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Direct-Current Power Flow Solvers and Energy Storage Sizing

Sayedsina Taheri Hosseinabadi

(ABSTRACT)

In the modern power grid, the increasing penetration of intermittent energy sources like

solar and wind into the comes with unsought challenges. With increasing smart grid direct-

current (DC) deployments in distribution feeders, microgrids, smart buildings, and high-

voltage transmission, there is a need for better understanding the landscape of power flow

(PF) solutions as well as for efficient PF solvers with performance guarantees. This the-

sis puts forth three approaches with complementary strengths towards coping with the PF

task, consisting of solving a system on non-linear equations, in DC power systems. We con-

sider a possibly meshed network hosting ZIP loads and constant-voltage/power generators.

Uncertainty is another inevitable side-effect of a modern power grid with vast deployments

of renewable generation. Since energy storage systems (ESS) can be employed to mitigate

the effect of uncertainties, their energy and power ratings along with their charging control

strategies become of vital importance for renewable energy producers. This thesis also deals

with the task of sizing ESS under a model predictive control (MPC) operation for a single

ESS used to smoothen out a random energy signal. To account for correlations in the energy

signal and enable charging adjustments in response to real-time fluctuations, we adopt a

linear charging policy, designed by minimizing the initial ESS investment plus the average

operational cost. Since charging decisions become random, the energy and power limits

are posed as chance constraints. The chance constraints are enforced in a distributionally

robust fashion. The proposed scheme is contrasted to a charging policy under Gaussian

uncertainties and a deterministic formulation.
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Sayedsina Taheri Hosseinabadi

(GENERAL AUDIENCE ABSTRACT)

Power systems are undergoing major changes as more renewable energy resources are being

deployed across their networks. Two of the major changes are the increase in direct-current

(DC) generation and loads and making up for the uncertainty introduced by these resources.

In this thesis, we have tackled these two important aspects; a DC power flow (PF) solver

and an energy storage system (ESS) sizing under uncertainty. The three DC PF solvers

proposed in this thesis exhibit complementary values and can handle a wide range of loads

and generation types. We have also proposed a distributionally robust ESS sizing under

model predictive control framework, capable of handling worst-case uncertainties.
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Chapter 1

Introduction

The modern electric power grid is undergoing rapid fundamental changes in both generation

and load technologies. On the generation side, one of the major players in this change is the

advent and the prevalent deployment of renewable energy resources. Renewable energy de-

ployment in U.S. will surpass 1.4 TW by 2040 [1]. Figure 1.1 shows that this sheer expansion

of renewable generation brings the energy portfolio of U.S. close to %100 renewable-based

generation. Most of these resources are inherently different from conventional synchronous

generators.

Electrical loads are also transforming as more and more electronic devices are being used.

These electronic loads are inherently different from current existing electrical loads that are

mainly based on rotating machines. Even rotating machines that use power converters for

their drive can be viewed as electronic loads. All in all, Most of the modern electrical loads

need a DC input and are considered as DC loads from networks point of view.

With this rampant developments on both generation and loads, the concept of a fully DC grid

is getting closer to becoming a reality. Advances in photovoltaics, storage systems, and fuel

cells, are inherently more compatible with the DC technology. Several types of residential

loads (electronics, home appliances, and lighting) are DC in nature, and currently exhibit

AC/DC conversion losses [4]. DC designs to reduce energy losses in commercial facilities

serving a large number of nonlinear electronic loads have been studied [5], [6]. Case studies

have demonstrated that DC designs feature reduced power losses and increased maximum

1



2 Chapter 1. Introduction

Figure 1.1: Future of renewable energy in the U.S. [1].

power delivery capability [7]. For power transmission, high-voltage DC technologies are al-

ready being deployed, while plans for a super grid connecting large-scale renewable resources

across Europe have favored the DC option [8].

Along with implementation changes, the development of DC (potentially coexisting with AC)

systems brings about the need for new analytical tools. At the heart of power system studies

lies the power flow (PF) task, where the operator specifies the power injection or voltage

at each bus, and solves the associated nonlinear equations to find the system state. There

is a rich literature on the AC power flow problem. In transmission systems, the existence

of a PF solution has been studied for example in [9], [10]; and its multiplicity in [11], [12].

In distribution systems, the same questions have been addressed in [13], [14]. For solvers

coping with the AC PF task, see the recent comprehensive survey [15].

In this thesis, we have first developed a set of power flow solvers for fully DC grids, hosting
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various types of loads and generation. This analysis is provided in Chapter 2. The first

approach relies on a monotone mapping. In the absence of constant-power generation, the

related iterates converge to the high-voltage solution, if one exists. To handle distributed

generators typically operating in constant-power mode at any time, an alternative Z-bus

method is studied. For bounded constant-power generation and demand, the analysis es-

tablishes the existence and uniqueness of a PF solution within a predefined ball. Moreover,

the Z-bus updates converge to this solution. Third, an energy function approach shows that

under limited constant-power demand, all PF solutions are locally numerically stable. The

derived conditions can be checked without knowing the system state. The applicability of

the conditions and the performance of the algorithms are numerically validated on a radial

distribution feeder and two meshed transmission systems under varying loading conditions.

The methods developed in this thesis have complementary value and are shown to be com-

prehensive for handling DC PF. This thesis has been submitted to IEEE Transaction on

Smart Grid and its currently under review [16]. Most of the material of Chapter 2 are taken

from [16].

The prevalent deployment of renewable energy systems and distributed generation brings

about another major challenge to the power grid; uncertainty. The uncertainty associated

with renewable generation challenges optimal power system planning and dispatching, mean-

ing that the comfort of a fully controllable system that is a property of conventional power

systems does not exist in modern networks. This uncertainty can be seen in Figure 1.2,

which demonstrates the difference between forecasted wind and actual wind. To cater for

this challenge, energy storage systems can be utilized to make up for possible lack or excess

of generation. These system need to be optimally sized to give the best operational benefit.

We next have tackled the problem of sizing an energy storage system from a strategic pro-

ducer point of view who wants to maximize their benefit. This producer can undergo severe
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Figure 1.2: Forecasted wind vs. actual wind power in BPA system [2].

penalties if it cannot follow through their committed contract and their benefit can be de-

fined as the minus of their total penalization. This sizing of storage system is performed

under a wide family of uncertainties. This thesis is presented in Chapter 3 and the material

is mostly taken from [17].

Regarding notation, lowercase (uppercase) boldface letters represent vectors (matrices); sets

are denoted by calligraphic symbols. The n-th element of x is denoted by xn; the (n,m)-th

entry of X by Xnm; and ‖x‖q := (
∑N

n=1 |xn|q)1/q is the q-th norm of x. Symbols 1 and en

denote the all-ones and n-th canonical vectors. Inequalities between vectors, such as x ≥ y,

apply entry-wise.



Chapter 2

Power Flow Solvers for Direct

Current Networks

2.1 Literature Review and Contributions

Justified by the limited interest in the past, the literature on the DC version of the PF task

is rather limited. Reference [18] provides sufficient conditions under which a PF solution

with large voltage values exists. However, the analysis is confined to DC networks hosting

solely constant-power components and no solver is developed. Conventional solvers, such as

the Newton-Raphson and Gauss-Seidel methods, provide no global convergence guarantees

and rely heavily on initialization. Moreover, these methods do not provide any insight

on the existence, uniqueness, stability, and high-voltage property of the found solution.

Alternative solvers could be broadly classified into numerical methods for solving equations

and optimization-based techniques, as detailed next.

Fixed-point iterations can handle the PF task leveraging certain properties of the involved

mapping: The contracting voltage updates of [14] can conditionally find a PF solution in

AC grids with constant-power buses. Another contraction mapping has been advocated for

lossless AC networks in [19], [20]. To account for networks hosting constant-injection and

constant-impedance loads too (ZIP loads), a contracting update known as the Z-bus method

has been analyzed for single- and multi-phase distribution feeders [21], [22]. The Z-bus

5
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method has also been adopted to DC grids with ZIP loads [23], though the analysis fails

to ensure that the updates remain within a compact voltage space. Relying on a monotone

rather than a contraction mapping, the iterates devised in [24] are shown to converge to

the unique high-voltage PF solution for AC networks; yet the conditions are confined to

networks of constant line resistance-to-reactance ratios.

The PF task can be handled through an optimal power flow (OPF) solver: The system state

can be found by minimizing an auxiliary cost (e.g., system losses) over the PF specifications

posed as equality constraints. Reference [25] develops a second-order cone program relaxation

of the OPF problem in DC networks with exactness guarantees, while demand response in

DC grids is posed as a convex optimization in [4]. DC OPF methods could handle the PF task

presuming all injections are constant-power. Another possibility is to treat the PF equations

as the gradient of a differentiable function, known as the energy function, and hence, pose

the PF task as a minimization problem. Historically used for stability analysis, the energy

function minimization technique has been recently geared towards the PF problem in AC

systems [26]. However, the conditions ensuring the energy function is convex depend on the

sought system state. The energy function proposed in [24] is proved to be convex at all PF

solutions in AC networks with constant resistance-to-reactance ratios.

This thesis puts forth and contrasts three methods for solving the PF task in DC power sys-

tems. Section 2.2 reviews a system model including ZIP loads and generators, all connected

via a possibly meshed network. The contribution of this thesis extends then on three fronts:

c1) Section 2.3 develops a fixed-point iteration on squared voltages. Under relatively light

constant-power generation, the involved mapping is monotone, and hence, the iterates

converge to the high-voltage solution. The latter is a solution with entries uniformly

larger than any other solution. Note that such solution may not exist in general.
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c2) Section 2.4 studies the Z-bus method, an alternative fixed-point iteration. Under

relatively light constant-power generation and/or loads, the Z-bus method contracts

inside a ball of voltages within which the PF solution is unique. Our analysis provides

also a second ball, concentric with the first one but of smaller radius, within which the

PF solution actually lies. This smaller ball yields voltage bounds without solving the

DC-PF task; a feature that may be useful for voltage studies.

c3) Section 2.5 expresses the PF solution as the stationary point of an energy function.

Unless there is high constant-power demand, the function is convex at all PF solutions,

thus establishing their local numerical stability.

Since all conditions for convergence rely solely on the DC PF problem parameters, the system

operator can readily identify which of the three methods is most suitable before solving the

PF task. Figure 2.2 presents a flowchart for selecting the most appropriate method and

summarizes their features. The methods are finally tested under different loading conditions

on a radial distribution feeder and two meshed transmission systems in Section 2.6.
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Figure 2.1: Bus types (from left to right): (a) Voltage-plus-resistance generator model
converted to a constant-voltage bus; (b) Constant-power generator or load; (c) Constant-
conductance load; and (d) Constant-current load.

2.2 DC Power System Modeling

A DC power system having N +1 buses can be represented by a graph G = (N+,L), whose

nodes N+ := {0, . . . , N} correspond to buses, and its edges L to lines. The set of buses N+

can be partitioned into the set of constant-voltage buses V , and its complement denoted by

set P := N+ \ V . The slack bus is indexed by n = 0 and it belongs to set V ; the remaining

buses comprise the set N .

Generation units can be modeled in two ways depending on their rating, on whether they are

interfaced through a DC/DC converter, and converter control. Larger generation units are

typically modeled by a constant-voltage source connected in series with a resistance [27], [4];

see Fig. 2.1(a). This resistance captures either an actual resistance, or the result of droop

inverter control [28]. Either way, the generator is sited at a V bus of degree one. Alternatively,

a generator can be represented as a constant-power injection, as it is customary for units

operating under maximum-power point tracking [4].

Each electric load can be modeled as of constant power; constant impedance (here conduc-

tance); constant current; or combinations thereof. Therefore, loads are located at P buses.

A single bus may be serving multiple loads and/or generators; see Figure 2.1. Apparently,

zero-injection nodes are considered degenerate P buses. Under a hybrid setup, possible
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connections with AC networks can be implemented as constant-power or constant-voltage

buses.

Let {vn, in, pn} denote respectively the voltage, current, and power injected from bus n to

the system. Without loss of generality, all these quantities are assumed to be in per unit

(pu). By definition, if n ∈ V , the voltage vn is fixed. Otherwise, the current injected from

bus n ∈ P to the system can be decomposed as

in = −ion −
pon
vn

− gonvn (2.1)

where ion > 0 is its constant-current component; pon is the constant-power consumption; and

gon > 0 is the constant-conductance load on bus n. If bus n hosts several loads and/or

generators, the previous symbols denote the aggregate quantities. By convention, the power

pon is positive for loads, and negative for generators.

From Kirchoff’s current law, the current in is expressed as

in =
∑

m∈N+

gnm(vn − vm) (2.2)

where gnm is the conductance of the line connecting buses n and m; and gnm = 0 if the two

buses are not directly connected, that is (n,m) /∈ L. For notational convenience, set also

gnn = 0 for all n. Let us also define

gn :=
∑

m∈N+

gnm. (2.3)
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Combining (2.1) and (2.2) gives

gnvn =
∑

m∈N+

gnmvm − ion −
pon
vn

− gonvn. (2.4)

Multiplying both sides of (2.4) by vn, splitting the summation in the right-hand side (RHS)

over m ∈ P \ {n} and m ∈ V , and rearranging provides

cnv
2
n =

∑
m∈P

gnmvnvm + knvn − pon (2.5)

where constants cn and kn are defined for all n ∈ P as

cn := gn + gon =
∑

m∈N+

gnm + gon (2.6a)

kn :=
∑
m∈V

gnmvm − ion. (2.6b)

The PF problem can be now formally stated as follows. Given the line admittances {gnm}

for all (n,m) ∈ L; the ZIP load/generator components {ion, pon, gon} for all n ∈ P ; and the

fixed voltages {vn}n∈V , find the remaining voltages {vn}n∈P satisfying (2.5). Note that if

pon = 0 for all n ∈ P , the PF equations can be converted to linear upon dividing (2.5) by

vn. Otherwise, these equations are quadratic in vn, do not admit a closed-form solution, and

hence call for iterative solvers.

The PF equations of (2.5) are a set of non-linear equations, which in general yield multiple so-

lutions. Non-linear equations are usually handled by the Newton-Raphson method. Possible

divergence and dependence on initialization are the main reasons why the Newton-Raphson

method is not selected to solve (2.5). Even if the Newton-Rapshon iterates converge, there

are no uniqueness guarantees; the solution may not be the high-voltage solution; and/or a
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high-voltage may not exist.

Figure 2.2: Given the parameters of the DC-PF problem (network, generation and load
models), this flowchart explains which DC PF solver should be used. The selection is based on
the convergence claims and the running time of each method. Condition (2.25) corresponds
to small ‖p‖q, while condition (2.11) small constant-current loads per bus; and (2.17) for
small constant-power generation per bus.

To develop PF solvers with performance guarantees, this thesis puts forth three DC PF

solvers: a monotone mapping; a contraction mapping; and an energy function-based tech-

nique. Our analysis reveals that each method features convergence and other desirable

properties under different generation and load setups; see also Figure 2.2.
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2.3 Monotone Mapping

Fixed-point iterations are an efficient way of finding solutions to non-linear equations. The

equations in (2.5) can be rearranged into a fixed-point iteration whose equilibrium point

corresponds to a PF solution:

v2n =
∑
m∈P

gnm
cn

vnvm +
kn
cn

vn −
pon
cn

. (2.7)

Introduce the squared voltages un := v2n to rewrite (2.7) as

un =
∑
m∈P

gnm
cn

√
unum +

kn
cn

√
un −

pon
cn

. (2.8)

If the squared voltages {un}n∈P are collected in the P -length vector u, the solution to (2.8)

coincides with the equilibrium of the fixed-point equation

u = f(u)

where the n-th entry of the mapping f : RP
+ → RP

+ is

fn(u) :=
∑
m∈P

gnm
cn

√
unum +

kn
cn

√
un −

pon
cn

. (2.9)

One may wonder whether the iterations ut+1 = f(ut) solve the non-linear equations in (2.8).

To answer this, let us confine our interest within the set

U := {u : u1 ≤ u ≤ u1} . (2.10)

Focusing our attention within U complies with grid standards that regulate voltages within
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a range. We next provide conditions under which f(u) is monotone within U : A mapping

f(u) is monotone if f(u) ≥ f(u′) for all u,u′ ∈ U with u ≥ u′.

Theorem 2.1. The mapping f(u) is monotone in U if

ion ≤ u√
2u− u

gn (2.11)

for all n ∈ P with ion >
∑

m∈V gnmvm.

Proof. Mapping f(u) is monotone in U if and only if

f(u + αen) ≥ f(u), ∀ n ∈ P (2.12)

for all α ≥ 0 such that u+αen ∈ U , and en is the n-th column of the identity matrix of size

P .

Consider the condition in (2.12) for a particular n ∈ P . Since all but the n-th entries remain

unchanged between u + αen and u, it is not hard to see that

fm(u + αen)− fm(u)

=
gmn

cm

[√
um(un + α)−

√
umun

]
≥ 0 ∀m 6= n.

Hence, the mapping f(u) is monotone in U if and only if fn(u + αen) ≥ fn(u) for all n ∈ P .

From the definition of fn(u), it follows that

fn(u + αen)− fn(u)

=
∑
m∈P

gnm
cn

(√
(un + α)um −

√
unum

)
+

kn
cn

(√
un + α−

√
un

)
. (2.13)
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Since the square root is a concave function, the differences
√

(un + α)um −√
unum for m ∈

P \ {n} appearing in the RHS of (2.13) can be lower bounded as

√
(un + α)um −

√
unum ≥ α

2

√
um

un + α
≥ α

2

√
u

2u− u

since u− u ≥ α to ensure u + αen ∈ U . Therefore, the first summand in the RHS of (2.13)

is positive for all n ∈ P .

Focus next on the second term in the RHS of (2.13). If kn < 0 or equivalently ion >∑
m∈V gnmvm, the concavity of the square root provides the lower bound

kn
cn

(√
un + α−

√
un

)
≥ αkn

2cn

1
√
un

≥ αkn
2cn

1
√
u
.

Plugging the two previous bounds into (2.13) and because gmn and cn are positive by defi-

nition, it follows that

fn(u + αen)− fn(u)

≥ α

2cn

(√
u

2u− u

∑
m∈P

gnm +
kn√
u

)
. (2.14)

Since α and cn are positive, the monotonicity of f(u) is ensured if the quantity in the

parentheses of (2.14) is non-negative. Plugging the definition of kn from (2.6), the quantity
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in the parentheses becomes

√
u

2u− u

∑
m∈P

gnm +
∑
m∈V

gnm
vm√
u
− ion√

u

≥
√

u

2u− u

∑
m∈P

gnm +
∑
m∈V

gnm − ion√
u

≥
√

u

2u− u
gn −

ion√
u

(2.15)

where the first inequality follows because vm ≥ √
u, and the second inequality stems from

u > u and the definition of gn in (2.3). The condition in (2.11) guarantees that the RHS

of (2.15) is non-negative for all n ∈ P with negative kn.

If kn ≥ 0, then kn
cn

(√
un + α−√

un

)
≥ 0 holds trivially, and fn(u+αen) ≥ fn(u) from (2.13).

For this reason, buses in P with kn ≥ 0 do not appear in the conditions of Th. 2.1.

Theorem 2.1 asserts that f is monotone if all constant-current loads are relatively small

compared to the network constants gn’s. The mapping f(u) is obviously monotone if there

are no constant-current loads. As validated in Section 2.6 for several benchmark systems,

condition (2.11) is met in general even under constant-current loads. This is true even when

voltages are allowed to lie within the unrealistically wide range of ±50% (pu). In this case,

the coefficient u/
√
2u− u in (2.11) becomes as low as 0.125 and for a more realistic range

of ±10% pu, this ratio is 0.64. The value of gn is usually much larger than 1 (e.g., it equals

98, 30, and 14 for the IEEE 123-bus, 118-bus, Polish 2,736-bus systems, respectively). On

the other hand, the value of ion is usually smaller than 1, since the power base is selected as

the rating of the largest generator.

Leveraging the monotonicity of f, we will next study the equilibrium of the iterations

ut+1 := f(ut). (2.16)
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Before that, let us define the high-voltage solution of the PF equations and present a fun-

damental result to be used later.

Definition 2.2. If there exists a uhv ∈ U for which uhv = f(uhv) and uhv ≥ u for all u ∈ U

with u = f(u), this PF solution will be termed the high-voltage solution.

Lemma 2.3. [24, Th. 4] Consider the continuous and monotone mapping f : [a,b] → [a,b],

and define the set

X := {x : x ∈ [a,b],x ≤ f(x)} .

The mapping f(x) has a fixed point x∗ satisfying x∗ ≥ x for all x ∈ X . Furthermore, the

iterations xi+1 = f(xi) converge to x∗ if initialized at b.

a univariate depiction of lemma 2.3 is provided in figure 2.3. This figure shows that to find

the solution to the non-linear equation
√
x = x; we can initialize the iterations xt+1 =

√
xt

at x0 = x = 1.25 and the iterations will converge to x = 1.

0 0.5 1.5

x

0

0.5

1

1.5

y

y = x

y =
√

x

xx
∗

Figure 2.3: Fixed point iterations of a monotone mapping for univariate case.

A high-voltage solution may not necessarily exist. If it does, it is unique by definition. Using

Lemma 2.3 and the monotonicity of f(u), we next study the existence of a high-voltage

solution along with its recovery.
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Theorem 2.4. Assume there exists a solution to (2.8) in U . If (2.11) and for all n ∈ P it

holds that

u gon +
√
u ion + pon ≥ 0 (2.17)

the updates of (2.16) converge to uhv if initialized at ū := u 1.

Proof. From Theorem 2.1, the condition in (2.11) guarantees f is monotone in U . Let us ∈ U

be a PF solution so f(us) = us. We next show that f(ū) ≤ ū under (2.17). By the definitions

of cn > 0 in (2.6a) and fn in (2.9):

cnu− cnfn(ū)

= u

(
cn −

∑
m∈P

gnm

)
−
√
u kn + pon

= u

(
gon +

∑
m∈V

gnm

)
−

√
u kn + pon

≥ u

(
gon +

∑
m∈V

gnm

)
− u

∑
m∈V

gnm +
√
u ion + pon

= u gon +
√
u ion + pon

for all n ∈ P . If the last quantity is non-negative for all n, then f(ū) ≤ ū follows.

The latter shows that f maps [us, ū] to [us, f(ū)] ⊆ [us, ū]. Invoking Lemma 2.3 with a = us

and b = ū yields that the iterations in (2.16) initialized at ū converge to a PF solution uhv

satisfying uhv ≥ u for all u ∈ [us, ū]. Hence, the equilibrium uhv is in fact the high-voltage

power flow solution.

Theorem 2.4 adopts results on the monotone mapping devised in [24]. The analysis in [24]

presumes: i) power lines of equal resistance-to-reactance ratios; ii) a radial AC network;

and iii) is confined to constant-power injections. Here, due to the structure of the DC PF
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equations, we were able to extend these results to meshed networks and the ZIP model

under conditions (2.11) and (2.17). Condition (2.11) is trivially met if all buses host only

loads since then {gon, ion, pon} are all non-negative. It also holds if generators are modeled as

constant-voltage buses. Then according to Theorem 2.4, the DC PF equations feature a

high-voltage solution that can be reached by iterating (2.16). Condition (2.17) fails if a bus

n ∈ P hosts a constant-power generator and no loads, since then pon < 0. This corresponds

to the relevant case of relatively small distributed renewable generation, such as rooftop solar

panels operating under maximum power point tracking. To handle such cases, a different

fixed-point iteration is considered next.

2.4 Contraction Mapping

This section presents an alternative to the iterations in (2.16). The PF equations can be

rearranged into a different fixed-point iteration after dividing (2.7) by vn to get

vn =
∑
m∈P

gnm
cn

vm +
kn
cn

− pon
cnvn

(2.18)

for all n ∈ P . Solving (2.18) could be pursued through the fixed-point iteration

vt+1 := h(vt) (2.19)

where v := [v1 · · · vP ]
> and the n-th entry of h is

hn(v) :=
∑
m∈P

gnm
cn

vm +
kn
cn

− pon
cnvn

, ∀n ∈ P .

If pon ≥ 0 for all n ∈ P , the mapping h(v) is monotone. In fact, adopting an analysis similar
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to Theorem 2.4, the iterates of (2.19) are guaranteed to converge under the condition

ion + gon +
pon√
u
≥ 0.

However, to study the convergence of (2.19) under constant-power generation (pon < 0), this

section takes a different route.

Define the P × P matrix G with entries

Gnm :=

 cn , n = m

−gnm , n 6= m
.

which is the reduced grid Laplacian matrix obtained by considering only the rows and

columns corresponding to buses in P , and conductances as line weights. The constant-

admittance part of the load is also considered as shunt element and added to the diagonal

entry. Because G is a reduced Laplacian matrix with positive terms added on its main

diagonal, it holds that G � 0; see [29]. Using the definition of cn in (2.6a) and introducing

Z := G−1, the iterations in (2.19) can be rearranged as

vt+1 = h(vt) = Z
[
k − D(vt)p

]
(2.20)

where k := [k1 · · · kP ]>; p := [po1 · · · poP ]>; D(v) := dg−1(v); and the operator dg(v) returns

a diagonal matrix whose (n, n)-th entry is vn. The updates of (2.20) are also known as the

Z-bus iterations, and have been used for solving the PF task with ZIP loads for single- and

multi-phase AC networks [21], [22]; as well as DC networks [23]. To study the convergence

of (2.20), recall the notion of a contraction mapping.

Definition 2.5. A mapping h(x) : RP → RP is a contraction over the closed set C ⊆ RP , if

for all x, x̃ ∈ C:
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p1) h(x) ∈ C (self-mapping property); and

p2) ‖h(x) − h(x̃)‖q ≤ α‖x − x̃‖q with 0 ≤ α < 1 for the `q vector norm (contraction

property).

If a contraction mapping h has an equilibrium x = h(x) in C, the equilibrium is unique and

can be reached by the updates xt+1 := h(xt); see [30]. The next result shown in Appendix ??

provides conditions under which h is a contraction.

Theorem 2.6. Define vector d := Zk; its minimum entry d := minn |dn|; and the set

CR := {v : ‖v − d‖q ≤ R} for some R > 0 and q ≥ 1. The iterations in (2.20) converge to

the unique PF solution in CR under the conditions

R ≤ d (C1)

R(d−R) ≥ ‖Z‖q · ‖p‖q (C2)

(d−R)2 > ‖Z‖q · ‖p‖q. (C3)

Proof. For the subsequent analysis, a lower bound on voltages is needed. Since ‖v−d‖q ≤ R

for all v ∈ C, it follows that ‖v − d‖∞ ≤ R or |vn − dn| ≤ R for all n ∈ P . Combining the

latter with the reverse triangle inequality yields

vn ≥ |dn| −R, ∀n ∈ P . (2.22)

Under (C2), the RHS of (2.22) is positive, and thus, a non-trivial bound on voltages has

been obtained.

For h(v) to satisfy the self-mapping property, we need to show that ‖h(v)− d‖q ≤ R holds
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for all v ∈ C. Using the sub-multiplicative property of norms

‖h(v)− d‖q = ‖ZD(v)p‖q ≤ ‖Z‖q · ‖D(v)‖q · ‖p‖q. (2.23)

For a diagonal matrix ‖ dg(x)‖q = maxn |xn| for all q ≥ 1 (see e.g., [? , Th 5.6.37]). Then,

from (2.22) we get

‖D(v)‖q =
(

min
n

|vn|
)−1

≤ (d−R)−1 .

Plugging the latter into (2.23) renders condition (C2) sufficient for ensuring h(v) ∈ C.

Let us now upper bound the mapping distance:

‖h(v)− h(ṽ)‖q = ‖ZD(v)p − ZD(ṽ)p‖q

≤ ‖Z‖q‖p‖q · ‖D(v)− D(ṽ)‖q

≤ ‖Z‖q‖p‖q · max
n

{∣∣∣∣ ṽn − vn
ṽnvn

∣∣∣∣}
≤ ‖Z‖q‖p‖q

(d−R)2
· max

n
|ṽn − vn|

=
‖Z‖q‖p‖q
(d−R)2

· ‖v − ṽ‖∞

≤ ‖Z‖q‖p‖q
(d−R)2

· ‖v − ṽ‖q

where the third inequality comes from (2.22). Given the last bound, condition (C3) guaran-

tees that the contraction property holds for α = ‖Z‖q‖p‖q/(d−R)2.

Conditions (C1)–(C3) ensure that the updates in (2.20) remain positive and that h(v) is a

contraction mapping within CR. Each one of (C1)–(C3) introduces a range for R. We next

study when their intersection is non-empty and the physical intuition behind this.

Lemma 2.7. The radius of the `q-norm ball CR for the contraction mapping of Theorem 2.6



22 Chapter 2. Power Flow Solvers for Direct Current Networks

is confined within

R ∈ (R,R) :=

(
d−

√
d2 − 4β

2
, d−

√
β

)
(2.24)

where β := ‖Z‖q‖p‖q, if

d2 ≥ 4β. (2.25)

The condition in (2.25) holds in networks with light constant-power injections (small ‖p‖q,

and so small β) and/or sufficient constant-voltage generation (large d). Different from the

analysis of Section 2.3, Lemma 2.7 covers both positive (loads) and negative (generators)

entries of p.

Proof. From (C2), the radius R should satisfy R2−dR+β ≤ 0. To get a non-empty feasible

range for R, the previous convex quadratic should have a positive discriminant, i.e., d2 ≥ 4β.

Then R lies in the range between the roots of the quadratic as

R ∈

[
d−

√
d2 − 4β

2
,
d+

√
d2 − 4β

2

]
. (2.26)

Condition (C3) yields that |d−R| >
√
β. Because of (C1), the latter simplifies as R < d−

√
β,

thus tightening (C1) as

R ∈
[
0, d−

√
β
]
. (2.27)

The radius R should satisfy both (2.26) and (2.27). For the lower side, it is not hard to see

that because β ≥ 0

d−
√

d2 − 4β

2
≥ 0.
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For the upper side and since d ≥ 2
√
β, one can write

d2 − 4β =
(
d− 2

√
β
)(

d+ 2
√
β
)
≥ (d− 2

√
β)2. (2.28)

From (2.28), it follows that

d+
√

d2 − 4β

2
≥

d+
(
d− 2

√
β
)

2
= d−

√
β.

Combining the two sides yields the range of (2.24). Using (2.28) and because d2 ≥ 4β, we

obtain that
d−

√
d2 − 4β

2
≤

d−
(
d− 2

√
β
)

2
≤
√
β ≤ d−

√
β

so that the range of this lemma is not empty.

Unlike its AC counterpart of [21], Lemma 2.7 consolidates (C1)–(C3) into a single condition:

the one in (2.25). Moreover, Lemma 2.7 ensures both the existence and uniqueness of a PF

solution within CR. The Z-bus method for DC grids was also studied in [23]. Nonetheless, the

analysis in [23] provides conditions under which h(v) is a contraction, but it does not ensure

that h(v) is also self-mapping. Due to this, the conditions derived in [23] are looser. However,

to establish convergence of (2.20) via the Banach fixed-point theorem [30], both properties

p1)–p2) of Definition 2.5 are required, so all three conditions (C1)–(C3) are necessary.

In the degenerate case of no constant-power injections, we get β = R = 0 and so the ball

center d = Zk becomes the unique PF solution. Recall it was exactly the presence of

constant-power injections that rendered the PF equations non-linear. On the computational

side, Theorem 2.6 asserts that as long as d2 ≥ 4β, the voltage updates of (2.20) converge

linearly to a unique PF solution within CR.

The existence and uniqueness claims of Theorem 2.6 hold for all R ∈ (R,R) as explained
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in [21]: A larger R means that the solution is unique within a larger ball CR. On the other

hand, a smaller R implies that the unique solution is closer to d. The latter is of practical

interest when one wants to characterize the PF solutions over different scenarios without

having to solve the PF task for each scenario. For example, one can ensure that voltages lie

within CR without solving the PF equations. Such bounds are important for voltage studies.

The solution obtained by the voltage updates of (2.20) may not necessarily lie within the

voltage limits, i.e., the set V̂ := {v :
√
u1 ≤ v ≤

√
u1}. The ensuing lemma proved in

Appendix ?? provides sufficient conditions for CR ⊆ V̂ .

Lemma 2.8. It holds that CR ⊆ V̂ if

R ≤ min
{
d−√

u,
√
u− d

}
(2.29)

where d := minn |dn| and d := maxn |dn|.

Proof. Similar to the proof of Theorem 2.6, if v ∈ CR, then |vn − dn| ≤ R for all n ∈ P .

Combining the latter and the reverse triangular inequality yields,

|dn| −R ≤ |vn| ≤ |dn|+R.

A sufficient condition for vn ∈ [
√
u,
√
u] is that √

u ≤ |dn| − R and |dn| + R ≤
√
u. These

two inequalities will hold if R ≤ min
{
d−√

u,
√
u− d

}
, which concludes the proof.

If constant-power injections are zero (or small), condition (2.29) reduces to checking if point

d is inside set V̂ . If CR ⊆ V̂ , both the monotone and contraction mappings will find solutions

within V̂ , but not necessarily the same solution. The solution obtained through the monotone

mapping will be the high-voltage solution per Theorem 2.4. If in addition V̂ ⊆ CR, both

mappings will find the same solution. A sufficient condition for V̂ ⊆ CR is provided next.
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Lemma 2.9. If ‖(√u+
√
u)1 − 2d‖q + (

√
u−√

u)‖1‖q ≤ 2R, then V̂ ⊆ CR.

Lemma 2.9 simply ensures that all the corners of the hypercube V̂ are inside CR.

Proof. The set V̂ is contained in CR if all of its corners belong to CR. In other words, if vc

is a corner (extreme) point of V̂ , it should hold that ‖vc − d‖q ≤ R. The triangle inequality

yields

‖vc − d‖q ≤
∥∥∥vc −

(√
u+

√
u

2

)
1
∥∥∥
q
+
∥∥∥(√

u+
√
u

2

)
1 − d

∥∥∥
q

where
(√

u+
√
u

2

)
1 is the center point of the hypercube V̂ . Since all corner points of V̂ have

the same distance to this center points, the point vc can be selected as
√
u1 without loss of

generality, for which it holds that

∥∥∥∥∥vc −

(√
u+

√
u

2

)
1

∥∥∥∥∥
q

=

(√
u−√

u

2

)
‖1‖q.

Plugging the latter into the upper bound for ‖vc − d‖q proves the claim.

2.5 Energy Function-Based Solver

As an alternative to iterative methods, this section presents a PF solver relying on an energy

function. The idea is to find a function so that its stationary points correspond to the

solutions of the nonlinear equations at hand [26]. The convexity of the energy function

at a PF solution ensures numerical stability [31], [32]. Moreover, if the energy function

is strictly convex over a domain, one can establish uniqueness of the solution within that

domain [24], [26].

To explain this method, let us transform the voltage variables as ρn := logun for all n ∈ P .
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The PF equations in (2.8) can be equivalently expressed as

cne
ρn −

∑
m∈P

gnme
ρn+ρm

2 − kne
ρn
2 + pon = 0. (2.30)

Collecting ρn’s in vector ρ, we define the energy function as

E(ρ) :=
∑
n∈P

cne
ρn − 2kne

ρn
2 + p0nρn

− 2
∑
n∈P

∑
m∈P

gnme
ρn+ρm

2 .

Setting the partial derivative ∂E
∂ρn

to zero yields (2.30). Then, a PF solution can be found as

a stationary point of E(ρ). A stationary point can be found through the gradient descent

iterations

ρt+1 := ρt − γ∇E(ρt) (2.31)

which are guaranteed to converge for a sufficiently small step size γ. If E(ρ) is convex, a PF

solution can be found by minimizing E(ρ) over ρ.

To study the convexity of E(ρ), let us find its Hessian matrix H whose (n,m)-th entry is

Hnm := ∂2E
∂ρn∂ρm

. Given that the LHS of (2.30) is ∂E
∂ρn

, we get that

Hnm =


e

ρn
2

(
cne

ρn
2 − kn

2
−
∑̀
∈P

gn`

2
e

ρ`
2

)
, n = m

−gnm

2
e

ρn+ρm
2 , n 6= m

.

To simplify the analysis, introduce matrix H̃(ρ) := 2 dg
(
{e− ρn

2 }
)

H(ρ) dg
(
{e− ρn

2 }
)
. Matrix

H(ρ) is positive definite if and only if H̃(ρ) is positive definite. Let λ(A) denote the

minimum eigenvalue of a symmetric matrix A. We next characterize the set of voltages for

which H̃(ρ) � 0, or equivalently λ(H̃(ρ)) > 0.
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Theorem 2.10. The energy function E(ρ) is convex in U if

[kn]+ ≤ √
u

(
λ(G) + cn −

√
u

u

∑
m∈P

gnm

)

for all n ∈ P where [kn]+ := max{kn, 0}.

Proof. Decompose H̃(ρ) as H̃(ρ) = G+K(ρ), where K(ρ) is a diagonal matrix with diagonal

entries

Knn(ρ) := cn − kne
− ρn

2 −
∑
m∈P

gnme
ρm−ρn

2 .

If voltages lie in U , Knn(ρ)’s can be lower bounded as

Knn(ρ) ≥ cn −
[kn]+√

u
−
√

u

u

∑
m∈P

gnm. (2.32)

The minimum eigenvalue of H̃ satisfies [33, Th. 3.2.1]

λ(H̃(ρ)) ≥ λ(G) + λ(K(ρ)). (2.33)

Plugging (2.32) into (2.33) yields

λ(H̃) ≥ λ(G) + cn −
[kn]+√

u
−
√

u

u

∑
m∈P

gnm.

For λ(H̃) ≥ 0, the RHS of the last inequality must be positive for all n ∈ P , which is ensured

by the condition of this theorem.

Theorem 2.10 provides a sufficient condition for E(ρ) to be convex in U ; see Appendix ??

for a proof. If the condition of Th. 2.10 holds with strict inequality, the function is strictly

convex and so there is a unique PF solution in U . Perhaps not surprisingly, this condition
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is hard to meet, but the convexity of E(ρ) can be checked in a subset of U .

If a PF solution exists, one may be interested in studying the convexity of E(ρ) around

this solution. By continuity, E(ρ) will be convex in a neighborhood, and so this solution is

deemed as locally stable. The next lemma studies the convexity of E(ρ) at a PF solution.

Lemma 2.11. The energy function E(ρ) is convex at any PF solution in U if

[pon]+ ≤ λ(G)u (2.34)

for all n ∈ P where [pon]+ := max{pon, 0}.

Proof. If ρo is a PF solution, it satisfies (2.30) for all n ∈ P . Exploiting this fact and from

the definition of Knn(ρ), it follows that

Knn(ρ
o) = −pone

−ρon

≥ − [pon]+
u

.

Using (2.33) again, condition (2.34) ensures λ(H̃(ρo)) ≥ 0.

The condition in (2.34) does not depend on the state ρ. In per unit, the quantity [pon]+ is

much smaller than one, while λ(G) is larger. Therefore, condition (2.34) holds for a wide

range of practical cases as confirmed by the tests of the next section.
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2.6 Numerical Tests

Our DC PF solvers were tested using: i) the IEEE 123-bus radial distribution feeder; ii)

the IEEE 118-bus meshed transmission network; and iii) the Polish 2,736-bus transmission

system to test scalability. The multiphase 123-bus feeder was converted to its single-phase

equivalent. To obtain a DC power network, line reactances were ignored in all three sys-

tems. For the 123-bus system, the nominal ZIP loading was maintained to its benchmark

values, and only the substation was modeled as a constant-voltage bus. For the 118-bus

and 2,736-bus systems, the nominal (constant-power) loading was separated into ZIP com-

ponents by 30% constant-conductance, 30% constant-current, and 40% constant-power at

nominal voltage of 1 pu. Generation units in the 118-bus and 2,736-bus systems were treated

as constant-voltage buses at the nominal voltage.

We first tested conditions (2.11)–(2.17) related to the monotone iterations of (2.16). Loads

and generation were scaled by 0− 200% of their nominal values within the extreme voltage

range of up to ±50%, that is √u = 0.50 and
√
u = 1.50 pu. All three systems satisfied (2.11).

Condition (2.17) was satisfied too, since all generators were modeled as constant-voltage ones.

To capture a scenario of distributed constant-power generation, we flipped the sign of all

constant-power components. Condition (2.17) was still met for the 118- and the 2,736-bus

systems, but not the 123-bus feeder.

Table 2.1 validates conditions (2.11) and (2.17) for the three benchmarks, and over nominal

loading and a voltage range of ±10%. The second column of Table 2.1 shows the minimum

value of the difference between the RHS and LHS of (2.11) over all buses in P for all

three benchmarks, in p.u. Evidently, condition (2.11) is satisfied for all three networks

with a relatively large margin. This margin indicates that the constant-current portion

of load can be increased at all buses of each network with the respective value without
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Table 2.1: Validation of conditions (2.11) and (2.17)
System (2.11) (2.17) with p = po (2.17) with p = −po

IEEE 118-bus 22.27 2.228 1.028
IEEE 123-bus 72.3 0.02 -0.14

Polish 2,736-bus 10.48 0.0048 0.00022

Table 2.2: Different Loading Conditions

‖po‖2 0 po/2 po

β 0.00 0.12 0.25
d 0.98 0.98 0.98
R 0.00 0.30 −
R 0.98 0.63 −

rendering condition (2.11) invalid. The third column of Table 2.1 shows the minimum value

of LHS of (2.17) over all buses in P for the three benchmarks. Condition (2.17) is satisfied

for all three networks but the margin is narrow for the 123-bus and the Polish systems.

The forth column of Table 2.1 shows the same quantity as the third column, but with all

constant-power loads converted to constant-power generators. As a result of constant-power

generation, condition (2.17) no longer holds for the 123-bus grid, but still holds for the other

two benchmarks.

We then tested condition d2 ≥ 4β of Lemma 2.7 related to the contraction mapping. For

the 123-bus system, condition (2.24) was met for 0 − 97% of nominal load. The values for

β, d, R, and R are listed in Table 2.2. For the 118- and the 2,736-bus systems, the same

condition was satisfied only when loading was kept below 10% and 35% of its nominal value,

respectively. This could be attributed to the larger values of ‖Z‖q for these systems.

The conditions ensuring convexity were also examined. Not surprisingly, the global convexity

condition of Th. 2.10 did not hold for any system. However, condition (2.34) for local

convexity was satisfied for all three systems within reasonable voltage ranges. The difference
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between the RHS and LHS of (2.34) is depicted in Figures 2.4, 2.5, and 2.6. The plots

agree with the intuition that for increased loading and wider voltage ranges, the difference

becomes smaller.
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Figure 2.4: The difference between the RHS and LHS of (2.34) over the voltage range defined
as

√
u − √

u for IEEE 123-bus system. Positive values mean the energy function is convex
at all PF solutions within U .

The monotone iterations of (2.16) and the Z-bus iterations of (2.19) were implemented under

the benchmark conditions. The running times for reaching a relative error ‖vt+1−vt‖∞ and

‖ut+1 − ut‖∞ of 10−6 are compared in Table 2.5. The timing includes the matrix inversion

for finding Z needed in both cases. The two methods converged to the same state. By

and large, the Z-bus updates were faster with the advantage becoming more significant with

increasing system size.

In the next test, we have conducted 1000 Monte-Carlo tests on the Polish 2,736 system to

compare the computational advantage of the Z-bus method compared to Newton-Raphson

method. The loads are scaled by a random scale drawn uniformly between 0 and 1 for each

test. Although we disregarded Newton-Raphson method because of lack of performance
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Figure 2.5: The difference between the RHS and LHS of (2.34) over the voltage range defined
as

√
u − √

u for IEEE 118-bus system. Positive values mean the energy function is convex
at all PF solutions within U .

Table 2.3: Running time comparison of Z-bus and Newton-Raphson methods[sec]
Method Mean Median Max
Z-bus 3.08 2.98 4.29

Newton-Raphson 4.89 4.63 6.71

guarantees, we also wanted to see whether our methods exhibit computational advantage.

Table 2.3 shows

Figure 2.8 shows the convergence of the Z-bus method for the 123-bus system at nominal

loading for three initializations. The method converged even though condition d2 ≥ 4β of

Lemma 2.7 was violated. That was confirmed even for loadings between 100–500% initialized

at d as shown in Figure 2.9. The convergence rate is linear in log-scale (R-linear) with a

slope decreasing with loading. Figure 2.10 shows the convergence of the monotone iterations

of (2.16) again for loading 100–500% initialized at u 1 with u = 2. Notice that conditions

(2.11)–(2.17) hold for all loading cases, so that the monotone method is guaranteed to

converge to the high-voltage solution in this case. The convergence rate seems to be log-
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Figure 2.6: The difference between the RHS and LHS of (2.34) over the voltage range defined
as

√
u − √

u for IEEE 123-bus system. Positive values mean the energy function is convex
at all PF solutions within U .

linear as well, though its slope is less than the slope of the Z-bus method. Figure 2.11 depicts

the convergence for the iterations in (2.31) for γ = 10−4.

We next conducted 10,000 Monte-Carlo tests for the 118-bus system. For each test, the

constant-power part of the load for all nodes was scaled by a random scale drawn uniformly

in [−10, 10]. Negative coefficients were allowed to model constant-power generation. The

constant-current and constant-conductance parts for the load of each bus were scaled by a

random scale drawn uniformly in [0, 10]. In 94% of the cases, all three methods were able

to find the same solution, while all methods failed in the remaining 6% of the cases. The

minimum eigenvalue of the matrix H̃ was also positive for all the successful cases, further

confirming that the energy function is convex at the PF solution.

The last set of tests demonstrate the complementary value of the three methods along with

the tightness of the corresponding conditions. We used the two-bus system depicted in

Fig. 2.7 for g01 = 10 pu, v0 = 1 pu, and go1 = 1. Voltage bounds are set to be √
u = 1.1 and
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Table 2.4: Results of complementary test

Case (2.25) (2.11), (2.17) Alg. 1 Alg. 2 Alg. 3
I (po = −1,io = 1) X X X X X

II (po = −2,io = 1) 5 X X X X

III (po = −2,io = 10) 5 5 X 5 X

IV (po = −5,io = 20) 5 5 5 5 X

Figure 2.7: Two-bus example system.

√
u = 0.9. The two solutions for voltage v1 can be found in closed form. A summary of the

parameters and results of the four cases considered is provided in Table 2.4. Alg. 1, Alg. 2,

and Alg. 3 correspond to contraction mapping, monotone mapping, and energy function

minimization respectively. In cases I and II, all three methods successfully found the solution

while (2.25) fails in case II. Case III demonstrates a case where the contraction mapping

method fails to converge, while the other two methods successfully find the solution. Case IV

further demonstrates a case where the contraction and the monotone mapping methods failed

while the energy function-based method successfully found the solution. These tests show

that there exist cases where the conditions for monotone and contraction mappings do not

hold and both methods fail to converge. The flowchart of Figure 2.2 is also effective in all

cases for choosing the proper method.

Table 2.5: Running Time [sec]
System Monotone updates (2.16) Z-bus updates (2.19)

IEEE 118-bus 0.283 0.007
IEEE 123-bus 0.593 0.007

Polish 2,736-bus 1,111.53 1.223
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Figure 2.8: Convergence of (2.19) for different initializations. Regardless of initialization, all
instances of (2.19) will converge to the same solution.

1 2 3 4 5 6 7 8 9 1011
10

-8

10
-6

10
-4

10
-2

10
0

100%

200%

300%

400%

500%

Figure 2.9: Convergence of (2.19) for 100− 500% loading for the IEEE 123-bus test system
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Figure 2.10: Convergence of (2.9) for 100− 500% loading for the IEEE 123-bus test system
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Figure 2.11: Convergence of (2.31) for 100− 500% loading for the IEEE 123-bus test system
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2.7 Conclusions

We have considered the DC PF task for possibly meshed networks hosting ZIP loads; (large)

constant-voltage generators; and (smaller) constant-power generators. Under no constant-

power generation, the suggested monotone mapping finds the high-voltage PF solution. Un-

der limited constant-power generation and demand, the Z-bus iterations converge to a PF

solution. The latter solution is known to exist and be unique within a predefined ball. For

reasonably limited constant-power demand, the energy function minimization perspective

has established that all PF solutions are locally stable. Interestingly, the first method oper-

ates on the space of squared voltages; the second on voltages; and the third on the logarithm

of voltages. Numerical tests have demonstrated that the iterates converge to the same PF

solution even when the conditions fail. Nevertheless, the analysis attributes different critical

features to this solution. The convexity of the energy function and so the stability of the

PF solution seems to be less sensitive for the radial feeder. For a few hundreds of buses,

the monotone mapping and the Z-bus iterates seem to be comparable in terms of execution

time. Yet for networks having thousands of buses, the latter has an indisputable advantage.



Chapter 3

Energy storage Sizing under

Uncertainty

3.1 Literature Review and Contributions

From the wind or solar energy producer’s viewpoint, committing to a contract solely based

on historical data and forecasts may not be optimal: The violation of such contract due to

uncertainty may result in unsought and possibly extreme financial penalties. These penalties

may force the producer to choose conservative contracts which is not financially optimal. To

cater for this problem, ESS can be utilized to alleviate contract deviations. Employing ESS

for such purpose calls for optimal sizing and operation strategies, which are hard to solve

due to two main reasons: As an investment problem, the entire lifetime of the ESS should be

considered resulting in a horizon that is significantly longer than the ESS dispatch timescale.

Moreover, possible uncertainties should be considered, rendering an infinite-horizon stochas-

tic problem.

For a producer that rents ESS on a daily basis, the dynamic sizing of such ESS has been

studied in [34], where wind forecasts are drawn from a normal probability distribution func-

tion (pdf). When daily ESS renting is not a viable option, a greedy heuristic for optimal ESS

sizing and placement has been put forth under a linearized power flow model and perfect

This work was supported by a grant from Windlogics Inc.
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forecasts [35]. Considering a power system where conventional generators and energy storage

are jointly dispatched, the sizing task has been tackled under Gaussian forecast errors in [36].

Chance-constrained optimization has been used for tackling different power system tasks.

Assuming Gaussian uncertainty and for the purpose of optimal power flow (OPF), chance

constraints have been proposed in [37], [38]. Conservative convex approximations of chance

constraints for the AC OPF task has been studied in [39]. Non-Gaussian uncertainty has

been tackled in [40] by estimating the cumulative distribution function (CDF) of correlated

non-Gaussian random variables.

Model predictive control (MPC) have been used extensively in contex of chemical plants

and power systems MPC schemes surrogate infinite- or long-horizon problems that are often

computationally intractable, by a sequence of finite- or shorter-horizon problems. In an

MPC setup, after solving the first finite-horizon problem, only the first optimal decision is

implemented and the horizon is shifted forward by one time step and the process is repeated

with new information, e.g. forecast. An illustration of this process can be seen in Figure 3.1.

The major benefit of MPC is the optimality of current time slot, with the sacrifice of possible

overall optimality.

Under a deterministic setup, the performance degradation of finite-horizon MPCs has been

quantified in [41]. Although such quantifications do not exist for stochastic MPCs, the

approach is known to work well in practice and it has been used for dispatching storage

systems [42]. A two-stage stochastic MPC has been recently developed in [3] for ESS sizing

under Gaussian wind uncertainties. Using a linearized power flow and battery degrada-

tion models, an ESS sizing approach presuming no uncertainties has been proposed in [43].

Most existing approaches either ignore uncertainty [35], [43]; or resort to sampling [34], [44].

Sampling-based approaches postulate a particular pdf or use historical data. Other works

engage deterministic surrogates of chance constraints assuming that the pdf associated with



40 Chapter 3. Energy storage Sizing under Uncertainty

Figure 3.1: Operational illustration of MPC with receding horizons [3].

the uncertainty is known beforehand [3], [36]. Moreover, all aforementioned constraints are

developed for two separate chance constraints related to the upper and lower limits on power

and energy sizing, which is in general sub-optimal.

Often times there are uncertain parameters in an optimization problem which render tackling

them rather hard. Chance constraint optimization is a major method of handling such cases

by ensuring that the probability violating a certain constraint is smaller than some pre-

defined threshold. These methods are widely used in the context of power systems.

In this thesis, energy storage sizing is formulated here through a distributionally robust

(DR) MPC framework. By exploiting the convex reformulation of double-sided chance con-

straints [39], [45], it is ensured that the worst-case probability of violating double-sided ESS

limits is small for a broad family of distributions. Given the first- and second-order mo-

ments of the underlying pdf’s, the ESS sizing task can be reformulated as a second-order

conic program (SOCP). As a base case, a deterministic MPC formulation is also proposed,

which avoids chance constraints by placing all uncertainties in the cost. The ESS sizing task

is also formulated under Gaussian uncertainty and the three methods are contrasted.



3.2. Energy Storage Modeling and Operation 41

3.2 Energy Storage Modeling and Operation

The energy storage system (ESS) is operated at control periods of fixed duration of say 15

minutes. The MPC horizon starting at control period h is indexed by h. Each MPC horizon

consists of T control periods with a relative index (offset) of t = 0, . . . , T − 1, e.g., the t-th

period within horizon h is control period h+ t.

The charging amount during period t is denoted by bht , which is positive when the battery is

charging. Assuming a charging cycle of unit efficiency, the state of charge (SoC) at the end

of period t within horizon h is sht = bht + sht−1 for t = 0, . . . T − 1. If we collect the charging

amounts and the SoCs during horizon h respectively in vectors bh := [bh0 · · · bhT−1]
> and

sh := [sh0 · · · shT−1]
>, the ESS dynamics can be compactly expressed as

sh = Fbh + 1sh−1, ∀h (3.1)

where F is a lower triangular matrix having ones in all its non-zero entries; 1 is a T -length

vector of all ones; and sh−1 is the SoC at the beginning of horizon h with s1−1 = 0.

If p̄ and s̄ are the power and energy ratings for the ESS, the charging and SoC vectors are

constrained as

−1p̄ ≤ bh ≤ 1p̄ (3.2a)

0 ≤ sh ≤ 1s̄. (3.2b)

for all h with the inequalities applied entrywise.

Based on the MPC rationale, at every horizon h, the operator solves an ESS dispatch problem

for the next T control periods to find bh. But rather than implementing the entire bh, only
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the first charging decision bh0 is actually taken to bring the SoC from sh−1 to sh0 . The process

is repeated by initiating the MPC scheme for horizon h + 1 with sh+1
−1 = sh0 . The coupling

across horizons can be captured by rewriting (3.1) as

sh = Fbh + 1e>
1 sh−1, ∀h (3.3)

where et is the t-th canonical vector of length T .

The purpose of the ESS is to smoothen out an energy signal pht , which could be the output

of a wind farm; an aggregation of solar panels; the negative of a load aggregation; the net

commitment to a generation contract; or combinations thereof. The cost of deviating from

this energy signal over horizon h is captured through a given function f as

fh(bh) :=
T−1∑
t=0

f(pht − bht ). (3.4)

The key point though is that the energy signal pht is not known a priori. Rather, before

running the MPC scheme for horizon h, we are given a forecast (µh,Σh) for the energy

signal ph := [ph0 · · · phT−1]
> to be experienced over the next T periods, so that

ph = µh + δh (3.5)

where µh := E[ph] and δh is a zero-mean random vector with covariance Σh. Given that δh is

random, the cost in (3.4) becomes random, and the ESS operator is interested in minimizing

the expected cost f̄h(bh) := E[fh(bh)].

Having described the operational cost per MPC horizon, let us now formulate the objective of

the ESS sizing problem. The ultimate goal is to decide the ESS power and energy capacities

(p̄, s̄), so that the overall (operational and investment) cost is minimized. The operational
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cost is found as the average over H MPC horizons. If (πp, πs) are the amortized prices for

battery sizing, our objective is to minimize

g(x) := 1

HT
E

[
H∑

h=1

T−1∑
t=0

f(pht − bht )

]
+ πpp̄+ πes̄ (3.6)

over the charging decisions b := {bh}Hh=1 and the sizing variables, all collectively denoted by

x := {b, p̄, s̄}.

If the contract deviation cost is of the form f(x) = ax2 + cx, the average operational cost

for horizon h can be shown to be

f̄h(bh) = aTr(Σh) + a
∥∥µh − bh

∥∥2
2
+ c1>(µh − bh). (3.7)

The coefficients (a, c) are kept constant assuming that the contract remains invariant across

time. Alternatively, if the operational cost changes over time as fh(x) = ahx
2 + chx and

the prices (ah, ch) are random but independent of µh, then (3.7) holds for a = E[ah] and

c = E[ch].
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3.3 Energy Storage Sizing

3.3.1 Deterministic Charging Decisions

If the charging decisions b are treated as deterministic, ESS sizing can be posed as minimiz-

ing (3.6) subject to (3.2)–(3.3)

min
b,p̄,s̄

1

HT

H∑
h=1

f̄h(bh) + πpp̄+ πes̄ (3.8a)

s.to − p̄1 ≤ bh ≤ p̄1, h = 1, . . . , H (3.8b)

0 ≤ Fbh ≤ s̄1, h = 1 (3.8c)

0 ≤ Fbh +
h−1∑
i=1

bi
1 ≤ s̄1, h = 2, . . . , H (3.8d)

which can be solved as a linearly-constraint quadratic program.

As evident from (3.7), problem (3.8) ignores the intra-horizon correlations of δh, and thus

will not yield a sufficiently large energy storage system. To cater for this shortcoming, a new

charging policy is adopted next.

3.3.2 Charging Policies

To take into account the correlation across δ, one can postulate a control policy where bh

depends linearly on the random energy signal ph as

bh = dg(αh)ph = dg(αh)(µh + δh) (3.9)
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where αh := [αh
0 · · · αh

T−1]
>, and dg(αh) is a diagonal matrix having vector αh on its main

diagonal. Rather than optimizing over deterministic bh as in (3.8), the charging policy of

(3.9) finds the optimal {αh}. In this way, charging decisions adapt to the energy signal even

when the latter varies within a control period. Such real-time adjustments could allow for

longer control periods, i.e., smaller values of T , within each MPC horizon, thus reducing

the computational burden for both the sizing and operational tasks. Similar control policies

have been adopted for designing the droop parameters of synchronous generators in response

to wind uncertainty at the power system level [37], [45]. Reference [3] assumes that αh = 1,

thus resulting to large ESS ratings.

To optimally design α along with sizing, let us collect all {αh} in the HT -length vector α.

Plugging the charging policy of (3.9) into (3.1) yields

sh = F dg(αh)(µh + δh) + 1
h−1∑
i=1

αi
1(µ

i
1 + δi1)

so the t-th entry of sh depends on previous forecasts as

sht = e>
t sh = e>

t F dg(αh)(µh + δh) +
h−1∑
i=1

αi
1(µ

i
1 + δi1). (3.10)

Since δh is random, bh and sh are random as well and the constraints in (3.2) cannot be

enforced deterministically. One may want to select x so that (3.8b)–(3.8d) are satisfied

with a prescribed probability of 1 − ε. Nonetheless, guaranteeing all 4HT constraints are

satisfied with a given probability is computationally intractable. Therefore, one may consider
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enforcing the instantaneous charging and SoC constraints for all h and t as [37], [36], [3]

Pr(bht ≤ p̄) ≥ 1− ε′ and Pr(−bht ≤ p̄) ≥ 1− ε′ (3.11a)

Pr(sht ≤ s̄) ≥ 1− ε′ and Pr(−sht ≤ 0) ≥ 1− ε′. (3.11b)

A better approximation of the original overall chance probability is to enforce the two single-

sided constraints of (3.11a) into one chance constraint, and the two single-sided constraints

of (3.11b) into another one as

Pr(−p̄ ≤ bht ≤ p̄) ≥ 1− ε (3.12a)

Pr(0 ≤ sht ≤ s̄) ≥ 1− ε. (3.12b)

If the violation probability in (3.11) is set so that ε′ = ε, then (3.11) is a relaxation of (3.12).

If ε′ = ε
2
, it is a restriction of (3.12); see [45].

To enforce the single- or double-sided constraints in (3.11) or (3.12), we next explain how

the first- and second-order statistics of bht and sht can be expressed as affine functions of the

statistics of {δh}. First collect all {δh}Hh=1 in the HT -length vector δ, whose mean is zero

and its covariance is Σ. Matrix Σ which can be block-diagonal if forecasts are uncorrelated

across MPC horizons. Block diagonal or not, the diagonal blocks of Σ are denoted by Σh

for h = 1, . . . , H. Moreover, the diagonal entries of Σh is stored in vector σh. From (3.9),

the charging amount bht has mean αh
t µ

h
t and variance

(
αh
t

)2
σh
t . Similarly, for sht we get from

(3.10)

µ(sht ) = e>
t F dg(αh)µh +

h−1∑
i=1

αi
1µ

i
1 = α>ah

t (3.13)

σ(sht ) = ‖Σ1/2Sh
tα‖22 (3.14)
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where Σ1/2 is the matrix square root of Σ; while vector ah
t and the HT × HT selection

matrix Sh
t can be obtained from (3.10).

Under the charging policy of (3.9), the expected operational cost can be found to be

f̃h(α
h) := E[fh(αh)]

= a · (αh)>
[
dg2(µh) + dg(σh)

]
αh

+
[
cµh − 2aµh � µh

]>
αh

+ a‖µh‖22 + aTr(Σh) + c1>µh. (3.15)

If δ is Gaussian in particular, the constraints in (3.11a) can be reformulated as linear inequal-

ity constraints using the related inverse CDF [3]. Having the mean and standard deviation

of bht , these linear constraints for time t of horizon h become

− p̄+ αh
t (µ

h
t + β1σ

h
t ) ≤ 0 (3.16a)

− p̄− αh
t (µ

h
t − β2σ

h
t ) ≤ 0 (3.16b)

where β1 := Φ−1(1− ε′); β2 := Φ−1(ε′); and Φ is the CDF of a standard normal random vari-

able. The constraints in (3.11b) can be expressed as second-order cone (SOC) constraints [3].

From the mean and standard deviation of sht from (3.13) and (3.14), these SOC constraints

become for all t and h

β1‖Σ1/2Sh
tα‖2 ≤ s̄−α>ah

t (3.17a)

β1‖Σ1/2Sh
tα‖2 ≤ α>ah

t . (3.17b)

The number of SOC constraints can be reduced by half by introducing an auxiliary variable
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cht at the expense of adding two linear constraints [37]

cht ≤ s̄−α>ah
t (3.18a)

cht ≤ α>ah
t (3.18b)

β1‖Σ1/2Sh
tα‖2 ≤ cht . (3.18c)

Therefore, the task of ESS sizing under the policy of (3.9) for Gaussian uncertainty δ can

be expressed as

min
α,p̄,s̄

1

HT

H∑
h=1

f̃h(α
h) + πpp̄+ πes̄ (3.19)

s.to (3.16), (3.18) ∀t, h

which can be reformulated to a SOC program (SOCP).

If the pdf of δ is unknown, one could follow a distributionally robust (DR) approach. Based

on the latter, the unknown pdf belongs to a family of pdfs and the constraints in (3.11) are

guaranteed for all members of that family. This implies that each constraint is satisfied with

probability larger than 1− ε′ for the worst-case pdf, where the worst case is interpreted on

a per-constraint basis.

A common DR setup is to consider the family of pdf’s with fixed first- and second-order

moments. Given the aforesaid moments, the pdf of δ is allowed to lie within the family P

of zero-mean HT -length random vectors with covariance Σ. Then, the first constraint in

(3.11a) can be expressed as

inf
Pr∈P

Pr(bht ≤ p̄) ≥ 1− ε′

and can be reformulated as an SOC; see [45]. However, handling each constraint in (3.11)
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separately is suboptimal. Leveraging the results of [45], we consider the worst-case pdf for

the double-sided constraints of (3.12). Interestingly, these constraints can still be expressed

as SOCPs as reviewed next.

Consider the general feasible set incurred by a double-sided chance constraint

Z :=

{
x : inf

δ∼Pr∈P
Pr
(
|δ>w(x) + u(x)| ≤ v

)
≥ 1− ε

}

where the vector w(x) and the scalar u(x) are affine functions of the optimization variable x,

while v > 0 is a given scalar. The constraints in (3.12a) and (3.12b) can both be expressed

in form of the feasible set Z. As established in [45], the double-sided chance constraint

captured by set Z can be written as

Z =
{

x : y2 + w>(x)Σw(x) ≤ ε(v − z)2,

|u(x)| ≤ y + z, 0 ≤ z ≤ v, y ≥ 0} (3.20)

where y and z are auxiliary optimization variables. Observe that the first constraint in (3.20)

can be written as an SOC. Hence, the set Z in (3.20) has been expressed as the intersection

of one SOC and five linear inequality constraints.

Applying this reformulation to ESS sizing, the pairs of doubly-sided constraints in (3.12) are
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expressed as

∣∣αh
t µ

h
t

∣∣ ≤ yht + zht (3.21a)

0 ≤ zht ≤ p̄ (3.21b)

yht ≥ 0 (3.21c)∥∥∥∥∥∥∥
σh

t α
h
t

yht


∥∥∥∥∥∥∥
2

≤
√
ε
(
p̄− zht

)
(3.21d)

∣∣s̄/2− [ah
t ]

>α
∣∣ ≤ ŷht + ẑht (3.21e)

0 ≤ ẑht ≤ s̄/2 (3.21f)

ŷht ≥ 0 (3.21g)∥∥∥∥∥∥∥
Σ1/2Sh

tα

ŷht


∥∥∥∥∥∥∥
2

≤
√
ε
(
s̄/2− ẑht

)
(3.21h)

where yht , zht , ŷht , and ẑht are slack variables. Constraints (3.21a)–(3.21d) correspond to (3.12a),

and (3.21e)–(3.21h) correspond to (3.12b). The DR formulation has twice as many SOC con-

straints as its Gaussian counterpart in (3.19). The DR MPC can be compactly formulated

as

min
α,p̄,s̄

1

HT

H∑
h=1

f̃h(α
h) + πpp̄+ πes̄ (3.22)

s.to (3.21) ∀t, h.

This formulation caters for the worst-case double-sided chance constraints and therefore is

a more conservative than (3.19).
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3.4 Computational complexity of ESS sizing problem

The problem of (3.22) is SOPC which can be handled by commercial optimization tools when

the number of horizons and time steps at each horizon is relatively small. Unfortunately, for

the ESS sizing to be adequate larger number of horizons should be considered to model the

life-time of the ESS system. To put everything in perspective, if T = 6 and H = 864, which

corresponds to a 30-day operation with horizons of 1-hour length, the problem of (3.22) will

have 51, 840 SOC constraints, which renders the problem computationally expensive. To

cater for this problem, we next study some methods existing in literature to handle large

scale problems.

3.4.1 Polytope Approximation of SOCs

In an effort to reduce the computational complexity of our SOCP formulation, we resorted to

a polytopic approximation of the SOC constraints. Consider the 3-variable SOC constraint

√
x2
1 + x2

2 ≤ x3. (3.23)
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This constraint can be approximated from its interior by the linear constraints [46]



ζ0 ≥ |x1|

η0 ≥ |x2|

ζj = cos
(

π
2j+1

)
ζj−1 + sin

(
π

2j+1

)
ηj−1 , j = 1, . . . , ν

ηj ≥
∣∣cos

(
π

2j+1

)
ηj−1 − sin

(
π

2j+1

)
ζj−1

∣∣ , j = 1, . . . , ν

ζν ≤ x3

ην ≤ tan
(

π
2ν+1

)

(3.24)

where the integer parameter ν denotes the number of sides. Enforcing (3.24) implies that [46]

√
x2
1 + x2

2 ≤ (1 + δ(ν))x3 (3.25)

where

δ(ν) =
1

cos
(

π
2ν+1

) − 1.

Apparently, increasing ν improves the approximation accuracy but also increases the number

of linear constraints.

Consider next the general cone

√
x2
1 + x2

2 + · · ·+ x2
n ≤ xn+1 (3.26)

and without loss of generality assume that n = 2k. Assign a slack variable to each pair

of variables, (x1, x2), (x3, x4), up to (xn−1, xn). Next, formulate each one of these variable

triplets, say (x1, x2, t2) into a three-variable cone as in (3.25). Repeat the same process for

the slack variables {t2k+1}Nk=1 until you reach the final three variables. This process converts
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the general SOC of (3.26) into 2k−1 3-variable SOCs. After approximating each SOC with

polytopes, all 2k−1(6+3ν) linear constraints are added to the optimization problem, meaning

that although we are dealing with linear constraints now, but it may be still computationally

intractable due to the sheer number of linear constraints added. To put things in perspective,

if the optimization problem is to be run for T = 6 and H = 1440 (period of 10 days), there

are 17,280 SOC constraints, each of which will result in 2k−1(6+3ν) linear constraints where

k = 14 and ν is to be decided based on the desired accuracy. For this reason, we aborted the

effort of reformulating the problem using the polytopic approximation of SOCPs. Instead,

we resorted to the cutting-plane method described next.

3.4.2 Cutting-plane Algorithm

Consider an SOC constraint in its standard form

‖Ax + b‖2 ≤ c>x + d. (3.27)

By linearizing the `2-norm in the LHS of the constraint at some x0, we get the linear con-

straint

‖Axo + b‖2 +
(Axo + b)TA
‖Axo + b‖2

(x − xo) ≤ cTx + d. (3.28)

By convexity of the `2-norm, constraint (3.28) is a relaxation of (3.27). In fact, the feasible

set in (3.27) can be expressed as the intersection of infinitely many constraints of the form

in (3.28) for all possible xo’s.

The general idea of the cutting-plane method is to solve the optimization problem without

the SOC constraints and check for violation of SOC constraints at the obtained minimizer. If

any constraint is violated, we add the corresponding linearized constraint to the problem and
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solve it again, and repeat the process until all SOC constraints are satisfied [47]. This method

ensures that at each step only linear constraints are present, hence reducing complexity of

each step. For this reason and in case of quadratic cost, efficient LCQP solvers can be used

in each step.

3.4.3 Multiparametric Programing (MPP)

Multiparametric programming is a powerful tool when it comes to solving linearly-constrained

linear or quadratic programs that depend on a parameter θ; see [48], [49]. Consider the LP

x∗(θ) ∈ arg min
x

cᵀx

s.to Ax ≤ b + Eθ

(3.29)

Let Ã denote the rows of A for which the corresponding constraints are active at the optimal

solution for a particular θ. Similarly Ā denotes the rows of A for which the corresponding

constraints are inactive. Likewise, define b̃, Ẽ, b̄, and Ē. The way the previous matrices

and vectors are partitioned depends on θ. For that reason, define a critical region as the

set of θ yielding the same set of active constraints for (3.29). At the optimal point x∗(θ), it

holds

Ãx∗ = b̃ + Ẽθ (3.30a)

Āx∗ < b̄ + Ēθ. (3.30b)

If the problem is non-degenerate, i.e., the number of active constraints equals the number of

variables, matrix Ã is full-rank and square. Then, the minimizer can be found from (3.30a)
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as

x∗ = Ã−1(b̃ + Ẽθ). (3.31)

Substituting x∗ into (3.30b) shows that the critical region having Ã as active constraints is

expressed by the polytope

C = {θ : (ĀÃ−1Ẽ − Ē)θ < b̄ − ĀÃ−1b̃}. (3.32)

For all θ ∈ C, the primal solution is an affine function of θ [cf. (3.31)], while the Lagrange

multipliers y∗(θ) corresponding to the constraint of (3.29) are identical.

Consider next the linearly-constrained convex quadratic program

x∗(θ) = arg min
x

1

2
xᵀHx

s.to Ax ≤ b + Eθ

(3.33)

for which H � 0. From the KKT conditions of the problem, we get that

Hx∗(θ) + Aᵀy∗(θ) = 0 (3.34a)

dg(y∗(θ))(Ax∗ − b − Eθ) = 0 (3.34b)

y∗(θ) ≥ 0 (3.34c)

Ãx∗(θ)− b̃ − Ẽθ = 0 (3.34d)

Āx∗(θ)− b̄ − Ēθ < 0. (3.34e)

Let ỹ∗(θ) and ȳ∗(θ) be the Lagrange multipliers corresponding to the active and inactive
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constraints, respectively. Since ȳ∗(θ) = 0, it follows that

x∗(θ) = −H−1Aᵀy∗(θ) (3.35)

ÃH−1Ãᵀỹ∗(θ) + b̃ + Ẽθ = 0. (3.36)

If the problem is non-degenerate, matrix ÃH−1Ãᵀ is square and full-rank and so both the

primal and dual solutions to (3.33) are given by affine functions of θ and these functions are

dependent on the critical region:

ỹ∗(θ) = −(ÃH−1Ãᵀ)−1(b̃ + Ẽθ) (3.37)

x∗(θ) = H−1Ãᵀ(ÃH−1Ãᵀ)−1(b̃ + Ẽθ). (3.38)

Substituting (3.37) and (3.38) respectively in (3.34c) and (3.34e) provides

(ÃH−1Ãᵀ)−1(b̃ + Ẽθ) ≤ 0 (3.39)

ĀH−1Ãᵀ(ÃH−1Ãᵀ)−1(b̃ + Ẽθ)θ < b̄ + Ēθ (3.40)

showing that the critical region is again a polytope.

Although the MPP framework is promising for linear programs, the advantage do not hold

for SOCPs. The dual problem of SOCP is again another SOCP and therefore enforcing KKT

conditions are not trivial. Even if the SOCPs are converted to linear constraints, critical

regions can be exponentially many since the problem does not have a symmetrical or sparse

structure which renders limited umber of critical regions.
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3.5 Numerical Tests

The three ESS sizing methods of (3.8), (3.19), and (3.22) were compared through numerical

tests. The mean value for the random energy signal p was selected to be the actual wind gen-

eration of [50]. The covariance matrix of δ was simulated as block diagonal with Σh = SCS,

where S is a diagonal matrix with linearly increasing diagonal entries to model the increasing

uncertainty as time moves forward. The entries of C were selected as [C]ij := 0.9|i−j|. The

amortized prices πp and πe were chosen to be 400/L ($/10min) and 600/L ($/10min) based

on the lithium-ion technology taken from [51], and L is the number of 10-minute time slots

in the lifespan of the battery. The battery lifetime was taken to be 10 years. All tests were

conducted for H = 144 and T = 6 corresponding to one day of operation of 1-hr horizons.

The coefficient a in fh(bh) is termed as the penalization rate and c is set to zero.

energy rating [MWh]

200 400 600 800 1000

Operational cost coefficient a

0.02

0.04

0.06

0.08

0.1

V
io
la
ti
on

p
ro
b
.
ǫ

20

30

40

Figure 3.2: Energy ratings obtained by the Gaussian formulation of (3.19).

Figures 3.2, 3.3, 3.4, and 3.5 show the effect of a and the violation probability ε for the

Gaussian and DR formulations, respectively. By increasing a, having an ESS and utilizing it

more is deemed more favorable than being penalized. By increasing ε, the constraints need

to be satisfied with lower probability, meaning that smaller ESS ratings suffice.
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Figure 3.3: Power ratings obtained by the Gaussian formulation of (3.19).

Figure 3.6 depicts a comparison between the three formulations for varying a’s. The DR

distribution yields ESS ratings significantly larger that the other two methods, which is

expected since (3.22) accommodates the worst-case distribution.

Figure 3.7 depicts the effect of having a longer MPC horizon in the DR formulation. With

longer horizons, the uncertainty close to the end of the horizon grows larger, and thus larger

ESS will be needed to make up for it. This growth of uncertainty is modeled here with the

increasing diagonal entries of S. In reality though, the uncertainty may experience saturation

after some value of T and the forecasts may be equally uncertain as the horizon length grows

larger than some threshold value of T .

One solution to the increased uncertainty would be to increase the violation probability

along time within each MPC horizon. To this end, ε was selected as a linear function of t,

and the results are contrasted to the fixed ε are shown in Figure 3.8. The results show that

relaxing the chance constraints towards the end of each horizon by increasing ε deems lower

ESS sizing. Since only the first decision is implemented, the increase of violation probability

(relaxation of chance constraints) is valid in real-time operation.
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Figure 3.4: Energy ratings obtained by the DR formulation of (3.22).
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Figure 3.5: Power ratings obtained by the DR formulation of (3.22).
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Figure 3.6: Optimal energy rating for increasing operational cost a.

0 2 4 6 8 10 12

Operational cost coefficient a

0

50

100

150

200

250

300

en
er
g
y
ra
ti
n
g
[M

W
h
]

0

5

10

15

20

25

p
ow

er
ra
ti
n
g
[M

W
]

Figure 3.7: Optimal ratings for increasing number of periods T per MPC horizon.
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Figure 3.8: Optimal ratings for increasing violation probability ε over t.
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3.6 Conclusions

Assuming an MPC control strategy, we have considered three ESS sizing formulations: a

deterministic approach; a charging policy under Gaussian uncertainty; and a distributionally

robust charging policy. The three formulations have been contrasted through numerical tests,

which demonstrate that the DR formulation yields a higher ESS size since it considers the

worst-case pdf. The tests further demonstrate that by increasing the horizon length, the

ESS size grows exponentially. To counterbalance this effect, we tried relaxing the constraint

violation probability. The number of second-order cone constraints increases with the number

of horizons, thus rendering the computational complexity prohibitive. Linear surrogates

for second-order cones and cutting-plane methods could reduce the computational burden.

Introducing terminal costs for MPC, numerical surrogates of chance constraints, and possible

relaxations of the coupling present in ESS operation are left for future research.
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