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PART ONE 

ACOUSTIC SCATTERING ANALYSIS FOR THE SINGLE NODULE 



I. INTRODUCTION, Part 1 

Manganese nodules occur over millions of square miles of the deep 

ocean basins. The deposits are vast: in the Pacific Ocean alone, a 

recent estimate suggests the presence of about 350 billion tons of 

manganese, 200 billion tons of iron, 15 billion tons of nickel, 8 billion 

tons of copper, and 5 billion tons of cobalt [1]. 

Since the late 1950's and early '60's the manganese nodule deposits 

have attracted much attention as a potential marine mineral resource. 

Manganese nodules have also been studied extensively since then and many 

reasonably good regional maps that show their gross distribution have 

been established [2]. However there is still much to be learned on a 

smaller scale. Certainly, for efficient exploitation more work is 

needed, because the distribution of manganese nodules on the ocean basins 

is not all that even and the composition is not as uniform as the maps 

·indicate. 

The potential deep sea mining sites for manganese nodules must 

contain a sufficient abundance of nodules for economic gain, and the 

nodules must confonn to certain size limitations imposed by the newly 

developed deep sea mining equipment. This ~akes the prospection or 

exploration so important. The industry is now in the last stages of 

test and evaluation of prototype mining ~ystems [3]. However, the 

prospecting techniques are still under improvement. 

Exiting prospecting techniques involve combinations of spot-checking 

and deep-tow surveillance. Spot-checking employs lowering optical 
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sensors, grad samplers, box corners or dredgers several miles to the 

ocean floor to examine the ocean bed and obtain the bottom samples [1]. 

The other involves a towed 11fish 11 which is a sensor package containing 

photographic equipment, videotape equipment, side-scan sonar and trans-

ponders. The fish is usually towed at a very low speed (2 knots or 

lower) a constant distance (about 10-20 m) above the ocean bottom [4]. 

Accidents such as cable cutting or collisions with obstacles may occur 

on towing such systems. 

One sees that either speed of the mentioned surveillance is very 

low because of the long cable and deck machinery needed to deploy and 

operate the sensor systems, making prospecting very expensive. An 

alternative is therefore desirable to increase the speed of surveillance 

which will greatly decrease the prospecting cost. 

One way to increase the surveillance speed is to eliminate the long 

cable from which the instrumentation is suspended by using a remote 

sensing system. That is, the sensor system mounted either on a 11fish 11 

shallowly (on or just beneath the water surface) towed behind a surveying 

vessel (see Figure 1) at a normal crusing speed (8-10 knots) or in the 

vessel. 

Acoustic sounding is commonly used to obtain information on the 

nature of the ocean floor. It should be noted that most survey vessels 

have a subbottom profiler (frequency range from 3 to 5 kHz), an echo 

sounder (8-15 kHz) and a precision depth recorder sounder (25-35 kHz). 

Therefore by using existing shipboard sounding systems and by proper 

analysis and interpretation of bottom-reflected pulse data, the 

presence of and amount of nodules can be inferred. Potential mining 
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sites for manganese nodules can thus be easily identified from the 

nodule distribution maps [2] through this remote sensing survey. 

Generally speaking, in establishing the feasibility of prospecting 

for manganese nodules by using remote acoustic sounding two important 

problems will be encountered. First, the sing1e nodule scattering 

problem needs to be solved and then these results can be used in the 

solution of the multiple scattering problem. From this information 

predictions of the reflected return sound pulse sent from a survey 

vessel can then be compared to experimental results obtained in the 

lab to infer the presence of and amount of nodules. 

The scattering of sound was first investigated mathematically by 

Lord Rayleigh [5] who considered a sphere of dimensions small compared 

to a wavelength. For Rayleigh scattering both the diameter and the 

wavelength enter into the scattering in a simple power relationship. 

Anderson [6] was concerned with scattering from spheres whose acoustic 

properties are near those of the surrounding medium, and of diameters 

up to several wavelengths. Faran [7] studied sound scattering by 

cylinders and spheres of solid material and gave several mathematical 

solutions. Hickling [8] also did an analysis of backscattering from a 

solid elastic sphere in water and compared experimental results with 

his calculations. 

To make the single scatterer analysis tractable, it is necessary 

to use an idealized (but still meaningful) geometry. No single geometric 

form can be attributed to actual manganese nodules which are randomly 

shaped but on the average can be described as oblate, discord, or 

prolate [9]. In this thesis, the nodule will be modeled as an elastic 
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sphere (each scatterer on the bottom ha~ a circular cross-section, see 

Figure 2), which has both compressional and shear wavespeeds and wet 

mass density of the nodule material, half submerged in the sedimentary 

bottom (see Figure 3). The bottom is, in general, composed of abyssal 

silt which is relatively transparent to sound waves and its presence 

will be ignored. Thus, the total analysis assumes there is no inter-

action between the bottom and the nodule (see Figure 4). The surrounding 

medium (ocean) will be taken as a homogeneous and isotropic inviscid 

fluid. 

Nonlinear governing equations for the acoustic medium are 

perturbed to give a linearized wave equation. The elastodynamic vector 

wave equation from [10] is used for the nodules. Solutions for the 

linearized wave equations are expressed in terms of scalar potentials. 

The solutions are then used in the scattering computation for the 

elastic sphere excited by an incoming plane wave. The scattering cross 

section is computed, the scattering function is derived (which will be 

widely used in the multiple scattering analysis) and the results are 

presented to characterize the wave scattering from a single nodule. 

Results are presented first in algebraic form for Rayleigh scatter-

ing which is a low frequency scattering case. After this, results for 

a fluid sphere and a fixed rigid sphere, which are special cases of 

scattering from an elastic sphere, are provided. Computer programs 

were written for computing scattering properties and numerical results 

are presented for total scattering cross sections of fluid and fixed 

rigid spheres and the backscattering reflectivity factor of the elastic 

sphere. These results are compared with those from previous 
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investigators to ensure that the equations and the computer programs 

used in the scattering calculations are correct. Computations for 

manganese nodules are then carried out using the verified computer 

programs and results are presented as plots of nondimensional scattering 

cross section versus nondimensional wave frequency and the backscatter-

ing reflectivity versus nondimensiona1 wave frequency. Experimental 

values for the wave speeds in the nodule and nodule wet densities ob-

tained from a related investigation at Virginia Tech were used in the 

computations. 



II. GOVERNING EQUATIONS FOR THE ACOUSTIC 

AND ELASTIC MEDIA 

The dynamic field equations are derived for monochromatic waves 

propagating in an inviscid fluid and in an elastic medium. For the 

inviscid fluid the equation of motion, equation of continuity, and 

equation of state are linearized by taking small disturbances from an 

equilibrium state. The reduced wave equation is obtained by combining 

the linear field and state equations. The linearized elastodynamic 

vector field equation is written for the solid medium and simplified 

using techniques [11] for electromagnetic wave propagation problems. 

After simplifying the field equation for the solid to scalar Helmholtz 

equations, the vector problem is reduced to finding three scalar poten-

tials which are the solutions of three scalar Helmholtz equations in 

both longitudinal and transverse displacement fields. 

A. Linearized Acoustic Wave Equation 

A fluid medium at rest is taken with uniform density P0, pressure 
~ + ~ + p0, displacement u = O and velocity v = 0. After disturbing the 

medium, i . e ., in the presence of sound waves sent by the transmitter, 

the displacement, velocity, density and pressure become u'(x,t), 

v'(x,t), Po+ p'(x,t) and Po+ p'(x,t),respectively, where the primes 

denote the perturbed values. It is assumed that the disturbance is 

relatively weak so the nonlinear effects are negligible and the only 

energy involved in the acoustic motion is mechanical. The continuity 

7 
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equation, equation of motion and equation of state are, respectively, 

~ + 17 • (p v) = o at 

d-+ 
p d~ = - grad p 

p = H(p,s) , 

where s is the entropy. 

Substituting the expansion for velocity, density and pressure into 

( 1 ) 

(2) 

(3) 

(1) - (3) and linearizing them by retaining only first-order terms in 

the primed quantities, the equations then reduce to 

~ + p V•V 1 = 0 at o (4) 

-+ av• • 
Po at"°+ 17p = 0 (5) 

(6) 

where p1 <<p0, Iv' l<<c0, p'<<p0 and c0 is the adiabatic sound speed in 

the fluid medium. By taking time derivatives [ :t] and [ :: 2] of Eqs. 

(4) and (6), respectively, Eqs. (4) and (6) then become 

.Le_+ p V• ~ 2 I [ -+1) 
at2 o at = 0 (4-a) 

(6-a) 

a-+I 'i7n I 
Introducing a~ = - ..:..c:_ from Eq. (5) in (4-a) gives 

Po 

a2 I 
..c......2._ = 17 • ( Vp ' ) 
at2 

(7) 



9 

Eliminating the density in (6-a) and (7) gives the acoustic wave equa-

tion 

•/p• = _l_ ~ (8) 
C 2 at 2 

0 

Eq. (8) is of differential form in space and time. It can be 

handled more conveniently in the frequency domain. One introduces the 

following Fourier transform pair: 

and 

( ) 1 f CD ( ) i U) t f t = 211" -coF w e dw , (9) 

where w is the radian frequency. 

One sees from (9) that time differentiation is represented in the 

frequency domain by multiplication by iw. Eq. (8) can be written in 

the frequency domain as follows: 

(8-a) 

where p is the perturbation pressure and k is the wavenumber which 

is equal to w/c0. 

B. Wave Equations for the Elastic Solid 

The field equation for the elastic solid in the frequency domain 

is written from [10] as 

(;i,. + 2µ) ?(v'·u) 
+ 

= 0 ( 10) 
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Using (14), Eqs. (11) and (12) may be written as 

[v2 + kl2] (V•ul) = 0 

2 + + [vxvx - kT] (vxuT) = 0 

Eqs. (11-a) and (12-a) can be manipulated as follows: 

V•[(VV• + kl2) UL]= 0 

2 + + vx[(vxvx - kT) uT] = 0 

It follows from (14) that, 

2 + + vx[(VV• +kl) ul] = 0 

V•[(vxvx - kT2) uT] = 0 . 

( 11-a) 

( 12-a) 

( 11-b) 

(12-b) 

( 11-c) 

(12-c) 

From vector analysis, it is known that, except for the constant vector 

field which is trivial in the present case, if both the divergence and 

curl of a vector field vanish, then the vector field itself must vanish. 

The quantities inside the brackets in Eqs. (11-b) and (12-b) and (11-c) 

and (12-c) must vanish, leaving 

( 11-d) 

and 
2 + + [vxvx - kT] uT = O . (12-d) 

Both of these are now vector wave equations. The solution to each 

equation will have an implicit time dependence eiwt. 

C. General Solutions to the Wave Eouations 

Due to the geometry of the problem, the spherical coordinate 

system is introduced. The general solution to Eq. (8-a) is [12] 
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in which u is the perturbation displacement vector. 

where 

Taking the divergence of Eq. (10) gives 

kl = !:!!_ 
CL 

CL =~ PE 

PE= the density of the elastic solid 

A,µ= Lame constants 

cl= the longitudinal sound velocity in the elastic solid. 

( 11 ) 

Since the divergence of a vector is a scalar, Eq. (11) is thus recog-

nized as a scalar wave equation for the elastic solid. 

Taking the curl of Eq. (10) gives 

[vxvx - kT2J (vxu) = 0, ( 12) 

where kT = ~ , cT 
T 

= ]!_, and cT is the transverse sound velocity in 
PE 

the elastic solid. 

It is convenient at this point to decompose the displacement 

vector into longitudinal (or irrotational) and transverse (or solenoidal) 

parts as follows: 

where the subscript L refers to the longitudinal component and T 

refers to the transverse component; that is, 

v • UT = 0 
-+ -+ 

V X UL= 0 

( 13) 

(14) 
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p = l 
n,m=O 

p y m,n m,n 
. [jn (kr)1 

( e '1/1) 
nn ( kr) J 

( 15) 
co 

where Ym,n (e,w) is the spherical harmonic, jn(kr) and nn(kr) are the 

spherical Bessel function and Neumann function, respectively. The nota-

tion is indicated in Figure 5. 

Solutions to Eqs. (11-d) and (12-d) may be written from 

electromagnetic theory [11] as 

and 

-r 
where $Lis a scalar potential and A is a vector potential. One 

usually imposes on the vector potential the following condition 
-r 

'1•A = 0 
->-

( 16) 

( 17) 

( 18) 

to eliminate the possibility A being the gradient of another scalar 

function. 

To find the equation that governs $L' one substitutes Eq. (16} 

into (11-d). This gives 

Eq. (11-e) can be manipulated as 

Integrating Eq. (11-f) spatially gives 

('12 + kl2) $L = $o(w) 

( 11-e) 

(11-f) 

( 11-g) 



13 

where ¢0 is uniform spatially, and may be set to zero with no loss 

in generality because the preferred solutions are spatially dependent. 

Eq. (11-g) thus becomes 

( 19) 

One sees that the longitudinal field is the gradient of a scalar 

function which is obtained by solving a Helmholtz equation. 
+ The vector potential A has two components corresponding to two 

polarizations, the vertical shear and the horizontal shear. The 

vertical shear component can be expressed as [11] 

(20) 

where ¢vs is a scalar function, + r the radial component, and er the 

unit vector in r direction. The subscript VS denotes this solution 

as a "vertical shear" wave. 

Due to the symmetry of this problem (see Figure 5), there is no 

w dependence. Substituting Eq. (20) into (17) and using 

+ -+ + 
er re 6 rsine el)J 

+ 1 a a a <vxA = 
r2sine ar ae 3\ji 

(20-a) 

Ar rA6 rsine A, 
1iJ 

gives 

(20-b) 

-+ + + where Ar' A6 and Aw are the r, e and w components of A, and e6 and e~ 
+ are the unit vectors in e and~ directions. One sees that uVS is on the 
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r-e plane and this is i~here the name "vertical shear" comes from. 

The curl of Eq. (20) is also a solution to Eq. (17), that is 

+ 1 -+ 
AHS = kT vx[vx(rer ~HS)] , (21) 

where ~HS is another potential function. The HS designation implies 

that the solution is a "horizontal shear" wave because taking the curl 

of Eq. (21) and using (20-a) and (17) gives 

(21-a) 

which lies on the plane normal to r-e plane. The kT factor has been in-

troduced in Eq. (21) in order to give ~VS and ~HS the same dimensions. 

To find the governing equations for the scalar potentials ~VS and 

~HS first take the curl of Eq. (20) giving 

ox Avs = ,[ar:~s] - r er ,2 •vs (22) 

Now taking the curl of the curl of Eq. (22) gives 

oxox(<x Avsl = oxoxo [a::vsJ - oxox (r er s2•vs> (22-a) 
+ + 

Since vx Avs is a transverse wave and curl grad ( ) = 0, substitution of 

Eq. (12-d) into the left hand side of Eq. (22-a) gives 

(22-b) 

Comparing both sides of Eq. (22-b) using (20) one sees that ~VS must 

satisfy 
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Eq. (23) is a scalar Helmholtz equation. The same procedure can be 

applied to the HS polarization to get 

(24) 

To summarize, the elastic vector field equation has been reduced 

to three polarizations: two transverse and one longitudinal. The dis-

placement field may then be written as 

where, -+ 
UL = v'<f'L 

tvs = vxvx (r ;r ~vs) (25) 

-+ 1 ( -+ uHS = ~ vxvxvx r er ~HS) 
T 

The vector problem has been reduced to finding the scalar potentials 

~L' ~VS and ~HS which are the solutions of the following scalar 

Helmholtz equations satisfying the appropriate boundary conditions at 

the fluid-solid interface. 

(v 2 + k 2) ~ = O L L 

and (25-a) 

The general expansions in spherical coordinates for ~L' ~VS and ~HS 

are similar to Eq. (15) where the proper wave numbers kl and kT 

are substituted for k. 



III. SCATTERING COMPUTATION FOR THE ELASTIC SPHERE 

lHTH PLANE HAVE EXCITATION 

A time-harmonic plane wave of sound of frequency w in a fluid 

medium is incident upon an isotropic elastic sphere of radius a. The 

center of the sphere coincides with the origin of the coordinate 

system and the plane wave approaches the sphere along the negative z-

axis, as shown in Figure 5. Because of symmetry there is no~ 

dependence in the solution to the problem. Eq. (15) reduces to the 

simpler form [12] 

00 

pi = Pa I (2n+l) in jn(kr) Pn (cos e) , 
n=O 

where the subscript i denotes the incident wave, 

r > 0 (26) 

P is the pressure a 
amplitude, and Pn (cos e) is the Legendre polynomial. The reason 

for using jn(kr) as the appropriate spherical Bessel function in (26) 

is that jn is finite at r = 0. Actually Eq. (26) is the spherical 

expansion of the incident plane wave 

p. = P eikrcose . , a ( 27) 

In addition to the original incoming plane wave there is a 

scattered or diffracted wave that propagates energy in all directions. 

The pressure in the outgoing scattered wave, i.e., the scattered 

pressure field external to the sphere, will be of the form [12] 

r > a (28) 

16 
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where the subscript s denotes the scattered wave and hn(2)(kr) is 

the spherical Hankel function for outgoing waves for time dependence 

eiwt. The Bn coefficients must be evaluated using proper boundary condi-

tions. 

A. The Stress and Displacement Fields 

The displacement vector 

in spherical coordinates as 

-+ u of the elastic sphere can be written 

-+ -+ -+ -+ ( ) u = urer + u8e8 + uwew , 29 

in which uw = 0 because of symmetry. To get ur and u8 it is neces-
-+ -+ sary to find ul and uVS in terms of the scalar potentials ¢Land 

¢vs· In this problem the HS polarization does not arise because of the 

type of excitation. Therefore Eq. (25) becomes 

-+ -+ -+ ( ) u = ul + uVS 25-a 

As mentioned before, the vector problem has been reduced to 

solving ¢Land ¢vs which satisfy scalar Helmholtz equations and 

appropriate boundary conditions at the solid-fluid interface. Similar 

to the solution for (Eq. (15)), ¢Land ¢vs are found as 

00 

cpl = I anjn(klr) Pn(cos e) ' n=O 
r < a 

and 

00 

<Pvs = I b j (kTr) P (cos e) ' n=O n n n 
r < a 

where an and b are unknown coefficients to be decided using n 

(30-a) 
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boundary conditions. The spherical Neumann function is eliminated to 

avoid the singularity at r = 0. Substituting (30-b) into (20-b) and 

(30-a) into (16) and using Eqs. (25-a) and (29) gives ur, u8 as 

( 31 ) 

ue = I r;n jn(klr) ~e Pn(cos e) + bn ~r jn(kTr) ~e Pn(cos e) 
n=O ~ 

+ ~n j 0 (kTr) ~e P0 (cos e)J 
Only two components in the stress field are needed for the boundary 

conditions, namely crrr and crre· In spherical coordinates crrr and crre 

are expressed as [10] 

(32) 

-+ where t = v•u is the dilatation defined as the divergence of the 

displacement vector. One sees from Eqs. (19) and (30-a) that 

00 

t = v2~L = - kl2 I a j (klr) P (cos e) (33) n=O n n n 

Eqs. (31) and (32) are the required expressions for the displace-

ment and stress fields. They are used to evaluate boundary conditions 

at the boundary between the fluid and elastic medium in the following 

section. 
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B. The Scattered Wave Solution 

The boundary conditions applicable at the solid-fluid interface, 

r = a, are 

where 

1. Continuity of stress - the pressure in the fluid must be 

equal to minus the normal component of stress in the solid 

at the interface. 

2. Continuity of normal displacement - the normal (radial) 

component of the displacement of the fluid must be equal to 

the normal component of the displacement of the solid at the 

interface. 

3. Continuity of tangential stress - the tangential 

component of the shearing stress must vanish at the surface 

of the solid. 

Expressing these in spherical coordinates gives 

P· + P = - cr , s rr at r = a (34) 

ui,r + us,r = Ur at r = a (35) 

crre = 0 at r = a ' (36) 

the subscript r denotes radial direction. 

The radial components of the displacement associated with the 

incident and scattered waves, after using Eq. (5), are found as 

(37) 
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and 

(38) 

Upon substituting from Eqs. (26), (28), (31), (32), (33), (37) 

and (38), the boundary condition equations (34), (35) and (36) 

become, for the nth mode, 

where, 

2pEc/kL 2 [[2~/ - 1] jn2 - j ~21 •n + 2pEc/n( n+ 1) [jn3 

- X3 j~3J bn - a2 hnl = Pa a2 (2n+l) injnl 

X = kr 

x, = ka 

x2 = kla 

X3 = k a T 

jnl = j n (x,) 

jn2 = jn(x2) 

jn3 = jn(x3) 

(34-a) 

{35-a) 

(36-a) 
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hnl = h (Z) (x  ) n  1 

k 
djn (kl r) 

j~l = 
T 

d{k  r) 
2 kl 
3 T r = a 

ijn(kl r) 

j~2 = 
T 

d{kl r) 
3 T 

r = a 

dh (Z)(kr) 
h' = n 
nl  d{kr) 

r = a 

h3 
CT 

=-
CL 

Solving  Eqs.  (34-a),  (35-a)  and  (36-a)  simultaneously  for Bn by 

Cramer's  rule  gives: 

(39) 

where 

xl I 

nn1o -g x""2 nnl E 
C ~~~~~ ~~~ 
n X 

.  D  1  . I E 
-Jnl + g x""2 Jnl 

3 

nnl = nn(ka) 

dnn ( kr) 
1 n~l = d(kr) 
r = a 
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X3 Jn3 2 l 
{ ( 2 • II l [( l - 2x2 jn3 + n +n-2 2h32 - l 

The solution for the scattered pressure Psis found, by substi-

tuting (39) into (28), as 

00 p ( 
P = I 1 ~c (2n+l)in h 2)(kr) Pn(cos e) . s n=O +1 n n 

(40) 

At large distances from the sphere, i.e. kr >> 1, a simpler expression 

for the pressure of the scattered wave may be obtained by replacing 

hn(2)(kr) by the following asymptotic expression: 

h (2)(kr) - --1 e-i[kr - (n+l)n/ 2] as kr + 00 

n kr ' ( 41 ) 

Substituting (41) in (40) gives 

p "k --· ~ e- 1 r f(a e) Ps kr»l r ' (42) 

where f(a,e) defined as the scattering function is 

f(a e) = l I (2n+l){-l)n i P (cos e) 
' k n=O l + , en n (42-a) 

One sees that the scattering function F(a,e) depends on both the non-

dimensional frequency ka (implicit in en) and the scattering angle e. 
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It will be used extensively in Part II (Multiple Scattering Analysis) 

of this thesis. 

C. Scattering Cross Section 

The scattering energy is generally characterized by what is 

called the effective cross section (in some of the literature called 

the differential scattering cross section). The idea is that when an 

object or region scatters sound, some of the energy carried by the 

incident wave is dispersed. The energy lost to the incident wave is 

scattered radially or diffracted by the scatterer. The effective cross 

section is thus defined as the ratio of the scattered acoustic energy 

per unit solid angle in a given direction to the incident wave's 

intensity. The cross section has the units of an area. Mathematically 

it can be expressed as [13]: 

da = (43) 

where 

da = effective cross section 

R = the distance between the center of the scatterer and the 

receiver 

Is = the scattered wave's intensity at the field point a 

distance R from the scatterer's center 

ctn = differential element of solid angle 

I. 
l = the incident wave's intensity 
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The total effective cross ~ection cr is the integral of dcr over 

all directions of scattering, i.e., over the whole sphere representing 

a solid angle n = 4n. It is the ratio of the total scattered intensity 

to the incident energy flux density and has the dimension of area. 

1Pil2 
Since at long ranges I.=~~ and , p0c0 

written in the following form: 

(13], Eq. (44) may be 

(44-a) 

For spherical coordinates (refer to Figure 6), it is found that 

J4n fn f2v 
0 dn = 0 sinede O d~. For this coordinate system one obtains from 

(44-a), 

cr = (44-b) 

After substituting (42) into (44-c) and applying the following 

orthogonality condition of the Legendre polynomial (14]: 

where onm is the Kronecker delta, Eq. (44-b) becomes 



~ 

(J = 4 r 2n+1 
(ka) 2 n=O l+C 2 ' n 

25 

(44-c) 

where cr is the nondimensional total scattering cross section obtained 

by dividing cr by the projected area of the sphere 2 ( ira ) . 

In Part II of this thesis the total backscattered and forward 

scattered energy will be used in the energy flux calculation. Since the 

scattered energy is generally characterized by the scattering cross 

section, the expressions of the total backscattering and forward 

scattering cross section are also given. 

The total backscattering cross section denoted as cr+ is 

CJ+= (45) 

which relates to the energy scattered at least partly upward 

(0..:. e..:. f, see Figure 5). However, the energy scattered downward 

(f..:. e..:. ir) is described by the total forward scattering cross section 

which is 

CJ = (46) 

The total scattering cross section CJ is therefore the addition 

of the total backscattering cross section cr+ and the total forward 

scattering cross section cr-, i.e. 
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The calculation for cr+ and cr- is rather complicated since the 

Legendre polynomial Pn(cos e) is not an orthogonal function in either 
TT TT interval, i.e., e = 0 toe= 2 ore= 2 toe= rr. However, by letting 

~ 

x = cos e and using the following formula obtained from the properties 

of the Legendre polynomial [15]: 

-2 
TT(n-m)(n+m+l) 

J: Pm(x) Pn(x) dx = 0 

1 
2n+l 

r m+l r n+2 n = odd 2 2 
n+l m+2 'm = even r -2- r -2-

n,m = even 
n,m = odd (n!m) 

n = m 

where r( ) is the Gamma function whose properties are [14]: 

r(l)=l 

r (}) - 1 . 77245 

r(n + }) = 1·3·5·;~(2n-1) r[}} 

r ( n+ 1) = n ! , 

one sees 

0+ = _, _ [ r 2n+1 
(ka)2 n=O l+Cn2 

00 

+ I 
n,m=O 
n m 

even odd 

2(2n+l)(2m+l){l+CnCm) rf~ r 1~ l 
rr( 1+c/)(1+Cm 2 )( n-m)(n+m+ 1) r (n; \ r [m;2 )J 

(45-a) 
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where;+ [= :: 2J is the nondimensional total backscattering cross section. 

The expression for the nondimensional total forward scattering 

cross section a can thus be obtained by subtracting Eq. (45-a) from 

Eq. (44-c) as 

~-a = 1 [ I 3(2n+n 
(ka)2 n=O l+Cn2 

l n,m=O 
n m 

even odd 
odd even 

2(2n+1)(2m+l)(l+CnCm) r ~ r ~ ] 

~(1+cn2)(l+cm2)(n-m)(n+m+l) r n;l r m;2 } 

(46-a) 

D. Energy Consideration - Modal Reflection Coefficient and Forward 

Scattering Theorem 

The total pressure field outside the nodule is 

Pr= p. + p • l s (48) 

Substituting Eqs. (26) and (40) into the above equation and using the 

definition for the Spherical Hankel function [14], i.e. 

h (l)(kr) = j (kr) + i nn(kr) n n 

h (2)(kr) = j (kr) - i nn(kr) n n 

Eq. (48) then becomes 

P 00 ~ ( ) 1-i C ( ) ] p = i l (2n+l)in Pn(cos e) hn 1 (kr) - l+iC~ hn 2 (kr) . T 2 n=O 

(48-a) 
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As kr approaches infinity, the asymptotic forms of the Spherical 

Hankel function of the 1st and 2nd kind are [14] 

h (l)(kr) _ ~l ei[kr-(n+l)~/2] 
n kr 

h (2)(kr} _ ~l e-i[kr-(n+l)~/2] 
n kr 

The far-field expression of Pr can thus be obtained, by substituting 

the above equations into Eq. (48-a), as 

(48-b) 

One sees from Eq. (48-b) that Pr can be expressed as the combina-

tion of two components, one propagating inward and the other propagating 

outward. The first component (eikr) propagates inward. The other travels 

d · 11 d ( -i kr) d b · d h fl d ra ,a y outwar e an may e 1nterprete as t ere ecte waves 

(see [12]). The ratio between the pressure amplitudes of the nth out-

going and incoming waves is defined as the modal reflection coefficient 

Rn which is 

(49) 

From Eq. (39) en is known to be a real number for a nondissipative 

elastic scatterer. Therefore, the magnitude of Rn is unity which can be 

seen from the fact that Rn is a ratio between a pair of complex 

conjugates. This fact indicates that there is only a phase shift when 

the nth incoming wave is reflected from the nodule surface so no energy 
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is lost at the nodule surface.· 

At high frequencies the forward scattering sector forms the 

shadow zone, i.e. the total far-field pressure (Eq. (48-b) for 8 = rr) 

is zero. A connection between the total power abstracted from the 

incident wave (the total scattering cross section) and the forward 

scattering function f(a,rr) (Eq. (42-a) for 8 = rr) seems reasonable [12]. 

The relationship between each can be found by the following: 

Recall Eq. (44) for the total scattering cross section. Evalua-

tion of (44) for scattering from the elastic sphere gave, from Eq. (44-c), 

00 

cr = 4rr L 2n+l 
k2 n=O l+C 2 

n 

(44-d) 

For forward scattering, i.e. s = rr in this case (see Figure 5), the 

scattering function f(a,e) becomes, after substituting s = rr in Eq. 

(42-a) and separating the real and imaginary parts, 

f(a,rr) = l L Cn(2n+l) + i l (2n+l) 
k 1 +C 2 k 1 +C 2 ' 

n n 

(42-b) 

where the Legendre polynomial for forward scattering reduce to [14] 

From Eqs. (47-a) and (42-b) one sees that the forward scattering 

function f(a,rr) is related to the total scattering cross section cr as 

follows 

cr = :rr Im[f(a,rr)] , (44-e) 

where Irn[f(a,rr)] denotes the imaginary part of f(a,rr) in Eq. (42-b). 



30 

One may also  relate  the  total  scattering  function cr to  the  modal 

reflection  coefficient Rn. From Eq.  (49) 

1  - C 2 

Re(Rn) = 1 + cn2 , 
n 

(49-a) 

where Re(Rn) denotes  the  real  part  of Rn. The simple  arithmetic  gives 

1  1 
~~ = I (1  + Re(Rn)) . (49-b) 
l+C 
n 

After  substituting  Eq.  (49-b)  into  (44-d)  one  sees  that 

2 00 

cr = 2 I (2n+l)(l+Re(R  ))  . 
k  n=O n 

(44-f) 

Comparing Eq.  (44-f)  with  (44-e)  the  forward  scattering  function f(a,~) 

can  also  be  expressed,  using  the  modal reflection  coefficient Rn, as 

00 

Im[f(a,~)] = 1k n[O (2n+l)(l+Re(Rn)) 



IV. SCATTERING RESULTS FOR SPECIAL CASES 

The effect of an elastic sphere of dimensions small compared to 

a wavelength in a sound field is investigated. Both the radius of the 

sphere and incident wavelength enter into this so-called Rayleigh 

scattering in a simple power relationship. Scattering from spheres 

whose acoustic properties are near the surrounding fluid medium, i.e. 

fluid spheres without shear waves inside, is treated for all wave 

lengths. The solution for scattering by rigid, immovable spheres can 

also be obtained as a limiting case of fluid spheres. 

A. Rayleigh Scattering (Long Wave Length - Asymptotic Result) 

For scattering from an elastic solid sphere whose radius a becomes 

much less than the incident wavelength ~rr , i.e., ka << l, both zeroth 

(monopole) and the first order (dipole) terms of the series solutions 

for Ps are important. By omitting higher order terms Eq. (42-a) is ex-

panded as 

l ( i 3i ) f kr>>l k l+iCo Po(cos 6) - l+ic, P,(cos 6) (42-c) 

Eq. (42-c) can be further reduced, using P0(cos e) = l and P1(cos e) = 
cos e, to: 

l ( i 3i J f -kr_>_>.,..l k l+i c0 - 1 +i c1 cos 6 (42-d) 

One sees that the first term on the right hand side of Eq. (42-d) 

relates to the monopole radiation and the second term generates dipole 

31 
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radiation. 

Substituting Eq. (42-d) into Eqs. (44-c), (45-b) and (46-b) one 

sees that 

where 

A 4 2 1 2 
CJ = 4(ka) (E1 + 3 E2 ) , ka«l 

A+ 4 2 1 2 
CJ = 2 ( ka) ( E1 + E1 E2 + 3 E2 ) ka « 1 

E _ 1 1 
1 - 3 - 3e1-4e2 

= g - 1 
E2 2g + 1 

·1 = g[:~r 
·2 = g[::r 

(50) 

( 51 ) 

(52) 

Eqs. (50), (51) and (52) are respectively the expressions of nondimen-

sional total scattering, backscattering, and forward scattering cross 

section for an elastic sphere in the Rayleigh region. All results are 

proportional to the fourth power of the nondimensional frequency, i.e. 

the ratio of the radius of the sphere to the incident wavelength. They 

can be further simplified, by taking cT = 0, as 

A- ( 4( 2 1 2 CJ - 4 ka) E3 + 3 E4 ) , ka<<l (50-a) 
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A+ - ( )4 ( 2 l 2) cr - 2 ka E3 + E3E4 + 3 E4 , ka<<l ( 51-a) 

&-= 2(ka)4 (E32 - E3E4 + t E42) ' ka«l (52-a) 

where 
e1-l _ .9.:.l_ 

E3 = 3el and E4 - 2g+1 

One sees from Eq. (50-a) that the zeroth order monopole term (the 

first term on the right hand side) is dependent only on the compressi-

bility of the sphere and the first order dipole term (the second term 

on the right hand side) depends only on the density of the sphere. 

Eqs. (50-a), (51-a) and (52-a) are found to be the solutions for a fluid 

sphere in the Rayleigh region [17]. 

For very large e1 (compressibility ratio) and g (density ratio), 

i.e. e1>>l and g>>l, Eqs. (51) and (52) may be converted to the Rayleigh 

region solutions for a rigid sphere [16]. Nondimensional total 

scattering, backscattering and forward scattering cross section for a 

rigid sphere are, from (50-a), (51-a) and (52-a), respectively 

A 7 ( )4 cr = 9 ka , ka«l (50-b) 

A+ 13 4 cr = 18 ( ka) , ka«l (51-b) 

,._ l ( )4 cr = 18 ka , ka«l (52-b) 

B. Scattering from a Fluid Sphere, All Wavelengths 

The same procedure used in solving the scattering problem for the 

elastic sphere is also applied to the fluid sphere. Instead of three 

boundary conditions, two boundary conditions in pressure and velocity 

fields are required since the fluid sphere cannot support a shear 
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stress. At the interface between the fluid sphere and the surrounding 

fluid two boundary conditions must be satisfied: 

p. + p =pf, at r = a 
l s 

at r = a 

(53) 

(54) 

where pf is the pressure inside the fluid sphere, and the subscript f 

denotes fluid sphere. pi and Ps are given from Eqs. (26) and (28), 
respectively. pf can be written as (see Eq. (30-a)) 

OD 

Pf= L Dnjn(kfr) Pn(cos e) , 
n=O 

(55) 

where Dn are unknown coefficients to be decided using (53) and (54) 

and kf is the wave number for waves inside the fluid sphere. 

v. , vs rand vf can be obtained by the following relationship 1,r , ,r 
which is from Eq. (5): 

1 ap. f 
V = ~- l,S, 

(i,s,f),r 2 ar 
pQw 

Solving the simultaneous equations (53) and (54) for Ps, it is 

found that 

(56) 

where 
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j I : 
djn(kfr) 

nf d(kfr) 
r = a 

jnl = jn(ka) 

j~l = 
djn(kr) 
d(kr) 

r = a 

k = ~ 
f cf 

nnl = nn(ka) 

n' = 
dnn(kr) 

nl d(kr) 
r = a 

h 
cf = -co 

cf= wave speed inside the fluid sphere. 

Using Eq. (41) the pressure at a point far removed from the sphere is 

~~ Pa eikr ~ (-~)ni (2n+l) Pn(cos 6) Ps kr»l kr l l+1e n=O nf 
(56-a) 

One sees that both solutions of the scattering problem for 

elastic and fluid spheres have the same form except that they are dif-

ferent in the expressions for en and enf' i.e. &, cr+ and &-for fluid 

spheres can be obtained by changing Cnf for en in Eqs. (44-c), (45-a) 

and (46-a), respectively. 
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C. Scattering from a Fixed Rigid Sphere 

It is of interest to obtain a limiting case for a sphere of 

radius a with density and sound speed ratios approaching infinity 
-n~l (g,h + ~). In this case Cnf reduces to~ .• - and the nondimensional 
Jnl 

total scattering, backscattering and forward scattering cross sections 

are found by substituting this reduced Cnf into Eqs. (44-c), (45-a) and 

(46-a) for en, respectively. 



V. COMPARISON OF RESULTS WITH PREVIOUS INVESTIGATORS 

The equations derived in Chapter III in solving the scattering 

problem of an elastic sphere are used to obtain the numerical data in 

this chapter. The computation of total scattering cross sections of 

fluid and fixed rigid spheres (special cases of the elastic sphere) and 

the calculation of the backscattering reflectivity factor for the 

elastic sphere are presented. The results are compared with computa-

tions of previous investigators and show a good agreement. The compari-

sons are carried out to ensure that the computer programs used to 

implement those equations in Chapter III are valid. 

A. The Total Scattering Cross Sections of Fluid Spheres 

Calculations of nondimensional total scattering cross sections 

for fluid spheres of different density ratio g and different compres-

sibility ratio h have been made by Anderson [6]. Nondimensional total 

scattering cross sections were calculated using Eq. (44-c) where Cnf in 

Eq. (56) was used in place of en. 

One sphere has values of g = 1 .0 and h = 1 .2. The other has both 

g and h equal to 0.5. The calculation was also made using the re-
-n• 

duced Cnf which is~ for en in Eq. (47) for a fixed rigid sphere. 
Jnl 

The results are presented as plots of & vs. ka in Figures 7, 8, and 9. 

Anderson's results are limited to the frequency range O.:. ka.:. 6. 

However by using a computer the frequency range can be extended. In 

calculating & the first five terms in the series (Eq. (44-c)) were used 

in the frequency range O < ka < 1 .0 (Rayleigh region). Twenty terms 

37 
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were used in the range l .0 < ka.::. 10, and sixty terms were used in the 

range 10 < ka.::. 30. The higher order terms in the expression for Cnf 

become more and more important in the higher frequency ranges and in 

different frequency ranges the series solution for cr can be truncated at 

different number terms, i.e. more terms than required used in calculation 

will give the result with an accuracy up to eight decimal places. 

Anderson's results are also plotted on Figures 7, 8, and 9 for 

comparison. One sees that in the frequency range O < ka < 6 the 

results match well. A fluid sphere of small g and h (usually less 

than one) is highly resonant, i.e. many peaks of cr appear at various 

values of ka which are nondimensional resonant frequencies (see Figure 

9). However, the resonances do not appear for the hard (large g and h) 

fluid sphere (see Figures 7 and 8). 

B. Reflectivity Factors of the Elastic Spheres 

Anderson presented part of his results using a reflectivity factor 

(also known as the form function [17]) which is defined in notation of 

this report as 

R = llfl_ s a (57) 

Calculations of the reflectivity factor at s = 0 (backscatter) have 

been made by Hickling [8] usinq Faran•s analysis [7] for elastic spheres. 

In reference [8] results are provided as plots of Rs=O denoted 

as f in [8], versus the nondimensional incident wave frequency ka. 
00 

The expression for backscattering reflectivity factor Rs=O' after 

substituting Eq. (42) into (57), becomes 



39 

Re=O = 2alf(a,0)1 (58) 

The reflectivity factor Re=O can thus be computed from Eq. (58} by 

taking sufficient terms using a computer. 

The backscattering reflectivity factors were calculated using 

Eq. (58) for armco iron and beryllium sphere whose properties are shown 

in Table 1. The fluid outside the sphere was assumed to be water of 

density 1 g /cc and compressional velocity 1410 m/sec. The results are 

compared with those of Hickling. Again in calculating Re=O five terms, 

twenty terms and sixty terms were used in the frequency ranges 

0 ~ ka ~ 1, 1 < ka.::. 10, and 10 < ka.::. 30 respectively. The results 

are presented as plots of Re=O vs. ka in Figures 10 and 11. These 

results accurately duplicate Hickling 1 s [8] Figures 3 and 5 which appear 

in Figure 12 of this thesis. The plot of Re=O vs. ka is also presented 

for a rigid sphere (see Figure 13). 

The results obtained in sections A and B of this chapter agree 

well with the computations made by previous investigators. Thus the 

computer program used to implement the equations in Chapter III seems 

valid. The solutions for the scattering problem of a manganese nodule 

using these programs are presented in the following chapter. 



VI. RESULTS AND DISCUSSION 

A. Computations for Manganese Nodu1es 

Numerical values of the wave propagation speeds of manganese 

nodules are required in order to quantify the results. Values for the 

compressional and shear wave speeds of manganese nodules do not appear 

in the literature since only the mineralogical properties of nodules are 

usually the topics of interest. However, samples of manganese nodules 

and slab material donated by Deep Sea Ventures, Inc. have been analyzed 

recently at Virginia Tech. The wave speeds in manganese nodules from 

Atlantic and Pacific Ocean basins were measured by Smith [18]. The 

ranges of cl and cT for nodules in the wet condition are shown in Table 

2. It is found that the ratio of cT over cl' i.e., h3, for wet Pacific 

nodules is generally larger than that for wet Atlantic ones. Also this 

is true for the wet density ratio. Generally speaking, the wet specific 

gravities for nodules from both oceans are in the range of 1 .9 to 2.0 

which is higher than Gladsby's result [19], but is close to Greenslate's 

data [20]. One also sees that the compressional wave speeds (cl) are 

always larger than shear wave speeds (cT)' as would be expected in an 

elastic medium (see Eqs. (11) and (12)). 

Nodules from the Pacific Ocean are of prime interest for this 

thesis because of their potential for future mining operations. The 

ratios of cl over c0, cT over c0 and the density ratio g of the Pacific 

nodules are required in obtaining quantitative results for the scattering 

from manganese nodules. Values of cl/c 0, cT/c0 and g used in the 

40 
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calculations are 1.70, 1 .57 and 1.94 respectively. Values of cl' cT 

and the density of wet Pacific nodules were taken from Table 2. A salt 

water density (p0) of 1.03 g /cc and sound speed in salt water (c0) 

of 1500 m/sec were used in obtaining these ratios. For comparison and 

to show the different effects of both nodule shear waves and density in 

the high frequency and Rayleigh regions, i.e., sensitivity test, another 

sets of cl/c 0, cT/c0 and g were also used in the computations (see 

Table 3). 

Results for this specific scattering problem of manganese nodules 

from the Pacific Ocean are shown in Figures 14 and 15. Figure 14 shows 

the relationship between the nondimensional total scattering cross 

section & and the nondimensional frequency ka of the Pacific nodules. 

In computing this, Eqs. (39) and (44-c) were used. One sees from this 

log-lo~ plot that up to ka equal to 0.4 the curve is a straight line 
A whose slope is about 4.0. This means that in the range O ~ ka ~ 0.4 cr 

is proportional to (ka)4 ·0 for scattering from a single spherical Pacific 

nodule. The value of & increases with increasing ka until A 

cr 

reaches its first local maximum value of 7.48. The corresponding ka 

is 2.30. In the range 0.4 < ka < 2.30 the curve cannot be described by 

a simple power relationship between a and ka because more and more 

higher order terms come in the series solution for ; after ka leaves 

the Rayleigh region. For ka>>l, high frequency effects dominate and the 

nodule obeys a geometrical scattering. In other words, when the radius 

of the nodule is very large compared to the incident wave length, 

geometrical scattering phenomena occur. This can be seen from the small 

fluctuation of cr with respe~t to ka where cr approaches a constant 
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value for the larger ka cases in Figure 14. 

The relationship between the backscatter reflectivity factor 

Re=O of the Pacific nodule and ka is shown in Figure 15. One sees 

many peaks and troughs for the backscattering (internal resonance, 

detail later). The value of Re=O increases rapidly from l .15 to 8.11 

in the narrow frequency range of l .5 < ka < 2.2. Resonant frequencies 

do not happen in the Rayleigh region (ka <<l) and the magnitude of Re=O 

is much smaller than that in the high frequency region. 

Figure 16 compares the results of a Pacific nodule and the same 

nodule with the shear wave speed cT set to zero (fluid sphere case). 

One sees that the major differences in shape occur at the higher fre-

auencies (ka > 1). The Pacific nodule has higher values of cr in the 

range l.::.. ka.::.. 12. From the Rayleigh region up to ka = l, the two curves 

are parallel to each other and the nodule always has higher values of 
A 

cr. 

For two nodules differing only in density ratio g Figure 17 

gives the comparison. Although there are differences of cr in both the 

high frequency and Rayleigh regions, the changes in the region ka > 4 

are very small and can be neglected. The first local maximum of cr 

appears at a larger ka for the nodule with g equals l .4 (the wet 

density ratio was taken as l .4 by Gladsby [19]). Two curves in the 

Rayleigh region are parallel up to ka = 1. However the nodule with 

g = l .4 has the higher cr in this region. The density ratio g 

apparently affects the low frequency regicn and for large ka the change 

in g does not vary the total scattering cross section significantly. 
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The effect of a change in shear wave speed cT on cr is shown 

in Figure 18. In the low frequency region, ka < 1, two curves are 

parallel to each other and the nodule with cT/c0 = 1 .2 has much lower 

values of cr in the region. The resonance of & does not occur for 

the lower value of cT. Generally speaking, in the high frequency range 

the nodule with a higher cT/c0 ratio gives smaller values of cr. This 

is probably due to the constraint from the higher rigidity. In the 

low frequency region the scatterinq is dominated by the rigidity and 

this can also be seen from Figure 16 where the fluid sphere has zero 

rigidity. 

The polar plots of the reflectivity Re vs. e for the rigid sphere 

of ka = 0.01, 2 and 8 are shown in Figures 19, 20 and 21 which are in 

good agreement with Stenzel 's results [21]. The calculation of the 

reflectivity for nodules has also been done for ka = 0.01, 2 and 8 and 

presented as plots of Re vs. e shown in Figures 22, 23 and 24. In the 

high frequency region the forward scattering vdll form the shadow. How-

ever one sees in both cases (rigid and elastic spheres) the back-

scattering is eminent in the Rayleigh region. The scattering strength 

in both cases has more fluctuations in directions in the high frequency 

region than in the low frequency region. 

B. Free Vibration Analysis of Single Nodule 

As can be seen from Figures 10, 11 and 15 of Re=O vs. ka for 

Beryllium and Armco spheres as well as for a single nodule, there is a 

strongly fluctuating behavior for sound scattering from elastic bodies 

at moderate to large ka characterized by sharp spikes. Calculations from 
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previous investigators showed close correspondence between frequencies 

of the free vibration of the elastic sphere in vacuum and the fre-

quencies (i.e., ka) at which the minima occur in Re=O (see [7], [17] 

and [22]). 

In practice, the measurement for both shear and longitudinal wave 

velocities of manganese nodules was under some experimental error (within 

a certain range). The free vibration analysis of the elastic sphere 

in vacuum can thus serve as a guide to check the error. In other words, 

the sound velocities in nodules can be best estimated until the computed 

free vibration frequencies of the nodule best corresponded to the experi-

mental minima of Re=o· As noted by Faran [7], there is usually a shift 

between the position of a minimum on Re=O and the free vibration fre-

quency of the elastic sphere. However, for a nondissipative sphere with 

the density much larger than that of the surrounding fluid, the fre-

quency shift is small pointed out also by him. For the nodule, the 

density ratio g is 1.94 and is not so large that one should expect a 

moderate frequency shift when doing such a comparison. 

Some literature shows that successive minima appearing in the 

plots of Re=O vs. ka are caused by a coincidence of the speeds of various 

elastic-type creeping waves (regge poles) with the phase velocities of 

various normal mode vibrations of the scattering body (see [22] and 

[23]). Since the scattered pressure field is obtained by means of a 

modal series (see Eq. (40)), it is convenient to study the properties of 

the individual normal mode rather than to do the creeping wave analysis. 

However, it is not to be discussed further in this thesis. 
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C. Absorption Analysis of Singl~ Nodule 

Experimental measurements of the backscattering response (e.g. 

R6=0) from solid metal spheres in water show excellent agreement with 

those calculated from the elastic theory (see [17] and [24]). These 

results demonstrate that ignoring absorption effects is a very good 

assumption for metals. 

Grubb [25] did some acoustic measurements for manganese nodules 

(due to the limitation of the testing facility tiny nodules of about 

1/10 inch diameter were used). Results from Grubb are not conclusive 

because many experimental flaws associated with the preliminary testing 

set-ups. However, there was some indication that the acoustic dissipa-

tion may be presented in the nodule material seeing from the comparison 

between the measured R6 vs. ka and that calculated from the analytical 

formula. 

As mentioned before, manganese nodules are porous. Therefore, 

nodule pores are filled with fluid which may introduce dissipation. 

This suggests that a modification of the present elastic sphere model to 

include the effects of the absorption on shear and compressional waves 

in manganese nodules should be established. 

Biot [26] investigated the propagation of elastic waves in a fluid-

saturated porous solid in great details and established a general theory 

to solve the related problems. However, in doing the calculation the 

dissipation arising from the porosity can be obtained by using complex 

wave numbers into the elastic theory (see [27]). The complex compres-

sional and shear wave numbers kl and kT are given by 
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co co 
kL1 a = (ka) - - ika - SL 

CL CL 
(59) 

ca ca 
k • a = ( ka) - - i ka c sr T CT T 

where SL and Sr are absorption factors which may be obtained using Biot 1s 

theory [26] or obtained experimentally (see [28]). 

The computations of the backscattering response (e.g. R9=0) for 

absorbing spheres can be done using Eq. (58). However, the elements of 

en (in Eq. (39)) containing spherical Bessel functions will now have 

complex arguments. Since no tabulation of Bessel functions with complex 

arguments are available, an alternative method will be considered. 

Vogt et al [27] redefined those Bessel functions in terms of the hyper-

geometric function together with its properties to calculate the back-

scattering response of a plane wave from a lucite sphere (i.e. an ab-

sorbing sphere) using the computer. Their results show a good agreement 

between the model modified with the absorption and the transient wave 

measurement. 

The method employed by Vogt et al [27] will thus serve as a guide 

in the modification of the present elastic theory in which the nodule 

is modeled as a nonabsorbing elastic sphere. However, the detailed cal-

culation for the porous nodule is beyond the scope of this work. The 

absorption factors SL and Ss for nodule materials must be known before 

computations can be carried out. 
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D. Summary 

The results expressed as plots of nondimensional scattering 

cross section(&) versus nondimensional frequency (ka) for a nodule 

modeled as an elastic solid sphere represent the nodule's "acoustic 

signature." The specific "acoustic signature" of the Pacific nodule 

can be used to distinguish nodule deposits from acoustic returns from 

other bottom types. 

The scattered acoustic signal from the nodule is, in general, a 

function of the incident wave's frequency. For very low frequencies 

(Rayleigh scattering) the wave length is much larger than the nodule 

radius, i.e. ka<<l, and the scattered wave varies from the fourth power 

of the frequency. This can be easily seen from plots (Figures 13-18) 

in the low frequency range (0.15 :::_ ka :::. 1). The density ratio g 

dominates the magnitude of scattering cross section in the low frequency 

region. However, all curves in the low frequency region are parallel 

to each other and have similar slopes on the log-log plots (slope 4 for 

ka<<l according to Rayleigh [5]). 

In the high frequency region (ka>l), the nodule's shear wave speed 

(rigidity) becomes important. The rigidity will give a larger response 

for an elastic sphere than for a fluid sphere in the high frequency 

range. This can be seen from Figure 16. The maximum cr for the Pacific 

nodule is found, from Figure 13, to be about 7.48 corresponding to a 

frequency range of 17 to 27 kHz for nodules around 5 to 8 cm in 

diameter. The audible frequency range from 5.6 to 9 kHz corresponds to 

aka of 1 .0 for the 5 to 8 cm diameter nodules. 
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It is well known that nodule material is a porous solid [20]. 

Porosity may produce viscoelastic effects. The elastic model presented 

here can be generalized to include viscoelastic effects due to 

porosity using Biot's [26] models or modifications. This modeling work 

should be conducted parallel with experimental laboratory work on 

measuring loss mechanisms in wave propagation in nodule material. 

For the single scattering problem interaction between the ocean 

bottom and the nodule has been ignored. The mud sediment in which the 

nodules rest is known to be relatively transparent acoustically. To 

take into account the presence of the ocean bottom is a difficult 

mathematical boundary value problem. A closed form analytical solution 

is probably impossible because one cannot express the boundary condi-

tions on both the sphere and the ocean bottom interface in a simple way 

using one coordinate system. However, a combined analytical finite 

element technique based on the work of Venderborck and Rumelhard [29] 

can be developed in solving this problem. 



PART TWO 

ANALYSIS OF MULTIPLE SCATTERING FOR MANGANESE NODULES 
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VII. INTRODUCTION, Part 2 

The multiple scattering of waves by randomly distributed scatterers 

has been studied in the literature. As early as 1945 Foldy [30] has 

applied a self-consistent method to obtain the index of refraction for 

scalar waves traveling in a medium of random, isotropic scatterers. 

Later in 1951 Lax [31,39] extended the self-consistent method to 

the anisotropic scattering in addition to the monopole and dipole case 

and also gave a detailed review of multiple scattering of waves. The 

highlight lies in the discussion of the effective scattering field in 

dense systems, i.e., where scatterers are crowdedly distributed in space. 

The quasi-crystalline approximation was suggested to simplify the 

averaging process. 

Twersky [33,38,41,42,43] has done extensive work in the multiple 

scattering of waves from volumetric and planar arrangements of 

scatterers. As expected physically, Twersky [43] shows that the average 

scattered wave, from a planar arrangement of scatterers excited by an 

incident plane wave, is also a plane wave characterized by an equivalent 

reflection or transmission coefficient. 

Ishimaru [37] interpreted Foldy, Twersky and other previous in-

vestigators• work and used the consistent set of integral equations to 

explain various processes of multiple scattering. The multiple scat-

tering problem can therefore be divided into two general categories: 

(1) for a sparse distribution of scatterers, the single scattering 

analysis is good enough in evaluating the average scattered field. How-

ever, (2) for a dense distribution of scatterers, the pair correlation 

50 



51 

appeared in the second equation of the Foldy-Lax hierarchy is required 

to obtain more accurate scattering results. 

The present problem is the investigation of the acoustic wave 

scattering from randomly distributed nodules on a plane, i.e. sea floor. 

In order to make the randomness tractable, statistical quantities such 

as the area number density, the nodule size distribution statistics and 

the radial distribution characteristics of nodules are required. A 

statistical description of the manganese nodule deposit is given in 

Chapter VIII where the configurational average [30] is introduced. 

Chapter IX begins with the statement of the multiple scattering 

problem and ends with all the formulations which will be used in the 

later analysis and calculations. Then to make the scattering processes 

physically understandable the orders of scattering are explained and the 

concept of the coherent and incoherent fields are also presented. 

The sound source with relatively narrow beam widths is particularly 

important in the deep ocean sounding environment. A Gaussian beam form 

acoustic wave as a spherical type sound source is investigated in 

Chapter X. The effect of the beam width on the average backscattered 

wave field is examined. The result is used to verify the validity of the 

plane wave excitation for the multiple scattering problem. 

Sumitomo Metal Mining Company of Tokyo, Japan, has recently 

developed and is now marketing a sounding equipment for exploring deep 

sea manganese nodules. Chapter XI is therefore a review of Sumitomo's 

work and describes their idealized scattering model which is shown to be 

complementary to the present study. Sumitomo's system requires at-sea 

calibration and the present ~nalysis shows why this is necessary. 
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In Chapter XII the configurational averages for the wave function, 

wave intensity and enerqy flux are derived for a sparse distribution of 

nodules excited by a normally incident plane wave. The equivalent 

reflection and transmission coefficient are obtained which are functions 

of the incident wave frequency and the forward and backward scattering 

characteristics for a single nodule. The energy principle is verified 

for the single scatterina case where higher order terms are small and 

can be neglected. A simple step function representing a radial 

distribution function is used in finding its effect on the average 

scattered field and serves as a guide for future study. 



VIII. STATISTICAL DESCRIPTION OF MANGANESE NODULE DEPOSIT 

In order to analyze the acoustic waves which are scattered by a 

randomly planar distribution of scatterers, i.e. for the present case 

nodules on the ocean floor, it is necessary to know the statistical 

description of nodule deposits. One usually characterizes scattering 

from random distributions of scatterers by the ensemble average of the 

relevant physical quantities (e.g. wave function itself) as presented by 

Foldy [30]. 

From a similar statistical analysis one finds that the incident wave 

and the scattered waves combine on the average to form a specularly 

reflected wave which indicates the presence and the amount of 

scatterers [31]. One is therefore, instead of investigating one 

particular bottom configuration of nodule deposits, interested in the 

statistical measures of all possible bottom configurations of nodule 

deposits. 

The statistical picture of the ocean floor covered with nodules can 

be described by three relevant nodule distribution characteristics: the 

area number density, the distribution of nodule sizes and the spatial 

distribution of nodule locations. They will be investigated in detail 

in this chapter. 

A. Nodule Size Statistics 

Photographs of manganese nodule deposits on the ocean floor (see 

Figure 25) give valuable statistical information relevant to the 
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detection and identification of the nodule deposits. In a related in-

vestigation at Virginia Tech, Smith [18] measured the apparent area of 

nodules and determined the center location of each nodule of several 

central Pacific nodule deposit photographs provided by Deep Sea Ventures 

Inc. 

The number of nodules per unit bottom area (the area number 

density p) was determined by counting the nodules on a bottom photograph 

in a known bottom area. This statistical quantity gives a lowest order 

spacing statistical information about nodule deposits. For a sparse 

distribution of nodules this information, i.e. p, and the size distribu-

tion are sufficient to evaluate the magnitude of the average scattered 

response (details later). 

The apparent projected area of each nodule was measured with a 

planimeter from enlarged photographs which are properly scaled. In 

making an abundance estimate from bottom photographs, as pointed out by 

Felix [32], both the number and the total apparent projected area of 

nodules may be greatly underestimated. By comparison with box coring 

data it was found that in some instances the nodule abundance taken from 

bottom photos was approximately 50 to 75 percent of the true abundance 

attributed to partial or complete coverage of some nodules by a thin 

layer of sediment. However, Felix's observations were based only on a 

small area of the North Pacific nodule belt and might be valid for some 

locations but not for all. For example, the bottom photograph of nodules 

appeared in Figure 2 does not suffer from this effect. The photographs 

used in Smith's analysis were clear and the apparent size of each nodule 

was carefully examined and approximated so that the blanket effect was 
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minimized to the lowest extent. Some of Smith's results were also 

derived from box core samples published by McFarland [49]. Therefore 

Smith's results are in general expected to be adequate in the estima-

tion. As a matter of fact, under the acoustic sounding the surface-

sediment layer is relatively transparent to the sound wave and acoustic 

measurements would not suffer from the blanket effect as photographic 

measurements might. 

Since the nodules were modeled as spheres, the apparent radius 

a. of each nodule was defined as the square root of the apparent pro-
J 

jected area Aj by dividing by ir: 

a . = ./A . / ir • 
J J 

Therefore the average of any power, m, of the radii may be calculated 

directly from the data for N nodules by the following relation: 

in which the overbar represents the arithmatic average. However, it is 

more convenient to describe the size statistics by a probability density 

function q(am) so that 

m r"" m m m a = J q(a )a da 
0 

(60) 

From the photograph analysis Smith found that the radius squared 

distribution histograms (see Figure 26 for example) were well approxi-

mated by the Rayleigh distribution curve for the radius squared distri-

bution given as 
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( 61 ) 

For the curve fit the Rayleigh parameter b was obtained by matching 

a2 = 1~12 b (derived from Eq. (60) form= 2) of the Rayleigh distribu-

tion function to the photograph analyzed value of a2 of the histogram. 

Consequently an expression relating the probability densities for 

different powers of the apparent radius a was obtained by Smith as 

( 61 -a) 

One sees that the relationship between the averages of different powers 

of the apparent radius, i.e. am, and the Rayleigh size distribution 

parameter b can thus be obtained using Eqs. (60) and (61-a). One 

complete statistical bottom data set was computed from Smith's photograph 

analysis in which a2 = 9.3 cm2 and summarized as Table 4. 

8. Spatial Distribution of Manganese Nodule Deposit 

In sparsely distributed nodule fields nodules are assumed to be 

spaced far enough apart so that the probable location of each nodule is 

independent of the locations of the others. As mentioned previously, 

the lowest order statistical quantity p and the size distribution can 

best describe the bottom configuration. However, in dense packing 

nodule fields the separation distance statistics becomes important 

because the joint statistics cannot be ignored (see Twersky [33]). 

Therefore, the higher order spacing statistics between any two nodules 

needs to be considered in the multiple scattering analysis. On the 

ocean floor covered by crowded nodules the location of each nodule is 

not independent any more but is constrained by the positions of 
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adjoining nodules. 

Smith [18] did the analysis for the locational relationship between 

pairs of nodules in manganese nodule fields using bottom photos. Smith 

calculated the distances between nodules in photographs. The resulting 

data set of distances was grouped in equal distance intervals and the 

number of nodules in each distance group was counted. Geometrically, the 

distance intervals represent rings of bottom area about each nodule. 

Since the ring area increases proportionally with the distance from each 

nodule, the number in each distance group would be expected to be the 

same. The geometrically expected variation is eliminated by dividing 

the number in the distance group by the distance and the product is 

represented as a bar graph versus the distance. One example shown in 

Figure 27 was calculated from one bottom photograph that had a reference 

length scale. 

The bar graph represents the pair relationship between two nodules 

through the normalized radial distribution function f(R). Similar 

radial distribution functions were numerically generated by Hong [34] 

using the Perius-Yevick equation of liquid physics (see Croxton [35]) 

to describe the spatial correlation between the particles. Although 

Hong approximated his crowded monolayer of spheres to be a mixture of 

three sizes (or species) of spheres, his theoretical results are still 

in good agreement with the experimental data. Hong's spatial correlation 

between spheres considered both size and location. Since the spheres of 

the same size can be grouped together in his analysis, the location and 

the size statistics are interdependent. In Smith's analysis sizes are 

not accounted for in the pair correlation between nodules as the 
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analysis has assumed they are independent for convenience. 

One sees from Figure 27 that since there is little chance that 

nodules lie on top of each other thus at small distances there is an 

exclusion region where the radial distribution function f(R) - 0 and 

the adjacent nodules are exhibited by the first peak, i.e. f(R) > 1. 

However, each adjacent nodule also has its own exclusion region and 

somewhat shields the original center nodule from its next nearest 

neighbors. Hence a valley on the graph (f(R) < 1) appears. This cor-

relation of the nodule locations decreases with increasing distance until 

at large distances, i.e. the jth nodule is located in a region far 

away from the kth nodule, the relative location of the jkth pair is very 

weakly correlated and can be considered to be uncorrelated. This may 

be observed from the graph; as R increases f(R) asymptotically approaches 

unity, i.e. uncorrelated. 

C. Configurational Average of the Nodule Field 

Since all nodules do not have identical scattering properties 

(they are random in almost all aspects) it is assumed that the scattering 

properties of the jth nodule are determined by a single scalar scattering 

parameter denoted by sj. Physically speaking, the scattering parameter 

sj depends on the physical and geometrical characteristics of the jth 

nodule. To find such a dependence is beyond the scope of this study. 

However, according to the single nodule scattering analysis it is 

reasonably assumed that the scattering parameter sj can be represented 

by the acoustic properties, i.e. the radius a, the density ratio g and 

the sound speed ratios cl/c 0 and cT/c0, of the jth nodule. 
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If there is a collection of tl nodules lying on the bottom and the 

position tj(xj,yj,O) and scattering parameter sj are given for each 

then one particular configuration of the nodule fields is defined. 

However, for the problem of multiple scattering of waves by the nodule 

fields one is interested in the statistical average taken over the 

ensemble of all possible bottom configurations of nodule deposits, i.e. 

all possible arrangements of rj and sj for j = 1 ,2, ... ,N. 

Since nodules are statistically distributed on the ocean bottom, 

an ensemble of configurations of nodule deposits can be characterized by 
-+ a joint probability distribution function of rj and sj which is 

P (-+ -+ -+ ) = P r1,r 2, ... ,rN ;s 1 ,s 2, ... ,sN . (63) 

The distribution (63) specifies the probability that the first nodule 

lies in the element of area drl about the position rl and has a 

scattering parameter lying between s1 and s1 + ds1 . Similarly the 

second nodule lies in the element of area dr2 about the position r2 and 

has a scattering parameter lying between s2 and s2 + ds2, etc. The 

probability of finding such a nodule field can thus be represented as 

By introducing a random scalar function F which is a function of 
-+ (-+ -+ -+ ) h the rj's and s/s, i.e. F = F r 1,r 2, ... ,rN ;s 1 ,s 2, ... ,sN, t econ-

figurational average of F, which may be a physical quantity (e.g. pres-

sure or energy flux), over the ensemble of configurations can be given 

in terms of P following Foldy [30]: 

<F> = f ···I (64) 
2N 
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The conditional joint probability distribution function 
( -+ -+ -+ -+ ) P rl'r 2, ... ,rN_1; sl's 2, ... ,sN-l / rj;sj which is useful in the 

averaging process represents the probability of finding the N-1 nodules 

located at the appropriate intervals of r + dr with the scattering 

parameters s + ds when the jth nodule is at the fixed position rj with 

the scattering parameter sj. In the same manner the conditional joint 

probability distribution function 

which represents two nodules held fixed and 

has three fixed, etc. 

According to the law for the conditional probability [36], one 

sees, 

P(r1 ,r 2, ... ,rN; sl's 2, ... ,sN) = Pj(rj;sj) P(r 1,r 2, ... ,rN-l; 

s1,s2, ... ,SN-l / rj;sj) , 

etc. , 

= Pjk(rj,r\; 

sj,sk) , 

(65) 

where P(r.;s.) is the probability of the nodule occurring between rJ. and 
J J 

drj with scattering parameter between sj and dsj' and P(rj,rk; sj,sk) is 

the probability of the jth and kth nodules occurring simultaneously as 

specified, etc. 
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The conditional configurational average of a random function F over 

the ensemble of configurations of N-1 nodules holding the jth nodule 

fixed with the scattering parameter sj can thus be defined in terms of 

the conditional joint probability distribution function P(r1 ,r 2, ... ,rN; 

s1,s2, ... ,SN / rj;sj) as 

<F>j = J .... J F P(r1,r 2, ... ,rN-l; s1,s 2, ... ,sN-l / rj;sj) 
2M-2 

N 
where IT 

n=l 

M 

gration is not performed over drj and dsj. 

(66) 

Similarly the conditional configurational averages of F with two, 

three or more nodules held fixed are expressed as, respectively, 

N 
rr 

n=l 
nfj ,k 

( 67) 

< F > j k 2 = J .. . . J F P ( r, . r 2 • .. . • r\~ _ 3 ; s, • s 2 , .. • • s N-3 1 ; j , r\ . r 2 ; 

2N-6 

etc. 

N 
IT di\ dsn 

n=l 
nfj ,k,2 
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Using Eqs. (65) and (66) the configurational average of F (Eq. 

(64)) can thus be written as 

<F> = ff<F>. P(r.;s.) dr. dsJ .. J J J J (64-a) 

Similarly the conditional configurational averages of <F>. and <F>.k can 
J J 

be expressed using Eq. (65) in terms of <F>.k and <F>.k in the follow-
J J !/, 

ing manner: 

<F>. 
J 

( 66-a) 

(67-a) 

In each of the above equations ((64-a), (66-a) and (67-a)) the 

function Fon the RHS is averaged with one more nodule held fixed than on 

the LHS. Also in each successive equation the function Fis averaged 

with one more nodule held fixed. Thus with each successive equation more 

information on the statistics of the configuration of the nodule field 

is required. However, rather than consider the entire series which 

requires knowledge of all joint probability distribution function 
( -+ ) (-+ -+ ) (-+ -+ -+ ) . P rj;sj , P rj,rk; sj,sk , P rj,rk,r!/,; sj,sk,s!/,, etc., the series may 

be truncated by applying an appropriate closure condition on the function 

F. In this study, one will see later for a sparse distribution of nodules 

the lowest order statistics, i.e. P(rj;sj) which is related to the areal 

number density p and the size distribution, is enough to describe the 

nodule field. However, the next higher order statistics, i.e. 

P(rj,rk; sj,sk) is required to describe the rather crowded nodule field 
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which involves the pair correlation. 

D. Separation of the Joint Probability Distribution Function 

In this study the acoustical properties of nodules are assumed to 

be independent of their sizes. The scattering parameters will be con-

sidered to depend on the nodule size characterized by its apparent radius 

a only (this results from the fact that in the single nodule scattering 

analysis average values of g, cl/c 0 and cT/c0 were used for all nodules). 

Therefore Smith's results for the statistics of nodule deposits may be 

applied to multiple scattering calculations. According to Smith's 

photograph analysis, the nodule size is independent of its location. 

The joint probability function Pj(rj;sj) can thus be written as the 

product of the size probability density function q(aj), and the locational 

probability distribution function was follows 

P.(r.;s.) = q(a.) w(r.) . 
J J J J J 

(68) 

To illustrate the averaging procedure the multiple scattering of 

waves in the case of a loosely packed system, i.e. nodules are sparsely 

distributed on the ocean bottom, is fjrst to be investigated. In other 

words, the nodule field in which the area number density pis low and the 

nodule size is much smaller than the mean separation between nodules is 

considered. In such a case, the location and the scattering parmeter of 

each nodule can thus be assumed to be independent of those of the other 
(+ + + ) nodules. Under this assumption, P r 1 ,r 2, ... ,rN; s1,s 2, ... ,sN can be 

written as, using Eq. (68), 



N 
= rr q{aJ.) w(rJ.) ' 

j=l 

64 

(69) 

where the random locational probability distribution function w(rj)' in 

this situation, is given by 

( -+ ) - p w rj - N . (70) 

It can be further shown that the normalization of P(rj;sj) should be 

unity, i.e. 

(71) 

where A is the bottom area on which the jth nodule may lie. 

However Eq. (69) cannot be applied to the case of densely packed 

systems, where nodules are crowded on the bottom plane, for which the 

pair correlation must be considered. For a dense distribution of nodules, 

the ·pair statistics may also be represented as P(rj,rk; sj,sk) in Eq. 

(66-a) and the locational pair statistics alone may be represented by 

the radial distribution function f(R) as Smith did in the photograph 

analysis. Using Smith's results for the nodule field and assuming that 

the nodule size distributions are independent of their locations the 

pair statistics P(rj,rk; sj,sk) can thus be written as 

(72) 
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where R = irj - rkl· 
After substituting Eqs. (68), (69), (70) and (72) into Eqs. (64-a) 

and (66-a) one obtains 

<F> = _NP ff <F>. q(a.) dr. da. 
J J J J 

(64-b) 

(66-b) 

As can be seen from Eqs. (64-b) and (66-b), additional accuracy in 

evaluating the average total field <F> can, of course, be obtained by 

using the third equation (i.e. Eq. (67-a)), and then higher order equations 

which involve higher order statistics. However, at this point only two 

equations, i.e. (64-b) and (66-b), are considered. For nodule deposits, 

it turns out to be a good approximation. 



IX. STATEMENT OF THE MULTIPLE SCATTERING PROBLEM 

AND THE FORMULATION 

Consider the case of steady-state, time-harmonic scattering of 

waves with frequency w. The value of the scalar wave potential 1)1 at the 

point Rat time t can be represented as w(R)eiwt . The acoustic 

potential 1)1 is related to the velocity vector v and the pressure pas 

follows (Eqs. ( 5) and (16)). 

-+ 
V = 'v1), 

(73) 
p = iw PO 1), 

-+ 
In the absence of scatterers from the acoustic medium, w(R) satisfies 

the Helmholtz equation (ref. Chapter II) 

('v2 + k2) 1), = 0 

In this study, the self consistent field approach (see Foldy [30]) 

will be used for the multiple scattering analysis. The self consistent 

field method assumes that a wave is emitted by each scatterer of an 

amount and directionality. The excitation is determined by adding to the 

incident wave all scattered waves emitted by the other scatterers which 

are in turn affected by the emitted wave from that scatterer. The self 

consistent procedure is not an expansion in primary, secondary, 

tertiary waves, etc. The field acting on a given scatterer or emitted 

by it includes the effects of all orders of scattering. However, in 

this chapter, the orders of scattering will be introduced and interpreted 

so that one can physically understand the scattering processes. 

66 
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A. Self Consistent Method 

Now consider a random distribution of N nodules. The total wave 
+ + 

function at the field point R is the sum of the incident wave ~i(R) and 
+ 

the scattered field U(R) and can be written as 
+ + + 

~(R) = $i(R) + U(R) , (74) 

where the scattered field is the sum of the waves emitted by each of the 

N nodules, 

+ U(R) (74-a) 

The jth nodule, with its center at rj on the bottom plane (see Figure 28), 

emits a wave whose directional strength, i.e. the scattering amplitude, 

is determined by the scattering function f(a.,e.) (see Eq. (42-a)) and 
J J 

the external field ~j(rj) causing the scattering. The propagation of 

the emitted wave is described by the medium propagation characteristics 
+ 

from the center position of the jth nodule rj to the field location R 
++ + 

denoted as E(R,rj). Symbolically the jth scattered wave uj(R) can be 

represented as 
+ - j + + + u . ( R ) - f ( a . , e . ) $ ( r . ) E ( R , rJ. ) , 

J J J J 
(75) 

+ + 

where 
+ + _ e-i k I R-r j I . . 

E(R,r.) - + + 1n the far field. 
J IR-rjl 

The self consistent approach results from defining the external 

field which excites scattering from the jth nodule as the total field 

(see Figure 29-a) minus the wave emitted by the jth nodule itself 

~j ( r. ) = ~ ( r. ) - u . ( r. ) 
J J J J 

(76) 
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The above equation can be written as, using Eq. (74) and (74-a) and 
-+ -+ 

letting R = rj , 

N 
11) Cr.) = 1/J. Cr.) + I uk(rJ.) . 

J l J k=l 
(76-a) 

k~j 

Thus the singularity of the emitted wave at rj is eliminated while all 

orders of scattering are considered. Figure 29-b gives the picture of 

the external field acting on the jth nodule. Eqs. (74) and (76-a) 

constitute the following fundamental pair of equations of multiple 
-+ -+ 

scattering, after substituting the expressions for U(R) and uj(R) (Eqs. 

(74-a) and (75), 

-+ 
1/J( R) 

-+ N . ++ 
= 1/J i ( R) + l f ( a . , 8 . ) 1/JJ ( r. ) E ( R, rJ. ) 

j=l J J J 
(74-b) 

(76-b) 

B. Orders of Scattering 
-+ -+ 

In principle, the total wave function at R, i.e. iµ(R), can be ob-

tained by eliminating ijJj(rj) from Eqs. (74-b) and (76-b) and solving for 
-+ 

the incident wave 1/Ji(R). By substituting Eq. (76-b) into (74-b) and 

iterating the same process in the following manner Eq. (74-b) then 

becomes: 
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69 

N -+ -+ -+ -+ 
w(R) = 1/J. (R) + l f(aj,ej) E(R,rj) rt.(r.) l l J j=l 

N k (-+ -+ + l f(ak,ek) 1/J (rk) E rk,rj)J 
k{!j) 

-+ N N N 
= 1/J. ( R) + l A. 1/J .. + l I A. Ak 1/J. k l j=l J lJ j=l k;! j J l 

N N N 
+ l l I A. Ak. Aik W·i + ... ' j=l k;!j ;!k J J l 

-+ -+ A. = f(a.,e.) E(R,r.) J J J J 
A kj = f ( a k , e k ) E ( r k , r j ) 

A1k = f(ak,a 1 ) E(ri,rk) 

w .. = w. (r.) 
l J l J 

wik = wi(rk) 

1/J;i = 1/J;(ri) 

( 77) 

It is necessary now to consider each term of Eq. (77) to under-

stand its physical meaning (see Twersky [38]). The first term on the RHS 
-+ 

of Eq. (77) is the incident wave at R. The second term, actually a summa-

tion of'A. 1/J •• represents all 
J lJ N N 

The next summation, I I 
j=l k{!j) 

scattering (see Figure 30-b). 

the single scattering (see Figure 30-a). 

A. Ak. 1/J.k, represents all the double J J l 

The fourth term is a triple summation, but 

the terms k=j and i=k are excluded, while the term i=j is not excluded. 

Therefore, this summation may be separated into two summations in which 

one includes the terms containing distinct j, k and i, the other has the 

terms corresponding to i=j, i.e. 
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(77-a) 

The triple summation on the RHS of Eq. (77) is pictured in Figure 30-c. 
+ + The next second summation involves only two nodules located at rj and rk 

(see Figure 30-d). 
+ 

Generally speaking, the total scattered field at R, i.e. 
N j + .l AJ. 1/J (rJ.), is affected by two major multiple scattering processes and 

J=l 
can be divided into the following two groups: 

1. The first group consists of all the multiply scattered waves which 

involve chains of successive scattering through different nodules and may 

be called the island-jump scattering (see Figure 31-a). This kind of 

scattering dominates almost all the multiple scattering processes and 

when the number of nodules is large Eq. (77) can be approximated by 

+ + N N N 
x{R) = xi(R) + I A. 1/J .. + l l A. Ak. 1/J.k 

j = 1 J 1 J j = 1 k;= j J J 1 

N N N 
+ l l l AJ. AkJ. AQ,k 1/Ji.Q, (77-b) 

j=l k{fj) 2(tk,;!j) 

with only a small difference (see Ishimaru [37]). It can further be 

shown that there are N terms for single scattering, N-1 terms for double 

scattering, N-2 terms for triple scattering and so on. 

2. The second group is composed of all orders of multiple scattering 

(except single scattering) which all the scattering paths go through a 
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nodule at least twice {ping-pong type scattering, see Figure 31-b). This 

kind of scattering may become important when the backscattering is large 

compared with the scattering in all other directions and the number of 

nodules is finite [37]. However, in the present problem the main focus 

is aimed at the first group. 

Eq. (77} is also known as the expanded representation, by 

Twersky [38], which is useful in understanding the scattering processes 

involved. 

C. Coherent and Incoherent Field 

Since the nodules are randomly distributed, the scattered field U 

is not constant and its magnitude (also phase) will fluctuate in a random 
+ 

manner. Thus one sees from Eq. (74) that the total field at R, i.e. 
+ 

$(R), is also a random function and can usually be divided into the average 

field<$> and the fluctuating field $1 • The reason for this is because 

the multiple scattering problem is usually divided into a consideration 

of the coherent and incoherent radiation. (The average field<$> is also 

called the coherent field and$' the incoherent field.) 

The square of the magnitude of the coherent field 1<$>12 is 

the coherent component and the average of the square of the magnitude of 

the incoherent field is the incoherent component. The sum of the coherent 

and incoherent components is the average of the square of the magnitude 

of the wave function, i.e. 

(78) 

where$' is related to U as 
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\/JI = u - <U> 

or (78-a) 

<I\/J' 12> = <IUl2> - l<U>i2 

The energy flux s defined as [11] 

-+ l *-+ -+* s = I (p v + pv) 

is an important quantity in the wave propagation theory for considering 

energy conservation. Using Eq. (73) the energy flux scan be expressed 

in terms of \/J as: 

iw PO * * s= 2 (ijJVijJ-ijJVijJ), 

where the asterisk denotes the complex conjugate of the quantity to which 

it is attached. The configurational average of the energy flux becomes 

-+ 
<S> 

iw Po * 
= 2 [<iji'i]ijl> * <\/JVijJ >] 

or (79) 
* -+ \/J 'yijl ( [ ) <s> = wk Po Re< -ik > see 43] 

The average energy flux <s> contains also coherent and incoherent components 

and will be discussed in more detail later. 

0. Configurational Average of the Wave Function 

As mentioned in Chapter VIII, one is interested in quantities which 

are averaged over all possible configurations of nodules. According to 

Foldy1 s discussion [30] it is more practical to take the configurational 

averages of fundamental quantities, e.g. ijl, and solve for the averaged 

quantities than to solve the fundamental quantities for the total field 
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and then perform the averaging process. In other words, instead of 
-+ 

solving w(R) from Eqs. (74-b) and (76-b) and find the configurational 
-+ -+ 

average of 1/J(R), i.e. <1/i(R)>, one will take the configurational average 
-+ -+ 

of 1/J(R) first and solve for <1/J(R)> using the self consistent approach 

[30]. By the same procedure results can also be obtained for the con-

figurational average of the energy flux <s>. 

-+ 
The configurational average of 1/J(R) can be obtained by substituting 

-+ 
the expression of w(R) (Eq. (74-b)) for Fin Eq. (64-b), 

-+ <1/i(R)> -+ N J = <1/1.(R)> + Q.N l 
l . 1 J= 

-+ -+ j (-+ -+ E(R,rJ.) <f(a.,e.) 1/1 r.)>. dr. J J J J J 
(80) 

where f(aj,ej) = J: f(aj,ej) q(aj) daj is the size averaged individual 

scatterer•s strength. The above equation can be further reduced to 

<1/J(R)> = w,.(R) + p J E(R,;.) <f(a.,e.) 1/Jj(r.)>. dr. , (80-a) J J J J J J 
-+ 

since the configurational average of wi(R) remains the same and the 

position of the jth nodule is arbitrary. 

In a similar way, the configurational average of the external 

field of the jth nodule with its position held fixed can be written as, 

using Eq. (66-b) and the approximation NNl - 1 for large N, 

<Wj(rj)>j = 1/Ji(rj) + p J E(rk,rj) f(R) <f(ak,ek) 1/Jk(rk)>jk drk 

(81) 

As a matter of fact, if one keeps doing the averaging process a 

series of N coupled integral equa~ions known as the Foldy-Lax hierarchy 
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[37] will result. Generally speakinq, to evaluate the configurational 

average of the quantity on the LHS in the Foldy-Lax hierarchy the infor-

mation on the RHS of the same equation is required which appears to be 

evaluated as the LHS of the next equation. However by applying an 

appropriate closure condition for one equation in the Foldy-Lax hierarchy 

the average quantity on the LHS can be evaluated from the RHS directly in 

the same equation. Thus equations before this can be solved successively 

backwards using the obtained information and equations after this 

hierarchy are truncated. This is essentially a procedure which ignores the 

effects of the higher order statistics. 

For a sparse distribution, the appropriate closure condition due 

to Foldy [30] is that the conditional average of the external field of 

the jth scatterer is nearly equal to the average total field at rj, i.e. 

j + + <W ( r . ) > . - <1/J ( r . ) > 
J J J 

(82) 

The resulting relation for the self consistent average field is, after 

substituting Eq. (82) into Eq. (80-a), 

._ ljJ ( R) > = ljJ • ( R) + p J E ( R,; , ) < f ( a . , 6 . ) ljJ ( r. ) > drJ. . 
l J J J J 

(80-b) 

The closure condition of Eq. (82) assumes that the configuration of other 

nodules and the average total field are affected little by the location 

and the scattering parameter of the jth nodule. Therefore for a sparse 

distribution Eq. (80-b) alone can appropriately describe the average 
+ + 

total field <w(R)> (or coherent field <1/J(R)>) and all other equations in 

the Foldy-Lax hierarchy are truncated. One also sees that only the 

lowest order statistical quantity pis required for a sparse distribution 

of nodules. 
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However, for crowded scatterers (dense distributions) the 

locational statistics (see discussions in the previous chapter) become 

important. Consideration of correlated pair statistics involves inclu-

sion of the second equation (Eq. (81)) in the Foldy-Lax hierarchy. In 

the crystalline case, Eqs. (80-a) and (81) constitute a complete descrip-

tion of the average total field since no additional information can be 

obtained by holding additional scatterers fixed. Thus for any fixed set 

of scatterers, <wk>jk does not differ from <wj>j and therefore no 

approximations are required to treat the crystalline case. In order to 

apply this criterion to the present problem an appropriate closure condi-

tion is required. The corresponding closure condition 

was termed the quasi crystalline approximation by Lax [39] since it is 

strictly valid in the crystalline case. This approximation is tacitly 

made in many treatments of homogeneous media. 

Physically the presence of the kth scatterer affects its external 

field, i.e. by restricting the locations of the others through pair 

correlations, but the exact location of a particular one of the others, 

the jth, is unimportant. This is a particularly good approximation for a 

dense distribution of scatterers where the jth scatterer would tend to 

be lost in the crowd of others. The resulting coupled pair of equations 

are 

E(R,;J.) <f(a.,e.) wj(r.).> dr. J J J J J (80) 
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j (+ + J + + k + ) + <$ rj)>j = wi(rj) + p E(rk,rj) f(R) <f(ak,ek) w (rk >k drk 

( 81-a) 

One sees from Eq. (80-a) that a next higher order statistics, i.e. the 

radial distribution function f(R), besides the area number density pis 

required to obtain the average total field for a dense distribution of 

nodules. 

E. Size Averaging of the Scattering Function 

In evaluating the coherent field<$> using the self consistent 

method, the size averaging of the scattering function f(aj,ej) can be 

either done earlier or later. According to the previous assumption the 

nodule sizes are independent of their locations so that the integrations 

can be done separately. 

The size averaging of the scattering function is, from Eq. (80), 

(80-c) 

For a uniform size distribution, i.e. aj = a , one knows 

However, for the size distribution of the Rayleigh type q{aj) can be ob-

tained as, from Eq. (61) with m = 1, 

q(a.) = (2a. 3;b2) Exp (-a. 4/2b2) , 
J J J 

( 61-a) 

where b2 = 0.74(a) 4 calculated from Table 4. 

Substituting Eq. (61-a) into Eq. (80-c) and rearranging the terms 



where 
a. 

x = i or a , 

77 

_ Joo ( 1/4 - ) -n f(aj,ej) - 0 f 1.103 n a,ej e dn , 

where n = 0.676 x4 

It is easy to verify 

J: q ( a j ) da j = l 

by substitution of variables yielding, 

J: e-n dn = l . 

(80-d) 

In fact f(aj,ej) is difficult to evaluate because it is both 

frequency and e dependent. But the size averaging of the backscattering 

(or forward scattering) function f(aj,e) is e independent and its 

magnitude can be calculated using a computer. 

Generally speaking, the size averaging process is able to smooth 

the resonant spikes in the high frequency region. This can be seen from 

Figure 32 which is the comparison between the square root of the total 

scattering cross section divided by the nondimensional frequency, i.e., 

/cr/ka, vs. ka for a uniform size distribution of nodules (has been 

normalized by 2rrpa2) and that for nodules with the Rayleigh size distri-

bution in which 

/;;ka = ( J: la q(a) da) / ka 

The calculation is based on a sparse distribution of nodules and the 
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expression for the total scattering cross section cr can be found from 

Eq. ( 44-c). 



X. NARROW BEAM ANALYSIS 

Most investigators use plane wave excitation to analyze the 

multiple scattering problem from a plane of scatterers (see References 

[34], [40], [41], [42], [43]). The results yield a scattered wave which 

is analogous to the reflection of a plane wave on a rough surface 

characterized by an equivalent reflection coefficient [43]. In marine 

geophysics it is customary to use the ray theory [13] together with 

the plane wave reflection coefficient to study the reflections at the 

sea floor, i.e. rough subbottom. Therefore, the present study uses the 

normally incident plane wave as this closely represents the equipment 

(see Figure 1) used in the remote sensing. The narrow beam spherical 

wave (as an acoustic source) analysis is done here to indicate the 

accuracy of its usage and justify the plane wave analysis for the 

multiple scattering problem. The normal incidence of a narrow beam is 

also used so that one can obtain a physical interpretation of the 

analysis without going into too much complexity in mathematics. 

In this chapter, the backscattered response of a random distribu-

tion of manganese nodules on a plane subjected to a normally incident, 

narrow beam form acoustic wave is to be investigated for single 

scattering (valid for a sparse distribution [44]). Typical echo 

sounders use beam widths of at least 60° for the acoustic beam so as to 

accommodate the roll and pitch of the survey ship. However, in the deep 

sea sounding environment high intensity is required to overcome trans-

mission losses occurring in the water column. In order to do this the 

79 
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narrow beam width is beneficial because it concentrates the acoustic 

energy into a smaller area on the bottom. Therefore in the market much 

smaller beams are becoming common, with 6° being representative [45]. 

A. Gaussian Beamform Acoustic Wave 

The acoustic source which is located a distance H above the bottom 

plane (see Figure 33), radiates a spherically spreading pressure wave 

with a Gaussian beamform 
-+ -+ 

R e-(ik+µ) IR-zl 
0 = VJ ~ .+ 

a I R-zl 

2 -ao e (84) 

In which 1/1 is the acoustical potential, z = (0,0,H), µ the absorption 

coefficient in the fluid medium (ocean), R0 the reference distance 
-+ -+ 

(usually one meter), o the beam width (in radian), 1/IR-zl the spread-

ing factor and a the Gaussian beamform coefficient defined as 

a = 

where oHP' the half power beam width, is shown in Figure 34. 

On the bottom plane, i.e. z = 0, at a distance rj from the beam 

axis the incident wave field becomes 

( -+ ,,, Ro e-(ik+µ)D e-aoJ·2 
1/li r j) = "'a D 

where Dis the distance between the transducer and rj. 
field at the image point, i.e. z =-Hor D = 2H, is 

1/1.(z=-H) 
1 

e-(ik+µ)2H 
= 1/la Ro 2H 

(84-a) 

The incident 

(84-b) 



81 

B. Scattered Wave Field 

A single nodule located at rj on the bottom plane (z=O) will 

radiate a spherically spreading wave due to the excitation by the 

incident wave. The strength of the radiated wave depends on both the 

external wave field (for the single scattering case the incident wave 

field $i(rj) only) and the nodules' characteristics which can be 

described by the scattering function f(a,e) {see Eq. {42-a)). Although 

the scattering function f{a,e) was derived for a plane wave, it is 

appropriate for the narrow beam analysis since the field curvature is 

negligible at the nodule. The backscattered field (ej=O) at z=H of the 

single nodule at rj can thus be defined as, using Eqs. (75) and (84-a), 

(86) 

In which e-(ik+u)D/D is the far field expression for E(R,;j) in Eq. (75) 

which satisfies the radiation condition (46]. The subscript b.s. denotes 

the backscattering. One sees from Eq. (86) that the spreading factor 

is now 1/02 for the scattered field Uj(b.s.)· 

If there is a sparse distribution of nodules on the ocean floor, 

the total backscattered field is simply the sum of the fields scattered 

from each nodule. In other words, the single scattering phenomenon 

which the external field of each nodule is due to the incident wave 

alone (see Figure 30-a) and is the first order approximation of the 

scattering processes. The total backscattered field is thus found as, 

using Eqs. (74-a), (80-a) and (86), 
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where the axial symmetry and the polar integration for a large area 

J dr. = J2n J00 r. dr. de= 2n J00 r. dr. 
A Jo oJ J oJ J 

have been employed. From the geometry (Figure 33) one sees 
r. 

tan oj = "ff 

02 = H2 + r.2 
J 

Using the above relatoinships and changing the integration variable by 

(instead of rj integration, oj integration is used) 

r. dr. = H2 [t-] d[t-] J J 

= H2 tan o. sec2 0. do. 
J J J 

in Eq. (87), the configurational average of the total backscattered 

field becomes 

n 

<Ub.s.> = 2,p f(aj,O) •a Ro J: .-2(ik+µ)H sec Oj .-a6j2tan oj doj 

(87-a) 

The integral in the above equation can be done using the principle 

of stationary phase [48]. The magnitude of kH is always much larger 

than that of ao2 (see Table 5 for comparison). For kH>>l, which is a 

phase control factor, the integral can be converted to the following 

form 
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in which ( ) ( 2u ) a , 2 g a . = 2 + ....-k sec a . + . kH 5 . • J l J l J 

The phase angle y is obtained by solving the oj which makes 

g'(o.) = (2 + 2k~) sec a. tan a.+ ~akH a-= O J l J J l J 

(87-b) 

and is found to be zero, i.e. y = 0, in this case (in the interval of 

0 and ~12). The second derivative of g(oj) evaluated at the phase 

angle y = 0 is 

11 ( 0 ) : 2 + 2u + ~ 
g k i i kH 

Using the stationary phase principle, (87-b) can be written in 

the following manner 

2 

Joo -i kH g11 ('Y') ~ 
g(y) e 1; di; , 

0 
(87-c) 

in which I; is the parameter in the Taylor expansion around the phase 

angle y, i.e. 

II ( ) 2 g(a.) = g(y + 1;) = g(y) + g'(y)1; + 92,-Y I; + 
J - . 

tau oj = tan (y + 1;) = tan'Y + sec2y 1; + ... 

Substituting y = 0 and the expressions for g{y) and g11 (y) into (87-c) 

one obtains 
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-ik(l + ~k) 2H Joo -ikH(l+~k + .akH) ; 2 
e , e , , ; di; 

0 
(88) 

Finally after substituting Eq. (88) into (87-a) and carrying out the 

integral in (88) the configurational average of the total backscattered 

field becomes 

<Ub > . s. 
= 21rp f(aj ,0) 

ik 

R e-(ik+µ)2H 
0 ---.:2,.,...,H ___ 1jJ a • 

(89) 

One sees from the above equation that the last term is actually 

the incident field at the image point, i.e. z = -H, comparing with Eq. 

(84-b). The beam effect which involves in the second term a/ikH can be 

evaluated. As can be seen from Table 6 at large depth, unless a very 

narrow beam width under the low frequency is used, the beam effect on 

the average backscattered field is very small and can be neglected for 

further analysis of multiple scattering problems. The first term is 

thus recognized as an equivalent plane wave reflection coefficient which 

relates the average backscattered field to the incident wave field by 

just a simple proportionality. This is physically the phenomenon of 

the plane wave excitation and thus the validity of the plane wave 

analysis for the nodule scattering problems has been verified through 

this narrow beam investigation. This fact indicates that higher order 

scattering models may use more elaborate plane wave analysis to in-

vestigate the higher order scattering effects. 



XI. SUMITOMO'S SCATTERING ANALYSIS 

A major effort in sounding for manganese nodules has been con-

ducted by the engineers working in the Ocean Resources Department of 

Sumitomo Metal Mining Company (Tokyo, Japan). Their work proceeded 

from 1976 without any publicity until they put a manganese nodule sound-

ing data analysis system (the MFES - Multi-Frequency Exploration System) 

on the market in April 1981. In informal meetings between Dr. Ma.gnuson 

and Sumitomo representatives at the 13th Offshore Technology Conference 

in Houston in May 1981 and subsequent correspondence it was determined 

that the MFES system is based on the same principle developed by 

Magnuson et al [47], i.e. variation of the bottom reflectivity with 

frequency due to the nodule presence. The MFES system development in-

cluded in situ experimentation and is complementary to this study (which 

is based on a more sophisticated theoretical analysis, computer predic-

tions and laboratory work). This more elaborate theoretical approach 

is better suited to refinements and improvements of the first generation 

MFES system. However, a brief review of the Sumitomo's work, collected 

nodule data and a short discussion of the limitations of the MFES system 

will be given. 

A. Sumitomo's Model for Bottom Reflexibility 

According to the principle that the bottom reflectivity (equiva-

lent reflection coefficient) varies with the frequency of the incident 

acoustic wave when nodules are present, the nodule deposits can be 
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characterized by the specific acoustic signature of the bottom in the 

presence of nodules (Figure 14 presents the acoustic signature of a single 

Pacific nodule). Figure 35 shows the general idea of using the acoustic 

response spectrum (usually represented by the bottom reflectivity vs. 

the nondimensional frequency ka) to infer the mean diameter and the 

area weight density of the nodule deposit. Sumitomo's 

model considered a spherically radiating acoustic wave incident on a 

randomly distributed planar field of rigid uniform sized spherical 

nodules. 

In Sumitomo's model nodules are widely distributed on the sea 

bottom and the backscattered wave from each nodule will bear a different 
++ phase. Instead of the real backscattered sound path IR-rjl for each 

nodule the depth H was used for approximation. The total backscattered 

pressure at z = H was found to be (with the propagation term e-i(kH-wt) 

removed) 

N 
= I 

j=l [ e-~HJ I( TS) . 
J 

sin ( 91 ) 

where µ=the absorption coefficient for the acoustic medium (ocean) 

TS= Target Strength of a single nodule (rigid) 

~.=difference in the sound wave path (phase effect, see 
J 

Figure 36) 

The term e-µH/H refers to the return loss and R0 e-µ Pa/His the sound 

pressure at the bottom plane. 

One sees from Eq. (91) that Sumitomo's model has apparently used 

the sparse distribution assumption and therefore applied a single 
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scattering theory in obtaining the result. It is similar to the narrow 

beam analysis in the previous chapter. However, the model does not 

consider the beam form and approximates the distance to each nodule as 

being equal to the sounding depth. Sumitomo's model also assumed the 

nodules' sizes are uniform, i.e. aj = a, so that Eq. (91) can be con-

verted to the following form, using the polar integration, 

( 91-a) 

From the geometry (Figure 36) one sees 

1; = D - H and 

By changing the integration variable, using the above relationship, Eq. 

(91-a) becomes 

(91-b) 

The above equation can be easily solved by either integrating by parts 

or using the following formula 

f x sin sin ax X dx = -~- 2 
a 

x cos ax 
a 

Finally the amplitude of the total backscattered pressure can be found 

as 

(92) 
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The term 2~~./i's in Eq. (92) is defined as the bottom reflexibility. 

Comparing with Eq. (90) one sees that it is similar to the equivalent 

reflection coefficient 2~Pi:{a,O) obtained from the narrow beam analysis. 

Actually it can be shown that for the uniform size distribution Ifs is 

the backscattering function f(a,O). 

B. Results of Sumitomo's Model 

Sumito(TX) employed an area coverage 0.785 (the ratio between the 

area covered by nodules and the bottom area of interest) to calculate 

the bottom reflexibility with respect to ka. The result is represented 

as a plot of reflexibility vs. ka in Figure 37. As expected the result 

matches well with that calculated from the equivalent reflection coef-

ficient using the rigid sphere as a scatterer. The reason is that the 

target strength TS in Sumitomo's model from definition [13] is 

= I Pb . s . 12 R2 TS 2 
IP· 1 1 

Using Eq. (42) and (42-a) fore= 0 (backscattering) it can be written 

as 

TS= lf(a,0)1 2 , (93) 

where f(a,O) is referred to Eq. (32-a) fore= 0. 

Therefore the bottom reflexibility can be related to the equivalent 

reflection coefficient as follows 

Reflexibility = 2~~/Fs = 12~P f~a,O)I = CR (94) 
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The area number density p corresponded to the square packing 

whose area coverage 0.785 (used in Sumitomo's calculation) is found to 

be 1/4 a2 (see Figure 38). Thus in this case the equivalent reflection 

coefficient CR is reduced to 

E (2n+l)(-l)n i / (l+i en) 
CR= 1.57 (ka)2 (94-a) 

The above equation may be evaluated for different frequencies (ka) by 

using a computer. One sees from Figure 37 that the area coverage and 

the mean size a of the nodule deposit can be inferred by the first peak 

of the bottom acoustic signature shown in Figure 35. In general, the 

peak occurs at ka - 1. The horizontal shift of the peak relates to the 

change of the average size a and the area number density p can be 

inferred from the vertical shift of the peak. 

As mentioned previously, for a dense distribution of scatterers 

the single scattering analysis is inadequate to describe the scattered 

field. Even so, the sparse distribution assumptions (made implicitly in 

Sumitomo's model) are seen to give surprisingly good results as evi-

denced by the good correlation of the Sumitomo MFES data in Figure 39. 

However, one major disadvantage of Sumitomo's MFES system is that cali-

bration constants must be set using grab sample data prior to sounding 

in a given area. This is apparently done for at least four reasons: 

(1) Sumitomo's model used rigid spheres which needs to be corrected for 

the finite impedance of nodules, (2) to account for sedimentary bottom 

reflectivity, (3) to account for the difference between the sparse dis-

tribution and dense distribution of nodules using the same scattering 



90 

analysis and (4) to account for·water column transmission losses. 



XII. MULTIPLE SCATTERING ANALYSIS OF THE NODULE FIELD 

EXCITED BY A NORMALLY INCIDENT PLANE WAVE 

In this chapter, the configurational averages of the wave function 

$, the square of field w2 and the wave energy flux swill be derived 

for manganese nodule deposits excited by a normally incident plane wave. 

First consider a sparse distribution of nodules so that only the first 

equation (Eq. (80-b)) in the Foldy-Lax hierarchy is required to estimate 

the average field. Both the reflection and transmission coefficient for 

the nodule field will be investigated. Relations between the coherent 

and incoherent energy flux will be obtained using the energy principle, 

i.e. conservation of energy [43]. The effect of the pair statistics on 

the average scattered field will be examined using a simplified form of 

the radial distribution function f(R) and the coupled pair of Eqs. (80) 

and (81-a) which employs the quasi crystalline approximation as a closure 

condition. 

A. The Configurational Average of the Wave Function,<$~ 

Considering a plane wave normally incident upon a sparsely dis-

tributed nodule field (see Figure 40) then the coherent field 

becomes, using Eq. (74), 

<$> = <$i> + <U> 

= $ eikz + <U> a 

Comparing Eq. (95) with (74-b) one sees 
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(95) 
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I -+ -+ E(R,rJ.) <f(a.,e.) 1/J(r.)> dr. J J J J (95-a) 

Physically speaking, the average scattered field can be expressed 

as a combination of a reflected wave and a transmitted wave due to the 

plane wave excitation [43]. Therefore for the present case (normal 

incidence) the configurational average of the scattered field, i.e. 

<U>, may be expressed as 

<U>lz>O = <U> + = c+ I/la e -ikz 

<U>lz<O = <U> - = c- 1/J a 
eikz (96) 

or <U>± = c± ~ e-iklzl 
a , z 1 0 

where <U>+ and <U>-are the normally upward and downward going plane 

waves characterized by the coherent reflection coefficient c+ and the 

quasi transmission coefficient c- (the coherent transmission coefficient 

isl+ c-), respectively. The picture of the average scattered field 

<U> is shown in Figure 40. 

However, the coherent field <1/J> on the bottom plane, i.e. z = 0, 

is a constant attributed to both halves of the upward and downward going 

waves (including the incoming wave) and can be reasonably written as an 

average of up-going and down-going waves at z = 0 [43] 

< 1/J(r.) > = < 1/1· > I , ) + <U> + ; <U> -, 
J 1 xj'yj'O (x.,y.,O) 

J J 

(97) 

Substituting the above equation into Eq. (95-a) yields 
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(98) 

-+ -+ 
At large distance from nodules (klR-r.l>>l), the far field expression 

-+ -+ J 
-+-+ -iklR-r· I -+-+ for E(R,rj) is e J /IR-rjl. Using the polar integration as de-

fined in Eq. (87) the average scattered field <U> becomes 

-+ -+ 

JO) -iklR-rjl 
<U> = 2~p e -+-+ 

0 IR-r · I J 
-+ -+ 

The distance of IR-rjl is found to be H/cos ej (see Figure 41 for the 
-+ case R = (0,0,H)). Therefore the above equation can be rewritten in 

terms of thee integration as 

where instead of f(aj,ej) the average scattering function f(aj,~-ej) 

is used to multiply C+/2. The reason is that the excitation from <U>+ 

is opposite to the incoming wave and the scattering angle e is therefore 

180° different. In which x = -ikH/cos ej. 

To solve Eq. (99) for kH>>l (far field case) the principle of 

stationary phase [48] is used. The solution can thus be written in 

terms of the stationary phase angle Y as 
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<U> 
21rp [(l + c2-) f(aj'y) + 2c+f(aJ.,1r-y)J "k 1 = _ e-1 H cosy 

-ik 

The stationary phase angle y is obtained by solving 

.9X... = - i kH tan a j _ 
daj cos aj - 0 

and found to be n1r (n = 0,1,2, ... ) in this case. 

(99-a) 

+ One sees from the geometry (see Figure 40) that <U> can be solved, 

by integrating ej from Oto 1r/2 (ej is the so-called meridian angle in 

the spherical coordinates and is defined as O < ej < ,r/2 for z > 0) 

using Eq. (99). The only appropriate phase angle in this region is 

zero so <U>+ is found to be, using Eqs. (95) and (96) at z = H, 

+ 2,rp "'a c- c+ . k . kH 
U [(l + ) f( 0) + -2 f(aJ. ,1r)J e-1 H = c+ '''·a e-1 < > = -i k 2 aj' 'I' 

( 100) 

By the same manner <U>-is obtained as (e. is now in the region of 
J 

,r/2 and ,rand the phase angle is 1r), 

2,rp ij,a C- C+ "kH "kH 
= -ik [(l + 2 ) f(aj,,r) + 2 f(aj,O)] e1 = C- 1Pa e1 

( 101) 

The two unknowns c+and C- (i.e. coherent reflection and quasi 

transmission coefficient) can thus be solved simultaneously from Eqs. 

(100) and (101) using Cramer's rule and are as follows 

c+ = s01[1 - s,r + (a; + 85)/4] (102) 

c- = (s1r - [(~ + a;)/2])/[l - s,r +(a;+ s5)/4] , (103) 



where s0 = 2rrp f(aj,0)/-ik 

srr = 2rrp f(aj,rr)/-ik 
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+ After substituting the expressions for C and C- into Eqs. (100) 

and (101) respectively, U + and U become 

( 100-a) 

(101-a) 

The first term on the RHS of Eq. (100-a) (same for Eq. (101-a)) is 

due to the single scattering whose excitation is the incident plane wave 

1Pi only. This can be done by substituting iJJi (z = 0) for <iJJ(rj)> into 

Eq. (95-a). The second term is obtained using the self consistent 

approach which is essentially the Picard's process of successive ap-

proximations in the present case. Foldy [30] introduced this method to 

explain the orders of scattering since the higher order scattering is 

approximated by the iteration using the next lower order scattering. The 

idea is that the average scattered field <U>+ (or <U>-) can be obtained 

from a 

where 

Newman series which is' in this case 

co -+ 
<U(R)> + l ± = u, - + u 

m=2 m 

+ (-+ 
± 

p J 
(um-1 r) f(a.,e.) um = 

J J 

+ and u1 
-ikz 

= so iJJa e 

= S ,,, e i kz rr 'l'a 

+ u- ,er.)) m- J 
2 

z > 0 

z < 0 

( 104) 

-+ -+ 
e-iklR-rjl ctr. -+ -+ 

I R-r · I J 
J 
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One can see from Eq. (104) that m=l, m=2 and m=3 correspond to single, 

double and triple scattering respectively. 

To evaluate the contribution of each term (single, double, triple 

scattering) toward the average scattered field <U> the magnitudes of ~O 

and a need to be decided. For the uniform size distribution, i.e. 'II' 
f(aj,aj) = f(a,aj)' both s0 and a'II' can be rewritten in terms of the 

reflectivity factor R9 (Eq. (57)) as 

_ 2 [Re=O, 'II'] _ ) Sa=0,'11' - p'll'a -ika - area coverage x 0(1 . 

The reason for this is that the magnitude of Ra=O /ka is of order one 

(which can be seen from Figure 15 for a single Pacific nodule). For a 

sparse distribution, e.g. area coverage= 0.1, this implies that the 

successive term is about ten percent of the previous term in magnitude. 

Therefore the higher order scattering can be neglected in the approxima-

tion of the average scattered field <U> for a sparse distribution. As 

can be seen from Figure 42, there is almost no difference between the 

result of c+ using only the first term (single scattering) in Eq. (100-a) 

and that with the second term correction. 

B. Configurational Average of the Square of the Magnitude of the Wave 

Function, <!1/J~ 
One sees from Eq. (78-a) that the incoherent component <!1/11 !2> is 

and the average of the square of the magnitude of the wave function 

< I 1/JI 2> is 
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Since the coherent component 1<*>12 can be obtained from the coherent 

field<*> in the previous section it is of interest to find here the 

incoherent component <I*' 12> only. 

Substituting the expression for U (Eq. (74-a)) into Eq. (78-a) 

yields 

= r r <u.* uk> + r <lu-12> - r r <u.>* <uk> , (105) 
jik k J j J j k J 

in which l<U>l2 = <U> <U>* and IUl2 = U u* are used. The above equa-

tion can also be written in the following form for scatterers of the 

same size (uniform size distribution) 

<I*' 12> = p2 JJ (NNl <u; uk>jk - <uj>j* <uk>k)drj drk 

+ P J <lu-12>. dr. J J J (105-a) 

To get this one uses the previous definition for the configurational 

average, i.e. 

<uJ.> = _NP ff <u.>. q(a.) dr. da. J J J J J 

To make the incoherent component <1~·12> easily calculable two 

approximations are introduced. First (N-1)/N is replaced by unity 

(valid for large N). Second the approximation 

suggested by Twersky [43] is useq in Eq. (105-a). Eq. (106) may be 
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interpreted physically as neglecting contributrions to the excitations 

of a scatterer arising from the fluctuations of the average radiation 

scattered by the other scatterers. Finally the incoherent component 

< 1 w 1 12> becomes 

<lw' 12> ~ p J <lujl 2>j drj . (105-b) 

* One sees from Eqs. (105-a) and (105) that actually E E <uj uk> 
2 j!k k 

can be approximated using l<U>I . This fact implies that 
* 'iJ • r r <U. -,-k uk>' 1.e. the average of the jth scattered field multi-

j!k k J -l . 

plied by the gradient of the kth scattered field (instead of a scalar 

it is a vector) can therefore be estimated as 

* 'iJ + + 2 A r E <u. -,-k u > ~ l<U> I e2 j!k k J -l I< 
z > 0 ( 107) 

* 'iJ L i: <U. -.---k Uk> ~ 
j!k k J -l 

z < 0 ( l 08) 

A 

where e2 is the unit vector in the positive z direction. Recalling the 

expression for uj (Eq. 86)) the gradient of uj gives a radial direction. 

However the average direction should be in the z direction as expected 

from the symmetry of the problem (energy flux is cancelled out along x 

and y direction). Both Eqs. (107) and (108) are important approxima-

tions in considering the energy conservation which will appear in the 

next section. 

C. + The Configurational Average of Energy Flux, <s> 

One sees from Eq. (79) that the configurational average of energy 

flux is 
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* -+ ~ <S> = wp k Re< .k > 0 -, 

Substituting Eq. (74) for iJJ into the above equation yields 

[
iµ.\iµ. 

<S> = wpok Re , . , -lk 

* * iµ. <U> Viµ . u* '"'U ] 1 1 < V > + ~k V<U> + . k + . k ' _, -1 -1 

in which the following relationship [30] 

<VU>= V<U> 

has been employed. 
-+ One expects <s> for scattered waves to be going outward away from 

the plane of scatterers. Since the scattering characteristics are dif-

ferent in the positive z and negative z directions, it is necessary to 

separate <S> into two parts for consideration. In other words 

-+ -+ + <S> = <S> z > 0 

-+ -+ -<S> = <S> z < 0 

The expressions for -+ + and -+ - follows' <S> <S> are as 

[······ * +* iµi + <U> Viµ. 
-+ + wp0 k Re 1 1 , 

<S> = + ~ V<U> + -i k -ik _, 

[•-*••. * -* 1jJ. <U> Viµ. 
-+ - 1 1 1 - 1 

<S> = wpok Re -ik + ~ V<U> + -i k _, 

On substituting the expressions for t/1;, 
+ <U> and <U> 

(96)) into Eqs. ( 109-a) and (110-a) one obtains 

* + 
<S>+ = [-,,, 2 e + Re (<U ~Uk>)] wpok 'l'a z -1 

+ <U ~U> * +] 
-1k 

+ <U ~U> * -1 -,k 

- ( Eqs. (95) 

( 109) 

( 110) 

( 109-a) 

(110-a) 

and 

(109-b) 
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<S> 
* -

k [ 2 A R (c- + c-* 2 A + Re (<U ~U> )J = wpo - 1''a ez - e ,,, e o/ o/a z -,k 

(110-b) 

The second term on the RHS of Eq. (109-b) (or the third term on 

the RHS of Eq. (110-b) can further be separated into two parts 

* + <U v'U>-
-ik (109-c) 

Using the above equation and Eqs. (107) and (108), the average energy 
-+ + flux <s>- becomes 

(109-d) 

-+ -<S> 

(110-d) 

where 
-++ * v' + 

(_~ k J * + -+ I = Re (r <u. ~ U.>) = Re <U. v'U,>. dr.) 
j J _, J J J J J 

-+_ * v' -) ( _~ k J * - -+ I = Re (r <U. ~U.> = Re <u. v'u.>. dr.) 
j J -, J J J J J 

The energy principle simply states that the mean energy outflow 

for nondissipative scatterers, from any enclosed volume vanishes [43], 

i.e. 

p <s> . dA = o 

In order to verify this a simple control volume is assumed (see Figure 

43). For the upper plane (z > 0) 
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~S>+ • dA = wpok [wa2(-;z) + wa2(j<U>+i2) ez] 

+ wp0k f i+. dA 

For the lower plane (z < 0) 

f -+ -<s> • 

• e z 

-+ 
• dA 

( 111 ) 

(112) 

Actually one sees from Figure 43 that the total average energy flux (per 

area) is contributed from two parts. One is the coherent energy flux 

which has components either in the positive or negative z direction (no 

x and y directions). The other is the power scattered into all direc-

tions {specified by er) and called the incoherent energy flux, i.e. 

7+ and 7-. After adding Eq. (112) to (111) it gives 

th -+ -+ - -* + 2 - 2 2 rs>. dA = wpok [Re(C + C ) + Re (j<U> I + j<U> I) I/la 

(113) 

* 'i/ -++ -+ _ 
The term uj -ik uj appeared in I and I (Eq. (110-d)) is the 

* PsPs term related to the scattering cross section cr in the first part. 

Recalling that, for the single scattering case, 

* Then uj and uj become, respectively 

au. 
'i/uj = ai'1 = -ik f(a,e) 

-+ -+ 
e-ikjR-rjl 

-+ -+ I R-rj I 
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* * u. = f (a.,s.) 
J J J 

1 -+ -+ Neglecting the higher order term (-+-+ 2 <<l, for kiR-rjl>>l) finally 
I R-rj I 

one sees, using Eq. (42) for Pa= ~a , 

The above equation links the incoherent energy flux to the 

scattering cross section cr defined as (see Eq. (44-a)) 

cr = 

as follows 

, I -++ -+ + 
~ I • dA = pcr 
~ 2 
a 

, I -++ -+ 
~ I • dA = pcr 
~ 2 a 

l ~-+ -+ + -~ 2 TI · dA = p(cr + cr) = pcr, 
~d 

( 114) 

(115) 

in which cr+ and cr- are defined in the first part (see Eqs. (45-a) and 

(46-a)). 
2 After dividing Eq. (113) by ~a /wp0k and neglecting the terms 

l<U>+l2 and l<U>-12 (of order !C±!2 which are small compared with 

I c± I) Eq. ( 113) becomes 
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f <S> • dA = Re (c- + c-*) + pcr . (113-a) 

The first term on the RHS of Eq. (113-a) becomes, using Eqs. (102) and 

(103), 

( - -*) -4Tip Re C + C = -k~ Im (f(a,TI)) . (113-b) 

Substituting the above equation back into Eq. (113-a) one sees, using 

the forward scattering theorem (Eq. (44-e)), 

~ + + 4TI j <S> • dA = p(cr- ~ Im (f(a,TI)) = 0 (113-c) 

The above equation states that the energy flux coherently trans-

mitted is cancelled out by that incoherently scattered which verifies 

the energy principle for nonabsorbing scatterers mentioned by Twersky 

[43]. 

D. Radial Distribution Function Consideration 

The previous investigation of the multiple scattering of waves is 

for sparse distributions in which the wave function~ depends only on 

the area number density of the nodules and not on the relative location 

of nodule pairs. If~ depends on the joint statistics of two different 

nodules j and k, then the radial distribution function f(R) needs to be 

introduced especially for dense distributions. The radial distribution 

function describes the pair statistics between two nodules. However, 

instead of going into the detail of the radial distribution function 

f(R) for the nodule field which at the present time still does not give 

a complete information (no closed form like the Rayleigh size 
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distribution has been found for this case), the effect of f(R) on the 

coherent field<~> will be discussed using a rather simple function 

represented f(R). 

Starting from a simplified form of the radial distribution 

function f(R) defined as, i.e. a step function, (see Figure 44), 

f(R) = 0 R < d 

f(R) = 1 R > d 
( 116) 

where R is the distance between the jth and kth nodule and dis the 

exclusion length (see Figure 45). The step function is modified from 

the radial distribution histogram (see Figure 27). 

One now applies Eq. (116) to the coupled pair of Eqs. (80) and 

(81-a) to see its influence on the coherent field<~>. In other words, 

the involved pair statistics requires only the first two equations in 

the Foldy-Lax hierarchy to estimate the average wave field in a dense 

distribution. However, more elaborate work may necessarily be used to 

find the higher order scattering effects using more equations (i.e. need 

higher order statistics) in the Foldy-Lax hierarchy. 

Substituting Eq. (116) into Eq. (81-a) one obtains 

<~j(R)>. = ,~.(r.) + p 
J l J 

+ -
(l + C ; C) 

(81-b) 

The above equation can be solved using the similar method in solving 

for <U> (section A in this chapter) and the result is, at z = H, 
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<,,,.i (+R) >+. (+) + -i k IH2 + d2 "' = $ . R + Cd e $ , J , a ( 117) 

where Cd+ is now a function of ad (Cd+= c+(a-ad)) and ad is shown in 

Figure 44. 

To obtain a first approximation of the coherent field <1j/> one may 

substitute Eq. (117) into (80) and neglect the near field effect 

happened in Eq. (81-b) when R approaches rj. This gives 

+ + + <$(R)> = $.(R) + 
l 

d+ ) -ikd r. e 
.J 

One sees from the above equation that for this case introducing 

the radial distribution function f(R) will shift the phase (seen by the 

term e-ikd) of the second order term of <U>+ (Eq. (100-a)). The actual 

radial distribution function f(R) may be presented as a finer step 

function (or hopefully a continuous function) and a more rigorous 

effect in doing the integration is required. However, the principle is 

the same and a phase shift will be expected in the resulting coherent 

field <ljl>. 



XIII. SUMMARY AND CONCLUSIONS 

Acoustic response from nodule deposits on the ocean bottom 

constitute a multiple scattering problem that is solved analytically. 

As can be seen from Figure 32, the highly resonant acoustic response in 

the high frequency region is able to be smoothed using the averaging 

technique which employs the Rayleigh size distribution function. The 

smoothed response representing a type of bottom acoustic signature may 

be used to compare with the in-situ measurements to infer abundance and 

mean sizes of nodules. 

The narrow beam width of the spherical wave has little effect on 

the backscattered acoustic response. In general, the beam effect can be 

neglected or corrected for so that the plane wave excitation is adequate 

in doing the multiple scattering analysis for sounding the manganese 

nodules. 

The Sumitomo's MFES system was based on a simplified scattering 

model and at-sea field calibration. The system may be refined and im-

proved using the results of the more elaborate theoretical approach pro-

vided by this study. 

The multiple scattering effect is found to be mainly the second 

order correction in evaluating the average scattered field. Its effect 

is small for a sparse distribution of nodules and therefore the 

magnitude of the scattered acoustic response can be simply computed from 

the single scattering analysis. The derived reflection and transmission 

coefficients are found depending on incident plane waves' frequency, 
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the area number density and the forward scattering and backscattering 

characteristics of a simple nodule. However, for a densely packed 

system, the multiple scattering effect, i.e. higher order terms for the 

average scattered field, becomes more important and is not negligible 

any more. The energy principle is applied to the multiple scattering of 

waves from the nodule field and the scattering process is shown to be 

energy conserved. 

A shifted step function type radial distribution function was 

introduced in the average scattered field calculation when considering 

the pair statistics and using the first two equations in the Foldy-Lax 

hierarchy. The result shows that the pair correlation affects the phase 

of the second order correction term. 
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Table 1. Elastic Constants for Beryllium and Armco Iron. 

Material Density Poisson's Longitudinal(Compressional) 
(g /cc) ratio velocity 

cL(m/sec) 

Beryllium 1.87 0 .05 12890 

Armco Iron 7.70 0.29 5960 

The fluid outside the sphere is assumed to be water 
of density 1 g /cc and compressional velocity 1410 m/sec. 

Transverse(Shear) 
velocity 
cT(m/sec) 

8880 

3240 

__. __. 
N 



Table 2, Acoustical Properties of Manganese Nodules 

CONCRETION WAVE SPEEDS DENSITY 
TYPE CL (m/s) CT (m/s) Cr/CL (g/cc) 

PACIFIC 1950 - 2500 1615 - 2450 0.83 - 0.98 1.91 - 1.96 
* [2000] NODULES [2350] 

ATLANTIC 2125 - 3215 1625 - 2580 0.69 - 0.80 1.89 - 2.07 

NOOULES [2605] [1980] 

* [] - av~rage 

..... _, 
w 



Table 3. 

cl/co 

1. 7 

1. 7 

1. 7 

1. 7 
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Values of cl/c 0, cT/c0 and g used in the 
Sensitivity Test. 

crfco g Related plots Remark 

1.57 1.94 Figs. 14-15 Pacific nodules 

0 1.94 Fig. 16 Fluid sphere case 

1.57 1.40 Fig. 17 Gladsby's~g"used 

1.20 1.94 Fig. 18 Effect of rigidity 



Table 4. Bottom Statistical Data Using Smith's 
Photograph Analysis 

Description Parameter Unit Derivation 
Area Number Density p l/m2 
Average Apparent Radius a cm a= 1.01ab112 
Average Apparent Radius 

-2 2 2 = 1.253b a cm a 
Squared - -
Average Apparent Radius 3 3 3 = l.546b 3/ 2 a cm a 
Qubed 
Average Mass of Single - kg PE(4/3)1ra 3 m 
Pacific Nodule - 2 -Average Apparent Area M kg/m Pm 
Mass Density 

2 -Area Coverage A - p1ra 
Rayleigh Size Distri- b 2 cm 
bution Parameter 

3 Pacific Nodule's PE g/cm 
Mass Density 

Maqnitude 
160 
2.94 
9.30 

31.25 

0,25 

40.63 

0.46 
7.42 

1. 94 

__, 
__, 
U1 



Table 5. Comparison between the Magnitudes of kH and~6 2 

Frequency kH Cal cul at ion ~HP al Ca lcul at ion 

20943 0 

l kHz 2 2807 
• lOkHz 209430 4 701 

1 OOkHz 2094300 60 312 

H = 5000 m 
c = 1500 m/sec 
6 = 90 degree 

__, __, 
O'\ 
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Table 6. Beam Width Correction Factor(a/kH) 

Half Power Beam Width 6HP 

Frequency 1· 5• 10· 

1 kHz 0.22 0.0087 0.0022 
10 kHz 0.022 0.00087 0.00022 
100 kHz 0.0022 0,000087 0.000022 

H = 5,000 m = 15,000 ft 
c0 = 1500 m/sec 



15,000ft. 

Acoustic 
Pulse 

Sha 11 owly Towed 
"Fish" with 
Transducer 
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~ Survey Ship 
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./ + Nominal 
• 2 Beam Width 
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ir 
I 
I 
I 

bottom 

Return Signal 

Figure 1. Proposed Prospecting System (Acoustic Sounding). 
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Figure 2. Seafloor Photograph of Ferrornanganese Nodules, 
Depth 5320 m, Central South Pacific. 
(Courtesy of Lamont-Doherty Geoloqical Observatory, 
Columbia University, Palisades, New York) 
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I .d t 1 P eikrcoso nc, en pane wave pi= a 

!! i ! l ill l l l 
z 

Figure 5. Choice of Coordinate Axes for 
Scattering by a Single Sphere. 
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Scatterer 

Figure 6. Schematic Representation of the Solid Angle. 
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Figure 25.Typical Manganese Nodule Deposit on 
the Ocean Floor. 
(Photo Courtesy .of Deepsea Ventures, Inc.) 
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Figure 27. Radial Distribution Histogram. 
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Figure 28. Coordinate System for Multiple Scattering Analysis 
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Figure 30. Schematic Representation of Different Orders 
of Multiple Scattering. 
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Figure 31. Two Major Scattering Patterns in Multiple Scattering. 
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Figure 33. Geometry of the Narrow Beam Analysis. 
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Figure 34. Gaussian Beam Form. 
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Figure 35. Acoustic Signature Trends for Nodule Deposits. 
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Figure 36. Sumitomo's Spherical Wave Model. 
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Figure  38.  Simplified  Bottom Profile  Used in  Sumitomo's 
Bottom Reflexibility  Calculation. 
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Figure 39. Correlation of Grab Sample (Measured) Nodule 
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Figure 40. The Average Scattered Field Excited by a 
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Figure 41. Scattering from Nodules on a Plane. 
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Figure 44. Simplified Radial Distribution 
Function. 
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Figure 45. Geometry of the Scattering for 
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ACOUSTIC SCATTERING ANALYSIS FOR REMOTE SENSING 

OF MANGANESE NODULES 

by 

Yushieh Ma 

(ABSTRACT) 

The theory of the scattering of plane waves in a fluid medium by 

an isotropic elastic sphere representing a manganese nodule is 

developed. Scattering cross sections were computed using the theory 

and the results are presented graphically. The scattering cross 

section and the reflectivity factor govern the characteristic acoustic 

signature of the Pacific where manganese nodules are present. 

Preliminary experimental data for the compressional and shear 

wave speeds in nodule material is given. This data was used in the 

scattering computations. Limiting cases of Rayleigh scattering and 

scattering from fixed rigid and fluid spheres are also shown for 

comparison. It is shown that the rigidity of the nodules dominates the 

high frequency response. 

The problem of the multiple scattering of acoustic waves by 

randomly distributed nodules on the flat ocean bottom is investigated 

analytically. The statistical description of nodule deposits is given. 

The concept of the configurational average is introduced in order to 

obtain the average scattered response. The size averaging is found to 

be able to smooth the acoustic response in the high frequency region. 



The plane wave analysis for the multiple scattering problem is 

justified by the narrow beam investigation. It shows that the beam 

effect on the average backscattered field can be neglected in the 

remote sensing. 

For a planar distribution of nodules, the average scattered field 

excited by a normally incident plane wave is verified to be plane waves 

characterized by coherent reflection and transmission coefficients. 

The multiple scattering effect is found to be a higher order correction 

to the average scattered field. For a sparse distribution of nodules, 

the average scattered field can be well evaluated using the single 

scattering theory in which the scattering process is also shown to be 

energy conserved. 

For a dense distribution of nodules, the radial distribution func-

tion is used in the Foldy-Lax hierarchy. The result shows that the pair 

correlation affects the phase of the second order correction term in 

the expression for the average scattered field when the higher order 

statistics are truncated using the quasi crystalline approximation. 


	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085
	0086
	0087
	0088
	0089
	0090
	0091
	0092
	0093
	0094
	0095
	0096
	0097
	0098
	0099
	0100
	0101
	0102
	0103
	0104
	0105
	0106
	0107
	0108
	0109
	0110
	0111
	0112
	0113
	0114
	0115
	0116
	0117
	0118
	0119
	0120
	0121
	0122
	0123
	0124
	0125
	0126
	0127
	0128
	0129
	0130
	0131
	0132
	0133
	0134
	0135
	0136
	0137
	0138
	0139
	0140
	0141
	0142
	0143
	0144
	0145
	0146
	0147
	0148
	0149
	0150
	0151
	0152
	0153
	0154
	0155
	0156
	0157
	0158
	0159
	0160
	0161
	0162
	0163
	0164
	0165
	0166
	0167
	0168
	0169
	0170
	0171
	0172
	0173
	0174
	0175
	0176
	0177
	0178
	0179

