POSITIVITY PROPERTIES ASSOCIATED WITH
LINEAR DIFFERENTIAL OPERATORS
by
William Randolph Winfrey
Dissertation submitted to the Graduate Faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for the degree of
DOCTOR OF PHILOSOPHY

in

Mathematics

APPROVED:
J. K. Shaw, Chairman
J. R. Holub J. A. Cochran
K. B. Hannsgen R. A. McCoy

November, 1976

Blacksburg, Virginia



/R 77

NS

ACKNOWLEDGMENTS

It is a pleasure to acknowledge the encouragement and

guidance of Professor J. K. Shaw in the conduct of these

investigations and in the preparation of this dissertation.

I also would like to acknowledge the contributions of my
parents, Howard and Henrietta Winfrey, to my formal education

over these many years and thank them for their love and

support.

ii



TABLE OF CONTENTS

Page
AcknowledgmentsS . o« o o o o o o o ¢ o o s o 0 o s 6 s s s e o s ii
§1 Introduction « v o v v v v ¢ o v 4 e e e e e e e e e e 1
§ 2 A Brief Survey of the Literature . . . « &+ « 4+ ¢ o+ o ¢ o & 3
§ 3 Definitions, Preliminary Results '
and EXamples « « ¢ v v ¢ ¢ 4 v e e e e e e e e e e e 7.
§ 4 Expansion of Analytic Functions. . . « ¢« ¢« « o ¢ ¢ ¢ & o & 33
§ 5 Analyticity of L-positive Functions. « « + o« « o « & + & & 53
References. . « ¢ ¢« ¢ o ¢ ¢ ¢« ¢ o o o o o o o s o o o o o o 4 s 66
L = 68

Abstract

iii



1. Introduction

The determination of the influence exerted on the analytic
character of a real function f € C” by the signs of its derivatives
is a problem of long standing interest in classical analysis [5].
Most investigations of the problem have centered on extending the well
known theorem of S. Bernstein (Widder [20]) which asserts that a
function f € C” with all derivatives non-negative on an interval I is '
necessarily real-analytic there; i.e., f is the restriction to I of
a complex function analytic in a region containing I.

The scope of this dissertation is the study of analogous posi-
tivity results assoclated with linear differential operators of the

form

(Ly) (£) = ap(t)y () + a3 (£)y"(E) + a5 () y(e),

where az(t), al(t) and ao(t) are real-analytic in some interval I and

where ag(t) > 0 for t € I. We shall call a function f ¢ c” L-positive
at t_ e I if it satisfies the "uniform" positivity condition ka(t)zp,
telI,k=0,1,2, ..., plus the "pointwise" positivity condition

(*£) (t0)20, k = 0, 1, 2, . . . (L°F = £, £ = L (X 1p), k1),

Our principal result is that L-positivity of f implies analyticity of

f in a neighborhood of t,. If‘Ly = y", this reduces to Bernstein's

theoremn.



We shall prove our result using a generalized Taylor Series
Expansion known as the L-series. The L-series expansion about t = ¢,

for a function f € C°° is:

I L5k 0y () +Vay(ta) (L56) ' (to) dopp1 (D).
k=0

The "L-basis" functions {¢n(t)}:=0 are defined by:

Lo, = Loy = 0, dolty) = 1, ¢ (t,) = 0, ¢1(ty) = 0,
(1.1)  Va,(ty) ¢1'(to) = 1

and Lénsy = bns b4p(to) = 6. o (to) = 0, n > 0.

Our technique will be to show that L-positivity of f implies the con-
vergence of the above series to f(t). Then we observe that the
analyticity of ajp, a;, and a, implies the analyticity of the ¢'s and
thus, in view of uniform convergence of the series, the analyticity
of the sum, f(t). |

We shall also show that the same conditions on a,, a; and a allow
any function f, analytic in a neighborhood of to’ to be represented by
an L-series. If az(t) = 1, the sequence {n!¢n(t)}:=0 provides a here-

tofore unobserved example of a Pincherle basis.




2. A Brief Survey of the Literature

The results we obtain have several analogs in a vast literature
on the subject of positivity. To give an overview of one portion of
the literature, we now present some typical results.

The prototype of the results we mention is the theorem of S.
Bernstein (Widder [20]).

Theorcm (Bernstein): A function feCo(a,b) having f(k)(x) con-
tinuous for xe[a,b) and k = 0, 1, 2, . . . which satisfies the condi-
tion f(k)(x)zp for xe[a,b) and k =0, 1, 2, . . . , can be continued
analytically into the complex disc |z-a|<b-a.

The concept in Bernstein's theorem has been extended basically
in two directions. One extension has been to restrict the number of
sign changes of the derivatives in an interval rather than requiring
the derivatives all to be non-negative. The other mode of extension,
which was taken in this dissertation, has been to require non-negativity
only of certain derivatives or to require non-negativity of the func-
tions resulting from the repeated application of certain linear differ-
ential operators to a given function.

An early result of the first type is due to G. Polya and N.
Wiener [16]. Using a Fourier scries argument they were able to prove
the following theorem.

Theorem (Polya and Wiener): Let f(x) be a real valued periodic

function of period 27 defined for all real values of x and possessing



derivatives of all orders. Let Nk denote the number of changes of sign

of f(k)(x) in a period and consider the order of magnitude of Nk as

ko,

(1) 1f Nk = 0(1), £(x) is a trigonometric polynomial.

(I1) 1If Nk = 0(k6) where § is fixed, 0<6<%, f(xX) is an entire

function of finite order not exceeding (1-6)/(1-26).
(I11) 1If Nk = o(k%), f(x) is an entire function.

G. Szego [19] developed a new proof of this theorem and strengthened
other results in the Polya and Wiener paper. Further generalizations
of this result, including analogous results for certain second order
differential operators have been developed by E. Hille [12].

Results of the second type fall roughly into two cases: (1)
analyticity resulting from restrictions on the signs of a certain
sequence of derivatives of a function, and (2) analyticity resulting
from the non-negativity of functions obtained by the repeated appli-
cation of certain linear diiferential operators to a given function.

Typical of Case 1 are the theorems of D. V. Widder [20] and
R. P. Boas [4]. Widder's result is stated in terms of completely

convex functions.

Definition: A function f(x) is completely convex in an interval
(a,b) if it has derivatives of all orders there (which are continuous
on [a,b]) and if, in that interval, (—l)kf(Zk)(x)zp for k=0, 1, 2, « & + &
Theorem (Widder): If f(x) is completely convex in an interval
(a,b), it may be extended analytically into the z-plane to an entire

function £(z).



Boas proved the following theorem.
Theorem (Boas): Let Nys Doy o o e be an increasing sequence of

o n
integers. Let feC (-1,1) be such that, for all p, f( p)(x)z_O for

xe(-1,1). If the ratio Tptl is bounded, then f may be extended
analytically into a complex neighborhood of (-1,1).

The simplest illustration of this result is the case f(zn)(x)zp,
n=0,1, 2, . .., -1<x<1, with the conclusion that f continues
analytically into a finite complex neighborhood of (-1,1). This
differs rather dramatically frém the case of alternating signs in
Widder's theorem where f extends to an entire function.

For Case 2, the main result is a theorem due to J. K. Shaw [17].

Shaw's theorem is stated in terms of L-B positive functions.

Definition: Let Ly = -(p(x)y'(x)) ' 4+ q(x)y(x) where p and q
are real-analytic on [a,b] and p(x)>0 on [a,b] (so that the lead
coefficient of L is negative). Let Bay = qy(a) + a'y'(a) and

Bby = gy(b) + B'y'(b). A function feCw[a,b] is L-B positive if

(ka)(x)zp for xefa,b], k=0,1, 2, . . . ,

k

and BaL £>0, B kazp for k=0,1, 2, . . . .

b
Theorem (Shaw): If the eigenvalue problem Ly = Ay, Bay =
Bby = 0 is self-adjoint and has only positive eigenvalues, then each
L-B positive function f£(x) is the restriction to [a,b] of a function
analytic in come complex neighborhood of [a,b].
Thus the results for the case a2(t)<0, at least for self-adjoint

operators, are more or less complete. In contrast, our techniques

are restricted to, and use in a crucial way, the hypothesis az(t)>0.



Moreover, we do not require any assumptions about self-adjointness.

The principal tool used in our proofs is the L-series, which
appears to have been developed first by M. K. Fage [9, 10]. He derived
a number of its properties and proved a theorem equivalent to our
Theorem 1 on Pincherle bases (see also the comments at the beginning
of the next section). Subsequently, the L-series has been investi-
gated by a number of Soviet mathematicians. Most of these studies
have been concerned with obtaining estimates of the L-basis functions
(I. F. Grigoréuk [11] and N. I. Sidenko [18]) and with extending to
L-series certain phenomena, in particular quasianalyticity, which
are associated with Taylor series (V. G. Hryptun [14]).

Finally, we observe that L-positive functions need not resemble
absolutely monotonic functions nor, in fact, any class of functions

for which a sequence of derivatives, f(nk), is non-negative on an

2
interval. For example, we observe that the function F(x) = 1x 7 is
+x

"
trivially L-positive for the operator Ly =y" - (%Fby, but the

zeros of successive derivatives cluster everywhere on the real axis.



3. Definitions, Preliminary Results and Examples

Let L be an n~th order linear differential operator defined on

I, an open interval of regular points of L, by

W) (®) = ag®y D (&) +a__ (Oy®D(e) + . . . + a(e)y(e)tel

where an(t) is normalized so that an(t)>0 tel. One may define the
L-series based at tyel (termed an initial value series by the author)

for feC as

© n-1
TT 0 akn @) (VAo P 6. (6)
k=0 p=0 nktp

where Lo, (t) =0, (n\/an(t'o) P ¢éj)(to) =8, 02p, J2n-1

and L¢n(k+1)+p(t) = ¢nk+p(t) k=0,1, 2, . ..
balir1) (o) = O 0<p,j <n-l
As was mentioned in Section 2, the L-series, with a,(t):=1,

appears to have been introduced by M. K. Fage, who derived a number of

its properties under the assumption that the a;'s satisfy certain
smoothness conditions. In the case of analytic coefficients, he shows
that every function analytic at ty admits a convergent L-series repre-
sentation in a neighborhood of ty. Some of the lemwas in thié section may

also be found in Fage's paper. However, since Fage's work is available



only in Russian, we will provide our own, independent proofs. More-
over, our approach also leads to a new proof of the representation of
analytic functions. The result is obtained as a corollary to a theorem
of Boas [3] on Pincherle bases.

Hereafter, all statements and proofs will be given for the
second order case, n = 2, All of the results of the present section
have obvious analogs for general n. Thus, from now on L will be a
second order operator with a,(t)>O.

The L-series is closely associated with the initial value prob-
lem for L. If r(t) is a real, continuous function in a neighbor-

hood of tg, the problem

] )
(3.1) Ly = r, y(t)) =y, and y (t)) =y,
has the (unique) solution

t
(3.2) y(t) = yoo,(t) +y, Vaz(te) ¢;(t) + {G(t,T)r(T) dt
o

of tg. The function
L 8 () 61(8) = ¢1(1) ¢ _(£)

220 4 () 40 - 40 ¢

(3.3) G(t,t) =

is the Green's function for the initial value problem.
t
Define the operator G by (Gr)(t) = f G(t,t) « r(t) dt and its
to
iterates G™ by G™r = G(Gn'lr), n=2,3,4, . ..and G% = r. Note

that

(3.4) LGr

r

and that the solution (3.2) may be expressed as

(3.5 y(&) = y(tedog(t) +y (tg) ap(te)d (6) + (G (L).



\O

Let feCw(I). If we let r(t)=(Lf)(t) and take as initial conditions
vo=f(ty,) and yo'=f'(to) then the solution of (3.1) is y(t)=£f(t).

Then (3.5) becomes

1
£(t) = £(tg)do(t) + £ (t5) Vaz(ty) ¢1(t) + CLE,
an identity for all f. The same identity will, of course, hold for

Lf:

LE(E) = LE(ty)oo(t) + (LE) (ty)Vaz(to) 61(t) + GLlf.

Combination of these two identities yields:

£(£) = E£(t)dg(t) + £ (£g)Vag(to) ¢1(t)
+ LE(tg) G0 (8) + (LE) (to) Vap(to)Be, (t) + G2L2E(t) -

Repetition of this process yields the finite L-series

n
k
Gy E®) =] 6% (6) + (150 (to) Vay (t)Gke (1)
k=0
+ GPHLLaHle (¢,
valid for each positive integer n.

From the definition of the functions {¢,(t)}] 9» (1.1), it 1is clear

that they may be realized as

(B3.7) by () =C¥ (1), dppp(8) =GKe1() k=1,2,3, ...

or recursively as

(3.8) ¢n(t) = G¢n_2(t) for n>2.
Thus, the finite L-series may be expressed as:

. o '
(3.9) f(t) = E ka(to)¢2k(t) + (ka) (to) v 32(t0)¢2k+1(t)
k=0
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The case Ly = y" yields the familiar Taylor expansion about
t = t,. Moreover, the general L-series has many properties in common
with the Taylor expansion. The lemmas which we shall now prove will,
in addition to their utility, serve to illustrate the similarities
between the two expansions.

To simplify the discussion we shall prove the lemmas and
theorems under the restriction az(t) =z 1. The results for the case
as(t)>0 may be obtained by a change of independent variable.

Definition: A right neighborhood of t N(to), is an open

o,

fnterval of the form (tys to + b) for some b>0.
Lemma 1: For each n>1, ¢,(t) is a positive, monotonically in-
creasing function for t in some right neighborhood, N,(ty), of t, .
Proof: Let b,>0 be the largest number such that (i) ¢°(t)>'0
for te(ty, to + by)y (11) d0(r)d; (£) - 61(r)é, (£)>0 in the triangle
ty < 1< t< tgo + by and (1ii) (to,to + by,)CI. We shall show that No(to)
exists and, in fact, may be chosen as (to,to-+bo).
To establish positivity we shall make use of the Green's function
8,0 6, () = ¢, () 6 (E)
8,(T) 6 (1) = 6_ () $(0)

showing that it is non-negative for ty, < T < t< t, + b, and drawing

(3.10) G(t,T) =

|
the conclusion from that fact. The denominator, ¢,(T)¢; (T)
)
= ¢o (1) ¢1(T), is simply the Wronskian of ¢, and ¢; and must always

be of one sign. Since ¢o(t°)¢1'(to) - ¢o'(t°)¢1(to) =1°+1-00 = 150,
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we must have ¢°(T)¢1'(T) - ¢°'(1)¢1(r)>0 for all t under consideration.
Consequently, the sign of G(t,t) is determined solely by the expres-
sion in the numerator.

Let g, (1) = ¢o(1)¢1(t) - ¢l(t)¢o(t) where te(tg, ty + b,) is
fixed. We will argue that g¢(t) >0 for tp<t<t. We begin by observing
that g (ty) = ¢1(t)>0 and g¢(t) = 0. (The assertion that ¢1(t)>-0 for
to<t<ty + by 1s a conséquence of the interlacing property of zeros of
independent solutions of the homogeneous equation Ly = O (see, for
example, Birkhoff and Rota [2]). Specifically, if there existed a
t*e(tg, t, + by) such that ¢1(t*) = 0, the vanishing of ¢3 at ty and
t* would force ¢, to vanish between these two points, contradicting
the choice of bp). Suppose that there is a t*e(ty, t) such that
gt (t*) = 0. Since, for fixed t, g (1) is a solution of the homogeneous
equation, (Ly)(t)z0, which vanishes at t=1* and t=t,it must be that
¢0(1), an independent solution, vanishes between t=1* and 1=t (by the
interlacing property again). This contradicts the choice of b,.
Therefore g¢(1)>0 for tg<t<t<ty + b, implying G(t,T)>0 for to<t<t<ty, + b, .

Positivity of the ¢'s follows from noting that ¢°(t)>0 and
$1(£)>0 for te(to, t, + by) and recalling that (3.8)may be expressed

as
t

(3.11) ¢n(t) = f G(t’T)¢’n_2(T) dr n=2,3,4,....
t
o

The application of a trivial induction argument shows that ¢,(t)>0

for t°<t<to + bo and n= 2, 3, A, « o o
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]
To establish monotonicity we shall show that ¢n(t)>0 for

te(to, to -+bo) and n > 2. Differentiating both sides of (3.11) and

using G(t,t) = 0 we have

' t 3
¢n (t) = [ 57 6(t,1)¢q-p(1)dr
t

o
Explicitly, this is

‘o - f 0, ()8,(8) = 4, (D)o (O)
¢ t = \J |
! ENOINORERNOING

dh-p(T)dT

We have already observed that the denominator, the Wronskian, is
positive and, by the choice of b,, we are assured that the numerator
is positive for tg<t<t<ty + b,. It has just been shown that
¢n_2(1)>0 for t <t<to + by. Therefore, it must be true that
é, (£)>0 for te(to, ty + by) and m>2.

If No(ty) 1s defined to be (ty, t, + b,), the proof is complete.

There are three corollaries to the proof of Lemma 1.

Corollary 1: For tgy<t<t<t, +bg, G(t,1)>0.

Corollery 2: If f(t)>0 for teNO(to), then Gf(t)>0 for all n

and teNp(t.).

Corollary 3: For to<1<t<ty + b, 5%'G(t,r)3p

Lemma 2: Let {an}:=o be a sequence of non-negative real numbers.
If E ap ¢,(t*) converges for some t*eNy(ty), then g an$n(t) con-
verg;: uniformly for O<t - to<t* - tg.

Proof: DBy Lemma. 1 we have

ijn¢n(t)§pn¢n(t*) for t*eNo(to) and n>2.
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Therefore X an¢n(t) converges uniformly for ts[to,t*] by the Weierstrass
n
M-test.
Lemma 3: There exist positive constants C; (<1) and Cy (>1)

and a right neighborhood, Nl(to), of t, such that

Clz(t—r)fp(t,T)jpzz(t-T) for t,teN;(t,), t<t.
G
Proof: Consider the quotient _{%ﬁfl.. By the discussion in
Lemma 1, we know that G(t,t)>0 for to<T<t<t, + b, so

G(t,T)
t-T

>0 <t<
for t°<T t<ty, + bo

Pick b;>0 so that bj<b,. Define the open triangle T in the (t,T)
plane by T = {(t,T1) | t, <t<t<ty, + bj}. (Note that the choice of by

forces T to be bounded). Since ¢, and ¢1 are continuous, §lt,T) is

t-1
continuous in t.and 1t for (t,1)eT.
Define C; and C2 by
, G(t T)1/2 oct T)1/2
(3.12) C, = inf t-t | and Cp = | sup t-T
(t,T)eT (t,t)eT
The lemma will be proved once we show that 0O <'C1 <1< 02 < o, The

function is well defined and positive on the sides of T which coincide

with the lines T=t0 and t=to-+b Thus, any difficulties must occur

1.
on the hypotenuse, which coincides with the line t=t. Thus, questions

concerning the positivity of C1 and finiteness of C2 may be answered

by showing that

G(t*,t*)
lim tx—1* (t*,t*)eT, t <t<to + b1>
(t%,7%)a(t,t)°

exists and is positive.
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From (3.10), the denominator of G, the Wronskian, will not
affect the existence of the limit or its positivity, Therefore, the
existence and properties of the limit depend entirely upon

$o (T%) 41 (t*) = ¢ (t*) 7 (1*)

t* - T*

(3.13)

Adding and subtracting a term of the form ¢o(t*)¢;(1*) in the numera-

tor, we may express (3.13) as

¢ (£*) = 97 (1%) ) do (t*) = ¢, (1%)

(3.14)  ¢,(1%) o - TR

Thus, the limit of (3.13) may be obtained by taking the limit of

(3.14). In taking the limit of (3.14) we need only be concerned with

the limits of

$1(t*) = ¢1(1%) and 9o (%) = ¢o(1*)

t* - T* t* - 1%

Examining the first of these, we have

t*
$1(t%) = ¢1(t) + [ ¢, (®dx,
t
and
*
91 (%) = ¢1(t) + { ¢ (x)dx.
t*
Then 1 (t%) = ¢1 (%) = f*¢l (x)dx.
T

By the Mean Value Theorem for integrals we have

t* ) 1
j*¢1 (x)dx = ¢1 (xpapx) (t* - %)
T
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where x.x¢x is between t* and ‘t*.
Then

¢1(t*)

| ]
e - S L T

!
©-
=
~
~
*
~

1lim
(t*,1%)>(t,t)

By similar reasoning we have

$a(t*)
1im t* -

(t*,T%)+(t, t)

2ol 4" (0)

Therefore the limit of (3.14), and thus of (3.13), is

8 ()0 (B) = ¢, (o' (8 .

G(t*,1%) _ 1
Therefore 1lim t* -1% - T .

(t*,T¥)>(t,t)
Thus the boundedness of Cy and the positivity of C; have been shown.
Furthermore, it is clear that Cj<1 and Cp>1.

By the definition of C1 and C2 we have

ClszéE%Il < Cp2  tostet<ty +'bl

which implies that

C12(t-T)<6(t,T)C% (£=1)  toST=esty + by,
To complete the proof define Nqj(to) = (to, t, + b1).

Remark: Note that C] and C2 can be made arbitrarily close to 1
by taking by sufficiently small. Also, note that the only requirement
made of ¢4 is ¢1€Cl(I) rather than analyticity.

Lemma 4: There exist positive constants dj (<1) and dy (>1)

such that
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C10(t-to)™ C2(t-to)n
(3.15) d;3 T al < ¢n(t) <d2 77—
forn =0, 1, 2, . . . and teNj(t,).
Proof: Before embarking on the proof we need to make some
observations. If &(t,f) is defined by a(t,r) = t-T and if the integral

operator & is defined by
" t
Gy)(t) = [(t-t)y(r)dr,
to
one may easily verify that

A t 2 -
@@ = [ ED e ~
to (Zn—l)l )

(1-to)P
In particular, if y(1) = —pr _ then

(Ghy) (t) = ? (t-1)20"L (1t IP g = (t-to)2np
t, (2n-1)! p! (2n+p) !

Define positive constants gj, g2, h; and hj by

g1 = inf ¢o(t), g2 = sup ¢o(t)
teN1 teNy
h; = inf ¢]_(t) , h2 = sup ¢1(t)

teNj t-tq teN] t-to

Then we have

g1 < ¢0(T) < 82

and

hi(t-to) < ¢7(1) < ha(r-ty), TeNi(to).
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By Lemma 3 we know that

Clz(t-r)jp(t,T):pzz(t—T) tostst<t, + by

One may combine these inequalities to obtain

£1C12 (t-1)<6(t, ) 6o (1)<89C,H 2 (E=1), to<tTst<ty + by,

Integrating with respect to t from t, to t, we obtain

2 4 .32 2 ,
glcl ff_ffl < ¢2(t) 2 g2Cy2 (t-t ) teNy (to) .
2 —

2

Combining this inequality with the estimates on G(t,T) we obtain

—t.)2
g1C1%(e-1) S17000" < 6(e, 145 (1) < g2Cr% (e-1) 20
Integrating with respect to 1 from t, to t, we obtain
4 (t-to)4 4 (t-to)h
81C1 __7311_ 2 04(8) < gpCy" - teNy(tg).
Continuing in this fashion yields the inequalities:
2k
2k (t-tg)2k 2k (t-to)
g1C1°" 227t/ < ¢, (t) < goC teN,(t.) .
211 2k 22 Tl 1%%o

k=0,1, 2, . . . .

Application of the same reasoning will show that

(t—to)2k+1< C22k (t—to)2k+1

o) (t) <h
TOT 2kl =72 D!
teNj(to) k=0, 1, 2, . . . .

hlclzk

If dj and dj are defined by

h
di = min(gj, %%) and d, = max (82 C%)
(d1 < 1 since g7 <1, d2 > 1 since 8y > 1), then the estimates on

¢ok and ¢o4+] may be expressed together as
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Cyn(t-t )™ CoM (t-to)"
dl_—n!___ 2 0p(t) < dp —T——  teN;(to).

Remark: Note that g3, g2, h;, hy, dj and d2 can be made
arbitrarily close to 1 by making bj sufficiently small.
Lemma 4 has the following corollaries
Corollary 1: For each n, ¢_(t) = (t-to)" Vn (t)
n =l n
where yn is continuous on I and satisfies y,(tg) = 1.
Proof: The conclusion of Lemma 4, (3.15), may be written as

n!¢n(t)

(t-to)n .
. _ n':¢n(t)
For t # tg, define yn(t) T (Em

diCi™ < < daCpM teNy (to)

For these values of t, Yn(t) is continuous wherever ¢,(t) is. The

above estimates then say that

d1Cq™ < Y, (t) < da2Cot teNy(t.) o

If we define Yp(tg) = 1 and recall the remarks following Lemma 3 and
Lemma 4, we see that yp(t) will be continuous on I.

Corollary 2: For each n, ¢n(n)(to) = 1.

Lemma 5: Let {ap)j_o be a sequence of non-negative real numbers.
If z=0 un¢n(t) converges for O<t-t <t*-t, where t*cNj(tp) then gv ané%zgg)n
converges for 0<(t-tp)<Cj(t*-t3). Conversely, if Z=O a (t‘to)ncon-
verges for O<t-t,<Cy(t*-t ) where (Cp(t*-to) + to) eNl(to)nthen
z an¢n(t) converges for O<t-to<td-t,,

Proof: Suppose that g an¢n(t) converges for OfF'toiF*"to;
then, in particular, Xa

n
conclude from Lemma 4, (3.15), that

ndn(t*) converges. Since t*eNl(to) we may
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C1™(t*-to)™
Of.dlan nl < apép (t*).

Consequently, convergence of Z an¢n(t*) implies the convergence of
n

Cln(t*-to)n
Lo

which, in turn, implies the convergence of J an(t-to)®
n! 4 » 1MP 8 g pR

for 0<t-t,<Cj(t*-tg).
Now suppose that E ap t;to)n converges for O<t-t,<Cy(t*-ts)
then, in particular, Z an(Cz(t-to)) N/n! converges. Since C2>1
n
and @2 (t*-to) + to) eN1(to) we have t*eNj(to). So we may conclude

from Lemma 4, (3.15), that

n
QE?n¢n(t*)§ﬁ2 Czn(t*“to) .
nl!

Therefore, z anén(t*) converges. By Lemma 2 we may conclude that

z andy(t) converges for O<t-ty<t*-to.
n B

Definition: Nj(ty) is the largest right neighborhood of tg,
contained in No(to), such that ¢3(t)<¢o(t) for teNp(t).
Lemma 6: ¢2k+1(t) < ¢or(t) for teNa2(ty) and k =0, 1, 2, « . . .
Proof: Let b2>0 be such that Np(to) = (to, to, + b2). Since
N2 (ty) T No(to), we know (from Corollary 1 of Lemma 1) that G(t,t)>0

for to<t<t<to + bp. Therefore it must be true that

G(t,1)91(T)<G(t,T)do(T) toST<t<tgy + by

Integrating from tgo to t we have

63 (t)<p2(t) teNg (to)

A trivial induction argument produces the general result,
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Lemma 7: Let {aply=0 be a sequence of real numbers. If
lapdn(t*)|<M for all n and some t*eNj(ty), then Z an¢, (t) converges
absolutely for O<t- to (t*—to) and uniformly on closed subintervals

c
of [to, 'C% (t*-to) + to).

Proof: Let 0<t-to<t*-to.

Then lanén (8) | = |and, (t*)l l¢n(t) j_M zn(t) -
n( ;.)

N(epx_¢ Y0
By Lemma 4, we know that ¢n(t)<d2C2 ““ “to)™ and ¢n(t*)>d; S (; )

e 58 <82 () 02
Therefore |ap¢n(t)| <M S d2 t'to )n
dy (t*-to)

t-t,o n C1
and X Ti , . | converges for 0<t-to<c“(t*—to)
n\gy (t*-ty)

Therefore, g an$n (t) converges absolutely for Qgp—to<g%(t*-to). The
uniformity of convergence follows from Lemma 2.

Lemma 8: If z_o anén(t*) converges for some t*eNj(ty) then
g an+q¢n(t) converges for Qg;-to<g% (t*-t ), q =1, 2, 3, « . . .
Furthermore, the convergence is absolute and uniform on closed sub-
intervals of [tg, to t+ %% (t*-ty)).

Proof: In view of Lemma 7, we may assume, without loss of

generality, that a >0 for all n.

By Lemma 4 we have

n
di £El££§%£922. §.¢n(t*)-
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The convergence of X an¢p(t*) implies the convergence of
n

: - n
Z an fE;SEfogzz_ which, in turn, implies the convergence of
n

n!
(3.16) T a, (C1(*-to))™*d a=1,2,3, «...
§ “nta (nt+q)! >

To exploit the convergence of (3.16) we first observe that

(Cilt-to))™ _ (Cl(t—to))n+q_ (nt+q)!
nl ntq T (ntq)! n!(C1(t-to))1 ?

and then note that

an+q

(ntg)! = (nt+q) (n+q-1). . . (n+l)<(ntq)9.

n!

Thus

(Cp(t-to))™  _ ()3 | (C1(t-to))™Hd
an+q n! -(C1Zt-t055q antq Zn+q5!
The convergence of (3.16) implies the convergence of
J a (Cy (t-t6)) ™1
ntq in+q$|
d of ) . (a+)d - (C1(t-to))"Fd o< ok
and o L an+q n+q ——?E;EST——- y O<t-to<t*-to.
- n

Therefore ) an+q Sglé;_fgll. converges for O<t-tgo<t*-t,.

n

We may now argue that convergence of this series implies the con-
vergence of z a.+ (t-to)® for O<t—to<Cl (t*-ty,) which, by Lemma 5,
n nrq ! - 1

implies the convergence of Z an+q¢n(t) for Qﬁ;-to<ﬁi%z (t*-ty). Since
C1 < 1

the lemma has been proved. TFurthermore, by Lemma 2, the convergence

, we see that the convergence asserted in the statement of

is uniform on closed subintervals of [tg, é% (t*=tg) + to).
o
Lemma 9: Let f(t) = z o an¢n(t) for O<t-to<t*-to where
- n=
C
t*eNj(ty). Then LPE(t) = Z an+2p¢n(t) for Q:p-to<5% (t*-to) and
n

p = 0’ 1’ 2’ e o o o
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Proof: By Lemma 7, the series for f(t) converges absolutely for
Qﬁ;-to<gl (t*-ty,), which allows the terms of the series to be grouped
2 , :
Cl
in any desired fashion. In particular, we may write, for Q:;-to<65 (t*=to),

-1
£(t) = Z o 39121 (8) + agk41625+1 (¢)

+ 1{_? 32102k (8) + 8501109147 (1)

-1
-3 a2kb2k (8) + gy dopeey (1)

+ g 22k+2p92k+2p (t) + 32142p4+192k+2p+1 ()
=0

=L agdy(t) + ayqéga (6

¥ p P
+ E—o 21c+2p0 21 (1) + 821049p410 9341 (1)
p-1

E—o agrd2k(t) + app+12k+1(t)

+ GP( ]
k

_o “zcrzptar(®) * a2k+2p+1¢2k+1(t)> '

The last step is justified by Lemma 8, which guarantees the uniform
convergence of the series upon which GP operates.
Operating on both sides of the above equation with LP and

recalling (3.4) we obtain

[=2]

LPE(8) = | agiaopbaic(t) + agierap+1d2k+2p+1 (1)

Cl
for 0<t-to<g, (t*-to).
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o
Lemma 10: If £(t) = Z ‘ané,(t) for O<t-ty<t*-to
n=0

where t*eNo(ty) them £ (t) = J agéq (t)

n

£ Cl (px-

or 0<t-t,< ¢y (t*-tg).
t
Proof: Since ¢,(t) = f G(t,T)¢p-2(1)dt n=2, 3, 4, . . .

to

. ' t

thendy (t) = [ 2. G(t,1)¢q-p(r)dr.

to

By Corollary 3 of Lemma 1,we have

3-6(t,7)20  tostst<bo + to
\]
and ¢q (t)>0 0<t-to<bg, n>1.
Define the non-negative function M(t), te[tgy, to + bg], by
9
M(t) = sup It G(t,T).
tost<t
' t
Then 0<¢,, (t)<M(t) { ¢n-2(1)dT, n>2.
o
By Lemma 1, ¢n_2(r) is a monotonically increasing function of
teNg(to) for n>2, so
} dp-2 ()d1<(t-t, ) ¢p-2(t) for teNo(to), n>2.
to

Therefore Q§¢n'(t)fM(t)(t-to)¢n_2(t), teNo(to), n>2.
By Lemma 8, §=3 an¢n_2(t) converges uniformly for Qit—t0<C7 (t*-ty).

C
Therefore g an¢n'(t) converges uniformly for 0:;—t0<5% (t*-ty) and

term by term differentiation of the series for f is justified,'



24

' pod ' C1
Therefore £ (t) = §=o an¢n (t) for ij—to<55 (t*-ty).

Since Nj(ty,) C No(t,), the results of Lemmas 9 and 10 may be
combined as:

Lemma 11: Let f(t) = Z an¢n(t) for O<t-to<t*-tg,
n=0 -
where t*eNj(to). Then

LPf(t) = §=0 an42p%n (1)

and (LPE) (t) = §=0 ap42ptn (1)

for QiF‘to<g% (t*-ty) and p=0, 1, 2, . . . .
Lemma 11 has the following important corollary.
Corollary (Uniqueness of coefficients): Let f(t) = Z 0 apdn (t)
n=

for O<t-to<t*-to, where t*eNj(to). Then

ay = LXE(to) and appyy = (LX) (tg), k=0, 1,2, . . . .

Lemmas 1 through 11 have described the local (in a neighborhood
of to) properties of the set {¢n(t)}:=o , the mode of convergence of
the L-series, and the behavior of the L-series under certain term-by-
term operations. The reader should note that no use has been made of
the analytic properties of the coefficients of L. Indeed, the above
lenmas (with the exception of Corollary 2 of Lemma 4) have been proved
under the assumption that the ¢'s are twice continuously differentiable,
which does not require analyticity of the coefficients. However, the
generality which could be so obtained will not be of any consequence

in this paper.
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At this point, we want to turn our attention away from the
abstract and focus on some specific examples of L-series. Much of
our effort will be directed toward actually generating the set
{¢n(t)}§=o for a particular example. For this purpose (3.8) is

ill-suited and inefficient. Rather, the generating functiom, g(t,A),

often offers the most sensible means for explicit determination of
the set {¢n(t)}g=o .

(-]
Definition: The generating function is g(t,\) = z¢ (£)A".
n=

We observe that in the special case of the Taylor series expan-
sion about t = to the generating function is g(t,A) = exp ((t-tg)A).
Then the generating function is an entire function of order 1 and type
(t-ty). This description of the generating function is almost true
in the general case., More precisely we have the following.

Lemrma 12: The generating function, g(t,)), is an entire function
of A of order 1 and type at most C2(t-tg) and at least C1(t-tp) for
teN1(to). |

Proof: By Lemma 4 we have

C1(t-tg))" (C2 (t-t))"
d1 f.lé%.ﬁgll, < ¢n(t) < do n! ° » teNj(to),

(c1 (-t )" A" (Cy (t=t N A"
n? hd ¢n(t) I"lnf_dZ ncl’ *

and so dy
This implies that, for all complex A,
dyexp(C1(t-to) |A]) < ] ¢,(e) A" < dyexp(Cy(t-to) [2]),
n=0

teNi(to).
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Consider each half of the inequality. From

©

T 4n(t)|A|P<dgexp(C2(t-to) |A])

n=0
we see that g(t,)) has order at most 1 and type at most C(t-to).
If A 18 real and positive the other half of the inequality becomes

dlexp(cl(t—to)A):Z¢3(t)xn
So g(t,)A) has order at leas:_l and type at least C1(t-to).

The generating function would, of course, be of little value

without a practical scheme for its computation. That scheme is con-
tained in the following.

Lemma 13: The generating function, g(t,A), may be realized as

the solution of the initial value problem

]
Ly = A%y, y(tg) = 1, v (to) = A.

Proof: By (3.5) the solution for this problem is

y(t) = ¢o(te) + A¢1(t) + AZ(Gy) (t).
This is a linear Volterra integral equation for y which we can solve
by means of the Neumann series (successive substitutions, see Cochran

[7]) to obtain

y@ =] 256" (4o + A0 (8)

I

0

)
k=
I a2 ) (e) + AT Gk (o)
k=
)
n=

. A" () = g(t,1).
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Remark: The fact that g(t,)A) is an entire function of A may
also be deduced from the properties of the resolvent kernel of
G(t,t) (Cochran [7]).

Remark: 1In the case ap(t) # 1, g(t,)) may be obtained by solving

Ly = A2y, y(to) = 1, \as(to) y' (to) = A.

With the aid of the generating function we will examine some
specific examples of L-series. The reference for all definitions and
properties of special functions used in the examples is Abramowitz and
Stegun [1].

Example 1: The simplest example of an L-series is the Taylor
series expansion about the point t = ty. For this example, the above
lemmas yield either trivial or well known properties of the Taylor
series.

Example 2: Let Ly = y" 4+ y and tg = 0. Then ¢o(t) = cost and

$1(t) = sint. The Green's function is

costsint - costsinT
G(t,T) = GosTcost = (=simt)sint

costsint - costsint = sin(t-1).
The generating function is obtained by solving the initial value

problem

]
y' 4y = Azy, y(o) = 1, y (o) = 1,
to obtain

g(t,A) = 28in (v/l-AZ t) 4+ cos (Y1 - 22 ),
V1 - 22
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The generating function splits naturally into even and odd functions

of A, This implies that

{¢2k(t)}§=o is generated by cos (V1 - A2 t)
(V1 -22¢)
V1 - a2

and {$21+1 (t) }Ro is generated by AEin

To obtain the ¢'s we make use of the familiar expansions

cosz =) (-1)7,n and 910% - (-1)n,2n
n=0 (2n)! z~ 1n=0 (2n+1)!

to expand the components of the generating function. The resulting

series are rearranged to obtain expansions in terms of powers of A, i.e.,
o o ¥
' 2
con (VIi 0 =] (T [ comeii
k=0 \p=0 (2p+2k) ! A

and

Asin( Y122 t) _ E s p+k) (-1)Pe2p¥2ktl) 2K+l
VI-XZ oo p_o ( (Zp+2icF) |

v 2p+
Therefore ¢ (t) = | (P+k) (-1)Pe?pP+2k
b VK T

(b (-1)P 22Kt

and $o1+1(t) = Z (2p+zk+1)' » k=0,1,2,....

By means of a Gamma function identity (Legendre's duplication
formula) and some simplifications we may express the ¢'s as

Vo t\k+1/2
Kkl 2

Ji-1/2(t)

$op (€) =

and $or+1(t) = ;f; (§9k+1/2 Jt1/2(t)

where Jy(t) is the Bessel function of the first kind of order v

defined by the series
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© t.2

P=0 IT (p+v+l)

'
Example 3: Let Ly = y'—y and to = 0. Then ¢,(t) = cosh t and

¢1(t) = sinh t. The Green's function is

coshtsinht - coshtsinht
coshtcosht - sinhtsinht

G(t,t) =
= ginh(t-1).
The generating function is obtained by solving the initial value

problem

11} 2 L
y -y = Xy, y(0) =1, y (o) =12,

to obtain

Vv 2
g(t,A) = A sinh ('.1+A t) + cosh (\‘1+A2 t).

As in the previous example, the generating function splits naturally

into even and odd functions of A. Thus

{¢2k(t)}§=o is generated by cosh ( Vi+a2 t)

sinh ( V1+A2 t) .
Virt

To obtain the ¢'s we make use of the Maclaurin expansions for

and {¢2k+1(t)}§=0 is generated by A

coshz and E-}-ril-i--"i"j-t:o expand the components of the generating function.

The resulting scrices are rearranged to obtain expansions in terms of
povers of A from which one may read off the ¢'s. This procedure

yields



30

. 2p+2k
t) = ptk) t
1% §=o ( k ) (2p+2k) !

E (p+k) £ 2p+2k+1

and ¢ (t) = ——
2ktl (2pt2ictl) !

By means of the same Gamma function identities used in the pre-

vious example we may express the ¢'s as

Yu gy kt+1/2
b1 (t) = = &) SRR

and opepq (E) = Qf; (%)k+1/2 I

/2 ()

where Iy (t) is the modified Bessel function of the first kind of

order v defined by the series

t. 2p+
© (z)pv

I,(t) = ] pIT(pHvtl) °
p=0

11]
Example 4: Let Ly = tzy and t, = 1. (Note that in this
example aj(t) = t2 so that we shall have to make use of (3.3) and the
second remark following Lemma 13.) Then ¢o(t) = 1 and ¢1(t) =

The Green's function is

1 1°(t-1) - 1° (T-1)
2 11 - 0-1

G(t,T)

The generating function is obtained by solving the initial value

problem

2" 2 1]
ty = A%y y1) =1, y (1) = A

to obtain
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g(t,)) = tA = eAIOgto

The generating function may easily be expanded in powers of A to yileld

p logt)n n
g(t,A) =] f__1___ AR,
’ n=0 n

Therefore ¢,(t) = 5}2%22? for all n.
n

Remarks on the Examples: There are two basic observations that

we want to make, one involving the asymptotics of the ¢'s and the
other concerning the region of convergence (in the complex plane) of
the L-series,

In examples 2, 3, and 4 we see that the similarity between the

(t-to)™

¢'s and the Taylor polynomials, , as developed in the lemmas

is truly of a local, rather than global, nature. (Although the lemmas
have not been proved herein for a2(t) #1, the results in that case are

similar to those stated in the lemmas.) In general, when t is

(t-to)n
—_IT!—— .

This point is brought out dramatically by the examples. Making use of

significantly different from tg, ¢,(t) no longer resembles

the well known asymptotics for Bessel functions

() = (Z P cos (¢ - 7) 0D toe
and Iy(t) = (2nt) 1/2 et 1+ O(%)) >

We sce that the ¢'s of Fxample 2 oscillate with an amplitude that
grows as a power of t as t + «» while the ¢'s of Example 3 grow
exponentially as t » ., On the other hand, in Fxample 4, ¢n(t)

(logt)n .
= ——ﬁ¥—- which, for a given n, grows more slowly than t as t =+ =,
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The especially simple form of the ¢'s in Example 4 allows one
to observe an interesting contrast between the region of convergence
of the Taylor series expansion about t, and the region of convergence
of the L-series expansion about ty (the regions mentioned are regions
in the complex plane). This contrast is readily brought out by con-

sidering the expansion of the function f(t) = t1/2

about the point
t = 1. (The branch cut is taken along the negative real axis and the
branch chosen is the one which produces positive values for t1/2 when

t is positive.) As is well known, the Taylor series converges inside

a disc of radius 1 centered at t = 1, Since

1/2 . . 1/2 logt _ v yn (logt)"
t e IZFO @ ==

(the branch of logt is chosen to make logt real when t is positive)
we see that the L-series for f converges to f(t) in the entire complex

t plane with the negative real axis deleted.



4, Expansion of Analytic Functions

In this section we will prove the first of our major results, a
theorem on the expansion of analytic functions. In part, the result
is motivated by consideration of the corollary to Lemma 4 which says
that, for each n, n!¢n(t) is asymptotic to (t—to)n as tot . Since
the set {(t—to)n}:;o is the best known basis for the expansion of
functions analytic in a (complex) neighborhood of to’ one is led to
speculate on the possibility of expanding analytic functions in terms
of a set of functions which are, in a suitable sense, "sufficiently
like" the functions {(t—to)n}:=o. The possibility of expansion in
terms of such a set was first established by S. Pincherle (Boas [3])
and such expansion sets are termed Pincherle bases.

Definition: Let z be a complex number. A Pincherle basis
at z is a set of functions {gn(z)}:=0, analytic at z,s having, for
all n, the form

g (2) = (z-zo)n (l+hn(z))
(4.1)

, _ovL@ kg
where hn(z) = kzlYk (z zo) , (Jz zo|<ro, ro>0),

which has the property that any function f£(z), analytic in a neighbor-

hood of Z s may be expanded as

f(z) = g C g,(z), for |z-zol<rl,(rl§p0).

Our result, Theorem 1, will say that the set {n!¢n(z)}:=0 forms

33
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a Pinéherle basis at toeI. (If Ly = y" + al(t)y' + ao(t)y, where
a; and a, are analytic in ]t—to|<R, and if r(t) is analytic in
|t-t°|<R, then any solution of Ly = r is analytic in |t-t°|<R (Cod-
dington and Levinson [8]). 1In view of (1.1), this implies that
each ¢n(t) is analytic in It-to|<R.) The proof will use a theorem

on Pincherle bases due to Boas [3]. To state Boas' theorem we need

a definition.

Definition: A common majorant of {hn(z)}:=0 (4.1) is a series
(4.2) h(z) = kZle(z-zo¥ (convergent for lz—z°|<r1§;0)
vhere  |y™ <6, for k =1, 2, 3 dn=0,1, 2
Yk — k or L) ] » L] L] L] an n 9 i} 9 L] . . L]

Theorem (Boas): A function £(t), analytic in a disc !t-to|<s,

may be expanded in terms of the functions g,(t) (4.1) provided that
(4.3) h(s+to)<1.

Note that h(to) = 0. Thus, to show that each f admits a representation
in terms of the g,'s in some neighborhood of tys it is sufficient to
prove that h has a positive radius of convergence.

To prove Theorem 1 we shall take the set {gn(t)}:=0 to be

(4.4) gn(t) = nléy(t)

for all n. Keeping (4.1) in mind, we shall also take

n n k
(4.5) h (t) = ——— -1= (t-t )
n (t—to)n kel (n+k)! o

for all n and



35

) n!¢r(1n+k) (to)

for all n>0 and k>1. The proof will involve the generation of a

common majorant for {hn(t) }° . and the application of Boas' theorem.

n=0
At this point we shall prove a number of rather technical
lemmas basically involving estimates on certain of the y's, used in
the proof of Theorem 1. The lemmas will, again, be proved for the
case az(t) =1.
Definition: Let R be the common radius of convergence of the

Taylor series expansions, about to’ of al(t) and ao(t). The real

number ¢ is defined to be the smallest number such that ¢>1/R,

o>l and
(1) &)
a’’(t)) (t)
4.7) I—]'-:l!—-g—licj+l and Ia—oj'T—o—lf_Oj.*-l

for all j >0.

Remark: We shall show later that the important inequality
4.8 (m)) .k
“4.8) |y, M| <o

is satisfied for n>0 and k> 1.

Lemma 14: If p =0, 1 and k>2, then

¢(p+k) (t) k-2 (p+k—2 1) (t )
o1 ey L (G | “merEnT |
(4.9) 1=0
(1+1) (p+k-2-1) (1)
(t ) a, (t,) o7 (x )
(1+1)1 |12 (pth-2-1)1 || il |3

Proof: Since ¢0 and ¢1 are solutions of the homogeneous equa-

tion we have
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@ ey = —a 06D 0y -
057 (8) = -ay ()4, (8) = ag(e)e (£)

for p = 0, 1. Applying Leibniz' rule for the successive derivatives

of a product, we have

p+k-2

(p+k) o pt+k-2, _(p+k-2-1) (1+1)
O R G I ©4 ) (x)
ptk-2 o
_ izo (p+i ) ép+k 2 i)(t)¢§i)(t)

for k>2. Division of both sides by (p+k)! and some cancellation

will yield
i1§p+k) (t) L D=2 a ](.p+k-2-i) ©
(4.10) ()T (p+k) (p+k-1) iZO (1+1) (pFk-2-D) 1
) (o) . L R S IR
T T (pHk) (pHk-1) 120 (ptk-2-1)1 1l

To complete the proof we take absolute values of both sides of (4.10),
apply the triangle inequality to the right side and evaluate the
expressions at t = t, to obtain (4.9).

Lemma 15: If p =0, 1 and k>1, then

oY (¢

|2y | <o,

Proof: By definition of ¢0, we have ¢01)(t ) = 0. By definition

of ¢1 we have

8P () = -a (e ot (e)) - agt )op(t) = -a (£ ).
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Thus the inequality is satisfied for k = 1. For the case k>2 we will
use the inequality (4.9) of Lemma 14 and an induction argument. To

perform the induction, we assume that

d>(p+j)(t0) ;
l (p+j)! I 5.. Y for j = 1’ 2, e o o k-1 (k_>_2) .
(3) (1)
az~ " (t_) . av’(t)
By definition of ¢ we have lo—j!o_'lf_ 03+1 and I————-—-;! Q |_<_<:tj-}‘l

for all j (4.7). The use of these estimates in (4.9) implies that

o P (¢ 1 pHk-2

ptk-2-1+1 | i+1-p
o teweRn L, (e °

4 gPHe2-iHL | depy

Skl p+k-2

= T (D) 120 {o(1+1) +1}

k-1
= Ry (2D (40 + (pri=D)}

ck ck—l
= Tt
. 1 o]
Since k > 2 and 0 > 1, E—Tc-i 7 therefore
(pt+k)
L (t.) ok
(p+k)! - ?

and the proof is complete.

Lemma 16: For n > 2 and k > 2 we have
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nl¢§n+k)(t ) . ik—l—i)(to)
| —rioT | < oD Z (1) | oy |
(4.11)
a2 TPy ae (e
- "‘TEITTF'£1| Z | (k-2-1)1 | - | (h:i)l 2
(m-2) 16758 (¢ )

+ n(n-1) - |

(n-2+k)! l}'

Remark: The reader should note that we require n > 2. If the
¢n-2 term is suppressed and n is set equal to 0, inequality (4.9)
is not obtained.

Proof: From (1.1) we have

0P () = () ¢y -

~a, (£) 6 ag(t)$_(6) + ¢__,(t)

for n > 2. By Leibniz' rule we have
ntlc-2 .
- +k=2-
¢§n+k)(t) - Z (n+§ 2) ain k-2 1)(t)¢§i+1)(t)
i=0
(4.12)

n+k-2
_ Z (n+k- ) a (n+k—2 i)(t)¢(i)(t) + ¢(n 2+k)(t).

1=0 i
If we evaluate this expression at t = to’ and realize that
¢(j)(to) = 0 when j < n, then we obtain

n

n+k-2

(n+k) _ n+k-2 (ntk-2-1) (i+1)
o, o (E) =~ 1=§-1 ¢y ag (e ) ¢, 7 (t)
n+k- 2

i=n i
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k-1
k-2, (k-1-1 +
o 120‘3“1) ai Ye) o e

k-2 .
PR a2 (¢ 5 o ¢

(n-2+k)
T2 (to)'

Multiplication of both sides by z;%%TT-will yield

al qsr(lni-k)(to) 1 k-1 a{k-l-i)(to) nlqsr(lnﬂ)(to)
(n+k) ! © oFk) (ntk-1) {- izo (nt1) (k-1-1)! G
k2 al P ey arel™ (e )
(4.13) P O N GV
et o e
+ n(n-1) (n-2+K) | b

Finally, taking absolute values of both sides of (4.13) and applying
the triangle inequality on the right we have (4.11) for n>2 and k> 2.
Lemma 17: If n > 0 and k = 1, 2, then

al ¢§n+k)(to) .

i o .

(nt+k)!

Proof: We first note that the cases n = 0 and n = 1 have been
proved in Lemma 15, so we need only be concerned with the case n > 2
and will automatically assume that we are dealing with such n for
the'remainder of the proof. In both cases, k =1 and k = 2, we will
use an induction argument based upon an inequality similar to (4.11)
for the case k = 1 and upon (4.11) itself for the case k = 2.

! Case k = 1. First we must derive an inequality that will be

used in the induction argument. If (4.12) is evaluated at t = to for
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k = 1, the second sum vanishes (¢§J)(t°) = 0 when j < n) and the

first sum reduces to a single term, producing the simple equation

8 ey = —ape) 6™ e + 6P e )

= - a () + ¢§'_‘;1) (t).

Multiplication of both sides by Tﬁ%ITT and application of the triangle

inequality will produce

(4.14)
(n+1) (n-2+1)
nl ¢n (to) ) lal(to)l , n-l (n-2)! ¢n-2 (to)
(n+1)! - ntl n+l (n-2+1)!

which will play a key role in the induction argument.

For that argument we shall show that if

pt 6P (e )
D1 =

is satisfied for p = n-2, then it is satisfied for p = n. So, we
shall assume that it is true for p = n-2. Recalling from (4.7) that

Ial(to)|<o, we may deduce, via (4.14), that

(n+1)
n! ¢n (to) <9 .4 n—la = ¢ n
(n+1)! —n+tl  n+l n+l

Yo < o.

Case k=2, As above, we shall show that if
(p+2)

p! ¢ (to) 2

(p+2)! -

is satisfied for p = n-2, then it is satisfied for p = n. So, for

the induction hypothesis, we shall assume that it is satisfied for
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al ¢ M (e )

n!

p=n-2, For k=2, (4.11) becomes
(n+2) (1)
n! ¢n (to) ) 1 (a. a, (t:o) 4
(n+2)! — (n+2) (n+1) 1!
al(to) n!¢§n+1)(to)
+ () - | =5 ) l CTSy)
(n)
. ao(t ) I nl L (to)
0! n!
@-2)1 857D e )
+n(n-1) - (m-242) 1 '

We shall now apply, to this inequality, the induction hypothesis, the

results of the case k = 1, and (4.7) to obtain

) {n - 02 + (ntl) ¢« o ¢ 0o

1 ) { (n2 +n + l)c2 + 0}

2
< 02 n_nt2 02, (Since ¢ > 1)

(n+2)
n! ¢n (to) < 1
(n+2) ! — (n+2) (n+1
2
+ o + n(n-1)0"}
= (n+2) (n+1
n2+3n+2
Lemma 18: If n > 2 and k > 2, then

n(nt-1) + (kb)) (k-1) <1
(k) (ndk-1)

(4.15)

Proof:

The inequality will be proved by a fairly classical

technique, i.e. working backwards until we reach an inequality which
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is obviously true. We will apply to (4.15) the following reversible

sequence of steps:

n(otk-1) + Cdetl) (k=1)  ,
(n+k) (n+k-1) ’

n(nt+k~-1) + (%k+1) (k-1) < (n+k) (n+k-1),
(3k+1) (k-1) < k(nt+k-1),
(%k+1) (k-1) < ken + k(k-1)

and 0< k * n + (%4k-1)(k-1).

Since the last inequality is obviously true for m > 2 and k > 2, we
may reverse the order of the steps to prove (4.15).

This completes the task of proving the lemmas required for
the proof of Theorem 1. Thus, we are now in a position to state and
prove Theorem 1, one of our main results.

Theorem 1: The set of functions {n!¢n(t)}:;0 forms a Pincherle
basis at t = to.

Proof: The proof will consist of an induction argument to show
that (4.8) is valid for n > 0 and k > 1, then applying Boas' theorem
utilizing the majorant

h(t) = } ck(t-to)k
k=1
which has radius of convergence %u The notation used in the proof is
defined by equations (4.1), (4.2), (4.4), (4.5) and (4.6). In the

course of the proof, the reader may find it helpful to consult Table 1
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Table 1

Taylor Coefficients of the Functions {hn(t)}

k=1 k=2 =3 =4 k=5
(2) (3) (4) (5)
677 (t ) oq " (t)) o (t ) ¢n  (t)
_ (1) 0 o 0 o 0 (o) 0 (]
n=0 ¢4 () 71 31 41 51
(2) ' 3) (4) (5) (6)
. ¢, " (t) ¢ (e ) ¢; (&) $,77(t) 9, " (t)
21 31 41 51 61
Lo 2000 26V 276w 24 6
o 31 41 51 - 61 71
(4) (5) (6) ¢)) (8)
y 31037 (e ) 31 970 (e ) 31920k ) 31 e (e ) 31 (k)
n 41 51 61 71 8!
(5) (6) @) (8) (9)
BT a e ) e () b ()
51 61 71 81 91
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which lists the first few Taylor coefficients of the first few hn's.
Inequality (4.8) has already been established for the first two
rows of the table (Lemma 15) and the first two columns of the table
(Lemma 17). Thus, the proof of the theorem hinges upon the proof of
the inequality for the remainder of the table (n>2, k>3).
We enumerate the entries in Table 1 by the following rule. If

n >0 and k > 1, assign to the pair (n,k) the integer

p(n,k) =

(n+k)§n+k-l) -n

This is the "standard" enumeration of positive integer pairs. We

shall prove (4.8) by induction on u(n,k). If (n,k) is given we

assume that

mt ¢ ey
(mtj)!

3

<o

whenever m + J <n+ k, or wvhen m+ j = n + k but m > n, Then by

(4.11), (4.7) and the induction hypothesis, we have
(n+k)
nl ¢ " T (ty) 1 k-1

k-i i
(ntk) ! = otk) (n+k-1) { i__z_ 0 (n+i)o i

k-2 .
+ ok—l 1. ot + n(n-1) -° ok }

i=0

1 ko, (k-1)k
" mmeaen (¢ @ k+=7)

+ ok'l(k-l) + n(n-1) k}

ok

. k
S G ED Ltk gD + (kD) +n(n-1)}

(Since 0>1)
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- (atat-1) + (lziu) (k—l))
) (aFT)

k

<o,
the last step being a consequence of Lemma 18.

This completes the proof of (4.8) and, by virtue of our remarks
aﬁ the beginning of the section, Theorem 1.

Remark: The series h(t) may be expressed in closed form as

O'(t"'to) 1
h(t) = I:;TE:EZT for lt—t°| <-;
= 95 . 11 '
Then, for s > 0, h(s+t°) T-gs < 1 1if s < 7 o Therefore, by Boas

theorem, a function f(t) analytic in the disc |t-to| <8 < f%'may be

expanded as

(]

(4.16) f(r) = n'-zO b g (t) = nzo b nt ® (¢) = J % ¢ (t)

n=
where a_ = b_ « n! for all n.
n n .
There is an immediate corollary to the proof of Theorem 1.
1
Corollary: If n > 0 and if |t-to| < <, then

t-t |"
- oI 1
n! 1-o|t-to[ *

(4.17) e, (0)] <

We want to make two observations on the results developed so
far. The first observation concerns the analyticity of the sum of a
convergent L-seriecs and the sccond concerns the explicit form of the
coefficients a in (4.16).

Remark: The corollary implies that the convergence of an

L-series in a disc centered at to will cause the same L-series
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to be uniformly convergent in a slightly smaller disc centered at t,.
(Briefly, the argument involves realizing that the series must con-
verge for some real t* > to’ applying the first half of Lemma 5 and
then appealing to the above corollary.) Since all of the ¢'s are
analytic in some fixed neighborhood of to, the uniform convergence
of the series implies that the sum of the series is analytic in a
neighborhood of tye This, in turn, implies that the only functions
which are expandable in an L-series are those which are analytic in
a neighborhood of t, For functions of a real variable, this means
that any function expandable in an L-series may be extended into the
complex plane to a function analytic in a complex neighborhood of
to.

Remark: The previously noted uniform convergence implied by
(4.17) permits the term-by-term differentiation of (4.16) an arbi-
trary number of times (Hille [13]). Thus, we will be justified in
applying L and its iterates term-by-term and in differentiating the
resulting series. In consequence of this, we may déduce a complex

analog of Lemma 11 and conclude that the coefficients in the expan-

sion (4.16) are given by

k okt
a5, L f(to) and agr] = (L7f) (to)
for k=0,1, 2, ... .
The results of this section have, until now, been obtained

under the restriction that az(t) = 1. We now wish to remove that

restriction.
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Theorem 1': Let (Ly)(t) = az(t)y"(t) + al(t)y'(t) + ao(t)y(t)
where az, a1 and ao are real-analytic on I and az(t) > 0 for tel. If
f(t) is analytic in a (complex) neighborhood of to’ then in some neigh-

borhood of to f may be expanded as

where a,, = ka(co) and a,, . = \a,(t) aXe) ") for k=0,1,2....
Proof: The basic idea in this proof is the introduction of a

change of independent variable which will transform the problem to

one for which Theorem 1 applies. The new independent variable will

be such that Ly is transformed into an expression with 1 as the co-

efficient of the second derivative term. We shall see that changing

to the variable T, defined by

t
(4.18) T=) —Su_

will accomplish this. (The branch of Vﬁ? is the one which is positive
when z is positive. This allows T to be real when t is.) This change
of variable is invertible. Indeed, we see that in a neighborhood

of to’ T is an analytic function of t and T(to) = 0, so we may apply
the Inverse Function Theorem (Hille [13]) to conclude that t is an
analytic function of T in a necighliorhood of T = 0. Thus, if p(t) is

an analytic function of t in a neighborhood of t = to’ then P(T) =

p(t('l')) is an analytic function of T in a neighborhood of T = 0.
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We shall now verify that this change of variable proves

Theorem 1'. Define the functions Ao, Al, A2 and Y by

Ay = ay(t(r) , A (M = a (£D), A4,D = a,(tm),
(4.19)
and (D =y (¢m).

‘By the chain rule we have

y'(t) = -d—Y- 3 -d—'!- = ﬂ ) 1 = 1 ° ﬂ
R R o
nie) = L (o ) . 4T
ad oy =& (@) &
]
T G S T L4
A2 (T) dT2 2 (Az (T)) 2 dT

If we apply these facts to the transformation of Ly, we have

Ly = a,(t)y"(t) + a;(e)y'(t) + ay(t)y(t)
2 A, (T) Aj (T)
-t (== Thm ) T A
dT [5, T 2
= LTY

Formally, the operator LT is of the proper form. Indeed, AO(T) is
obviously real analytic in a neighborhood of T = 0 and, since AZ(T)
is nonzero in a neighborhood of T = 0, the coefficient of %%-is
also real analytic in a neighbdrhood of T=0, Therefore, we are
justified in invoking all of our previous results in the discussion

of.LT.
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Before proceeding any further we must define the set of func-

tions (¢ (T)}n=0

' '
LT@O = LT°1 = 0, QO(O) =1, @0(0) = 0, @l(O) = 0, ¢1(0) =1

1
and Lpd = ¢ ,, @ (0) =@ (0) =0 for n > 2.

These are simply the L-basis functions for LT' The reader should
note that if the change of variable, t*T, is introduced in (1.1l) the
above equations are obtained. That is, ¢n(T) = ¢, (%(T)) for all n.

Since f(t) is analytic in a neighborhood of to’ then F(T) =

t(T)) is analytic in a neighborhood of T=0. Therefore, we may

invoke Theorem 1 and the remarks following it to conclude that

©o

AT = ] (L F(T)IT- 0 (D +| 37 TF(T)|T- ®k+1 ()

in a neighborhood of T=0. Inverting the change of variables we

obtain

v ok Key o
£(t) = kzo LYE(E )0, (8) + \fay(t ) (LD)'(t )by, . (t)

in a neighborhood of to.

Some Consequences of Theorem 1 (and 1'): With the results of

Theorem 1' in hand, one may derive an interesting integral representa-
ticn for analytic functions and a generalization of the Laurent
expansion.

Integral Representation: We shall derive an integral represen-

tation which reduces to the Cauchy Integral Formula when Ly = y".

Although we have not proved herein the analog of Lemma 5 for the case
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az(t) # 1 the result is basically the same as the one stated. Thus

we assert that, if f is analytic in a neighborhood of to’ the series

sz 2k+1 -
z L f(t ) W+ . aZ(tO) (L £)' (t: ) m‘ f(z)

k=0

converges uniformly for Izl sufficiently small. We define the func-

‘tion
*® 1
g(t,z) = § ¢ () —
n=0 z

(which is simply the Laplace transform of g(t,\) with respect to 1)
and note that in view of the asymptotics of the ¢'s, the series
converges for It—tol sufficiently small.

Let A be an annulus in the z plane centered at z = 0 which is
such that the series defining g(z) converges for all zeA. Choose
r > 0 so that the series which defines ;(t,z) converges for zeA
whenever |t—t°| <r.

If C is a circle contained in the interior 6f A and centered
at z = 0, then we may apply the complex convolution to evaluate the

integral § f(z)g(t,z)dz and obtain

,—lI § z);(t,z)dz
C

kZOka<to>¢2k<c) + [ty @D () oy(0)

f(t).

Thus, we have the integral representation

£(t) = 5%-{% £(z)g(t,z)dz
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which, in the case Ly=y", reduces to Cauchy's integral formula.

Generalized Laurent Expansion: We shall now derive an expansion

which 1s a generalization of the classical Laurent expansion. The

derivation is based upon the expansion of the Cauchy kernel, in

A
z-t’
an L-series.

The Cauchy kernel is an analytic function of t for t#z and,

in particular, for 0 f.lt'tol < |z-t°|. Thus, by Theorem 1', we have
(6,200 L= Tc (@ (0
‘ z-t I, D n

for t in some neighborhood of to. (The coefficients, Cn(z), are

polynomials in of degree n+l for all n.)

z-t

The Cauchy kernel is also an analytic function of z, so by

Theorem 1' we have

DI SRR AR CING

for z in a neighborhood of to.
The derivation will involve the careful use of both of these

expansions for the Cauchy kernel. We choose the constant r so that
Ic_(2)¢_(t)
n

converges for |t-t0| < Iz—tol < r and let A be an annulus,
A= {wir; < |w-t_| < r,}, where r, < r and ry > 0. Let c¢; and ¢,
* * :
be circles centered at t, with radii r; and r, respectively, where
*

*
ry < rl < r, < r,. If f(t) is analytic for teA then we may repre-

sent f as
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£ £
£(t) = 2'ni 52 (zc) dz - 21:135 z(-Z) dz

* *
for ry < It-tol < Ty Now replace the Cauchy kernels by their L-series

expansions, using (4.20) in the integral over c, and (4.21) in the

2

integral over cye Then we have
£(t) = 5 § £(2) ] C_(2)¢ () ) dz
c2 n=0

zﬁﬁ £(z) ch(t)¢n(z)> dz

n=0

= ) 2“1 § £(z)C_(2)dz) ¢_(t)

n=0

1
+ Z e ilf(z)¢n(z)dz Cn(t)-

n=0

If we define the constants a and Bn by

1
e =7 iz f(z)Cn(z)dz and Bn 2ﬂl

$ £(2) ¢_(2)dz,
¢1

then the expansion may be written as

(- J

£(t) = ] a ¢ (£) + nzoancn(t)

n=0

* *
for ry <«|t—t0| < r,. In the case Ly=y" this reduces to the classi-

cal Laurent expansion for £.



5. Analyticity of L-Positive Functions

In this section we shall prove our other major result, L-
positivity of a function f implies analyticity of f. For the con-
venience of the reader we shall repeat the definition of L-positivity.

Definition: A function f(t)CC“(I) is termed L-positive at
toeI if it satisfies the two positivity conditions, ka(t) >0,
teI, k=0,1, 2, . . . and (ka)'(to) >0, k=0,1,2,....

We will prove two forms of Theorem 2, first a weak version,
and then a strong version. The weak version, which requires
(ka)'(t) > 0 on an interval, will be used to prove the strong ver-
sion. As in Theorem 1 we will do the proof with the restriction
az(t) = 1, then remove the restriction by an appropriate change of
independent variable. The proof itself will depend very heavily
upon a theorem on generalized convexity proved independently by M. M,
Peixoto [15] and F. F. Bonsall [6]. To state the theorem, we shall
impose a condition on I, which, until now, has been an arbitrary
open interval on the real line. We shall require that I be such that
if t*eI and ¢(t) is a solution of Ly = 0 satisfying ¢(t*) = 0 then ¢
does not vanish at any other point of I. (For example, if Ly=y" + y
this condition will force the length of I to be less than w. This
restriction will pose no problem since the results being proved are

of a local nature.)

53
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Theorem (Peixoto-Bonsall): Let f(t)eCz(I) and Lf(t) > 0 for -
teI. Then for toeI and tleI, with t, >t , ve have

f£(t,) - £(t )¢, (L)
1 o011
f(t) < f(t°)¢0(t) + ¢1("P ¢1(t)

for to <t :_tl. (The functions ¢0 and ¢1 have their usual meaning
(1.1).)
Remark: For the case Ly = y", this becomes the familiar result

that if £"(t) > 0 for teI, then for t_ < t 5-t1’ the graph of f(t)

o
lies below line joining the points (io’ f(to» and <£l, f(tlz).

Remark: 1In view of the remark following Theorem 1, we need
only show that L-positivity of f will imply that f is represented
by its L-series.

Theorem 2 (Weak Version): Let f(t)eC (I) be such that
ka(t) > 0 and (ka)'(t) > 0 for all tel and k =0, 1, 2, . . . . Then
there exists ¢ > 0 such that

B0 = T IMECE )by (6) + (156 (8 Ybypy (0
k=0

for te[to, t°+e].

Proof: We will start by considering the finite L-series

Gn+1Ln+1

n
JORIPLEICRUNOR (WEE) (8 ) bgp (O + £

k=
for tcN3(to), where N3(to) = (to, to+b3) is the intersection of the
right neighborhoods No(to), Nl(to) and Nz(to). By the hypotheses

k Kon o
and by Lemma 1 we have L f(to)¢2k(t) > 0 and (L7f) (t°)¢2k+l(t) >0
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for téN3(t°) and for all k. By the hypothesis, Ln+lf(t) > 0, and by

Corollary 2 of Lemma 1 we have

Gn+1Ln+1f(t) Z.O

for teN3(to) and for all n. Therefore,
n

kZOka(to)¢2k(t) + (ka)'(to)¢2k+1(t)

is a series of non-negative terms which is bounded above by £(t) for
teNs(to). This forces the series to converge as n *+ *, Consequently,
we may allow n to tend to infinity in the finite L-series and obtain,

for teN3(t°),

£(t) = zoka(co)¢2k(c> + (W50 (£ ) by s1 (B) + RCE)

where R(t) = lim Gn+1Ln+1f(t). The proof of the theorem, then, will
n- o

simply involve showing that R(t) = 0 for t in some right neighborhood

of to. This will be accomplished by obtaining some estimates on

Gn+an+lf(t) and showing that the estimates tend to 0 as n > =,
Since Ln+1f(t) = L(Lnf)(t) > 0, for teI, the Peixoto-Bonsall

Theorem implies that

L (t)) - LUt Do (£))
ACY)

(5.1) L£(t) < LOE(E )oq(e) + 8 ()

for to <t :-tl where t., is an arbitrary, but fixed, number in N3(to).

1
By Corollary 1 of Lemma 1, we know that G(t,t) > 0 for t sttt
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Thus we may operate repeatedly on both sides of (5.1) with G, and use

(3.7), to obtain

.

Beee.) - LUECE o (t )>
1 1
= ¢2n+l(t)

L
n n
(5.2) 0 < G°LUE(e) < L (e )¢, (£) + ( 31(E))

for t, ittt and for all n. Our goal is to show that each term on
the right side of (5.2) tends to 0 as n + =,

The convergence of the L-series forces lim Lnf(to)¢2n(t) = 0
. >0

for te [to, tll. By Lemma 6 we have ¢, .. (t) < ¢, (t) for t <t<t,

and for all n. Thus we have
n n
0 < LUE(t )¢y o (8) < LOE(t )¢, (1),

n .
Consequently, it is true that iiz L f(t°)¢2n+1(t) = 0 for tcit Y

Thus the only term of (5.2) that can possibly present any difficulties
n

is L f(tl)¢2n+1(t). By Lemma 6 we have Lnf(t1)¢2n+l(t) i'Lnf(t1)¢2n(t)

for to <t 2t and for all n. Finally, we apply Lemma 4 to obtain

(C2 (t-to)) 2n

(5.3) LE(t)o, (8) < LUE(e))d, s

for to <t j_t]. Thus, the problem has been reduced to showing that

(CZ(t-to)>2n=

)T 0

lim Lnf(tl)

n-e
for t sufficicently close to to.
The technique for showing this will involve consideration of
the L-series expansion for f about t = tl and deduction of the above

limit from the convergence of that expansion.
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By the hypotheses we have Lnf(t) > 0 and Gan)'(t) > 0 for
te(tl, t°+b3), so we may repeat the arguments used at the beginning
of the proof to conclude that the L-series expansion, about t = tl’

for f, converges in some right neighborhood of t In the remainder

1.

of the proof we will identify quantities assoclated with the expan-
*

sion about t = t by . Then the convergence of the expansion

implies that

(5.4) 1lim L" f(t1)¢2n(t) =0

n->e

for t in some right neighborhood of t;. By means of Lemma 4, we have

(c (t-t ))Zn

4 =T 4’2n(t)

in a right neighborhood of t, Then (5.4) implies that

(c (t-t )>2n

n

lim L7f(t,)

ol L 6T N
for t in a right neighborhood of tl. Let b* > tl be an arbitrary,
but fixed, number such that

ece. s <c (-t ))2“
lim L £(t
. 17 (m!
*
cl(b -t;)
Define € = min|t,~-t , ———— /. Then for 0 < t-t_ < € we have,
1 7o 02 - o —

from (5.3),

(??(t-toi) "

L () 6y () < LPE(E))dy) =55

(") i

n
S L)) — T
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and the last quantity has limit O as n =+ «,

Therefore, ljannLnf(t) =0 for O f_t-to < €, and we have the
n-+o

expansion
£(t) = 2 LRE(E ) 0y (£) + (L°E) (£ ) byy 0y ()
k..
Theorem 2 (Strong Version): Let f be L-positive at toeI.
Then there exists an € > 0 such that

£(t) = kZ L (e ) 6y, (8) + (L°6) "(E )0y, ,, (0

for 0 < t-t  <e.

Proof: Take N3(t0) and t, as in the proof of the weak version.
Precisely the same arguments used at the beginning of that proof may
be applied here to conclude that

£(t) = kg L (e )9, (£) + (L°E) (£ ) gy, (£ + RCE)

for to <t <t where R(t) = lim GnLnf(t). If we define
n-roco

£(t) = £(t) - Z L (¢ o) 921 (B
k=0

then, of course,
p I
(5.5) £(t) = 2 (L) ' (E )by 1 () + R(E).
2141
k=0
Our method consists of applying the weak version of the theorem

to show that

©

£(t) = kgo(ka)'<co>¢2k+l(t>.
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To satisfy the hypotheses of the weak version we must show that

LkE(t) > 0 and (Lkg)'(t) > 0 for all k and for t sufficiently close

to t . In view of Lemma 11 and the L-positivity of f it is sufficient
to show that LkR(t) > 0 and (LkR)'(t) > 0 for all k and for t suf-
ficiently close to to.

To establish the inequality LkR(t) > 0 we shall use the equation

(5.6) R = £(0) - ] (e ) 6, (8 + (LD '(2) ¢2k+1(c)> :

o
Claim: LPR(t) >0 forp=0,1, 2, . . . and 0 < t-t_ < —]=(t -t ).
AT LY Z - o C2 1l o

C
We operate on both sides of (5.6) with LP, for O j_t—to < E%(tl-to), use

Lemma 11 to justify operating term by term with LP, and obtain

Lp+k

(5.7)  L'R(t) = LP5(t) - ZO<;p+kf(to)¢2k(t) + @ (e )0y 0 (0) ).

k=
The proof of the claim will be complete if we can show that the right
hand side of (5.7) is non-negative. To accomplish this, we shall first
apply 1¥ to the finite L-series (3.6) to obtain

~ m

P _ p+k Pk oy 1-p, o+l

(5.8) L £(t) = kZOL £ )by (6) + (WPTEE) 1 (e )8,y () + GTPLTE
By hypothesis, qu(t) > 0 and (qu)'(to) > 0 for all q, so that the
left side of (5.8) is non-negative, the remainder is non-negative, and
each term of the series is non-negative.

Therefore, we may let m tend to infinity in (5.8) to obtain,

for teN3(to).

Pe(e) = § 1P ReCe Yo, () + (PP

L f)'(to)¢2k+l(t) + Rp(t)
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where R (t) = lim G mtl m+l+pf. Since Gm+1 m+1+pf(t:) > 0 it must be
m->oo

true that Rp(t) > 0. We may express Rp(t) as

(5.9) R (t) = LPE(r) - RZO(LP*“M )85, () + (Lp+kf)'(to)¢2k+1(t)>

and observe that the right side of (5.9) is identical to the right
side of (5.7). Therefore, LpR(t) = Rp(t), and so LpR(t) > 0 for

C1
p=0,1,2, .. .and O g_t-to < E{ (tl—to).

c

Claim: (LPR)'(t) >0 forp=0,1,2, .. .and 0 < t-t < -t )

1
2(1

In the argument above we have shown that

LPR(t) = 1im@™H 4Py

m>o
C

for 0 < t-t_ < —l(t -t ). Our scheme now will be to show that
- o C2 1l "o

—G“’*l = 1Pe(e) > 0

and that (LPR)'(t) = 1im 51
m—)m

1 m+1+p

G f(t). This will prove the

present claim.

We know that

t

(5.10) =™ Pe(ey = [ o(e, 1)L Pe(r)ar.
t
o

Differentiating both sides of (5.10) we obtain

i ST OW f o 65, D™ *Pe () ar.
0

From Corollary 3 of Lemma 1 we have é%-G(t 1) > 0 for t <t<t <t1

Therefore,
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4 gl mteecey > 0
dt -
for O :-t-to g_tl—to and for all m and p. We now need to arguevthat

@Ryt (t) = 1im j‘t- L APe
mo

C
for O f-t-to < El'(tl—to). It will be sufficient to show that the
: 2 .

sequence B

d 1 m+ldp ©
G ™ PE(n) )
is uniformly Cauchy. We note that the sequence is non-increasing as

m>~ (take derivatives of both sides of (5.8) and apply the hypothesis.)

so that
-ait'Gm-"lLMH-pf(t) _ad?Gm-I-jfifanrl-j-{-l-i-pf(t)

_ ’;E Gl D Ly _ft_ Gt mEH D o

for all j > 0.

Then we have
ad_tGm+anH-1+pf(t) ___ad?Gan-j+anrl-j+1+pf(t)

t .
=/ 2 6t,n) (L™ Pe(r) - ETITITPe(1)) ae

to
t .
< m [ 6" Pe(r) - g™ (1) han
to
where M_= sup —i-G(t,r).
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We now estimate the quantity under the integral sign. Observe that

GmLm+l+pf(t) converges to (t) as m> and that the convergence

R 41

is uniform. Therefore the sequence

(P P01

C
is uniformly Cauchy for O 5-t-to < El(tl-to). Therefore, we have,
’ 2
for any € > 0,
t .
/ (GmLm+p+1f('r) - G“’*%“‘*J"P*lf(r)) dt < e (-t )
to
!
for all m sufficiently large, and for O f_t—to < E_(tl-to)' For such
2

m we then have

E_dt_ G“H'le'"l'*'Pf (t) - Eclt_ Gm+j+1Lm+j+1+pf (t)

C
1
for j > 0 and t-t < EE'(tl-to)'

Mg, (t=t )

Therefore

d  mtl wHl4p ©
{1 L £(6)}__o

C

is uniformly Cauchy for 0 < t-t < L (t,-t ), and hence
- o C "1

@FR) " (t) = 1im di- Gl mltpe oy
mre t
c

Py S
Therefore (L R)'(t) 0 for O Lt-t o < c, (t1 to).

|v

We observe that, since LPR(t) = 1lim Gm+le+1+pf(t) and
moo

Gm+le+l+pf(to) = 0 for all m, it must be true that LPR(to) = 0 for

all p. Since
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L e ) = 0
for all m and p we also have (LPR)'(to) = 0.
This observation, together with (5.5), allows us to conclude
that Lk%(to) = 0 and (Lkg)'(to) = (ka)'(to) for all k. Therefore,

the formal L-series for f(t) is
T a6 (e, o (®)
Lo o’ P2k+1 ')

For t sufficiently close to to’ we have, by the claims,

LP£(t) > 0 and (LP£)'(t) > 0.
The weak version of the theorem then impliés the existence of an

€ > 0 such that
£(t) = kEO(L £)'(t )by 41 (B)

for t <t <t +e. Therefore, R(t) = 0 and

£(r) = ZOka(to)¢2k(t) + (ka)'(to)¢2k+l(t)

for t, st <t + €. This completes the proof of Theorem 2,

The result, L-positivity implies analyticity, has now been
established for the case a2(t)5 1. We shall now prove the theorem
for the general case az(t) >.0. The method will be to introduce
a new independent variable which will convert the problem to one
which can be solved by the machinery alrcady developed.

Theorem 2': Let az(t) > 0 for tel and let Ly(t) = az(t)y"(t)
+ al(t)y'(t) + ao(t)y(t). If £(t) is L-positive at toeI then there

exists an ¢ > 0 such that
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f(t) = ngf(t Vo, (£) + \/a (t) (ka)'(t )o ()
k=0 o’ "2k 20 o’ "2k+1
fort <t<t +e.
o— =— o0
Proof: We shall use the same change of variable (4.18) and
notation (4.19) employed in the proof of Theorem 1'. Then we have

t
T=j-—-éll—_.

to Jaz(u)

Let bel be an arbitrary, but fixed, number such that b > to. Since
the integrand is positive, T is an increasing function of t for
te[to,b] and the transformation may be inverted to give t as a func-
tion of T for Te[0, T(b)]. Let F(T) = f(E(T» . We see that, as in
the proof of Theorem 1', this change of variables transforms the

operator L into the operator L

T Then,

Lf(t) = LTF(T),

so that, if Lf(t) > 0 for te[to,b] then LTF(T) > 0 for Te[0, T(b)].

One may make a trivial induction argument to show that if ka(t) >0

for all k and te[to,b] then L?F(T) > 0 for all k and for Te[0,T(b)].
d/ k

Since |/a2(to) (Lf)'(to) = EE\FTF(T5>IT=O we can argue that

%(L};F(T)) lT=O >0. Therefore, Theorem 1 may be invoked to assert

the existence of ee(O, T(b» such that

F(T) = ) LI;F(O)‘I’zk(T) + (LkF)'(°)°2k+1(T)
k=0

for Te[0,e]. If we Invert the change of variable and take € = T-l(e)

we may conclude that
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£(t) = kZoka(towzk(t) + [ty MR G

fortoitit°+e.

Remark: The condition (ka)'(to) > 0 has played a very crucial
role in the proof of Theorem 2. However, there is reason to suspect
that its necessity is more a function of the method used than of the
problem itself. We conjecture that the conclusion of Theorem 2' is
still true assuming only ka(t) > 0 for tel. The suspicion is based,
in part, on some simple examples.

Consider first the operator Ly = y". Here ka(t) > 0 becomes

simply f(2k)

(t) > 0. Then Boas' theorem (Section 2) implies that
f(t) is analytic in a neighborhood of the interval. A second example
involves the operator Ly = y" - y. 1If ka(t) > 0 for all k, then

(2)(t) - f(t) > 0 or f(z)(t) > £(t) > 0. Also

Lf > 0 implies f
sz > 0 implies (Lf)" - Lf > O, f(4)(t) - f(z)(t) - Lf > 0, and hence
f(a)(t) 3_f(2)(t) + Lf > 0. Continuing in this fashion, we see that
all the even derivatives of f are non-negative. Thus f must be
analytic.

Thus, while the condition (ka)'(to) >0, in c&njunction with
ka(t) > 0, is sufficient to guarantee analyticity of f, it is not
always necessary. The question of dispensing with the hypothesis

(ka)'(to) > 0 is open and there does not seem to be a way of answer-

ing it in the context of L-series.
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POSITIVITY PROPERTIES ASSOCIATED WITH
LINEAR DIFFERENTIAL OPERATORS
by

William Randolph Winfrey
(ABSTRACT)

The determination of the influence exerted on the analytic
character of a real function feC® by the signs of its derivatives
is a problem of longstanding interest in classical analysis. Most
investigations of the problem have centered on extending the well
known theorem of S. Bernstein which asserts that a function feC®
with all derivatives non-negative on an interval I is necessarily
real-analytic there; i.e., f is the restriction to I of a complex
function analytic in a region containing I.

The scope of this dissertation is the study of analogous posi-
tivity results associated with linear differential operators of the

form

Ly) (t) = az(t)y"(t) + a1p(t)y' () + ao(t)y(t),
where a2(t), aj(t) and ap(t) are real-analytic in some interval I
and where a2(t) > 0 for t € I. We call a function f € c L-posi-
tive at to ¢ I if it satisfics the "uniform" positivity condition
ka(t)zp, tel, k=0,1, 2, . . . , plus the "pointwisé" posi-

tivity condition (LXf)'(tx)>0,k =0, 1,2, . . . (L9f = f, LKf = L



(Lk=1g), k>1). Our principal result is that L-positivity of f
implies analyticity of f in a neighborhood'of to. If Ly = y",
this reduces to Bernstein's theorem.

We prove our result using a generalized Taylor Series
Expansion known as the L-series. The L-series expansion about

t = to for a function feC°° is:

] LRE(to)égp (t) + \/az(ts) (LEE) ' (to) oy (1),
k=0

The "L-basis" functions {¢p(t)}*® are defined by:
n=0

Léo = Loy = 0, do(ty) = 1, ¢o'(to) =0, ¢1(to) = O,

va2(to)e1(ty) =1

and Lont2 = ¢ns dn+2(to) = ¢' 4o(ty) = 0, n>0.
Our technique is to show that L-positivity of f implies the
convergence of the above series to f(t). Then we observe that the
analyticity of aj, aj, and ap implies the analyticity of the ¢'s and
thus the analyticity of the sum, f(t), of the series.

We shall also show that the same conditions on a2, aj, and ag
allow any function f, analytic in a neighborhood of ty, to be repre-
sented by an L-series. If az(t) = 1, the éequence {n!¢n(t)}:_

provides a heretofore unobserved example of a Pincherle basis.

The problem of dispensing with the hypothesis (ka)'(to)ELO
in our result, L-positivity implies analyticity, is still open and

does not seem to be solvable by our methods.
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