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CHAPTER 1 

INTRODUCTION 

Spaces on which every continuous real valued function is 

bQunded were first introduced in 1906 under the name of extremal 

spaces by one of the founders of abstract topology, Maurice 

Frechet. The systematic study of these spaces was begun in 1948 

by Edwin Hewitt [34], who called them pseudocompact spaces. The 

term pseudocompact seems to have been introduced.after Yu. M. 

Smirnov showed that extremality is equivalent to the following 

compactness property: Every locally finite covering has a finite 

refinement. It soon became apparent that this property was 

significantly weaker than compactness. 

Pseudocompact spaces turn out to be an important class of 

spaces in analysis. Glicksburg [28] showed that they are precisely 

the spaces on which the theorems of Riesz, Dini and Ascoli hold. 

In this same paper he presented some analytical characterizations 

of pseudocompact spaces. In [29] he investigated products of 

pseudocompact spaces when solving the following problem: for which 

spaces does the equality ~(X X Y) =~XX ~y hold? 

Bagley, Connell and McKnight [4] studied properties characterizing 

pseudocompactness without requiring the complete regularity of the 

1 



2 

spaces. They also investigated properties weaker than compactness 

but stronger than pseudocompactness. Stephenson expanded upon these 

results in [76]. Iseki and Kashara [43] characterized these spaces 

as those on which certain types of convergence of functions hold. 

Vidossich [83] generalizes the concept of pseudocompactness 

with his pseudo-~ -compact spaces. Kennison [ 51] also generalizes 

with the idea of m-pseudocompactness. In his paper Vidossich also 

introduces a one-point pseudocompactification but does not investigate 

the properties of this pseudocompactification. This is the only 

mention of pseudocompactifications which appears in the literature. 

Products of pseudocompact spaces have been extensively studied. 

Glicksburg [29], Frolik [24], Terasaka [82], Tamano [80], Noble [68] 

and Stephenson [76] all studied conditions under which pseudocompactness 

carries over to the product space. Out of the investigation of products 

grew the study of pseudocompactness under certain maps and inverse 

maps. Hanai and Okuyama [31], Isiwata [44] and [45], Woods [87] and 

Zenor [90] consider certain functions which characterize pseudocompactness. 

Other pseudocompact properties appear in the investigation of 

z-filters. (e.g. Mandelker [53), Johnson and Mandelker [50] and 

Woods [89]), in the investigation of the remainder f,x-x. (e.g. 

Fine .and Gillman [19] and [20], Isiwata [48], Woods [86] and [88]) 

and in the investigation of real compact spaces (Dykes [17], Comfort 

[10) and [11], Negrapontis [66), and Woods [89]). 

However in all the literature there is only one mention of 
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pseudocompactifications and that is by Vidossich [83]. This is one 

area which we investigate in this paper. We first characterize 

pseudocompact spaces and derive a few new results, Then we discuss 

the pseudocompact subspaces of ~X which contain X. Using a 

particular subspace of~ we can derive some further results concerning 

pseudocompact subspaces of the space X. The concept of relative 

pseudocompactness turns out to be very important when defining a 

pseudocompactification. It has appeared several times in the literature 

but has never been fully investigated. We provide results concerning 

relative pseudocompactness and its relation to pseudocompact subspaces of 

~x. 

Other areas which seem natural to investigate but which for the 

most part do not appear in the literature are local pseudocompactness 

and cr-pseudocompactness. Results concerning each of these concepts 

are presented in an effort to "round out" the study of pseudocompactness. 

We rely heavily on notation and background material from Gillman 

and Jerison [27]. Any set of the form -1 f [OJ for a continuous 

function f from X to the reals will be called a zero set. The family 

of zero sets of a space X will be denoted by Z(X). A cozero set is 

any set of the form [x: l f (x) I > O} where f is a continuous map from 

X to the reals. The closure of a set A is a space X will be denoted 

A filter base on a space Xis a family~ 

subsets of X having the two properties: 

= (F a aE a} of 
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1) for every a E a, F Q' -/-¢ 

2) for every a and ~Ea there exists YE a such 

that Fy C F Q' n F l3 • 
A collection of sets A is said to be locally finite if each Q' 

point of the space has a neighborhood V such that V n AQ' f ¢ for at 

most finitely many indices Q'. 

With this introduction and these statements on notation we 

begin our study of pseudocompact spaces. 



CHAPTER 2 

PSEUDOCOMPACTNESS AND OTHER PROPERTIES 

We begin our study by relating pseudocompactness to other 

topological properties. In particular we investigate compactness 

and properties weaker than compactness which imply pseudocompactness 

and include conditions underwhich the implications may be reversed. 

Most of these results were known to Hewitt and many are due to Bagley, 

Connell and McKnight [4] and Stephenson [76], 

Definition 2.1: A. topological space Xis pseudocompact if every 

continuous real valued function defined on Xis bounded. 

-k 
Definition 2.2: C(X) (C (X)) denotes the ring of real valued (bounded) 

continuous functions on X. 

Definition 2.3: a) A filter base~ on a space Xis fixed or free 

according to whether Fi, cl~ is nonempty or empty. 

b) Two filter bases 1 1 and 12 are said to be equivalent 

if for every F 1~1 1 there corresponds an F2 E1 2 such that F2 ~F 1 and 

vice versa. 

c) A filter base 1 on Xis said to be open (closed) 

if all the members of 1 are open (closed) sets. 

d) An open filter base which is equivalent to a 

closed filter base is said to be regular. 

e) An open filter base 1 on Xis said to be completely 

5 
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regular provided that for each F 1 e ':J. there exists a set F2 e ':J. and 

a function f e C(X) with 0:5: f ~ 1 such that f is equal to zero on F2 

and equa 1 to 1 on X - F 1 • 

Definition 2.4: An open cover 9 of Xis said to be cocompletely 

regular if for each oee there is an o' ee and fe C(X), 0~ f~ 1, 

such that f is equal to zero on O and f is equal to 1 on X - 0 1 • 

This first theorem can be found in Stephenson's paper [76]. 

Theorem 2.1: The following are equivalent for any topological space: 

a) Xis pseudocompact 

b) For every space Y and every continuous function f:X-+Y, 

f(X) is pseudocompact. 

c) For every f e C (X), f (X) is closed in R. 

d) For every fe C(X), f(X) is compact. 

e) For every f e C (X), there is a point x e X such that SUP- f (y) = f (X). 
ye X 

£) Any countable collection of zero sets with the finite 

intersection property has non-empty intersection. 

g) Every locally finite collection of cozero sets of Xis 

finite. 

h) Every completely regular countable filter base on Xis fixed 

i) Every countable cocompletely regular cover of X has a finite 

subcover. 

We can add yet another condition which is equivalent to pseudo-

compactness in any topological space, 
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Theorem 2.2: Xis pseudocompact if and only if every countable 

cover of X by cozero sets has a finite subcover. 

Proof: Suppose the condition holds. Then for each f E C(X) 
00 

(x: Jf(x)J < n) is a cozero set and X c n~l (X: lf(x) I< n). Thus 

the collection forms a countable cozero set cover and must have a 

finite subcover. Therefore there must exist n such that Jf(x) I< n 

for all x e X for each function f. Thus each f e C(X) is bounded and 

Xis pseudocompact. 

Suppose Xis pseudocompact. Let {ci}~=l be a countable cover 
k 

of x by cozero sets. Let z1 = X - c 1 , z2 = X - [c 1 U c2], .•• ,zk = X -i~lci, 

Each Zi is a zero set of X. Now if there does not exist a finite 

subcover, then the collection {z. }~ 1 has the finite intersection 
1 1= 

property. But this contradicts 

(f) of Theorem 2.1. Therefore there exists a finite subcover. 

We include a proof of the above theorem for the sake of completeness. 

This theorem appeared in 1957 in Annales Academiae Scientiarum 

Fennicae Series A. I, Mathematica in a paper by Jouko Vaananen. 

Further generalizations may be found in a paper by the same author 

in No. 559 (1973) of the same journal. 

The following definition is due to Mardesic and Papic [54] and 

characterizes spaces which they called feebly compact. More recently 

the term lightly compact has been applied. 
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Definition 2.5: A topological space Xis said to be lightly compact 

if every locally finite collection of open subsets of Xis finite. 

This property turns out to be equivalent to pseudocompactness in 

completely regular spaces but in general is stronger than pseudo-

compactness (example 2.1) and weaker than countable compactness 

(example 10.3). We now give some useful conditions equivalent to light 

compactness which can be found in [4]. 

Theorem 2.3: For any space X the following are equivalent: 

~) Xis lightly compact. 

b) Every countable, locally finite collection of disjoint 

open subsets of Xis finite. 

c) Every countable family of disjoint sets has a cluster point. 

d) For every countable open covering of X, and for every 

infinite subset A of X, the closure of some member of the 

cover contains infinitely many points of A. 

e) Every countable open cover of X has a finite subcollection 

whose union is dense in X. 

f) Every countable open filter base has an adherent point. 

g) Every countable sequence of non-empty closed subsets of 

X with non-void interiors and with the finite intersection 

property has non-empty intersection. 

The next theorem can be found in [76] and lists sufficient condi-

tions for a space X to be pseudocompact. Additional hypotheses are 

stated so that each condition is also necessary. First we need the 
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following definitions. 

Definition 2.6: An open cover~ of a space Xis said to be coregular 

provided that for every set O e(<} there is a set P e<9 such that clXoc P. 

Definition 2.7: A space Xis weakly normal provided any two disjoint 

closed subsets, one of which is countable, are completely separated. 

On any space X each of the following is a sufficient condition for X 

to be pseudocompact. 

A(l) Every countable open cover has a finite subcover. 

A(2) Every countable filter base on X has an adherent point. 

B(l) Every locally finite system of open sets in Xis finite. 

B (2) Every countable, locally finite disjoint system of open 

subsets of Xis finite. 

B(3) If U is a ~ountable open cover of X and A is an infinite 

subset of X, then the closure of some member of U contains 

infinitely many points of A. 

B(4) If U is a countable open cover of X, then there is a finite 

subcollection of U whose closures cover X. 

B(5) 

C(l) 

Every countable open filter base on X has an adherent point. 

If U = ( U : n e NJ is a collection of non-empty open subsets n 

of X such that cl U. n clXU. = ¢ whenever i -/: j , then U is 
X 1 J . 

not locally finite. 

D(l) Every countable coregular cover of X has a finite subcover. 

D(2) Every countable regular filter base on Xis fixed. 
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Theorem 2.4: On a space X the following hold. 

a) A(l) and A(2) are equivalent. 

b) B(l), B(2), B(3), B(4), and B(5) are equivalent. 

c) D(l) and D(2) are equivalent. 

d) A(2) implies B(S). 

e) B(S) implies C(l). 

f) C(l) implies D(2). 

g) D(2) implies that Xis pseudocompact. 

h) If each point of X has a fundamental system of closed 

neighborhoods, then D(2) implies B(2). 

i) If X in completely regular and pseudocompact then B(l) holds. 

j) If Xis weakly normal and pseudocompact then A(l) holds. 

The next result includes some conditions weaker than compactness 

not listed in Stephenson's theorem. The step by step weakening of the 

conditions is more apparent and each condition is strictly weaker than 

the preceeding one in general spaces. This can be found in Stone's 

paper [79]. 

Theorem 2.5: In any topological space X each of the following 

properties implies the next. 

a) Xis compact. 

b) Every open cover has a finite subcollection whose union is 

dense in X. 

c) Xis lightly compact. 
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d) Every locally finite open covering of X has a finite 

subcovering. 

e) Every locally finite open covering of X has a finite 

subcollection whose union is dense in X. 

f) Every countable regular filter base on Xis fixed. 

g) Every star finite open covering of Xis finite. 

h) Xis pseudocompact. 

None of the above implications can be reversed in general~ 

However if Xis regular g) implies c) and b) implies a). If Xis 

completely regular h) implies c). 

Example 2.1: A space which is pseudocompact but not lightly compact. 

( .J. } N If P € X, let a neighborhood Let X = P:P<;;; N, pr¢, P is finite ~ 2 • 
of P be 2P - (¢}. (This space is T0 but not T1). If U is an open 

cover of X, then U must cover the point P = [1,2, ..• ,n} for all n e N. n 

If U is locally finite, the points Pn must be contained in at most finitely 

many members of U, since otherwise local finiteness is violated for the 

point (1} e X. But then it is clear that the members of U which cover 

all the Pn will cover X, since any point of Xis a finite subset of Pn 

for n sufficiently large. Thus X satisfies property d) of Theorem 

2.5 and hence is pseudocompact. However the collection [(n}}, neN 

is clearly locally finite (since no member of X can have infinitely 

many of the [n} as subsets) but not finite. Therefore Xis not lightly 

compact. This example also shows that property d) of Theorem 2.5 does 
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not imply c) of Theorem 2.5. 

The next results can be found in [4] and follow easily from 

Lemma 2.1. They give conditions under which pseudocompact spaces are 

compact. The theorems are stated in terms of light compactness since we 

wish to assume as few separation axioms as possible. However in view 

of Theorem 2.4 i) is completely regular T1 spaces we may replace light 

compactness with pseudocompactness. 

Lemma 2.1: A lightly compact space is Lindelof if and only if every 

open cover has a refinement which is a-locally finite. 

Proof: If Xis Lindelof every open cover will have a countable subcover 

which is clearly O-locally finite. Conversely if every open cover has 

a O-locally finite refinement, then each locally finite family must 

be finite by light compactness, Hence the a-locally finite family is 

countable. 

Theorem 2.6: Xis compact if and only if Xis countably compact and 

has the property that every open cover has a O-locally finite refinement. 

Theorem 2.7: Xis compact if and only if Xis paracompact and lightly 

compact. 

Theorem 2.8: A metric space Xis compact if and only if it is 

pseudocompact. 

Let us pause for a moment and examine why the locally finite 

condition is a logical one to appear in the study of pseudocompact 
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spaces. First we need a resuit from [27]. 

Definition 2.8: A subspace S of Xis said to be C-embedded (C*-embedded) 

in X provided every function in C(S) (C*(S)) can be continuously 

extended to a function C(X) (C*(X)). 

Theorem 2.9: A space Xis pseudocompact if and only if X contains 

no C-embedded copy of N. 

If (va: ae A] is a family of disjoint sets in a completely 

regular space X with non-empty interiors and if for each index a, 

the set U( V0 :creA, cr'la) is closed. Then any set D formed by 

selecting one element from the interior of each Va is C-embedded in 

X. [31 of [27]] 

A locally finite collection of disjoint open subsets is 

closure preserving and hence the closures will satisfy the 

hypothesis. If A is an infinite index se~ then we can form an 

infinite discrete C-embedded subset D of X. ·Any unbounded function 

on D has a continuous extension to all of X and hence X could not 

be pseudocompact. 

Further light is shed on these conditions when we characterize 

pseudocompact spaces by the maximal ideals of C(X) and hence by 

the z-ultrafilters which they generate. We know that every residue 

class field of C or C* (modulo a maximal ideal M) contains a copy 

of the real field R: the set of images of the constant maps, under 

the canonical homomorphism. When the canonical copy of R is the 
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entire field C/M, then Mis said to be a real ideal. Where the 

residue class field modulo Mis not real. Mis said to be a hyperreal 

ideal. 

Tilis next theorem can be found in [27] and leads to the 

definition of realcompact spaces. 

Theorem 2.10: Every maximal ideal in C(X) is real if and only if X 

is pseudocompact. 

Definition 2. 9: A space X is realcompact if and only if every 

free maximal ideal in C(X) is hyperreal. 

We might point out here that in completely regular spaces 

compactness, the second axiom of countability, and the Lindelof 

property all imply realcompactness. Tile next theorem substantiates 

property f) of theorem 2.1 and also can be found in [27]. 

Theorem 2.11: The following are equivalent for any maximal ideal 

M of C(X). 

a) Mis real 

b) Z[M] (Tile Z-filter generated by M) is closed under 

countable intersection 

c) Z[M] has the countable intersection property 

The ideas of regular and completely regular filter bases are 

generalizations of the z-filter concept. 

Let us now proceed with some properties of pseudocompact 
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spaces and their subspaces. The four theorems 2.12, 2.13, 2.16 

and 2.17 can be found in Glicksburg [29]. 

Theorem 2.12: A completely regular space Xis pseudocompact if 

and only if every sequence of non-void open sets has a cluster 

point. 

Theorem 2.13: In a completely regular pseudocompact space X, the 

closure of every open subset is pseudocompact. 

The hypothesis of complete regularity of Xis necessary here as 

the following example shows. 

Example 2.2: (Stephenson [76]) A pseudocornpact space with a 

regular closed subspace which is not pseudocompact. Let X = [0,1], 

1 = usual topology. Let (X }00 be a collection of dense, disJ"oint n n=l 
subsets of X whose union is X. Let lli be the topology on X generated 

pseudocompact we shall first show the following: 

If a,bER; O,P are open subsets of R such that clRPcO and if fEC(X,U,) 

with f((a,b) n X.) ~P (where (a,b) denotes the open interval from a to 
J 

bin R), then f((a,b)nX)!;;O. Note that for any nEN, wElli the 

following hold. 
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also if (a,b) nx 1 cw, then [a,b] n (X1 UXz)!:; clu,W 

if (a, b) n XZn+l CW, then [a, b] n [XZn+~ XZn+Z] C clll, W 

Now since R is nonnal and since clRPC O, we have for each n EN 

opensetsV suchthatclRP!:;V ~clRVCV 1 ~o. LetY =f-l(V) n n n n+ n n 

for each nE N. Then (a,b) nx. ~Y 1 , Y E ll, for each n EN and clll,Yn ~ yn+l J n 

by continuity of f. If j is odd, then for every j-2 j+Zn+ 1 
n ~ 2 , (a,b)n( U X 

k=l 
·+2 j+2n-2 C 

~ YZ-fn' and if j is even, then for every n~ y, (a,b) n (k!Ji. Xk) -Yn. 

These statements may be proved by induction on n, using the fact that 

f(clll:JA) ~ clR [ f(A)], and by using the above deduced fonnulae. It follows 
ro j+Zn-2 ro ro 

that (a' b) n X = u ( (a' b) n (k=ul Xk) } C u y C l Ly n=1+2 - n=j+2 2-fn -n=l n 
2 n 

We now show Xis pseudocompact in the lJ:J topology. Let f be an 

unbounded positive continuous function on X. Since f is unbounded f 

is not continuous in the usual topology. Then for some open set O ~ R, 

f-l(O) does not contain an interval. But let P~R such that clRP~O. 

-1 Since f is continuous in the lJ:J topology, f (P) must contain a 

member of ll:J. ie. a set of the fonn (a,b)nx. for some jEN. It follows 
J 

that (a,b) ~ f(O). This is a contradiction and hence X must be 

pseudocompact. 

Let aEx 1 n [0,1). Consider the open subset A= x3 n (a,1]. 

k) 
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The function F(x) = - 1~ is continuous on cl 1,A, since a fl clu;A. x-a w 

But f is unbounded so that cl~A is not pseudocompact. 

This example also shows that in theorem 2.4, (h) does not 

imply (g) in general. (x2n-l. U x2n Ux2n+l }:=l is a star finite 

open cover of X which has no finite subcover. 

In any pseudocompact space however the following holds. The 

proof is essentially due to Mandelker [53]. 

Theorem 2.14: In any pseudocompact space the closure of a cozero 

set is pseudocompact. 

Proof: Let Z be a zero set of space X and let C = X - z. Let 

S = clXC. Suppose Sis not pseudocompact. We know that Sis 

relatively pseudocompact since Xis pseudocompact. Now there exists 

h E C (S) such that h;;;:: 1 and is unbounded on S. Hence h is unbounded 

on C. Thus C contains a C-embedded subset D of Son which his 

unbounded and D is completely separated from the zero set W = Zn S of S. 

Therefore we may choose gEC(S) with g = 0 on D and g = 1 on W. Put 
1 f = (h .) Vg on S and f = 1 on X - S. Clearly fE C(X), f>O and 1/f 

is unbounded on D. Thus Xis not pseudocompact. We have a 

contradiction and it follows that S must be pseudocompact. 

Note here that 1/f is unbounded on C also. Hence if C is 

relatively pseudocompact then Sis pseudocompact. 

The next theorem gives a characterization of pseudocompact 

zero sets in any space X. It is analogous to lemma 4.10 of [27] 
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for compact zero sets. 

Theorem 2.15: If a zero set Z of Xis pseudocompact then Z belongs 

to no free hyperreal z-ultrafilter on X. 

Proof: Let Z be pseudocompact. Suppose there exit ts a hyperreal 

z-ultrafilter ~ containing Z. Then W does not have the countable 

intersection property. ie. There exists a family (zi:i = 1,2, ..• J 
in U, such thatn (z.: i = 1,2, ... J =¢. Nowzn Z. 1-¢ for all 

1 1 

i = 1, 2, , and Z c-.~ 1 Z. = .U1 (-Z.). Thus there exists a countable 
1= 1 1= 1 

cover of Z by cozero sets. By theorem 2.2 there exists a finite 

subcover. That is 

z. ' z. , ••. z. 
11 12 lk 

k 
Z c J.~1("'Zi) for some finite subcollection 

j k 
This implies Z C "' (iJ.l Z i.) and hence Zn [ i1l 

J 
z. ] = ¢. 

1. 
J 

This contradicts the properties of a filter. Thus Z is not contained 

in any hyperreal z-ultrafilter on X. 

Theorem 2 .16: If X and Y are pseudocompact spacer then XU Y is 

pteudocompact. 

Theorem 2.17: If Xis dense in Y and Xis pseucocompact then so is Y. 

As a corollary to 2.17 we have the following. 

Corollary 2.17: If A is pseudocompact subspace of X, then clxA is 

pseudocompact. 

We can slightly generalize theorem 2.17. 

Definition 2.10: Let A!;X. If every function in C(X) is bounded 
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on A, then A is said to be relatively pseudocompact. 

We might point out here that any pseudocompact subset is rela-

tively pseudocompact but not conversely as every subset of a 

pseudocompact space is relatively pseudocompact. 

Theorem 2.18: If Xis dense in Y, then Y is pseudocompact if and only 

if Xis relatively pseudocompact. 

Proof: Suppose there exists a function fE C(Y) such that f is 

unbounded on Y. Since Xis relatively pseudocompact, f is bounded 

on X, Therefore there exists a positive integer rn such that 

I fj < m for all xE X. Hence I fl - l [ (m,co)] is a non-empty open subset of 

Y which is disjoint from X. This is a contradiction. Therefore Y is 

pseudocompact. Conversely if Y is pseudocompact then every subset 

is relatively pesudocompact. Hence Xis relatively pseudocompact. 

We will return to this concept of relative pseudocompactness 

as it turns out to be very important in the area of pseudocompacifications. 

Let OA denote boundary of A. 

Theorem 2.19: Let X be pseudocompact and let A be a closed 

subset of X. If OA is pseudocompact then A is pseudocompact. 

Proof: Suppose A is not pseudocompact. Then there exists f ~ 1 in 

C(A) such that f is unbounded on A. Now OA is pseudocompact, hence 

f is bounded on OA, 1 Thus g = - is bounded away from zero on OA. f 

There exists a positive real number r such that g(x) ~ r for all x 



20 

in oA, Let W = (x~ A:g(x) ~ r}. Then Wis a zero set in A. Now 

A contains a C-embedded subset D of A on which f is unbounded and 

Dis completely separated from the zero set W. Therefore we may 

choose hE C(A) with h = 0 on D and h = 1 on W. Put k = (gV h) on 

A and k = 1 on X - A. 1 Then k Ee (X), k > 0 and k is unbounded on D. 

Hence Xis not pseudocompact. This is a contradiction and hence 

A must be pseudocornpact. 

We note here that if A is an open subspace of a pseudocompact 

space X and cl~ is pseudocompact, the boundary of A need not be 

pseudocompact. Consider the Tychonov plank of example 10.3. Let 

A= T - N where N denotes the right edge (w1} X N. Then A is open 

in T, cl~ is T and oA = N which is an infinite discrete subspace 

and hence not pseudocompact. 

An analogous theorem to the one above might be if A is closed 

and oA is relatively pseudocompact, then A is relatively pseudocompact. 

This is false, however. Consider A= (x: xE Rand x~ o}. Then 

oA = 0 which is relatively pseudocompact (in fact compact) yet A is 

not relatively pseudocompact, Also A is a zero set and hence even 

for a zero set Z, oz relatively pseudocompact does not imply Z is 

relatively pseudocornpact. This example also shows that theorem 2.19 

is false if the space itself is not pseudocompact, 

Since we know compactness, countable compactness and real 

compactness are preserved under finite intersections we would naturally 

investigate the intersection of two pseudocompact subsets of a 
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pseudocompact space. In general the intersection of two pseudocompact 

spaces need not be pseudocompact, even if the space is compact and one 

of the subsets is compact .. Consider the space W of example 10.4. 

D is a zero set of V but is not pseudocompact (this will be shown in a 

later section). Since V is pseudocompact cl~VD is a zero set in ~V 
and is compact and D = c~i;Dn ljl. Now ljl is pseudocompact and c~ljf D 

is compact, yet Dis not pseudocompact. Thus we see that pseudocompact 

subsets are not well behaved under intersection. However we do have 

the following results. 

Lemma 2.2 If A and B are closed, then o(A-B) n o(B-A) = oAn OB, 

Proof. Let xE oAn oB. Since A and B are closed, oA·= A and oBC B. 

Therefore xE An B. Suppose x (f o(A-B). Now d(A-B) = (oA- B) U (oBn A). 

Thus X f:/(oA-B) u (oBIA). But A is closed so oA-BCA-B and X f:/A-B. 

Thus X (/oA-B, also X (f oBn A. But we know XE A and by hypothesis 

x E oB. This is a contradiction; therefore x E o(A-B). By symmetry 

x E d(B-A) also, and thus oA n OBC o(A-B) n o(B-A). 

Conversely, let x Eo(A-B)n o(B-A), Since x Eo(A-B) either 

x EoA or x E o Bn A but not an element of OA, If x E oAn B but x (/ oA, 

then there exists N, a neighborhood of x, such that N CA. But 
X X 

x E d (B-A) and if N C A then N n (B-A) = ¢. And hence x €/ o (B-A). 
X X 

Therefore it must be that x E oA. Similarily x EoB and the equality 

is established. 

Theorem 2.20: Let A and B be closed and pseudocompact in a completely 
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regular Tl space. If OA n OB is also pseudocompact, then AnB is pseudo-

compact. 

Proof: Let (c2 : i = 1, 2, ••. } be a countable cover of An B. Then 

there exist,; (Hi: i = 1, 2, .. .} open in A U B such that Hin (AnB) = Gi 

for every i. Now (H.: i = 1,2, •• .} U (A-B) U (B-A) is a countable open 1. 

cover of AU B. Since A is pseudocompact there exists a finite sub-

(A) (A) collection H. ,.H. , .•• , 
1 1 1 2 

nl 

H. (A), A - B such that 
1 

nl 

A~- [ U c 1 H (A) ] U 1 (A- B) . A d ' B ' d t th c n since 1.s pseu ocompac ere k=l AnB ik A 

exists a finite subcollection H. (B), H. (B), .•• 
1 1 1 2 

H. 1. 
(B), B-A such that 

n2 
n 

C LJ2 
B k=l Suppose that there exists xEAn B 

Then 

xE cl (B-A) B or x E clA(A-B). If x E clB(B-A), then since XE A 

nl (A) and x E u clAn B Hik k=l ' XE clA (A-B). But X (/, A - B and X t/ B-A. 

There fore x ~ O(A-B) n o(B-A). By Lemma 2 .2 x E oA n nB. But nA n oBCAn B 

and is therefore covered by the family (Gi: i = 1,2, ••. }. Thus there 

exists a finite subcollection G. , G. , ••• ,G. 
1 1 l.2 1 n3 

such that 

n3 
oA n oBCk~l -clA nB G .• Let R.(A) n (An B) = G. (A) fork= 1,2, ... , 

1 k l.k 1 k 
(B) n _ (B) _ ~3 G 

n 1 andHik n(A B)-Gi ,k-l, ••• ,n 2 • ThenAnBc(kl:llclAnBik) 
n· n k 

U ( U1 G. (A)) U ( Lt G. (B)) and hence An B is pseudocompact. 
k=l l.k k=l 1.k 
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Coro 2.20: Let A and B be closed and pseudocompact sets with 

compact boundaries. Then An Bis pseudocompact. 

We may note here in passing that if A is compact and Bis 

closed and pseudocompact. Then An Bis in fact compact since it is. 

a closed subspace of a compact space. 

The following theorem is due to Stephenson [76) 

Theorem 2.21: The following are equivalent for a completely regular 

space X. 

i) Xis pseudocornpact 

ii) whenever Xis embedded in a r2 (regular, completely regular) 

space Y with Y-X first countable, then Xis closed in Y. 

Pseudocornpactness like compactness is an absolute property. 

ie. a pseudocompact space is pseudocompact in any space in which it 

is embedded. Hence this theorem implies that every pseudocompact 

subspace of a first countable space is closed. 

An immediate corollary to this is this following. 

Coro. 2.21: If Xis pseudocompact and first countable, then no proper 

dense subspace of Xis pseudocompact. 

Using this corollary we can answer a question posed by Mardesic 

and Papi~ which was whether there exists a pseudocompact space having 

no everywhere dense countably compact subspace. Marjanovic [55) 

answers the question affirmatively and gives as an example the space 

~ which we previously mentioned. By Corollary 2.21 we can make the 
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more general statement that if Xis pseudocompact and first countable 

then no proper dense subspace is even pseudocompact. Using as an 

example the space W of all ordinals less than the first uncountable 

ordinal with the usual order topology (Example 10.1) we have a countably 

compact space which has no everywhere dense pseudocompact subspace. 

This is a stronger result than that first asked for by Mard~sic and 

Pa pie. 

We have that every pseudocompact subspace of a first countable 

space is closed. Ute converse of this is not true as can be seen by 

the following example. 

Example 2.3: Let X be an uncountable discrete space. Let p be any 

element not in X. Let X = XU ( p} be the one point compactification 

of X. Xis not first countable since the point (p} has no countable 

base of neighborhoods. Let P be any pseudocompact subset of X. 
Either pE P or pE, P, If p9' P, then P is discrete and hence must be 

finite in order to be pseudocompact. If p E P then X-P is first countable 

and therefore Pis closed by Theorem 2.21. Thus every pseudocompact 

subset of Xis closed, but Xis not first countable. 

It thus appears that first countable pseudocompact spaces have 

some nice properties. It turns out as we will now show, that a first 

countable pseudocompact space is maximally pseudocompact and 

minimally first countable in the class of completely regular spaces. 

The Lemma is due to Stephenson [76]. 
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Lemma 2.3: Let 1 1 and 12 be completely regular topologies on a set 

X and suppose that (X,1 2 ) is pseudocompact and (X,1 1) is first 

countable. Then T 1 c r 2 if and only if r 1 = r 2 . 

Theorem 2.22: A first countable pseudocompact space is maximally 

pseudocompact and minimally first countable in the class of completely 

regular spaces. 

Proof: Let (X,T) be first countable and pseudocompact. Suppose there 

exists a topology T 1 on X which is strictly stronger than 1 and also 

pseudocompact then T c r 1 with r first countable and 1 1 pseudocompact. 

Hence by Lemma 2 .3 T 1 = 1. This is a contradiction. Hence (X,T) is 

maximally pseudocompact. 

Suppose there exists a topology 1 2 such that 1 2 c 1 1 with r 2 

first countable. Again by Lemma 2.31 2 = 1. Thus (X,T) is minimally 

first countable. 

Theorem 2.23: Pseudocompactness is preserved under weakening the 

topology. 

Proof: This follows from 2.l(b) which states that pseudocornpactness is 

preserved under continuous functions. 

In a number of instances results which hold true for closed 

subsets of a countably compact space hold true for zero sets in 

pseudocompact spaces. We will list some of these results to show the 

analogy and for later use. Most of these can be found in Gillman 
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and Jerison [27] or Isiwata [44]. 

Theorem 2.24: Let X be a Hausdorff space. If of any two disjoint 

closed sets, at least one is countably compact, then Xis countably 

compact. 

Theorem 2.25: If of any two disjoint zero sets in X at least one is 

pseudocompact,then X· is pseudocompact. 

Theorem 2.26: Xis countably compact provided every family of closed 

sets with the finite intersection property has the countable inter-

section property. 

Theorem 2.27: Xis pseudocompact if and only if every z-filter has 

the countable intersection property. 

Theorem 2.28: Xis countably compact if and only if every countable 

closed set is compact. 

Theorem 2.29: If Xis pseudocompact, then every countable zero set 

is compact. 

More generally we have 

Theorem 2.30: Xis pseudocompact if and only if every countable 

C-embedded subset is compact. 

Theorem 2.31: Xis countably compact if and only if every closed 

subset of X has the inf property (Definition 4.1). 
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Theorem 2.32: Xis pseudocompact if and only if every zero set of X 

has the inf property. 

One might conclude from the above that since every closed subset 

of a countably compact space is countably compact, every zero set of 

a pseudocompact space is pseudocompact. This however is not the case 

as seen in Example 10.4. 

We now give one final characterization of completely regular 

pseudocompact spaces which we will use repeatedly in the next chapter. 

In view of the fact that every zero set is a G0 and that Xis dense 

in ~X we may apply Theorem 2.12 to obtain the following. 

Theorem 2.33: Xis pseudocompact if and only if every non-void zero 

set of tJx has non-empty intersection with X. 

We may characterize realcompact spaces analogously as Mrowka 

does in [65]. 

Theorem 2.34: A space Xis realcompact provided for any pE~x-x 

there exists a zero set Z in ~X containing p such that Zn X = ¢. p p 

These two theorems yield immediately the following result. 

Theorem 2.35: Xis compact if and only if Xis pseudocompact and real 

compact. 



CHAPTER 3 

PSEUDOCOMPACTIFICATIONS 

In this chapter we ·shall begin our investigation of 

pseudocompactifications. We study basically two types of 

pseudocompactifications. One will consist of subspaces of AX 

containing X which are pseudocompact and the other will be one 

point pseudocompactifications. Using our const~uction we then 

derive some further properties of pseudocompact spaces. ~X as 

usual will denote the Stone-Cech compactification and ~X will 

denote the Hewitt realcompactification. 

Definition 3.1: A pseudocompactification PX of a space Xis a 

pseudocompact space in which Xis embedded as a dense subspace. 

Definition 3.2: For any completely regular space let O'X = (BX - iX) U X 

= ~x- (ix - x). 

The next theorem follows from results in (27]. 

Theorem 3.1: X c aX c ~X implies the following: 

i) ~(ax) =~X 

ii) X ir c,•c-ernbedded in ax. 

Theorem 3.2: OX is pseudocompact. 

Proof: We show that every non-empty zero set of r,x 
exists a zero set z E ~ (ax) such that z n a X = ¢. 

Let f E C(~X) such that Z (f) = z. Then f' = f !ix is 

C(ix) and Z (f') = z nix. Therefore Z = Z n ix is a 

28 

meetf. X. Suppose there 

Then Z c ix - x. 
an element of 

zero ret in 1..x 
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and Zn X = ¢. This is a contradiction since every zero set in z..x 

meets x. Thus every zero set in ~(ax) meets ax and hence ax is 

pseudocompact by Theorem 2.31. 

Theorem 3.3: Xis pseudocompact if and only if X = ax. 

Proof: Xis pseudocompact if and only if z..x = ~X. This is true if and 

only if ~X - z..x = ¢. And this follows if and only if ax= X. 

Theorem 3.4: Xis realcompact if and only if ax= ~X. 

Proof: Xis realcompact if and only if z..x = X, hence if and only if 

z..x - X = ¢. This is true if and only if ax = !3x. 

If Xis completely regular and neither realcompact nor pseudocompact, 

then x ¥ax~ ~x. 

The next theorem follows from Theorem 6.4 of [27]. 

Theorem 3.5: The following properties hold for ax. 
i) Every continuous map T from X into a compact space Y has a 

continuous extension from ax into Y. 

ii) X is c~·r-embedded in ax. 
iii) Any two disjoint zero sets in X have disjoint closures in ax. 

iv) For any two zero sets z 1 , z2 Ex, clax(z 1 n z2) = claxzl n claxzz. 

v) Every point of ax is the limit of a unique z-ultrafilter on X. 

In order that the theory develop analogously to that of 

compactifications and realcompactifications we would like to change i) 
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to read as follows: 

i)>'< Every continuous map T from X into a pseudocompact space Y 

has a continuous extension from ax into Y. 

This turns out to be impossible however, because if we did replace i) 

by i)* we would have the following theorem. 

Theorem F: If X = ,~~w ~ where each X.o is pseudocompact, then Xis 

pseudocompac t. 

Proof: Let X = w~w ~ where X.o is pseudocompact. Since the product 

of completely regular spaces is completely regular, Xis completely 

regular. Each projection rrw:X ~~has a continuous extension 
a rrw: ax~~ (by l)~'<). Therefore Xis closed in ax (by 6.13 (b) [27]) 

and so X = ax. Hence Xis pseudocompact. 

We know however that Theorem Fis false from an example by 

Novak [69] hence i)* cannot be true. In fact the example is of two 

countably compact spaces whose product is not pseudocompact. This 

prohibits us from strengthening i) by using a countably compact 

space instead of a pseudocornpact space. That is, we cannot change 

i) to read that every continuous T: X ~ Y where Y is countably 

h . . a compact as a continuous extension T : ax~ Y. For then we could 

prove just as in Theorem F that the product of two countably compact 

spaces is pseudocompact. Thus we must be content with i) as it stands. 

We can however offer some results along this line. 
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Theorem 3.6: If T is a continuous map from X onto Y, then T has a 

continuous extension from Cr'X onto a pseudocompact space T such that 

Proof: Let T map X onto Y. Then T has a continous extension T~ :~X -+ ~y. 

a Thus T maps aX in to ~y. Since the continuous image 
a 

of a pseudocompact space is pseudocompact (Theorem 2.1 (b)), T (Q'X) - T 

is pseudocompact. And T was onto Y, hence Y c TQ' (aX) c f3Y. 

Theorem 3.7: If Y is realcompact and T:X-+ Y is a continuous map, then 

h • • • Q' ,V l'V'\f t ere exists a continuous extension T : Q'.l\. -+ --1.. 

Proof: Let T :X _. Y. Then T has a continuous extension extension Tf3 :~X _.j3y. 
Ct Now T :ax _. ;3y but since Y is realcompact ay = l'Y and so 

T a -+ ax ;:ty. 

We now concern ourselves with pseudocompact subspaces of f3x and ax. 

Theorem 3.8: If aX c Tc ~X, then Tis pseudocompact. 

Proof: ax is dense in l'X and hence dense in T. It follows from Theorem 

2.17 that Tis pseudocompact. 

Thus we see that every subspace between ax and f3x is pseudocompact. 

In particular for every point p E ax - x, f3X - (pJ is pseudocompact. 

Theorem 3.9: Let p E ~X - X, then f,x - (pJ is pseudocompact. 

Proof: No point of f3x - Xis a Go point. Hence no point of pX - Xis a 

zero set. Thus every zero set in f3 (~X - (p}) = f3X meets f3X - (pJ. 
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Therefore ~X - (p} is pseudocompact. 

Corollary 3.9: Xis the intersection of all pseudocompact subspaces of 

~X which contain X. 

Thus it turns out that ax is not the intersection of all 

pseudocompact subspaces 'of ~X which contain X as we had hoped. The 

analogous fact is true for realcompactifications and thus yields ~X as 

the unique smallest realcompactification of X as a subspace of ~X. 

Theorem 3.10: Let A be any set of ~X - X such that IAI ~ C. Then 

pX - A is pseudocompact. 

Proof: If ~X - A is not pseudocompact there exists a zero set Win ~X 

such that we A. ie. W n (l3X - A)=¢. Therefore Wis disjoint from X. 

But by Theorem 9.5 [27], lwl~ 2c. This is a contradiction since 

Theorem 3.11: If Xis not pseudocompact, then jax - xi~ 2c. 

Proof: By 9 D [27] if Xis realcornpact then j~x - xi~ 2c. Now 

ax= (~X - ~x)~X. 'nl.erefore lax - xi~ 2c whenever ax - Xi¢. 

Since for every set of points A in ~X such that IAI ~ C, 

there exist a pseudocornpactification of X; there exists at least 2C 

pseudocompactifications of X none of which are compact, hence none of 

which are realcornpact. 

We should point out here that !PX - xj ~ 2C does not imply that 

Xis realcornpact. In fact there exist pseudocompact spaces X for which 
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jpx - x/ ~ 2c. For example the space A= ~R - (~N - N) is pseudocompact 

and not compact (hence not realcompact) and j~A - Af ~ 2c. 

Theorem 3.12: Let p e ax - X, then ax - (p} is pseudocompact. 

Proof: Suppose there exists a zero set W in ~X such that p e Wp and p 

Wp n (ax - ( p}) = ¢. Since p e ax - X, p e~x - z..x and hence there exists 

a zero set Zp in ~X such that p ezp and Zp e f)X - ix. Then Zp n Wp = lp} 

which implies (p} is a zero set in ~X - X. This is a contradiction. 

Therefore each zero set containing (p} meets ax - (p} and hence 

ax - (p} is pseudocompact. 

Note here that it is possible to have Y e Te ~l such that 

ayq. ar. Consider any space Y which is neither pseudocompact nor 

realcompact (e.g. Y =RU W where R is the real line and Wis the 

space of ordinals less than the first uncountable ordinal). Then let 

T = aY - (p} where p e aY - Y. Then Tis pseudocompact and ye re ~Y. 

Now since Tis pseudocompact ar = T and aY9- T. Therefore we have 

Ye Tc ~Y yet ay q. aT. Also there exist spacesY which are realcompact 

and spaces T which are not realcompact such that ye re ~Y. On the 

other hand if Xis pseudocompact and Tis any space such that xe re ~X, 

then Tis always pseudocompact. 

We might wonder if Xis any pseudocompact space and p e X, then 

is X - (p} pseudocompact? Hewitt answers this question with Theorem 

17 of [34] which states that if pis first countable and not isolated 

then X - (p} is not pseudocompact. The converse of this statement is not 
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true. In example 2.3 X = X - (p} is not pseudocompact while the point 

pis nonisolated and non-first countable. 

The preceding theorems point out the difficulty of finding a 

unique pseudocompactification of X as a subspace of ~X. With ~X 

when we remove a point p e ~X - X the resulting space is no longer 

compact and for p e &X - X, &X - (p} is no longer realcompact. 

However, ax - (p} is pseudocompact for all p e ax - X, In the case 

of ~X when we remove a point from ~X - X we leave a free z-ultrafilter 

on X which can be expanded to a free z-ultrafilter on ~X -(pJ. With 

&X - (p} we leave a free real z-ultrafilter on X and this can be 

expanded to a free real z-ultrafilter on &X - (pJ. However in ax - (p} 

there is a free hyperreal z-ultrafilter on X but the expanded z-ultrafilter 

on ax - (p} is no longer hyperreal. The zero sets of X which are in the 

free hyperreal z-ultrafilter do not have the countable intersection 

property, but when they are enlarged to become zero sets of ax - (p} 

they then have the countable intersection property in ax - [pJ. The 

problem arises from the fact that if a space has a free hyperreal 

z-ultrafilter defined on it, then it must have at least 2C such 

z-ultrafilters. Thus we have added so many points that the free 

z-ultrafilters on the expanded space do not maintain the same 

character that they had in the original space. 

We do have the following characterizations of our space ax. 

Theorem 3.13: ax is the smallest pseudocompactification T of X 

contained in ~X such that every free hyperreal z-ultrafilter on Xis 
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fixed on T. 

Proof: Let T be a pseudocompactification of X which is properly 

contained in ax. Then there exists some p e ax - X such that p ~ T. 

Since p Eax - X, there exists some free hyperreal z-ultrafilter on 

X which converges top. This hyperreal z-ultrafilter on Xis not 

fixed in T. Thus ax is the smallest pseudocompactification in ~X 

with this property. 

Theorem 3.14: ax is the largest pseudocompactification T of X con-

tained in ~X such that every point in T - Xis contained in a zero set 

which does not intersect X. 

Proof: Suppose X c ax~ T. Then there exists a point p e T - ax. 111us 

p eix - x. Let z be any zero set of T such that p e z. Suppose Zn X = ¢. 

Now there exists f E c,'((T) such that Z (f) = Z. Let g = fj x. Consider 
Z, Z, Z, 

f , the extension of f to z, (X). 111en f = f on ix n T. Hence f (p) = 0 
Z, 

and Z(f) n X = ¢. This is a contradiction since every non-void zero 

set of i (X) meets X. 111erefore z n X 7" ¢. Now if p eax - X there 

exists g e C(X) such that g > 0 for all x € X and g~(p) = 0. Hence 

every point in ax - Xis contained in a zero set which doesn't meet X. 

The following results are modifications of 3.1 in [19] and 3.1 

in [20] and in the case where Xis locally compact tell us a property 

of the zero sets in ax - X. 

Theorem 3.15: If Xis locally compact, then each zero set of ~X in 
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ax - X has a non-void interior in ax - X. 

Proof: Let Z be any zero set in ~X such that Z C ax - X. Let 

f E C*@X) such that Z (f) = Z. Let x be a sequence of distinct n 

points in X on which f approaches zero. Choose disjoint compact 

neighborhoods V of x such that I f(x) - f(x )I < l for x e V. Now n n n n n 
there exists g 1 e C*@X) such that g1 (x 1) = l and g1 (x) = 0 for 

xex-v 1 . 

for all x e 

1ltere exists g2 e c~'((PX) such that g2 (x 2 ) = l 
2 

X - i~l Vi. In general there exists functions 

and g2 (x) = 0 

g e C*@X) n 
co n 

such that gn(xn) =land gn(x) = 0 for x e X - i~l Vi. Let g = iEl gi. 

1lten g is a continuous function such that g is equal to l on each 
a:, 

x and g = 0 on X - .U1 v .. If r is any point of G¥X - X at which n i= 1 

g(r) IO, then every neighborhood of r meets infinitely many of the 

compact sets V. Hence f(r) = 0. 1ltus Z(f) contains the non-void open n 

subsets (ax - X) - Z(g) of ax - X. 

Corollary 3.15: If X is locally compact then each zero set of pX in ax - X 

is the closure of its interior in ax - X. 

Proof: Suppose there exists p e Z - cl (int Z). 1lten there exists some 

zero set z1 in ~X which is disjoint from int Z, contains p and int 

(z 1 n Z) = 0. This contradicts the theorem. 

Theorem 3.16: Let X be locally compact. 

if and only if A is dense in ax - X. 

Then XU A is pseudocompact 
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Proof: Suppose there exists a zero set Z E ~X such that Z n (XU A) = ¢. 

Now Z c ax - X since any zero set in ~X - ax meets X. Therefore by 

Tneorem 3.13 z contains a non-void open subset of ax - X. Hence A is 

not dense in ax - X. This is a contradiction and so every zero set in 

i3X - (XUA) meets XU A. Thus XU A is pseudocornpact. Conversely 

if A is not dense in ax - X then there exists a non-void open set U in 

ax - X disjoint from A. Write U = V - X where Vis open in ~X. Let 

p E U. There exists a zero set z E ~X such that p E Z c V. Since vn A = ¢ 

z n A=¢. By the properties of ax there exists a zero set 

Z' in~X such that pE z'Cax - X. Therefore pEzn z'c(~X-(X-A))UA 

~X - (XU A)= i3(X U A) - (XU A). Thus there exists a zero set in 

~(XU A) disjoint from (XU A). Hence XU A is not pseudocompact. 

Note: Local compactness is essential here. See [19]. 

We may drop the condition of local compactness on X and obtain a 

similar result for the pseudocompact spaces T such that xc TC X. 

Theorem 3.17: Let xc TC ~X. Then Tis pseudocompact if and only 

if every zero set of ax intersects T. 

Proof: Since xc T we need only consider the zero sets in ax - X. 

Suppose there exists a zero set Z of ax contained in ax - X such 

that Zn T = ¢. Let f E C(aX) such that Z(f) = Z. Then g = fjX 

has a continuous extension gT to T and Z'(f) = Z(gT) n ax. If 

T T p E Z(g ) and p 9. ax, then Z(g ) n X = ¢ and p is contained in a 
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zero set which doesn't meet X. This is a contridiction. Therefore 
T 1 Z(g) = Z(f). Hence~ is continuous and unbounded on T, and Tis 

g 
not pseudocompact. 

If Tis not pseudocompact then there 

f c:: 1 and f is unbounded on T. Consider g 

exists f E C(T) such that 
1 

- f," NON g > 0 for all 

x E T and g has a continuous extension ,! to j3X. If Z (/) = .v/J then 
~ 1 g > 0 on ~X and j3" is continuous and unbounded on j3X. This is a 

g 

contradiction. Hence Z Cl) -/ ¢ and since Z (;) n X = ¢ , Z Cl) ,= aX - X. 

Therefore there exists a zero set of ax which doesn't intersect T. 

The importance of relatively pseudocompact subsets of X in our 

space X can be seen in the next few results. This next theorem was 

proved by the author and then later found in Isiwata's paper (48). 

Theorem 3.18: For Ac X, A is relatively pseudocompact if and only if 

c1'3.x Ac z.x. 

Corollary 3.18.1: Let X be realcompact, then A is relatively pseudocornpact 

if and only if clXA is compact. 

Corollary 3.18.2: Let ACX. Then A is relatively pseudocompact if and 

only if cl XA = cl A. a X 

Proof: Let Ac X be relatively pseudocornpact, then by Theorem 3.18 

c13XA c z.x. Thus clQ'XA = cl3XA n aX = c~XA n X = clXA, Conversely, 

let c1xA = claxA. Then c~XA = c1z_XA C z. X, Hence A is relatively 

pseudocompac t. 
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Corollary 3.18.3: If Ac Xis closed and pseudocompact, then A is 

closed in ax. 

Corollary 3.18.4: If Ac Xis pseudocompact,then clXA = claxA. 

Proof: 

2.17. 

Since A is pseudocompact, cl A is pseudocompact by Corollary 
X. 

Therefore clx" is closed in ax and hence clx" = clax"· 

Corollary 3.18.5: If Xis first countable and AC Xis pseudocompact, 

then A is closed in ax. 

Proof: By Theorem 2.21 A is closed in X. Hence by the theorem, A is 

closed in ax. 
In [10] Comfort has the following theorem which he attributes to 

Hager and Johnson. We can now give a simple proof of this theorem 

and its converse. 

Theorem 3.19: Let Ube an open subset of X and suppose cl~XU is 

compact, then clXU is pseudocompact. 

Proof: Suppose cl~XU is compact, Then clPX uc ~x. Hence clX U = clQ'X U. 

Since Xis dense in ax, U is also open in ax. Thus clX U is the closure 

of an open subset of a completely regular pseudocompact space and is 

therefore pseudocompact. 

Theorem 3.20: Let uc X. If clXU is relatively pseudocompact then 

cl~X U is compact. 
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Proof: Since clX U is relatively pseudocompact then clXU is closed in 

ax. Hence cl~X U - clX uc ~X - O'X = ~x - x. Therefore cl~X uc ~x 
and cl~X U = cl~X u. Thus cl~x U is compact. 

Corollary 3.20.1: If clX U is pseudocompact, then cl~X U is compact. 

Corollary 3.20.2: If U is any open relatively pseudocompact subset of X, 

then clXU is pseudocompact. 

Proof: clXU = clO'X U by Corollary 3.18.1. Hence U is open in O'X and so 

clax U = clXU is pseudocompact. 

Let us summarize what we have concerning closures of sets being 

pseudocompact. 

1) In a completely regular space the closure of any relatively 

pseudocompact open set is pseudocompact. 

2) (Corollary to 1)) In a completely regular pseudocompact space 

the closure of any open set is pseudocompact. 

3) In any space the closure of a relatively pseudocompact cozero 

set is pseudocompact. 

4) (Corollary to 3)) In any pseudocompact space the closure of 

any cozero set is pseudocompact. 

Thus we see that what holds for open sets in completely regular 

spaces holds for cozero sets in arbitrary spaces. 

Theorem 3.21: Let A be a pseudocompact subset of X which is C*-embedded 

in X, then A is closed in O'X. 
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Proof: If A is pseudocompact and C*-embedded, then A is C-embedded 

in X, Therefore clz.0 = Z-A, Also since A is C*-embedded in X, clt3XA =SA 

[27]. Now cl1:3XA = /3A - A = aA - A. But claX = (cli,0 - clz.xA) U A, 

Thus claxA = aA. Now A is pseudocompact and hence aA = A. Therefore 

cl A= A and hence A is closed in ax. ax 

Theorem 3 .22: Let X be normal and Ac X closed, then cl A= aA, ax 

Proof: Since Xis normal and A is closed, A is both C- and C*-embedded 

in x. Therefore c\,0 = f3A and c1z.xA = Z-A, Thus c1t30 - clZ-0 = 13A - l-A 

while cli,xA - c1z.xA = clO:XA - A and ~A - l-A = ctA - A. Therefore 

claXA = o:A. 

111eorem 3 .23: If the sup?.::,rt of f E C{X) is pseudoco;npact then fa {X) = 0 

for a 11 X E ax - X. 

groof: If S{f), the support off, is pseudocompact then S{f) = clx{C{f)) 

where C{f) is the cozero set off. Since the support is pseudoco~pact we 

have clx{C(f)) = clo:x(C{f)):::) clax{C(fa)) = S{fa). 

(C(f)) and hence fo:(x) = 0 for all x E ax - X. 

a Therefore S (f ) c clx 

Theorem 3 .24: Let X be a completely regular T1 space and AC X. If A 

is relatively pseudocompact and not pseudocompact, then A is not C-embedded 

in X. 

Proof: Since A is relatively pseudocompact clz.xA = clSXA. Now c1i3xA 

is compact, but since Ais not pseudocompact, Z,A is not compact. 
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Therefore cl~XA i &A, Hence A is not C-ernbedded by 8.10 (a) [27). 



CHAPTER 4 

RELATIVE PSEUDOCOMPACTNESS 

As we have already seen, relatively pseudocompact subsets play 

an important role in the space of ax. We wish to investigate the 

property of relative pseudocompactness further. 

Theorem 4.1: The continuous image of a relatively pseudocompact subset 

is relatively pseudocompact, 

Proof: Let f:X ~ Y be continuous and let F C X be relatively pseudocompact. 

Suppose f[F] is not relatively pseudocompact, Then there exists g E C(Y) 

such that g is unbounded on f[F]. But go f E C(X) and gof is unbounded 

on F. This is a contradiction so f[F] must be relatively pseudocompact. 

Theorem 4.2: A set Ac Xis relatively pseudocompact if and only if 

f[A] is compact for every fE C(X). 

Proof: By Theorem 4.1 f(A) is relatively pseudocompact. Thus since 

every relatively pseudocompact subset of R is compact f(A) is compact, 

Conversely if f(A) is compact for every f Ec(X), then A is pseudocompact. 

Therefore A is relatively pseudocompact. 

Theorem 4.3: Let X be normal and let A be relatively pseudocompact 

subset of X, then clXA is pseudocompact and hence countably compact. 

Proof: Let ACX such that A is relatively pseudocompact. Suppose that 

clXA is not pseudocompact. Then there exists a function g Ec(clXA) such 

that g is unbounded on clXA. clxA is a closed subset of a normal space 
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and as such is C-embedded in X. Hence g can be extended to g*E C(X). 

Since g* is unbounded on clxA it is unbounded on A, but this is a 

contradiction. Therefore clXA is pseudocompact and as a closed sub-

space of a normal space is also normal. Together,normality and pseudo-

compactness imply countable compactness. 

Theorem 4.4: Xis pseudocompact if and only if every proper zero set 

is relatively pseudocompact. 

Proof: If Xis pseudocompact,then every subset of Xis relatively pseudo-

compact. Suppose Xis not pseudocompact, then there exists a function 

f E C(X) such that f is unbounded on X. Let Z = (x:lf(x)I ~ m} where 

m EN. Ulen Z is a zero set which is not relatively pseudocompact. 

In [44] Isiwata defines property(*) which we shall denote as the 

inf property. 

Definition 4.1: A subset F of X has the inf property provided inf (f(x): 

x E F} > 0 for every f E C(X) which is positive on F. 

Uleorem 4.5: Each of the following statements implies the next for any 

subset F of a space X. 

i) Fis pseudocompact. 

ii) F has the inf property. 

iii) Fis relatively pseudocompact. 

Proof: Innnediate from definitions. 
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Theorem 4.6: If F has the inf property, then Fis completely separated 

from every disjoint zero set. 

Proof: Suppose F has the inf property. Let Z(f) be a zero set of X such 

( } . 2 } that Z(f) n F =¢. Then inf f(x): xE F = r> 0. Thus tx: f(x) =1 r 

is a zero set containing F and disjoint from Z(f). Thus F and Z(f) are 

completely separated. 

Corollary 4.6.1: If F C Xis pseudocompact,then Fis completely separated 

from every disjoint zero set. 

Corollary 4.6.2: Let X be pseudocompact. Then every subset A of X which 

is C*-embedded and has the inf property in pseudocompact. 

Proof: By Theorem 4.6 A is completely separated from every disjoint zero 

set. Hence A is C-embedded and must be pseudocompact. 

Theorem 4.7: Xis countably compact if and only if every closed subset 

of X has the inf property. 

Proof: If Xis not countably compact, let (x }00 
1 be an infinite discrete 

n n= 

subset of x. We can find a positive f E C(X) such that for some sequence 

subset of X which does not have the inf property. 

Hence (x} is a closed n 

Conversely if Xis 

countably compact every closed set is pseudocompact and hence by 

Theorem 4.5 has the inf property. 
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Corollary 4.7: Xis countably compact if and only if every closed 

subset of Xis pseudocompact. If every closed subset is pseudocompact, 

then every closed subset has the inf property by Theorem 4.5. Thus by 

the theorem Xis countably compact. 

Definition 4.2: (Zenor [90)) The space X has property Zif every closed 

set His completely separated from every zero set disjoint from H. 

The following Theorem is due to Zenor and can be found in [90]. 

Theorem 4.8: Xis countably compact if and only if X has property Z 

and is pseudocompact. 

Perhaps it would seem logical to conjecture that any closed subset 

of a pseudocompact space which is completely separated from every disjoint 

zero set is pseudocompact. However, every zero set of a pseudocompact 

space has this property and hence every zero set would be pseudocompact. 

This is not the case as seen in example 10.4. 

The next Theorem can be found in Isiwata's paper [44) 

Theorem 4.9: Every zero set of a pseudocompact space has the inf 

property. 

Combining Theorems 4.4 and 4.6 we have the following result. 

Theorem 4.10: Xis pseudocompact if and only if every zero set of X 

has the inf property. 

This is analogous to Corollary 4.7 for countably compact spaces. 
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Theorem 4.11: Let F be a C-embedded subset of X. Ulen Fis 

relatively pseudocompact if and only if Fis pseudocompact. 

Proof: If Fis pseudocompact then,F is relatively pseudocompact. 

Assume Fis not pseudocompact. Ulen there exists f E C(F) which is 

unbounded. Now f has a continuous extension f* on X. Ulus f* is 

a continuous function on X which is unbounded on F. 

Corollary 4.11: Every relatively pseudocompact C*-embedded zero set 

is pseudocompact. 

Proof: Every C*-embedded zero set is C-embedded. 

Uleorem 4.12: Let PX be any pseudocompactification of a space X. If 

Ac Xis relatively pseudocompact, then A is completely separated from 

every zero set in PX - X. 

Proof: Suppose A is not completely separated from every zero set in PX - X. 

Ulen there exists a function f E C(PX) such that Z(f) C PX - X and 

Z(f) nA =¢but f is not bounded away from zero on A. Let fix= g. Ulen 

h l · t· X d b d d A = - 1s con 1nuous on an un oun e on . g Ulus A is not relatively 

pseudocompact. 

In terms of coverings by cozero sets we obtain a theorem 

analogous to Theorem 2.2 for relatively pseudocompact subsets of a 

space X. 

Uleorem 4.13: Let X be completely regular T1 space and let T be any 
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pseudocompactification of X such that xc TC ~X. Then if ACX, 

A is relatively pseudocompact if and only if A is completely separated 

from every zero set of T which is contained in T - X. · 

Proof: Necessity follows from the above Theorem. 

Let p E T - X such that p E ax - X. Then there exists a zero set 

Zp of ax and hence of T such that Zp c ax - X c T - X. By hypothesis 

there exists zero set ZA of T such that Ac ZA 

Therefore p t/ cl~ for any p E T such that p E 

and z n z = (/). p A 

ax - x. Then there 

exists a zero set Z of ax such that Z n X = ¢. Since T is 
X ·x 

pseudocompact 
I I 

Z n T = Z 'f ¢ and Z is a zero set of T. Hence there 
X X X 

I 

exists a zero set ZA such that Z n Z =¢. If z n Z ~¢. Then A X A X 

ZA n Zx = Z is a zero set of ax such that Zn T = ¢. This is a contra-

die tion of Theorem 3 .17. Thus ZA n Zx = ¢ and so x (/ clax". Hence 

cl A= clXA and by Corollary 3.18.2 A is relatively pseudocompact. ax 

Theorem 4.14: If every countable cover of A by cozero sets of X has 

a finite subcover, then A is relatively pseudocompact. 

Proof: For every f E C(X), (x:lf(x)I < n}:=l is a countable cozero 

set cover of A. This has a finite subcover and hence there exists some 

n, such that Ac lx:lf(x)I < nJ. That is, f is bounded on A for all 

f E C(x). Thus A is relatively pseudocompact. 

In terms of the free z-filters on a space X we may characterize 

the relatively pseudocompact zero sets as follows: 
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Theorem 4.15: A zero set Z that belongs to no free z-filter is 

relatively pseudocompact. 

Proof: Suppose Z is not relatively pseudocompact. Then there 

exists a function g E C(X) which is unbounded on Z. Let 

Z =(x:lg(x)l 2 nJ. EachZ isazerosetandZ nz=</Jforalln. n n n 

This collection along with Z has the finite intersection property 

and thus there exists a z-ultrafilter Won X containing Zand all 
00 

the Zn. Now nfll Zn = ¢ • Hence W is free. 

The converse of this result is false however. Let X be any 

pseudocompact, noncompact, completely regular T1 space (for example, 

W of example 10.1). Then Xis itself a relatively pseudocompact 

zero set which does belong to a free z-filter. We do have the following 

converse however. 

Theorem 4.16: A zero set Z is relatively pseudocompact if and only if 

Z is contained in no hyperreal z-ultrafilter. 

Proof: Theorem 4.14 gives the only if part since any hyperrreal 

z-ultrafilter is free. 

Conversely let Z be a relatively pseudocompact zero set of X, 

Then claxz = Z. Hence cl~Z C ~x. Now Z belongs to a free z-filter for 

each p E cl~Z - Z. There exists a one-to-one correspondence between 

the points in ~X - X and the free z-ultrafilters on X. If p E ~X - X, 

then p is the limit of a real z-ultrafilter. If p E PX - ~x = ax - X, 
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then pis the limit of a hyperreal z-ultrafilter on X. Now for each 

p the z-ultrafilter is of the form Zp = [z E Z(X): p E c13z}. If Z 

is relatively pseudocompact then c13z n (ax - X) = ¢. ni.erefore Z is 

not in any z-ultrafilter whose limit is in ax - X. ni.at is Z is not in 

any z-ultrafilter which is hyperreal. 

Notice that if Z is relatively pseudocompact but not pseudocornpact 

then Z is not contained in any hyperreal z-ultrafilter. nterefore 

we cannot get a converse of ni.eorem 2.15. 

Using this result we can get a converse to ni.eorem 4.13 for 

zero sets. 

ni.eorem 4.17: If Z is a relatively pseudocompact zero set of X, then 

every countable cover of Z by cozero sets of X has a finite subcover. 

00 
Proof: Let Z be a zero set of X and let lciJi=l be a collection of 

n 
cozero sets which cover Z but have no finite subcover. Let Zn= X - (i~l Ci) 

for each n. Then (znJ:=l U Z is a collection of zero sets of X with the 

finite intersection property. Since the cozero sets cover Z, the 

intersection of this family is empty. nterefore there exists a free 

z-ultrafilter on X containing Z which is hyperreal. ni.us Z is not 

relatively pseudocompact. 

One question which concerns us is when is a zero set of X a 

zero set of ax. ni.e following theorem answers this question. 

Theorem 4.18: Z(f) is a zero set of ax if and only if Z(f) = Z(fa). 
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Proof: If Z(f) = Z(f°') then Z is a zero set of ax. If Z is a zero 

set of ax, then there exists so~e f E C(aX) such that Z(f) = Z then 

z = Z(flx) and (flx)a = f &o that Z(fjx) = Z((fJi)a) = Z(f) = z. 

Theorem 4.19: If Z(f) is a zero set of aX,then Z is relatively 

pseudocompact. 

Proof: Z(f) c claxZ(f) c Z(fa) = Z(f). Therefore claxZ(f) c X and 

Z(f) is relatively pseudocompact. 

The next lemma can be found in [48]. 

Lemma 4.1: If Z(;) C 2,x then z(l) = clf3Xz. 

Theorem 4.20: Let f E C-lr(X) 

and only if z (/) = c113Xz. 

such that Z (f) f ¢. a Then Z(f) = 

= !lax and clax z = 

, 
c1t3x z n ax. Therefore c113xz 

cl Z(f) if ax 

a a i3 8 
Now suppose clax Z = Z(f ), Then (f) = f and c1f3x(claxZ) = c13Xz. 

Therefore c 13Xz (fa) = c~x2. Now z ( (fal) c z-(ax) = i3x. Thus 

Z((fa)~) = cl/3 [Z(fa)] by Lemma 4.1. Thus Z(l) = c113Xz. 

Thus if zc/l) f clp~ then the difference must occur in the 

remainder Q'X - X. And if the two sets agree on ax - X,then they 

agree on all of ~X. 

Theorem 4.21: A is a relatively pseudocompact subset of X if and only 

if clXA is relatively pseudocompact. 
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If cl A is relatively pseudocompac~ then every subset of 
X 

clXA is relatively pseudocompact. Suppose cl~ is not relatively 

pseudocompact. Any function unbounded on cl~ must be unbounded on 

A. Thus A is not relatively pseudocompact. We now state formally 

a theorem mentioned after the proof of Theorem 2.14. The result 

is due to Mandelker [53], 

Theorem 4.22: Let A be a relatively pseudocompact cozero set of X, 

then clXA is pseudocompact. 

Proof: Since A is open this follows from Corollary 3.20.2. 

Corollary 4.22: Let A be a cozero set of X, then cl~ is pseudocompact 

if and only if A is relatively pseudocompact. 

As pointed out in Chapter 2, the intersection of two pseudocompact 

subsets need not be pseudocompact. However, their intersection must 

be relatively pseudocompact as the next theorem shows. 

Theorem 4.23: Let A and B be relatively pseudocompact subsets of X, 

then An Bis relatively pseudocompact. 

Proof: An Be A hence An Bis relatively pseudocompact. 

Corollary 4.23: Let A and B be pseudocompact subsets of X. Then 

An Bis relatively pseudocompact, 



CHAPTER 5 

LOCALLY PSEUDOCOMPACT SPACES 

Definition 5.1: A space Xis locally pseudocompact provided every 

point of X has a pseudocompact neighborhood. 

Thi5 definition was introduced in the literature by Comfort 

in [11] in 1966. He required that every point have a local base 

of neighborhoods which were pseudocompact. When we are dealing with 

completely regular topological spaces it is obvious that the two 

definitions are equivalent. Vidossich [84] in 1971 also gives the 

above definition. We now investigate the properties of locally 

pseudocompact spaces, 

Trivially if a completely regular T1 space is pseudocompact it 

is locally pseudocompact. The closure of every open neighborhood of a 

point would be a pseudocompact neighborhood. The converse is not 

true however. 

Theorem 5.1: Let X be a dense subspace of first countable completely 

regular T1 space T, then every pseudocompact neighborhood in X of a point 

pin Xis a neighborhood in T of p. 

Proof: Let Ube the interior of a pseudocompact neighborhood of pin 

X. Then clXU is pseudocornpact in X and hence pseudocompact in T. T 

is first countable and therefore clXU is closed in T. Thus clTU = clXU, 

Let V be open in T such that V n X = U. Since Xis dense in T we have 

clT(V) = clT(V nx) = clT(U) = clx(U) c x. Therefore vc X and v = U so 

U is open in T. 
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Corollary 5.1: If Xis locally pseudocompact and dense in the first 

countable completely regular T 1 space T, then X is open in T. 

Proof: X contains a neighborhood about each of its points. 

Theorem 5.2: Let X be dense in first countable pseudocompact space 

T. Then Xis locally pseudocompact if and only if Xis open in T. 

Proof: Necessity is implied by corollary 5.1. 

Let pE X, then there exists neighborhood N such that N C cl~N ex. P P r·p 
Since Tis pseudocompact, clTNp is pseudocompact. 

locally pseudocornpact. 

Therefore Xis 

It should be noted here that Xis locally pseudocompact but not 

pseudocompact since by orollary 2.21 no proper dense subspace of Tis 

pseudocornpact. 

Theorem 5.3: If Xis realcompact then Xis locally pseudocompact if 

and only if Xis locally compact. 

Proof: Local compactness implies local pseudocompactness. 

-Let pc X and let N be a pseudocompact neighborhood of p. There 
p 

exists N•\-E (\ p such that pE N*c cl N>\-C N . p . p X p p Therefore clXN~ is pseudocompact. 

and as a closed subspace of a. realcompact is realcompact. Hence by 

Theorem 2.35 clXN~ is compact. 

The next two theorems show that some properties of local pseudocom-

pactness are analogous to those for local compactness. 
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Theorem 5.4: Every open subspace of a locally pseudocompact completely 

regular T1 space is locally pseudocompact. 

Proof: Let A be open in X and let p EA. There exists a neighborhood 

N of in X such that N is pseudocompact. Now (int N ) n A = V is open p p p p 
in X. There exists N* such that p E N* C cl N* C V, Therefore cl N* C N p p X p Xp p 
and is pseudocompact by theorem 2.13. Since pE cl N>'<'c A, A is locally X p 

pseudocompact. 

Theorem 5.5: Let X be locally pseudocompact and fan open map. Then 

f[X] is locally pseudocompact, 

Proof: Let p E f[X]. Then there exists some x EX such that p = f(x). 

Since Xis locally pseudocompact there exists a pseudocompact neighborhood 

V of x. f[V] is pseudocompact and is a neighborhood of p. Therefore 
X X 

f[X] is locally pseudocompact. 

Theorem 5.6: Let PX be any pseudocompactification of a completely 

regular T1 space X such that closed pseudocompact subsets of X are 

closed in PX. Then Xis open in PX if and only if Xis locally 

pseudocompact. 

Proof: Let x EX. There exists a neighborhood N of X such that 
X 

N is pseudocompact. By complete regularity of X there exists N* X X 

such that x E N>': C cl N'>'< C N • Now cl N>'<' is a closed pseudocompact 
X X X X X X 

subspace of X, Hence it is closed inPX. Let V be open in PX such that 
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V n X = N~. Since Xis dense in PX, clPX(V) = clPX(V n X) = 

cl (N"<) • PX x Hence clPXV c X and so V C X. We must have V = N,'r. 
X 

Therefore X contains a PX open subset about each of its points and 

hence is open in PX. 

Notice that this proof does not require the complete regularity 

of PX only of x. 
To prove the converse we need only observe that since PX is pseudocompact 

it is locally pseudocornpact and by theorem 5.4, Xis locally pseudocompact. 

Corollary 5.6.1: Xis locally pseudocompact if and only if Xis open 

in ax. 

Proof: By corollary 3.18.3 X satisfies the hypothesis of the theorem. 

Corollary 5.6.2: Let X be locally pseudocompact and let Ube open in 

X, then claxU is pseudocornpact. 

Proof: If U is open in X, then U is open in ax. Hence its closure is 

pseudocornpact. 

Corollary 5.6.3: If ax - X is pseudocompact and X is first countable, 

then Xis locally pseudocompact. 

Proof: By theorem 2 .21 ax - X is closed in ax. Hence X is open and 

locally pseudocornpact. 

Example 5.1: A space which is locally pseudocornpact but not locally 

compact. In example 9.1 the space NU~ is pseudocompact but its p 
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product with pseudocompact space NU~ is not pseudocompact. q Hence 

in view of 'Theorem 9. 5 N U r: is not a k- space and hence not locally 
p 

compact. Yet since NU E is pseudocompact it is locally pseudocompact. p 

Example 5.2: A space which is locally pseudocompact but not locally 

compact or pseudocompact. Let 6 be the disjoint union of a countably 

infinite number of copies of NU~. Then 6 is not pseudocompact or p 

locally compact but is locally pseudocompact. 

The next results are given in an effort to show that the conclusion· 

of Corollary 5.6.3 cannot be strengthened to locally compact. 

Theorem 5.7: Let X and Y be any completely regular topological spaces. 

Let T be the disjoint union of X and Y, then ~T =~XU ~Y. 

Proof: Xis a C-embedded zero set of T. Hence cli3~ = ~X and 

similarily cl~Ty = ~Y. Closures of disjoint zero sets in Tare disjoint 

in ~T. 'Therefore !3T = c1t3T(X U Y) = cli3~ U c~Ty = ~X U ~Y. 

By a similar argument Z-T = z-x U z-y, 

Theorem 5.8: Under the hypothesis of 5.7 aT = ax U ay, 

Proof: O(X U Y) • [j3 (X U Y) - 2, (X U Y) U (X U Y) 

= [!3X U !3Y) (2-X U 2, Y)] U (X U Y) 

= [ (l3 X - 2, Y) U (13 Y - 2, Y)] U (X U Y) 

since all subsets are disjoint. Continuing the equality we have: 
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O'( X u Y) = [ (~X - Z-X) Ux] u [ (13Y - Z, Y) u Y] = ax u cry. 

Now let X be first countable, pseudocompact and not locally 

compact (See example 10.8). Let R be the reals. Then XU R is first 

countable and non-locally compact and C¥(X U R) = ax U C¥R = X U PR. 

Now ct(X UR) - (XU R) = ~R-R which is compact and closed in ~(XU R). 

But XU R is not countably compact and not locally compact. Hence we 

cannot strengthen the conclusion of corollary 5.6.3 to say that X must 

be locally compact. Here is a space T such that err - Tis closed in 

~T, hence Tis open in err but not open in ~T. 

Definition 5.2: A space Xis locally relatively pseudocompact if each 

point p E X has a relatively pt:eudocompact neighborhood. 

Theorem 5.9: In a completely regular space locally relatively 

pseudocompact is equivalent to locally pseudocompact. 

Proof: Any pseudocompact neighborhood is relatively pseudocompact. 

Let X be locally relatively pseudocompact. Then for each p EX. 

There exists open set U such that p EU and U is relatively 

pseudocompact. Then clXU is pseudocompact by Corollary 3.20.2. 

Therefore every point has a pseudocompact neighborhood. 

Definition 5.3: Xis a P-space provided every prime ideal in C(X) 

is maximal. 

Theorem 5 .10: Every P-space is locally relatively pseudocompact. 
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groot: Every function in C(X) is constant on a neighborhood which 

is relatively pseudocompact. 

Corollary 5.10.1: Every completely regular P-space is locally 

pseudocompact. 

Corollary 5.10.2: Every normal P-space is locally countably compact, 

In [26] corollary 5.4 states that every locally countably compact 

P-space is discrete. Hence we have the following. 

Corollary 5.10.3: A normal P-space is discrete. 

W.W. Comfort in [10) gives the following characterization of a 

locally pseudocompact space. 

Theorem 5.11: Xis locally pseudocompact if and only if there exists a 

locally compact space Y such that xc ye ~x. 



CHAPTER 6 

PSEUDOCOMPACTNESS AND C*-EMBEDDINGS 

Here we will discuss when a c~\--embedded subspace is pseudocompact 

and when pseudocompact subspaces are C*-embedded. We also include in 

the chapter some weak normality properties and relate them to pseudo-

compact and countably compact spaces. We briefly examine pseudocompact 

P-spaces and F-spaces and ax for such spaces. Recall definition 2.8. 

Theorem 6.1: Every C*-embedded Zero Set of a pseudocompact space is 

pseudocompact. 

Proof: Let Z be a C*-embedded zero set of X. Then by 1.18 of [27] 

Z is C-embedded. Hence Z must be pseudocompact. 

We will give an example later to show that a C*-embedded subset 

of a pseudocompact space need not be pseudocompact (example 9.5). 

Theorem 6 .2: If A is c,·:-embedded in a first countable space X, then A 

is closed in X. 

Proof: Since A is C*-embedded cl~XA = ~A(6.9a) [27]). ~A-A is never 

first countable. Therefore either c1!30 - A = ¢ or c~0- AC ~X - X. In 

either case A is closed in X. 

Corollary 6.2.1: Let X be countably compact and first countable, then 

if A is C*-embedded in X, A is countably compact. 

Proof: By the theorem A is closed and hence countably compact. 

60 
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Definition 6.1: [27] A space Tis extremally disconnected if every 

open set has an open closure. 

Corollary 6.2.2: If Xis first countable and extremely disconnected, 

then X contains no proper dense subspace. 

Proof: Any proper dense subspace of an extremely disconnected space is 

C*-embedded 6M2 [27] and hence closed. 

Corollary 6.2.3: A first countable, extremally disconnected pseudocompact 

space is discrete. 

Proo!:: For each p E X, X - (p} is not dense. Hence (p} is open. 

Corollary 6.2.4: A first countable, extremally disconnected pseudocompact 

space is finite. 

Proof: By above corollary Xis discrete. Hence if Xis pseudocompact, 

Xis finite. 

Theorem 6.3: Let X be a first countable normal space. If A is 

pseudocompact,then A is C*-embedded in X. 

Proof: If A is pseudocompact,then A is closed and every closed 

subspace of a normal space is C*-embedded. 

Theorem 6.4: Let A be a pseudocompact subspace of X. If for any two 

completely separated sets Sand Tin A there exists zero sets z1 and z2 
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in X with SC 2 1 and TC 22 and (2 1 n 22) n A = ¢, then A is C*-embedded 

in X. 

Proof: Let A be a pseudocompact subset of X satisfying the hypothesis. 

Let Sand T be completely separated in A, Then there exist zero sets 

21 and 22 in X with SC 2 1 and TC 22 and (2l n 22) n A = ¢. Now 2 1 n 22 

is a zero ret in X and hence must be completely separated from A by 

Corollary 4.6. Therefore there exists a zero set 23 in X such that AC 23 

and 23 n [2 1 n 22] = ¢, Now SC 2 1 n 23 and TC z2 n 23 and [2 1 n 23] 

n [2 2 n 23] = (2 1 n 22) n 23 = ¢. Therefore S and Tare completely separated 

in X and hence A is C*-embedded in X. 

Theorem 6.5: If Xis pseudocompact and first countable and j~x - xi < 2c, 

then every c~'<--embedded subset of X is pseudocompact. 

Proof: Let A be C*-embedded in X, Then ~A= c1pXA. Since Xis first 

countable A is closed by X. Hence 13A = A:: ~X - x. If A is not pseudo-

compact then 1.,A f ~A and so ~A - 1.,A f ¢. By 9D [27], ,~A - "Al;;;?; 2c. 

Hence l~A - A/ ~ j~A - Z-A/ ~ 2c. But PA - Ac ~X - X implies /~x -xi;;;?; 2c. 

This is a contradiction and therefore A must be pseudocompact. 

We can change the hypothesis of theorem 6.5 slightly and obtain 

the same conclusion by a similar argument. 

Theorem 6.6: If X is pseudocompact and !xi :,; C and l~x-xi < 2c, 

then every C·'•-embedded subset is pseudocompact. 

Proof: Let A be C,'<-embedded in X. Then ~A = c~XA. If A is not 

pseudocompact j~A - Z-A/ ~ 2c. Hence ~A - AC ~X and ,~A - A/;;;?; 2c 
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while lex\< 2c. This is a contradiction hence A must be pseudocompact. 

Theorem 6.7: If every subspace of a pseudocompact Hausdorff space X 

is pseudocompact, then Xis finite. 

Proof: Let Z be a zero set of X such that X - Z /. ¢. Then Z and X - Z 

are pseudocompact. Therefore X - Z is completely separated from Z. 

Hence X - Z must be a zero set and so X - Z are open and closed. 

Therefore X - Z is C-embedded in X. Since every cozero set is C-embedded 

in X, Xis a P-space (4J [27]). But a pseudocompact P space must be 

finite. 

A generalization of the above theorem may be found in [79]. 

Theorem 6.8: Let PX be any pseudocompactification of X; then Xis 

C*-embedded in PX if and only if X C PX c ex. 

Proof: If Xis C*-embedded in PX, then XC PX c ex by 6.7 of [27]. 

Conversely if X c PX c SX, then Xis C*-embedded in PX. 

Corollary 6.8: Xis C*-embedded in its pseudocompactification PX if 

and only if ex= e<PX). 
Recall definition 2.7. We now give a proof of Theorem 2.4 j) 

The Theorem is due to P. Zenor. 

Theorem 6.9: Xis pseudocompact and weakly normal if and only if X 

is countably compact. 

Proof: If Xis countably compac~ then Xis pseudocompact. Let A and B 

be disjoint closed sets with B countable. Since the space is countably 
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compact, B is compact. For every x. E B there exists zero iet neighborhoods 
1 

zx. and ZA(xi) of xi and A respectively which are disjoint. The family 
1 

[z :x. EBJ is cover of B and hence there exists a finite subcover 
xi 1 k 

say z z ' ... ' z such that .U1z = z is a zero set containing x. x. x. J= x. B 
11 12 1k 1. 

J 

A and ZA n ZB = ¢. Therefore A and Bare completely separated. 

Now suppose Xis pseudocompact and weakly nonnal but Xis not 

countably compact. Then there is a set H = (x 1,x 2 ,x 3 , ..• J of distinct 

points such that H has no limit point. Let (u 1,u2 ..• J be a collection 

of mutually exclusive open sets such that x. EU. for each i. For each 
1 1 

1 n let fn be a mapping from X into [0,1] such that f(x) = - and n n 

X - U C f- l (0). 
n n 

f-\o) n H = ¢. 

Let f = sup (f 1 ,f 2 , ..• J,f is continuous and 
-1 By hypothesis Hand f (0) are completely separated 

therefore there exists a mapping h:X ~ [0,1] such that He h- 1 (0) 

and f-l(O) c h- 1(1). Let g = f + h. Then l is a mapping on X which g 

ir unbounded. This is a contradiction since Xis pseudocompact. Hence 

X must be countably compact. 

In [52] Mack gives the following definitions which generalize 

weak normality. 

Definition 6.2: A set A in a topological space will be called a G0 

(regular G0 ) set provided it is the intersection of at most ~O open 

sets (closed sets whose interiors contain A). 

Definition 6.3: A topological space is O-normal if each pair of disjoint 
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closed sets, one of which is a regular G6-set have disjoint 

neighborhoods. 

Definition 6.4: A space will be called 6-normally separated 

(property Z of Zenor in [90]) if each closed set and each zero set 

disjoint from it are completely separated. 

Definition 6.5: A space X will be termed weakly 6-normally separated 

if each regular closed set and zero set disjoint from it are completely 

separated. 

It is obvious from Corollary 4.6 and 11ieorem 2.13 that every 

completely regular pseudocompact space is weakly 6-normally separated 

and that any countably compact space is 6-normally separated. 11ie author 

in [49] points out that in arbitrary spaces the properties 6-normal and 

6-normally separated are not comparable. In completely regular 

pseudocompact spaces however they are equivalent and imply countable 

compactness. Combining the results of Mack and Zenor [52] and [90] 

respectively we have the following 11leorem. 

11leorem 6.10: In a completely regular space the following are equivalent. 

i) Xis countably compact 

ii) Xis pseudocompact and 6-normal 

iii) Xis pseudocompact and 6-normally separated. 

In [87] Woods defines regular 6-normally separated as follows: 
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Definition 6.6: A space is regularly 0-normally separated if each 

regular clo[ed subset of Xis completely separated from each disjoint 

closed subset of X. 

Obviously regular 0-normally separated implies weakly O-normally 

separated, but not conversely even in countably compact spaces. Hence 

neither O-normal nor 0-normally separated implies regularly_ 6-normally 

separated. However normality does imply regular &-normal separation, 

but not conversely. Each extremally disconnected space is regularly 

&-normally separated and there certainly exist non-normal extremally 

disconnected space. Woods example of a countably compact non-regularly 

&-normally separated space is as follows: Let W be the space of 

ordinals less than the first uncountable ordinal and let W* be its one-

point compactification. Then W X w~\-is countably compact hence both 

O-normal and &-normally separated but is not regularly &-normally 

separated. For let A = ( (Q' ,Q'): Q' E w} and B = { (Q' ,w 1): Q' E wJ. 
Then A is regu~ar closed and Bis closed and disjoint from A, but 

A and Bare not completely separated in W X W*. 

A natural question to arise here is the following: If a 

space Xis pseudocompact and regularly 0-normally separated is X 

countably compact? All we need to show that this is not true is the 

existence of a pseudocompact extremally disconnected space which is not 

countably compact. For any extremally disconnected space X, Q'X is 

extremally disconnected and pseudocompact. There exist subspaces of 

~N which are'pseudocompact and not countably compact. These spaces will 
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be extremally disconnected as dense subspaces of ~N. Hence they 

are regularly 0-normally separated and pseudocompact but not countably 

compact. 

The question which now arises is: when is ax countably compact? 

Obviously if ax is normal, weakly normal or 0-normal then ax is 

countably compact. We look therefore for conditions on X and ax - X 

which assure countable compactness. 

Theorem 6. ll: Let X be locally compact and normal. If ax - X is a 

closed subset of ~X - X, then ax is countably compact. 

Proof: Since X is locally compact, ~X - X is compact. Hence ax - X is 

compact. ax = [ax - xJ U X where ax - X is compact and X is open and 

normal. Hence ax is normal (3D5 [27]), and pseudocompact. Therefore 

ax is countably compact. 

Corollary 6.ll: Let X be locally compact and normal. Then xUc~X(ax-x) 

is countably compact. 



CHAPTER 7 

ONE-POINT PSEUDOCOMPACTIFICATIONS 

Here we discuss two 1-point pseudocompactifications of a space X. 

One turns out not necessarily to be completely regular but does have the 

property that a closed pseudocompact subset of the space is closed in 

the one-point pseudocompactification. The other is completely regular 

but may lack this property. 

Definition 7.1: Let X be a locally pseudocompact completely regular 

space. Let P be the collection of all closed pseudocompact subspaces 

of X. Leta:i be a point not in X, and let X =XU (a:i}. LetT 0 be the 

topology on X having as a basis (uc X: U is open in x} U ( - P: p EPJ. 

Theorem 7.1: (X,10) is pseudocompact. 

Proof: Let [G.: i = 1, 2, ..• } be any open cover of X. Then there 
l. 

exists some i say i 1 such that [a:i} E G .. 
1.1 

By definition there exists an open set T such that [a:i} E re G .. 
1.1 

and X - T is pseudocompact. Now [ci: i = 1, 2, ... } covers X - T and so 

there exists a finite 
k 

X - TC k~2 clx Gi .. 
J 

subcollection 
k 

Thus X c k~l 

Theorem 7 .2: (X,1 0) is Hausdorff. 

G. , g, , ••• , G. 
1 2 1 3 1 k 

such that 

clXAG. and so xis 
l. . 

pseudocompac t. 
J 

Proof: Let x1 , x2 E X such that x 1 -/- x2 . If neither point is ( a:i}, 
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then since Xis completely regular and T1 we have it, Therefore 

let x2 = lco}. 

pseudocompact, 

There exist a neighborhood of x1, Nx, which is 
1 

Therefore X - N must be an open set containing 
xl 

(co}. By the regularity of X, there exists neighborhood N>\- of x 1 xl 

such that x E N* C c 1 N* C N 1 x1 X x 1 x 1 
Therefore N* 

xl 
and X - N 

xl 
are 

the disjoint neighborhoods of x 1 ~nd x2 • 

By construction any subset of X which is closed and pseudocompact 
,. 

in X will be closed in (X,10). By theorem 5.6, Xis open in X. If 

Xis realcompact then one point pseudocompactification is precisely 

the one point compactification~for any closed pseudocompact subset 

of a realcompact space is compact, and by theorem 5.3 local pseudo-

compactness is equivalent to local compactness. Hence the constructions 

are identical. 

Definition 7.2: A locally pseudocompact space Xis said to be 

O-pseudocompact provided Xis the union of at most countably many 

pseudocompact sets. 

Theorem 7.3: If Xis cr-pseudocompact, then in X, (co} is a G0-point. 

a, 

Proof: Let X = i~lyi where each Yi is pseudocompact, Then clXYi is 

pseudocompact for each i, by corollary 2.17. Let w1 = X - clXY1, 

iQl clXYi is pseudocompact by theorem 2.16. 

For each n, 

Thus each W., i = 1, 2, ••• 
1 
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co 
is an open set containing co and iQl Wi = (co}. Hence .:o is a G6- point. 

Definition 7.3: Let 1 be the weak topology on X induced by C((X,1 0)). 

Theorem 7.4: (X,1) is a completely regular pseudocompact space. 

Proof: Since TC 1 0 , (X,1) is pseudocompact. Since· Xis embedded 

homeomorphically in X, the functions on X must separate the points of X. 

Thus suppose that for some x0 E X, f(x 0) = f( 00 ) for every f E C(X). 

Define T :X -+ X by T (x) = x for every x E X and T (00 ) = x0 • For every 

f E C(X) associate a function g E RX as follows: g(x) = f(x) for all x EX. 

Therefore f =go T. Let C' denote the family of all such functions 

g. ie. g E C' if and only if g o T E C(X). Now endow X with the 

weak topology induced by C'. By definition every function in C' is 

continuous on x. ie. C' C C(X). Therefore by theorem 3.8 [27], T 

is continuous. It is evident that if x and x' are distinct points of 

X then there exists g EC' such that g(x) f g(x'). Therefore Xis 

a completely regular T2 space by 3.7 [27]. Now consider any function 

h E C(X). Since T is continuous h O ,. is continuous on X. Therefore 

h E C 1 • Thus C' C(X) and the mapping g-+ go T is an isomorphism 

from C (X) to C (X). Since C (X) = C'k (X) we must have C (X) = c~'<" (X). 

Thus Xis already pseudocompact. This is a contradiction. Hence for 

every x E X, there exists f E C(X) such that f(x) I f(-0). Thus the 

weak topology on Xis T2 and hence completely regular. 

Theorem 7.5: Xis open in (X,1). 
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h 

Proof: Suppose every open set in X which contains x, also contains 

( 00 } for some x E X. Then f(x) = f(:x>) for every f E C(X). But this 

can't happen. Therefore there exists f E C(X) such that f(x) f f(:x>). 

Hence there exist open sets in R, v 1 and v2 such that f(x) E v1 and 

f(:x>) E v2 with v1 n v2 = ¢. Therefore f-\v 1) is an open set in X 

containing x and Xis open in X. 

Theorem 7.6: r = r 0 if and only if every closed pseudocompact subset 

of Xis closed in (X,1). 

Proof: We know that r c r 0 . Let v E r 0• Then ~ither V is open in 

X or X - Vis closed and pseudocompact. If Vis open in X then Vis 

open in (X,1) since (x,TX) and (x,1 0 ) are homeomorphic and Xis open 
X 

in either space. 

If X - Vis closed and pseudocompact in X then by hypothesis X - V 

is closed in (X,1) and again Vis open in (X,1). Therefore1 =1 0 • 

If j = r 0 then since every closed pseudocompact subset of Xis 

closed in (x,1 0) it is also closed in (X,1). 

Theorem 7.7: If (00 ] is a G6-point in (X,T), then 1 = 1 0 . 

Proof: Let A be closed and pseudocompact in X, then A is completely 

separated from every zero set disjoint from A. (00 } is a zero set and 

hence is completely separated from A. Therefore A is closed in (X,1). 

Hence by the above theorem 1 = 1 0• 

Michael Henry has the following result in his paper [33]: A 
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locally compact T2 space is first countable if and only if each point 

is a G0 . Using this we see from Theorem 7.3 if Xis cr-pseudocompact, 

locally compact and each point of Xis a G0 -point then Xis first 

countable. 

Theorem 7.8: Let X be a locally pseudocompact non-pseudocompact 

completely regular T1 space. Then Xis not C*-embedded in its one-

point pseudocompactification (X,1). 

Proof: Suppose Xis C*-embedded in X, then X C X C ~x and ~x = j3x. 

Since X is not pseudocompact O'X - X -I ¢. Let yE O'X - X, then there 

exists a zero set, Zy' in f3x such that Zy n X = ¢. Since the zero 

j3x the closed there 
, 

of form a base for sets exists Zy such that 

sets 

a, t/ Zy. Therefore z = Zy n Zy is a zero set in f3x such that z n x = ¢. 

This is a contradiction since Xis pseudocompact. Thus in order for X 

to be C*-embedded in X we must have X = f3x. But l13x - xj ~ 1 implies 

Xis pseudocompact. Again we have a contradiction. Thus Xis not 

" C*-embedded in X. 



CHAPTER 8 

PSEUDOCOMPACT SPACES AND CONTINUOUS FUNCTIONS 

Much study has been directed toward the preservation of certain 

properties under inverse mappings of continuous functions. The 

basic idea is what conditions must be imposed on a map f: X ~ Y so 

that if Y has property P then X must also have property P, A good 

deal of this material grew out of the study of product spaces. In 

this chapter we will look at certain types of maps and present 

some survey material. We also include results concerning convergence 

of sequences of functions in pseudocompact spaces. The following is 

a list of pertinent references: [5], [9], [13], [17], [24], [28], [29], 

[31], [40], [44], [45], [46], [59], [60], [61], [68], [69], [74], [80], 

[ 87], [ 90]. 

We begin with a list of definitions. 

Definition 8.1: A map f from X onto Y is called a pk-map (rpk-map) 
-1 provided f (y) is pseudocompact (relatively pseudocompact) in X for 

every y E Y. 

Definition 8.2: A map f from X onto Y is called a peripheral pk-map 

:::,.f-1 (peripheral rpk-map) provided u (y) is pseudocompact (relatively 

pseudocompact) for every y E Y. 

Definition 8.3: A map f from X onto Y is called a quasi-k map provided 
-1 f (y) is countably compact for every y E Y. 
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Theorem 8.1: For any map f we have the following implications: 

i) f is quasi-k ~ f is pk~ f is rpk 

ii) f is peripherally pk~ f is peripherally rpk. 

Proof: Obviously from definitions. 

Theorem 8.2: If Xis pseudocompact then every peripherally pk-map is 

a pk-map. 

Proof: f-l (y) is closed and Of-l (y) is pseudocompact. Hence by 

Theorem 2.19 f-l (y) is pseudocompact. 

Theorem 8.3: If Xis normal and f: X ~ Y is a rpk-map. Then f is a 

quasi-k map. 

Proof: f-l (y) is relatively pseudocompact and closed in normal space 

x. -1 Hence by Theorem 4.3 f (y) is countably compact. 

In [59] Michael has the following definition and Theorem. 

Definition 8.4: A pointy E Y is called a q~point if it has a sequence 

of neighborhoods N. such that if y. EN. and they. are all distinct, then 
1 1 1 1 

[yi}:=l has an accumulation point in Y. Y is a q-space if every 

y E Y is a q-point. 

Theorem 8.4: Let f: X ~ Y be continuous closed and onto where Y is T1• 

If Y is a q-space then f is a peripheral rpk-map. 

Corollary 8.4: If Xis normal in theorem 8.4, then df-l (y) is 
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countably compact. 

Proof: 

space. 

of-l (y) is closed and relatively pseudocompact in a normal 
::, -1 Hence by Theorem 4.3 uf (y) is countably compact. 

Theorem 8.5: Let f: X ~ Y be continuous, closed and onto, where X 
::, -1 is realcompact. If y is a q-point of Y, then uf (y) is compact. 

Proof: :::,. -1 By Theorem 8.4 uf (y) is relatively pseudocompact. Hence 
-1 by corollary 3.18.1 of (y) is compact. 

Definition 8.5: [74] A map f: X ~ Y is countably bi-quotient; if 

whenever y E Y and l unJ:=l -1 is an increasing cover off (y) by 

open subsets of X, then y E int f(Un) for some n. 

Theorem 8.6: If f: X ~ Y is countably bi-quotient, then f is quasi-k 

and hence a pk-map. 

Proof: Given f -1 (y). Let (c.t 1 be -1 any countable cover off (y). 1 1= 

Let Hl = Gl, H2 = Gl U G2, H3= Gl U c2 U c3 , ••• , H = .B1c., then n 1= 1 

[Hi}:=1 is an increasing cover off -1 (y). Therefore there exists 

such that yE int f(Hk). -1 Then Hk covers f (y) and so the family 
-1 -1 G1,G2 , •.. ,Gk covers f (y). Hence f (y) is countably compact. 

Theorem 8.7: If f: X ~ Y is closed and quasi-k, then f is countably 

bi-quotient. 

k 

Proof: -1 be an increasing cover off (y). Since f- l (y) 

-1 is countably compact there exists k such that f (y) c Uk. Now 
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then y f/ f(X - Uk. Therefore y E- f [X - Uk] C f[Uk]. 

an open set contained in f[Uk], y E int f[Uk]. 

Since y is 

Theorem 8.8: If Xis countably compact and Y is first countable, 

then every continuous map from X onto Y is a closed quasi-k map. 

Proof: Let F C X be closed, then Fis pseudocompact, hence f[F] 

is pseudocompact. Since Y is first countable f[F] must be closed. 

Hence f is a closed map. Let y E Y, then f-l(y) is closed in X and 

must be countably compact. 

Henriksen and Isbell in [32] give an example to show that 

pseudocompactness is not a perfect property. A property Q is a 

perfect property if and only if the following holds: If p:X ~ Y is 

a perfect map, then X has property Q if and only if Y has property 

Q. Compactness, countable compactness, the Lindelof property and 

local compactness are a few examples of perfect properties. 

Definition 8.6: A map f is pseudo-perfect (quasi-perfect) provided 

it is a closed pk-map (quasi-k map). 

Lemma 8.1: Let p: X ~ Y be an open onto continuous map. Let W be open 
-1 -1 in X and V open in Y such that p (V) c W then p (clyV) c clXW. 

Proof: -1 Suppose p (clyV) C/-clXW, then there exists a neighborhood 

N of x such that N n W = ¢. p(N) is open in Y, Let y E Y such 
X X X 

-1 that p(x) = y. Then p(x) E p(p (clYV)) = clyV. Therefore y EclyV 
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and hence p(Nx) n V 7'= 1>. Let z E p(Nx) n V, then there exists w E Nx 

such that p(w) = z, but z EV implies wE p-\v) which implies 

1 I -1 - n rl, N (l p- (V) r ¢. This is a contradiction since p (V) 1.... W and N W = y,. 
X X 

Theorem 8.9: Let p: X ~ Y be an open pseudoperfect map onto Y with Y 

completely regular T1, then Xis pseudocompact if and only if Y is 

pseudocompact. 

Proof: If Xis pseudocompact, then Y is pseudocompact as the continuous 

image of a pseudocompact space. Assume Y is pseudocompact and let 

(wi}:=l be a countable coregular cover (Definition 2.6) of X. For 
n co 

every n EN, let Vn = Y - p(X -i~lWi) then the (vi}i=l form an open 
-1 -1 m 

cover of Y. For since p (y) is pseudocompact p (y) ci~lwi for some 
-1 Q m ~ 

m. Hence p (y) ~ X - i~lwi and soy~ p(X -i~lWi). It follows that 
m 

Y E Y - p(X - .U1w.). Since Y is pseudocompact there exists a finite 
1= 1 

subfamily of the [vi}:=l whose closures cover Y, say v 1,v 2 , ... ,vk. 
-1 Since pis open and p (V.) CW. for i = 1, 2, •.• , k, by lemma 6.1 

1 1 

p- 1(clYVi) c clXWi. Since i~l clYVi = Y and pis onto i~l clXWi = X. 

By coregularity of the cover there exist members of the cover W! such 
1 

that clXWi c w~ for i = 1, 2, •.. , k. Therefore (w~}~=l is a finite 

subfamily of the cover which covers X. Hence Xis pseudocompact. 

Corollary 8.9: Let p:X ~ Y be an open perfect map onto completely 

regular T1 space Y, then Xis pseudocompact if and only if Y is pseudo-

compact. 
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Proof: Any perfect map is a pseudocompact map. 

Theorem 8.10: Let f: X ~ Y be a pseudoperfect map onto Y. If Y is 

countably compact,then Xis pseudocompact. 

Proof: Let (wn}:=l be any countable coregular cover of X, then the 
n 

open sets V = Y - f(X - .U1w.), n EN, cover Y. For given y E Y, the n 1= 1 
-1 -1 m E pseudocompactness off (y) implies f (y) ci~lwi for some m N. 

-1 a Therefore y ti f [X - i=lwi J • Since there is a finite subcover 

v 1 ,v 2 , ..• ,Vk for Y and f- 1 (vi) c Wi' the sets w1 ,w2 , •.• , Wk are a finite 

subcover of X. It follows that Xis pseudocompact. 

We would like to carry this another step and say if f:X ~ Y is 

pseudoperfect and onto and Y is compact then Xis countably compact. This 

is not true however. Map any pseudocompact non-countably compact space to 

a single point. The map is pseudoperfect, Y is compact but Xis not 

countably compact. 

Theorem 8.11: If Xis countably compact and f E C(X),then f is 

quasi-perfect. 

Proof: Let f E C(X), then f(F) is realcompact and pseudocompact for 

every closed set F of X, since every subset of R is realcompact. Hence 

f[F] is elated and compact. Therefore f is a closed map. For every 
- -1 y t::: R, f (y) is closed in X and hence countably compact. 

Theorem 8.12: If Xis realcompact then any pseudoperfect map from X onto 

any space Y is perfect. 
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Proof: Let T: X-+ Y be pseudoperfect. -1 Then T (y) is pseudocompact 

and closed for every y E Y. 

compact and thus is compact. 

-1 Hence T (y) is realcompact and pseudo-

One would like to investigate the class of pseudoperfect and quasi-

perfect properties. Let P* denote the class of pseudoperfect properties, 

Q denote the class of quasiperfect properties and P denote the class of 

perfect properties. From the following implications: f is a perfect 

map~ f is a quasi-perfect map~ f is a pseudoperfect map, we have the 

following inclusions: P* C QC P. At this point we have no properties 

which are in P* but we can produce a number of properties which are in P 

but not in P~'<. Also we can show Q -/= ¢. 

i) Compactness is not a quasi-perfect property and hence is not a 

pseudoperfect property. 

Let K be a compact first countable space and let W be the space of 

ordinals (Example 10.1) less than the first uncountable ordinal. Then 

W X K is countably compact and the projection map TT: W X K -+ K is a 

quasi-k map. IT is also a closed map since the image of every closed 

set is pseudocompact and hence clofed in K, It follows that IT is a 

quasiperfect map from W X K onto K when K is compact but W X K is not. 

Therefore compactness is not a quasi-perfect property. 

ii) Realcompactness is not a quasi-perfect property, 

Consider any f E C (W), then f(W) c R and is realcompact. By 

Theorem 8.11 f is a quasi-perfect map and f(W) is realcompact while 

W is not. 
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iii) The Lindelof property is not quasi-perfect. 

In ii) f(W) is Lindelof while Wis not. 

Theorem 8.13: Countable compactness EQ. 

Proof: The proof here is essentially the same as theorem 8.10. 

Let (wn}:=l be any countable cover of X. Let f: X ~ Y be quasi-

perfect map onto Y. Then the open sets V n = Y - f (X - . B W. ) n E N, 1=1 1 
cover Y by the countable compactness of each f -l (y). S · h 1nce t ere 

-1 exist0 a finite subcover v1, v2 , ... , Vk for Y and f (V1) c Wi, 

the sets w1 , w2 , .•. ,Wk from a finite subcover of X. Hence Xis countably 

compact. 

iv) Local compactness and first countability are not pseudoperfect 

properties. 

Let X =NU~ p of example 9.1 and K be a first countable, 

compact space, then XX K is pseudocompact and TT: XX K ~ K as in i) 

is a pseudoperfect map. Xis neither locally compact nor first countable 

hence XX K is neither locally compact nor first countable. 

Let us now proceed to several types of maps introduced by Isiwata 

[44], Frolik [23] and Woods [87]. 

Definition 8.7: (Isiwata [44]) The mapping~: X ~ Y is a WZ-mapping 
-1 iii (y) for each y E (f) (X), where ~ is the stone 

extension of :p taking ~X into ~y. 

Definition 8.8: (Frolik [23]) The mapping~: X ~ Y is a z-mapping if 
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the images of zero sets are closed. 

The next three theorems are due to Isiwata and can be found in [44]. 

Theorem 8.14: Xis pseudocompact if and only if any continuous map 

from X onto a first countable space Y is a z-mapping. 

Theorem 8.15: Xis pseudocompact if and only if rr: XX Y ~ Y is a 

Z-map for any first countable space Y. 

Isiwata introduced WZ-mappings as an extension of the notion of 

Z-maps and showed that every Z-mapping is a WZ-mapping. 

Theorem 8.16: Let~: X ~ Y be a WZ-mapping. If either Xis normal 

or a:p-l(y) is compact for every y E Y, then~ is a closed map. 

The next two theorems can be found in [90]. 

Theorem 8.17: Xis normal if and only if every Z-mapping is closed. 

Theorem 8.18: A pseudocompact space Xis countably compact if and 

only if every WZ-mapping defined on Xis a Z-mapping. 

In [87] Woods defines a WN-map as follows. 

Definition 8.9: A map~: X ~ Y which is onto is called a WN-map if 
-1 -1 c~X~ (Z) = ~ (cl~YZ) for each zero set Z of Y. 

Woods simply replaces a point of Y by a zero set of Y and obtains 

a class of maps which turn out to behave quite differently than 

WZ-maps. In general the classes of WN-maps and WZ-maps are not countable. 

Theorem 8.19: A space Xis pseudocompact if and only if any map from X 
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onto any space Y is a WN-map. 

Theorem 8.20: If each point of Y is a G0-set,then each WN-map from 

X onto Y is a WZ-map. 

Proof: Each G0 -point is a zero set. 



CHAPTER 9 

PRODUCT SPACES 

In this chapter we present a survey of results obtained on 

the product of pseudocompact spaces. The first example to appear 

in the literature to show that the product of two pseudocompact spaces 

need not be pseudocompact was given in 1952 by Terasaka [82]. In 

1953 Novak [69] gave an example of two countably compact spaces whose 

product was not pseudocompact. Novak's example was simplified by 

Frolik in 1959 [21]. The simplified example appears in Engelking's 

book [18]. Both examples described are subspaces of 13N. In 1967 

W. W. Comfort [9] gave an example of a non-ps.eudocompact product 

space whose finite subproducts were pseudocompact. This came about 

because Glicksburg [29] observed that a product space rr X is pseudocompact Q'€ A a 

provided each subproduct a~j3Xu,, with~ a countable subset of A, is 

pseudocompact. The example showed that the word "countable" cannot 

legitimately be replaced by the word finite in Glicksburg's theorem. 

Again the example is a subspace of 13N. 

The study first arose from the following consideration: 

If [xa} is a family of spaces, then rr~xa is a compactification of TTXQ'. 

However it is not necessarily the Stone-C~ch compactification, as in 

the case of R X R where j3 (RX R) is not equal to i3R X ~R. The question 

then arose as to when is it ture that 13 (l"TXQ') is rr (i3Xu,) or equivalently. 

when will rrxa be C•~-embedded in rr @xa). In 1959 Glicksburg [29] 

showed that for infinite spaces, this will be the case exactly when 
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rrxa is pseudocompact. Titus began the study of when rrxa will be pseudo-

compact. 

In order to proceed with the first theorem we need the following 

definitions and clarifications: When a topology on C*{X) is referred to, 

it is the metric topology induced by the norm II fll = sup (If (x)f :x· E: x}, 
X 

the topology of uniform convergence on X, In theorem 9.1(8), 

C{X,C*{Y)) is the space of continuous functions from X to C*(Y) with 

the topology of uniform convergence on X, The subspace of bounded 

functions is normed by llv II = sup £llv (x)lly: X E xl' and becomes a metric 

space. For f E C>\-(X) and Sc X, the·. set osc (f) = sup (I f(a) - f (b) I; 
s 

a, b E sJ. When X, Y and Z are sets and f maps XX Y into Z, then f y 

{for y E Y) is defined on X by the rule f (x) = f(x,y), y Similarily 

f (for x EX) is defined on Y by f(y) = f(x,y), If f E C*(X X Y), 
X X 

the family (f :y E y} is said to be equicontinuous at a point x EX y 0 

provided that for each e > O, there is a neighborhood U of x0 for which 

I f (x ) - f (x) I < e whenever (x,y) E U X Y. Tite theorem can be found y O y 

in Comfort and Hager's paper [13]. 

Titeorem 9.1: Tite following conditions on the product space XX Y 

are equivalent: 

1) Tite projection rrX from XX Y onto Xis a Z-mapping. 

2) If Z is a zero set in XX Y, then cl Z = U lcl(Z n (lxJ X Y)): 

x E xJ, each closure being taken in XX ~Y. 

3) Each function in C*(X X Y) can be extended continuously over 

XX ~Y. 
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4) If f € C>'((X XY), then F(x) = sup (f(x,y): ye y} defines a 

continuous function Fon X ( and similarily for inf lf(x,y): y € y}), 

defines a continuous pseudometric y for X. 

6) 

7) 

If f e C*(X X Y), then (f :ye y} is an equicontinuous family on X. y 

If f e C*(X X Y), then m (f)(x) = f defines a continuous mapping 
X 

m (f) from X into C>'<-(Y). 

8) m (as defined in (7)) is a homeo~orphism (indeed, an isometry) 

of C*(X X Y) onto the space of bounded functions in C(X,C*(Y)). 

9) If f e C>'<-(X X Y), x0 € X and e > 0, then there is a neighborhood 

U of x and g eci:(Y) such that I f(x,y)-g(y)j < € whenever x e U and ye Y. 
0 

10) If f ec,'<-(X X Y) and e > 0, then there is an open cover U of X, 

and for U e u a finite open cover Y(u) of Y such that oscu X V(f) < e 

whenever U e u and V eV(u). 

Tamano has the next theorem in [80]. 

Theorem 9.2: The following are equivalent. 

1) XX Y is pseudocompact 

2) X and Y are pseudocompact and rrx is a Z-mapping. 

The following theorem is the very important characterization given by 

Glicksburg in [29]. 

Theorem 9.3: For infinite X and Y, the following are equivalent. 

1) X X Y is pseudocompact 

2) ~(X X Y) =~XX l:JY. 
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Definition 9.1: Two points x1 and x2 of a space X are of the same 

type provided there exists a homeomorphism h:X ~ X such that h(x 1) = h(x 2). 

Definition 9.2: A space Xis homogeneous if any two points of the space 

are of the same type. 

Rudin's paper [71] shows that ~N - N is not homogeneous. Thus using 

the fact that the orbit of any point ~N - N is dense in ~N we can now 

construct pseudocompact spaces X and Y such that XX Y is not pseudo-

compact. 

Example 9.1: Choose two points p and q of ~N-N which are of dif-

ferent types. Let ~p and ~q denote their orbits under automorphisms 

of ~N. Then ~p and ~q are disjoint dense subspaces of ~N - N. Hence 

by Theorem 3.16 NU ~p and NU ~q are pseudocompact. However (NU ~p) 

X (N U ~) contains the diagonal 6 = l (n,n) :rf: NJ as a clopen and 

therefore C-embedded copy of N. Hence the product is not pseudocompact. 

Theorem 9.4: Tne pseudocompactness of the product is equivalent to 

the pseudocompactness of every countable partial product. 

Co:nfort's example in [9] shows that the word "countable" in 

Glicksburg' s theorem refers only to "countable infinite" partial products. 

Theorem 9.5: XX Y is pseudocompact if X and Y are pseudocompact and 

either X or Y is a k-space. 

This result of Tamano [80] generalizes the result of Glicksburg 

which states that XX Y is pseudocompact provided X and Y are pseudocom-

pact and one of the spaces is locally compact. Also generalized is the 
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result of Henriksen and Isbell [32] which requires that one of the 

spaces be first countab,le. As a corollary to this theorem we may 

obtain the well-known result that if Xis pseudocompact and Y is compact, 

then XX Y is pseudocompact. 

Definition 9.3: (Franklin) A space Xis sequential if every 

sequentially closed subset of Xis closed. 

Theorem 9.6: If X and Y are pseudocompact, one of which is sequential, 

then X X Y is pseudocompact. 

The last theorem is in [76] and is due to Stephenson. 

In [24] Frolik defines the class P and gives the following 

characteristics. 

Definition 9.4: (Frolik) Let P be the class of all completely regular 

spaces X such that for every completely regular pseudocompact space Y, 

the product X X Y is a pseudocompact spac·e. 

Theorem 9.7: Let X be a pseudocompact space such that each point of X 

has a neighborhood belonging to P; then X belongs to P. 

Theorem 9.8: A space X belongs to P if it satisfies the following 

condition: If U is an infinite disjoint family of non-void open 

subsets of X, then for some compact subset of X, the intersection KnA 

is non-void for an infinite number of sets A belonging to U 

Theorem 9.9: XE P if and only if X satisfies the following condition: 
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If U is an infinite disjoint family of non-void open subsets of X, then 

there exists a disjoint sequence Lu} in U su~h that for every filter n 

':J of infinite subsets of N, we have i/\':J clX[n~F Un] i ¢. 
1 1 

Frolik in [25) gives an example which shows that for each integer 

n there exists a topological space X such that Xn is pseudocompact 

but Xn+l is not pseudocompact. For n = 2 this answers negatively the 

following question: If X, Y and Z are pseudocompact spaces such that XX Y, 

Y X Z and X X Z are all psuudocompact, then is it true that XX Y X Z is 

pseudocompact? 

We wish to apply some of this to determine when ax X ay is 

pseudocomp:;ic t. 

Theorem 9.10: If ax is open in 13x, then ax X ay is pseudocompact 

for any completely regular space Y. 

Proof: If ax is open in ~X, then ax is locally compact and hence by 

Theorem 9.5, ax X ay is pseudocompact. 

Theorem 9.11: If ax X ay = a(x X Y) then ax X ay is pseudocompact. 

Proof: a(x X Y) is pseudocompact. 

Theorem 9.12: If Xis locally compact and ~X - Xis closed in ~X - X, 

then ax X ay is pseudocompact for any Y. 

Proof: Since X is locally compact ~X - X is compact and hence locally 

compact. Now ax - Xis locally compact as a closed subspace of a locally 
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compact space. Thus ax is locally compact and invoking Theorem 9.5 

again we have the result. 



CHAPTER 10 

EXAMPLES 

In this chapter we will look at a list of examples and indicate 

their relevance to certain theorems in this text. We will show where 

strengthening is not possible or where the converse statement~ are 

invalid. 

Example 10.1: We have already used this example but now we will 

discuss it in detail. Let W be the set of all ordinals less than 

the first uncountable ordinal w1. 11ie set of ordinals less than a 

given ordinal a is denoted by w(a): w(a) = (cr:cr < a}, Provide W with 

the interval topology by taking as a subbase for the open sets the 

family of all rays (x: x > a} and (x: x < cr}. A point of w(a) is an 

isolated point if and only if it is not a limit ordinal (ie. it is 0 

or has an immediate predecessor). The space W~) of all finite 

ordinals is homeomorphic with N. 

We will now list the properties of W. 

i) W is normal 

ii) Wis pseudocompact and hence countably compact, 

iii) Wis not compact and hence Wis not realcompact. 

iv) Wis C-embedded in its one-point compactification W*, Hence 

w,\-= i3w. 

v) Wis first countable hut not second countable or metrizable. 

vi) W contains an everywhere dense realcompact subspace. Let X = W - L 

where Lis the set of all limit ordinals of W. 11ien Xis 
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discrete and hence realcompact and Xis dense in W. 

vii) W does not contain an everywhere dense pseudocompact subspace. 

(Corollary 2 .21). 

Example 10.2: Let o* = w,•c x w,·c, denote the corner point (w1 , w1) by m 

* and define O = 0. - {wl. 
-;'( 

i) O is C-embedded in O 
·k 

so that o is pseudocompact and o = ~O. 

ii) 0 is not normal. The diagonal and an edge are not contained 

in disjoint open sets. 

iii) O is countably compact. 

iv) 0 is not first countable. Any point on the edge does not have 

a countable base. 

v) Every closed G0 in O is a C-embedded zero set. 

vi) Every zero set is pseudocompact. 

Since O is not normal there exists a closed subset of which is not 

C*-embedded in 0..0 is countably compact and hence this closed subset 

is pseudocompact. Thus a non first countable pseudocompact space may 

contain a closed pseudocompact subset which is not C*-embedded. Each 

edge of 0. is C-embedded but their union is not C*-embedded. 

vii) 0 is locally compact. 

Example 10.3: The tychonoff plank. Let T>'c = W* X N* where N* denotes 

the one point compactification NU (w} of N. Lett= (w1 ,m). Then 



92 

i) Tis pseudocompact and Tis C-embedded in T* and ~T = T*. 

ii) Tis not realcompact. 

iii) Tis not countably compact since N = (w11 x N has no limit 

point in T. 

iv) Tis not normal or even weakly normal since Tis not countably 

compact. 

v) Tis not first countable. 

vi) Every closed G6-set is a C-embedded zero set. Hence 

every zero set in Tis pseudocompact. 

vii) Tis locally compact. 

Example 10.4: (J. Isbell) There exists an infinite maximal family e 
of infinite subsets of N such that the intersection of any two is 

finite. Let D = (wE:E Ee} be a new set of distinct points, and define 

w =NU D, with the following topology: The points of N are isolated, 

while a neighborhood of a point wE is any set contiaining wE and all but a 

finite number of points of E. Thus EU (wE 1 is the one point 

compactification of E and N is dense in W• 

i) w is completely regular. 

ii) w is pseudocompact. 

iii) w is not normal and not countably compact. 

iv) w is not realcompact. 

v) D is an infinite discrete zero set in W• 

vi) Dis not C*-embedded in~. Dis realcompact since Dis discrete. 

If Dis a C*-embedded zero set, then D must be C-embedded and hence 
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pseudocompact. But Dis not pseudocompact for if it were 

then D would be compact and C-embedded. Thus a pseudocompact 

~pace may contain a non-pseudocompact zero set, 

vii) ij, is first countable. 

viii) ij, is locally compact. 

ix) Every subset of ij, is a G0 , 

Example 10. 5: (Ka tetov) Let A = ~R - (PN - N). 

i) ~J\ = f'R 

ii) /\. is pseudocompac t. 

iii) J\ is not normal. 

iv) /\. is not countably compact. 

v) A is not real compact. 

vi) N is closed and C*-embedded in /\. but is not C-embedded. 

Hence a pseudocompact space may contain a countable closed C*-embedded 

subset which is not pseudocompact. Also N is not a zero set. 

vii) A is not countably compact. 

Example 10.6: Let X = W X N 

i) X is not pseudocompact since N is not pseudocompact. 

ii) X is not real compact since w is not realcompact. 

iii) X is not CT-compact since X is not pseudocompac t. 

iv) X is a- pseudocompact since X = U (w X ( nJ: n e: NL 

v) X is locally compact since w and N are locally compact. 

vi) X is first countable since w and N are first countable. 



94 

Here we have a a-pseudocompact space which is not a-compact or real-

compact or pseudocornpact, 

Example 10.7: Let~= NU la} where a e ~N - N. Define a topology 

~ as follows: all points of N are isolated and the neighborhoods of a 

are the sets U U (aJ for U e U, where U is any free ultrafilter on N. 

N is dense in i. Every set containing (a} 1s closed hence every subspace 

of~ is open or closed. 

i is normal. 

~ is extremally disconnected. 

Every subspace of~ is C*-embedded. 

i is realcompact. 

~ is not pseudocompact. 

r is not first countable. 

~ is not a P-space. 

Example 10.8: This is an example of a completely regular Hausdorff 

space which is pseudocompact~ first countable but not locally compact. 

Let W be as in example 10.1. Let N be the natural numbers with the 

discrete topology. Let p be a point not in W X N. Let X = W X NU (p}. 

Call a set vc X open if and only if 

1) V n (W X N) is open in the product space W X N and 

2) if p e V then for some k e N, W X (n:n ~ kJ C v. This space 

is completely regular, Hausdorff, pseudocompact and first 

countable but p has no compact neighborhood. 

i) Xis not locally compact. 
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ii) Xis not realcompact 

iii) Xis countably compact, Any countable open cover must 

contain p and hence one member of the cover must contain all 

but a finite number of copies of w. Wis countably compact and 

hence there will be a finite subcover for each copy and a 

finite subcover for the entire space. 

We wish to relate some well-known properties to pseudocompactness. 

i) There exist locally compact spaces which are not pseudocompact. 

This is easy to see as the reals satisfy the requirements. 

ii) There exist pseudocompact spaces which are not locally compact. 

This is somewhat more difficult as the spaces in 10.1, 10.2, 

10.3, 10.4, and 10.6 are all locally compact. However example 

9.1 in view of Theorem 9.5 must not be locally compact, 

iii) There exist pseudocompact spaces which aren't first countable. 

Example 10.5 

iv) There exist pseudocompact spaces which are first countable, 

Example 10 .1 

v) A closed locally compact subspace of a pseudocompact space 

need not be pseudocompact. The subset N of A in example 10.5. 

vi) A closed C*-embedded subset of a pseudocompact space need not 

be pseudocompact. Example 10.5: 

vii) A pseudocompact space may contain a zero set which is not 

pseudocompact and hence not C*-embedded. 
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Example 10.4. 

viii) A pseudocompact space may contain a pseudocompact subset 

which is not C*-embedded. Let X be weakly normal and pseudo-

compact but not normal. (Oof example 10.2). Then since X 

is not normal there exists a closed subset Fin X such that 

Fis not C*-embedded in X. This subset will be pseudocompact 

as a closed subset of a countably compact space. 

ix) First countable pseudocompact completely regular Hausdorff 

spaces need not be locally compact. (Example 10.8). 



CHAPTER 11 

UNSOLVED PROBLEMS 

First countable pseudocompact completely regular r 1 spaces enjoy 

some nice properties. Several questions arose concerning these spaces 

which I was unable to answer. Recall that if /~x - xi < 2c. Then X. 

must be pseudocompact. The converse is not true however. In example 

10.5 the space A is pseudocompact and yet j~A - Aj ~ 2c. The problem 

is as follows: 

Problem 1: If X is first countable and pseudocompact, then is l~x -x/ < 2c? 

A second question which is related to the first is: 

Problem 2: If a subset of a first countable pseudocompact space is 

c,\--embedded in the space, then is the subset pseudocompact? 

If we could show the subset had the inf property (Definition 4.1), 

pseudocompactness would follow. We also notethe logical relationship 

here that if (1) is true then (2) is true. 

In chapter 8 we defined the class of properties P*. We did not 

show however that P* i ¢. Therefore we have the following problem. 

Problem 3: Find a pseudo perfect property. 

Another question which was raised is the following. 

Problem 4: Is every pseudocompact space with a point countable base 

H-closed? 

Now a completely regular H-closed space is compact. Hence the 

question in the setting of completely regular spaces becomes the 

following: 
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Is a pseudocompact space with a point-countable base compact. Or 

equivalently does a pseudocompact space with a point countable base 

necessarily have a countable base. Corson and Michael [15] show 

using a proof suggested by M. E. Rudin that for countably compact 

spaces the answer is in the affinnative. 

In [83] Vidossich gives the following result: A pseudocompact 

unifonnizable space whose points are c6-sets is second countable. He 

then states that the proof of this is more difficult than for the 

compact case. Indeed the proof would be very difficult, a~ this is not 

true. Any completely regular spaces which is second countable is 

Lindelof and hence realcompact. Thus any space which is pseudocompact 

and each of whose points is a G6 would be compact. Consider however 

the space V of Example 10.4. Every subset of V is a G0 , V is 

completely regular and hence uniformizable let~ is pseudocompact but 

not compact. Hence V is neither realcompact nor second countable. 

Problem 5 The question arose in this study as to just when is 

l~x - axl = 1. Or equivalently when does X have a one-point real-

compactification. In [27] Gillman and Jerison give a list of conditions 

which are equivalent to l~x - xi~ 1. It is noted that X must be 

pseudocompact. The question then becomes when does the pseudocompactifi-

cation OX of a space X have a one-point compactification. 

In [11] Comfort gives an example of a locally compact a-pseudocompact 

space with a one-point realcompactification. 



BIBLIOGRAPHY 

1. A, Arhangel'skii,  Bicompact  sets  and  the  topology  of  spaces, 

Soviet  Math.  Doklady  4  (1963),  561-564. 

2, C.  E.  Aull,  Properties  of  side  points  of  sequences,  Gen.  Top. 

Appl.  1  (1971),  201-208. 

3. ,  On C  and  C*-embedding,  to  appear  Indag.  Math. 

4.  R.  W.  Bagley,  E.  H.  Connel  and  J.  D.  McKnight,  Jr.,  On  properties 

characterizing  pseudocompact  spaces,  Proc.  Amer.  Math.  Soc.  9 

(1958),  500-506. 

5.  James  R.  Boone  and  Frank  Siwiec,  Sequentially  quotient  mappings, 

communicated  to  the  author,  1973. 

6.  I,  E.  Blum,  Pseudocompact  spaces,  Masters  Thesis,  Dalhausie  Univ. 

(1972). 

7.  Douglas  E.  Cameron,  Maximal  and  minimal  topologies,  Ph.D.  Thesis, 

Virginia  Polytechnic  Institute  and  State  Univ.,  (1970). 

8.  W.W.  Comfort,  Retraction  and  other  continuous  maps  from Bx onto 

~X-X, Trans. Am. Math.  Soc.  114  (1965),  1-9. 

9. , A non-pseudocompact  product  space  whose  finite 

10. 

11. 

u. 

subproducts  are  pseudocompact,  Math.  Ann.  170  (1967),  41-44. 

~~~~~~  On  the  Hewitt  realcompactification  of  a  product 

space,  Trans. Amer. Math.  Soc.  131  (1968),  107-118. 

Locally  compact  realcompactifications,  Proc.  of 

The  Second  Top.  Symp.  1966,  95-100. 

~~~~~~ and  Hugh  Gordon,  Disjoint  open  subsets  of ~X-X, 

Trans.  Am.  Math.  Soc.  111  (1964),  513-520. 

99 



13. 

100 

and Anthony W. Hager, The projection mapping and 

other continuous functions on a product space, Math. Scand. 28 

(1971), 77-90. 

14. and S. Negrepontis, Extending continuous functions 

on x~\-Y to subsets of~XX PY, Fund. Math. 59 (1966), 1-12. 

15. H. H. Corson and E. Michael, Metrizability of certain countable 

unions, 111. Math. J. 8 (1964), 351-360. 

16. J. Dugundji, Topology, Allyn and Bacon, Boston, Mass. 1966 

17. N. Dykes, Mappin~and realcompact spaces, Pacific J. of Math., 

vol. 31, no. 2 (1969), 347-358. 

18. R. Engelking, Outline of General Topology, John Wiley and Sons, Inc., 

New York, 1968. 

19. N. J. Fine and L. Gillman, Extensions of continuous functions in ~N, 

20. 

21. 

22. 

23. 

24. 

25. 

Bull. Am. Math. Soc. 66 (1960), 376-381. 

--~------' Remote points in ~R, Proc., Am. Math. Soc. 13 (1962), 29-36. 
, .. z. Frolik, Generalizations of compact and Lindelof spaces, Czech. 

Math. J. 9 (1959), 172-217 (Russian English Summary). 

The topological product of countably compact spaces, 

Czech. Math. J. 10 185) (1960), 329-338. 

Applications of a complete family of continuous functions 

to the theory of Q-spaces, Czech. Math. J. 11 (89) (1961), 115-133. 

---------' The topological product of two pseudocompact spaces, 

Czech. Math. J. 10 (1960), 339-349. 

---------' On two problems of W.W. Comfort, Comment. Math. Univ. 

Caroline. 8 (1967), 139-144. 



101 

26. L. Gillman and M. Henriksen, Concerning rings of continuous 

functions, Trans. Am. Math. Soc. 77 (1954), 340-362. 

27. L. Gillman and M. Jerison, Rings of Continuous Functions, Van 

Nostrand, New York, 1960. 

28. I. Glicksburg, The representation of functionals by integrals, 

Duke Math. J. 19 (1952), 253-261. 
V 

29. -------' The Stone-Cech compactification of products, 

Trans. Amer. Math. Soc. 90 (1959), 369-382. 

30. J. de Groot and R.H. McDowell, Locally connected spaces and their 

compactifications, Ill. J. Math. 11 (1967), 353-364. 

31. S. Hanai and A. Okuyama, On pseudocompactness and continuous mappings, 

Proc. Japan. Acad. 38 (1962), 444-447. 

32. M. Henriksen and J, R. Isbell, Some properties of compactifications, 

Duke Math. J. 25 (1958), 83-106. 

33. M. Henry, Conditions for countable bases in spaces of countable and 

point-countable type, Pacific J. Math. 36 (1971), 181-183. 

34. E. Hewitt, Rings of real-valued continuous functions I, Trans. Am, 

Math. Soc. 64 (1948), 45-99. 

35. M, Rusek, Products of quotients and of K'-spaces, Comment. 

Math. Univ. Carolinae 12 (1) (1971), 61-68. 

36. K, Iseki, On weakly compact regular spaces, I, Proc. Japan Acad. 

33 (1957), 252-254. 

37. , A characterization of pseudocompact spaces, Proc. Japan ----
Acad. 33 (1957), 320-322. 



38. 

39. 

40. 

41. 

42. 

43. 

102 

______ , On weakly-compact and countably compact topological 

spaces, Proc. Japan Acad. 33 (1957), 323-324. 

------ , AU-covering theorem and compactness, Proc. Japan Acad., 

33 (1957), 363-367. 

-------- , Pseudocompactness and µ-convergence, Proc. Japan Acad. 

33 (1957), 368-371. 

________ , A remark on pseudocompact spaces, Proc. Japan Acad. 33 

(1957), 528-529. 

________ , Generalizations of the notion of compactness, Acad. de la 

Repub. Pop. Roumaine, Revue De Math. Pure and Applied T. 6 (1961) 

No.I, 31-63. 

and S. Kasahara, On pseudocompact and countably compact 

spaces, Proc. Japan Acad. 33 (1957), 100-102. 

44. T. Isiwata, Mappings and spaces, Pacific J. of Math., vol. 20, no.3 

45. 

46. 

47. 

48. 

(1967), 455-480~ 

-----------' Mappings and pseudocompact spaces, Proc. Japan Acad. 

-----------' Z-mappings and c,'(-embeddings, Proc., Japan Acad., 45 

(1969), 889-893. 

-------------' So~e classes of countably compact spaces, Czech. 

Math. J. 14 (89) (1964), 22-26. 

-----------' Some_EE.Qperties of the remainder of Stone-Cech 

compactifications, Fund. Math. 83 (1974), 129-149. 

49. D. G. Johnson and Mark·Mandelker, Separating chains in topological 

spaces, J. London Math. Soc. (2) 4 (1972) 510-512. 



103 

, Functions with pseudocompact ~upport, Genl. Top. -------50. 

and Appl. 3 (1973) 331-338. 

51. J. F. Kennison, M-Pseudocompactness, Tranr. Am. Math. Soc. 104 

(1962), 436-442. 

52. John Mack, Countable paracornpactness and weak normality properties, 

Trans. Am. Math. Soc. 148 (1970), 265-272. 

53. Mark Mandelker, Supports of continuous functions, Trans. Am. 

Math Soc. 156 (1971), 73-83. 

54. S. Mardesic and P. Papic, Surles Espaces Dent Taute Transformation 

Reele Continue est Bornee, Glasnik Math. Serija II, T. 10, No.4 

(1955), 225-232. 

55. M. M. Marjanovic, A pseudoco~pact space having no dense countably 

compact subspace, Glasnik Math., T. 6 (26), No. 1 (1971), 149-157. 

56. W. G. McArthur, Qa-diagonals and metrization theorems, to appear 

Pacific J. Ma th. 

57.. R. H. McDowell, Extensions of functions from dense subspaces, 

Duke Math. J. 25 (1958), 297-304. 

58. E. Michael, Bi-Quotient maps and cartesian products of Quotient 

maps, Ann. Sus. Fourier (Grenable), 18 (2) (1968), 287-302. 

59. 

60. 

-----' A note on closed maps and compact sets, Israel J. of 

Math., 2 (1964), 173-176. 

-----' A quintuple quotient quest, Gen'l. Top. and its 

Appl. 2 (2) (1972), 91-138. 

61. Morita and Hanai, Closed mappings and metric spaces, Proc. 

Japan Acad. 32 (1956), 10-14. 



104 

62. S. Mrowka, The potency of subsets of ~N, Collog. Math. 7 (1959), 

23-25. 

63. , Compactness and product spaces, Colloq. Math. 7 (1959), ----
19-22. 

64. , .Q!!_g_uasi-compact spaces, Bull, Acad, Polon. Sci. cl. ----
III, 4 (1956), 483-484. 

65. , Some properties of Q-spaces, Bull. Acad. Polon. Sci. -----
cl. III, 5 (1957), 947-950. 

66. S. Negrapontis, Baire sets in topological spaces, Archiv. Dev. 

Math., 18 (1967), 603-608. 

67. Absolute baire spaces, Proc. Amer. Math. Soc., 

18 (4) (1967), 691-694. 

68. N. Noble, Countably compact and pseudocompact products, Czech. 

Math. J. 19 (94) (1969), 390-397. 

69. J. Novak, On the cartesian product of two compact spaces, Fund. 

Math. 40 (1953), 106-112. 

70. J. Porter and J. Thomas, On H-closed and minimal Hausdorff 

spaces, Trans. Amer. Math. Soc. 138 (1969), 159-170. 
y 

71. W, Rudin, Homogeneity problems in the theory of Cech-compactifications, 

Duke Math. J. 23 (1956), 409-419, 633. 

72. C. T. Scarborough and A.H. Stone, Products of nearly compact spaces, 

Trans. Amer. Math. Soc., 124 (1966), 131-147. 

73. Frank Siwiec, On the theorem of Morita, Hanai and Stone, 

Communicated to the author. 



105 

74. F. Siwiec and v. J. Mancuso, Relation among certain mappings 

and conditions for their equivalence, Gen'l. Top. and its Appl. 

1 (1971), 33-41. 

75. R. M. Stephenson, Jr., Spaces for which the Stone-Weierstrass 

theorem holds, Trans. Amer. Math. Soc. 133 (2) (1968), 537-

546. 

76. ---------' Pseudocompact spaces, Trans. Amer. Math. Soc. 

134 (1968), 437-448. 

7 7. , Product spaces for which the Stone-Weierstrass ---------
theorem holds, Proc. Amer. Math. Soc. 21 (2) (1969), 284-288. 

, Minimal first countable topologies, Trans. ---------78. 

Amer. Math. Soc., 138 (1969), 115-127. 

79. A., H. Stone, Hereditarily compact spaces, Amer. J. of Math., 

82 (1960), 900-914. 

80. H. Tamano, A note on the pseudocompactness of the product of two 

spaces, Memoirs Coll. Sci. Univ. Kyoto Ser. A, 33 (1960), 225-230. 

81. , On compactifications, J. Math. Kyoto Univ. 1-2 (1962), -----
161-193. 

82. H. Terasaka, On the cartesian product of compact spaces, Osaka Math. 

J. 4 (1952), 11-15. 

83; G. Vidossich, Topological characterizations of pseudo-~ - compact 

spaces, Proc. Amer. Math. Soc., 27 (1971), 195-198. 

84. , On compactness in function spaces, Proc. Amer. Math. 

Soc. 33. (2) (1972), 594-598. 



106 

V 

85. R. C. Walker, The Stone-Cech compactification 1 Carnegie-Mellon 

University, D. A., 1972, Mathematics. 

86. R. Grant.Woods, Some~ -bounded subsets of Stone-Cech compactifications, 
0 

87. 

88. 

89. 

Israel J. Math. 9 (2) (1971), 250-256. 

------~------' Maps that characterize normality properties and 

pseudocompactness, Submitted to London Math. Soc. 

------~------' Co-absolute remainders of Stone-Cech compactifications, 

Pacific J. of Math., 37 (2) (1971), 545-560. 

------------~' Ideals of pseudocompact regular closed sets and 

absolutes of Hewitt real compactifications, Gen'l. Top. and Appl. 2 

(1972), 315-331. 

90. p, Zenor, A note on Z-mappings and WZ-mappings, Proc. Amer~ Math. 

Soc. 23 (1969), 273-275. 



The vita has been removed from 
the scanned document 



PSEUDOCOMPACTIFICATIONS AND PSEUDOCOMPACT SPACES 

by 

Jane Orrock Sawyer 

(ABSTRACT) 

We begin this paper with a survey of characterizations of 

pseudocompact spaces and relate pseudocompactness to other forms 

of compactness such as light compactness, countable compactness, 

weak compactness, etc. Some theorems on properties of subspaces 

of pseudocompact spaces are presented. In particular, conditions 

are given for the intersection of two pseudocompact spaces to be 

pseudocompact. First countable pseudocompact spaces are investi-

gated and turn out to be maximally pseudocompact and minimally 

first countable in the class of completely regular spaces. 

We define a pseudocompactification of a space X to be a pseudo-

compact space in which Xis embedded as a dense subspace, In partic-

ular, for a completely regular space X, we consider the pseudocom-

pactification ax= (13X - ~x) U X, We investigate this space and 

in general all pseudocompact subspaces of ~X which contain X. 

There are many pseudocompact spaces between X and ~X, but we may 

characterize ax as follows: 

1) ax is the smallest subspace of ~X containing X such that 

every free hyperreal z-ultrafilter on Xis fixed in ax. 
2) ax is the largest subspace of ~X containing X such that 



every point in QIX - Xis contained in a zero set which doesn't 

intersect X, 

The space ax also has the nice property that any subset of 

X which is closed and relatively pseudocompact in Xis closed in crx. 

The relatively pseudocompact subspaces of a space are important 

and are investigated in Chapter 4. We further relate relative pseu-

docompactness to the hyperreal z-ultrafilter on X and obtain the fol-

lowing characterizations of a relatively pseudocompact zero set: 

1) A zero set Z is relatively pseudocompact if and only if Z 

is contained in no hyperreal z-ultrafilter. 

2) A zero set Z is relatively pseudocompact if and only if 

every countable cover of Z by cozero sets of X has a finite subcover. 

In the next chapter we consider locally pseudocomp~ct spaces and 

obtain results analogous to those for locally compact spaces. Then 

* we relate pseudocompactness and the property of being C - or C-embedded 

in a space X. Included in this is a study of certain weak normality 

properties and their relationship to pseudocompact spaces. 

We develop two types of one-point pseudocompactifications and 

investigate the properties of each. It turns out that a space Xis 

* never C -embedded in its one-point pseudocompactification. Also 

one space has the property that closed pseudocompact subsets are 

closed in the one-point pseudocompactification while the other may 

not have this property but will be completely regular. 

We present survey material on products of pseudocompact spaces 

and unify these results. As an outgrowth of this study we investigate 

certain functions which are related to pseudocompactness. 
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