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With the advancement of self-driving vehicles, roadways and highways will soon be driven 

entirely with fully autonomous vehicles. The presence of autonomous vehicles create safer roads 

that will no longer be hindered by driver misjudgments or distractions. Autonomy is not limited to 

passenger vehicles but can and is being applied to tractor-trailers. With the advancement in sensor 

perception range and resolution, it is now possible to consider creating a fully autonomous tractor-

trailer that can see and identify far enough down the road that will stop in time so as to not hit an 

object.  

 The focus of this thesis is to provide recommendations based upon a dynamics model 

created for a forward-looking perception sensor for a tractor-trailer so that the vehicle can see far 

enough forward in order to stop and/or avoid collision as necessary and also when jackknifing may 

occur. In order to determine what the best forward sensor and sensor package is, review of previous 

autonomous systems and their sensor packages was performed. Additionally, how sensor 

technologies work shall be presented. The sensor technologies included are LiDAR, cameras, and 

radar. After this review, a model is presented that calculates the stopping distance of a tractor-

trailer given certain parameters and variables such as initial velocity, braking factors, and steering 

angle for example. After such analysis, a brief discussion of the differences and recommendation 

between drum and disc brakes for an autonomous tractor-trailer shall be presented.  
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 With autonomy becoming a reality for passenger cars, developing an autonomous for 

tractor-trailers is the next step for driverless roads. Tractor-trailers are heavy, large, and have a 

pivot joint between the tractor and trailer that makes the movement between the two more 

complicated. The purpose of the research presented here is to determine the best forward “looking” 

perception sensor that will see far out enough for the vehicle to stop in time to avoid hitting an 

object. 

 In order to determine the best sensor, a review of previous sensors and autonomous vehicle 

sensors will be explored along with the various perception technology. Additionally, a simulation 

of a tractor-trailer stopping was created to determine the range necessary for a forward perception 

sensor and when jackknifing may occur. The best brake type for a tractor-trailer will be 

recommended as well. Finally, the best forward sensor and senor layout for an autonomous tractor-

trailer is made based upon the simulation results for the stopping distance of a tractor-trailer. The 

work, however, is not fully complete. A discussion of the future work and validation of the sensors 

selected will give future research goals.  
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Chapter 1:   

Introduction 

1.1: Motivation 

During a study from 2005-2007 approximately 95% of the 2 million crashes studied were 

attributed to driver error. The study found that of the driver error accidents, 41% were attributed 

to distractions or inattention and 33% to judgement errors [1]. Not only do these accidents cause 

loss in property, they lead to driver and pedestrian fatalities. In 2016, the National Highway Traffic 

Safety Administration (NHTSA) recorded a tractor-trailer driver fatality count of 722, and a total 

fatality count of vehicle drivers (all types of vehicles) and non-occupants of 37,461. Both of these 

totals are up from 2015 by 8.6% and 5.6% for tractor-trailer drives and total fatalities, respectively 

[2]. Even though tractor-trailer producers may make their vehicles safer, fatalities caused by the 

vehicle will still increase due to driver distractions and an increasing demand of goods transported 

by tractor-trailers. The number of fatalities that involved “Large Trucks and Buses” in 2015 was 

4,311 which is up 8% from the previous year [3], and the total miles being traveled by tractor-

trailers is increasing. NHTSA found the total miles traveled by tractor-trailers in 2013 to be 168 

million miles which is up almost 5 million miles compared to 2012 and 28 million compared to a 

decade before it in 2003 [4]. A degree of autonomy in vehicles including tractor-trailers may be a 

solution to the driver error seen on today’s roads. 

The motivation of the research is, therefore, to provide a dynamics model that will provide 

the end user with information on safe driving parameters and stopping ranges for an autonomous 

tractor-trailer. The parameters that will be considered in the dynamics model include road/tire 

coefficient of friction, tractor and trailer weight, trailer center of gravity (CG) location, and tractor 

steering angle. Given these variables, the model will determine if jackknifing will occur or if the 

vehicle can safely operate and come to a stop.  

With the conditions of jackknifing or safe operation known, the end user can evaluate 

which sensor technology should be selected for a forward-looking perception system. Information 

on various technologies be provided in the Literature Review chapter and the discussion of 

individual units will be presented after the results are shown. The challenges of determining the 

stopping distance and sensor for an autonomous tractor-trailer is in the vast differences between 

every tractor-trailer type. The mission of this thesis is to provide the end user with a tool with 

which to assess how tractor-trailer parameters and road conditions affect operations and what 

sensor units may be best under said conditions. 
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1.2: Thesis Outline 

This thesis is developed to explore the area of tractor-trailer dynamics, determine the 

stopping distance, and recommend sensors based upon range requirements. The following chapter 

outline shows the path taken with the development of a tractor-trailer model, sensor discussion, 

and recommendations. 

1. Literature Review 

The purpose of conducting a literature review is to determine the feasibility of 

creating an autonomous tractor-trailer. While there are companies that are in the prototype 

phase, not much literature has been presented on autonomous tractor-trailers. The literature 

review shall, therefore, discuss three different topics: basic autonomous vehicle, Team 

Oshkosh’s vehicle and comparison to tractor-trailers, and sensor technologies for 

perception. 

In discussing basic autonomous vehicle, a basic understanding of how to create an 

autonomous vehicle and its sensor layout will be determined. 

Team Oshkosh’s vehicle, although not a tractor-trailer, can give key insights into 

larger vehicle sensor selections and sensor layout. Although the dynamics of the vehicle 

are not the same, parallels can be drawn between the two types of vehicles since the Terra 

Max vehicle is much larger than a standard passenger vehicle. 

Finally, a discussion of the perception sensors available for an autonomous tractor-

trailer is presented. The three sensor technologies discussed are LiDAR, cameras, and 

radar. These three technologies have been shown to have the capabilities to determine 

objects at long ranges. 

 

2. Model and Calculations 

The Model and Results section discusses the process taken to develop the 

MATLAB® model of the tractor-trailer. The process involved development of a free body 

diagram. After the free body diagram is shown, the calculations used to determine the 

stopping distance and jackknifing stability shall be shown. After, discussion of each 

individual force affecting the tractor-vehicle will briefly be discussed. In addition to the 

forces, the MATLAB® model is presented along with discussion of each of the calculations 

being conducted.  

 

3. Results 

The results of the MATLAB® model are shown. The results are first tested against 

known testing of coasting and braking to determine the accuracy of the model. After the 

model has been validated, the results are presented along with a presentation on possible 

sensors that can be used for an autonomous tractor-trailer. During the discussion of the 

results, a comparison shall be made between disc and drum brakes to determine which 

brake type offers better stopping distance and/or jackknifing stability. 

 

4. Conclusion 
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Finally, the conclusion of this research is made. The conclusion will harp on the 

importance of understanding the dynamics behind an autonomous tractor-trailer in order to 

fully spec out a forward perception sensor. The end user will have an understanding and 

capability of how to select a sensor and how to use the model for both range requirements 

and to determine stability. 

 



4 

 

Chapter 2:  Literature Review 

Determining the perception sensors requires thorough review of the current technologies 

and how these sensors work. Validation of these sensors is crucial if an autonomous vehicle is to 

be trusted. To begin, a basic layout and autonomous capabilities are presented through Wuhan 

University and Zhou’s autonomous vehicles. These vehicles are small in comparison to a tractor-

trailer, but basic principles of sensor technologies and capabilities can be carried over to a tractor-

trailer. 

2.1.1: Wuhan University Autonomous Vehicle 

The first example is Wuhan University’s autonomous vehicle. The university employed a 

layout of three lasers and three cameras in the front of the vehicle. Each of these cameras and lasers 

were angled or placed at different levels to acquire the most range and observe in any blind spots 

of the others [6]. Looking over the sensor layout, each or the cameras and laser sensors cover 

crucial areas that would otherwise be missed. The lasers are pointed downward at varying angles. 

The laser labeled 1 sees long range, the second sees at a medium range, and the third sees 

immediately in front of the vehicle. Similarly, the cameras have differing fields of focus the first 

camera looks directly forward, and the second and third observe the sides [6]. 

 All three lasers are used for the road and curb detection. If there are any irregularities in 

the road, the vehicle must be able to either stop or avoid the obstacle. The group determines the 

road and curb by utilizing the SICK laser scans. 

While the vehicle may be able to detect the road, however, it needs a means to detect the 

lanes to follow. The cameras are, therefore, placed on the vehicle and positioned in this fashion to 

observe the lanes. If the vehicle was only traveling in a straight line, only the center camera would 

be necessary. However, since the vehicle must travel through turns, the side cameras pick up the 

lane markings as the vehicle is performing a turn.  

 In addition to lane detection, the cameras were used to perform sign recognition. Wuhan’s 

vehicle was able to identify signs based off of two parameters: color and shape. The group 

separated the signs into six shape categories, and within each of these categories several colors 

were listed as possibly being found within the shape. For example, a no U-turn sign and speed 

limit sign are rectangular in shape with red, white, and black colors. If the camera sees a rectangular 

sign with white and black, it can deduct that it is a speed limit sign. Further matching and 

classification can be performed to determine the speed indicated. The vehicle also uses template 

to match what was seen by the cameras to determine what the sign was indicating using a SURF 

matching method. These templates are accessed after the shape and color have been determined 

for faster processing [6].  

 Overall, the group had extremely accurate results in sign detection. Using the process 

above, the group accurately determined 92.7% of the signs it encountered (265 signs in total). A 

method similar to [6] is highly recommended for an autonomous tractor-trailer. Detecting, 

processing, and identification of road signs quickly is imperative for tractor-trailers. Therefore, 

with the shape, color, and templet matching such as this will enable an autonomous tractor-trailer 
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to adjust speed per road sign direction, determine road hazards, and determine lane endings even 

at high speeds. 

2.1.1.1: Wuhan University Tractor-trailer Applications 

 Wuhan University’s vehicle, although small and has different dynamics compared to a 

tractor-trailer, has basic principles of autonomy are still applicable. The sensors although only 

front facing, give the general principle needed. The tractor-trailer autonomous vehicle may need 

several forward facing sensors to cover the full area in front of it. Depending on the type and 

position of the sensor, the area closest to the vehicle may be a blind spot. Placing additional short-

range sensors in these blind spots will give the vehicle a better understanding of its surroundings; 

especially in residential areas where people or cyclists for example could enter these spots closest 

to the vehicle and not be picked up by the long-range sensors. 

 Additionally, the usage of cameras and LiDAR is well shown with Wuhan University’s 

vehicle. The autonomous tractor-trailer must perform similar actions of lane and sign detection 

and determine the location of the road and curb through the sensors selected. 

 There are, however, a few drawbacks with Wuhan University’s vehicle. First, a tractor-

trailer is much larger with different dynamics and will, therefore, need different sensors. 

Additionally, the area covered by Wuhan’s vehicle is insufficient for a tractor-trailer. If a tractor-

trailer only had forward facing sensor, major blind spots around and behind the vehicle would be 

present. While how the sensors shall be used will be the same, further research into the placement 

and location still needs to be determined. 

2.1.2: LiDAR and Camera Object Avoidance 

A final basic example of autonomous vehicles is given with Zhou’s autonomous vehicle. 

Although this example is very rudimentary in layout, the example shows the capabilities of sensor 

fusion for object avoidance. This vehicle uses two different sensors for the data fusion: cameras 

and LiDAR. Additionally, the combination of LiDAR and cameras also enables enhanced path 

planning for an autonomous vehicle. It is one-step to be able to identify an object and its location. 

Object avoiding, however, must be the next step. As has already been discussed, ensuring that a 

vehicle can adequately stop in time is the highest importance. If the vehicle can safely maneuverer 

around an object, however, such a maneuver will be preferred. Moving around an object safely 

will enable the vehicle to continue its route and prevent further backups behind it. Zhou presents 

such an option in his discussion on LiDAR and camera fusion.  

 Zhou presents a unique fusion of combining the camera image to a LiDAR point cloud 

information. As has been discussed, utilizing LiDAR information can give depth and greater 

information about an object. In order to obtain this fusion, Zhou used a Velodyne HDL-64E S2 

LiDAR and Basler digital camera.  

 By utilizing the information obtained from the LiDAR about the road coordinates and 

position, each of the pixels of the camera can be given specific coordinates through matrix 

calculations between the LiDAR road coordinates that would have to be otherwise determined by 

methods mentioned earlier for monocular or binocular distance calculations. The benefits of this 

combination are that the two means of obtaining visual information are now unified. Objects 

detected by the LiDAR or camera can now be overlapped with the other system. This combination 
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will enable the negatives of one system to be negated by the other and for the vehicle to make 

smarter path planning decisions. For example, as Zhou’s vehicle enters a curving road with a 

pedestrian in the middle of the current lane of travel. The camera images provide images for lane 

detection. The scans shown by Zhou show the road plane, trees on the sides, and the pedestrian in 

the middle of the road. The bottom left image shows the combination of the two sources 

overlapped. The LiDAR objects detected are either shown in a green or red box. The green boxes 

indicate that the vehicle will not hit the object, and the red boxes indicate that on the current path 

the vehicle will hit the object. The images therefore, show the new path chosen to avoid all 

obstacles in the former path [7]. 

2.1.2.1: Sensor Fusion for Tractor-trailer Applications 

 With the combination of LiDAR and cameras, a robust and accurate vision system can be 

developed. LiDAR cannot recognize signs, but cameras can. Cameras have difficulty determining 

distances or can fail to detect an object, but LiDAR can. For an autonomous tractor-trailer, using 

a camera and LiDAR data fusion can provide significant advantages in path planning. In residential 

or city areas, objects can appear in the path planned frequently. Identifying these objects and an 

appropriate path forward is essential so the vehicle can keep moving. 

 As with Wuhan University’s vehicle, Zhou’s vehicle also has several drawbacks when 

applied to a tractor-trailer. The sensor layout while it may cover the full area around the vehicle, 

will not work for a tractor-trailer. Having a LiDAR so high up on a tractor-trailer will cause severe 

blind spots to be present. As mentioned, adding sensors along the tractor-trailer will be a better 

approach. The direction with this layout, however, provides some insight on how to do this. The 

LiDAR selected by Zhou provides a full 360o view around the vehicle. Using the same sensor in 

various positions around the vehicle could provide the necessary area of coverage. 

Using the literature review from Wuhan University and Zhou provides a basic 

understanding of making a vehicle autonomous. The questions remain of what is the required range 

of a vision sensor and what sensors can reach the required range? Exploring Team Oshkosh’s large 

autonomous vehicle will provide key insights into making a large vehicle autonomous. 

2.1.3: Team Oshkosh 

Finally, while Wuhan and Zhou have developed working vehicles, the vehicles are small 

when compared to a tractor-trailer and do not provide a satisfactory sensor layout that will be 

needed for a tractor-trailer. During the DARPA Urban Challenge, Team Oshkosh developed an 

autonomous medium tactical vehicle replacement truck. Although this truck is not a Class 8 

tractor-trailer, the team converted a medium tactical vehicle replacement truck into an autonomous 

vehicle. The vehicle is much larger than a passenger vehicle and will give a better understanding 

of how to set up sensors to cover the surroundings of a tractor-trailer. The team chose to use more 

than just one sensor for perception; they chose LiDAR and multiple types of cameras for different 

perception capabilities [8]. 

 Team Oshkosh uses an eleven camera system. The trinocular system in the front of the 

vehicle enables the vehicle to look forward and identify objects and lanes 40 m out. With the 

trinocular system, a three dimensional view of the surroundings is obtained enabling the vehicle 

to determine objects that may be in its path. In conjunction with the trinocular system, the stereo 

system in the front of the vehicle assists in detecting lanes. The monocular systems enables the 
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vehicle to perform merging into other lanes. The system enables the vehicle to identify and track 

other vehicle speeds in order to safely perform a merging maneuver. Similarly, the rear stereo and 

monocular system assist the vehicle in identifying vehicles or obstacles from behind. Again while 

merging, the vehicle needs to be able to determine how quickly other vehicles are approaching or 

if they are there at all. The combination of the rear and front systems enables this maneuver for 

the Oshkosh team [8].  

 Finally, in addition to all the camera’s identifying vehicles, obstacles, and lanes, the vehicle 

has a LiDAR system that overlays these images for further information. The LiDAR system is 

used as a means of verification of objects since it has a higher accuracy in object detection. 

Additionally with the fusion of the images and LiDAR point cloud information, failures in object 

detection in one system are captured by the other since no object observed by one will be discarded. 

Utilizing the LiDAR points also assists the vision system in determining what the object seen is. 

For example, the LiDAR may be able to see that there is a sign post. However, the vision system 

may have failed to notice the object. With the LiDAR’s help, the camera’s can then focus on the 

sign and determine what is being stated by the sign. Perhaps the greatest strength of having the 

additional three LiDARs, however, is that there are now virtually no blind spots on the vehicle 

 The LiDAR set up utilized three individual LiDARs to give a wide FOV of the 

surroundings of the vehicle. As mentioned, this coverage enables the vehicle to accurately detect, 

identify, and plan a path for the vehicle around objects and in a dedicated lane of travel. The 

LiDARs utilized by Team Oshkosh provided a range of 80m. Utilizing this same system, the 

LiDAR’s alone could provide adequate vision for an autonomous tractor-trailer system. However 

a fusion between the LiDAR and cameras can assist the vehicle in determining where and what 

the objects are. This fusion produces a disparity map. Having the position points from the LiDAR 

over top of the camera images provides further information of distance and shape to the image. 

With both the image and distance information provided by the two systems, the vehicle can identify 

the appropriate path to take. 

2.1.3.1: Team Oshkosh Tractor-trailer Applications 

Team Oshkosh gives the best sensor layout setup for a tractor-trailer. Since the team’s 

vehicle is so large, several LiDAR sensor were used to cover the entire area around the vehicle for 

object detection negate blind spots from usage of a single sensor. Additionally, the usage of 

cameras all around the vehicle allows the vehicle to perform lane, object, and sign 

detection/identification also around the entire vehicle. For a tractor-trailer a similar layout and 

sensor usage will be necessary. Using a similar layout for a tractor-trailer will establish a baseline 

for this thesis research of a sensor layout. 

There are, however, stark differences between Oshkosh’s vehicle and a tractor-trailer. The 

tractor-trailer will have a trailer that will become angled with the tractor during turns and may 

potentially require a further range from its sensors due to a larger stopping distance. The dynamics 

of the tractor-trailer, therefore, shall dictate how these sensors are laid out. These dynamics are 

dictated by the fifth wheel of the tractor-trailer. The fifth wheel is the attachment point where the 

trailer connects to the tractor. The trailer is free to rotate around this fifth wheel. The dynamics of 

a tractor-trailer are, therefore, very different from Team Oshkosh’s vehicle. The work done here 

to determine the stopping distance of a tractor-trailer must, therefore, take into account the fifth 

wheel dynamics. 
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Before discussing the stopping distance and sensor layout, however, sensor technologies 

that have the required range will need to be determined. A discussion of the possible sensor 

technologies will give a basic understanding of what technologies will actually work for perception 

are now presented. 

2.2: Sensor Technologies 

 Before the stopping distance is determined, the final literature review section will discuss 

the technologies capable of perception for an autonomous tractor-trailer. The perception system is 

essentially the “sight” of the vehicle. It allows the any autonomous vehicle (not just tractor-trailers) 

to see what is in around them especially in the direction that the vehicle is headed given the 

development of perception algorithms and software to properly interpret the information from the 

sensor. Not only is the purpose of the sensor and software to determine the path the vehicle should 

take, but also whether or not there are objects or obstacles in the vehicles path. 

 Path planning especially for an autonomous tractor-trailer is crucial. Since the vehicle is 

traveling at such high speeds. It needs to plan its path out appropriately so as not to accidentally 

leave the road. Fortunately, major highways where tractor-trailers travel do not have sudden turns 

and is visible over long distances. The vision system, therefore, as has been discussed must be able 

to extend is “sight” to that of the stopping distance of the vehicle if not beyond. This will enable 

the vehicle to appropriately stop if it encounters impassable road conditions or stop if it is unable 

to identify the road accurately.  

 Additionally, the vehicle needs to be able to detect obstacles or undesirable road conditions. 

If there is an obstacle in the middle of the road, it is imperative that the vehicle be able to “see” 

this object and either maneuver or come to a complete stop to avoid causing an accident. The 

vehicle also needs to be able to identify road conditions that could cause the vehicle to become 

unstable and uncontrollable. Such road conditions include wet roads, snow, ice, uneven pavement, 

or holes. 

 Finally, a vision system needs to identify other vehicles around the tractor-trailer. In 

addition to identifying the location additionally processing must be conducted to determine how 

the other vehicle is travelling. Is the other vehicle stopping? Is the other vehicle encroaching into 

the path of travel? Such questions must be answered in order for the autonomous vehicle to behave 

appropriately and avoid collisions with other vehicles. The following list are the essentials that an 

autonomous vehicle must be able to perfume in a vision system: 

 

1. Object Identification 

2. Vehicle Tracking 

3. Lane/Sign Detection 

4. Range of sight for safe stopping 

 

This thesis will not delve into the details of the software behind perception but instead focus 

on how a few perception sensor technologies work and what information they provide to software 

so that the user can decide which forward-looking sensor will best suite the user’s requirements.  
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2.2.1: LiDAR Sensors 

 LiDAR is a vision system that obtains 3D information of its surroundings using a laser or 

lasers. LiDAR emits light towards its surroundings, and when the light hits objects or the ground, 

it returns back to the sensor. The sensor knowing how the light was emitted relative from the sensor 

and the time it takes for the light to return back can obtain the XYZ coordinates of what the light 

bounced off. Additionally, the returned light has an intensity value with which it is returned. While 

this is occurring the sensor is typically sweeping the more light across the surroundings to gather 

up to a 360o viewing angle of its environment (up to a certain height). This sweeping action creates 

layers of returned light. These layers can then be used to understand where obstacles are and an 

appropriate path forward for an autonomous vehicle. The sweeping can be conducted using a single 

laser or multiple lasers to gather data. The XYZ coordinates and intensity from light points 

returned, is referred to the point cloud. One such company, Velodyne, produces LiDAR whose 

software creates a pint cloud. 

 As shown in the point cloud collected from the Velodyne LiDAR, a myriad of information 

is collected. The road with which the vehicle is travelling is seen as smooth with curbs on the sides. 

Obstacles such as trees and other vehicles can be easily determined based upon height and 

discontinuity from the level road. 

 Using the point cloud, an autonomous vehicle can determine planes that surround the 

vehicle based upon consecutive points being similar. Using the similarity, an autonomous system 

can route the vehicle to follow a path that has the same plane throughout. If there is a discontinuity 

in the plane though the examination of the data points an object or hole can be determined. The 

autonomous system can then choose to route the vehicle around, straddle, or come to a complete 

stop based upon the size of the object. LiDAR is designed to detect objects using the XYZ 

coordinates. All that is required is software to determine what constitutes an object. 

The means by which LiDAR gathers information can take on different forms. Velodyne, 

for example, uses numerous lasers while spinning to obtain a 360o point cloud. While this is 

excellent for most applications and positions on a vehicle, placing such an instrument on a tractor-

trailer will cause sever blind spots. If the LiDAR is placed toward the front of the vehicle, the 

trailer will subsystem the view from behind. Figure 2.1 shows the limits of utilizing only one 

LiDAR at the front of the vehicle for object detection on a tractor-trailer.  

 

 

Figure 2.1: Single 360o LiDAR viewing angle limits angles (sensor in red). Angles are not exact. 

 The use of a single Velodyne or any one LiDAR for object detection, therefore, is not 

recommended. For capturing all objects especially in autonomous reversing, an orientation such 

as shown in Figure 2.2 is much more suitable. 
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Figure 2.2: Two 360o LiDAR viewing angle limits (sensor in red). Angles are not exact. 

 Since the vehicle will not be traveling as quickly in reverse, a lesser ranged LiDAR or 

object sensor can be used. There are many LiDARs that can perform the necessary duties of object 

detection in the orientation shown in Figure 2.2. Velodyne and Sick are just a few LiDARs that 

can adequately perform object detection. 

2.2.2: Camera Sensors 

 Having a vision system that relies on cameras can take on numerous different forms. A 

camera vision system can be a single, double, triple, or more cameras. Additionally, these cameras 

can be more specific in what they “see.” There are many unique cameras that focus on specific 

light spectrums, resolutions, or intensities. The usage of these different cameras allows varying 

objects to be more easily identified or disregarded depending on the object. For example, live 

vegetation can easily be identified due to its specific color range of green. Road signs and lane 

markings can be identified based off of color, geometry of the object, or intensity with which the 

light reflects off of the object. 

2.2.2.1: Monocular Optic 

 Monocular vision utilizes only a single camera to capture information. An example of a 

monocular camera system can be seen in the work done by Diamantas et al [10]. The group used 

the camera qualities discussed (resolution and focal length) in addition to the height that the camera 

is fixed at to determine how far away an object is.  

 In order to perform the distance calculation, however, the camera must first be calibrated 

to determine the camera height in pixels (HCp). Having the camera pixel height is the means by 

which the system can reference a known point. With the reference, any bounding box that is placed 

around the object (with the bottom showing) does not need to be fully accurate. In order to calibrate 

the system therefore, the height of the camera (HCm) and the height of the object in meters (HOm) 

and pixels (HOp) (from the camera’s picture) must be known. Once these three parameters have 

been established, the Equation 1, acquired from [10], can be used to determine the camera height 

in pixels. 

𝐻𝐶𝑚

𝐻𝐶𝑝
=

𝐻𝑂𝑚

𝐻𝑂𝑝
      (1) 

 With the camera height in meters and pixels established, we can use the ratio in Equation 

1 to determine the unknown object height. Additionally, the camera focal length (fmm) and height 

(HSmm) are also known. Therefore, after determining the size of the object in pixels and the overall 

image height (HImgp), the distance (d) can be found using Equation 2, acquired from [10].  

𝑑 =
𝑓𝑚𝑚𝐻𝑂𝑚𝐻𝐼𝑚𝑔𝑝

𝐻𝑂𝑝𝐻𝑆𝑚𝑚
     (2) 
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 After the calibration and software have been set up, distance calculations for a detected 

object can thus be easily and rapidly determined. The group was highly effective at determining 

the height of objects with very little error. Table 2.1 shows the distance calculation results from a 

calibrated and uncalibrated camera compared to the actual distance. 

 

Table 2.1: Diamantas et al. distance calculation results compared to the actual distance [10]. 

Trial Actual Distance (m) 
Calculated Distance (m) 

(calibrated/Uncalibrated) 

1 7 6.99/7.34 

2 14 14.08/14.78 

3 21 20.75/21.77 

4 28 27.16/28.5 

5 5 5.12/5.38 

6 10 10.39/10.19 

7 13 13.77/14.46 

 

 The results obtained by the group are reliable. The mean relative error for distance 

calculations of a calibrated and uncalibrated camera are 2.44% and 6.25% respectively [10].  

 The benefits of using a single camera over two or more can be found in calibration. The 

user does not need to precisely measure the distance between cameras or worry about one vibrating 

differently relative to the other in order for software to have the accuracy required. A single camera 

is much cheaper compared to purchasing multiples. Additionally, mounting a single camera is 

simpler then precisely mounting two cameras next to each other. However, a single camera has 

many cons as well. While a lens may be added that adds a wider range in terms of seeing further 

out or a wider view, information can be lost in terms of angle of view or resolution, respectively. 

2.2.2.2: Binocular Camera Sensors 

Binocular vision as the name implies uses two cameras to obtain distance information. 

Similar to monocular vision, it is essential to know the focal length of the camera; however, the 

resolution of the cameras is not utilized in distance equation (although still no less important in 

determining an accurate measurement). 

As with monocular vision, binocular vision takes a point of interest in an image to 

determine how far away an object is located. While there are multiple methods to determine what 

point to take, this research shall briefly discuss a method used by Ventroux et al. The group broke 

down the object detection into three separate steps. The first step is improving the images to 

remove any distortions. The second step is to apply a filter to remove any false matches between 

the images in the next step. Finally, a disparity map is applied to match up the point of interest 

[11]. If pixels are filtered for intensity, there is a range from 0-255 that a pixel can be. Therefore, 

if two identical images are aligned their pixels will match up accordingly (assuming that the images 

are the exactly same). In binocular vision, however, the images are slightly shifted and thus the 
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pixels are shifted in location. Ventroux et al. therefore, took a kernel that has the point of interest 

and sweeps it across the placed “search line” in the other image. When the kernel’s pixels lined up 

with the pixel in the other image there was a match. This distance it took for there to be a match 

was the difference between two images’ point of interest (D).  

As with the monocular vision distance equation, the focal length (f) is again necessary to 

determine distance. Additionally, the distance (B) between the cameras is essential to know. 

Equation 3 from [11] shows the object distance (P) calculation for binocular vision. 

𝑃 =  
𝐵∗𝑓

𝐷
     (3) 

 The system developed proved to be much quicker than a humans ability and highly 

accurate. The group achieved a zero-error identification system with +/- 3 m at 40 m. Although 

the data of these results are not available, the system none the less is very reliable for a tractor-

trailer system assuming the range can be further extended out.  

 This example again shows how important resolution and focal length are for binocular 

vision as with monocular vision or any vision system. If the cameras resolution is poor, it will be 

unable to determine key points of interest causing objects to go undetected because the algorithms 

will be unable to compare the images. If the images resolution is extremely good, however, there 

will be a greater lag in the image processing since it will have to sweep through more pixels. If the 

focal length is too far out, the system will not pick up object close by. If too close, further objects 

may not be seen. The balance between poor and excellent resolution or close and far focal length, 

therefore, must be determined by the user based on application. 

 While compared to monocular vision, binocular vison has many benefits. Instead of having 

one image for comparison, two images can be compared to each other to prevent any false 

detections. Additionally, distance calculations are not dependent on seeing the base of an object. 

If a portion of an object is detected, distance calculations can be made regardless of seeing the 

bottom. The height of the cameras also does not matter for calculations. This is essential since 

most vehicle will oscillate due to differing road conditions which can cause incorrect distances in 

a monocular system. If a camera happens to fail, the vehicle won’t become blind, but it could use 

a single camera to perform stopping duties for example. Binocular vision is not without its 

downfalls, however. The added camera raises cost along with additional calibration. If the cameras 

position relative to each other is not properly calibrated, incorrect distances can be given.  

2.2.3: Radar Sensors 

The final sensor that shall be explored for its potential usage on an autonomous tractor-trailer is 

radar. Radar operates in a very similar fashion to LiDAR for detecting objects. Instead of using 

light however, radar uses radio waves. The radio wave is emitted from the sensor, and based off 

the return of the wave, an objects’ location can be determined. The Doppler effect is how the radar 

determines information such as relative velocity and location from the returning wave [12]. 

However, radar has many better benefits over LiDAR. Radar typically has greater ranges than 

LiDAR and is typically cheaper. The greatest advantage Radar has over LiDAR, however, is its 

ability to maintain operability in inclement weather. While pulling off the road is an appropriate 

course of action, radar will give the vehicle the ability to still perceive through snow where cameras 

and LiDAR will fail, and can therefore still travel. Radar, however, for most models is not as 
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precise as LiDAR in its resolution; and as with LiDAR, radar cannot sense the same way a camera 

does. Therefore, radar cannot be used to determine signs or lane markings. 

When a radar frequency (Ft) is emitted, it has a different frequency upon returning back to 

the sensor. The frequency is called the beat frequency (fb). The time (td) is simply the time 

difference between the emitted wave and returned waves. In order to determine the range (R) at 

which the wave hit something, Equation 4 is used [13]. 

𝑡𝑑 =  
𝑐∗𝑅

2
        (4) 

Where c is the speed of light (3*108 m/s). The velocity of the object is determined using Equation 

5 [12]. 

𝑓𝑏 = 𝐹𝑡
𝑣 cos 𝜃 cos∅

𝑐
       (5) 

Where v is the velocity, θ is the horizontal angle between the emitted radar and the object, and ϕ 

is the elevation angle between the emitted radar and object. 

From Equations 4 and 5, the user can determine the range based off of time and velocity 

from the returned frequency. Computing this information, however, still lacks a crucial element. 

The returned frequency needs to be filtered from the noise of the sensor. In order to determine the 

peaks in the frequency where the objects are, a Fast Fourier Transform (FFT) must be performed. 

The FFT takes the information in the time domain and converts it to the frequency domain. This 

allows the user to determine that two returned frequencies are above the noise floor. These 

frequencies indicate that objects are located at the given range and have the determined relative 

velocity. The location allows the vehicle to determine if the object is in the designated path of 

travel. With the relative velocity, the vehicles software can then decide if it is appropriate to stop 

or if it is safe to keep traveling if the object is another vehicle traveling with it.  

2.3: Delays and Guidelines 

While it is critical to take into account all the various forces acting on the vehicle, it is 

important to also consider any potential delays and constraints that the vehicle must operate under. 

Not only does the user need to consider the delay from when the brake pedal is compressed to 

when the brakes are applied at the wheel, but with an autonomous system, the processing time 

must also be considered. As with a human driver, recognition or processing time is required with 

an autonomous vehicle. Depending on the software involved and data sent from the sensor, the 

processing time can vary. 

While the focus of this thesis is on distance requirements for a forward sensor instead of 

the processing software, it is still critical to take into account processing delays for said sensors. 

For cameras according to Lan and Zhang, the processing delay can be up to .039 s for some 

software [13]. According to Ren, the processing time of their software for cameras was higher at 

approximately .2 s to process each image [14]. For LiDAR sensors used by Chen et al, the delay 

was determined to be approximately 0.1 s to process obstacles [15]. For radar used by Ha et al, the 

processing time was approximately 0.46 s to process obstacle [16] For purposes of this thesis’ 
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simulations, the delay in processing will be taken into consideration. For the simulations, a worst 

case will be considered by using a delay of 0.55 s.  

 In addition to taking into consideration delays due to processing, the user needs to consider 

federal guidelines for the tractor-trailer. According to the Department of Transportation National 

Highway Traffic Safety Administration, there are several guidelines that tractor-trailer air brakes 

must satisfy. According to the most recent FMVSS No. 121 guidelines: 

“For heavy trucks in the loaded-to-GVWR (Gross Vehicle Weight Rating) condition, the 

stopping distance requirements form an initial speed of 60mph are as follows. A tractor 

with two or three axles and a GVWR of 70,000 pounds or less must stop within 250 feet. 

A tractor with three axles and a GVWR greater than 70,000 pounds must stop within 310 

feet. A tractor with four or more axles and a GVWR of 85,000 pounds or less must stop 

within 250 feet. A tractor with four or more axles and a GVWR greater than 85,000 must 

stop within 310 feet.” [14] 

For the purposes of this research, it is important to keep these guidelines and extrapolate whether 

it is acceptable to consider higher speeds at the same conditions. Even though a tractor-trailer may 

not jackknife and come to a stop but not meet the FMVSS stopping distance, the operating 

condition should not be considered. This stopping distance does not just include when the brakes 

are initially pressed, but should also include the processing time delay.  
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Chapter 3:   Model and Calculations 

The model created for this research is now presented. The model created here uses 

information from multiple sources on vehicle dynamics that will be referenced throughout. The 

purpose of creating this model, is to provide the end user with a region of operation that the vehicle 

can operate within. With the creation of this model, future research can also use it for vehicle path 

planning and controls which shall be discussed in Chapter 4. 

3.1: Tractor-Trailer Model 

 In order to determine the required range for a perception sensor for a tractor-trailer, a 

MATLAB® model was created. The purpose of the model was to determine the stopping distances 

given multiple parameters, differing weight, and at various initial velocities. With these stopping 

distances, given initial velocity conditions, and tractor-trailer parameters, a perception sensor 

appropriate for an autonomous tractor-trailer can be recommended in addition to the maximum 

velocity that the vehicle can travel at while being able to stop safely and in an appropriate distance. 

 Over the following sections, the MATLAB® model development is presented. The first 

step, the Free Body Diagram (FBD), is discussed and the dimensions involved. Each force is then 

discussed and how it affects the model. Along with the forces, the parameters and variables are 

discussed in addition to the variables that are changed between simulations to gather a data set that 

will enable a sensor to be selected. Next, the velocity and position (distance traveled) are calculated 

using the acceleration from the force calculations. Finally, the development of the model code is 

then shown. 

3.1.1: FBD of the Tractor-trailer 

 In order to properly model and simulate the tractor-trailer, a FBD was developed. For this 

model there are several different assumptions that are being used. The assumptions and 

simplifications are as follows: 

1. The vehicle will be considered to be braking without anti-lock brakes. 

2. No engine force is being added to accelerate or engine brake.  

3. No slosh is occurring in the tractor or trailer (the tractor and trailer are considered rigid). 

4. No rolling or pitching is occurring. 

5. Axles 2 and 3 are combined together and positioned directly below the fifth wheel. 

6. Axles 4 and 5 are combined together. 

For this model, the vehicle is simulated to be deaccelerating until stopped. The main acting 

force on the system is the braking force which enables the vehicle to stop quickly. The remaining 

forces are the drag force, normal force, gravitational force, rolling resistance force, and cornering 

force. All of these forces will be discussed in more detail in the following sections after the system 

of equations to solve for the unknowns is developed. 
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 Since the tractor-trailer will be traveling through a curve to study the jackknifing behavior, 

the model can not be treated as a single point mass. By creating a FBD of the tractor and trailer 

separately for turning, the model is separated into two point masses coupled at the fifth wheel. 

When the front wheels of the tractor are turned, the trailer will not stay laterally behind the tractor 

due to the pivot point, known as the fifth wheel, which connects the trailer to the tractor. The fifth 

wheel gives the tractor a rotational degree of freedom. The fifth wheel typically sits between the 

two rear axles of the tractor. 

Figure 3.1 shows the top down view of the tractor-trailer executing a turn or traveling 

through a curve. The figure depicts only a single angle out of a multitude of possible angles. From 

the figure, the tractor and trailer will be separated into individual FBDs. The difference between 

the turning FBDs and the straight line FBDs are the separated masses, the angle between the tractor 

and trailer, the cornering force, and the separated x and y accelerations. In Figure 3.1, the tractor 

and trailer CG locations and axles are pointed out (these positions are not exact). 

 

Figure 3.1: Turning tractor-trailer diagram from top down. The CG and axle positions are not exact. 

 Expanding from Figure 3.1, the tractor and trailer are now observed individually. Figure 

3.2 and Figure 3.3 show the top down views of the tractor for the forces and dimensions in the x 

and y directions. Here the additional forces for cornering and the hitch forces are shown. The hitch 

forces are a result of separating the tractor and trailer and represent the coupling between the two. 

Additionally, the tractor and trailer have separate coordinate system when the FBDs are separated. 
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Figure 3.2: Top down view of the tractor showing the forces acting on the vehicle in the x and z directions 

In Figure 3.2, the cornering forces are as follows, Fc11 is the cornering force for the front left wheel, 

Fc12 is the cornering force for the front right wheel, Fc231 is the cornering force for the back left 

wheel, and Fc232 is the cornering force for the back right wheel. For the braking forces, FB11 is the 

braking force for the front left wheel, FB12 is the braking force for the front right wheel, FB21 is the 

braking force for the back left wheel, and FB22 is the braking force for the back right wheel. The 

final variables are the accelerations in the x (ax1) and y (ay1) and the hitch forces in the x (FHx) and 

y (FHy). 

 

Figure 3.3: Top down view of the tractor showing the dimensions of the vehicle. 

In Figure 3.3, the variables are the lengths from the front axle to the tractor CG (L1), from the 

rear axle to the tractor CG (L23), and the width from wheel to wheel (ww). 
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 Figure 3.4 and Figure 3.5 show the side views of the tractor for the forces and dimensions 

in the x and z directions. The final hitch force in the z direction can now be seen. 

 

Figure 3.4: Side view of the tractor showing the forces acting on the vehicle in the x and z directions 

In Figure 3.4, the normal forces, hitch force in the z-direction, and gravitational pull are now shown 

in addition to several of the other forces already mentioned. The hitch force is labeled as FHz. The 

normal forces FN11 and FN12 are applied at the front left and right respectively. The normal forces 

are FN231 and FN232 are applied at the back left and right, respectively. In order to simplify the 

calculations for moments, cornering force, rolling resistance, or braking later, the normal forces 

are combined using Equations 6 through 9. 

𝐹𝑁𝑅 = 𝐹𝑁12 + 𝐹𝑁232      (6) 

𝐹𝑁𝐿 = 𝐹𝑁11 + 𝐹𝑁231      (7) 

𝐹𝑁1 = 𝐹𝑁11 + 𝐹𝑁12      (8) 

𝐹𝑁23 = 𝐹𝑁231 + 𝐹𝑁232     (9) 

 In addition to a side view of the forces, Figure 3.5 is shown below to capture the dimensions 

from a side view not shown in a top down view. 
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Figure 3.5: Side view of the tractor showing the dimensions of the vehicle. 

In Figure 3.5, the constants h1 and h3 are the distances from the bottom of the wheel to the tractor 

CG and the height from the fifth wheel to the tractor CG. 

 As with the tractor, the FBDs and dimensions for the trailer shall now be shown. Figure 

3.6 and Figure 3.7 show the top down view of the tractor for the forces and dimensions in the x 

and y directions. The hitch forces are the same forces as shown acting on the tractor, but here the 

forces are in the opposite direction as to Newton’s Third Law. Additionally, the hitch forces will 

have a varied angle as the trailer changes its angle relative to the tractor. These calculations will 

be shown later. 

 

Figure 3.6: Top down view of the trailer showing the forces acting on the vehicle in the x and z directions 

In Figure 3.6, the cornering forces are as follows, Fc451 is the cornering force for the left wheel and 

Fc452 is the cornering force for the right wheel. For the braking forces, FB451 is the braking force 

for the front left wheel and FB452 is the braking force for the right wheel. The other variables are 
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the accelerations in the x (ax2) and y (ay2), the hitch forces in the x (FHx) and y (FHy), and the trailer 

angle Δ.  

∆= tan−1 (
𝐿6−𝐿2

𝑟2
) + sin−1 (

𝐿7+𝐿4

√(𝐿6−𝐿2)2+𝑟22
)   (10) 

𝑟2 =
𝐿2+𝐿1

tan(∆)
+ 𝑤𝑤     (11) 

 

 As with Figure 3.6 showing the forces from a top down perspective, Figure 3.7 shows the 

top down view with the dimensions. 

 

Figure 3.7: Top down view of the trailer showing the dimensions of the vehicle. 

The dimension L7 and L45 are the changing dimensions to simulate a new CG position in different 

runs. The purpose of changing these dimensions is not only to observe the effect the CG location 

will have on the stopping distance but also the stability of the trailer (in terms of yaw). The effect 

is due to the CG location affecting the normal forces which in turn affect various other forces.  

 Figure 3.8 and Figure 3.9 show the side view of the trailer to shown the forces and 

dimensions in the x and z directions. 
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Figure 3.8: Side view of the trailer showing the forces acting on the vehicle in the x and z directions 

As with the tractor side view, Figure 3.8 shows the normal forces, hitch force in the z-direction, 

and gravitational pull in addition to several of the other forces already mentioned. The hitch force 

is labeled as FHz. The normal forces FN451 and FN452 are applied at the left and right respectively. 

In addition to the forces, Figure 3.9 shows the height parameters for the trailer. 

 

Figure 3.9: Side view of the tractor showing the dimensions of the vehicle. 

Figure 3.9 shows the height from the wheel to the CG (h2) and from the fifth wheel to the CG (h4). 

 Using the FBDs and Newton’s Laws of Motion, the calculations used to solve for the 

unknown normal forces, hitch forces, and accelerations are derived. Equations 9 through 20 below 

show the summing of the forces in the x, y, and z directions for both the tractor along with moment 

calculations with the assumptions discussed earlier. Equations 12 through 17 are the force 

summation equations. Since the tractor and trailer have been separated into two FBD, the 

individual masses have individual force summations. The hitch force is the shared force between 

them. 

∑𝐹𝑥1 = 𝑚1𝑎𝑥1 = 𝐹𝐻𝑥 − 𝐹𝐵1 − 𝐹𝐵23 − 𝐹𝑟𝑟1 − 𝐹𝑟𝑟23 − 𝐹𝑑𝑟𝑎𝑔    (12) 
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∑𝐹𝑥2 = 𝑚2𝑎𝑥2 = −𝐹𝐻𝑥 𝑐𝑜𝑠 ∆ + −𝐹𝐻𝑦 𝑠𝑖𝑛 ∆ − 𝐹𝐵451 − 𝐹𝐵452 − 𝐹𝑟𝑟451 − 𝐹𝑟𝑟452  (13) 

∑𝐹𝑧1 = 0 = 𝐹𝐻𝑧 + 𝐹𝑁1 + 𝐹𝑁23 − 𝑚1𝑔 = 𝐹𝐻𝑧 + 𝐹𝑁𝑅 + 𝐹𝑁𝐿 − 𝑚1𝑔   (14) 

∑𝐹𝑧2 = 0 = −𝐹𝐻𝑧 + 𝐹𝑁451 + 𝐹𝑁452 − 𝑚2𝑔     (15) 

∑𝐹𝑦1 = 𝑚1𝑎𝑦1 = 𝐹𝐻𝑦 − 𝐹𝐶1 − 𝐹𝐶23     (16) 

∑𝐹𝑦2 = 𝑚2𝑎𝑦2 = −𝐹𝐻𝑦 𝑐𝑜𝑠 ∆ − 𝐹𝐻𝑥 𝑠𝑖𝑛 ∆ − 𝐹𝐶451 − 𝐹𝐶452    (17) 

 

 The moments for the tractor and trailer are shown in Equations 18 through 23. For the x 

and y moments, the moments were taken about the left rear wheel of the tractor and left wheel of 

the trailer (wheel 231 and wheel 451, respectively). For the moments around the z-axis, the 

moments were taken around the CGs of both the tractor and trailer. 

∑𝑀𝑥231 = 0 = 𝐹𝐻𝑧𝑤𝑤 + 𝐹𝐻𝑦(ℎ1 − ℎ3) + 2𝐹𝑁𝐿𝑤𝑤 − 𝑚1𝑔𝑤𝑤 − 𝑚1𝑎𝑦1𝑤𝑤   (18) 

∑𝑀𝑥451 = 0 = 2𝐹𝑁452𝑤𝑤−𝐹𝐻𝑧𝑤𝑤 − 𝐹𝐻𝑥(ℎ2 − ℎ4) 𝑐𝑜𝑠 ∆ − 𝐹𝐻𝑦(ℎ2 − ℎ4) 𝑠𝑖𝑛 ∆  − 𝑚2𝑔𝑤𝑤 + 𝑚2𝑎𝑦2ℎ2  (19) 

∑𝑀𝑦231 = 0 = −𝐹𝐻𝑥(ℎ1 − ℎ3) − 2𝐹𝑁1(𝐿1 − 𝐿23) + 𝑚1𝑔𝐿23 − 𝑚1ℎ1    (20) 

∑𝑀𝑦451 = 0 = −𝐹𝐻𝑧(𝐿7 − 𝐿45) + 𝐹𝐻𝑥(ℎ2 − ℎ4) 𝑠𝑖𝑛 ∆ − 𝐹𝐻𝑦(ℎ2 − ℎ4) 𝑐𝑜𝑠 ∆ − 𝑚2𝑔𝐿45 − 𝑚2𝑎𝑥2ℎ2 (21) 

∑𝑀𝑧𝑐𝑔1 = 𝐼1�̈�1 = −𝐹𝐶1𝐿1 + 𝐹𝐶23𝐿23 − 𝐹𝐻𝑦𝐿6 + 𝑤𝑤(𝐹𝐵𝑅 − 𝐹𝐵𝐿 + 𝐹𝑟𝑟𝐿 − 𝐹𝑟𝑟𝑅)        (22) 

∑𝑀𝑧𝑐𝑔2 = 𝐼2�̈�2 = 𝐿45(−𝐹𝐶451 + 𝐹𝐶452) − 𝐿7(𝐹𝐻𝑦 𝑐𝑜𝑠 ∆ − 𝐹𝐻𝑥 𝑠𝑖𝑛 ∆) + 𝑤𝑤(𝐹𝐵451 − 𝐹𝐵452 + 𝐹𝑟𝑟451  − 𝐹𝑟𝑟452) (23) 

In addition to Newton’s Laws, there is a relation between the accelerations in the x-direction due 

to the hitch coupling the two together. In order to determine this relation, the acceleration for the 

tractor needs to be related to the acceleration at the hitch then the trailer acceleration can be 

determined from the hitch acceleration or vice versa. Using Equation 24 shown below, the 

unknown acceleration of a point on a body can be calculated from a known point [19]. 

𝑎𝐵 = 𝑎𝐴 + 𝛼 × 𝑟𝐵/𝐴 + 𝜔 × (𝜔 × 𝑟𝐵/𝐴)   (24) 

Translating Equation 24 from the tractor acceleration to the hitch acceleration and from the hitch 

to the trailer acceleration, Equation 25 below is obtained. 

𝑎𝑥1 −
𝑎𝑥2

cos ∆
= �̈�1(1)𝐿45 + (𝜔2(𝑛))2𝐿45 − �̈�1𝐿23 − (𝜔1(𝑛))2𝐿23  (25) 

The angular velocity ω in Equation 25 is calculated using Equation 26. 

𝜔𝑖 =
𝑣

𝑟𝑖
      (26) 

For Equation 26, the radius used for the trailer is r2 calculated using Equation 27. For the tractor 

Equation XX is used to calculate r1 which will be used to calculate its angular velocity. 

𝑟1 = √𝑟2
2 + 𝐿23

2      (27) 

Using these equations to find the forces and by extension the accelerations including the 

yaw accelerations, the velocity, angular position, and position can be determined by integrating 

the accelerations. For greater accuracy, the fourth order Runge-Kutta methodwas used to integrate 

[20]. 



23 

 

With the equations established, the initialization of the forces need to be discussed. The 

majority of the variables being initialized to zero, several variables including the normal force are 

not. While these calculations for the initial normal force are simplified and not the most accurate 

for a vehicle traveling during a turn, they can used to as an initial approximation. Equations28-30 

show the three equations used to determine the initial normal forces. 

𝐹𝑁1 =
𝑚1𝑔𝐿23

𝐿1+𝐿23
      (28) 

     𝐹𝑁451 = 𝐹𝑁452 =
𝑚2𝑔𝐿45

2𝐿45+𝐿7
     (29) 

𝐹𝑁23 = −𝐹𝑁1 − 𝐹𝑁45 + 𝑚1𝑔 + 𝑚2𝑔    (30) 

With the initial normal forces, the initial cornering forces are also calculated. The cornering force 

calculation shall be shown in the Cornering Force section; but with the initial normal force, the 

cornering force can be solved which will allow the next time step normal force to be solved using 

a more accurate calculation for a turning vehicle. 

 In order to perform these calculations more efficiently, a system of linear equations was 

established to calculate the unknown force and moment equations. As mentioned, the unknowns 

that the system will solve for are all the normal forces, all the hitch forces, and accelerations in the 

x-direction. The system of linear equations is solved using Equation 31 and solving for x. 

Ax = B       (31) 

In order to solve for x, both sides of the equation need to be multiplied by the A-1 matrix. For the 

FBDs shown A, x, and B are the following matrices: 

𝐴 =

[
 
 
 
 
 
 
 
 
 
 
 
0 0 1 0 0 1 1 0 0 0 0

1 1 −1 0 0 0 0 0 0 0 0

0 0 0 −1 0 0 0 𝑚1 0 0 0

0 0 0 𝑐3 −𝑐4 0 0 0 𝑚2 0 0

0 0 0 0 1 0 0 0 0 0 0

0 0 𝐿7 + 𝐿45 −𝑐1 𝑐2 0 0 0 𝑚2ℎ2 0 0

0 −2𝑤𝑤 𝑤𝑤 𝑐2 𝑐1 0 0 0 0 0 0

0 0 −𝑤𝑤 0 −ℎ1 + ℎ3 0 0 0 0 −2𝑤𝑤 0

0 0 0 ℎ1 − ℎ3 0 𝐿1 + 𝐿23 0 𝑚1ℎ1 0 0 0

0 0 0 0 0 0 0 1 −
1

𝑐3

0 0

0 0 1 0 0 0 0 0 0 1 1]
 
 
 
 
 
 
 
 
 
 
 

 (32) 

Where: 

𝑐1 = (ℎ2 − ℎ4) cos ∆     (33) 

    𝑐2 = (ℎ2 − ℎ4) sin ∆       (34) 

𝑐3 = cos ∆     (35) 

𝑐4 = sin ∆     (36) 

The A matrix contains all the constants multiplied by the x matrix variables shown below in 

Equation 37. Equation 37 when multiplied by Equation 32 will give Equation 31. 
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𝑥 =

[
 
 
 
 
 
 
 
 
 
 
 
𝐹𝑁451

𝐹𝑁452

𝐹𝐻𝑧

𝐹𝐻𝑥

𝐹𝐻𝑦

𝐹𝑁1

𝐹𝑁23

𝑎𝑥1

𝑎𝑥2

𝐹𝑁𝐿

𝐹𝑁𝑅 ]
 
 
 
 
 
 
 
 
 
 
 

     (37) 

With the A and x matrices holding the unknown variables and the constants that they are 

multiplied by, the B contains the known constants. 

𝐵 =

[
 
 
 
 
 
 
 
 
 
 
 

𝑚1𝑔

𝑚2𝑔

−𝐹𝐵1(𝑛) − 𝐹𝐵23(𝑛) − 𝐹𝑑𝑟𝑎𝑔(𝑛) − 𝐹𝑟𝑟1(𝑛) − 𝐹𝑟𝑟23(𝑛)

−𝐹𝐵241(𝑛) − 𝐹𝐵452(𝑛) − 𝐹𝑟𝑟451(𝑛) − 𝐹𝑟𝑟452(𝑛)

𝐹𝑐1(𝑛) + 𝐹𝑐23(𝑛) − 𝑚1𝑎𝑦1(𝑛)

𝑚2𝑔𝐿45

𝑚2𝑎𝑦2(𝑛)(ℎ2 − ℎ4) − 𝑚2𝑔𝑤𝑤

𝑚1𝑔𝐿23

−𝑚1𝑔𝑤𝑤 − 𝑚1𝑎𝑦1𝑤𝑤

�̈�1(1)𝐿45 + (𝜔2(𝑛))
2
𝐿45 − �̈�1𝐿23 − (𝜔1(𝑛))

2
𝐿23

𝑚1𝑔 ]
 
 
 
 
 
 
 
 
 
 
 

  (38) 

With the equations to solve for the unknown normal forces, accelerations, velocities, and 

positions established, the other force calculations and descriptions shall now be discussed. The 

forces that will be covered are the gravitational and normal forces, rolling friction, air drag, brake 

force, and cornering force. 

3.1.2:  Gravitational and Normal Forces 

 Gravitational and normal forces are fundamental throughout all of nature. Every object has 

a gravitational force. The larger and closer the object is to something, the stronger the gravitational 

force. The force that is most noticeable and has the greatest effect upon objects near earth is the 

earth’s very on gravitational pull. Newton’s Second Law shown below in Equation 39 is the 

governing equation for calculating gravitational force. 

𝐹𝑔 = 𝑚𝑎 = 𝑚𝑔      (39) 

Additionally, Newton’s Second Law is fundamental to every force equation. F represents force, m 

is the mass of the object, a is the acceleration of the system, and g is the gravitational acceleration. 

For the tractor-trailer model the g used is 9.81m/s2. The mass of the system is changed for various 

simulations. Therefore, when both the mass and gravitational acceleration constant are multiplied 

together, the resulting force is also called the weight.  

 The normal force is a counter to gravitational force. It counters gravitational force by 

“pushing” back. For example, a person standing on solid ground does not accelerate down into the 

ground towards the center of the earth due to the normal force from the ground pushing him 
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upwards. In a similar fashion, a tractor-trailer no matter how heavy is not going to sink down and 

accelerate to the core of the earth (assuming the ground is solid enough to support the vehicle 

weight). The normal force is pushing back against the tire wheels through which the gravitational 

force pushes down on. Additionally, the normal force is what enables friction (static, kinetic, and 

rolling friction) which shall now be discussed. 

3.1.3: Rolling Friction Force 

 Rolling friction is the force that opposes the forward motion of the vehicle. Traction 

enables the wheel to grip the ground and apply wheel torque (which is generated from engine 

force) to move forward. The rolling friction opposes this traction. The rolling friction and traction 

are assumed proportional to the normal force. The greater the normal force and by extension the 

weight, the greater the friction shall be. 

Equation 40, shown below, is the rolling resistance force due to friction between the road 

and the wheels. As the equation shows, the rolling resistance is directly affected the mass of the 

vehicle. 

𝐹𝑟𝑟 = 𝐶𝑟𝑟𝐹𝑁 = 𝐶𝑟𝑟𝐹𝑔      (40) 

 With the weight of the vehicle, which was just discussed prior, the only other parameter 

needed is the coefficient of rolling resistance. For Equation 8, the rolling resistance is set to be 

0.01 under dry constant conditions [21]. This force, however, is very small compared to the braking 

force and, therefore, will not be varied. 

3.1.4: Air Drag Force 

 Air drag force, as the name implies, is the drag (or opposing) force created by the vehicle 

moving though air. The force has several key factors that affect its magnitude. The frontal area, 

drag coefficient, and the velocity of the vehicle. 

 The drag force varies widely between differing vehicles. Due to every vehicle being 

different in exterior design, the frontal area, which shall be described, is different for every vehicle. 

Additionally, the drag force is squarely affected by the velocity of a vehicle. The faster a vehicle 

is traveling, the greater the drag force over the vehicle shall be. Finally, similar to the coefficient 

of rolling resistance, the drag force has a coefficient of drag. Equation 41 shows the drag force 

equation [16]. 

𝐹𝑑𝑟𝑎𝑔 =
1

2
𝐶𝑑𝐴𝑓𝑉

2     (41) 

 The frontal area (Af) is perhaps the most difficult to determine due to every vehicle being 

different. The frontal area is the area directly hitting the oncoming air as the vehicle moves 

forward. For class eight tractor-tralers, the frontal area is approximately 6.18 m2 [21]. 

 The coefficient of drag (Cd) is a constant that reveals how smoothly air moves over the 

frontal area. If the frontal area is rough the air creates a greater drag over the vehicle. And inversely 

if the frontal area is polished and smooth the air glides over the vehicle. As an example, a skater 

on smooth ice can glide easily over the ice versus coarse ice. Similarly air over a polished truck 

creates less drag. With class eight tractor-trailers, the drag coefficient is approximately 0.654 [21]. 



26 

 

 Additionally, as the velocity is increased the drag force is squarely increased. The drag 

force is directly tied to the vehicle and air speed. If the vehicle is not moving there is obviously no 

drag force on the vehicle. Additionally, if there is a head wind, the vehicle will have a stronger 

drag force pushing the vehicle back (or a drag force present if the vehicle if it isn’t moving). As 

with the rolling friction, the air drag is also much smaller compared to the braking force. 

3.1.5: Brake Force 

 The braking force is the greatest force in stopping the vehicle. The vehicle (when the brake 

pedal is applied) will apply pressure to rotors on the wheel to slow down the rotation of the wheels 

which in turn slows down the vehicle. There are several factors that affect how effectively the 

vehicle brake force is at slowing the vehicle down. Before discussing these forces, however, seeing 

how each of these parameters affects the force is shown in Equation 42 [15]. 

𝐹𝑏𝑟𝑎𝑘𝑒 =
2

𝑅
∑[(𝑝𝑙 − 𝑝𝑜)𝐴𝑐𝐵𝐹𝜂𝑚𝜌𝑓𝑎𝑓𝐹𝑟]𝑖   (42) 

Each of these parameters is specific to the brake used and axle (i) where it is located. Equation 5 

is the braking force specific to air brake systems, and each air brake system is going to have its 

own unique set of parameters while each axle is going to have differing temperatures affecting it. 

The number of axles not only acts as a means to distribute the weight but also increase the braking 

force for the vehicle. For purposes of this thesis, the tractor-trailer modeled will be a five axle 

vehicle with axles 2 and 3 and axles 4 and 5 combined as mentioned in the assumptions.  

 To begin discussion of the other variables the wheel radius will be considered first. The 

wheel radius (R which is 0.533 m [15]) has an inverse relationship to the brake force. Therefore, 

the larger the wheel the harder it is for the vehicle to stop. The brakes of a vehicle do not apply 

force directly to the wheel. Instead, the brakes apply force to a drum or disc depending on the type. 

This force is then transferred to the wheel axle as torque which will translate to a force on the 

wheel. The torque generated by the brake is therefore divided by the wheel radius as shown in 

Equation 43. 

𝐹𝑏𝑟𝑎𝑘𝑒 =
𝜏𝑏𝑟𝑎𝑘𝑒

𝑅
     (43) 

As mentioned previously, roughly 90% tractor-trailers are equipped with S-cam brakes 

[15]. These brakes push the brake pads against the drum to create friction and thereby slow down 

the vehicle. The brake line pressure (pl) and the pushout pressure (po) are the pressure that is in the 

brake line and the pressure required to begin moving the springs in the brake to move the S-cam 

in the drum brakes. For the model a pushout pressure of 34473 N/m2 is used [15]. 

 The brake line pressure, however, is not instantaneous. There is a lag in the system that 

causes a delay when the brakes are pressed. The delay is caused by the air system needing 

approximately 0.55 s to reach approximately 90% of pressurization in the line. The brake pressure 

curve found in Brake Design and Safety [15] shows the time lag from when the air brakes are 

engaged by the tank to when the brake line has reached peak value. 

 The brake chamber area (Ac) is the contact area that the brake pad is making with the drum. 

The contact allows the pressure exerted by the brake pad to be converted to a torque on the axle 

by friction between the spinning drum and the stationary brake pad. The brake chamber area is set 

to 0.0187 m2 [15]. 
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Brake factor (BF) is the ratio of the drum drag force over the force that a pad is pressing 

against the drum. Essentially, it is the ratio of how well the force is transferred from the pad to the 

drum. The higher the friction the better the factor will be and enable the vehicle to stop quicker 

[15]. 

 The brake adjustment reduction factor (fa) is the factor that takes into account the decreased 

distance the pushrod has moved. For the model, a factor of 1.0 was used for all brakes [15]. 

 Temperature additionally plays an adverse effect on braking. The brake temperature fade 

reduction factor (fF) is the effect that temperature plays on braking. As the temperature of the 

brakes increases, the coefficient of friction between the brake pads and drum lessens. Therefore, 

the less friction between the pad and drum causes severe problems in braking. For this simulation, 

the reduction factor is assumed to be held constant and at 0.70. However, in practice, the reduction 

factor follows the below equations (Equations 44 and 45) (where T is the temperature of the brakes) 

(both equation from [15]: 

𝑓𝐹 = 1 𝑤ℎ𝑒𝑛 𝑇 ≤ 366 𝐾    (44) 

𝑓𝐹 = 1 − 0.00058𝑇 𝑤ℎ𝑒𝑛 𝑇 > 366 𝐾  (45) 

 Next is the drum radius (r). As what has been discussed with the brakes creating a torque 

on the axle of the wheel, the radius of the drum is what allows this. Since the brake pads are 

applying a force to the drum, this is translated to the axle through the effective radius of the drum. 

Therefore, the greater the radius of the drum, the greater the torque on the axle. The drum radius 

is set to 0.2032 m for the model [15]. 

 Due to losses from mechanical efficiency, the term ηm is used to represent the effectiveness 

of the system. Varying brake systems can have higher or lower efficiency. For the brakes modeled, 

the efficiency is 0.7. Efficiency losses arise from heat or sound produced by a system. In the case 

of braking, causing contact and friction between the pads and drum not only creates the desired 

opposing torque but also heat and some noise. In the case of the modeled brakes, 30% of the energy 

used by the system to create the friction is lost to heat and noise. The more efficient the system, 

the lower the heat or noise produced will be [15]. 

 The final variable is the lever ratio (ρ) of the pushrod and pad. The pushrod presses up 

against a lever which turns the cam which pushes the brake pads outward. Equation 46 shows the 

lever ratio formula for s-cam brakes. 

𝜌 =
𝑙𝑠

2𝑙𝑐
       (46) 

For S-cam brakes (which is what is modeled), the effective cam radius (ls) and effective slack 

length (lc) dictate the value of the lever ratio. The cam radius and slack length are 1.27 cm and 

0.38 cm, respectively. While discussion of the brakes has been focused on drum brakes, it is 

important to note that simply changing the lever ratio to 15.8 will allow the user to model disc 

brakes as well [15]. For this thesis, both drum and disc brakes will be modeled to observe the 

differences. The potential difference shall now be explored. 

3.1.5.1: Brake Type Comparison 

The purpose of choosing disc brakes as a comparison is due to disc brakes being known to 

be able to handle heat better than drum brakes. The,  
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“physical advantage of disc brakes is that the inevitable thermal expansion causes the 

ferrous brake surface to expand – this is disadvantageous for drums, since expansion moves the 

braking surface away from the pad, better for discs, forcing the metal disc into the pad.” [25] 

Due to heat causing the brakes to expand, having the brakes expand to cause greater braking force 

instead of failure is the appropriate route to take. Additionally, disc brakes are also shown to have 

greater “consistency” over drum brakes [25]. Having a braking system that is repeatable and 

reliable is crucial for an autonomous system. If a failure occurs on a brake level in an autonomous 

vehicle, catastrophic results may occur. 

Since disc brakes handle thermal expansion better than drum brakes, the final issue and 

comparison of jackknifing, therefore, remains. In order to prevent jackknifing, the trailer must 

either be controlled or exert a greater stopping force compared to the tractor. Correcting for 

jackknifing by maintaining control over the vehicle, therefore, may require changing the braking 

system of the vehicle from drum to disc.  

Dunn et al. simulated a tractor-trailer stopping during a turn using TruckSim™. The 

tractor-trailer was simulated under various road conditions of medium and low road friction (μ), 

under no load and half the gross vehicle weight (GVW) (maximum vehicle weight with load), with 

automatic braking system (ABS) on and off, with half and full treadle (brake line pressure), and 

either drum/drum or disc/drum brakes on the tractor and trailer, respectively. Table 3.1 shows the 

yaw rates in degrees/sec of the tractor simulated by Dunn et al. [25]. 

Table 3.1: Simulation results simulated by Dunn et al. of tractor-trailer yaw stability. The red boxes indicate a 

jackknifing in the simulation. The yellow boxes indicate the vehicle almost jackknifed. Results pulled directly from 

Dunn et al. [25]. 

 

No Load ½ GVW Load 

Medium μ 

(μ~0.55) 

Low μ 

(μ~0.30) 

Medium μ 

(μ~0.55) 

Low Medium μ 

(μ~0.30) 

Drum / 

drum 

Disc / 

drum 

Drum / 

drum 

Disc / 

drum 

Drum / 

drum 

Disc / 

drum 

Drum / 

drum 

Disc / 

drum 

H
al

f 

T
re

ad
le

 Full 

ABS 
6.9 6.2 5.8 5.6 7.2 6.7 7.5 6.7 

No ABS 49.7 19.3 4.7 2.2 50.9 34.9 7.8 2.6 

F
u
ll

 

T
re

ad
le

 Full 

ABS 
6.4 6.6 6.0 6.2 6.9 6.4 7.5 7.6 

No ABS 8.8 3.5 2.0 1.2 12.5 6.0 2.3 1.3 

 

In nearly every case, the tractor has a decreased yaw rate with disc brakes on the tractor. 

Additionally, there is only one case where the disc/drum brake combination experienced 

jackknifing; whereas, the drum/drum brake combination experienced two jackknifes and three near 

jackknifing events. What is to be noted in the simulations, however, is that the drum brakes are 
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not modeled for thermal expansion. While the brakes may be performing well at full brake line 

pressure in the simulations, they may experience further failure due to heat in real world 

applications.  

Finally, the comparison between the brakes stopping distances were made using a study 

from NHTSA. The study conducted by Dunn and Hoover in 2004, testing was performed on 

tractor-trailers equipped with drum and/or disc brakes. Dunn and Hoover conducted the study to 

determine the best brakes that meet the FMVSS No. 121 stopping standards. The group used the 

following brake configurations: 

1. All s-cam drum brakes 

2. Hybrid Drum: Large capacity s-cam drum on the front axle and regular s-cam on the 

remaining axles 

3. Hybrid Disc: Air disc on the front axle and s-cam on the remaining axles 

4. All air disc brakes 

In addition to testing these four brake configurations, the group also tested these brake sets on two 

different tractor. The tractor used were Peterbilt and Volvo tractors. The tractors were also tested 

loaded up to 50,000lb and unloaded at 20,460 lb (Peterbilt) and 19,070 lb (Volvo) [26]. Table 3.2 

shows the stopping distances of the tractor-trailers with the different brake configurations obtained 

by Dunn and Hoover [26]. 

Table 3.2: Dunn and Hoover tractor-trailer stopping distances using various brake configurations. Information from 

Dunn and Hoover [26] 

 Unloaded Loaded 

Brake Type 

Mean 

Stopping 

Distance 

(m) 

(Peterbilt) 

Mean 

Stopping 

Distance 

(m) 

(Volvo) 

Mean 

Stopping 

Distance 

(m) 

(Peterbilt) 

Mean 

Stopping 

Distance 

(m) 

(Volvo) 

All S-cam Drums 70.1 64.6 96.6 80.5 

Hybrid Drums 58.5 62.5 76.8 82.0 

Hybrid Disc 54.3 55.2 75.3 80.2 

All Disc 55.2 57.3 67.7 73.5 

 

Table 3.2 shows that if the tractor-trailer is to be loaded, the best stopping distance results 

are acquired with all disc brakes on the axles. Drum brakes performed the worst in both unloaded 

and loaded tests. Even in an unloaded configuration, the tractor-trailer performs significantly better 

with disc brakes on the tractor (hybrid disc). It is recommended, therefore, to place disc on all 

axels even though the stopping distances are slightly longer compared to hybrid disc in the 

unloaded weight due to the better performance loaded. 

The work conducted by this research will also seek to perform similar simulations to Dunn 

et al. and Dunn/Hoover. The results obtained in Dunn and Hoover will be by which the stopping 

distance with different brakes is matched to. Then the turning stopping distance stability will be 

compared to Dunn et al. 
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In the three categories that have been discussed, heat management, jackknifing, and 

stopping distance, tractor-trailers perform significantly better with the presence of disc brakes. It 

is recommended, therefore, that an autonomous tractor-trailer to maintain safety, stability, and 

consistency stopping have disc brakes at least the tractor if not over the entire vehicle. 

 

3.1.6: Cornering Force 

When a vehicle is traveling through a curve or turn, the cornering force is the force at the 

tire caused by tire slip that opposes the centripetal acceleration and will help prevent the vehicle 

from being pushed out or pulled to a turn largely due to the corning force. In addition to preventing 

the vehicle from being pulled into or out of a turn, the cornering force helps the trailer of a tractor-

trailer to not jackknife. When the cornering force on the trailer begins to saturate, the trailer can 

jackknife or slide out of control [18]. While the cornering force can be simplified to a linear 

relationship with the normal force, it was important for this model to have a more accurate 

cornering force for jackknifing simulations. The cornering force can be calculated using the 

following equation [18]: 

    𝐹𝑐 = 2𝜇𝐹𝑁(
𝐶𝑟 tan𝛼

𝜇𝐹𝑁
−

1

3
(
𝐶𝑟 tan𝛼

𝜇𝐹𝑁
)
2

+
1

27
(
𝐶𝑟 tan𝛼

𝜇𝐹𝑁
)
3

)   (47) 

 In Equation 47, the cornering force is calculated from the normal force (FN), the cornering 

stiffness (Cr), the coefficient of friction between the tire and road (μ), and the tire slip angle (α). 

The cornering stiffness is constant through the simulation which is set to 8000. The coefficient of 

friction is set from .3 to .8 (for different simulations to simulate wet and dry roads) [20]; the slip 

angle and normal force are calculated for each time step at the different wheel sets. 

Using Equation 47, the cornering force at each wheel or set of wheels can be determined. 

The cornering force, however, cannot be solved linearly using the linear solver provided by 

MATLAB®. The method chosen to solve for the cornering forcer, therefore, is to first determine 

the initial normal force, determine the initial cornering force, calculate the next time step normal 

force, then solve for the next time step cornering force, and continuing this process until the 

simulation is over. 

3.2: MATLAB® Model 

 Now that the equations have been determined and discussed, the model can now be shown. 

In order to create the model, MATLAB® 2017a was used. The usage of MATLAB® allowed for 

easier visualization, time simulations, and acquiring multiple simulations quickly. Additionally 

with MATLAB®, calculations can be made quickly for each parameter change versus doing hand 

calculations.  

 The following discussion is a section by section break down of the MATLAB® code 

created for the tractor-trailer model. The full code can also be seen in Appendix A without the 

comments. The code contains three different loops. The first two for loops are used to simulate the 

changing steering angles and changing trailer cg locations. The final loop is a for loop for the 
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changing time. The time loop changes the time by the desired time step. In the time loop, the 

position, velocity, and force calculations occur. 

The following several segments of the code are dedicated to defining the vehicle 

parameters such as distances between the axles and CG, the weights, braking parameters, 

coefficients of friction and rolling friction, and cornering stiffness. 

%Initalizing the tractor, trailer, and other variables 

h1 = 1.4;       %height from the bottom of the wheel to the tractor cg (m) 

h2 = 1.5;       %height from the bottom of the wheel to the trailer cg (m) 

h3 = .5;        %height from the fifth wheel to the tractor cg (m) 

h4 = .8;        %height from the fifth wheel to the trailer cg (m) 

I1 = 400000;    %moment of inertia of the tractor kg*m^2 

I2 = 767667;    %moment of inertia of the trailer kg*m^2 

g = 9.81;       %gravity constant m/s^2 

W1 = 20000*4.448;   %weight of the tractor (N) 

W2 = 100000*4.448;  %weight of the trailer (N) 

m1 = W1/g;          %determining the mass of the tractor (kg) 

m2 = W2/g;          %determining the mass of the trailer (kg) 

ww = 2.6/2;         %distance from the axle to the wheel (m) 

  

%Braking Parameters 

R = 21*.0254;       %Wheel radius (m) 

roeL = 90*6894.76;  %Brake line pressure (N/m^2) 

roeo = 5*6894.76;   %Pushout pressure (N/m^2) 

roe = 5.5;          %Lever ratio 

Ac = 28*.00064516;  %Brake chamber area (m^2) 

BF = 1.3;           %Brake factor 

mum = .7;           %Mechanical efficiency 

fa = .85;           %brake adjustment reduction factor 

fF = .7;            %brake temperature fade reduction factor 

r = 8*.0254;        %drum rotor radius (m) 

  

  

Cf = 8000;          %Cornering force 

u = .8  ;           %Coefficient of friction 

  

  

%Tractor parameters 

L1 = 2.59;              %Distance from front axle to the cg 

L6 = 3.36;              %Distance from fifth wheel to the cg 

L23 = 2.7+(4.02-2.7)/2; %Distance from the rear axle to the cg 
  

 Next is the initialization of the hitch, brake, and cornering forces. Additionally, before the 

first for loop begins, the time step and storage variable are declared.  

%Initailizing the Hitch, Brake, and Cronering forces. 

FHX(1) = 0; 

FHY(1) = 0; 

FHZ(1) = 0; 

FB1(1) = 0; 

FB23(1) = 0; 

FB45(1) = 0; 

FC1(1) = 0;  

FC23(1) = 0; 

FC451(1) = 0; 
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FC452(1) = 0; 

  

degrad = pi/180; %conversion from degrees to radians 

raddeg = 180/pi; %conversion from radians to degrees 

  

  

  

%Setting the time step and the "b" storage variable 

dt = .05; 

delay = 0.5; 

b = 1; 

  

 With the majority of the variable declared, the first for loop is declared. This for loop allows 

multiple simulations to be run stepping though different steering angles. Depending on the users 

desires, a wide range of steering angles can be observed and the affect these steering angles will 

have on the vehicle can be observed. 

%The first for loop steps through different steering angles "stang1". The  

%steering angle steps from 0.0001 deg to the desired final angle. 

  

  

for alpha1 = 0.0001*degrad:.1*degrad:5*degrad 

     

     

    %Setting the storage variables to one for each loop 

    a = 1; 

    n = 1; 

 Nested within the first for loop is the second for loop. For each steering angle the first for 

loop has, the second for loop will sweep through the user defined trailer CG location. As with the 

steering angle, the user can sweep through a wide range of trailer CG locations to observe the 

affect this parameter has on jackknifing and stopping distance. 

    %For each steering angle the trailer cg location (tcg) is moved as  

    %desired be the user. The trailer cg location is shifted by 0.1m for 

    %each loop. 

    for tcg = 3:.1:5 

  

 For each loop run, the variable need to be cleaned from the previous run values. Clearing 

the variables ensures that the previous run values will not be recorded or affect the next run. After 

the variables are cleared, the initial values are set for the velocity, acceleration, and position 

variables. 

        %After each loop the variables again need to be cleard so that the 

        %proper values are calculated and stored 

        clearvars v s vangle1 vangle2 sangle1 sang2 ... 

            time ay1 ay2 ax1 ax2 AngDiff 

  

        %Declairing the variables for the trailer cg location between the 

        %fifth wheel and rear axle.  

        L7 = tcg;         %Distance from the hitch to the cg 

        L45 = 5.2450-tcg; %Distance from the trailer axle to the cg 

         

        %Determinig the turning radius for the tractor (r1) and trailer 
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        %(r2) 

        r2 = (L23+L1)/(tan(alpha1))+(ww); %turning radius of the trailer m 

        r1 = sqrt((power(r2,2)+power(L23,2))); %turning radius of the tractor m 

         

         

        %Setting up the initial values that will need to be cleared after 

        %each simulation. 

        FN1(1) = m1*g*L6/(L1+L6); 

        FN45(1) = m2*g*L45/(L45+tcg); 

        FN451(1) = FN45(1)/2; 

        FN452(1) = FN45(1)/2; 

        FN23(1) = -FN1(1)-FN45(1)+m1*g+m2*g; 

        FNL(1) = FN23(1)/2+FN1(1)/2; 

        FNR(1) = FN23(1)/2+FN1(1)/2; 

        v(1) =  70*0.44704; %initializing velocity m/s 

        th1(1) = 0;         %initializing tractor yaw acceleration rad/s^2 

        th2(1) = 0;         %initializing trailer yaw acceleration rad/s^2 

        vangle2(1)=0;       %initializing tractor yaw velocity rad/s^2 

        vangle1(1)=0;       %initializing trailer yaw velocity rad/s^2 

        s(1) = 0;           %initializing the position to zero m              

        ax1(1) = 0;         %initializing the tangental acceleration of the tractor m/s^2 

        ax2(1) = 0;         %initializing the tangental acceleration of the trailer m/s^2 

        ay1(1)=power(v(1),2)/r1; %initializing the centripital acceleration of the tractor 

m/s^2 

        ay2(1)=power(v(1),2)/r2; %initializing the centripital acceleration of the trailer 

m/s^2 

        sangle1(1)= 0;      %initializing the tractor angle to zero rad 

        sang2(1)=asin((L7+L45)/(power(r2,2))); %initializing the trailer  

                            %angle relative to the tractor given steering  

                            %angle, fifth wheel position, and cg positions  

        FC1(1) = 2*u*FN1(1)*(((Cf*tan(sangle1(1)))/(u*FN1(1)))-(1/3)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN1(1))),2)+(1/27)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN1(1))),3)); 

        FC23(1) = 2*u*FN23(1)*(((Cf*tan(sangle1(1)))/(u*FN23(1)))-(1/3)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN23(1))),2)+(1/27)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN23(1))),3)); 

        FC451(1) = 2*u*FN451(1)*(((Cf*tan(sang2(1)))/(u*FN451(1)))-(1/3)... 

                 *power(((Cf*tan(sang2(1)))/(u*FN451(1))),2)+(1/27)... 

                 *power(((Cf*tan(sang2(1)))/(u*FN451(1))),3)); 

        FC452(1) = 2*u*FN452(1)*(((Cf*tan(sang2(1)))/(u*FN452(1)))-(1/3)... 

                 *power(((Cf*tan(sang2(1)))/(u*FN452(1))),2)+(1/27)... 

                 *power(((Cf*tan(sang2(1)))/(u*FN452(1))),3)); 

         

              

        %Declaing the storage vairable n and time variable for each run 

        %through the for loop 

        n = 1; 

        time(1) = 0; 

 Finally, within the second for loop is the last for loop. The final loop steps through the 

desired time step calculating the forces, accelerations, velocities, and distance. This for loop has 
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an if statement embedded within it to check the velocity value. Once the velocity value has reached 

zero, the calculations will end. 

        %The last for loop is the simulation of the tractor-trailer 

        %traveling from the initial velocity to zero. The loop is set up to 

        %step through the desired time step until the velocity reaches 

        %zero. 

         for t=0:dt:600 

            %The if statement is established to break the simulation when 

            %the velocity of the tractor-trailer reaches zero 

             if v(n)>0    

                

               %Determing the angular velocity for each time step 

               w1 (n) = v(n)/r1; %angular velocity of the tractor (rad/s) 

               w2 (n) = v(n)/r2; %angular velocity of the trailer (rad/s) 

               Fdrag(n) = .5*cd*Af*power(v(n),2); 

               Frr1(n) = crr*FN1(n); 

               Frr23(n) = crr*FN23(n); 

               Frr451(n) = crr*FN451(n); 

               Frr452(n) = crr*FN452(n); 

               FrrL(n) = crr*FNL(n); 

               FrrR(n) = crr*FNR(n); 

                
 

                             

 Within the time loop, are the calculations for solving for the x matrix. This calculations is 

performed every step to determine the normal forces, hitch forces, and accelerations. Using 

MATLAB®’s function “linsolve” the x matrix can be solved by multiplying the A inverse matrix 

to the B matrix. This function only works linearly so the cornering force will be calculated next 

for the next time step. 

              %Here the matricies A and B are set up to solve for x in the 

              %Ax=B using MATLAB®'s linear solver (linsolve). The x being  

              %solved for are the unknown normal forces, hitch forces, and 

              %tangental accelerations. The A matrix contains the constants 

              %being multiplied to the x variables. The B matrix has the 

              %known constants. 

               

              %Setting up varaiables for the A matrix 

               c1 = (h2-h4)*cos(sang2(n)); 

               c2 = (h2-h4)*sin(sang2(n)); 

               c3 = cos(sang2(n)); 

               c4 = sin(sang2(n)); 

               

              %Setting up the A matrix. The comments at the top show which 

              %collums represent which unknown variables. 

              %FN451 FN452  FHZ     FHX FHY      FN1 FN23  ax1  ax2   

             A0 =[1,    1,   -1,      0,  0,       0, 0,   0,    0;... %sum z2 

                  0,    0,(L6+L45), -c1, c2,       0, 0,   0,m2*h2;... %My 451 

                  0,-2*ww,   ww,     c2, c1,       0, 0,   0,    0;...  %Mx 451 

                  0,    0,    1,      0,  0,       1, 1,   0,    0;... %sum z1 

                  0,    0,    0,(h1-h3),  0,(L1+L23), 0, m1*h1,  0;... %My 231 

                  0,    0,    0,      0,  1,       0, 0,   0,    0;...%sum y1 

                  0,    0,    0,     c3,-c4,       0, 0,   0,   m2;... %Sum x2 

                  0,    0,    0,     -1,  0,       0, 0,  m1,    0;... %Sum x1 
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                  0,    0,    0,      0,  0,       0, 0,   1,   -1];   %ax1 and ax2 relationship 

  

              %Establishing the B matrix with the known variables. 

             B0 = [m2*g;...                     %Sum z2 

                 -m2*g*L45;...                  %My 451 

                 m2*ay2(n)*(h2-h4)-m2*g*ww;...  %Mx 451 

                 m1*g;...                       %Sum z1 

                 m1*g*L23;...                   %My 231 

                 FC1(n)+FC23(n)-m1*ay1(n);...   %Sum y1 

                 -FB45(n);...                   %Sum x2 

                 -FB1(n)-FB23(n);...            %Sum x1 

                 th2(n)*L45+power(w2(n),2)*L45-th1(n)*L23-power(w1(n),2)*L23]; %ax1 and ax2 

relationship 

  

             %Using linsolve, the x variables are being solved for in 

             %A^-1*A*x=A^-1*B 

             F0 = linsolve(A0,B0); 

              

             %From F0, the individual variables can be pulled. 

             FN451(n) = F0(1,1);    %Wheel 451 Normal Force (N)  

             FN452(n) = F0(2,1);    %Wheel 452 Normal Force (N) 

             FHZ(n) = F0(3,1);      %Hitch force in the z direction (N) 

             FHX(n) = F0(4,1);      %Hitch force in the x direction (N) 

             FHY(n) = F0(5,1);      %Hitch force in the y direction (N) 

             FN1(n) = F0(6,1);      %Tractor Front Normal Force (N) 

             FN23(n) = F0(7,1);     %Tractor Rear Normal Force (N) 

             ax1(n+1)=F0(8,1);      %Tractor tangental acceleration (m/s^2) 

             ax2(n+1)=F0(9,1);      %Trailer tangental acceleration (m/s^2) 
  

 With the normal forces calculated, the cornering force can be determined. The cornering 

forces calculated here will be used for the next time step calculations for the normal forces, hitch 

forces, and accelerations. 

                %Cornering Force Calculations for the tractor 

                if sangle1(n)== 0 %Setting the corning force to zero  when the angle is zero 

                    FC1(n+1) = 0;  

                    FC23(n+1) = 0; 

                %calculating the corning force for the tractor angles other than zero. 

                else 

                    FC1(n+1) = 2*u*FN1(n)*(((Cf*tan(sangle1(n)))/(u*FN1(n)))-(1/3)... 

                  *power(((Cf*tan(sangle1(n)))/(u*FN1(n))),2)+(1/27)*power(((Cf*tan(sangle1(n)))/(u*FN1(n))),3)); 

  

                    FC23(n+1) = 2*u*FN23(n)*(((Cf*tan(sangle1(n)))/(u*FN23(n)))-(1/3)... 

                *power(((Cf*tan(sangle1(n)))/(u*FN23(n))),2)+(1/27)*power(((Cf*tan(sangle1(n)))/(u*FN23(n))),3)); 

                end 

                 

                %Cornering Force Calculations for the trailer 

                if sang2(n) == 0 %Setting the corning force to zero  when the angle is zero 

                    FC451(n+1) = 0; 

                    FC452(n+1) = 0; 

                %calculating the corning force for the trailer angles other than zero. 

                else 

                    FC451(n+1) = 2*u*FN451(n)*(((Cf*tan(sang2(n)))/(u*FN451(n)))-(1/3)... 

                *power(((Cf*tan(sang2(n)))/(u*FN451(n))),2)+(1/27)*power(((Cf*tan(sang2(n)))/(u*FN451(n))),3)); 

                    FC452(n+1) = 2*u*FN452(n)*(((Cf*tan(sang2(n)))/(u*FN452(n)))-(1/3)... 

                *power(((Cf*tan(sang2(n)))/(u*FN452(n))),2)+(1/27)*power(((Cf*tan(sang2(n)))/(u*FN452(n))),3)); 
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                end 

 Next to be calculated are the brake forces. The brake force calculations are nested within a 

if statement. This if statement is where the delays come into effect. The brakes are only fully 

applied not only when the brake line pressure is reached, but also when the “processing” time has 

elapsed and the software has recognized the object. In addition to a delay, the brake forces are also 

limited in how much force they can apply to the wheel by the weight applied to that wheel times 

the coefficient of friction [27]. 

                %Calculating the braking force. The braking force starts at 

                %0.5 seconds due to the brake line pressure requiring build 

                %up pressure. 

                if t >= .5 

                    FB1(n+1) = (2/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

                    FB23(n+1) = (2/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

                    FB45(n+1) = (2/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

               else 

                    FB1(n+1) = 0; 

                    FB23(n+1) = 0; 

                    FB45(n+1) = 0; 

                end 

  

  

                %Perfomring a check on the braking force. The braking force 

                %cannot exceed the normal force multiplied by the 

                %coefficient of friction. 

                 

                %Checking the brake force at the front tractor axle 

                if FB1(n+1) > u*FN1(n) 

                        FB1(n+1) = u*FN1(n); 

                end 

                %Checking the brake force at the rear tractor axle 

                if FB23(n+1) > u*FN23(n) 

                        FB23(n+1) = u*FN23(n); 

                end 

                %Checking the brake force at the trailer axle 

                if FB45(n+1) > u*(FN451(n)+FN452(n)) 

                        FB45(n+1) = u*(FN451(n)+FN452(n)); 

                end 
 

 With all the necessary calculations complete, the accelerations in the y-direction and the 

yaw accelerations can be calculated. When the calculations are complete, the velocity and position 

calculations are performed using a Runge-Kutta integrator. This integrator is in a function shown 

next. 

                 

                %Solving the final unknowns for the tractor and trailer  

                %centripital acceleration and yaw acceleration. 

                ay2(n+1) = (-FC451(n+1)-FC452(n+1)-cos(sang2(n))*FHY(n)... 

                    -sin(sang2(n))*FHX(n))/m2; 

                th2(n+1) = (FC451(n+1)*L45+FC452(n+1)*L45-cos(sang2(n))... 

                    *FHY(n)*L7-sin(sang2(n))*FHX(n)*L7)/I2; 

                ay1(n+1) = (-FC1(n+1)-FC23(n+1)+FHY(n))/m1; 

                th1(n+1) = (-FC1(n+1)*L1+FC23(n+1)*L23-FHY(n)*L6)/I1; 

                 

                %Storing the time 
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                time(n+1)=t; 

  

                %Using the runge-kutta method to integrate the acceleration 

                %to acquire the next velocity value and to integrate the   

                %velocity to acquire the next position value. 

                v(n+1) = integrator(ax1(n),v(n),dt); 

                s(n+1) = integrator(v(n),s(n),dt); 

                vangle1(n+1) = integrator(th1(n),vangle1(n),dt); 

                sangle1(n+1) = integrator(vangle1(n),sangle1(n),dt); 

                vangle2(n+1) = integrator(th2(n),vangle2(n),dt); 

                sang2(n+1) = integrator(vangle2(n),sang2(n),dt); 

  

                n=n+1; 

           end 

         end 

 

 The Runge-Kutta developed below was created using a function developed by Ido 

Schwartz [28]. 

function [ y ] = integrator( x,yi,step ) 

%   The purpose of this function is to integrate the x value using the 

%   runge kutta method. 

  

F_x = @(x) x;                     

                      

    k_1 = F_x(x); 

    k_2 = F_x(x+0.5*step); 

    k_3 = F_x((x+0.5*step)); 

    k_4 = F_x((x+step)); 

  

    y = yi + (1/6)*(k_1+2*k_2+2*k_3+k_4)*step;  % main equation 

end 

 

 With all of the calculations complete, the values found can now be stored for plotting later. 

The values being stored are the steering angles used, the trailer CG locations used, the angles of 

the tractor and trailer relative to each other, and the stopping distance calculated. 

 

 

         %Storing the runs for plotting 

         Delta (a) = tcg;        %Storing the steering angle 

         srungeA (a) = s(end); %Storing the distance taken to stop 

         SA1(a) = sangle1(n);       %Storing the angle of the tractor 

         SA2(a) = sang2(n);       %Storing the angle of the trailer 

          

          

         %Within this for loop, the program compares the angle of the 

         %tractor to the trailer to determine the difference at each time 

         %step 

         for x = 1:1:n 

             AngDiff(x) = abs(abs(sangle1(x))-abs(sang2(x))); 

%              if AngDiff(x)> 45*drad 

%                 AngDiff(x) = 45*drad; 

%              end              

         end 
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         %After performing the comparison, the program determines what the 

         %largest difference was using the "max" function 

         AngDiffMax(a) = max(AngDiff); 

         va2(a) = max(vangle2); 

          

         %Changing the a value for the next set of iterations for the 

         %changing trailer cg location 

         a = a+1; 

    end 

     

    %Outside of the for loop for the changing trailer cg location, the 

    %values obtained for the steering angle, stopping distance, tractor 

    %angle, trailer angle, the angle difference between the tractor and 

    %trailer are stored in the vector or cells below. 

     

    angle(b) = alpha1;      %Storing the steering angle 

    distance{b} = srungeA;  %Storing the stopping distance  

    Ang1 {b} = SA1;         %Storing the tractor angle  

    Ang2 {b} = SA2;         %Storing the trailer angle  

    AngD {b} = AngDiffMax;  %Storing the maximum angle difference between the tractor and 

trailer 

    VA2 {b} = va2;          %Storing the trailer angular velocity 

    cg {b} = Delta;         %Storing the cg position 

     

    %Stepping the storage variable 

    b = b+1;         

end 
  

 Once all of the calculations and loops are complete, the code will then plot the stopping 

distance and max angle between the tractor and trailer over the steering angle and trailer CG 

location to create 3D plots. 

%converting the cells to be plotted 

dis = reshape(cell2mat(distance),[],length(distance)); 

cgdis = reshape(cell2mat(cg),[],length(cg)); 

A2 = reshape(cell2mat(Ang2),[],length(Ang2)); 

A1 = reshape(cell2mat(Ang1),[],length(Ang1)); 

AD = reshape(cell2mat(AngD),[],length(AngD)); 

VA2 = reshape(cell2mat(VA2),[],length(VA2)); 

  

figure 

mesh(angle*raddeg,cgdis,dis) 

hold on 

xlabel ('Steering Angle (deg)') 

ylabel('CG Location (m)') 

zlabel('Stopping Distance (m)') 

hold off 

  

figure 

% mesh(angle*radd,cgdis,A2*radd) 

% mesh(angle*radd,cgdis,A1*radd) 

mesh(angle*raddeg,cgdis,AD*raddeg) 

hold on 

xlabel ('Steering Angle (deg)') 

ylabel('CG Location (m)') 

zlabel('Trailer Final Angle (deg)') 
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hold off 

 

 With the presentation of the code complete, the results obtained were then displayed. While 

the results will sweep through the steering angles and trailer CG locations, the entire code would 

need to be run for changing other parameters such as weight or brake parameters. 
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Chapter 4:   Results 

Now that the model has been fully discussed and parameters properly set, the stopping 

distances can now be determined. Before the results are shown, however, it is crucial to verify with 

outside sources if the proper calculations are being made and if the model will accurately show us 

previously unknown results. After the stopping distances and max angle between the tractor and 

trailer will be plotted against the vehicle’s varying weights, brake type, and speeds will to 

determine the trends. 

4.1: Verification of Results 

Before looking at results, the braking model was first parameterized to match the results 

from experiments conducted by the Dunn and Hoover study [26]. The initial speed, weight, and 

brake types were set match those of Dunn and Hoover, the results in Table 4.1 show how closely 

the simulation was refined to match the study. A range of ±1o was used for all the runs to simulate 

any small corrections a driver may be making for a “straight” line stop. Additionally since it is 

unclear where the trailer is loaded, the trailer CG is shifted from 2.5 – 4 m from the fifth wheel. 

For the loaded simulation, the model was set to a total weight of 50,000 lb. With the results from 

the steering angle range and trailer CG location, the average stopping distance was calculated. 

Table 4.1 shows these averages compared to the study. 

Table 4.1: Validation of Simulations to results from Dunn and Hoover [26] 

Brake Type 

Mean 

Stopping 

Distance 

(Peterbilt) 

(m) 

Mean 

Stopping 

Distance 

(Volvo) (m) 

Simulation 

(m) 

All S-cam 

Drums 
96.6 80.5 93.0 

All Disc 67.7 73.5 67.7 

 

While these simulations closely match the results Dunn and Hoover, it is important for the end 

user to verify results and parameters if the wish is to model different brakes or trucks. The results 

shown next are based off of the matching of the tractors in the Dunn and Hoover study. 
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4.2: Simulation Results 

For the simulations conducted for this research, several parameters were varied to study 

how the parameters would affect the tractor-trailer stability and stopping distance (excluding the 

braking parameters that were set to match the Dunn and Hoover study). For these simulations, a 

0.55 software processing delay was added. This delay was added in addition to the time required 

for the brakes to become engaged. In addition to the changing trailer CG location and the steering 

angle, the tractor-trailer will also be simulated at different coefficients of friction, trailer weight, 

and drum or disc brakes. By varying these parameters, the end user can better select the brakes, 

trailer loading, and safe driving conditions in inclement weather. The purpose of these simulations 

is to show the effects the parameters have on the trailer angle and stopping distance. The plots 

captured are to be used as a tool and example for the end user. The 3D plots can be used to show 

a region of operation that is safe for the vehicle to operate within. If however, spikes or large trailer 

angles are noticed on the plots, the end user can now that a jackknifing event occurs at these 

conditions. 

Within this section, a tractor-trailer with a total weight of 80,000 lb (20,000 lb tractor and 

60,000 lb trailer), varying coefficient of friction from 0.3 and 0.8, an initial velocity of 70 mph, 

and drum and disc brakes. The parameters covered in the simulations are presented in Table 4.2. 

The plots covered in this chapter are highlighted in blue, and a summary table of all the simulations 

shall be shown at the end of the chapter. 
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Table 4.2: Parameters varied over simulations. 

Delay (sec) 0.55 

Weight 50,000 80,000 

Brake 

Type 
Drum Disc Drum Disc 

Coefficient 

of Friction 
0.3 0.8 0.3 0.8 0.3 0.8 0.3 0.8 

Initial 

Speed 

6
0
 

7
0
 

6
0
 

7
0
 

6
0
 

7
0
 

6
0
 

7
0
 

6
0
 

7
0
 

6
0
 

7
0
 

6
0
 

7
0
 

6
0
 

7
0
 

 

In order to first demonstrate how the regions of operation are obtained, the first set of plots 

shown in Figure 4.1 through Figure 4.4 cover a wide range of steering angles and trailer CG 

locations. These plots show peaks where the tractor-trailer is considered to be jackknifing. When 

observing these plots, the user can narrow the parameters to find the appropriate regions of 

operation by looking at the planes in these plots. Figure 4.1 through Figure 4.4 shows the process 

of narrowing down the operating parameters to the region of operation by reducing the steering 

angle and/or trailer CG location.  

For Figure 4.1 through Figure 4.4, the simulation parameters are set to a total weight of 

80,000 lbs, drum brakes, coefficient of friction of 0.8, and initial velocity of 70 mph. This process 

is the same process that will be used for later simulations with different parameters. 
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Figure 4.1: First simulation showing peaks of jackknifing. The plane shows areas where the tractor-trailer can be 

operated safely. Narrowing will help prevent jackknifing.  

The second simulation shows the region of operation narrowed down to a trailer CG 

location of 2-5 m with the same steering angle range.  
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Figure 4.2:The second run again shows jackknifing peaks but of a lesser magnitude. Reducing the region of 

operation again will help to further remove these instances. 

Reducing the region of interest to a trailer CG location of 2.5-5m and 0-10 degrees steering 

angle, Figure 4.3 shows the third run with these new ranges. 
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Figure 4.3: From the third run, the region of operation if further narrowed. Again there is still jackknifing events but 

the magnitude is reduced. 

 Narrowing down the region of interest again to 2.8-5m trailer CG location and the steering 

angle reduced to 0-7 degrees. The 3D plot is shown in Figure 4.4. 
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Figure 4.4: The fourth run shows the final region of operation for the tractor-trailer given the set parameters. 

Figure 4.4 shows the region of operation obtained for the tractor-trailer given the selected 

parameter. From the figure, it can be seen how an increased steering angle and CG location reduces 

the stopping distance and that there are no spikes to signal jackknifing as seen in the previous 

figures. These are the trends that will be researched in the sections below along with determining 

the difference between disc and drum brakes. 

 After observing how the parameters of steering angle and trailer CG location, the other 

parameters are now varied. In Figure 4.5 through Figure 4.12 show how the varied parameters of 

drum and disc brakes and coefficient of friction will limit or increase the region of operation. The 

plots below show not only the final stopping distance, but also the maximum angle between the 

tractor and trailer during each steering angle and trailer CG pair. The plots covered in Figure 4.5 

through Figure 4.12 are the ones highlighted in blue on Table 4.2. 

 The first set of results shown in Figure 4.5 and Figure 4.6 cover the first set of parameters: 

drum brakes, coefficient of friction of 0.8, initial velocity of 70 mph, and an 80,000 lb vehicle. 
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Figure 4.5: Tractor and trailer max angle during simulations using 0.8 coefficient of friction, drum brakes, 60,000 lb 

trailer, and initial velocity of 70mph. 

It is important to keep in mind that when observing the tractor and trailer max angle plots that the 

plot shows only the maximum angle in that simulation. The purpose of Figure 4.5 is to show the 

trend that the steering angle and trailer CG location has on the maximum angle on the vehicle. 

From the plot, it can be seen that the closer the CG location is to the fifth wheel, the greater the 

maximum angle becomes and closer to jackknifing. In addition, as seen in the plot, the greater the 

steering angle of the tractor, the more likely maximum angle between the tractor and trailer will 

be larger. Figure 4.6 shows the stopping distance acquired with the same parameters as used in 

Figure 4.5. 
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Figure 4.6: Tractor and Trailer stopping distance during simulations using 0.8 coefficient of friction, drum brakes, 

60,000 lb trailer, and initial velocity of 70mph. 

Looking at Figure 4.6, the effects of steering angle and trailer CG location on the stopping distance 

can be seen. As the steering angle and trailer CG location increase the stopping distance decrease. 

The stopping distance decreases from the trailer CG location moving towards the rear axle due to 

more weight being applied to the back wheels which allows for a greater braking force. As the 

steering angle increase and subsequently the trailer angle relative to the tractor as seen in Figure 

4.5, so too does the cornering force which will also help the vehicle to slow down given a larger 

angle and also more weight on the rear axle. 

In order to continue making comparisons over additional parameter changes, the next 

variable change to be conducted is to change the brake parameters from drum to disc while holding 

the other parameters the same. Figure 4.7 shows the affect that the drum brakes have on the trailer 

angle. 
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Figure 4.7: Tractor and trailer max angle during simulations using 0.8 coefficient of friction, disc brakes, 60,000 lb 

trailer, and initial velocity of 70mph. 

Comparing Figure 4.7 to Figure 4.5, the max angle between the tractor and trailer is reduced from 

80o to approximately 25o when looking at the largest angle in Figure 4.5. Because the tractor-trailer 

is much more stable with disc brakes, the tractor can have a greater steering angle as well. Next 

looking at Figure 4.8, the stopping distance with disc brakes can be observed. 
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Figure 4.8: Tractor and Trailer stopping distance during simulations using 0.8 coefficient of friction, disc brakes, 

60,000 lb trailer, and initial velocity of 70mph. 

Looking at Figure 4.8 and Figure 4.6, the drum brakes best stopping distance was approximately 

170 m compared to the disc brakes best performance at approximately 110 m. Overall, the disc 

brakes performed much better than the drum brakes. The disc brakes helped reduce the angle 

between the tractor and trailer and allow the tractor to have a greater steering angle as suggested 

by Dunn and Hoover [25].  

 After comparing drum and disc brakes, the effect of the friction shall now be simulated by 

changing it from the dry condition of 0.8 to a wet condition of 0.3. Figure 4.9 shows the effect of 

the wet conditions with drum brakes. 
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Figure 4.9: Tractor and trailer max angle during simulations using 0.3 coefficient of friction, drum brakes, 60,000 lb 

trailer, and initial velocity of 70mph. 

While the tractor-trailer angle may seem to be more stable comparing Figure 4.9 to Figure 4.5, it 

is due to the reduced trailer CG location. If the simulation had the CG location the same as Figure 

4.5, the user would see the jackknifing events. Next, Figure 4.10 will show the stopping distance 

with the wet conditions. 
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Figure 4.10: Tractor and Trailer stopping distance during simulations using 0.3 coefficient of friction, drum brakes, 

60,000 lb trailer, and initial velocity of 70mph. 

Looking at Figure 4.10 the effect that the wet conditions has on the stopping distance can be seen 

due to its increased distance compared to Figure 4.6. The vehicle under wet condition has at least 

a 30 m increase in the stopping distance. While it is still possible to drive on the wet roads and 

stop with drum brakes, it is crucial for the end user to spec out a sensor that will have the 

appropriate range of approximately 315 m.  

 Now the final comparison for this chapter shall be made by still looking at the wet road 

conditions, but changing the brake parameters to disc brakes. Figure 4.11 shows the max angle 

between the tractor and trailer with the disc brakes and wet conditions. 
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Figure 4.11: Tractor and Trailer max angle during simulations using 0.3 coefficient of friction, disc brakes, 60,000 

lb trailer, and initial velocity of 70mph. 

As expected when comparing Figure 4.11 to Figure 4.7 the slick conditions cause the max angle 

between the tractor and trailer to increase. While the plots look fairly similar, the region of 

operation has its trailer CG location reduced closer towards the fifth wheel. In addition to the 

reduced region of operation, the wet conditions also affect the stopping distance as seen in Figure 

4.12. 
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Figure 4.12: Tractor and Trailer stopping distance during simulations using 0.3 coefficient of friction, disc brakes, 

60,000 lb trailer, and initial velocity of 70mph. 

Similar to the drum brakes, the disc brakes have an increased stopping distance on the wet road 

conditions. Comparing Figure 4.12 to Figure 4.8, the wet conditions cause the vehicle to have at 

an average additional 60 m to stop. For a tractor-trailer with disc brakes, the max stopping distance 

is approximately 200 m under the conditions tested here. A range sensor, therefore, needs to have 

a range of the same value.  

 Revisiting the table of simulations, the results for each of the simulations is shown in Table 

4.3. The results captured show the average, max and min stopping distance, and the max angle. 

Additionally, the operating range used to acquire the results is shown. This range is what was used 

to avoid jackknifing events under the given parameters. 
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Table 4.3: Summation of simulation results. 

Delay (sec) 0.55 

Weight 50,000 80,000 

Brake 

Type 

Drum Disc Drum Disc 

Coefficient 

of Friction 

0.3 0.8 0.3 0.8 0.3 0.8 0.3 0.8 

Initial 

Speed 

6
0

 

7
0

 

6
0

 

7
0

 

6
0

 

7
0

 

6
0

 

7
0

 

6
0

 

7
0

 

6
0

 

7
0

 

6
0

 

7
0

 

6
0

 

7
0

 

Average 

Stopping 

Distance 

(m) 

1
4
9
.2

8
 

1
9
7
.0

7
 

1
0
7
.4

5
 

1
4
0
.3

6
 

1
4
5
.7

6
 

1
9
1
.5

5
 

7
9
.9

2
 

1
0
3
.2

2
 

1
8
2
.4

6
 

2
4
8
.5

7
 

1
4
4
.8

5
 

1
8
8
.7

 

1
4
1
.9

9
 

1
9
2
.3

8
 

1
0
2
.2

6
 

1
3
1
.3

8
 

Max 

Stopping 

Distance 

(m) 

1
6
3
.8

7
 

2
1
3
.2

5
 

1
2
1
.3

1
 

1
5
6
.4

6
 

1
5
1

 

1
9
8
.0

5
 

8
6
.4

8
 

1
1
1
.5

 

2
4
2
.2

1
 

3
1
5
.6

8
 

1
7
3
.3

3
 

2
0
2
.6

9
 

1
5
4
.6

6
 

2
0
9
.8

4
 

1
2
6
.0

7
 

1
5
9
.2

9
 

Min 

Stopping 

Distance 

1
3
9
.3

 

1
8
7
.0

4
 

1
0
1
.3

4
 

1
3
4
.4

7
 

1
2
9
.8

9
 

1
7
5
.5

9
 

7
6
.2

7
 

9
8
.9

3
 

1
5
2
.9

6
 

2
1
6
.6

2
 

1
1
9
.9

 

1
5
6
.1

6
 

1
1
2
.2

9
 

1
7
0
.4

3
 

8
9
.1

8
 

1
0
9
.4

9
 

Max Angle 

(deg) 
6
5
.2

 

6
2
.4

6
 

4
6
.4

2
 

5
2
.7

 

6
5
.2

 

6
9
.6

9
 

2
9
.7

8
 

3
2
.1

8
 

8
5
.7

6
 

8
8
.1

4
 

5
3
.9

3
 

6
2
.4

3
 

5
0
.7

9
 

6
2
.0

3
 

2
9
.8

9
 

3
9
.0

8
 

Steering 

Angle 

Range 

(deg) 

0
-9

 

0
-7

 

0
-1

1
 

0
-9

 

0
-1

0
 

0
-8

 

0
-1

4
 

0
-1

0
 

0
-1

2
 

0
 - 8

 

0
-1

3
 

0
-1

2
 

0
-1

5
 

0
 -9

  

0
-1

5
 

0
-1

5
 

Trailer 

CG 

Location 

(m) 

2
.6

-5
 

3
.1

-4
.9

 

2
.2

-4
.9

 

2
.3

-4
.8

 

2
.6

-4
.5

 

2
.9

-4
.3

 

1
.5

-4
 

1
.5

-4
.0

 

2
.5

-5
.0

 

2
.7

 - 4
.9

 

2
.3

-5
 

2
.4

-4
.5

 

2
 - 4

.3
 

2
-4

.6
 

2
.0

 - 4
.8

 

1
.8

-4
.5

 

 

 The results obtained verify the decreased stopping distance and jackknifing stability that 

disc brakes provide compared to drum brakes. As expected from Dunn and Hoover [25] in almost 

every case, the disc brakes outperformed the drum brakes especially at higher weights. Looking at 

just these cases, the task of selecting a forward-looking perception clearly depends on road 

conditions and brakes used. The max stopping distance seen for the tractor-trailer was obtained 

under wet conditions traveling at 70 mph (315.68 m). For disc brakes, the max stopping distance 
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was obtained under wet conditions traveling at 70 mph (209.84 m). A forward looking sensor will, 

therefore, need to the same corresponding range. 

 While the simulations shown in this chapter are a small set of conditions that can be tested, 

they provide a sample for the end user to consider for a tractor-trailer. Various parameter can be 

changed and simulations can be explored so that operation regions and senor range requirements 

can be obtained.  

4.3: Proposed Sensors 

Now that the model has acquired a range of stopping distances to consider for a turning tractor-

trailer, an appropriate selection of forward looking perception sensors can be presented for the end 

users consideration. Using the researched technologies from the Literature Review of, the specific 

sensors that have the range necessary shall be compared while also discussing some of the potential 

processing delays associated with the individual sensor.  

 The first sensors considered shall be LiDAR sensors. While looking at these sensors, it is 

also crucial to consider the delays associated with them for both processing and the time it takes a 

sensor to sweep through an area. For some of the sensors, the physical sensor will rotate about its 

axis to obtain a full 360o range as seen with Velodyne sensors. Regardless, the sensors will sweep 

through an area before looking again at a point, which introduces some delay.  

Using the delays for LiDAR discussed earlier, the total delay time can be determined by 

adding the scanning frequency to the processing delay [16]. As seen in Table 4.4, a few LiDARs 

were researched for their respective range, resolution, and frequency and with the researched 

frequency the total delay was calculated.  

Table 4.4: LiDAR market research with total delay for each sensor.  

Sensor 
Range 

(m) 
Resolution (cm) Frequency (Hz) 

Total Delay 

(sec) 

Velodyne HDL-64E [8] 120 ±2 5 0.2 

Velodyne HDL-32E 

[34] 
100 ±2 5 0.2 

Sick LD-MRS800001 

[35] 
300 ±4 12.5 0.08 

Ouster OS-2(64) [36] 250 ±3 10 0.1 

 

 In order to appropriately recommend specific cameras for an autonomous tractor-trailer, 

there are several factors that must first be considered. In addition to selecting a camera, the proper 

lens must be chosen. A camera that has to see and identify an object must have a field of view 

(FOV) with the proper resolution. The factors include resolution, focal length, and sensor size. 

While there are many other factors that affect the image quality such as frame rate, these two 

factors are the qualities in a camera that will dictate whether or not an object will be identifiable 
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at the appropriate distance. The resolution of a camera is the dimensions in pixels that the camera 

will have per frame. Focal length is the distance from the lens to the camera sensor. The length 

dictates how large the FOV will be. The camera format is the size of the sensor in the camera that 

captures the image being transmitted through the lens 

The horizontal width and vertical height of the scene shown in Error! Reference source 

not found. can essentially continue out any distance (D) given an appropriate lens and resolution. 

Depending on the resolution required, however, the FOV’s distance, height, and width can be 

limited based upon how many pixels an object needs to be detected (if a focal length and camera 

format have already been selected). As an example if the end users desire is to identify an object 

116 m away, the lens for a camera can be selected. Due to the necessity of a perception system 

identifying humans, an example shall be given using camera identification of a pedestrian. In order 

for a camera to identify a human, a box template of approximately 120 pixels height and 80 pixels 

width to identify a human [32]. Therefore, a cameras resolution must be approximately 65.6 

pixels/m for the FOV assuming the person is roughly 1.8 m tall. Then using a calculator such as 

FLIR’s calculator for a lens [36], the appropriate lens and focal length can be determined.  

For recommendations within this thesis, Table 4.5 is presented. For this table the delay is 

also calculated as it was with LiDAR using the frame rate and processing time discussed [14]. 

Table 4.5 also contains the resolution and camera format which is needed by the end user for 

calculating the focal length for the end users desired range. 

Table 4.5: Camera market research and total time delay. 

Camera 
Resolution 

(Pixels) 

Camera 

Format (in) 
FPS 

Total Delay 

(sec) 

Pike F-505 

[41] 
2452 x 2054 2/3 14 0.27 

Flea3 12 MP 

Color USB3 

Vision (Sony 

IMX172) [41] 

4000 x 3000 1/2.3 15 0.26 

Flea3 1.3 MP 

Color USB3 

Vision (Sony 

IMX035) [42] 

1328 x 1048 1/3 120 0.21 

acA4600-

10uc- Basler 

ace [43] 

4608 x 3288 1/2.3 10 0.30 

acA2040-

120um – 

Basler ace [44] 

2048 x 1536 1/1.8 120 0.21 

 

 While the cameras shown in Table 4.5 have a competitive delay to some of the LiDARs, 

the end user must consider the desired range as well. The further the range and lower resolution to 
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have a lower time delay means that the FOV will be decreased for the camera due to the focal 

length. Increasing the resolution to have a wider FOV due to a decreased focal length will mean 

an increased time delay. The end user must take these factors into consideration for the autonomous 

tractor-trailer. These factors, however, should not disqualify cameras due to additional capabilities 

over LiDAR and radar. 

 Radar sensors are not limited to one wave, multimodal radars can be used to sweep through 

multiple ranges around the radar. Having these options allows a vehicle either greater viewing 

angle or greater depths depending on the necessity. The radars considered are Smartmicro [37] 

[38] [39], TI [40], Bosch [41], and Delphi [42]. Table 4.6 show single frequency radars and 

multimodal frequency radars. 

Table 4.6: Single frequency radar sensors capable for usage on an autonomous tractor-trailer. 

Sensor 
Max Range 

(m) 

Resolution 

Accuracy 

(cm) 

Sample 

Rate (ms) 

Total 

Delay 

(sec) 

Smartmicro 

Type 31 

Antenna [39] 

45 ±12.4 50 0.51 

Smartmicro 

Type 30 

Antenna [38] 

90 ±12.4 50 0.51 

Smartmicro 

Type 29 

Antenna [37] 

160 ±12.4 50 0.51 

Bosch: Mid-

Range Radar 

[41] 

0.37-160 ±6.0 60 0.52 

Bosch: Mid-

Range Radar 

Rear [41] 

0.37-80 ±6.0 60 0.52 

Delphi: 

Electronically 

Scanning 

Radar [42] 

60-174 ±5.0 50 0.52 

 

 While the radars appear to be the weakest of the sensors and have the greatest delay, they 

should still be considered for a tractor-trailer due to radar having better performance during 

inclement weather such as rain or snow. Again, the user must take the desired performance and 

requirements into consideration. Here multiple LiDAR, camera, and radar sensors have been 

presented for an autonomous tractor-trailer. Knowing the average speed to be traveled, the 

stopping distance, road conditions, and visibility requirements, an appropriate sensor can be 

selected weighing these requirements. 
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Chapter 5:  Future Work and Conclusions 

The work shown in this thesis is just a stepping stone for a user to create an autonomous 

vehicle. Using the code and simulations, a user can obtain safe regions of operation to avoid 

jackknifing and select a forward-looking perception sensor based upon the stopping distance. 

Work, however, is still required to develop the software to identify objects down the road. This is 

just one example of a multitude of functions required for an autonomous vehicle. The work put in 

is not without merit. These vehicles will assist drivers by being able to identify objects or other 

vehicles when humans fail to do so. 

5.1: Future Work 

While the information presented in this thesis covers viable sensors for perception of an 

autonomous tractor-trailer, there is much information and equipment that is still required before 

such a vehicle could ever be constructed physically and have the required software. The following 

list presented is a short description of several key features that need to be determined and/or 

created. 

1. Trailer angle detection 

Detecting the trailer angle is crucial in controlling the vehicle. Detection can potentially be 

done with LiDAR (through plane detection) or cameras (using region of interest and detecting 

differences). A motor controller unit or sensor may also be capable of determining the trailer angle 

relative to the tractor. 

2. Sensor suite and software for sign recognition, object detection, and lane following 

While the sensors for these requirements have been presented, the software capable for 

determining how the system performs these operations must be established along with additional 

sensors around the vehicle. This thesis has attempted to present a few ideas in the Literature 

Review section. 

3. Encoders for determining vehicle speed 

Vehicle control must know how fast the vehicle is going or if it is stopped. Selecting the 

appropriate encoders will provide feedback to the system about the current speed of the vehicle 

and if it is accelerating/maintaining velocity as expected. 

4. GPS 

While the vehicle may simply seem to be following lines, it is crucial that the autonomous 

vehicle knows where it is and where it is going. The input may be point A to point B, but the means 

by which a vehicle gets there is not a straight line. An autonomous tractor trailer especially needs 

to be careful to travel where height limitations are not too low. Additionally, the vehicle should 

report where it is to the user in case it breaks down. 

5. Pedal actuators 
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Selection of a pedal actuator will have several requirements. The pedals cannot simply be 

slammed on every time. An actuator must also apply force gradually. Additionally, it must be 

robust enough so as not to fail over time. 

6. Night and inclement weather driving 

Night and inclement weather are two difficult areas for a vehicle to handle. A human driver 

can have difficulty enough in these conditions. In terms of night driving, radar and LiDAR will 

operate the same. If the vehicle is using cameras for lane and sign detection, however, operations 

may be interfered with. Additionally, inclement weather like snow may affect all three of these 

sensors types. 

7. Tractor-trailer dynamics maneuvering in forward and reverse 

Predicting how the tractor-trailer behaves during maneuvers will allow the autonomous 

vehicle to plan its own maneuvering. 

8. Steering control 

Keeping the steering wheel steady and moving it with the proper sensitivity will allow the 

autonomous vehicle to have smooth travel, turns, and lane shifts. The software and hardware for 

performing steering wheel movement will need to be determined. 

9. Road friction 

The road friction is not something that is held constant. Over the course of a single route, 

the road friction can change drastically. Whether the road is wet or covered in snow or simply 

worn down, detecting what the road condition is will enable an autonomous tractor-trailer to better 

anticipate how it will need to maneuver or if it needs to slow down.  

10. Center of gravity of tractor and trailer 

While in modeling the center of gravity may be fixed at a point, the center of gravity shifts 

in practical applications due to goods or components moving. In order to adequately control the 

vehicle especially since the loads tend to be very large and change every shipment, having a sensor 

that can determine where the center of gravity is will help the software better plan stopping and 

maneuvering.  

11. Convoying 

Although not absolutely crucial to creating an autonomous system, incorporating 

convoying between vehicles will cut on fuel costs and help prevent accidents. 

 

While each of these tasks requires significant research and work, the groundwork for some 

of these areas has been created. The vehicle model created to test the stopping distance can be 

converted into a plant model for vehicle dynamics and controls testing. The parameters researched 

and the forces created in MATLAB® can all be used for further research in these areas. 
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5.2: Conclusion 

This research paper derived a means of analyzing tractor-trailer dynamics while braking, 

including an indication of a jackknife condition.  The results showed that under the derived set of 

parameters and assumptions, a forward-looking perception sensor must have a range greater than 

315 m or 210 meters for a vehicle with drum or disc brakes, respectively, so that an automated 

system has sufficient margin to avoid obstacles in the roadway. Additionally, the research provided 

insight onto jackknifing events and how disc brakes (under the simulated conditions) provides 

greater yaw stability. The model created also provides the end user with a tool by which a wide 

range of parameters can be simulated.  

Of the three sensor technologies researched, radar while having comparable range to the 

other sensors had considerable longer delay times. LiDAR showed to be the best for both range 

and sensor delay time. For the end user, however, driving conditions such as weather may be a 

greater factor when considering a sensor.  

Autonomous tractor-trailers are now capable with the advancement of various perception 

technologies, closed loop system response, and fail-safe design. By placing these perception 

technologies and improved braking systems onto an autonomous tractor-trailer, the system would 

have sufficient range to see down the road, stop in time, and not jackknife as readily. These 

autonomous vehicles even if all they end up doing is assisting a driver may lead to safer driving 

and fewer roadway mishaps and fatalities. 
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Chapter 7:  Appendix A 

Appendix A contains the code used to generate the simulations. Greater definition of each 

section can be found in Chapter 3. 

 

%% Simulation of Tractor-Trailer Braking During Turning 

% The purpose of this simulation is to provide the end user with a 

% parameterizable simulation of a tractor-trailer braking and coming to a 

% complete stop during a turn. This program will provide the end user with 

% conditions with which jackkniffing will occur and regions with which 

% the tractor-trailer may operate safely.  

  

%Author: James Nathan Quartuccio 

  

%Clearing the workspace, command window, and closing windows 

clc 

clear 

close all 

  

  

%Initalizing the tractor, trailer, and other variables 

h1 = 1.4;       %height from the bottom of the wheel to the tractor cg (m) 

h2 = 1.5;       %height from the bottom of the wheel to the trailer cg (m) 

h3 = .5;        %height from the fifth wheel to the tractor cg (m) 

h4 = .8;        %height from the fifth wheel to the trailer cg (m) 

I1 = 400000;    %moment of inertia of the tractor kg*m^2 

I2 = 767667;    %moment of inertia of the trailer kg*m^2 

g = 9.81;       %gravity constant m/s^2 

W1 = 20000*4.448;   %weight of the tractor (N) 

W2 = 30000*4.448;  %weight of the trailer (N) 

m1 = W1/g;          %determining the mass of the tractor (kg) 

m2 = W2/g;          %determining the mass of the trailer (kg) 

ww = 2.6/2;         %distance from the axle to the wheel (m) 

  

%Braking Parameters 

R = 21*.0254;       %Wheel radius (m) 

roeL = 90*6894.76;  %Brake line pressure (N/m^2) 

roeo = 5*6894.76;   %Pushout pressure (N/m^2) 

% roe = 5.5;          %Lever ratio for drum brakes 

Ac = 30*.00064516;  %Brake chamber area (m^2) 

roe = 11;          %Lever ratio for disc brakes 

BF = 1.3;           %Brake factor 

mum = .7;           %Mechanical efficiency 

fa = .9;           %brake adjustment reduction factor 

fF = .9;            %brake temperature fade reduction factor 

r = 8*.0254;        %drum rotor radius (m) 
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%Cornering, rolling, and drag force constants 

Cf = 8000;          %Cornering force coefficient  

u = .3;             %Coefficient of friction for tire and road 

crr = .01;          %Coefficient for rolling friction 

cd = 0.654;         %Coefficient of drag 

Af = 66.5*0.092903; %Frontal area of tractor (m^2) 

  

  

%Tractor parameters 

L1 = 2.59;              %Distance from front axle to the cg 

L6 = 3.36;              %Distance from fifth wheel to the cg 

L23 = 2.7+(4.02-2.7)/2; %Distance from the rear axle to the cg 

  

%Initailizing the Hitch, Brake, and Cronering forces. 

FHX(1) = 0; 

FHY(1) = 0; 

FHZ(1) = 0; 

FB1(1) = 0; 

FB23(1) = 0; 

FB451(1) = 0; 

FB452(1) = 0; 

FC1(1) = 0;  

FC23(1) = 0; 

FC451(1) = 0; 

FC452(1) = 0; 

  

degrad = pi/180; %conversion from degrees to radians 

raddeg = 180/pi; %conversion from radians to degrees 

  

  

  

%Setting the time step, software processing delay, and the "b" storage variable 

dt = .05; 

% delay = 0; %No delay for validation to lit review documents 

delay = 0.55; %Processing Delay 

b = 1; 

  

  

%The first for loop steps through different steering angles "stang1". The  

%steering angle steps from 0.0001 deg to the desired final angle. 

  

  

for alpha1 = .0001*degrad:.1*degrad:10*degrad 

     

     

    %Setting the storage variables "a" and "n" to one for each loop 

    a = 1; 

    n = 1; 

    %For each steering angle the trailer cg location (tcg) is moved as  

    %desired be the user. The trailer cg location is shifted by 0.1m for 
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    %each loop. 

    for tcg = 2.6:.1:4.6 

        %After each loop the variables again need to be cleard so that the 

        %proper values are calculated and stored 

        clearvars v s vangle1 vangle2 sangle1 sang2 ... 

            time ay1 ay2 ax1 ax2 AngDiff 

  

        %Declairing the variables for the trailer cg location between the 

        %fifth wheel and rear axle.  

        L7 = tcg;         %Distance from the hitch to the cg 

        L45 = 5.2450-tcg; %Distance from the trailer axle to the cg 

         

        %Determinig the turning radius for the tractor (r1) and trailer 

        %(r2) 

        r2 = (L23+L1)/(tan(alpha1))+(ww); %turning radius of the trailer m 

        r1 = sqrt((power(r2,2)+power(L23,2))); %turning radius of the tractor m 

         

         

        %Setting up the initial values that will need to be cleared after 

        %each simulation. 

        FN1(1) = m1*g*L6/(L1+L6); 

        FN45(1) = m2*g*L45/(L45+tcg); 

        FN451(1) = FN45(1)/2; 

        FN452(1) = FN45(1)/2; 

        FN23(1) = -FN1(1)-FN45(1)+m1*g+m2*g; 

        FNL(1) = FN23(1)/2+FN1(1)/2; 

        FNR(1) = FN23(1)/2+FN1(1)/2; 

        v(1) =  60*0.44704; %initializing velocity m/s 

        th1(1) = 0;         %initializing tractor yaw acceleration rad/s^2 

        th2(1) = 0;         %initializing trailer yaw acceleration rad/s^2 

        vangle2(1)=0;       %initializing tractor yaw velocity rad/s^2 

        vangle1(1)=0;       %initializing trailer yaw velocity rad/s^2 

        s(1) = 0;           %initializing the position to zero m              

        ax1(1) = 0;         %initializing the tangental acceleration of the tractor m/s^2 

        ax2(1) = 0;         %initializing the tangental acceleration of the trailer m/s^2 

        ay1(1)=power(v(1),2)/r1; %initializing the centripital acceleration of the tractor m/s^2 

        ay2(1)=power(v(1),2)/r2; %initializing the centripital acceleration of the trailer m/s^2 

        sangle1(1)= 0;      %initializing the tractor angle to zero rad 

        sang2(1)=asin((L7+L45)/(power(r2,2))); %initializing the trailer  

                            %angle relative to the tractor given steering  

                            %angle, fifth wheel position, and cg positions  

        FC1(1) = 2*u*FN1(1)*(((Cf*tan(sangle1(1)))/(u*FN1(1)))-(1/3)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN1(1))),2)+(1/27)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN1(1))),3)); 

        FC23(1) = 2*u*FN23(1)*(((Cf*tan(sangle1(1)))/(u*FN23(1)))-(1/3)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN23(1))),2)+(1/27)... 

                 *power(((Cf*tan(sangle1(1)))/(u*FN23(1))),3)); 

        FC451(1) = 2*u*FN451(1)*(((Cf*tan(sang2(1)))/(u*FN451(1)))-(1/3)... 

                 *power(((Cf*tan(sang2(1)))/(u*FN451(1))),2)+(1/27)... 

                 *power(((Cf*tan(sang2(1)))/(u*FN451(1))),3)); 

        FC452(1) = 2*u*FN452(1)*(((Cf*tan(sang2(1)))/(u*FN452(1)))-(1/3)... 
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                 *power(((Cf*tan(sang2(1)))/(u*FN452(1))),2)+(1/27)... 

                 *power(((Cf*tan(sang2(1)))/(u*FN452(1))),3)); 

         

              

        %Declaing the storage vairable n and time variable for each run 

        %through the for loop 

        n = 1; 

        time(1) = 0; 

  

        %The last for loop is the simulation of the tractor-trailer 

        %traveling from the initial velocity to zero. The loop is set up to 

        %step through the desired time step until the velocity reaches 

        %zero. 

         for t=0:dt:600 

            %The if statement is established to break the simulation when 

            %the velocity of the tractor-trailer reaches zero 

             if v(n)>0    

                

               %Determing the angular velocity for each time step 

               w1 (n) = v(n)/r1; %angular velocity of the tractor (rad/s) 

               w2 (n) = v(n)/r2; %angular velocity of the trailer (rad/s) 

%                ay1(n) = power(v(n),2)/r1; 

%                ay2(n) = power(v(n),2)/r2; 

                             

               Fdrag(n) = .5*cd*Af*power(v(n),2); 

               Frr1(n) = crr*FN1(n); 

               Frr23(n) = crr*FN23(n); 

               Frr451(n) = crr*FN451(n); 

               Frr452(n) = crr*FN452(n); 

               FrrL(n) = crr*FNL(n); 

               FrrR(n) = crr*FNR(n); 

                

              %Here the matricies A and B are set up to solve for x in the 

              %Ax=B using Matlab's linear solver (linsolve). The x being  

              %solved for are the unknown normal forces, hitch forces, and 

              %tangental accelerations. The A matrix contains the constants 

              %being multiplied to the x variables. The B matrix has the 

              %known constants. 

               

              %Setting up varaiables for the A matrix 

               c1 = (h2-h4)*cos(sang2(n)); 

               c2 = (h2-h4)*sin(sang2(n)); 

               c3 = cos(sang2(n)); 

               c4 = sin(sang2(n)); 

               

              %Setting up the A matrix. The comments at the top show which 

              %collums represent which unknown variables. 

                  

             A0 =[1,1,-1,0,0,0,0,0,0,0,0;... %sum z2 

                  0,0,(L7+L45),-c1,c2,0,0,0,m2*h2,0,0;... %My 451 

                  0,-2*ww,ww,c2,c1,0,0,0,0,0,0;...  %Mx 451 
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                  0,0,1,0,0,1,1,0,0,0,0;... %sum z1 

                  0,0,0,(h1-h3),0,(L1+L23),0,m1*h1,0,0,0;... %My 231 

                  0,0,0,0,1,0,0,0,0,0,0;...%sum y1 

                  0,0,0,c3,-c4,0,0,0,m2,0,0;... %Sum x2 

                  0,0,0,-1,0,0,0,m1,0,0,0;... %Sum x1 

                  0,0,0,0,0,0,0,1,-1/c3,0,0;...   %ax1 and ax2 relationship 

                  0,0,-ww,0,-h1+h3,0,0,0,0,-2*ww,0;... 

                  0,0,1,0,0,0,0,0,0,1,1]; 

                   

              %Establishing the B matrix with the known variables. 

             B0 = [m2*g;...                     %Sum z2 

                 -m2*g*L45;...                  %My 451 

                 m2*ay2(n)*(h2-h4)-m2*g*ww;...  %Mx 451 

                 m1*g;...                       %Sum z1 

                 m1*g*L23;...                   %My 231 

                 FC1(n)+FC23(n)-m1*ay1(n);...   %Sum y1 

                 -FB451(n)-FB452(n)-Frr451(n)-Frr452(n);...         %Sum x2 

                 -FB1(n)-FB23(n)-Fdrag(n)-Frr1(n)-Frr23(n);...    %Sum x1 

                 th2(n)*L45+power(w2(n),2)*L45-th1(n)*L23-power(w1(n),2)*L23;... %ax1 and ax2 

relationship 

                 -m1*g*ww+m1*ay1(n)*h1;... 

                 m1*g]; 

                                   

             %Using linsolve, the x variables are being solved for in 

             %A^-1*A*x=A^-1*B 

             F0 = linsolve(A0,B0); 

              

             %From F0, the individual variables can be pulled. 

             FN451(n+1) = F0(1,1);    %Wheel 451 Normal Force (N)  

             FN452(n+1) = F0(2,1);    %Wheel 452 Normal Force (N) 

             FHZ(n) = F0(3,1);      %Hitch force in the z direction (N) 

             FHX(n) = F0(4,1);      %Hitch force in the x direction (N) 

             FHY(n) = F0(5,1);      %Hitch force in the y direction (N) 

             FN1(n+1) = F0(6,1);      %Tractor Front Normal Force (N) 

             FN23(n+1) = F0(7,1);     %Tractor Rear Normal Force (N) 

             ax1(n+1)=F0(8,1);      %Tractor tangental acceleration (m/s^2) 

             ax2(n+1)=F0(9,1);      %Trailer tangental acceleration (m/s^2) 

             FNR(n+1) = F0(10,1); 

             FNL(n+1) = F0(11,1); 

  

                %Cornering Force Calculations for the tractor 

                if sangle1(n)== 0 %Setting the corning force to zero  when the angle is zero 

                    FC1(n+1) = 0;  

                    FC23(n+1) = 0; 

                %calculating the corning force for the tractor angles other than zero. 

                else 

                    FC1(n+1) = 2*u*FN1(n)*(((Cf*tan(sangle1(n)))/(u*FN1(n)))-(1/3)... 

                         *power(((Cf*tan(sangle1(n)))/(u*FN1(n))),2)... 

                         +(1/27)*power(((Cf*tan(sangle1(n)))/(u*FN1(n))),3)); 

  

                    FC23(n+1) = 2*u*FN23(n)*(((Cf*tan(sangle1(n)))/(u*FN23(n)))-(1/3)... 
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                         *power(((Cf*tan(sangle1(n)))/(u*FN23(n))),2)... 

                         +(1/27)*power(((Cf*tan(sangle1(n)))/(u*FN23(n))),3)); 

                end 

                 

                %Cornering Force Calculations for the trailer 

                if sang2(n) == 0 %Setting the corning force to zero  when the angle is zero 

                    FC451(n+1) = 0; 

                    FC452(n+1) = 0; 

                %calculating the corning force for the trailer angles other than zero. 

                else 

                    FC451(n+1) = 2*u*FN451(n)*(((Cf*tan(sang2(n)))/(u*FN451(n)))-(1/3)... 

                         *power(((Cf*tan(sang2(n)))/(u*FN451(n))),2)... 

                         +(1/27)*power(((Cf*tan(sang2(n)))/(u*FN451(n))),3)); 

  

                    FC452(n+1) = 2*u*FN452(n)*(((Cf*tan(sang2(n)))/(u*FN452(n)))-(1/3)... 

                         *power(((Cf*tan(sang2(n)))/(u*FN452(n))),2)... 

                         +(1/27)*power(((Cf*tan(sang2(n)))/(u*FN452(n))),3)); 

                end 

  

                %Calculating the braking force. The braking force starts at 

                %0.5 seconds due to the brake line pressure requiring build 

                %up pressure. 

                if t >= .5+delay 

                    FB1(n+1) = (2/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

                    FB23(n+1) = (2/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

                    FB451(n+1) = (1/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

                    FB452(n+1) = (1/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

                    FBR(n+1) = (2/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

                    FBL(n+1) = (2/(R))*((roeL-roeo)*(Ac*BF*mum*roe*fa*fF*r)); 

               else 

                    FB1(n+1) = 0; 

                    FB23(n+1) = 0; 

                    FB451(n+1) = 0; 

                    FB452(n+1) = 0; 

                    FBR(n+1) = 0; 

                    FBL(n+1) = 0; 

                end 

  

  

                %Perfomring a check on the braking force. The braking force 

                %cannot exceed the normal force multiplied by the 

                %coefficient of friction. 

                 

                %Checking the brake force at the front tractor axle 

                if FB1(n+1) > u*FN1(n) 

                        FB1(n+1) = u*FN1(n); 

                end 

                %Checking the brake force at the rear tractor axle 

                if FB23(n+1) > u*FN23(n) 

                        FB23(n+1) = u*FN23(n); 

                end 
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                %Checking the brake force at the trailer axle 

                if FB451(n+1) > u*(FN451(n)) 

                        FB451(n+1) = u*(FN451(n)); 

                end 

                if FB452(n+1) > u*(FN452(n)) 

                        FB452(n+1) = u*(FN452(n)); 

                end 

                 

                if FBR(n+1) > u*FNR(n) 

                        FBR(n+1) = u*FNR(n); 

                end 

                 

                if FBL(n+1) > u*FNL(n) 

                        FBL(n+1) = u*FNL(n); 

                end 

  

                 

                %Solving the final unknowns for the tractor and trailer  

                %centripital acceleration and yaw acceleration. 

                ay2(n+1) = (-FC451(n+1)-FC452(n+1)-cos(sang2(n))*FHY(n)... 

                    -sin(sang2(n))*FHX(n))/m2; 

                th2(n+1) = (FC451(n+1)*L45+FC452(n+1)*L45-cos(sang2(n))... 

                    *FHY(n)*L7-sin(sang2(n))*FHX(n)*L7-FB452(n+1)*ww... 

                    +FB451(n+1)*ww-Frr452(n)*ww+Frr451(n)*ww)/I2; 

                ay1(n+1) = (-FC1(n+1)-FC23(n+1)+FHY(n))/m1; 

                th1(n+1) = (-FC1(n+1)*L1+FC23(n+1)*L23-FHY(n)*L6... 

                    +FBR(n+1)*ww-FBL(n+1)*ww-FrrL(n)*ww+FrrR(n)*ww)/I1; 

                 

                %Storing the time 

                time(n+1)=t; 

  

                %Using the runge-kutta method to integrate the acceleration 

                %to acquire the next velocity value and to integrate the   

                %velocity to acquire the next position value. 

                v(n+1) = integrator(ax1(n),v(n),dt); 

                s(n+1) = integrator(v(n),s(n),dt); 

                vangle1(n+1) = integrator(th1(n),vangle1(n),dt); 

                sangle1(n+1) = integrator(vangle1(n),sangle1(n),dt); 

                vangle2(n+1) = integrator(th2(n),vangle2(n),dt); 

                sang2(n+1) = integrator(vangle2(n),sang2(n),dt); 

  

                n=n+1; 

           end 

         end 

          

         %Storing the runs for plotting 

         Delta (a) = tcg;        %Storing the steering angle 

         srungeA (a) = s(end); %Storing the distance taken to stop 

         SA1(a) = sangle1(n);       %Storing the angle of the tractor 

         SA2(a) = sang2(n);       %Storing the angle of the trailer 
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         %Within this for loop, the program compares the angle of the 

         %tractor to the trailer to determine the difference at each time 

         %step 

         for x = 1:1:n 

             AngDiff(x) = abs(abs(sangle1(x))-abs(sang2(x))); 

%              if AngDiff(x)> 45*drad 

%                 AngDiff(x) = 45*drad; 

%              end              

         end 

          

         %After performing the comparison, the program determines what the 

         %largest difference was using the "max" function 

         AngDiffMax(a) = max(AngDiff); 

         va2(a) = max(vangle2); 

          

         %Changing the a value for the next set of iterations for the 

         %changing trailer cg location 

         a = a+1; 

    end 

     

    %Outside of the for loop for the changing trailer cg location, the 

    %values obtained for the steering angle, stopping distance, tractor 

    %angle, trailer angle, the angle difference between the tractor and 

    %trailer are stored in the vector or cells below. 

     

    angle(b) = alpha1;      %Storing the steering angle 

    distance{b} = srungeA;  %Storing the stopping distance  

    Ang1 {b} = SA1;         %Storing the tractor angle  

    Ang2 {b} = SA2;         %Storing the trailer angle  

    AngD {b} = AngDiffMax;  %Storing the maximum angle difference between the tractor and trailer 

    VA2 {b} = va2;          %Storing the trailer angular velocity 

    cg {b} = Delta;         %Storing the cg position 

     

    %Stepping the storage variable 

    b = b+1;         

end 

  

  

%converting the cells to be plotted 

dis = reshape(cell2mat(distance),[],length(distance)); 

cgdis = reshape(cell2mat(cg),[],length(cg)); 

A2 = reshape(cell2mat(Ang2),[],length(Ang2)); 

A1 = reshape(cell2mat(Ang1),[],length(Ang1)); 

AD = reshape(cell2mat(AngD),[],length(AngD)); 

VA2 = reshape(cell2mat(VA2),[],length(VA2)); 

  

figure 

mesh(angle*raddeg,cgdis,dis) 

hold on 

az = 135; 
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el = 30; 

view(az, el); 

xlabel ('Steering Angle (deg)') 

ylabel('CG Location (m)') 

zlabel('Stopping Distance (m)') 

hold off 

DisAvgM = mean(mean(dis)) 

% DisAvgF = mean(mean(dis))*3.28084 

MaxM = max(max(dis)) 

MinM = min(min(dis)) 

  

figure 

mesh(angle*raddeg,cgdis,AD*raddeg) 

hold on 

az = 135; 

el = 30; 

view(az, el); 

xlabel ('Steering Angle (deg)') 

ylabel('CG Location (m)') 

zlabel('Max Angle Between Tractor and Trailer (deg)') 

hold off 

MaxA = max(max(AD*raddeg)) 

 


