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I. INTRODUCTION 

The motivation for this project ste~~ from the 

acceptance sampling programs used in the evaluation of 

production lots of ballistic missiles such as the Honest 

John and the Nike. These particular missiles are operational 

and have been on a production basis for some time. They 

are currently produced in lots and subjected to the ordi-

ary acceptance sampling schemes used in quality control. 

These sampling systems will be discussed in more detail in 

Chapter VII but it will suffice now to say that the manu-

facture and testing of these missiles is very expensive. 

Consequently, _judgments on lots should be made with as 

little inspection as possible consistent with the prescribed 

risks of accepting poor lots and rejecting good ones. This 

suggests sequential sampling which has come into widespread 

use in the past few years and, in fact, some types of 

missiles are now inspected in that manner. 

There are several important parameters to be inspected 

on each round L~ missile production; a few such character-

istics are action time, thrust or impulse, and some meas~e 

of chamber presaure. These variables are inter-related and 

hence the problem is a multivariate one. In present day 

operations, separate sequential plans must be set up for 
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each parameter. It is, therefore, possible to get con-

flicting answers about the quality of a lot, sampling may 

terminate for one characteristic before another and there is 

no appreciation of the true sampling risks involved in the 

overall prograr1. It is obvious that a sequential multi-

variate technique should be used. We have discussed our 

problem in relation to the field of ballistic missiles but 

the same problem exists any place where sequential sampling 

is required and more than one parameter is under consider" 

ation. 

The purpose of this project, then, is to derive some 

multivariate sequential inspection schemes for the charac-

teristic averages both for the case where the population 

variance-covariance matrix (hereafter referred to as the 

covariance mat,rix) is kn.own or assumed to be known ( a 

typical quality control situation) and where it must be 

estimated from the sample, When the covariance matrix is 

known, we develop a sequential x.2-test; when t;he covariance 

matrix is estimated from the sample, we develop a sequential 

T2 -test. 

A review of the pertinent literature concerning sequen-

tial analysis, the X2 - and T2 -distributions, and some hyper~ 

Cl'eometric ·· functions that will be required is given in 
t:> 

Chapter II. One of these functions, the hypergeomt3tric 

function 0F1{c;x) is tabulated in Appendix D. The sequen-
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tial X2 - and T2 -tests are derived in Chapter III and the 

related mathematical proofs dealing with the existence and 

termination of these procedures is given in Chapter IV and 

Appendix A. Chapter V contains some general discussions on 

topics associated with applications of our methods such as 

the expected sample size required for our procedures, the 

extension of these procedures to some other multiva~iate 

situations, and the problem of relating tolerances to the 

specifications of the procedures. 

Some tables are required to facilitate use of our 

sequential tests. The tables are given in Appendices Band C 

and a discussion of their construction is given in 

Chapter VI. Chapter VII contains a numerical example taken 

from the field of ballistic missiles. Chapter VIII is the 

conclusion and also contains mention of a number of problems 

related to the multivariate sequential testing of means 

which are as yet no completely solved and which may suggest 

directions for further research. 
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II REVIEW OF THE LITERATURE 

2.1 Sequential analysis. 

The notion of sequential analysis goes back at least 

as far as Det'.Ioivre (Fieller, 1931) but, in the modern sense, 

it has its origin during World War II with Wald and the 

Statistical Research Group at Columbia University (Wald, 1943; 

Freeman, 1944) and simultaneously in England with such 

people as Stoclanan (1944) and Barnard (1946) working with 

the British Ministry of Supply. A historical account of 

the development of this technique is given in Wald's book 

Sequential Analysis (Wald, 1947) which, to date, is the 

only book devoted exclusively to this subject. In both 

countries, the immediate requirements of this technique were 

the same: to cut down on the amount of inspection necessary 

in the acceptance sampling of military supplies without 

losing the protection afforded by the standard acceptance 

sampling techniques. The general philosophy ~otivating this 

research.Nas that, if a production lot was of extremely good 

or extremely poor quality, one should be able to __ ~iagnose 

this more readily than if the lot contained borderline 

material. In this way very good or very bad lots could be 

accepted or rejected on the basis of very limited sampling 

while more extensive sampling could be used where most 

necessary on lots of borderline quality. 
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Some work had previously ·been done along this line by 

Dodge and Romig (1944) with their double sampling techniques. 

Although these plans allegedly gave the lot "another 

chance", in actuality they were designed to cut down on the 

amount of inspection required £or good or poor lots by 

allowing a decision after a sub-set of the total sample had 

been inspected. Dodge and Romig also considered the 

multiple sampling problem in 1927 although their work was 

never very well publicized and it was not until Bartky's 

work (1943) was published that any practical system of 

multiple sampling was available to quality control techni-

cians. This was contemporary with the work of Wald and, 

since then, very little work has been done on formal multiple 

sampling plans. The reason for this is that sequential tech-

niques are essentially item-by-item sampling techniques. 

These are, comparatively speaking, quite easy to derive and 

can be modified in many cases to yield approximations to 

multiple sampling schemes. A great deal has been done along 

this line £or the establishment of multiple sampling plans 

for proportion defective (Freeman et al. 1948, Jackson 1948). 

In Wald's sequential analysis procedures, use is made 

of the probability ratio~. In this procedure, both the 

null and alternative hypotheses are stated more or less 

specifically and risks u and~ are attached to errors 
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associated with incorrect acceptance-rejection decisions. 

For example, in a one-parameter situation with parameter e, 
H0: e = e0 

H1: e = e1 (rather thane> e0, say). 

This implies that lots withe .:5 e0 are acceptable, lots with 

e ~ e1 are unacceptable, and acceptance is a matter of indif-

ference if e0 < e < e1 • The probability ratio is formed by 

taking the likelihood function L(x; e) with the region in 

the parameter space restricted as specified by H1 and 

dividing this by the same function with the parameter space 

restricted as specified by H0• If the probability ratio 

based on n observations is denoted by Pin/Pon• then 

Pin/Pon= L(x;e 1 )/L(x;e 0). The sequential procedure is 

as follows: After each observation form Pin/Pon; 

a. If Pin/Pon ;5 ~/(1-a), accept H0; 

b. If Pin/Pon~ (l-~)/a, accept H1; 

c. If ~/(1-a) < P1n/Pon < (1-~)/a, continue sampling. 
Provided the sequential process terminates, the risks of 

accepting H1(e ~ e1 ) when H0 is true and of accepting 

H0(e ;5 e0) when H1 is true are approximately equal to a and 

~ respectively. Experience has shown that, except for 

borderline cases, the sequential probability ratio test will 

require considerably less sampling on the averagethan 

corresponding fixed-sample procedures. 
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Most of the examples that Wald dealt with were 

sequential tests of simple hypotheses. If the hypotheses 

were ~om~osite, Wald showed that the probability ratio test 

could be derived using the method .Q! weight functions. This 

method can prove to be quite cumbersone in addition to the 

fact that no method is known of constructing weight functions 

that is optimum in the sense that the risks of accepting the 

wrong hypothesis are less than or equal to a and~ respect-

ively. With the exception of some work done by Hoel (1954, 

1955), very little use has been made of this method in the 

last ten years and at least one of the earlier results, 
Wald's sequential t-test, has since been shown to be slightly 

in error. 

The reason for the lack of enthusiasm for the method of 

weight functions is the fact that an alternative method, the 

method .Q! frequency functions has become much more popular 

and has, after several years of conjecture, received sound 

mathematical backing. This method was first proposed by 

Goldberg (Wallis,1947) in making a sequential test of the 

proportion defective of a normal population using the sample 

mean and variance. Since the fixed-sample solution to this 

problem involves the non-central t-distribution under H1 , 

Goldberg conjectured that the probability ratio would merely 

be the ratio of the non-central t-distribution under H1 to 
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the non-central t-distribution under H0• Nandi (1948) 

proposed this solution to a whole class of tests of com-

posite hypotheses and stated the conditions under which this 

could be done but no proofs were given. Later Goldberg's 

probability ratio was used for the sequential t-test itself, 

the work being carried on independently by Rushton (1950, 

1952) and Arnold (Nat. Bur. Stds., 1951). Finally Barnard 

(1952, 1953) and Cox (1952), independently established the 

conditions under which the frequency function of a test sta-

tistic might be used in a sequential probability ratio test 

and still guarantee approximately the risks a and~. 

Wald showed that the sequential probability ratio test 

would terminate with probability unity and also established 

approximate formulae for construction the QC (Operating 

Characteristid and ASN (Average Sample Number or expected 

sample size) functions. However, his proofs and derivations 

assumed that the observations were independent. In the 

frequency function method of testing composite hypotheses, 

the "observations" are now the successive values of the test-

statistic and hence the observations may no longer be inde-

pendent. When this is the case, Wald's work regarding 

termination, QC functions, or ASN functions no longer holds. 

Termination proofs must be carried out for each test and 

there is no known method for constructing the' QC or ASN 
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function although there are some conjectural approaches 

to the latter (Ray, 1956). 

The method of frequency functions is used in deriving 

the sequential tests discussed in Chapter III. The 

existence and termination proofs associated with these tests 

are given in Chapter IV. 

Of historical interest, it should be mentioned that 

Rao (1950) has proposed a sequential procedure for testing 

the hypotheses: 

H0: e = e0 

H1: e > e0, say, 

but except for the most simple cases, the operations 

involved appear to be too difficult to handle under present 

conditions. 

Jackson (1959) has compiled a very complete bibliog-

raphy of all work done in the field of sequential analysis 

through 1-1ay 1959. 

2.2 Distributions of means from a multivariate normal 

distribution. 

The sequential tests discussed deal with the distri-

butions of the means from a multivariate normal population 

for both the case where the population covariance matrix 

in known and for the case where it is not known and must be 
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estimated from the sample. In the former case, the X2 -

distribution is used; in the latter case, the T2 -distri-

bution. 

The central X2 -distribution was derived by Helmert 

(1875). The non-central X2 -distribution was derived by 

Fisher (1928) when he also derived the non-central F-dist-

ribution and the non-central distribution of the correlation 

coefficient. The central T2-distribution was derived by 

Hotelling (1931) in which he showed that T2 itself had an 

F-distribution. Similarly, Hsu (1938) and Bose and Roy 

(1938) independently showed that the non-central T2 had a 

non-central F-distribution. 

With the exception of Tang's tables (1938) of the non-

central F-distribution, very little work was done with 

either the non-central x2- or F-distributions for 20 years 

after their discovery. However, Patnaik (1949) investigated 

many properties of these two distributions and showed that 

both distributions could be approximated by their respective 

central distributions with modified arguments and degrees 

of freedom. Several people have since prepared various 

tables and nomographs for the non-central F; among them 

Evelyn Fix (1949), Pearson and Hartley (1951) and Fox (1956). 
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2.3 Generalized hypergeometric functions. 

The family or generalized hypergeometric functions 

(Erdelyi, et al. 1953) pFq(a 1,a 2, ••• ap; c1, c2, ••• cq; x) 
are solutions or the generalized differential equation: 

(2.3.1) {6(o+c1-l)(8+c2-l) ••• (6+cq-l) 

-x(8+al)(o+a2>···(8+ap)}u = o, 

where o denotes the -operator o = xfx, a1, ••• ,ap and 

c1, ••• ,cq are constants, xis the independent variable and 

u is the dependent variable. These functions are generally 

used in solving physical problems. The most familiar or 

these functions is: 

(2.J.2) 

+ ••• 

which, in addition to being a solution of the differential 

equation: 

(2.3.J) 

is also involved in the non-central distribution of the 
simple and multiple correlation coefficients. This is some-
times known as Gauss's series. Second ot importance is the 

Confluent Hypergeometric function: 
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F (a c•x) = 1 +~+a a+l x2 
1 1 ' t C C c+ l 2 l 

+ ••• 

when, in addition to being a solution of the differential 

equation: 

(2.3.5) xd2u + (c-x)fil! - au= O 
dx2 dx 1 

is also involved in the non-central F-distribution. This is 

sometimes called Kummer's series and is closely related to 

Whittaker's M-function. 

Less prominent so far is the function: 
x x2 x3 

(2 .3.6) c!1(c;x) = 1 + c + c{c+l)21 + c(c+l)(c+2)31 + ••• 

which, in addition to being a solution of the differential 

equation: 
xd2u + ct -u = o, 

dx2 

is also involved in the non-central x2-distribution. As 

stated in Section 2.2, the derivation of all three of these 

non-central distributions was first shown in a single paper 
by Fisher, although, in that case, all of the work was in 

terms of correlatton coefficients and the Kummer pFq 

notation was not generally employed (nor has it been generally 

employed off the European continent until the last decade). 

The generalized hypergeometric series will converge for all 

finite x if p ;5 q which is satisfied by the non-central 



-13-

F- and X2 -distribution and for fxl < l if p = q + 1 which is 

satisfied for the non-central distribution of the correlation 

coefficients. These series diverge for X f O if p > q + l. 

This thesis will make extensive use of the functions 

0F1(c;x) and 1F1(a,c;x). The latter function has been dis-

cussed in great detail by Tricomi (Erdelyi et al.,1953; 

Tricomi,1954) and Buchholz {1953). There are several 

tables of 1F1(a,c;x) available but the most extensive are 

those of Nath(l951) ·and of Rushton and Lang (Rushton 1954, 
Rushton and Lang 1954) who have tabulated the function for 

c = .5(.5)4.5, a ranging from .5 to 49.5 and x ranging from 

.2 to 200. Another table has been prepared by the National 

Bureau of Standards (1949). Considerable work has been done 

on the asymptotic behavior of 1F1 (a,c;x) and, although most 

of this has been covered in the books by Tricomi and 

Buchholz, the pioneering work of Perron (1921} and a recent 

publication by Erdeiyi and Swanson (1957} should also be 

mentioned. 

Less is known about the function 0F1(c;x). However, 

as shown in Appendix D, where this function is tabulated, 

0F1(c;x) can be transformed into a Bessel function, a 

Whittaker function, or a confluent hypergeometric function· 

and the behavior of these functions is well known. 
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III. PROCEDURES FOR THE SEQUENTIAL X2-TEST AND T2-TEST 

3.1 Sequential X2 -test. 

3.1.1 Introduction 

Consider a p-variate population which has a multi-

variate normal distribution with unknown means µ1, ••• ,µP 
and known population covariance matrix I:. It is required 

to test that the true means of the p variates, .I!, are 

equal to some hypothetical or standard values J!o• However, 

rather than test the hypothesis .I!= l!o against some alter-

native .I!= .1!1, we will work with the quadratic form 

(J!-J:!.o)I:-1 (~-.1!0)•. The hypotheses become: 

H ( ) ~- 1 ( )t O o= .I! - lJ:o I.., .I! - .i!o = , 

Hl: (J!-ilo) I:-1 (J!-.i!o)' =7:;.2. 

H0 is equivalent to the hypothesis that .I!= J!o but H1 now 

represents the surface of a p-dimensional ellipsoid rather 

than a single designated point. For most hypotheses that 

are to be tested sequentially, the procedure generally 

followed is to reduce the problem, essentially, to a uni-

variate problem involving simple hypotheses as will be dis-

cussed in Chapter IV. 

In the present problem, the p-dimensional situation 

involving .I! and .i!o is reduced to a univariate situation 

involving 1'.2 • 
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J.1.2 Test Procedure 

As will be shown in Chapter IV, the probability ratio 

for n observations is the ration of the non-central X2-dis-

tribution with p degrees of freedom and non-centrality 

parameter n~2 to the central X2-distribution with p degrees 

of freedom. Thus: i+ 
-! ( x2+w,.2) oo ( x2 )2 j-l(n~2) j e n I: __ n ______ _ 

J?. j=O r ( .l?..&.j) 22 3 j I P1n 22 z· 
- = -------------P6n x2 t·-1 - -fl 

(X~) e 

-n?\.2 
(J.l.2.1) = e 2 0F1 (p/2, -n7'.2X~/4) 

This in turn can be written (Erdelyi et al.,1953) as: 

-n?\.2 (n"-2X2) ( 2-p) P1 --- n 4 
(J.1.2.2) p n = e 2 r(~) 4 I p- 2 (/n7'.2X~ ) 

On ( 2) 



-16-

-ni..2 /n°A.2x2 
(~ 1 2 ~) = e-r - n F [(E-l) p-1;2/n"'2X2J ~· • ·~ 11 2 ' .~ n 

-ni..2 -(p-1) 
( '2 1 2 4) = e-r(2/:n"' 2x2 2 .,. • • , .... n Mo,(p-2) (~) 

2 

where Iv(x) is a modif'ied Bessel function of the first 

kind, J.Fl (a,c;x) is a confluent hypergeometric function and 
i).L,k(x) is a Whittaker function. In actual use of the 
sequential X2-test, form (3.1.2.1) is used but in the study 
of the properties of the procedure,form (3.1.2.)) is some-
times more convenient since the sequential T2-test may also 
be expressed in terms of the confluent hypergeometric 
function. 

The .sequential X2-test procedure is the following: 

take a sequence of n vector observations (n = 1,2, ••• ), 

compute~, the vector of sample means based on n obser-

vations, compute Xii= n(ui - J!o)E- 1(ui - J:!o)' and evaluate 
(3.1.2.1). 

a. If P1n/P0n ;5 ~/(1-a.), accept H0; 

b. If P1n/Pon 2: (1-~)/~, accept H1; 

c. If ~/(1-a) < P1n/P0n < (1-~)/a, take another 

vector observation and repeat the procedure. As long as 

P1n/P0n remains between ~/(1-a) and (1-~)a, continue 
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sampling but as soon as it overruns either limit, take the 

appropriate action. The limits, since they involve only 

a and~, are constant for the entire procedure. However, 

the computation of P1n/Pon is quite tedious apart from the 
computation of X~ itself. Furthermore, the use or the 

0F1(c;x) tables would involve considerable Langrangian 

interpolation. Putting the probability ratio into the form 

involving either the confluent hypergeometric function or the 

Bessel function would only add to the difficulty since X~ 

would appear twice in the expression for p1n/P0n• It is 

better to prepare tables, similar to those of the National 

Bureau of Standards (1951) for the univariate t-test in which 

the equations P1nlPon = 13/(l-a) and P1n/P0n = (l-'3)/a with 
a, '3, ~2 , and n given, are solved for boW1dary values of 

X~. This is done in Chapter VI. 

3.1.3 The case where p = l 
For the case where p = 1, 

p ~ n~2x2 n~2x2 2 
p~ = e 2 [l +( 4 n>;t + ( 4 n) 1<t><i>21 + ••• ] 

-n~ 2 n~2x2 (n~2)2)2 (n~2x2)3 
= e~ [l + 21n + 41n + 61n + ••• J 
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-n~2 -n~2 
().1.).1) = e~ cosh,/llA.2~ = e~ cosh c~j~l(xj-1-101/a]. 

This is the same as formula 9:5, p. 155, in Wald's book, the 
univariate sequential test for the mean with a known. 

J.l.4 The case where ~2 r O under H0 

The case may conceivably arise where the stated value 
for ~2 under H0 may be different from zero. In that case, 

Ho: (I! - J!o)t-l(J! - J!o)' = ~5 
H1: (!! - J!o)E-l(J! - J!o)' = ~; (~y > ~5). 

The probability ratio then becomes the ratio of the non-
central x2-distribution with non-centrality parameter n~ 
to the non-central X2-distribution with non-centrality n~5. 

The operational procedure is the same as in Section 3.1.2. 
However, no tables are yet available to facilitate this test. 
Instead two cf1(c;x) functions would have to be evaluated each 
time. 

3.2 Sequential T2 -test. 

3.2.1 Introduction 
The sequential procedure followed when the 
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population  covariance  matrix Eis not lmown is  quite  similar 

to  that  discussed  in  Section 3.1. The  null  and  alternative 

hypotheses  are: 

H0: (l! -J!o)E-l (J! -.l!o) t 

H1: (J! -J!o)z-l (J! -J!o)' 

= 0 

= 7',.2 
I 

the  same  as  for  the  case  where tis known.  Again  these  are 

composite  hypotheses  involving µ1, ••• µP' µ10, ••• µpO and 

E but  now t is not lmown. As will  be  shown in  Chapter IV, 

this  can  be  reduced  to  a  univariate  situation  involving Tii 

and n?\.2 only. 

3.2.2 Test procedure 

As will  be  shown in  Chapter IV, the  probability 

ratio for n  observations  (n > p) is the  ratio of the  non-

central  T)-distribution  with  non-centrality  parameter n?\.2 

to  the  central T2-distribution. T~ is  distributed  like 

(n-l)pF/(n-p) with 211 = p  and J/2 = n-p  degrees of freedom. 

Substituting, we have: 

-n7'.2 E. +j ~ ¥-1+t ~n j ~ e --r /p.71.2) j (...J2....) 2  ( n-p) T 1 + T~ 
P j=O \2 n-p  n- n-1 
ln = ... -----------------------

Pon ( )¥ [< n;..p) Taft T21°1 
~ (n-l)pnj 1 + ~~ 

• 
B(ll n-p) 
2' 2 
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(J.2.2.1) =e 2 -£.. EL n ,c. 
-n)..2 r(.R} oo [ nA.2T2 J j rt~ + j} 

1(~) _ j=O jl 2(n-l+T~) rt¥ + j) 

(~) (~ + 1) +-----21(¥)(¥ + 1) + ··.J 
(3.2.2.2) == e [

n .R nA.2T[l 
1F1 2• 2; 2(n-l+T~j • 

The sequential T2-test procedure is the following: take 

a sequence of n vector observations (n = p + 1, p + 2, ••• ), 

compute~ and Sn, the covariance matrix based on n 

observations, compute T~ = n(ni - !!o)s~1 (~ - ~0) and 
evaluate (3.2.2.2). 

a~ If p10/Pon ;5 ~/(1-a}, accept H0; 

b. If Pin/Pon~ (1-~)/a, accept H1; 

c. If ~/(1-a) < P1n/Pon < (1-~)/a, take another 
vector observation and repeat the procedure. As in the case 

I 
of the x2-test, the limits are constant for the entire pro-

cedure since they involve only a and~. Again, the main 

problem is in the computation of the confluent hypergeometric 

function. Although tables of 1F1(a,c;x) are available, 
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much laborious interpolation would be required. Again, 
it is better to prepare tables in which the equations 

P1n/Pon = ~/(1-a) and Pin/Pon= (1-~)/a, with a,~, ~2 and 
n given, are solved for T;• This will be done in Chapter 

VI. 

J.2.3 The case where p = 1 
When p = l,~ 2 = (µ - µ0 ) 2/a2 and T~ = t2, 

(J.2.J.l) Pin/Pan= e-n~ 2/ 21F1[n/2, 1/2, n~2t 2/2(n-l+t 2)] 

which is the same as equation 5 in Rushton's 1952 paper, 

3.2.4 The case where ~2 r O under H0 
As in Section 3.1.4 for the sequential x2-test, 

the case may arise where ~2 is different from zero under 

H0 • Then, in a similar manner the probability ratio becomes 

the ratio of two non-central T2 -distributions. 

(3.2.4.1) r. n~yT~ J 
( 2 2)/ 1F1L~' ~; 2(n-l+Tn2) 

P /p = e-n A.f_-~o 2 • 
ln On -~ n~2T2 ~ 1F1 n B. 0 n 

2 1 2• 2(n-i+T~) 

The operational procedure is the same as in Section 

3.2.2. H~never, no tables are yet available to facilitate 

this test. Instead, two 1F1(a,c;x) .functions would have to 

be evaluated each time. 
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3.3 The two-sample case. 
The sequential techniques discussed in this chapter 

can also be used to test the hypothesis that two samples 
are drawn from populations with the same means or from 
populations whose means differ by prescribed amounts. Let 

Population 1 have means µ11? ••• ,µil) with covariance matrix 
t 11 and let Population 2 have means µf2? ••• ,µi2 ) and covari-
ance matrix t 22 • 

z12• Therefore, 
Let the cross-covariances be represented by 

(1) (1). the covariance matrix of x1 , ••• ,xp , 
(2) (2) x1 , ••• ,xp is 

Let y1 = xl 1 ) - xf 2 ) - Si (Si is a constant, quite often 

zero) for 1 = 1,2, ••• ,p. The covariance matrix of 

' Yi,•••,Yp is ty = t 11 + t 22 - t 12 - t 12 (Anderson 1958). 

Now let .!l = J!i - µ2 - S. 
Again, rather than test .!l = 0 against Jl = n1 (say), 

we will use the quadratic form ll.Ey!l'• The hypotheses become: 

Ho: .!}I;l.:u' = 0 

H1: .Dt;l.n' == "A.2. 

If the covariance matrices are known, the test statistic 

is X~ = ~t;~ ;j.• and the probability ratio test is 
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(J.3.1) 

If .nt;1.n' is other than zero under H0, then the procedures 

discussed in Section J.1.4 may be used. 
To test the same hypotheses in the case where the 

population covariance matrices are not known, the problem 

may be considerably simpler than that of the non-sequential 

two-sample situation. The observations ~land~ are paired 

in the sequential case and can be treated as paired obser-

vations from the start so the procedure is in terms of 

:t. = .~l - ~ ( or ~l - 2£z - o ) • This removes the problem of 
unequal covariance matrices between the two populations. 

Syn can be computed directly from the individual observations 

on :t. and the test statistic becomes T~ = n~s;~ ~, • 
The probability ratio is 

(J.J.2) :~ = e-nJ.2/ 2 1F1[n/2,p/2; nJ.2Tii/2(n-l+Tii)J 

as in (3.2.2.2). If .nt;1.n' is not equal to zero under H0, 
the procedure discussed in Section J.2.4 may be used. 
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IV. EXISTENCE THEOREMS 

4.1 A theorem of Cox and the problem of comRosite hypotheses. 

In the description of the sequential x2- and T2-tests, 

we have delayed the matter of relating to properties of 

these tests for consideration in this chapter. A theorem 

of D.R. Cox (1952) is particularly useful in this work. 

Cox's Theorem is quoted as follows: 

"Let 25. = [x1, ••• ,xnJ be random variables whose proba-

bility density function (p.d.f.) depends on unknown para-

meters e1, ••• ,ap. The x1 themselves may be vectors. 

Suppose that 

(1) t 1 , ••• ,tp are a functionally independent jointly 

sufficient set of estimators for a1 , ••• ,8P; 

(ii) the distribution of t 1 involves 01 but not 

02 , ••• ,eP; 

(iii) u1 , ••• ,~ are functions of 25. functionally indepen-

dent of each other and of t 1 , ••• ,tp; 
(iv) ·there exists a set S of transformations of 

~ = [x1, ••• ,xn] into 25.* = [x!,•••,xii] such that 
(a) t 1 , u1, ••• ,~ are unchanged by all trans-

formations ins; 

(b) the transformation of t 2 , ••• ,tp into t~, •• ,,ti 
defined by each transformation in Sis one-to-

one; 
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(c) if T2 , ••• ,TP and T~, ••• ,T; are two sets of 
values of t 2 , ••• ,tp each having non-zero 
probability density under at least one of the 

distributions of~, then there exists a trans-

formation in S such that if t 2 = T2 , ••• ,tp = TP 
w w * w then t 2 = T2, ••• ,tp = Tp• 

Then the joint p.d.£. of t 1 ,u 1 , ••• ,~ factorizes into 

g(t 11e1) f (u1, ••• ,~,t 1), 

where g is the p.d.f. of t 1 and f does not involve e1.n The 
proof of this theorem is given in Cox•s paper. Cox defines 
the term functional independence as follows: 

"When it is stated that certain functions of x1, ••• ,xn 

denoted by t 1, ••• ,tp, u1, ••• ,~ are functionally independent, 

it is meant that there is a transformation from x1, ••• ,xn 

to a set of new variables including t 1 , ••• ,tp, u1, ••• ,~, 
and tha~ the Jacobian of the transformation is different 
from zero (except possibly for a set of values of total 
probability zero)." 

The application of this theorem to sequential analysis 
is as follows: when confronted with a composite hypothesis 
to be tested sequentially, one can use either Wald's method 
of weight functions or this present method of frequency 
functions. In this latter case, a transformation is generally 

made on the original parameters ~1, ••• ,¢k to another set 
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e1, ••• ,ek with estimators t 1 , ••• ,tk such that the distribution 
of t 1 does not involve any parameter except e1• This 
reduces the problem from that of a composite hypothesis 
involving ~1, ••• ,~ to a simple hypotheses involving e1 
alone. The test of significance of a simple hypothesis is 

then carried out for this single parameter. Wald has shown 
that a probability ratio test of the form 

P1n (x1, • • • ,xn) 
P0n(x1,•••,~J 

can be carried out even when the xi's themselves are not 
independent although the usual properties asscciated with 

the termination proof, OC function and ASN function may no 
longer hold. In a sequential test of significance associated 
with the parameter e1, successive values of the estimator 

t 1 based on 1,2, ••• ,n observations (i.e. u1, ••• ,un_1,t 1) are 
treated as "observations" themselves and the problem is to 
derive a probability ratio test based on these "observations". 
If it can be shown that all of the conditions of Cox's 
theorem are satisfied, then f(x 1, ••• ,xn(~ 1, ••• ,<Jic) the like-
lihood function for a sample of size n can be transformed and 
reduced into pn(u1, ••• ,~_ 1,t 1(e1) which in turn factorizes 
into g(t 11e1) f (u1, ••• ,~_ 1,t 1 ). If e10 and e11 represent 

the values of e1 under the null and alternative hypotheses 

respectively, then 
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( 4.1.1) 

The probability ratio then becomes merely the ratio of the 
distributions of the statistic t 1 under the alternative and 
null hypotheses respectively. The sequential test is then 

defined, consistent with our procedures defined in Chapter 

III, as follows: 

a. Accept H0 if P1nlP0n :5 ~/(1-a); 

b. Accept H1 if P1n/P0n ~ (1-~)/a; 

c. Continue sampling if 13/(l-o.) < P1n/P0n < (1-~)/a. 

Provided that the probability is one that the test termi-
nates, the probabilities of error under the null and 
alternative hypotheses are approximately a and~ respectively 

(Wald, 1947, P• 43]. 
Specifically, in this problem, it will be shown that for 

the sequential x~~test, the probability ratio is the ratio 

of the non-contral X2-d1stribution under H1 to the central 
X2-distribution under H0 and that the probabi1ity ratio £or 

the sequential T2-test is the ratio of the non-central T2-
distribution under H1 to the central T2-distribution under 
H0• These proofs will be given in Section 4.2 and the 
termination proofs will be given in Section 4.3. 



-2$-

As stated.above, the usual properties associated with 
the OC function and the ASN function no longer hold since the 
"observations" are no longer independent. For this reason, 
no expression can be given for the OC function other than 
that it is approximately equal to a when e1 = e10 and 1-~ 
when e1 = a11• The only method known so far tp approximate 
to this £unction is the )bnte Carlo approach. Similarly, 
no expression can be given for the ASN function either but 
some "conj~ctural" approximations are given for e1 = e10 
and a1 = ell in Chapter V. These seem to be in line with 
the savings in numbers of observations generally realized 
in sequential procedures and agree fairly well with the 
limited amount of Monte Carlo work done so far. 

4.2 Fulfillment of the conditions of Cox's Theorem. 
4.2.1 .The sequential X2-test 
We now show that Cox's Theorem applies and that the 

conditions of the theorem hold for the sequential X2-test. 
The parameters initially involved are µ1, ••• ,µP' the 
population means. These are transformed, as we shall see 

below, to n.A.2 , a1, ••• ,ap-l corresponding to a1, ••• ,ep of 

the theorem. Estimators X~, a1n,•••,ap-l,n are defined 
corresponding to t 1 , ••• ,tp of the theorem. 

Condition (i). X~, a1n,•••,ap-ln are functionally 
independent jointly sufficient estimators for 
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n"A.21 a.1 , ••• ,ap-l' where the ain's and a1•s are defined 
below. 

Proof: From Anderson, Section 3.).3, nx1, ••• ,nxp are 

a jointly suf'ficient set of estimators for µ1 , ••• ,µp when 

tis known and they are obviously functionally independent. 

Then f(x 11, ••• ,xpnJµ 1, ••• ,µP) can be written as 

H(nxi,••••nxpjµ 1, ••• ,µp)m(x 11, ••• ,xpn)• Now apply the trans-
formation -z = (~ - .l!o)G where QGt = I:-l and .l!o is a 

vector of constants. Then z has a multivariate normal dis-

tribution with mean .n = {,l! - l!o)G and covariance matrix I. 

The Jacobian of the transformation is IGJ-1• Apply to z and 

.!l the following polar transfromations: 

( 4.2 .1.1) Xncos aln 

Xnsin aln cos a2n 

• 
Y.' = • I 

• 
Xnsin aln sin a2n 1 ••• ,cos a p-1,n 

Xnsin aln sin a2n,•••,sin a p-1,n 
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/n. A. cos a.l 

/n A. sin a.l cos a.2 
• 

11' = • 
• 

/n. A. sin a1 sin a2 , ••• , cos ap-1 

/ii A. sin a.1 sin a.2 , ••• , sin a.p-1 

Restricting Xn and"- to positive values, then O =5 ain =5 rr 
and O ~ ai =5 rr for i = 1,2, ••• , p-2, and O :$ ap-l,n :$ 2rr 
and O :$ ap-l :$ 2rr. The Jacobian of the transformation on 

p p-1 p-2 the variates is Xnsin alnsin a2n, ••• ,sin ap- 2 ,n. The 

quadratic form n{~-l! 0)E-1{ni-l!o)' has been transformed into 

niz' and in turn into Xii while the corresponding quadratic 

form n(J!-l!o)I:- 1(!!-J!c)' has been transformed into n.!l!J' and in 

turn into nA.2 • Since the transformations nx1, ••• ,nxp to 

X~, a1n,•••,ap-l,n do not involve µ1, ••• ,µP' A.2 or 
a.1, ••• ,ap-l' f(x 11, ••• ,xpn) can, using non-singular trans-
formations, now be written as 

h(X~, a1n••••,ap-1,nln"-2, a.1,•••,a.p-l)m(x11••••,xpn), 

the form necessary for sufficiency. Since nx1, ••• ,nip are 
functionally independent and the transformation to 

Xii, a1n,•••,ap-l,n is non-singular, xii, a1n,•••,ap-l,n are 
also functionally independent. Condition (i) is fulfilled. 
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Condition (11). The marginal distribution of X~ involves 
only n~2. This was first shown by Fisher (1928). 

Condition (iii). xy, ... ,x~-l are functions of x11, •• 
• ,xpn' functionally independent of each other and of 

x~, aln••••,ap-1,n• 
Proof: consider the matrix of observations on the 

• 
variables xi= x1 - µiO' i = 1,2, ••• ,p: 

• • 
Xll • • • • xln 
• • • • • • • • • x• = • • • • • • • • • 
• • • • • • • • 
• • 
xpl • • • • xpn 

Transform X to new variables Y c XG where, again, GG' = ~-l. 
The Jacobian of this transformation is lof-n. Now transform 

Y to new variables Z = TY where: 

1 0 0 • • 0 0 

! l 0 • • 0 0 
,./2 /1 
l 1 1 • • 0 0 

./j vi ./3 
T = • • • • • • • 

l 1 l l 0 - - - • • -/n-T vfw.{ri:j. vn=r 
1 1 ! • ! l 

1n 1n vn • v'n In 
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with the Jacobian equal to (nt)P/ 2 • Now the polar transfor-

mation used in (4.2.1.1) is generalized as follows: 

z1j = xj cos a1j 

z2j = Xj sin a1j cos ~j 
• 
• 
• 

for j = 1, 2, ••• ,n. The Jacobian of this transformation is: 

-fr xP sinP- 1a sinP- 2a sin a j =l j lj 2j' • • •' p-2, j • 

As a result of these transformations, ~zf1 = Xf, ••• ,Ezfn = Xii 

and has been transformed into Xf,•••,xii-l' 

Xii,a11,•••,a1,n-l'•••,ap-l,l'•••,ap-l,n-l' a1n,•••,ap-1,n• 
Therefore x11, ••• ,xpn has been transformed into 

X~,a1n,•••,ap-l,n' Xf, ••• ,x~-l and some other angles which 
are of no further interest in this problem. Tl:e Jacobian 
of the co~bined transformations is non-singular since all 
three 0£ the individual Jacobians are non-singular. There-

fore, Xf,•••,Xii-l are functions 0£ x11, ••• ,xpn functionally 

independent of each other and of X~,a1n,•••,ap-l,n• Condition 
(iii} has been fulfilled. 

Condition (ix}. There exists a set of transformations 
• • S of X into X ,:, such that: 
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(a) Xf,X~, ••• ,x~_1,x~ are unchanged by all transfor-
mations in S. 

(b) The transformation ot a1n,•••,apn into afn, ••• ,a;n 
defined by each transformation in Sis one-to-one. 

(c) If A1, ••• ,Ap-l and A[, ••• ,A;_1 are two sets of 

values ot a1n,•••,ap-l,n each having non-zero 
probability density under at least one of the 

distributiona of X, then there exists a transfor-

mation in S such that, it a1n=A1, ••• ,ap-l,n=Ap-l' 
th * =A ;'c a)'_: -A * en aln fi11•••, p-l,n-fip-1• 

• • Proof: Consider the transformation x>:ca == XGB where G is 

defined as before and Bis a p x p orthogonal matrix. (This 
• amounts to making a transformation on Y rather than on X 

but this is permissible since G is known in advance and would 
be common to both transformations.) Uow consider the trans-
formation: 

• • Z*= TX*G = TXGB = ZB. 
Since Bis orthogonal, the sums of squares of elements in 
each row ot Z* will be the same as the corresponding 
quantity for each row of z. Therefore xy,x~, ••• ,x~ are all 
unchanged by the transformation. Condition (iv a) is 
satisfied. 

For the purposes of parts (b) and (c) of Condition (iv), 

only the last row of Zand or Z*, denoted by !.n and~ 
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respectively, need be considered. The transformation 
z* = z Bis one-to-one since Bis an orthogonal matrix and """'Il --n 
has a unique inverse. Since .!n and!.~ differ and X~ is 
unchanged, the difference must appear in the angles. Hence 

the transformation from a1n,•••,ap-l,n to a!n,•••,ai-l,n is 
one-to-one and condition (iv b) is satisfied. 

If A1, ••• ,Ap-l and Ai,•••,A;_1 are two sets of values 
of a1n,•••,ap-l,n suitably restricted between O and rr or 
0 and 2rr as the case _may be, then An and~ may be evaluated 
except for a scalar quantity Xn which is the same in both 

cases. Given two sets of values .!n and!.;, they are 

related through!.;= !.nB• This relation defines p-l inde-
pendent equations on the elements of B. There are also 
p(p+l)/2 additional equations on the elements of B imposed 
through the requirement that Bis orthogonal. The solution 

for the p2 elements of Bis not unique (except for p = 2) 
but matrices B satisfying the requirements may be found and 

this is sufficient to satisfy Condition (iv c). 
All of t~e conditions of the theorem have been fulfilled. 

Hence the joint p.d.f. of Xf, ••• ,x~ factorized into 

g(X~Jn°A.2 ) I (Xf, ••• ,x~) and Pin/Pon can be written as 

the form of Section J.1.4. For the situation discussed in 

Section J.l.1 1 °A.f = A.2 and "A.5 = o. Then 
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which is the ratio of the non-central x2-distribution with 

non-centrality parameter n~2 to the central x2-distribution 

and gives us (3.1.2.l) as a final result. 

4.2.2 The sequential T2-test 

We now show that the conditions of Cox's Theorem 

also hold for the sequential T2-test. The parameters 

initially involved are µ1, ••• ,µP, a11 , a12, ••• ,aPP' the pop-

ulation means, variances and covariances. The means are 

transformed, as in the X2 case, into ~ 2 ,a 1, ••• ,ap-l and 

.these together with a11, a12 , ••• ,app correspond to the a•s 
in the theorem. Estimators T~,aln••••,ap-l,n'nsll'ns12,•• 
•,nspp are defined corresponding to the t•s in the theorem. 

Condition (i). T~,a1n,•••,ap-l,n'nsll'ns 12 , ••• ,nspp 
are functionally independent jointly ~ufficient estimators 

for n~2 , a1, ••• ,ap_ 1,a 11 ,a 12 , ••• ,app where the a1n•s and 

a1•s are defined in a similar manner to those discussed in 

Section 4.2.1. - -Proof: Again from Anderson, Section J.3.3, nxi,•••1;n~, 

nsll'ns 12 , ••• ,nspp are a jointly sufficient set of estimators 
for µ1, ••• ,µP, a11,a 12 , ••• ,app• It is well known that these 
estimators are functionally independent. In a manner similar 

to that used 1n Section 4.2.1, the nx1•s can be transformed 
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into Tii and a1n,•••,ap-l,n and the µits can be transformed 
into n~2 and a1, ••• ,ap-l with Sn= [nsij] and t being 
unchanged by the transformations. Therefore condition (i) 

is easily f~lfilled. 
Condition (ii). 

involves only n~2. 
The marginal distribution or ~ii 

This was proved independently by Hsu 

(193$) and Bose and Roy (193$). 
Condition (iii). T~+1, ••• ,T~-l are £unctions of 

x11, ••• ,xpn functionally independent of each other and of 

T~,aln••••,ap-1,n' n5 ll 1n8 12'•••,n 5 pp• 
Proof: Again, consider the matrix of observations on 

• the variables xi= ~i - µ10, i = 1,2, ••• ,p: 

• • 
Xll • • • • xln 

• • • • • • • • 
• x, = • • • • • • • • I n>p+ 1. 

• • • • • • • • 
• • 
xpl • • • • xpn 

The procedure here is similar to that employed in satisfying 
condition (iii) for the x2-case except that the T2-statistics 
are functions of the sample variances and covariances as 

well. Let jf,sj and Tj denote, respectively, the vector of 
sample means, the sample covariance matrix, and T2 based on the 
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• first j observations of X. T~+l is a function of the first 

p+l rows of X. Each successive Tj = jj!~j1ji' is a function 
• or one more row of X and hence Tt+1, ••• ,T~-l are functionally 

independent with T~-l being a function of the first n-1 
• 

rows of x. However, T~,a1n,•••,ap-l,n'nsll'ns 12, ••• ,nspp all 
• depend on the last row of X and hence are functionally inde-

pendent of T~+1 , ••• ,T~_1 • Condition (iii) has been ful-
filled. 

Condition (iv) • There exists a sets of trans£ orma tions 
of X into x,:, such that: 

(a) T~+1, ••• ,T~ are unchanged by all transformations 
ins. 

(b) The transformation of a1n,•••,ap-l,n'nsll'ns12,•• 

•,nspp into arn,•••,a;_l,n'nsi1•nsI2,•••,ns;p 

defined by each transformation in Sis one-to-one. 

{c) If two sets a1n,•••,ap-l,n'nsll'ns 12, ••• ,nspp and 

afn,•••,a;-l,n'n 5 il 1n5 i21 •••,n 5 ;p are given, each 

having non-zero probability density under at least 

one of the distributions of X, then there exists 

a transformation in S which will transform one set 

into the other. 

Proof: Let B be an orthogonal p x p matrix, C be a non-

singular triangular p x p matrix and finally let Ebe a 

triangular p x p matrix such that s-1 = EE•. n 
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Let the class of transformations be: 
(4.2.2.1) Je!' = XEBC'(i.e. X = x}'~c,-1B•E- 1 ). 

The covariance matrix of the new variables is: 
S ,:, = CB•E•S EBCt n n 

=CB'BC•, since S = E•-lE-l n , 

= cc•, since B' = B-1• 
The transformation applies also to the averages, viz: 

(4.2.2.2) ~*=~BC' or n~ = ~~~t- 1B•E-l. 
Now let 

A' = Et ft = n-

so that zzt = T2 - n• 

• 
• 
• 

Similarly, let 

TJ cos afn 

T~ sin aln cos a~n 
• 
• 
• 
ir::n~ sin a1n* sin axn,•••, sin a* ~ p-1,n 
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since S~ = CC•. Now by (4.2.2.2), i_:' = n!EBCrc,-l = !_B. 

Therefore T2':' = z':'z':<t = zBB'z' = zz' = T2 since B is ' n -- - - - 11 

orthogonal, so T~ is unchanged by this transformation. 
2 - -1 - - -For ever-/ p < j < n, T j = j j!S j j!'. Now, t,:, = j!EBC' 

and 3,:, = CB 'E tS .EBO'. Therefore j J 

Tj* = j 4''Sj-l j~' t 

= J·,l'EBCtCt-1BtE- 1s~1E•- 1Bc-1cBtEt .!t r . J J-
"7 -1 -, 

== jj~sj j!. 

Hence Tj is invariant under this class of transformations for 

all p < j ;:5 n. Condition (iv a) is fulfilled. 

Given B,C, and E, the transformations of Sn into S~ 

and A into A* are one-to-one since all of these matrices 

have unique inverses and the transformations are linear. 

The trans£ orma tion !.~' = aB actually trans£ orms 
. T2 i T2x' ..,, * d · ha .. d n'aln••••,ap-l,n nto n'',ain••••,ap-l,n an it s &.1.:i:ea. y 
been established that T~* = Tii• Then the transformation 

really involves only the angles as noted 1n the similar 
proof for the X2 -test. This transformation is one-to-one 
and condition (iv b) is fulfilled. 

Eis uniquely determined by the relationship s~1 = EE' 
and C is uniquely determined by the relationship S~ = cc•. 
There exists an orthogonal matrix B such that :£' = !,B. 

Therefore, once sn,a1n,•••,ap-l,n's~,a1n,•••,a;_ 11n are 
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given, E, c, and B, the components of the transformation in 
Scan be determined. Condition (iv c) is fulfilled. 

All of the conditions of the theorem have now been 

fulfilled. Hence the joint p.d.f. of T~+1, ••• ,Tii factorizes 

into g(Tiiln"-2) f (T~+1, ••• ,Tii) a~d P1n/P0n can be written as 

g(Tiiln"-j_)/g(Tiiln"-5), 

the form in Section 3.2.4. For the situation discussed in 

Section J.2.1, "-y = "-2 and "-5 = o. Therefore, 

(4.2.2.1) P1n/P0n = g(T~ln~ 2 )/g(Tiilo) 

which is the ratio of the non-central T2-d1stribution with 
non-centrality parameter n~2 to the central T2-distribution 
and gives us (3.2.2.2) as a final result. 

4.3 1ermination proofs. 
4.3.1 Proof that the sequential X2 -test terminates 

with probability one 

In Section 3.1.2, we showed that the sequential 
X2-test, based on n observations, was of the form: 

a. If P1nlP0n 5 l3/(l-a.), accept H0; 

b. If P1nlPon;:: (1-p)/a., accept H1; 

c. If 13/(l-a.) 5 Pin/Pon~ (l-13)/a., continue sampling. 

We had 

(4.3.1.1) P1n/Pon = e-n~ 2/ 2oF1(p/2;n~2x 2/4) 
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where ~2 is the value or (.b!:, - !!o)t- 1(.1! - J!o)' specified by 
the alternative hypothesis. It was shown in Section 4.2.1 
that £(Xf,•••,Xii) could be decomposed in such a way that 
P1n/P0n can be written in the form (4.).l). For the risks a 

and~ to hold approximately, it is still necessary to show 
that the sequential X2-test tenninates with probability one. 

We assert that 

P [ Sample size> n} SP {Xii< X~ < ~] 

where X~ and Xii are the boundary values of x: corresponding -to P1n/Pon a p/(1-a) and P1n/Pon = (1-~)/a respectively. 
Now 

P f x2 < x2 < 'i2'} = ...n n n 

x2 n S h(X2 )dX2 -n n 
0 

x2 n -s h(X2)dX2 n n 
0 

where h(Xii) denotes the non-central X2-distribution with p 
degrees of freedom and non-centrality parameter n~2 • We 

will now show that as n -> oo, Xii->~ ~nA.2/4 where ~2 is 
specified under H1• Hence, in-;he limit, P(xii < X~ < x~} = O 
and therefore the sequential process must terminate with 
probability one. -To show that Xii and X~ approach a common limit, we - . 
employ an argument similar to that used by Ray (1957) for 

the sequential analysis of variance. First, we let X~ = nU2• 
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Then, using the confluent hypergeometric £unction form of the 

probability ratio, we can write equation (3.1.2.3) as 

( 4.3 .1.2) 
P1n/Pon = e-n~2/2 -jn2~2u2 1F1[(p-l)/2,p-l; 2/n2~2u2] 

= £n(U2),. 0 < U2 < CD 

and 

(4.3.1.3) 
gn(U2) = 1n rn(U2) ---= -n~2/2 _ ,;n2~2u2 

+ ln 1F1[(p-l)/2,p-l; 2/n2~2u2]. 

Certain properties of gn(U2) must be investigated. 

We must show that: 

(i) g'(U 2 ) > o £or U2 > o and lim e::'(U2) = oo. 
n n ->oo '11 

(4.3.1.4) [ } 1 ~n2~2 1F1[(p+l)/2,p;2/n2~2u2] 
g~(U2) = 2 ----- - 1 

u2 1F1[{p-l)/2,p-1;2/n2~2u2J 

By Appendix A, it can be seen that the ratio 

(4.3.1.5) 
1F1 [(p+l)/2,p; 2/n 2~2U2] 

G = -:--:-:---:-:-;---:--~;::;::;;;::::;:;:--
l Fl [ ( p-l) /2, p-1; 2(n 2~ 2u 2 J 

• 

is strictly increasing in U2 , is not less than unity, is 
greater than unity £or U2 > o, and approaches 2 in the limit 

for U2 > o. Hence the quantity G-1 is always positive £or 

U2 > 0 and approaches unity in the limit. Therefore g~(U2 ) 

is always positive £or U2 > O and will tend to infinity as 

n -> CD • 
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We must also show that: 

(ii) gn(U2 ) = n[-n~ 2/2 - v'~2u2 + 0(1/n)J. 
By,Erdelyi, et al. (1953) 

(4.J.l.6) 1F1(a,c;x) = ?f~l exxa-c[l + O(lxl-1)) 

or in the present case: 

1F1[(p-l)/2,p-l; 2yn2~2u2J 

= r(p-1) e2/n2~2u2 [21 2~2u2J-(p-l)/2 
r((p-1)721 . vn 

• [l + O(l/2/n2~2u2 )]. 

Then, 

gn(U2) = 1n fn(U2) 

= -n.,.,.2/2 - v'n2~2u2 + 1n~r(p-1)J/r[(p-l)/2J3 
-[(p-l)/2][ln 2 + 1n n + (l/2)1n~ 2 + (l/2)lnU 2] 
+ln[l + O(l/2/n2~2u2 )] 

(4.3.1.7)= n[(-~ 2/2) -~ + 0(1/n)J 
since (l/n)ln n = 0(1/n). 

Since O < fn(U 2 ) < oo, then -CD < gn(U2 ) < oo. The 
function y = gn(U2 ) comprises a family of curves starting 

at y = -n~ 2/2 for U2 = 0 and increasing strictly to ooas 

U2 -> ro. Hence gn(U2 ) has one root u5n. This root is 

determi~ed by setting gn(U2 ) = 0 or 

_.,.,_2;2 -~ + 0(1/n) = 0 
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from whence 

( 4.3 .1.s) u5n = -,...2 /4 + o( 1/n). 

Then lim u2 = u2 = -,...2;4. n ->oo On O 

The horizontal line y = ln[~/(1-a)] is the lower 
boundary line for the sequential process and the inter-

sections of the family of curves with this line determine 

the values U~ and in turn X~. To solve, we set 

or 

and 

with 

- -

_-,...2;2 - ;-,...2u2 + O(l/n) = (l/n)ln[r,/(1-a.)] 

u2 = ">.-2/4 + 0(1/n) _!!, 

lim u2 = u2 = -,...2;4. 
n -> co-11 O 

Similarly, the horizontal line y = ln[(l-~)/a.] is the 
upper boundary line for the sequential process and the 
intersections of the family of curves with this line deter-

mine the values of U~ and in turn X~. Again, we solve 

_-,...2;2 -~ + 0(1/n) = (l/n)ln[(l-f3)/a.] 
and 

u'I = -,...2/4 + 0(1/n) n 
with 

11m u! = u2 = -,...2;4. 
n -> CD n 0 
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But x.2 = nU2 and x2' = n~. Hence, x2, x2 -> n"J,._2/4 and the n n n n n n - - -termination proof is complete. 

4.3.2 Proof that the sequential T2-test terminates with 
probability one 

The argument here will be similar to that employed 
in the case of the sequential X2-test. For the sequential 
T2-test, the probability ratio is 

( 4.3 .2 .1) 
P1n/P0n = e-n~ 2/ 21F1[n/2,p/2;n~ 2Tii/2(n-l+Tii)J. 

Tii and T~ are boundary values of T2 corresponding to 
- n 
P1n/P0n = ~/(1-a) and P1n/P0n = (1-~)/a respectively. 

Again we assert that 

P[sample size> nJ 5 P[Tii < Tii < Tiij 
'f% T2 n n 

= j h(T~)dT~ - -s-h(T~)dT~ 
0 0 

where h(T~) denotes the non-central T2-distribution with 
p and n-p degrees of freedom and non-centrality parameter 
w-.2• We will again show that, as n -> CD T~ -> T~ -> n"J,._2/4 -where ,.._2 is specified under H1• Hence in the limit, 

P [T~ < T~ < T~j a O and therefore the sequential procedure 
:rnµst terminate with probability one. 

To show that T~ and~ approach a common limit, we -



expand (4.3.2.1) which can be written as: 
(4.3.2.2) 

P1n = fu.L.tl e-nA.2/2 f 
[;~::~> j [1 + ~ J-jn~ + jl 

Pen r{n72J j=O jl r(p/2 + j) 

As n grows large, [l +(T2)/(n-l) J -> l, for fixed T2, 
r[(n/2) + j]/r(n/2) = (n/2)j ~sing Stirling's formula and 
nA.2T2/[2(n-l) J -> A.2T2/2. Then, as n -> oo, 

p co (nA.2T2/4)j .....l:n -> t(p/2)e-nA.2/2 t n Pen j=O j1r(p/2+jJ , 

(4.3.2.3) 
= e-nA.2/2 oF1(p/2;nA.2T~/4), 

(4.3.2.4) 
= e-nA.2/2 - JnA.2T~ 1F1[(p-l)/2,p-l; 2(nAt2T~]. 

• 

This is in the same form as equation (4.J.1.2). Hence, using 
the same arguments as those employed in Section 4.3.1, it 
can be shown that T~ and~ both approach a common limit 
riA.2/4 as before and hence the sequential T2-test terminates 
with probability one. 

4.3.3 Behavior of the bounds for the sequential 
X2 - and T2-tests 

The proofs of the theorems discussed in Sections 

4.3.1 and 4.3.2 are illustrated to some extent in Figure 4.3.3. 
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Using the X2-test as an example, we plot ~(U 2 ) as a 

£unction of U2 £or several values of n when p = 3 and 

~ 2 = 1.0. In this case, U5 = .25 and it can be seen that 

these curves are approaching the line U2 = .25 asymptotically. 

U~ and U~ are determined by the intersection of these -curves with the lines y = ln[~/(1-n)J and y = ln((l-~)/nJ. 

The values of U~ approach U5 from above. In general, 

the values of U~ will begin near zero, pass above U5 and 
then approach U5 asymptotically from above. It is difficult 

to show graphically that this is so but Table 4.3.3 will 

give somenumerical evidence of this behavior. Table 

4.3.J gives the values of Uii and Uii £or some selected values -of n when ~2 = l.O and p takes the values 3 and 9. It can 

be seen in both cases thatU~ decreases steadily as n 
increases and that it approaches .25 in both case although 

the convergence is very slow. U~ on the other hand, in-

creases essentially from zero to a point above .25 and then 

decreases to that value. The convergence again is slow. 

The maxinru.m value of U~ is larger asp grows smaller. For 

p = 9, the maximum occurs at n = 16 but £or p = J, the 

maximum occurs at n ~ 50. Table 4.3.J also gives V~ = T~/n - -and V~ = T~/n for the same values of n, p and )1..2 • The 

behavior of these functions is generally the same as that of -Uii and Uii but the changes are more pronounced. 
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Table i,,.;3 .J 

Behavior of u~, uii, v~, and v~ - -
for ~2 = l.O and p = 3, 9. 

p = 3 

n u2 'ii% . v2 ~ ....ll n n n -
6 .009i 2.158 .0078 -10 .174 1.219 .1654 4.440 

15 .2.321 .8413 .2283 1.401 
20 .2528 .6755 .2519 . .9245 
25 .2621 .5828 .2625 .7300 
30 .2666 .5240 .2677 .6243 
35 .2688 .4s31 .27ot .5574 
40 .2700 .4532 .271 .;112 
45 .27oi .4304 .2722 .4776 
50 .270 .4123 .2724 .451a 
ig .2704 .3977 .2722 .4314 

.2702 .3856 .2720 .4149 

p = 9 

n u2 .:.n U2 n v2 .:..n V2 n 

6 .0279 4.422 -10 .4362 2.340 .5413 -15 .5031 1.519 .6497 -20 .49$$ 1.161 .6285 .3.9;s 
25 .4828 .9628 .5916 2.062 
JO .4657 .8377 .5577 1.462 
35 .4500 .7511 .;289 1.166 
40 .4.362 .6878 .5050 .9898 
45 .1i244 .6.396 .4349 .8722 
50 .41.39 .601.3 .467$ .?882 
l6 .4oi7 .5703 .4533 .7251 

.39 5 .5447 .4407 .6759 
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V. PROPERTIES AND PROBLEl\IS OF SEQUENTIAL TESTING 

5.1 Introductory statements. 
This chapter is devoted to the discussion or several 

types or miscellaneous topics related to multivariate sequen-
tial testing or means. No complete solutions are given to 
the problems raised but rather, a general statement or ea~h 
probiem is made along with a discussion or various attempts 
at its solution. The topics to be discussed are: 
(1) Methods or estimating the expected sample size or a 
sequential test of a composite hypothesis,(~) Generalized 

X2- and T2-statistics, and (3) The problem or tolerances. 
5.2 The ASN function. 

The primary purpose for using sequential analysis is 

that, except £or borderline cases, the average amount of 
inspection (denoted by ASN for Average Sample Number) is less 

than would be required £or the comparable fixed-sample-size 
test. However, the experimenter or quality control engineer 
may want to know how large such expected savings will be and 
for what values ore, the parameter under ccnsideration, if 

any, will the expected sample size be larger than the fixed-
sample-size test. 

For the case of sequential tests of simple hypotheses, 

Wald (1947) ha~ established procedures £or determining the 

approximate expected value of the sample size required to 
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make a decision. In some cases, such as for binomial 
sampling, the ASN function can be fairly well determined 

over the whole range of the unknown parameter. However, this 
procedure is based on the assumption that the successive 
observations are independent. In the case of sequential 
tests of composite hypotheses where successive values of the 
estimator of e are themselves considered as "observations", 
this assumption of independence is not valid and therefore, 
Wald's procedures can no longer be used. 

To date, no general expression has been found for the 
ASN function when successive observations are not independent. 
One possible solution is to rephrase the problem in such a 
way that the successive observations are independent. 
N. L. Johnson (1954) has done this in sequential testing of 
variance components by sampling additional groups rather 
than additional items within groups. In the present sit-
uation, this technique is possible but would require too 
many observations to be worthwhile. 

A second approach is to assume that all but one of the 
parameters are known, reducing the problem to a simple 
hypothesis concerning the one remaining unknown paramet~r, 
and to use Wald's formula as a lower bound. Rushton (1950, 
1952) has suggested this for the univariate sequential t-test 

by assuming after, say, thirty observations have been taken, 
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that the estimate 0£ the variance thus £ar obtained is close 

enough to the true value and then applying the Wald formula 

£or the test 0£ the mean when the variance is known to 

obtain a lower bound £or the ASN £unction. Rushton's method 

would not work in the present situation, even 1£ the popu-

lation covariance matrix were known (the case of the X2-test), 
since the resultant hypothesis is still composite. 

A third approach is the Monte Carlo technique. This has 

been done £or the univariate sequential t-test and will be 

discussed later in connection with our work. 

Still a £ourth method is the use of what is known as 
Bhate's Conjecture (Ray, 1956). Bhate's work is unpublished 

and is summarized by Ray who used it in estimating some 

expected sample sizes £or the sequential analysis of variance. 

In essence, Bhate appears to have generalized Wald's original 

approximation on the assumption that lack of independence 

would not affect the final results greatly. He works with 

the logarithm of the probability ratio and conjectures that 

(5.2.1) E[ln(p1n/Pon>Jn=E(n)]~(l-a.)ln[fl/(l-a.)]+a.ln[(l-fl)/a.] 
when H0 is the true and 

(5.2.2) E[ln(p1n/P0n)ln=E(n)]~ln[fl/(l-a.)]+(l-p)ln((l-p)/a.] 
when H1 is true. 

For the X2-case, 

E[ln(p1n/P0n)J = E[-n~ 2/2 + 1n 0F1(p/2;x)] 
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where x = nA.2X2/4. We expand ln 0F1(p/2;x) in the powers of 
x - E(x). Then, 

E[ln(p1n/P0n)J = -nA.2/2 + lnoF1[p/2;E(x)] 

+ (2/p) (x-E(x) J - + ••• etc. 0F1[(p+2)/2;E(x)] (dx) 
cf1[(p/2);E(x)] dX~ x = [E(x)J · 

Using just the first term of the series expansion as a first 

approximation, we have, 
(5.2.3) E[ln(p1n/P0n)] = -nA.2/2 + 1n0F1[~p/2);E(x)J. 

Under H0 , E(x) = (nA.2/4)E(X~) = npA.2/4 since E(X~) = p 
~der H0 • Under H1, E(X~) = p + nA.2 so E(x) = n"-2(p+nA.2)/4 
(Patnaik, 1949). After taking the antilogarithms of these 
expressions, the solutions for the ASN are obtained by solving 
for n the equations: 
(5.2.4) e-nA.2/ 2~ 1(p/2;npA.2/4) = [p/(1-a)J(l-a)[(l-p)/a]a 

when H0 is true and 
(5.2.5) 

e-?1A.2/ 20F1[p/2;nA.2 (p+n~2 )/4] = [p/(1-a)]P[(l-~)/a](l-~) 
when H1 is true. 

Following the same procedure for T2 as a first approx-
imation, 
(5.2.6) E[ln(pln/p 0n)]~-nA.2/2 + 1n1F1[n/2,p/2;E(x)] 
where x = (n"-2T~)/[2(n-l+T 2)]. Since T~ = (n-l)pF/(n-p), 
x = (nA.2pF)/[2(n-p+pF) J where F has 2/1 = p and j/2 = n-p 
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degrees of freedom. Therefore x can be written as 
(nA-2.21.F)/[2(~+1-iF)J. The expected value of V1F/(~+)1F) 
under H0 f;; ~/(V 1 +~) or p/n in the present case so that 
E{x) = pA-2/2 (Wishart, 1932). Under H1, again by Wishart, 

E[Jl1F/())2+),'1F)J = E(y, say) 

= 1 - [~/())1+.V2)]1F1(l,(V1+1+2)/2;y] 

= 1 - e-Y[)l'2/(){+~)]1Fl[()/l+Vz)/2,(Vl+~+2)/2;-y] 
the latter form based on Kummer's Formula. In the present 
situation, 

E(x) = (nA.2/2)E(}'1F/(~+YiF)] 

= (nA-2/2) ~-e-nA. 2 / 2((n-p)/n] 1F1 [n/2,(n+2 )/2;n~ 2/2J]. 
Again, after taking antilogarithms of these expressions, the 
solutions for the ASN are obtained by solving for n, the 
equations: 
(5.2.7) e-n~ 2/~\F1(n/2,p/2JpA- 2/2) = [(3/(1-a.)](l-ct)[(l-~)/a.]a. 

when H0 is true and 

(5.2.a) 
e-nA-2/2 

•1F1{n/2,p/2;nA.2/2(1-e-nA. 2/ 2[(n-p)/nJ 1F1[n/2,(n+2)/2;nA.2/2Jy 

= [~/(l-a)]~[(l-'3)/a.](l-~) 

when H1 is true. 

Table 5.1 gives the conjectural expected sample sizes for 

both the X2-and T2-tests for p = 3, s; A.2 = .5, 1.0, 2.0; 
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a=~= .05 along with the corresponding sample size required 
by the fixed-sample-size test or the same strength. 

Table 5.1 
Conjectural Expected Sample Sizes, a=~= .05 

X2-test 
under 

p "J,..2 Ho Hl Fixed Sample 

3 .5 27 17 36 
3 1.0 1.3 9 18 
.3 2.0 6 4 9 

3 .5 .32 25 48 g 1.0 16 12 24 
8 2.0 7 6 12 

T2-test 
under 

p "J,..2 Ho Hl Fixed Sample 

.3 .5 27 24 .37 
3 1.0 li 15 21 
3 2.0 10 13 

8 .5 37 36 55 
8 1.0 21 23 29 
8 2.0 13+ 17 20 

It is to be noted that for small values or ~2 , larger sample 
sizes are required to reach a decision under H0 than H1 and 

that the situation reverses itself as 1'..2 increases. 
The only check on these conjectural values would be 

the use of the Monte Carlo approach. Unfortunately, only one 
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such study is currently available and that is for the case 

p = 1. This study was performed by K. J. Arnold (Natl. Bur. 

Stds. 1951) for the case p = 1, ~2 = 1.0 and a=~= .05. 

In that study 500 sets or observations were sampled for the 
cases ~2 = O and ~2 = 1.0. The average sample size to 
reach a decision under H0 was 10.00 while the conjectural 
value was 10.7. Conversely, the average sample size to reach 
a decision under H1 was 11.2 while the conjectural value 

was 9.7. Both or these differences are significant based 

on the variability or the 500 results in each case but, 
at least for the case p = 1, the conjectural values appear 
to be or the right order or magnitude. The fixed sample size 

required for this same test is n = 15. It is interesting 
to note that the actual a and ·P values from this iionte Carlo 

study were .044 and .034 respectively, somewhat different 

from the intended values. 
It might be pointed out that Ray used this example 

too, considering the t-test as a special case or a one-way 
classification, but, in his work, a rounding error occurs 
which me.kes hia conjoctured value appear to be closer to 
Arnold's result than it really is. 

5.3 Generalized X2- and T2-statistics. 

In addition to the X2- and T2-statistics already 

discussed, there are two others in each case which deserve 
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mention and complete the family of x2- and T2-statistics 

(Hotelling, 1947). The X2 -statistic considered in Chapter III 

is actually X~ in Hotelling's terminology and is a measure 

of the departure of the vector of sample means from the 

standard values relative to preassigned values of the vari-

ances and covariances which, in this section, will be denoted 

by E0 • (In this section, the subscript n will be assumed 

for X2 , T2 , and x unless otherwise noted.} As has already 
- ) -1c- ) been stated, n(~ - J!o Lo ~ - J!o' is distributed like non-

central X2 with p degrees of freedom. Let 

(J! - J!o) L,;1(J! - J!o) t = ~ 
in our new notation. The parameter of non-centrality is 
now n~. As before, it will be assumed that the hypotheses 

are: 

~ = o, 

~~ = ~. 1 

In addition, there is a second statistic: 

(5.3.1) Xfi = (n-l)TrSE 01 • 

This is a measure of the variation of the sample observations 

about their means and Xfi is essentially a teRt of whether or 

not this variation is significantly greater than the pre-

assigned variances and covariances. The hypotheses to be 

tested are: 
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E = E0 ( or ~ = TrEE01 = p), 

E > t 0 ( or A.fi = A.fi > p). 
1 

Xfi is distributed like X2 with (n-l)p degrees of freedom and 

non-centrality parameter (n-l)A.fi• It can be seen that X~ 

and Xfi are used as multivariate extensions of univariate 

operations with x ands or the range. 

The sum of ~ and Xfi :is a measure of the overall vari-

ation of the sample from standard. This statistic is 
denoted by x5, distributed like X2 with np degrees of free-

dom and non-centrality parameter n~5• This quantity can be 

determined either by the relationship 

(5.3.2) x.2 = x2 + ~ 0 M ·-JJ 

or 
n x2 = E x2 

0 i = 1 i 

where Xf = (~ - l!o) EOl(.~i- l!o) '' i = 1, ••• , n observations. 

In this latter form, Xfi can be obtained by subtraction if 

X~ and X5 are both known and the sample covariance matrix S 

need not be computed at all. Since x5 = ~1 + Xfi, it follows 

that, in general, n~5 = n~1 + (n-1)",3• Therefore, the 
logical hypotheses to be tested would be: 

H0: n~a = (n-l)p 

· H1: n~2 = n~ + (n-1)~ = n~02 • 
O 1 1 1 
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In the case or the X2-statistics, sequential tests can 

be applied not only to Xii but also to~ and X5 as well. That 

is, not only can the mean or a lot be tested sequentially, 

but at the same time a check can be made on the variability 

or the lot as well. The test procedures are identical, the 

only difference being in the computation of the test statistic, 

the ratio P1n/Pon and the preparation of additional tables. 

These extra tables would be required since both~ and~~ 

are different from zero under the null hypothesis. The test 

statistics have already been described above. The probability 

ratios are as follows: 

• 

If this family of sequential tests were used, the experimenter 
or inspector could tell after each item tested or inspected: 

(l) Whether or not the sample means differed signifi-

cantly from standard, 
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(2) Whether or not the variation about the sample 

means was greater than the preassigned E0 , and 

(3) Whether or not the overall variability of the 

sample thus far is larger than should have been 

expected. 

All of these sequential processes terminate with probability 

unity; the proof in Section 4.3.1, suitably modified, should 
suffice for all of these. 

The same method as employed in Section 5.2, (Bhate's 

conjecture) may be used to obtain the conjectural Average 

Sample Numbers for these procedures as follows: 

X~: These are given in Section 5.2, equations (5.2.4) 
and (5.2.5). 

Xfi= 
0F1((n-l)p/2;(n-1)2p~ /4] 

( ) -(n-1)(~ -p)/2 1 5.3.7 e ·1J1 cf1[(n-l)p/2;(n-1) 2p2/4] 

= [~/(1-a)J(l-a)[(l-~)/a]a 
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x2· 
o· 2 oF1[np/2;n2p~5 /4] 

(5.3.9) e-n(~o -p)/ 2 1 
1 0F1[np/2;(np) 2/4] 

= [~/(1-a.)J(l-a)[(l-~)/a]a 

for H1• 

Given a,~, p, ~,and~~, these equations can be so~ved 
1 1 

for n as before. 

Although the T2-statistics generalize themselves in 

the same way as the X2-statistics for the fixed sample 

situation, they do not lend themselves to sequential tests. 

The T~ statistic is the same one described in Chapter III. 

However, there are no counterparts for Xfi or x5. TB 
generally represents the variability in a subgroup of an 
experiment compared to, say, the average subgroup variability 
of the experiment. This situation does not exist in the 
sequential procedures under discussion since the variability 

r 

of the total sample is not lmown in advance. It could 

conceivably be used to check the variability of the latter 

part of a sequence of observations against the first part 
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of the sequence but this is not very likely unless the 

expected sample size is rather large. Somewhat more con-

ceivable is a T~-test run in parallel with a Xfi-test where 

the test on variances is based on previous experience but 

where the test on means is based only on the variability of 

the sample itself. Examples of this situation will be 

mentioned in Section 5.4. However, for routine acceptance 

sampling these cases must be considered somewhat pathological. 

T~,and T5 are useful statistics in the multivariate analysis 

of variance and could conceivably be used in some sequential 

multivariate schemes when more is known about the forms of 

their distributions. Sequential tests for the roots of 
determinantal equations might also prove useful although the 

computational procedures in carrying out a sequential test of 

this type would be considerably more involved. 

5.4 The problem of tolerances. 

Another problem in connection with sequential multi-

variate tests for means is the relationship between the 

tolerances established on a product and the specifications of 

the null and alternative hypotheses. Practically all of the 

material in this section is also applicable to fixed sample 

tests in the multivariate case as well; very little seems to 

have been written on this problem. In acceptance sampling 

procedures, the values of the parameters under consideration, 
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corresponding to each hypothesis, are usually related to 

standards and tolerances previously established. The 

standards are no problem, either in specification or opera-

tion, since they are easily specified and can be substituted 

directly £or the !!o's in the expression (~-!!c)~-1(~-.l!o)'. 
However, the incorporation of the tolerances into this 

expression may be an entirely di££er~nt matter. It may be 

quite possible to set up tolerances on each individual 

variable but the additional problem of specifying the cor-

relations between variables has received scant attention so 

far. The most common practices are either to specify the 

tolerances £or each variable and assume that the variables 
are independent (so that t 0 is a diagonal matrix) or use 

natural tolerances,. that is, tolerances based on the vari-

apil1ty of the production process. irost difficult of all, 

usually, is the specification of ~2, although in the years 

to come, as more use is made of multivariate analysis in 

industry, engineering perso?U1el should become more familiar 
with this concept. 

The establishment of tolerances in industry is usually 

a joint effort involving more than one department and may 
include such widely separated £unctions as sales, production 

design, production control and quality control. The opinions 

expressed by representatives of these various groups may vary 
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considerably in the establishment of ·a system of tolerances. 

The production interests, for example, may recommend natural 

tolerances while the sales departments may argue that in 

certain instances, natural tolerances are too wide and would 

permit the shippingaf rraterial that would be unacceptable 

to the customer. A great deal has been said and written 

about this problem for the univariate situation; much less 

has been done for the multivariats case. Sfnce this is a 

highly controversial subject for the univariate case, it 

would be even more so when more than one variable is under 

consideration. 

If natural tolerances were employed, the establishment 

of sequential procedures would be a relatively simple matter 

since~ could be estimated from prior knowledge of the 

process. If the process is a well established one,~ might 

be assumed to be known and the sequential X2-test could be 

employed. If this were not the case and there was only a 

limited amount of information available concerning the process 
variabilities, then this information could be used to estimate 

E in the expression for ~2 but the sample covariance matrix 

would be used for a sequential procedure and a sequential T2-

teat would be in order. This is a situation in which the use 

of parallel T~- and X5-tests, mentioned in the previous 

section, might be used. 
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If the tolerances are tighter than the process is 
capable of maintaining, their use will perhaps result in 

strained relations between production and sales personnel 

and eventually either the sales department will have to make 
less stringent demands or improvements will have to be made 
to the production process or both. The problem of tolerances 
that are too tight, of course, is an old one. If corrective 
action is to be taken on the basis of the levels of the 
rejected lots, unnecessary and harmful adjustments may be 
made to the process. A multivariate analogue of the work 

of Jackson, Freund, and Howe (1959) regarding errors of 
process adjustments would be desirable in order to investi-
gate the effects of such an operation. 

If the stated tolerances are wider than-the process 
variability, one could continue to use the measure of process 

variability in the test procedure. However, if it seems that 
this•might reject a considerable amount of acceptable 
material, the use of some multivariate analogue of sequential 
acceptance sampling for variables schemes (Wallis, 1947) 
might be more appropriate. A third alternative would be to 
increase ~2. If the correlations between variables were high, 
this procedure might also result in acceptable material being 

rejected. There is no one solution to this problem. Speci-

fied correlations may be important in one case and not in 
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another. Each situation has to be treated on its own 
merits. 

There remains the problem of specifying ~2, a, and p. 
This is essentially the reverse of the ordinary confidence 

limits problem in that n is a function of ~2 , a, and~ 

rather than ~2 being a function of n, a, and 11. The 

smaller ~2 , a., and pare, the larger will be the expected 

sample size and with small ~2 or p (or large a.), there is 
also the possibility of rejecting good product. On the other 
hand, if ~2 and pare large, (or a small) there is the 
reverse problem of accepting material of poor quality. At 
present, the answer in specifying ~2 , a, and p seems to be 
to couple intuition with experience. This is currently true 
however of all acceptance sampling schemes, be they uni-

variate or multivariate, fixed-sample or sequential, so the 
situation for these sequential multivariate techniques is no 
better and, except for a few isolated cases, no worse than 
anywhere else 1n the field of acceptance sampling. The choice 
of these values for a particular problem will be discussed 
in Chapter VII. 
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VI. COMPUTATIONAL PROCEDURES 

6.1 Introduction. 
As described in Chapters II and III, a sequential 

test of significance consists of computing a probability 

ratio P1n/P0n and comparing this ratio with the constants 

~/(1-a) and (l-~)/a. However, for the sequential X2- and 

T2-tests the calculation of P1n/P0n involves evaluating 
functions of the form oF1(c;x) or 1F1(a,c;x) after each 
observation. 

Consider the x2-test. It is better, once and for all, 
to solve 
( 6.1.1) 
and 
(6.1.2) e-n~ 2/ 2oF1{p/2;n~ 2X~/4) = (1-~)/a 
for Xii, which yield respectively X~ and X~ for various 
values of n, p, ~2 , a, and~. The sequential X2-test pro-

cedure would then be: from a sample of size n, obtain X~; 
a. 

b. 

if x2 < x2 
n - ..n' 

if x2 > x2 n - n' accept H1; and 

c. if X~ < X~ < x~, continue sampling. -
The only computation required for each sampled observation 

vector would be the computation of X~. Values of X~ and --Xii can be obtained from tables. We discuss these tables in 
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in Section 6.4. 
Similar procedures may be carried out for the sequential 

T2-test and lead to values Tii and T~ used in the same way as 

x~ and xii. -
6.2 Inadequacy of the methods of interpolation and iteration. 

To find, say,~, one must solve (6.1.1) for X~. This 
involves solving for x in the expression 

oF1(p/2;x) ~ enA.2/2p/(i-a) 

when n, p, A.2 1 a, and~ are given. This in turn would 
,involve Lagrangian interpolation in our tables of oF1(c;x) 
since the values of the argument x are not evenly epaced. 
These interpolation procedures can become laboricus and in 
some instances, the results are not very accurate. The same 
problem arises in finding T~ and T~ since we are involved -with the same sort of interpolation problems in using the 
tables of Nath, Rushton, and Lang for the function 1Fia,c;x) 

An iterative technique is much more desirable since it 
can be more readily programmed for a computer and the results 
can be obtained to the degree of accuracy desired. The so-
called method -2.t iteration (Nielsen, 1956) is used when an 
equation f(x) = 0 can be expressed in the form x = p(x). A 

trial value x0 of xis substituted in the function P(x) and 

the result is the first approximation to the tru.e value of x, 
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say x(l). This in turn is substituted in ~(x) to get 

x<2) and so on. If the iteration procedure converges, the 

sequence of values x<1>, x<2), ••• , etc. will converge to the 

true value 'or x. The method of iteration ~dll converge 

provided l~•(x)I < l in the neighborhood of the desired root 

or the equation. 

The confluent hypergeometric form or Pin/~On of the 
X2-test can be placed in this form. Rewrite equations 

(6.1.1) and (6.1.2) as 

e-nJi..2/2-/n~ 2x~ 1F1[(p-l)/2,p-1;2/n~ 2 X~] = R 

where Risa general symbol representing either risk constant. 

Letting x =~,a= (p-1)/2 and taking logarithms of 
both sides, we have 

ln R = -n~2/2 - x/2 + ln 1F1(a,2a;x) 

or 
x = -2 1n R - n~2 + 2 ln 1F1(a,2a;x) = ~{x). 

which is the required form for the method of iteration. Now 

pt(x) = 1F1(a+l,2a+l:x)/ 1F1(a,2a;x). 

This is a special case of the function G discussed in 

Appendix A and it can easily be seen that IP'(x)I > 1 for 

all positive x and therefore the method of iteration will 

not converge for the X2-test. 

A similar situation occurs for the sequential T2-test. 

Starting with 
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where x = n~2T~/2(n-l+T~) and R, again, represents either 
risk constant, we multiply both sides of the equation by x 
and divide both sides by R so that 

~(x) = (x/R)e-n~ 2121F1(n/2,p/2;x) = x. 

This procedure will converge only when 
I tt:(x)I = ~e- 11~ 2 / 2 

• hF1 (n/2,p/2;x)+(nx/p )1 F1 [ (n+2 )/2, (p+2 )/2;xJJ 
< l. 

For the sequential T2-test, bt(x) < 1 for some combinations 
of n, p, ~2 , R, and x but not for others. 

It appears, then, that the method of iteration will 
result in only partial success. 

6.3 The Newton-Raphson method. 
Another iterative procedure is the Newton-Raphson 

method (Nielsen, 1956). In this procedure, the solution to 
the equation f(x) = 0 is obtained by the following method of 
successive approximations: if JeiciS the kth approximation 

and xk-l is the (k-l)th approximation to the true value x, 
then 

xk = xk-1 - f(xk-1)/ft(xk-l) 

providing ft(x) is not equal to or close to zero in the 
neighborhood of the desired root of the equation. Again, 
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representing ~/(1-a) or (1-p)/a by the general symbol R, we 
have for the X2-test: 

(6.3.1) 

~2/p)e-n~2/2c!1[(p+2)/2;xk-l]j 

where x = ~ 2Xii/4. For the T2-test! 

(6.3.2) 

&n/p)e-n~ 2/ 21F1[(n+2)/2,(p+2)/2,xk-1J} 

where x = n~2Tii/2(n-l+T~). The behavior or the first 
derivative in each case is such that the processes converge 
fairly rapidly over the range or values n, p, and ~2 con-

sidered. 

Since the Newton-Rap~3on method would apply for both 
the X2- and T2-tests over the desired range or values or n 

and ~2 , equations (6.3.1) and (6.3.2) were employed to con-
struct tables. These computations were performed on an IBM 
650 computer. For a given test with ~2, R, and p specified, 
a trial value or x was made for the lowest value of n for 
which a dec1sion could be reached. The computational tech-
nique was such that when a final value of x was obtained for 

a given value of n, the computer would automatically "step 

up" to n+l and use the final approximation for x corresponding~ 
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ton as the starting approximation for x corre~ponding to 
n+l. In general four or five iterations were necessary 

-for five-digit accuracy. 

6.4 Use of tables to_facilitate sequential J:..2 - and T2-tests. 
Appendix B contains tables designed to facilitate 

application of the sequential X2-test. For a=~= .05, 
these tables give X~ and Xii to four digits, for various 
values of n when ~2 = 0.5, 1.0, and 2.0 and p = 2,3, ••• ,9. 
(The case p = 1 is not included as it is already covered in 
Wald's book.) Since the expected sample size decreases with 

increasing ~2 , n runs from: 1 to 60 for ~2 = 0.5, from 1 to 45 
for ~2 = 1.0, and from 1 to 30 for ~2 = 2.0, While it is 

possible to accept H1 after the first ob=e!"Vation regardless 
of the value of ~2 , H0 can be accepted only after at least 

.2.. observations have been made since the solutions for X~ 
~ . . -
result in negative values or X~ up to that point. These -tables are shown for p = 3 in Figure 6.4. 

The co?Tesponding tables for the sequential T2-test for 
the same values of a,~. ~2, p, and the same ranges for n 

' 
are given in Appendix c. [The case p = l is not included 
since it has already been tabulated in a slightly different 

form by the National Bureau ot Standards (1951) .J In the 

case of the sequential T2-test, neither hypothesis can 
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be accepted until at least p+l observations have been made. -In addition, the solutions for both T~ and T~ are negative 
- 6 for small values of n. T~ becomes positive when n > ~ as 

in the case of 1· Therefore, H0 cannot be accepted until 
6 a maximum of p+l and ~2 observations have been ma.de. There 

is no corresponding rule for T~ but the solution yields posi-
tive values beginning around the (p+6)th observation when 
i.2 = 1.0. If' i.2 = 0.5, usually two or three additional 
observations will be required and if' ~2 = 2.0, one or two 
less observations will be required in order to accept H1 • 

Let X~(~2) denote the value of' X~ given i.2 and define - -a-similar relationship for X~(i.2 ). It is interesting to 
--note that for given a, ~1 and p, the relations: 

1ci.2) = x~/d(di.2), 

~(~2) = x~/d(di.2), 

hold for all positive n, ~2, and d. This means that tables 
can be prepared for any multiple of i.2 = 0.5, say, using 
only the values of' X~ and X~ for i.2 = 0.5 although these -values could not be obtained, necessarily, for every value 
of n. Nevertheless, this relationship is useful for getting 

approximate values of' X~ and X~ for values of ~2 other than 

0.5, 1.0, and 2.0. For example, X~(.5) = Xf(l), - -
~(.5) = 1(1), xg(.5) = 1(1), ••• ; din this case ia equal 
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....... 
to 2. The same relationships hold for X~. No similar 

relationship exists for the T2 -test. 

To obtain approximate valus of x;, x~, T;, and T~ not 

covered by our tables when no computeris available, one can 

still resort to the existing tables of 0F1(c;x) and 

1F1(a,c;x) using interpolation. 
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VII. NUMERICAL EXAMPLE 

7.1 Introduction. 

In this chapter, we illustrate the procedures discussed 

in Chapter III by way of an example drawn from the area of 

ballistic missile testing. This testing can be carried on in 

two ways: (1) flight or operational testing where the 

missile is actually put into flight and (2) static testing 

where the propulsion unit is fastened down to prevent its 

flight during burning and measures of characteristics such 

as thrust and pressure are obtained by placing strain gages 

on the nose of the missile. This latter type of testing 

is used in the acceptance sampling of such missiles as the 

Honest John and the Nike. Our problem specifically deals with 

the inspection of the solid propellant boosters for the 

Nike-Ajax and the Nike-Hercules. 

Three characteristics will be considered: 

(1) Action time. This is a measure of the total elapsed 

time during which the propellant in the booster is 

burning (neglecting after-burning). 

(2) ~otal impulse. This is a measure of the total 

force exerted by the booster during burning. 

( 3) F4aximum pressure. This is a measure of the maximum 

pressure development inside the chamber of the 

booster during burning. 
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These boosters are manufactured in regular production 

lots which are passed or rejected on the basis of sampling 

!ilspection. Current inspection procedures require nine 

rounds to be tested in order to pass judgment on th~ quality 

of the lot. In order to illustrate both the sequential X2 -

and T2-tests, some liberties will be taken with the assump-

tions related to the inspection program for these missiles. 

We will consider two cases: Case I will consist of an 

example where only the standards and tolerances are given and 

only scant information is available concerning the actual 

variability of the production process as regards action time, 

total impulse, and maximum pressure. Case II will assume 

that sufficient sampling inspection experience has been 

obtained in order for the population covariance matrix for 

these three variables to be known. The other liberty we shall 

take is in the establishment of upper and lower tolerances 

for all variables when, in fact, only one-sided tolerances 

exist in some instances. Our procedures at present will only 
accomodate two-sided tolerances. Extension of these methods 

to the variables inspection techniques as discussed in 

Section 5.4 should enable us to handle the single tolerance 

problem also. 

It should be emphasized that although the data and, to 

some extent, the tolerances used in this chapter are from an 
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actual production situation, the methods employed to estab-

lish ~2 under H1 in no way reflect the actual acceptance 

sampling policy employed in the Nike program. 

Our variables will be coded as follows: 

x1 = (Action time - 3.000) seconds x 1o3. 
x2 = (Total impulse - 143000) pounds-seconds x 10- 1 • 

x3 = (I"Weimum pressure - 1000) PSI. 

In terms of these coded variables, our standards and toler-

ances for individual rounds are defined as follows: 

Action time: x1 = 100 .:!: 120, 

Total impulse: ~ = 200 ;!: JOO, 

and 

Maximum pressure: x3 = 50 .:!: 200. 

7 .2 Case I: ..& unknown. 

In this first example, it will be assumed that a sequen-

tial sampling plan is required which will guarantee with 

risk p = .05 that no lot shall be accepted which contains 

more than 2.5% defective rounds and at the same time 

guarantee with risk a= .05 that no lot shall be rejected 

when the true means of all three characteristics are on 

standard. This implies the following hypotheses: 

H0: Proportion defective~ .025; 

H1: Proportion defective::! .025. 
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It will further be assumed that only a meager amount of 

information is available concerning the variability of 

these characteristics. From this information, it is inferred 

that the individual tolerances constitute limits of ;tJo 

for individual observations about their standards and that 

there is no evidence that the variables are correlated. 

(The assumption of independence regarding tolerances is not 

always valid. In some types of missiles, total impulse and 

action time must be negatively correlated to insure a fixed 

range for their flight.) 

Considering each characteristic separately, the require-

ment that w.5%1of the lot must be within tolerances implies 

that the true lot mean for that characteristic cannot be 

closer than 2.240 to either tolerance limit; conversely, 
the true mean must be within .760 of the standard since the 

tolerances were assumed to be .:!:30 limits. Therefore, the 

lot means for each characteristic should be in the intervals: 
(7.2.1) 

and 

x1 : 100 .:!: .30.4, 

~: 200 .:!: 76 .o, 

This would imply that the non-centrality parameter under H1 
for a given characteristic would be (.76)2 and for a three-

variable problem, ~2 = J(.76) 2 = 1.73 under H1 where now: 
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(7.2.1) 
7'.2 = [µ1·100 µ2·200 µ3-50] 1600 0 0 -1 µ..1-100 

0 10000 0 µ2-200 • 
0 0 448 - 50 

The closest tabular value or ~2 in our tables is 2.0 and 
this is probably quite adequate considering the crudeness 

or the determination or 1'.2 in the first place. Our hypothe-

ses have now been restated as: 

Ho: ~2 = o, 
H1: 1'.2 = 2.0. 

Since the covariance matrix is unlmown, we now employ 
the sequential T2-test using the tables in Appendix C for 
p =) and ~2 = 2.0. Acceptance or a lot is not permissible 
until at least four rotmds have been fired. The individual 
coded observations, the deviations of their corresponding 
cumulative averages from standard, and the resultant values 

of T~ are shown in Table 7.2.1. From either Appendix C or 
Figure 7.2, where the successive values of T~ are plotted, 
it can be seen that the sequential process has terminated 
on the firing of the ninth round with the acceptance of the 
null hypothesis that the lot is of acceptable quality. Table 

7.2.2 shows the sample variances and covariances used in 

the calculation of T~ in Table 7.2.1. 
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Table 7.2.1 
Illustration of the sequential T2-test 

Round Observations - - - T2 Number xl X2 X3 nxl-µ10 nx2-µ20 nx3-µ30 n 
l 98 252 68 
2 120 77 72 
3 113 277 90 

37.362 4 61 60 79 -2.0 -3.3.5 27.2 
i 78 39 2 -6.o -59.0 12.2 ~.1340 

115 263 108 -2.5 -38.7 19.8 .7542 
7 103 167 76 -1.7 -37.9 20.9 9.7384 
8 126 167 -36 1.8 -37.2 7.4 4.0904 
9 82 215 52 - .4 -31.4 6.8 2 .4210 

Table 7.2 .2 

Variances and covariances used in Table 7.2.1 

Sample Size 
8 11 8 12 Sl3 S22 5 23 8 33 n 

4 693 1210 4 12958 301 93 
i 600 1417 304 12970 2114 1202 

553 1561 403 12856 2647 1311 
7 465 1305 341 10718 2211 1098 
8 495 1136 -77 9190 1830 2365 
9 476 879 -56 8345 1570 2072 

This is only one method of determining ~a for this 
situation and consists, essentially, of circumscribing an 
ellipsoid around the rectangular solid bounded by 

(i = 1,2,3, variables) 

where a1 is the "assumed" standard deviat~on for the 1th 
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variable. This procedure will result in accepting slightly 
more material than intended under the original statement or 

the problem. An alternative procedure would be to inscribe 
an ellipsoid inside the rectangular solid with a resultant 

smaller ~a under H1 and by contrast, this procedure 

would be conservative in nature. This indicates that the 
optimum solution or this type li~s somewhere between the two 

solutions indicated. 

Another alternative that can be used when nothing is 
known about the variability of the characteristics is an 
extension or the variables inspection technique (Wallis, 
1947). In this procedure, two values of proportion defec-
tives are stated. One or these, p1, represents an acceptable 
lot and the other, p2 , represents an unacceptable lot. The 
hypotheses are: 

Ho: p = P11 

Hl: p = P2 > P1• 

· In the univariate case, once the tolerances are given and 
p1, p2, a, and~ specified, a sequential scheme can be set 
up utilizing the mean and standard deviation or the sample. 
No similar technique is yet available in the multivariate 

case for specifying ~2 • The tonn of the test wot~ld actually 

require non-zero values or ~2 for both hypothesmand we 
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would then employ equation (3.2.4.l) to carry out our 

procedure. 

Since the present non-sequential procedure mentioned 

in Section 7.1 involves testing nine rounds, another 

alternative could be to use the confidence limits for the 

mean of nine rounds in determining ~2 • In the present 

situation, the univariate 95% confidence limits for averages 

of nine is .77s and for three independent variables an 
·~, ~ 

estimate of ~2 would be 3(.77)2 = 1.78 which, by coincidence, 

is nearly the same value of ~2 as that used in this example. 

We see, then, that there are many ways or specifying 

~ 2 under H1 and the choice of methods will depend on the 

individual situation. 

7.3 Case II: E known. 

We will now assume that in the time which has elapsed 

since the acceptance of the lot discussed in S3ction 7.2, 
sufficient information has been gathered so that the popu-
lation covariance matrix can be assumed to be known. From 

the data of approximately 100 rounds, the covariance matrix 

was estimated to be: 

(7.3.1) 

I: = 
870 -400 -200 

-400 7075 1535 
-200 1535 1300 
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so that the standard deviations are a1 = 29.5, a2 = a4.1, 
and a3 = J6.l. It appears that the tolerances imposed on 
the process are greater than ,±Jo as assumed in Case I. This 
suggests several possibilities. One possibility would be to 
use the natural tolerances of the process and let ~2 remain 
at 2.0. This procedure is often employed when the accep-
tance sampling program is also used to control the process 
but, in the case of these Nike Boosters, too much material 
of acceptable quality would be rejected and, considering the 

cost factor, this would not be a recommended procedure. A 
second possibility would be to allow for the fact that the 
process is well contained within the tolerances and repeat 

the procedure used in Case I to obtain a new rectangular 

solid based on the relationships between the tolerances and 

the new variances and then circumscribe an ellipsoid about 
this solid using the known covariance matrix. In this 

particular instance, the resultant value of ~2 would be quite 
large and since some of the variables are correlated, the 
ellipsoid is now rotated and parts of it may actually be out 
of tolerance. A third and possible compromise procedure 
would be to assume that the tolerances imposed on the true 
lot mean in Case I are adequate but that the true variance~ 

should be taken into account in getting a new value of:.~ 

under H1• This amounts to circumscribing a rotated ellipse 



about this original rectangular solid. Since the individual 

means were to be within the limits given by (7.2.1), ~2 can 

now be determined by 

(7.3.2) 
~ 2 = [30.4 76.0 50.7] 870 -400 -200 -1 30.4 

-400 7075 1535 76.0 = 3 .90, 
-200 1535 1300 50.7 

We will now employ a sequential X2-test using the covariance 

matrix given by (7.3.1) and ~2 = 4.0 under H1• 

No tables have been prepared for this sequential X2-test 

but using the relationships discussed in Section 6.4, tables 

for ~2 = 4.0, p = 3 can be obtained by taking every other 

row of the x2 tables in Appendix B for ~2 = 2.0, p = 3 

starting with n = 2. A short tabla of X~ and X~ for 

~ 2 = 4.0 and p = 3 is given in Table 7.3.1. Table 7.3.2 

shows the individual observations, deviations of cumulative 

averages from standard and X; for this new lot. The action 
time measurements (x1) are considerably longer than in Case I 

and from either Table 7.3.1 or Figure 7.2, it can be seen 

that the sequential process has terminated on the firing of 

the third round with the rejection of the lot 



Round 
Number 

l 
2 
3 
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Table 7.3.1 
A short table of X~ and X~ 

for ~2 = 4.0, p = 3, a=~= .05 

n x2 
...!l 

i2 n 
l 14.73 
2 .9607 12.33 
3 2.469 12.27 
4 J.806 12.7$ 
l 5.057 13.51 

6.257 14.35 
7 7.423 15.25 
8 s.565 16.19 
9 9.689 17.15 

10 10.80 18.lJ 

Table 7 .J .2 

Illustration of the sequential x2-test 

Observations - - -xl Xi X3 nxl-µ10 n~-~o nx3-µ30 

151 272 70 51.0 72.0 20.0 
159 215 46 55.0 43.5 s.o 
178 157 48 62.7 14.7 4.7 

x2 n 

~.4$96 
.4468 

14.797 



-88-

VIII. SUMMARY 

Procedures have been derived for sequentially testing 
the hypothesis: 

H0: (J!-J!o)t- 1(.l!-J!o)' = ~5 (usually zero) 

against the alternative: 

Hl: (J!-J!o) t-l(J!-l!o) ' = ~i 
both for the case where tis known (the sequential X2-test) 

and where t must be estimated from the sample (the sequential 
....... 

T2-test) •. Similar procedures are given to test the hypo-

thesis: 

against the alternative: 

Hl: (J!1-.1!2-S)t-l(J!1-.1!2-8)' = ~. 
It is shown that these sequential procedures all exist in the 

sense that the risks of accepting H0 when H1 is true and of 

accepting H1 ~hen H0 is true are a and~ respectively and 
that these sequential procedures terminate with probability 
unity. Some of these situations have been generalized to 
give simultaneous tests on the means and covariance matrix 
of a sample. 

No expressions yet exist for the OC or ASN functions 

although some conjectured values have been determined for the 
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latter·and suggest, in comparison with their corresponding 

fixed-sample tests, substantial reductions in the sample 

sizes required when either H0 or H1 is true. 

The general problem of tolerances is discussed and 

then some of these procedures are demonstrated with a 

numerical example drawn from the field of ballistic missiles. 

Tables to facilitate both the sequential X2- and T2-,. 

tests are given for p ~ 2, 3, ••• , 9; ~2 = 0.5, 1.0, 2.0; 

a = '3 = • 05 for n ranging from the miniuru.m value necessary 

to reach a decision to 30, 45, and 60 for ~2 = 0.5, 1.0, and 

2.0 respectively. Finally a discussion is given for the 

hypergeometric function 0F1(c;x) and a table given of this 

function for c = .5(.5)5.0; and x = .l(.1)1(1)10(10)100(50)10X). 

Since the topic of sequential multivariate tests is 

fairly new, a whole host of problems for future research can 

be suggested. These include:. 

(1) Determination of truncated or restricted schemes 

for composite hypotheses similar to the work of Wald (1947) 

or Armitage (1957). 

(2) Determination of multiple sampling schemes for 

X2 - and T2-tests. This would overcome some of the scheduling 

and computing problems associated with sequential sampling 

of a high volume, low cost product. Until such time as this 

can be done, Wald's approximate method can be used. This 
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would consist of using Xii and X~ or T~ and T~ with n - -
corresponding to the total sample size at that stage. The 
main disadvantage of ~his technique is that the ASN values 

are somewhat higher of course as it is with all multiple 

sampling plans. However, this is partially compensated at 

least by a and p being reduced although the extent ~f this 

reduction is unknown. 
(J) Determination of explicit (or even approximate) 

OC and ASN functions when the hypotheses are composite. 

(4) A Monte Carlo evaluation of the sequential X2 -

and T2-tests to determine empirical ASN values to compare 

.. '.~;th those obtained using Bhate's conjecture and also to 

determine OC values in order to study the power of these 
tests and to see just how close the stated a and~ are to 
the true risks. • 

(5) ~!ore actual experience with these techniques, 
particularly in specifying the non-centrality parameter ~2 

under H1• 
(6) An extension of the tables in Appendices Band C 

as well as the development of some methods for getting rapid 
approximations for these values. It appears that larger 

values of ~2 are desirable for increasing p. Larger values 

of n are also desirable for some of the existing tables. An 
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extension of these tables could also be carried out to cover 

the sequential X~- and X~-tests. 
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XI. APPENDICES 
APPEIIDIX A 

AUXILIARY PROOFS FOR SECTION 4.3.1 

Section 4.J.l deals with the proof that a sequential 
X2-test terminates with probability one. In order to present 
that section in a more concise form, two auxiliary proofs or 
lemmas have been deferred to this section. 

Lemma A.l The ratio: 
.. 

G = 1F1[(p+l)/2,pJ2/n 2~2U2J/1F1((p-l)/2,p-l;2/n2~2U2] 

is a strictly increasing function of 2/n~2u 2 • 

Proof: Let a= (p-l)/2, c = p-1, and x = 2{n2~2u2. 

Then G can be rewritten as G = 1F1(a+l,c+l;x)/ 1F1(a,c;x) 

with O <a< c. The derivative of G with respect to xis: 

The denominator is positive so only the numerator need be 
investigated. 

~et A= [(a+l)/(c+l)J 1F1(a,c;x) 1F1(a+2,c+2;x)J and let 

B = (a/c)[ 1F1(a+l,c+l;x)J 2 so that the numerator of dG/dx 

can be written as A-B. Expanding, we have: 
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A = a+l + a+l [a+2 + .al c+I c+l c+2 c"_lx -
+ a+l l/.a+2 xa+~) + at a+ll + c+il,Sc+2 c+ cc+ 

and 

2a a+2 J x2 
C c+2 21 + •••, 

B = % + 2~l~!H, x + 2~ [ (~!iX~!~) + (~!i)j ~, + .... ' 

. a a+l a+2 When O < a < c, tne sequentc c' c+l' c+i'• etc., is strictly 
increasing concave and as s:.tch 

a < a+l 2a a+l < !!:!:.!. [a+2 + .al , etc. c c+l' c c+l c+l c+2 cJ 
That is, each term of Bis less than ~he corresponding term 

of A. Hence dG/dx is positive for all O < a < c, x > O 

and therefore, G is a strictly increasing function or x. 

Carrying over to the present problem of the sequential X2 -

test, G is a strictly increasing £unction or x = 2(n 2~2u2 • 

Lemma A.2 1 < G < 2. - -
Proof: If U2 = o, both the numerator and denominator 

of Gare equal to unity. Since G is a strictly increasing 
£'unction of 2/n 2~2U2 , it must therefore be greater than 
1 for all u2 > o. 

By (4.3.1.6) 



Hence, 

G= 
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[(c+lQa) exx(a+l)-(c+l)(l + O(!x!-1)] 
1(a+l)1(c) e'Xx.a-c (l + O(lxl- 1 )] 

= c/a. 

In the present case, a= (p-1)/2 and c = p-1 so that in 
the limit, G -> 2. 
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.APPENDIX B 
TABLES TO FACILITATE THE 

SEQUENTIAL X2-TEST 

Tables for Sequential X2-test 

a= i3 = .05 
p = 2 variables 

Sample· 7'.2 = 0.5 11.2 = 1.0 11.2 = 2.0 
Size - - x2 x2 x2 x2 x2 x2 n n n n n n n - - -

1 47.56 26.59 16 • .30 
2 26.59 16.30 11.57 
3 19.69 13 .06 .03756 10.34 
4 16.30 11.57 .6732 9.999 
5 14.33 10.7a 1.273 10.00 
6 13.06 .03756 . 10.34 1.857 10.18 
7 12.19 .3627 10.11 2.430 10.46 .g 11.57 .6732 9.999 2.995 10.79 
9 11.11 .9756 9.972 3.553 11.17 

10 10.7$ 1.273 10.00 4.106 11.58 
ll 10.53 1.566 10.os 4.654 12.00 
12 .03756 10.34 1.357 10.18 5.193 12.44 
13 .2026 10.21 2.144· 10.31 5.739 12.89 
14 .J627 10.11 2.430 10.~6 6.277 13 • .36 
15 .5193 10.04 2 .713 · 10. 2 6.612 13.82 
16 .6732 9.999 2.995 10.79 7.34l 14 • .30 
17 .8252 9.977 J.275 10.98 7.37 14.77 
18 .9756 9.972 .3.55.3 11.17 8.405 15.26 
19 1.125 9.982 J.830 11.37 s.9.3.3 1,.74 
20 1.27.3 10.00 4.106. ll.58 9.459 16.23 
21 1.420 10.04 4 • .380 · 11.79 9.934 16.72 
22 1 • .566 10.03 4.65i. 12.00 10.51 17.21 
23 1.712 10.12 4.92 ,. 12.22 11.0.3 17.70 
24 1.857 10.18 5.19g 12.i4 n.55 18.19 
25 2.001 10.24 5.469 · 12. 7 12.07 18.69 
26 2.1~4 10.Jl g•739 12.89 12.59 19.19 
27 2.2 7 10 • .38 .008 13.12 13 ,11 19.68 
28 2.430 10.46 6.277 13.36 lJ.63 20.18 
29 2.572 10.54 6.545 13.59 14.15 20.68 
JO 2.713 10.62 6.812 13.82 14.67 21.18 
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p = 2 variables (concluded) 

Sample A.2 = 0.5 A.2 = 1.0 
Size x2 -x2 x2 x2 n ....n n ....n n 

31 2.854 10.70 7.079 14.06 
.32 2.995 10.79 7.345 14.30 
33 3.135 10.88 7.6ll 14.53 
34 3.275 10.98 1.s16 14.77 
35 3.414 11.07 s.141 15.01 
36 3.553 .11.17 a.io5 15.26 
37 3.692 11.27 a. 69 15.50 
38 3 .830 11.37 8 .9.33 15.7~ 39 3.963 11.47 9.196 15.9 
40 4.106 11.58 9.459 16.23 
41 4.2~3 11.68 9.722 16.47 
42 4.3 O 11.79 9.9s4 16.72 
43 4.517 11.89 10.25 16.96 
44 4.654 12.00 10.51 17.21 
ti 4.790 12.11 10.77 17.45 

4.926 12.22 
47 5.062 12~33 
48 5.198 12.44 
49 5.334 12.55 50 5.i69 12.67 
51 5. 04 12.78 
52 5.739 12.89 
53 5.874 1.3 .01 
54 6.008 13.12 
55 6.142 13.2i 56 6.277 13.3 
57 6.411 13.47 
58 6.545 13.59 
59 6.678 13.71 
60 6.812 13.82 
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Tables £or Sequential X2-test 
a.=~= .05 

p = 3 variables 

Sample ;..:1. = 0.,2 ;..?. = 1.0 AJ. = 2.0 
Size - - -x2 x2 x2 x2 x2 x2 n ..Jl n n n n n - -

1 6).00 34.99 21.20 
2 34.99 21.20 14.73 
3 25.75 16.79 .05618 12.95 
4 21.20 14.73 .9607 12 .33 
i 18.52 13.60 1.7i6 12.19 

16.79 .05618 12.95 2.4 9 12.27 
7 15.59 .5295 12.56 3.151 12.48 
$ 14.73 .9607 12.33 3.806 12.78 
9 14.09 · 1.36i 12.22 4.439 13.12 

10 13.60 1.74 12.19 5.057 13.51 
11 13.23 2.114 12.21 5.662 13.92 
12 .05618 12.95 2.469 12.27 6.257 14.35 
13 .2994 12.73 2.814 12.36 6.$44 14.ao 
14 .5295 12.56 J.151 12.is 7.423 15.25 
15 .7i93 12.43 J.~81 12. 2 7.997 15.72 
16 .9 07 12.33 J. 06 12.78 s.565 16.19 
17 1.165 12.27 4.125 12.94 9.129 16.67 
18 1.364 12.22 4.439 13.12 9.689 17.15 
19 1.557 12.20 4.750 13.Jl 10.24 17.64 
20 1.746 12.19 5.057 13.51 10.80 18.13 
21 1.932 12.19 5.361 13.71 ll.35 18.62 
22 2.u4 12.21 5.662 13.92 ll.90 19.12 
23 2.293 12.23 5.961 14.13 12.44 19.62 
24 2.i69 12.27 6.257 14.35 12.99 20.12 
25 2. 43 12.31 6.552 14.57 13.53 20.62 
26 2.a14 12.36 6.s44 14.30 14.07 21.12 
27 2.9$4 12.42 7.134 15.02 14.61 21.62 
28 3.151 12.4s 7.423 15.25 1s.1a 22.12 
29 J.317 12.55 7.711 15.49 15.6 22.63 
30 3.4s1 12.62 7.997 15.72 16.21 23.13 
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p = 3 variables (concluded) 

Sample 2',2 = 0.5 A.2 = 1.0 
Size x2 -x2 x2 x2 n n n n n - -
31 3.64i 12.70 8.282 15.95 
32 3.80 12.78 8.565 16.19 
33 3.966 12.86 8.$47 16.i3 
34 4.125 12.94 9.129 16. 7 

· 35 4.283 lJ.03 9.io9 16.91 
36 4.439 13.12 9. 89 17.15 
37 4.595 13.22 9.967 17.io 38 4.750 13.31 10.24 17. 4 
39 4.904 13.41 10.52 17.89 
40 5.057 13.51 10.80 18.13 
41 5.210 13.61 11.07 18.38 
42 5.361 13.71 ll.35 18.62 
43 5.512 13.82 11.62 18.87 
44 5.662 13.92 ll.90 19.12 
ti 5.812 14.03 12.17 19.37 

5.961 14.13 
47 6.109 14.24 
48 6.257 14.35 
49 6.405 14.46 
50 6.552 14.57 
51 6.698 14.68 
52 6.8~4 14.so 
53 6.9 9 14.91 
54 7.134 15.02 
~g 7.279 15.14 

7.423 15.25 
57 7.567 15.37 
58 7.711 15.i9 
59 7.854 15. 0 
60 7.997 15.72 
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Tables for Sequential X2-test 

a= p = .05 
p = 4 variables 

Sample A.2 = 0.5 /1..2 = 1.0 "A;-= 2.0 
Size - x2 x2 x2 x2 x2 x2 n _!! n _!! n n n -

1 77.63 42.93 25.81 
2 42.93 25.81 17.69 
3 31.47 20.30 .07477 15.38 
4 25.81 17.69 1.240 14.51 
5 22.47 16.24 2.200 14.21 
6 20.JO .07477 15.38 3.050 14.20 
7 lS.79 .6936 14.s4 3.831 14.35 
8 17.69 1.240 14.51 4.565 14.60 
9 16.87 1.738 14.31 5.266 14.92 

10 16.2~ 2.200 14.21 5.941 15.28 
11 15.7 2.635 14.18 6.597 15.63 
12 .07477 15.33 3.050 14.20 7.237 16.10 
13 .3952 15.07 J.~47 14.26 1.s64 16.54 
14 .6936 14.s4 3. 31 14.35 s.4so 16.99 
15 .9743 14.65 4.203 14.i7 9.037 17.45 
16 1.240 14.51 4.565 14. 0 9.686 17.93 
17 1.494 14.39 1+~919 14.76 10.28 18.~0 18 1.73$ 14.31 5.266 14.92 10.87 18. 9 
19 1.973 14.25 5.606 15.10 11.45 19.38 
20 2.200 14.21 5.941 15.28 12.02 19.$7 
21 2.~1 14.19 6.271 15-~8 12.60 20.37 
22 2. 35 14.18 6.597 15. 8 13.17 20.87 
23 2.a45 14.18 6.919 15.89 13.73 21.37 
24 J.050 14.20 7.237 16.10 14.29 21.87 
25 J.250 14.23 7.552 16.32 14.$5 22.37 
26 3.t7 14.26 1.s64 16.5~ 15.41 22.88 
27 J. 40 14.30 s.173 16.7 15.97 23.39 
28 3.831 14.35 s.4so 16.99 16.52 23.89 
29 4.01s 14.41 s.7s4 17.22 17.07 24.40 
30 4.203 14.47 9.087 17.45 17.62 24.91 
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p = 4 variables (concluded) 

Sample /\.2 = 0.2 7::,,2 = 1.0 
Size xZ -x2 x2 x2 

n ...n n n n -
31 4.385 14.53 9.387 17.69 
32 4.565 14.60 9.686 17.93 
33 4.743 14.68 9.9$3 18.16 
34 4.919 14.76 10.28 18.iO 
35 5.093 14.84 10.57 18. 5 
36 5.266 14.92 10.87 18.89 
37 5-i37 15.01 ll.16 19.13 
38 5. 06 15.10 11.45 19.33 
39 5.774 15.19 11.74 19.62 
40 5.941 15.28 12.02 19.87 
41 6.107 15.38 12.31 20.12 
42 6.271 15.43 12.60 20.37 
43 6.435 15.5$ 12.88 20.62 
44 6.597 15.63 13.17 20.87 
45 6.753 15.73 13.45 21.12 
46 6.919 15.89 
47 7.07$ 15,99 
48 7.237 16.10 
49 7.395 16.21 
50 7.552 16.32 
51 7,708 16.43 
52 7.864 16.54 
53 s.019 16.65 
54 s.173 16.76 
~g 8.327 16.88 s.4eo 16.99 
57 8.632 17.11 
58 s.1si 17.22 
59 8.93 17.34 
60 9.os7 17.45 
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Tables for Sequential X2 -test 

a.=~= .05 
p = 5 variables 

Sample "t,..2 == 0.2 "A.2 = 1.0 "A.2 == 2.0 
Size - -x2 n x2 x2 x2 x2 x2 n n ..E. n ...l! n -

1 91.81 50.62 30.26 
2 50.62 30.26 20.54 
3 37.00 23.68 .09334 17.70 
4 30.26 20.54 1.516 16.58 
5 26.28 18.78 2.643 16.14 
6 23.68 .09334 17.70 3 .613 16.04 
7 21.87 .8562 17.02 4.4$6 16.13 
8 20.54 1.516 16.58 5.295 16.34 
9 19.55 2.105 16.30 6.058 16.63 

10 18.78 2.643 16.lt 6.7$7 16.97 
11 18.18 3 .143 16.0 7.439 17.35 
12 .09334 17.70 3 .613 16.04 s.110 17.76 
13 .4905 17.32 4.059 16.07 B.834 18.19 
14 .s562 17.02 4.486 16.13 9.483 18.63 
15 1.196 16.73 4.397 16.22 10.12 19.09 
16 1.516 16.53 5.295 16.34 10.75 19.56 
17 l.818 16.43 5.682 16.is 11.37 20.04 
18 2.105 16.JO 6.058 16. 3 11.98 20.52 
19 2.379 16.21 6.426 16.79 12.58 21.01 
20 2.643 16.14 6.7a7 16.97 13.18 21.51 
21 2.897 16.09 7.141 17.15 13.78 22.01 
22 3 .143 16.06 7.489 17.35 14.36 22.51 
23 3.381 16.04 7.832 17.55 14.95 23.01 
24 3.613 16.04 s.110 17.76 15.53 23.52 
25 3 .838 16.05 $.504 17.97 16.11 24.03 
26 4.059 16.07 8.834 18.19 16.68 24.54 
27 4.275 16.09 9.160 18.il 17.25 25.05 
28 4.i86 16.13 9.4$3 18. 3 17.82 25.56 
29 4. 94 16.17 9.804 18.86 18.38 26.07 
30 4.s97 16.22 10.12 19.09 18.95 26.59 
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p = 5 variables (concluded) 

Sample 11.2 = 0.5 11.2 = 1.0 
Size z x2 n x2 xn x2 ...n ....u n 

31 5.093 16.28 10.44 19.33 
32 5.295 16.34 10.75 19.56 
33 5.i90 16.41 11.06 19.80 
34 5. 82 16.48 11.37 20.o~ 
35 5.s71 16.55 11.67 20.2 
36 6 .• 058 16.63 11.98 20.52 
37 6.243 16.71 12.28 20.77 
38 6.rc6 16.79 12.58 21.01 
39 6. 07 16.88 12.88 21.26 
40 6.787 16.97 13 .18 21.51 
41 6.965 17.06 13.43 21.76 
42 7.141 17.15 13.78 22.01 
43 7.315 17.25 14.07 22.26 
44 7.i89 17.35 14.36 22.51 
45 7. 61 17.45 14.66 22.76 
46 7.sJ2 17.55 
47 s.001 17.65 
48 s.170 17.76 
49 8.337 17.s6 
50 s.504 17.97 
51 s.669 18.08 
52 8.834 18.19 
53 s.997 18.30 
54 9.160 18.41 
55 9.322 lS.52 
56 9.i83 13.63 
57 9. 44 18.75 
58 9.so4 18.86 
59 9.963 18.9$ 
60 10.12 19.09 
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Tables £or Sequential X2-test 

a= 13 = .05 
p = 6 variables 

Sample "b;;. = 0.5 -,...2 = 1.0 I 2>2 = 2.0 
Size , x2 -x2 xn x2 x2 x2 n n _!! n n n - -

1 105.7 58.14 34.61 
2 58.14 3t.61 23.32 
3 42.io 2 .98 .1119 19.97 
4 34. 1 23 • .32 1.788 18.60 
g 30.00 21.25 3.078 18.01 

26.98 .1119 19.97 4.16i 17.82 
7 24.86 1.018 19.14 5.12 17.85 
$ 23.32 1.788 18.60 6.006 18.01 
9 22.15 2.467 18.24 6.828 18.27 

10 21.25 3.07a 18.01 7.607 18.59 
11 20.54 J.6il 17.88 8.352 18.95 
12 .1119 19.97 4.1 4 17.82 9.072 19.35 
13 .5855 19.51 4.658 17.81 9.770 19.77 
14 1.018 19.14 5.126 17.85 10.45 20.21 
15 1.417 18.84 5.575 17.92 11.12 20.66 
16 1.788 1$.60 6.006 18.01 11.77 21.13 
17 2.137 18.40 6.423 18.13 12.41 21.61 
18 2.467 18.24 6.828 18.27 13.05 22.09 
19 2.780 18.11 7.222 18.42 13.67 22.58 
20 3.078 18.01 7.607 18.59 14.29 23.08 
21 3.365 17.9~ 7.983 18.77 14.91 2.3.58 
22 J.641 17.8 8.352 18.95 15.51 24.os 
2.3 3.907 17.84 8.715 19.15 16.11 24.58 
24 4.164 17.82 9.072 19.35 16.71 25.09 
25 4.il~ 17.81 9.424 19.56 17.30 25.61 
26 4. 5 17.81 9.770 19.77 17.89 26.12 
27 4.895 17.$3 10.ll 19.99 18.48 26.63 
28 5.126 17.85 10.45 20.21 19.06 27.15 
29 5.353 17.88 10.79 20.i3 19.64 27.67 
30 5.575 17.92 ll.12 20. 6 20.21 2$.18 
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p = 6 variables (concluded) 

Sample 2i2 = 0.2 A.2 = 1.0 
Size - -n x2 x2 x2 x2 n n n n - -
31 5.793 17.96 11.45 20.90 
32 6.006 18.01 11.77 21.1.3 
.33 6.217 18.07 12.09 21.37 
34 6.~J 18.13 12.41 21.61 
~g 6. 27 18.20 12.73 21.85 

6.828 18.27 13.05 22.09 
37 7.026 18.35 lJ.36 22 .3.3 
38 7.222 18.42 1).67 22.58 
39 1.ra6 18.50 lJ.98 22.83 
40 7. 07 18.59 14.29 2J.08 
41 7.796 18.68 14.60 2J.J2 
42 7.9$3 18.77 14.91 23.58 
43 8.169 18.86 15.21 23.83 
44 s.352 18.95 15.51 24.08 
45 a.535 19.05 15.81 24 • .33 
46 a.715 19.15 
47 8.894 19.25 
48 9.072 19.35 
49 9.248 19.45 
50 9.424 19.56 
51 9.597 19.66 ,2 9.770 19.77 
53 9.942 19.88 
54 10.11 19.99 
55 10.28 20.10 
56 10.i5 20.21 
57 10. 2 20.32 
58 10.79 20.4.3 
59 10.95 20.55 
60 11.12 20.66 
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Tables for Sequential x 2-test 

a. = 13 = .05 
p = 7 variables 

Sample ~ 2 = 0.2 "'A.2 = 1.0 "'A.2 = 2.0 
Size X2 x2 -x2 x2 x2 x2 n ....!! n ..!l n n n -

1 119.4 65.55 38.89 
2 65.55 38.89 26.04 
3 47.72 30.22 .1304 22.19 
4 38.89 26.04 2.059 20.57 
5 33.66 23.67 3.509 19.si 6 30.22 .1304 22.19 4.703 19.5 
7 27.81 1.179 21.22 5.756 19.52 
8 26.04 2.059 20.57 6.704 19.65 
9 24.71 2.825 20.13 7.532 19.87 

10 23.67 3.509 19.8~ 8.409 20.16 
11 22.84 4.132 19.6 9.196 20.51 
12 .1304 22.19 4.703 19.56 9.952 20.89 
13 .6803 21.65 5.247 19.52 10.68 21.30 
14 1.179 21.22 5.756 19.52 11.39 21.74 
15 1.636 20.86 6.240 19.57 12.09 22.19 
16 2.059 20.57 6.704 19.65 12.77 22.65 
17 2.~54 20.33 7.151 19.75 13.43 23 .12 
18 2. 25 20.13 7.582 19.87 14.09 23.61 
19 3.176 19.97 8.001 20.01 14.73 24.10 
20 3.509 19.84 8.~09 20.16 15.37 24.59 
21 3.828 19.7i 8. 07 20.33 16.00 25.09 
22 4.132 19.6 9.196 20.51 16.63 25.60 
23 4.426 19.60 9.577 20.70 17.24 26.11 
24 4.703 19.56 9.952 20.89 17.85 26.62 
25 4.982 19.53 10.32 21.10 18.46 27.13 
26 5.247 19.52 10.68 21.30 19.06 27.65 
27 5.505 19.51 11.04 21.52 19.66 28.16 
28 5.756 19.52 11.39 21.7i 20.26 28.68 
29 6.001 19.54 11.74 21.9 20.85 29.20 
30 6.240 19.57 12.09 22.19 21.44 29.72 
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p = 7 variables (concluded) 

Sample A.2=0.,2 A-2 = 1.0 
Size - -x2 x2 x2 x2 n n n n n - -
31 6.475 19.60 12.43 22.~ 32 6.704 19.65 12.77 22. 5 
33 6.930 19~69 13.10 22.89 
34 7.151 19.75 13.43 2).12 
35 7.36$ 19.81 13.76 23.36 
36 7.582 19.87 14.09 23.61 
37 7.793 19.94 14.41 23~85 
38 8.001 20.01 14.73 24.10 
39 8.206 20.09 15.05 24~34 
40 8.t09 20.16 15.37 24.59 
41 8. 09 20.25 15.69 24.84 
42 8.807 20.33 16.00 25.09 
43 9.002 20.42 16.31 25.34 
44 9.196 20.51 16.63 25.60 
45 9.)88 20.60 16.93 25~85 
46 9.577 20.70 
47 9.766 20.79 
48 9.952 20.89 
49 10.14 20.99 
50 10.32 21.10 
51 10.50 21.20 
52 10.63 21.30 
53 ).0.86 21.41 
54 n.04 21.52 
~l 11.22 21.63 

11.39 21.74 
57 11.57 21.85 
58 11.74 21.96 gg n.92 22.07 

12.09 22.19 
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Tables £or Sequential X2-test 

a. = f} = .05 
p =$variables 

Sample 11.2=0.2 11.2 = 1.0 11. 2 = 2 .o - -Size x2 x2 x2 ~ x2 x2 n ....u n ....u n n n -
1 132.9 72.88 43.12 
2 72.88 43.12 28.73 
3 52.9$ 33.42 .1490 24.37 
4 43.12 28.73 2.329 22.50 
5 37.26 26.05 3.937 21.63 6 33.42 .1490 24.37 5.247 21.26 
7 30.72 1.340 23.26 6.378 21.16 
$ 28.73 2.329 22.50 7.392 21.24 
9 27.22 J.182 21.99 8.325 21.43 10 26.05 J.937 21.63 9.l97 21.71 11 25.12 4.620 21.40 10.02 22.03 12 .1490 24.37 5.247 21.26 10.82 22.40 

13 .7750 23.76 5.SJO 21.19 11.58 22.80 
14 1.340 23.26 6.373 21.16 12.32 23.23 
15 1.s55 22.85 6.$97 21.19 13.04 23.67 16 2.329 22.50 7.392 21.24 13.74 24.13 
17 2.770 22.22 7.$67 21.33 14.43 24.60 13 J.182 21.99 8.325 21.43 15.10 25.os 
19 3.570 21.79 8.768 21.56 15.77 25.57 20 3.937 21.63 9.197 21.71 16.42 26.07 21 4.286 21.51 9.616 21.$6 17.07 26.57 22 4.620 21.40 10.02 22.03 17.71 27.08 23 4.939 21.32 10.42 22.21 18.34 27.59 24 5.247 21.26 10.82 22.~0 18.97 28.10 
25 5.543 21.21 11.20 22. 0 19.59 28.61 26 5.830 21.19 11.58 22.so 20.21 29.13 27 6.108 21.17 11.95 2.3.01 20.82 29.65 28 6.373 21.16 12 • .32 23.23 21.43 J0.17 29 6.641 21.17 12.68 23.i5 22.03 30.70 30 6.$97 21.19 13 .04 23. 7 22.63 31.22 
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p = 8 variables (concluded) 

Sample /\.2 = 0.2 2l.2 = 1 •. 0 
Size - -x2 x2 x2 x2 n _u n n n -
Jl 7.14s 21.21 13.39 23.90 
32 7.392 21.24 13.7a 24.13 
33 7.632 _ 21.28 14.0 24.37 
34 7.a67 21.33 14.43 24.60 
35 8.098 21.38 14.77 24.s~ 
36 s.325 21.43 15.10 25.0 
37 8.5t8 21.50 15.44 25.33 
38 s.1 s 21.56 15.77 25.57 
39 8.984 21.63 16.10 25.82 
40 9.197 21.71 16.42 26.07 
41 9.l0$ 21.78 16.75 26.32 
42 9. 16 21.86 17.07 26.57 
43 9.s21 21.95 17.39 26.82 
44 10.02 22.03 17.71 27.08 
ti 10.23 22.12 18.03 27.33 

10.~ 22.21 
47 10. 2 22.31 
48 10.82 22.40 
49 11.01 22.50 
50 11.20 22.60 
51 11.39 22.70 
52 11.5g 22.so 
53 u.76 22.91 
54 11.95 23.01 
55 12.13 23.12 
56 12.32 23.23 
57 12.50 23.34 
58 12.63 23.45 
59 12.36 23.56 
60 12.04 23.67 



-115-

Tables for Sequential X2-test 
a.= p = .05 

p = 9 variables 

Sample ~ == o.~ 7'.2 = 1.0 ~ 2 = 2.0 
Size x2 - -x2 x2 x2 x2 x2 n n n ..l! n ..l! n -

1 146.3 80.15 47.30 
2 80.15 47.30 Jl.39 
3 58.19 36.5s .1675 26.53 
4 47.30 31.39 2.593 24.42 
5 40.s4 28.41 4.362 23.40 
6 36.5$ .1675 26.53 5.7s1 22.94 
7 33.59 1.500 25.2$ 6.994 22.78 
8 31.39 2.59$ 24.42 s.073 22.81 
9 29.71 3.537 23.82 9.053 22.97 

10 28.41 4.362 23.40 9.976 23.22 
11 27.37 5.104 23 .12 10.84 23.53 
12 .1675 26.53 5.7s1 22.94 11.67 23.88 
13 .8695 25.$4 6.403 22 .SJ 12.46 24.27 
14 1.500 25.28 6.994 22.78 13.22 24.69 
15 2.072 24.81 7.547 22.73 13.97 25.13 
16 2.593 24.42 s.073 22.81 14.69 25.53 
17 3.084 24.09 s.576 22.88 15.40 26.05 
18 3.537 23.82 9.05s 22.97 16.10 26.53 
19 J.961 23.59 9.52i 23.09 16.7$ 27.02 
20 4.362 23.40 9.97 23.22 17.45 27.51 
21 4.742 23.25 10.~1 23.37 18.12 28.01 
22 5.104 23.12 10. i 23.53 18.77 28.52 
23 5.449 2.3 .02 11.2 23.70 19.42 29.03 
24 5.7s1 22.94 11.67 23.88 20.06 29.55 
25 6.100 22.88 12.07 24.07 20.70 J0.06 
26 6.403 22.83 12.46 24.27 21.32 30.53 
27 6.705 22.80 12.84 24.is 21.95 31.11 
28 6.994 22.78 lJ.22 24. 9 22.57 Jl.63 
29 7.274 22.77 13.60 24.91 23.18 32.16 
30 7.547 22.78 13 .97 25.13 23.79 32.68 
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p = 9 variables (concluded) 

Sample A.2 =, 0.5 11.2 = 1.0 
Size xi -x2 x2 x2 n n n ..l! n -
31 7.813 22.79 14.33 25.35 
32 8 .073 22.81 14.69 25.53 
33 8.327 22.8~ 15.05 25.82 
34 8.576 22.8 15.40 26.05 
35 s.819 22.92 15.75 26.29 
36 9.05s 22.97 16.10 26.53 
37 9.293 23.03 16.44 26.77 
38 9.524 23.09 16.7$ 27.02 
39 9.752 23.15 17.12 27.26 
40 9.976 23.22 17.45 27.51 
41 10.20 23.29 17.79 27.76 
42 10.tl 23.37 18.12 28.01 
43 10. 3 23.45 18.45 28.27 
44 10.84 23.53 18.77 2s.52 
45 11.05 23.61 19.10 28.78 
46 11.26 23.70 
47 ll.t6 23.79 
48 11. 7 23.88 
49 11.87 23.98 
50 12.07 24.07 
51 12.26 24.17 
52 12.t6 24.27 
53 12. 5 24.38 
54 12.S4 24.48 
55 13.04 24.58 
56 13.22 24.69 
57 13.tl 24.ao 
58 13. 0 24.91 
59 13.78 25.02 
60 13.97 25.13 
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APPENDIX C 
TABLES TO FACILITATE THE 

SEQUENTIAL T2-TEST 

Table for Sequential T2-test 

a. = ~ = .05 
p = 2 variables 

Sample /\.2 = 0.,2 /\.2 = 1.0 11.2 = 2.0 
Size T2 - -T2 T2 T2 T2 T2 n ...!! n ...!! n _u n 

3 .02512 
4 .5202 
i 1.053 

.03135 1.593 72.52 
7 .3143 146.3 2.14$ 31.94 
8 .5977 39.00 2.693 23.89 
9 122.7 .8812 25.81 3.246 20.69 

10 44.20 1.164 20.80 3.792 19.13 
11 29.42 1.447 18.24 4.335 18.32 
12 .03445 23.22 1.730 16.75 4.876 17.91 
13 .1877 19.35 2.011 15.82 5.414 17.75 
14 .3386 17.75 2 .292 15.21 5.9~9 17.75 
15 ·t878 16.34 2.571 14.so 6.4 3 17.85 
16 • 357 15.34 2.850 14.5~ 7.014 18.03 
17 .7s26 14.60 3.127 14.3 7.543 18.26 
18 .9237 14.04 3.i04 14.30 s.071 18.54 
19 1.074 13.61 3. 80 14.27 s.596 18.85 
20 1.219 13.28 3.95~ 14.2$ 9.121 19.19 
21 1.363 13.03 4.22 14.33 9.644 19.55 
22 1.507 12.82 4.501 14.40 10.17 19.93 
23 1.651 12.67 4.773 14.50 10.69 20.32 
24 1.79i 12.55 5.044 14.61 11.21 20.7.3 
25 1.93 12.46 5.315 14.74 11.72 21.14 
26 2.07s 12.39 5.585 14.$9 12.2t 21.57 
27 2.220 12.35 5.s54 15.04 12.7 22.00 
28 2.362 12.32 6.123 15.20 13.27 22.43 
29 2.503 12.31 6.391 15.33 13.79 22.88 
30 2.643 12.31 6.65$ 15.56 14.30 23.32 
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p = 2 variables (concluded) 

Sample "J.:;. = 0.5 A.2 = 1.0 . , 

Size - -T2 T2 T2 T2 n n n ....!l n -
31 2.783 12.33 6.925 15.74 
32 2 .923 12.35 7.191 15.93 
33 3.063 12.38 7.457 16.13 
34 J.202 12.~ 7.723 16.JJ 
35 J.3~1 12.46 7.9$8 16.53 
36 3.i O 12.51 s.252 16.74 
37 J. 18 12.57 S.516 16.95 
33 3.756 12.63 S.7So 17.16 
39 3.S94 12.70 9.044 17.3$ 
40 4.032 12.77 9.307 17.60 
41 4.169 12.84 9.570 17.82 
42 4.306 12.92 9.832 18.0t 
43 4.443 13.00 10.09 18.2 
44 4.5so 13.08 10.36 1s.49 
45 4.716 13.17 10.62 lS.72 
46 4.$52 13.25 
i7 4.9as 13.34 
48 5.124 13.43 
49 5.259 13.53 
50 5.395 13 .62 
51 5.530 13.72 
52 5.665 J-3 .82 
53 5.soo 13 .91 
54 5.934 14.01 
55 6.069 14.12 
56 6.203 14.22 
57 6.337 14.32 
5$ 6.i71 14.43 
59 6. 05 14.53 
60 6.739 14.64 
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Tables £or Sequential T2 -test 

a. = f2, = .05 
p = 3 variables 

Sample r,..2 = 0.5 A.2 = 1.0 4,2 = 2.0 
Size T2 T2 -T2 T2 T2 T2 n n n n n _.n n - -

4 .7s31 
i· 1.551 

.oi699 2.295 
7 ·~ 67 3 .003 239.7 
8 • 755 3.69~ 56.94 
9 1.271 84.54 4.35 37.$7 

10 1.65i 44.40 5.003 30.90 
11 115.a 2.02 32.75 5.633 27.47 
12 .05160 55.44 2.388 27.32 6.249 25.54 
13 .27ss 33.87 2.7~0 24.24 6.855 24.40 
14 .4936 Jl.17 3.0 6 22.30 7.451 23.72 
15 .7117 26.75 3.424 21.01 s.040 23.33 
16 .9190 23.91 3.757 20.12 8.621 23.14 
17 1.121 21.94 4.ost 19.43 9.197 23.09 
18 1.319 20.51 4.40 19.03 9.767 23.li 
19 1.512 19.i4 4.724 18.72 10.33 23.2 
20 1.702 18. l 5.033 18.49 10.89 23.i5 
21 1.888 17.96 5.349 18.35 11.45 23. 8 
22 2.071 17.45 5.657 18.26 12.01 23.95 
23 2.252 17.03 5.961 18.23 12.56 24.24 
24 2.i30 16.69 6.263 18.22 13.11 24.57 
25 2. 05 16.42 6.563 18.25 13.65 24.91 
26 2.779 16.20 6.861 18.31 14.20 25.27 
27 2.951 16.02 7.156 18.39 14.7~ 25.65 
28 3.120 15.87 7.450 l8.i9 15.2 26.04 
29 .3.2sa 15.75 7.742 18. 0 15.82 26.44 
30 3.455 15.66 8.032 18.73 16.35 26.85 
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' 

p = 3 variables (concluded) 

Sample ~ 2 = 0.2 ~ 2 = 1.0 
Size T2 -T2 T2 T2 n n n n n - -
31 3.620 15.59 8.321 18.86 
32 3.7$3 15.54 8.608 19.01 
33 3.945 15.51 8.894 19.17 
34 4.106 15.49 9.179 19.33 
35 4.266 15.4$ 9.463 19.51 
36 4.425 15.4$ 9.746 19.68 
37 4.533 15.49 10.03 19.87 
38 4.740 15.51 10.31 20.06 
39 4.395 15.5~ 10.59 20.25 
40 5.050 15.5 10.87 20.~5 41 5.205 15.62 11.14 20. 5 
42 5.35g 15.66 11.42 20.86 
43 5.511 15.72 11.70 21.07 
44 5.663 15.77 11.97 21.28 
ti 5.a14 15.$3 12.25 21.49 

5.965 15.90 
47 6.ll5. 15.97 
48 6.264 16.04 
49 6.41.3 16.12 
50 6.561 16.19 
51 6.709 16.27 
52 6.$56 16.36 
53 7.003 16.44 
54 7.150 16.53 
~g 7.296 16.62 

7.4~ 16.71 
57 7.5 6 16.so 
58 7.731 16.90 
iz 7.375 16.99 

8.019 17.09 
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Tables for Sequential T2 -test 
a = I?, = .05 

p = 4 variables 
Sample A.2 = 0.2 A.2 = 1.0 "A.2 = 2.0 

Size T2 F T2 F T2 F n n n ...u n ..ll n -
g 2.120 

.06270 3.091 
7 .6234 3.983 
8 1.164 4.812 1920. 
9 1.673 5.591 91.92 

10 2.165 183.l 6.331 55.13 
11 2.628 70.39 7.040 42.sa 
12 .06875 3 .071 47.66 7.725 36.97 
13 .3703 100.9 3.495 38.03 s.390 33.61 
14 .6593 60.77 3.904 32.79 9.039 31.54 
15 .936$ 45.5i 4.300 29.55 9.673 30.21 
16 1.204 37.5 4.68~ 27.39 10.30 29.34 
17 1.461 32.6S 5.05 25.sS 10.91 28.78 
18 1.709 29.40 5.423 24.73 11.51 2s.4i 19 1.950 27.07 5.7s1 23.97 12.11 28.2 
20 2.184 25.33 6.131 23.37 12.70 28.19 
21 2.~1 24.00 6.476 22.92 13 .29 28.21 . 22 2. 33 22.96 6.814 22.58 13 .s7 28.31 
23 2.8i9 22.12 7.14$ 22.3i 14,44 28.~6 
24 3 .o 1 21.44 7.473 22.1 15.01 28. 6 
25 3.268 20.89 7.so4 22.04 15.53 28.89 
26 3.t71 20.43 8.125 21.97 16.15 29.16 
27 J. 71 20.05 S.444 21.94 16.71 29.46 
28 J.867 19.73 s.759 21.94 17.27 29.77 
29 4.061 19.47 9.072 21.97 17.S2 30.11 
JO 4.251 19.25 9.3s2 22.02 18.38 30.46 
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p = 4 variables (concluded) 

Sample ,...2 = 0.2 212 = 1.0 
Size T2 ~ -T2 T2 n n n ...n n --
31 4.t39 19.06 9.690 22.09 
32 4. 24 18.91 9.995 22.18 
33 4.so7 18.78 10.JO 22.28 
34 4.988 18.68 10.60 22.40 
35 5.167 18.60 10.90 22 .52 
36 5.344 18.54 11.20 22.66 
37 5.520 18.49 ll.49 22.81 
38 5.693 18.45 11.79 22.96 
39 , 5.866 18.43 12.08 23.13 
40 6.036 18.42 12.38 23.30 
41 6.206 18.42 12.67 23.i7 
42 6.374 18.43 12.96 23. 5 
43 6.540 18.44 13.25 23.84 
44 6.706 18.47 13.53 24.03 
45 6.s71 18.50 13.82 24.22 
46 7.034 18.53 
47 7.197 18.58 
48 7.353 18.62 
49 7.519 18.67 
50 7.679 18.73 
51 7.838 18.79 
52 7.996 18.85 
53 a.15.3 18.92 
54 8.310 18.99 
§l 8.i66 19.06 

8. 22 19.14 
57 s.776 19.22 
58 s.931 19.30 
59 9.084 19.33 
60 9.237 19.47 



-123-

Tables for Sequential T2 -test 

a= 13 = .05 
p = 5 variables 

Sample A.2 = 0.2 A-2 = 1.0 A, 2 = 2 .O 
Size T2 T2 -n T2 T2 T2 T2 n n n n ...!l n - -

6 .07848 4.035 
7 .7858 5 .131 
8 1.468 6.112 
9 2.110 7.007 

10 2.710 7.838 139.2 
11 3.271 460.4 s.620 75.91 
12 .08594 3.793 106.3 9.365 56.74 
13 .4625 4.297 65.93 10.08 47.70 
14 .8223 189.7 4.771 50.57 10.77 42.58 
15 1.166 91.82 5.224 42 .53 11.44 39.38 
16 1.493 63.77 5.659 37.65 12.10 37.26 
17 1.807 50.52 6.079 34.42 12.74 35.82 
18 2.103 42.84 6.4s5 32 .15 13 .37 34.83 
19 2.397 37.85 6.880 30.50 13.99 34.14 
20 2.675 34.36 7.265 29.27 14.61 33.68 
21 2.944 31.80 7.641 28.33 15.21 33.3g 
22 3.2oi 29.86 8.008 27.61 15.s1 33.22 
23 J.45 2S.33 8.369 27.04 16.40 33.15 
24 3.701 27.12 s.724 26.61 16.99 33.16 
25 3.939 26.13 9.072 26.27 17.57 33.2~ 26 4.172 25.32 9.416 26.02 18.15 33.3 
27 4.399 24.65 9.755 25.SJ 18.73 33.55 
28 4.622 24.os 10.09 25.69 19.30 33.76 
29 4.s40 23.60 10.42 25.60 19.87 34.01 
30 5.053 23.20 10.75 25.54 20.43 34.23 
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p = 5 variables (concluded) 

Sample A. 2 = 0.2 °Ao 2 = 1.0 
Size - -T2 T2 T2 T2 n n n ..!l n -
31 5.263 22.86 11.07 25.52 
.32 5.i69 22.57 11 • .39 25.53 
.33 5. 72 22 • .32 11.71 25.56 
34 5.s72 22.11 12.0.3 25.61 
35 6.069 21.93 12 • .34 25.67 
36 6.26.3 21.78 12.65 25.76 
37 ·6.i55 21.65 12.96 25.$6 
.38 6. 45 21.55 1.3.27 25.97 
39 6.832 21.46 1.3 .57 26.09 
40 .. 7.017 21 • .39 13.88 26.22 
41 7.201 21.JJ 14.18 26.36 
42 7.J82 21.29 14,48 26.51 
4.3 7.562 21.26 14.73 26.67 
44 7.741 21.24 15.08 26.sJ 
45 7.917 21.23 15.37 27.00 
46 s.093 21.2.3 
47 a.267 21.24 
48 8,i.39 21.25 
49 s. 11 21.28 
50 8,781 21 • .30 
51 a.950 21 • .34 
52 9,118 21.38 
53 9,285 21.42 
54 9.i51 21.47 
~i 9. 17 21.52 

9,781 21.58 
57 9.944 21.64 
58 10.11 21.70 
59 10.27 21.77 
60 10.43 21.84 
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Tables for Sequential T2 -test 

a.= f3 = .05 
p = 6 variables 

Sample ;..,.2 = o.s ~ = 1.0 "A..2 = 2.0 
Size - - -T2 T2 T2 T2 T2 T2 n n n n n n n - - -

7 .9551 6.523 
8 1.792 7.669 
9 2.575 8.680 

10 3.293 9.594 
11 3.965 10.44 201.5 

.12 .1032 4.584 2741. 11.23 100.4 
13 .5558 5.161 155.6 11.98 72.52 
14 .9880 5.702 88.14 12.70 59.70 
15 1.399 407.9 6.214 65.05 13.40 52.4$ 
16 1.790 136.6 6.701 53 .50. 14.07 47.95 
17 2.162 86.85 7.166 46.63 14.73 44.92 
18 2.517 65.99 7.612 42.12 15.33 42.s1 
19 2.856 54.56 B.Oi3 38.97 16.02 41.30 
20 3.180 47.33 s.~ o 36.67 16.6i 40.22 
21 3.491 42.47 8. 65 34.94 17.2 39.43 
22 3.790 38.91 9.259 33.61 17.87 38.87 
23 4.079 36.22 9.644 32.58 18.47 38.49 
24 4.353 34.14 10.02 31.76 19.07 38.23 
25 4.628 32.47 10.39 31.11 19.66 38.09 
26 4.$90 31.13 10.75 30.59 20.25 38.03 
27 5.145 30.02 11.11 J0.17 20.83 38.04 
28 5.393 29.10 11.46 29.85 21.41 38.ll 
29 5.635 28.32 11.81 29.59 21.99 38 .2.3 
30 5.s11 27.66 12.15 29.39 22.56 38 • .39 
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p = 6 variables (concluded) 

Sample 1. 2 = 0.2 :0. 2 = 1.0 
Size - -T2 T2 T2 T2 n ..n. n ..n. n 

31 6.102 27.10 12.~9 29.25 
32 6.329 26.62 12. 2 29.14 
33 6.551 26.21 13.16 29.07 
34 6.769 25.$5 13.~8 29.03 
3S 6.984 25.55 13. 1 29.02 
36 7.195 25.23 14.13 29.04 
37 7.go2 25.05 14.45 29.07 
38 7. 07 24.$5 14.77 29.12 
39 7.809 24.6$ 15.oa 29.19 
40 8.008 24.54 15.40 29.27 
41 8.204 24.41 15.71 29.37 
42 s.399 . 24.31 16.02 29.47 
43 8.591 24.22 16.33 29.59 
44 8.781 24.15 16.63 29.72 
45 s.969 24.09 16.94 29.85 
46 9.156 24.04 
47 9.340 24.01 
48 9.523 23.98 
49 9.704 23.97 
50 9.884 23.96 
51 10.06 23.96 
52 10.24 23.97 
53 10.42 23.99 
54 10.59 24.01 
~i 10.76 24.04 

10.94 24.07 
57 11.11 24.n 58. 11.28 24.15 
i6 ll.g5 24.20 

11. 2 24.25 
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Tables for Sequential T2 -test 

a= p = .05 
p = 7 variables 

Sample A.2 = 0.2 "A.2 = 1.0 "A.2 = 2.0 
Size - - -T2 T2 T2 T2 T2 T2 n .J1 n n n n n - -

8 2.138 9.586 
9 3.077 10.70 

10 3.9.38 11.69 
11 4.723 12.57 
12 .1204 5.441 1.3 • .39 281.9 
1.3 .6502 6.102 14.16 128.S 
14 1.157 6.71i 22.3.1 14.39 90.28 
15 1.639 7.28 114.6 15.59 7.3 .oo 
16 2.096 1497. 7.s25 81.61 16.27 6.3 • .34 
17 2.529 203.3 8.334 65.76 16.94 57.27 1$ 2.940 116.0 8.820 56.52 17.59 53.19 
19 3.330 8~.JJ 9 .. 235 50.52 18.22 50 • .32 
20 .3.702 6 .oo 9,732 46.35 18.85 4th2.3 
21 4.057 58.0$ 10.16 43.31 19.47 46.69 
22 4.397 51.i3 10.58 41.01 20.03 45·i~ 23 4.723 46. 8 10.99 39.24 20.63 44·· 
24 5.036 43.13 11.39 37.85 21.2$ 44.04 
25 5 .3.3S 40.33 11.77 36.74 21.88 43.57 
26 5.630 38.21 12.15 35.84 22.47 4.3 .24 
27 5.913 .36.45 12.53 35.12 23.05 43.02 
28 6.187 35.00 12,89 .34.53 23.6.3 42.90 
29 6.453 JJ.80 1.3.25 34.05 24.21 42.85 
30 6.712 32.79 13.61 33.66 24.79 42.86 
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p = 7 variables (concluded) 

Sample Cl. 2 = 0.2 "A. 2 = 1.0 
Size T2 -T2 Ta T2 n n n n n - -
31 6.964 31.93 13.96 33.34 
32 7.211 31.19 14.31 33.09 
33 7.t52 30.55 14.65 32.89 
34 7. 88 30.01 14.99 32.74 
35 7.919 29.53 15.32 32.62 
36 8.li6 29.11 15.65 32.54 
37 8.3 9 28.75 15.93 32.49 
38 8.588 28.43 16.Jl 32.47 
39 8.803 28.16 16.63 32.47 
40 9.016 27.91 16.95 32.49 
41 9.225 27.70 17.27 32.53 
42 9.432 27.52 17.59 32~58 

I 43 9.635 27.36 17.90 32~65 
44 9.836 27.22 18.21 32.74 
45 10.04 27.10 18.53 32.·33 
46 10.23 26~99 ,, 

47 l0.i3 26.91 
48 10. 2 26.83 
49 10.81 26.77 
50 11.00 26.73 
51 11.19 26.69 
52 11.37 26.66 
53 11.56 26.64 
54 11.74 26.63 
55 11.92 26.63 
56 12.10 26.63 
57 12.28 26.65 
58 12.i5 26.66 
59 12. 3 26.69 
60 12.81 26.71 
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Tables for Sequential T2 -test 

a.=~= .05 
p = 8 variables 

Sample A.2 = 0.2 A.2 = 1.0 A.2 = 2.0 
Size - T2 -T2 T2 T2 T2 T2 n n n ...!! n n - -

9 J.626 13.22 
10 4.641 14.24 
11 5.557 15.13 
12 .1378 6.3$4 15.94 
13 .7459 7.135 16.69 384.0 
14 1.329 7.823 17.41 161.2 
15 1.885 8.457 315.9 18.09 110.0 
16 2.411 9.043 145.9 18.75 87.60 
17 2.908 9.601100.4 19.40 75.15 
18 3.378 307.1 10.12 79.36 20.03 67.35 
19 3.823 152 .9 10.62 67.76 20.66 62.08 
20 4.245 106.0 11.10 59.64 21.27 58.35 
21 4.646 83 .32 11.55 54.30 21.88 55.61 
22 5.027 70.02 11.99 50.42 22.48 53.56 
23 5.392 61.29 12.~ 47.49 23.07 52.00 
24 5.741 55.14 12. 3 45.22 23.66 50.so 
25 6.076 50.59 13.24 43.43 24.25 49.3a 
26 6.398 47.09 13.63 41.99 24.$3 49.17 
27 6.708 44.34 14.02 40.a3 25.41 4s.64 
28 7.003 42.11 14.40 39.87 25.99 4s.25 
29 7.299 40.29 14.77 39.09 26.56 47.96 
30 7.5so Js.77 15.13 Ja.44 27.13 47.7s 
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p = 8 variables (concluded) 

Sample ~2 = 0.,2 A.2 = 1.0 
Size -T2 T2 T2 T2 n n n ...!! n -
31 7.354 37.49 15.49 37.90 
32 8.120 36.40 15.85 37.45 
33 8.380 35.~7 16.20 37.08 
34 8.633 34. 6 16.5~ 36.78 
35 8.881 33.96 16.8 36.53 
36 9.123 33.35 17.22 36.34 
37 9.361 32.82 17.56 36.18 
38 9.594 32.35 17.89 36.06 
39 9.823 31.94 18.22 35.97 
40 10.05 31.57 18.55 35.92 
41 10.27 . 31.25 18.87 35.88 
42 10.49 30.97 19.20 35.$7 
43 10.70 30.72 19.52 35.88 
44 10.91 30.49 19.83 35.91 
45 11.12 JO.JO 20.15 35.95 
46 ll.33 30.13 
47 11.53 29.98 
48 11.73 29.84 
49 u.93 29.73 
50 12.13 29.63 
51 12.33 29.55 
52 12.52 29.47 
53 12.71 29.41 
54 12.90 29.37 
§i 13.09 29.33 

13.27 29.30 
57 13.i6 29.28 
58 13. 4 29.26 
59 13.83 29.26 
60 14.01 29.26 
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Tables for Sequential T2-test 

a.=~= .05 
p = 9 variables 

Sample b2 = o.~ ?:a2 = 1.0 ~2 = 2.0 
Size - - -T2 T2 T2 T2 T2 T2 n n n n n n n - - -
10 5.41a 17.43 
11 6.4$2 18.26 
12 .1551 7.430 19.01 
13 .a429 8.280 19.69 
14 1.506 9.046 20.35 512.ll 
15 2.138 9.745 20.97 197.a 
16 2.736 10.39 445.2 21.59 131.8 
17 3.301 10.99 1a2.4 22.19 103.5 
1$ J.$33 11.54 121.4 22.78 $7.94 
19 4.335 4$1.8 12.07 94.33 23.36 78.19 
20 4.809 199.7 12.57 79.15 23.94 71.60 
21 5.253 131.4 13.05 69.~9 24.52 66.91 
22 5.684 100.7 13.51 62. 4 25.09 63.~5 23 6.089 8).28 13.95 25.67 25.67 60. 3 
24 6.~74 72.10 14.33 54.33 26.23 58.82 
25 6. 43 6~.33 14.79 51.56 26.80 57.25 
26 7.196 5 .63 15.20 49.33 27.37 56.02 
27 7.535 54.2$ 15.59 4l:_.53 27.93 55.05 
28 7.862 50.87 15.98 4 .07 28.49 54.29 
29 8.176 48.12 16.36 44.86 29.05 53.70 
JO 8.4a1 45.as 16.73 43.86 29.61 53.25 
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p = 9 variables (concluded) 

Sample \2 = o.~ t,., 2 = 1.0 
Size T2 -T2 T2 T2 n n n ....!! n -
31 8.775 44.01 17.10 43.02 
32 9.061 42.43 17.46 42 .32 
33 9.339 41.09 17.82 41.73 
34 9.610 39.94 18.17 41,23 
35 9.874 38.95 18.51 40.81 
36 10.13 38.09 18.86 40.47 
37 10.38 37.33 19.20 40.18 
38 10.63 36.67 19.53 39.94 
39 10.87 36.08 19.87 39.74 
40 11.11 35.56 20.20 39.59 
41 11.3ft 35.11 20.53 39.46 
~ 11.5 34.70 20.85 39.37 

11.79 34.34 21.18 39.31 
44 12.02 34.01 21.50 39.27 
ti 12.23 33.72 21.82 39.25 

12.i5 33.47 
47 12. 6 33 .24 
48 12.87 33.04 
49 13.08 32.85 
50 13.28 32.69 
51 13.i9 32.55 
52 13. 9 32.43 
53 13.89 32.32 
54 . 14.08 32.22 
~g 14.28 32.14 

14.i7 32.07 
57 14. 6 32.01 
58 14.85 31.97 
59 15.04 31.93 
60 15.23 31.90 
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APPENDIX D 

A SHORT TABLE OF THE HYPERGEOMETRIC FUNCTION 0F1(c;x) 

The function · 

(D.l) F (' ) m 1 + X + x2 + x? O 1 c.x c c(c+l)2\ c(c+l)(c+2)3J + •••• 

is a special case of a generalized hypergeometric function and 

is a solution of the differential equations 

(D.2) x~1 + c~ - u = O. 

It is convergent for all finite x. This function is related 

to many other well known transcendental functions among them: 

a-Modified Bessel Function of the first kind. 
1-c 

0F1 (c;x) =r(c)x 2 Ic_ 1(2{.x). 

b-Confluent hypergeometric function. 

0F1(c;x) = e- 2./x 1F1(c-l, 2c-l; 4/x). 

c-Whittaker's M-function. 
1-c 

0F1(c;x) = (4/x)-z- Mo,c-1 (z.vi). 

None of these functions are tabulated to the extent that is 

required for the sequential X2-test and it seemed best to 

make the following short table of the function 0F1(c;x) 

itself. 
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The present table gives the value of the function 

0F1(c;x) to six significant figures for x = .1(.1)1(1)10(10) 

100(50)1000 and c = .5(.5)5. Thus the table has a uniform 

graduation for c and is divided into four ~bands" for values 

of x. The value in parentheses directly following each tabu-

lated value indicates the power of 10 by which the tabulated 

value should be multiplied to produce the true result. 

For example: 

0F1{4.5;lOO) = 1.17108(5) = 11710$. 

When interpolating, it is best to work with log 0F1{c;x) 

rather than the function itself. In general, when interpo-

lating for given values of x within "bands", four-point 

Lagrangian interpolation will yield four-digit accuracy. For 

small values of x, linear interpolation (of the logs) will 

suffice. When interpolating near either end ~fa band, four-

point Newton interpolation formulae will prove quite satis-

factory. When interpolating for given values of c, the 

results will not be as accurate. If 0F1{c;x) is to be obtained 

when neither c nor x appear in the table, one must resort 

either to double interpolation or to a numerical solution of 

the original differential equation itself. 
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Table of 0F1(c;x) 

C .l .2 X .J • !t. 
.5 1.20676 8! 1.42739 g~ 1.66245 0 1.91252 0) 

1.0 1.10253 1.21022 1.32326 0 1.441s2 0) 
1.5 1.06801 g~ 1.13877 0 1.21235 0 1.28883 gj 2.0 1.05034 1.10339 0 1.15769 0 1.21379 
2.5 1.04053 0 1.08232 0 1.12526 0 1.16942 
3.0 1.03375 0 1.06836 0 1.10383 0 1.14018 0 
3.5 1.02889 0 1.05843 0 1.08862 0 1.11949 0 
4.0 1.02525 0 1.05101 0 1.07729 0 1.10409 0 
4.5 1.02243 0 1.04526 0) 1.06851 0 1.09219 0 .o 1.0201 0 1.0 06 0 1.061 2 0 1.082 2 0 

C !.2 • .6 X .z .s 
.5 2.17818 0 2.i6004 0) 2 .75373 Il 3.07487!° 1.0 1.56608 0 1. 9623 

gi 
1.83246 1.97496 O 

1.5 1.36830 0 1.45034 1.53653 1.62547 0 
2.0 1.27172 0 1.33155 1.39330 1.45703 0 
2.5 1.21483 0 1.26151 O} 1.30950 gj 1.35882 0 
3.0 1.17744 0 1.21562 0) 1.25i73 1.29480 0 
3.5 1.15104 0 1.18328 0 1.21 23 1.24990 0 
4.0 1.13143 O) 1.15931 0 1.18774 0 1.2167.3 0 
4.5 1.11629 0 1.14033 0 1.16582 0 1.19125 0 .o 1.10 2 0 1.1261 0 1.1 S 0 1.1108 0 

C ·2 1 X 2 2 
.5 3.40914 0 3.76220 0 8.48897 0 1.59395 0 

1.0 2 .12393 0 2.27959 0 4.25235 0 7.15900 0 
1.5 1.71774 0 1.813~3 0 2.98041 0 4.60674 0 
2.0 1.52280 0 1.590 4 0 2.39433 0 3.~6865 0 
2.5 1.40950 0 1.46157 0 2.06571 0 2. ~570 0 
3.0 1.33585 0 1.37790 0 1.85752 0 2.4 023 0 
3.5 l.28i31 0 1.31946 0 1.71505 0 2.20131 0 
4.0 1.24 30 0 1.27644 0 1.61195 0 2.016Si 0 
4.5 1.21714 0 1.24350 0 1.53412 0 1.8794 0 
.o 1.1 10 0 1.21 0 1. 0 1. 8 0 
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X 
C 4 5 6 7 
.5 2.73082 l! 4.37775 1 6.70801 1 9.9323i 1 

1.0 1.13019 1 1.70573 1 2 .4a921 1 3.5376 1 
1.5 6,82248 01 9.78638 0 1.36911 1 1.s7694 l 
2.0 4-87973 O 6.70929 0 9.05436 0 l.2030~ 1 
2.5 3.84108 0 5.09866 0 6.67362 0 8.6307 0 
3.0 3.21109 0 4.13939 0 5.27926 0 6.67034 0 
3.5 2.79506 0 3.51579 0 4.33596 0 5.43140 0 
4.0 2 .50296 0 3 .08387 0 3.77510 0 4.59432 0 
4.5 2.28816 0 2.77002 0 3.33618 0 3.99922 0 
.o 2.12 0 2. 2 0 .008 2 0 • 88 0 

\ 

X 
C ~ 2 10 20 

.5 1.4312512) 2.01716 tl 2.79056121 3.83193 ll 1.0 4,92086 11 6.723~4 9.04759 1 1.03763 
1.5 2.53006 1 J.361 9 4.i1223 1 4.2a~J 2.0 1.577ra 1 2.04473 2. 2399 1 2.18 38 
2.5 1,104 0 ll 1.40081 ti 1.76200 1 1.27632 2) 
3.0 8.35859 O 1.03971 1.28472 1 8.18993 i~ 3.5 6.68180 0 a.11116 9.93336 0 5.63934 
4.0 5.56170 O 6.70012 0 8 .03553 0 4.10217 1) 
4.5 4. 77340 0) 5.67476 0 6:7214t 0 3.116i5 1 

.o .1 0 • 2 0 0 2. 2 1 

X 
C JO ~o ~o 60 
.5 2.86041 4 1.55743 tl 6.93141 5 2.67320 6 

1.0 6.97373 3 3 .5.3018 1.48419 5 5 .46442 5 
1.5 2.61118 3 1.23126 4.90124 4 1.72554 5 
2.0 1.21452 3 5 .35631 3 2.02334 4 6.82291 4 
2.5 6.~9822 2 2 .68932 3 9.66192 3 3.12580 4 J.o 3. 4284 2 1.49727 3 5.12743 3 1.59404 4 
3.5 2.i5170 2 9.02180 2 2.95129 3 8.83101 3 
4.0 1. 6047 2 5.73355 2 1.81271 3 5.22887 3 
4.5 l.18023 2 3 .90937 2 1.17436 3 J.27061 3 .o 8. 2 1 2. 2 2 2 2 2.1 2 1 
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·C zo 80 X 20 100 
.5 9.24925 6 2.93674 l 8.69217 7 2 .42532 8 1.0 1.81805 6 5 .58012 1.60300 7 4.35583 7 1 • .5 5.52743 5 1.6i169 6 4.58118 6 1.21291 l 2.0 2.10702 5 6.o 1so 5 1.6~56 6 4.24550 

2 • .5 9.31768 4 2.599i9 5 6.8 171 5 1.72840 6 
3.o 4.59241 4 1.24343 5 3.19677 5 7.a6255 I! 3.5 2.46199 4 6.i7700 4 1.62292 5 3 .90027 4.0 1.41233 4 3. 1373 4 8.83258 4 2.07554 4.5 s.56961 3 2.13455 4 5 .09327 4 1.17108 

r: 1 2 1 .oa 6s 6. 1 

C 120 200 X 220 JOO 

.5 2.17254 10 9.60888 11 2.70749 1.3 5.53324 14 
1.0 3.52074 9 1.44809 11 .3.35702 12 7.53541 13 
1.5 8.86938 8 3.39725 10 8.56184 11 1.59875 1.3 
2.0 2.81537 $ 1.00569 10 2.10051 11 4.28731 12 
2.5 1.04192 8 3.47593 9 7. 6562 10 1.34459 12 
J.O 4.31s9i 7 1.34752 9 2.89358 10 4.73779 11 
3.5 1.956$ z 5.71s11 $ 1.16629 10 1.83037 11 
4.0 9.53391 2.61280 $ 5.06676 9 7.62707 10 
4.5 4.936.39 6 1.27055 $ 2.34476 9 3.38787 10 . o 2.6 2 6 6. 1 1.1 1 1 • 00 10 

C l20 14:00 X ~20 200 

.5 8.88753 15! 1.17693 17 1.:3:3206118 1.32193 19 
1.0 1.16322 15 1.48948 16 1.63659 17 1.58168 18 
1.5 2.37529 ttl 2.94231 15 3.13970 16 2.95593 17 
2.0 6.13399 7.35370 14 7.6235115 6.99397 16 
2.5 1.85357 13 2.15157 14 2.16777 15 1.93$56 16 
3.0 6.29643 12 7.07970 13 6.93493 14 6.04698 15 
3.5 2.34636 12 2.55671t13~ 2.43577 14 2.07156 15l 4.0 9.43603 11) 9.96359 12 9.24002 13 7.66713 14 
4.5 4.0473i 11 4.14727 12) 3.74149 13) 3.02996(14 .o 1.8 2 11 1.82 8 12 1.602 1 1 1.26 26 1 
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C 520 600 X 620 700 -
.5 1.17270120) 9.4399of 20) 6.97799 21) 4. 71:k70( 22) 
1.0 1.3699119~ 1.07888 20~ 7 .81632 20) 5.25848 21) 
1.5 2.50020 18 1.92691(19 l.368i9 20) 9.033i6 20) 
2.0 5.77369(17) 4~35933f18~ 3.035 O 19) 1.968 5 20 
2.5 l.56504f17) 1.15590 18 7.39362 18) 5.02749  19 
3.0 4.77134 16) 3.45096(17~ 2.31162 18) 1.44617 19 
3.5 1.59798 16~ 1.13207  17 7.43976 17  4.57270 18 
4.0 5.78352 15 4.01424 16! 2.58871 17  1.56345 18 
4.5 2.2356115) 1.52059  16 9.62452 16 5.71277  17 
.o 1 8 1  6.o 08 1 • $ 6  16  2.2111  1 

C z20 800 820 

.; 3.06378 

~~  
1. 8i661 ( 24) 1.05311(25) 

1.0 3.31069 1.9 334 23i 1.102761241 
1.5 5 .59368 21 3.26438 22 1.80606 23 
2.0 1.19780 21 6.87984 21i 3.74986122 
2.5 3.00735 20 1.70059  21 9.13275  21 
3.0 s.50909 19 4.73636 2oi 2.50650(21 
3.5 2.64645 19 1.450~6f20 7.56500 20! 
4.0 8.90172 18 4.304 5 19) 2.t7003 20 
4.5 J.20040 18 1.70138 19 8. 2261 19 
.o 1.21  0 18 6. 8 8 18 .18 88 l 

C 200 220 1000 

.5 5 .71003 25 2.95533 26 1.46610 27i 
1.0 5.a9to7 24 3.00997 25 1.473$5 26 
1.5 9.51  72 23 4.79t99 24 2.318ll 25 
2.0 1.94825 23 9.68 09 23 4.62374 24 
2.5 4.67905 22 2.29569 23 1.08219 24 
J.O 1.26650 22 6.13285 22 2.85523 23 
3.5 3.77034 21 1.80214 22 8.28710 22 
4.0 1.21440 21 5 .73019 21 2 .60293 22 
4.5 4.18252 20 1.94847 21 8.74405 21 
.o 1.  26 20 .022 20 .11 21 
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ABSTRACT 

We consider a multivariate situation with means 

µ1, ••• ,µP and covariance matrix E. We wish to derive se-

quential procedures for testing the hypothesis: 

H0: . (J! - .l!o) E-l°(J! - J!o) ', = A.~ ( usually zero) 

against the alternative: 

Hl: (!! - J!o)E-1(!! - !!a) t = A.i 
both for the case where~ is known (the sequential X2-test) 

and where Eis unknown and must be estimated from the sample 

(the sequential T2-test). These sequential procedures should 

guarentee that the probability of accepting H1 when H0 is 

true is equal to a and the probability of accepting H0 when 

H1 is true is equal to~. 

For the case where Eis known, A.~= 0 and A.I= A-2 , the 

test procedure is as follows: for a sample of n observations, 

form the probability ratio: 

P1n/P0n = e·n~ 2/ 20F1(p/2;nA.2X~/4) 

where p denotes the number of variables, ni denotes the 

vector of sample means based on n observations, 

X~ = n(ni - !!o)E-1(ni - J!o)' and 0F1(c;x) is a type of 
generalized hypergeometric function • 



a. If Pln/P0n $ ~/(1-a), accept H0; 

b. If Pin/Pon~ (1-~)/a, accept H1; 

c. If ~/(1-a) <Pin/Pon< (1-~)/a, continue sampling. 

For the case where~ is unknown, the procedure is exactly 

the same except that the probability ratio is now: 

Pin/Pon= e-n~ 2/ 21F1[n/2,p/2;n~ 2T~/2(n-l+T~)J 

where T~ = n(n2£ - l!o)s~1(nx -'J:!o)', Sn denotes the sample 
covariance matrix based on n observations and 1F1(a,c;x) 

is a confluent hypergeometric function. Procedures are 

also given for the case ~5 r o • 
. Similar procedures are given to test the hypothesis: 

H0: (..1£1 - .l!z - .§. )z- 1(J!1 - .l::':z - o)' = °A.5 (usually zero) 

against the alternative: 

It is shown that these sequential procedures all exist 

in the sense that the risks 0£ accepting Ho when H1 is true 

and of accepting H1 when H0 is true are approximately a and 

~ respectively and that these sequential procedures terminate 
.~ 

with probability unity. Some of these situations have been 

generalized to give simultaneous tests on the means and co-

variance matrix of a sample. 



No expressions yet exist for the OC or ASN functions 

although some conjectured values have been determined for 

the latt0r and suggest, in comparison with their corres-

ponding fixed-sample tests, substantial reductions in the 

sample size3 required when either H0 or H1 is true. 

The general problem of tolerances is discussed and then 

some of these procedures are demonstrated with a numerical 

example drawn fron the field of ballistic missiles. 

The determination of P1n/Pon is quite laborious for 

both the sequential X2 - and T2-tests since it requires the 

evaluation of a hypergeonetric function each time an obser-

vation is made. It would be better for each value of n, 

given p, Q 1 ~ and ~2 under H1, to compute the values of X~ 

or T~ which would correspond to the boundaries of the tests 

indicated by ~/(1-a) and (1-p)/a. Tables to facilitate both 

the sequential X2- and T2-tests are given for p = 2,J, ••• ,9; 
~ 2 = 0.5, l.O, 2.0; a=~= .05 for n ranging from the mini-

mum value necessary to reach a decision to 30 1 45 and 60 for 

~ 2 = 0.5, 1.0 and 2.0 respectively. These tables were pre-

pared on the IBM 650 computer using the Newton-Raphson 

iterative procedure. 

Finally, a discussion is given for the hypergeometric 

function 0F1(c;x) and a table given of this function for 

c = .5(.5)5.0 and x = .1(.1)1(1) 10(10)100(50)1000. 
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