large-crowned/good-site trees tend to distribute 

annual growth over the total bole which results in a tree with a more 

conical form. The intercept of the form equation (models 1,3,5) has an 

interesting interpretation. The intercept is the limiting tree form as 

total tree height gets large and crown ratio or site become small. A 

value of approximately 0.60 suggests a limiting tree form which is not 

very different from the quadratic parabolid (~=0.50) proposed by Gray. 

The form equation (models 2,4,6) also appears to have some biological 

interpretation. The tree form parameter decreases as height to the live 

crown increases. This is opposite to the effect of increasing crown ratio 
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as it should be. The tree form paramter increases as age increases. If 

height to the live crown is held constant, increasing age may indicate 

increasing total tree height and an increasing crown size, therefore, a 

more conical form. The intercept (models 2,4,6) also has biological 

interpretation. The intercept is the limiting tree form as height to live 

crown approaches zero. The value of approximately 1. 1 indicates a 

cone-like shape. 

The error analyses for predicting observed stem diameters with the 

variable form Ormerod stem profile model using the second-stage models 1, 

3, and 5 are given in Table 4. The error analyses using second-stage 

models 2, 4, and 6 are given in Table 5. Also given in these tables are 

the error analyses for two other stem profile models. The first is 

Ormerod' s stem profile model fitted to the combined data from the 451 

loblolly pine trees. The second is also Ormerod's model but each tree's 

taper and form parameters were those estimated in the first stage of the 

two-stage modeling process. These two models are given as standards 

against which the two-stage modeling process can be evaluated. All 

two-stage models have less over-all error, except in the bias category, 

than the model fit with the combined tree data. There is little 

difference among the two-stage models except in the bias category. The 

best two-stage models, the random functions model with ordinary parameter 

variance-covariance estimates, accounts for approximately 60-70 percent 

of the difference in bias, approximately 20 percent of the difference in 
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Table 4: Error analyses for predictng tree stem diameters with 
Ormerod's stem profile model using second-stage taper and 
form parameter estimates: OLS (model 1), random function 
analysis with ordinary variance estimates (model 3), and 
random function analysis ~ith jackknifed variance estimates 
(model 5). Model A is the Ormerod model fitted to all 4002 
observations. Model B is the Ormerod model with first-stage 
taper and form parameter estimates. 

~!odel PH N Bias MAD RMSD 

O.O<PH<O.l 632 0.50471 0.76155 0.94173 
O.l<PH<0.2 493 -0.37511 0.39202 0 .48411 
0.2<PH<0.3 451 -0.36706 0.38199 0.48449 
0.3<PH<0.4 454 -0.22195 0.29987 0.39032 
0.4<PH<0.5 458 -0.05652 0.26355 0.34566 

A 0.5<PH<0.6 491 0.08230 0.27469 0.36524 
0.6<PH<0.7 453 0.18505 0.31762 0.41907 
0.7<PH<0.8 387 0.22357 0.34518 0.43693 
0.8<PH<0.9 177 0.22912 0.30751 0.39575 
0. 9<PH<l. 0 6 0.55878 0.55878 0.80610 

Total 4002 0.02412 0.39316 0.53746 

O.O<PH<O.l 632 0.45647 0.70524 0.91155 
O.l<PH<0.2 493 -0.40675 0.41947 0.49071 
0.2<PH<0.3 451 -0.36529 0.38057 0.47151 
0.3<PH<0.4 454 -0.20751 0.29513 0.38230 
0.4<PH<0.5 458 -0.03199 0.25546 0.34156 

1 0.5<PH<0.6 491 0.12152 0. 27261 0.36444 
0.6<PH<0.7 453 0.23122 0.31309 0.40239 
0.7<PH<0.8 387 0.26370 0.32525 0.41373 
0.8<PH<0.9 177 0.23393 0.28219 0.36159 
0. 9<PH<l. 0 6 0.50392 0.50392 0.80829 

Total 4002 0.03130 0.38213 0.52319 

O.O<PH<O.l 632 0.47805 0.71527 0.92542 
O.l<PH<0.2 493 -0.39898 0.41229 0.48446 
0.2<PH<0.3 451 -0. 36924 0.38386 0.47535 
0.3<PH<0.4 454 -0.22128 0.30149 0.39093 
0.4<PH<0.5 458 -0.05446 0.25834 0.34544 

3 0 . .3<PH<0.6 491 0.09172 0.26380 0.35583 
0.6<PH<0.7 453 0.19565 0.29330 0.38122 
0.7<PH<0.8 387 0.22399 0.29966 0.38862 
O.S<PH :0.9 lii 0.19084 0.25912 0.33588 
0. 9<PH<l. 0 6 0 . .'.t.5683 0.47142 0.78853 

Tot: al .'.t.002 0.01759 0.37739 0.52254 
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Table 4: Continued. 

Model PH N Bias ~IAD RHSD 

O.O<PH<O.l 632 0.52.515 0.73465 0.95156 
O.l<PH<0.2 493 -0.34634 0.37384 0.46238 
0.2<PH<0.3 451 -0.31073 0.34088 0 .44119 
0.3<PH<0.4 454 -0.16139 0.27295 0.36151 
0.4<PH<0.5 458 0.01021 0.26013 0.34002 

5 0.5<PH<0.6 491 0.15534 0.28878 0.37627 
0.6<PH<0.7 453 0.25683 0.33367 0.42278 
0.7<PH<0.8 387 0.28038 0.34440 0.43219 
0.8<PH<0.9 177 0.24147 0.29366 0.37505 
0.9<PH<l.O 6 0.50296 0.50296 0.80897 

Total 4002 0.07475 0.38138 0.53114 

O.O<PH<0.1 632 0.45697 0.66978 0.81706 
O.l<PH<0.2 493 -0.40587 0.41757 0.46226 
0.2<PH<0.3 451 -0.36880 0.37234 0.41982 
0.3<PH<0.4 454 -0.21137 0.24432 0.28409 
0.4<PH<0.5 458 -o. 04100 0.13242 0.17330 

B 0.5<PH<0.6 491 0 .11144 0.14354 0.18954 
0.6<PH<0.7 453 0.20471 0.21718 0.25257 
0.7<PH<0.8 387 0.20377 0.22404 0.26625 
0.8<PH<0.9 177 0.09651 0.18701 0.23429 
0. 9<PH<l. 0 6 0.27849 0.27849 0.41703 

Total 4002 0.01317 0.31451 0.43047 

N 
Bias = l: (o.- p. )/N 

i=l 1 1 

N 
MAD = L I 0. - p .1 /'i. 

i=l 1 1 

N 
R~tSD E (o.- p.) 2 /N 

i=l 1 1 

where 0. = ith obse=ved diameter in inches 
l. 

pi = ith predicted diameter in inches 

s = number of measurements 
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Table 5: Error analyses for predictng tree stem diameters with 
Ormerod's stem profile model using second-stage taper and 
form parameter estimates: OLS (model 2), random function 
analysis with ordinary variance estimates (model 4), and 
random function analysis ~ith jackknifed variance estimates 
(model 6). Model A is the Ormerod model fitted to all 4002 
observations. Model B is the Ormerod model with first-stage 
taper and form parameter estimates. 

Model PH N Bias MAD RNSD 

O.O<PH<O.l 632 0.50471 0.76155 0.94173 
O.l<PH<0.2 493 -0.37511 0.39202 0.48411 
0.2<PH<0.3 451 -0.36706 0.38199 0.48449 
0.3<PH<0.4 454 -0.22195 0.29987 0.39032 
0.4<PH<0.5 458 -0.05652 0.26355 0.34566 

A 0.5<PH<0.6 491 0.08230 0.27469 0.36524 
0.6<PH<0.7 453 0. 18505 0.31762 0.41907 
0.7<PH<0.8 387 0.22357 0.34518 0.43693 
0.8<PH<0.9 177 0.22912 0.30751 0.39575 
0. 9<PH<l.O 6 0.55878 0.55878 0.80610 

Total 4002 0.02412 0.39316 0.53746 

O.O<PH<0.1 632 0.45666 0.70571 0.91059 
O.l<PH<0.2 493 -0.40798 0.42074 0.49236 
0.2<PH<0.3 451 -0.36551 0.38142 0.47315 
0.3<PH<0.4 454 -0.20980 0.29799 0.38526 
0.4<PH<0.5 458 -0.03474 0.25688 0.34072 

2 0.5<PH<0.6 491 0.12036 0.27476 0.36490 
0.6<PH<0.7 453 0.22985 0.30944 0.39843 
0.7<PH<0.8 387 0.25595 0.32284 0.40909 
0.8<PH<0.9 177 0.22086 0.27847 0.36233 
0. 9<PH<l. O 6 0.46638 0.52447 0.81282 

Total 4002 0.02890 0.38224 0.52284 

O.O<PH<O.l 632 0.47833 0.71582 0. 92425 
O.l<PH<0.2 493 -0.39978 0.41319 0.48564 
0.2<PH<0.3 451 -0.36858 0.38390 0.47585 
0.3<PH<0.4 ' - I '+.) '+ -0.22231 0.30373 0.39246 
0.4<PH<0.5 458 -0.05563 0.25937 0.34368 

4 0.5<PH<0.6 491 0.09253 0.26611 0.35645 
0.6<PH<0.7 453 0. 19639 0.28993 0.37923 
0.7<PH<0.8 387 0.21855 0.29995 0.38742 
0.8<PH:0.9 1 ii 0. 18077 0.25939 0.3.+250 
0. 9<Pl1< 1. 0 6 o . .+2467 0 - ") •) - , . .).;.._.) ... 0. 79744 

Tor: al .+002 0.01652 0.37798 0.52241 
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Table 5: Continued. 

~lodel PH N Bias MAD RMSD 

O.O<PH<O.l 632 0.53129 0.74263 0.95483 
O.l<PH<0.2 493 -0.34017 0.37139 0.46595 
0.2<PH<0.3 451 -0.30655 0.34215 0.44658 
0.3<PH<0.4 454 -0.15960 0.27672 0.36667 
0.4<PH<0.5 458 0.01180 0.26245 0.34128 

6 0.5<PH<0.6 491 0.15773 0.29496 0.37902 
0.6<PH<0.7 453 0.25813 0.33517 0.42106 
0.7<PH<0.8 387 0.27414 0.34350 0.42925 
0.8<PH<0.9 177 0.22853 0.29215 0.37653 
0.9<PH<l.O 6 0.46368 0.52648 0.81377 

Total 4002 0.07654 0.38398 0.53336 

O.O<PH<O.l 632 0.45697 0.66978 0.81706 
O.l<PH<0.2 493 -0.40587 0.41757 0.46226 
0.2<PH<0.3 451 -0.36880 0. 37234 0.41982 
0.3<PH<0.4 454 -0.21137 0.24432 0.28409 
0.4<PH<0.5 458 -0.04100 0.13242 0.17330 

B 0.5<PH<0.6 491 0 .11144 0 .14354 0.18954 
0.6<PH<0.7 453 0.20471 0.21718 0.25257 
0.7<PH<0.8 387 0.20377 0.22404 0.26625 
0.8<PH<0.9 177 0.09651 0.18701 0.23429 
0. 9<PH<l. 0 6 0.27849 0.27849 0.41703 

Total 4002 0.01317 0.31451 0.43047 

N 
Bias = E (o.- p. )/N 

i=l 1 1 

N 
~!AD = E lo. - p. I /N 

i=l 1 1 

N 
R~!SD E (o.- p.) 2 /N 

i=l 1 1 

where o. = ith obs~~ved diameter in inches 
1 

p. = ith predicted diameter in inches 
1 

:-; = number of measurements 
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the mean absolute deviation, and approximately 15 percent of the 

difference in the square root of the mean squared deviation between the 

two standards. 

CONCLUSIONS 

Variable form stem profile models can be constructed if stem profile 

models have parameters which are directly related to tree form as defined 

by Gray (1956). The Ormerod (1973) stem profile model is one such model 

that has a parameter directly related to stem form. This form parameter 

appears to be related to several tree characteristics and stand conditions 

in ways which have biological meaning. 

Two-stage estimation procedures were used to account for form 

variability due to differences in growing conditions through tree 

characteristics and stand conditions. Both second-stage techniques 

evaluated in this study, OLS and random funct:ion analysis, were not 

without problems. OLS ignores first:-stage estimation error and does not 

account for correlat:ed errors in the second-stage equations. The random 

function analysis can account, in theory, for the more general error 

structure. As it was applied in this case, only the first-stage 

estimation error could be accounted for due to unreasonable second-stage 

error variance estimates. Since this problem was probably related to the 

small number of diameter/height measurements for each tree, two possible 
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alternatives may help. More measurements could be taken on an individual 

tree. The other alternative would be to group trees into similar form 

categories. Both possibilites would provide more observations for each 

first-stage model and hopefully more consistent variance-covariance 

estimates. The increased number of observations would also allow for more 

sophisticated profile models in the first stage. Considering both 

solution techniques, the similar parameter estimates, the problems 

encountered, and the ease of use, the OLS second-stage procedures are 

probably as appropriate as the random function procedures. 

It is difficult to determine whether these variable form stem profile 

models are significantly better than the single stem profile model. There 

is some improvement in predicting stem diameters using the variable form 

profile models. It should be left to the potential user to determine 

whether the improvement is great enough to warrent using the variable form 

profile models. 
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STEM GROWTH MODELING 

DATA 

The felled tree data used in this analysis were provided by the 

Weyerhaeuser Company from their Alikchi plantation study area in 

southeastern Oklahoma. The study area was planted in 1969 making the 

stand 14 years old when the sample trees were felled. Approximately 870 

trees were planted per acre. The average site index base-age 25 was 60 

feet. Fifty sample trees were taken from two previously unthinned 

one-fifth acre plots. Thirty-five sample tree were taken from two 

previously thinned plots. These plots had been thinned to 450 trees per 

acre in 1975 and 280 trees per acre in 1978. 

After dbh was measured to the nearest 0.01 inch on each sample tree, 

the trees were felled and total tree height, height to the base of the 

live crown, and height to the widest part of the crown were measured t6 

the nearest 0.1 foot. The trees were bucked into four foot sections, an 

approximately 1.0 inch thick disk was cut from the bottom of each section, 

and the height (to the nearest 0.1 foot) of the disk was recorded. These 

disks were sent back to the laboratory for stem analysis. 

The laboratory analysis consisted of determining the number of rings on 
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each disk and the width of each ring. Using magnification when necessary, 

ring widths were determined to the nearest mm by averaging the 

measurements along two perpendicular rays. 

METHODS AND PROCEDURES 

The concept of a compatible whole stem diameter increment or 

cross-sectional area increment and profile model was used to construct 

whole stem diameter or cross-sectional area increment models. A stem 

profile model is compatible with a whole stem diameter or cross-sectional 

area increment model if the stem diameters determined by the profile model 

are the same as the diameters determined by the increment models through 

accumulating the growth increments. This concept suggests that annual 

whole stem diameter or cross-sectional area increment can be modeled as 

the annual difference in diameter or cross-sectional area at a given 

height on a tree stem as determined by a stem profile model. Using this 

definition, whole stem diameter or cross-sectional area increment models 

can be expressed as 

STE:! GRO\\TH ~10DELING 

~dh = d. n,t+l 

= d - d h,t+l h,t 

= 

Ht < h < Ht+l 

0 < h < H t 

H < h < H 
t t+l 

0 < h < H 
t 
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where ~dh = annual diameter increment at height h, 

dh,t+l =stem diameter at height h in year t+l, 
d_ =stem diameter at height h in year t, n,t 
~ca = annual cross-sectional area increment at height h, h 

c~,t+l =stem cross-sectional area at height h in year t+l, 
cah,t =stem cross-sectional area at height h in year t, 

Ht+l = total tree height in year t+l, 
Ht= total tree height in year t. 

The difference form of the growth model was chosen over the differential 

form for two reasons. First, growth, as it was considered here, is the 

annual difference in diameter or cross-sectional area along the entire 

stem. The stem growth which accounts for this difference is not a 

continuous process throughout the year. Therefore, the difference 

equation appeared to be more appropriate. Second, most stem profile 

models are constrained such that d=O when h=H. This constraint is passed 

along to the differential growth model in the form of ad/at=O when h=Ht 

which seems biologically unreasonable. This constraint was not a problem 

for the difference form of the growth model. 

Several stem profile models were chosen from the literature for this 

analysis. These models covered the one-equation, two-or-more equation, 

and the compatible categories. The one-equation models were Kozak and 

others (1969), Ormerod (1973), and Amidon (1984). The two-or-more 

equation models were ~ax and Burkhart (1976) and Cao and others (1980). 

The compatible models were Goulding and Murray (1976) and Cao and others 

(1980). 
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Using the selected stem profile models and the general difference 

equations, stem increment models were, in most cases, derived through 

algebraic manipulation. The objective was to obtain a increment model 

form in which height along the stem (h) was the main independent variable 

and whose parameters were functions of the parent stern profile model's 

parameters, annual diameter or cross-sectional area growth at breast 

height and annual total height growth. 

The second method for modeling whole stern diameter or cross-sectional 

area increment was based on Presseler's hypothesis. All models based on 

Presseler's hypothesis were of the following form: 

Acah = Q 0 < h < CH 

= Q (THT-h )a 
\ THT-CH 

CH < h < THT 

where Q = annual cross-sectional area growth between ground 
level and crown height, 

THT =height on the tree stem where Acah=O when h=THT, 
CH= height to the live crown, 

6 =model parameter (~>O). 

This general model form accounts for the main components of Presseler's 

hypothesis. Cross-sectional area growth is constant below the crown. 

Within the crown, cross-sectional area growth decreases from the bottom to 

the top. Cross-sectional area growth is equal to zero at the top of the 

tree and below crown growth (Q) at the base of the crown. 
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This general model form was the basis for formulating specific 

cross-sectional area increment models by using different variables for 

the below crown cross-sectional area increment, the height where ~cah=O, 

the height to the crown, and the model parameter. 

Two values were used for the below crown cross-sectional area 

increment. Mitchell specified this increment so that it was compatible 

with a tree's bole volume increment. Mitchell's estimate for 

cross-sectional area increment below the crown was 

Q = 2BI 
THT+CH 

= AIB. 

The second value made use of the constant bole cross-sectional increment 

below the crown in a more simplified manner. If cross-sectional area 

growth is constant below the live crown, then the increment at any point 

along the bole below the crown should be indicative of that growth. Since 

diameter at 4.5 feet is commonly measured, basal area increment (Q=~ba) 

was selected as a second estimate of cross-sectional increment below the 

crown. This assumes, of course, crown height is above 4.5 feet. 

Pressel er' s hypothesis implies that the appropriate crown height is 

the height to the base of the live crown (BCH). However, Larson (1963) 

and ~!itchell (1975) suggested that the height to the position of maximum 
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branch development might be more appropriate since these branches are the 

lowest (in terms of height) net photosynthate producers. The 

cross-sectional area growth model based on Presseler' s hypothesis was 

evaluated using both height to the base of the live crown and height to 

the point of maximum crown width. Height to the point of maximum crown 

width was used in this study as an approximation for the height to the 

point of maximum branch development. 

The height at which ~cah=O was also specified in two different ways. 

Mitchell used a height just below the total height at year t+l. He 

contended that cross-sectional area growth over most of the terminal 

leader is negligible, therefore, growth was not specified over the entire 

stern. This height was determined, in a somewhat arbitrary manner as, 

The other height at which ~cah=O used in this evaluation was total height 

at the end of the annual growth period (Ht+l). 

The model parameter 6 al lows the cross-sectional area increment to 

increase at an increasing, decreasing, or constant rate from the top of 

the tree to the base of the crown. Mitchell assumed that 6=1, therefore, 

implying the increment increases at a constant rate. The assumption of 

6=1 was necessary to make the total bole increment constraint easier to 
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incorporate into his model. Therefore, when Hitchell' s below crown 

increment estimator was used in this evaluation, e=l was always assumed. 

When basal area increment was used as the below crown increment estimator, 

two values of the model parameter e were evaluated. A nonlinear least 

squares estimate of e was used as well as the 6=1. 

Table 6 shows the various variable combinations used in this study for 

the Presseler's hypothesis whole stem increment models. 

All whole stem cross-sectional area increment models were evaluated 

using the Alikchi study data. The increment models based on Presseler's 

hy1Jothesis were independently fitted, if necessary, to the observed 

annual inside bark increment data from the trees on both the unthinned and 

thinned plots using nonlinear least squares. Only the last annual 

increment prior to tree felling was used in this evaluation since the only 

crown information was gathered at tree felling. The compatible increment 

model parameters were obtained in a different manner. The parent stem 

profile models were independently fitted to the inside bark profile data 

from the trees on both the unthinned and thinned plots using linear and 

nonlinear least squares. The profile data used with these fitting 

procedures were from the last two years before tree felling. The 

resulting profile model parameters were used to derive, along with the 

observed basal area growth, observed total height growth, and total volume 

growth, the compatible stem increment model parameters. 
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Table 6: Variable combinations used in Presseler's hypothesis 
cross-sectional area increment models. 

Variable 

:todel Q THT CH 

1 AIB Ht+l BCH 1 

2 AIB Ht+l WCH 1 

3 AIB HTL BCH 1 

4 AIB HTL WCH 1 

5 Aba Ht+l BCH 1 
A 

6 Aba Ht+l BCH a 
7 Aba Ht+l WCH 1 

A 

8 Aba Ht+l WCH a 
9 Aba HTL BCH 1 

A 

10 Aba HTL BCH a 
11 Aba HTL WCH 1 

A 

12 Aba HTL WCH a 
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These increment models were evaluated by comparing the predicted 

diameter increment with the observed diameter increment from the trees on 

both the unthinned and thinned plots. The observed data used for the 

evaluations were the same data used for model fits. These diameter 

increment evaluations took three forms: 

where 

N 
I (o.- p.)/N 

i=l 1 1 

N 
I I 0. - p. I /N 

i=l 1 1 

N 
I (o. - p.) :z /N 

i=l 1 1 

o. = ith observed inside bark diameter 
1 

increment in inches, 
pi = ith predicted inside bark diameter 

increment in inches, 
N = number of measurements. 

These three criteria can be described as average net error or bias, mean 

absolute deviation (MAD), and the square root of mean squared deviation 

(RMSD), respectively. In addition to total error by the three criteria, 

the errors were also categorized by percent height classes, allowing 

comparisons of the various models along the entire tree bole. 

RESCLTS AND DISCCSSION 

Of the eight parent stem profile models chosen for deriving compatible 
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stem increment models, only Ormerod's model could not be expressed in a 

closed form with height along the ste~ as the independent variable. 

Ormerod's model could not be simplified due to its exponent parameter. 

The parent stem profile models and their compatible stem diameter or 

cross-sectional area increment models are shown in Appendix A (Tables 

Al-A7). A compatible increment model is not given for Ormerod's stem 

profile model. 

Both one-equation stem profile models produce quadratic (in h) stem 

increment models. The Amidon profile model produces a compatible 

quadratic increment model for stem diameter while the Kozak and others 

profile model produces a compatible quadratic cross-sectional area 

increment model. Both growth models, as do all the compatible stem 

increment models, use the parent stem profile model as the increment model 

between Ht and Ht+ 1 . 

The compatible stem increment models derived from the multi-equations 

stem profile models are also multi-equation models. Xore model segments 

are required for the increment models than for the profile models. 

Figures 1 and 2 show where separate increment equation segments are needed 

when two or three equations are joined for the profile model, 

respectively. Note that different increment equation segments would be 

required if the join point heights at time t+l exceed the next highest 

join point or total tree height at time t. Since this would occur for 
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h~ 
I 

ht+I 

Ht+I 

4th growth 
segment 

3rd growth 
segment 

2nd growth 
segment 

I st growth 
segment 

Figure 1: Location of different model segments for the compatible 
cross-sectional area increment models derived from a 
two-segment stern profile model. 
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h~ -----+-----

6th growth 
segment 

5th growth 
segment 

4th growth 
segment 

3rd growth 
segment 

2nd growth 
segment 

I st growth 
segment 

Figure 2: Location of different model segments for the compatible 
cross-sectional area increment models derived from a 
three-segment stem profile model. 
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only very small trees, it was not accounted for in this study. For these 

multi-equation increment models, each model segment is a quadratic 

polynomial in height (h) as is its parent profile equation and use 

cross-sectional area increment as the dependent variable. These 

increment models retain the properties of being continuous and smooth at 

the join points from the parent profile models. 

The Goulding and Murray compatible increment model is a fifth order 

polynomial in height (h) with cross-sectional area increment as the 

dependent variable. 

Table 7 shows the parameter estimates of the parent stem profile models 

for the trees from both the unthinned and thinned plots. Parameter 

estimates were obtained using least squares techniques. Parameter 

estimates are not given for the three-segment Max and Burkhart and Cao and 

others models due to difficulties in attaining convergence with nonlinear 

least squares techniques. 

The whole stem cross-sectional area increment models derived from 

Presseler's hypothesis, which required parameter estimation using 

nonlinear least squares, are shown in Table 8. Several general 

observations should be made. These models account for substantial 

portions of cross-sectional area increment variation. The explained 

variation in these models ranges from approximately 60 to 90 percent. 
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Table 7: Parameter estimates for six stem profile models. 

Parameter estimates 

:1odel Un thinned Thinned 

Ormerod (1973) a = 1. 045138 a = 1.054237 
e = 0.832297 e = 0.887063 

Amidon(l984) a = 0.878516 a = 0.847161 
e = 0.032067 e = 0.043471 

Kozak and others(1969) e = -2.477781 e = -2.693185 
0 = 1. 052562 0 = 1. 239509 

:1ax and Burkhart(1976) e = -2.035954 e = -2. 163277 
0 = 0.733202 0 = 0.856905 
6 = 91.043198 0 = 939.752282 
a = 0.063152 a = 0.028247 

Cao and others(l980) e = 0.504672 e = 0.601775 
0 = 129.962393 0 = 1376.274813 
a = 0.928024 a = 0.968518 

Goulding and Murray(1976) a = -3.989704 a = -6.708846 
e = 15 .167786 e = 22.308345 
0 = -17 .927601 0 = -25.428827 
0 = 7.120958 0 = 9.922164 

STEM GROWTrl :IODELING 64 



Table 8: Parameter estimates for the whole stem cross-sectional 
area increment models based on Presseler's hypothesis. 

Model 

6 

8 

10 

12 

where R2 

SSE 
CTSS 

Parameter estimates R2 

Un thinned Thinned Un thinned 

0.925707 1 1.135614 1 0.8544 

1. 877147 2.156659 0.8396 

0.790598 0.966147 1 0.8562 

1.506233 1. 802111 0.8438 

= 1 - (SSE/CTSS) 
= sum of squared error = corrected total sum of squares 

1 not significantly different from one (a=0.05) 
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Thinned 

0.6806 

0.6381 

0.6818 

0.6370 
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The models account for more variation in the unthinned plots than in the 

thinned plots. The parameter estimates are in several cases not 

significantly different from one. These cases usually occur when BCH is 

used in the model; parameter estimates between 1.5 and 2.0 are common when 

WCH is used as height to the crown. In most cases the two definintions for 

the point where acah=O produce results which are quite comparable. 

Tables 9 and 10 show the results of the error comparisons made on each 

stem increment model in this study for unthinned and thinned plots, 

respectively. Only the total tree errors are shown in these tables. For 

more complete error analyses, see Appendices Band C. 

The whole stem increment models based on Presseler's hypothesis 

generally have less overall error than do the compatible stem increment 

models. While some difference in error may be due to the different 

dependent variables in the model fitting procedures, two other reasons 

probably account for most of the difference. First, there is no mechanism 

in the compatible increment models for relating tree stem gro~th to a 

tree's crown. Since pattern of growth within the crown appears to be 

quite different than the pattern of growth below the crown, some mechanism 

must be present to delineate the two patterns. Current stem profile 

models and consequently their compatible increment models contain no 

explicit crown information and, therefore, can not distinguish between 

the two patterns of growth. The second reason is related to the first. 
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Table 9: Total tree inside-bark diameter increment prediction 
errors using whole stem cross-sectional area and diameter 
increment models for trees from unthinned plots. 

Model N Bias MAD RMSD 

1 422 0.00615 0.05183 0.07767 

2 422 -0.00828 0.06916 0. 11560 

3 422 0.01425 0.05146 0.07249 

.4 422 -0.00223 0.06035 0.09419 

5 422 0.02849 0.06382 0.09307 

6 422 0.02512 0.06399 0.09478 

7 422 -0.01130 0.07810 0 .13011 

8 422 0.02076 0.06864 0.10016 

9 422 0.04434 0.06682 0.09435 

10 422 0.02763 0.06234 0.09080 

11 422 0.00292 0.06946 0.10789 

12 422 0.02446 0.07018 0 .10422 

Ormerod 422 0.03662 0.07825 0 .11048 

Amidon 422 -0.00794 0.08684 0. 11416 

Kozak and others 422 0.00608 0.08629 0.12009 

Max and Burkhart 422 0.00729 0.08868 0.13119 

Cao and others 422 0.01211 0.08543 0.12382 

Goulding and Murray 422 0.01479 0.08120 0.11710 
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Table 9: Continued. 

N 
Bias = t (o.- p.)/N 

i=l l. l. 

~ 

MAD = t I 0. - p . I /N 
i=l 1 l. 

N 
RMSD = t (o.- p.) 2 /N 

i=l l. l. 

where o. = ith observed 
1 

pi = ith predicted 
diameter 

diameter 

N = number of measurements 

STEM GROWTH ~!ODELING 

increment in inches 
increment in inches 
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Table 10: Total tree inside-bark diameter increment prediction 
errors using whole stem cross-sectional area and diameter 
increment models for trees from thinned plots. 

Model N Bias MAD RMSD 

1 334 0.00522 0.08331 0.11670 

2 334 -0.01484 0.12255 0.16999 

3 334 0.02061 0.07517 0.10324 

4 334 -0.00197 0.10281 0. 14201 

5 334 -0.00443 0.09804 0.13782 

6 334 0.01472 0.09019 0.12493 

7 334 -0.07746 0.14468 0.21504 

8 334 0.01123 0.10524 0.15047 

9 334 0.02720 0.09013 0. 12525 

10 334 0.02200 0.09011 0.12543 

11 334 -0.04799 0.12166 0.17900 

12 334 0.01958 0. 11278 0.16479 

Ormerod 334 0.02422 0.09504 0.12702 

Amidon 334 -0.00220 0 .10144 0.12827 

Kozak and others 334 -0.91773 0 .11015 0.13621 

Max and Burkhart 334 -0.01923 0 .11306 0. 15427 

Cao and others 334 0.00815 0.10129 0.13870 

Goulding and Murray 334 0.02521 0 .11634 0.16486 
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Table 10: Continued. 

N 
Bias = l: (o.- p. )/N 

i=l l. l. 

N 
HAD = l: Io. - p. I /N 

i=l 1 l. 

N 
R~ISD = l: ( o. - p.) 2 /N 

i=l l. l. 

where o. = ith observed diameter increment in inches 
l. 

pi = ith predicted diameter increment in inches 

N = number of measurements 
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As we have seen, current stem profile models do not allow tree form to 

change with changing growing conditions. If tree form remains constant 

from year to year then the implied pattern of growth can not be flexible 

enough to adequately describe the actual pattern of stem growth. 

The whole stem cross-sectional area increment models based on 

Presseler's hypothesis generally have less total diameter increment error 

for trees from both the unthinned and thinned plots when Mitchell's 

definition of increment below the crown was used. This definition should 

provide better estimates of below crown diameter increment than those 

obtained using basal area growth as the below crown diameter increment 

estimator. Mitchell's definition ties the whole stem cross-sectional 

area increment to total bole volume increment thereby implicitly 

accounting for all growth along the stem not just the increment at one 

point. Mitchell's below crown cross-sectional area increment estimator 

is applicable to trees whose live crown base is below 4.5 feet. Basal 

area increment can not be used in that situation. Therefore, Mitchell's 

estimator of below crown increment appears to be a clear choice over the 

basal area increment estimator. 

In this data set, height to the base of the live crown produces better 

error results than does the height to the widest part of the crown. If the 

last (in terms of lowest point in the crown) positive contribution to a 

tree's photosynthate pool is made at the point of maximum branch 
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development (widest part of the crown), then one might expect that maximum 

increment area to occur below the height to the widest part of the crown. 

Farrar (1961) indicates that the cross-sectional area increment maximizes 

at a lower point in the crown than does diameter increment. He indicates 

that diameter increment maximizes around the point of maximum crown 

development. Crown heights used in this study were not measured along the 

stem to the point of stem and branch intersection but were measured to the 

branch tip. Since branching angles can be quite variable in the lower 

crown, the base of the live crown height could be about the same as the 

height to the widest part of the crown if the base height is measured to 

the branch tip and the widest part of the crown height is measured along 

the bole. Hence, care should be exercised when interpreting these 

results. However, for these sample data and measurement method, the base 

of the live crown height appears more appropriate as the position of 

maximum cross-sectional area increment. 

Once Mitchell's below crown increment estimator and base of the live 

crown height were determined to be most appropriate, there appears to be 

little difference in the error analysis using either definition for height 

on the stem where t.cah =O or the model exponent. Height to the leader 

(HTL) does provide a slight improvement in total error for both the 

unthinned and thinned plots. However, its definition is somewhat more 

arbitrary than is total tree height at the end of the growth period 

(Ht+l). Slight decreases in total diameter increment error were also 
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obtained by estimating the model exponent 8 with nonlinear least squares. 

However, parameter estimates were closely clustered around one. Almost 

all asymptotic 95% confidence limits overlapped one suggesting that 8=1 is 

a valid assumption. 

Compatible whole stem increment models were derived from various stem 

profile models. Using the cross-sectional area increment models based on 

Presseler's hypothesis, stem profiles can be constructed which are 

compatible with these increment models. When the basal area increment 

(aba) is used, compatibility means the tree profile has bat+l= bat+aba 

where aba is estimated with any dbh or basal area increment model. If an 

initial stem profile with the appropriate basal area is found, then adding 

annual stem increments estimated by the whole stem increment model creates 

the compatible stem form. The initial stem profile could be estimated by 

any stern profile model that assures d4 _=dbh. If Mitchell's below-crown 
• J 

increment estimate is used, a stronger version of a compatibile stem 

profile can be constructed. In this sitution, compatibilty means that the 

stem bole constructed from the increment equation has the same total 

volume as an appropriate total volume equation. If a tree has an 
A 

estimated total volume Vt at the start of the growth period and its total 

bole increment (BI) can be estimated as 
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then Mitchell's increment estimator constrains the stem profile at time 
A 

t+l to have total volume V t+l. The key is to attain an initial tree 
A 

profile which is compatible with Vt. This can easily be accomplished by 

initially using a total volume compatible stem profile model. 

CONCLUSION 

Xodels for whole stem diameter or cross-sectional area increment were 

constructed from both stem profile models and a biological hypothesis of 

the increment's vertical distribution on a tree stem. Both modeling 

approaches appear to provide reasonable results. 

The simpler models, those based on Presseler's hypothesis, provided 

better diameter increment estimates than the stem profile model 

compatible increment models. These models are particularly valuable in 

that no model parameters need be estimated by statistical techniques once 

dbh and total height increment are established. 

Although the stem profile model compatible increment equations did not 

perform as well as the models based on Presseler' s hypothesis in this 

study, other model parameter estimation procedures might improve them. 

Fitting these models directly to the increment data will certainly provide 

some improvement. If both profile and increment objectives are important, 

simultaneous estimation procedures (Burkhart and Sprinz 1984) can be 
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used. Additional improvement might be gained if crown information is 

included in the profile model to divide the tree bole into its component 

shapes. 
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APPENDIX A. PROFILE AND INCREMENT MODELS 

TABLE Al: Kozak and others (1969) stem profile model and compatible 
whole stem cross-sectional area increment model. 

Profile model 

2 
(£) 
D 

13[.!!. - l] 
H 

Growth model 

[
ba 6H (2 Ht + 6H)] [ y2 ]h2 6ba - _t_-,,,-____ _ 

H2 
t Ht +l 

= Bb h h 2 
at+l [-- - l] + b [ (--) -1] 

Ht+l y at+l Ht+l 

Appendix A. PROFILE AND INCREMENT MODELS 

H < h < H t - - t+l 
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TABLE AZ: Amidon (1984) stem profile model and compatible whole 
stem diameter increment model. 

Profile model 

z z 
d = aD(h-h) + S(H -h ) (H-4.5) 

(H-4.5) 8z 

Growth model 

[ 
4. StiH D ] 

tidh =(H a ) tiD H +l - H -4 St + S~H 
t+l-4.5 t t 0 

Appendix A. PROFILE AND INCREMENT MODELS 

0 < h < H 
- - t 
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TABLE A3: Max and Burkhart (1976) quadratic-quadratic stem profile 
model and compatible whole stem cross-sectional area 
increment model. 

Profile model 

Growth model 

t t + [~ba - ba 6H (2 H 

H 2 
t 

2 2 = (oa -B-a)6ba +oa bat 

+ [ 6ba (B-2oa) + bat (B-2oa) 
Ht+l H t+l 

Appendix A. PROFILE AND INCREMENT MODELS 

0 < h < h .. 

h .. < h < H 

0 < h < h .. 
t 

h .. < h < h .. 
t - t+l 
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TABLE A3: Continued. 

Growth model 

tic~ = (-13-y) ba +[tiba - battiH] [-S-]h 
Ht Ht+l 

= 13 bat+l c.h - l] + y bat+l [(.h) 2 - l] 
Ht+l Ht+l 

where a = join point 

h ... = t+l 
Ht+l 

Appendix A. PROFILE AND INCREMENT MODELS 

h... < h < Ht t+l -

H < h < H t - - t+l 
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TABLE A4: Max and Burkhart (1976) quadratic-quadratic-quadratic stem 
profile model and compatible whole stem cross-sectional 
area increment model. 

Profile model 

= S[~ _ l] + y[(~)2 _ !] + o[h~h]2 
H H H 

= S[* - l] + y[(*) 2-l] 

Growth model 
2 2 

~c~ = [(-S-y) + oa1 + na2 ] ~ba 

+[Oba - batOH ~:~t - OH)] [~~::Jh2 

= [(-S-y) +6a12 +na2 2 ]~ba +na 22bat 

0 < h < h::: 

h~< h < H 

0 < h < h:: 
t 

< h < h::: 
t~l. 
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TABLE A4: Continued. 

Growth model 

flea = h 

+ lllba (S-2oa.1) 

l Ht+l 

+ [ba (y+o) + 
H 2 

t +1 

bat (y+o) + baty]h2 
H 2 H 2 

t +1 t 
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h :: < h < h,. 
t+l t 

h"° < h < h,. 
t - t+l 
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TABLE A4. Continued. 

Growth model 

2 
[ h l] + b [ (-h-) l] 
Ht+l - y at+l Ht+l -

where al, a2 = join points 

h ... h;+l al = t = 
Ht Ht+l 

h:; 
h:+l a2 t = 

H Ht+l t 
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TABLE AS: Cao and others (1980) total volume compatible quadratic-
quadratic stem profile model and compatible whole stem 
cross-sectional area increment model. 

Profile model 

d2KH 
V - 2Z = S (3Z2 - 2Z) + y (Z-a) 2 

= S (3z2 - 2Z) 

Growth model 

2 [ Vt+l Vt ] t.c~ = [Cs + 2) + y (l-2a +a )] (-H-)-(H) 
t+l t 

+ [2y fo-1) - (2+4~)J 1cvt;1 >-<vt2~h 
LHt +l Ht J 

+ [ y + 3 s ] [/ t+ 1 ) - ( v t J h 2 
H 3 H 3 

t +l t 
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O<h<h' 

h .. < h < H 

0 < h < h' 
t 

h' < h < h' 
t - t+l 
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TABLE AS: Continued. 

Growth model 

6c"h = <a + 2 > [ c:::~>- c::>] - c2 + 4al 

v 
= ( t+l) [B (3Z2 - 2Z) + 2Z] 

Ht+l 

where Z = (H-h)/H 

a = join point 

a = 
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h"' < h < H t+l - t 

H < h < H t - - t+l 
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TABLE A6: Cao and others (1980) total volume compatible quadratic-
quadratic-quadratic stem profile model and compatible 
whole stem cross-sectional area increment model. 

Profile model 

d2KH - 2Z = (3Z2 - 2Z) 2 2 h;:: 
v s +y (Z-a1) + o (Z-a2) 0 < h < 

(3Z2 2Z) 2 = 8 + y (Z-a1) 

= s (3Z2 - 2Z) 

Growth model 

+ [(2 o(a 2-1) + 2y (a1-1) - (2+4S)] [cvt;1) 
Ht +l 

+ [o+y+3SJ [cvt;1) 
Ht +l 

v l 2 (-t-) h 
H 3 

t 

[(S+2) + y(l-2a1 + a12)] [cvt+l) Vt J - (-) 
Ht+l Ht 

+ [ o (l-2a2 + a 2 2)] [ V t+l J 
Ht+l 

h"< h 

h .. < h 

/t )]h 
H 2 

t 

[ v t+l ! v t+ 1 v l] h + 2o(a2-l) (-2-) + [2y(al-l)-(2+4S)] <-2-) (Htt2) 
Ht +l Ht +l 
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TABLE A6: Continued. 

Growth model 

~ca = =(S+2) + y(l-2CL + a )] (-t-) - (__!.) 2 [ v +l v ] 
n 1 1 Ht+l Ht 

I v t+ 1 v t I 2 [ v t+ 1 J = (S+2) (-H-) - (H) + y (1-2a1 + a 1 ) (-H-) 
t+l t t+l 

v 
(-t-) 
H 3 

t 
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h,. < h < h" 
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TABLE A6: Continued. 

Growth model 

t.i.c = (S+2) [/ t+l) - ( v t)] - (2+4S) Lv t+l ) + 
~ H +l H H 2 t t t +1 

where 

v J 2 (-t-) h 
H 3 

t 

v 
= ( t+l) [S (3Z2 - 2Z) + 2ZJ 

Ht+l 

Z = (H-h)/H 

a 1 , a 2 =join points 

H -h~ 
Ct = t t = 1 --

Ht 

a 2 = H -h,, 
t t ---
Ht 
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(~Jh 
H 2 

t 

h ~ < h < H t+l - t 

H < h < H 
t - - t+l 
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TABLE A7: Goulding and Murray (1976) total volume compatible stem 
profile model and compatible whole stem cross-sectional 
area increment model. 

Profile model 

d~KH - 2Z = a(3Z 2 - 2Z) + S(4z3 - 2Z) + y(Sz4 - 2Z) + o(6Z5 - 2Z) 

Growth model 

- (2 + 4a + lOS + 18y + 280) [/ t+l) _ / t ~ h 
H 2 H 2 

t +l t 

+ (3a + 12S + 30y + 60o) [/t;i ) -cv\)]h2 

Ht +l Ht 

- (4S + 20y + 600) [/t+l ) -(Vt )]h3 
H 4 H 4 

t +l t 

f v v J 4 + (Sy + 300) ( t+l) - (~t~) h 
H 5 H 5 

t +l t 

-6o[(vt+1 ) - (~)]hs 
H 6 H 6 

t +1 t 

v 
= ( t+l) [ (3 2 2 ) (4 3 

6 cah Ht+l a zt+l - zt+l + B zt+l 

·~ 4 + Yl~Z - ?z ) ~. ' t+l ~ t+l H < h < H 
t - - t+l 

where Z (H-h) /H. 
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APPENDIX B. U~"THINNED ERROR ANALYSES 

Table Bl: Error analyses for predicting inside-bark whole stem 
diameter increment for trees from unthinned plots. 
Increment models were derived from Presseler's hypothesis 
and stem profile models. 

~1odel PH N Bias MAD RMSD 

O.O<PH<O.l 94 0.02855 0.04720 0.06381 
O.l<PH<0.2 46 -0.01761 0.02854 0.03437 
0.2<PH<0.3 45 -0.00491 0.03180 0.03961 
0.3<PH<0.4 40 -o. 00071 0.03068 0.03802 
0.4<PH<0.5 36 0. 01102 0.02948 0.03463 

1 0.5<PH<0.6 40 0.02184 0.05014 0.06900 
0.6<PH<0.7 38 0 .03011 0.04897 0.05958 
0.7<PH<0.8 38 0.02892 0.07801 0.09747 
0.8<PH<0.9 35 -0.04297 0 .10991 0.13368 
0.9<PH<l.O 10 -0.10409 0.17261 0.25001 

Total 422 0.00615 0.05183 0.07767 

O.O<PH<O.l 94 0.04581 0.05622 0.07662 
O.l<PH<0.2 46 0.00234 0.02374 0.03059 
0.2<PH<0.3 45 0.01678 0.03639 0.04650 
0.3<PH<0.4 40 0.02267 0.03737 0.04876 
0.4<PH<0.5 36 0.03357 0.04355 0.05485 

2 0.5<PH<0.6 40 0.03800 0.05307 0.06983 
0.6<PH<0.7 38 -0.01213 0.05159 0.06869 
0.7<PH<0.8 38 -0.08857 0.12195 0.16084 
0.8<PH<0.9 35 -0.17260 0.19350 0.24355 
0.9<PH<l.O 10 -0.24320 0.26196 0.36196 

Total 422 -0.00828 0.06916 0 .11560 

O.O<PH<O.l 94 0.02240 0.04472 0.06042 
O.l<PH<0.2 46 -o. 024il 0.03307 0.03913 
0.2<PH<0.3 45 -0.01265 0.03312 0. 04114 
0.3<PH<0.4 40 -0.00956 0.02982 0.03862 
0.4<PH<0.5 36 0.00163 0.02790 0. 03204 -

3 0.5<PH<0.6 40 0.01314 0.04944 0.06846 
0.6<PH<0.7 38 0.02909 0.04978 0.06155 
0.7<PH<0.8 38 0.05018 0.08369 0.10288 
0.8<PH<0.9 35 0.04167 0.09810 0.12224 
0. 9<PH<l. 0 10 0.09425 0.18209 0.19350 

Total 422 0.01425 0.05146 0.07249 
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Table Bl: Continued. 

Model PH N Bias MAD RMSD 

O.O<PH<0.1 94 0.04063 0.05315 0.07270 
O.l<PH<0.2 46 -0.00364 0.02342 0.03033 
0.2<PH<0.3 45 0.01026 0.03436 0.04371 
0.3<PH<0.4 40 0.01512 0.03505 0.04447 
0.4<PH<0.5 36 0.02519 0.03933 0.04940 

4 0.5<PH<0.6 40 0.02918 0.04915 0.06504 
0.6<PH<0.7 38 -0.02281 0.05366 0.07431 
0.7<PH<0.8 38 -0.08609 0.12090 0.15861 
0.8<PH<0.9 35 -0.09647 0.14647 0.18995 
0. 9<PH<l. 0 10 -0.02187 0.13039 0.18817 

Total 422 -0.00223 0.06035 0.09419 

O.O<PH<0.1 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.00000 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.02093 0.04831 0.06070 
0.4<PH<0.5 36 0.02964 0.04987 0.05986 

5 0.5<PH<0.6 40 0.05024 0.07683 0.09770 
0.6<PH<0.7 38 0.06326 0.07712 0.09260 
0.7<PH<0.8 38 0.05775 0. 11353 0.13823 
0.8<PH<0.9 35 -0.01698 0. 11089 0.13917 
0. 9<PH<l. 0 10 -0.06702 0.18967 0.24588 

Total 422 0.02849 0.06382 0.09307 

O.O<PH<O.l 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.00000 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.02087 0.04825 0.06067 
0.4<PH<0.5 36 0.02939 0.04979 0.05962 

6 0.5<PH<0.6 40 0.04942 0.07625 0.09663 
0.6<PH<0.7 38 0.05984 0.07455 0.09015 
0.7<PH<0.8 38 0.04873 0 .11103 0.13696 
0.8<PH<0.9 35 -0.03536 0.11613 0.14785 
0. 9<PH<l. 0 10 -0.09311 0.20075 0.26311 

Total 422 0.02512 0.06399 0.09478 
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Table Bl: Continued. 

Model PH N Bias MAD R~1SD 

O.O<PH<0.1 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.00000 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.01967 0.04812 0.06062 
0.4<PH<0.5 36 0.02413 0.05005 0.05957 

7 0.5<PH<0.6 40 0.03533 0.06821 0.08855 
0.6<PH<0.7 38 -0.01059 0.07746 0.09246 
0.7<PH<0.8 38 -0.09203 0.15571 0.20454 
0.8<PH<0.9 35 -0.18125 0.21841 0.26965 
0. 9<PH<l. 0 10 -0.23679 0.28895 0.37857 

Total 422 -0.01130 0.07810 0 .13011 

O.O<PH<0.1 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.00000 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.01967 0.04812 0.06062 
0.4<PH<0.5 36 0.02447 0.04970 0.05939 

8 0.5<PH<0.6 40 0.03899 0.07188 0.09363 
0.6<PH<0.7 38 -0.00496 0.07614 0. 09114 
0.7<PH<0.8 38 -0.03169 0.14541 0.17827 
0.8<PH<0.9 35 0.03468 0.14284 0.17126 
0.9<PH<l.O 10 0.09389 0.18516 0.19911 

Total 422 0.02076 0.06864 0.10016 

O.O<PH<0.1 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.00000 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.02099 0.04837 0.06073 
0.4<PH<0.5 36 0.03003 0.04991 0.06017 

9 0.5<PH<0.6 40 0.05193 0.07809 0.09997 
0.6<PH<0.7 38 0.07311 0.08534 0.10093 
0.7<PH<0.8 38 0.08780 0.12919 0 .14925 
0.8<PH<0.9 35 0.07273 0. 11549 0.14328 
0.9<PH<l.O 10 0.12822 0.20392 0.21532 

Total 422 0.04434 0.06682 0.09435 
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Table Bl: Continued. 

Model PH N Bias MAD IDISD 

O.O<PH<0.1 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.000-00 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.02073 0. 04811 0.06061 
0.4<PH<0.5 36 0.02884 0.04951 0.05910 

10 0.5<PH<0.6 40 0.04794 0.07527 0.09474 
0.6<PH<0.7 38 0.05605 0.07195 0.08784 
0.7<PH<0.8 38 0.04258 0 .11094 0 .13774 
0.8<PH<0.9 35 -0.01951 0 .11471 0.14624 
0.9<PH<l.O 10 0.00373 0.15197 0.20547 

Total 422 0.02763 0.06234 0.09080 

O.O<PH<0.1 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.00000 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.01967 0.04812 0.06062 
0.4<PH<0.5 36 0.02415 0.05002 0.05955 

11 0.5<PH<0.6 40 0.03577 0.06865 0.08892 
0.6<PH<0.7 38 -0.00943 0.07629 0.09129 
0.7<PH<0.8 38 -0.07696 0.14851 0.19379 
0.8<PH<0.9 35 -0.09393 0.16411 0.20822 
0. 9<PH<l .O 10 -0.00587 0.14483 0.19929 

Total 422 0.00292 0.06946 0.10789 

O.O<PH<0.1 94 0.04367 0.05751 0.07589 
O.l<PH<0.2 46 0.00000 0.00000 0.00000 
0.2<PH<0.3 45 0.01486 0.03783 0.05201 
0.3<PH<0.4 40 0.01967 0.04812 0.06062 
0.4<PH<0.5 36 0.02437 0.04981 0.05943 

12 0.5<PH<0.6 40 0.03812 0. 07101 0.09203 
0.6<PH<0.7 38 -0.00568 0.07564 0.09076 
0.7<PH<0.8 38 -0.03566 0.14388 0.17761 
0.8<PH<0.9 35 0.05414 0.14999 0.18105 
0. 9<PH<l.O 10 0.20365 0.23580 0.25469 

Total 422 0.02446 0.07018 0.10422 
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Table Bl: Continued. 

Model PH N Bias HAD RMSD 

O.O<PH<O.l 94 0.02084 0.04824 0.06061 
O.l<PH<0.2 46 -0.01031 0.01031 0. 01142 
0.2<PH<0.3 45 0.00615 0.03945 0.04992 
0.3<PH<0.4 40 0.02017 0.05363 0.06505 
0.4<PH<0.5 36 0.04829 0.07009 0.08324 

Ormerod 0.5<PH<0.6 40 0 .10109 0.13470 0.15686 
0.6<PH<0.7 38 0. 10309 0.12392 0.15192 

. 0. 7<PH<0.8 38 0.09800 0.13224 0.15857 
0.8<PH<0.9 35 -0.00198 0.13648 0.17180 
0. 9<PH<l.O 10 -0.04681 0.16732 0.20463 

Total 422 0.03662 0.07825 0.11048 

O.O<PH<O.l 94 -0.02941 0.05163 0.06307 
O.l<PH<0.2 46 -0.06155 0.06228 0.07078 
0.2<PH<0.3 45 -0.04805 0.07076 0.08733 
0.3<PH<0.4 40 -0.03572 0.07028 0.09316 
0.4<PH<0.5 36 -0.00742 0.07588 0.09866 

Amidon 0.5<PH<0.6 40 0.04761 0.12703 0.15449 
0.6<PH<0.7 38 0.04663 0.11578 0.14393 
0.7<PH<0.8 38 0.05814 0.12809 0.15494 
0.8<PH<0.9 35 -0.00438 0.13180 0.16764 
0.9<PH<l.0 10 0.03729 0.12433 0.14743 

Total 422 -0.00794 0.08684 0. 11416 

O.O<PH<0.1 94 -0.03155 0.04808 0.06261 
O.l<PH<0.2 46 -0.05802 0.05802 0.06234 
0.2<PH<0.3 45 -0.03668 0.05671 0.06687 
0.3<PH<0.4 40 -0.01607 0.05310 0.06656 

Kozak 0.4<PH<0.5 36 0.02109 0.05913 0 .0727i 
and 0.5<PH<0.6 40 0.08492 0.12452 0.14711 

others 0.6<PH<0.7 38 0.09902 0. 12053 0. 14843 
0.7<PH<0.8 38 0.10793 0.13531 0.16040 
0.8<PH<0.9 35 0.00641 0.13917 0 .17234 
0.9<PH<l.O 10 -0.17524 0.28508 0.35356 

Total 422 0.00608 0.08629 0.12009 
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Table Bl: Continued. 

Model PH N Bias HAD R~1SD 

O.O<PH<0.1 94 -0.03989 0.05028 0.06490 
O.l<PH<0.2 46 -0.04429 0.04429 0.04778 
0.2<PH<0.3 45 -0.02176 0.04830 0.05818 
0.3<PH<0.4 40 0.00004 0.05220 0.06298 

Max 0.4<PH<0.5 36 0. 03672 0.06453 0.07673 
and 0.5<PH<0.6 40 0.09800 0.13159 0.15323 

Burkhart 0.6<PH<0.7 38 0.10922 0.12594 0.15345 
0.7<PH<0.8 38 0.10799 0.13410 0.15950 
0.8<PH<0.9 35 -0.02405 0.15093 0.18915 
0.9<PH<l.O 10 -0.28128 0.36504 0.46762 

Total 422 0.00729 0.08868 0.13119 

O.O<PH<0.1 94 -0.03805 0.06837 0.08517 
O.l<PH<0.2 46 -0.04182 0.05666 0.06888 
0.2<PH<0.3 45 -0.01922 0. 03677 0.04572 
0.3<PH<0.4 40 0.00351 0.03455 0.04096 

Cao 0.4<PH<0.5 36 0.04148 0.04973 0.06137 
and 0.5<PH<0.6 40 0.09812 0 .11438 0.13660 

others 0.6<PH<0.7 38 0 .11484 0.12134 0.14651 
0.7<PH<0.8 38 0.11453 0.12847 0.15090 
0.8<PH<0.9 35 -0.00802 0. 13729 0.16958 
0. 9<PH<l.O 10 -0.25198 0.33176 0.42888 

Total 422 0.01211 0.08543 0.12382 

O.O<PH<O.l 94 -0.04111 0.07069 0.08781 
O.l<PH<0.2 46 -0.04379 0.05700 0.06905 
0.2<PH<0.3 45 0.00884 0.03500 0.04598 
0.3<PH<0.4 40 0.02073 0.03976 0.04983 

Goulding 0.4<PH<0.5 36 0.00954 0.03446 0.04478 
and 0.5<PH<0.6 40 0.01525 0.07812 0.09822 

~1urray 0.6<PH<0.7 38 -0.00232 0.08514 0.11006 
0.7<PH<0.8 38 0.08111 0.11977 0.14015 
0.8<PH<0.9 35 0.20471 0.20502 0.23857 
0. 9<PH<l. 0 10 -0.02179 0.25067 0.31480 

Total 422 0.01479 0.08120 O.llilO 
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Table Bl: Continued. 

N 
Bias = I (o.- p.)/N 

i=l 1 1 

N 
MAD = I I 0 . - p . I /N 

i=l 1 1 

N 
RMSD = I (o.- p.) 2 /N 

i=l 1 1 

where o. = ith observed diameter 
1 

pi = ith predicted diameter 
N = number of measurements 

increment 
increment 
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in inches 
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APPENDIX C. THINNED ERROR ANALYSES 

Table Cl: Error analyses for predicting inside-bark whole stem 
diameter increment for trees from thinned plots. Increment 
models were derived from Presseler's hypothesis and stem 
profile models. 

~1odel PH N Bias ~1AD RMSD 

O.O<PH<0.1 70 0. 11026 0.12207 0.15228 
O.l<PH<0.2 35 0.00899 0.04200 0.05483 
0.2<PH<0.3 35 -0.02905 0.04574 0.05914 
0.3<PH<0.4 35 0.00428 0.03176 0.05307 
0.4<PH<0.5 33 0.00593 0. 05110 0.06215 

1 0.5<PH<0.6 30 0.03879 0.05798 0. 07011 
0.6<PH<0.7 29 0.02365 0.07107 0.08814 
0.7<PH<0.8 31 -0.03689 0.08642 0.10941 
0.8<PH<0.9 30 -0.16775 0.18147 0.20093 
0. 9<PH<l. 0 6 -0.21510 0.24845 0.29348 

Total 334 0.00522 0.08331 0 .11670 

O.O<PH<0.1 70 0.14567 0.14758 0.17886 
O.l<PH<0.2 35 0. 04971 0.06158 0.07445 
0.2<PH<0.3 35 0.01443 0.04067 0.05255 
0.3<PH<0.4 45 0.04784 0.05727 0.07475 
0.4<PH<0.5 33 0.03926 0.06469 0.07788 

2 0.5<PH<0.6 30 -0.00578 0.05692 0.06790 
0.6<PH<0.7 29 -0.09377 0.12053 0.13738 
0.7<PH<0.8 31 -o .19862 0.20228 0.23325 
0.8<PH<0.9 30 -0.31351 0.31351 0.34029 
0.9<PH<l.O 6 -0.31890 0.33428 0.38289 

Total 334 -0.01484 0.12255 0.16999 

O.O<PH<0.1 70 0.09761 0.11417 0.14363 
O.l<PH<0.2 35 -0.00560 0.04287 0.05482 
0.2<PH<0.3 35 -0.04468 0.05521 0.06848 
0.3<PH<0.4 35 -0.01254 0.03741 0.05417 
0.4<PH<0.5 33 -0.01102 0.05.+09 0.06517 

3 0.5<PH<0.6 30 0.03239 0.05580 0.06906 
0.6<PH<0.7 29 0.03755 0.07416 0.09186 
0.7<PH<0.8 31 0.01505 0.06856 0.09282 
0.8<PH<0.9 30 -0.01362 0.11794 0.14729 
0. 9<PH<l. 0 6 0.08271 0.18374 0.22291 

Total 334 0.02061 0.07517 0.10324 
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Table Cl: Continued. 

Model PH N Bias HAD RMSD 

O.O<PH<O.l 70 0.13544 0.13917 0.17070 
O.l<PH<0.2 35 0.03789 0.05433 0.06691 
0.2<PH<0.3 35 0.00175 0.03988 0.05010 
0.3<PH<0.4 35 0.03382 0.04675 0.06645 
0.4<PH<0.5 33 0.02323 0.06143 0.07347 

4 0.5<PH<0.6 30 -0.02378 0.06102 0.07436 
0.6<PH<0.7 29 -o. 10072 0 .12513 0.14233 
0.7<PH<0.8 31 -0.16546 0.17138 0.20557 
0.8<PH<0.9 30 -0.15823 0.19232 0.24175 
0.9<PH<l.O 6 0.00549 0.18234 0.22443 

Total 334 -0.00197 0.10281 0. 14201 

O.O<PH<O.l 70 0.10238 0 .11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0.2<PH<0.3 35 -0.03873 0.05998 0.07575 
0.3<PH<0.4 35 -0.00632 0. 06111 0.08725 
0.4<PH<0.5 33 -0.00323 0.08625 0.10167 

5 0.5<PH<0.6 30 0.02367 0.09027 0.11215 
0.6<PH<0.7 29 0.01597 0.12378 0.15190 
0.7<PH<0.8 31 -o. 04311 0. 11532 0 .15077 
0.8<PH<0.9 30 -0.17891 0.20628 0.22940 
0.9<PH<l.O 6 -0.23879 0.26621 0.32669 

Total 334 -0.00443 0.09804 0.13782 

O.O<PH<O.l 70 0 .10238 0 .11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0.2<PH<0.3 35 -0.03870 0.05995 0.07571 
0.3<PH<0.4 35 -0.00574 0.06073 0.08697 
0.4<PH<0.5 33 -0.00040 0.08734 0. 10277 

6 0.5<PH<0.6 30 0.03919 0.09684 0.11769 
0.6<PH<0.7 29 0 .04711 0.12614 0.15201 
0.7<PH<0.8 31 0. 01165 0.10506 0.13592 
0.8<PH<0.9 30 -0.09210 0.13237 0.16358 
0.9<PH<l.O 6 -o. 13725 0.20381 0.24888 

Total ~"' _ _, ... 0.01472 0.09019 0.12493 
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Table Cl: Continued. 

Model PH N Bias ~1AD RMSD 

O.O<PH<0.1 70 0.10238 0.11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0.2<PH<0.3 35 -0.03895 0.06019 0.07604 
0.3<PH<0.4 35 -0.01098 0.06466 0.09234 
0.4<PH<0.5 33 -0.02297 0.08719 0 .10490 

7 0.5<PH<0.6 30 -0.08814 0.11257 0.14729 
0.6<PH<0.7 29 -0.17577 0.21644 0.25709 
0.7<PH<0.8 31 -0.28236 0.29609 0.34199 
0.8<PH<0.9 30 -0.38892 0.39562 0.43002 
0. 9<PH<l.O 6 -0.39519 0.39519 0.46087 

Total 334 "'0.07746 0.14468 0.21504 

O.O<PH<O.l 70 0.10238 0.11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0.2<PH<0.3 35 -0.03895 0.06019 0.07604 
0.3<PH<0.4 35 -0.01098 0.06466 0.09234 
0.4<PH<0.5 33 -0.01936 0.08386 0.10299 

8 0.5<PH<0.6 30 -0.06973 0 .11126 0.14759 
0.6<PH<0.7 29 -0.09010 0.16864 0.21340 
0.7<PH<0.8 31 -0.02570 0. li175 0.21781 
0.8<PH<0.9 30 0.11206 0.17811 0.21457 
0. 9<PH<l.O 6 0.18511 0.18567 0.23077 

Total 334 0. 01123 0.10524 0.15047 

O.O<PH<O.l 70 0.10238 0 .11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0.2<PH<0.3 35 -o. 03872 0.05997 0.07573 
0.3<PH<0.4 35 -0.00605 0.06098 0.08713 
0.4<PH<0.5 33 -0.00123 0.08685 0.10236 

9 0.5<PH<0.6 30 0.03749 0.09519 0. 11683 
0.6<PH<0.7 29 0.04936 0.12807 0.15408 
0.7<PH<0.8 31 0.02645 0.10224 0. 13377 
0.8<PH<0.9 30 -0.00980 0.13618 0.17004 
0. 9<PH<l. 0 6 0.07417 0.19593 0.23858 

Tot: al 334 0.02720 0.09013 0.12525 
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Table Cl: Con~inued. 

Model PH N Bias MAD R~!SD 

O.O<PH<0.1 70 0.10238 0 .11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0,2<PH<0.3 35 -0.03873 0.05997 0.07575 
0.3<PH<0.4 35 -0.00620 0.06107 0.08721 
0.4<PH<0.5 33 -0.00201 0.08656 0 .10207 

10 0.5<PH<0.6 30 0.03318 0. 09311 0. 11514 
0.6<PH<0.7 29 0.04066 0.12670 0. 15306 
0.7<PH<0.8 31 0. 01123 0.10363 0.13375 
0.8<PH<0.9 30 -0.03341 0.14045 0.17398 
0. 9<PH<l.O 6 0.05003 0.18449 0.23734 

Total 334 0.02200 0. 09011 0. 12543 

O.O<PH<0.1 70 0.10238 0 .11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0.2<PH<0.3 35 -0.03895 0.06019 0.07604 
0.3<PH<0.4 35 -0.01098 0.06466 0.09234 
0.4<PH<0.5 33 -0.02275 0.08697 0.10467 

11 0.5<PH<0.6 30 -0.08616 0 .11067 0.14605 
0.6<PH<0.7 29 -0.16071 0.20494 0.24542 
0.7<PH<0.8 31 -0.22559 0.23979 0.29543 
0.8<PH<0.9 30 -0.20785 0. 24811 0.30551 
0. 9<PH<l. 0 6 -0.03697 0.20839 0.25206 

Total 334 -0.04799 0.12166 0.17900 

O.O<PH<O.l 70 0.10238 0 .11435 0.14957 
O.l<PH<0.2 35 0.00000 0.00000 0.00000 
0.2<PH<0.3 35 -0.03895 0.06019 0.07604 
0.3<PH<0.4 35 -0.01098 0.06466 0.09234 
0.4<PH<0.5 33 -0.02005 0.08427 0.10304 

12 0.5<PH<0.6 30 -0.07184 0.10955 0.14577 
0.6<PH<0.7 29 -0.09152 0.16945 0.21435 
0.7<PH<0.8 31 -0.01933 0.17364 0.21922 
0.8<PH<0.9 30 0.17491 0.23292 0.28529 
0. 9<PH<l. 0 6 0.32371 0.32371 0.35394 

Total 334 0.01958 0. 11278 0.16479 
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Table Cl: Continued. 

Model PH N Bias MAD RMSD 

O.O<PH<O.l 70 0.32344 0.08282 0. 11099 
O.l<PH<0.2 35 -0.02301 0.02301 0.02364 
0.2<PH<0.3 35 -0.04083 0.05902 0.07524 
0.3<PH<0.4 35 0.02313 0.05931 0.08347 
0.4<PH<0.5 33 0. 06721 0.10386 0 .11940 

Ormerod 0.5<PH<0.6 30 0. 10072 0.11548 0.14009 
0.6<PH<0.7 29 0. 11095 0.13454 0.16819 
0.7<PH<0.8 31 0.04198 0.14074 0.17165 
0.8<PH<0.9 30 -o. 05477 0.15790 0.18332 
0. 9<PH<l. 0 6 -0.14428 0.18459 0.20974 

Total 334 0.02422 0.09504 0.12702 

O.O<PH<0.1 70 0.00399 0.07490 0.09523 
O.l<PH<0.2 35 -0.05204 0.05512 0. 06577 
0.2<PH<0.3 35 -0.07144 0.08527 0. 10528 
0.3<PH<0.4 35 -0.00986 0.07402 0.09364 
0.4<PH<0.5 33 0.02996 0.10681 0.12556 

Amidon 0.5<PH<0.6 40 0.06123 0 .11050 0.13268 
0.6<PH<0.7 29 0.07319 0.14039 0.16381 
0.7<PH<0.8 31 0.01585 0.15576 0.18450 
0.8<PH<0.9 30 -0.04370 0. 15171 0.18091 
0. 9<PH<l. 0 6 -0.07945 0.14064 0.15859 

Total 334 -0.00220 0.10144 0.12827 

O.O<PH<0.1 70 -0.04484 0.09443 0 .11359 
O.l<PH<0.2 35 -0.09316 0.09316 0.09576 
0.2<PH<0.3 35 -0.10257 0.10639 0.12410 
0.3<PH<0.4 35 -0.02773 0.07028 0.09170 

Kozak 0.4<PH<0.5 33 0.02846 0.09394 0 .11090 
and 0.5<PH<0.6 30 0.07565 0.10476 0.12661 

others 0.6<PH<0.7 29 0 .10296 0.12942 0.16296 
0.7<PH<0.8 31 0.05294 0.13605 0.16716 
0.8<PH<0.9 30 -0.04736 0. 16259 0.18719" 
0. 9<PH<l. 0 6 -0.22949 0.27426 0.30679 

Total 334 -O.Oli73 0.11015 0.13621 
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Table Cl: Continued. 

~1odel PH N Bias MAD R:1SD 

O.O<PH<0.1 70 -0.07676 0.09488 0 .12372 
O.l<PH<0.2 35 -0.06578 0.06578 0.06817 
0.2<PH<0.3 35 -0.07495 0.08304 0.10037 
0.3<PH<0.4 35 -0.00043 0.06170 0.08345 

Max 0.4<PH<0.5 33 0.05461 0.09975 0 .11474 
and 0.5<PH<0.6 30 0.09914 0 .11323 0.13742 

Burkhart 0.6<PH<0.7 29 0 .11874 0.13907 0.16980 
0.7<PH<0.8 31 0. 05077 0.13617 0.16804 
0.8<PH<0.9 30 -o .11505 0.20803 0.25414 
0.9<PH<l.O 6 -0.40858 0.42855 0.49464 

Total 334 -0.01923 0. 11306 0. 15427 

O.O<PH<0.1 70 -0.03665 0.08426 0. 10963 
O.l<PH<0.2 35 -0.03437 0.06258 0.07868 
0.2<PH<0.3 35 -0.04671 0.05803 0.07212 
0.3<PH<0.4 35 0.02444 0.03822 0.05712 

Cao 0.4<PH<0.5 33 0.07659 0.08885 0.10066 
and 0.5<PH<0.6 30 0.12377 0.12377 0.13716 

others 0.6<PH<0.7 29 0.13386 0.13713 0.16041 
0.7<PH<0.8 31 0.06640 0.12123 0.15239 
0.8<PH<0.9 30 -0.09143 0.19001 0.22774 
0. 9<PH<l. 0 6 -0.36115 0.38235 0.43781 

Total 334 0.00815 0.10129 0.13870 

O.O<PH<0.1 70 -0.03795 0.09533 0.11897 
O.l<PH<0.2 35 -0.03876 0. 06113 0.07694 
0.2<PH<0.3 35 0.00661 0.04849 0.06402 
0.3<PH<0.4 35 0.05783 0.06025 0.08190 

Goulding 0.4<PH<0.5 33 0.01395 0.06074 0.07047 
and 0.5<PH<0.6 30 -0.05030 0.09253 0. 11626 

~1urray 0.6<PH<0.7 29 -0.06063 0. 12774 0.15574 
0.7<PH<0.8 31 0.10416 0. 15266 0.17037 
0.8<PH<0.9 30 0. 34672 0.36786 0.38691 
0. 9<PH<l. 0 6 -0.10752 0.33116 0.37359 

Total 334 0.02521 0.11634 0.16486 
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Table Cl: Continued. 

N 
Bias = I: (o.- p. )/N 

i=l 1: J. 

N 
MAD = I: Io. - p. l/N 

i=l J. J. 

N 
RMSD = I: ( o . - p . ) 2 /N 

i=l J. l. 

where o. = ith observed diameter increment in inches 
J. 

pi = ith predicted diameter increment in inches 

N = number of measurements 
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