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Abstract
We examine skyrmions driven periodically over random quenched disorder and show that there is a
transition from reversible motion to a state in which the skyrmion trajectories are chaotic or
irreversible. We ﬁnd that the characteristic time required for the system to organize into a steady
reversible or irreversible state exhibits a power law divergence near a critical ac drive period, with the
same exponent as that observed for reversible to irreversible transitions in periodically sheared
colloidal systems, suggesting that the transition can be described as an absorbing phase transition in
the directed percolation universality class. We compare our results to the behavior of an overdamped
system and show that the Magnus term enhances the irreversible behavior by increasing the number of
dynamically accessible orbits. We discuss the implications of this work for skyrmion applications
involving the long time repeatable dynamics of dense skyrmion arrays.
A great variety of many body systems exhibit nonequilibrium phases under an applied drive [1], including
assemblies of colloidal particles [2, 3], vortices in type-II superconductors [4, 5], sliding friction [6], active matter
[7], dislocation motion [8], and geological systems [9]. Despite the ubiquity of these systems, it is often
experimentally difﬁcult to ﬁnd a protocol that will produce distinct nonequilibrium phases separated by clear
transitions, and in many cases it is not even clear what order parameter or measures should be used.
In 2005 Pine et al [10] examined a fairly simple system of a dilute assembly of colloidal particles in an
overdamped medium subjected to periodic shearing. They introduced a new stroboscopic measure in which the
positions of the particles at the end of each shear cycle are compared to the positions at the end of the previous
cycle. Pine et al found that as a function of the distance over which the particles are sheared, there is a transition
from a reversible state, in which all particles return to the same positions after each cycle, to an irreversible state,
in which the particles do not return to the same positions and exhibit chaotic dynamics with a long time diffusive
behavior. The threshold shearing distance decreases as the density of particles increases due to an increase in the
frequency of particle–particle collisions. In further work on this system, Corte et al [11] found that the initial
motion is always irreversible but that over time the particles organize into a steady state that is either reversible or
irreversible depending on the shearing distance. The number of shearing cycles required to reach a steady state
diverges as a power law at a critical point, suggesting that the reversible–irreversible transition is an example of a
nonequilibrium phase transition. The power law exponents are consistent with those expected for an absorbing
phase transition in the directed percolation universality class [11–13]. In the reversible regime, all the
ﬂuctuations are lost and the system is absorbed into a state which it cannot escape. More recent work has shown
that the periodically sheared colloidal system organizes into a reversible state in which particle–particle collisions
no longer occur and large-scale density ﬂuctuations in the particle positions are suppressed, giving
hyperuniform order rather than a truly random state [14–17]. Similar reversible to irreversible transitions have
been observed in a wide range of other periodically driven systems that are much more strongly interacting than
© 2019 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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the colloidal particles, such as granular matter [18–21], dislocations [22, 23], amorphous solids [24–27],
polycrystalline solids [28], charged colloids [29], and vortices in type-II superconductors [30–32]. The dynamics
of most of these systems is overdamped, and little is known about how nondissipative dynamics would affect a
reversible to irreversible transition.
An important example of nondissipative interacting particles is skyrmions in chiral magnets. Discovered in
2009, magnetic skyrmions are nanometer-sized spin textures that have many similarities to vortices in type-II
superconductors, in that they form a triangular lattice in the absence of quenched disorder [33–35] and undergo
driven motion when subjected to an applied current [33, 36–43]. A key difference between skyrmions and the
systems described above is that the skyrmion dynamics includes a pronounced nondissipative Magnus term
[33, 36, 38]. The Magnus term generates velocity components that are perpendicular to the net force experienced
by the skyrmion, unlike the damping term which aligns the skyrmion velocity with the external forces. In the
absence of quenched disorder, under an applied drive the skyrmions move at an angle to the driving direction
-1
called the intrinsic skyrmion Hall angle q int
sk = tan (am ad ), given by the ratio of the Magnus term αm to the
dissipative term αd [33]. When the Magnus term is zero, q int
sk = 0. The observed skyrmion Hall angle θsk has
been shown to become drive dependent in the presence of pinning due to a side jump of the skyrmions produced
by the Magnus term as the skyrmions move through the pinning sites, which decreases in magnitude as the
skyrmion velocity increases, giving a saturation to qsk = q int
sk at high drives [44–47]. Continuum-based
simulations of skyrmions conﬁrm that the drive dependence of the skyrmion Hall angle exists when disorder is
present and is absent in the disorder-free limit [42, 48]. In skyrmion experiments, after the skyrmions depin they
enter a ﬂowing phase in which θsk is directly observed to increase with drive before saturating at high drives
[49, 50]. A similar increase in θsk as a function of ac drive has also been found experimentally [51].
Skyrmions can potentially be used for a variety of applications similar to those proposed for magnetic
domain walls, where the smaller size and higher mobility of the skyrmions give them numerous advantages over
domain wall systems [52]. Many of the applications require the motion of the skyrmions to be reversible, and
experiments involving ac drives have shown that the dynamics of isolated skyrmions can remain reversible over
a large number of drive cycles [51]. For applications in which it is necessary for dense arrays of interacting
skyrmions to maintain reversible motion over many cycles, it is important to develop an understanding of the
onset of periodic reversible behaviors and to characterize the irreversible behaviors as a function of the net
displacements of the skyrmions under an ac drive.
In this work we employ a periodic driving protocol to a particle-based model of a skyrmion assembly
interacting with random disorder. We characterize the system by analyzing the net displacement of the
skyrmions between the beginning and end of each drive cycle, where a fully reversible state corresponds to a net
displacement of zero. By varying the driving period, which changes the distance d that an isolated skyrmion in
the absence of disorder can travel during a single drive cycle, we ﬁnd that there is a well deﬁned critical value dc
below which the system reaches a steady reversible state and above which a steady irreversible state emerges.
Near dc we ﬁnd a characteristic time scale τ for the system to reach a steady state, where t µ ∣d - dc∣-n with
exponent ν≈1.3. The divergence of τ at the reversible–irreversible transition is similar to what is observed in
the periodic shearing of dilute colloids [11] and jammed solids [25, 27] as a function of increasing d, and the
power law exponent is also similar, suggesting that dc is a critical point separating an absorbing reversible state
from a ﬂuctuating irreversible state in the directed percolation universality class [12]. In the overdamped limit,
which represents strongly damped skyrmions as well as vortices in type-II superconductors, we observe a similar
power law time scale divergence in the reversible regime, but we ﬁnd evidence that there are two distinct
transitions in the irreversible regime. In the ﬁrst transition, the motion of the particles becomes irreversible in
the direction parallel to the drive when a dynamically reordered smectic state appears, and in the second
transition, the motion becomes irreversible both parallel and perpendicular to the drive.

Simulation
2

We simulate N=245 particles in a two-dimensional (2D) sample of size 3 L ´ L with periodic boundary
conditions in the x and y directions. We use a modiﬁed Thiele equation for the particle–particle interactions as in
N
previous works [44, 46, 47, 53, 54], with Fiss = å i ¹ j F0ss K1 (R ij ) Rˆ ij , where F0ss = 1, K1 is a modiﬁed Bessel
function, R ij = ∣R i - R j∣ is the distance between particles i and j, and Rˆ ij = (R i - R j) R ij . We take interactions
between particles i and j with Rij>7 to be negligible. In this work we choose L=64 which sets the lattice
constant a 0 » 4.56 in the clean system, placing us in the strongly interacting regime. We model the quenched
disorder as Np=113 randomly placed nonoverlapping attractive harmonic pinning sites with radius rp=0.3
N
such that Fip = å k p F0p (Rki rp ) Q (rp - Rki ) Rˆ ki where F0p = 1.5, Θ is the Heaviside step function,
Rki = ∣R p - R i∣ is the distance between the pinning site k and particle i, and Rˆ ki = (R p - R i) Rki . The strong
k

k

2
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repulsive particle–particle interactions prevent more than one particle from occupying the same pinning site.
The particles are driven by a periodic current applied to the sample which we model as a square wave with period
T: F AC = F0AC sgn (sin (2pt T )) xˆ , where F0AC = 1.3.
The Langevin equations of motion are as follows:
a d vi + am zˆ ´ vi = F ssi + Fip + F AC ,

(1)

where vi is the velocity of particle i, αd is the damping coefﬁcient, and αm determines the strength of the Magnus
term. We use a standard fourth-order Runge–Kutta method to integrate equation (1) with a time step of
Δt=0.05. In skyrmion systems, the nondissipative Magnus term is important to the dynamics, but for other
systems such as vortices in type-II superconductors, the Magnus force is negligible and the dynamics are
described by equation (1) in the overdamped limit am  0 [55]. In this work we focus on two cases: the
skyrmion limit with αm/αd=1 and the overdamped limit with αm/αd=0. In order to facilitate comparisons
2
of the skyrmion and overdamped limits we ﬁx am
+ ad2 = 1. We report the magnitude of the ac drive in terms
F AC T

of the displacement d of an isolated particle in the absence of disorder during half of a drive cycle, d = 0 2 . The
particles are initialized in a triangular lattice and are allowed to relax under the inﬂuence of the quenched
disorder. Once the relaxation is complete, we apply the periodic driving force and measure the mean square
displacement, Ra2 (n), in the x and y directions as follows:
1
N

Ra2 (n) =

N

å [(R˜ i(nT ) - R i(0)) · aˆ ]2

,

(2)

i

where α=(x, y), n is the number of drive cycles over which the displacement is measured, R˜ i is the absolute
position of particle i without reﬂection back into the periodic box, and the brackets indicate an average over
different quenched disorder realizations. After a transient time, the system reaches a steady state characterized by
either reversible or irreversible ﬂow depending on the drive period. The particle trajectories in the irreversible
regime are chaotic and Ra2 behaves as an anisotropic random walk, while in the reversible regime Ra2 approaches
a constant value. We also measure the fraction of active particles, Fa(n), as a function of the number of cycles. A
particle is deﬁned to be ‘active’ if it does not return to a circular region of radius ra = 2rp centered on its position
at the end of the last drive cycle, giving
Fa (n) =

1
N

N

å Q(∣R˜ i(nT ) - R˜ i((n - 1) T )∣ - ra)

.

(3)

i

In reversible ﬂow, there are no active particles and Fa  0, while Fa approaches a ﬁnite value when the ﬂow is
irreversible.

Results
Under small displacements, the particle trajectories become reversible after a transient time interval of
reorganization, and the system returns to the same conﬁguration at the end of each drive cycle. Figures 1(a), (b)
show snapshots of a portion of the system in the skyrmion limit for reversible and irreversible ﬂows. For the
reversible case with d=14.30 in ﬁgure 1(a), the system reaches an absorbed completely reversible state after
n=311 cycles of the drive. As d increases, we ﬁnd a transition to irreversible ﬂow, illustrated for d=21.45 in
ﬁgure 1(b), in which the motion of the particles becomes chaotic and each active particle moves further away
from its initial location after each cycle. Here the fraction Fa of active particles remains ﬁnite since the system is
unable to ﬁnd a reversible conﬁguration. In ﬁgure 1(c) we plot the mean square displacement parallel to the
drive, R2x, versus n for the reversible and irreversible states. At d=14.30 when the motion is reversible, R2x
approaches a constant value, while for d=21.45 when the system is irreversible, R2x increases linearly with time
at long times, consistent with a one-dimensional random walk. This result is in agreement with [30], where
similar behavior is observed for superconducting vortices in the irreversible ﬂow regime. In ﬁgure 1(d), we plot
Fa versus n, which goes to zero when d=14.30 in the reversible state, and saturates to a ﬁnite value for
d=21.45 in the irreversible state. Following Corté et al [11], we ﬁnd that the active fraction is well ﬁt by the
following relaxation function:
Fa = (Fa0 - Fa¥) e-t t t -a + Fa¥,

(4)

where F0a and Fa¥ are the initial and steady state values of Fa, respectively, and τ is the characteristic time at which
the relaxation crosses over from a power-law behavior with exponent α, described further in ﬁgure 4, to an
exponential decay. The dashed lines in ﬁgure 1(d) indicate ﬁts of Fa to equation (4).
To understand the steady state behavior of the particles during each cycle, we construct a contour plot of the
average motion of an individual particle around its mean position in the steady state. For cycles n=1000
through n=2000, well outside the regime of transient behavior, we sample the position of each particle relative
3
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Figure 1. (a), (b) Images of particle positions in a portion of the sample in the skyrmion limit with αm/αd=1. Filled circles are ‘active’
particles that do not return to the same position after each drive cycle, and open circles are inactive particles that move reversibly. (a) A
reversible state at d=14.30 after n=1, 10, and 311 cycles, from top to bottom. (b) An irreversible state at d=21.45 after n=1, 10,
and 1000 cycles, from top to bottom. (c) The mean square particle displacement in the x direction, R2x, versus cycle number n for
d=14.30 (blue) and d=21.45 (red). The dashed line is a ﬁt to R x2 µ n . (d) The fraction Fa of active particles versus n for d=14.30
(blue) and d=21.45 (red). The dashed lines are ﬁts to equation (4). The standard error of Fa is on the order of 10−3. The inset shows
∣Fa - Fa¥∣ for the same values of d as in the main plot, but the d=21.45 (red) curve has been translated vertically to avoid overlap. At
long times, Fa exponentially decays with n. The solid green lines are guides to the eye.

to its mean location every 0.1T time steps, and ﬁnd the probability that the particle will be observed at a given
relative location, as plotted in ﬁgure 2. The dashed line at the center of each panel of ﬁgure 2 indicates the average
motion δ mp along the ﬁrst principal axis obtained via principal component analysis. For skyrmions with
αm/αd=1, shown in ﬁgures 2(a), (b) for d=14.30 and d=29.9, respectively, the principal axis is at an angle
of θ≈41° with respect to the drive direction. This is very close to the intrinsic skyrmion Hall angle q int
sk = 45,
as expected based on both simulations and experiments that have previously demonstrated a saturation of the
skyrmion Hall angle to the disorder-free value at large drives [44, 46, 48–51]. For the reversible state illustrated in
ﬁgure 2(a), the particles move with the drive but return to their starting positions after each cycle, and therefore
we expect the motion to be limited by the drive displacement, d. This is indeed the case, as indicated by the fact
that dmp » 1.2d . In contrast, in the irreversible state shown in ﬁgure 2(b), the particles undergo an anisotropic
random walk biased along the ﬁrst principal axis and do not return to their starting locations. The average
motion, dmp » 8.8d , is much larger than in the reversible limit. For overdamped particles with αm/αd=0, the
contour plots of the average motion in ﬁgures 2(c), (d) for the reversible state at d=14.3 and the irreversible
state at d=29.9 indicate that the overall motion is reduced compared to the skyrmion limit, with dmp = 0.87d
in the reversible state and dmp = 3.0d in the irreversible state.
For the skyrmion system with αm/αd=1, we obtain the characteristic time scale τ for a series of drive
displacements d by ﬁtting Fa to equation (4). In ﬁgure 3 we plot τ versus d for both the reversible and irreversible
regimes, and ﬁnd a divergence of τ at a critical displacement dc » 17.6, consistent with a dynamical phase
transition. On both sides of the transition, τ has the power law form t ~ ∣d - dc∣-n , as shown in the inset of
ﬁgure 3, with ν≈1.26 in the reversible regime and ν≈1.30 in the irreversible regime. These exponents are
similar to the value ν≈1.295 expected for 2D directed percolation [12] as well as to the value ν≈1.33 observed
in the sheared colloid simulations of [11].
In ﬁgure 4 we plot the active fraction Fa as a function of drive cycle n in the skyrmion system with αm/αd=1
near the transition for drive displacements d dc = 0.960 to 1.07. At long times and near the critical
displacement, we ﬁnd a power law behavior with Fa µ n-a , where α=0.49 at d/dc=1.001. This is similar to
the expected exponents α≈0.451 for 2D directed percolation and α=0.5 for 2D conserved directed
percolation [22].
In ﬁgure 5(a), we replot the values of τ versus d for the skyrmion system from ﬁgure 3 in order to compare
them with the behavior of τ in the overdamped system, shown in ﬁgure 5(b). We ﬁnd power law exponents of
ν=1.33 in the reversible state and ν=1.31 in the irreversible state for the overdamped system, similar to what
we observe for the skyrmion system, indicating that omission of the Magnus term does not appear to change the
universality class of the transition. There is, however, a large change in the value of the critical displacement dc,
which falls at dc≈17.6 in the skyrmion system but shifts to the much higher value dc≈25 in the overdamped
4
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Figure 2. Contour plots of the average motion of an individual particle around its mean position in the steady state for cycles n=1000
to n=2000 plotted as a function of y versus x in units of the drive displacement d. The contours indicate areas in which each point has
a minimum of 0.03% (dark blue), 0.3% (medium blue), 0.75% (light blue), and 1.5% (orange) likelihood of being visited by the
particle. The dashed lines, which are aligned with the drive in the overdamped limit and are at an angle θ≈41° with respect to the
drive in the skyrmion limit, indicate the average motion δ mp along the ﬁrst principal axis obtained via a principal component analysis.
(a) Reversible motion in the skyrmion limit with αm/αd=1 and d=14.3, where dmp = 1.2d . (b) Irreversible motion in the
skyrmion limit with αm/αd=1 and d=29.9, where dmp = 8.8d . (c) Reversible motion in the overdamped limit with αm/αd=0
and d=14.3, where dmp = 0.87d . (d) Irreversible motion in the overdamped limit with αm/αd=0 and d=29.9, where
dmp = 3.0d .

Figure 3. Characteristic time τ to reach steady state versus drive displacement d for the skyrmion system with αm/αd=1. A transition
from reversible ﬂow (blue circles) to irreversible ﬂow (red squares) occurs at the critical displacement dc≈17.6 (dashed line). The
blue and red curves indicate power law ﬁts to t µ ∣d - dc∣-n with ν≈1.26 in the reversible state and ν≈1.30 in the irreversible
state. Inset: the same data plotted as τ versus ∣d - dc∣ on a log–log scale.

system. The Magnus term was previously shown to enhance the effect of an external noise [54], and the
suppression of the reversible regime that we observe when we include the Magnus term suggests that the Magnus
term also enhances the chaotic nature of the motion of skyrmions over the quenched disorder, making it more
difﬁcult for the system to reach a reversible conﬁguration.
For the overdamped system in ﬁgure 5(b), we ﬁnd that the value of dc is slightly different depending on
whether the transition is approached from the reversible or the irreversible side. In the reversible regime,
dc≈24.6, but in the irreversible regime, dc≈25.8. This gap could indicate that there are two transitions instead
of only one. The ﬁrst transition is from fully reversible ﬂow to a smectic state in which the ﬂow is reversible
transverse to the drive but irreversible in the direction of the drive. The second transition is from this smectic
state to fully irreversible ﬂow. To test this idea, we measure the cycle-to-cycle displacement in the transverse
5
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Figure 4. Fa, the fraction of active particles, versus n for the skyrmion limit with αm/αd=1 for d/dc=1.07, 1.03, 1.001, and 0.960,
from top to bottom. The dashed lines are power law ﬁts to Fa µ n-a with α=0.38 (magenta) and α=0.49 (orange).

Figure 5. τ versus d in the reversible (blue circles) and irreversible (red squares) regimes, along with the critical value d=dc (dashed
lines) and power law ﬁts to t µ ∣d - dc∣-n (solid lines). (a) The skyrmion system with αm/αd=1, already shown in ﬁgure 3, has
dc=17.6. (b) The overdamped system with am ad = 0 has dc=24.6 with ν=1.33 in the reversible regime, and dc=25.8 with
ν=1.31 in the irreversible regime.

direction, R^2 (n) = á (1 N ) å iN [(R˜ i (nT ) - R˜ i ((n - 1) T )) · yˆ ]2 ñ, and obtain a characteristic time τ⊥ by ﬁtting
R^2 to equation (4). We plot τ⊥ versus d on both sides of the transition in ﬁgure 6, where the dashed lines indicate
the two values of dc obtained by ﬁtting the data in ﬁgure 5. By ﬁtting t^ µ ∣d - dc^∣-n , we ﬁnd that dc^ = 25.8 in
both the reversible and irreversible regimes, indicating that there is a single transition for motion perpendicular
to the drive at dc^ = 25.8. The transition for motion parallel to the drive must then occur at the lower value of
dc∣∣ = 24.6. For 24.6<d<25.8, the ﬂow is expected to follow channels aligned with the driving direction. This
ﬂow should be smectic in nature, so that the particles can slide past one another irreversibly in the direction of
the drive while remaining reversibly locked to a single channel with no motion in the direction transverse to the
drive. It would be necessary to simulate much larger systems to clearly resolve the behavior of the individual
channels. If the drive is applied along the y direction, the two transitions are interchanged. It would be
interesting to slowly vary the drive displacement across the two transitions to see whether hysteresis occurs in the
fraction of active particles. It may also be possible to control the size of the gap between the two transitions by
applying a second ac drive at an angle to the original drive. Another potential avenue for future research is in the
area of Floquet engineering [56]. In particular, it may be possible to use the Floquet-Magnus expansion to obtain
6
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Figure 6. The characteristic time τ⊥ obtained from R2⊥, the cycle-to-cycle displacement transverse to the drive, versus d for the
overdamped system with am ad = 0 , along with solid lines showing ﬁts to t^ µ ∣d - dc^∣-n . The dashed lines indicate the two
values of dc=24.6 and dc=25.8 found in ﬁgure 5(b) from ﬁtting τ on either side of the transition. Here we ﬁnd dc^ = 25.8 on both
sides of the transition.

an approximate description of the relaxation to steady state, as recently demonstrated for the Kapitza pendulum
with friction [57].

Summary
We show that both skyrmions and overdamped particles that are periodically driven over quenched disorder
undergo a transition as a function of drive period from a reversible state at small drive periods, in which the
particles return to the same position after each drive cycle, to an irreversible state at large drive periods, in which
the particle positions gradually diffuse from cycle to cycle. Near the transition, the fraction of active particles has
a power law time dependence with an exponent α≈1/2 in the skyrmion limit, consistent with an absorbing
phase transition. The characteristic time required to reach a steady state diverges as a power law at the transition
with an exponent similar to that expected for directed percolation for both the skyrmions and overdamped
particles, suggesting that inclusion of a Magnus term in the particle dynamics does not change the universality
class of the transition. The Magnus term enhances the random motion generated by the quenched disorder, and
as a result the range of reversible behavior is much smaller for the skyrmion system than for the overdamped
particles. We ﬁnd evidence that the overdamped system ﬁrst transitions from the reversible regime to a smectic
state, and then undergoes a second transition from smectic ﬂow to fully irreversible ﬂow as the drive period is
increased.
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