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I. INTRODUCTION 

In this paper we investigate functions from a complex 

into a complex which preserve some property of tame subsets. 

If f is a function from E3 into E3 which takes tame sets 

onto tame sets . E3 in , then f may be a homeomorphism or have 

as image a tame graph. The present research extends this 

observation. Theorem 3.3 characterizes local homeomorphisms 

on triangulated n-manifolds which preserve tame sets. 

Corollary 4.2 characterizes linear maps on Euclidean spaces 

and Theorem 4.6 characterizes simplicial maps on triangulated 

manifolds which preserve tame sets. For functions defined 

on topological spaces onto polyhedra Theorem 5.3 gives a 

new definition of continuity. A function from a triangulated 

n-manifold to a triangulated n-manifold whose image is of 

dimension greater than one is a homeomorphism if and only 

if f takes tame arcs onto arcs or points, Theorem 6.17. 

There are maps which take tame sets onto tame sets which 

raise the dimension of tame subsets, Theorem 8.1. Finally 

there are 1:1 maps from a complex into a complex which 

fail to take some tame set onto a tame set, Example 9.4. 

Ann-manifold Mn is a separable metric space such that 

each point pcMn lies in a neighborhood homeomorphic to 
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Euclidean n-space, En. Ann-manifold Mn with boundary is 

a separable metric space such that each point pEMn lies 

in a neighborhood whose closure is homeomorphic to the 

closed n-cube. The set of points of an n-manifold Mn 

with boundary, which have neighborhoods homeomorphic to 

En is called the interior of the manifold and denoted 

int(Mn). The boundary of the manifold is defined to be 

nd(Mn)= Mn ......... int(Mn). Note that an n-manifold is an 

n-manifold with boundary but not conversely. All manifolds 

will be assumed to be connecteQ. 

A topological space X will be said to be triangu-

latable with triangulation ~(K,h) if there is a locally 

finite geometric complex Kand a homeomorphism h of K 

onto X. A simplex of Xis the image of a simplex of K. 

A triangulated space will be called a complex or topological 

complex. A polyhedron in Xis the image under h of a 

finite subcomplex of the complex K. If Xis a complex 

with a triangulation~ and Pis a homeomorph of a polyhedron 

in X with respect to~, then Pis tame in X if and only if 

t:bere exists a homeomorphism h'C: X and a triangulation ~' of 

X in which h1P) is a polyhedron. A set Kin a complex C 

is locally tamely imbedded if for each point pEK there is 

a neighborhood N of p and homeomorphism h of N onto a p 

polyhedron in C such that h (N n K) is a polyhedron. p 
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Let f be a function from a complex X into a complex 

Y. If for each tame set PCX, f(P) is tame in Y, then f 

will be called tame with respect to Y. If Y is a topo-

logical space and f(X) a complex then f will be called 

tame with respect to f(X) if for each tame set PCX, f(P) 

is tame in f(X). When it is possible to give two theorems, 

which have analogous proofs, one for functions tame with 

respect to f(X) and another for functions tame with respect 

to Y, we will combine the theorems by calling f tame. In 

both cases if f is tame we will say that f preserves tame 

sets. 
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II. REVIEW OF LITERATURE 

The study of transformations, particularly continuo~s 

transformations,has been a central problem of mathematics. 

Recently the study of one topological space, especially 

polyhedra, imbedded in another has proved fruitful in 

topology. In this paper will be considered a natural 

connection between these two studies which is outlined 

below. 

A topological space Xis said to be imbedded in a 

topological space Y by the imbedding h if his a homeomor-

phism of X into Y. If there are two imbeddings h 1 and h 2 

of X into Y such that h 1 (X) and h 2 (X) can be distinguished 

with respect to a property P, then Pis called an imbedding 

property. If Pis an imbedding property and if h 1 (X) and 

h 2 (X) can not be distinguished with respect to P then h 1 (X) 

and h 2 (X) are said to be equivalent imbeddings of X in Y 

with respect to i. Let now h be an imbedding of X in Y 

which has property P. Let T be a function from Y into Z 

such that T(h(X)) has an imbedding property Fin z. Then 

what is the nature of Tor what is the largest class of 

functions which transforms a particular imbedding property 

P to F? In order to get meaningful results in terms of 

important imbedding properties the problem must be rephrased 

somewhat as follows: Let {(X., h., P., Y, F.)} be a collection 
l. l. 1 l. 
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consisting of topological spaces X. with corresponding 
1 

imbeddings h. in a topological space Y and with corresponding 
1 

imbedding properties P. and F .• Let T be a function from 
1 1 

Y into z such that T(h. (X.)) has a property F. in z when 
1 1 1 

X. has property P. in Y. Then what is the nature of Tor 
1 1 

what is the largest class of functions which transforms the 

imbedding properties P. to F.? 
· 1 1 

Given two imbeddings h 1 and h 2 of X in Y, then there 

may or may not exist a homeomorphism h of Y onto itself 

such that h(h 1 (X)) = h 2 (X). If h exists then we say that 

h 1 (X) and h 2 (X) are relatively tamely or equivalently 

imbedded in Y and if h does not exist we say that h 1 (X) 

and h 2 (X) are relatively wild. In this paper we develop 

what is meant by the class of tame subsets of certain 

topological spaces and ask the question which can be 

paraphrased, "What functions preserve the tameness of sets?" 

This question which has escaped notice in the literature 

was suggested by Dr. P.H. Doyle. When the work commenced 

he contributed Theorems 3.1 and 3.2. 
' 
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III. TAMENESS PRESERVING MAPS 

As noted in Section I, the collection of all functions 

f:E 3~E 3 which are tame with respect to E3 contain all 

homeomorphisms of E3 into E3 and all maps that have a tame 

graph as image. If his a homeomorphism of E3 into E3 and 

if Pis tame in E3 , then f{P) is locally tame in E3 and 

hence tame as locally tame sets are tame, Bing [1] or 

Moise [7]. A similiar result holds for every 3-manifold 

as they are triangulatable, Bing [1], and as the image of 

each tame set is locally tame. The result for tame graphs 

generalize. 

Theorem 3.1. {Doyle) . Let f map Kn into ~ where 

Kn and~ are an-complex and am-complex respectively. 

If f{Kn) is a tame graph then f preserves tame sets. 

Theorem 3.2. {Doyle). n n>2 . If a map f:E ~E - is tame 

with respect to f{En), then f may have as image any 1:1 

t . . f E1 . 1 . d p> 2 con inuous image o in any Euc i ean space E - . 

Proof: En can be mapped onto a line which can then · 

be mapped in this way. 

Let f be a function from X into Y, X and Y topological 

spaces. Then f is said to be locally a homeomorphism if 
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for each xcX there exists a neighborhood U(x) of x such 

that fjU is a homeomorphism. For example the open cylinder 

(O,l)x(O,l)x(O,l) can be mapped onto the open solid torus 

(O,l)x(O,l)xS', S' the 1-sphere, in this way. But in such 

examples tameness may not be preserved. 

Theorem 3.3. Let M1 and M2 be triangulated n-manifolds, 

n>l. If a local homeomorphism f:M 1~M2 is tameness preserving, 

then it is a homeomorphism. 

Proof: As f is locally a homeomorphism, it is open 

for if U is open in M1 , then for each pEU there is an open 

homeomorph N of En. containing p on which f is a homeomor-p 
phism. Then f(U) = f( U N) = U f(N) is open by Brouwer's 

pEU p pEU p 

Invariance of Domain. Thus suppose f is not 1:1 so that 

for some point pEf(M 1 ), {f-l(p)} is not a point. For any 

two points of -1 {f (p)}, say x and y, there exists disjoint 

neighborhoods Nx and Ny respectively on which f is a 

homeomorphism. Now there exists an arc A in N whose image 
X 

is of the form t,;sin 1 with endpoint and B in N "f X an arc y 
such that AVB is tame by a result of Cantrell but f (A)Uf (B) 

is not tame or polyhedral, Figure 1. Thus f is 1:1 and 

f(A)Uf(B) 

Figure 1 
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therefore a homeomorphism. 

As can be seen from the proof, the above theorem is 

true if f preserves arcs instead of tame sets. Moreover: 

Corollary 3.4. If f preserves tameness or arcs and 

fails to be a homeomorphism, then there exists an XEM1 

such that f is not locally a homeomorphism at x. 

There are open maps which do not map tame sets onto 

tame sets (projections of Euclidean spaces onto subspaces). 

And there are 1:1 maps which do not take tame sets to tame 

sets (see Example 9.4). Furthermore, as would be expected, 

there are maps which map tame sets onto tame sets which are 

not open (easy construction using E1 ). And there are maps 

which take tame sets to tame sets which are not 1:1 (project 
n 1 E onto E). However, light open maps of a 2-manifold 

into itself which preserve tarreness can be characterized. 

Theorem 3.5. Let f be a light open map of a 2-rnanifold 

Minto itself. Then f preserves tameness if and only if f 

is a homeomorphism. 

Proof: Each point of M has a neighborhood Won which 

fjW is topologically equivalent to the map z+zn of E2 to E2 , 

Church and Hemmingsen [2] or Stailow (11]. Let p be a 

point for which nfl. Now consider the situation given in 

Figure 2 
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f Jw 
w w 

l h I -1 h 

E2 
g 

E2 
n z-+z 

Figure 2 

2 where his a homeomorphism. Let q£E be a point such that 

{g- 1 (q)} is not a point. Let x,y£{g- 1 (q)} be two distinct 

points and let N and N be disjoint £-neighborhoods of 
X y 

x and y respectively such that glNx and glNy are homeo-

morphisms. Consider N = g(Nx)(lg(Ny) ; ~ which is open. 
-1 Construct in h (N) a set like that of Figure 1 consisting 

-1 -1 of arcs A1 and A2 • Consider both the arcs A1 = h [g h(A 1 ) 

(\N ]Ch-l[g-l (N)(\N] and A21 = h-l[g-lh(A 2 )(\N ]c.h-l 
X X y 

[g-l (N)('\N ]. They are disjoint and locally tame. How-y 
-1 ever by construction f (A1V A2) = h gh (Ai U A2) = (A1 U A2 ) 

which is not tame. Therefore n=l for all pEM. Therefore 

f is a local homeomorphism and thus by Theorem 3.3 f is a 

homeomorphism. 

Let g:X-+Y be a map of X into Y. The branch set of g, 

denoted by B, is the set of points of X at which g fails g 
to be a local homeomorphism. 
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Theorem 3.6. Let f be a light map of a triangulated 

n-manifold Mn into itself, n~2. If f preserves tameness, 

then either f is a homeomorphism or for some pEBf every 

open neighborhood of f(p) fails to meet £(Bf) in a tame 

(n-2) -cell. 

Proof: This follows from Theorem 4.1 [2] or Theorem 

l.:. ; ·:;], (~hllc~·h and Herruningsen .using a similar argument to 

that of Theorem 3.5. If n=3 use Theorem 9 of Bing [1] and 

if n>4 use Homma's Theorem [6] Mutatus Mutandis. 

Considering now the domain of maps which preserve 

tame sets the following is a characterization of compact 

complexes among connected n-complexes. 

Theorem 3.7. Let Kn be a connected n-complex. Then 

Kn is compact if and only if every tameness preserving map 

of Kn into Kn has a polyhedral image. 

Proof: If Kn is compact then Kn is a polyhedron and 

so f(Kn) is a polyhedron. If Kn is not compact retract it 

onto I 1 , a closed unit interval, and then map this line onto 

a homeomorph of the set in Figure 3 in the appropriate way. 

p 

Figure 3 
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The set in Figure 3 is a countably infinite collection of 

lines in the plane meeting in a point Pas indicated. The 

first l~ne is of unit length. The second line is at an 

angle of~ radians to the first and of~ unit length. The 

n-th line is 1T radians the (n-1)-st line at an angle of - to 

1 't 
2n 

and is of -- 1 uni s length. n-2 
The star of a geometric simplex a' St(a), is the union 

of all simplices of which a is a face. The open star of a 

is the interior of St(a). 

Let f:sn~sn be a tameness preserving map while 1 < dim 

f(Sn) < n-1 at some point p. Since f(Sn) is a polyhedron . 
the dimension of it at pis equal to the highest dimensional 

simplex in the open star of p. Let this be l<k<n-1. If ak 
-1 k is such a simplex, we have f (int a) = U' is an open set 

in Sn. U' has a countable number of components and so U' 

has a component U ", f (U") contains an open k-cell in int ak. 

Thus there is an open n-cell UC:: U'' and f (U) c int ak contains 

an open k-cell; for U" is a union of basic elements of Sn 

and if each in a covering of U" were (k-1)-dimensional in 

its image, f(U") would be (k-1)-dimensional. so we have 

a theorem. 

Theorem 3.8. (Doyle). Let f 1 :sn~sn be an into tame-

ness preserving map that has a local dimension of k at some 

point p, where l<k<n-1. Then there is a tameness preserving 
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n n n n . n map g:E ~E such that g(E )CE, and dim g(E) = k. 

Proof: Let m:En~u be a homeomorphism of En onto U 

above for f 1 replacing f. Let f 1m = g. 
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IV. LINEAR AND SIMPLICIAL MAPS 

In this section we characterize linear and simplicial 

maps which preserve tame sets. A linear map for Euclidean 
n is f of En into En such that if and x 2 n-space E a map xl 

are . En in and >.1 and >-2 are real numbers then f(Alxl + A2X2) 

= >.1 f(x 1 ) + >.2 f(x 2 ). 

Theorem 4.1. 
n . 

Let E be Euclidean n-space and La 

linear map.of En into itself. Then L preserves tameness if 
1 and only if either the range of Lis topologically E, a 

point, or Lis a homeomorphism. 

Proof: First suppose n=2 for if n=l tameness is 

clearly preserved. As Lis linear, if it is onto it is 

also 1:1. In this case it is locally a homeomorphism and 

is therefore a homeomorphism. Thus tameness is preserved. 

If Lis not onto then the range is topologically E1 and 

tameness is consequently preserved. So for a linear map 

f E2 . 2 . d o into E tameness is preserve. 

Now let L be a linear map on En, n>2. En is the 

direct sum of the null space of L, n(L), and the space 

span by any set of progenitors of the range of L, P(L), 

ie. En= n(L)$P(L). A set of progenitors for the range 

of L, Q(L), is a set xv+l' xv+ 2 ' --- , x such that n 
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Lxv+l' Lxv+ 2 ' --- , Lxn is a basis for the range of L, 

R(L). The above decomposition for En is a direct corollary 

to the proof of the theorem which states dim En= dim n(L) 

+ dim R(L). Assume that dim R(L)~2, otherwise tameness is 

trivially preserved. If dim R(L) = n, then Lis 1:1, onto, 

and locally a homeomorphism and therefore a homeomorphism. 

Thus assume dim n{L) ~ O. Let X and X belong to the 
yl Y2 

progenitors of R(L). 

suppose not, ie. 

Now x and x · are independent, for 
yl Y2 

Then Lx = rLx , a contra-
Yi Y2 

and x span a subspace M of dim 2 
Y2 

diction. Therefore x . yl 
which is mapped by L onto a subspace L(M) of dim 2. There-

fore Lis 1:1, locally a homeomorphism from M onto L(M) and 

hence is a homeomorphism. Let x belong to the basis of 

n(L). Now x+M is a linear variety such that L(x+M) = L(M) 

so x+M is mapped homeomorphically onto L(M). Now construct 

in Ma set of the form given in Figure 4 consisting of 

Figure 4 

an arc A1 and an arc A2 of the form ~sin~- Let A1 be a 

homeomorphic copy of A1 in x+M. Now by a result of Cantrell 
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A1 UA 2 is tame. But by construction L(A 1 )U L(A 2 ) is 

homeomorphic to A1U A2 which is not a polyhedron. 

Corollary 4.2. n Let E be Euclidean n-space and La 

linear map of En into itself. Then L preserves tameness 

if and only if either the range of Lis topologically E1 , 

a point or one of the following equivalent conditions hold: 

(i) Lis a homeomorphism, 

(ii) Lis onto, 

(iii) L is 1:1. 

A map from a complex K1 into a complex K2 is simplicial 

if the image of each simplex of K1 is a simplex of K2 . A 

complex K is said to be n-chain connected if every two 

points lie on a geometric n-chain. A geometric n-chain is 

a finite, simply ordered collection of incident alternately 

closed n- and (n-1)- simplexes terminating in an n-simplex. 

Theorem 4.3. (Doyle). Let K2 be a 2-chain connected 

2-complex and let K be a complex. 2 If f:K ~K is a simplicial 

map that preserves dimension (dim f(K 2 ) = 2) and if some 

2-simplex collapses, f does not preserve tame sets. 

Proof: Let 2 2 2 
a £K be such that fla is a homeomorphism 

(as dimension is preserved) . Now suppose 2 2 a1 £K and 

dim 2 
~ 2. Let cr 2 2 2 2 regular (f(a 1 )) , 02' Ok' o 1 be a 
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chain from o2 to of. 2 2 Now there exists a o. such that fJo. 
l l 

is a homeomorphism while fJof+l 2 2 1 is not. Let o. (") o . 1 = o • 
l l+ 

1 2 Leto = (p 1 ,.p2 ) and oi+l = (p 1 , p 2 , p) • 

As f is simplicial f(p) is identified with f(p 1 ) or f(p 2 ) 

and so (p 1 , p) or (p 2 , p) is mapped onto f(o 1 ). In either 

I 2 2 . case f oiu oi+l does not preserve tame sets for if A1 is 
1 a subarc of o we can construct a set like that in Figure 4 

by choosing appropriate arc A2 • Let A3 be an arc 

in (p 1 , p) or (p 2 , p) which is mapped onto f(A 1 ) by f. 

Now A2V A3 is tame but f (A2 ) V f (A3 ) is not a polyhedron. 

Theorem 4.4. n Let K be a 2-chain connected n-complex 

and let~ be an m-complex. If f:Kn~~ is a simplicial map 

such that some q-simplex has a q-simplex image q~2 and if 

some p-simplex collapses p~2, f does not preserve tame sets. 
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Proof: As p~2,if some p-simplex collapses, then. 

some 2-simplex face a2 of this simplex collapses. As 
0 

2 some q-simplex has a q-simplex image a 2-simplex face a 

of the q-simplex is mapped homeomorphically onto a 2-simplex. 
2 2 2 2 Let a , a 1 , a2 , --- , ak' 

o 2 in the two skeleton of 
0 

a2 be a regular chain from a2 to 
0 

Kn. This chain is a triangulated 

2-manifold and Theorem 4.3 above applies. 

Theorem 4.5. If an-complex n~2 is not collapsed 

into a 1-complex by a simplicial map, then some 2-simplex 

is mapped onto a 2-simplex. 

Proof: There is a simplex of dimension 2 or greater 

that is not collapsed to a one simplex. Therefore it is 

mapped onto a simplex with three or more vertices. Consider 

the inverse image of three of these vertices intersecting 

with the vertices of the original simplex. Choose a vertex 

from each set. These three vertices determine a 2-simplex 

which is mapped onto a 2-simplex. 

Theorem 4.6. A simplicial map f of a triangulated 

n-manifold with boundary Mn into itself preserves tameness 

if and only if either f{Mn) lies in a 1-complex or f is a 

homeomorphism into. 
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Proof: By the previous two theorems if f(Mn) does 

not lie in a 1-complex in Mn and f preserves tame sets, 

then f does not collapse simplices of dimension two or 

greater. This implies that f is locally a homeomorphism. 

Therefore f is a homeomorphism. 
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V. TRANSFORMATIONS AND TAME SETS 

To prove Theorems 3.3., 3.5., 3.6., 4.1., and 4.6. use 

was made of some tame arc whose image failed to be polyhe-

dral. In this section will be considered transformations 

which preserve or whose inverses preserve some property of 

polyhedra for tame arcs. First we investigate the 

connectedness of the image of such transformations and then 

the continuity of the transformations. 

A topological space Xis said to be strongly arcwise 

connected provided every infinite subset of X intersects 

some arc of X in infinitely many points. Analogously, a 

complex K will be called strongly tame-arcwise connected 

provided every infinite subset of K intersects some tame 

arc of Kin infinitely many points. 

Theorem 5.1. Let K be a strongly tame-arcwise connected 

complex and let f be a function defined on K to a topo-

logical space. If f takes tame arcs onto sets consisting 

of a finite number of components, then f(K) consists of at 

most a finite number of components. 

Proof: Suppose f(K) consists of more than a finite 

number of components. 00 Let {C.}. 1 be a countably infinite 
l 1= 

collection of these components. In each {f- 1 (c.)} choose 
l 
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a point p .. Pass a tame arc A through a convergent subse-
1. 

quence of {p.}. Now f(A) consists of an infinite number 
l. 

of components. But this is contrary to our assumption. 

A strongly tame-arcwise connected complex is compact. 

Suppose not. Let {x.} be a divergent sequence of points 
l. 

in the complex such that no subsequence converges. As 

the complex is strongly tame-arcwise connected there is 

an arc in the complex which meets infinitely many of the 

points and hence the sequence converges. 

Theorem 5.2. Let K be a compact connected complex 

and let f be a function defined on K to a complex K'. If 

f and f-l takes tame sets onto tame sets then f(K) is 

connected. 

Proof: Suppose f(K) consists of a finite number of 

disjoint topological polyhedral components, each closed. 

Denote them by c 1 , c 2 , 

and f- 1 (c.)()f- 1 (c.) = ~ 
l. J 

, C • Now f-l ( C. ) n J. 

if ifj. Thus K = 
is a decomposition of K into disjoint sets. 

not possible. 

is closed 
m 
Uf- 1 (C.) 

i=l l. 

But this is 

Let p and q be two points in Sn, then-sphere. Con-

sider the function which is the identity on q and retracts 
n S, q onto p. Then the image of each tame set is tame but 

the function is not continuous. However, if the inverse 
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of a function is considered it is possible to characterize 

continuous functions on complexes as follows. 

Theorem 5.3. Let f be a function defined on a topo-

logical space X and let f(X) be a strongly tame-arcwise 

connected complex. Then a necessary and sufficient 

condition that f be continuous is that f-l take tame arcs 

onto closed sets. 

Proof: Let {x.} be a sequence in x converging to 
1 

x such that {f(xi)} does not converge to f(x). Let A be 

an infinite set of positive integers such that {f(x.) :jcA} 
J 

does not have f(x) as a limit point. In f(X)'-.f(x) pass 

a tame arc A' through infinitely many {f(x.) :jcA}. Now 
J 

f-l(A') is closed. So f- 1 (A') contains infinitely many 

x. and therefore x, contrary to assumption. 
1 

A complex K is said to be strongly tame-arcwise 

connected with respect to compact sets provided every 

infinite compact subset of K intersects some tame arc 

of Kin infinitely many points. 

Theorem 5.4 Let K be a complex which is strongly 

tame-arcwise connected with respect to compact sets and 

let f be a function defined on K with range in a complex. 

If f and f-l take tame arcs onto tame sets, then f is 

continuous. 
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Proof: Suppose f is not continuous. Then there is 

a convergent sequence of points {x.} with limit x in K 
l. 

such that {f(xi)} does not converge to f(x). Let {f(xn)} 

be an infinite subset of {f(x.)} which does not have f(x) 
l. 

as a limit point. As {x }Ux is a compact set, pass a tame n 
arc A through infinitely many {x, x}. Now f(A) consists n 
of a finite union of tame compon~nts. As f is not con-

tinuous there is an E-open star neighborhood N of f(x) 
E 

in f(A) such that almost all {f(x) }, lie in f(A)'-.N = P. n E 

Each component of Pis strongly tame-arcwise connected. 

Thus let A1 be a tame arc in P meeting infinitely many of 

the {f(xn) }. Now A1r'if(x) =~but as f- 1 (A1 ) contains 

infinitely many 

assumption. 

X,' l. 
-1 1 f (A) contains x, contrary to 

In complexes compactness is equivalent to strongly 

tame-arcwise connectedness. Let K be a compact complex 

and let B be any infinite subset of K. As K is compact 

let cr be the smallest dimensional closed simplex containing 

a countably infinite subset of B. Let p be a limit point 

of this subsequence in cr. Let {p.} be a monotone converging 
l. 

subsequence in cr converging top. Let A be a tame arc from 

p to p 1 • Now it is easy to construct an isotopy of cr onto 

itself taking {pi} onto A without moving p and p 1 which is 

the identity on the boundary of a. Hence the complex is 

strongly tame-arcwise connected. 
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Moreover, every complex is strongly tame-arcwise 

connected with respect to compact sets. Let B be an 

infinite compact set of a complex K. As Bis compact 

some closed simplex of K contains an infinite subset of 

Band hence the results of the preceeding paragraph yields 

the desired conclusion. 

The previous theorems now become: 

Theorem 5.1. Let K be a compact connected complex 

and fa function defined on K to a topological space. 

If f takes tame arcs onto sets consisting of a finite 

number of components, then f(K) consists of at most a 

finite number of components. 

Theorem 5.2. Let K be a compact connected complex 

and let f be a function defined on K to a complex K~ If 

f and f-l takes tame sets onto tame sets then f(K) is 

connected. 

Theorem 5.3. Let f be a function defined on a topo-

logical space x and let f(X) be a compact connected complex. 

Then a necessary and sufficient condition that f be continuous 
-1 is that f take tame arcs onto closed sets. 
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Theorem 5.4. Let K be complex and let f be a function 

defined on K with range in a complex. If f and f-l take 

tame arcs onto tame sets, then f is continuous. 
n n Let p£S be a point. The map of S onto p and its 

inverse takes tame sets onto tame sets but is not a homeo-

morphism. 

Let TI be the parallel projection of Sn onto its lower 

hemisphere D. Let r be a retraction of D onto a semi-great 

circle. Then the map f = rTI and its inverse takes tame 

sets onto tame sets but f is not a homeomorphism as f(Sn) 

is an arc. 

The following theorem will be used in the next section 

to characterize maps of Sn into Sn preserving tame sets 

which do not raise the dimension of an arc. 

Theorem S.S. Let Mn be a triangulated n-manifold with· 

boundary and let f be a function defined on Mn to a complex 

K. If f takes tame arcs onto connected tame sets and if 

for every tame arc A£Mn f(A) contains no tried, then either 

the image of each tame arc is an arc or point or f(Mn) is 

a simple closed curve. 

Proof: Suppose f(Mn) is not a simple closed curve and 

that there is a tame arc A such that f(A) is not an arc or 

point. If the dimension of f(A) is larger than one, as f(A) 
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is tame, f(A) contains a simplex of dimension greater than 

one. Thus f(A) contains a triod. As this is not possible 

assume that f(A) is a simple closed curve. As f(Mn) is 

itself not a simple closed curve, let p' be a point not 

contained in f(A). Choose a point pin f- 1 (p'). Now A\.)p 

is tame and hence lies on a tame arc A' in Mn. So f(A') 

contains f(A)U p'and hence a triod. 
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VI. ARC AND TAME ARC PRESERVING TRANSFORMATIONS 

In this section it is shown that the set of transfor-

mations from a triangulated n-manifold into an-manifold 

of ranges of dimension greater than one, which take tame 

arcs onto arcs or points, is the class of homeomorphisms. 

A f th . l t th l f of Sn s a consequence o is resu , e c ass o maps 

into itself which map tame arcs onto tame sets and which 

do not take a tame arc onto a set containing a triod is 

also the set of homeomorphisms. Thus appealing to Theorem 

5.3. or 5.4., if f is a function of Sn into Sn such that it 

and its inverse take tame sets onto tame sets and if the 

image of no tame arc contains a triod, then f is a homeo-

morphism provided f (Sn) is not an arc or point. That this 

latter result can not be improved upon in terms of the 

no-triod condition is a consequence of the example in 

Section VIII. 

A function defined on a·topological space to a 

topological space is said to be arc preserving if the image 

of every arc is an arc or a point. n-1 An (n-1)-sphere S in 

En is bicollared if there exists a homeomorphism h from 
n n-1 l n-1 into E such that h(S x 2) = S . 

Theorem 6.1. Let f be a function whose domain is a 

n-manifold M1 and whose range is in an-manifold M2 . If 
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f is arc preserving and dim f( M1 ) > 1, then f is a 

homeomorphism. 

Proof: 

collection, 

boundaries. 

As M1 is a manifold cover it with a countable 

{C. }, of closed n-cells with bicollared 
l. 

Now there exists an-cell C' in {C.} such 
l 

that dim (f(C')) > 1. For suppose not, as f preserves 

arcs f(C.) must be connected and is hence either a point 
l. 

or an arcwise connected one dimensional set. We may 

suppose that f(C.) is a subset of an arc, for if not, 
l. 

fjC. is a homeomorphism by 4.1 of Hall and Puckett [4). 
l. 

00 00 

Thus f (M1 ) = f ( U C.) = U f (C.) can be expressed as a 
·1 1 'l l. 1.= 1.= 

countable union of closed arcs or points as each f(C.) is 
- l. 

either a point or expressible as a countabie union of 

arcs. However, this is not possible by the Sum Theorem 

for Dimension. Therefore at least one C., say C', is such 
l. 

that dim (f(C')) > 1. Then fjC' is a homeomorphism by 4.1 

Hall and Puckett [4]. Suppose now that f is not locally 

a homeomorphism at p£M1 • Then PUC' lies in an-cell C" 

with bicollared boundary by a result of Doyle and Hocking. 

Thus fjC" is a homeomorphism by 4.1 of Hall and Puckett. 

Consequently f is locally a homeomorphism. Suppose f is 

not 1:1. Let p and q be contained in M1 and such that 

f (p) = f (q). Then· pUq lies interior to a closed n-ce'll, 

C Ill .:::, C II in M1 • Therefore fjC"' is a homeomorphism. 
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Thus f(p) f f(q) and so f is 1:1. To see that f is open 

and continuous observe that, as f is locally a homeomorphism, 

it preserves local dimension and f(M 1 ) is locally Euclidean 

by Browers Invariance of Domain. Thus by Invariance of 

Domain f and f-l are open. Therefore f is a homeomorphism. 

An analogoustheorem for manifolds with boundaries 

does not hold. But it does follow that: 

Theorem 6.2. Let f be a function whose domain is an 

n-manifold Mn with boundary and whose range is an n-manifold. 

If f preserves arcs and if dim (f(Mn·))>l, then·f is 1:1 and 

fjint(Mn) is a homeomorphism. 

Proof: Let p be such that dim (f(p))>l. Suppose 

p£int(Mn) then by Theorem 6.1., fjint(Mn) is a homeomorphism. 
n Suppose p£Bd(M ). Then there exists a closed and compact 

n-cell C such that p£Bd(C). Then by 4.1 Hall and Puckett [4] 

fjc is a homeomorphism. Therefore there exists a point 

q£int(Mn) such that dim (f(q»>l and therefore fjint(Mn) is 

a homeomorphism. 

Suppose f is not 1:1. n Let x, y£M be such that 

f(x) = f(y). Not both x and y belong to int(Mn). Let A 

be an arc connecting x and y such that if Ar')Bd(Mn) t j 

then either this intersection is x, y or X\JY· From above 

we see if X£Bd(Mn) then there exists a closed n-cell C 
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such that XEBd(C). Thus f is locally a homeomorphism on 
n X. Therefore f(A) is a simple closed curve. But this 

is a contradiction to the assumption that arcs are taken 

to arcs. 

A function defined on a complex to a topological 

space is said to preserve tame arcs if the image of every 

tame arc is an arc or point. What follows in this section 

is a proof that the hypothesis of Theorem 6.1. can be 

weakened to functions which preserve tame arcs in case of 

triangulated manifolds. Many of the theorems on pages 33 

through page 39 are analogous to those of Hall and Puckett 

[4] for arc preserving functions. When in the following 

theorems the range of a function is not mentioned it is 

to be assumed to be a topological space. Some of the 

theorems which follow in this section are true for com-

plexes as well as for manifolds. However, they will not 

be given as their proofs usually require more work. 

Theorem 6.3. Let {ai}i be a finite collection of 

arcs and simple closed curves with a tame union A in a 

compact triangulated manifold Mn, n > 1. If {M.} is a 
J 

countably infinite collection of disjoint subsets of Mn' 

then there exists a tame arc aq+l meeting infinitely many 

of the Mj such that aq+lU A is tame. 
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Proof: If an a. meets infinitely many of the M., 
l J 

choose one such a .• Suppose no a. meets infinitely many 
l l 

M. • 
J 

X. I 
J 

From each M., such that M. ,(') A = fJ, choose a point 
J J 

to form a sequence {x., }. As Mn is a compact manifold, 
J 

{x.,} contains a monotone J . convergent subsequence, say {yk}, 

fJ but {p}()A may or may not be with yk~p. Now {yk}()A = 
empty. If {p}()A = fJ, then there exists an aq+l with the 

desired properties as can be seen below from the proof of 

the other case. Kithout loss of generality, we may regard 

A as a standard simplicial polyhedron. First suppose A 

separates Mn, then at least one component of Mn'-..A contains 

an infinite subsequence {yk'} converging top. From this 

it can be seen that the argument for the case where A does 

not separate Mn suffices. Let B 
€: 

€: be an 2 n ball about p 

which meets a minimum number of a., i = 1, 2, ---, q and 
l 

such that every E:'-ball, E:1 <E:, meets precisely the same 

number of a .. Assume {yk', }CB. As {yk' ,} forms a monotone 
l - €: 

converging sequence, there exists a monotone sequence{E:k,} 

of real numbers and a monotone sequence of E:k1 -balls {Bk,} 

such that yk, belongs to the interior of Bk,"- (Bk, +lU A). 

Let a be a polygonal arc in B which meets A at p such that 
€: 

AUa is tame. Choose a point in each int(Bk,'- (Bk'+lUA))('ia, 

say pk'" Now, as pk' can be joined to yk' by a polygonal 

arc in int(Bk 1"...(Bk'+lUA)), pk' can be moved to yk' by a 

E:k1 -isotopy in int(Bk 1 '-,Bk'+lUA) that does not disturb A. 
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As the resulting sequence of isotopies satisfy the desired 

uniformity condition, aq+l can be constructed by the 

resulting isotopy. 

Theorem 6.4. If Mn is a compact triangulated n-manifold 

and if flMn is a 1:1 function which preserves tame arcs, then 

flMn is a homeomorphism. 

Proof: 

continuous. 
. n toxin M. 

As Mn is compact we need only show flMn is 

Let {x.} be a sequence of points converging 
J. 

By Lemma 3, Rosen (10], {x.} lies on a tame 
J. 

arc a in Mn. For each m let a be the irreducible subarc m 
00 

of a containing xu(.Ux.); thenr'\a = x. As f is 1:1, i=m J. · l 'm 
f (()a ) = (') f ·ca ) • Thus f (x) = ()f ( a ) is the intersection m m m 
of a monotone decreasing sequence of arcs. Thus f(x) m 

converges to f(x), since f(xm) is contained in f(am) for 

every m. 

A complex is tame-arcwise connected with respect to 

compact countable sets if every compact countable set lies 

on a tame arc in the complex. 

Corollary 6.5. If K is a compact complex which is 

tame arcwise connected with respect to compact countable 

sets and if flK is a 1:1 function which preserves tame 

arcs, then fjK is homeomorphism. 
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Theorem 6.6. Let f be a function which preserves 

tame arcs whose domain is a triangulated n-manifold Mn. 

If is fixed tame in Mn with endpoints -1 w a arc p* £f (p I) 

and -1 let {a} be the set of all q*cf (q'), G = tame arcs 

in Mn with endpoints p* and q* such that if acG then wVa 

is tame. If the image of every tame simple closed curve 

in Mn is an arc, then nf(a) contains an arc joining p' 

and q'. 

Proof: Let a* be any arc in G. Let s1 and s2 be 

subarcs of f(w) and f(a*) respectively which have p' and 

q' as endpoints. Suppose there exists a point x'cs 1 not 

contained in s2, then s1Us 2 contains a simple closed curve 

J'. Therefore as f- 1 (x') is disjoint with a* and as wva* 

is tame, wVa* contains a tame simple closed curve J such 

that f{J)~J', contrary to hypothesis. 

Theorem 6.7. Let f be a function which preserves tame 

arcs whose domain is a triangulated n-manifold Mn. If w 
n -1 is a fixed tame arc in M with end points p*cf (p') and 

-1 q*cf (q'), let G = {a} be the set of all tame arcs with 

endpoints in f- 1 (p') and f- 1 (q') such that avw is tame. If 

the image of every simple closed curve in Mn is an arc, then 

nf(a) contains an arc joining p' and q'. 
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Proof: From Theorem 6.6. if G* = {a*} is the collection 

of all arcs of G which have endpoints of p* and q*, then 

nf(a*) contains an arc B between p' and q'. Let p*q*uq*p 
-1 be an arc of G with pEf (p'). Now f(p*q*)~B as p*q* is 

an arc of G*. Further f(q*p) must contain B for otherwise 

f(p*q*\.Jq*p) would contain a simple closed curve. Because 

of symmetry of the argument, nf(a) contains s. 

Theorem 6.8. If fjMn, Mn a triangulated n-manifold, 

preserves tame arcs and if J is a tame simple closed curve, 

then f(J) = J' is a homeomorphism or J' is an arc or point. 

Proof: Suppose J' is not an arc or point. Then, as 

J is a compact 1-dimensional manifold, we need only show 

f(J) = J' is 1:1 by virture of Theorem 6.4. If f(J) = J' 

is not 1:1 there exists x and yin J such that f(x) = f(y). 

Express J = aVB where a and Bare tame arcs such that 

ans= XUy. Now there exists in a points p and q, pf q, 

whose images are the endpoints of f(a) (If f(a) is a point 

choose p and q to be x and y respectively). Let the points 

be so named that a= XPJpqvqy where any two of the arcs on 

the right have at most a common end point. Now the end-

points of f(a) lie in its subarcs f(xp) and f(qy), which 

have a common point. Therefore f(xP\}qy) = f(xp)Uf(qy) = f(a). 
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Therefore the arcs y = pxvBVqy is such that f(y) = J' 

contrary to the hypothesis that J' is not an arc. 

An arc axb with end points a and bis said to span a 

point set M provided Mnaxb = aUb. 

I n n Theorem 6.9. If f M preserves tame arcs, M a compact 

triangulated n-manifold, and if there exists a tame simple 

closed curve JCMn such that f(J) = J' is not an arc or point, 

then f is 1:1. 

Proof: As J' is not an arc or point it follows by 

Theorem 6.8. that flJ is a homeomorphism. Let Z£J and 

suppose z f f- 1 f(z). Then there exists a point z 1 £Mn,J 

such that f(z 1 ) = f(z). Now there exists a homeomorphism 

h of Mn onto itself such that h(J) is rectilinear. As Mn 

has no cutpoints and as Ayre's Three Point Theorem holds 

. Mn in , h(J) can be spanned in Mn by an arc A containing 

As A is compact it can be approximated within£ 

by a polygonal arc, say c'h(z 1 )d'. Thus there is an arc 

cz 1d in Mn spanning J such that d f z and such that the 

subarcs of cz 1dUJ are tame. Write J as the sum of two 

simple arcs a and B having precisely the points z and d 

in corrunon. Now f(z) = f(z 1 ) and f is a homeomorphism on 

a. Therefore, since f(z 1dua) is a tame arc, we have f(z 1d) 

containing f(a). Therefore f(z 1dUB) contains J', contrary 
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to the fact that J' is not an arc. Therefore for every 
-1 point zcJ we have z = f f(z). 

Now let z be a point of Mn,J and let a be a tame arc 

through z spanning J such that aVJ is tame and such that a 

divides J into two arcs Sandy. From above and Theorem 6.8. 

it follows that as aVS is tame f(aVS) is a simple closed 

curve. Therefore z = f- 1f(z) and therefore f is 1:1 on Mn. 

Theorem 6.10. If fjMn preserves tame arcs, where Mn 

is a compact triangulated n-manifold, and if there exists 

a tame simple closed curve J is Mn such that f(J) = J' is 

not an arc or point then f is a homeomorphism on Mn. 

Proof: This is an immediate corollary of Theorem 6.9. 

and Theorem 6.4. 

An arc a is a free arc of M provided a spans M,a. 

Theorem 6.11. Let J be a tame simple closed curve in 

a compact triangulated n-manifold Mn and let fjMn preserve 

tame arcs. Suppose fiMn is not a homeomorphism, then 

f(J) = J' is a free arc or point of f(Mn). 

Proof: From Theorem 6.8. we see that f(J) = J' is a 

homeomorphism or J' is an arc or point. If f(J) = J' is a 

homeomorphism, then by Theorem 6.10. we see that fJMn is a 
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homeomorphism. Hence assume J' is an arc a'x'b' of f(Mn) 

which is not a free arc of f(Mn). To obtain the desired 

contradiction we prove: 

(1) There exists a tame arc uv in Mn such that f(uv) 

contains a nondegenerate subarc u'v', having exactly the 

point v' in common with J', where v' is an interior point 

of J'. We may further suppose uvVJ is tame. 

Proof of (1): As J' is not a free arc of f(Mn) there 

exists a sequence of points {x'} of f(M)n, J' converging n 
to an interior point x' of J'. As Mn is a manifold, via 

Theorem 6.3. there exists a tame arc Nin Mn meeting 

infinitely many of the f- 1 (x') such that NUJ is tame. n 
Then f(N) contains a nondegenerate subarc u'v' satisfying 

the conditions of (1) and thus we obtain the arc uv as a 

subarc of N joining a point of f- 1 (u') to a point of f- 1 (v'). 

This establishes (1). 

Now as Mn is a manifold there exists a tame arc Hin 

Mn intersecting f- 1 (u') and having endpoints in f- 1 (a') 

and f- 1 (b') such that HUJ is tame via Ayre's Three Point 

Theorem and by replacing an arc by a polygonal arc. Now 

f(H) contains J'. For suppose not; then by Theorem 6.7. 

there exists a tame simple closed curve J" in Mn such that 

f(J") is not an arc or point. Then by Theorem 6.10. fjMn 

is a homeomorphism contrary to hypothesis. Now f(H) contains 
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both u' and v' and hence a subarc joining these points. 

Since f(H) is an arc, this subarc contains either a' orb', 

hence assume it contains a' and denote it by u'a'v'. From 

Theorem 6.7. it follows that if Mis any tame arc in Mn 

having its endpoints in f- 1 (u') and f- 1 (v') such that MUJ 

is tame, then f(M) contains u'a'v'. But this says that 

the image of the tame arc uv given by (1) must contain a 

simple closed curve. This contradiction completes the 

proof. 

Theorem 6.12. Let {a.}9 1 be a finite collection of 
l 1= 

tame arcs in a compact triangulated manifold Mn such that 

their union A is tame. If a, band care three distinct 

points of Mn then there exists a tame arc aq+l meeting 

a, band c such that aq+lUA is tame. 

Proof: As A is tame there exists a homeomorphism 

h:Mn~Mn taking A to a standard polyhedron. Now there exists 

a tame arc uv which meets h(a), h(b) and h(c). As Mn is a 

manifold we may replace uv by a polyhedral arc u'v' such 

that u'v'uh(A) is a polyhedron. 

the desired arc. 

-1 Thus h (u'v') = aq+l is 

Theorem 6.13. Let fjMn preserve tame arcs, where Mn 

is a compact triangulated n-manifold. If £(Mn) is not an 

arc or point, then f is a homeomorphism. 
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Proof: Suppose f is not a homeomorphism. Then by 

Theorem 6.11. the image of every tame simple closed curve 
n is a free arc or point of f(M) and consequently 

every two points of f(Mn) lies on a free arc of f(Mn). As 

Mn is a compact manifold it is strongly tame arcwise 

connected ,and therefore f(Mn) is strongly arcwise connected 

and is hence compact and locally connected. Thus f(Mn) is 

a simple closed curve. 

Let w be a tame arc in Mn. Then we show that if z' is 

any point in f(Mn) then there exists a tame arc S of Mn such 

that wUS is tame and z' is an interior point of f(S). If 

z' is an interior point of f(w) we are through. First 

suppose z' is an endpoint of f(w) = y'z'. Since f(Mn) is 

a simple closed curve, it contains an arc p'z'q' having z' 

as an interior point. Suppose f(w)np'z' = z'. Let {p'} n 
be a sequence of points of the arc p'z' converging mono-

tonically to z'. Now wnf- 1 (p') = ~- Choose a sequence n 
of points {x }, x £f- 1 (p'). As Mn is compact by Theorem n n n 

6.3. there exists a tame arc a passing through infinitely 

many of {xn} such that avw is tame. Thus we obtain an arc 

y = z'x' which is a subarc of both z'p' and the image of p 
a tame arc of Mn where avw is also tame. As Mn is a mani-

fold by Theorem 6.12. let S be a tame arc in Mn intersecting 
-1 -1 -1 f (x'), f (y') and f (z') such that SVwva is tame. By 
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of Theorem 6.7. f(S) contains y Uf(w) an arc which p 
has z' as an interior point. 

Now suppose z'nf(w) = ~. As f(Mn) is a simple closed 

curve there exists an arc p'z'q' having z' as an interior 

point. Let {p'} be a sequence of points in the arc p'z' n 
converging monotonically to z'. As Mn is a manifold let 

a be a tame arc in Mn intersecting infinitely many of the 

sets f- 1 (p') such that auw is tame by Theorem 6.3. Thus n 
we obtain an arc y = z'x' which is a subarc of both z'p' p 
and the image of a tame arc of Mn. Likewise we obtain an 

arc yq = z'y' which is a subarc of z'q' and the image of 

a tame arc a' in Mn such that a'uauw is tame. By Theorem 

6.12. let S be a tame arc in Mn intersecting f- 1 (x'), f- 1 (y') 

and f- 1 (z') such that sua'uauw is tame. By virture of 

Theorem 6.7. f(S) contains y uy an arc which has z' as p q 

interior point. Now if z' = f(w), the same construction 

will yield the desired s. 

We now wish to show if a 1 , a 2 , ---, an is a collection 

of tame arcs in Mn whose union is tame such that no f(a.) 
1 

is a point and if z'£f(Mn) does not lie in the interior of 

the image of one of these arcs, then there exists a tame 

arc an+l such that a 1 , a 2 , ---, an, an+l is a collection 

of tame arcs whose union is tame and such that z' lies in 
n 

the interior of f(an+l). First if z 1n.V1f(a.) =~then we 
1= 1 

can construct an+l as S was constructed in the preceeding 
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paragraph. Second if z' is the endpoint of one of the 

f(a.) but for no j is it contained in the interior of 
l 

f(a.)Uf(a.), then the construction used in the second 
l J 

paragraph above will give the desired an+l" Thus suppose 

z' is the endpoint of f(a.) and f(a.), ii j, and that z' 
' l J 

belongs to the int(f(ai)Uf(aj)). As a 1va 2 is tame and as 

f(a 1va 2) = p'z'q', an arc containing z', there exists a 

tame arc an+l with the desired properties by Theorem 6.12. 

and Theorem 6.7. passing through f- 1 (p'), f- 1 (z') and 

f-l(q'). 

Thus it follows from the Heine-Borel Theorem that 

there exists a finite number of tame arcs a 1 , a 2 , , 

a (n>2) in n -n 
U f(a.) = . 1 l i= 

Mn such that their union is tame and such that 
n 
U a! = 

i=l l 
Moreover, the a. may be so 

l 

selected and named that a1nak =~except for k=i-1, i, 

Let p! and q! be the end points of a! and i+l (n+l = 1) . 
l l l 

assume them so named that pi+l is a point of ai and while 

qi+l is not. Select in Mn a tame arc 81 = p 1q 1uq 1q 2 , where 

the points p 1 , q 1 , and q 2 are in f- 1 (p 1), f- 1 (q 1) and f- 1 (q 2) 
respectively such that 81Ua 1~a 2u---uan is tame. By Theorem 

6.7. f(p 1q 2 ) contains a1 and consequently p 1q 2 contains a 
. -1 

point p 2 off (p 2). The subarc p 2q 2 of 81 has an image 

which contains a2 by Theorem 6.7. Therefore f(8 1 ) contains 

To complete the induction assume that a tame arc 8r 

has been obtained in Mn such that 8 UR ua va u---Ua r r-1 r r+l n 
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Select 
n in M a tame arc Sr+l = p 1qr+lUqr+lqr+ 2 ' where the points 

p 1 , qr+l and qr+ 2 are in f- 1 (p 1), f- 1 (q~+l) and f- 1 (q~+ 2 ) 

respectively such that S +lUS Ua ~---ua is tame. By r r r n 
applying Theorem 6.7. as above it follows that f(p 1qr+l) 

contains a'U---ua' and finally f(Sr+l) contains l r+l 
a1ua 2u---ua~+ 2 • Therefore, by induction, there exists a 

tame arc S 1 in Mn such that f(S 1 ) = f(Mn) which as a n- n-
consequence of our supposition is a simple closed curve. 

Theorem 6.14. If C is a compact n-cell and fjC is a 

1:1 function which preserves tame arcs, then fjC is a 

homeomorphism. 

Proof: As C is compact we need only establish continuity. 

Suppose fjC is not continuous. Assume {x.} is a sequence 
l 

of points converging to x such that {f(x.)} does not converge 
l 

to f (x) • Let {x.} be an infinite subsequence of {x.} such J l 

that f(x) is not a limit point of {f(x.) }. We can pass a 
J 

tame arc through infinitely many points of {x.}. But a 
J 

repetition of the argument used in Theorem 6.7 yields the 

contradiction that a subsequence of {f(x.)} does converge 
J 

to f (x) • 
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Theorem 6.15. If C is a closed n-cell, fjC is a 

function which preserves tame arcs and if dim (f(C))>l, 

then f!C is a homeomorphism. 

Proof: Without loss of generality suppose C is a 

closed n-cube. Let pcC be a point such that dim (f(p))>l. 

Suppose fjC is not 1:1. Let x,y be such that f(x) = f(y). 

But xuyup can be made to lie on the boundary of an-cube. 

Therefore, by Theorem 6.13. f(x) f f(y) and so f is 1:1. 

Thus, by Theorem 6.14., f is a homeomorphism. 

Theorem 6.16. Let f be a function whose domain is a 

triangulated n-manifold M1 and whose range is in an-manifold 

M2 • If f preserves tame arcs and dim (f(Mn))>l, then f is 

a homeomorphism. 

Proof: Analogous proof to Theorem 6.1. can be given 

Mutis Mutandis with Theorem 6.15. replacing 4.1 of Hall and 

Puckett [4]. 

Conclusion: 

Theorem 6.17. Let f be a function whose domain is a 

triangulated n-manifold M1 with range in an-manifold M2 

and suppose dim f(Mn)>l. Then the following are equivalent: 

(a) f preserves tame arcs; 
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(b) f is a homeomorphism; 

(c) f preserves arcs. 

Corollary 6.18. A manifold M~ n>l, fails to be 

triangulatalbe if and only if every function f from a 

triangulatable manifold onto M fails in one of the following 

equivalent ways: 

(a) f fails to take some tame arc onto an arc or point; 

(b) f fails to take some arc onto an arc or point; 

(c) f fails to be a homeomorphism~ 

Theorem 6.19. Let Mn be a triangulated n-manifold or 

a triangulated compact n-manifold. If f is a function 

defined on Mn such that f takes tame arcs onto connected 

tame sets and such that for each tame arc AEMn f(A) contains 

no triod, then f is a homeomorphism if f(Mn) is not an arc 

or point and in addition for the non-compact case is not a 

simple closed curve. 

Proof: If Mn is compact, this theorem is a corollary 

to Theorems 5.5. and 6.13. If Mn is not compact this theorem 

is a corollary to Theorems 5.5. and 6.16. 

Corollary 6.20. Let Mn be a triangulated n-manifold. 

If f is a map defined on Mn such that f takes tame arcs 
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onto tame sets and such that for each arc A£Mn f(A) does 

not contain a triod, then f is a homeomorphism if f(Mn) is 

not an arc, point or simple closed curve. 

Corollary 6.21. n If f is a map defined on S such that 

f takes tame arcs onto tame sets and such that for each 

tame arc A£Sn, f(A) does not contain a triod, then f is a 

homeomorphism if f(Sn) is not an arc or point. 



47 

VII. DEGREE OF SKEWNESS 

If C is a set in En or Sn while C lies on a strong 

homeomorph of an EPCEn or flat sPcsn and if this is not 

true for any dimension less than p, then the degree of 

skewness of C is p. 

Theorem 7.1. Consider En (or Sn) and let f be a map 

defined on En (or Sn) such that f takes tame arcs onto 

tame sets. Then the image of no tame arc contains a triod 

if and only if the degree of skewness of every tame arc is 

preserved, provided f(En) (or f(Sn)) is not a point, arc 

or simple closed curve. 

Proof: Theorem 6.16. contains one part of the impli-

cation. If the degree of skewness of an arc is preserved 

then the image of the arc can not contain a triod and the 

theorem follows. 

This theorem, in light of Theorem 6.19., indicates 

that the no-triod condition is richer than the degree of 

skewness condition. As both the no-triod and the degree 

of skewness condition imply that the dimension of subsets 

is preserved, perhaps preservation conditions on the dimension 

of subsets could be used to study larger classes of tame 

functions. 
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VIII. TAME DIMENSION RAISING MAPS 

There are tame maps which raise the dimension of sets. 

Theorem 8.1. Let K bean-dimensional complex and let 

S be the unit square [0,l]x[O,l]. There exists a map F of 

K onto S such that the image of every tame set is tame. 

Proof: As we can retract K onto a closed line, the 

following two theorems suffice. 

Theorem 8.2. If I is the unit interval and S the unit 

square there exists a map f from I onto S such that the image 

of every subinterval is a 2-cell. 

Proof: Consider E. H. Moore's Crinkly Curve c3 , [8]. 

It is a map f:I~s given as the uniform limit of a sequence 

of continuous maps fn(t) = (¢n(t), ~n(t)) whose images are 

c3 
0 

0 
30 

3 3 Below we indicate f 0 , f 1 and f 2 by giving c0 , c1 , 

sub squares subsquares 

c3 c3 
1 2 

1 0 
32 

l 0 
34 

l 

intervals intervals intervals 
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The construction of c 3 is such that if f (t) is an end-n n o. 

point of a line segment in a square corresponding to the 

subdivision of S for c 3 then f (t) = f (t) for all m>n. n m a n o. 

Further, if I' is an interval of the partition of I 

corresponding to S' of the partition of S for C~, then 

f (I') = S' (see Hilbert [5]). 

Let [a,b] be any subinterval of [O,l] which is not a 

subinterval in any of the partitions of [O,l] or a finite 

union of subintervals from a number of partitions. Let N 

be the smallest integer such that [a,b] contains an interval 
1 IN= [a 1 ,b 1 ] of the N-th partition of [0,1]. First consider 

[a,a 1 ] which may contain other intervals of this partition. 
i If so set IN = [a~,a. 1 ], where i = 2, ---, r(N); r(N) <8. 

l i-

The interval N [a,ar(N)] may not be empty. In this case let 

N+p(l) be the smallest integer such that [a 1 ,a~(N)] contains 

an interval of the N+p(l)-st partition of [0,1]. As above set 

1 
1N+p(l) 

= [ N+p(l) N ] d Ii _ [ N+p(l) N+p(l)] 
al ,ar(N) an N+p(l) - ai ,ai-1 

where i = 2, ---, r(N+p(l)); r(N+p(l)) 28. So define 

Il 
N+p ( j) 

= [ N+p(j) N+p(j-1) ] and i = 
al ,ar(N+p(j-1)) 1N+p(j) 

[a~+p(j), 
l 

N+ (.) a. P J ] where i = 2, i-1 , r(N+p(j)); r(N+p(j)) 28; if 

N+p (j-1) 
[a,ar(N+p(j-l))] is not empty. Set {Ia} 1r (N) 

' N I 

1 
1N+p ( 1) ' 

Ir (N+p (j )) ---1. 
N+p(j) ' 
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Now similarly define {JS} = {Il = 
N 

Jr(N) Jl 
N I N+q(l)' 

Jr(N+q(l)) 
N+q (1) ' 

Jr(N+q(j)) ---} where Jr(N+q(j)) c 
N+q(j) ' N+q(j) 

[b 1 ,b]. Note the two sets {Ia} and {JS} may be empty, finite 

or countably infinite. From above we assume at least one is 

countably infinite. 

Let p = lim Sa and q = lim SS where Sa= f(Ia) and 
a~oo s~oo 

SS = f(JS) in case {Ia} and {JB} are infinite. To justify 

this we observe that by construction these limits exist 

and are single points as Saand Sa+l meet in the face of 

Sa+l on the face of Sa and lim (diam (Sa)) = 0. We will 
a~oo 

show that both p and q are limit points of S '-.f ( [a,b]) and 

hence belong to Bd(f([a,b])). Consider q and f([O,b]). 

Let M be the smallest integer such that S '-..f ( [O,b)) contains 

a square of M-th partition of S. Order the squares in the 
s (M) M-th partition in the natural way and let SM be the 

first square of this partition that does not contain a point 

of f([O,b]) in its interior and let s:(M)-l, 

s (M) :_ 8, be the other squares of this partition in S '- f ( [ 0, b)) 

where their numbering is the reverse of their natural order. 

Let M + u(l) be the smallest integer such that 

s (M) . 
S '- [f ( [O, b] )U ( U S~)] contains a square of the M + u (1) -st 

i=l 

partition of S. As before, construct a sequence of squares 

of this partition ss(M+u(l)) 
M+u (l) 

2 1 
' SM+u(l)' 5M+u(l); 
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s(M+u(l))<B. Note this new sequence may be null. In 

s(M). s(M+u(l)). 
general if s '- [f ( [O ,b]) U( .U S~)U ( .U S~+u (l) )U---U 

1=1 1=1 
s (M+u (v)) . 

( .0 S~+u(v)) J f 0 then construct as before the sequence 
1=1 

of squares Ss(M+u(v+l)) 
M+u(v+l) ' 

S2 Sl 
' M+u(v+l)' M+u(v+l) 

s(M+u(v+1))<8. Combining these sequences of squares form 

ss(M+u(l) ---}. 
' M+u(l) 

Observe {SY} and {S 6 } are finite or infinite as the other 

is finite or infinite. Again assume the sequence is in-

finite and define o = lim sY. This follows from the 
y-+oo 

construction used to obtain {SY}. Suppose for the points 

q and o , q ':I o. 1 Consider the set {f(JN), 

f(Ji(N+q(j))) ---}U{SMl' ---, ss(M) 
N+q(j) ' M ' 

S s (M+u (v) ) ___ } 
' M+u(v) ' 

from which we construct the sequence {s 6 } using the natural 

lexographic order obtained by first ordering the partition 

numbers, then giving f (JR).' s precedence over SR' s in case 

there are J's and S's in the same partition, and by finally, 

in the given partition, giving the constructed order to the 
V 6 

squares. Notice that diam (S "- [f ( [O,a 1 ] )U( U S ) ] )-+0 as 
6=1 

V-+00 by virtue of the nested partitions used to construct 

c 3 . This implies q = o. Thus q is a limit point of 

f((a,b]) and its exterior. 
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To show that int(f([a,b])) is simply connected let C 

be an arbitrary cycle in int(f([a,b])). Thus C lies in 

the interior of the connected union of a finite number of 

squares. For if not p or q lie on C and hence C is not in 

the interior of f([a,b]). Thus int(f([a,b])) is simply 

connected if and only if it contains no ''holes". Suppose 

His an hole in int(f([a,b])). Let M1 be the smallest 

integer such that H contains a square, say H1 , of the M1-st 

partition of S. Let M2 be the smallest integer such that 

f([a,b]) contains a square SM of the M2-st subdivision of 
2 3 

Consider CM with the natural 

order given to the open segments 

M-th partition of S. Suppose if 

in the squares of the 

asint(H 1n~~) and bsint(sMnc!) 
2 3 then a<b in the order given to the segments of CM above. 

The segments of c! induce a natural order in the set of 

squares of the M-th partition of S. Consider the subse-
i quence of all subsquares {SM} in the M-th partition which 

precede H1 or the subsquares of H1 as the case may be. Now 

the interior of the union of this set of subsquares inter-

sected with int(f([a,b])) (ie. int( u s!)nint(f([a,b])) f j) 
i=l 

can not be empty, for otherwise the hole H would meet Bd(S) 

at the point (0,0) which is not possible. Thus let M3 be 

the smallest integer such that int(f([a,b])n(l) s!> contains 
i=l 

a square Sv of the M3-th subdivision of S. Set 
''J 
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Ma= max(M 1 , M2 , M3 ). Consider the set of subsquares of 

the M -th partition of S with their natural order. Clearly, a 

a subsquare (or square) of H1 separates a subsquare (or 

square) of Su from a subsquare (or square) of SM in this 
,·.1.3 1 2 

natural order which is not possible as int(f([a,b])) is 

connected in the sense of such a sequence of squares. 

Now by the Hahn-Mazurkiewicz Theorem f([a,b]) is a 

Peano Space and hence compact and locally connected. Thus 

by Theorem 13.1 page 160 Newman [9] int(f([a,b])) is uni-

formly locally connected. Hence, by Theorem 16.2 page 167 

Newman~], Bd(f([a,b])) is a simple closed curve as 

int(f([a,b])) is simply connected and uniformly locally 

connected. Thus by the Schoenflies Theorem f([a,b]) is 

a 2-cell. 

Theorem 8.3. Let f:I~s be the map for Moore's Crinkly 

Curve c3 given above and let {Ri}l be a finite disjoint 
p p 

sequence of closed intervals in I. Then U f (R.) = f ( U (R.)) 
. 1 1 . 1 1 i= i= 

is polyhedral. 

Proof: By the previous theorem each f(R.) is a 2-cell. 
1 

By construction f(R.) and f(R.) meet in their boundaries if 
1 J 

their intersection is not null. If f(R 1 )nf(R 2 ) consists of 

a finite number of components then f(R 1 )Uf(R 2 ) is a polyhe-

dral set. If [f (R1 ) U f (R2 )] n f (R3 ) is a finite number 
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of components then f(R 1 )Uf(R 2 )Uf(R 3 ) is polyhedral and 

f(R~)nf(R 3 ) and f(R.,)('.f(R..,) both consist of a finite 
~ ~ ~ 

nUF.,bcr of components and conversely. By induction, this 

holds for all i~p. Hence it is sufficient to show that 

f(R.)nf(R.) consists of a finite number of components. 
l J 

By construction f(R.) 
l 

and f(R.) are 2-cells which 
J 

Suppose f(R.)Uf(R.) contains 
l J 

meet in their boundaries. 

two or more holes, say H1 and H2 in the evident sense. 

Let SN(l) and SN( 2 ) be the largest squares in H1 and H2 

respectively belonging to partitions N(l) and N(2) of S. 

Let N = max (N(l), N(2)). w Form the sequence {SN} of 

squares by taking the squares of the N-th partition in 

their natural order. Suppose in this sequence the finite 
w subsequence {SN(l)nsN} prece::lES the finite subsequence 

{SN( 2 )ns~}. Let S~(l) be the last square in {SN(l)ns~} 

and let s~( 2 ) be the first square in {SN( 2 )ns;}. Consider 

the subsequence 

S w ( 1 ) and S w ( 2 ) 
N N 

of {s;}, consisting of the squares 

. {Sw(l) Sw(l)+l ___ Sw(2)} 
ie' N ' N ' ' N • 

between 

Now 

w ( 2) . 
l) (int(S~)) must meet f(R.)Uf(R.) in a set with non-

i=w (1) 1 J 
void interior; otherwise H1 = H2 . Let N3 be the smallest 

integer such that there exists a square SN( 3 ) of N(3)-rd 

w ( 2) . 
partition in [f(R.)Uf(R.)]n U (S~). 

1 J i=w(l) 
1 2 the sequences of squares {SN, SK, 

Similarly, consider 

3N+l 
SN } and hence let N(4) and N(S) be the 
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smallest integers corresponding to the largest squares 

w ( 1) . 

SN( 4 ) and SN(S} in [f(R.)Uf(R.)Jn( U SN1 ) and [f(R.)(Jf(R.)Jn 
J. J i=l J. J 

3 2N . 
(.U S~) respectively. 

J.=w ( 2) 
Let M = max (N, N(3), N(4), N(S)). 

Fron this M-th partition, form a sequences of squares in 

their natural order. Now f(R.)Uf(R.) meets this sequence 
J. J 

of squares in at least three non-adjacent (in the sequence) 

subsequences of squares as the sequence meets SN( 4 ), SN( 3 ) 

and s~(S). However, the images of the intervals in R. and 
J. 

R. corresponding to the M-th partition of (0,1] form two 
J 

subsequences of adjacent squares. This contradiction 

establishes that there is at most one hole. 

Suppose now f(R.)nf(R.) is not just two components. 
J. J 

Coherently orient the boundaries of f(R.) and f(R.). Let 
J J. 

(ab). = [a,b] be an irreducible subarc of Bd(f(R.)) with 
J. J. 

order agreeing with that of Bd(f(R.)) which contains 
J. 

f(R.)nf(R.). Similarly define (ab).= [a,b] to be the 
J. J J 

irreducible subarc for Bd(f(R.)). Now f(R.)nf(R.) is a 
J J. J 

closed subset of both (ab). and (ab)· .• Hence the comple-
J. J 

ment of f(R.)nf(R.) in each arc is a countable union of 
J. J 

open arcs. Let (a 1b 1 )i = (a 1 ,b 1 ) and (a 2b 2 )i = (a 2 ,b 2 ) be 

two of these open intervals in (ab) .. Now they must 
l 

correspond to arcs (a 1b 1 )j = (a 1 ,b 1 ) and (a 2b 2 )j = (a 2 ,b 2 ) 

in (ab)j. So Cf(albl)iU(a 1b 1 )j and c2 = (a 2b 2 )iU(a 2b 2 )j 
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are simple closed curves bounding holes in f(R.)Uf(R.). 
J. J 

This is not possible. Thus f(R.)nf(R.) consists of at 
J. J 

most two closed components. 

To see that the inverse of the map f above does not 

take tame sets onto tame sets, consider the inverse image 

of the diagonal (f(O), f(l)) of S. This set is not a 

polyhedron. 
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IX. K-R MANIFOLDS AND ONE-TO-ONE MAPS 

Most of the results in Section VI are for manifolds. 

Similiar results for manifolds with boundaries are not 

true, even if the tame arc preserving functions are replaced 

by 1:1 maps which certainly preserve all arcs. In this 

section are some elementary results for 1:1 maps on spaces 

more general than manifolds. We give an example of a 1:1 

non-topological map which does not preserve tame sets. 

Also are characterized the 1:1 maps from a 2-dimensional 

manifold with a single boundary component onto a 2-

dimensional manifold with a single boundary component. 

Theorem 9.1. Let M1 and M2 be two n-dimensional 

manifolds with boundaries and let f:M 1~M2 be a 1:1 map, 

then f(int(M 1 ))Cint(M 2 ). 

Proof: Let pEint(M 1 ) and let BP(£) be a closed £-ball 

centered at p. Now f/B (£) is a homeomorphism and hence p 
f(int(B (£))) is topologically En. p 

Corollary 9.2. In the above theorem, fjint(M 1 ) is a 

homeomorphism. 

Proof: This follows as f is a 1:1 map of a topological 

En into a topological En. 
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Example 9.3. There is a 1:1 non-topological map from 

the 3-manifold with boundary X = Dx[O,l], D the open unit 
l l 2-disk, to the 3-manifold Y = DxS, S the one sphere, 

which preserves tame sets. 

Proof: To see this, separate Y at DxO so that the 

resulting cylinder is X. The inverse of this separating 

operation is easily seen to yield a 1:1 non-topological 

map. 

Let f be this 1:1 pasting map, let P be a tame set in 

X, and let c3 be a polyhedral 3-cell in X in which Pis 

tamely imbedded. Now f(C 3 ) is a 3-cell in Y. Note that 

c3nBd(X) can be taken to be a tame disk. By Bing's or 

Moise's paper on locally tameness in 3-manifolds, since 

f(C 3 )CY is locally tame, f(C 3 ) is tame in Y. 

A manifold with boundary Mn whose interior int(Mn) 

is En and whose single boundary component Bd(Mn) is En-l 

is an n-dimensional K-R manifold. 

Example 9.4. (Doyle). There is a 1:1 non-topological 

map of a 3-dimensional K-R manifold onto E2xs1 that fails 

to preserve tame sets. 

Proof: Let T3 be the standard open solid torus in E3 

and Dan almost polyhedral wild disk in T3 that spans Bd(T 3 ). 
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Figure 5 

3 3 Let E1 be a copy of E as shown in Figure 5 and let n1 be 

a nice disk as shown. As Dis wild in T3 , Mi= Ei VD 1 is 

a pathological K-R manifold. If now we cut T3 by separating 

D and Ef we obtain a K-R manifold M~ which is homeomorphic 
3 3 to M1 as Dis tame in M2 by 

homeomorphism induces a 1:1 

wild in T3 and D1 is tame in 

sets. 

Theorem 5, Bing [1]. 

map f of Mi onto T3 . 

This 

As Dis 

3 M1 , f does not preserve tame 

We are able to characterize the 1:1 maps of a 2-

dimensional K-R manifold onto a 2-dimensional K-R manifold. 

Theorem 9.5. Let M1 and M2 be two 2-dimensional K-R 

manifolds. If f is a 1:1 map of M1 onto M2 then f is a 

homeomorphism. 
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?roof: Suppose int(X 2 ), f(int(M 1 )) f ~. As f is 

onto, there exists p'£[int(M 2 ), f(int(M 1 ))]nf(Bd(M 1 )). 

Let q'£Bd(M 2 ). Then there exists an arc p'q'£f(Bd(M 1 )). 

Order p'q' from p' to q' and let r' be the first point of 

.. ,.,. p' r' meets Bd (M2 ) in the interior of 

a one d~s~ D. Then p'r 1UB is a triad. Let p', ri and r 2 
be the enGs of the triod. Then if p = f- 1 (p'), r 1 = f- 1 (ri) 

and r 2 = f- 1 (r 2), pl}r 1vr 2 lies in a closed 1-disk D1 in 

Bd(M1 ). Thus as f!D 1 is a homeomorphism p'Vrivr 2 lies on 

an arc in f(Bd(M 1 )). But this arc does not lie in p'r'UD 

as it is a triod. Therefore, f(Bd(M 1 )) contains a simple 

closed curve. This cycle must separate M2 and hence 

f(int(M 1 )) as f(int(M 1 )) is dense. This is not possi~le 

as f(int(M 1 )) is connected. 

It is conjectured that this theorem can not be improved 

upon by raising the dimension of the K-R manifolds. 

Theorem 9.6. Let M1 and M2 be two n-dimensional spaces 

with boundaries obtained from two K-R manifolds by deleting 

from each K-R manifold all of its boundary except a point. 

If f is a 1:1 map of M1 onto M2 then int(M 1 ) maps onto 

int(M 2 ) and is a homeomorphism on the interior of M1 • 
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Proof: As in Theorem 9.1. f(int(M 1 ))cint(M 2 ). This 

implies as the boundaries of M1 and M2 are single points 

that f(Bd(M 1 )) = Bd(M 2 ). Thus f(int(M 1 )) = int(M 2 ). 

Exa~plc 9.7. Let X be a 3-cell with all of its 

boundary removed except a point. Then there is a map f 

of X onto X which is 1:1 but is not a homeomorphism. 

Proof: Consider the complex carried by the triangle 

v 1v 2v 4 illustrated in Figure 6. 

Figure 6 

Let¢ be the map of v 1v 2v 4 onto itself, defined by 

cp(v1 ) = v 1 , ¢(v 2 ) = v 2 , ¢(v 3 ) = ¢(v 4 ) = v 4 and ¢(vs)= vs 

in the natural way. ¢ induces a natural map 9 1 on the cone 

K of v 1v 2v 4 obtained by suspending v 1v 2v 4 at v 6 not in the 

plane of the triangle. Set f = <P' I { (K ,Bd(K) )Vv 4 }. It 

can be seen that by construction f is 1:1, and continuous. 
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A topological space X has an-cell union if there is 

a sequence of closed n-cells {C.} such that X = 
l 

UC. and 
. l 

If for each XEC, there is an open set 
l 

l 

in ci+l 

containing x, then Xis said to have a strong n-cell union. 

Two topological spaces X and Y have similiar n-cell unions 

if there is a strong n-cell union for X =\JC., an n-cell 
. l 

union for Y =\....JC~ and 
. 1 
1 

such that h. (C.) = C! 
1 1 1 

1 
a sequence of homeomorphisms {h.} 

1 

Theorem 9. 8. (Doyle). If X has a strong n-cell 

union, then two topological spaces X and Y have similiar 

n-cell unions if and only if there is a 1:1 map of X onto 

Y. 

Proof: Leth be a 1:1 map of X onto Y. Now hjc. is 
1 

a homeomorphism as C. is compact. Thus h(C.) is an n-cell. 
1 1 

Therefore as h(Ci)ch(Ci+l), Y has an-cell union similiar 

to X. 

Let X and y have similiar unions. Seth = lim h .• 
i 1 

Suppose h is not 1:1. Let X and y be points such that 

h(x) = h (y) • We get a contradiction, for there exists 

i such that x, y£C .• To show continuity, let {x.} be a 
1 1 

convergent sequence in X, x.~x. Then there exists a j 
1 

an 

such that XEC .. By hypothesis there is an open set about 
J 

x in Cj+l" Therefore, there is a subsequence of all but 
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a finite number of {hxi} converging to h(x) as there is 

an open set about x on which his a homeomorphism. 

As a consequence of this theorem, if Xis a manifold 

with boundary and Y is a manifold and they have similiar 

n-cell unions, then there is a 1:1 non-topological map 

from X onto Y. 

Theorem 9.9. Let X and Y have similiar n-cell unions. 

Then h = lim h. is a homeomorphism on a neighborhood of 
l i 

each compact subset of X. 

Proof: Suppose there is a compact set KCX such that 

for no i is Kee .• Thus for all i, K,c. f ~. Choose 
l l 

x.eK,c .• Let x.+xeK as x.eK. But then there exists a 
l l l l 

j such that xeC. and therefore there exists an open set 
J 

uccj+l containing x. So U contains all but a finite number 

of the x .. This is a contradiction, for there exists a 
l 

N>O such that if k~N then xkeCj+l· Therefore his a 

homeomorphism on a neighborhood of K. 
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TRANSFORMATIONS PRESERVING TAME SETS 

Harvey Johnson Charlton 

An Abstract 

If Xis a complex with a triangulation and if Pis a 

homeomorph of a polyhedron in X with respect to this tri-

angulation, then Pis tame in X if there is a homeomorphism 

h of X onto itself and another triangulation of X in which 

h(P) is a polyhedron. A function from one complex X into 

a complex is called tame and is said to preserve tame sets 

if for each tame set PcX, f(P) is tame. 

Tame local homeomorphisms from triangulated n-manifolds 

into triangulated n-manifolds and tame light open maps of 

2-manifolds into themselves are homeomorphisms. Connected 

complexes are compact if and only if every tame map of the 

complex into itself has a polyhedral image. Tame linear 

maps of Euclidean spaces and tame simplicial maps on tri-

angulated n-manifolds with boundaries are homeomorphisms 

if their images are of dimension greater than one. 

Functions from polyhedra into topological spaces which 

take tame arcs onto sets consisting of finite number of 

components have images of, at most, a finite number of 

components. If the function and its inverse takes tame 

sets onto tame sets then the image is connected, provided 

its image is in a complex. If the function is from a 
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topological space into a polyhedron, then it is continuous 

if and only if its inverse takes tame arcs onto closed sets. 

Finally a function from a complex to a complex is continuous 

if its inverse takes tame sets onto tame sets. 

A function from an n-manifold into an n-manifold which 

has an image of dimension greater than one and which takes 

arcs onto arcs or points is a homeomorphism. A function 

from a compact triangulated n-manifold into a topological 

space which takes tame arcs onto arcs or points and whose 

image is not an arc or point is a homeomorphism. A function 

from a triangulated n-manifold into an n-manifold which 

takes tame arcs onto arcs or points and whose image is of 

dimension greater than one is a homeomorphism. A function 

from a triangulated n-manifold into a triangulated n-manifold 

which takes tame arcs onto connected tame sets such that 

the image of no tame arc contains a triod is a homeomorphism 

if its image set is n6t a point, arc or simple closed curve. 

Finally there are tame maps which raise the dimension 

of sets. And there are 1:1 maps which do not preserve tame 

sets. A K-R manifold is an-manifold with boundary whose 

· t · · En d h b d · En-l in erior is an w ose oun ary is • A 1:1 map of 

a 2-dimensional K-R manifold onto a 2-dimensional K-R 

manifold is a homeomorphism. 


	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070

