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IV, SYMBOLS 

plate length 

plate width 

plate thickness 

integers 

length of each of the three rigid rods in column 

displacement of point on middle surface of plate in x and 

y directions, respectively 

deflection of point on middle surface of plate in direc-

tion normal to undeformed plate 

plate coordinates 

stiffness of torsional springs 

plate flexural stiffness, Eh3 
D =-----

12(1 - µ2) 

Young's modulus for material 

stiffness of nonlinear extensional springs, units are 

force/(length)3 

total compressive load 

temperature rise 

deflection of joints in column 

resultant normal forces in x and y directions, 

respectively 

resultant shearing force in xy plane 

buckling load 

temperature rise for buckling 
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coefficient of thermal expansion 

buckle length-width ratio, f3 = mb/a 

arbitrary parameter 

functions of deflection, 

Poisson's ratio for material 

total shortening (see eqs. (28) or (34)) 
middle surface shearing strain 

middle surface strains in x and y directions 

bending strain at crest of buckle 

extreme fiber strain at crest of buckle 
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V. INTRODUCTION 

In the design of aircraft structural components, it is important to 

know the load-carrying capacity of' rectangular flat plates and their 

behavior when subject to change in temperature. Under extreme conditions 

these rectangular plates may buckle; that is, the forces in the middle 

plane of' the plate increase up to values for which the flat form of 

equilibrium becomes unstable. Unlike simple columns, rectangular plates 

which are supported on all edges may carry considerable load beyond their 

buckling load. Under some conditions it may be advantageous to utilize 

this additional load-carrying capacity. Very often the load required 

for buckling is in the elastic range for the plate material and part of 

the postbuckling range is elastic. Even if this were not true, it is 

necessary to understand the behavior in the elastic range before con-

sidering the case where the material may yield in the plastic range. 

This dissertation studies the postbuckling behavior of simply supported 

rectangular flat plates in the elastic range of' the material. The use 

of a simply supported edge condition should provide a conservative esti-

mate of the postbuckling behavior of a rectangular plate contained between 

the relatively stiff supporting elements (stringers, ribs) of thin wall 

construction. 

Many authors have studied the postbuckling behavior of flat rectan-

gular plates; some of the most important of these investigations are 

described in references 1 to 13. The basic differential equations for a 

plate element undergoing large deflections are presented by von Ka.rman.1 
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Von Karman, Sechler, and Donne112 introduce the concept of effective 

width. Various approximate solutions for postbuckling behavior are pre-

sented by Cox,3 Timoshenko,4 M:l.rguerre and Trefftz,5 and ~la.rguerre,6 

vhere analyses are carried out by energy methods. Kromm and M;1.rguerre7 

extend the results of references 5 and 6 for simply supported infinitely 

long plates in compression. By means of Fourier series, Levy8 obtained 

an exact solution to the large deflection equations of von Karma.n1 for 

square plates. Koitez-9 extends the work of reference 7 to make it appli-

cable far beyond buckling. The effects of initial deviation from flatness 

for square plates are investigated by Hu, Lundquist, and Batdorf 10 and by 

Coan11 by means of the Fourier series method of solution advanced in 

reference 8. In reference 10, the unloaded edges of the plate are con-

strained to remain straight, whereas in reference 11, the side edges 

are free to distort in the plane of the plate. Mayers and Budiansey1 2 

analyze the behavior of a square plate compressed beyond the elastic 

buckling load into the range where plastic yielding takes place. Alexeev 13 

obtained an exact solution for the square plate buckling into one buckle 

as did Levy but included in addition an exact solution for the square 

plate buckling into tvo buckles (in the direction of loading). 

With the exception of reference 13, all of the previous authors 

studying the postbuckling behavior of rectangular plates used either 

energy methods or Fourier-series expansion of the basic nonlinear differ-

ential equations of von Karman. Alexeev13 used a method of successive 

approximation. In this dissertation the basic nonlinear differential 
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equations are converted into an infinite set of linear differential 

equations by expanding the displacements into a power series in terms 

of an arbitrary parameter. The first few of the equations of the infi-

nite set turn out to be the small deflection equations. Solution of 

these and succeeding equations permits a study of the behavior of the 

plate at buckling and beyond, up into the large deflection range. The 

postbuckling behavior of a simply supported plate subjected to longitu-

dinal compression is studied in detail, and the results are compared to 

other theoretical results. A similar study is presented for such a 

plate subject to a uniform temperature rise. 

The method of solution presented here for plate problems is similar 

to a perturbation method. However, in a perturbation method consideration 

is restricted to solutions 'Which involve only small values of the arbi-

trary parameter. For the case investigated in detail here and for some 

similar cases investigated, it is not necessary to restrict the arbitrary 

parameter to small values because the coefficients of the higher powers 

are small. The motivation for this work was the observation that avail-

able solutions of the postbuckling behavior of rectangular plates subject 

to longitudinal compression indicated that both the shortening and the 

square of the center deflection were nearly linear functions of the 

applied load in the first part of the postbuckling range. For the com-

pression problem it was thus expected that the first few terms of a 

series in powers of (P - Pcr)/Pcr would be adequate to represent the 

displacements. (P is the total applied load and Per is the critical 

load.) These expectations have been borne out. 



- ll -

One of the phenomena which occurs in the postbuckling range is 

change in buckle pattern. Because of the incompleteness and the incon-

sistancies in the treatment of this topic in the literature7,9,l3,l4,l5 

a study is made in this dissertation of change in buckle pattern. In 

order to analyze this phenomenon in a rigorous fashion a symmetric three-

element column on a nonlinear elastic foundation is solved. It is indi-

cated how the principles learned from the column analysis may be applied 

qualitatively to plate problems. 

Experimental results which have not been published previously are 

described in this dissertation and results from these and other experi-

ments a.re compared with the present theory. 
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VI. THEORY 

In this section the von Karman large deflection plate equations will 

be converted from a set of three nonlinear partial differential equations 

into an infinite set of linear partial differential equations by expanding 

the displacements into a power series in terms of an arbitrary parameter. 

For a plate with no lateral load the von Karman large deflection 

equations can be written in the form 

rlx,x + ~,Y = O 

NY,Y + Nxy,x = 0 

(la) 

(lb) 

(le) 

where subscripts x and y which appear after a comma indicate partial 

differentiation with respect to x and y, respectively. The strain-

stress relations including the effects of change in temperature T are 

1 
~ = ~Nx - µNy) + ar (2a) 

1 'y = ~Ny - µrix) + ar (2b) 

1 = 2(1 + µ) N..__ (2c) xy Eh . --AY 

or the stresses appearing in equation (2) may be solved for and thus 

expressed in terms of the strains. 

(,a) 
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Ny= ~€y + µ€x) - (1 + µ)a.~' (3b) 
1 - µ 

N = Eh (;c) xy 2(1 + µ) 1xy 

The strain-displacement relations are 

€x = u,x 1 2 (4a) + - w,x 2 

€y = v,y + .! w 2 
2 'y (4b) 

(4c) 

Equations (1), (;), and (4), together with a complete set of boundary 

conditions, determine the problem. These equations are subject to the 

usual out-of-plane (zero normal deflection and zero moment for simply 

supported plates) boundary conditions required in buckling studies. In 

addition, however, for postbuckling studies it is necessary to specify 

in-plane conditions. Note that only plates without initial eccentrici-

ties sub~ect to in-plane loading are considered. 

It is assumed that u, v, and w may be expanded in a power 

series in terms of an arbitrary parameter €. For the present purposes 

u, v, and w are to be expanded about the point of buckling (at buckling 

€ = 0). 
00 

u = I u(n)€n 
· n=0,2 

(5a) 

(5b) 
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co 

w= I 
n=l,3 

(n) n 
W E 

The u(n)., v(n)., and w(n) are functions of x and y only. For 

(5c) 

plates without initial eccentricities subject to in-plane loading the 

deflection w is zero in the loading range prior to buckling but u 

and v have values other than zero. Thus, for small values of e., u 

and v would have values close to their values just prior to buckling 

while w may be proportional to ~ or some power of e. Therefore 

it is to be expected that series for u and v will start with the 

zero power of E while the series for w will start with a nonzero 

power. As discussed in the introduction available solutions of the 

postbuckling behavior of rectangular plates subject to longitudinal 

compression indicated that the square of the center deflection was 

nearly a linear function of the applied load in the first part of the 

postbuckling range. Thus if E is related to the load P so that 

e2 = (P - Pcr)/Pcr for this compression problem the series for w 

would start with the first power. 

For other problems the parameter E may take on other character. 

For example., E may be the lateral deflection of a reference point on 

the plate, or e2 may be the shortening or the average temperature rise 

beyond that required for buck.ling. The choice of E should become 

evident in the solution of a problem. 

As written., the series for u and v start with a zero power 

and include only even powers and the series for w starts w1 th the 

first power and includes only odd powers. It will be indicated later 
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that for plates without initial eccentricities subject to any in-plane 

loading, the odd pawers in the series for u and v and the even 

powers in the series for w will vanish, and, for simplicity, they 

have been omitted from the start. Incidentl.y, it is possible to deduce 

that the odd powers in the series for u and v and the even powers 

in the series for w vanish once it is seen that the parameter E may 

be plus or minus for a given load. For the type of problem considered 

the plate can buckle in either direction but the deflection shape 

w{x,y) will be independent of the direction of buckling {except for a 

sign) anywhere in the postbuckling range. Bence, in order to provide 

that the shape will be independent of the direction of buckling the 

series for w can contain only odd powers of e. The in-plane dis-

placements u and v on the other hand are unchanged by the direction 

of buckling and, therefore, should include only even powers of e. The 

change in temperature T also should include only even powers of e: 
CD 

T = I T{n)En (6) 
n=0,2 

where T{n) may be a function of x and y. 

Upon substitution of the above equations (5) and (6) into equations 

(3) and (4), the following relations are obtained: 

CD 00 CD 

Nx = I N{n) En + 
X I I N{mn)Em+n 

X {7a) 

n=0,2 m-1,3 n=l,3 

CD 00 00 

By • I ~n)En + I I ~mn)Em+n {7b) 
n=0,2 m=l,3 n=l,3 
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N.xy = (7c) 

where 

N(n) = Eh ~~~  + µv(n) -(1 + µ)a.T(n)l 
x l _ µ2 L , 'Y j 

t4n) = Eh  2 rv!;> + µu~~) - (1 + µ)a.T(n)l 
1  -µ L J 

N(n) Eh ( (n) (n)) 
.xy • 2(1 + µ) u,y + v,x 

N(mn) = Eh (w~~)w~~) + µw(m)w(n)) = Ninm) 
X 

2(1  -µ2) 'Y 'Y 

~mn) = Eh (w~m)w~n) 
2(1  -µ2) y y 

+ µw(m)w(n)) 
'x 1x 

• N(nm) 
y 

(mn) Eh w(m)w(n) N.xy = 'X 'Y 2(1 + µ) 

Since € was taken  to be an arbitrary parameter, the  stipulation 

that  a power series  in € vanishes  requires  that  each  coefficient  of 

the power series vanishes. Ii' the  expressions  (5c)  and (7) for w and 

the  N's  are  substituted  in  equations  (1),  the  requirement  that  each 

coefficient  in  the power series  vanishes  leads  to  the following linear 

equations which are  the  first few of an infinite  set 

N(O) + N(O) = 0 
x,x .xy,y 

N..~O) + N(O) = 0 
--y ,Y .xy ,x 

(8a) 
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N(2) + N(2) = - (N(ll) 
x,x xy,y · ~x,x 

N_(2) + N(2) = _ ~(ll) 
--y,y xy,x ~Y,Y 

+ N(ll)) xy,y 

+ N(ll)) xy,x 

(8b) 

(8c) 

/Nx(2) + N(ll)\ w(l) + (N(2) + N(ll)\ w(l) + 2(N(2) + N(ll)\ w(l) (8d) 
~ X j 1 XX y y / 'yy xy xy / 'xy 

N(4) + N(4) = _ /2N(13) + N(13) + u<31)) 
x,x xy,y ~ x,x xy,y xy,y 

N(4) + i4) = _ /2N(13) + u<13) + i31)) 
Y,Y xy,x \ Y,Y xy,x xy,x 

(8e) 

It might be noted here that if' the odd pOW'ers in the series f'or u 

and v and the even powers in the series f'or w had been included, 

they would have f'ormed a set of' homogeneous dif'ferentia1 equations with 

homogeneous boundary conditions (which would not have coupled with the 

terms originally included) and therefore would have vanished. 
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Looking now at equations (8) above., it is seen that equation (8a) 

and (8b) can be identi:fied as the usual (linear) small de:flection 

equations. Solution o:f these and then some of the succeeding equations 

permits a study of the behavior of the plate at buckling and then 

beyond into the large deflection range (provided the series behave 

properzy). At present the only ways available to determine conver-

gence are by a comparison of the results obtained from the various 

approximations and by comparisons with other methods and with 

experiment. 
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VII. EXAMPLE COMPRESSION PROBLEM 

Solution of the equations just derived in the previous section 

for a postbuckling problem of rectangular simpzy supported plates in 

compression is presented in this section. The origin of coordinates 

is taken at the corner of the plate which has the dimensions a and b 

as shown and which has the thickness h 

b 

X 
a 

A. Solution 

The problem solved is the postbuckling behavior of a rectangular 

simpzy supported plate in longitudinal compression with edges con-

strained so that the displacement of each edge in the plane of the 

plate is uniform. As discussed in the introduction, the simpzy 

supported edge condition is practical; with the in-plane conditions 

chosen here, it also leads to much simpler results than other kinds 

of edge support. For other types of edge support there is no con-

ceptual difference in the method of solution. 

The boundary conditions considered can be written 

zero deflection 

zero moment 

constant displacement 

w(o,y) = w(a,y) = w(x,o) = w(x,b) = 0 

w,xx(o,y) = w,xx(a,y) = w,yy(x,o) = w,yy(x,b) = 0 

u,y(o,y) = u,y(a,y) = v,x(x,o) = v,x(x,b) = 0 
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zero shear stress v,x(o,y) = v,x(a,y) = u,y(x,o) = u,y(x,b) = O 

b 
loaded edges J (Hx) dy = -P 

0 x=o,a 

unloaded edges 

Here P is the given total applied load and is equal to or above the 

buckling load. If for u, v, and w expressions (5) are inserted in 

the first four lines of boundary conditions, it is seen that the uCn), 

vCn), wCn) must individually satisfy these boundary conditions. Sub-

stituting fran equation (7a) into the condition on the loaded edges 

gives 
OCI 

P = I p(n)En (9) 
n=0,2 

where 

p(O) = -Jb (Mio)\ dy 
· 0 ) x=o,a 

p(2) • -Jb (N(2) + N(ll)) dy 
o x x x•o,a 

(10) 

p(4) = -Jb (NC4) + 2N(13)) dy 
o x . x x-o,a 

etc. 

Similarly, by using equation ('Tb)., the condition on the unloaded 

edges becomes 
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J a (N_(o>) dx = o 
0 ~-Y y=o, b 

J a (w..(2) + n_( n)) dx = o 
0 --y --y y=o,b (11) 

etc. 

For this case there is no temperature rise; so all the T(n) are set 

equal to zero. 

Solutions of equation (8a) for u(O) and v(O) that satisfy the 

boundary conditions are 

u(O) = - p(O) (x -~) 
Ehb 2 

(12) 

It therefore follows that 

(13) 

r4o) = N~) = O 

Now v(l) can be determined from equation (Sb) which has the solution 

w(l) = w1 sin !!!!Ef sin~ a b (14) 

that satisfies the boundary conditions. This solution requires that 
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p(O) = Db [~)2 + (r-)2 2 

(maff)2 
(15) 

So far, the solutions obtained are identical to the small deflection 

solution where the set of the various values of p(O) (for each, m,n 

combination) can be identified as the set of buckling loads. The 

lowest buckling load is determined by the choice of m and n for a 

particular length-width ratio a/b. Note that, as in small deflection 

theory, t~e amplitude w1, cannot be determined (as yet). 

The N(ll) 's may now be found (in terms of wt) and from equa-

tions (8c) solutions that satisfy the boundary conditions are 

fi(mff)2 /nn)2 u<2l = -[~:) + ~(m:/](x -~) -:~2 ta ;\o'. sin 2:"" -

mn sin 2nuoc cos ·~1 a a b 
(16) 

v(2) = [µP(2) - w12 /~)~(y -£) - v12 (w-)2 -µ(~)2 sin 2n,ty -
Ehb 8 \ g j 2 16 · !!?! b 

b 

!!! cos 2m10C sin ~J b a b 

so that 
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Ehw 2( 2 = - 1 nJC) cos ~ 
8 b a 

(17) 

Nov w< 3) must be determined from equation ( 8d) • After substitution 

of the N's and w<1>, equation (8d) becomes 

It should be noted that sin m:X sin n:,r is a homogeneous solu-

tion to equation (18), and that since a term of this kind appears on 

the right hand side of this equation special methods must be used to 

get a particular solution. In fact, no solution to equation (18) is 

possible that satisfies boundary conditions of this problem unless the 

coefficient of the sin m:X sin~ term on the right hand side of 

this equation is zero. (A more formal discussion of the conditions 

for a differential equation to have a solution satisfying bo\Uld.ary 

conditions is given in reference 16.) For the coefficient to be zero 
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The above relationship provides the means of determining the value 

of w1. Ignoring the trivial case w1 = o, the amplitude w1 is 

found to be 

(ma,r)2 
2 16PC2) 

v1 = --- -------
Ehb (1n;)4 + (n;)4 (19) 

With what has been presented so far a first approximation to the 

solution of the large deflection behavior of the plate may be written 

if values are assigned to the perturbation parameter e. This first 

approximation would include all powers of E up to the second. The 

values chosen for e and the results in equation form for the first 

approximation are indicated at the end of this section. 

Upon satisfaction of relation (19), equation (18) may be solved 

directly for w(3) to give the following solution which satisfies 

boundary conditions 

v(3) = w sin~ sin~+ w(3) sin~ sin~ + 
3 a b 13 a b 

w(3) sin 3IMX sin nrcy 
31 a b (20) 

where w3 cannot be determined as yet, and 
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The N(l3) and the N(3l) may now be found (in terms of w))· 

Thus equation (8e) may be solved. From equations (8e) solutions that 

satisfy the boundary condition are 

(4) u [ p(4) w1w2-~m1t)2j ( a) w1a { ~(m1t)2 ~nn)2j =--+~- X•- -- W3 - •µ- + Ehb 4 a 2 8m,r a b 

(21) 

I 
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) 2 ( ~2 4 mJC nn 
- -µ-

( a b COB 4IIIJOI: sin ~ 
[ (-2:)2 + (';:)2 2 a b 

I 
(21) 



-2? -

SO thHt 

(13) p(4) Eh;rl(mn\21/ (3n 2n 
+ 2Nx = -b --4-\7) l\"3 -"13} cos~+ 

4( (3) (3~ (n1t)4 
4n,zy \w13 + w31) b 2mnx 2nn:v 

cos b + [ (:·t + (:·tr cos --;;- cos _b__ _ 

4w< 3) (rux\ 4 
13 b ) 2m,cx 4n,zy 

--------- cos  - cos  - -

[(u:)2 + ~~~  a b 

(3) (nn)4 
W3l -______ b _____ cos 4m,cx cos ~ 

[(2:f +(:fr a b 

(4)  (13) Ehwl(J11t\2 ( (3~ 2m,cx (3) 
Ny + 2Ny = --4-\b) \w3 -W31) cos -a- + W31 cos 

4m,cx + 
a 

4 /we 3) + ./ 3~ (m,{\ 4 
\ 13 31) a; 

w( 3)(mn)4 

2m,cx 2n,rv 13 a 
cos -a:-cos ~ --------

[(m:)2 + (~~2r 
cos 2m,cx cos~ -

a b 

)
4 

4w( 3) !!!?! 
31 ( a cos 4mnx cos ~ 
[(~)2 + (:fr a b 

(?2) 

I 
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Nxy + Nxy + Nxy 

' - :2b -

2 f ..,< 3) + ..,( 3 ~ 
\ 13 31) 2mJt:< 2n1C;Y 

----[(:·-)2 +-(:J{)-r sin -a. sin ~ -

(3) 
Wl3 4 

-------- sin 2mnx sin ~ -
[(:·)2 + (2:;·)2J2 " b 

(3) 
w 31 4m1CX 2nn;,y 

---------.,,. sin - sin -

r~2:)2 + (¥tr .. b 
The differential equation (8f) is-now completely determined except 

for w{5) and w3. The condition that this equation has a solution for 

w{5) determines the value of w3 in the same way that the condition 

that equation (18) has a solution determined the value of w1 . 

(23) 

The second. approximation may now be written if values are assigned to 

the perturbation para.meter €. The second approximation would include all 

powers of € up to the fourth. The formal solution of the set (8) is not 

carried beyond this point for the compression problem. 

Nothing has been said so far in this section about what values the 

parameter € assumes except that it is arbitrary. Since P is the 
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known total applied load, the magnitude of vhich bas not been specified 

except to say that it is equal to or e.bove the buckling l.oad, e may 

be related to P as in the following equation without loss of generality 

2 P - Per 
€ =--- (24) 

where Per is the buckling load which can be identified as equal to 

p(O) for given values of m and n. With P(O) = Per equation (24) 

can be written 

Equating coefficients of equal. powers of € in the above equation with 

that of equation (9) yields 

P(n) = O for n? 4 

Alternatively, if € had been related instead either to the center 

deflection or to the shortening of the loaded edges or to some other 

characteristic property of the plate loading, then that relation would 

determine the p(n). In a:ny case, the final results would be unchanged. 

In the following, results for the deflections and stresses are 

written in equation form for the second approximation. 
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f3 2m,oc 2n,cy 4 - 2 X 1 1 - 2 2 
2 J { ) [~ ) 4mn sin --;- cos ~ + 6 w313 (a -2 + 2iiu( w3 13 - µn + 

cos - - - w + s n -- cos ~ -2n,cy 132 . -( 3) (1 n2( 4n2 - µf32)~ i 2m,rx 4n:rrv 
b 2mJC 13 (f32 + 4n2)2 a b 

( 25) 

I 
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v = -3(l. ~
2
µ2) h: ~ ~~ ~ -~) + 52[~\i; . ~) + n\:/~2 sin 2:ny . 

( 25) 

.!L cos 2m,cx sin 2n,cy] + 64 {a n2(l -.!) + __!._ rw (n2 -µf32) + 
41f a b 3 b 2 2nn [ 3 

_(3) 2 2] 2n,cy 1 _(3) 2  2 4ntrV 
w13 (3n - µf3 ~sin~+ 4n1f w13 (3n - µf3) sin~ -

sin 2n,cy -~ w(3) (1 -n2 [4n2 + <2 + µ) 132J)cos 2m,cx sin ~ -
b J( 13 \ ( a2 + 4n2) 2 a b 

2h6 t m,cx n,cy 2 ~- mruc nny -( 3) w = sin  - sin  - + 6 w sin  - sin  - + w J ( 2 a b 3 a. b 13 
3 1  -µ ) 



N = X 

2mnx 4n:izy 
cos~ cos - -a b 

- "';? -

N = - Dn2{2n25 2 cos 2mroc + 4n254[(w -w( 3)\ cos 2mroc + w( 3) 
Y b2 a 3 31 ) a 31 

· 4ci4 (;,< 3) + w< 3)\ a4-( 3) 
4mJtX .., ~ 13 31 'J . 2mJtX 2n .., w 13 

cos -- + cos - cos ~ - -------2 a b 2 
a (f32 + n2) (1/ + 4n2) -

Nxy = 

. 2m,rx 4n,cy-sin - sin~- -a b 
-(3) ~ w;l sin 4mJtX sin 2n:ity 
2 2 2 a b 

( 4f3 + n ) 

( ?.6) 
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w:iere 

2 Pb ? 
13 n':2" - (B2 + n2) 

02 = D'Jf 

134 + n4 

13 = mb -a. 

In order to get the first approximation results from the equations given 

above for the second approximation, simply omit the part of w that has 

the coefficient 53 a.nd the parts of the other results that have the 

coefficient 54• 

Several results of interest will now be written down in second 

approximation. To obtain the first approximation from these results 

omit the highest power of 6 appearing. The total shortening 6 is 

the sum of the inward displacements at each end. Since u is positive 

in the x direction 

6 = u(o,y) - u(a,y) ( 27} 
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Therefore 

The extreme fiber bending strain at the crest of a buckle €xb is givPn 

by 

€x - ± - w, -, -_ h (a b~ b 2 xx 2m 2n 

or 

The extreme fiber compressive strain at the crest of a buckle €x is 
0 

the stun of the middl.e surface strain and the bending strain just given. 

The middle surface strain may be obtained in two ways from the resu1ts 

for deflections and stresses just given. It may be obtained by differ-

entiation of the deformations (equations (4)) or by calculating it in 

terms of stresses (equations (2)). The results obtained will be dif-

ferent for a given approximation depending on which way it is done. 

For example, for the second approximation, the sixth power of € wou1d 

appear in the middle surface strains if they are calculated from equa-

tions (4) while only the fourth power of € would appear if equations {2) 

are used. Of course,. in the limit the results will agree. The most 

consistent way for a given approximation would be by equation (2); con-

sistent powers of € appear. This yields, 



Therefore 
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(4n4 - µ134);{§) 
~2 + 4n2)2 

( 30) 

The effective width be as defined below (see ref. 14, for example) may 

also be of interest. 

P a b = --e F.D. h 

Substituting from (28) for 6 results in 

B. Results 

( 31) 

To use the equations Just derived, m, the number of buckles along 

the length, a.nd n, the number of buckles along the width, must be 
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determined. At buckling the small deflection (linear) theory determines 

the values of m and n to use as the ones which yield the lowest 

buckling load. Load-shortening curves are shown for both the first and 

second approximation in Figure l for plates of various finite length-

width ratios using the values of m (n always equals unity for this 

problem) for lowest buckling load. In addition, load-shortening curves 

are given for other values of m which intersect with these basic 

curves for the range plotted. 

These intersections indicate possible changes in buckle pattern. 

For finite plates, changes in buckle pattern are often noted experimentally, 

and they will be discussed theoretically in a following section. For an 

infinitely long plate the number of buckles along the length is infinite 

(m -t oo), but the ratio of the number of buckles to the length, m, is a 

finite. The inverse of this ratio is the buckle length i and for 

infinite plates it would be expected that there is continuous change 

in buckle length as the loading progresses7,9. The buckle length for 

a given shortening would be such that the load is a minimum. Values of 

the ratio 13 = ~ for minimum load and the corresponding values of load 

and shortening are given in the following table. These values were used 

to plot the load-shortening curves for the infinite plate in Figure 1. 

Note that the results giving the lowest load for a given shortening for 

length-width ratio 2 and 4 do not differ much from the infinite plate 

results. Indeed, the infinite plate curves form an envelope for the 

finite plate curves. 
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TABLE I 

B.JCKLE LENGTH RATIO 13 AND CORRESPONDING IDADS AND SHORTENINGS FOR AN 

INFINITELY IDNG SIMPLY SUPPORTED PLATE IN IDNGITUDINAL COMPRESSION 

1st Approximation 2nd Approximation 

Pb 

4/n 3(1 - µ2) b2 I:::. 3(1 - µ2) b2 I:::. 
13 -- 13 --2 h2 a 2 h2 a 1( 1( 

1 1 1 1 1 

1.05 1.045 1.10 1.045 1.10 

1.33 1.20 1.73 1.20 1.74 

1.61 1.30 2.41 1.31 2.46 

1.95 1.39 3.27 1.42 3.42 

2.25 1.45 4.05 1.51 4.37 

2.68 1.52 5.20 1.64 5.88 
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An indication of the convergence of the results of such 1u1 analysis 

is the agreement betveen the last approximation and the previous approxi-

mation. From Figure 1, good convergence is indicated in the range plotted 

since the curves of the first and second approximation lie reasonably 

close together. Convergence is better for nearly square buckles than 

for higher values of mb. 
a 

Comparisons with other theory and with experiment will be discussed 

later in this dissertation. 

C. Extensions to Other Problems 

In the foregoing example problem all of the differential equations 

were solved by inspection (the solution could be identified from the 

usual form of the equations and the boundary conditions). The steps in 

the analysis of a given problem are essentially the same independent of 

the method of solution of each of the differential equations involved. 

Of course, for some other problems, it might be necessary to solve the 

differential equations by other methods. 

For the example problem the aribtrary parameter e was taken equnl 

to the square root of (P - Pcr)/Pcr• It could just as well have been 

related to the shortening or the center deflection. For other problems 

it may be convenient to relate the arbitrary para.meter to some other 

property. For example in a thermal buckling problem {as shown later) 

the arbitrary parameter may be related to the average rise in tempera-

ture beyond that required for buckling. 

There are problems for which similar expansions in series do not 

lead to linear equations, such as for the study of the postbuckling 
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behavior of a rectangular plate with initiRl eccentricities or with 

lateral load. For such cases other methods must be used. There a.re 

problems for which similar expansions do lead to linear equations, but 

there may be ranges where results from these equations do not converge 

rapidly. The usefulness of the set of linear equations obtained or the 

method used in this dissertation to obtain the set will depend then to 

a great extent on the type of large deflection problem it is desired to 

solve. 



VIII. THE PHENOMENON OF CHANGE IN BUCKLE PA'.rl'ERN 

Several authors (see refs. 13, 14, and 15) have considered the 

phenomenon of chang~ of buckle pattern. All agree that changes may 

occur vhen there a.re intersections of load-shortening curves for the 

various modes of buckling. Obviously, the plate will stay in the orig-

inal mode until it becomes unstable. Alexeev 13 surmises that the actual 

transitions from one mode to another would be displaced from the load 

or shortening given by the intersection of load-shortening curves (for 

the various modes of buckling) depending on the condition of the experi-

ment and initial imperfections. 15 On the other hand, van der Neut con-

jectures that the actual transition would occur near the point when the 

area under the load-shortening curves for each of the modes becomes 

equal depending on the initial imperfections. Cox16 presents a two 

mode solution in which he obtained a transition curve between the load-

shortening curve of the two modes and he suggests that the change would 

start from the intersection of the curve for the first mode and the 

transition curve. There have been no rigorous studies ma.de of change 

in buckle pattern, and the mechanism of change has not been described. 

In order to resolve questions concerned with change in buckle 

pattern a simple model was chosen which exhibits the important prop-

erties associated with this phenanenon. This model was chosen so that 

an exact solution could be obtained. The analysis of the model, including 

a rigorous study of stability in its various modes, follows. 
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A. Analysis of Simple Mod.el 

The model considered is a column consisting of three rigid rods 

connected by linear torsional springs and supported along the length by 

nonlinear extensional springs as shown in Figure 2. The rods considered 

are of equal length, and the restoring force of each of the nonlinear 

springs is taken to be proportional to the cube of its displacement. 

The stability of this column will be investigated for both the controlled 

load and controlled shortening types of load application. 

Since the stability is of interest, it is convenient to use an 

energy approach. The equilibrium configurations, that is, those con-

figurations for which the potential energy is an extremum, will be found. 

These extremums will then be investigated to see which of them are 

minimwns (and hence imply stability) and which are otherwise (and hence 

imply instability). Solutions will be presented in the form of load-

shortening curves giving results for the various spring stiffnesses. 

The potential energy is set up for each of the elements of the 

system then summed up to obtain the total potential energy. For the 

nonlinear springs the force in the spring is proportional to the cube 

of the displacement of the spring, that is, in the form 

F = Kw3 

The strain energy in a spring is related to the force and displacement 

as given in the following expression 

low F dw 



I I// 
I, 

K 

/{/83 
84 

z 

Figur e 2.- Thr ee el ement colwnn conn ected by lin ear torsional springs 
and l at erally r estr a in ed by nonlinear extensional springs. 

p 

~ 
·'1 



- 4£, -

Thus, the potential ( strain) enc:r::;.;,r or tr:e nonlinear 

( 32) 

With the assumption that the deflections are sr.w.11 compared to the 

length of the column, the angles are given in terms of the deflectio~s by 

93 

94 

w 
9 = _g 

2 1 

2w1 -
= 

1 

2w2 -
= 

1. 

"'2 

"'1 

Making m~e of this e.ssu:npt:l.on, the potential ( strain) energy of the 

torsional springs can be -..rr:!.tte:n 

( 33) 

The shortening 6 of thP. colu,ru1. is 

or with th~ assumption of small deflections 
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The potential energy of the load P is the negative product of 

load and shortening 

Before proceeding to use the energies just written, it is con-

venient to replace w1 and w2 by ~ end ~ according to 

v1 + w2 
~ =---2 

( 35) 

Note that when ~ = 0 the deflections are symmetric, and when s = 0 

the deflections are antisymmetric. In terms of the new variables the 

energies (32), (33), and (35) become 

( 37) 

and the shortening (34) becomes 

(39) 

The total potential energy is 
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for the controllen loRd case 9.Dd 

for the controlled shortening case. For the latter case the potential 

energy is equal to the strain energy of the system. 

1. Controlled load.- According to the minimum potential energy 

method the variation of the total potential energy of the system must 

vanish. 

Since the variation of ~ and ri are perfectly arbitrary 

on 
- = 0 
0~ 

on -= 0 
01) 

Thus, the following conditions for buckling are obtained 

A possible solution is 

11 = 0 

(40) 
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vi th 

P1 1 
.2 2C C 
,; =-

12K K1 
2 +-

( 41) 

K 

Another possible solution is 

~ = 0 

with 

(42) 

And there exists a possible third solution where ~ and ~ are both 

not equal to zero but are given by 

( 43) 

This solution gives deflections which are neither symmetric nor anti-

symmetric. Note that for the various possible solutions, limitations 

may be set down immediately on the ranges of loading which may be con-

sidered. Real values of s and ~ and therefore of the deflections 

w1 and w2 will occur in the first solution only if Pei> 1, in thP 



Pl /i K ) second if C > 3 and in the third if either \4 Ki + 3 > ~i > f fo:r 

Ki < 16K or (4 K: + ~ < PJ < f for Ki > 16K. In these ranges the 

three solutions represent equilibritun positions. 

The shortening (39) can DOW' be written for each of the three solutions. 

For 11 = 0 

(44) 

For ; = 0 

( 45) 

C C 
Kl (4 ~1. - 1~ 1 - 2 -
K 16 - Kl 

K 

{46) 

The last three equations are the load shortening relations for the 

possible equilibritun positions (or modes) and they are subject to the 

aforementioned limitations on P. 

The stability of the column in each of the three modes will now 

be investigated. The second variation of the potential energy is 
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For stability in a given equilibrium configuration the second variation 

must be positive definite in the arbitrary 8~ and 611 for this con-

figuration. Thus, for stability both of the coefficients of the 

squared terms must be positive and the discriminant of the above 

quadratic form must be negative. If one or both of the coefficients 

of the squared terms is negative or if the discriminant is positive 

the equilibrium configuration is unstable. 

The ranges of stability are listed below 

For Tl = 0 

For s = O 

For f.,11 :/, 0 

.!2 < 1:! 
4 C 

In all other ranges of equilibrium the column is unstable. 

(47) 

(48) 

(49) 

Load-shortening curves for the column subject to a controlled load 

are shown in Figure 3 with the stable and unstable portions indicated. 

Each set of curves is composed of three straight lines. The line 

originating at Pl= 1 (initial buckling load) represents the symmetric 
C 

equilibrium configuration, the line originating at Pel = 3 ( unstable 

higher buckling load) represents the antisymmetric equilibrium configur~.-

tion, and a transition line which extends only between the other two 
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lines represents the equilibrium configuration which is neither symmetric 

nor antisymmetric. Each set of curves is for a different ratio of the 

stiffness of the central to the outside springs. Similar load-shortening 

curves will be obtained for the column subject to controlled shortening; 

then both sets of curves will be discussed. 

2. Controlled shortening.- For a loading of the type given by a 
,' 

controlled shortening machine the deflections w1 and w2 are not 

arbitrary but are related to the applied shortening ~- In terms of 

the variables ~ and 11 this relationship is 

The potential energy for this case is the strain energy. The variable ; 

may be eliminated from the strain energy to give 

According to the minimum potential energy method for this case 

on 
6H = - 011 = 0 

ori 
or since the variation of 11 is arbitrary 

Therefore, either 

(50) 



or 

- 5t, -

., K1 
lb - 9 -

K 

~2 = 1 6 - 9 _£_ 
. i2i< 16 K1 

- Q -., K 

( 51) 

Alternative~, by substituting for ri instead of ; in the potential 

energy, and then varying the potential energy with respect to ~ instead 

of ri, the following additional result is obtained 

~ :::, 0 

1)2 = 1 6 ( 52) 
3 

Note that the three cases can be classified, respectively, by l) = O, 

; 1 1) IO, and ~ = O. 

In order to plot load-shortening curves, as was done for the case 

of controlled load, use is made of the fact that the derivative of the 

strain energy with rPspect to the shortening is equal to the reaction 

load P. First substitute for ~ end l) in the strain energy for 

each of the three cases. Then differentiation of the strain energy with 

respect to A leads to expressions for P which are identical to thosP 

obtained for controlled load. Thus, the equilibrium configurations are 

the same for both types of load as might be expected. However, the 

stability of these equilibrium configurations can be different. 
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The s0cond variation of the potential energy from which f h~s 

been elimtnRt~d is 

Similarly the second variation of the potential energy from which ri has 

been eliminated is 

d2Il Since for stability the second variation must be positive, both ~ 
01/ 

d2Il ?.Jld ~ (when appropriate) must be positive for the various equilibrium 
0~2 

solutions to be stable. Use of these conditions leads to the following 

ranges of stability: 

For ri = O 

( 53) 

For ~ = 0 

( 54) 

For ~,Tl I 0 

(55) 

In all other ranges of equilibrium the column is unstable. 
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load-shortening curves for both the stable and wistable configura-

tions for the colunm subject to a controlled shortening are shown in 

Figure 4. These curves are identical to those obtained for thP, con-

trolled load case in Figure 3 except tha.t in some ranges the curves of 

Figure 4 represent stable configurations where in Figure 3 they repre-

sented wistable configurations. 

B. Results of Simple Model 

The results presented in Figures 3 and 4 have some very interesting 

features. Upon loading the column above the initial buckling load a 

second buckling load is reached. If, for high values of K1, either 

the load or shortening is increased beyond that required for secondary 

buckling there are continuous stable equilibrium paths available along 

the transition curve from the symmetric buckling configuration to the 

antisymmetric buckling configuration. Upon unloading as shown 

schematically in Figure 5(a}, again there are continuous paths available. 

For low values of K1 there are no continuous stable equilibrium 

paths available. Thus, if either the load or shortening is increased 

beyond that required for secondary buckling an abrupt change (or jump) 

will occur as indicated schematically in Figure 5(b} for the case of 

controlled load. For the case of controlled shortening the jump (when 

there are no continuous stable paths available) would be at constant 

shortening, Note that upon wiloading as illustrated in Figure 5(b) a 

different path is followed forming a hysteresis-type loop in the load-

shortening curve. The area enclosed in this loop is a measure o~ the 

energy expended in the abrupt changes in buckle pattern. Here the 

system behaves nonconservatively. 
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The results of Figures 3 and 4 shov that the load-shortening curves 

determining equilibrium and the point of secondary buck.ling a.re independent 

of the method. of loading, but that some segments of the load-shortening 

curves are stable or unstable according to the method of loading. 

Stability occurs as one might expect intuitively. For example, for 

controlled load, if the transition path from the curve for symmetric 

buckling to that for antisynmetric buckling indicates increasing load 

then the transition path is stable - otherwise it is unstable. 

Note that the access from the symmetric to the antisymmetric con-

figuration is available only after secondary buckling, and secondary 

buckling always occurs for loads and shortenings greater than those 

given by the intersection of the load-shortening curves for the symmetric 

and antisymmetric equilibrium configurations. Thus, intersections of 

load-shortening curves for the various equilibrium configurations indi-

cate change in buck.le patterns. (This was true in the model analyzed 

for every case except for the trivial case K1 = 0 where the change in 

buck.le patterns occurred at infinite load.) 

Of course, the system under consideration is a conservative one. 

As long as equilibrium paths are followed the system behaves con-

servatively. Therefore, the strain energy is equal to the area under 

the load-shortening curve if equilibrium paths (stable or unstable) are 

folloved. Since the strain energy is path independent, so is the area 

under the load-shortening curve for equilibrium paths. As a consequence, 

it can be seen that the area within the triangle to the right of the 
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inters~ction of the load-shortening curves for the synum,·tric and .~nti-

syrumetric equilibrium configurations is e1ual to th'? nrea wlthin thE' 

triangle to the left of this intersection. (See Figs. 3 end 4.) 

In order to help visualize what happens during change in buckJ.e 

pattern, the deflections have been plotted in Figure 6 for one of the 

columns which has a continuous loading path for controlled shortening 

as indicated by its load-shortening curve in Figure 4. At the point 

shortening begins the column buckles into a symmetric configuration 

(w1 = w2) as indicated by the solid curve starting from the origin in 

Figure 6. With increase in shortening the deflections increase Wltil 

the shortening required for secondary buckJ.ing is reached. At this 

point, with increase in shortening a stable transition configuration 

is formed which is neither symmetric nor antisymmetric (w1 I w2). 

Continuing to increase the shortening in this tre.nsi tion range leads 

to an antisymmetric configuration {w1 = -w2), and still more increases 

lead to larger deflections in the antisymmetric configuration. The 

arrows along the curves in Figure 6 indica.te the directions the deflec-

tions would take upon loading. The deflections woul.d tak~ the opposite 

direct:J.ons for unloading. 

C. Extension to Plate Problems 

The results just obtained for the three-element column on a non-

lineex elastic foundation indicate that intersection between curves for 

the various equilibrium configuration indicate change in buckle pattern. 

The load (or shortening) at which change in buckle pattern takes place 
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and the equilibrium paths of loading can be determined from the basic 

equations. For a conservative system these (continuous) equilibrium 

paths will lead to the same strain energy regardless of the path of 

loading. For a system having abrupt changes in buckle pattern 

hysteresis-type loops in the load-shortening curves can be calculated 

where the area of the loop will indicate the energy losses. In order 

to determine the stability of an equilibrium position for the column 

problem subject to a certain type of loading it was necessary to examine 

the second variation of the total potential energy. It would be expected 

that such a procedure would also be necessary for plate problems. 

Changes in buckle pattern were not calculated for the plate com-

pression problem because of the extensive calculations required. How-

ever, preliminary calculations indicate that for length-width ratios 

near tmity the change in buckle pattern may be of the type given in the 

column problem for low values of K1, which implies discontinuous change 

in buckle pattern for both loadings. On the other hand, for higher 

length width-ratios, the indications were that the changes would be 

more like those for higher values of K1, which imply continuous change 

in buckle pattern (or at least smaller jumps). 
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IX. EXPERIMENT 

Data are presented from two different kinds of test specimen which 

will be described in this section. In all the test specimens the loaded 

edges wer~ ground flat and parallel and perpendicular to the longitudinal 

axis of the specimen. They were compressed "flat ended" between the 

platens of the NACA 1,200,000-pound testing machine which applies load 

through the use of a hydraulic ram. 

A. Pl.ate Supported by Multiple-Bay Fixture* 

In this test an attempt was made to provide the edge conditions 

usually specified by theory along the unloaded edges of each panel: 

simply supported straight edges free of shear. 

1. Test specimen. - A 2024-T-3 aluminum alloy flat plate 

52.32 x 25.36 x 0.072 was tested. 

2. Method of testing.- By supporting the plate laterally with 

knife edges (on both sides) eleven panels 4.71 x 25.36 were formed. 

Spur gears attached to the knife edges and racks attached to the fix-

ture base plates were used for positioning knife edges, thus allowing 

uniform in-plane movement normal to the unloaded edges of each panel. 

Magnets were installed in the base plate to support the weight of 

the knife edges during assemb'.cy. The knife edges were accurately 

pl.aced by the use of keys through the base plate which were removed 

after initial loading. A picture of one of the base plates with the 

knife edges in place is shown in Figure 7. A lubricant was applied to 

*The multiple-bay fixture was designed by Joseph N. Kotanchik and 
Roger W. Peters of the NACA. The test was conducted by Joseph N. 
Kotenchik. 
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the plate under the knife edges thus permitting in-plane movement of 

the plate along the unloaded edges leaving them free of shear. 

The instrumentation included eight pairs of electric wire strain 

gages glued to the plate back-to-back and spaced 2 inches apart along 

the center of the middle bay. The gages were wired so that strain dif-

ferences could be measured at the location of each pair of gages. 

Electric wire strain gages on a calibrated cantilever beam were used 

to measure the total shortening by measuring the change of distance 

between the platens of the testing machine. The data from all the 

gages were recorded simultaneously and continuously from initial load 

to failure. 

3. Analysis and discussion of data.- The total shortening data 

was taken by measuring the distance between the platens at a short dis-

tance from the test specimen. Because of deformation of the platens 

during loading the prebuckling slope of the load-shortening curve was 

in error. The deformation of the platen is believed to be directly 

proportional to load, end the data was corrected accordingly. The cor-

rected load-shortening curve is given in nondimensional form in Figure 8. 

The breaks in the curve after buckling occurred due to changes in buckle 

pattern. The changes occurred in an explosive manner and were observed 

to go from 5 to 6 to 7 to 8 buckles. 

The pair of back-to-back strain gages along the center line of the 

middle bay indicating the largest strain difference was assumed to be on 

the crest of a buckle (no direct observation could be made). No appre-

ciable error is expected from this assumption since there is small 

variation of strain near the crest of a buckle. 
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Initially the plate buckled into 5 buckles and one set of gages 

was nearest the crest. Af'ter the buckle pattern change to 6 buckles, 

another set of gages was nearest the crest. The results from the set 

of gages nearest the crest in the lower range and the other set of gages 

in the upper range are shown in nondimensiona1 form in Figure 9 where 

the bending strain at the crest of the buckle is plotted against the 

load. The estimated load at which the material became plastic is indi-

cated. The load at which the material started to become plastic was 

measured by other gages which gave the extreme fiber strains at the 

crest of the buckle. 

B. Z-Stiffened Panels* 

Data was obtained in the range from zero strain up to several times 

the buckling strain on 4 panels similar to those used in aircraft wing 

construction. 

1. Test snecimen and instrumentation.- A typical cross section and 

the important dimensions of the 4 panels tested are shown in Figure 10. 

Each panel had four Z-section stiffneers attached to flat sheet at three 

equal spacings. The ma.teria1 in the sheet and stiffeners was artifically 

aged Alclad. aluminum-alloy plate which is discussed in reference 17. 

Electric wire strain gages were glued to the panels so that strains could 

be measured at the crest of a buckle and at the stiffeners. 

2. Analysis of data.- The strains were measured at intervals of 

load from initial load to failure. The strains measured at the stiffeners 

* These Z-stiffened panels were part of a large group of panels des-
cribed in reference 17. The panels described here had additional instru-
mentation in order to be able to study their postbuckling behavior. 
Joseph N. Kotanchik was in charge of the test program. Many others 
including the author helped to conduct the tests. 
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were averaged, and they were plotted against the strain measured at the 

crest of a buckle in Figure ll. No explosive change in buckle pattern 

occurred in the range shown. The strains believed to have been in the 

plastic range are indicated. 
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X. COMPARISONS OF COMPRESSION THEORETICAL RESULTS 

WITH OTHER RESULTS 

In this section the theoretical results of the example plate com-

pression problem will be compared with the best available previous 

theoretical results satisfying the same boundary conditions and with 

experiment. 

A. Comparisons With Theory 

For the square plate buckling into a square buckle (m = 1) both 

Levy and Alexeev obtained exact solutions. For a square plate buckling 

into two buckles (m = 2) Alexeev obtained an exact solution (Levy did 

not present such a solution). For the range shown in Figure.l, the 

present results for the second approximation agree with the results of 

Levy and Alexeev. The results of this dissertation are given in simpler 

form, and, therefore, should be more useful. 

Previous results are available for the initial slope after buckling 

of plates of various other finite length-width ratios. As can be seen 

from Figure 1, for some length-width ratios used, these initial slopes 

would give unduly higher loads for given shortenings everywhere in the 

postbuckling range except immediately after buckling. 

The best available previous results for the infinitely long plates 

are those of Koiter. The results of the solution of Koiter and the 

solution of Marguerre follow the curve of the first approximation of the 

present theory in the first part of the postbuckling range. In the 

upper part of the range Marguerre's solution continues to follow the 

first approximation while Koiter's solution follows the dotted line 
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shown in Figure 12. The results of the second approximation in this 

dissertation gives lower and hence more accurate loads than previous 

work. 

B. Comparisons With Experiment 

The experimental results obtained were for panels subject to "flat 

end" loading which results in almost complete clamping of the loaded 

edges. However if the panel tested is long compared to its width (say, 

of length-width ratio 4 or greater) the size and shape of the buckles 

near the center will be nearly wiaffected by this clamping. Simply 

supported loaded edges are almost impossible to obtain in the laboratory. 

The experiments which will be compared to theory here have a length-

width ratio of at least 4. Hence, at least certain of the experimental 

values obtained should be directly comparable to the simply supported 

theoretical results. As stated in a previous section, the theoretical 

results for length-width ratio 2 and 4 are not very different from the 

results for the infinite plate. It would be expected that the theoretical 

results for any length-width ratio greater than 2 would not be very dif-

ferent from the results for the infinite plate. Thus, the experimental 

results may be compared to the theoretical results for the infinite 

plate. Such comparisons are shown in Figures 8, 9, 11, and 13, which 

will now be discussed in detail. 

A comparison with theory is presented in Figure 8 o:f the experi-

mental load-shortening curve for the test just described of a plate 

supported by the multiple-bay fixture. The experimental curve shows 

abrupt changes corresponding to abrupt (explosive) changes in buckle 
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pattern from 5 to 6 to 7 to 8 buckles while the theoretical curve, which 

is based on continuous change in buckle pattern, is smooth. 

Also shown is the load (_EQ,_ ~ 2) when strain gages at the crest of 
4~2D 

a buckle indicated the plate material had been strained into the plastic 

range. The type of changes of buckle pattern shown here for a hydraulic-

type testing machine by experiment are similar to that described for a 

controlled-shortening type of loading in the section entitled "The 

Phenomenon of Change in Buckle Pattern". In consideration of the prac-

tical difficulties of measuring total shortening, such as how to account 

for the bending of the testing machine platens, the present agreement 

between experiment and theory is good. 

Bending strains at the crest of a buckle for the same test are 

plotted against load and compared to the present theoretical results in 

Figure 9. Again the abrupt changes in the experimental results do not 

appear in the theoretical results. The agreement between theory and 

experiment is good. 

In Figure 11 the experimentally measured strains at the crest of 

the buckle of 4 stiffened panels described in a previous section are 

plotted against stiffener strain and compared to the present theory. 

For this set of tests there were no observed changes in the llll!D.ber of 

buckles from the number which appeared at initial buckling. In the 

light of previous discussions this is quite surprising. However, it is 

quite possible that the centrally located buckles could have changed 

shape as the load progressed. Buckles at the loaded edges could have 

increased in length while centrally located buckles decreased in length. 
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Also the edge restraint offered by the stiffener probably decreased as 

thP. loading progressed, thus allowing the buckles to bi':'come wider. Both 

of these effects would contribute to smooth and continuous change in 

buclr.le pattern similar to that of the infinite plate. From the comv::ri-

son of the results shown it is evident that although there is scatter at 

buclcling, the theory for simply supported plate gives strains at the 

crest of the buckle that agree with practical experiment in the post-

bu~kling range. 

In Figure 13 buckle depths measured from a series of tests on pRnels 

with hat-section stiffeners described in reference 18 are plotted 

against stiffener strain and are compared to theory. There is a con-

siderable scatter in experimental results. However, it may be stated 

that in the postbuckling range, theoretical results for the depth of 

buckle of simply supported plates agree with experimental results on 

practical stiffened panels. 
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XI. El.AMPLE ·rEMPERA'IURE PROBLEMS 

',lhen n simrl_v supported rectangular plate with unrestri ctPd in-

plane displacement of its edges is sub<jected to a uniform temperature 

rise, the plate simply expands and does not buckle. However, when the 

in-plane displacement of the edges is restricted, the plate may buckle. 

Three sets of boundary conditions restricting the in-plane displacement 

a.re considered in this section: 

(1) Zero displacement normal to the short edges, uniform displace-

ment normal to the long edges, all edges free of shear. 

(2) Zero displacement normal to all edges; all edges free of shc~r. 

(3) Zero displacement of all edges. 

Except for the third problem the solutions are very similar to that of 

the compression problem. 

The buckling of an infinitely long plate with zero in-plane displRce-

ment of all edges subject to a temperature rise is considered separ~tely. 

The solution of this inf:tnite plate problem is the limiting case for 

both the second and third problems indicated above. 

First the various solutions will be presented in equation form; 

then curves similar to the load-shortening curves of the compression 

problem will be presented and discussed. In all the problems the lllflterial 

properties are ass\.Ulled to be independent of temperature. 

A. Solutions 

1. Zero displacement normal to the short edges.- With the origin ln 

the corner as for the compression problem the boundary conditions can b~ -

written 



zero deflection 

zero moment 

zero displacement 

constant displacement 

zero shear stress 

unloaded edges 

- 81 -

w(o,y) = v(~,y) = w(x,o) = w(x,b) = 0 

w, (o,y) = w, (a,y) = w, (x,o) = w, (x,b) - o xx xx yy yy 

u(o,y) = u(a,y) = 0 

v,)o,y) = v,)a,y) = u, (x,o) = u, (x,b) = O y y 

J a (N ) dx = 0 
Y y=o,b 

0 

In order to apply these conditions to the set of linear e'-J,uations (8), 

insert expressions (5) for u, v, w. It is seen that u(n), v(n), w(n) · 

must individually satisfy the first five lines of boundary conditions. 

The other condition is equivalent to equations (11). The temperature 

rise T is taken to be constant and therefore the T(n) are constant~. 

Solutions of equation (8a) for u(O) and v(O) that satisfy th~ 

boundary conditions are 

so that 

N (O) = -Eha.T(O) 
X 

(0) (0) 
~ = Nxy = 0 

It can be seen that the solution, except for the following elementary 

changes, is identical to the solution to the compression problem. For 
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this solution, however, the parameter € will be related to the temt:•t!r~-

ture rise T as in the following equation (with no loss in g~nerality} 

where Tcr is the temperature rise for buckling which can be identified 

as equal to T (O) for given values of m and n. It follows that 

T( 2) = T(O) = T = ...£_ 
er Eha. 

and 

T(n) = O for n ~ 4 

In order to get the solution to this problem from the solution for 

the compression problem: 

(l.) Omit (i -}) terms in u. 

(2) ~ coef'i'icients o~ (~ - }) terms in v. 

(a) 
Pb 3(1 + µ)(l - µ2) b2 

Replace -µ 47D by - o.T 
ff.2 h2 

·,,2n2 82 
Replace by -(n2 + µf32) 

2 2 
(b) 

(c) Replace a4w3n2 by a4w3(n2 + µ132) 

( 3) 
p 

Replace - b term in Nx by - llif.(.12.(1 • 4 2) b2 a.T - 213252 -
b2 \ ff.2 h2 

4132a4w3) 



( 4) Redefine 

- •::}~ . 

12(1 - µ2) b2 ? 
--......--~ a.Ta 

h 

3134 + n4 

4_(3) 
+ n 'W'31 

+ n4 

2. ZP.ro displacement normal to all edges.- With the origin in th~ 

corner as in the previous problems the boundary condition can b~ "'r.itter: 

also. 

zero deflection v(o,y) = w(a,y) = w(x,o} = w(x,b) = 0 

zero moment w,xx(o,y) = w,xx(a,y) = v,yy(x,o) = w,y:y(x,b) ~ ~ 

2.ero displacement u(o,y) = u(a,y) = v(x,o) = v(x,b) = 0 

zero shear stress v,x(o,y) = v,x(a,y) = u,y(x,o) = u,y{x,b) = 0 

The above conditions must hold for the values u(n), v(n), w(n) ., 
(n) Again the T ar~ constant. 

Solutions of equations (8a) that satisfy boundary conditions are 

u(O) = v(O) = 0 so thRt 

Eh 
= -

1 - µ 

(0) 
Nxy = 0 

Again it can be seen that the solution except for some elemer.tP...ry 

changes is identical to the solution for the compression problem. 

As in the previous temperature problem, let 
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,rd ; t follows th9.t 

(n) 
T = 0 for n ~ 4 

In order to g<:>t the solution to this problem from the cornprPss{.01; 

prc,blem: 

( 1) Qnit (; - ~) terms in u. 

( 2) 0ml t (~ - !) terms in v. 

( 3) Replace - t term in Nx by 

2~ ( 2 2 _ Q!... 12 1 + µ) :!?._ ~T _ 252 a 
b2 ~ n2 J. 

+ µn2 - 404 f32 + µn2 - ~ 
2 W'-z. 

2 1 - µ - µ 

(4) Insert folloving term in Ny: 

- o,r2 fi2( 1 + 1;:) b2 ~T - 2e,2 n2 + µ~2 - 454 n2 + µ ~2 w ">\ 
7 \ 1(2 h2 1 - 1-l 2 1 - µ 2 . 1 

( 5) Redefine 



w~ = 

..... -( 7:.j ~ 2:,) 
,) "'1~ + n w l 

( l - µ.::. j-·-------------
2 (·~, ,,2)(r..4 !.,, , (~2? • ,.. .=, + n J + 4µ~ n-

( ;,, \ -' ,•) 
w ~l = 

~- i,ero disol~"cement of B-11 edges.- With the origin in the corner 

as in the previous problems the botmdary conditions can be written 

zero dPflection w(o,y) = w(a,y) = w(x,o) = w(x,b) = 0 

zero moment w,xx(o,y) = w,xx(a,y) = w,yy(x,o) = 

u = v = 0 on all edges 

w, (x,b) . C YY 
?r->ro di splP.cement 

The above equations must hold for the values 

B.lso. Again the T(n) are constant. 

(n) 
V .• 

,.,.(n) 

Solutions of equations (8a) that satisfy boundary conditions are 

so that 

The solutions for w(l) 

previous case 

( 0) 
= Ny 

and 

.- ----
1 - µ 

are identical in form to the 

w(l) = w1 sin~ sin n:lf,Y 
a b 
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Th~ solution~ for u( 2 ) 

tn thP prf'Vious <'.'P.ses because the boundary conditions f'or t,hj F: "ASP 

~~nnot b0 sntisfied by a few simple trigcmometri.<" P.xprAssiOn8. If thr· 

solution is t~ken in the form 

+ .! ~ sin 2mlOC ~os ~ - 1\ 1 
2 a a \ b / 

v(2) = w12 [v(x,y) +!'!E!fcos 2nurx -1\sin ~ J 
8 · 2b\ a ; b 

the equation giving U and V which are obte.ined from equations ( 8~) 

1 - l ( / 2nuoc 
u,xx + 

µ + µ v,x.y m,c nn: · 
U,yy + = -2µ-;- b sin 2 2 a 

l+µu + V,yy + 
1 - µ v,xx. -2!.< !!!!(in•) 2 sin ~ = 2 ,x.y 2 · b a b 

with the boundary conditions that U = V = 0 on all edges. In ~rrdition 

U is antisynnnetric i.n the x direction and symmetric in the y dirPc-

tion and V :i.s 'llltisymmetric in the y direction and syrmnetric in th"' 

Y. direction. Fourier series which satisfy boundary and symmetry condi-

tions term by term for the Wlknown U and V are 

co co 

u = I I 
1=2,4 j=l,'3 

a1J. sin~ sin j1Cl, 
a b 
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00 00 

V = I I b~. i il{X sin jcy sn--,l 
~ b 

1=1, 3 J=2,4 

Using these series for U and V in conjun('tion with the G;::ileridn 

method leads to the fol.lowing pair of linear algebraic equations which 

determine 

8µ mn2 
--- 5 2m a s r, 

8(1 + µ) 
~ 

8(1 + µ) 
2 

'J( 

00 CO 

! I I 
i:l,3 j=2,4 

... -.Jrs _________ ,. 

(r = 2,4, ... s = 1, 3, ... ) 

ijrs 
ai. --------- "' 

J (r2 _ 12)(s2 _ j2) 

(r = 1,3, ... s=2,4, .. ) 

where the o's are the Kroneker deltas which are defined to vanish if 

the subscripts are different and to equal unity if the subscripts are 

the s!".me. The number of different ai,j and bij required for con-

vergence will depend on the buck1e configuration considered. 

If, for example, the square plate that has buckled into one buckle 

is considered (m = n = E = 1), the following values for the most import.~mt 

aiJ and . bij are obtained 

a21 = b12 = 0. 2202( E\!/d 

a23 = b32 = 0.0595( fu /8) 

a.25 = b 52 = 0.0187( B,t/n) 

a.27 = b72 -= 0 • 0086 ( c\i / ~ ) 
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Once the a1. , 
··' 

and "lre found, th"" c:;olution may be continuPr3 

N(2) + N(ll) tro.T( 2) 
ID, wi2 ~m•/ (i 2nny) = - + - - - cos -- + X X 1 - µ 1 _ µ2 8 s b 

(nn)2 ( µ o 1 - cos"":")+ U,x + µV,yl 

= - Eho.T( 2) + Eh wl 2~nn)2 (1 - cos 2lrucx\ + 
1 - µ 1 _ µ2 8 ~ b a / 

µ(:•)2(1 - cos ~,cy) + V,Y + µU,x] 

N~) + N~ll) = 

and w1 may be obtained from 

f b1 a [(N< 2) + N( 11)\ ,.,( 1) + (N< 2) + N( u» w ( l} + 
, O O X X ) 'xx y y / 1yy 

The solution for w1 is given below in terms of the a1J llnd b1 . 
,I 

2 ( 2) [rm1C)2 /.n1t_\ 2] { (m1C)4 mrc ll1C (Il1'()4 
"1 = 16<1 + µ)a.T' \a +\""'bJ ..;.. 3 \a + 2µ a 1, + b -

~m [(n;:-)2 + µ(~)j ! a2m,j % - 4i:' [~•;2 + µ(:•)1 ! bi,2n f • 
J=l,3 1=1,3 

[(m:t + (~•)j(~m . ! .i~a~~~2 + 4: ~. i~b~•:)j 
J=l,3 i=l,) ) 



The first. approximHtion may now be written i.t' v.<i.lues a:e rtstdf,O'l'.''; 

to the µerturb~tt1-on parameter £. The solution for  this croi>km !.s nut 

carried beyond the  first  approximation becausP of  the  complexity of thP 

analysis. 

As  in the  other  temperature  problems,  there  is  no  loss in genenil:i.t.Y 

if 

and it follows that 

T(n} = O for n ~ 4 

In the  following,  results  for th~ deflections and stresses a.rP 

written in  equation form for  the  first approximation 

u = .,(2-h2a f,2~i,2 sin ~ /cos 2n,cy -1\ + 
11 2} b2 4m1t a \ b 7 

3(1  - .. 

~~ ! ! 
1=2,4 j=l,3 

sin~ sin ~1 
R bj 

V = __ n_2 __ h_2_ fl r E,_ /COS ~ - ~ sin _2n_1fY_ + 
3(1  _ µ2) b l4,c \ a / b 

sin~ sin ~J 
a  b 
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Nx = D~{-12(1 +µ) b'?. a.T + 252 1'32(1-cos 2nb,cy) + 
b2 ~ h2 i - µ2 L 

2( 2m1tX) µn 1 - cos~ 

00 

I 
00 

l ; ~ inv 
iaij cos -;~sin~+ 

i=2,4 j=l,3 

µ ;; I t .ibij sin i:"' cos J;rJ] 
i=l,3 j=2,4 

D1t2 { 12(1 + µ) b 2 26 2 [ 2( N = T - - a.T + n 1 
y b 1(2 b2 l - µ2 

2m1tX) - cos -a- + 

00 00 

µa2(1 - cos ~&) +; l l 
i=l,3 j=2,4 

"b sin i1tX cos j,ry + 
J ij a · b 

00 

I 
i=2,4 

00 

l 
j=l,3 

cos i:X sin J:J} 
00 

\ sin iruc cos .j,ry -~ 
~ Jaij a b 

j=l,) 

00 00 

l l 
i=l, 3 .. i=2,4 

ibiJ cos 1:X sin j:j 



4n( n2 + µ~ 2) \ 
J( 

i=l,3 

'-!l -

00 

I 
.j=l,3 

1 -a2m. 'J ,j 

00 

l 
j=l,3 

a2m . ,J .2 ~' c: 
- 4-f:j 

4 . Infinite l.y long plate with zero dis placement of all edges . - Tt,"' 

problem solved is the postbuckling behavior of a simply supporterl. i n:fi -

ni tely long plate with zero in-plane displacement of A.1.1 edges sub.iect 

to a uniform temperature rise. On]s the buckle pattern with one bu~kl~ tn 

the long direction ( cylindrical buckling) will be examined in this 

section. Cylindrical buck.ling occurs for the lowest buckling load, eno 

as discussed leter 1.n this appendix no change in buckle pattern i.s 

indicated. 

For thi.s case the deflection normal to the plate w and the d.is-

olacement v may be considered to be functions of y on]s and the 

displacement u is zero everywhere. With the origin along the low~r 

edge of an infinite plate of width b, the remaini.ng boundary conditions 

may be written 

+ 
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'.".PTO d""fl<:>C'tion w( o) = ;,(b) ,.. 0 

7 .er0 tnOffi•'nt "''~ry(o) : ...... yy(b) -- 0 

7ero displncement v(o) = v(b) -:: 0 

expressions (5) for v and w. It is seen that V 
(n) and must 

individually satisfy these eondi tions. Again the temperAtur<:· ri S•" :: s 

uniform 8nd therefore th~ T(n) ?.re constant. 

Solution of Pquation (Sa) that sr-ttisfies the bound~ry condition 

is ( u = 0) 

so thnt 

f o) 
N' X 

(0) 
= Ny = -

Eh 
1 - µ 

<o) 
a.T' 

For this problem equation (Sb) has the solution 

th~t sntisfies the boundFiry conditions. Thi.s solution rey_uir"'s th:'.t 

T( 0) = D( 1 - µ) (-pn)2 

Eho, \b 

So far the solutions obtained 8re identical to the small deflec-

tion solutions where the set of values of T( O} ( for Pach n) '!'?.n b':" 

identified RS the set of temper~.ture rtses thPt woult"i c<>.us<: buckJ:!nv. 
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Tne lovest temperatur"' rj_se thqt would cause bul'.'klin,1s :!.s thP onE> f'.'Or-

responding to n = 1. Not-...e that, a.s in small defL dion t.h.:·ory, th,~ 

rurrplitude w1 cannot be determined (as yet). 

The N(ll) 's may be found now (in terms of w1), and from ~qua-

tion (8c) the solution that satisfies the boundary conditions is 

so that 

w 2 ( 2) 
V = l nJC 2nm, - -- sin~ 

8 b b 

~\2[-(1 + µ)c.T(2) + µ w( (:f] 
Eh 1_(1 +µ}a.T(2) 

1 - µ2 [ 
+ w((:•f] 

Now w(3) must be determined from equation (&l). After substitu-

tion for the N's and ..,.(l), equation (8d) becomes (w(3} is a fun<'tion 

of y only) 

2[ w 2 2] Eh (nn) -(l + µ)a.T(2) + 2-_(nn) sin n,rv 
l _ µ2\b 4 \b b 

In order that this equation has a solution satisfying boundary conditions 

2 
w1 = 

4(1 + µ)a.T( 2 ) 
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If at this point the arbitrary parameter €2 is assignP.d the valu,, 

It follows that 

(2) 
T 

T(n) = 0 for n ~ 4 

It can be seen now that there is no contribution of any other of the set 

of equations (8). Therefore, an exact solution has been obtained for 

this problem. The final results can be written 

u = 0 + _ D(l -µ)(~)~(l +µ)~sin 2nny 
Eba, -; 2nff b 

b 

V = 

w = (1 +µ)a.' - D(l - µ)(~2\2b sin !!!Si'. ~ Eh~ Jnn b 

Nxy = 0 

Tt may be noted that Ny remains at the buckling value in the 

postbuckling range. 
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B. Curves 

For the temperature problems it is desirable to have curves similar· 

to the load-shortening curves of the compression problem. The po.rticul•1r 

gdvantage of the load-shortening curve is thnt the area under the curve 

is equal to the strain ener~. Thus there is a convenient indication of 

the possibility of change in buckle pattern. For the temperature prob] •'!"'.'l'.". 

considered there does not exist a. strain energy as such. However, th~re 

does exist a comparable r,i.uant1ty r the energy ( at the final temperatur-=:) 

which is released when the edge restraints are remov,:.,d (reversibly). 

This "recover11ble" energy is equal to the strain energy of'~ slightly 

larger simply supported plate with edges subjected to loads equal to t:1P 

reaction loads at the in-plane restraints. 

The recoverable strain energy will now be examined. If the reection 

loads at the restraints are Nx, Ny, Nxy, and the displacements thP.t 

occur upon relaxing the restraints are ii and v then the recoverable 

strain energy U is 

J a (1:ly o~) dx + 
0 \i dt y=b 

Jb /N !v) dy + J a (Nxy ~u) dJ dt 
o \ xy t x~a o \ t y=b j 

where at t = 0 the plate is unloaded and at t = T the plate is 

loaded. Since the final values of u and v at the boWldRries are 

functions of the temperature rise T and since the reaction loA.ds ,:,re 
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;i:i v•.:>n ln the analysis section e.s f\lllction of the t>"rnp<?!"Bture risf' T, 

it is convenient to change the varfable of integrntion from t to T. 

This may be done since the strain energy- is independent of path. The 

ret~overable strain energy will now be discussed in more detai 1 for eFtch 

of the temperature problems.. 

For the first problem the Ny nnd Nxy terms will not appear, 

and since -u is not a function of y at X = a 

U = JT p(o~\ dt 
- 0 ot)x=a 

where 

b 
p = -i (Nx)x=a dy 

As t = o, u(a,y) = ao.T and at t = T, u(a,y) = 0 so that by 

changing the variable of integration the above expression for energy 

can be written 

J e.a..T 
U = o p d(O)x=a 

Changing the variable of integration again gives 

T 
U = aa, i P dT 

Therefore, if P is plotted against aa,T or if oU/ot is plotted 

against T the area under the curve up to the temperature rise T 

in question will be equal to the recoverable strain energy. Obviousiv 

for this problem oU/ot = ea.P. 
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For the second problem (simpl,y supported pl1:<te sub.iect to uni form 

temperature rise with zero displacement normal to all edges, zero snear 

on all edges) the Nxy terms disappear and -u is not a function of y 

qt x = a and v is not a function of x at y = b. Ther~fore, 

d)(an\ + [J • (Ny) =b dJ("v) l dt J ot)x=a o y Jot y=b 

At t = O, u(a,y) = a.a.T; v(x,b) = ba.T and at t = T, ii(a,y) = O; 

v(x,b) = O. Therefore, the above energy expression can be written A.s 

follows 

It is conveniPnt to chAnge the variable of integration to T 

Therefore, tf dU/aT is plotted against the temperature rise T the 

area under the curve up to the T in question is the recoverable' str"dn 

energy. 

For the third problem (simply supported plate subject to uniform 

temperature rise with zero displacement of all edges) no terms in thP 

recoverable strain energy disappear. However, a.t t = 0 

u(a,y) = aa.T 

v(a,y) = yo.T 

u(x,b) .. xa.T 

v(x,b} :: ba.T 



- 98 -

and r-it t = T u = v = 0 on all edges, so that, after change of variablP 

U = - ... ,.,iT[Jo.b Ja o~ (Nx)x=a dy + ~ o (Ny)y=b dx + 

lfb lfb a o (Nxy)x=a y dy + a o (Nxy)y=b 

Again, if dU/aT is plotted against the temperature rise T the area 

under the curve up to the T in question will be equal to the recoverable 

strain energy. 

Expressions have now been set down for the temperature problems 

which when plotted will serve as effective load-shortening curves. At 

buckling the small-deflection theory determines the value of m to use 

(n = 1). Then if curves for other values of m intersect they are also 

of interest. For the first temperature problem results identical to the 

compression problem results (see Fig. 1) are obtained except that the 

abscissa must be changed to 

and P must now be regarded as the edge reaction load. For a discucsion 

of possible changes in buckle pattern see the section entitled "The 

Phenomenon of Change in Buckle Pattern." It would be expected that 

changes in buckle pattern would be of the type discussed for the con-

trolled shortening type of loading. Thus the values of m can be 

taken from Figure l for a finite plate, or for the infinite ple.te th"' 

v~lues of a= rrib/R can be taken from Table 1. 
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For thP. second and third temperature problem no intersections occur; 

thus no changes in buckle pattern are expected from that at initial 

buckling so tha.t m = n :a 1. Results are presented for these problems 

in Figures 14 and 15. In Figure 14 curves are presented for the second 

problem for plates of length-width ratio 1, 1.5, 2, 4, and~. The 

results for plates of finite length are based on the first and second 

approximation and the results for infinitely long plates is based on a 

separate exact solution. It is expected that the curves for finite 

length-width ratio will become asymptotic to the curve for infinitely 

long plates. The results for the first 'lnd second approximation as 

plotted in Figure 14 lie reasonably close together for the range of 

temperature rises shown, and, thus, indicate good convergence for 

nearly square plates and poorer convergence for higher length-width 

ratios. Although the results presented here for simply supported plates 

indicate a pattern of one large buckle for all length-width ratios, it 

is to be expected that clamped plates with the same in-plane boundary 

conditions will have more than one buckle for some length-width ratios 

and may have changes in buckle pattern. 

For the third problem the recoverable energy curve is presented 

in Figure 15 for a square plate along with the corresponding curve for 

the second problem. Also presentP.d are the infinitely long plate 

results which were presented in Figure 14. The infinitely long plate 

results satisfy the boundary conditions for this problem as well as the 

boundary conditions for the second problem. From the results obtained, 
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there is no indication of a change in buckle pattern. Both the square 

and the infinitely long plate buckle into one large buckle. Again it 

is to be expected that clamped plates with the same in-plane boundary 

conditions will have more than one buckle for some length-width ratios 

and may have changes in buckle pattern. A1though Figure 15 indicates 

somewhat of a difference in recoverable strain energy between the second 

and third problem for a square plate, a separate calculation shows that 

the deflection will be essentially the same. However, the stress dis-

tributions will be different. For higher temperature rises, the result 

for finite length-width ratios will become asymptotic to the infinite 

plate results. 
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XII. CONCLUDING REMARKS 

An advantage of the linear set of equations derived in this dis-

sertation to replace the nonlinear large deflection plate equatior..s is 

the simplicity of solution. Much more is known about solving linear 

partial differential equations than about solving nonlinear partial 

differential equations. Im evidence of this simplicity is the worked 

out solutions presented. However, the linear set of equations are 

subject to certain limitations for further use according to the appli-

cation desired. It is to be expected that for certain other problems 

convergence might be poor, and at the present time it seems that the 

linear equations cannot be used to solve postbuckling problems for 

plates with initial eccentricities. 

For the compression problem solved, the second approximation of 

the present theory agrees with exact results for the square plRte. 

Results for plates with finite, as well as inf'in!te, length-width ratlo 

indicate that the effects of change in buckle pattern must be con-

sidered. For an infinite plate, results obtained in first approxima-

tion agree with the best previous results for much of the range, but 

results for the second approximation give lower and more accurate 

loads for given shortenings than previous results. 

The comparisons made here indicate that for extreme fiber strains 

and deflections at the crest of a buckle the present theoretical result.!3 

for simply supported rectangular pl.Rtes with straight edges free of 

shear agree well in the postbuckling range with experimental results on 

practical stiffened panels. 



- 104 -

The anrtlysis of c1 simple model has been present.ed indicatini;,: tne 

9ction of change in buckle pattern for two types of loading. The results 

indicate that intersections between curves for the various equilibrium 

configurations indicRte change in buckle pattern. The load at which 

change in buckle pattern occurs is shown to be independent of the t:rpe 

of loading, but the manner of change does depend on the tY!)e of londin?,;. 

The change can be continuous or discontinuous, depending on the structurP 

and on the type of loading. Further computations similar to that done 

for the simple model a.re necessary to give precisely the secondary 

buckling load and the transition loading paths for finite rectanguhr 

simply supported plates subject to the various types of loni:µtudin~l 

corrrpressi ve loa.dings ( eontrolled lord., controlled shortening, etc.) . 

For temperature problems a procedure is developed which permits 

drawing curves similar to the load-shortening curves of the compression 

problem for the purposes of indicating possible changes in buckJ.l" 

pattern. Results for the first of the three temperature problems sol'ferj 

is identical except for a few elementary changes to the compression 

problem and therefore is subject to change in buckle pattern. No buckle 

pattern change is indicated for the other two problems solved. 
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XIII • SUMMARY 

The nonlinear large deflection plate eqURtions of von K,u-me.n arE' 

converted into a set of linear equations by expanding the displacements 

into a power series in terms of an arbitrary para.meter. The postbuckl:tng 

behavior of simply supported rectangular plates subjected to longitu1in<il 

compression and subject to a lllliform temperature rise is investigated in 

detail by solving the first few of the equations. By means of a 

rigorous analysis of a separate model the phenomenon of change in buckle 

pattern is investigated. 

Experimental data are presented for the compression problem. Com-

parisons are made for total shortening and local strains and deflections 

which indicate good agreement between experimental results and theoret-

ical results. 
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POST.IJ.JCKLING BEHAVIOR OF RECTANGUIAR PLATES 

By 

Manuel Stein 

ABSTRACT 

Unlike simple columns, rectangular plates which are supporter! on a.lJ. 

edges ma.y ca:rry considerable load beyond their buckling load. Under some 

conditions it may be advantageous to utilize this additional load-carrying 

capacity. Von Karman has presented the basic nonlinear differential equ.r:i-

tions for a plate element undergoing large deflections. In this d:J.sserta-

tion the nonlinear equations of von Karman are converted into a s~t of 

linear equations by expanding the displacements into a prn,er series in 

terms of an arbitrary parameter. The first few equations of the s<:>t cg_n 

be identified as the usual (linear) small deflection equations. Solution 

of these and then some of the succeeding equations permits a study of t.h•· 

behavior of the plate at buck.ling and then beyond into the large defle~-

tion range. At present it seems that only plates without initial 

eccentricities subject to in-plane loading may be solved by the present 

method. The advantage of the present method is the simplicity of solution. 

The elastic postbuckling behavior of simply supported rectangular 

plates subjected to longi tudina.l compression and subjected to a unLform 

temperature rise is invE>stigated in detail by solving the first few of ti-ic' 

equations. Results are presented for these problems in the form of ~quntion~ 

and curves. Lo'ld-shortening curves for the compresslon problem o.nd slm"!.lr-r 

curves for onP. of the temperature problems solved indicate th'.?'.t chnnPSes in 



buckle pattern will occur. Because of the incompleteness and the incon-

sistancies of the treatment of the phenomenon of change in buckle pattern 

in the literature, a study of this phenomenon is made. In order to analyze 

change in buckle pattern in a rigorous fashion the postbuckling behavior 

of a symmetric three element colunm on a nonlinear elastic foundation is 

determined. It is indicated how the principles learned from the column 

analysis may be applied qualitatively to plate problems. 

The results for the plate in compression are compared to previous 

theoretical results and to experiment. For a square plate the present 

results agree with previous exact results. For an infinitely long plate 

the present thesis gives more accurate (lower) loads than previous results. 

Experimental results which have not been reported previously are described 

in this thesis, and results from these and other experiment are compared 

with the present theory. Comparisons are made for total shortening and 

local strains and deflections which indicate good agreement between 

experimental results and theoretical results. 
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