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CHAPTER 1. INTRODUCTION 

Present-day modeling and analysis techniques for the steady-state 

operation of multiphase power systems corrnnonly are based upon two 

assumptions[l- 4 1, The electrical parameters that characterize each 

phase and the interactions that occur between phases are assumed 

identical for all phases. Thus, the power system is assumed to be 

"balanced". Also, source power injections and power demands that 

appear at various places in the system are assumed to be distributed 

equally between phases. Thus, sources and loads can be represented 

with balanced components in each phase. 

Under the above assumptions, no currents flow in either neutral 

or static wires; and even though direct connections are made with the 

earth, no currents or induced voltages exist in the earth. The result 

is an equipotential earth that is the natural reference for every 

phase voltage defined in the system. 

The usefulness of the two common assumptions is that only one 

phase of the multiphase system need be modeled and analyzed. No new 

information is gained by considering the other (identical) phases. 

The sizes of the modeling and analyses problems are greatly reduced by 

this single-phase power system description. 

The difficulty with the two common assumptions is that they cannot 

be forced justly upon a large class of power systems. The expense 

involved in constructing a perfectly balanced power system and main-

taining identical phase parameters as the system evolves over time is 

so large that other design considerations sometimes take precedence. 

1 
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Also, unequal phase loadings are common at some voltage levels. 

Disturbances in the power system, such as component failures, can 

force unbalances in the system 1 s structure or in its loads. In 

such situations, a single-phase model is only a coarse approximation 

of the multiphase system. 

When either of the two common assumptions must be abandoned, a 

more general power system model is required. Analysis techniques also 

must be broadened to account for the more general system model. 

A method is presented in Chapter 2 which accounts for unbalanced 

phases and the effects of earth in a multiphase power system. The 

algebraic model depends upon results from linear graph theory. It 

was developed as a cooperative effort and also is reported in [5]. 

Efficient computer implementation of this method also is treated. 

Other modeling techniques, some based upon linear graph theory, are 

reported in [4, 6-8]. 

Chapter 2 also describes a new treatment of some passive power 

system devices which offer control capability (e.g., tap-changing-

under-load transformers). The effects of control actions taken by 

these devices are represented in a convenient manner. 

Many variables are represented in the multiphase model of a power 

system that often are of little interest. Chapter 2 describes which 

variables can be suppressed from explicit representation in the model, 

how the suppression of variables is performed, and how the suppressed 

variables are recovered froo the reduced-order model. 

The basis of steady-state power systems analysis is the solution 
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of the load flow probl~~. The objecti7e of the load flow problem is 

the determination of voltages and currents associated with components 

of a multiphase power system when the unbalanced system is subjected to 

constant power loads. These loads can be unequally distributed among 

phases. 

Chapter 3 introduces the load flow problem and describes special 

considerations that arise in a multiphase analysis. Various multiphase 

load flow algorithms are reported in the literature. Wasley and Shlash 

(9] describe a Newton-Raphson algorithm that solves the load flow 

problem in the phase reference frame. The formulation of their multi-

phase power system model is not presented, and provision is not made 

for online transformer tap changing. Birt, Graffy, McDonald, and 

El-Abiad [10] describe a three-phase load flow program that allows for 

voltage regulator action at generator buses. The program is based upon 

a Newton-Raphson algorithm, and gives solutions in the phase reference 

frame. No provision is made for off-nominal transformer tap settings, 

changing transformer taps under load, or phase-shifting transformers. 

Snyder [11] presents a Newton-Raphson load flow algorithm for three-

phase networks. Unbalanced portions of a power system can be repre-

sented in the phase reference frame, and balanced portions can be 

represented in terms of synnnetrical components. Models for unbalanced 

system components are not presented. None of the examples presented 

in the above-referenced papers are given in sufficient detail to pro-

vide a means of verifying other programs. 

A simple modification to the single-phase load flow algorithm 
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which makes such an algorithm useful for obtaining multiphase solutions 

is suggested in Chapter 3. By way of example, it is shown that cir-

culating power flows can be established in multiphase loops solely as 

a result of unbalanced phase loadings. 

Work in the area of fault modeling in multiphase power systems is 

reported in [12, 13]. Chapter 4 proposes a new method for represent-

ing a class of abnormal or faulted conditions that occur in power 

systems. Commonly-occurring shunt and series faults are considered. 

A method for efficient computer implementation is presented which 

depends upon the power system model development of Chapter 2. 

Chapter 5 reiterates and comments upon results. Several results 

indicate areas where further research may be beneficial, and these 

areas are discussed. 



CHAPTER 2. MULTIREFERENCE POWER SYSTEM NODELING 

2.1 Introduction 

The components that make up an electric power transportation system 

lend themselves to natural groupings. Components such as overhead con-

ductors or buried cables occupy the same rights of way with other con-

ductors or cables. Such components can act together as a single unit in 

transporting multiphase power between sources and loads. Close physical 

proximity introduces significant inductive effects which couple con-

ductors on a particular right of way. Thus, no one conductor (or phase) 

can be considered individually. It must be considered as a part of a 

larger unit, that is, the grouping of all conductors that share coupling. 

Overhead conductors and buried cables are treated in Section 2.2. The 

principles discussed in Section 2.2 also are used as a basis for later 

developments. 

The various windings in a transformer bank perform their power 

conditioning function through inductive coupling. These windings are 

naturally grouped together as a result of both shared inductive coupling 

and physical proximity. Fixed-tap transformer banks are treated in 

Section 2.3. 

Reactive compensation is built into power systems with passive 

components. Elements of a reactive compensation bank are naturally 

considered as a group because of their physical proximity even if 

coupling between elements is absent. Fixed-admittance reactive com-

pensation banks are treated in Section 2.4. 

s 
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Power systems commonly depend upon switched reactive compensation 

banks, tap-changing-under-load (TCUL) transformers, and phase-shifting 

transformers to influence power flows or voltage magnitudes within the 

system. This type of device introduces no energy source into the sys-

tem; therefore, they are referred to as "passive control devices". 

Branches or components within a passive control device are another 

natural grouping of system components. This type of device is treated 

in Section 2.5. 

These various natural groupings of components are referred to as 

"segments". A segment is a collection of network branches that includes 

all the branches that share inductive coupling only among themselves. 

Branches that are not coupled to the other branches in some segment 

may be included in that segment for reasons of convenience, but any 

two or more branches that are inductively coupled must all be grouped 

in the same segment. 

Section 2.6 describes a transformation of segment variables that 

yields a natural and convenient admittance matrix description of the 

power system. 

Section 2.7 treats a reduction in the order of the admittance 

matrix description of Section 2.6. Also described is the later 

recovery of variables that do not appear explicitly in the reduced-

order description. The effects of order reduction upon the nullity 

of the reduced admittance matrix are addressed by way of an example. 

The several types of segments mentioned above are described in 

terms of admittance parameters which relate a set of currents defined 
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on a segment to a set of voltages defined on the same segment. These 

admittance-parameter segment descriptions are first written in terms of 

some natural set of "primitive" variables which fully describe the 

electrical character of the segment. A particular set of segment 

primitive variables is selected by analyzing a segment as an entity 

apart from the remainder of the power system. Segments are treated 

as the building blocks from which a power system is constructed. 

Awareness that segment primitive descriptions will eventually be 

combined to describe an entire power system suggests certain trans-

formations of segment primitive variables into sets of modified primi-

tive variables that more naturally describe system-level electrical 

characteristics. Thus, the motivation and theoretical justification 

for segment primitive variable transformations change little for any 

type of segment, and they are treated in some detail in Section 2.2 

with the aid of a sample overhead conductor segment. Transformations 

for other segment types appeal to this treatment for their motivation 

and justification. 

The system-level transformation of variables also depends upon the 

ideas presented in Section 2.2. The greater number of variables under-

going transformation is the principle difference between system-level 

and segment-level transformations. 

2.2 Overhead Conductors and Buried Cables 

The currents in a single or multiphase line or cable segment have 

associated magnetic fields that link the earth. The earth generally 
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behaves as a conducting medium (how well the earth conducts current 

depends upon local conditions of soil type and moisture content). 

Thus, currents can be induced in the earth with associated voltage 

drops and power losses. In a grounded wye system, conductive paths are 

available that allow current flow to the earth and through the earth in 

directions of decreasing electric potential. 

2.2.1 Inductive Effects Including the Presence of Earth 

A description of both the inductive and conductive behavior of the 

earth was reported by J. R. Carson in 1926[l 4 J. The application of 

his work to power system frequencies is reported by C. A. Gross[ 3 1, 
[15) . [16) P. M. Anderson , and W. A. Lewis and G.D. Allen • 

Although the analysis presented here can be applied to any number 

of phases and neutrals on a line or cable segoent, a three-phase seg-

ment with one neutral conductor is discussed. Such a segment is shown 

in Figure 2.1. The nodes g and g' are referred to as "local grounds". 

Application of Carson's model to this sample segment results in 

the following "primitive" description in which currents through the 

conductors are written in terms of the voltages across conductors. 

I i l V a aa' 

Ib I vbb' 

I = y V (2.2.1) 
C p cc' 

I V nn' n I 
J' I I IV g L gg' -
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Figure 2.1. A sample three-phase conductor segment with one 
neutral and Carson's equivalent ground conductor. 
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In more compact notation, 

I = y TJ 
-p p -p (2.2.2) 

The elements of the Y matrix are calculated following the equations p 

given by Gross[ 31. Note that no capacitive effects are yet reflected 

in the segment description of (2.2.2). Inclusion of these "shunt" 

effects is described later in this section. 

2.2.2 Transformation of Segment Variables - Introduction 

Primitive currents and voltages as in (2.2.2) form a somewhat 

inconvenient description of a conductor segment's electrical character. 

In particular, the voltages Vii' ,i = a, b, c, n, g, are impractical to 

measure, and no loads or sources ever appear across the node pairs 

i, i I• Therefore, a transformation of variables from the primitive 

set of (2.2.2) to a new, more useful set of "modified primitive" 

variables is performed. 

Two considerations influence the selection of the set of modified 

primitive variables. One consideration is the usefulness of the new 

variables, i.e., their effectiveness as descriptors of interesting 

system quantities. Some examples of often interesting quantities are 

current flows in particular branches, power flows into and out of 

branches, and voltages defined with respect to local ground points. 

New variables should be chosen to include such quantities or to 

facilitate their calculation. 

The other consideration in choosing a transformation of variables 

is the ability of the new set of variables to represent all of the 
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interdependencies and useful infor:nation contained in the original set. 

The well known results of linear graph theory as applied to electrical 

networks are employed in selecting a set of modified primitive vari-

ables that is sympathetic to both of che above considerations. 

The selection of modified primitive variables for a conductor seg-

ment is demonstrated for a five-conductor segment (three phase con-

ductors, one neutral, and Carson's ground conductor). Extension of the 

method to conductor segments with any number of conductors is straight-

forward. The sample segment is shown in Figure 2.2. The single 

neutral conductor is grounded at both ends (ungrounded neutrals are 

treated identically to phase conductors). The primitive description of 

the segment is formulated exactly as in (2.2.2). The grounded neutral 

constraint that V , = V , for nn' defined in Figure 2.1 is imposed nn gg 
presently. Such "connection" information is ignored in the primitive 

description. The tasks remain of making an appropriate selection of 

modified primitive variables and forming the transformation that yields 

these new variables in terms of the original primitive variables. 

Voltages from phase nodes to their respective "local grounds" 

(e.g., V , Vb, ,) are natural candidates for modified primitive ag g 
variables; component power flows arc calculated from knowledge of 

these voltages and their corresponding currents. The issue of 

the adequacy of this choice of new variables is addressed 

below using results from linear graph theory. Initially, 

however, some standard definitions and results are presented 

to facilitate the subsequent discussion. Extensive information about 
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I 
a 

I 
C 

I n 

I g 

0 

Figure 2.2. Sample conductor segment with five conductors (including 
Carson's ground conductor) and with the neutral conductor 
grounded at both ends. 
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linear graphs and their applications is presented in Seshu and Reed[llJ, 

Koenig and Blackwell [l8J, Balabanian and Bickert[l 9l, and Chen[ 201 • 

2.2.3 Transformation of Segment Variables - Basis in Graph Theory 

A linear graph is a collection of nodes joined together by branches. 

In a graph representing an electrical network, currents flow through 

branches and voltages appear across branches, i.e., between the node 

pairs joined by particular branches. 

A graph, G, is "connected" if there exists at least one ordered 

sequence of branches between any two nodes. An unconnected graph is 

made up of "components" each of which is either a connected subgraph 

of Goran isolated node (a node with no incident branches). 

Branches in the graph G can correspond to physical current paths 

in the network represented by G, or they can be "measurement branches". 

A measurement branch is defined by the voltage (sensed by an ideal 

volt meter) across a node pair and the current (sensed by an ideal 

ammeter) exiting one of the nodes and entering the other node in the 

pair. The measurement branch is given an orientation which defines 

the assumed positive directions of both voltages drop and current flow. 

A "tree" is a set of branches that is incident to all the nodes 

of G and which contains no loops. The branches of a tree are called 

"twigs". Twigs can correspond to physical branches in a network, or 

they can be "measurement twigs" defined on node pairs in G. Branches 

not included in a tree are called "links" and :nake up the "cotree" of 

G. For a connected graph with n nodes and b branches, there are 

t = n-1 twigs and 2 = b-t links. Just as with measurement branches, 
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every other branch in a graph has an associated direction. The orienta-

tion of a branch is indicated by an arrow drawn on the branch which 

serves to define assumed positive directions of both voltage drop and 

current flow. Thus, the product of a branch voltage and its current 

is dissipative power if the sign of the product is positive and genera-

tive power if the sign is negative. 

Figure 2.3 shows the sample conductor segment represented as a 

graph. Branches corresponding to conductors are assigned numbers as 

shown. For ease of reference, nodes also have been assigned a number. 

Also added to the graph are seven measurement branches with associated 

numbers 1, 2, ••• , 7. (The rationale for including the measurement 

branches is discussed in Section 2.2.4.) The conductor segment graph 

is now composed of eight nodes and twelve branches. 

Since the graph of Figure 2.3 represents an electrical network, 

the laws of conservation of charge and conservation of energy must be 

satisfied. For an electrical network, these laws are written in terms 

of branch voltages and currents as Kirchoff's Current Law (KCL) and 

Kirchoff's Voltage Law (KVL). 

The KCL equations for a given connected graph, G, are grouped in 

the following matrix equation 

AI= 0 (2.2.3) 

where I is a list of branch currents, and A is the reduced node/branch 

incidence matrix for the graph. "Reduced" here implies that the equa-

tion for one node (called the datum) is omitted from the set of 
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Figure 2.3. Sample conductor segment represented as a graph and 
augmented with measurement branches. Numbers are 
assigned to both nodes and branches. 
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equations, since its inclusion provides only redundant information • 

• 6,.n.y convenient node can be selected to be the datum. 

Once a tree has been defined on the connected graph, G, the KCL 

equations of (2.2.3) can also be written as 

Qf ! = 2 (2.2.4) 

where Qf is called the "fundamental cut-set matrix". A cut-set is 

a collection of branches in a connected graph whose removal causes the 

graph to be divided into two connected subgraphs. Unless all branches 

in a cutset are removed, the graph remains connected. Here, "funda-

mental" implies that each cut-set represented by a row of Qf includes 

a single twig. The other nonzero entries in the row correspond to 

links. Thus, Qf hast rows and b columns. Each row of Qf can be 

written as a linear combination of the rows of A, that is, each 

cut-set equation is merely a linear combination of the KCL equations 

of (2.2.3). Therefore, Qf always has the same rank as A. 

A useful feature of the Qf matrix is that the branches of a 

graph can be ordered to allow the following partition: 

(2.2.5) 

where U is an identity matrix of order t, and Q is the "cotree t C 

partition" of Qf with trows and i columns. With the partition of 

(2.2.5) follows the natural partitioning of (2.2.4) below: 

(2.2.6) 
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which reduces to 

(2.2.7) 

For the particular tree defined on the connected graph, G, Equation 

(2.2.7) implies that knowledge of link currents is sufficient to 

uniquely determine all twig currents. This relationship is used 

below in defining the transformation of segment variables. 

As with any cut-set of G, each of the t fundamental cut-sets 

represented by Qf has the property that when the one twig and all 

links in the cut-set are re~oved, G is divided into exactly two 

connected parts. These two parts can be thought of as "super-nodes". 

The sum of all branch currents entering any supernode is always zero. 

Thus for a particular tree definition on G, Qf can be thought of as 

the "supernode/branch incidence matrix", and Q can be though of as 
C 

the "supernode/link incidence matrix". This parallel between KCL 

equations written for nodes and cut-set equations written for super-

node finds application in Section 2.2.5 where capacitive effects are 

treated. 

Once a tree has been defined on the connec~ed graph, G, a loop 

is formed by the set of twigs in the tree and any single link. Such 

loops that contain a single link are called "fundamental loops". 

The KVL equations for all fundamental loops of Gare grouped in the 

following matrix equation 

(2.2.8) 
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where Bf is the "fundamental loop matrix" for some tree defined on G, 

and Vis a vector of all branch voltages. Following the partitioning 

procedure that led to (2.2.6), Bf and yin (2.2.8) can be partitioned 

with proper branch ordering to yield 

[ B I U ] [=: J-= 0 t I R, V 
-c 

(2.2.9) 

where UQ. is an identity matrix of order i, and Bt is the "tree 

partition" of Bf with Q. rows and t columns. Equation (2.2.9) reduces 

to 

V = -B V -c t -t 
(2.2.10) 

For the particular tree defined on the connected graph, G, Equation 

(2.2.10) implies that knowledge of twig voltages is sufficient to 

determine all link voltages. This relationship is used along with 

the current relationship of (2.2.7) in defining the transformation 

of segment variables. First, however, the matrices Q and B are very 
C t 

closely related, and this fact is established by the "orthogonality 

relation" that 

(2.2.11) 

where [O] is an R,x.e, zero matrix. For branch orderings that allow the 

partitions of (2.2.6) and (2.2.9), the orthogonality relation becomes 

(2.2.12) 
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From (2.2.12) comes the relation that 

(2.2.13) 

which yields the following form of (2.2.10): 

V = QT V 
-c C -t 

(2.2.14) 

The transformation of segment variables from the primitive set of 

(2.2.2) to a more useful set of modified primitive variables now can 

be described. 

2.2.4 Transformation of Segment Variables - Segment Multiport 
Equations. 

The sample conductor segment shown in Figure 2.1 has the primitive 

description of (2.2.2). In addition, this particular neutral conductor 

is grounded at both ends. Figure 2.2 shows this arrangement. 

The transformation to a set of more useful modified segment primi-

tive variables begins with the selection of the new variables. Then, 

measurement branches are constructed upon which these new variables 

are defined. Next, a tree is defined on the graph so that 

each twig is a measurement branch (thus, the number 

of measurement branches constructed and, therefore, the number of new 

variables equals the number of nodes on the segment minus one). With 

a tree so defined, all primitive branches appear in the cotree, and 

Equations (2.2.7) and (2.2.14) now describe the transformation from 

primitive to modified primitive variables. 

Because modified primitive variables are defined on node pairs 

or "ports" of the segment graph and none correspond to pri:nitive 
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branches, the modified segment primitive variables form a set of . 

"segment multiport" variables. That is, the new variables describe 

the electrical behavior of the segment in terms of voltages and 

currents at the segment's terminals or in terms of externally available 

voltages and currents. 

Because of their usefulness as descriptors of the segment's 

operation, the six voltages to local ground (V , V, ,, etc.) are ag a g 
chosen as a partial set of new variables. Measurement twigs are 

constructed to connect these node pairs and to define "ports". These 

six twigs do not of themselves form a measurement tree; therefore, from 

among the several possible completions of the measurement tree, an 

additional measurement twig is introduced to define the port g,g'. 

Figure 2.4(a) shows the resulting graph with bolder branches repre-

senting twigs. Figure 2.4(b) suggests the multiport interpretation 

of the modified primitive variables. 

An electric power system is typically composed of many segments. 

To differentiate between transformations on various segments, a sub-

scripted notation is introduced. Let the segment of Figure 2.4 be 
th the k segment considered, where k takes on values from one to the 

total number of segMents in a system. The primitive relationships 

on segment k are given by 

(2.2.15) 

With a measurement tree defined as described above, primitive and 

modified primitive variables are related by 
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Figure 2.4.a. Sample conductor segment represented as a graph with 
a tree totally composed of measurement twigs (bolder 
branches) and with all primitive branches confined to 
the cotree. 

CD 

Segment 

Multiport 

Network 

® 

Figure 2.4.b. Sample conductor segment represented as a multiport 
network. 
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-I = Qp I -m. -pk t< k 
(2.2.16a) 

and 
'T' 

V = Q - V 
-pk pk -!I\ (2.2.16b) 

The subscript "k" is the segment number; the subscript "p" denotes 

primitive variables (or a transformation of primitive variables); and 

the subscript "m" denotes modified primitive (or segment multiport) 

variables. Qp is the cotree partition of segment k's fundamental cut-
k 

set matrix for the measurement tree constructed. The minus sign is 

placed on the left side of (2.2.16a) since the transformed currents 

in -I become the "injected" port currents normally thought of in -!I\ 
network analysis. 

Finally, the segment-level transformation of variables can be 

written. Equation (2.2.15) is premultiplied by Q to yield 
pk 

(2.2.17) 

The left side of (2.2.17) is the set of injected segment port currents 

of (2.2.16a); the right side of (2.2.17) is rewritten using (2.2.16b). 

The resulting transformation is 

-I -Il\ 
(2.2.18) 

or 

-I -~ = y V 
~ -II\ 

(2.2.19a) 

where Y is defined by 
~ 
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(2.2.19b) 

Note that associating the negative s!gn in (2.2.19a) with currents 

produces diagonal terms in Y with nonnegative real parts. Thus, 
~ 

Y represents a passive netw~rk. 
~ 

With each cutset numbered as its defining twig is numbered, the 

fundamental cut-set matrix for the graph of Figure 2.4.a is (entries not 

shown are all zeros): 

branch t 1 links .... w gs numbers -JC. A 
cut-sets l 2 3 4 5 6 7 8 9 10 11 12 

' l 1 1 l 2 l -1 
3 l l 

Q :a 4 l -1 I (2.2.20) 
fk 5 1 1 

6 l -1 
-lJ 7 1 -1 -1 -1 -1 

The branch nucbering in Figu~e 2.4.a allows the tree and cotree 

partitioning of Qf • From (2.2.5) the cotree partition is 
k 

8 9 10 11 12 
l 1 l 2 -1 
3 1 I Q :a 4 -1 (2.2.21) 

pk 5 1 -lJ 6 -1 
7 -1 -1 -1 -1 

Thus, once the entries of Y are calculated, the transformation of 
pk 

(2.2.19) yields the desired seg:nent ~ultiport description. 

Note that the "grounded neutral" constraint 
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pk 
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V (12) = 
pk 

(2.2.22) 

(see Figure 2.4.a) is imposed by the last two equations in (2.2.16b). 

The equality (2.2.22) is confirmed by examining the last two columns 

of Q in (2.2.21) and their interpretation in Equation (2.2.16b). 
pk 

Power Invariance 

The transformation (2.2.19) is power invarient. Total power 

dissipated in terms of primitive variables is 

s total 

Substituting the relation (2.2.15) for I gives 
-pk 

s total 

(2.2.23) 

(2.2.24) 

Substituting equations (2.2.16), grouping terms, and sL~plifying 

gives the result of power invariance (note that Q is always a real p 

matrix): 

V T i< Q T)V * s total (Q y 
-TI\ pk pk pk-~ 

(2.2.25) 

VT * * s = (Y )V total -ll\ ~ -m. I(. 
(2.2.26) 

* s = V (-I ) total -m -m.. 1< 1< 

(2.2.27) 

Since the currents -I are injected port currents, Equations (2.2.23) -ll\ 
and (2.2.27) say that total power dissipated in all segment branches 
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equals the total power externally injected at segment ports. 

More is said in Section 2.2.6 about the interpretation of modified 

primitive currents after capacitive effects are taken into account. 

2.2.5 Capacitive Effects 

The presence of electrical charge distributed along power system 

conductors located in fairly close proximity can result in significant 

capacitive coupling effects. The objective in modeling these effects 

is to provide capacitive paths for current flow between different con-

ductors and between ccnductors and the earth. The procedure for cal-

culating these capacitances per unit length is well known [3,15). 

and is only briefly described here. 

It is assumed that the electric fields produced by distributed 

charges on conductor do not penetrate the earth's surface. Under this 

assumption, the "r.iethod of images" is employed to determine, through 

a series of intermediate calculations, capacitances ?er unit length 

between each conductor and every other conductor and between each 

conductor and the earth. 

For a buried cable segment, only capacitances per unit length 

between conductors and their own sheaths are considered. 'Their 

capacitance values are generally provided by manufacturers as cable 

parameters. 

For the purpose of including these distributed effects in a 

network model, the capacitances per unit length are multiplied by 

the segment length to get "total accumulated" capacitances for the 

segnent. As an approximate representation of capacitive effects, 
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these "total" values are halved and connected between the proper nodes 

at the two segment ends. For an overhead conductor segment with n 

conductors (including the ground conductor), there are n(n-1)/2 

capacitances to be connected at each end of the segment. 

These lumped capacitances now appear as segment branches and can 

be included in the primitive segment description of (2.2.2). However, 

due to the large number of such capacitive branches on a conductor 

segment, and since these branches are not mutually coupled to other 

segment branches, capacitive effects are included after the segment 

multiport transformation of (2.2.19) is performed. 

In terms of segment ports, capacitive branches are connected 

between two nodes that themselves form a port (e.g., between a con-

ductor's end and ground) or between two nodes that have the same voltage 

reference (capacitance between two conductors at the same end of a 

segment). Either of these cases is easily dealt with by a modification 

of the segment multiport admittance matrix of (2.2.19b). 

For a tree defined on this graph, G, the similarity of KCL equa-

tions written for nodes and cut-set equations written for supernodes 

was mentioned in Section 2.2.3. Connecting a lumped capacitance 

between a node and its reference (for example, between the end of a 

conductor and local ground) affects only one cut-set equation (see 

Figure 2.5). Thus, only the diagonal entry of Y that corresponds 
~ 

to that particular cut-set (or supernode) is altered. The capacitive 

admittance (or per-unitized capacitive admittance) is merely added to 

the appropriate diagonal entry. 
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11 
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7 

Figure 2.5. Sample conductor segment 
showing supernodes corresponding to the 
chosen measurement tree (bold branches). 
Also shown are two capacitive branches 
with their assumed orientations indicated 
by arrows; c1 is connected between a node 
and its reference and enters only cut-set 
l; Cz is connected between two nodes with 
the same reference and enters both cut-
sets 4 and 6. Capacitive effects on this 
conductor segment are represented by 
4(3)/2 = 6 capacitive branches on each 
end. (No ca?acitance is included between 
the neutral conductor and earth since the 
voltages across these lumped capacitances are 
held at zero values by the neutral's grounding.) 
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This procedure is directly analogous to adding a capacitance from 

a node to ground in the single-reference segment multiport matrix (or 

segment "bus admittance matrix") defined for segment k by 

(2.2.28) 

where the reduced node/branch incidence matrix A describes the 
pk 

incidence of nodes to primitive branches. Earth is assumed to be 

perfectly conducting and is selected as reference (or datum) for 

all node voltages on the segment. Only the diagonal entry of YBUS 
k 

in (2.2.28) corresponding to the node which gains the capacitive 

admittance connection is changed (only one KCL equation is affected), 

and that entry is changed by adding to it the capacitive admittance 

(or per-unitized capacitive admittance). 

Adding a capacitance between two nodes that have a common refer-

ence affects two cut-set equations (see Figure 2.5). The two diagonal 

entries of Y corresponding to these two cut-sets (or supernodes) are 
~ 

altered by adding to them the capacitive admittance. The two off-

diagonal terms in Y that represent transfer admittance between two 
~ 

supernodes both are altered by either the addition or subtraction of 

the capacitive admittance. If the assumed orientation of the capaci-

tive branch agrees or disagrees with both cut-set's twig orientation, 

the capacitive admittance is added to both off-diagonal terms. If the 

assumed branch orientation agrees with one twig orientation and dis-

agrees with the other, the capacitive ~dmittance is subtracted from 

both off-diagonal terms. For the type of measurement tree shown in 
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Figure 2.5, inter-conductor capacitive admittances are always sub-

tracted from the two appropriate off-diagonal terms. 

This procedure is directly analogous to connecting an admittance 

between two nodes in the single-refe~ence multiport of (2.2.28). The 

admittance is added to diagonal ter:ns corresponding to the two nodes. 

The admittance is subtracted from the two off-diagonal terms corres-

ponding to transfer admittances between the two nodes. 

The procedure described above is useful for connecting admittance 

branches between nodes available in a single-reference or multireference 

multiport description of a primitive network where the branches to be 

connected are not mutually coupled to any other branch in the network. 

All branches that share mutual coupling are included among the ?rimitive 

branches in the Y matrix of (2.2.19b) and (2.2.28). 
pk 

The segment multiport matrix of (2.2.19a) can be singular. If 

there are more measurement twigs than links on a segment, (2.2.19b) 

certainly gives a singular Y . And if capacitive admittances are not 
mk 

of appreciable size, Y remains numerically singular even after 
~ 

accounting for these effects. 

2.2.6 Summary of Segment Multiport Transformation 

The electrical character of a group of mutually coupled conductors 

is completely described by the segment primitive variables of Equation 

(2.2.2). However, these primitive voltages and currents do not present 

the available information in a very useful form. Voltages across con-

ductors are not as broadly useful as are voltages to local ground 

points. Also, after shunt capacitive effects are lumped and included 
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in the manner described above, the primitive currents of (2.2.2) no 

longer correspond to currents that are present and measurable at 

the terminations of various conductors. Therefore, a transformation 

to a more useful set of variables is perfor~ed. The modified primitive 

variables (or segment multiport variables) of Equation (2.2.19a) include 

voltages to local grounds and currents injected into the terminations 

of conductors -- a more useful set of variables. 

Also available from (2.2.19a) is the voltage drop along the segment 

ground path and the "current mismatch" on the segment. "Current 

mismatcH'refers to the sum of all primitive currents in Equation (2.2.2). 

This ground path voltage drop and current mismatch are given by the port 

voltage and current corresponding to a measurement twig such as twig 

number 7 (port 7,0) in Figure 2.5. A sufficient condition is given 

in Section 2.7.2 to define a special class of problems in which this 

mismatch is identically zero. 

2.3 Fixed-Tap (Real Turns Ratio) Transformers 

In this section, fixed-tap transformer modeling for both two-

winding and three-winding transformers depends upon the ideal trans-

former model. Transformers described in this section all have real 

turns ratios. Phase-shifting transformers are considered with TCUL's 

in Section 2.5.2. At power system frequencies transformer losses are 

generally accounted for by a single series transformer admittance. 

Such a representation is pictured in Figure 2.6.a. 

The electrical behavior of this two-winding transformer can be 
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e.: 1 
~ .-------·· . ~· 

~ 

~-----· 
V 

ideal 
transformer 

Figure 2.6.a. Two-winding transformer model based upon an ideal trans-
former and a single series loss admittance • 

• 

ideal 
transformer 

Figure 2.6.b. Ueasurement branches are shown that define transformer 
"primitive" variables (I 1 , I 2 , v1 , v2). 
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completely described with two equations using admittance parameters 

as coefficients. The two measurement branches shown in Figure 2.6.b 

define a set of two currents and two voltages (11 , r2, v1 , v2) that 

are treated as primitive branches for the transformer. 

For the model of Figure 2.6.b, the following primitive equations 

are written 

(2.3.1) 

In Equation (2.3.1), the negative sign appears with currents in order 

that the signs of entries in the transformer primitive matrix conform 

to the signs of entries associated with passive elements. That is, 

the entries on the diagonal of the primitive admittance matrix of 

(2.3.1) have nonnegative real parts. 

Three-winding transformer modeling depends upon the ideal three-

winding transformer shown in Figure 2.i.a. The number of turns in 

the "primary" winding is used to define the two turns ratios: 

N2 
al = 

N 1 
(2.3.2) 

N 3 
a2 =- ~\ (2.3.3) 

For the case where all three windings are linked by a common flux, 

the voltage transformations from the primary to the two secondary 

windings are 
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Figure 2.7.a. An ideal three-winding transformer. Ni is the number of 
turns in winding "i". 

• 

y 
3 

+ 

Figure 2.7.b. Loss admittances and "primitive" measurement branches 
for the three-winding transformer. 
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V = al V (2.3.4) s1 p 

vs = a2 V (2.3.5) 
2 p 

The ideal transformer assumption that the transformer's magnetic 

circuit has infinite permeability yields the current relation 

Other magnetic circuit geometries yield different voltage and 

current relationships. 

(2.3.6) 

Losses in the three-winding transformer are represented by the 

three admittances shown in Figure 2.7.b. Also shown is a set of three 

measurement branches whose currer.t-voltage relationships are chosen to 

constitute the primitive description of the transformer. 

where 

For the model of Figure 2.7.b, the following equations are written 

-alyly2 

2 
Y1Y2+azY2Y3 

(2.3.7a) 

(2.3.7b) 

As in Equation (2.3.1), negative signs are associated with currents 

so that diagonal admittance entries have nonnegative real parts. 

It should be noted that no L~pedance parameter representation 
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of either (2.3.1) or (2.3.7) exists. Both primitive admittance 

matrices are singular with a nullity of one. 

Bank connections of single-phase transformers appear commonly in 

power systems. Figure 2.8 shows three single-phase transformers and a 

grounding admittance that are to be connected as a delta-wye bank with 

grounded neutral. Each of the three transformers is allowed to have a 

different loss admittance value and nominal turns ratio. Numbered 

measurement branches whose currents and voltages are taken to be the 

primitive variables for this sample transformer segment are shown. 

The primitive equations are 

1-Il l 
-I I 2 

or 

-I - 3 

-I = 4 

-I 5 

I 
L 

yl -alyl 

2 
-alyl alyl 

Yz -a y 2 2 
2 

-a2y2 a2y2 

I = Y V -p p -p 

1 ivl ~ 
1

1 V 

l 2 

I VJ 

v4 

vs 

Y4Jl::j 
(2.3.8) 

(2.3.9) 

where all entries not shown in Y are zeros. The primitive admittance p 

matrix of (2.3.8) is block-diagonal and singular with a nullity of 

three. 
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Y2 

• 

• 

+ 

+ 

+ 

V 6 

Figure 2.8. Bank of single-phase transformers and a grounding 
admittance to be connected as a delta-wye bank with 
grounded neutral. Heasurement branches (bold branches) 
are regarded as bank primitive branches. 
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The primitive variable representation of a transformer segment is 

a complete electrical description of the segment; however, it is never-

theless subjected to a transformation of variables. The transformation 

is formulated in the same manner and for the same reasons as the con-

ductor segment transformation that produces the seg:nent multiport 

description of (2.2.19) from the primitive description of (2.2.15). 

Namely, a measurement tree is constructed on the segment graph that 

defines twig currents and voltages that constitute a new, more readily 

useable set of descriptors. These measurement twig variables are then 

written in terms of the primitive variables. 

Figure 2.9.a pictures a delta-wye transformer connection with the 

neutral node grounded through an admittance. The transformer bank is 

represented by primitive branches whose behavior is described by 

(?..3.8). Nodes are defined by primitive branch terminations and are 

assigned numbers. (Note that the local ground node also is assigned a 

number.) 

In Figure 2.9.b, a segment measurement tree whose twigs define a 

new set of modified prirr.itive (or segment multiport) variables is shown. 

A dashed supernode is shown for each fundamental cut-set; that is, the 

one twig and all other branches (which are links now that a tree is 

defined) that are incident to each supernode form a fundamental cut-

set. A supernode and its cut-set are referred to by the number of 

their corresponding twig. 

Forming the supernode/link incidence matrix (i.e., the cotree 

partition of the fundamental cut-set matrix for the given tree) provides 
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Figure 2.9.a. 

1 

Figure 2.9.b. 
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A delta-wye transformer bank with the neutral grounded 
through an admittance is pictured as a graph whose 
branches are the primitive branches shown in 
Figure 2.8. 

5 

A segment measuremenc tree (bold branches) is constructed 
on the bank's graph. Primitive branch numbers are 
bracketed. The supernode corresponding to each twig is 
shown dashed. For convenience, twig numbers are assigned 
to correspond to the number of the node away from which 
the particular twig is directed. (Thus, only the ground 
node number is shown explicitly.) 
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the vehicle for the proposed transfor.nation of segment variables. The 

supernode/link incidence matrix is (assuming this segment is the kth 

segment considered): 

super- links-. 
nodes 1 2 3 4 5 6 7 i 1 1 -1 

2 -1 1 
3 -1 1 

Qp = 4 1 (2.3.10) 
k 5 1 

6 1 
7 -1 -1 -1 1 

Therefore, segment multiport variables are given in terms of segment 

primitive variables by 

-I = y V 
-mk TI\-~ 

(2.3.lla) 

where 

y = Q y Q T 
m. pk pk pk K 

(2.3.llb) 

This transformer segment multiport description is seen to be very 

similar to the conductor segment transformation of Section 2.2.4. The 

only difference is the interpretation of the cotree links in the two 

transformations. For the conductor segment, the cotree is composed of 

physical branches (phase conductors, neutral conductors, cable sheaths, 

etc.). For the particular transformer segment considered, the only 

link that corresponds to a physical branch is the grounding admittance 

(link number 7). All other links are measurement branches defined to 

give a meaningful primitive description of transformer models which are 

based upon the ideal transformer model. However, whether a link 
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corresponds to a physical branch or a measurement branch, it is treated 

identically in segment multiport transformations. 

Single-phase transformer representations can be based upon a cou-

pled coil model[l 9 l, and thereby avoid the ideal transformer model and 

the resulting singular primitive admittance matrix description of 

(2.3.1). The coupled coil model results in an impedance parameter 

description of the transformer. Except for the special case where the 

coefficient of coupling assumes its maximum value of unity and the 

self-inductances of primary and secondary coils are equal, this primi-

tive impedance matrix is invertable to yield a primitive admittance 

matrix description as in (2.3.1). The transformation of current 

variables then proceeds unaltered. 

Core losses in transformers are generally accounted for by admit-

tances connected across a transformer's terminals. This arrangement 

makes core losses proportional to the square of terminal voltage. 

Once connected, these loss admittances appear in parallel to a primi-

tive branch in a transformer represented as in Figure 2.6.b. Thus, core 

loss is modeled by adding a loss admittance to the diagonal term of 

(2.3.1) corresponding to the terminal pair across which the admittance 

appears. This procedure is analagous to that described in Section 

2.2.5, where a capacitive admittance is connected between a node and 

its reference. There, however, the effects are incorporated into the 

segment multiport matrix since the capacitance is connected between a 

node pair that corresponds to a segment port and not a primitive branch. 
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Multiphase transformers are readily treated by the above method 

once the primitive admittances of (2.3.9) are measured or obtained from 

the manufacturer's data. Coupling between phases makes Y a full p 

matrix for this type transformer. 

2.4 Fixed-Admittance Compensation Banks 

Reactive power flow in a power system can be influenced in a con-

structive way by the introduction of passive compensation elements into 

the system. All such elements situated at a particular location can be 

grouped together and considered as a single compensation segment. 

Thus, any reactive compensation bank has corresponding to it a single 

local ground potential. 

Reactive compensation can take the form of shunt or series banks. 

Shunt banks can be connected in either delta or wye configurations. A 

sample delta-connected shunt bank is shown in Figure 2.10.a. The 

branches of the segment are numbered, and an assumed direction is indi-

cated for each branch. 

For the case where no coupling exists between branches, the primi-

tive relationship for this segment is: 

11
1 l ly1 0 o I [v1 

I 

I2 = 0 y2 a I v2 (2.4.1) 

I3 I L 
I 

0 0 y3 L v3 L ..J 

or 
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® 
..t. . 

Figure 2.10.a. A delta-connected bank of passive admittance branches. 
Assumed directions of branch current flows and voltage 
drops are indicated by arrows. 

Figure 2.10.b. Measurement tree (bold branches) are defined on the 
segment graph with corresponding supernodes shown 
dashed. The measurement tree is chosen so that twig 
voltages are voltages from nodes to the local ground 
node, "g". Link numbers are bracketed. 
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(2.4.2) 

th where Y is a diagonal matrix, and this segment is the k segment p 

considered. 

In Figure 2.10.b, a ~easurement tree is constructed (bold 

branches), and supernodes are defined based upon this choice of 

possible trees. 

The supernode-link incidence matrix for the graph of Figure 2.10.b 

is 

1 2 3 

(2.4.3) 

The segment multiport description of this segment is (for the ports 

defined by measurement twigs) 

-I = y V -m ~ -~ 
where 

and Y is from (2.4.1). More specifically, 
pk 

Yl+Y3 -Y 1 -Y 3 

y = -Y Yl+Y2 -Y 
~ 1 2 

L -Y 3 -Y 2 Y2+Y3 

(2.4.4) 

(2.4.5) 

"l 

(2.4. 6) 
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Note that Y is singular with a nullity of one. This singularity 
mk 

results from the inclusion of the isolated ground node in the measure-

ment tree. 

Since there is no mutual coupling between branches on this seg-

ment, the segment crultiport matrix of Equation (2.4.6) can be con-

structed directly from the graph of Figure 2.10.b. For this particular 

twig numbering, the row and column indicies of (2.4.6) correspond to 

supernode numbers. Thus, diagonal entries are the sum of admittances 

incident to the appropriate supernode, and off-diagonal entries are the 

negatives of admittances common to the appropriate two supernodes. This 

building process is analogous to that described in Section 2.2.5 where 

lumped capacitive branches are included in conductor segment multiports. 

If mutual coupling is present between branches on a compensation 

segment, more information is needed for a complete primitive description 

in (2.4.2). Then the transformation of segment variables is accom-

plished through (2.4.4) and (2.4.5). 

2.5 Passive Control Device Modeling 

Tap-changing-under-load transformers (TCUL's), phase-shifting 

transformers,and switched reactive compensation banks are commonly used 

in power systems as means of influencing power flows and voltage magni-

tudes within the system. These devices are passive in that they intro-

duce no source of energy into the system. 

Such passive control devices are treated somewhat differently in 

their segment-level description than are power system segments that 
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offer no control capability. In particular, passive control devices 

are modeled in part by dependent voltage and/or current sources. 

Dependence equations are imposed on such sources so that they supply 

no net energy to the system as they perform their modeling function. 

Another important distinction between passive control device 

models and other segment models is that a passive control device model 

is not completely included in the segment-level description of the 

device. Any branches in the device model that are represented by 

admittance parameters are included in the segment-level description. 

Branches represented by dependent sources are withheld from segment-

level descriptions. Each dependent-source branch is included in the 

subsequent system-level admittance representation by connection across 

the proper node pair or system port (formulation of this system-level 

admittance representation is treated in Section 2.6). The motivation 

for this procedure is to remove from segment-level descriptions all 

dependencies upon passive control device tap settings. The benefits 

of this procedure are reaped when tap changes must be accounted for in 

the system-level network description. Effects of tap changes are dis-

cussed in Section 2.6.3. 

2.5.1 Switched Compensation Banks 

A simple example of a switched compensation bank is shown in 

Figure 2.11.a. This bank is composed of a single variable capacitor 

connected across the port defined by the node "c" and its reference 

"r". (Node pairs of this sort are identified as ports at the system 

level as explained in Section 2.6.) Figure 2.11.b gives the 
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a 
0.0 1.0 

Bank admittance as a 
function of the variable "a" 

Figure 2.11.a. Simple example of a switched compensation bank. The 
magnitude of the capacitive admittance takes on values 
between 0.0 and \Y l as determined by the value of "a". 
The variable "a" i~ shown to be continuous on [O,l], 
but it can be treated as a discrete real variable. 

+ 
V 

C 
I = (aY )V 

C C C 

Figure 2.11.b. Simple switched compensation bank represented as a 
dependent current source. 
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dependent-source representation of the variable capacitor. The source 

current is dependent upon both the value of "a" and the value of the 

voltage across the source. 

The switched compensation bank is represented completely by a 

dependent current source. No admittance parameter relationships exist 

for the bank that are not dependent upon the variable "a". Thus, 

following the guidelines outlined above, no segment-level description 

is written for the switched compensation bank. 

It should be noted that any sort of variable admittance load can 

be represented as a switched compensation bank. 

always is allowed to be complex. 

The admittance Y 
C 

The dependence relation for this simple bank places a port con-

straint on the port c,r. It is given by 

0 = -I + (aY )V 
C C C 

(2.5.1) 

Again, (2.5.1) is a system-level port constraint. It is not imposed 

at the segment level. 

The extension of this procedure to wye-connected switched com-

pensation banks is straightforward. It merely results in three 

constraints equations in the forn of (2.5.1). 

Figure 2.12.a shows a delta-connected bank of switched capacitors. 

The three nodes in the delta and the local ground node are assigned 

numbers. Assumed directions of branch current flow and voltage drop are 

indicated by arrows on the branches. The admittance in each leg of the 

delta is allowed to vary independently with the particular value of 
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a. 

b • 

c. 

+ 

Figure 2.12.a. Delta-connected compensation bank. Assumed directions 
of branch current flows and voltage drops are indicated by arrows. 
b. Variable-admittance branches represented as dependent current 
sources. Voltages v1, i = 1, 2, 3 are voltages from node "i" to local 
ground (node 4). c. An equivalent current-source representation of 
the delta connection in b. 
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ai, i = 1, 2, 3, corresponding to that leg. Figure 2.12.b is the 

dependent current source representation of the bank. Figure 2.12.c 

results from a delta-wye source transformation. The voltages 

Vi, i = 1, 2, 3, shown in Figure 2.12 are voltages at node i with 

respect to the local ground (node 4). 

From Figure 2.12.c, the following three constraints are imposed 

by the switched bank 

::::: ir:: l 
a2Y2+a3Y3j L V3j 

(2.5.2) = 

Like the scalar Equation (2.5.1), (2.5.2) is imposed on the appropriate 

ports at the system-level, and the delta-connected bank of Figure 2.12 

has no segment-level description. 

Note that the admittance matrix of (2.5.2) is singular with a 

nullity of one. This is a result of the zero net current entering 

node 4; see Figure 2.12.a. This zero current is the sum of the three 

currents of (2.5.2); see Figure 2.12.c. Thus, any current in (2.5.2) 

can be written in terms of the other two, or there are only two 

independent equations in (2.5.2). 

2.5.2 Tap-Changing-Under-Load and Phase-Shifting Transformers 

The basis for both TCUL and phase-shifting transformer models is 

the ideal autotransformer with co~plex turns ratio. Such a model is 

pictured in Figure 2.13. The ideal voltage transformation equation 
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a:1 I. CJ) l. 

+ 
® I p 

V. 
l. 

V !Ir p 

Figure 2.13. Ideal autotransformer model with complex turns ratio. 
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and the restriction that power be conserved are stated, respectively, as 

V = a V. p l. 
(2.5.3) 

* * V I + V. I. = 0 p p l. l. 
(2.5.4) 

Taken together, (2.5.3) and (2.5.4) give the current relation that 

(2.5.5) 

Kirchoff's current law gives the further current relation that 

or with (2.5.4) 

I = I + I. r p i 

I r 

(2.5.6a) 

(2.5.6b) 

Kirchoff's voltage law applied to the closed loop r, p, i, r along 

with (2.5.3) gives the voltage relation that 

V 
-V - V + _.£. = 0 p ip a: (2.5.7a) 

where 

= V. - V 
l. p (2.5.7b) 

Rewriting (2.5.7a) gives 

Vip = ( l;a J VP (2.5.7c) 
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Equations (2.5.6b) and (2.5.7c) are represented by the dependent 

sources in Figure 2.14. A single-phase representation of the TCUL or 

phase-shifting transformer is constructed by the addition of the trans-

former admittance branch. It is easily shown that the two dependent 

source powers sum to zero, and thereby conserve power in the ideal 

portion of the model. 

As with switched compensation banks, the dependent sources of 

Figure 2.14 are to be applied to appropriate ports in the system-level 

description developed in Section 2.6. However, part of this single-

phase model has an admittance parameter description. That is, the 

transformer admittance is a passive branch that is to be represented on 

the segr:ient-level. The admittance is seen to be connected between two 

nodes with the same local (ground) reference. A measurement tree is 

constructed to connect the three nodes, and the admittance branch is 

assigned an orientation (see Figure 2.15). In terms of measurement 

twig variables, the segment multiport representation is 

(2.5.8) 

2.5.3 Summary of System-Level Port Constraint Equations from 
Passive Control Device Models 

The system-level port constraints associated with passive control 

device segments are collected in three sets of equations. One set 

describes the behavior of dependent current sour~es in switched com-

pensation bank models. This set i3 written as 
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@ 

Figure 2.14. Single-phase representation of a TCUL or phase-shifting 
transformer. The transformer admittance, yt, is added 
to the dependent-source model of the ideal autotransformer 
with complex turns ratio. 
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Figure 2.15. Segment-level single-phase representation of the passive 
portion of a TCUL or phase-shifting transformer model. 
A measurement tree (bold branches) is constructed on the 
graph to define a set of segment multiport variables. 
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0 = -I + A V -c C -c (2.5.9) 

The A matrix is a complex, symmetric, block-diagonal matrix with the 
C 

coefficients in each block corresponding to a particular switched 

compensation bank. If all such banks in a system are wye-connected, 

a judicious selection of system-level ports (Section 2.6) results in 

a diagonal A. 
C 

Two sets of equations are written for passive control devices whose 

models are based upon an internal ideal autotransformer. The set 

describing dependent voltage sources is 

0 = A V + v1 t -p - p (2.5.10) 

The "primary" voltages in V and the "internal" voltages in V. are -p -ip 
defined as shown in Figures 2.13 and 2.14. For the above single-phase 

interpretation of the model of Figure 2.14, At is a complex diagonal 

matrix. If a power system has no phase-shifting transformers, At is 

real. 

Dependent current sources that appear in the ideal autotransformer 

model are described by the set of equations 

... 
0 = -I + At .. I. -p -i 

(2.5.11) 

The currents in fp and f 1 are defined as shown in Figures 2.13 and 

* 2.14. At is the complex conjugate of the coefficient matrix of 

(2.5.10). 

These three sets of equations are imposed upon system port 

variables. (Such variables are defined in the system-level admittance 
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parameter equations developed in Section 2.6.) Thus, the presence of 

passive control device segments must be considered when selecting the 

set of system port variables that is to describe a system's overall 

behavior. That is, any selection of a set of system ports must 

include all the node pairs that are terminations of dependent-source 

branches. Generally, this requirement is not difficult to satisfy. 

2.6 Transformation of Segment-Level Variables into System Multiport 
Variables 

After all segments in a power system are modeled in accordance 

with the appropriate preceeding section, the resulting sets of equa-

tions can be grouped into a single set of segment multiport equations. 

This single description of all segment-level variables is 

= 

---- I 
-I J mK 

I 
I 
I 
I 
I 

---------- I 
Iv I 
I ... I 
I m., I 
I ,_ I 
'----- I 

I Ym l 
1 

(2.6.la) 

where K is the number of segments in the system (excluding switched 

compensation segments). Hore briefly, 

-I = Y V -m m -m (2.6.lb) 

Entries that are not located in the blocks indicated on the diagonal 

of Y are all zero. This block diagonal property of Y results from m m 
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imposing the restriction that every branch must be included in the 

same segment with all other branches to which it is inductively 

coupled. Thus, when segments are considered separately (not yet as 

interconnected parts of a power system), the values taken by 

currents and voltages on some segment do not influence currents and 

voltages on other segments. 

The task remains to construct a transformation of the variables 

of (2.6.1) into a natural and convenient set of system-level vari-

ables. This task is simplified considerably by the forward-looking 

transformations of segment-level variables described in proceeding 

sections. It is illustrated by a sample three-segment system. 

Figure 2.16.a shows the physical arrangement of a sample 

system as three separate graphs. Segments 1 and 2 are multiphase 

conductor segments. Segment 3 is a delta-wye transformer bank with 

the neutral grounded through an admittance. Turns ratios are fixed-

valued. The assumed polarities of primitive variables are shown on 

the segoent graphs by arrows. Thus, Segments 1 and 2 have primitive 

descriptions similar to (2.2.1), and Segment 3 has a primitive des-

cription similar to (2.3.8). 

Figure 2.16.b shows the three segment graphs transformed to 

correspond to segment multiport variables. Segments 1 and 2 undergo 

the segment-level transformation suggested by Figure 2.4. The trans-

formation of variables on Segment 3 is suggested by Figure 2.9. 

Grouping segment variables as in (2.6.1), the segment-level des-

cription corresponding to Figure 2.16.b is 
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Figure 2.16.a. Graphs of the three segments of a three-segment system. 

1 

7 

Segments [I] and [iJ are multiphase conductor segc.ents. 
Segment Q} is a delta-wye transformer bank with the 
neutral grounded through an admittance. Assumed 
polarities of primitive currents and voltage drops are 
shown on these primitive graphs by arrows. 

16 ~ 
fl8 

22 

Figure 2.16.b. Segment measurement graphs whose branch currents and 
voltage drops define segment multiport variables. 
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-----'-----, 
I 
I 
I 
I 

y l 
m2 l 

I 
I 
I ----l-----
1 
I 
I 
I 
IY I m3 
I 
I 

which is Equation (2.6.1) for the example system. 

2.6.1 Selection of System Ports 

(2.6.2a) 

(2.6.2b) 

Construction of a transformation of the variables in (2.6.2) 

into a set of system-level variables begins by considering the inter-

connection information given by the node numbering in Figure 2.16. 

This information guides the combining of the three segment graphs of 

Figure 2.16.b.into the system graph of Figure 2.17.a. 

Just as described for a segment-level transformation in 

Section 2.2.4, a measurement tree is constructed on the graph of 
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Figure 2.17.a. 

60 

System graph formed by interconnecting the three 
segment multiports of Figure 2.16.b. 

12 

Figure 2.17.b. System measurement tree constructed for the system 
graph in a. Overlayi~g this measurement tree on the 
system graph of a. defines each twig's corresponding 
cut-set (or supernode). The number of the node from 
which a twig originates is assigned to the twig. A 
system-level port is defined by each twig. 
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Figure 2.17.a. This tree is identified by the bold branches of Figure 

2.17.b. Twig numbers are assigned to correspond to the number of the 

node away from which a particular twig is directed. Overlaying this 

measurement tree un tl1e system graph of Figure 2.17.a defines each 

twig's corresponding cut-set (or supernode). 

As in the segment-level transformation, the branches in the graphs 

of Figure 2.17 which are all described by (2.6.2) are confined to the 

cotree. Thus, the tree is totally composed of measurement branches. 

Voltages and currents corresponding to twigs are written in terms of 

link voltages and currents and become the system rnultiport variables. 

The supernode/link incidence matrix for a system-level measure-

ment tree is denoted by~ (the "m" suggests a transformation of 

modified primitive or segment multiport variables). For the graph 

of Figure 2.17, 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 
l l i 
2 1 
3 1 
4 1 1 
5 1 l 
6 1 1 
7 1 -1 

~ = s 1 1 
9 1 1 

10 1 1 
11 1 1 
12 1 
131 1 
14 L 1 I 15 1 _J 

(2.6.3) 

Tree and cotree variables are related by 

(2.6.4) 
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V = OT V 
-m 1n -t (2.6.5) 

The absence of a negative sign in the current transformation of 

(2.5.4) is addressed presently. Equations (2.6.1), (2.6.4), and 

(2.6.5) are combined to isolate tree variables, i.e., 

-I = yt V -t -t (2.6.6a) 

where 

yt = ~ y OT 
r:i ·r:i 

(2.6.6b) 

Segment multiport currents are written in terms of tree 

voltage by substituting (2.6.5) into (2.6.1), i.e., 

-I = Y OT V 
-m m lil -t (2.6.7) 

and segment multiport voltages are gotten directly from tree 

voltages by (2.6.5). 

The sample power system is now completely described in terms 

of the node-pair or multiport equations of (2.6.6). The segment 

multiport description of (2.6.1) is also a complete but somewhat 

inconvenient description of the system. The variables of (2.6.1) 

often contain redundant information (for example in Figure 2.17 

V 
I!l ' '+ 

and V define the same voltage). ms Incorporating the available 

interconnection information surmnarized by (2.6.3) gives a minimal 

set of equations (2.6.6) which corresponds to the selected measure-

ment tree. 

Excepting twigs that originate on local ground nodes, the 

measurement tree of Figure 2.17.b was selected so that measurement 
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twigs define ports whose voltages are voltages from nodes to their 

corresponding local reference. Of course, other measurement tree 

definitions are possible. The particular tree was constructed to 

define the useful set of node-to-ground voltages. (Referring all 

ground nodes to the same ground node is done to si~plify an algorithm 

for computer generation of the system multiport admittance matrix of 

(2.6.6b).) 

Power Invariance 

The transformation (2.6.6) is power invariant. Total power 

externally injected into segment multiports equals the total power 

dissipated in primitive branches. This fact is established in 

Section 2.2.4. Here, the total power (externally) injected into the 

systa~ multiport must equal the sum of powers (externally) injected 

into segment multiports. That is, 

(2.6.8) 

Substituting the transpose of (2.6.5) and the conjugate of (2.6.1) 

into the right side of (2.6.8) shows the power invariant property 

of the transformation. 

Currents externally injected into system ports are linear com-

binations of currents injected into segment ports. Since both 

sets of currents are injections into passive networks, both the 

system-level and segment-level port currents of (2.6.4) must have 

identical signs. Such is not the case for the transformation of 

segment primitive currents into segment multiport currents in 
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(2.2.16a). The negative sign is required in this transformation from 

power-dissipating primitive currents to power-injecting segment 

multiport currents. 

2.6.2 Considerati0ns for Efficient Computer Implementation 

The system multiport admittance matrix of (2.6.6) and the rela-

tionship (2.6.7) needed to recover segment multiport currents are 

both formed by matrix multiplications. The matrices involved in 

these products possess properties that can be exploited in computer 

applications. Both Ym and~ are sparse matrices. Each diagonal 

block of Y always has the property of symmetry (even for a network 
m 

with phase-shifting transformers). The~ matrix has the property 

that its relatively few nonzero entries are either +l or -1 (see 

Equation 2.6.3, for example). These properties are used effectively 

in the following procedures. 

Efficient Storage of Matrices 

The Y matrix is stored as a list with just the lower triangle 
m 

of each diagonal block stored. An integer list must also be stored 

that allows the calculation of the list index that corresponds to 

particular row and column indices of Ym. The Ym matrix of (2.6.2a) 

has 22x22 = 484 entries of which only 28+28+36 = 92 are stored by 

this scheme. Storage saved by this method over fully storing Y 
m 

increases roughly as the square of the order of Y. 
m 

The~ matrix is stored in table form. Since~ describes 

supernode/link incidence relationships, this table is called the 

system "super-kin table". The super-kin table representation of 
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(2. 6. 3) is 

~: 
Super- Incident 
node Links 

1 1 
2 3 
3 5 
4 2 10 
5 4 8 
6 6 9 
7 7 -22 
8 11 15 
9 13 17 

10 14 19 
11 12 21 
12 16 
13 18 
14 20 
15 22 

Interpretation of this super-kin table is straightforward. For 

example, row 4 of~ has a +l in column 2 and a +l in column 10; 

row 7 has a +l in column 7 and a -1 in column 22; entries that are 

not represented in the table are all zero. 

Forming Matrix Products 

The matrix multiplications of (2.6.6) and (2.6.7) involve 

surmnations of scalar multiplications of complex admittances with 

coefficients that are in the set {-1, O, +l}. Thus, these scalar 

multiplications merely affect the signs of the complex admittances 

that appear in surcmations. The following method forms the desired 

matrix products (Y and Y QT) with no scalar multiplications. t n m 
Terms in the transformation of (2.6.6b) are associated as 

(2.6.9) 
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and transposing, 

(2.6.10) 

Consider the (i, j) entry of Yt. It is formed by the multiplication 

of entries in the jth row of~ with entries in the ith column of 

[~ Ym]T, i.e., 

y = YT 
ti . ,J t .. J,i 

i 

= I X (2.6.11) 
j t--------t 

Equivalently, entries in the jth row of~ are multiplied by appro-

· t · · th i.th row of O Ym, pria e entries in e 1II i.e., 

y 
t. . i,J 

= X i+--------t 
j 1------

L _J 

For the hypothetical super-kin table below, 

Super- Incident 
node Branches 

1 
2 

i al a,., 
.:. 

j bl b2 b3 . 
t 

(2.6.12) 
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the only nonzero entries in row j of 0 are b1 , b2, and b3 , i.e., 
"ID 

I l 
~ = I (2.6.13) jl- I 

b3J L b1 b2 

Thus, only entries b1 , h2, and b3 in row i of [~ Ym] need be 

considered (all other scalar products are zero). These entries 

are shown symbolically as 

1-------+ 
Therefore, Y is written in terms of O Ym entries as t. . 1ll. 1,J 

y = ± [O y ]. b ± [O y ]i b ± (O y ]. b 
ti,j t 1ll. m 1, 1 1 'm m ' 21 1ll. m 1, 3 

(2.6.14) 

sign(b 1) sign(b 2) sign(b 3) 

The~ Ym entries are summations of scalar multiplications of 

entries in the proper row of~ times entries in the proper column 

of Ym. The selection of terms from Ym to form (i, b1), (i, h2), 

and (i, b3) entries of~ Ym is shown symbolically as the multipli-

cation of entries in the ith row of~ times entries in the proper 

column of Ym (i.e., columns b1, b2, and b3): 
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columns 

bl b2 b3 

[~ Ym] trJ [~] l [Y] I X 
Ill (2.6.15) row 

i . i L J( H 

bl b2 b3 al a2 I 
I _.. ._ 

columns columns 

The intersection of nonzero terms in the products are shown symboli-

cally as 
columns 

Thus, (2.6.16) indicates row and column indices of the Y 
m 

(2.6.16) 

entries 

that appear in Y . 
t. j 

Also, the a's and b's from the system super-
l.' 

kin table together associate signs with the selected Y terms. 
m 

Selected Y entries and their associated signs follow for the (i,j) 
m 

entry of Y • t" 

(2.6.17) 
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For the three-segment example system above, two representative 

entries of the Yt matrix are (note that ~m YrJ 
p,q 

= ~m ~ ): 
q,p 

y = + (Y QT) + (Y QT) (2.6.18a) 
t4,5 m m 4 ' m m 8 4 , '+ , 

= + (+ y +Y ) + (+ y + y ) (2.6.18b) 
m2 4 ml0,4 m2,8 mlO 8 , , 

and y = + (Y QT) (Y QT) (2.6.18c) 
t4,7 m m 7,4 m m 22 4 , 

= + (Y + y ) (Y +Y ) (2.6.18d) 
m2,7 ml0,7 m2,22 ml0,22 

These relationships show that the entries of Ymo! appear as terms in 

the calculation of Yt entries. Thus, for Y stored in list form and 
m 

~ stored in a super-kin table, any entry of Yt or Ym Q! can be 
T generated upon demand, or Yt and Ym Qm can be calculated once and 

stored. Thus a trade-off between storage and execution-time require-

ments can be made. 

This method of computing matrix entries exploits the beneficial 

properties of the~ matrix. However, it is possible to make more use 

of the block-diagonality of Y . Note that in (2.6.18b), Y and 
m ml0,4 

Y are both zero since they appear outside the diagonal blocks of 
m2 8 , 

(2.6.2a). Therefore, the following partitioned-matrix method is 

offered to avoid considering such zero terms. Explanation is directed 

toward the three-segment example system treated above. Extension of 

the method to arbitrary power systems is simply done. 

The~ matrix of (2.6.3) is partitioned as follows: 
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~ --[Qml l Qm l Qm J (2.6.19) 
I 2 I J 

where  all  columns in Qm. correspond  to li~ks on  segment  i·  i = 1, 2, 3. ' 
l. 

Thus, (2.6.6b)  is rewritten  as 

lyml 
I QT 
I ml I 
I -----,-----, 

[Qml 

I I QT (2.  6. 20a) yt = Qm I Qm ] I y I 

I m2 I mz 2 I 3 I 
I I -----,-----

I QT I y 
I m3 m3 I 
I 

or 

y QT 
ml ml 
-------

yt = 
[Qml l Qm I Qm ] 

y QT (2.6.20b) 
I 2 I 3 m2 m2 

-------
y QT 
m3 m3 

or 

yt = Qm 
y QT + Q y QT + Q y QT (2.6.20c) 

1 ml ml m2 m2 m2 m3 m3 m3 

No  entries  of  Y  which  are  outside  a  diagonal  block  appears  in  this 
m 

expression  for Yt 

The Ym~ matrix appears  in  (2.6.20b)  as  an  intermediate  result 

in  the  calculation  of Yt. It is  the  partitioned  matrix  given  by 

y QT= 
m  m 

~~ ~~  
y QT 
m2 :n2 I 

;---;r-J 
m3 m3 

(2.6.20d) 
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The multiplications of segment-level matrices indicated in (2.6.ZOc) 

and (2.6.20d) can be performed as described above and require no 

scalar multiplications. Also, the equations (2.6.ZOc) and (2.6.ZOd) 

can be evaluated without ever storing a complete Y matrix or system 
m 

super-kin table since the equations are written strictly in terms of 

segment-level matrices. However, if this approach is used, the complete 

Yt and Ym ~ matrices must be calculated and stored. Their terms cannot 

be individually produced upon demand unless the lower triangles of all 

blocks of the Y matrix and the complete system super-kin table are m 
stored. 

For symmetric Y, Y is always symmetric. Unless their terms are 
m t 

individually calculated upon demand, Yt is stored in list form, but 

T every entry of the rectangular Y Q must be stored. m m 

2.6.3 Modification of System Multiport Equations to Account for 
Passive Control Devices 

Section 2.5.1 develops models that represent passive control 

devices (e.g., TCUL's) with some combination of admittance branches and 

dependent sources. If present in a model, the admittance branches are 

incorporated into the system multiport equations (2.6.6) just as all 

other admittance branches in the power system are incorporated. That 

is, the admittance branches in the segment model of a passive control 

device are first represented in terms of segment multiport parameters. 

Then, this segment-level description is incorporated into the system 

multiport description through the transformation of (2.6.6). 

Dependent sources present in passive control device models are 

incorporated into the system-level equations (2.6.6) by constraints 
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imposed on system-level port variables. Thus, variations in tap set-

tings explicitly affect only system multiport variables. Thus, the 

transformation of segment-level multiports into the system-level multi-

port of (2.6.6) need not be repeated each time a tap setting changes 

value. 

For the following multiport admittance description of an n-port 

power system, 

-I= YV (2.6.21) 

the currents in -I are "injected" port currents,~ is the set of 

corresponding port voltages, and Y is the symmetric nxn system multi-

port admittance matrix. (If all port voltages in V are defined with 

respect to an assumed perfectly conducting earth, then Y is the f~~iliar 

"nodal admittance matrix", YBUS') 

Equations and variables in (2.6.21) can be reordered and written 

in the following partitioned form: 

-I y y y y 
ri V -r rr re rp -r 

-I y y y y 
ci V -c er cc cp -c 

= (2.6.22) 
-I y y y y 

pi V -p pr pc pp -p 

-I. Y. Y. Y. yii V. -1 1r l.C l.p -]. 

where subscripts identify, respectively: 

r = "regular ports"; no passive control device dependent sources 

appear across these ports (there are n "regular" ports) r 
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c = ports across which switched compensation is to be connected 

(there are n "compensation" ports) 
C 

p = ports across which dependent current sources from the ideal 

autotransformer model (Figure 2.14) are to be connected (there 

are nt "primary side'' ports) 

i = ports across which dependent voltage sources from the ideal 

autotransformer model are to be connected (there are nt 

"internal" ports) 

and nr + nc + nt + nt = n. 

Symmetry is preserved in the partitioned admittance matrix of (2.6.22). 

For a system with no passive control device segments, Equation (2.6.22) 

becomes (2.6.21) with n = n. r 

System multiport equations (2.6.22) and passive control device 

port constraint equations (2.5.9), (2.5.10), and (2.5.11) are combined 

in preparation for eliminating the explicit representation of the 

variables in V., -I, -I , and -I .• This combination of equations is 
-1 -c -p -1. 

written as 

-I y y y I y 0 0 0 ,~r -r rr re rp I ri 
I 

0 0 A 0 I 0 u 0 0 V - C I -c I 
I * 0 0 0 0 I 0 0 u -A V - I t :12_ = ------------------------------------- (2.6.23) 

0 0 0 At u 0 0 0 V. - -1 

0 y y y y 
ci -u 0 0 -I -

J 
er cc cp -c 

0 y y y y 
pi 0 -u 0 -I - pr pc PP -p 

0 Y. Y. Y. I Y .. 0 0 -u L-r. - 1r l.C 1p I J..l. -1. 
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Performing the indicated elimination of variables yields the reduced-

order admittance parameter equations: 

-I -r I 
0 = 

0 

J 

y 
rr 

I 
I 

yr:: l 
I 
I 
I 

-------------- I 

y + A 
CC C 

* T - A y . t CJ. 

I 
I 

y - y A cp ci t 

y - y .A pp pit 

* T * -AY .+AY .. A t pi t 11 t 

V -r 

V -c 

V -p 

(2.6.24) 

The symmetry of (2.6.22) is represented explicitly in the notation of 

(2.6.24), e.g., Y =YT. er re 

The reduced-order admittance matrix of (2.6.24) reflects the 

incorporation of passive control device dependent sources into the 

system multiport equations, thereby including effects of tap settings. 

The "internal" autotransformer port voltages no longer appear explicitly 

as they did in (2.6.22). For the case of complex entries in A (phase-
t 

shifting transformers are present in the system), the admittance matrix 

of (2.6.24) is asymmetric. 

The variables in V and V are not suppressed in (2.6.24) so that -c -p 

these ports remain available as possible load or source ports. 

Section 3.2 describes the effects of such port definitions on Equation 

(2.6.24). 

The admittance matrix of (2.6.24) can be stored in a nanner that 
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takes advantage of the symmetry of the grouped rr, re, and cc parti-

tions. Only the lower triangle need be stored from these partitions. 

The Y entries that are subject to change (as determined by the cc 
symmetric A matrix) are easily identified and changed as required. 

C 

This list contains most of the infor:nation in the admittance matrix 

since for a practical system,nr is much larger than nt. 

The remaining multiport admittance matrix partitions of (2.6.24) 

have tap-independent and tap-dependent terms. Entries in these 

partitions are formed by adding the two terms once values in At are 

set. Entries in these remaining partitions can be stored in list form 

(e.g., row by row) and retrieved when needed to calculate 

multiport admittance entries. A computer program has been written 

which uses this storage scheme. 

2.7 Suppression of Port Variables 

The multiport representation of a multireference power system 

always includes a set of ports with zero-valued currents. 

This set includes, but is not limited to, the set of all ports defined 

between two local ground nodes (the ports indicated by measurement 

twigs 7 and 15 in Figure 2.17.b are examples of such ports). Any port 

that has no load er source attached can be included in the set. 

The multiport equations of (2.6.6a), repeated here for convenience, 

are: 

-I = Y V 
-t t -t 

(2.7.1) 
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These equations are reordered and partitioned to segregate ports whose 

injected currents are known to be zero: 

yll 
""'T 

-I l I yl2 V -t I -t ___ : I 1 I 
= --------- (2.7.2) 

I -I y21 I y22 J V 
-t2 J -t 2 

where -I = O. 
-t2 

The set of currents in -I is written in terms of the 
-tl 

voltages in Yt 
1 

by what is commonly referred to in power system litera-

ture as a "Kron reduction": 

-1 
-I = [Y - yl2 y22 y21l Yt -tl 11 1 

(2.7.3) 

the voltages whose explicit representation is suppressed in (2.7.3) 

are recovered by the relation that 

Segment multiport 

V = y-l Y V 
-t - 22 21 -t 2 1 

currents of (2.6.7) 

reduced set of voltages, V • -t The columns 
1 

correspond to the partition of V 
-t 

shown in 

(2.7.4) 

are calculated from the 

of Y QT are reordered to m m 
(2.7.2), i.e., 

(2.7.5) 

The voltage relationship of (2.7.4) allows segment multiport currents 

to be written in terms of V alone, i.e., 
-tl 

-I = y 
-m m (2.7.6) 
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or 

-I = Y OT 
-m m 1Il 

where U is an identity matrix with the 

entries in columns of the reordered Y 
m 

V -t 1 
(2.7.7) 

same order as V . Thus, only 
-t 

T 1 
Q which correspond to sup-

m 

pressed port voltages are altered by (2.7.7). 

2.7.1 An Alternative View of Port Suppression 

The "Kron reduction" technique of the previous section first 

divides a system's ports into two classes: (1) ports with zero 

current injections, and (2) all ports not in Class (1). In this 

section, a procedure is proposed, herein called "graph reduction", 

that relies on a different transformation of variables but yields the 

same results (if this transformation exists for a given system). 

Figure 2.18.a shows a five-port system graph with the multiport 

description 

-I = Y V t t -t 
(2.7.8) 

The objective is to select a subset of ports that excludes only ports 

with zero-valued currents. Let twigs 3 and 5 represent ground ports, 

and therefore be eligible for exclusion from the subset. Figure 2.18.b 

shows the selected subset of ports with bold lines. 

The full set of port currents is written in terms of this subset 

of port currents as 

(2.7.9) 
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® 

2 4 

@ 
3 

Figure 2.18.a. Tree of example five-port system. 

@ 

2 4 

3 

Figure 2.18.b. Twigs are divided into two subsets. Twigs not shown 
as bold branches have a corresponding zero-valued port 
current. 

@ 

1 2 4 

Figure 2.18.c. Reduced graph showing ports whose variables appear 
explicitly in the reduced multiport description of 
(2.6.17). 
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For the example, 

2 3 

1 

Note that this definition of Qs forces 

It = It = 0 
3 5 

Subset voltages are written as 

V = QT 
~t -s s 

which forces 

V 
vtl l sl 

V V 
S2 = t2 

V V 
SJ t4 

-1 

Note that no restrictions are imposed on V 
t3 

are restricted at these ports, i.e., by (2.7.11). 

In (2.7.8), ft is replaced by (2.7.9) to obtain 

For the case of nonsingular Y , 
t 

-Y-lQ I = V 
t s -s -t 

(2.7.10) 

(2.7.11) 

(2.7.12) 

(2.7.13) 

Only currents 

(2.7.14) 

(2.7.15) 
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From (2.7.12), it follows that 

(2.7.16) 

Since Q is full-rank, the following inverse exists, and (2.7.16) s 

becomes 

-I = [ QT y-1 Qs ]-1 V 
-s s t -s (2.7.17a) 

or -I = Y V -s s -s (2.7.17b) 

which is a multiport description of the graph of Figure 2.18.a in 

terms of the reduced graph shown in Figure 2.18.c. 

The reduced impedance matrix 

z s 
(2.7.18) 

is constructed in a different fashion in [24). It is the basis of 

"mesh equivalent networks" for short-circuit studies on large-scale 

systems. 

Recovery of suppressed port voltages is not as convenient here as 

it is with a Kron reduction. The complete set of port voltages is 

recovered from (2.7.15) which returns V voltages in addition to -s 

suppressed port voltages. Thus, some redundant work is required. 
-1 

Also, "graph reduction" requires that a matrix inverse (Y t ) exists 

and that considerable effort be expended to find it. Such is not 

required by a "Kron reduction". Therefore, the "graph reduction" 

technique is more useful as a conceptual total than for actual 

computation. 
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Example 2.7.1 Graph Reduction 

An example system composed of 1-mho conductances is shown in 

Figure 2.19.a. A measurement tree is constructed in Figure 2.19.b. 

(Note that the intermediate step of transforming segment-level vari-

ables is omitted.) In terms of these tree (multiport) variables 

(2.7.19a) -I = y V -t t -t 
where 

1 -1 -1 0 0 

-1 2 2 -1 -1 

y = -1 2 4 -1 -2 t (2.7.19b) 

0 -1 -1 2 1 

0 -1 -2 l 2 

Let ports 3 and 5 correspond to local ground ports; hence they are 

subject to be suppressed from explicit representation in the multiport 

description of (2.7.19). 

In preparation for a graph reduction, Yt is inverted to get 

5 

3 

1 

1 

2 

3 

3 

0 

1 

1 

1 

0 

1 

0 

1 

1 

1 

0 

1 

0 

2 

1 

1 

0 

2 

Q for ports 1, 2, and 4 explicitly retained is: s 

(2.7.20) 
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Figure 2.19.a. Example system of 1-mho conductances. 

4 

Figure 2.19.b. A measurenent tree is constructed on the system to 
define system multiport variables. 

® 

1 4 

@ 

Figure 2.19.c. The reduced system multiport representation. 



83 

1 0 0 

0 1 0 

Qs = 0 0 0 (2.7.21) 

l: 0 1 
I 

0 OJ 

Equations (2.7.17) and (2.7.18) give the reduced impedance matrix 

5 3 1 

z = 3 3 1 
s 

(2.7.22) 

1 1 1 

From (2.7.18), 

1 1 01 
2 2 

y 1 l 1 = s 2 2 
I 1 3 0 
I 

-2 2 J 

(2.7.23) 

Example 2.7.2 Kron Reduction 

In preparation for a Kron reduction, Yt is reordered and parti-

tioned to get 

1 -1 0 I -1 01 I 
I 
I 

I -1 2 -1 
I 2 -1 I 
I 
I 

y' 0 -1 2 I -1 1 (2.7.24) = I 
t I -----------------------

-1 2 -1 I 4 -2 I 
I 
I 

0 -1 1 
I -2 2 I 
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With the indicated partition interpreted as in (2.7.2), the Kron 

reduction of (2.7.3) yields 

1 1 0 2 -2 

y 1 1 1 (2.7.25) = -2 -2 t Kron 

0 1 3 -2 2 

which equals Y of (2.7.23). Figure 2.19.c shows the reduced system s 

multiport representation. 

2.7.2 System-Level Versus Segment-Level Suppression of Ground 
Port Variables 

For the purpose of introducing some notation, the process of 

building the system multiport admittance matrix is briefly repeated 

here. The following discussion follows the treatment of Sections 2.2 

and 2.6. Conductor segments are the only type of segment defined to 

include a ground port. Therefore, considering systems composed 

entirely of such segments results in no loss in generality of results. 

A multiphase conductor segment is shown in Figure 2.2 with its 

corresponding primitive description given in (2.2.1). Figure 2.4 shows 

a measurement tree constructed on the segment graph. This segment's 

primitive variables are transformed into the measurement twig 

(multiport) variables defined by the tree. The transfor:nation between 

primitive variables and segment multiport variables is given for an 

arbitrary segme~t (number k) in (2.2.16). 

All segments undergo similar transformations from segment primitive 
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to segment multiport variables, and the results are summarized in 

Equation (2.6.1). Segment interconnection information (in the form of 

node numbering) along with a chosen set of system ports are used to 

transform segment multiport variables into a system multiport des-

cription. This transformation is given by (2.6.6), 

System-Level Ground Port Suppression 

System-level ground port suppression is perforraed after the system 

multiport description of (2.6.6) is formed and begins by segregating 

ground ports from other system ports. That is, given 

(2.7.26a) 

where 
y = Q y QT 

t m t1 m 
(2.7.26b) 

This system multiport description of (2.6.6) undergoes a reordering of 

variables and is partitioned as 

[-I' IY' I Y' IV' -t 
_t11!--t12 

-t 

---= 
= ;~= -I' v, I Y' 

-t2 L I -t? L t21 I t22 
L...... -

where all currents in -I are zero-valued ground-port current 
-t2 

injections. The reordered equations of (2.7.27) are written 

symbolically as 

-I' = Y' V' 
-t t -t 

(2.7.27) 

(2.7.28a) 

This reordering of variables can be done before the transformation of 

(2.6.6), or Y~ can be formed in place of Yt by rearranging~ and Ym 
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to get 

(2.7.28b) 

where Y' is a rearranged version of (2.6.1), and Q' results when the m m 

rows and columns of Q in (2.6.4) are reordered to conform to Y' and 
m t 

Y'. An example of this rearrangement process is given below. 
m 

Following the "Kron" reduction technique discussed above, the 

reduced system multiport equations are written as 

-I = y V (2.7.29a) -t t -t r r r 

yt = Y' Y' y,-1 Y' (2.7.29b) 
r tll tl2 t22 t21 

where I = I' and V = V' in Equation (2. 7. 27). The subscript "r" 
-tr -tl -tr -tl 

indicates a reduced set of equations and the "prime" superscript indi-

cates that system multiport variables of (2.7.26) have been reordered 

to allow the partition of (2.7.27). 

Segpent-Level Ground Port Suppression 

Segment-level ground port suppression is performed independently 

upon each segment. Then, the reduced segment multiports are inter-

connected to form the system multiport description, and no ground ports 

remain to be suppressed. 

Figure 2.4.a shows a segment multiport pictured as a graph with 

ports defined by measurement tree branches. It follows from Equations 

(2.2.16) and (2.2.21) that for measurement twig 7, 

= I 
P3 

+ I 
Pg 

+ I Pu 
(2.7.30) 
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Therefore, restricting the segment ground port currents, I , to be 
m7 

zero forces the sum of primitive conductor currents to zero also. 

This segment-level suppression is common to the literature [3], [15), 

and [16). 

For easy comparison to the results of system-level suppression in 

(2.7.29), the segment-level suppressions indicated by setting (2.7 .30) 

and all similar segment equations to zero are fonnulated in terms of 

the collected segment multiport equations of (2.6.1). Repeating 

(2.6.1): 

-I = Y V -m m -m (2.7.31) 

where Y is a block diagonal matrix with all entries in each block 
m 

corresponding to one and only one segment. (Equation (2.2.16) is 

represented by the kth block and (2.7.30) is the 7th equation of the 

kth block.) 

Thus, the collected segment multiport equations of (2.7.31) are 

reordered to allow the partition 

or symbolically 

[
y I J y I 1 [VI ] 
_::=-~---=~= =:= Y' I Y' V' 
m21 : m22 -m2 

I'= Y' V' -m m -m 

(2.7.32a) 

(2.7.32b) 

The currents of -I' are all zero-valued segment ground-port current 
-m2 

injections, and Y' is the reordered Y matrix of (2.7.28b), m m 
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Now, all the constraints that arise from setting (2.7.30) and 

similar equations to zero are enforced by setting -I' = O. 
-m2 

The indicated Kron reduction is performed on (2.7.32a) to yield 

(with -I' = 0): 
-m2 

-I' = [YI - Y' y,-1 Y' ] v' (2.7.33) 
-ml mll ml2 m22 m21 -ml 

Interconnection of these reduced segoent multiports is described by 

the matrix Q , m r 
~ in (2.7.28b) 

where Q m r 
is constructed by deleting the columns of 

that correspond to segment ground ports and the rows 

that correspond to system ground ports. That is, 

-I -t (2.7.34) 
r 

where the variables -I and V in (2.7.·34) and (2.7.29) profess to 
-t -t r r 

represent the same multiport system. For both (2.7.34) and (2.7.29) 

to describe the same multiport system, the following condition is 

sufficient: 

Q [Y' - Y' y,-1 Y' ]QT = Y' Y' y,-1 Y' mr mll ml2 m22 mz1 mr tll tl2 t22 t21 
(2.7.35) 

where 

Y' = Q' Y' ~T t m m (2.7.28b) 

Example 2.7.1 

A si~ple two-segment system is shown in Figure 2.20. The segment 

primitives of Figure 2.20.a are transformed into the segment multiports 
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Segment ill Segment #2 

G) 1 G) 3 

2 4 

G) 

Figure 2.20.a. Segment primitive graphs; branches 2 and 4 are 
ground conductors. 

(j) 

1 5( 
@ 6 

Figure 2.20.b. Segment multiport graphs; branches 3 and 6 define 
segment ground ports. 
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of Figure 2.20.b. The primitive description is 

-I i l V 
pl pl y 

pl 0 I -I V 
P2 P2 

= ---------I -I I V 
P3 I P3 I 

0 
,y 
l P2 -I I V 

P4 I P4 I 

The Q matrices for both segments have the form p 

1 0 

= 0 1 

-1 -1 

Thus, the segment multiport descriptions are combined in 

y 
0 :~: l pl 

y = 
[ Qpl l QP2 J ---------m IY QT J 0 I P2 P2 I 

or 

123 456 
1 y I 

2 I 
0 mil y = 3 I 

m 4 ----,----
I 

5 0 
,y 
I m2 

6 
I 
I 

and 

-I l V l _::: J = y ::: 
-I m V 

-m,, -mz .. _J 

(2.7.36) 

(2.7.37) 

(2.7.38a) 

(2. 7. 38b) 

(2.7.38c) 
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The Y matrix of (2.7.38) is reordered in preparation for port sup-
m 

pressions to get: 

1 
2 
4 Y' = 

m 5 
3 
6 

1 2 4 5 3 6 
I 
I 
I y I 

l ml2 
I 
I 

Example 2.7.1 System-Level Suppression 

(2.7.39) 

Figure 2.21.a shows the two segment multiports connected in 

parallel with a bold measurement tree constructed on the graph. In 

terms of the tree variables, (2.7.28) yields 

-I'= O' Y' Q'T V' 
-t 'm m m -t 

(2.7.40a) 

where 

1 2 4 5 3 6 
1r1 1 I J ~ = 21 1 1l 
3L 11 

I 

(2.7.40b) 

and 

-I l tl 

-I' -t = -I 
t2 

(2. 7. 40c) 

-I 
t3 

and 
1 2 3 

TY' IY' J Y' = Q' Y' O'T = 2 _t11:_t12_ 
t m m ·m Y' iy' 

3 t21: t22 
I 

(2. 7. 40d) 
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Figure 2.21.a. Parallel connection of segment multiports. System 
measurement tree is shown with bold branches. Link 
numbers are bracketed. 

Figure 2.21.b. SysteCT cultiport graph. 

2 

Figure 2.21.c. Reduced system multiport graph with ground port 
suppressed. 
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Figure 2.21.b shows the system graph. Since port 3 is a ground port, 

I = 0 (or I + I + I + I = 0) and (2.7.29) 
t3 pl P2 P3 P4 

1 2 

-I = l[Y 1 V -t 2 tr J -t r r 

where 

Figure 2.21.c shows the reduced system graph. 

Example 2.7.1 Segment-Level Suppression 

yields 

(2. 7. 40e) 

(2. 7. 40f) 

Ports 3 and 6 in Figure 2.20.b are segment ground ports. There-

fore, I 
m3 

and I 
m6 

are set to zero (or I 
P1 

+ I Pz 
= 0, and I 

P3 
= 0) 

to force -I' 
-m2 

= 0 in (2.7.32a). Reduced segment multiports are given by 

(2.7.33) as 

-I l I V 
ml ml 

-I V 
m2 I y m2 

(2.7.37) = m 
-I r V 

ID4 m4 

-I V ms I!l5 

where Y is the reduced segment multiport admittance matrix of 
m r 

(2.7.33). Figure 2.22.a shows the ~educed segment multiports. 

The reduced segment multiports are connected in Figure 2.22.b, and 

measurement branches 1 and 2 are added to the graph. No measureraent 

branch is constructed between nodes 3 and O because the corresponding 
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1 2 4 5 

Figure 2.22.a. Reduced segment multiport graphs. 

1 [l] [4] 2 

Figure 2.22.b. Reduced segment multiports interconnected with system 
measurement branches shown as bold branches. (Segment 
port numbers are bracketed.) 

1 2 

Figure 2.22.c. Reduced system multiport graph. 
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cut-set is now empty of links. 

Incidence of segment multiport branches and system measurement 

branches is given by 

1 2 4 5 

Qmr <[l 1 1 J (2.7.42) 

where~ is~ of (2.7.40b) with the rows and columns corresponding 
r 

to ground ports deleted (deleted rows correspond to system-level ground 

ports, and deleted columns correspond to segment-level ground ports). 

Therefore, for segment-level suppression the reduced system 

multiport description is 

-I 
-t r 

where 

= y 
t r 

=~ 
r 

~t 

y 

r 

m r 

Figure 2.22.c shows the reduced system graph. 

Thus, for equivalence of suppression schemes equality of 

(2.7.40f) and (2.7.43b) is sufficient, or 

y 
m r 

(2.7.43a) 

(2. 7. 43b) 

(2.7.35) 

Both transformations of (2.7.35) operate on Y' entries. However, 
m 

the complexity of the operations makes this sufficient condition for 

the equivalence of ground-port suppression schemes difficult to inter-

pret. 
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Numerical results from a computer program solution of several 

test cases indicate tha 4 for a multiple-segment system composed 

entirely of conductor segments, requiring all segments to have the 

same conductor spacial configuration (with no regard for segment 

lengths) produces a system that satisfies (2.7.35). 

Another class of systems that satisfies (2.7.35) is a radial 

configuration of any combination of segment types. That is, primitive 

ground conductors form no loops with other such conductors. This is 

seen by noting that for a radial configuration of segments, any set of 

conductor-segment branches is itself a cut-set of the system graph. 

2.7.3 Effect of Port Suppression on the Nullity of the System 
Multiport Admittance Matrix 

The suppression of port variables has the effect of reducing the 

order of a system multiport admittance matrix, Yt. Since no informa-

tion in the pre-suppression matrix is ignored in the suppression pro-

cess, it is to be expected that the nullity of a singular Yt will 

decrease with suppression. This idea is illustrated by a simple 

example system. 

Example 2.7.2 

Figure 2.23 shows a simple two-segment system with the system 

measurement tree constructed directly on the primitive graph (bold 

branches). The system multiport admittance matrix for the given 

tree is 
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4 

Figure 2.23. An example system composed of 1-mho primitive branches 
with no mutual coupling. The system measurement tree 
is shown with bold branches. 
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1 2 3 4 5 

1 1 -1 -1 0 0 
2 -1 3 ') -1 -1 "-

yt = 3 -1 2 4 -1 -2. (2.7.36) 
4 0 -1 -1 1 1 
5 0 -1 -2 1 2 

which is singular with a nullity of one. 

Letting ports 3 and 5 represent system ground ports, Yt is 

reordered in preparation for their suppression: 

1 2 4 3 5 

1 1 -1 0 -1 -~i 2 -1 3 -1 2 
Y' = 4 0 -1 1 -1 (2.7.37) t 3 -1 2 -1 4 -2 

5 0 -1 1 -2 2 

Equation (2. 7. 29 b) gives the reduced system multiport admittance matrix 

as 1 2 4 
r 1 1 1 2 -2 0 

y 2 1 2 1 (2. 7. 38) = -2 t 2 r 

4 0 1 1 -2 2 

which is nonsingular. 

Note that suppressing either of ports 3 or 5 alone does not result 

in a zero nullity. However, the nullity of the system multiport matrix 

can be expected to diminish with port suppression and the accompanying 

reduction in the order of the mat~ix. 



CHAPTER 3. XULTIPHASE LOAD now ANALYSIS 

3.1 Introduction 

Formulation of the load flow problem begins with a multiport des-

cription of a power system. Following the notation of graph theory, 

the admittance parameter multiport description is written as 

-I= Y V (3.1.1) 

Equation (3.1.1) can describe either a single reference or a multi-

reference power system model where the entries of-! are "injected" 

currents; a positive value of injected current implies that real power 

is injected rather than dissipated at a port. Therefore, the Y matrix 

has no diagonal entries with negative real parts. 

The load flow problem can be stated in terms of Equation (3.1.1) 

by regarding the complex voltages in~ as unknowns and specifying a 

value for each current in -I. In practice, some subset of the complex 

voltages in~ is assigned fixed magnitudes (voltage-controlled ports), 

and a subset is assigned both fixed magnitudes and angles (slack ports); 

at least three voltage angles must be fixed to establish a three-phase 

voltage solution. These assigned values of magnitudes and/or angles 

reduce the number of unknowns in V. The solution to the load flow 

problem is the set of magnitudes and angles for every unknown port 

voltage in (3.1.1). 

Often it is desirable to specify real and/or reactive power at 

some ports. (A port is referred to as a load port if both real and 

99 
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reactive power are specified.) These power specifications are enforced 

as nonlinear constraints on the proper port currents (-! entries). For 

1 h .th · · (3 1 1) ' examp e, t e i port equation in • • is 

-I.= 
i 

(3.1.2) 

where n is the number of port equations in (3.1.1). Let the real and 

reactive powers at the ith port assume their specified values of Pi 

and Q., respectively. Thus, 
i 

or 

* P. + jQ. = V. (-I.) i i i i 

-I.= 
i 

(3.1.3) 

(3.1.4) 

which represents a nonlinear current constraint on this port current. 

Now the ith port equation of (3.1.2) can be written with the 

substitution of (3.1.4) as 

* P. - jQ. = V. i i i (3.1.5) 

Separating (3.1.5) into real and imaginary parts yields two equations 

in terms of unknown complex voltages. 

An equation like (3.1.5) can be associated with each of then 

ports of (3.1.1). For slack ports, both voltage magnitude and angle 

are specified and real and reactive power injections are unknown. For 

load ports, real and reactive powers are specified and voltage magni-

tude and angle are unknown. Defining the notation that Vi= jvij jo1 , 
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any two quantities in the set {P., Q., V., o.} can be specified at 
l. l. l. l. 

port i. The other two port quantities either appear in the load flow 

solution, or they are calculated directly from it. 

In summary, the load flow problem is posed as a set of nonlinear 

equations in complex unknowns. The nonlinear equations are solved by 

some appropriate method to yield a set of port voltage magnitudes and 

angles. When augumented with all the specified voltage magnitudes and 

angles, this set then includes the values of all entries of Vin 

(3.1.1). 

Current flows in various power system components are calculated 

from the load flow solution using Equation (2. 6. 7) where ~t is the set 

of all port voltages. Equation (2.6.5) gives corresponding voltages 

which allow the calculation of power flows and losses in power system 

components. 

3.2 Specified Complex Power at Passive Control Device Ports 

Section 2.5 develops models for switched compensation banks. 

These models are composed partly or in whole of dependent sources. 

The outputs of these sources and their variables of dependence all 

correspond to system port voltages or currents. 

Equation (2.6.23) shows partitioned multiport equations with 

dependent source currents explicitly represented (i.e., -!c' -!p' 

-I.). Equation (2.6.24) results from the suppression of variables 
-l. 

indicated by (2.6.23). As discussed in Section 3.1, the reduced set 

of equations corresponding to -I is transformed into load flow -r 
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equations by substituting for the left-hand side of each equation the 

nonlinear port current constraint imposed on the particular port. 

This section demonstrates that entries in the two zero subvectors 

corresponding to switched compensation ports and "primary side" TCUL 

and phase-shifter ports are replaced by nonlinear port current con-

straints to complete the set of load flow equations. This substitution 

is made for "c" and "p" ports just as for "r" ports; the substitution 

procedure is unchanged even though "c" and "p" ports have tacit current 

constraints already imposed as shown in (2.6.23). 

Figure 3.1.a shows a switched compensation port with complex load 

power (PL+ jQL) specified at the port. The current in the capacitive 

compensation branch is 

I = (aY) V cap c c (3.2.1) 

where V is the port voltage V , and (aY) is the variable admittance c er c 

of the branch just as in Figure 2.11. The nonlinear current constraint 

imposed by the specification of port complex power is 

Therefore, the constraint on port current I is 
C 

I = I + IL C cap 

or 
PL - jQ 

I (aY) V L = + 
C C C * V 

C 

(3.2.2) 

(3.2.3) 
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I 
C 

I cap ,,, 

• 

Figure 3.1.a. Switched compensation port with specified complex power 
load on the port. 

(I) 
I. 

]. 

lra*-1] I = - ... Ii r a--

Figure 3.1.b. TCUL or phase-shifting transformer "primary side" 
and "internal" ports with specified complex power 
load on primary port. 
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By rearranging terms, the port constraint is written as 

-I + (aY) V 
C C C 

(3. 2. 4) 

The right-hand side of this result is identical to the unloaded com-

pensation port equation of (2.5.1). The left-hand side is a component 

of the injected current at port "c". Thus, the load flow equation for 

this port results from replacing the proper zero-valued left-hand side 

of (2.6.24) with the left-hand side of (3.2.4). 

Figure 3 .1. b shows a "primary side" TCUL or phase-shifter port 

with complex load power (P1 + jQ 1) specified at the port (see 

Figure 2.14). The current in the dependent current source is 

(3.2.5) 

The nonlinear current constraint imposed by the specification of port 

complex power is 

where V is the port voltage V p pr Therefore, the constraint on port 

current I is p 

(3.2.6) 

or 
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(3.2.7) 

This port constraint is rearranged to become 

[ 
p - j Q l [ -* l L L a - 1 

- = -I + * J I * p -· i V a p 

(3.2.8) 

Comparing (3.2.8) with the unloaded port equation of (2.5.6b) and 

noting that I of (2.5.6b) is equivalent to I in (3.2.8) suggests r p 

the load flow equation for this port. The left-hand side of (3. 2. 8) 

replaces the zero-valued left-hand side of (2.6.24) that corresponds 

to the port equation for port p. 

Thus, the port constraints imposed by passive control device 

dependent sources do not complicate the process of writing load flow 

equations from port equations of the form of (3.1.2). The zero-valued 

left-hand side is replaced by a nonlinear current constraint written in 

terms of the port voltage and specified port complex power. 

3.3 Treatment of Multiple Slack Ports 

Any port that has both voltage magnitude and voltage angle-

specified is included in the set of slack ports. Then-port descrip-

tion of a passive power system is given as 

-I = Y V (3.3.1) 

Of then ports, sports are defined to be slack ports. Without loss 

of generality, the equations represented by (3.3.1) can be reordered 
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so that slack ports are grouped together: 

or more briefly, 

-I 1 

-I 2 

-I n-s 

-I n-s+l 

-I n 

= -------

V n-s 

V n-s+l 

V n 

(3.3.2a) 

(3.3.2b) 

where every complex voltage in ~2 is specified. Equation (3.3.2) is 

separated as 

(3. 3. 3a) 

and 

(3.3.3b) 

The products Y12 ~2 and Y22 ~2 are vectors of constants that are 

written as: 

(3.3.4) 

(3.3.5) 
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where ~l = Y12 y2 and ~2 = Y22 y2. Equation (3.3.4) can be viewed as 

a multiport description for a system with n-s ports. Each of these 

ports has a constant component of injected current which, by super-

position, is the accumulated effects of all slack port sources. No 

slack ports are explicitly represented in (3.3.4), That is, none of 

the complex voltages in y1 have both magnitude and angle specified. 

h . th . . (3 3 4) b i Te 1 port equation 1n • . can e wr tten as 

* n-s 
= Vli krl yllik Vlk 

where P. + jQ. is the complex power dissipated at port i. The 
1 1 

(3.3.6) 

loadflow equation (3.3.6) is a simple modification of the standard 

form given in (3.1.5). The specified port power, P. + jQ., is 
1. 1 

* adjusted by a voltage dependent term (-v 1 J.) that accounts for the 
i 1 

effects of all slack ports in then-port system. 

Equation (3.3.5) recovers slack port injected currents. From 

these currents, slack port injected complex powers are readily cal-

culated. 

Multiport description (3.3.4) retains no explicit slack ports. 

The effects of slack port voltages are represented as constant 

components of injected current at all non-slack ports. Load flow 

algorithms are commonly implemented by computer programs that provide 

for a single slack port. Simple alterations to programs of this type 

are offered which allow the use of these programs for systems with any 

number of slack ports. However, obvious changes required in a pro-
' 

gram's input/output sections are not offered. 
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Then-port equations of (3.3.1) are reordered and partitioned 

with one slack port selected to be grouped with the n-s non-slack 

ports. This slack port is numbered n-s+l. The partitioning yields 

or 

-I 1 

-I 2 

-I n-s 

-I n-s+l 
-------
-I n-s+2 

-I n 

1-1' J 
L =i~ 

= 

J I 
L 

I 
I 
I 
I 
I 
I 
I 
I 
I 

yll 
I 

y12 I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I ------- I-----
I 
I 
I 
I 

y21 
I 

y22 I 
I 
I 
I 
I 
I 

V n-s 

V n-s+l 

V n-s+2 

V n 

(3.3.7a) 

(3.3.7b) 

where every complex voltage in ~2 and the last entry in ~l are speci-

fied. Equation (3.3.7) is separated as 

-I' - J' = Y' V' -1 -1 11 -1 (3.3.8) 

-I'= Y' V' + J' -2 21 -1 -2 (3.3.9) 

where J' = Y' V' and J' = Y' v_21 are vectors of constant current -1 12 -1 -2 22 

injections that account for the effects of all slack port voltages 

specified in ~2 . Slack port currents are calculated from a load flow 

solution by (3.3.9). 
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For the specified port power of P. + jQ., the ith port equation 
1 1 

in (3.3.8) can be written as 

P ·q - v'* J' i - J i 1. 1. 
1 1 

t-s+l 
l 

k=l 
(3.3.10) 

where the specified port power is adjusted by the voltage dependent 

* term (Vi. 
1 

effect of 

Ji.> to account for all but one slack port source. The 
1 

the slack port numbered t-s+l is not included in ~i; it 

appears as the last term in the summation of (3.3.10). 

Thus the effects of multiple slack ports can be represented by 

a constant component of current injection at non-slack ports. Port 

power equations are easily modified to reflect this treatment of 

multiple slack ports. If the Newton-Raphson method is used to solve 

the nonlinear 
aP. aq. 

1 1 

~'av'' 
li li 

aP i 
equations, the Jacobian entries av', set of load flow 

clQ. 
~-; are modified in a straightforward manner to 
oOl. 

li 

1 

reflect the partial differentiations of the term 

(3.3.11) 

3.4 Representation of Unbalanced Delta-Connected Loads as Unbalanced 
Wye-Connected Loads 

A multiport representation of a multiphase power system is devel-

oped in Chapter 2. This representation is used in the preceeding sec-

tions of this chapter to formulate and discuss the load flow problem. 
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As it is posed above, the load flow problem requires that complex power 

specifications for port power injection or dissipation be written in 

terms of multiport variables, specifically as nonlinear constraints on 

port currents. 

The three legs of a delta-connected load (with specified complex 

power in each leg) are not connected across node pairs that have been 

defined as system ports. Such a connection is shown in Figure 3.2.a. 

The complex powers (s1 , s2 , s3) are all specified. Note that the node 

pairs ab, be, and ca never can be all chosen to define system ports 

since together they form a loop (a graph's tree forms no loops). 

Figure 3.2.b shows the delta-connected load replaced by a wye-

connected load. The neutral node does not physically exist but is 

introduced to permit a wye connection. 

For the delta-connected load, the load currents are 

Il = [ :a~ r (3.4.la) 

I2 = [ :b2c r (3.4.lb) 

... 
I3 = r ::. r (3. 4. le) 

In terms of these currents, the following relationships hold: 

S* S* 1 2 = V * - V * ab ca 
(3. 4. 2a) 
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Multiport 

Power 

System 

I 
a 

I 

r---- - - ---, 

C I 

I 
!Delta-Connected Load I 
L-- -------- - ~ 

Figure 3.2.a. Delta-connected load on three ports of a multiport 
system. 

Multiport 

Power 

System 

I 
a 

I 
C 

r----------., 
I 
I 
I 

I 
I Wye-Connected Load t.. __________ ....J 

Figure 3.2.b. Wye-connected load on the same th~ee ports shown 
in a. 
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-s * s * 
Ib -Il + I2 

1 2 = = V *+~ ab be 
(3.4.2b) 

-C:: i; s * 
I -I,, + I3 

"'2 3 = = V * +~ C ~ be ca 
(3.4.2c) 

I a+ 1b + I = 0 
C 

(3.4.2d) 

For the wye-connected load, the following current relationships 

hold: 

I = [ :.: r a (3.4. 3a) 

Ib = [ :tn r (3.4.3b) 

I = [ :c: r C 
(3.4.3c) 

I + Ib + I = 0 a C 
(3.4.3d) 

To force equivalence of the delta-connected load and the wye-connected 

load, the a, b, and c currents of (3.4.2) must equal their counter-

parts in (3.4.3). Also, for the arbitrary point n, 

vab = V vbn = V - V (3.4.4a) an a b 

vbc = vbn V = vb - V (3.4.4b) en C 

V = V V = V V (3.4.4c) ca en an C a 

These current and voltage equations together produce the following 

relations for the three wye-connected load branches: 
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* Iv\ T i sl l 
I = Lva-vbj + a L a c 

(3.4.5a) 

- l* [ v:=vJ* lb 
I s1 

= L V -v + b aJ 
(3.4.5b) 

* 
I r I = [ v:\] + lv:\ C 

(3.4.5c) 

Note that (3.4.5) satisfies the zero current sum required by (3.4.2d) 

and (3.4.3d). This sum remains zero even if the neutral node coin-

cides with the local ground node, g. Therefore, the neutral node is 

defined to coincide with g, and now the voltages and currents (Va, Vb, 

Ve, Ia, lb' Ic) exactly correspond to system port variables. Also, 

(3.4.5) is interpreted to be nonlinear constraints on port currents in 

terms of port voltages. 

The power system itself constrains these port load currents in 

terms of port voltages as follows 

n .... 
I = - l y V. a i=l ai 1 

(3.4.6a) 

n 
lb = - l ybi V. 

i=l 1 
(3.4.6b) 

n 
I = - l y V. 

C i=l ci 1 
(3.4.6c) 

Equating the load constraints of (3.4.5) with the network constraints 

of (3.4.6) yields three port power equations: 
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* 
* [V V 

vc] Ji V* V?.'; 
.J?___£ + V - ~ s* b -(S +S) = - V - y . V. - - s* (3.4.7a) 1 3 V a b al. 1 V* 1 V* 3 a 

' 
a C 

* rv Ver 
n V* V* 

~+v I - ~ s* a ... -(S +S) = - V ybi V. - - S" (3.4.7b) 1 2 vb b a i=l 1 vt 1 ~ 2 

* rv vbf .I V* ~ -(S +S) = ~+v - V Y. V. - ~ s* - - S* (3.4. 7c) 2 3 V c a C1 1 V* 2 V* 3 
C i=l C C 

The left-hand sides of (3.4.7) are complex constants and can be 

interpreted as specified complex power injections; the right-hand 

sides are functions of port voltages. Thus, this set of three equa-

tions are the load flow equations for ports ag, bg, and cg, respectively. 

As a check on the above equations, balanced conditions are imposed 

and (3.4.7a) is simplified. That is, 

V =V/_§_ 
a 

vb= v /o - 120° 

V = V /o + 120° 
C 

(3.4.8a) 

(3.4.Sb) 

(3.4.8c) 

The term [V~:c + Va - vb - vc]* is broken into two parts and simplified: 

- 120°J (v /o + 120°) 
(3.4.9a) 

(3.4.9b) 

V = 2 V 
C a 

(3.4.10) 

Therefore, under balanced conditions 
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V V 
__.E__£ + V - V - V = 3 V V a b c a 

C 

Also, the power per phase is 

and 

and 

Thus, 

v* # = 1 1-1200_ 
a 

~ - - 1 /120° V* -
a 

v* * 
C * Vb * * - v~·, s1 - V* s 3 = (-1 /-120~ - 1 /120°)s = s* 
a a 

Finally, (3.4.7a) becomes 

or 

n 
-3 S* = 3 V* L 

a i=l 
y . V. 

a1 1 

n 
-S*=V* l 

a i=l 
y . V. 

a1 i 

(3.4.11) 

(3.4.12) 

(3.4.13) 

(3.4.14) 

(3.4.15) 

(3.4.16a) 

(3.4.16b) 

where-sis the injected power at port "a". Equation (3.4.16b) results 

from the balanced wye-connected representation of a balanced delta-

connected load. 
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3.5 Example Load Flow Solutions 

The example solutions that follow were constructed to demonstrate 

the versatility of the modeling and analysis procedures reported 

herein. A search of available literature in this area yielded no 

documented test cases that would serve to verify the accuracy of 

the numerical algorithms used to generate these solutions. Many of 

the available test cases use relatively simple power system models. 

Some present abbreviated physical descriptions of their example 

systems that are inadequate for the modeling procedures discussed 

herein. Thus, the system of Examples 3.5.2 and 3.5.3 serves to 

demonstrate many of the capabilities of these new procedures; it 

does not seek to exhibit a practical power system configuration. 

3.5.1 Example: Five-Segment "Radial" Power Svstem 

Example 3.5.1 presents a five-segment system[Zl]. Ground con-

ductors form no closed loops among themselves--hence the "radial". 

Figure 3.3 shows the radial power system. Figure 3.4.a shows the 

system divided into its five segments. Figure 3.4.b gives segment 

data. 

Table 3.1.a reports a load flow solution for this system with 

loads assigned to ports as listed in the table. Table 3.1.b lists 

selected conductor power flows. Note that conductor power dissipations 

are calculated by summing the complex powers flowing into the two ends 

of a conductor. For example, the real power dissipated in the con-

ductor connecting nodes 5 and 8 is 63.2 + (-62.0) = 1.2 ~"W. 
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Figure 3.3. Power system of Example 3.5.1. 
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Figure 3.4.a. Power system of Example 3.5.1 represented as individual 
segments. Node numbers are given. Segment OJ is a 
fixed-tap delta-wye transformer bank with solidly 
grounded neutral. Seg:nents [f] and [] are overhead 
conductor segments with neutral conductors grounded at 
both ends, and thus, they are in parallel with Carson's 
equivalent earth conductor. Segment ffi is a fixed-value 
compensation bank composed of capacitors. Segment ~ is 
a fixed-tap open-wye/open-delta transformer bank with 
grounded neutral and grounded center tap on one delta 
leg (transformer I has three windings; transformer II 
has two windings). 
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Segment [2]: Substation Transformer; ll5 kV primary, 

7.2/12.47 kV secondary, S~fVA, Zt = 7.0% on transformer 

base. 

Segment [TI: Multiphase Conductor Segment with the configuration: 

r· ob co a, b, and c: 4/0 ACSR 74" 36"~ T • J .. 

63'6" 42" n: 1/0 ACSR 

,.k no l Segment [D is 4. 3 miles long 
f earth's surface 

Segment 0: Multiphase Conductor Segment with the configuration: 

To .... a___ bo 
.---- 74" -- ... ·~1 T 

42" 63'6" 
J n 0 J. 
X. earth's 

a, b, and n: 1/0 ACSR 

Segment~ is 7.8 miles long 

surface 

Segment~: Wye-Connected Compensation Segment; 0.9645 m-u per phase. 

Segment [~} Open-Wye/Open-Delta Transformer Bank; 

Unit I: 50 kVA, 7,200 V primary, 120/240 V secondary, 

Zt = 1.1 + j 1.7% on rating - Reference [22] 

gives a method for splitting this admittance 

between windings. 

Unit II: 15 kVA, 7,200 V primary, 240 V secondary, 

Zt = 1.3 + j 1.2% on rating. 

Figure 3.4.b. Segnent Data for Example 3.5.1. 



Table 3 .1. a. Example 3.5.1 port voltage and port power solution. Voltage magnitudes are given in 
volts, and angles are given in degrees. (Port voltages are defined with respect to 
local grounds.) 

Port Port Nominal Voltage Calculated Voltage Load Power "Injected" Power 
Number Type :Magnitude Angle Magnitude Angle KW KVAR KW KVAR 

1 slack 66,400 -30.0 262.7 335.3 
2 slack 66,400 -150.0 253.2 344.6 
3 slack 66,400 90.0 249.9 331.8 

5 load 7,200 0.0 7,088 -0.6 200.0 300.0 
4 load 7,200 -120.0 7,104 -120.7 200.0 300.0 
6 load 7,200 120.0 7,105 119.4 200.0 300.0 

8 load 7,200 0.0 6,982 -0.4 30.0 60.0 
7 load 7,200 -120.0 7,059 -121.4 30.0 60.0 

I-' 
9 load 7,200 120.0 7,153 119.5 30.0 60.0 N 

0 

12 load 7,200 0.0 6,801 0.5 
11 load 7,200 -120.0 6,987 -122.6 

14 load 120 0.0 108 -1.J 20.0 15.0 
15 load 120 180.0 105 179.9 20.0 15.0 
16 load 208 90.0 186 83.l 30.0 15.0 
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Table 3.1.b. Selected conductor power flows for Example 3.5.1. 

Power Flow Into 
Conductor is Connected "From" End of Conductor 
From Node To Node KW KVAR 

5 8 63.2 64.2 
4 7 72.8 14.3 
6 9 29.8 10.5 
8 12 32.0 50.6 
7 11 42.5 1.5 
8 5 -62.0 -63.5 
7 4 -72.5 -13.4 
9 6 -30.0 -10.7 

12 8 -30.4 -49.8 
11 7 -42.1 -0.6 
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3.5.2 Example: Seven-Segment Power System with On-Nominal-
Tao TCUL 

Example 3.5.2 is a modification of Example 3.5.1. A TCUL segment 

and an underground cable segment provide an alternate path for the 

flow of multiphase currents from the wye-side of the delta-wye trans-

former bank (Segment 1) to the wye-side of the open-wye/open-delta 

transformer bank (Segment 5). Figure 3.5.a pictures the two segments 

which are added to the system of Example 3.5.1 to form conductor loops. 

Figure 3.5.b gives segment data. 

Table 3.2.a gives the load flow solution for this system for the 

indicated port loadings. Table 3.2.b is a list of selected conductor 

power flows. 

3.5.3 Example: Seven-Segment Power Svstem with Off-Nominal-
Tap TCUL 

Example 3.5.3 concerns the same power system and loads as 

Example 3.5.2. However, the TCUL now is instructed to adjust its 

three tap settings so that all three secondary voltage magnitudes 

(port voltages 17, 18, and 19) are held within 1.0% of their nominal 

values. The three taps are allowed to adjust themselves independently. 

Table 3.3.a gives the load flow solution and off-nominal tap 

values. Table 3.3.b is a list of conductor power flows for the same 

conductors listed in Table 3.2.b. It is noted by comparing Tables 

3.2.a and 3.3.a that the "flatter" voltage profile produced by TCUL 

action requires significantly smaller reactive power injections from 

the slack busses. 
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f-- TCUL 1· CABLE ·I SEGMENT SEGMENT 

G) Y1 @ @ 

Y2 @ @ 
G • r::::J • • 

© Y3 @ @ 

® 
Figure 3.5.a. TCUL and cable segments to be added to the system of 

Figure 3.3. (See Section 2.5.2 for TCUL model 
description.) The three cables each have a concentric 
neutral which is grounded at each end. The fourth 
"0,13" conductor is Carson's equivalent earth conductor. 
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TCUL Transformer Segment: 5000 kVA, 7.2 kV, 

Z = Z = Z = j 5.0% on transformer base; 
tl t2 t3 

all three taps allowed to assume independent, 

continuous-valued settings. 

Hultiphase Buried Cable Segment with the configuration: 

L<i !Ill!! earth's surface ///////// 

Ts' r--.. a, nl b, n2 c, n3 
\::I @ @ 
I,.-- 3" --->-:.oil ..... ...__ 3" ~ 

Specifications for each cable: 

Insulation Thickness: 140 mils 

Conductor Size (KC}I): 1500 (copper) 

Conductor Diameter: 1.41 inches 

Conductor GUR: 0.546 inches 

Conductor Reactance: 0.375 Q/mi 

Sheath Reactance: 0.310 Q/mi 

Conductor Resistance: 0.05 Q/mi 

Sheath Resistance: 0.978 Q/mi 

Shunt Capacitive Reactance: 1459 Q/mi 

Lead Sheath Thickness: 110 mils 

Segment [z] is 4.0 miles long. 

Figure 3.5.b. TCUL and cable segment data for Example 3.5.2. 



Table 3.2.a, Example 3.5.2 port voltage and port power solution, Voltage magnitudes are given 
in volts, and angles are given in degrees, TCUL taps all equal 1.0 /Q0 • (Port 
voltages are defined with respect to local grounds.) 

Port Port Nominal Voltage Calculated Voltage Load Power "Injected" Power 
Number Ty_E~ Nagnitude Angle Magnjtude Angle KW KVAR KW KVAR 

1 slack 66, l100 -30.0 311.4 318.3 
2 slack 66,400 -150.0 295.4 272 .5 
3 slack 66,400 90.0 343.0 281.6 

5 load 7,200 0.0 7,102 -0.7 200.0 300.0 
4 load 7,200 -120.0 7,123 -120.9 200.0 300.0 
6 load 7,200 120.0 7,115 119,2 200.0 300.0 

18 load 7,200 o.o 7,096 -0,7 
17 load 7,200 -120.0 7,129 -121.0 r-' 

Iv 

19 load 7,200 120.0 7,115 119.1 Vl 

8 load 7,200 0.0 7,090 -0.9 60,0 30.0 
7 load 7,200 -120.0 7,104 -121.1 60.0 30.0 
9 load 7,200 120.0 7,110 118. 9 60.0 30.0 

12 load 7,200 0.0 7,096 -0,6 
11 load 7,200 -120.0 7,100 -121. 2 

11. load 120 o.o 112 -1. 9 20.0 15.0 
15 load 120 180.0 107 180.5 20.0 15.0 
16 load 208 90.0 177 83.5 60.0 30.0 

20 load 7,200 120.0 7,119 118. 9 60,0 30.0 



Table 3,2,b, Selected conductor power flows for Example 3,5,2, 

Power Flow Into Power Flow Into 
Conductor is Connected "From" End of Conductor Conductor is Connected "From" End of Conductor 

From Node To Node KW KVAR From Node To Node KW KVAR ----
5 8 48,3 -9.6 8 5 -48.1 9.7 
4 7 56,4 -21. 7 7 4 -56,1 21. 8 
6 9 60,l -18,5 9 6 -60.0 18.7 
8 12 -11. 9 8.7 12 8 11.9 -8.8 
7 11 -3.9 -3.l 11 7 4.0 3.0 

18 12 31.1 28.2 12 18 -31.0 -61.3 
17 11 94 .o -27.1 11 17 -93.6 -5.9 
19 20 59.9 -3.0 20 19 -60.0 -30.0 

f-1 
t-..l 
(j\ 



Table 3.3.a. Example 3.5.3 port voltage and port power solution. Voltage magnitudes are given 
in volts, and angles are given in degrees. TCUL secondary ports and the corres-
ponding tap setting are: 17, 1.000 /0°; 18, 0,9964 /0°; 19, 0.9971 /0°. 

Port Port Nominal Voltage Calculated Voltage Load Power "Injected" Power 
Number Type Magnitude Angle Magnitude ftngle KW KVAR KW KVAR 

1 slack 66,400 -30.0 298.3 96.5 
2 slack 66,400 -150.0 365.8 149.9 
3 slack 66,400 90.0 285.8 181.6 

5 load 7,200 0.0 7,176 -0.7 200.0 300.0 
4 load 7,200 -120.0 7,123 -120.9 200.0 300.0 
6 load 7,200 120.0 7,175 119.2 200.0 300.0 

18 load 7,200 0.0 7,195 -0.7 ...... 
17 load 7,200 -120.0 7,129 -121.0 N 

'-I 
19 load 7,200 120.0 7,197 119.1 

8 load 7,200 o.o 7,172 -0.8 60.0 30.0 
7 load 7,200 -120.0 7,104 -121.1 60.0 30.0 
9 load 7,200 120.0 7,170 118. 9 60.0 30.0 

12 load 7,200 0.0 7,193 -0.6 
11 load 7,200 -120.0 7,098 -121.2 

14 load 120 o.o 114 -1. 9 20.0 15.0 
15 load 120 180.0 108 180.5 20.0 15.0 
16 load 208 90.0 177 84.0 60.0 30.0 

20 load 7,200 120.0 7,203 118. 9 60.0 30.0 



Table 3.3.b. Selected conductor power flows for Example 3.5.3 

Power Flow Into Power Flow Into 
Conductor is Connected "From" End of Conductor Conductor is Connected "From" End of Conductor 
From Node To Node KW KVAR From Node To Node KW KVAR ----

5 8 43.3 -15.5 8 5 -43.2 15.6 
4 7 57.7 -25.0 7 4 -57.4 25.1 
6 9 60.2 -19.2 9 6 -60.0 19.6 
8 12 -16.8 4.0 12 8 16.8 -4.1 
7 11 -2.6 -6.4 11 7 2.7 6.3 

18 12 36.0 32.6 12 18 -35.8 -66.7 
17 11 92.8 -24.5 11 17 -92.4 -8.4 
19 20 59.9 -J.8 20 19 -60.0 -30.0 

..... 
t,.J 
co 
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3.6 Circulating Power Flows in Multiphase Loops 

The close physical proximity of conductors on a transmission line 

right-of-way allows currents in conductors to influence voltages across 

other conductors. These influences are summarized by Equation (2.2.2). 

Each conductor voltage is dependent on the currents in all other con-

ductors. The strength of these dependencies or couplings are deter-

mined by the materials and design from which a conductor segment is 

constructed and by particular operating conditions at a given time. 

The electrical attributes of individual conductors and the con-

figuration into which conductors are arranged in space relative to each 

other and the earth determine the mutual admittances of (2.2.2). This 

coupling is often considered to be invariant with respect to changing 

values of conductor voltages and currents. 

For this fixed coupling between conductors, the effects felt by a 

particular conductor depend upon the values of coupled variables in 

other conductors. In some circumstances, a weakly coupled variable 

can take on values that make its effect felt at a significant level. 

The effect of unequal coupling between phases on parallel multi-

phase transmission lines is reported by Hesse[ 23J. It is shown that a 

significant-sized current can circulate in like phases of the parallel 

lines. For the balanced loading applied at line terminations, the 

magnitude of circulating current is shown to be dependent upon con-

ductor configurations, and thereby, upon mutual coupling. 

However, in spite of what is observed in (23], unbalanced loading 

at the terminations of parallel transmission lines can produce 
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circulating currents which set up significant circulating power flows 

in parallel conductors of like phases. An example follows where the 

effects of load imbalance are isolated by consideration of two 

balanced, parallel, conductor segments of the same length. 

Example 3.6.1 

Figure 3.6.a shows a one-line representation of two parallel con-

ductor segments. Both are three-phase segments; only one has a neutral 

conductor. Figure 3.6.b shows the configurations of the two segments. 

Both segments are balanced in that all phase conductors on either seg-

ment have identical couplings to other phase conductors on that segment. 

Table 3.4.a lists port voltages and powers for phase "a" loaded 

and phases "b" and "c" unloaded. Table 3.4.b gives associated con-

ductor power flows. 

Table 3.5.a lists port voltages and powers for phase "a" unloaded 

and phases "b" and "c" loaded. Table 3.5.b gives associated power 

flows. 

For the instance where only phase "a" is loaded, currents are 

induced in phases "b" and "c" that result in power circulation in 

conductors of phases "b" and "c". Figure 3.7.a shows the circulating 

power flows in phases "b" and "c". 

For the instance where phases 11h 11 and "c" supply loads and phase 

"a" is unloaded, current is induced in phase "a" such that a circulat-

ing power flow is established in the conductors of phase "a". 

Figure 3.i.b shows this circulating power flow in phase "a". 
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Figure 3.6.a. One-line diagram for the balanced two-segment system 
of Example 3.6.1. 
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Figure 3.6.b. Conductor configurations. Phase conductors are 
4/0 ACSR. The neutral conductor is 1/0 ACSR. 
Both segments are 4.0 miles long. 



Table 3.4.a. 

Port Number 
and "Phase" -

1 "a" 
2 "b" 
3 "c" 

4 "a" 
5 "b" 
6 "c" 

Port voltage and power solution for the system of Figure 3.6 with phase "a" loaded 
and phases "b" and "c" unloaded. Voltage magnitudes are given in volts, and angles 
are given in degrees. 

Port Nominal yoltage Calculated Voltage Load Power "Injected" Power 
Type Magnitude Angle Magnitude Angl~ KW KVAR KW KVAR 

slack 7,200 o.o 205.3 156.J 
slack 7,200 -120.0 o.o -0.1 
slack 7,200 120.0 0.0 -0.l 

load 7,200 o.o 6,976 -0.4 200.0 150.0 
load 7,200 -120.0 7,306 -120.9 o.o 0.0 
load 7,200 120.0 7,253 121.2 o.o 0.0 

i--' w 
N 
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Table 3.4.b. Conductor flows for the solution of Table 3.4.a. 

Power Flow Into 
Conductor is Connected :iFrom" End of Conductor 

From Node To Node KW KVAR 

1 4 73.9 64.7 
Segment 2 5 2.8 31.5 

1 3 6 25.9 -18.3 
Conductors 4 1 -72.1 -62.3 

5 2 -3.3 -31. 9 
6 3 -26.5 17.7 

1 4 131.3 91.5 
Segment 2 5 -2.8 -31.6 

2 3 6 -25.9 18.2 
Conductors 4 1 -127.9 -87.7 

5 2 3.3 31.9 
6 3 26.5 -17.7 



Table 3.5.a. 

Port Number 
and "Phase" ------

1 "a" 
2 "b" 
3 "c" 

L• "a" 
5 "b" 
6 "c" 

Port voltage and power solution for the system of Figure 3.6 with phase "a" unloaded 
and phases "b" and "c" loaded. Voltage magnitudes are given in volts, and angles 
arc given in degrees. 

Port Nomin~.1 Voltag~ Calculated Voltage Load Power "Injected" Power 
Type Magnitude Angle Magnitude Angle KW KVAR KW KVAR 

slack 7,200 o.o o.o -0.1 
slack 7,200 -120.0 206.8 150.8 
slack 7,200 120.0 199.7 157.0 

load 7,200 0.0 7,349 0.2 o.o o.o 
load 7,200 -120.0 7,032 -119.3 200.0 150.0 
load 7,200 120.0 7,087 118. 7 200.0 150.0 

I-' 
l,) 
-'>-
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Table 3.5.b. Conductor flows for the solution of Table 3.5.a. 

Power Flow Into 
Conductor is Connected "From" End of Conductor 
From Node To Node KW KVAR 

I 1 4 27.6 12.4 
Segment 2 5 100.5 45.3 

3 6 75.2 96.0 1 4 1 -28.1 -13.0 Conductors l 5 2 -97.5 -45.5 
6 3 -76.2 -92.9 

i 1 4 -27.6 -12.S 
Segment I 

2 5 106.3 105.5 
3 6 124.5 60.9 2 4 1 28.1 13.0 Conductors l 5 2 -102.5 -104.5 
6 3 -123.9 -57.1 
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Segment [I} 

Figure 3.7.a. Circulating power flows in phases "b" and 11c11 with only 
phase "a 11 loaded. Values shown are from Table 3.4.b. 
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II a II 

27.6 + jl2.4 

Segment ill 

Segment I1J 
Figure 3.7.b. Circulating power flow in phase "a 11 with phases 11b 11 

and 11c 11 loaded and phase 11a" unloaded. Values shown 
are from Table 3.5.b. 
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The real component of circulating power in Figure 3.7.a for 

phase "c" is much larger than the real power circulating in phase "b". 

The comparison is just the opposite for circulating reactive power. 

For this balanced system, these differences result solely from the 

phase angle of phase "a" current. Satisfying the specified load on 

phase "a" results in currents in phase "a" conductors which induce 

voltages in both phase "b" and phase "c" conductors. For the given 

load, induced voltages have such a phase relationship that relatively 

more "in phase" current flows in phase "c" and relatively more 

"quadrature" current flows in phase "b". Therefore, circulating 

real power dominates in phase "c", and circulating reacti·.re power 

dominates in phase "b". 

Figures 3.7.a and 3.7.b also demonstrate that power can be coupled 

across phases through induced voltages. For instance, the circulating 

power in phase "b" is not constant around the phase "b" loop. Over 

the conductor on Segment DJ , more complex power arrives at the load 

bus than departs the slack bus. This power mismatch and all power 

dissipated in the conductor must be coupled over from the other two 

phases. Note that coupling effects are reversed in the part of the 

loop formed by Segment aJ . 
The appearance of power flow in a multiphase system that is 

directed opposite to an expected orientation is sometimes used to 

deduce the presence of a fault within the system. Detection schemes 

that are designed to identify system faults by monitoring directions 

of power flows can mistakenly decide that a fault has occurred, when 
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in actuality a system load has been strongly perturbed. That is, an 

event that occurs at the boundary of the power system can mimic an 

internal system fault. Evaluation of the potential decision problems 

associated with such occurrences requires a multiphase solution of 

system power flows. 



CHAPTER 4. POWER SYSTEM FAULT MODELING 

4.1 Introduction 

Events sometimes occur during the operation of power systems that 

change the electrical characteristics of the passive power-delivery 

network. This chapter presents a procedure for incorporating the 

effects of a class of such events into the multireference power system 

model of Chapter 2. 

These events can be unforeseeable appearances of undesirable con-

ducting paths (such as a short-circuiting arc formed by a lightning 

strike) or the disappearance of useful conducting paths (such as an 

open-circuited conductor or transformer winding). Such reconfigura-

tions of the passive network are referred to either as "shunt faults" 

if a new conducting path appears or "series faults" if some component 

is open-circuited. Thus, the willful open-circuiting of a passive 

network component through a switching operation is also termed a 

"series fault". 

4.2 Shunt Faults 

For the multiport power system description of Chapter 2 to be use-

ful in fault studies, shunt faults must be treated as conducting paths 

that appear between multiport system nodes. One characteristic of shunt 

faults in power systems is that the two nodes affected by a fault are 

located in close physical proximity. Therefore, a shunt fault has 

associated with it a single local reference node--either one of the 

139 
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nodes in the faulted pair is a local reference node, or both faulted 

nodes are associated with the same local reference in the system 

multiport representation. 

A shunt fault can present finite admittance to current flow, or 

it can approach a perfectly conducting path. The two types of shunt 

faults are discussed separately below. 

4.2.1 Shunt Faults of Finite Admittance 

The possible causes of a shunt fault (such as a lightning strike) 

restrict affected node pairs to include a node and its reference 

(e.g., a phase-to-ground fault) or two nodes with the same reference 

(e.g., a phase-to-phase fault). The multiport power system description 

is given in (2.6.6) as 

(4.2.1) 

Section 2.2.5 describes the simple modifications that are required of 

a multiport admittance matrix for incorporating an admittance branch 

between a node and its reference or between two nodes with the same 

reference. The description is not repeated here, but the effects on 

Yt are stated simply. 

If the two affected nodes have the same local reference, two 

diagonal entries and two off-diagonal entries in Yt are each modified 

by either adding or subtracting the fault admittance. If a node and 

its reference are affected, only one diagonal entry of Yt is so 

modified. 

A fault of this type does not prevent the specification of complex 
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power at a port with one or both of its defining nodes incident to the 

fault admittance. This fact can be established by viewing the finite 

admittance shunt fault as an elementary switched compensation bank and 

considering Section 3.2. Fault current is easily calculated in terms 

of the fault admittance and the port voltage solution to the load flow 

problem described in Section 3.1. 

4.2.2 Shunt Faults of Infinite Admittance 

Perfectly conducting shunt faults are considered in two cases: 

(1) short circuits between node-pairs that each define a port, and 

(2) short circuits between node-pairs where both nodes in each pair 

are associated with the same local reference node. Simple examples 

are given for these faults where the passive multiport equations of 

(4.2.1) describe the four-port system below: 

111 
r ,r 

I j vl 

11 V, I2 

l ::J 
= y i I ~ (4.2.2) 

t lv3 J v4J 
Short-Circuited Ports 

From the set of port voltages in (4.2.1), a subset is selected 

which excludes only the port voltages whose values are forced to zero 

by short circuits. V' denotes this subset of port voltages. 
-t 

Zero-

value port voltage constraints are enforced on all voltages excluded 

from V' in the following relationship: 
-t 
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V = UT V' 
-t O -t 

(4.2.3) 

where U is formed from an identity matrix (with the same order as 
0 

Yt) by discarding rows that correspond to short-circuited ports. 

From the set of port currents in (4.2.1), a subset is selected 

that includes the same number of port currents as V' includes port 
-t 

voltages. !~ denotes this subset of port currents which is written 

in terms of the full set of port currents as 

I'= U' I 
-t -t 

(4.2.4) 

where U' is formed from an identity matrix (with the same order as 

!t) by discarding rows that correspond to the port currents excluded 

from I'. These excluded port currents become dependent variables 
-t 

whose port-voltage dependences are given by their associated equations 

in (4.2.1). For the case where the ports represented in both V' and 
-t 

I' correspond exactly, U = U', and the currents excluded from I' 
-t O -t 

form the set of all fault currents. 

A set of faulted-multiport equations is derived from (4.2.1) 

in terms of the selected subset of port currents and the subset of 

all port voltages that are not constrained by the presence of short 

circuits. Premultiplying (4.2.l) by U' and substituting (4.2.3) and 

(4.2.4) for Yt and U' !t• respectively, gives the following faulted-

multiport equations: 

-I' = Y' V' (4.2.Sa) -t t -t 

where 
UT Y' = U' V (4.2.Sb) t Lt 0 
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The zero-valued voltages of short-circuited ports are implicitly 

enforced in (4.2.5) by the way in which U is defined. A simple 
0 

example of this procedure follows. 

Example 4.2.1 

In the four-port system of (4.2.2), port 4 is short-circuited, 

i.e., v4 = O. Port current I 1 is selected to replace v4 as a dependent 

variable. The constraint that v4 = 0 is enforced by (4.2.3) as 

11 0 0 

1 0 
Yt = l: V' (4.2.6) 

0 1 -t 

0 0 

Independent faulted-multiport currents are written from (4.2.4) as 

1 

0 

0 

0 

1 

0 

Faulted-multiport equations are given by (4.2.5) as 

-I' -t = Y' t V' -t 
where 

lo 1 0 :ir r: 0 

l: 0 1 l 
Y' = yt t 0 0 l~l I a 0 

~La 0 

(4.2.7) 

(4.2.8a) 

01 

:J (4.2.8b) 

The dependent faulted-multiport current is recovered from (4.2.2) as 



-I = 1 

4 
l 

i=l 
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V 4 = 0 (4.2.9) 

Short-Circuited Nodes whose Voltages are Defined with Respect to the 
Same Local Reference 

Short-circuiting two nodes whose voltages are defined with 

respect to the same reference node forces equality of two port 

voltages. Thus, some Yt entries are constrained to equal other Yt 

entries. These port voltage constraints are enforced through a matrix 

relationship developed below. 

Port voltages that are affected by the type of fault presently 

considered are separated into two classes: class "p" and class "q". 

All voltages in class "p" are constrained to equal some voltage in 

class "q", but no class "p" voltage is constrained to equal another 

class "p" voltage. No port voltage is placed in class "q" unless it 

equals a class "p" voltage. These voltage constraints are enforced 

by modifying the multiport equations of (4.2.1) as described below. 

(After the modification, class "q" voltages no longer are explicitly 

represented in the resulting faulted-multiport equations because they 

provide only redundant information.) 

A subset of the multiport voltages of (4.2.1) is selected which 

excludes all class "q" voltages and no others. This subset is 

denoted by V". Equating class "p" voltages to the proper class "q" 
-t 

voltages and suppressing class "q" voltages from explicit representa-

tion in the faulted-multiport equations result from the following 

matrix operations: 
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(4.2.10) 

The matrix U is formed from an identity matrix (with the same order pq 
as Yt) by slightly modifying each row that corresponds to a class "p" 

port. Each class "p" port has one or more associated class "q" 

ports. The zero-valued column entries in a class "p" row that 

correspond to its associated class "q" voltages are replaced by "l"'s. 

U is complete when this replacement procedure is performed for each pq 
class "p" row. The matrix U is formed from an identity matrix (with q 

the same order as Yt) by discarding all rows corresponding to class 

"q" ports. 

Since each class "q" voltage is a specified quantity, an equal 

number of port currents in (4.2.1) is selected whose values are not 

specified and who become dependent variables. I" denotes the set 
-t 

of I currents with all dependent port currents omitted. As a matrix 
-t 

expression, the sets are related by 

I"= U" I 
-t -t 

(4.2.11) 

where U" is formed from an identity matrix (with the same order as 

!t) by discarding rows that correspond to the (dependent) port 

currents excluded from!~· 

Premultiplying (4.2.1) by U" and substituting (4.2.10) and 

(4.2.11) for Yt and U'' !t, respectively, gives the following faulted-

multiport equations: 

-I"= Y" V" 
-t t -t 

(4.2.12a) 



146 

where 

Y" = U" Y ll UT 
t t pq q (4.2.12b) 

Port voltage constraints that are imposed by short circuits are 

implicitly enforced in (4.2.12) by the way in which U and U pq q 

are defined. A simple example of this procedure follows. 

Example 4.2.2 

Given that in the four-port system of (4.2.2), port voltages 2 

and 3 are defined with respect to the same reference. Nodes 2 and 3 

are short-circuited, i.e., v2 = v3 • v2 is chosen to be explicitly 

represented in the faulted-multiport system of (4.2.12), and the 

value of v3 provides redundant information. Therefore, V~ is to be 
:, 

suppressed. Thus, v2 is a class "p" voltage and v3 is a class "q" 

voltage. Port current 14 is selected to replace VJ as a dependent 

variable. 

The constraint that v2 = VJ is enforced and v3 is suppressed by 

(4.2.10) as 

1 0 0 :11: 0 0 

0 1 0 1 0 
V = V" (4.2.13) 
-t 0 1 1 

0 l 0 
0 0 -t 

L 0 0 0 l __. 0 0 1 

Independent faulted-multiport currents are written from (4.2.11) as 
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1 0 0 0 

I" = 0 1 0 0 I -t -t (4.2.14) 

0 0 1 O_J 

Faulted-multiport equations are given by (4.2.12) as 

-I" = Y" V" 
t t -t 

(4.2.15a) 

with 

1 0 0 0 1 0 0 

Y" t = 0 1 0 0 0 1 0 (4.2.15b) 

0 0 1 0 
yt 

0 1 0 

0 0 1 _J 

"' where the matrix product u.L UT is formed and shown to the right of y • 
pq q t 

The depent faulted-multiport current is recovered from (4.2.2) as 

4 
-I = 4 I y V. 

i=l t4i 1. 
(4.2.16) 

Summarv - Shunt Faults of Infinite Admittance 

In the shunt faults considered in this section, port voltages are 

either constrained to assume zero values or values identical to other 

p0rt voltages. For each voltage constraint imposed, some port 

current becomes a dependent variable; otherwise, more equations than 

unknowns exist for the faulted system, and no solution to the set of 

linear equations exists. Now, a notation is introduced to combine 

the two cases of perfectly conducting shunt faults. The following 

equations describe a shunt-faulted multiport system: 
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-I = y V 
-sh sh -sh (4.2~17a) 

where 
.,... 

ysh = u yt u ... 
sh 1 sh 2 

(4.2.17b) 

The matrix Uh is formed from an identity matrix (with the same order 
s 1 

as Yt) with rows corresponding to dependent port currents discarded. 

The number of such rows equals the number of shunt faults. The matrix 

U is formed from an identity matrix (with the same order as Yt) sh 2 
with (1) rows corresponding to zero-valued port voltages discarded, 

(2) entries in each "p" row replaced by the sum of the "p" row entry 

and its corresponding "q" row entry, and (3) "q" rows discarded. A 

simple example of this procedure follows. 

Example 4.2.3 

In the four-port system of (4.2.2), port 4 is short-circuited, 

nodes 2 and 3 are short-circuited to force v2 = v3 , and r1 and r4 

are chosen as new dependent variables. Equation (4.2.17) implies that 

[: 
1 0 O' 

-I = oJ!t -sh 0 1 
(4.2.18) 

and 

1 01 
0 

V = : I V -t 0 -sh (4.2.19) 

0 a I ...J 

The faulted-multiport equations become 
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-I = y -sh sh V -sh (4.2.20a) 

where 

01' ' 1 01 

[: 
1 0 0 1 

ysh = I y 
0 1 O I t 0 1 __j 

(4.2.20b) 

L 0 0 

The dependent port currents, r1 and r4 , are recovered from (4.2.2). 

Note that currents for ports 2 and 3 can be specified even though these 

ports are affected by a fault. 

Both Uh and U are sparse matrices with unity-valued non-zero s 1 sh 2 
entries. Exploitation of these properties in forming Ysh is discussed 

in Section 4.4. 

4.3 Series Faults 

The treatment of series faults depends upon the segment multiport 

descriptions of (2.6.2), 

-I = Y V -m m -m (4.3.1) 

and their transfonr:ation into system rnultiport variables given by 

(2.6.4), (2.6.5), and (2.6.6). The transformation is repeated here 

for convenience: 

I -t = ~ !m (4.3.2) 

V = ~v (4.3.3) -m -t 

-I = y V (4.3.4a) -t t -t 
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.,.. 
y~ = 0 y Q.I. 

1. 'Ill m m (4.3.4b) 

Figure 4.1 shows the graph of a conductor segment with a bold 

measurement tree constructed on the graph. Segment multiport variables 

correspond to measurement twig voltages and currents, and they are 

written in terms of "primitive" conductor currents and voltage drops. 

Chapter 2 describes this transformation of variables. 

If shunt capacitive effects (Section 2.2.5) are negligible on 

this segcient, open-circuiting conductor 1 forces two segment-multiport 

currents to assume zero values. That is, I = I = O. m m r s 
The effects that these zero-valued currents produce in the system 

multiport equations are seen from the transformation of currents in 

(4.3.2). The value of I 
m r 

and I n ·s 
are effectively set to zero by 

replacing entries in~ columns "r" and "s" by zeros as follows: 

(r) (s) 
rr l ml 

'r 
tl l i 0 0 ' 

0 0 
1· 

I m 
Q' r (4.3.5) = 

J rl , l<~ 
Jl 

0 0 I . s j 
~ L 1~t 

where~ is the~ matrix altered as stated, and l is the total number 

of segment-level ports in the power system. Since the system measure-
'T' 

ment tree is unchanged, the transformation of voltages given by q_; 
in (4.3.3) is unchanged. 
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1 

2 

3 

4 

Figure 4.1. Graph of conductor segment with measurement tree shown 
by bold branches. Conductor #1 is open circuited. 



152 

A matrix notation is introduced to simply relate~ and~· Let 

U be formed from an i-dimensional identity matrix by setting diagonal rs 
entries "r" and "s" equal to zero (for multiple series faults, addi-

tional diagonal entries are set to zero). Now,~ is written as 

~ = ~ Urs (4.3.6) 

where the postmultiplication by U sets entries in type "r" and "s" rs 

columns of~ equal to zero. 

In the presence of series faults, the faulted system multiport 

transformation of variables becomes 

I'= O U I 
-t 111 rs -m 

V = OT V' 
-m 111 -t 

(4.3.7) 

(4.3.8) 

For series faults, the system multiport equations of (4.3.4) become 

-I' = y V -t se -t (4.3.9a) 

where 

y - Q u y QT 
se m rs m m (4.3.9b) 

U is a very simple matrix description of series fault information. rs 
Exploitation of its simplicity in forming Y is discussed in the se 
following section. 

Modeling an open-circuited conductor by constraining segment-

multiport currents requires the assumption of negligible shunt 

capacitive effects on the segment. For long segments these effects 

are not negligible. Therefore, lcng conductor segmen~s must be 
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divided into two segments prior to modeling a series fault on the 

segment. The part of the long segment in which the series fault 

occurs can be made short enough to allow its capacitive effects to 

be ignored. 

4.4 Simultaneous Shunt and Series Faults 

Conditions can arise in power system operation where shunt and 

series faults occur simultaneously. For example, if an overhead 

phase conductor breaks and the ends drop to the earth, the power 

system senses simultaneous shunt and series faults. The matrix notation 

introduced in the previous sections is used to describe the effects of 

such simultaneous faults. 

Series faults do not result in a reduction in the order of the 

system multiport matrix of (4.2.1). Thus, no explicit port repre-

sentations are lost in the transformation of (4.3.9). Therefore, 

series-fault current constraints are first considered, and afterward, 

the port voltage constraints that result from shunt faults are imposed. 

Effects of series faults are imposed by modifying the manner in 

which segment rnultiport admittance elements are combined to forr:i 

system multiport admittances. The U matrix multiplication in rs 

(4.3.9b) accomplishes this modification as stated above. 

The series-faulted multiport equations of (4.3.9) are constrained 

as in (4.2.17) to also represent shunt faults as 

(4.4.la) 
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or with (4 .3. 9b) 

y = (U h Qm Urs) y (QT UT ) ss s 1 m m sh 2 
(4.4.lb) 

or 

y = Q y QT 
ss L m R (4.4.lc) 

where Y is the reduced-order system-multiport admittance matrix for ss 

simultaneous shunt and series faults. 

The Ym and~ matrices of (4.4.lb) are calculated once and stored 

efficiently in computer memory as described in Section 2.6.2. Then, 

any faulting conditions are reflected in the Q1 and Q~ transformation 

matrices. 

The matrix products of (4.4.lc) can be formed by a modification of 

the method of Section 2.6.2. Again, no scalar multiplications need be 

perfor.ned and Y entries can be calculated singly if desired. ss 
Equation (4.4.lc) is first written as 

(4.4.2) 

and the interpretation of the matrix products follows Section 2.6.6. 

The summations of Y entries described in Section 2.6.2 now are 
m 

formed with the matrices U , Uh, and Uh directing that certain rs s 1 s 2 
Y entries be skipped in the summations or extra entries included. 

m 

That is, with 

Q1 = U Q U sh 1 m rs (4.4.3) 
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the Q1 matrix is formed froo ~ by discarding dependent current rows 

(premultiplying by Uh) and setting to zero entries in type "r" and 
s 1 

"s".columns (postmultiplying by Urs). For 

(4.4.4) 

the QR matrix is formed from~ by (1) discarding rows corresponding 

to zero-valued port voltages, (2) replacing entries in each "p" row 

by the sum of the "p" row entry and its corresponding "q" row entry, 

and (3) discarding "q" rows (see Section 4.2.2). 

The effects of summing rows and discarding rows of~ either pro-

hibits certain Y entries from appearing in equations of the form of 
m 

(2.6.17), or introduces additional Y entries into summations. In 
m 

either case, no scalar multiplications need be performed in forming the 

matrix product of (4.4.2), and no Y entries are recalculated for any 
0 

combination of faults. Y entries remain unaltered because the 
m 

constraints imposed by series faults on "primitive" currents are 

enforced by placing constraints on the segment multiport currents of 

(4.3.1) and not by recalculating Y entries. 
m 



CHAPTER 5. CONCLUSION 

5.1 Summary 

In a multiphase power system, the existence of matched values of 

the electrical parameters associated with the various phases and equal 

phase loadings greatly simplifies modeling and analysis tasks. That 

is, only a single phase of the system need be modeled and analyzed. 

However, power systems frequently do not exhibit both requisites 

for the single-phase simplification. Sometimes the errors present in 

a simplified solution of such unbalanced systems are tolerable for 

particular purposes. If the magnitudes of such errors are too large 

to be tolerated, a more elaborate modeling and analysis scheme is 

required. 

A new treatment of multiphase power system modeling is given in 

Chapter 2. Mutual coupling effects, the effects of neutral and static 

conductors, the finite conductivity of earth, and various component 

models are considered. Also, a suppression of variables is explained 

that results in a reduced-order model. The later recovery of sup-

pressed variables is described. 

Chapter 3 concerns multiphase load flow analysis. The convenient 

representation of passive control devices (e.g., tap-changing-under-

load transformers) which is developed in Chapter 2 is demonstrated. 

A simple procedure for treating multiple slack ports is given. By 

way of an exaople, it is shown that circulating power flows can be 

set up in loops of a multiphase syst~~ solely from the effects of 

156 
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unbalanced phase loadings. 

A method is proposed in Chapter 4 that offers a convenient pro-

cedure for representing the effects of common shunt and series faults 

in a power system. The method relies on the interpretation of a 

transformation of variables discussed in Chapter 2. It promises to 

yield an efficient computer description of a class of common power 

system faults. 

5.2 Recommendations for Further Research 

The effects of earth currents as modeled in Chapter 2 depend upon 

work done by J. R. Carson[l 4J. The application of Carson's work to 

power system frequencies is reported in [3] and [15]. One of Carson's 

fundamental assumptions removes end effects (or the aggregation of 

earth's currents at grounding points) from considerations in his model. 

Further research (probably empirical testing) is required to determine 

the circumstances under which Carson's equivalent ground conductor too 

coarsely approximates earth effects. 

The grounding of a neutral conductor or static wire does not 

establish a perfect electrical contact between the grounding electrode 

and earth. This contact resistance can significantly reduce ground 

current magnitudes. It is reconnnended that a computer program be 

developed which represents the effects of grounding resistances. 

This representation can be achieved by including grounding resistances 

and slightly reconfiguring the system measurement tree of Section 2.6. 
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A power system modeling program and a multiphase load flow program 

were written to generate the numerical results of Chapter 3. Huch 

effort was expended in a search for published numerical results that 

could be used to verify the accuracy of these programs. No applicable 

test data were located. Confidence in the accuracy of the presented 

examples is based upon many tedious checks by hand-held calculator. 

This method of verifying a load flow program does not inspire complete 

confidence. Therefore, it is suggested that the results obtained 

from these programs be compared to results given by an electromagnetic 

transients program as described in [25] and [26]. The required repre-

sentation of loads as constant admittances can be accomplished by using 

the complex load powers and the voltage solutions given in the examples 

to calculate a co~plete set of equivalent load admittances. 

Hultiphase cable and transformer segments treated in Chapter 2 

are composed of single-phase elements. Multiphases primitive admit-

tance parameters for such segments are scarse or nonexistant. Further 

work (probably empirical testing) is required to determine primitive 

parameters for such multiphase segments. 

The development of a harmonic analysis program is recommended as 

useful further work. Carson's model for equivalent ground conductors 

increases in complexity as frequency increases and must be represented 

in more detail for analysis of higher frequency harmonics. 

Computer implementation of the procedure of Chapter 4 in which 

common system faults are imposed upon a multiphase syste~ model pro-

mises to be useful. 
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The models for passive control devices presented in Chapter 2 

provide a convenient description of a class of control variables. 

The development of a global strategy for operating these devices 

(including independent control in different phases) is recommended 

for further research. Coordinated operation of such devices could 

result in significant savings through reduced system losses. 
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MULTIREFERENCE POWER SYSTEH XODELING Ai.'ID MULTIPHASE LOAD FLOW ANALYSIS 

by 

Daniel L. Allen 

(ABSTRACT) 

The effects of interphase coupling in a multiphase power system 

become important in the presence of network imbalances and unbalanced 

phase loadings. In grounded-wye systems, currents that flow in the 

earth can have significant effects on the system's behavior. Both 

these effects must be considered in an accurate multiphase power 

system model. 

A new treatment of multiphase power system modeling is presented. 

The treatment relies upon linear graph theory and produces a system 

multiport model. Mutual coupling effects, the effects of neutral and 

static conductors, the finite conductivity of earth, and various 

component models are considered. A reduction in the order of the 

multiport model also is presented. 

Hultiphase load flow analysis is introduced. Special considerations 

that arise in multiphase analyses are discussed. Example solutions are 

presented. A convenient method of representing multiple slack ports 

is described which results from an application of the pr~nciple of 

superposition. Circulating power flow in multiphase loops is discussed. 

A procedure is proposed for conveniently representing common shunt 

and series faults that occur in power systems. The procedure is con-

structed for efficient computer modeling of multiple cases of various 

fault combinations in a particular system. 
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