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NOMENCLATURE 

A cross section of the flowfield normal to the x axis, 

G ( . ) 

I ( . ) 

Ip ( . ) 

k 

K 

Kij 
p K .. 
l. J 

projected area of the propeller 

element advection matrices 

constant in the turbulence model 

half-width of the nozzle for the square jet 

constant in the turbulence model 

element gradient matrices 

element divergence matrices 
2 pressure coefficient= 2(P-P 0 )/(pU 0 ) 

bounded domain where the flow is simulated, 

diameter of the propeller 

vector of body forces 

thrusting body force for the propeller 

swirling body force for the propeller 

global load vector 

element body force vector 

penalty functional 

a functional 

modified functional for penalty method 

turbulence kinetic energy 

global finite element system matrix 

element momentum diffusion matrices 

element penalty matrices 
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KT 

KQ 
1 m 

L(.'.) 

L 

MINB 

M 

M. 
J 

NEM 

NEQ 

N 

s 

thrust coefficient of the propeller 

torque coefficient of the propeller 

mixing length 

Lagrangian 

characteristic length of the turbulent shear layer 

reference length for nondimensionalization 

maximum bandwidth of the global matrix 

average bandwidth of the global matrix 

element pressure mass matrix 

element pressure interpolation functions 

number of coefficients stored in the global matrix 

number of equations in the global system of equations 

rotational speed of the propeller 

unit outward pointing surface normal 

element velocity interpolation functions 

pressure 

element presssure degrees of freedom 

reference pressure for nondimensionalization 

torque of the propeller 

half-width of an axisymmetric shear layer 

Reynolds number 

residual vector for the momentum equations 

residual for the continuity equation 

radial distribution of swirl force 

maximum value of s 

V 



s 

t 

t m 

T. 
1 

u 

u. 
1 

u 
u. 

1 

uik 

uinf 

u. t Je 

uo 
V 

V 

w 
X 

y 

z 

boundary of the domain D 

radial distribution of propeller thrust 

maximum value oft 

surface traction vector 

thrust of the propeller 

element surface traction vector 

x component of the velocity for 2-D flows 

element degrees of freedom for u 

x component of the velocity for 3-D flows 

velocity vector 

element velocity degrees of freedom 

upstream approach flow 

nozzle exit velocity of the jet 

reference velocity for nondimensionalization 

y component of the velocity for 2-D flows 

element degrees of freedom for v 

y component of the velocity for 3-D flows 

z component of the velocity for 3-D flows 

axial coordinate 

length of the potential core of the jet 

horizontal transvers coordinate 

half width of the shear layer on they axis· 

vertical transverse coordinate 

half width of the shear layer on the z axis 
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Special Symbols 

p 

µ 

\) 

density of the fluid 

laminar absolute viscosity 

eddy viscosity 

laminar kinematic viscosity 

kinematic eddy viscosity 

Kronecker delta 

-pu'. u•. Reynolds turbulent stress tensor 
1 J 

E 

r y 

r z 

oU. 
1 

oP 
A 

t.x 

turbulence viscous dissipation 

eddy viscosity distribution function 

eddy viscosity distributions along they axis 

eddy viscosity distributions along the z axis 

variational symbol 

admissible velocity variations, virtual velocities 

admissible pressure variations, virtual pressure 

penalty parameter 

turbulent "Prandtl" number 

velocity excess or defect 

thickness of the propeller actuator disc 
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Chapter I 

INTRODUCTION 

Turbulent free shear flows are of great interest to the 

engineering community. Examples include numerous injection 

and mixing cases [l] occurring in industry, the environment, 

the aerospace field, and general jet and wake flows, and the 

flow in the stern region of a submarine or ship, including 

the generation of the near field wake and the effects of 

propeller swirl. The latter are the primary area of inter-

est of this work. 

The ability to predict accurately the flow over and in 

the wake of self-propelled bodies is critical to the deter-

mination of the propulsion characteristics such as wake 

fraction, thrust deduction, propeller-induced loading, pro-

peller inflow velocity and pressure fields, and the body 

wake properties. Even though many bodies of practical inter-

est are axisymmetric, the inclusion of appendages and con-

trol surfaces on the body, and the motion of the vehicle at 

an angle of attack render the flowfield fully three-dimen-

sional. The propeller has a significant upstream influence 

on the surface pressure distribution on the hull and control 

surfaces and the flow in the stern region is often either 

near separation or separated. This, in many cases, requires 
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the solution of the fully elliptic three-dimensional Navier-

Stokes equations. Furthermore, the Reynolds number range of 

practical concern ensures that the flow is turbulent. 

Such problems are very difficult to solve. Most previous 

work involved assumptions that are too restrictive: the use 

of boundary-layer approximations, application of small per-

turbation theory, the flow is assumed to be either laminar 

or inviscid, the effects of the propeller on the flowfield 

are small enough to permit linearization of the equations of 

motion. While some useful information can be obtained from 

such treatments, many important phenomena cannot be properly 

accounted for. 

A reasonable first step in the development of a general 

solution procedure for such problems will consider only free 

shear flows, that is, situations where there are no solid 

surfaces actually present in the flowfield to be calculated 

e.g. the wake behind a body. Indeed, since the outer region 

of a turbulent boundary layer has a wake-type character, 

such a procedure can be used to compute the outer region of 

the flow, and this can be coupled to a procedure for pred-

icting the inner or wall region. Such a technique was used 

in [2] to predict separating boundary layers. This work un-

dertakes a realistic treatment of three-dimensional free 

shear flows while keeping the assumptions and approximations 
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to a minimum. It is hoped that this investigation will not 

only demonstrate the viability of the techniques developed 

herein, but also help promote future studies on complex 

problems of this kind. 

The literature review presented in the next chapter led 

to the following solution method. The fully elliptic three-

dimensional Navier-Stokes equations will be solved by a fi-

nite element method because of its ease of handling compli-

cated geometries, and its simplicity for implementing a 

variety of boundary conditions. 

models ( of the two-equation kind 

Very elaborate turbulence 

or higher order) are not 

considered for three reasons. First, extensive experimental 

information is required for refinement of these models and 

for providing boundary conditions for the turbulence quanti-

ties. This information is not available for the flows of 

interest here. Second, al though some success has been ex-

perienced with higher-order models in finite difference 

procedures, there are some unresolved numerical difficulties 

with their finite element implementations. Thirdly, they 

increase the computational burden beyond acceptable limits 

for three-dimensional analyses. Thus, a relatively simple 

but general and robust turbulence model is required. 

For flows of the type considered here, an eddy viscosity 

or mixing length may be taken as constant across most of the 
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shear layer. Hence, an integral approach seems particularly 

appropriate. We adopt a generalization of the half-equation 

model of [ 9-12] based on an integrated form of the turbu-

lence kinetic energy (TKE) equation. Although this model was 

developed specifically for free shear flows, extensions do 

exist to include the effects due to the presence of solid 

surfaces [2,76,78,79]. This choice allows for easy implemen-

tation of the model in existing general purpose fluid dynam-

ics finite element codes such as FIDAP [92]. 

To illustrate the validity of the technique developed, 

four problems are solved: the round jet issuing in still 

surroundings, a three-dimensional square jet, the uniform 

flow past a propeller, and a shear flow past a propeller. 



Chapter II 

LITERATURE REVIEW 

In any computational investigation it is important to de-

compose the work into its major parts and review the previ-

ous work done on each. Here we consider 

1. the turbulence model used, 

2. the problem solved, its origin, background material, 

and the simplifications introduced, 

3. the solution technique. Here the finite element meth-

od is adopted. 

Each of these points is now discussed in detail. 

2.1 TURBULENCE MODELING 

The exact equations describing the turbulent motion of a 

fluid are known (the unsteady, 3-D Navier-Stokes equations), 

and numerical procedures are available to solve them in 

principle. Unfortunately, the speed and storage of present 

day computers are insufficient to allow for solution of any 

practically relevant turbulent flows. Some attempts are de-

scribed in Refs. [63,64] for simple, low Reynolds number tur-

bulent flows. 

Yet, the practical need for computation of turbulent 

flows is pressing, and to meet it turbulence models have 

5 
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been introduced as the only economically feasible way to 

solve problems of practical interest. Most current models 

rely on the solution of the so-called Reynolds averaged 

equations in which the transport of momentum by the turbu-

lent motion is represented by the Reynolds stresses. It is 

necessary to relate these stresses to mean flow variables 

before the system of equations can be solved. Most models 

assume that the Reynolds stresses are proportional to the 

mean strain rates. 

Any discussion of turbulence models is best done in the 

context of the equations of motion they accompany. 

2.1.1 Reynolds Averaged Equations for Turbulent Flows 

The main thrust of present day research in numerical 

fluid dynamics of turbulent flows is through the time-aver-

aged Navier-Stokes equations [65-68]. Time averaging of the 

Navier-Stokes equations gives rise to new terms which can be 

interpreted as apparent stress gradients associated with the 

turbulent motion. In this process, additional assumptions 

and approximations must be introduced to complete the system 

of equations for modeling the new additional terms. Hence, 

this approach for predicting turbulent flows does not follow 

entirely from first principles. 
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The Reynolds equations are derived by decomposing the va-

riables into time mean, Ui, and fluctuating components,u'i' 

and then time averaging the entire equations. Two types of 

averaging are presently used: classical Reynolds averaging 

and mass averaging [67]. For flows with negligible density 

variations, such as those considered in this work, the two 

formulations are equivalent. 

The continuity and momentum equations describing three-

dimensional turbulent flows are given by: 

u .. = 0 1,1 

pU.U .. = - P,. + pf. + [µ(U .. +U .. ) - pu' .u' .], . 
J 1,J 1 1 1,J J,1 1 J J 

( 1) 

( 2) 

These equations govern the time mean motion of the fluid. 

The only difference with the equations for laminar flows is 

the presence of the terms involving the velocity fluctua-

tions which represent the apparent Reynolds turbulent 

t ' ' s resses -pu iu j. 

The time averaged equations are exact, since no assump-

tions have been introduced in their derivation. However, 

they cannot be solved in this form, because the new stress 

terms are additional unknowns. To proceed any further, one 

needs to find additional assumptions regarding the relation-

ship between the Reynolds stresses and the time mean varia-

bles. This is the well known closure p-roblem which is most 

commonly handled via turbulence modeling. 
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At this point, it is sufficient to say that all but the 

most refined and complex models use the concept of eddy vis-

cosity to relate the Reynolds stresses to the mean strain 

rate. This is done through the Boussinesq assumption [l]: 

- pU' 1· u' J. = µT ( U. . + U . . ) - 2/3 o . . k 1,J J,1 1,J 

where µTis the turbulent eddy viscosity and k is the turbu-

lence kinetic energy (TKE). Upon substitution, the momentum 

equations reduce to : 

pU .U .. = 
J 1,J 

P,. +pf.+ [(µ+µT)(U .. +U .. )],. 
1 1 1,J J,1 J 

( 3) 

The pressure has been redefined to include the effects of 

the turbulent normal stresses -2/3 o .. k . Al though the in-
1J 

troduction of an eddy viscosity has greatly simplified the 

equations of motion, the system is not closed until the dis-

tribution of the eddy viscosity µT is specified. For free 

shear flows (jets and wakes), there is no wall region, and 

the eddy viscosity is everywhere several orders of magnitude 

larger than the laminar viscosity. Hence, the laminar vis-

cosity can be neglected in the equations of motion. 
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2 .1.2 Generalities on Turbulence Models 

Equations (1) and (2) can be solved for the values of the 

velocity and pressure only when the Reynolds stresses dis-

tribution is determined in some way by a turbulence model. 

The quality of the turbulence simulation necessary to obtain 

acceptable predictions of the mean flow quantities depends 

on the relative importance of the apparent turbulent stress-

es. In certain cases, such as retarded boundary layers where 

separation occurs within a few layers thicknesses or in pre-

dominantly horizontal flows in large shallow water bodies; 

the turbulence simulation is unimportant because it contri-

butes little to the balance of momentum, and potential flow 

solutions are adequate [ 70] . On the other hand, in most 

flows of practical interest, and in particular for jets and 

wakes, tbe turbulent transport terms are the only signifi-

cant terms present to balance the inertial terms. Hence, 

their proper simulation is critic al to the prediction of 

such flows. 

Turbulence models can be divided into two major catego-

ries according to whether or not the Boussinesq assumption 

is used (71,72]. Models using the Boussinesq assumption are 

referred to as turbulent viscosity or eddy viscosity models. 

Most models currently used for engineering calculations use 

an eddy viscosity [67-70]. A large body of experimental ev-



10 

idence suggests that the eddy viscosity concept is a valid 

one in many flow situations. Exceptions do exist (cases 

with unsyrnmetric local velocity extrema such as occur in 

wall jets), and there is no physical requirement that it 

holds. Models not relying on this assumption include Rey-

nolds stress models, algebraic stress models and large eddy 

simulation techniques [63,64,69,70,88,90,91]. 

2.1.3 Zero-equation Models 

Models belonging to this category are often termed alge-

braic eddy viscosity or mixing length models. The eddy vis-

cosity is given by an algebraic function of the width of the 

shear layer and a velocity, or velocity difference, charac-

teristic of the flow. They have proved very useful for var-

ious classes of simple flows (mostly thin shear ~ay_ers) 

[70]. They are computationaly very inexpensive, easy to im-

plement, and are used extensively for practical applications 

in the aerospace industry (67]. Among the shortcomings of 

these models are: 

1. the empirical input lacks in universality: different 

constants are often used for different types of 

flows, 

2. these models assume that the turbulence is in local 

equilibrium: the turbulence is dissipated where it is 
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generated. This means that there is no mechanism for 

transport of turbulence in the flowfield [70]. 

Hence, the flow cannot readily react to turbulence 

exchange, 

3. they cannot account for complex effects such as ad-

verse pressure gradients, propeller and trailing edge 

effects, swirl and recirculation, 

4. difficulties are encountered in determining the 

length scale or mixing length when several shear lay-

ers interact or when the velocity profile has several 

extrema, as is the case for the flow behind appendag-

es or when several shear layers merge, 

5. they need to be modified to account for any special 

features of the flow not considered in the data base 

used in their development [71]. In some instances it 

is simply not possible to treat many different cases 

with a single model. 

2 .1. 4 Half-equation Models 

In order to alleviate some of these restrictions, models 

have been introduced in which the value of one parameter, 

the mixing length lm or the eddy viscosity µT' is permitted 

to vary with the primary direction of the flow. This varia-

tion is governed by an ordinary differential equation 

[2,9-12,74-77]. 
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The differential equation can be derived from a transport 

equation for the TKE to let the flow history influence the 

turbulent viscosity [9-12,73-75]. In other works [2,76], an 

empirical ordinary differential equation is derived for the 

mixing length. Birch [ 77] showed that the previous models 

are all equivalent to a one-dimensional version of transport 

equations for the quantities concerned. It must be noted 

that not all of these ordinary differential equations can be 

derived from the Navier-Stokes equations. In the end, re-

gardless of the origin of the equation, the models have si-

milar forms characterized by the presence of generation, 

dissipation, diffusion and convection terms. 

This class of models possesses the following advantages: 

1. when the parabolized form of the TKE equation is used 

to derive the ordinary differential equation, the 

diffusion of TKE term formally disappears. This term 

poses the most difficult modeling problem when it is 

present, 

2. they are very cost effective: only an ordinary dif-

ferential equations needs to be solved. Higher-order 

models require the solution of one or more partial 

differential equations. 

3. refinements exist [71] to account for transition, 

roughness effects, transpiration, pressure gradients 

and some relaminarization cases. 
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4. an initial value for the ordinary differential equa-

tion is much easier to estimates than a complete set 

of boundary and initial conditions for the TKE equa-

tion, 

. 5. these models will often handle problems for which the 

zero-equation models fail [71]. 

One disadvantage of such integral models is that details of 

the turbulence effects in the cross section of the flow are 

lost. 

2.1.5 One and One and~ Half-Equation models 

One major shortcoming of algebraic viscosity models, 

which is often evaluated as 

µ = p 12 au;ay T m 

is that µT = 0 whenever the velocity gradient is zero. This 

implies that the eddy viscosity and the Reynolds stress are 

zero at the centerline of a pipe or jet and in regions where 

the velocity profile exhibits local maxima or minima. For 

velocity profiles having unsymmetrical extrema, for example 

a wall jet mixing with a main stream, this is physically in-

correct. 

Prandtl and Kolmogorov suggested in the 1940s that one 

evaluates the eddy viscosity as 

µ = C p L kl/ 2 
T 
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where C is a constant, k is the TKE, a measurable quantity, 

and Lis a characteristic length. A transport equation fork 

may be derived from the Navier-Stokes equations (67]. A mo-

delled form (70] is used to determine the distribution of k. 

This equation is coupled to, and solved simultaneously with, 

the momentum and continuity equations. 

The use of a one equation model allows for the dependence 

of the TKE field on the flow history and introduces "turbu-

lence" into turbulence modeling. However, the actual perfor-

marce of such models has been somewhat disappointing. Few 

cases have been observed in which these models offer a con-

sistent improvement over the predictions of algebraic mo-

dels. The reason for this may be that in most flows, an im-

provement in the specification of the length scale, L, has 

more effect than the use of k 112 as a characteristic veloci-

ty of the turbulence. 

It has long been felt that the length scale in turbulence 

models should also depend on the upstream history of the 

flow. One way to introduce such a dependence is to append an 

ordinary differential equation for the length scale to the 

partial differential equation for the TKE. Such models are 

termed one and a half equation models. They have been used 

to predict 

1. separating flows [2], 
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2. flows in annular passages with heat transfer [78], 

3. plane and round jets [79]. 

2.1.6 Two-Equation models 

The ordinary differential equation used to prescribe the 

length scale distribution may not be general enough to prop-

erly simulate more complicated flows. This has stimulated 

the development and use of two-equation models. Al though a 

transport equation can be derived for a length scale, the 

terms in this equation are difficult to model and interpret 

physically. Better success was achieved by solving a trans-

port equation for a length scale related parameter, usually 

of the form kmLn. One popular choice is &=c k 312;L which is 

proportional to the viscous dissipation. Other choices in-

clude the vorticity of the turbulent motion or a character-

istic frequency or the turbulent eddies. 

This class of models still uses an eddy viscosity to re-

late the Reynolds stresses to the two turbulence quantities. 

These moqels were extensively tested on shear layers and 

simple flows best described by the boundary layer equations. 

Successful applications to separating flows have been re-

ported, but results were not always satisfactory for uncon-

fined flows (81]. 
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Compilations of applications of two-equation models may 

be .found in Refs. [70,80-85]. General discussions on dif-

ferences and similarities between the various models can be 

found in refs.[86,87]. Although two-equation models account 

for higher complexities on the flow, they still are nothing 

but sophisticated eddy vi.scosi ty models. Thus, whenever the 

Boussinesq approximation fails, two-equation models will 

fail. 

The so-called "universal" constants used in such models 

were derived from comparison with simple flows (e.g. round 

jet and grid turbulence decay). Some flows cannot be satis-

factorily computed with standard constants [70,80-82]; nota-

ble among them are the relatively simple weak free shear 

layers and round jets. 

Computational difficulties may also be expected in 

three-dimensional finite element applications due to: 

1. the high computational burden associated with the so-

lution of two extra partial differential equations in 

the global system of equations, 

2. the lack of experience and data base for developing 

three-dimensional models, 

3. the difficulty of providing initial and boundary con-

ditions for the turbulence quantities. Many experi-

ments do not report any or enough turbulence data, 
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whereas for design and analysis purposes no experi-

mental data are available. 

4. convergence problems and instabilities arising from 

the use some two-equation models in conjunction with 

a Newton-type iteration scheme. 

2 .1. 7 Reynolds Stress Models 

These models do not use an eddy viscosity to relate the 

turbulent shear stresses to the mean flow variables. Exact 

differential equations for the components of the Reynolds 

stress tensor can be derived from the Navier-Stokes equa-

tions [67]. Such models contain the greatest number of addi-

tional partial differential equations and constants. They 

are very general in nature, but are mostly the subject of 

turbulence research at this time. Even though they do not 

use an eddy viscosity, they still must utilize numerous ap-

proximations and assumptions in modeling terms that cannot 

be directly measured. At the present time, Reynolds stress 

models are not beeing widely used for practical engineering 

calculations. They have not been thoroughly tested for many 

types of flows. Simplified forms of these models, in which 

the diffrential equations for the Reynolds stresses are re-

duced to algebraic relationships, have been used with some 

success [68,70,81]; they are called algebraic stress models. 
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Some details on Reynolds stress models are discussed in 

(88-91]. 

2.2 VISCOUS FLOW PAST AFTBODIES AND THROUGH PROPELLERS ----
As explained in the Introduction, such problems are of 

considerable practical interest. Unfortunately, little ana-

lytical or computational work has been done for viscous cas-

es. Most earlier approximate analyses involved one or more 

of the restrictive assumptions mentioned earlier. Refs. 

(3,4,5] are representative. Later Ref. [6] treated the flow 

in a somewhat more realistic fashion a viscous-inviscid 

boundary-layer interaction. The influence of the propeller 

was added separately. Refs. (6,7] present attempts to extend 

the earlier very approximate analyses. The work in Ref.[8] 

solved the flow past the aft end of axisymmetric bodies us-

ing the parabolized Navier-Stokes equations and a two-equa-

tion model of turbulence, a very successful technique for 

internal flows but less robust for external flows. A pro-

peller was not included in the simulation. The principal di-

sagreement between predictions and experiments for external 

flows occurs in the stern wake region where the flow is of-

ten either near separation or separated. The partially para-

bolic equations cannot adequately describe this situation. 

Convergence was reported to be very slow. Thus, any useful 
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procedure must be based on the fully elliptic Navier-Stokes 

equation. 

In Ref. [ 9], the Navier-Stokes equations were solved for 

the flow over a body and through a propeller down into the 

wake of a submersible. An actuator disk with arbitrary radi-

al distribution of thrust is used to model the propeller, 

thus avoiding the great complexity of a periodic unsteady 

three-dimensional formulation required to treat individual 

propeller blades. The Navier-Stokes equations were cast in a 

stream function-vorticity form and the swirl component of 

the velocity was neglected. Turbulence was modeled by a 

half-equation model. This integrated TKE model allowed for 

axial variation of the eddy viscosity. No attempt was made 

in the turbulence model to resolve the near wall region of 

the body. The equations were solved by an ADI finite differ-

ence procedure. 

In Ref.[10] the same authors extended the previous proce-

dure to include the effect of swirl. Agreement with experi-

ments was good for the axial velocity component. The predic-

tion of the swirl component was qualitatively correct, but 

the absolute level of maximum swirl was consistently too 

low. In both cases it was necessary to introduce the pro-

peller loading gradually as the calculation proceeded to en-

sure smooth convergence to a steady state solution. 
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In Refs.(11,12] the same technique was applied to the so-

lution of the flow through a windmill. The vorticity-stream 

function formulation including swirl was also adopted. The 

problem treated is very similar to the one considered here. 

No walls are present and an actuator disk model is used to 

represent the propeller. The absence of solid walls, or aft-

body, upstream of the propeller results in a uniform ap-

proach flow making difficult the determination of an initial 

condition for the ordinary differential equation governing 

the distribution of the eddy viscosity. An ad hoc procedure 

based on a Prandtl turbulent kinietic energy model was found 

adequate to initialize the turbulence model. The authors 

stated that an initialization procedure based on sounder 

principles is desirable. The ADI finite difference procedure 

of Refs.(9,10] was used to solve the equations. The solu-

tion always approached a steady state, but if the calcula-

tion was continued well beyond the steady state point, it 

always eventually diverged. The authors qualified their 

procedure as "marginally stable". Here again, thrust and 

torque had to be intoduced gradually through the course of 

the computations . 

. Extension of such procedures to three dimensions is dif-

ficult and computationally expensive if the stream function-

vorticity formulation is retained. It is much easier and 
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more efficient to formulate the problem in terms of velocity 

and pressure. Boundary conditions at the wall are straight 

forward to apply; this was not the case in Refs.[10,12] whe-

re iteration on the wall value of the vorticity was re-

quired. Since the vorticity is equal to the curl of the vel-

ocity field, inclusion of the propeller as a set of body 

forces necessitated the use of differentiable functions to 

describe the thrust and torque distribution. 

2.3 THE FINITE ELEMENT METHOD IN FLOW PROBLEMS 

The finite element method is a general technique for con-

structiong approximate solutions to boundary-value problems. 

There are, in fact, a variety of methods that employ an ele-

ment-by-element representation of the approximate solution. 

Several of these are discussed in Refs. [35,105,108]. The 

method involves dividing the domain of the solution into a 

finite number of geometrically simple subdomains, the finite 

elements, and using variational concepts (e.g. weighted re-

siduals, least squares, Ritz, and Galerkin methods) to con-

struct an approximation of the solution over the collection 

of elements. Because of the generality and richness of the 

ideas underlying the method, it has been used with remarka-

ble success in solving a wide range of problems in virtually 

all areas of engineering and mathematical physics. 
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There is still some controversy among users of finite 

difference techniques as to which form of the Navier-Stokes 

equations and which numerical algorithm are generaly prefer-

able for laminar flows [13]. The Finite Element Method (FEM) 

is a much younger technique and is also used in a wide var-

iety of formulations. The finite element methodology lends 

itself readily to the development of general purpose pro-

grams: it allows for easy handling of complex geometries and 

simple implementation of a variety of boundary conditions. 

Computer programs using finite difference methods seem to be 

less general in nature. 

2.3.1 FEM f0r Laminar Flows 

An early paper [ 14] compared the velocity-pressure and 

stream function-vorticity formulations and reported higher 

computational efficiency for the primitive variable approach 

when applied to simple problems. Refs. [ 15, 16] report sue-

cessful use of primitive variables for a variety of nontri-

vial problems. Ref. [ 17] extended the same formulation to 

include the effects of heat transfer by free and forced con-

vection. Ref. [ 18] provides an extensive review of a wide 

variety of Finite Element Methods applied to various forms 

of the Navier-Stokes equations including a discussion of 

techniques for treating highly convective flows. More re-
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cently, the fractional step method was introduced [19] as a 

means of obtaining cost effective solutions to large scale 

laminar problems. Ref.[20] presented very accurate and effi-

cient algorithms for time dependent problems. The technique 

is similar to that of [19], but a streamline upwind/Petrov-

Galerkin formulation of the equations is included to treat 

convection dominated flows. 

Solution of incompressible flows by FEM is currently a 

very active field of research. New results appear every day. 

Ref. [21] analysed and compared old and new promising ele-

ments. In Refs.[22,23], efficient low order schemes were in-

troduced for two and three-dimensional time dependent prob-

lems. A state of the art review as of 1984 is given in 

Ref. [ 24] . 

Other recent developments, investigating possible im-

provements of computational efficiency, include the use of a 

time dependent form of the Navier-Stokes equations and oper-

ator splitting techniques. Each time step is broken down 

into two parts: an inviscid hyperbolic convection step, 

solved by the method of characteristics and a viscous diffu-

sion step. This seems to produce accurate and efficient al-

gorithms, but it is still too early to assess the robustness 

of such schemes. Refs. [ 25] discusses application to a two-

dimensional scalar transport problem while Ref.[26] reports 
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some success on linear advection-diffusion problems, the in-

compressible Euler equations, and the incompressible Navier-

Stokes equations. Ref. [ 27] describes and applies a similar 

characteristics-type finite element algorithm to two-dimen-

sional flows and natural convection problems. 

Although some of the previously mentioned work dealt with 

three-dimensional flows, very little computational experi-

ence has been accumulated up to now. One of the most impres-

sive records is that of Gresho and his coworkers 

Refs. (28-34,38] at the Lawrence Livermore Laboratory. Their 

modeling goal is the development and application of cost ef-

fective techniques for simulating the time evolution of vel-

ocity, temperature, pressure and pollutant concentration 

fields associated with air flow over complex, three-dimen-

sional terrain in the planetary boundary layer. Uses in-

elude: simulation of atmospheric dispersion of heavy gas 

releases, nocturnal drainage winds, pollutant transport over 

rugged terrain, safety issues related to accidental release 

of hazardous materials such as radio active gases. These 

applications put emphasis on very fast and accurate time de-

pendent algorithms for large scale three-dimensional prob-

lems including buoyancy effects and species concentration. 

Some simulation of gas releases into a turbulent flow made 

use of constant but anisotropic viscosity and diffusivity. 

Hence, all their simulations fall into the laminar category. 
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Two and three-dimensional algorithms are described in 

Ref. [28] where a very accurate two-dimensional simulation of 

vortex shedding behind a circular cylinder is presented. 

Refs. [ 29-34] discuss several improvements of the explicit 

velocity, implicit pressure technique; solutions for heavy 

natural gas release, natural convection, viscous flow, vor-

tex shedding and some high Reynolds number laminar flows are 

presented. The procedure is a modified version of the expli-

cit Euler scheme for the velocity components coupled to a 

Poisson equation for the pressure to enforce the conserva-

tion of mass. 

Overall, it appears that the most robust and efficient 

algorithm for flows are obtained by applying the finite ele-

ment method to the primitive variable form of the Navier-

Stokes equations. 

2.3.2 Penalty Function FEM 

The velocity-pressure formulation of the previous section 

were based on the Lagrange multiplier method for incorporat-

ing the mass continuity constraint. The method of Lagrange 

multipliers allows one to solve the problem provided that 

the Lagrange multiplier, in this case the pressure, is in-

cluded as an additional unknown in the formulation [35,103]. 

Penalty function methods also provide a means of including 
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the mass continuity constraint, but in an approximate way. 

Penalty methods transform a constrained problem into an un-

constrained one by seeking stationary points of a modified 

weak form of the problem, obtained by adding terms corres-

ponding to the constraint which vanish for the actual solu-

tion. The method is, by definition, an approximate one and 

yields the true solution only in the limit as a certain par-

ameter (called the penalty parameter) in the modified weak 

form approaches the value of infinity. Penalty methods have 

been extended to a wide variety of problems 

Refs.[35,37-41,100,119] and offer the significant advantage 

of not requiring the inclusion of the pressure as an extra 

unknown [35,105]. In many instances, this property leads to 

finite element formulations which have significantly fewer 

unknowns than those obtained through the use of Lagrange 

multipliers. Penalty methods are often easier to implement 

and produce more efficient programs for steady state analys-

es. 

Pioneering work on steady state high Reynolds number 

flows is presented in Ref.(36]. In Ref. (37], the same tech-

nique is developed further and also extended to treat tran-

sient flow problems. A variety of steady and unsteady prob-

lems were successfully solved. Ref.[38] applied the penalty 

method to the solution of steady state natural convection in 
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a cavity. Ref. [39] investigated mathematical properties of 

penalty methods for the formulation of solution algorithms 

to the Navier-Stokes equations. The technique was applied to 

two-dimensional free convection problems at moderate Ray-

leigh numbers in Ref. [ 40] . Extensions to three dimensions 

were carried out in Ref.[41] and solutions to a wall driven 

cavity flow and natural convection in a cubical enclosure 

were reported. State of the art implementations of penalty 

methods for a variety of steady and time dependent problems 

of practical interest are described in Refs. [42,43]. 

It appears that, for steady state problems, the penalty 

method is computationally more efficient that its velocity-

pressure counterpart. Indeed, the penalty method eliminates 

the pressure from the formulation, and thus significantly 

reducing the number of unknows and the size of the resulting 

matrix problem. 

Penalty methods may experience numerical difficulties for 

very high Reynolds number laminar flows [37]. For turbulent 

free shear flows, the contoling parameter is the eddy vis-

cosity which is several orders of magnitude larger than the 

laminar viscosity. The Reynolds number based on the eddy 

viscosity will then be reasonably small. Thus, one can ex-

pect good performance from penalty methods for turbulent 

free shear flows. 
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2.3.3 FEM in Turbulent Flows 

The application of FEM to the Navier-stokes equations in 

the turbulent regime is a relatively recent field of endea-

vor. Ref.[44] presented a detailed analysis of Prandtl mix-

ing length and algebraic stress models applied to the turbu-

lent boundary layers equations. Good agreement with 

experiments was reported. A study of convergence of the so-

lutions with grid refinement is also included. In Ref. [45], 

two-dimensional, potential flow and parabolized Navier-

Stokes procedures were coupled to solve a two-equation model 

of the turbulent flow past an airfoil trailing edge. Appli-

cation of an algebraic Reynolds stress model to the three-

dimensional parabolized Navier-Stokes equations was present-

ed in Ref.[46]. Applications included 

1. turbulent flow in a square duct. Qualitative agree-

ment was reported but major inaccuracies were noted, 

2. solution of juncture flows [ 47]. A potential flow 

code was used to provide complementary pressure boun-

dary conditions, 

3. multiple free jets at low Mach number [48]. Qualita-

tive agreement with data was reported. 

All these calculation used a generalized coordinate for-

mulation. The physical domain, over which a solution is 

sought, is mapped to a rectangular domain where the problem 
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is solved. The mapping procedure restricts the applicability 

of the procedure to geometries that are not too complicated. 

An aftbody with appendages and control surfaces is far too 

complicated to be amenable to such a treatment. Convergence 

of the solution procedure was reported as marginally stable 

for the more difficult problem of multiple free jets (48]. 

It is reasonable to expect that convergence of this techni-

que would be slow for turbulent flows past aftbodies such as 

that of Ref. [8]. 

A group of researchers at Swansea, U.K., took a different 

approach. The equations of motion are discretized in the 

physical domain using the standard finite element procedure. 

In Ref. [ 49], calculations of the wake behind a prolate 

spheroid were reported. The problem was modeled using a mix-

ing length formulation of the boundary layer and Navier-

Stokes equations. The 

agreement with the data, 

latter formulation produced better 

a point that should be seriously 

considered given that the inflow boundary was located at the 

stern of the body where the validity of the boundary layer 

approximation is questionalble. A similar technique, based 

on an eddy viscosity model, was applied to the simulation of 

a turbulent round jet [SO]. The results from the finite ele-

ment analysis compared favorably with the data. The same 

boundary layer formulation coupled to a two-equation model 
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was also used with success to compute fully developed pipe 

and channel flows. 

In a subsequent paper [51], the same authors extended the 

algorithm to the full Navier-Stokes equations. A modified 

Van Driest hypothesis and an ad hoc treatment of elements 

near the wall were used to calculate fully developed and de-

veloping pipe flows. Shortly after, Ref. [ 52] presented an 

application of a one-equation model to the solution of fully 

developed flow in a smooth-walled pipe and a planar shear 

layer. For the pipe flow, mean velocities were well pred-

icted, but the TKE field suffered from errors. For the mix-

ing layer, only the spreading parameter was reported. It 

compared well with the results from a finite difference cal-

culation. No experimental data were reported. Very slow con-

vergence of the iteration process was noted. In Ref. [ 53], 

the applicability of the FEM to analysis of a two-equation 

model was illustrated by solving the boundary layer equa-

tions for fully developed pipe flow and a plane mixing lay-

er. Mean flow properties were well predicted, while turbu-

lence quantities did not compare well with experiments even 

though they agreed well with other finite difference calcu-

lations. The source of the discrepancies probably lies in 

the turbulence model. Convergence difficulties were experi-

enced, and underrelaxation of the successive substitution 
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iteration scheme was essential to ensure convergence. The 

iteration procedure required 44 iterations (global stiffness 

matrix factorizations) to reach convergence on a coarse 

grid resulting in a system of about 400 equations. This so-

lution procedure is far to costly to be extended to three-

dimensional or even moderate sized two-dimensional problems. 

In Ref. [ 54] a one-equation model and the Reynolds aver-

aged Navier-Stokes equations were solved for the more com-

plicated problem of the flow over a backward facing step. 

Once again underrelaxation was applied, and an extra ad hoc 

velocity boundary condition was required at the first node 

downstream of the corner of the step and at the same height. 

Without this special treatment, solutions could not be ob-

tained. While good agreement with experiments was obtained, 

it seems difficult to generalize the technique to other 

problems. 

The general formulation for one and two-equation models 

is reviewed by the same authors in Ref.[55]. Applications 

to pipe flows show reasonable agreement with data. The au-

thors noted little difference between the prediction of the 

one and two-equation models. This is very likely due to the 

use of a very accurate analytical length scale distribution 

in the one-equation model. In Ref. [ 56], one and two-equa-

tion models were applied to the computation of the recircu-
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lating flow downstream of a step. The special treatment of 

the wall shear stress near the reattachment point requires a 

priori knowledge of the location of this point. For both mo-

dels, underrelaxation was required. In the case of the two-

equation model, two implementations are described. In the 

first one, all equations are coupled, while in the second 

one, the equations for the viscous dissipation is decoupled 

from the other equations and solved for separately. A spe-

cial ad hoc procedure was used whenever the TKE or the vis-

cous dissipation took unphysical negative values. The algor-

ithm for the one-equation model converged in 30 iterations, 

while that for the two-equation one required 125 iterations 

to reach convergence. 

Some important points should be noted from the work just 

reviewed: 

1. there is as yet no clear way of implementing one and 

two-equation models, 

2. the method of successive substitution with under re-

laxation has a very slow convergence rate which makes 

it impractical for use in large scale simulations. 

3. the algorithm introduced is not very robust. Its gen-

eralization for other classes of problems, in parti-

cular free shear flows, is not a straight forward 

task. 
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4. it is very likely that each new problem will require 

special modifications of the method as was the case 

in the above mentioned references. 

Larock and Schamber [57} analysed some of the these is-

sues for the k-£ two-equation model in two dimensions. Here, 

the mean flow equations and the turbulence quantities equa-

tions are solved separately and alternatively until conver-

gence.in all unknowns is reached. The Newton-Raphson solu-

tion procedure for the turbulence quantities had to be 

modified for the initial iteration steps to ensure conver-

gence. During the first few iterations, the TKE and viscous 

dissipation could take unphysical negative values. Underre-

laxation was required to avoid the negative values and to 

ensure smooth convergence. The iteration for the mean flow 

equations also used underrelaxation. The simulation of tur-

bulent flow in a sedimentation basin was reported to be 

roughly 10 times more costly than an equivalent laminar si-

mulation. The authors also noted that the performance of 

Newton's method was very sensitive to the choice of the ini-

tial guess of the solution vector and, more particularly, to 

the initial fields for the turbulence quantities. 

The difficulties just mentioned were the focus of the 

work presented in Refs. [ 58-62] . Two major problems were 

identified and discussed: modeling of the near wall region 
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and the general applicability of two-equation models. 

Refs. [58,59] discuss the use of "the law of the wall" for 

treating the near wall region. Ref. [59] reported successful 

solution of simple pipe flows using a k-t model. Extension 

to more complicated flows was attempted in Ref. [60] but poor 

results were obtained for the recirculating flow in a sudden 

pipe expansion. The model exhibited high localized and un-

physical turbulence levels in the free shear layer just 

downstream of the step. The numerical algori thrn suffers 

from extreme numerical instabilities. There is strong evi-

dence [60] that the large localized peaks of turbulence are 

an inherent feature of the k-t model. The cause of the con-

vergence difficulties experienced with Newton's method was 

tr~ced to the existence of closely clustered multiple solu-

tions to the discrete form of the t equation. It was shown 

through a simple one-dimensional example that, even on a 

mesh capable of resolving all details of the final solution, 

nearby spurious solutions to the discrete equations exist 

which make it very unlikely that an iterative method of the 

Newton type will converge to the required solution. 

In Ref. [61] a new turbulence model, termed the q-f model, 

is introduced. Here q is the square root of k and f is a 

characteristic frequency of the large scale motion. It is 

shown that, under proper condition the q-f model is equiva-
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lent to the k-£ model. This model proved to be much more 

robust and stable during the Newton iterations. Results for 

a simulation of the pipe expansion flow [ 60] were in very 

good agreement with the experimental data. It should be not-

ed, however, that there is no accepted or recommended set of 

constants for this model as there are for the k-e model. 

The values of the constants used in Ref.[61] were tuned to 

provide good agreement with the data. The author reports 

that they were sensitive to the inlet boundary conditions. 

Detailed comparison with experiments of the results obtained 

from a k-e finite difference procedure and the FEM using 

the q-f model are presented in Ref.[62]. Both methods pro-

vide similar results, but the FEM q-f algorithm produces so-

lution that are consistently in better agreement with the 

experiments. 



Chapter III 

TURBULENCE MODEL 

As mentioned in the previous chapter, a good turbulence 

model should respond to all important flow processes antici-

pated, but it should not complicate the mathematical formu-

lation nor burden the computational task more than absolute-

ly necessary. This last point is especially important for 

large scale, three-dimensional simulations. The starting 

point for the development of the present model is the trans-

port equation for the TKE [70] 

= (vT/oTk' 1.), 1. + "T(U. . +U. . )U. . l,J J,l l,J 
- E ( 4) 

Summation over repeated indices is implied; the coma de-

notes partial differentiation. In this equation, "T is the 

eddy viscosity, oT a turbulence "Prandtl" number, and e: is 

the viscous dissipation of turbulence. Equation (4) is the 

high Reynolds number modeled form of the TKE equation, and 

it is suitable for the present application, since there are 

no solid walls in the computational region. The left hand 

side represent the convection of k. The first, second, and 

third terms on the right hand side represent diffusion, 

production, and viscous dissipation respectively. 

36 
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For the flows considered in this study, the fully ellip-

tic form of the TKE equation is not required. Indeed, a par-

abolized form of eq.(4) is sufficient since it is expected 

that the turbulence level at one point will not be signifi-

cantly affected by the turbulence level at a point located 

farther downstream. The parabolized form of the TKE equation 

is obtained by neglecting streamwise diffusion and produc-

tion due to the normal stresses and terms involving stream-

wise or x-derivatives. Thus we have : 

Uk,x+Vk,y+Wk,z = (vT/oTk'y>'y + (vT/oTk'z)'z 

+ VT [ ( u' y) 2. + ( u' ) 2. + ( V' +W' ) 2. ] z z y 

- E (5) 

Following Refs. [9-12], an integrated form of the TKE 

equation is obtained by integrating eq.(5) over the crossec-

tional y-z plane normal to the primary direction of the 

flow. Application of the divergence theorem to the second 

and third terms on the left hand side and to the diffusion 

terms on the right hand side, makes them disappear upon 

integration. 

equation reads: 

After some algebraic rearranging, the TKE 

d(JJApUk dA)/dx = JJAvT[ (U, ) 2 +(U, ) 2 +(V, +W, ) 2 ] dA y z z y 

+ ( 6) 
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In order to close the model, the TKE must be related to 

the eddy viscosity µT=pvT. This is done through the use of 

the Prandtl-Kolmogorov relationship [70] 

= C kl/ 2 L 
2 ( 7) 

Assuming that laminar dissipation is important only in 

the inertial sub-range, dimensional consistency dictates 

that the viscous dissipation be modeled as [70]: 

( 8) 

where Lis a characteristic length scale of the shear layer, 

and a 2 and c 2 are constants. Physically, all integrands in 

eq.(6) are sufficiently well behaved to ensure boundedness 

of the integrals. The assumption that the eddy viscosity is 

constant· over the cross section of the flow is a well docu-

mented behavior for free shear flows. In fact, the eddy vis-

cosity is constant over most of the shear layer and decays 

to zero only as the radial distance, r, from the x-axis goes 

to infinity. In order to preserve this behavior and ensure 

boundedness of the integrals in the modelled integrated 

equation, we introduce a distribution function, ! , repre-

senting the distribution of µT across the layer. It is 

closely related to the actual intermittency of the turbulent 

flow. The following form, called form 1, obtained from a 
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nonlinear least squares fit to intermittency data for a tur-

bulent boundary layer over a flat plate and turbulent plane 

and round jets [1,93], was found satisfactory: 

where 

o = 0.5 ( 1 y 
o = 0.5 ( 1 z 

erf(l.98Y/Y 112 -3.42)) 

erf(l.98Z/z 112 -3.42)) 

and Y112 and z112 are the half-widths of the shear layer 

along the y and z axes respectively. In cases where the 

shear layer is not symmetrical with respect to the y or z 

axes, the average of the half-widths on the positive and ne-

gative sides of the axis is used. The half-widths are de-

fined by the points on the axis where : 

In this expression U. f is the free stream approach flow in 
velocity which can be non-uniform. 

Another, simple form termed form 2, was found to perform 

just as well as form 1: 

o = 0.5 ( 1 - erf(l.98R/R 112 -3.42)) 

where R=(y 2 +z 2 ) 11 2 is the radius measured from the x-axis, 

and R112 is chosen equal to Y112 or z 112 . Form 2 worked very 

well for flows in which the half-widths are approximately 

equal. 
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It should be noted that the particular form of the dis-

tribution function used is not critical. Its purpose is to 

ensure boundedness of the integrals. Choosing different 

forms wi 11 simply results in slightly different values of 

the constant a2 and c 2 when the model is calibrated. This 

will not affect the solution of the turbulence model. 

Upon substitution of eq.(7) and eq.(8) into eq.(6), the 

modelled integrated TKE equation takes the form: 

(9) 

where 

yl = // A ur 2 ; c c 2 L) dA 2 

y2 = // A r[ (U, ) 2 +(U, ) 2 +(V, +W, ) 2 ] dA y z z y 

y3 // A 
3 dA = ra 2 /(c 2 L) 

It now remains to specify the length scale L. Following 

Ref. (94] we adopt: 

with a= 1.89. This choice of length scale allows for the 

proper computation of both planar and round jets with a sin-

gle set of constants [94]. This is crucial for three-dimen-

sional jet flows since both regimes are often present [95]. 
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Eq.(9) is an initial value problem for the kinematic eddy 

viscosity vT. The only data required is an initial condition 

for vT at the upstream inflow boundary, a value that can be 

easily estimated for most flows. One significant advantage 

of the present model is the absence of the diffusion of TKE, 

a most difficult term to model. 

The present model was calibrated on the simple, well do-

cumented turbulent flow problem of the far field of a round 

jet issuing into still surroundings. This flow has an ana-

lytical solution [66,96] for the velocity field, and the va-

lue of the eddy viscosity is known and constant. Hence, the 

left hand side of eq. ( 9) is zero. The analytical velocity 

field is used to evaluate the integrals in eq.(9) yielding 

one equation in in two unknowns a2 and c 2 . For this flow 

the turbulence is in local equilibrium and, from the balance 

between production and dissipation, one obtains a second 

equation [68]: 

(10) 

Eq.(9) and (10) ,for this jet problem, form a system of two 

algebraic equations in two unknowns that can be solved for 

the values for a2 and c 2 . The following values were ob-

tained: 

for form 1, and 

a = 0.519 2 

C = 0.154 2 
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a 2 = 0.541 

c 2 = 0.148 

for form 2 

This completes the formulation of the turbulence model. 



Chapter IV 

FINITE ELEMENT ALGORITHM 

4.1 VARIATIONAL FORMULATION OF THE STOKES EQUATIONS 

Before considering the variational formulation of the 

Navier-Stokes equations, it is informative to consider the 

formulation of the solution to the simpler Stokes equations. 

They are obtained by neglecting the nonlinear convective 

terms in the Navier-Stokes equations: 

u. = 0 in D ( 11) 
l.' i 

[ µT ( U. . + U . . ) ], . - p I ' + pfi = 0 in D ( 12) l.,J J,l. J l. 
u. = 0 on s l. 

where D denotes the domain occupied by the fluid and S de-

notes the closed boundary of D. The summation convention on 

repeated indices is implied. For simplicity homogeneous 

boundary conditions are considered. More general boundary 

conditions may easily be included in the formulation. 

Although linear, eq.(11) and (12) retain the major mathe-

matical difficulties of the incompressible Navier-Stokes 

equations. Since each momentum equation is associated with 

one of the velocity components, the continuity equation is 

the equation associated with the pressure; but it does not 

involve the pressure explicitly. In the words of Aris[104]: 

43 
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"In an incompressible fluid, the pressure is an 
intrinsic and independent variable of the motion 
and is not related to any thermodynamic equation 
of state; it is an implicit variable that adjusts 
itself in such a way that the continuity equation 
remains satisfied." 

This is one characteristic of incompressible flows that 

makes the problem difficult to solve. Hence, both the Navi-

er-Stokes and Stokes equations should be viewed as con-

strained problems in which the continuity equation is the 

constraint. It is a well known fact that the pressure is the 

Lagrange multiplier associated with the mass continuity 

constraint [35,103]. Moreover, the linearity of eq.(11) and 

(12) makes the Stokes equations amenable to a rigorous and 

complete mathematical treatment [35,103]. It is shown in 

these references that a solution to the Stokes equations is 

obtained by solving the following variational problem: 

Min I(U.) = 1/2 J0 (µT(U .. +U .. )U .. + 2pf.U.) dD (13) 
1 1,J J,1 1,J 1 1 

subject to the constraint 

u .. = 0 
1,1 

(14) 

There are two common ways to enforce the constraint (14) 

on eq.(13): the Lagrange multiplier method and the penalty 

function method. These give rise to velocity-pressure ( or 

mixed), and penalty formulations respectively. The Lagrange 
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multiplier method enforces the constraint exactly whereas 

the penalty method enforces it in a least squares sense 

[ 3 9] . 

4.1.1 Mixed Formulation 

In the method of Lagrange multipliers a functional L, 

called the Lagrangian, is introduced and defined by: 

L ( U . , A ) = I ( U . ) - / 0 A U . . dD 
1 1 1, 1 

(15) 

where A is the Lagrange multiplier associated with the con-

tinui ty equation [ 35, 103] . It can be shown that the La-

grange multiplier is equal to the negative of the pressure A 

= - P [35,103,118]. The variational problem corresponding 

to eq. ( 13) and eq. ( 14) consists of finding a stationary 

point (Ui,P) of L(Ui 1 P). This is done by setting to zero the 

first variations of L with respect to U. and P. This yields 
1 

the following pair of variational equations or weak form of 

the Stokes equations: 

'o(µT(U .. +U .. )oU .. + f.ou. - PoU .. ) dD 
1,J J,1 1,J 1 1 1,1 

0 

(16) 

, 0 u. . oP dD = o 
1,1 

where oU. and oP are the variations of the velocity and 
1 

pressure. They may also be interpreted as virtual velocities 



46 

and pressure, in which case eq. ( 16) may be regarded as a 

form of virtual work statement. This equation must hold for 

all admissible virtual velocities and pressures. 

4.1.2 Penalty Function Formulation 

In the penalty method, instead of introducing a Lagrange 

multiplier, one constructs a penalty functional as: 

G(U.) = '>../2J0 (U. . ) dD 
1 1,1 

where'>.. is called the penalty parameter and is a large posi-

tive number whose value has an effect on the accuracy of the 

solution. The penalty functional is zero when the velocity 

field is solenoidal, is always positive, and its value in-

creases with increasing violation of the continuity equa-

tion. Theoretical details may be found in Refs.[35,43,103]. 

We then seek the minimum of the modified functional, 

I (U.) = I(U.) + G(U.) p 1 1 1 

by setting its first variations to zero 

oIP(Ui) = oI(Ui) + oG(Ui) = 0 

This yield the following weak form: 

(17) 

(18) 

JD(µT(U .. +U .. )oU .. + f.ou. + '>..U .. OU .. ) dD = 0 (19) 
1,J J,1 1,J 1 1 1,1 1,1 

Note that the pressure has dropped out of the formulation. 

For sufficiently large values of'>.., the variational problem 
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in eq. (19) is almost equivalent to the problem defined by 

eq.(13) and (14). In fact, it can be shown [35,103] that as 

the value of the penalty parameter goes to infinity, the pe-

nalty solution wi 11 converge to the true solution of the 

Stokes equations. 

The pressure is often a quantity of importance in engi-

neering applications. One can show [35,103] that the pres-

sure may be evaluated by: 

P = - AU. . 
1,1 (20) 

where Ui is the velocity field obtained from the solution of 

eq. ( 19) . 

4.2 VARIATIONAL FORMULATION OF THE NAVIER-STOKES EQUATIONS 

It is now well accepted that no functional in the classi-

cal sense can be constructed for the full Navier-Stokes 

equations. In other words there is no functional whose Eu-

ler-Lagrange equations are the Navier-Stokes equations. Ne-

vertheless, it is possible to obtain a weak form of the Nav-

ier-Stokes equations by using the Galerkin technique [ 102] . 

Its finite element approximation, the Galerkin Finite Ele-

ment Method (GFEM), is a relatively new technique in fluid 

mechanics, but it has established itself as a robust numeri-

cal algorithm capable of providing solutions to a wide var-

iety of problems [100]. Details of the formulation are read-
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ily available for both the velocity-pressure [28,97-99] and 

the penalty function formulations [39,40,99]. Thus, only an 

outline of the technique is presented here. 

4.2.1 Generalized Galerkin Formulation 

Most papers refer to the present method as a Galerkin 

method. In fact the use of the divergence theorem on the 

second order derivatives produces a weak formulation of the 

problem much akin to the Ritz method, see Ref. [ 118]. In-

deed, the generalized Galerkin method reduces exactly to the 

the Ritz method for problems that can be formulated as the 

minimum of a functional, see Ref. [ 118] . The true Galerkin 

method does not use integration by parts, via the divergence 

theorem, thus placing higher differentiability requirements 

on the approximation (interpolation) functions. Finite ele-

ment interpolation functions with high degree of inter-ele-

ment continuity are very difficult to construct and expen-

sive to use. The only mathematical requirement for the Ritz 

method is the ability to include the natural boundary condi-

tion. The present technique does not only include the na-

tural boundary conditions but is also computationally more 

efficient. 

Recall the equations of motion for a three dimensional 

free shear flow: 

u .. = 0 (21) 
l,l 
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p U . U . . - { - P , . + pf . + [ µT ( U . . + U . . ) ], . J = 0 ( 2 2 ) J 1,J 1 1 1,J J,1 J 

The form of the boundary conditions required to complete the 

definition of the problem wi 11 emerge naturally from the 

Galerkin formulation. Note that eq. ( 21) and ( 22) are very 

similar to eq.(11) and (12) except for the presence of the 

nonlinear convective terms. Thus, eq.(21) and (22) may also 

be viewed as a constrained problem, and the Lagrange multi-

plier and penalty methods previously described for the 

Stokes equations are also applicable. 

* * Substitution of an approximate solution (U ,P ) into 

eq. ( 21) and ( 22) yields a set of residual equations of the 

form 

Momentum = 

Continuity = 

where R. are the residuals, a measure of the quality of the 
1 

approximate solution used. The Galerkin method reduces this 

error to zero, in a weighted sense, by making the residuals 

orthogonal to some set of functions. For the momentum equa-

tions the weighting functions, cU., must satisfy the contin-
1 

uity equation. This yields: 

(23) 

Here cu. may be interpreted as a virtual velocity [39], and 
1 

eq.(23) is similar to the principle of virtual work of solid 
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mechanics. The variational form of the momentum equations 

then reads: 

!Dou. { pU. U. . + pf. + P, . - [ µT ( U. . +U. . ) ] , . } dD = 0 l. J l.,J l. l. l.,J J,l. J 

Various formulations are obtained depending on the choice of 

the weight function oU. : least squares, collocation, subdo-l. 
main methods [ 105] , Petrov-Galerkin (20,37], Galerkin 

[ 28, 98 J • the most popular one is the Galerkin technique 

adopted here. It can be shown that, for self-adjoint prob-

lems, the generalised Galerkin method is equivalent to the 

Ritz method and to extremization of the corresponding func-

tional. Application of the divergence theorem to the last 

two terms recalling that oU .. = 0, yields the weak form of 
l. ' l. 

the momentum equations: 

JD(oUl..pUJ.ul..,J. + oU .. µT(U .. +U .. ) + OU.pf.) dD = l.,J l.,J J,l. l. l. 

!sou. (-P+µT(U .. +U .. ) )n. dS (24) l. l.,J J,l. J 

The use of Green's theorem has two consequences. First, 

it reduces the differentiability requirement on the velocity 

by transfering some of the derivative from U. to oU .. See-l. l. 
ond, it introduces boundary integral terms for the natural 

boundary conditions involving the surface tractions or forc-

es t.: l. 
t . = [ - P + µT ( U . . + U . . ) ] n . l. l.,J J,l. J 
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The pressure does not appear explicitly in eq.(24); it 

appears only implicitly through the surface integrals on the 

right hand side of eq.(24). Moreover, eq.(24) does not yet 

include the mass continuity constraint. As was the case for 

the Stokes equations, mixed and penalty methods may be used 

to enforce the continuity equation constraint. 

4.2.2 Mixed Formulation 

Because a variational form of the momentum equation was 

obtained directly without recourse to extremization of a 

functional, one must enforce the constraint by appending a 

weak form of the continuity equation: 

o {JD PU. . dD J 
l. ' l. 

or 

JD Pou. . dD 
l. ' l. 

+ JD oPU .. dD 
l. ' l. 

The resulting mixed formulation is given by the following 

pair of variational equations : 
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JD { oU . p u . u . . + oU. . µT ( u. . + u . . ) } dD 1 J 1,J 1,J 1,J J,1 

+ JD{oU.pf. + Pou .. } dD = JS oU.t. dS (25) 1 1 1,1 1 1 

JD oU .. dD 1,1 0 ( 26) 

4.2.3 Penalty Formulation 

The same penalty functional constructed for the Stokes 

equations is used [35,43,103]: 

G ( U1. ) = )./2 JD ( U . . ) 2 dD 1,1 (27) 

A variational form of eq.(27) is added to the weak form of 

the momentum equations to enforce mass continuity 

oG(U.) = ).Jd U .. oU .. dD 1 1,1 1,1 

The resulting weak formulation is given by [39,40,43,99]: 

JD{oU.pU.U .. + oU .. µT(U .. +U .. ) + oU1.pf1. j dD 1 J 1,J 1,J 1,J J,1 

+ ).JD U. . oU. . dD 1,1 1,1 = J s oui ti ds (28) 

Note, that in eq.(28) the pressure does not appear expli-

citly. The only unknowns are the velocity components. This 

results in significant computational savings; the resulting 

matrix problem will have fewer unknowns and a smaller band-

width than that resulting from the mixed formulation. Once 

the velocity field is obtained by solving eq.(28), the pres-



53 

sure may be computed in a post processing step, from the 

following relationship [35,39,103]: 

P = ->.u. . 
1,1 

(29) 

Equation (29) does not form the basis of the penalty 

method, as implied in a number of papers, but it is a conse-

quence of eq. (28). If one starts with eq.(29) to describe 

the method, not only is the reader misinformed, but he is 

also confused, because there is no obvious reason to assume 

that the pressure is related to the velocity field through 

eq.(29). However, once this is recognized, eq.(29) can be 

used to introduce explicitly a pressure approximation in the 

construction of the penalty functional [35,101,103]. This is 

called the consistent formulation of the penalty term which 

provides great flexibility and freedom in the development of 

finite element approximations. it also allows for the imple-

mentation of the best mixed elements in a penalty formula-

tion [ 103]. 

Convergence of the solution of the penalty formulation to 

the true solution, as :i.~oo, can be proved [ 39]. Guidelines 

for selecting the value of the penalty parameter are pro-

posed in [37,118]. 

fective. 

6 8 A value of 10 to 10 usually proves ef-
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4.3 FINITE ELEMENT APPROXIMATION 

The Finite Element Method is a finite dimensional, or 

discrete, version of eq.(25) and (26) or of eq.(28) depend-

ing on whether the mixed or penalty formulation is selected. 

The domain occupied by the fluid is divided into a set of 

simply shaped, non-overlapping regions called finite ele-

ments. Over each element, the dependent variables are ap-

proximated by a linear combination of locally defined inter-

polation functions with compact support, which are typically 

polynomials [35,105,108]. This permits us to consider the 

solution procedure at the element level. The element expan-

sions are substituted into the appropriate weak forms, and 

integration over each element is performed via Gaussian qua-

drature to obtain the element matrix equations. These in 

turn are assembled to yield the global matrix approximation 

and boundary conditions are applied [ 105]. The resulting 

global system of equations is nonlinear and of the form: 

[K(x)] x F (30) 

where K is the global matrix, a discrete analogue to the 

differential operators of the Navier-Stokes equations (21) 

and (22), xis the global vector of unknowns, and F repre-

sents the body forces and boundary conditions. 
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4.3.1 Mixed Finite Element Equations 

In the present Galerkin formulation, the same expansions 

are used for Ui and 6Ui' and P and 6P over each element. 

Thus we use: 

where 

Ui = NkUik 

p = M p 
n n 

6Ui = Nk6Uik 

6P =MP n n 

(31) 

(32) 

1. Uik are the nodal values of the velocity components, 

2. 6Uik are the nodal values of the virtual velocity 

components, 

3. Pn are the element pressure degrees of freedom, 

4. 6Pn are the element virtual pressure degrees of free-

dom. 

Indices k and n range over the number of velocity and pres-

sure degrees of freedom of each element respectively. Sub-

sti tution into eq. ( 25) and ( 26) yields the element equa-

tions. Since the weak forms in eq. (25) and (26) must hold 

for all virtual velocities and pressures, their element de-

grees of freedoms may be factored out. For simplicity and 

clarity, the final result is presented for two-dimensional 

problems. 

forward. 

Generalization to three dimensions is straight 

The two-dimensional interpolation functions used are 

u = N.u. 
1 1 

v = N.v. 
1 1 
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P = MjPj 

Here u and v are the x and y velocity components and ui, vi 

their nodal values. The element equations may be written in 

the following matrix form (see Ref.[108]): 

[ Kll 
Kl2 -c l [::] 1 

K21 K22 -c 2 
-CT -CT 0 1 2 J 

[ 
Al 0 0 

l [::] 
[ Fl+Tll 

+ 0 A2 0 = F2+T2 (33) 

0 0 0 0 
J 

where 

Kll = JD µT(2N. N. +N. N. ) dD 1,X J,X 1,y J,Y 

Kl2 = ID µT ( N . N . ) dD 1,Y J,X 

Kl2 
T = Kl2 

K22 = ID µT ( N. N. +2N. N. ) dD 1,X J,X 1,y J,Y 
are the momentum diffusion matrices, 

C. = ID (N. .N.) dD J. J.,J J 
are the gradient matrices and C~ are the divergence matrices, 

J. 

= ID( pNkN .N. + vkpNkN .N. ) dD J J.,X J J.,Y 
A2 = /D(pNkN.N. + vkpNkN.N. ) dD J J.,X J J.,Y 

are the advection matrices, 

F. = /DpN.f. dD J. J J. 
are the vectors of body forces, and 

Ti= /DNjti dD 

are the vectors of surface tractions. 
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4.3.2 Penalty Finite Element Equations 

4.3.2.1 · Reduced Integration Method 

The previous element expansion for the velocity compo-

nents may be substituted directly into eq.(28) to obtain the 

Galerkin Penalty Finite _Element approximation to the Navier-

Stokes equations. The element matrix equations reads: 

[ 
p p 

Kll+Kll Kl2+Kl2 

p p 
K2l+K21 K22+K22 

[ 
Al 0 l [] + 
0 A2 1 

where the submatrices 

J Cl 1 

= 

are 

[ Fl+Tl] 
F2+T2 

defined as before and KI:'. 
1] 

the penalty matrices and are defined as: 
p = 1 JD N. N. dD Kll 1,X JI X 
p = 1 JD N. N. dD Kl2 1,X JI y 
p = 1 JD N. N. dD K21 1,y JI X 
p = 1 JD N. N. dD K22 1,y JI y 

(34) 

are 

Care should be taken in selecting the order of the Gaussian 

quadrature rule used for evaluating the penalty terms. To 

ensure that the method will work, one must use reduced inte-

gration of the penalty terms [35,37,39,103,108,119]. The use 

of reduced integration can be explained in terms of the con-

ditions for the existence and uniqueness of solutions to the 
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Although the penalty functional G(U.) 
l. 

of eq.(28) is a perfectly legitimate one for the continuum 

problem, it is not necessarily a penalty functional for the 

discrete problem. To qualify as a penalty functional, G(U.) 
l. 

must be positive semidefinite. In the matrix equation (34), 

no discrete approximation of the constraint was identified, 

and the result is that the penalty matrix KP will in general 

be positive definite. Thus, although system (34) is solv-

able, we will have u.~o as A~~, a trivial solution that cer-
l. 

tainly satisfies the constraint. 

Typical reduced integration uses a one point Gaussian 

integration in each direction for multilinear elements, and 

a two point rule for mul tiquadratic elements. A review of 

these and other elements may be found in Ref. (103]. 

The reduced integration rule implicitly defines the pres-

sure approximation: piecewise constant for multilinear ele-

ments, and discontinuous piecewise multi linear for multi-

quadratic elements. Thus, these elements may suffer from 

spurious pressure solutions just as do their mixed counter-

parts [35,101,103,107]. It has been shown (101] that the re-

duced integration can generate inaccurate results on meshes 

of distorted isoparametric elements. This is a serious prob-

lem, since most analyses require the use of nonrectangular 

grids to accommodate complicated geometries. To circumvent 
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this difficulty, the consistent penalty method was intro-

duced [ 101] . 

4.3.2.2 Consistent Penalty Method 

The consistent penalty method generates more accurate pe-

nalty matrices on general meshes than its reduced integra-

tion counterpart. The formulation starts with eq.(25) and a 

weak form of eq.(29) : 

JD [ au 1. P uJ. u1. , J. + au. . µT ( u. . + u . . ) J dD 
l.,J l.,J J,l. 

+ !DOU.pf. PoU .. dD = JS oU.t. dS 
l. l. l.,l. l. l. 

(35) 

JD->..oPU. . dD 
J. I J. 

(36) 

Interpolation functions are introduced through eq. ( 31) and 

(32). The explicit introduction of the pressure interpola-

tion functions in this penalty method provides great freedom 

in the construction of penalty elements and directly identi-

fies the discrete approximation of the constraint. It can be 

shown [115,116,117] that to every penalty element there cor-

responds an equivalent mixed element formulation. Conse-

quently, the consistent formulation provides for the con-

struction of very accurate and stable penalty finite element 

approximations by using the same interpolation used in the 

best mixed elements. Introduction of element expansions in 

eq. (36) yields: 



where 

Here, c. 
l. 
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[Ci C~] {ui} = - lM Pj 

{vi} 

C. = JD N. .N. dD l l,J J 
M = JD M.M. dD l J 

are the components of 

(37) 

the gradient matrix, c~ 
l. 

those of the divergence matrix, and M is the pressure mass 

matrix. Equation (37) may be solved for the P. which are 
J 

the substituted in eq(35). The resulting penalty matrix for-

mulation is identical with that of eq. ( 34) except that 
p Kij' the penalty matrices, take the form: 

Since pressure approximations are explicitly introduced, 

full quadrature is used to evaluate the integrals in the pe-

nalty term. The relationship between the two methods and 

conditions for their equivalence are detailed in Ref.[101], 

where it was shown that the consistent construction of the 

penalty matrix is to be preferred. 
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4.3.3 Choice of Interpolation Function 

The mixed and penalty methods just described allow great 

freedom in the choice of the velocity and pressure approxi-

mations. Unfortunately, if a stable and accurate formulation 

is sought, one cannot mix any approximation of the velocity 

with any approximation of the pressure. There are mathemat-

ical restrictions for proper approximation of solenoidal 

vector fields expressed through the so-called "Babuska-Brez-

zi" condition [ 35, 101,103] . Satisfaction of this condition 

by the element velocity and pressure approximations guaran-

tees well-posedness of the discrete problem and hence, accu-

rate and stable solutions. 

For planar and axi-syrnmetric problems, the 9-noded bi-

quadratic velocity element with linear pressure (Q 2 -P 1 ele-

ment) [101,103] provides the most accurate and cost effec-

tive solutions to the Navier-Stokes equations in both mixed 

and penalty formulations. This element is free of any spuri-

ous pressure modes [113,114] and provides accurate pressure 

solutions. 

The 27-noded triquadratic velocity element with linear 

pressure is the three-dimensional counterpart of the Q2 -P 1 

element and it is very accurate. It is also free of pres-

sure modes. Unfortunately its large connectivity results in 

a large bandwidth of the matrix for a given mesh, making 
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this element unattractive for practical application on all 

but present day super computers. The use of the less accu-

rate tri linear constant pressure element ( Q1-Q 0 ) produces 

more tightly banded matrices making this element more at-

tractive for solving three-dimensional problems on regular 

mainframe computers. This element, under certain circums-

tance$ may suffer from pressure modes. Our experience with 

this element in a penalty formulation indicates that it is a 

fairly reliable element for the problems treated here. No 

spurious pressure solutions were observed. 

4.4 GENERAL SOLUTION PROCEDURE 

All formulations described so far result in a system of 

nonlinear algebraic equations of the form: 

[K(U,µT(U))] U = F 

where K is the global system matrix, U is the global vector 

of unknowns, and Fis the global vector of body forces. and 

boundary conditions. 

This system of equations is solved by a combination of 

methods: successive substitution, Newton-Raphson, and qua-

si-Newton methods [43,109-111]. In the method of successive 

substitution, the nonlinear terms are evaluated with values 

of U from the previous iteration. This scheme has a fairly 

large radius of convergence, but for most problems its rate 
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of convergence is very slow. The Newton-Raphson method has a 

far superior rate of convergence. Its convergence rate is 

quadratic as long as the initial solution vector is within 

the radius of convergence of the method. Unfortunately, the 

radius of convergence of the Newton-Raphson method is much 

smaller than that of successive substitution. For both meth-

ods, the Gaussian L-U factorization of the matrix must be 

performed at each iteration, a very costly procedure for 

large problems. In the quasi-Newton procedure the L-U decom-

position of the matrix is updated in a simpler manner at 

each iteration (43,109-111]. This algorithm has superlinear 

convergence, and, in practice, its rate of convergence ap-

proaches that of Newton-Raphson, while the cost of one qua-

si-Newton iteration is typically 10 to 15% of that of a New-

ton iteration. 

The following iteration strategy was found suitable 

throughout t~is study: 

1. Perform one iteration of successive substitution with 

a constant value of the eddy viscosity (equal to the 

initial condition for the ordinary differential equa-

tion of the turbulence model) to obtain an initial 

guess. Alternatively the first guess may be obtained 

by any other means, e.g. the solution from a simpler 

problem or an approximate analytical solution. 
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2. Switch to quasi-Newton and iterate until convergence. 

The eddy viscosity distribution is updated at each 

iteration by solving eq.(9) using the current veloci-

ty distribution to evaluate the coefficients of the 

ordinary differential equation. 

When this algorithm is used, it results in a linear ma-

trix problem: 

A X = b 

where the matrix A is large ( several thousand equations), 

sparse, banded, and unsymmetric. A compacted skyline storage 

mode is adopted to store the matrix (112]. Only coefficients 

between the leftmost and rightmost non zero entries in each 

row are stored. All equations corresponding to known degrees 

of freedom are eliminated. For most problems, the matrix is 

too large to fit in core even with the use of such a storage 

scheme. The matrix is segmented into blocks and stored on 

low speed disk drives [112]. Using this out-of-core method, 

very large systems of equations can be solved by direct 

Gaussian decomposition. 



5.1 INTRODUCTION 

Chapter V 

RESULTS AND DISCUSSION 

We present applications of the theory and method of solu-

tion previously described to four problems: 

1. a round jet issuing from a wall into still surround-

ings, 

2. a square jet issuing from a wall into still surround-

ings, 

3. a uniform flow past a propeller, 

4. a shear flow past a propeller. 

The turbulence model was programmed and interfaced to the 

general purpose finite element fluid dynamics program FIDAP 

(92,99]. The resulting code can simulate planar, axisymme-

tric, and three-dimensional turbulent free shear flows of 

the jet or wake type. All finite element meshes used in this 

study were generated using the author's general purpose grid 

generation programs GEN2D (120], GEN3D [121] and SPIN3D 

[122]. 
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5.2 NONDIMENSIONALIZATION 

All calculations were performed with a nondimensional 

form of the equations of motion, eqs. (21) and (22). Refer-

ence values are selected for the velocity (U0 ), length (L 0 ), 

and pressure (P 0 ) to obtain the following dimensionless va-

riables (the star denotes a dimensional variable): 

x. 
1 

u. 
1 

p 

f 

p 

* = xi/Lo 

= p/po = 1 

= 1/Re 
µT 

This choice of variables makes the nondimensional equations 

of motion identical to the original dimensional, equations 

eqs.(21) and (22), with a unit density, a dimensionless eddy 

viscosity taking the form of the inverse of a Reynolds num-

ber, and body forces having the form of accelerations. This 

operation is important and has two consequences. First, it 

identifies the relative inportance of the various terms in 

the equations of motions. Second, the proper choice of u0 

and L0 will improve the numerical scaling of the finite ele-

ment matrices. Bad numerical scaling is a serious problem 
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with the finite precision of any computer [127]. The refer-

ence velocity is usually taken as the maximum velocity oc-

curing on the boundary of the domain or any other convenient 

value insuring that the dimensionless velocities are of ord-

er one. For jets, u0 is taken as the maximum value at the 

jet lips and for flows past propellers, it is taken as the 

centerline velocity far upstream of the propeller. The re-

ference length, L0 , is then selected to provide a Reynolds 

number (based on the eddy viscosity) less than 2000. This 

numerical scaling ensures that no contributions from the 

various element matrices are lost during the assembly pro-

cess. Improper scaling results in decreased accuracy or even 

totally erroneous solutions. It may even produce an ill-con-

ditioned or a non-invertible global matrix. 

5.3 THE ROUND JET ISSUING FROM A WALL INTO STILL -- --SURROUNDINGS 

This axisymmetric simulation constitutes the first vali-

dation test of the turbulence model. The far field region of 

the jet has an analytical solution for the velocity field 

and the eddy viscosity (96] obtained from a similarity ana-

lysis. The near field region does not have similar velocity 

profiles and hence, cannot be described analytically. 

Therefore, if the turbulence model is robust it should re-

produce the analytical solution in the farfield. 
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A value of the eddy v.iscosity is required to initialize 

the ordinary differential equation governing the eddy vis-

cosity distribution. This can be obtained from a simple ana-

lysis of the free jet boundary problem [66) as an approxima-

tion for the potential core region of the jet. Throughout 

the potential core region this analysis yields: 

µT = 0.0137 p Uj X 

where U. is the jet exit velocity, p the density, and x the 
J 

distance from the lips of the jet. The extent of the poten-

tial core may be estimated with the following formula [123): 

x:/D = 2.13 (Re 0 )o.og? 
where x is the length of the potential core, Dis the jet 

C 

diameter, and Re0 is the laminar Reynolds number based on 

the jet diameter and exit velocity. The above formulas give 

the value of the eddy viscosity throughout the potential 

core. The value at x is used to initialize the turbulence 
C 

model which then evaluates the distribution of µT from the 

end of the potential core to the outflow boundary of the do-

main. 

The domain of solution extends from the lips of the jets 

to 100 diameters downstream of the jet nozzle. The mesh of 

quadratic elements has 10 elements in the radial direction 

and 20 in the axial direction. The grid is graded in both 

directions to resolve the expected gradients of the flow-



69 

field. The initial velocity field consist of a translation 

of the nozzle velocity profile to the downstream nodes. The 

radial velocity is set to zero everywhere. A no-slip condi-

tion is applied at the wall, and a 1/7 power law for fully 

developped pipe flow is specified at the lips of the jet. 

Symmetry conditions are enforced on the axis. At the free-

stream boundary, the axial velocity and the radial traction 

are set to zero. Zero tractions are applied at the outflow. 

The solution required a few minutes of cpu on IBM-3081 using 

FORTRAN-H extended with optimization level 1. 

Figures (1) and (2) compare the axial and radial velocity 

predictions with the analytical solution of Ref. [ 96) using 

the similarity coordinates of Ref. [ 96) . The solid line is 

the analytical solution, and the symbols are the finite ele-

ment predictions at various locations located 30 to 100 

diameters downstream of the lips. As can be seen, the agree-

ment is indeed excellent. No results are shown for the near 

field region. The model assumes a constant eddy viscosity 

through the thickness of the layer and may be classified as 

a one layer model. Near the lips, the flow will have at 

least two regions : a wake like region close to the axis and 

a wall like region due to the thin boundary layer on the in-

side wall of the nozzle. Such flows require the use of a 

two-layer eddy viscosity model such as that used for turbu-
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lent boundary layers over solid surfaces (123). Our model is 

inadequate for an accurate detailed simulation of the lip 

region. Nevertheless, the present model is capable of accu-

rately reproducing the farfield region of the round jet. 

5.4 THE SQUARE JET 

The three-dimensional turbulence model was applied to the 

simulation of the square jet of Ref. (124]. The equations of 

motion were nondimensionalized with the jet velocity at the 

lips (50ft/sec) and the nozzle half-width (0.25 in.). A grid 

of 8-noded hexahedral elements was used to model one quarter 

of the jet. It has 14 elements in the axial direction and 10 

elements in they and z directions, Fig.(3). The experimen-

tal U profile is used in the nozzle; the transverse velocity 

components V and Ware set to zero in the nozzle. A no-slip 

condition is applied at the wall. Symmetry conditions are 

enforced on the (x,y) and (x,z) planes of symmetry. On the 

free boundary surfaces, U is set to zero, and the two rerna-

ing components of the traction vector are set to zero. At 

the outflow plane, all tractions are set to zero. The same 

potential core approximation described for the round jet is 

used here. 

The resulting system of nonlinear equations has of the 

order of 4500 equations. The initial guess for the velocity 
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field was an axial translation of the nozzle velocity pro-

file. All other nodes had U set to zero, and the transverse 

velocity components V and W were set to zero through out the 

domain. Five full Newton-Raphson-iterations were required to 

reach convergence defined as a relative change of 1% in the 

vectors of unknowns and a reduction of the residual to 1% of 

its initial value. 

Figure (4) presents the dimensionless eddy viscosity dis-

tribution as a function of x. The initial linear segment 

corresponds to the potential core approximation. The high 

mean flow gradients cause high level of TKE production re-

sulting in a rapid increase of the eddy viscosity downstream 

of the potential core. The eddy viscosity then tends asymp-

totically to the analytical value for the round jet, as ex-

pected [95]. Far enough downstream, all jets of non-circular 

section tend towards the round jet far field behavior. For 

the present simulation, the domain does not extend far 

enough downstream to allow the jet to revert completely to 

the axisymmetric regime. Figure (5) compares the predicted 

and experimental centerline velocity distributions. Agree-

ment with the data is excellent. It should be noted that the 

slope of the curves rapidly approaches the asymptotic unit 

value of the round jet (66,95]. Figure (6) illustrates the 

predicted and experimental halfwidth of the jet. The near 
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field values are not quite constant as one would expect. 

This is probably due to the use of a one layer model, a 

rather crude approximation for the complicated flow near the 

lips of the jet. Further downstream, the predicted halfwidth 

is slightly too high, but agreement is still good. Figure 

(7) presents pressure contour plots at two axial stations. 

They clearly illustrate the three-dimensional nature of the 

flow and the transition to round jet behavior farther down-

stream. The top plot is taken at xjb 0 = 1.85, close to the 

jet lips. The three-dimensional nature of the flow is clear-

ly seen. The bottom plot, at x/b 0= 27, shows an almost per-

fectly axisymmetric pressure field characteristic of the 

round jet. 

5.5 FLOW PAST PROPELLERS: PRELIMINARIES 

5.5.1 Modeling of the Propeller 

As mentioned in the Introduction, an actuator disk is 

used to model the propeller in order to avoid the periodic 

time dependent, three-dimensional analysis required if each 

blade is to be considered. The propeller is modeled by a 

disk of radius equal to the propeller radius and of thick-

ness ~x, roughly equal to the physical thickness of the pro-

peller. The thrust and torque are allowed to vary radially 

but are constant in the tangential direction. Little is 
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known about the detailed radial thrust and torque distribu-

tions of a given propeller. Generally, one only knows the 

global values of total thrust and torque. Following 

Refs.(9-12] we adopt the same functional form for the dis-

tribution of thrust and torque. For simplicity we use a tra-

pezoidal distribution given by: 
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t(r) = 0 for r in [O,rl] 

t(r) = tm(r-r 1 )/(r 2 -r 1 ) for r in [rl,r2] 

t(r) = t m for r in [r2,r3] (38) 

t(r) = tm(R-r)/(R-r 3 ) for r in [r 3 ,RJ 

t(r) = 0 for r>R 

where t m is the maximum value of the thrust and R is the ra-

dius of the propeller. Values of rl' r2' and r 3 were set to 

0.2SR, 0.7R, and 0.8SR respectively. These values result in 

distributions similar to those of Refs.[9-12). The same form 

is adopted for the distribution of the forces producing the 

swirl. Its maximum value is denoted by sm. The upstream 

face of the propeller disk is located at x = - ax, while the 

backface of the propeller is located at x = 0.0. 

These distributions are integrated to yield the global 

thrust and torque of the propeller: 

T = // A t(y,z) dydz 

Q = // A r s(y,z) dydz 

The integration yields 

T = 0.3075 * 2 II * R2 * t (39) m 
Q = 0.2218 * 2 II * R3 * s (40) m 

Given values of the global thrust and torque, the values of 

tm and sm are determined form eqs.(39) and {40). The cor-

responding body forces (ft and fs) used in the finite ele-

ment code are obtained by dividing the thrusting and swir-
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ling forces by the thickness of the propeller disk. We 

assume that the axial distribution of the body forces is 

uniform through the thickness of the disk. The disk thick-

ness is set to 0.041 propeller diameter, a dimension that 

corresponds roughly to the axial thickness of the propeller 

used in the experiments of Ref.[126]. 

The values of t and s are computed from eqs. ( 39) and m m 
(40) to match the experimental conditions of Ref.[126] where 

the thrust and torque coefficients ( KT and KQ ) are given 

as : 

Uniform Flow 

0.150 

0.0279 

Shear Flow 

0.158 

0.0266 

This results in the following dimensionless values of ft and 

fs 

Uniform Flow 

9.35 

5.73 

Shear Flow 

9.85 

5.41 



76 

These amplitudes are then substituted in eq.(38) to obtain 

the assumed radial distributions of the trust and swirl body 

forces. 

5.5.2 Selection of an Initial Value for the Eddy Viscosity 

The absence of solid walls, or aftbody, upstream of the 

propeller in the present, idealized flow problem results in 

an undisturbed "inviscid", uniform or shear approach flow 

making difficult the determination of the initial condition 

for the turbulence model. In Refs. (11,12], an ad hoc proce-

dure based on a Prandtl energy model was used to initialize 

the turbulence model, but the authors stressed the need for 

an initialization procedure based on sounder principles. We 

now present such a procedure. 

The flow through and past a propeller has many of the 

characteristics of a turbulent jet or turbulent wake behind 

a streamlined body [123]. Hence, an indication of the mag-

nitude of µT may be obtained from the standard jet formula 

for the eddy viscosity [123]: 

where r 112 is the halfwidth of the layer and can be taken as 

r 112 =R, the radius of the propeller (numerical experiments 

confirmed the validity of this assumption), and l:iU is the 

characteristic velocity excess. 
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An appropriate velocity excess can be determined from a 

simplified inviscid, one-dimensional analysis of the pro-

peller [125]. A propeller, with projected area A, is im-

mersed in a fluid with uniform velocity v1 . The speed of the 

fluid increases from v1 to v4 within the slipstream boundary 

see Fig.(8). The relationship between thrust and velocity is 

obtained from the balance of momentum applied to the control 

volume Sb : 

where p 2 and p 3 are the pressures at points 2 and 3 see 

Fig.(8). Bernoulli's equation is not valid between points 2 

and 3. However, it is applicable between points 1 and 2, and 

between 3 and 4. When points 1 and 4 are far away from the 

propeller one can assume that p 1=p 4 and we can write: 

T = p(V~ - vi) A/2 

or 

The velocity excess is finally given by: 

t.U = v4 - v1 

The following data applies to the uniform flow case of Ref. [126): 

* R = 0. 246 m 

* u0 = 8.52 m/s 
* T = 2.914 N 

A* = 0.19 m2 

p* 1.177 kg/m 3 
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yielding 
* au = 1. 41 m/s 

and a rough estimate of the eddy viscosity downstream of the 

propeller of 

v; = 0.0087 m2/s 

or in dimensionless form 
* µT = "T/(DU 0 ) = 0.002 

Upstream of the propeller the flow is uniform and veloci-

ty gradients are very small. Turbulence production and vis-

cous dissipation are expected to be very small. Hence, one 

can reasonably expect an almost constant value of the eddy 

viscosity upstream of the propeller. Also this value will be 

much smaller than the downstream value. At some point just 

upstream of the propeller, the velocity gradients will be-

come important and the production of TKE will increase caus-

ing a smooth increase of the eddy viscosity through and past 

the propeller. The eddy viscosity will continue its in-

crease behind the propeller because pressure relaxation will 

enhance acceleration of the fluid. At some point down-

stream, viscous dissipation will cause stabilization of the 

value of the eddy viscosity. 

There remains to select an initial value for the eddy 

viscosity. Obviously, the initial value must be much less 

than the downstream value or its estimate. Assuming that the 

Prandtl-Kolmogorov relationship holds we have: 
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_ 1/2 
"T - ck rl/2 

Choosing r 112 = Rand c=0.2 (the value for jets) we obtain: 

v* = 0.2 k 01/ 2 R 
Tinit 

where k 0 is the turbulence intensity upstream of the pro-

peller. The corresponding dimensionless form is 
_ * _ 1/2 

"T .. - "T .. /(UOD) - 0.1 ko /Uo 
1n1t 1n1t 

From the experiments of Ref. [126] we have 

k 11 2; = 0.01 0 uo 
and an estimate of the initial eddy viscosity is finally 

v = 0.001 
T. ·t 1n1 

To assess the validity of this analysis and to investi-

gate the effect of the choice of the initial value on the 

eddy viscosity distribution, simulations were performed for 

the uniform flow of Ref. [ 126]. The calculations were done 

for an axisymmetric flow without swirl. The propeller thrust 

and flow conditions matched those of Ref. [ 126]. The rec-

tangular grid used 33 nonuniformly spaced nodes in the radi-

al direction and 73 nodes in the longitudinal direction. The 

mesh of quadratic elements covered a region extending from 4 

diameters upstream of the propeller to 14 diameters down-

stream. The grid extended from the axis to a radius equal to 

1.2 diameters in the freestream. This grid was obtained aft-

er several trials to ensure grid independent solutions. All 

variables were nondimesionalized with respect to the pro-



80 

peller diameter and centerline velocity far upstream of the 

propeller. Uniform flow is enforced at the upstream boundary 

by setting U equal to 1 and V equal to zero. Symmetry condi-

tions are applied at the axis. On the freestream boundary, U 

is set to the freestream value and the radial traction is 

set to zero. At the outflow both traction components are 

set to zero, see Fig.(9). 

In all calculations, the eddy viscosity solver was turned 

on at the first station where the maximum of the absolute 

value of the velocity excess (IU 0 -UI ) is greater than 3%. max 
For all cases, this corresponded to a station located O. 4 

diameters upstream of the propeller. The program was run 

with initial values of µTin the range 10- 5 to 4*10- 3 (the 

smallest value of 10- 5· is only 30 times larger than the la-

minar viscosity). 

Figure ( 10) shows that low values of µT' in the range 
-5 -3 10 to 10 , produce similar results with a peak eddy vis-

cosity of 0.0025, a value in good agreement with our rough 

estimate of 0.002. Higher initial values produce distribu-

tions that are probably too high. The bottom four curves re-

sult in clustered distributions well within the margin of 

uncertainty for this problem. The model is quite robust, 

since, even for initial values that are much too high, it 

tends to bring the downstream eddy viscosity towards the va-

lue expected from the simple analysis. 
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An initial value of 5*10- 4 was judged adequate and used 

for all subsequent simulations. Smaller values did not af-

fect the mean flow solution significantly but increased the 

number of iterations required to reach convergence. It 

should also be noted that smaller values of the eddy viscos-

ity necessitate larger values of the penalty parameter. For 

very small values of the eddy viscosity, numerical problems 

can arise [39,108]. 

Next, the sensitivity of the eddy viscosity distribution 

to the location of the point where the eddy viscosity solver 

is turned on was investigated. The initial value of the eddy 
-4 viscosity is set to 5*10 and the program was run for two 

cases. In the first, one the solver is turned on at a sta-

tion where the velocity excess is greater than 3%, while in 

the second one the initial velocity excess is set to 0.1%. 

Figure (11) clearly shows that the present turbulence model 

is insensitive to the location of the starting point. In 

all subsequent calculations, the eddy viscosity solver was 

turned on at the first station where the velocity excess 

reaches 3%. 
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Computational Savings Arising from the Use of the 
Penalty Method. 

To illustrate the computational savings afforded by the 

use of the penalty method, we present the characteristics of 

the global stiffness matrix of the 3-D propeller simulations 

for the penalty and velocity-pressure (mixed) formulations. 

This problem used the grid with the largest number of nodes 

of all the simulations presented here. The same grid was 

used for both the uniform and shear flow cases. The mesh has 

24 axial stations with 157 nodes each, resulting in a total 

of 3 768 nodes and 3588 8-noded brick elements. The global 

stiffness matrix has the following characteristics: 

NEQ 

NEM 

MINB 

MAXB 

Penalty Method 

10 557 

10 997 103 

521 

886 

Mixed Method 

14 145 

19 434 905 

687 

1 186 

where NEQ is the number of equations, NEM the number of ma-

trix coefficients stored with the out of core skyline sto-

rage scheme [112), MINB is the average bandwidth of the ma-

trix, and MAXB the maximum bandwidth. The velocity-pressure 
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(mixed) formulation has 34% more unknowns, a bandwidth 32% 

greater, and stores 77% more matrix coefficients. The Gaus-

sian L-U factorization time may be estimated by: 

TLU = 2.6 * 10- 6 * MINB2 * NEQ CPU sec. 

on IBM-3081, using FORTRAN-H extended with optimization lev-

el-1. All calculations were performed in double precision 

arithmetic. The ratio of factorization time is estimated 

as: 

T . d mixe = 2 ·33 * Tpenalty 

For the propeller problems the factorization times are 

Tpenalty 

T . d mixe 

= 2 hrs CPU 

= 4 hrs 50 min CPU 

Clearly, the penalty method offers substantial savings given 

the fact that several factorizations must be performed for 

strongly nonlinear problems. 
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5.6 UNIFORM FLOW PAST A PROPELLER 

This simulation of a uniform flow past a propeller cor-

responds to the experiments of Kotb (126]. The characteris-

tics of the flow are as follows: 
* Uniform approach flow uo 8.52 m/s 
* 3 Density Po = 1.177 kg/m 
* Propeller diameter D = 0.492 m 

Speed of rotation N = 1150 rpm 

Thrust coefficient KT = T/( p;N 2D *4 ) = 0.150 

Torque coefficient KQ = Q/(p;N2D*5) = 0.0279 

The equations of motion are nondimensionalized with respect 

to D and u0 . The grid is a cylinder with 24 nodes in the ax-

ial direction, 14 in the radial direction , and 12 in the 

peripheral direction. The inflow boundary is located 2 diam-

eters upstream of the propeller. The outflow plane stands at 

3 diameters downstream of the disk, while the freestream 

boundary is a cylindrical shell of radius 1.2 diameters, see 

Figures (12) and (13). Extensive numerical experiments on 

axisymmetric flows established that the current location of 

the boundaries and the choice of boundary conditions do not 

adversely affect the results of the simulations. Comparison 

of solutions obtained on axisyrnmetric grids of the same 

fineness as the present 3-D grid with those obtained from 

bigly refined grids indicated that the present grid is ade-
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quate for resolving the main features of the flow. At the 

inflow, U is set to unit value and V and Ware set to zero. 

On the freestream boundary U is set to 1 and they, U is set 

to 1 and they and z tractions to zero. The three components 

of the traction vector are set to zero at the outflow boun-

dary. No special treatment is required for the axis 

The initial guess for the velocity field is obtained from 

a 2-D axisymmetric simulation without swirl. The nonlinear 

system of equations was solved in 2 quasi-Newton iterations 

requiring a total of 150 minutes of CPU on IBM-3081 using 

the FORTRAN-H extended compiler with optimization level 1. 

No gradual introduction 0£ the thrust and torque in the 

course of the iteration was required as opposed to the work 

of Refs. [9-12]. If the solution had been started from a 

uniform flow throughout the 3-D domain, it is estimated that 

6 to 8 quasi-Newton iterations and at least 2 matrix factor-

izations would have been required to reach convergence. This 

estimate is based on extensive numerical experiments with 

axisymmetric simulations without swirl. The computing time 

would have probably increased by a factor of two or more, 

resulting in 5 to 6 hours of CPU time to solve the same 

problem. It is believed that the present strategy is cost 

effective. 
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5.6.1 Comparison with Experiments 

A note of caution is required before any comparison with 

experiments is attempted. The mean flow quantities are not 

all predicted or measured with the same accuracy. For the 

finite element method used here, the three velocity compo-

nents are the most accurately predicted while the pressure 

prediction is less accurate. For the experiments of Kotb 

(126], the order of decreasing accuracy in the measurements 

of the mean properties is : axial velocity, pressure, swirl, 

and lastly radial velocity. It should also be noted that 

while the finite element simulations can accurately repre-

sent a free running propeller, the experiments must use a 

shaft to support and drive the propeller. A body must be 

placed close to and downstream of the propeller to house the 
* drive train, see Ref. (126]. The housing begins at x /D=0.22 

propeller diameters downstream of the disk. The presence of 

the housing will very likely affect the experimental results 

from the station located at x/D = 0.23 since this station 

sits right on the body. Details of the experimental appara-

tus and conditions may be found in Ref. [126]. 

The numerical solution exhibited axial symmetry to the 

sixth significant digit, an interesting fact given that the 

axis received no special treatment. Figures ( 14) and ( 15) 

compare the experimental and predicted axial velocity pro-
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files along they and z axis, respectively. The agreement is 

excellent for the first station at x/D = 0.025 and good for 

the second one at x/D = 0.23. 

Figures (16) and (17) present the predicted and experi-

mental swirl profiles along the y and z axes respectively. 

It can be seen from Figure (17) that the assumed radial dis-

tribution of the swirling body force is reasonable but it 

has slightly too sharp a peak located too close to the pro-

peller tip. From the experimental data, one can conclude 

that the distribution should be somewhat fuller with a peak 

located near O.SR. Agreement between predictions and exper-

iments is excellent in the vertical plane and somewhat less 

satisfactory in the horizontal plane. The overall quality 

of the swirl prediction should be viewed as very good and 

constitutes a major improvement over those of Refs. [ 9-12] 

where the swirl level predicted was half of that measured. 

Figures (18) and (19) compare the predicted and measured 

radial velocity distributions. The prediction curves display 

the expected shape for a free running propeller: outward 

flow close to the axis and inward contraction farther out in 

the freestrearn. This component of the velocity is the most 

difficult to measure and is affected with the highest exper-

imental uncertainty. At the first station (X/D=O. 025) the 

experiments display a behavior similar to that of the pred-
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ictions, but the magnitudes do not agree. This is probably 

due to the presence of the hub and drive shaft. At the sec-

ond station (xjD=0.23) the experimental velocity distribu-

tion is directed outward, while that of the predictions 

points mostly inward. This experimental behavior is very 

likely due to the presence of the drive housing which acts 

as a thick airfoil and displaces the fluid outward. The sec-

ond station is located approximately 4.5 inches downstream 

of the leading edge of the housing and one should expect 

some effects due to its presence. 

Figures (20) and (21) present the predicted and experi-

mental pressure profiles along they and z axes, respective-

ly. The pressure is given in the form of a pressure coeffi-

cient, These are the first viscous 

pressure predictions for this type of flow known to this au-

thor. All analysis methods based on the boundary layer equa-

tions require the specification of the pressure as input. 

Given the lower accuracy expected on the pressure predic-

tion, the agreement with the experiments at the first sta-

tion (x/D=0.025) is good. The pressure predicted at the sec-

ond station (x/D=0.23) is in qualitative agreement with the 

theory of free running propellers Refs. [ 125,127,128]. One 

clearly sees the relaxation of the pressure towards its 

free stream value. The experimental profiles at the second 
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station (x/D=0.23) have negative values typical of the flow 

over an obstacle such as the drive housing. Indeed one 

finds that the higher experimental velocities of Figures 

(14) and (15) occur simultaneously with the negative pres-

sure coefficient as one would expect for the flow past an 

obstacle or a symmetric airfoil [128]. 

5.6.2 Detailed Description of the Flow. 

Figures (22) to (25) present calculated axial distribu-

tions of the axial component of the velocity, the pressure, 

swirl, and radial velocity. These distributions were ex-

tracted at a radius equal to 0.85R where the maximum thrust 

occurs. In Figure (22) one clearly sees the strong stream-

wise acceleration of the fluid upstream and downstream for 

the propeller. The significant upstream influence of the 

propeller on the pressure field is clearly illustrated in 

Figure (23). The sudden, almost discontinuous, pressure in-

crease, characteristic of actuator disks, is evident. Figure 

(24) shows that there is negligible swirl upstream of the 

propeller as predicted by inviscid vortex theory [127,128]. 

The jump in the swirl is a behavior akin to the shock wave 

in compressible flows. The small . wiggles upstream of the 

propeller are typical from the application of Galerkin meth-

ods to problems with steep gradients. Such techniques pro-
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duce discrete approximations similar to those obtained from 

using central differences schemes which are notorious for 

their large wiggles and overshoots near sharp fronts. Ove-

rall, the behavior of the Galerkin scheme should be viewed 

as quite robust. 

The slipstream contraction is clearly seen in Figure (25) 

where the maximum radial velocity is about 10 percent of the 

freestream velocity. Near the tip of the propeller, the ra-

dial velocity reaches 14% of the free stream value. These 

values are large enough to cause discrepancies with analyses 

that neglect the radial velocity. 

Figures ( 26) and ( 27) are velocity vector and pressure 

contour plots in the vertical meridional plane of the flow-

field. The propeller is plotted as a thin, vertical rectan-

gle. On the velocity vector plot, one clearly sees the 

fluid acceleration characterized by the lengthening of the 

arrows and the mild contraction of the slipstream seen in 

Figure (25). The pressure contour plot illustrates the com-

plex nature of the pressure field where the sharp gradients 

are apparent. Both plots show the symmetry of the flow. 

Figures (28) and (29) present axial velocity profiles at 

various stations upstream and downstream of the propeller. 

Since the solution is perfectly axisymmetric, only profiles 

along the z axis are presented. The smooth streamwise accel-
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eration of the fluid can be seen upstream of the propeller. 

The fluid keeps accelerating downstream of the propeller due 

to pressure relaxation. The dips near the tip of the propel-

er in the first two profiles of Figure (29) are characteris-

tic of flows past propellers. This phenomenon has been ob-

served experimentally [126,129]. 

The swirl profiles at various axial stations are present-

ed in Figures (30) and (31). It is clear from Figure (30) 

that there is negligible swirl upstream of the propeller, a 

result in agreement with inviscid theory [128]. The swirl is 

a persistent phenomenon and decays very slowly; see Figure 

(31). The radial turbulent diffusion of momentum, with in-

creasing downstream di stance, characterized by flatter and 

wider profiles, is clearly seen from Figures (29) and (31). 

Figures (32) and (33) show profiles of the radial veloci-

ty. Figure (32) indicates the extent of the slipstream con-

traction, while Figure ( 33) shows that the flow attains a 

simple vortex structure resembling that of a wing tip vortex 

at one diameter downstream of the propeller. The radial vel-

ocity is essentially zero from that station onward and there 

is little radial inflow. 

Pressure profiles are plotted in Figures (34) and (35). 

The negative values of the pressure coefficient upstream of 

the propeller indicate suction exerted by the propeller on 
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the upstream fluid. The positive values at the backface of 

the propeller (x/D=O.O) indicate that the propeller has ad-

ded energy to the fluid. Figure ( 35) clearly shows the 

pressure decay downstream of the propeller. The negative 

dimples in the last three curves are due to the zero axial 

traction applied at the outflow. The use of this natural 

boundary condition sets the pressure level at the outflow 

boundary. The axial traction is given by: 

t = - p + 2 11 u = 0 X .. T / X 

where t is the axial traction and P the pressure. The zero 
X 

traction defines the pressure level as: 

Since the axial velocity is still decaying, U, is negative 
X 

and the pressure at the exit takes a small negative value. 

Figures (36) to (43) present velocity vector and pressure 

contour plots in various cross sections of the flow. The ra-

dial entrainment of fluid upstream and downstream of the 

propeller is clearly seen. The high swirling nature of the 

flow is apparent. Figures (41), (42) and (43) clearly show 

the radial turbulent diffusion of momentum and the transi-

tion to an almost pure vortex flow without radial velocity. 

The pressure contour plots show where the flow gradients are 

high. The pressure gradient is the driving force for the 

secondary flow. These plots also show that the pressure is 

constant in the downstream region of the domain. 
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The axial distribution of the eddy viscosity is presented 

in Figure (44) as the solid curve, and one can observe the 

anticipated distribution described previously. The domain 

did not extend far enough downstream to show the region whe-

re the eddy viscosity will stabilize. 

5.7 SHEAR FLOW PAST A PROPELLER 

This simulation of a shear flow past a propeller corres-

ponds to the experiments of Kotb [126). The characteristics 

of the flow are as follows: 

Shear flow 

Density 

Propeller diameter 

Speed of rotation 

u. f in 

* Po 
* D 

N 

Thrust coefficient KT 

Torque coefficient KQ 

= 8.52 - 0.67*y m/s 

= 1 - 0.1588 y (dimensionless) 

3 = 1.177 kg/m 

= 0.492 m 

= 1150 rpm 

= T/ ( p~N2D *4 ) = 0.158 

= QI ( p~N2D * 5) = 0.0266 

The equations of motion are nondimensionalized with respect 

to D and u0 , the centerline velocity upstream of the pro-

peller. The same grid used for the uniform flow is used for 

the present simulation, see Figures (12) and (13). At the 

inflow and on the freestream shell boundary, U is set equal 

to the approach shear flow. All other boundary conditions 

are identical to those used for the uniform flow simulation 

Again, no special treatment is required on the axis. 
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To obtain an initial guess of the velocity field, a 2-D 

axisymmetric solution without swirl was produced for a uni-

form flow and the velocity excess was extracted, rotated on 

the 3-D grid, and added to the approach shear flow. In other 

words, we assumed, for this purpose, that the 2-D uniform 

and the 3-D shear flows have the same velocity excess dis-

tribution. The system of nonlinear equations was then 

solved in 2 quasi-Newton iterations requiring a total of 150 

minutes of CPU on IBM-3081 using the FORTRAN-H extended com-

piler with optimization level 1. here again, no gradual in-

troduction of thrust and torque in the course of the itera-

tion was required as opposed to the work of Refs. (9-12]. If 

the solution had been started from a uniform shear flow 

throughout the domain, it is estimated that 6 to 8 quasi-

Newton iterations and at least 2 matrix factorizations would 

have been required to reach convergence. This estimate is 

based on extensive numerical experiments with axi symmetric 

simulations without swirl. The computing time would have 

probably increased by a factor of two or more, resulting in 

5 to 6 hours of CPU time to solve the same problem. It is 

believed that the present strategy is cost effective. 
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5.7.1 Comparison with Experiments 

The same notes of caution described for the uniform flow 

apply here. The axial distribution of the eddy viscosity is 

presented on Figure (44) along with that of the uniform flow 

. It is slightly higher here than that for the uniform flow. 

The TKE is production is increased compared to the uniform 

flow case due to the higher radial gradient of U and the ap-

proach shear flow. This results in the observed di stribu-

tion of Figure (44). 

Figures (45) and (46) compare the experimental and pred-

icted axial velocity profiles along the y and z axes, re-

spectively. The agreement is excellent for the first station 

at x/D = 0. 025 and good for the second one at x/D = 0. 23. 

On the low speed side of the propeller, less fluid flows 

through the propeller, and hence, it is subject to more body 

force per unit mass flow. This results in higher accelera-

tion of the fluid and a larger relative speed increase on 

the positive side of the y axis compared to the negative 

side. 

Figures (47) and (48) present the predicted and experi-

mental swirl profiles along they and z axes, respectively. 

Here again the assumed radial distribution of the swirling 

body force is reasonable but its has slightly too sharp a 

peak located too close to the propeller tip. From the exper-
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imental data one can conclude that the distribution should 

be somewhat fuller with a peak located near 0.5R. Agreement 

between predictions and experiments is excellent in the ver-

tical plane and somewhat less satisfactory in the horizontal 

plane. The overall quality of the swirl prediction should 

be viewed as very good. 

Figures (49) and (50) show the predicted and experimental 

radial velocity distributions~ The prediction curves display 

the expected shape for a free running propeller: outward 

flow close to the axis and inward contraction farther out in 

the free stream [ 127,128] . The comments on the dicrepancies 

between prediction and experiments presented for the uniform 

flow also apply to the shear flow. 

Figures (51) and (52) give the predicted and experimental 

pressure profiles along the y and z, axes respectively in 

the form of a pressure coefficient 

The pressure levels are higher that those of the uniform 

flow due to the higher thrust of the propeller. The experi-

mental profiles have shapes similar to those of the predic-

tions, but the amplitudes do not agree at the first station 

( x/D=O. 025). The pressure predicted at the second station 

(x/D=0.23) is in agreement with the theory for free running 

propellers Refs.[125,128]. The experimental profiles at the 

second station (x/D=0.23) have negative values corresponding 



97 

to the flow over an obstacle. Also, the higher experimental 

velocities of Figures ( 45) and ( 46) occur simultaneously 

with the negative pressure coefficients. 

5.7.2 Detailed Description of the Flow. 

Figures ( 53) to ( 56) present predicted axial distribu-

tions of the axial component of the velocity, pressure, 

swirl, and radial velocity. These distributions taken at a 

radius equal to 0.85R where the maximum thrust occurs. Fig-

ure (53) clearly shows the strong streamwise acceleration of 

the fluid upstream and downstream for the propeller. The 

different variations in U at four peripheral location due to 

the shear flow are clearly seen. The two curves in the ver-

tical plane display non-symmetrical behavior. This is 

caused by the swirl that moves high velocity fluid into re-

gions of lower velocity and vice versa. The significant up-

stream influence of the propeller on the pressure field is 

illustrated in Figure (54). The sudden, almost discontinu-

ous, pressure increase, characteristic of actuator disks, is 

evident. As can be seen, the pressure field is almost axi-

symmetric. Small departures from axial symmetry can be ob-

served in the upstream and downstream vicinity of the pro-

peller. Figure ( 55) shows that there is negligible swirl 

upstream of the propeller as predicted by vortex theory 
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[128). Here again one can see the jump in the swirl across 

the propeller, a behavior akin to the shock wave in compres-

sible flows. The small wiggles upstream of the propeller 

seen before appear here ·as well. The near perfect axial 

symmetry of the swirl distribution is observed. The slip-

stream contraction is clearly seen in Figure (56) where the 

maximum radial velocity is about 12% of the freestream vel-

ocity. This higher contraction, when compared to the uni-

form flow case, is again due to the higher thrust of the 

propeller. Near the tip of the propeller, the radial veloc-

ity reaches 16% of the freestream value. 

Figures (57) gives velocity vector plot in the horizontal 

meridional plane of the the flowfield. The propeller is 

plotted as a thin rectangle. One can see the shear in the 

approach flow, the fluid acceleration, identified by the 

lengthening of the arrows, and the mild contraction of the 

slipstream in agreement with Figure (56). A velocity vector 

plot in the vertical plane in given in Fig. ( 58) . In this 

plane the approach flow appears uniform. The pressure cont-

our plot in the same plane, Figure ( 59). illustrates the 

complex nature of the pressure field where the sharp gradi-

ents are apparent. Figure ( 60) shows a pressure contour 

plot in the vertical meridional plane. The two pressure 

contour plots of Figures (59) and (60) display the departure 
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of the pressure field from axial symmetry. In fact, det-

ail led observation reveals that the flow has no symmetry at 

all. 

Figures ( 61) and ( 62) present axial velocity profiles 

along they axis at various stations upstream and downstream 

of the propeller. The streamwise acceleration of the fluid 

upstream of the propeller can be seen and the fluid acceler-

ates further downstream due to pressure relaxation. The dips 

near the tip of the propeller in the first two profiles of 

Figure (62) are characteristic of flows past propellers as 

noted earlier. The asymmetries due to the shear in the ap-

proach flow can be seen most clearly in the shape of the 

peaks of axial velocity. 

The swirl profiles at various axial stations are shown in 

Figures (63) and (64). Here again, it is clear from Figure 

(63) that there is negligible swirl upstream of the propell-

er. The swirl level decays very slowly; see Figure ( 64). 

The radial turbulent diffusion of momentum, characterized by 

flatter and wider profiles, is clearly seen from Figures 

(62) and (64). The swirl profiles exhibit no obvious asym-

metries. 

Figures (65) and (66) give profiles of the radial veloci-

ty. Figure (65) indicates the extent of the slipstream con-

traction while Figure ( 66) shows that the flow attains a 
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vortex structure resembling that of a wing tip vortex at 

one diameter downstream of the propeller. The radial veloci-

ty is zero from that station onward and there is little ra-

dial inflow. Some asymmetries can be observed in Figure 

(65). The contaction of the flow is slightly higher on the 

low speed side of the shear flow due to the higher accelera-

tion imparted to the fluid by the propeller on that side. 

These mild asymmetries disappear quickly farther downstream. 

Pressure profiles are plotted in Figures (67) and (68). 

Again, the negative values of the pressure coefficient up-

stream of the propeller indicate suction exerted by the pro-

peller on the upstream fluid, and the positive values at the 

backface of the propeller (x/D=O.O) indicate that the pro-

peller has added energy to the fluid. Figure (68) indicates 

the pressure decay downstream of the propeller. The negative 

dimples in the last three curves are due to the zero axial 

traction applied at the outflow as explained in the section 

discussing the uniform flow. The asymmetries in the pres-

sure field can be seen in these Figures; stations at x/D = 

-0.0976, -0.0407, and 0.0 in Figure (75), and 0.025, 0.1 in 

Figure ( 76). 

Figures ( 69) to ( 76) are analogous to Figures ( 61) to 

(68). They illustrate the axial velocity, swirl, radial vel-

ocity, and pressure profiles along the z axis at various 
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stations upstream and downstream of the propeller. Signifi-

cant asymmetries in the axial velocity distribution can be 

observed in Figure (70). The swirl profiles shown in Fig-

ures (71) and (72) exhibit small asymmetries. Non-symmetric 

radial velocity profiles can be observed downstream of the 

propeller in Figure (74), while the profiles in the upstream 

region, Figure(73), exhibit near perfect symmetry. The 

pressure profiles along the z axis also exhibit some asymme-

tries; see Figures (75) and (76). 

Figures (77) to (84) present velocity vector and pressure 

contour plots in various cross sections of the flow. The ra-

dial entrainment of fluid upstream and downstream of the 

propeller is apparent. The highly swirling nature of the 

flow behind the disk is clearly displayed. Figures (82), 

(83) and (84) show indicate the radial turbulent diffusion 

of momentum and the transition to vertical flow. The pres-

sure contour plots show where the flow gradients are high. 

Figures (77) to (81) clearly illustrate the asymmetry in the 

pressure field and the manner in which the swirl rotates the 

pressure field clockwise as the flow proceeds downstream, 

see especially Figures { 79) and { 81). Asymmetries in the 

velocity field are much more difficult to observe by eye. 

Figures ( 82) to ( 84) also show that the pressure becomes 

constant in the downstream region of the domain. 



Chapter VI 

CONCLUSIONS AND RECOMMENTATIONS 

6.1 CONCLUSIONS 

This work has developed a general-purpose, advanced com-

putational technique for three-dimensional turbulent free 

shear flows. The turbulence model was successfully applied, 

within a finite element framework, to four problems demons-

trating the general applicability, robustness, and flexibil-

ity of the finite element method for solving complicated 

three-dimensional turbulent flows. 

summarized as: 

The main results can be 

1. predictions are in very good agreement with experi-

ments for the square jet problem, 

2. predictions for uniform and shear flows past a pro-

peller show excellent agreement with the experiments 

for the axial and swirl component of the velocity, 

3. the simple turbulence model produced very accurate 

swirl predictions for both the uniform and shear flow 

cases. All previous numerical work on such flows 

provided poor predictions of the swirl, 

4. the pressure predictions presented here for viscous 

turbulent flows through a propeller are the first 

known to this author. Although some discrepancies 

102 
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with the experiment were observed, the predictions 

are in good qualitative agreement with the expected 

behavior for free running propellers. Refinements in 

the actuator disk model of the propeller (selection 

of the disk thickness, radial, axial, and tangential 

distributions of thrust and torque) may improve the 

quality of the pressure predictions. The pressure 

measurements were also influenced by the presence of 

the drive housing thus, confusing the comparison. 

5. the numerical simulations show that the propeller ex-

erts a strong upstream influence on the axial, and 

radial velocity field and also on the pressure field. 

There is negligible swirl.upstream of the propeller, 

6. for both uniform and shear flow cases, the flow down-

stream of the propeller, the flow evolves towards a 

vortical nature similar to that of wing tip vortices. 

There is little radial inflow past one diameter down-

stream of the propeller. 

7. the uniform flow case exhibited perfect axial symme-

try in a simulation performed as a 3-D flow in carte-

sian coordinates. No special treatment of the axis 

was required as would be the case with cylindrical 

coordinates. 
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8. the use of the finite element method in conjunction 

with a cartesian system of coordinates provides great 

flexibility for modeling complicated geometries and 

implementing a variety of boundary conditions, 

9. the shear flow exhibits a rather complex structure 

without any symmetry, 

10. the resulting Galerkin finite element algorithm is 

robust. It can provide solutions to different prob-

lems without introducing-problem dependent modifica-

tions to the program, 

11. for the propeller flow cases, a substantial reduction 

of the number of iterations was achieved by using the 

velocity excess obtained from an axi symmetric solu-

tion without swirl to provide an initial guess of the 

three-dimensional velocity field, 

12. the numerical iteration algorithm is stable, mostly 

due to the full coupling of the three momentum equa-

tions and the continuity equation. No gradual intro-

duction of the thrust and torque as the iteration 

proceeds is required as opposed to previous work, 

13. when the physical modeling is accurate this in-

cludes the use of an apropriate turbulence mode)., 

realistic treatment of the propeller, and use of a 

grid capable of resolving the features of the flow), 
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the present numerical algorithm produces very accu-

rate and reliable results. 

6.2 RECOMMENDATIONS FOR FUTURE WORK 

Extensions of the present work might include the predic-

tion of stronger shear flows and/or higher disk loading to 

further investigate the validity of the turbulence model. 

Inclusion of an aftbody and the study of near-wake and wall 

turbulence models is required before any more realistic flow 

configurations can be simulated. Also, the effect of com-

plicated approach flow, inclusion of appendages and control 

surfaces on the body, addition of a rudder downstream of the 

propeller, and flow at angles of attack and sideslip could 

be studied. The following points should be carefully con-

sidered for extensions to more complicated problems: 

1. little work exists on non-symmetric turbulent wakes 

and the absence of a solid experimental data base for 

non-symmetric turbulent wakes makes difficult the de-

velopment of reliable turbulence models for 3-D 

wakes. 

2. the turbulence model used in the present work is of 

the one layer type and is adequate for the problems 

treated here. For more complicated flows, such as 

wall bounded flows, trailing edge flows, and near 
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wake calculations, the present model is inadequate 

(130]. More refined models of the two or three layer 

type [45,131,132] will be required, 

3. the presence of walls in the flowfield will necessi-

tate special treatment of the near wall regions. One 

could try to resolve completely the turbulent boun-

dary layer on the wall including the inner region and 

the laminar sublayer. While this is computationally 

feasible for planar and axisymmetric flows, it gener-

ates systems of equations for three-dimensional flows 

that are far too large to be solved even on present 

day super computers. To alleviate the problem, one 

can use wall functions (52-56] to model the wall ef-

fects on the flow. Such techniques have been suc-

cessfull for simple 2-D problems, but were plagued 

with numerical problems when used in attempts to 

solve more complicated flows in conjunction with New-

ton type iteration schemes [ 62]. A more promising 

approach may-be possible by combining wall functions 

and logarithmic interpolation functions in the direc-

tion normal to the wall (59-62]. Since they incorpo-

rate the basic features of turbulent flows near 

walls, coarser grids may be used, and thus the compu-

tational task is reduced. Wall functions based on 
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the law of the wall for a flat plate were used to in-

corporate wall effects. The use of such a law is 

questionable near and at separation and in strong ad-

verse pressure gradients. Another approach, retain-

ing the integrated TKE model, may be used for pred-

icting wall bounded flows [2,78,79]. In these works, 

the integrated TKE model is used to compute the eddy 

viscosity distribution in the outer region of the 

boundary layer and a two-layer algebraic model 

[67,70,71] is used to describe the eddy viscosity 

near the wall. Again logarithmic interpolation might 

reduce the density of the grid in the near wall re-

gion. The half-equation, Reynolds stress, eddy vis-

cosity model of Ref. [ 133] may offer an interesting 

alternative. In all cases, care should be taken to 

include the fact that laws of the wall for three-di-

mensional boundary layers are different from their 

two-dimensional counterparts [134]. 

4. care should be exercised in the selection and imple-

mentation of the models and techniques to ensure that 

the general nature and flexibility of the finite ele-

ment method is retained. Indeed, when wall and sepa-

ration effects are included, the resulting code will 

find numerous other applications if it is general 
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enough in nature and its programming does not include 

any specific characteristics of the flow problem thus 

limiting its applicability. 
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Figure 1: Axial Velocity Prediction and Analytical Solution 
in the Far Field of the Round Jet. 
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Solution in the Far Field of the Round Jet. 
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Figure 7: Pressure Contours at Two Axial Stations for the 
Square jet. 
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Figure 8: Simplified One-Dimensional Propeller Analysis. 
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Figure 9: Mesh and Boundary Conditions for Initial Eddy 
Viscosity Determination. 
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EFFECT OF INITIAL VALUE OF EDDY VISCOSITY. 
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Figure 10: Effect of the Initial Value of the Eddy 
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Figure  11:  Effect  of  Initial  Velocity  Defect 
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Figure 12: Longitudinal Section of the Grid for 3-D 
Simulations of Flows Past Propellers. 
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Figure 13: Cross Section of the Grid for 3-D Simulations of 
Flow Past Propellers. 
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UNIFORM FLOY: AXIAL VELOCITY VS. Y , Z = 0 
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Figure 14: Uniform Flow Past a Propeller: Predicted and 
Experimental Axial Velocity Profiles on the 
Horizontal y-axis 
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UNIFORM FLOY: AXIAL VELOCITY VS. Z , Y = 0 
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Figure 15: Uniform Flow Past a Propeller: Predicted and 
Experimental Axial Velocity Profiles on the 
Vertical z-axis. 
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UNIFORM FLOW: S1f'IRL VS.  Y  •  Z = 0 
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Figure  16:  Uniform  Flow  Past  a  Propeller:  Predicted  and 
Experimental  Swirl  Profiles  on  the  Horizontal y-
axis. 
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UNIFORli PLOW: SWIRL VS. Z , Y = 0 · 
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Figure 17: Uniform Flow Past a Propeller: Predicted and 
Experimental Swirl Profiles on the Vertical z-
axis. 
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UNIFORM FLOY: RADIAL VELOCITY VS. Y, Z = O 
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Figure 18: Uniform Flow Past a Propeller: Predicted and 
Experimental Radial Velocity Profiles on the 
Horizontal y-axis. 
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UND'ORM FLOW RADIAL VELOCl'l'Y VS. z. Y = 0 
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Figure 19: Uniform Flow Past a Propeller: Predicted and 
Experimental Radial Velocity Profiles on the 
Vertical z-axis. 
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UNIFORM FLOW: PRBSSURB VS. Y • Z = 0 
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Figure 20: Uniform Flow Past a Propeller: Predicted and 
Experimental Pressure Profiles on the Horizontal 
y-axis. 
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UNIFORM :FLOW: PRBSSURB VS. Z , Y = O 
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Figure 21: Uniform Flow Past a Propeller: Predicted and 
Experimental Pressure Profiles on the Vertical 
z-axis. 
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UNIFORM FLOW: AXIAL VELOCITY VS. X , R/RO = 0.85 
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Figure 22: Uniform Flow Past a Propeller: Axial Velocity 
Distribution at z/R = 0.85. 
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UND'ORM FLOW: PRESSURB COEFFICIENT VS. X , R/RO = 0.85 
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Figure 23: Uniform Flow Past a Propeller: Axial 
Distribution of the Pressure at z/R = 0.85. 
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UNIFORM PLOW: SWIRL VELOCITY VS. X , R/RO = 0.85 
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Figure 24: Uniform Flow Past a Propeller: Axial 
Distribution of the Swirl at z/R = 0.85. 
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UNIFORM FLOW: RADIAL VELOCITY VS. X • R/RO = 0.85 
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Figure 25: Uniform Flow Past a Propeller: Axial 
Distribution of the Radial Velocity at z/R = 
0.85. 
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Uniform Flow Past a Propeller: Velocity Vector 
Plot in the Vertical Meridional Plane. 
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Legend for C Contours - -p 
A - 0.194 J - 0.037 s 0.121 
B - 0.177 K - 0.019 T 0.139 
C - 0.159 L - 0.001 u 0.156 
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F - 0.107 0 0.051 X 0.209 
G : - 0.089 p 0.069 y 0.226 
H - 0.072 Q 0.086 z 0.244 
I - 0.054 R 0.104 

Figure 27: Uniform Flow Past a Propeller: Pressure Contour 
Plot in the Vertical Meridional Plane. 
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UNIFOIUl FLOW: AXIAL VELOCITY PROFILBS UPSTRBAII OF THB PROPBLLBR 
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Figure 28: Uniform Flow Past a Propeller: Axial Velocity 
Profiles at Various Stations Upstream of the 
Propeller. 
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UNDORll PLOW': AXIAL VBLOClTY PROFILBS DOWNSl'Rlill 01' TUB PROPBLLBR 
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Uniform Flow Past a Propeller: Axial Velocity 
Profiles at Various Stations Downstream of the 
Propeller. 
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UNIFORll FLOW: SWIRL VBLOCl'l'Y PROFILBS UPSTREAM OF THB PROPELLRR 
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Figure 30: Uniform Flow Past a Propeller: Swirl Profiles at 
Various Stations Upstream of the Propeller. 
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UNIFORM l'L01t': SWIRL VILOCITY PR011LBS DOWNSTRJLUI OF THI PROPBLLD 

0.2s 

0.20 

0. t 5 

o. t 0 

0.05 

V 
I o.oo 
u 
0 

-0.05 

-0.10 

-0.15 

-0.20 

-0.25 

-3 -2 -1 0 2 3 

Z/RO 
LEGEND• Z -- X/D=O. 025 ------- X/D=O. 1 00 

----- X/D=O. 23 --- X/D=0.516 
-- X/D=O. 934 --- X/D= 1 . 54 
-- X/0•2.42 

Figure 31: Uniform Flow Past a Propeller: Swirl Profiles at 
Various Stations Downstream of the Propeller. 
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UNIFORM FLOW': RADIAL VBLOCl'l'Y PROFILES UPSTRBAM 01 TDK PROPELLER 
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Figure  32:  Uniform  Flow  Past  a  Propeller:  Radial  Velocity 
Profiles  at  Various  Stations  Upstream  of  the 
Propeller. 
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UND'ORM l'LOW': RADIAL VBLOClTY PROFILBS DOWNSTRJLUI or TBB PROPBLLBR 
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Figure 33: Uniform Flow Past a Propeller: Radial Velocity 
Profiles at Various Stations Downstream of the 
Propeller. 
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UNIFORM PLOW: PRBSSUR& PROFILES UPSTRRill OF THE PROPELLER 

0.  1 

o.o 

-o. 1 

-0.2 

-3 -2 

LEGENDt  Z 

\ 

.... ~' 1' 
~,~,:11 

-1 0 

Z/RO 

X/D=-0.2806 
----- X/D=-0. 0976 
-- X/0= o.o 

\ v I 
\ I 
\ I 
' J '/ 

2 

------- XID•-0. 1774 
~~ X/D=-0.0407 

3 

Figure  34:  Uniform  Flow  Past  a  Propeller:  Pressure  Profiles 
at  Various  Stations  Upstream  of  the  Propeller. 
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UNIFORM l'LOlf: PRBSSURB PROFILBS D01'NSTR&UI OJi' THE PROPBLLBR 
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Figure 35: Uniform Flow Past a Propeller: Pressure Profiles 
at Various Stations Downstream of the Propeller. 
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Legend for C Contours - -p 

A - 0.194 
B 0.177 
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X O. 209 
Y 0.226 
Z 0.244 

Figure 36: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Contour Plots at x/D = -0.0976 
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Legend for C Contours - -p 
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Figure 37: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Contour Plots at x/D = -0.04096 
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Legend for C Contours - - -p 
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Figure 38: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Contour Plots at x/D = 0.0 
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Legend for C Contours --p 
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Figure 39: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Contour Plots at x/D = 0.025 
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Legend for gp Contours 
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Z 0.244 

Figure 40: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Contour Plots at x/D = 0.23 
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Legend for C Contours --p 
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Figure 41: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Contour Plots at x/D = 0.51 
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Legend for C Contours - -p 
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Figure 42: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Contour Plots at x/D = 1.54 
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Legend for gp Contours 
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Figure 43: Uniform Flow Past a Propeller: Velocity Vector 
and Pressure Con~our Plots at x/D = 2.42 
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DIMENSIONLESS BDDY VISCOSITY DISTRIBUTIONS 
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Figure 44: Axial Distibution of the Eddy Viscosity for the 
Uniform and Shear Flows Past a Propeller 
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SBBAR FLOW: AXIAL VBLOClTY vs. Y , Z = 0 
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Figure 45: Shear Flow Past a Propeller: Predicted and 
Experimental Axial velocity Profiles on the 
Horizontal y-axis. 
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SHEAR FLOW: AXIAL VBLOCITY VS. Z • Y = 0 
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Figure 46: Shear Flow Past a Propeller: Predicted and 
Experimental Axial Velocity Profiles on the 
Vertical z-axis. 
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SJDAR FLOW: S1'IRL VS. Y • Z = 0 
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Figure 47: Shear Flow Past a Propeller: Predicted and 
Experimental Swirl Profiles on the Horizontal y-
axis. 
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SUHAR PLOW: S1f'IRL vs. Z , Y = 0 
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Figure 48: Shear Flow Past a Propeller: Predicted and 
Experimental Swirl Profiles on the Vertical z-
axis. 
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SBBAR JLO'W: RADIAL VELOCITY VS. Y. Z = 0 
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Figure 49: Shear Flow Past a Propeller: Predicted and 
Experimental Radial Velocity Profiles on the 
Horizontal y-axis. 
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SIDUR J'LO'W: RADIAL VBLOCITY VS. z. Y = 0 

-2 -1 0 

2/RO 
~~ FEM-X!D=0.025 
---- FEM-X/0•0. 2J 

• 
• 

2 3 

a a a EXP-X/0=0,025 
• • • EXP-X/D=0,2J 

Figure 50: Shear Flow Past a Propeller: Predicted and 
Experimental Radial Velocity Profiles on the 
Vertical z-axis. 
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SHEAR FLOW: PRESSURE VS. Y • Z = 0 
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Figure 51: Shear Flow Past a Propeller: Predicted and 
Experimental Pressure Profiles on the Horizontal 
y-axis. 
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SHEAR FLOW': PRESSURE VS. Z • Y = 0 
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Figure 52: Shear Flow Past a Propeller: Predicted and 
Experimental Pressure Profiles on the Vertical 
z-axis. 
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SHEAR FLOY: AXIAL VELOCITY VS. X • R/RO = 0.85 
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Figure 53: Shear Flow Past a Propeller: Axial Distribution 
of the Axial Velocity at r/R = 0.85. 
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SHEAR li'LOlf: PRESSURE COEFFICIENT VS. X , R/RO = 0.85 
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Figure 54: Shear Flow Past a Propeller: Axial Distribution 
of the Pressure at r/R = 0.85. 
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SHEAR FLOW: SWIRL VELOCITY vs. X , R/RO = 0.85 
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Figure 55: Shear Flow Past a Propeller: Axial Distribution 
of the Swirl at r/R = 0.85. 
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SHEAR FLOW': RADIAL VELOCITY VS. X , R/RO = 0.85 
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Figure 56: Shear Flow Past a Propeller: Axial Distribution 
of the Radial Velocity at r/R = 0.85. 



---+ -=* -------------~ ----

Figure 57: 

179 

- - - - - -- - - - - ---- - - -==i - - - - -~ ~ ~ ~ - - - -- - - -- - - -- - - - -- - - - -- - - - -- - - - -- - - - -- - - -- -- - -- -- - -- ...,.:.-·-~-,...; J - -===! - -" - ~ ~ - - - - -- - - - -- - - -

Shear Flow Past a Propeller: Velocity Vector 
Plot in the Horizontal Meridional Plane. 
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Figure 58: 
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Shear Flow Past a Propeller: Velocity Vector 
Plot in the Vertical Meridional Plane. 
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Legend for gp Contours 

A - 0.207 J - 0.038 s 0 .131 
B - 0.188 K - 0.019 T 0.150 
C - 0.169 L - 0.000 u 0.169 
D - 0.151 M 0.019 V 0.188 
E - 0.132 N 0.038 w 0.207 
F - 0.113 0 0.056 X 0.225 
G - 0.094 p 0.075 y 0.244 
H - 0.075 Q 0.094 z 0.263 
I - 0.056 R 0.113 

Figure 59: Shear Flow Past a Propeller: Pressure Contour 
Plot in the Horizontal Meridional Plane. 
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Legend for gp Contours 
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Figure 60: Shear Flow Past a Propeller: Pressure Contour 
Plot in the Vertical Meridional Plane. 
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SBBAR PLOY: AXIAL VBLOClTY VS. Y UPS'l'RBAK OP TBB PROPBIJ.BR 
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Figure 61: Shear Flow Past a Propeller: y-Profiles of Axial 
Velocity at Various Stations Upstream of the 
Propeller. 
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SBBAR FLOY: ilW, VELOCITY VS. Y D01'NSTRBAM 01' TBB PROPBUBR 
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Figure 62: Shear Flow Past a Propeller: y-Profiles of Axial 
Velocity at Various Stations Downstream of the 
Propeller. 
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SHEAR l'LOW: SWIRL VELOCITY VS. Y VPS'l'RLUI OF THI PROPBLLBR 
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Figure 63: Shear Flow Past a Propeller: y-profiles of Swirl 
at Various Stations Upstream of the Propeller. 
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SHEAR PLOW: RADIAL VELOCITY VS. Y DOWNSTRBill OP TBB PROPBI.Llm 
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Figure 64: Shear Flow Past a Propeller: y-profiles of Swirl 
at Various Stations Downstream of the Propeller. 
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SHEAR FLOW: RADIAL VBLOCITY VS. Y UPSTRJLU( OF TBB PROPILLBR 
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Figure 65: Shear Flow Past a Propeller: y-Profiles of 
Radial Velocity at Various Stations Upstream of 
the Propeller. 
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SB&\R J'LOW: RADIAL VBLOCITY VS. Y DOWN&"1'1ULUI OP TBB PROPBLLBR 
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Figure 66: Shear Flow Past a Propeller: y-Profiles of 
Radial Velocity at Various Stations Downstream 
of the Propeller. 
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SBRAR JLO'W: PRBSSUD VS. Y UPSTRJUK OJ' TBB PROPELLIR 
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Figure 67: Shear Flow Past a Propeller: y-Pressure Profiles 
at Various Stations Upstream of the Propeller. 
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SBBAR FLOW: PRBSSURB VS. Y DOWNSTREAM OF TBB PROPEIJ.BR 
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Figure 68: Shear Flow Past a Propeller: y-Pressure Profiles 
at Various Stations Downstream of the Propeller. 
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SBBAR PLOlf: AXIAL VELOCITY VS.  Z UPSTR&UI 01 THI PROPELLBR 
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Figure  69:  Shear  Flow  Past  a  Propeller:  z-Profiles  of  Axial 
Velocity  at  Various  Stations  Upstream  of  the 
Propeller. 
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SBBAR PLOY: AXIAL VELOCITY VS. Z DOWNSTREAM OF TBB PROPBUBR 
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Figure 70: Shear Flow Past a Propeller: z-Profiles of Axial 
Velocity at Various Stations Downstream of the 
Propeller. 
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SHBAR PLOW: SWIRL VKLOCITY VS. Z UPS'l'RlLW OP TBB PROPBIJ.BB 
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Figure 71: Shear Flow Past a Propeller: z-Profiles of Swirl 
at Various Stations Upstream of the Propeller. 
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SHBAR PLOW': SWIRL VELOCITY VS. Z DOWNSTRIW4 OF THE PROPBll.ER 
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Figure 72: Shear Flow Past a Propeller: z-Profiles of Swirl 
at Various Stations Downstream of the Propeller. 
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SBliR FLOY: RADIAL VELOCITY VS, Z UPSTRBAM OF TBB PROPBLLBR 
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Figure 73: Shear Flow Past a Propeller: z-Profiles of 
Radial Velocity at Various Stations Upstream of 
the Propeller. 
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SBBAB FLOY: RADIAL VBLOCITY VS. Z DOWNSl'RJLUI OF TBB PROPBLLBR 
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Figure 74: Shear Flow Past a Propeller: z-Profiles of 
Radial Velocity at Various Stations Downstream 
of the Propeller. 
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SHB4R FLOW: PRBSSURB VS. Z UPSTREAM OF TBB PROPBIJ.BR 
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Figure 75: Shear Flow Past a Propeller: z-Pressure Profiles 
at Various Stations Upstream of the Propeller. 
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SBBAR FLOW: PRBSSURB VS. Z D01fNSTRJLUI 0'11 THI PROPBLLBR 
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Figure 76: Shear Flow Past a Propeller: z-Pressure Profiles 
at Various Stations Downstream of the Propeller. 
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Legend for gp Contours 
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Figure 77: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = -0.0976 
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Legend for C Contours --p 
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B - 0.188 
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Figure 78: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = -0.04096 
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Legend for gp Contours 
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Figure 79: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = 0.0 
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Legend for C Contours --p 
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Figure 80: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = 0.025 
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Legend for C Contours --p 
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Figure 81: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = 0.23 
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Legend for C Contours - - -p 
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Figure 82: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = 0.51 
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Legend for C Contours --p 
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Figure 83: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = 1.54 
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Legend for gp Contours 
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Figure 84: Shear Flow Past a Propeller: Velocity Vector and 
Pressure Contour Plots at x/D = 2.42 
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(ABSTRACT) 

A half-equation model of turbulence has been developed 

to described the eddy viscosity distribution of two and 

three-dimensional turbulent free shear flows. The model is 

derived by integrating the parabolized transport equation 

for the turbulence kinetic energy over the cross section of 

the flow. The Prandtl-Kolmogrov hypothesis is used to obtain 

an ordinary differential equation for the eddy viscosity. 

The model is used in a general purpose finite element proce-

dure using primitive variables. The penalty function method 

is used, in a generalized Galerkin weak formulation of the 

Navier-Stokes equations, to enforce the conservation of 

mass. In this procedure the pressure does not explicitly ap-

pear, this significantly reducing the computation time when 

compared to the velocity-pressure approach. 



Numerical solution are obtained for four problems: a 

round jet issuing from a wall into still surroundings, a 

three-dimensional square jet issuing from a wall into still 

surroundings, a uniform flow past a free running propeller, 

and a shear flow past a free running propeller. An actuator 

disk with variable radial distribution of thrust and torque 

is used to model the propeller. 

The numerical solution in the far field of the round 

jet agrees very well with the analytical similar solution. 

Very good agreement between prediction and experiments is 

observed for the square jet problem. 

A simplified analysis of the flow past a propeller is 

used to provide the initial value of the eddy viscosity. 

Numerical experiments on the uniform flow past a thrusting 

disk confirmed the validity of the analysis and illustrated 

the effect of the initial value of the initial value of the 

eddy viscosity. For both propeller flows, agreement between 

predictions and experiments is excellent for both the axial 

and swirl velocity components at two stations located at x/D 

= 0.025 and 0.23. The quality of the swirl prediction is a 

major improvement over previous analyses. Pressure predic-

tions are obtained for the first time, and are in reasonable 

agreement with the experiments. The radial velocity predic-

tion is in fair agreement with the experiments at the sta-



tion x/D = 0.025 .. The discrepancy between the finite element 

solutions and the experiments at the station x/D = 0.23, for 

the pressure an the radial velocity are attributed to the 

presence of the body housing the propeller drive train. The 

body is not included in the present study. The complex 

three-dimensional nature of the shear flow past the propell-

er is very well captured in the simulation. 
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