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Chapter I 

INTRODUCTION 

This paper presents a method finding simple zeros of 

an arbitrary polynomial. The method nds all zeros 

simultaneously. It does not require good guesses, but can 

make excellent use of them. The polynomial is not deflated, 

nor are zeros suppressed once found. Rather, implicit 

suppression occurs. The term "implicit" is used because the 

process occurs as part of the iteration formula 

when the iterates approach the zeros; the algorithm does not 

explictly invoke the process. 

Newton iteration formula. 

The method is based on a 

The basic motivation of the method is to create an 

algorithm which will make efficient use of Single 

Instruction/Multiple Data (SIMD) parallel computers. 

Several attributes of the method facilitate this, namely: 

all zeros are found simul ta.neously, n versions of the same 

algorithm can be run simultaneously on an SIMD computer, and 

little interprocessor communication would be required in 

such an implementation. That communication which is 

required is well adapted for mesh-connected processors, a 

prevalent architecture. 

1 
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The solution of polynomial equations has been studied a 

great deal in recent years. Householder [7] is a complete 

encyclopedia on the subject of polynomial root finding up to 

1970. Ee discusses the method due to Lag-J.erre, which is 

still commonly used. Also, he gives many localization 

techniques which are still used, including Sturm sequences, 

the Schur-Le.hmer algori t:hm and QD algori thrn (due to 

Ruti shauser) . He discusses Newton's method and Bairstow' s 

method which al though inferior to newer algorithms in most 

respects, are often used due to their simplicity cf 

implementation and speed. 

Since then a three stage algorithm. due to Jenkins and 

Traub (11], [12J, presently one of the most popular 

algorithms, was developed. The Jenkins-Traub algori tr.:m is 

fast (though typically not as fast as Laguerre's) 1 robust 

r 131, and globally convergent under a loose set of 

conditions. The third stage of the Jenkins-Traub algorithm 

is actually an adaptation of inverse powering [14] using the 

companion matrix of the polynomial. The inverse powering 

method finds eigenvalues of an arbitrary matrix and has been 

used directly on the companion matrix to find zeros of 

polynomials. Also the QR algori t.b...m [ 3] finds eigen'llalues of 

an arbitrary matrix and thus can be applied to the companion 

matrixr though is not often used due to long execution time. 
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The most promising approach to finding an SIMD algorithm 

for polynomial roots seems to be to have n processors search 

for the n different roots semi-independently. All of the 

methods given above, except the QO and QR algorithms, find 

one or two roots at a time, and then deflate the polynomial. 

Thus, they do not appear to be useful for this 

application. The qd algorithm suffers from slow convergence 

and round•off error after many iterations [ 5] and thus is 

useful only as a localization technique in practice. The 

purpose of this work is to develop an algorithm which will 

run faster on an SIMO computer than present serial 

algorithms and sti 11 maintain qood convergence properties 

.and accuracy for a variety of polynomials. 



Chapter II 

THEORETICAL FOUNDATION 

2.1 DIVIDED DIFFERENCES 

Divided differences have been studied a great deal as 

interpolating functions [6]. Divided differences are 

similar to derivatives. However, they are formed using only 

function evaluations over many points (one more than the 

order of the difference). The first (order) divided 

difference of f(x) over two points x ( 1 ) and x ( 2 ) , i s 

defined as [ 6] : 

f(x)[x(l),x(2)]=(f(x(l))-f(x(2)))/(x(l)-x{2)). 

Higher order divided differences can be computed recursively 

by 

f(x)[x(l), ... ,x(n+l)] = 

f(x)[x(l) ... , x(n}l - f(x)[x(2), ... x(n+l)] 

x(l) x(n+l) 

or, as will be done in this paper, by Lagrange's formula 

[ 6] : 

f(x(i)) 
f(x)[x(l), ... ,x(n)] = SUM------------------

4 

i PROD(x(i) - x(j)) 
jH 
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(Here, as for the remainder of this paper, sums and products 

will be over the range 1 to n unless otherwise noted; those 

labeled as, for example j ~i, are over the range 1 to n 

except for i. All integers have the range 1 to n unless 

otherwise noted. Equations of variables are true over the 

entire range of that variable unless otherwise noted.) 

Divided differences are different from other differences 

(e.g. forward, central} in that the points at which the 

difference is taken can be chosen arbitrarily. It will be 

assumed that the points at which the divided differences are 

calculated are distinct. In Chapter III, methods for using 

repeated points in divided differences will be discussed. 

2.2 THEOREM 2.1 

The following theorem is the basis for the method; 

Theorem 2.1 !f P(x) = a(O)x**n + +a( n) is an nth 

degree polynomial in x with stinct zeros x 

== s(l), s(2), s(n), where x, r, x(l}, 

x(2), .. ~ .. J s(2), "' "' '" I s(n) -€ c 
(where C is the complex set), x(i) # x(j), 

x(i) $ ( k) I and x(i) r for 1 

combinations of i,j,k, such that ii6j, then 

P(x) 
( 2. l) F( r) - -----[x(l), x(2), ... 1 x(n)} - a(O) = O 

x - r 
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iff r = s(k}, for all k. 

Proof. The theorem will be proven in two parts. 

i. If r = s(k), then F(r) = 0 all k. 

ii. If F{r) = 0, then r = s(k) for some k. 

part i. Consider P(x) = a(O) PROD(x - s(i)), a(O) * 0. 
i 

If r = s(k) for some k, 

PROD(x - s(m)) 
P(x) m 
----- = a(O) --------------
x - r x - s(k) 

is a polynomial of degree n-1, and it is well known 

that l 8 l: 

P(x) 
----- [x(l), x(2}, ... , x(n)] = a(O). 
x - r 

part ii. Define 

P(x(i)) 
(2.2) A( i) - --------v { . ) , n, l 
and 

V(n,i) - PROD ( x ( i) x(k)). 
k#i 

Then the divided difference in (2.1) can be expressed as 

A( i) 
(2.3} -F(r) =SUM-------- + a(O), 

i r - x(i) 

1 ! = -------------- ! SUM [A{i )PROD (r - x(j))} 
PROD(r - x(i)) I i jii 

i 
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I 
+ a(O} PROD (r - x(i})I, 

i I 
If Q, Q* and Q** are polynomials of degree n and R is a 

polynomial of degree no more than n-1, then there exists a 

Q, Q*, Q**, and R such that 

1 
-E'(r) = ----[Q*(r) + R(r)J, 

Q(r) 

Q**(r) 
= ------

Q(r) 

From part i, -F(r) must have at least n zeros, s( 1), s{2), 

• • • I s(n). If it had any other zeros, so would Q* *, a 

polynomial of degree n, and hence Q** would be the zero 

polynomial. However, observing Q*, the leading coefficient 

of Q** is a(O) 1' O; so Q** is not the zero polynomial. 

Hence E'(r) = 0 implies r = s(k) for some k. 

2.3 CONSTRUCTION OF THE ITERATION FORMULA 

Using theorem 2.1 and the definition of A(i) from (2.2): 

Define 

Then 

A(i) 
SUM----------- = a(O). 

i x(i) - s(k) 

A( j) 
Q(i,s(k)) - SUM -----------

j#i x(j) - s(k) 
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A ( i) 
+ Q(i,s(k)) = a(O) . 

x(i) - s(k) 

If 

Q(i,s(k)) - a(O) - 0, 

then 

A{i) 
(2.4) s(k) = x(i) + ----------------

Q(i,s(k)) - a(O) 

Thus the zeros of Pare the roots of (2.4). Using 

Newton's formula, de 

A( i) 
(2.5) f(i,r) - r - x(i} 

Q(i,r) - a(O) 

with differentiation of (2.5) yeilding 

df(i,r) A ( i) ( dQ ( i , r) /dr) 
= 1 + --------------~-

dr (Q(i,r) - a(O) ) 2 

gives the Newton iteration function [7]: 

{ 2. 6) G(i,r) = r -

(Q(i,r) - a(0)) 2 (r - x(i)) - A(i)(Q(i,r) - a(O)) 

(Q(i,r} - a{0)) 2 + A(i)(dQ(i,r)/dr) 

The corresponding iteration formula is 

L+l I, 
(2.7) r = G( i, r ), L = 0, 1, 2, ... 



9 

2.4 THEOREM 2.2 

Theorem 2.2 For the iteration formula (2.7), r will not 

converge to u, u--€. C where u is defined by 

Q ( i , u ) = a ( 0 ) and P ( u ) I 0 . 

Proof. From (2.6) and the product rule of differentiation 

dG(i,r)/dr = 1 

d (Q(i,r)-a(O))(r - x(i}) - A(i) ! 
(Q(i,r) - a(O)) ---!---------------------------------! 

dr j(Q(i,r)-a{0)) 2 + A(i)(dQ(i,r)/dr}I 

d I (Q(i,r)-a(O))(r - x(i)) - A(i) I 
- ---Q(i,r)*l---------------------------------1. 

dr j(Q{i,r)-a(0)) 2 + A(i)(dQ(i,r)/dr) I 

Setting Q{i,u) = a(O), u t- s(i} for any i, (A(i) # 0) yields 

dG(i,u}/dr = 2. Therefore the fixed point iteration (2.7) 

will not converge to u, since jdG(i,u)/dr! > 1 f 81. This 

establishes the theorem. 

2.5 THEOREM 2.3 

Theorem 2.3 

Proof. 

For x(m) = s(m), s(m) is suppressed (implicit 

suppression). That is, (2.7) will not 

converge to r = s(m) for any m. 

If x(m) = s(m), then A(m) = 0 and 

a(O}PROD(x(i) - s(k)) 
k 

A(i) = ---------------------
PROD(x(i) - x{j)) 
j#i 
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a(O)PROD(x(i) - s(k)) 
k~m 

= --------------------- for i ~ m4 
PROD(x(i) - x(j)) 
j#i ,m 

A(i) A(m) 
F(i,r} =SUM-------- + -------- - a(O), 

iFm x(i) - r x(i} - r 

A(i) 
=SUM-------- - a(O), 

i#m x( i) - r 

If R is a polynomial of degree n-1, then there exists an R 

such that 

R(x) 
F{i,r) = -----[x(l), ... , x(m-1), x(m+l), ... , x(n)l 

x - r 

- a(O). 

By Theorem 2.1, F(i,r) has n-1 zeros. 

Hence, s{m) is suppressed by takinq x(m) = s{m). 

By induction, any number of zeros may be suppressed by 

taking the zeros for some of the x( i}; for numerical 

reasons, this is done implicitly (as described in Chapter 

VII} rather than explicitly. 



Chapter II I 

DIVIDED DIFFERENCES WITH REPEATED POINTS 

In section 2. 1 formulas were given for divided 

differences taken at distinct points. For reasons which 

will be made clear in the next chapter, it is necessary to 

find formulas for differences taken without all points being 

distinct. In this chapter the proofs of two theorems will 

be given. The first theorem will give an expression for a 

di.vided difference with one point repeated twice and the 

second for a difference with one nt repeated three times. 

Theorem 3.1 Using the def!nitions for P, v. x(i), and x{j) 

from theorem 2.1, 

P(x)[x(l), .. ,x(j),x(j), .. ,x(n)] -

d P(x(j)) P(x{i)) 
----- ------- + SUM ------------------
dx ( j } V ( n , j ) i~j (x(i)-x(j)) V(n,i) 

Proof. 

The proof is by induction on n. Using Newton divided 

differences we see that: 

p ( X) r X ( 1) / .X { 1} / X ( 2) I ~ ~ • / X (_ r1+ l) J ::: 

P(x)[x(l),x(l), ... ,x(n)l - P(x)[x(l),x(2), ... ,x(n+l)] 

x(l) x(n+l) 

Noting that 

11 
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J.~ 

P(x(i)) 
P ( x) [ x ( 1 ) , x ( 2 ) , .•. , x ( n + 1) ] = SUM - - - - - - - -

i V(n+l,i) 

and asssuming the result for n, we see that 

(3.1) 

This 

P(x)[x(1), x(l), x(2), ... , x(n+l) l = 

= 

d P(x(l)) n P(x(i)) 
----- ______ _,_ 

+ SUM --------------------
dx(1) V(n,l) i=2 (x( i) - x( 1)) V(n,i) 

n+l P(x(i)) I I 
SUM-------- I / (x(l) - x(n+l)), 
i=l V(n+l,i) l/ 

1 d P(x(l)) ______________ ,_ i __ ,_ . .,..._ -------
( x ( 1) - x(n+l)) !dx(l) V(n,1) 

n P(x(i)) I 1 

P(x(l)) ! 
--------! 
V(n+l,1)1 

+ SUM ------------- !-------------------' i=2 x(l) - x(n+l} j(x(i) - x(l))V(n,i) 

1 I P(x(n+l)) 
--------! + -------------------------
V(n+l,i) 1 ~x(n+l) - x(l))V(n+l,n+l) 

d P(x(l)) 
= ----- -----~--

dx(l) V(n+l,l) 

n P(x(i)) l(x(i} - x(n+l))-(x(i) - x(l))I 
+ SUM-------------!-----------------------------! 

i=2 x(l) - x(n+l)I (x(i) - x(l)) V(n+l,i) I 

P(x{n+l)) 
+ -------------------------

(x(n+l) - x(l))V{n+l,n+l) 

d P(x(l)) n+l P(x(i)) 
= ----- -------- + SUM --------------------- . 

dx(l) V(n+l,1} i=2 (x(i) - x(l))V(n+l,i) 

is easily seen f cr the case of n=l [ 6 l : 

d 
P(x)[x(l),x(l)] - ----- P(x(l)). 

dx(l) 
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Since 

P{x)(x(l}, ... ,x(i), ... ,x(j), ... x(n)l = 

P(x)[(x(l), ... ,x(jL ... ,x(i), ... x(n) l 

[8), this establishes the theorem. 

Theorem 3.2. 

P(x)[x(l), ... ,x{j),x(j),x(j), ... ,x(n)] = 
1 d2 P(xj) P(x(i)) 
- ------ ------ + SUM --------------------
2 dx(j) 2 V(n,j) itj (x(i) - x(j)) 2V(n,i) 

Proof. 

This is proven in the same manner as Theorem 3.1. The only 

substantial difference is, that in (3.1) where 

d P(x(l)) 
----- -~------ = 
dx(l) V(n+1,1) 

1 I d P(x{l}) P(x(l)) j 
------------- !----- -------- --------1 
x(l) - x(n+l) idx(l) V(n,l) V(n+l, 1) l 

in Theorem we see that 

1 d 2 !P(x(l)) I 1 1 P(x(l)) 
- ------ 1--------1 
2 dx(1) 2 IV(n+l,1)1 2 x(l)-x(n+l) dx(1) 2 V(n,1} 

l d P(x(l)) 

x(l) - x(n+l) dx(l) (x(l) - x(n+l)) V(n,1) 

Both of these identities can be derived easily with algebra 

and the product rule of differentiation. Also, it is 

necessary to know f 6] 
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P(x)[x(l),x{l),x(l)] - - ------ P(x(l)). 
2 dx(l) 2 



Chapter IV 

AN ALTERNATE EXPRESSION FOR THE ITERATION FORMULA 

In Chapter I I an iteration formula was developed with 

divided differences. In this chapter, with the use of 

Theorems 3. 1 and 3. 2, an expression wi 11 be developed for 

same formula but the differences will be removed 

altogether. This alternate expression ai in understanding 

why the algorithm behaves as it does. 

The modification comes about when the similarity between 

Q(i,r) or Q1 (i,r) and the or (n+l)th divided differences 

of an nth degree polynomial is seen. Specifically, in the 

notation of Chapter II,. if r-o'x(i) for any i, 

Define 

Q(i,r) - a(O) 
A{ j) 

SUM --------
j H (x( j )-r) 

P(x(j)) 

a( O). 

= SUM --------------- a( 0) I 

j#i {x(j)-r) V(n,j) 

Vr(n,i) - PROD (r - x(j)). 
jH 

Q(i,r) - a(O) = P(x)[x(l), :{(2), ... , x(n), r] 

I P(x(i)) P( r) l 
- a(O) - !---------------- + -----------------!, 

l(x(i) - r)V{n,i) (r - x(i))Vr(n,i)I 

1 P(x(i)) P(r) [ 
= --------1 ------- -------! 

r - x(i)I V{n,i) Vr{n,i)! 
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From Theorems 3.1 and 3.2 with a similar development to 

that given above, the following identities can be derived. 

If r ~ K(i) for any i, then 

d 
Q1 (i,r) = 

dr 

d 

dr 

Q(i,r) 

P(r) 

Vr(n,i)*(r - x(i)) 

P(x{i)) 

V(n,i) * (x(i) - r) 2 

If r = x(i) for some i, then 

d P(r} 
Q(i,r) - a(O) -- -------

dr Vr(n,i) 

d 

I 
! . 
! 

Q'(i,r) = Q(i,r) a(O) 
dr 

1 d2. P(r) 
= - - --- ------

2 dr 2 Vr ( n, i) l 

I 
I 
lx(i)=r 

With the substi tu ti on of these identities, and recognizing 

that A(i) = P(x(i))/V(n,i), the iteration function 2.6 is: 

if r = x(i) for some 1, 

G(i,r) = r -
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P(r) d I P(r) I 
------- --1-------l 
Vr(n,i) drjVr(n,i)! 

Id P(r) 12 1 P(r) d" l P(r) l 
1-- -------! * --- -------
I dr Vr ( n, i ) I drZ IVr(n, i) I 

{4.1) = r -

P(r)(P' (r)*Vr(n,i) - Vr' (n,i)*P(r)) 

[P 1 (r) * (P'(r)*Vr(n,i) - Vr'(n,i)*P(r)) -

P(r) * (P"(r)*Vr(n,i) - Vr"(n,i)*P(r))/2] 

If r - x(i) for any i, then 

( 4. 2) G(i,r) = r -

(r - x(i)) P(r) (P(r) V(n,i) - P(x(i)} Vr(n,i) 

[P(r) * (P(r) V(n,i) - P(x(i)} Vr(n,i) 

{ r - x ( i) ) * P ( x: ( i) ) ( P 1 ( r) Vr ( n, i) - P ( r) Vr r ( n, i) 1 

d d 
Vr{n,i) P' ( r) P(r), and 

dr dr 

Vr{n,i) = V(n,i) if r = x(i). 

(4.1) is easily recognized as Halley's formula applied to 

P(r)/Vr(n,i) (6]. Halley's formula is similar to Newton's 

formula in that, generally, its convergence is guarenteed 

only if the guess is in a region of attraction. In fact, 

Hildebrand gives a derivation of both Newton's and Halley's 

method using inverse interpolation and shows the difference 
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is one order of accuracy in an approximation [6]. However, 

there are significant differences between Newton rs formula 

and Halley's. Specifically, Halley's formula requires the 

second as well as the first derivative to be evaluated (see 

(4.1)). Also Halley's method is cubically convergent to 

simple zeros, while Newton' s is only quadratic [ 6] . 

Halley rs method is not often used because the regions of 

attraction are si figantly smaller than those of Newton's. 

Also, the faster order of convergence is not particularly 

advantageous because it does not come into effect until the 

estimate is very close to the zero; it may save only one or 

two iterations-a smal 1 advantage considering the reduction 

in likelihood of convergence. 

After some algebra, (4.2) is recognized as Newton's 

method applied to the secant method applied to F(z(k)) :::: 

P(r}/Vr(n,i), F(z(k-1)) = P(x(i))/V(n,i), z(k) = r, and 

z(k-1) = x(i) in [6}: 

F(z(k)) 
z ( k+ 1) = z ( k) 

F ( x) [ z ( k) , z { k-1) J 

The secant method is similar to Newton's method except the 

derivative is replaced Wit:h a difference. (4.2) is an 

improvement to Newton's method around multiple zeros. It is 

easily seen that F/F 1 has only simple zeros. Also, Newton's 

method is known to converge only linearly to multiple zeros 
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and thus Newton 1 s method is of ten app 1 i ed to F /F' to speed 

convergence around multiple zeros. 

that F' ' be evaluated. 

However, this requires 

As z(k) approaches z(k-1), (4.2) approaches Newton's 

method applied to E'/F' but without the evaluation of the 

second derivative. Since convergence is slowed by multiple 

zeros, one would expect z(k) to get close to z(k-1). 

Therefore, it would seem that ( 4. 2) removes multiple zeros 

when the iterates approach them, but without the evaluation 

of a second derivative. 

These two iteration functions do help to explain some of 

the behavior of the algorithm. The of Theorem 1. 1 

becomes trivial. Also, implicit suppression can be seen by 

inspection when ng (4.1) and (4.2) (see Theorem 1.1, 

proof, part i). The explanation of (4.2) in the preceding 

paragraphs shows why the algorithm works on multiple roots 

fairly well as will be discussed in Chapter VIII. 

Unfortunately, the iteration function based on 

{4.l)/(4.2) is numerically inferior to the function based on 

(.2.6). This is because (4.2) is undefined when r = x(i). 

Of course, when r = x{i), (4.1} should be used. The problem 

arises when r approaches x ( i} since small errors in the 

denominator of (4.2) will result in large errors in the 

iteration function. This is especially true when x(i) and r 
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approach a multiple zero both because polynomial evaluation 

is inacurate around multiple zeros [ 13 J and x(i) will be 

close to r; the problem is amplified with zeros of high 

multiplicity. Because detecting these sorts of situations 

is difficult on any computer, and particularly so on an SIMD 

computer, the algorithm based on (2.6) was chosen for 

parallel implementation. 



Chapter V 

CONVERGENCE 

For a zero finding algorithm to be useful on a wide 

scale, it must have excel lent convergence properties. For 

instance, the Jenkins-Traub method is known to be globally 

convergent under a loose set of conditions ( 11] . Other 

methods, such as Newton's or Bairstow's, are globally 

convergent only if a strict set of conditions are satisfied; 

the algorithm used under those conditions has few practical 

applications [8]. For example, Newton's method is globally 

convergent if the zero of greatest magnitude, s(i), is real 

and the initial guess is real, greater in magnitude than 

s(.i), and the same sign as s(i). When those methods are 

used under a more practical set of conditions, the iterate 

must be very close to a zero, in a "region of attraction", 

to guarantee convergence. In those cases, the operation of 

the algorithm consists of the the iterate moving about the 

complex plane, hopefully toward a zero 1 until it is in a 

region of attraction. Since that event is never gu.aranteed 

to occur, the method may, and often does, fail to converge. 

21 
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5.1 POWER METHODS VS. PROXIMITY METHODS 

Consider the llowing numerical experiment: 

P(x) :::: x. 3 - 8x 2 llx + 18 

s(l) :::: 1 

x(l) = -9 

s(2) :::: -2 

x(2) ::=: 10 

s(3) = 9 

x(3) :::: 11 

Note that x(l) is closer to s(2) than it is to s(l) or s(3) 

and that s(2) is neither the largest nor the smallest zero 

in rnagni tude. The results of the experiment were that r,. 

starting from x(l} and iterating with G(l,r} converged to 

-2, showing the method was a proximity method rather than a 

power method. This is expected since the method is based on 

Newton's method, Halley's method and the secant method, all 

of which are proximity methods rather than power methods, 

such as the Jenkins-Traub algorithm and the Q/R algorithm. 

5. 2 INVESTIGATION OF GLOBl\L CONVERGENCE 

After determining that the method was a proximity method, 

global convergence was investigated. To determine 

convergence properties of the method, a set of conditions 

under which global convergence could be proven was searched 

for. Based on experience ·,.,ri th the algorithm, the following 

set was choosen: For some i, if 

1. x(i) is closer to s(i) than x(j) is to s(i), j#i, and 
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2. x ( i) is closer to s(i) than it is to s ( j ) I 
. .i.. Jr l, and 

3. s(i) is simple, and 

4. r(i) is at least as c se to s(i} as x{i) is to s ( i), 

then, r(i) would converge to s(i) using the iteration 

functions G{i,x(i)) and G(i,r(i)). 

This is a fairly loose set of conditions. Condi on one 

will be true for some i in almost any case. Condition two 

will be true for some i in almost any case if condition 3 is 

met. The equality of condition four is to met on the first 

iteration since x(i) = r(i}. l f global convergence can be 

proven the r(i) will move towards s(i) and thus satisfy the 

inequali of condi t:i .. on four. These conditions need only be 

met one i since implicit deflation will remove the x(i), 

r(i) and s(i) when x(i) = s(i) - r(i). 

Attempts to prove three ectures were made, any of 

which would guarantee global convergence: 

1. IG'(i,r(i))! < 1 on the straight line between r(i) 

and s(i). 

2. On each iteration r( i) would always get closer to 

s{i). 

3. On each iteration, minlr(i) s(i)! for all i 

decreases. 

Conjecture 1 is a well known condition for convergence and 

in fact defines the regions of attraction mentioned above 
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[8]. It is easily seen that conjectures 2 and 3 each imp 

global convergence, but are more difficult to investigate 

than c ecture 1. 

When a proof was being sought, a numerical 

counter-example to 3 was found. Since 1 implies 2, and 2 

implies 3, it disproved all three conjectures. The numerical 

example follows: 

P(x) = x 3 + 6x 2 + llx + 6 

= (x 1) ( .x - 2) (x 3) 

s(l) = -3 s(2) = -2 s(3) ::: -1 

x(l) ::: -5 x(2) :::.: -2 -l.9i x(3} = 1 

r(l) = -2.6 r(2) = -1. 4 - 1 . • ~J. r(3) = -1.4 

For this ex amp l four conditions were met for all three 

zeros. The result of the experiment was that not only did 

r(i) move away from s(i} after one iteration of G(i,r(i)) 

for i = 1 1 2,3, it moved away from all of the zeros. It 

should be pointed out that a case such as this was di cult 

to find, and, after a few iterations all r ( i) converged to 

some zero (not necessarily s(i)). Still, this example shows 

that none of the above conjectures are valid. 

Almost certainly, the method is not globally convergent. 

However, numerical results show that the method typically 

will converge. This method has never failed to find all the 
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zeros of a polynomial with any set of initial guesses when 

the four conditions stated above were met. In fact, the 

only cases where the method failed were those which 

contained a great deal of symmetry such as: 

P(x) = x~ 1 

= (x - l)(x i)(x + l)(x + i) 

s(l) - 1 s(2) = i s(3) = -1 s{4) = -i 

x(l) = 1 + i x(2) - -1 + i x(3) = -1 -i x(4) = 1 i 

s(i) = x(i)/2, for i =1,4 

And in that case, if the symmetry is disturbed slightly, the 

method will find all the zeros. 

Since the method is probably not globally convergent, its 

ration is difficult to explain. One explanation is that 

(2.6) has very large regions of attraction, and that it is 

most unlikely tha.t an iterate wi 11 move about much without 

landing in one. Also, often the cause of Newton's method 

fa.iling is that the repeats some pattern 

indefinitely. For example, Newton's method applied to 

P ( x) = x 3 - Sx 

with an initial guess of 1 or -1. More complex examples can 

be formulated. These cases involve some sort of symmetry, 

as the example given earlier had. Another explanation of 

why the method does converge well may be that with as many 
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as 2n guesses (n x{i),s and n r(i)'s) in the n iteration 

functions at any cne time, it is very unlikely that symmetry 

can be maintained as it can with one guess. 



Chapter VI 

A REAL ALGORITHM 

One special case of polynomials that is of particular 

interest is the case of real coefficients. It is well known 

that the zeros of such polynomials are real or in conjugate 

pairs. Therefore, if the order, n, is even, the polynomial 

can be factored into n/2 quadratic terms with real 

coefficients. Algorithms which are modified for this 

special case are often very efficient because they eliminate 

complex arithmetic. 

Two popular algorithms of this sort are that of Bairstow 

[l] and of Jenkins and Traub [12). Our interest here shall 

be in Bairstow's. The basic goal was to modify Bairstow's 

method for parallel processing similar to the way Newton's 

method applied to the po al was modified in Chapter IV. 

A brief explanation of Bairstow's method is given to 

familiarize the reader with notation. 

27 
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6.1 BAIRSTOW 1 S METHOD 

Given a polynomial P{x) of order n, where n is even, P(x) 

can be factored as follows: 

( 6. 1) P(x)=(x2 -ux-v)p(x)+b(n-l)(x-u)+b(n), 

(6.2) p(x)=b(O)x**n-2 +b(l)x**n-3 + ... +b(n-2). 

Then x 2 -ux-v is a factor of P(x) iff 

(6.3) b(n-1) = b(n) = 0. 

A recursive formula for b(i) is found to be: 

b(i) = a(i) + u * b(i-1) + V * b(i-2) I 

b(-1) = b(-2) = 0. 

Also of interest are: 

a a a a 
b(n-1), b(n), b(n-1) , and b(n) . 

au au av av 

It can also be shown, ven the series 

c(i) ::: b(i) + u * c(i-1) + v * c(i-2), 

c(-1) = c(-2) = 0 , 

that 

ab(n-1) ab(n) 
-------- = ----- = ( ') ' C n-;:..; I 

au av 

ab(n) ----- ;::::; c(n-1) 
au 
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and 

ab{n-1) 
------- = c(n-3) . 

av 

Then using Newton 1 s method for two varaibles, an iterative 

vector equation can be found: 

lu(k+l) I 
I I 
Iv ( k+l) I 

= 
I u(k) I 
! I 
Iv( k) I 

lc(n-2) 
l 
!c(n-1) 

c(n-3) I 
I 

c(n-2) I * 
lb(n-1) I 
I I . 
I b{n) I 

where u(k) and v(k) are the kth iterates and c(n-1), c(n-2), 

c(n-3), b(n), and b(n-1) are functions of u(k) and v(k). 

6.2 A MODIFICATION TO BAIRSTOW 1 S METHOD 

Defining 

u(i) = x(2i-1) + x(2i) 

and 

v(i) = -x(2i-l) * x{2i), 

then 

x 2 - u(i)*x - v(i) = (x - x(2i-1)) * {x - x(2i)). 

It can be shown that 

P(x(2i-l)) - P(x(2i)) 
f(u(i),v{i)) - b(n-1) = ---------------------

x(2i-1) - x(2i) 

and 
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x(2i-l)*P(x(2i-1))-x(2i)*P(x(2i)) 
g(u(i),v(i)) - b(n) = ---------------------------------

x(2i-1) - x(2i) 

If 
n/2 

( 6. 4) q(i,x)~ PROD (x 2 - u(j)x - v(j)) 
j=l 
jt!i 

n/2 
=PROD (x - x(2j-l)}*(x - x(2j)), 
j=l 
j~i 

then a modification of Bairstow's method would be to use 

Newton's method in two variables to find the zeros of: 

(6.5) F (u(i),v(i)) 2 
i 

P(x(2i-l))/q(i,x(2i-l}) - P(x(2i))/q(i,x(2i)) 

and 

(6.6) G (u(i),v(i)) = 
i 

x(2i-l) - x(2i) 

x(2i-l)*P(x(2i-1))/q{i,x(2i-l))-x(2i)*P(x(2i))/q(i,x(2i)) 

x(2i-l) - x(2i) 

Note that this is quite similar to the modification of 

Newton's method in chapter IV. We will now be concerned 

with finding an efficien way to evaluate F, G and their 

partial derivatives with respect to u(i) and v(i). 
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From (6.1), (6.2), and (6.3), it is seen that 

P(x(2i-l)) = b(n) - x(2i)*b(n-1) 

P(x(2i)) = b(n) - x(2i-l)*b(n-1) 

Making this substitution into (6.4), (6.5), and {6.6) 

b(n)lq(x(2i))-q(x(2i-l))I 
(6.7) F = ----1-------------------1 -

i Z(i) I x(2i-1) - x(2i) I 

b(n-l)lx(2i)*q(i,x(2i)) - x(2i-l)*q(i,x(2i-1))1 
------!---------------------------------------! Z(i) I x(2i-1) - x(2i) I 

and 

b(n)lx(2i-l)*q(i,x{2i))-x(2i)*q(i,x(2i-l))I 
(6.8) G = ----!-------------------------------------! i Z(i) I x(2i-1) - x(2i) I 

b(n-l)*v(i)lq(i,x(2i)) - q(i,x(2i-1))1 
-----------!-------------------------! Z(i) I x(2i-1) - x(2i) I 

where 

(6.9) Z(i) = q(i,x(2i-l)) * q(i,x(2i)) 

n/2 I 2 I 
=PROD l(v(i)-v(j)) +(v(i)u(j)-v(j)u(i))*(u(i)-u(j))I. 

j=l I I 
jH 

Z( i) and its partial derivatives with respect to u( i) and 

v(i) are easily evaluated in terms of real numbers. We now 

turn our attention to the evaluation of 

m m 
m x(2i) q(i,x(2i)) - x(2i-l) q(i,x(2i-1)) 

W (u(i),v(i)) - ---------------------------------------n/2 x(2i-1) - x(2i) 
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for m = 0, 1. Note that 

x(2i-l)q(i,x(2i)) - x(2i)q(i,x(2i-1)) 

x(2i-1) - x(2i) 

0 1 
= u(i) W (u(i), v(i)) - W (u(i), v(i)) 

n/2 n/2 

By factoring q( ;-<:) into quadratic terms, x 2 - u (j) x -

v(j), it is seen that (for j#i): 

0 
(6.10) W (u(i), v(i)) = 

j+l 

1 0 
(u(i) - u(j)}W (u(i), v(i)) + (v(i} - v(j))W (u(i),v(i)). 

j j 

1 2 
{6.11) w (u(i), v( i)) = ( u ( i) - u(j))W (u(i), v(i)) 

j+l j 

1 
(v( i) - v(j))W (u(i), v(i)). 

j 

2 1 
(6.12) w (u{i), v ( i)) = u(i)*W (u(i),v(i)) 

j+l j+l 

0 
v(i)*W (u(i),v{i)). 

j+l 

0 
(6.13} w (u(i), v( i)} = 0. 

0 
.., 
J. 

(6.14) w (u(i), v( i)) = -1. 
0 
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And if j=i, 

m m 
(6.15) W (u(i), v(i)) = W (u(i), v(i)). 

j+l j 

These substitutions into (6.7) and (6.8) yield: 

F (u(i), v(i)) = 
i 

1 o 1 I 
* b(n) W (u(i), v(i)) - b(n-1) W (u(i), v(i)) I, 

Z(i) n/2 n/2 I 

1 
G (u(i), v(i)) = * 

i Z(i} 

0 1 
b(n) ( u{i) W (u(i), v(i)) - W (u(i), v(i)) 

n/2 n/2 

0 l 
b(n-1) v(i) W (u(i}, v(i)) j. 

n/2 I 

Then to evaluate the ,Jacobian 

aF I aF I I -1 
-1 i/ au(i) i/ av(i)I 

J = I 
aG I aG I I 

i/ au(i) i/ av(i)I 

and the function vector 

F 
i 

G 
i 
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the following terms must be evaluated: 

l) b(n), b(n-1), c(n-1), c(n-2), c(n-3), by 

Bairstow's method. 

2) Z(i) from (6.9) 

3) aZ(i)/au(i) and aZ(i)/av(i) from (6.9). 

0 
4) W (u(i), v(i)) 

n/2 

l 
and W (u(i), v(i)) from (6.10), 

n/2 

(6.11), (6.12}, (6.13), (6.14), and (6.15). 

5) The partial derivatives of both terms in 4 with 

to u(i) and v(i) ch can easily be 

found from the equations given in 4. 

And finally, the vector function must be evaluated and the 

Jacobian must be evaluated and inverted. Inspection of 

these equations reveals that each iteration of this 

algorithm is ' , ' equi va ... ent:. to approximately 15 polynomial 

evaluations which quite clearly would take excessive cpu 

time. Furtherr..ore, there will be only n/2 duplicate 

versions (one for each pair of u ( i ) and v ( i ) ) and 

therefore, the computation will be divided among n/2 

processors. For these reasons l an algorithm based on this 

modification to Bairstow's method is considered impractical 

and is presented for the sake of completeness. 



Chapter VII 

PARALLEL IMPLEMENTATION 

In this chapter the implementation of the iteration 

function (2.6) will be discussed. Because the algori th ... >n 

based on (4.1)/(4.2) is numerically inferior to the 

algorithm based on ( 2. 6) as discussed in Chapter IV, a 

description of it will not be included. 

7.1 THE ALGORITHM 

While egu.ation ( 2. 6) is true for arbitrary x( i) in exact 

arithmetic, truncation error makes such an implementation 

.impractical. One successful scheme based on (2.6) from the 

author's experience, as alluded to in Theorem 2.3, is to use 

estimates for the zeros as the x(i). This has the advantage 

of substantially reducing truncation error and making use of 

implicit suppression, allowing all zeros to be found 

accurate and simultaneously. However, it is also 

impractical to expect estimates to be available. Thus, an 

algorithm has been devel which converts arbitrary x( i) 

to good estimates (stage 1) and then uses them to find the 

zeros (stage 2). The algorithm, which uses (2.6) for both 

stages, follows: 

x(i)=initial quess(i), for all L 

Stage 1 

35 
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Do until all zeros are found or step limit is 

exceeded. 

Form A(i), for all i. 

r ( i ) =x ( :i. ) , for a 11 L 

Do until all zeros are found or stage 1 

limit is exceeded. 

r (i ) =G ( i , r ( i ) ) for a 11 L ( Z . 6 } 

End loop. 

x(i)=r{i), for all i. 

End loop. 

Stage 2 

Form A(i), for all i. 

Do until all zeros are found or stage 2 

limit is exceeded 

r(i)=G(i,r(i)), for all i. (2.6) 

End loop. 

x(i)=r(i), for all i. 

End procedure. 
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7.2 DISCUSSION OF NUMERICAL PROPERTIES 

Stage 2 operates by taking advantage of implicit 

suppression. Stage 2 requires that each zero is approached 

by a unique estimate. Then, when evaluating G(i,r(i)}, all 

zeros except the one near x(i) are suppressed. Stage 1 is 

really the center of the algorithm. Its basic function is 

to make a set of estimates better in each step. When they 

are determined to be good enough, the stage is ended. In 

the first step, generally, no guess is particularly close to 

a zero. When each estimate is iterated, generally a few 

wi 11 approach zeros. These z.eros are suppressed for the 

remaining steps, leaving to be found. In the 

fol lowing steps, a few more may be found. This continues 

until all are found. The meaning of "found" is (for simple 

zeros) a single estimate is significantly closer to a zero 

than any other estimate is or than that estimate is to any 

other zero. This is what has been observed to be necessary 

for suppression. The reason suppression is implicit is that 

the algorithm does not know which estimates are suppressing 

zeros or how many are suppressed in any step. The stopping 

criterion, which will be discussed, watches only to see how 

much the estimates as a whole are moving. 

In stage 1 .. , ' one complication arises when zeros have 

multiple estimates which are equally close. These 
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'conflicts' occur frequently and can result in 'collisions' 

(two x(i) converging to the same zero and being ex the 

same) caus 

resolves most 

di vi de by zero. The implicit suppression 

icts, since it is fficult for two 

guesses which are equidistant from a zero to remain 

eq1...1idi stant after a few iterations; general , one estimate 

will emerge close enough to the zero to suppress it. This 

is facilitated by keeping stage 1 iterations small, and thus 

prohibiting estimates to move to the zeros ckly. 

to encourage suppression intial guesses are chosen such that 

it is unlikely for two guesses to be the same distance from 

a zero. Basically any set of guesses work well as long as 

they are not in conjugate 

is not real. Still, when 

rs, and of course, at least one 

ng zeros of polynomials of 

large order ( ::> 10) or th clustered zeros, collisions do 

occur. In this case they can be forced apart by setting one 

of the collided guesses to some random value. Collisions do 

slow the algori but have not been observed to affect 

convergence. 

The stopping criterion was taken as [18]: 

lw(i)-w(i-l)l<abs. error+ (rel. error)*lw(i) I 

This criterion was used in stage 1 on r(i) to terminate the 

iterations and go to the next step, and on the x(i) to 
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terminate the stage. In 2, it was used on the r(i) to 

terminate that stage. Both absolute and relative error were 

set to 10**-10. Also, a limit on the number of iterations 

was imposed to prevent a runaway loop. 

Since this algorithm cannot find multiple zeros exactly 

(they cause a divide by zero when forming A(i)), discussion 

of that subject is deferred until Chapter VIII. However, 

finding the simple zeros of a polynomial wi multiple zeros 

will be discussed here. When attemping to find simple zeros 

in this case, the above theorems are valid. In fact, the 

operation of the algori t.hm continues as if all zeros are 

simple, and converges to the simple ones. Since the 

polynomial is not deflated, the multiple zeros need not be 

found to any greater accuracy than is required for 

suppression. 

7.3 SIMD COMPUTERS 

SIMD (single instruction mult le data) computers 

represent a synchronous form of parallel processing. An 

SIMD computer typically consists of a control unit (CU) and 

a set of n processing elements (PE' s) and some form of an 

interconnection network. The CU broadcasts instructions to 

the PE 1 s simultaneously, and each active PE executes the 

instruction on data stored in own memory. The 
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interconnection network allows data to be passed between the 

PE's. Masks are used to enable and disable the PE 1 s [15], 

[19J, [201. 

The advantage of parallel computers is that a great deal 

computation can be done simultaneously. But, two 

complications arise immediately: first, algorithms 

which can be run in several identical versions can run 

efficiently on SIMD computers, since all processors run 

duplicate code. Second, if implementation requires 

processors to communicate a great deal of the time ( eg. 

passing intermediate calculations) any gain in computation 

time may be lost in intercommunication time. 

For a polynomial zero finding algorithm to run 

iently on an SIMD computer, it must be able to run in 

multiple versions. One scheme to accomplish this is to find 

1 zeros simultaneously. The algorithm could run as n 

duplicate versions, each version differing only by the zero 

.it converges to. Of course, ..i.."'-. ,_nis cannot be done with 

methods that deflate or suppress zeros once found. A second 

scheme would be to find one zero at a time, but in some way 

that multiple verisions could form iterations which find a 

single zero and then deflate or suppress it. The method 

presented here uses the first scheme. 
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While the program may be useful on many parallel 

computers, the discussion will be limited to the case where 

an SIMD computer had been specifically built to solve 

polynomials of order n with the algorithm. This appears to 

be the most realistic application because the need to 

quickly find zeros of polynomials is probably limited to 

those cases where the polynomial equation .describes some 

sort of model. If this were the case, the order of the 

polynomial would not be expected to change. For example, if 

the application was to use this algorithm when controlling 

the root location of the characteristic equation of an 

electrical system. This assumption makes both the design of 

the interconnection network and the simulation of parallel 

processing time straightforward. 

The interconnection network will connect the PE' s in a 

ring. That is PE(i) can pass data only to PE(i-1) and 

PE(i+l) (PE(-1) : PE(n-1) and PE(n) - PE(O)). This network 

was chosen because 

simultaneously pass 

it 

one 

allows 

word of 

every processor to 

data to every other 

processor in n steps, the minimum number of steps required 

for such a process. All communication in the algorithm is 

of this sort, and this network is very simple. 
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7.4 PARALLEL IMPLEMENTATION 

Referring to the algori tl'1m, the computationally intensive 

steps, forming the A(i)'s and r(i)=G(i,r(i)), can be run in 

n versions if the x(i) and A(i) are stored in memory ( 1 loc. 

z' represents memory location z) as follows: 

1. loc. mx(O) of PE(i) stores x(i) 

2. loc. mx{j) of PE(i) stores x(modulo-n(j +i)) 

3. loc. mA(O) of PE(i) stores A( i) 

4. loc. mA(j) of PE(i) stores A(modulo-n(j +i)) 

In this manner, the n versions of code would be identical. 

The comunication required to run the algorithm is small. 

After the A( i) are formed, they must be passed to all 

processors. This is done by a 1 ring pass 1 , where in the 

first step each processor passes the A(i) it formed to, say, 

its left and the leftmost would pass to the rightmost. 

After that, each processor would retain a copy of the A(i) 

passed in the most recent communication step and pass it 

along the same ring. This continues until all processors 

have all A(i)-for n steps. All the A(i) would be stored by 

each processor storing the A(i} formed in that processor in 

loc. mA( 0) and subseq,1ent A( i) sequentially following that. 

The other communication required is to pass all the x(i) 

after the stage l iterations. This is done in the same 

manner as was done for the A(i). Note that no communication 
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interrupts the computationally intense steps. This 

implementation should give a speed-up close to n. 

7.5 EVALUATION OF ALGORITHM IMPLEMENTATION 

In this section the paral l implementation of the 

algorithm will be evaluated. The guidelines suggested by 

Seigel [19] will be followed. Seigel suggests nine 

different lines to aid the user in three ways: 

1.. in choosing m, the number of data points / 

2. in choosing n, the number of processors, and 

3 .. in choo the interconnection network. 

However, because of the chosen application, these decisions 

seem fairly clear at the outset. As discussed earlier, the 

number of data points (i.e. the order of the polynomial) 

will be set by the application. The number of PE' s is 

bounded above by m because there is no benefit to more than 

m processors. In the next chapter, we will show that the 

speed of our algorithm implemented in parallel is faster 

than other serial algorithms an estimated factor of 2.00 

for one and 4.04 for the other. Thus hal the speed does 

not appear to be a reasonable alternative. Since one 

processor less than m would double the execution time, n is 

bounded below by m. Therefore, n is l to m. The 

interconnection network suggested above is the least 
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expensive possible (n simplex connections for n processors) 

and still yields ideal results. The guidelines can however 

be useful in providing standardized information about the 

algorithm. 

The Guidelines 

The guidelines will be stated bri ly and then the 

measure of the algorithm according to each wi 11 be given. 

In the original reference the guidelines are functions of n 

m. M or n will not be listed in most cases since both 

are considered fixed. 

1. Execution +- • ,_ime, Tn, .._, 1..ne time required for n 

processors to execute the algori t:bm. Tn = Cn + o, 

where Cn is the computation time and o is the 

overhead time for communication. Note that the 

serial time is In guideline 5 it 11 be shown 

that o << Cn and thus can be ignored when considering 

Tn. Cn can not be to evaluated. If all zeros were 

found exactly simul taneoulsly, Cn would equal Cl/n. 

This is because when the algorithm is run serially, 

it basically runs in n duplicate versions. However, 

if some zeros are found before others, the serial 

program would stop iterating those estimates. The 

parallel version might mask the ssors which had 
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found zeros, but no reduction in execution time would 

be realized. Therefore, Cn > Cl/n. Since how much 

greater is an incalculable function of the polynomial 

and the ini ti guesses, Cl/nCn wi 11 determined 

statistically. Tests on the first 50 polynomials 

listed in Appendix A show that the mean of Cl/nCn is 

estimated to be . 9 with an estimated standard of 

deviation of .1. For the purposes here, Cn will be 

considered Cl/(.9n). Since o << 
,...,, 

Cn, Tn Tl/.9n. As 

will be pointed out in the next chapter, the 

numerical tests give nCn for the serial time rather 

than Cl. 

V = n/Tn, is the number of data points that 

can be processed per unit time. For the algorithm, V 

= n/Tn ;;; . 9n2 /Tl. 

3. Speed-up, S - Tl/Tn, execution time comparison 

between the serial time and the parallel time. Sn ~ 

n, where the i ty denotes the ideal situation. 

For the algorithm, S ~ .9 n. 

4. Efficiency, E = S/n, is an overall measure of how 

well the algorithm utilizes the SIMD computer. E ~ 

1, where the equality indicates the ideal case. 

For the algorithm, E ~ .9 
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5. Overhead ratio, 0 = o/Cn, shows how the overhead 

(masking and communication) compares to actual 

processing. It will be shown that O is < 3%. 

o = Sl * w * 4 * (n-1) * tc 

Where Sl is the number of times the algorithm 

executes stage 1 J w is the length of the variable in 

computer words, and tc is the time required to pass 

one word. 4 * w words are passed: the real and 

imaginary parts of x(i) and A( i). (n-1) steps are 

required to s one word completely through the 

ring. Instead of en, Cn 1 < Cn, the time for 

divisions and multiplications will be estimated. For 

A( i), 2n multiplications and a di vision are needed. 

Evaluation of Q and Q' requires 2n multiplications 

and n divisions. (2.6) requires an additional 4 

multiplications and a division. A(i) is formed once 

and Q, Q' and (2.6) are formed 3 times every stage 1 

iterations. 

Cn :::: Sl [ 2n * Rm + Rd + 3 * ( ( 2n + 4) Rm + ( n + 1) Rd)] 

where Rm and Rd are the times for a complex 

multiplication and division respectively. Since a 

complex division is 6 real multiplications and 2 real 
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divisions, and a complex multiplication is 4: real 

mul tiplicati.ons, and it is generally agreed that a 

real division takes more exection time than a real 

multiplication: 

Rm ::: 4 * w" * tm, 

Rd > 6 * w'- * tm + 2 * w" "" tm, 

where tm is the time required to multiply two 

computer words. 

0 = o/Cn, 

< o/Cn , 

Sl * w * 4 * (n-1) * tc 
< -----------------------

Sl [ 16n * w2 * tm * 4] 

tc 
< -------

16 w tm 

Since w will probably be greater than 2, and tc < tm, 

0 < • 03. 

6, Utilization, U, is a measure of the time the PE's are 

busy. Since the number of masking operations will 

always be less than n, the time it takes to mask the 

PE 1 s will be considered insignifigant. Thus, 

inactive time accounts for all of the inefficiency 

and utilization is seen to be .9 

7. Redundancy, R, measures the redundant computations 

that are performed. For the algorithm redundancy is 
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insignifigant since all computationally intense steps 

(polynomial evaluation, forming the iteration 

functions, etc.) are not redundant. 

8. Cost effectiveness and price are given in the 

reference for the purpose of deciding how to 

implement the program (i.e. which kind of 

interconnection network, how many PE's) and thus are 

not given here since those decisions are set by the 

nature of the a 

7.5.2 Other Guidelines 

The pre,1ious section 

thm. 

several guidelines for 

evaluation of the parallel i.mplementation of the algorithm . 

.For a user to decide on whether or not he would use the 

gorithm, other factors should be considered. 

l. Throughput is how many tasks the computer can execute 

per unit time. As is typical of parallel algorithms, 

throughput is decreased though speed is increased as 

compared to running n versions of a serial algorithm 

on n processors. This is easily demonstrated: the 

time red to find zeros of p polynomials using a 

parallel computer with a parallel algori t!un is 

t(n). The time using a parallel algori th.'n is 

{least integer greater than p/n)*t(l). 

large, it is seen that 

As p gets 
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(least integer greater than p/n)*t(l) < p*t(n) 

since 

t{l)/n < t(n) 

except in the ideal case. A user who desired the 

greatest throughput would run n versions of a serial 

algorithm on n different polynomials since the 

throughput would be n * Tl, the ideal case. 

2. The speed of this algorithm would be enhanced if good 

initial guesses were available. Since the system 

application might be to find movement of zeros of a 

polynomial with varying coefficients, a set of good 

estimates mi be available as the the zeros of the 

previous polynomial. However, good guesses would aid 

other methods as well; methods which would not be 

considered. for an arbitrary polynomial because of 

convergence problems might be useful with good 

guesses. 

3. Mul le zeros do slow the algorithm (see Chapter 

VIII). And the method was particularly fast on 

polynomials with well separated zeros. The expected 

location of the zeros would be a consideration. 



Chapter VI II 

NUMERICAL TESTING 

The di\Tided differences algorithm ( 2. 7) was compared to 

the .Jenkins~Traub and Laguerre al thms. The tests were 

run on an IBM 370/158 under the CMS operating system. All 

the routines were written in FORTRAN using double precision 

arithmetic (64 bits) and compiled with the FORTRAN H 

Extended ler (OPT~2) [9]. The Jenkins-Traub method and 

Laguerre's method were from the International 

Mathematical and Statistical Libraries (IMSL) (10 . The 

test polynomials are given in Appendix A with references, 

and test results are given in Appendix B. The data kept 

from the run was run time and number of zeros found. The 

timing routine was for relative comparison, not absolute run 

time. It is accurate to 1/100 of a second. 

The parallel time is estimated to be total run time 

divided by n, the number of processors. .i'\s discussed in 

guideline 1 of section 7.5.1, the algorithm serial run time 

was n*Cn rather than Cl. In order to make this estimation 

accurate, certain serially inefficient methods were used. 

They include carrying out iterations for zeros whi were 

found, when there were any that were not found, and 

reevaluating the polynomial when forming the A( i), even if 

an x(i) did not 

50 
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The routine used for Jenkins-Traub was ZCPOLY [10]. 

ZCPOLY is the Jenkins-Traub method for complex polynomials 

[ 12 J • Jenkins and Traub ! 12 J have an algorithm for nding 

zeros of real polynomials, which runs 4 times faster than 

ZCPOLY. 

divided 

ZCPOLY was choosen ause the method based on 

differences does not take advantage of the 

polynomial being real. Unfortunately, there was no 

algori available in the IMSL library to run Laguerre's 

method for complex polynomials so a version for real 

polynomials ( ZPOLR) was used, and thus its execution times 

are deceptively small. 

The parameters of the divided difference method were set 

as follows. The maximum stage one steps and stage two 

iterations were set high enough so that they did not af 

program execution for any test case (35 and 20, 

respectively). The maximum for stage one iterations was set 

on the basis of experience to 3. The initial guesses were 

chosen arbitrarily as a linear ral from zero 

(xj==((j+j*i)*i**j)/n where i is the sqtiare root of -1). 

This set of guesses rmed adequately overall. 

The polynomials were selected from a variety of sources 

[ 11 ' [ 2] , { 4 J ' [ 7 J ( [ 14 L [ 13 l ' [16] f [ 21 J I [ 22 J • All polynomials 

from those sources were tested, except for quadratics and 

most polynomials with one multiple zero. Polynomial 24 16] 
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was kept to illustrate the algori thrn' s performance on a 

single multiple zero, though the time comparisons are 

inaccurate since the other methods treated it as a special 

case. Also, four polynomials were constructed to show the 

operation on polynomials with one or more than one multiple 

zero (polynomials 109-112). 

The test results were encouraging. The method did not 

fail to converge for a single test case listed or, in fact, 

any case tested with any set of initial guesses. For 

polynomials with no repeated or clustered zeros, all the 

zeros were found to the specified accuracy, and the parallel 

time was a better than the serial time of 

Jenkins~Traub, and usually better than Laguerre's. 

Statistical comparisons between the Jenkins-Traub algorithm 

to the divided differences method estimate the mean speed-up 

to be 4. 04 with the estimated standard of deviation being 

2. 43. The range of the speed-up was . 4 (a slow down) to 

11.L Similar comparisons for Laguerre 1 s method estimate 

the mean of the speed-up at 2.00 with the estimated standard 

of deviation being 1.18. The range of the speed-up was .2 

to 6.2. The divided differences method did not make use of 

any zero localization technicr.J.es (Routh-Hurwitz Cri te on, 

Gerschgorin Circle Theorem, or Schur-Cohn Algorithm), but 

used the same set of guesses independent of the polynomial. 
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For those cases in which the algori tr.m was slower than 

Laguerre's the guesses were particularly poor. 

Those cases for whi method was slower in parallel 

time than Jenkins-Traub all contained multiple zeros 

(polynomials 24,34,35,38,79,80,82,91,92,94,106). The 

algorithm would have found the simple zeros faster had the 

stopping criteron, which was kept > 1 simp ... e to facilitate 

parallel implementation, been altered to detect multiple 

zeros and stop when all simple zeros were found. 

The operation of the method on multiple zeros was 

excellent considering that the algorithm was not designed 

for multiple zeros. The method never failed to give 

for all zeros with the correct multiplici 

Generally, for multiple zeros, the convergence was slowed 

and, in most cases, Jenkins-Traub found the zeros more 

accurately. However, when two or more sets of multiple 

zeros were found, the thm found the zeros to the same 

order of accuracy. In three large order test polynomials 

with three or less gh multiplicity zeros Laguerre 1 s method 

found one or no zeros, while the method was roughly as 

accurate as Jenkins-Traub (polynomials 110-112). 



Appendix A 

TEST POLYNOMIALS 

The coefficients are listed with the high order term 

first. The reference is listed according to how it was 

organized in the original reference. For example, B, I, 4, 

C means group B, part I, number 4, case C. 

Table 1, number 27. 

54 

TBL 1, 27 means 
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POLY- COEFFICIENTS REFERENCE 
NOMIAL, 
ORDER 

l, 6 l.00000000000 -21.0000000000 175.000000000 (l6]A,l 
-735.000000000 1624. 00000000 -1764.00000000 

720.000000000 

2,20 l.00000000000 .o .o (l 6] A, 6 .o .o .o .o .o .o .o .o .o .o .o .o .o .o .o .o .o l.00000000000 

3, 3 4.00000000000 -a.00000000000 9.00000000000 [l6]A,9 
-18. 0000000000 

4, 3 l.00000000000 -5.00000000000 17.0000000000 [l6]A,l0 
21.0000000000 

S, 3 l.00000000000 .o -1.00000000000 {16] A, !3 
-1.00000000000 

6, 3 l.00000000000 
-5.00000000000 

.o -2.00000000000 (l6]A,l8 

7, 4 l.00000000000 -3.00000000000 -54.0000000000 [l6]A,20 
-150.000000000 -100.000000000 

a, s l.00000000000 -s.00000000000 10.0000000000 tl6JB,I,4,B 
-9.000000000ctO 5.00000000000 -1.00000000000 

9,10 -1.00000000000 10.0000000000 -45.0000000000 [ l 61 B , :: , 4 , C 
120.000000000 -210.000000000 252.000000000 

-210.000000000 120.000000000 -44.0000000000 
10.0000000000 -l.00000000000 

10, 4 -l.00000000000 4.00000000000 -6.00000000000 [16]8,I,5,A 
s.00000000000 -1.00000000000 

ll, 4 -256.000000000 256.000000000 -96.0000000000 [ l 61 B , I , 5 , 3 
98.0000000000 -1.00000000000 

12, 4 -4096.00000000 2048.00000000 -384.000000000 [l6Ja,I,S,C 
2434.00000000 -1.00000000000 

13, 5 l.00000000000 .o .o (l6]B,I:,l,B 
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POLY- COEPFIC:ENTS REFERENCE 
NOM!A.L, 
ORD.ER 

• 0 l. 00000000000 .o 
14, 9 l.00000000000 .o .a (lS]StII,l;tC 

.o .0 .o 

.o .0 l. 00000000000 

.o 
15 ,.19 l. 00000000000 .0 .a [16JB, !:Z: _.l#D 

• 0 '0 • Q 
.o . () .o 
.o .o .o 
.o .a .o 
.o . 0 .a 
1.00000000000 . 0 

16, 3 l.00000000000 .0 " .v 16JB~I!,2,A 
.1000000000000-03 

1 i' s 1.00000000000 M .0 [lGJ:a~r:~ 2,ts .<J 
.o .o .1000000000000-0J 

18, 3 l. 00000000000 .o .0 [16JB,I!,21C 
.o .o .0 
.0 .o .o 
.1000000000000-03 

19,19 1.00000000000 .a .o (15]3,II,2,C 
.o .a .0 
" ... .o .0 

.0 .J .o 

.0 .o .o 

.o .o .o 
• 0 .1000000000000-03 

20, 3 l.00000000000 .0 L 00000000000 (l6~]B,II,3,A 

.1000000000000-03 
.., , 
;.... ..... ., 5 l..00000000000 .0 .0 (16!9,!!.3,B 

.0 l. 00000000000 .1ooooooooooon-03 
22, 9 1.00000000000 .o .o [lE1Bt!!,3,.C 

.o .o .0 

.0 .0 L 0000000 0000 

.lOOOOOOOOOOOD-03 

23,19 l. 00000000000 "o • 0 (l51B,I!.3,:J 
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?OLY- COEFF!CIE!'r!'S REFERENCE 
~OMIAL, 
Gru:JER 

,o • 0 ,Q 
.o • Q .o 
.o .o .o 
.o .0 .o 
.o .o . (') 
L 00000000000 .1aoooooooooon-03 

24 ,19 1. 00000000000 .o .o {ltHB,II!,E 
.o .o .0 
.o .o .o 
.o .o .0 
.o .o . () 
.o .o .o 
.o .o 

25, 3 1. 00000000000 -1.ooooocooooo z .• 0 ooc 0000000 [ 51 TBL 1,1 
.S. 00000000000 

2 6- .r 3 1. 00000000000 .o 3.oooooooocoo [ 5] TB.ti lt2 
1.00000000000 

27, 3 1.00000000000 1.00040000000 -1. 00020000000 ( 5i TBL 1,3 
-1. 00060000000 

2a. 3 1.00000000000 3.00006000000 3. 00012000000 (S;TSL l,4 
l..00006000000 

29' 3 1. 00000000000 .o -3.00000000000 [<;)TEL ::. '5 
l.00000000000 

30, J 1.00000000000 8.00000000000 :n.0000000000 [5]'!.'BL l, 6 
18.0000000000 

31, 4 128.000000000 -256.000000000 160.000000000 [ E:] '!"SL 1 -... ~ ; 

-32.0000000000 l.00000000000 

32, 4 L 00000000000 -s.00000000000 ::l9. 0000000000 [5JTBL 1,8 
-62.0000000000 50.0000000000 

33, 4 1.00000000000 7.00000000000 1.3. 0000000000 {SJ'l'SL l,9 
-3.00000000000 18 .0000000000 

34, 4 l..00()00000000 -6.00000000000 9.00000000000 r r::_ 
\'-' TSL 1,10' 

4.00000000000 -12.0000000000 

35, 4 l.00000000000 -5.00000000000 6.00000000000 [5 1 T:SL 1,11 
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POLY- COEFFICIENTS REFERENCE 
NOMIAL, 
ORDER 

4.00000000000 -B.00000000000 

36' 4 l.00()00000000 -8.00000000000 24.0000000000 [S1TBL 1,12 
-32.0000000000 Hi, 0000000000 

37, 4 l. 00000000000 -3.00000000000 -14.0000000000 (5]TBL 1,13 
52.0000000000 -4S.ODOOOOOOOO 

38, 4 L 00000000000 -3.00000000000 -12.0000000000 l SJ TBL l, 14 
52.0000000000 -48.0000000000 

39, 4 1.00000000000 3.05000000000 4.10100000000 ( 5, TSL 1,15 
3.10205000000 l. 05105000000 

40, ' 1.00000000000 -3.00000000000 " ,5]TBL ' , . 
" .v ~, .i..O 

52.0000000000 -45.0000000000 

41., 4 1.00000000000 -3.00000000000 -14. 00 00000000 iSJTB~ l,li 
~ 0 -4S.OOOOOOOOOO 

, ~ 5 l. 00000000000 -6.00000000000 H.0000000000 t JTBL l,lS ..... , ' -H.0000000000 -7,00000000000 -30.0000000000 

43, 5 ::..00000000000 .o .o [.SJ ':SL l,19 
• 0 • 0 .o 
1.00000000000 

44, 6 1.00000000000 -9.00000000000 45.0000000000 CSlTBL l,20 
85.0000000000 34.0000000000 74.0000000000 

-100.000000000 

45, 6 1.00000000000 -7.00000000000 25.0000000000 {5}TS~ l, 2!. 
:25.0000000000 -246.000000000 422.000000000 

-300.000000000 

46, 6 1.00000000000 -13.0000000000 85.0000000000 f5)TBL 1,22 
-305.000000000 SH, 000000000 -622.000000000 

:mo. 000000000 

47, 6 l. 00000000000 -4.00000000000 -s.00000000000 (5]TBL l,23 
190.000000000 -666. 000000000 . 944.000000000 

-600.000000000 

4 SI 6 l.00000000000 -11.0000000000 65.0000000000 [S)TBL 1,24 
-195.000000000 314. 000000000 -274.000000000 
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?OLY- COEFFICIENTS REFERENCE 
NOMIAL, 
ORDER 

100.000000000 

49, 7 l.00000000000 4.87000000000 -.670000000000 [5]TSL 1,25 
-.154300030000 -.426SOOOOOCOO -1. 02113000000 
-2.48608000()00 -6.27714960000 

'5 () , i L 00000000000 507.900000000 -2079.89900000 [s:TSL 1, 26 
9865.50870000 -8504.Si'liOOOO -2072 .11590000 
9864.35270000 -9020. :21000000 

51,10 l.00000000000 -2.soooooooooo -460.800000000 [ 5 i TBL 1 _..., ""'!-
.J,,, f 4 i 

-9133.40000000 -5076l.3000000 -88653.0980000 
-53510.4000000 -37313. 0000000 -197170.000000 
-364800.000000 -19 BOOO. QOOOOO 

52,12 l.00000000000 1298.00000000 27178i~OOOOOO [5]1'BL 1.,ZS 
1337920. 00000 -150211890.000 1266452300.00 

-52131018300.00 -19582773000. 0 9621.956000.00 
19363320000.0 -315044660000. -861677800000. 

-549755800000. 

53, l3 1. 00000000000 1289.01000000 273087.000000 [ 5lTBL l.' ;;9 
1612424.90000 -l.48860600. 000 1114 738200. 00 

-4001901300.00 -24916600000. 0 -10156643000.0 
29101496000. 0 -295467500000. -.1179872900000+13 

-.142005030000D+l3 -555253360000. 

54,15 l. 00000000000 2.00000000000 -334.000000000 [51T!L l,30 
-592.000000000 36352.0000000 60716.0000000 
-1486310. 00000 -2191720. 00000 2321043 l. 0000 

30731586. 0000 -1699194 36. 000 -l.3437 5288. 000 
1634846000.00 2104572lOC.OO -5714910700.00 

-6227020800.0() 

55,18 l.00000000000 s.00000000000 10.0000000000 [ 5iTBL 1#31 
9.00000000000 50.0000000000 40.0000000000 
30.0000000000 lJS.000000000 98.0000000000 
15.0000000000 81. 0000000000 72.0COOOOOOOO 
60.0000000000 48.0000000000 36.0000000000 2s.oooooooooo 130.000000000 100. 000000000 
520.000000000 

56,19 1.00000000000 5.000COOOOOOO 10.0000000000 f SJ TBL l_, J:=. 
9.00000000000 50.0000000000 40.0000000000 
30.0000000000 l.05.000000000 98.00COOOGOOO 
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POLY- COEFFICIENTS REFERENCE 
NOMIAL, 
ORDER 

15.0000000000 81.0000000000 72.0000000000 
60.0000000000 48.0000000000 36.0000000000 
25.0000000000 130.000000000 100.000000000 
520.000000000 672.000000000 

57, 6 53.0810000000 -1429.70000000 .772l00000000D-Ol [5JTBL 2,1 
-2.01430000000 56.1310000000 -561.120000000 

23.4510000000 

58, 6 -2.90410000000 -6.99330000000 -8438.80000000 (5]TBL 2,2 
23.8040000000 -47.9470000000 36.5390000000 
.685400000000 

59, 7 -48.7730000000 3.81210000000 -74.4190000000 CsJTBL 2,3 
-116.960000000 4.26140000000 -9915.80000000 
-7.13300000000 -4.32500000000 

60, 7 3.81210000000 -74.4190000000 -116.960000000 ( S)TBL 2,4 
4.26110000000 -9915.80000000 -.7133000000000-0l 

-.4325000000000-0l -4.39360000000 

61, 8 l.00000000000 2.97420000000 -6.76760000000 [S]TBL 2,5 
6.26080000000 -54.2150000000 -97.1670000000 
7.00800000000 7.71300000000 -15.8060000000 

62, 8 4.39360000000 -8.36190000000 7.71820000000 [5JTBL 2,6 
-5545.90000000 -288.080000000 3803.40000000 

105.400000000 -54.6460000000 8191.90000000 

63, 8 7.71820000000 -5545.90000000 -288.080000000 (5] TBL 2, 7 
3803.40000000 105.400000000 -54.6460000000 
8191. 90000000 8.70290000000 -167.000000000 

64, 9 l.00000000000 -993.560000000 -21.1000000000 [5}TBL 2,8 
25.0000000000 122.200000000 2.62880000000 

-7.73510000000 7.21590000000 -2184.90000000 
61.4220000000 

65, 9 8.70290000000 -167.000000000 463.330000000 [5)TBL 2,9 
1126.10000000 76.2410000000 -7.05080000000 

-4085.40000000 -1036.10000000 -99.7290000000 
-54.6490000000 

66, 9 463.330000000 1126.10000000 76.2410000000 (S}TBL 2,10 
-7.05080000000 -4085.40000000 -1036.10000000 



?OLY- COEFFICIENTS REFERENCE 
NOMIAL, 
ORiiER 

-99.7290000000 -54.6490000000 -2.90410000000 
-6.99330000000 

57,15 l.00000000000 39.2470000000 -20. 5730000000 [ g-J TBL 2, :.1 
-8.32430000000 22.8340000000 -.784400000000 
-4.27540000000 504.150000000 -21.1340000000 

72.8740000000 2.92400000000 -94.5010000000 
5.59450000000 4.05320000000 2549.30000000 
21. 1290000000 

68,18 l.00000000000 -2.60270000000 693.570000000 ( 5l TBL 2,12 
-6.513420000000 L 621\00000000 -6113. 50000000 

21. 6520000000 4.58960000000 -.ilUOQOOOOOO 
-1. a L3aooooooo !l.30050000000 37.5040000000 
-64.6790000000 4.99900000000 -6.85600000000 45.sosaoooooo 337.620000000 -.i.4. 9100000000 
-6093.80000000 

69 ,36 -926$.30000000 6468.00000000 -42. 0150000000 [5)TBL 2' l.3 
70.3110000000 3072 • .tOOOOOOO Z.95300000000 
S.61630000000 870.730000000 -7. 91410000000 

-74 .1100000000 -22.9640000000 9.22520000000 
-2.491370000000 -39. 0630000000 6 •. 58100000000 
-6.84610000000 -7.88670000000 -32.1510000000 
-34.6370000000 6 7. 91600 00000 -390.570000000 

60.2470000000 265. 740000000 -453.860000000 
-7015.60000000 -309.670000000 -2.05740000000 
-85.5810000000 -99.3940000000 -20.7750000000 

49.225000COOO 3924.50000000 -.8383000000000-01 
i3. 9410000000 .4906000000000-01 38.3120000000 

-99 3. 560000000 

70, 3 .1000000000000-03 -.1000000000000-03 -.1000000000000-11 (13] Pl Ill, . 1ooooaooooooD-11 A:aB=lO- • 

~1 3 10 001.L 0000000 -10000.0000000 -.1000000000000-03 tl3J.H(Zl 4 /,;;.,., 

.1000000000000-03 A"'l/B"'lO 

i2, 3 .1000000000000-03 -.1000000000000-03 -10000.0000000 I 13 1 P .1 l z ~ , 
10000.0000000 A"'l/B=l.O"' 

73, 3 10000.0000000 -10000.0000000 -.1000000000000+13 \13] Plpl, 
.1000000000000+13 A=B=lO • 

74,19 l.00000000000 -190. 000000000 15815.0000000 [13] P:2 (Z), 
r=19. 
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POLY- COEFFICIENTS REFERENCE 
NOMIAL, 
ORDER 

•920550.000000 34916946.0000 -973941900.000 
20692933630.0 -342252511900 • .4465226757380+13 

-.4628064775190+14 • 3819220555020+15 -.2503858755470+16 
.1295363698990+17 -.5226090336250+17 .1614297365300+18 

-.3713847873450+18 .6l0ll6075740D+l8 -.6686097303410+18 
.43l56Sl468l8D+l8 -.l2l64Sl004090+l8 

75, s l.00000000000 -.111110000000 .1122211000000-02 [l3JP3 (Z), 
-.ll222ll000000-05 .lllll00000000-09 -.1000000000000-14 r•S. 

76, 6 l.00000000000 -2.10000000000 l.64000000000 [l3}P4(Z). 
-.586000000000 .9690000000000-0l -.7370000000000-02 

.2100000000000-03 

77 ,10 l.00000000000 -2.00000000000 l.75000000000 [l3J.?5 (Z). 
-.882000000000 .283500000000 -.6072000000000-0l 

.8777000000000•02 -.8458000000000-03 .5204000000000-04 
-.1848000000000-05 .2880000000000-07 

78, 5 l.00000000000 -4.09901000000 6.39692898980 [131 P6 (Z) • 
-4.59672877856 l.39871058774 -.9990079897800-0l 

79, 7 l.00000000000 -ll.3110000000 13.4543100000 [l3]P7 (Z}. 
-3.47774300000 .347774300000 -.1345431000000-0l A•O 

.ll3ll00000000-03 -.1000000000000-06 

so, 7 l.00000000000 -ll.3110000000 13.4543100000 (l3]PtoZ), 
-3.47774300000 .347774300000 -.1345431000000-0l A•lO- • 

.ll3ll00000000-03 -.1000000000000-06 

81, 7 l.00000000000 -ll. 3ll0000000 13.4543100000 [l31Pg(Z), 
-3.47774300000 • 347774300000 -.1345431000000-0l A•lO- • 

.ll3ll00000000-03 -.1000000000000-06 

82, 7 l.00000000000 -u. 3110000000 13.4543100000 (l3J?~CZ), 
-3.47774300000 • 347774300000 -.1345431000000-0l A•lO • 

.llJll00000000-03 -.1000000000000-06 

83, 7 l.00000000000 -ll.3ll0000000 13.4543100000 (l~!3CZ), 
-3.47774300000 • 347774300000 -.l34543l00000D-Ol A•lO • 

.ll3ll00000000-03 -.1000000000000-06 

84, 7 l.00000000000 -ll.3110000000 13.4543100000 [l 3l!e (Z), 
-3.47774300001 • 347774300011 -.l34543lOOOllO-Ol A•lO • 

.ll3llOOOOOll0-03 -.1000000000100-06 
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?OU- COEFF!C.!~'lTS REFERENCE 
tiOMIAl., 
ORD£R 

85,:20 1.00000000000 4{1 .0 [l3J 29 {Z). 
.o .0 .o 
.o .o .o 
.o .1000000000000+21 .0 
.o .o . () 
.a .o .a 
. il .. o -1.00000000000 

96, J l.00000000000 -1001. OOlCOOCO lOOL 00100000 (13] I?lO (Z), 
-1.00000000000 A""lO.;i. 

S7, 3 1.00000000000 -1000001. 00000 1000001.00000 [13] ;?10 ('Z}' 
-1.00000000000 l\=10°. 

88, 3 1.00000000000 -1000000001.00 1000000001.00 ru1r1.o rzi, -1.aoooooooooo A,.10 • 

89, 4 16. 0000000000 so.0000000000 368.000000000 ( 7] PG 74 
468.000000000 ns.000000000 

90, :$ 1.00000000000 -13. 0000000000 -LU.000000000 [7]PG 74 
-398.000000000 386.000000000 -s20.ooooooooo 

Q"l ,, 4.00000000000 -44.0000000000 95.0000000000 r ~7] PG 74 , ~, " 156.000000000 -36.0000000000 

'.12, 3 l.00000000000 l.00000000000 -s.00000000000 [l4j?G 131 
3.00000000000 

93, 6 l.00000000000 5.00000000000 4.00000000000 [ llf] PG 144 
3.00000000000 2.00000000000 1.00000000000 
L 00000000000 

94, 5 1..00000000000 l.00000000000 -9.00000000000 [ ltt] PG 145 
-1.00000000000 w.0000000000 -12.0000000000 

95, 4 l.00000000000 -4.00000000000 6.00000000000 [ 14! ?G 148 
-4.00000000000 !..00000000000 

96, 3 l.00000000000 -4.00000000000 6.00000000000 [l4JPG l - ., ... :;i., 

-4.00000000000 

97, 4 1.00000000000 a.00000000000 -8.00000000000 (14Jl'G 154 
-200.000000000 -425.000000000 
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POLY- COEFFICIENTS, REFERENCE 
NOMIAL, 
OR.DER 

98, 3 l.00000000000 -1.00000000000 2.00000000000 [4}PG 85 
5.00000000000 

99, 6 4.00000000000 -s.00000000000 4.00000000000 [4]PG 87 
-3.00000000000 1.00000000000 -1.00000000000 

l.00000000000 

lOO, 6 l.00000000000 l:"l.1000000000 ll2.ll0000000 [2] 
l2l.2l0000000 ll2.ll0000000 ll.1000000000 
l.00000000000 

lOl, 8 l.00000000000 20.4000000000 l5l.300000000 [l} 
490.000000000 687.000000000 719.000000000 
150.000000000 109.000000000 6.87000000000 

102,20 l.00000000000 1000.00000000 100000.000000 [22}PG 42 
10000000.0000 l00000000.000 lOOOOOOOOOO.O 
lOOOOOOOOOOO. .lOOOOOOOOOOOO+l3 .lOOOOOOOOOOOO+l4 
.1000000000000+15 .1000000000000+17 .1000000000000+18 
.lOOOOOOOOOOOO+l8 .lOOOOOOOOOOOD+l9 .1000000000000+20 
.lOOOOOOOOOOOD+20 .1000000000000+20 .1000000000000+21 
.lOOOOOOOOOOOD+2l .1000000000000+20 .1000000000000+20 

103, 4 l.00000000000 -6.79800000000 2.99480000000 [22JPG 59 
-.4368600000000-0l .8924800000000-04 

104,20 l.00000000000 l.00000000000 .sooooooooooo (221PG 44 
.6250000000000-0l .3906250000000-02 .1220703125000-03 
.1907348632810•05 .l490ll6ll938D-07 .5820766091350-lO 
.ll36868377220-l2 .lll022302463D-l5 .5421010862430-19 
.1323488980080-22 .1615587133890-26 .9860761315260-Jl 
.J009265538llD-35 .4591774807900-40 .3503246l608lD-45 
.1336382355050-50 .1274473528910-56 .1215432671460-62 

105, 4 1.00000000000 -6.79795320000 2.99477072060 [22JPG 59 
-.4368587492000-01 .8924741600000-04 

106, 3 l.00000000000 -4.00000000000 S.00000000000 [24JPG 62 
-2.00000000000 

107,16 l250l6256l.OO 385455882.000 845947696.000 (22JPG 63 
240775148.000 247926664.000 64249356.0000 
4l0l8752.0000 9490840.00000 4178260.00000 
837860.000000 267232.000000 44184.0000000 
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?OLY- CCEFPIC!EN'!'S REFERENC;;; 
NOMIAL, 
ORDER 

10416. 0000000 1288.00000000 224.000000000 
16.0000000000 2.00000000000 

108,16 2.03253000000 3.43560480000 25 .1783048000 f22l PG i4 
37.6510960000 128. 218 748000 l.66.447680000 
345. 072560000 378.908000000 524.327000000 
468.SSOOOOOOO 443.576000000 304.080000000 
190.680000000 89.6000DOOOOO 32.8000000000 
8.00000000000 1.00000000000 

109,10 1.00000000000 -10.0000000000 45.0000000000 
-120.000000000 210.000000000 -2s2.ooooooooo 

210.000000000 -120.000000000 45.0000000000 
-10.0000000000 1.00000000000 

ll0,20 1.00000000000 -30. (1000000000 425.000000000 
-1780.00000000 23670.0000000 -110915.000000 

403530.000000 -1167120. 00000 2725365.00000 
-5188590.00000 S097453.00000 -10377180.0000 

10901460. 0000 -9336960.00000 6456480.00000 
-3549312.00000 1514080.00000 -483840.000000 

108800.000000 -15360.0000000 1024.00000000 

111, ll l.00000000000 -12.0000000000 65.0000000000 
-210. 000000000 450.000000000 -672.000000000 

714.000000000 -540.000000000 2ss.ooooooooo 
-100.000000000 21.0000000000 -2.00000000000 

112, 20 L 00000000000 -:30. 0000000000 425.000000000 
-3780.00000000 23610.00()0000 -110916.000000 

403530.000000 -1161120. 00000 2725365.00000 
-5188590.00000 8097453. 00000 -10377180.0000 

10901460.0000 -9336960.00000 6456480.00000 
-3549312.00000 15l4SSO.OOOOO -483840.000000 

108800.000000 -15360.0000000 1024.00000000 



Appendix B 

RESULTS OF TESTING 

POLYNOMIAL is the number of the polynomial as given in 

Appendix A. ROOTS FOUND gives the number of roots found by 

all methods. DIV.DIF. is the divided difference method 

described in Chapter II. J.T. is the Jenkins-Traub method 

[11]. LAG. is Laguerre's method [7]. TIMES gives the run 

time of each of the methods in and accurate to 1/100 second. 

SERIAL is the actual run time of the divided differences 

algori thrn (nC(n)-see Chapter VII). PARALLEL is the 

estimated parallel run time if the divided differences 

method were run on an SIMD computer where each processor had 

the instruction times of an IBM 370/158. 
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POI:.YNOM!.:\i., ROOTS FOUND TIMES 
ORDER D!.V.DIF. .. ... 

!,.I •Jo. ... LAG. D!V.OIF. (SERIAL) \P .. ~R!t.LLZL) . "' '..J,. ... LAG. 

• ' 6 6 6 6 22 3.7 6 3 ;. ' ; 2, 20 20 20 20 ua 5.9 52 ::!6 
if 3, 3 3 3 3 l 0.3 .., l .. 
i 4, 3 3 3 3 2 a .. 7 2 l 
i 5, 3 3 3 3 l 0.3 3 1 
i 6' 3 3 3 3 l 0 ., 

'.; 3 1 

' 7' 4 4 4 4 3 o.s 3 2 
j a, 5 5 5 s 5 l. () 5 2 
t 9' 10 10 HI lO 27 2 .. 7 14 i 
if 10 I' 4 4 4 4 2 o.s 3 2 
i 11, 4 4 4 4 2 o.s 3 2 
i 12, 4 4 4 4 2 o.s 3 ::: • 13, 5 5 s s 3 0.6 J 2 

" 14, 9 9 9 9 29 3.l 12 5 
r+ 15, 19 19 19 19 102 5.4 50 21 ; 16, 3 3 3 J 2 0.7 2 () 

' 17, s 5 5 5 6 l.2 5 3 • 18' 9 9 9 9 22 2.4 14 6 
t 19, 19 19 19 19 128 6.7 41 21 
t 20, 3 3 3 ~ l 0,3 2 0 .; 

if 21, s s s s 3 0.6 4 2 

* 2'2, 9 9 9 9 28 3,.1 11 5 • 23t 19 19 19 19 94 4.9 48 21 

' 24, 19 H 19 19 4.,., 24.8 a 0 '· j 25, 3 3 3 3 2 0.7 2 l 
i a, 3 3 3 3 2 0.7 2 l 
'if 27, 3 3 3 3 3 LO 6 l 
if 28, 3 3 3 3 5 1.7 5 l 
iJ 29' 3 3 3 3 2 a.1 2 l • 30, 3 3 3 3 7 2.3 2 1 ,; 31, 4 4 4 4 6 1.5 3 l 
# 32. 4 4 4 4 3 0.$ 3 2 

* 33, 4 4 4 4 3 a.a 3 ;_ 
f 34, 4 ' 4 4 17 4.3 3 2 .. 
* 35, 4 4 4 4 l4 3.5 2 4 
t 36, 4 4 4 4 8 2.0 2 1 
t "!"" 

JI ' 4 4 4 4 3 a.a 3 l 
~ 36, 4 4 4 4 20 s.o 4 2 
I' 39, 4 4 4 4 3 o.a 4 5 
jf 40' 4 4 4 4 4 l. 0 3 2 
J 41, 4 4 4 4 3 o.s 3 l 
ii: 42, 5 5 s 5 5 LO 5 3 
t 43' 6 6 6 6 6 1.0 7 ' ... 
* 44, 6 6 6 6 15 2.5 6 2 
f 45, 6 6 6 6 7 1 .. 2 i 2 
f 46, 6 6 6 6 7 l.2 6 3 
it 47, 6 6 6 6 8 1.3 6 4 
~ 48, 5 6 6 6 7 l. 2 6 3 
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POLYNOMIAL, ROOTS FOUND TIMES 
ORDER OIV.DIF. J.T. LAG. DIV .DIF. (SERIAL) (PARALLEL) J.T. LAG. 

i 49, 7 7 7 7 11 1.6 9 4 
t 50, 7 7 7 7 9 1.3 7 4 
t Sl, 10 lO lO lO 23 2.3 l4 6 
t 52, 12 12 12 12 47 3.9 16 7 
t SJ, 13 13 13 13 S4 4.2 22 9 
i 54, lS lS 15 15 lll 7.4 27 10 
i SS, 18 18 18 18 95 5.3 41 16 • S6, 19 19 19 19 93 4.9 48 lS 
t 57, 6 6 6 6 6 l.O s 3 
t SS, 6 6 6 6 9 l.S s 2 
i 59, 7 7 7 7 ll 1.6 8 4 
i 60, 7 7 7 7 10 1.4 7 4 
t 61, s 8 8 8 H 1.8 9 4 
I 62, 8 8 8 8 18 2.3 10 s 
t 63, 8 8 8 8 12 1.5 8 4 

' 64, 9 9 9 9 20 2.2 10 5 

' 65, 9 9 9 9 22 2.4 ll 4 
t 66, 9 9 9 9 l4 l.6 11 5 
t 67, lS 15 15 15 62 4.l 27 ll 
i 68, lS 18 18 18 96 5.3 37 15 
i 69, 36 36 36 36 506 14.l 156 42 
I 70, 3 3 3 3 4 1.3 2 l 
t 71, 3 3 3 3 3 l.O 2 l 
t 72, 3 3 3 3 3 l.O 2 0 
i 73, 3 3 3 3 2 0.7 2 0 
t 74, 19 19 19 l9 482 25.4 38 l4 
t 75, 5 s 5 5 10 2.0 3 l 
t 76, 6 6 6 6 17 2.8 7 4 

' 77, lO 10 10 10 60 6.0 13 9 

' 78, 5 5 5 5 17 3.4 7 2 

' 79, 7 7 7 7 36 5.1 5 5 
i so, 7 7 7 7 35 s.o 5 4 

' 81, 7 7 7 7 28 4.0 5 3 
i 82, 7 7 7 7 83 ll.9 5 4 
t 83, 7 7 7 7 37 5.3 6 4 
t 84, 7 7 7 7 27 3.9 6 3 

' as, 20 20 20 20 223 ll.l 52 21 
i 86, 3 3 3 3 2 0.7 1 l 

' 87, 3 3 .3 3 2 0.7 l l 
t as, 3 3 3 3 s l. 7 l 1 
I 89, 4 4 4 4 2 o.s 3 2 
t 90. 5 s s s 5 l.O 4 3 
i 91, 4 4 4 4 20 s.o 2 l 
i 92, 3 3 3 3 lO 3.3 2 2 
t 93, 6 6 6 6 8 l.3 6 3 
i 94, s 5 5 s 26 5.2 4 3 
i 95, 4 4 4 4 8 2.0 2 l 
t 96, 3 3 3 3 2 0.1 2 2 
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POLYNOMIAL, ROCTS FOUND TIMES 
ORDER DIV .DIF. J.T. !..AG. D!V .DIP. (SERIAL) (iU\RALLC:L J. 'l'. LAG. 

* 97, 4 4 4 4 .3 a.a , 2 .. 
i 98, 3 3 J 3 2 0 .. 7 2 1 
~ 99, 5 6 5 6 5 l. 0 6 3 
HOO I 6 6 6 6 8 J... ~ .J 5 3 
HOl, 8 a s s l4 l.8 9 5 
H02, zo 20 20 20 169 8.4 40 16 
H03, 4 4 4 4 4 1.0 2 l 
H04, 20 20 20 20 325 26.3 36 13 
HOS, 4 4 .4 4 4 l.O 2 l 
H06, J 3 3 J 9 3.0 2 2 
1107, l6 Hi 16 16 161 10. l 44 20 
H06, 16 16 16 Hi 76 4.S 35 14 
H09, 10 10 10 10 56 5.S 5 16 
HlO, 20 20 20 0 251 12.5 52 12 
Hll, 1l ll ' ' ;.J. 1 57 5.2 13 17 
Hl1, 20 20 20 0 252 12.6 52 11 
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A 

A PARALLEL ALGORITHM FOR SIMPLE ROOTS OF 

POLYNOMIALS 

by 

George E. Ellis 

(ABSTRACT) 

method for finding simp roots of arbitrary 

polynomials based on divided differences is discussed. 

Theoretical background is presented for the case of s le 

roots. Numerical results are presented which show the 

algorithm finds simple and (usually) multiple zeros to an 

accuracy limited by the accuracy of polynomial evaluation. 

The method is designed for an SIMD parallel computer. The 

a ri tr..m is compared to two other freqtiently used 

polynomial root finders, the Jenkins-Traub algorithm and 

Laguerreis method. 
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