
AN AUGMENTED JACOBIAN MATRIX ALGORITHM 

FOR TRACKING HOMOTOPY ZERO CURVES 

by 

Stephen Clyde Billups 

Thesis submitted to the Faculty of the 
Virginia Polytechnic Institute and State University 

in partial fulfillment of the requirements for the degree of 

APPROVED: 

MASTER OF SCIENCE 

Ill 

Computer Science and Applications 

J.P. Bixler 

L. T. Wahon, Chairman 

September, 1985 

Blacksburg, Virginia. 

R. B. Mlnton 



AN AUGMENTED JACOBIAN MATRIX ALGORITHM 
FOR TRACKING HOMOTOPY ZERO CURVES 

by 

Stephen Clyde Billups 

Committee Chairman: Layne T. Watson 
Computer Science 

(ABSTRACT) 

There are algorithms for finding zeros or fixed points of nonlinear systems of 

(algebraic) equations that are globally convergent for almost all starting points, i.e., 

with probability one. The essence of all such algorithms is the construction of an 

appropriate homotopy map and then tracking some smooth curve in the zero set 

of this homotopy map. The augmented Jacobian matrix algorithm is part of the 

software package HOMPACK, and is based on an algorithm developed by W.C. 

Rheinholdt. The algorithm exists in two forms-one for dense Jacobian matrices, 

and the other for sparse Jacobian matrices. 
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1. Introduction. Homotopy algorithms arc the most powerful methods for solving non-

linear systems of equations currently available. While they are computationally more ex-

pensive than other methods, these algorithms can often present a savings in human effort 

by eliminating com1iderahle work in finding a good starting point. What's more, homotopy 

algorithms can handle problems which simply cannot be solved effectively by other means 

[22]. Thus, while still considered mainly methods of last resort, homotopy algorithms arc 

an important addition to the field of numerical computation. With that in mind, it makes 

sense to continually try out new approaches in hopes of producing even more powerful 

and efficient homotopy algorithms. This is the motivation for developing the augmented 

Jacobian matrix algorithm. 

Homotopy algorithms are related to some long established techniques of numerical 

analysis called continuation methods. Some related ideas are parameter continuation, in-

cremental loading, displacement incrementation, and invariant imbedding. The idea behind 

continuation methods is to solve a series of problems as some parameter A is slowly var-

ied monotonically. Thus, a curve is traced out, producing a different point for each A. 

Homotopy algorithms are based on this same curve tracking philosophy, however they arc 

concerned not with th<' curve itself, but rather with where the curve cuds up. 

Another difference is that homotopy algorithms are not disturbl'd if the curv<' rcver::1es 

direct.ion in the A component. The coutinuat ion met ho<b require that A c han~e in only 

one direction. If the curve turns aro1w<l, the continuation method quit::1. In contrast, the 

homotopy method will follow the curve no matter how much it turns. Thus, homotopy 

methods, althou~h similar to continuation met hod::1, are a di::1tinct field in t l11·11uwlvt·::1. 
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The first homotopy algorithms were the globally convergent simplicial fixed point al-

gorithms of Scarf, Kuhn, Merrill, Eaves, Saigal, and Todd (See references 1,12,43 in [22]). 

These algorithms had a theoretical base in topology, were potentially extremely powerful, 

but were horribly inefficient in their early forms. They did however represent a fundamental 

breakthrough, separating homotopy methods from the related idea of continuation. 

Another significant advance was the development of differential equation ba.~ed algo-

rithms (See references 5,15,25,27,28,30-32,38-41,68 in [22]). These algorithms were quite 

st::ccessful on many practical problems, however, they had a major problem. A Jacobian 

matrix somewhere could become singular, and the computer implementation would either 

experience great difficulty or the method would fail completely. 

This problem was solved by the development of probability one homotopy methods by 

S.N. Chow, J. Mallet-Paret, and J.A. Yorke [2J. These methods were constmcted so that 

for almost all (i.e., with probability one) choices of some parameter vector involved in the 

homotopy map, there are no singular points, and the method is globally convergent. Thus, 

the problem of singular Jacobian matrices was eliminated. 

Advances continue to be made. So far, homotopy algorithms have been created which 

are globally convergent for Brouwer fixed point problems [ 131, certain classes of zero finding 

problems [IGJ, nonlinear programming problems [14J, and two-point boundary value prob-

lems [ 17). In addition, Morgan [9,lOJ obtained some elegant remits for polynomial systems. 

The algorithm presented here is one of three qualitatively different algorithms inclucled 

in the software package HOMPACK, which is currently being developed at Sandia National 

Laboratories, Gmeral Motors Research Laboratories, and Virginia Polyteclmic lmtit11te 
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and State University. The algorithms in HOMPACK are known as probability one globally 

convergent homotopy algorithms. These algorithms are also referred to as "continuous" 

methods, to distinguish them from the simplicial homotopy methods. 

The augmented Jacobian matrix algorithm is based on an algorithm developed by W .C. 

Rheinholdt and J.V. Burkardt 111], but with some significant differences: (1) a Hermite 

cubic rather than a linear predictor is used; (2) a tangent vector rather than a standard 

basis vector is used to augment the Jacobian matrix of the homotopy map; (3) updated 

QR factorizations and quasi-Newton updates are used rather than Newton's method; (4) 

different step size control, necessitated by the use of quasi-Newton iterations, is used; ( 5) 

a different scheme for locating the target point at ,\ = 1 is used which allows the Jacobian 

matrix of F to be singular at the solution. 

Two versions of the algorithm exist-one for dense Jacobian matrices, and the othn for 

sparse Jacobian matrices. The following section describes the theory behind the algorithm. 

Sections 3-6 describe the four phases of the dense algorithm, and section 7 discusses the 

sparse matrix version. Finally, test results and conclusions are presented in sections 8 and 

!) . 

2. Theoretical Background. HOMPACK is designed to solve two types of nonliuear 

problems: zero finding problems, and fixed point problems. The frameworks for these 

problems are slightly different, so they will be disrnssecl separately. 

The fixed point problem will be considered first. Let D be the closccl unit hall in n-

dimensional real Euclidean space En, and let. f : D -+ D be a C 2 map. Defiue tLt• homotopy 
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map Pa. : IO, 1) x B-+ En by 

Pa.(A, x) = A(x - /(x)) + (1 - A)(x - a). (1) 

The fundamental result l2J is that for almost all a (in the sense of Lebt'sgue measure) in thl' 

interior of B, there is a zero curve 'Y C IO, lj x B of Pa., along which the Jacobian matrix 

Dpa.(A,x) has rank n, emanating from {O,a) and reaching a point (l,z), where z is a fixed 

poiut of /. Thus with probability one, picking a starting point a E int. B and following 'Y 

leads to a fixed point x of/. This justifies the phrase "globally convergent with probability 

one". 

The zero finding problem 

F(x) = 0, (2) 

where F: En -+ En is a C 2 map, is more complicated. Suppose there exists a C 2 map 

p: E"' X IO, 1) X En -+ En 

such that 

1) the n x (m + 1 + n) Jacobian matrix Dp(a, ~. x) has rank non the set 

p- 1 (0) = {(a,A,x) I a E E"',O $A< l,x E En,p(a,A,x) = o}, 

and for any fixed a E E"' , 

2) Pa(O, :r.) = p(<1, 0, x) = 0 has a unique solution zo, 

3) Pa(l,x) = F(x), 

4) p; 1 ( 0) is bounded. 
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Then the supporting theory [16,17,18) says that for almost all a E Em there exists a zero 

curve 1 of Pea, along which the Jacobian matrix Dpea has rank n, emanating from (O,zo) and 

reaching a zero i of F at >. = 1. 'Y does not intersect itself and is disjoint from any oth<'r 

zeros of Pea· An obvious choice for Pea is 

Pea(>., z) = A F(x) + (1 - >.) (z - a). (3) 

This satisfies properties 1)-3), but not necessarily 4). There are fairly general sufficient 

conditions on F(z) so that (3) will satisfy property 4), but for some practical problems 

of interest the homotopy map (3) will not suffice. This is why HOMPACK is designed to 

handle arbitrary homotopy maps PeaP, z) satisfying properties 1)-4). 

The basic idea behind the homotopy algorithms is simple: just follow the zero curve 

1 from ( 0, a) until a point ( 1, i) is found. i will then be the desired zero or fixed point. 

Depending on the problem, the homotopy map PeaP, z) may be given by (1), (3), or some-

thing else that is even nonlinear in >.. Once the homotopy map has been determined, the 

problem is simply to track the zero curve. This curve tracking is aided by the following 

parameterization. Assuming that F( x) is C 2 , a is such that the Jacobian matrix D Pea (A, x) 

has full rank along 'Y , and 'Y is bounded, the zero curve 'Y is C 1 and can be parameterized 

by arclength a. Thus,>.= >.(a), x = x(a) along 'Y, and 

PeaP(a), z(a)) = 0 

identically in a. Therefore 

( d>.) = 0, 
rill 
dx 
d., 

(4) 

(5) 
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(6) 

With the initial conditions 

A(O) = 0, z(O) = a, (7) 

the zero curve 'Y is the trajectory of the initial value problem (5-7). When A(A) = 1, the 

corresponding x(s) is a zero (or fixed point) of F(x). 

The curve tracking algorithm consists of four phases: prediction, correction, step-size 

estimation, and computation of the solution at A = 1 (the end game). Each of the phases 

will be di.:1cussed in turn. 

3. Prediction. The prediction phase involves finding a point z(o) close to 'Y somewhere 

farther along the zero curve than the current point p( 2). This is achieved by creating a local 

model of 'Y and taking a step of some size h along this local model. Two types of polynomials 

are used as local models. For the first step along the curve, a linear model is used. For the 

remaining steps, the model chosen is a Hermite cubic interpolating polynomial. 

The linear model is used only for the first step. It is constmcted by computing the 

unit tangent vector T( 2) of 'Y at the point (0, a). With this information, the predictor point 

is calculated by 

z(O) = (0, a)+ hT( 2). (8) 

The cubic model is used for all of the remaining steps along the zero curve. Having the 

points p(l) = P(si), z(si)), p( 2) = P(s2), x(s2)) on 'Y with corresponding tangent vector::1 

( 
dA ( ) ) - "2 

T(2) = cl11 , 
dx( ) - 112 d11 
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the prediction Z (O) of the next point on 'Y is given by 

z(o) = p(1t2 + h), (9) 

where 11(1t) is the Hermite cubic interpolating P(1t), x(1t)) at 1t1 and "2· Precisely, 

and each component of p(") is a polynomial in " of degree less than or equal to 3. 

In order to implement either prediction method, a means of calculating the tangent 

vector T( 2) at a point p( 21 is required. The method used here is to solve the system 

[ DPa (P( 2l)l z = (~) 
T(1Jt o 

1 

( 10) 

for z, where D Pa is the n x ( n + 1) Jacobian of Pa, and T(ll is a vector chosen to insure 

that z ha.~ the correct sign. For the linear predictor, T(ll = ( 1, 0, ... , o)t, and for the cuhic 

predictor, Till is chosen as the tangent vector at the previous point p(l). Normali1,iug z 

z 
( 11) - llzll' 

There are 111,rny ways other than ccprntion (10) to compute a tang-cut vector. I.u fart. 

all that is ncct'ssary is that the tangent vector satisfies the equation [ Dpa ( p(21)] z = ll. 

which insures that the change in each component. of p along the tangent vector is zero at 

p( 2) . However, this ccp iat ion is unclcrckt ermined and thus has infiui te ly many solution:;. lu 
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order to get a unique solution, the system is augmented by the equation T(l) 'z = l, giving 

equation (10). It is the augmentation of the Jacobian matrix with this additional row which 

motivates the name "augmented Jacobian matrix algorithm." 

The last row of ( 10) is chosen for two reasons. First, it causes the solution z to be 

roughly of unit magnitude, thus reducing the risk of losing precision in the normalization 

phase. Second, this additional row forces the computed tangent to make an acute angle with 

T(l). When T( 1) is the previous tangent vector, T( 2) should have the correct sign based on 

the fact that the direction of the zero curve is not likely to change by more than 90° over a 

small step. When T(l) is the basis vector e1 used for the first step, the acute angle criteria 

forces the computed tangent to have a positive ~ component. This is the correct direction 

for the first step. 

The augmentation scheme chosen here differs from Rheinholdt's algorithm [llJ. His 

scheme is to augment the Jacobian matrix by a standard basis vector, and then to compute 

a determinant in order to determine the correct sign. This scheme was rejected for three 

reasons. First, the computation of a determinant is expensive. Second, determinant calcu-

lations are prone to computational difficulties; thus, there is no reason to believe that th<> 

determinant calculation would give better results than the acute angle test. Finally, th<> 

chosen augmentation scheme lends itself better to the qua.<ii-Newton correction process. 

Since t.ht' computation of the tangt'nt vectors involvt>s the solution of equation (10), a 

means of solving a li1war system Ax = b is required. The method chost•n is QR ckcompmii-

tion. This t.t•chuique involves factoring the matrix A into an orthogonal matrix Q, ancl an 

uppt•r triangular matrix R, so that A = QR. z can thm lw found by solving the system 
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Rx = Qtb, which is simply a matter of backward substitution. 

The reasons for choosing QR factorization arc two-fold. First, QR d<'composition is 

very stable. Since Q is orthogonal, l1Rll2 = IIQRll2 = IIAll2- Thus, the deromposition docs 

not magnify size differences of clements of A when forming R. Second, the QR decomposi-

tion allows for cheap rank-one updates, which is of tremendous value in the quasi-Newton 

correction step. 

The QR factorization is obtained by applying a series of Householder transformations. 

A is transformed to R by premultiplying A by a series of n - 1 Householder transformations 

Q;. Each Q; zeros out the elements of the ith column of Q;-1 · · · Q 1A below the main 

diagonal, while leaving the first i - 1 columns unchanged. The orthogonal matrix Q is 

simply the product Q 1 · · · Q n-1 · Each Q; has the form 

where (ui); = 0, for j < i, and the rcmammg elements of u; are selected so that Q; 1s 

orthogonal and induces the desired zeroes in column i. 

Having solved equation (10) and calculated the unit tangent vector, th<.' predictor point 

Z (O) is easily obtaint'd from ( 8) or ( 9). The next step is the correction process. 

4. Correction. The correction phase is concernt'd with returning to the zero curve , after 

computing the pn·dirtor point Z (O). This job is performed by a cp1a.,i-N ewton al~orit luu. 

The basis of the algorithm is to produce successive iterates z(A:J. k = 1, 2, ... , which come 

closer and closer to the z<-'ro curve. The iterates converge to the desired point z(•) 011 the 

zero curvc. A restriction that the iterates remain in a hyperplane perpt'ndicular to the 
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previous tangent vector is employed so that the correction process will return to the zero 

curve as dirertly as possible. 

In order to discuss the quasi-Newton algorithm, Newton's method will first be dr-

scribed. Newton's method is an iterative process which finds the root xi•) of a nonlinrar 

function F(x). Each iteration of the algorithm starts with a point z(A:), and produces a 

new point xlk+l) which is closer to the root. The computation of xlk+l) is performed by 

creating a linear model M of the function at the point z(A:). Finding the root of this model 

produces the next iterate xl 1 +1l. 

The linear model M is defined by 

(12) 

where DF(xlk)) is the Jacobian matrix of F evaluated at xlk). Finding the root of M 

involves finding Az(A:) such that M(xlk) + Az(A:)) = 0. This is achieved by solving 

(13) 

The next iterate is then computed by xl 1 + 1l = z(A:) + 6xl 1 l. The iteration stops when the 

correction 6xlk) is smaller than some tolerance. 

The quasi-Newton algorithm works exactly like the Newton algorithm exrrpt that in-

stead of computing the exact J arobian matrix at carh iterate xlk), an approximation A (A:) to 

the Jacobian matrix is used. After each corrector step is made, a Droyden rank-one update 

is applied to t ht• matrix in order to produce the next approximation A (k + 1) . The Droyckn 

update is defined by the equation 

(14) 
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where 11<1 ) = F(z( 1 +1l) - F(z( 1l), and _,(l) = z(1+1) - x<1 l. 

Considerable computational effort can be saved by performing the updates in QR-

factored form. It is possible to obtain the factorization Q(1+1) R(1+1) of A(l+l) simply by 

updating the factors Q(k) and R(l) of A(l). This is much cheaper than explicitly calculating 

and factoring A( 1+1). The savings amounts to a reduction from O(n 3 ) to O(n2 ) operations. 

The idea behind updating in factored form is not difficult. For simplicity, the update 

formula (14) can be written 

(15) 

where u, v E E". Assuming the factors of A (k) are known, equation ( 15) can be rewritten 

(lG) 

where w = Q(k) 'u. Thus, the first step is to calculate the QR decomposition 

R(") + wv' = QR. ( 17) 

Then, R(l+l) =Rand Q(1+1) = Q(1 lQ. 

The fact that the matrix R(k) + wv' is a rank-one update of an upper-triangular matrix 

allows the QR decomposition to be performed in O(n2 ) operations ratlH·r than the O(n 3 ) 

operations usually required to perform a factorization. The decomposition is performed by 

premultiplying R(k) + wv' by 2n - 2 Jacobi rotations. These Jacobi rotations are orthogonal 

matrices constrncted in such a way as to zero out a particular element of a matrix while 

only changing two rows of that matrix. 

The use of Jacobi rotations to perform the QR factorization of R(A:) + wv' is a two step 

process. First, n-1 Jacobi rotations are applied to zero out in succession rows n, n-1, ... , 2 
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of wu', by combining rows i and i - 1 to zero out row i. This is possible because each row 

of wu' is simply a scalar multiple of any other row. The effect of each rotation on R(I:) is to 

alter some existing elements and to introduce one new element directly below the diagonal 

in the (i, i - 1) position. Thus, the first n - 1 rotations transform R(I:) + wu' into an upp<·r 

Hessenberg matrix. The second step of the process is to apply n - 1 additional Jacobi 

rotations to successively zero out the (i, i - 1) element, i = 2, ... , n, by combining rows 

i - 1 and i. The resulting upper triangular matrix is R, and Q' is th<' product of the 2n - 2 

Jacobi rotations. 

The reason for using the quasi-Newton approach instead of the Newton approach is to 

improve computational efficiency. The evaluation of Jacobian matrices can be very expensive 

for some problems. Thus, the fact that the quasi-Newton algorithm avoids evaluating the 

Jacobian represents a considerable savings. In addition, applying the rank-one updates in 

factored form further reduces the cost per iteration by saving in matrix factorizations. 

The disadvantages of the quasi-Newton algorithm are three-fold. First, convergence 

1s slower. Newton's method converges quadratically whereas the quasi-Newton method 

converges only super-linearly. Second, the radius of convergence is generally smaller. Thm. 

the starting point .z(o) may need to be closer to the root for the iteration to converge. 

Finally, the overhead for implementing the quasi-Newton algorithm is greater. Thus, small 

dimensional probl<'ms with inexpensive J acobians are better solved with Newton's method, 

but large-dimensional problt·ms, or problems with expensive J arobiaus are solved more 

efficiently by using the qua.qi-Newton approach. 

Applying the qua.qi-Newton algorithm to the rorrt•dor step involves finding tht• solution 
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y(•) of the augmented nonlinear system 

( p,.(y) ) = 0. 
T(2) t (11 - z(o)) 

(18) 

This equation insures that the solution y(•) lies on the zero curve, and also, the last row of 

this system insures that the solution y(•) and the predictor point z(o) lie in a hyperplane 

perpendicular to the tangent vector T( 2). 

The quasi-Newton iteration to solve (18) is defined by 

z( 1+11 = z( 11 + 6z( 1l k = 0, 1, ... ( 19) 

where the corrector step 6z(A:) is computed by 

[ A,11 ] 6z(11 = (-p,. (z'1')) 
T(2) t O . (20) 

Here A(l:) is the approximation to the Jacobian matrix Dp,.(z(kl) obtained by surn·ssive 

rank-one updates. 

It should be noted that the quasi-Newton iteration must start with an exact Jacobian 

matrix in order for the convergence to be super-linear. The Jacobian used to start the 

process is the one used to compute the tangent vector T( 2) at the previous poiut p( 2l. 

Precisely, letting z(-l) = p( 2l, A(-ll = Dp,.(P! 21 ), 6z(- 1l = z(0 l - p( 2l, and 

(A:) - [ A(A:l ] 
M - T(2) t , 

the update formulas are 

[ A(-1)] 
T(2) t [ Dp,. (p(21)] + e (r(21 - T(ll)t 

T(ll t n+1 ( 21) 
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and 

( ~P - M(A:J Llz(A:J) Llz(A:J' 
MIA:+11 - M(A:J 4 - +---Ll-z-(A:_J_c_Ll_Z_(_k)---, k=-1,0, ... (22) 

where 

Note that these updates are actually performed in QR factored form since they are all of 

rank one. 

The goal in the corrector process is to return to the zero curve as directly as possible. An 

ideal method would be to iterate in a direction perpendi.'.'.ular to the zero curve; however the 

information needed to do this is unavailable. The next best choice is to iterate perpendicular 

to the latest tangent vector, as this is the best information available about the direction of 

the curve. 

Two other choices for restricting the iterates were considered and rejected. The first 

choice was to iterate perpendicular to the previous tangent Tl l) instead of the current 

tangent r( 2). The motivation for doing this was to save the rank-one update (21). The 

strategy turned out to be poor in practice because smaller steps had to be taken in order 

to stay with the zero curve. The extra work in having to take more steps far outweighed 

any savings from avoiding the rank-one update. 

The other met hod considered was to iterate perpendicular to a stamlard ha .... is vector. 

This method was successfully implemented by Rheinboldt [ 11]. However. the ba.-;is vector 

seemed to be an even poorer approximation to the direction of tht· curvt• tlum the previous 

tangent. Thus, this method wa.<1 also likely to require smaller steps in order to stay with 
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the curve. In addition, unlike the first alternative, this method represented no savmgs m 

matrix updating. Thus, it was rejected. 

It is entirely possible that the quasi-Newton process will not converge. This can happen 

whenever the prediction z(o) is too far away from the zero curve. To handle this evmt. 

a limit ~s placed on the number of iterations allowed by the quasi-Newton algorithm. If 

this limit is exceeded, the process is considered to have failed. Therefore, the prediction 

is abandoned, the step size h is cut in half, and a new, more conservative, predictor is 

computed. 

Because of the failure, the augmented Jacobian matrix used for the quasi-Newton 

method is probably meaningless. Thus, a new Jacobian matrix is computed at the predictor 

point. From here, the corrector process continues as before. 

When handling these failures, it is possible that the step-size may have to be cut in 

half several times in order to get convergence. This is perfectly acceptable unless the step-

size becomes unreasonably small (i.e., close to the unit roundoff). In this ca..~e, the entire 

homotopy algorithm is abandoned, and an error flag is returned. 

The limit on the number of iterations is rnmputed as a function of the error tolerance 

for tracking the curve. It is reasonable to expect that the qua8i-Newton process will provide 

at least half a digit of extra precision for each iteration. Thm~. if n digits of precision are 

recp1ired, the limit on the number of iterations is 2n. Precisely, the limit is computed hy 

limit= 2 l - log 10 arctol + IJ, (23) 

where arctol is the tolerance for tracking the curve. 
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Another possible problem is that the correction process may converge to the wrong 

curve. A_g there may be other components of the zero set of Pa other than , , it is mtirely 

possible that the correction process may converge to a point on one of these other rnmpo-

nents. This component could be a closed loop, or may shoot off to infinity without ever 

coming near ,\ = 1. Thus, tracking this other component may not lead to a solution. 

The only way to detect this problem is to place a limit on the number of steps which 

can be taken in tracking the zero curve. Thus, when this limit is exceeded, it may mean 

that , has been lost, and some other curve in the zero set is being tracked. At this point, 

the algorithm returns an appropriate flag, and the user has the option of continuing on or 

quitting. 

Another problem is that the tangent vector at a point may be computed with the wrong 

sign. This can happen if the curve is turning so quickly as to change direction by more than 

90° over the step taken. If this happens, the correct tangent vector makes an obtuse angle 

with the previous tangent vector. However, the sign of the computed tangent vector is 

chosen to make an acute angle with the previous tangent vector. Thus, the algorithm 

thinks the curve is going in exactly the wrong direction. If no more had steps are taken, 

the algorithm effectively retraces its steps, and eventually ends up hack at ..\ = 0. 

A partial solution to this prohkm is to require that each new tangent forms an anglt- no 

gn•atn than G0° with the prl'vious tang<'llt. With this idea, the step-length is choseu so a.~ 

to keep the angle at a maximum of G0°. If an error is made iu computing this step-length, 

resulting in an angle greater than G0°, the algorithm distmsts the new tang<'llt: thmi, the 

new point is discarded, tht' step-size is halved, and a more const•rvative step is made. The 
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only way the algorithm can get turned armwd is for the step-length calculation to make an 

error of at least 100%, resulting in an angle greater than 120°. In this case the sign reversal 

gives an angle less than 60°, and the error is not detected. 

The implementation of this strategy greatly improves the robustness of the curve track-

ing algorithm. With this strategy, it is possible to track a tightly turning curve much more 

loosely without losing it. This increased robustness translates into greater efficiency also, 

as larger steps can be made in tracking the curve without fear of failure. 

In summary, the correction phase works by applying a quasi-Newton iteration to the 

predictor point z(o) in order to return to the zero curve. The matrices used in computing 

each corrector step are derived from rank-one updates of the matrix used for computing the 

tangent in the predictor phase. These updates are performed in QR-factored form. If the 

algorithm fails to converge or if the correction produces a point whose tangent forms more 

than a 60° angle with the previous tangent, the step is considered to be bad. In this ca.<1e, 

the step is discarded, and a more conservative step of half the size is made. 

5. Step-size Estimation. The step-size estimation algorithm operates by trying to keep 

the number of corrector iterations at each step relatively constant. This is achieved by 

estimating the curvature of "f for the step, and by computing the ideal predictor error for 

the next step. These two pieces of information together with various restrictions aimed 

at stabilizing the algorithm are used to compute the step-size h to he wwcl for tlw next 

predictor step. 

The goal in computing the step-size is to allow the rnrve to be tracked a..<1 efficiently as 

possible. Small steps are inefficient because many of them are needed in order to track the 
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entire curve. On the other hand, large steps can be inefficient because they may cause a 

large number of correction iterations. Worse yet, they may cause failure of the correction 

process altogether, resulting in a considerable amount of wasted effort as the attempted 

step is abandoned, and a smaller step is taken. 

Achieving this goal can be accomplished to some degree by a simple heuristic-keep 

the number of corrector iterations constant. The rule cannot be followed exactly due to 

imperfect information; however, a scheme developed by Rheinholdt is reasonably effective 

[11]. 

The first step of Rheinholdt's scheme is to estimate the curvature of 'Y for the step to 

be taken. In order to do this, an approximation to the curvature is calculated at each step 

by the formula 

where 

T(A:) - T(A:-t) 
w(A:) = ------

~"A: 

(24) 

a1: = arccos ( r(A:) rr(A:-l)) , ~" 1 = llr(A:) - p(A:-l) II· 

Intuitively, a1: represents the angle between the last two tangent vectors, and the curvaturt' 

is approximated by the Euclidean norm of the difference between these two tangents divided 

by ~"A:· 

This curvature data can then be extrapolated to give au t'stimatt' of t lit> c11rvat11rt' for 

the next step by the formula 

(25) 
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It should be noted that Rheinholdt's formula for the curvature (24) is cheaper to 

evaluate than the equivalent formula II (T( 2) - T(l) )/ 6a II-The sine formula requires only 

one vector operation and two implicit function evaluations, whereas the explicit equation 

requires two vector operations ( which are more expensive). 

The extrapolation formula (25) can result in a negative estimate for the curvature. This 

is clearly inappropriate. Thus, the estimate is revised so as to produce a positive curvature 

by the formula 

CA: = max( €min, f1c) for some small €min > 0. (2G) 

The next step in Rheinholdt's step-length algorithm is to calculate what the ideal error 

61c for the predictor should be. In other words, this step is designed to determine how 

far the predictor point should be from I in order for the corrector process to take the 

desired number of iterations. Rheinholdt accomplishes this by using information about the 

convergence rate of Newton's met.hod. Since the quasi-Newton algorithm is being employed 

here, Rheinholdt's scheme cannot be used. Instead a much simpler idea is implemented. 

The ideal error is computed as a function of the tolerance for tracking the zero curve. If 

the tolerance becomes stricter, more iterations are necessary to achieve convergence. Thus, 

the initial error is made smaller so that the number of iterations stays the same. The ideal 

error is computed by 

• 1/4 61c = (arcae + r1rcrellvll) , (27) 

where arcae and r1rcre are the absolute and relative errors used for tracking the curve. 

In order to prevent unreasonably large ideal error estimates, the ideal error is restricted 

to he no larger than half of the previous step-length. Thus, the final C'stimate for tht• ideal 
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error 1s 

(28) 

The choice of h/2 is somewhat arbitrary. Rheinholdt's algorithm uses h instead; however 

the h/2 scheme worked better on the test problems, based on the criteria of how loosely the 

curves could be tracked without getting lost. 

The final step in Rheinholdt's algorithm is to compute the step-size based on the ideal 

error and the curvature calculations. The formula for doing this is 

(29) 

The above formula is derived from the idea of taking a linear predictor step. Given 

the approximate curvature 6,, the distance from the curve of a linear step of size h is 

approximated by !h 2 6,. Equation (29) follows from setting this distance equal to the ideal 

error 61r.. 

The question arises, "why use a formula based on a linear predictor when a cubic 

predictor is actually being employed'!" The answer to this is that Equation (29) works Wt'll 

for a linear predictor, and using a cubic predictor should only improve the performanct' of 

the curve tracking algorithm. Perhaps a better scheme could be derived to take advantag<' 

of the cubic prediction, but the point is, a scheme which works well for a lin<'ar predictor 

should also work for a cubic predictor. 

It is entirely possible that the step-length calculations above could produce hizarn• 

step-lengths. To prevent this from mining the algorithm, some additional restrictions are 
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placed on the step-length. First, a minimum and maximum step-size hmin and hmas are 

chosen as bounds on the step-size. Also, the rate of growth is restricted by the parameters 

Bmin and Bmas. Thus, the step-length is refined by the equation 

h = min { max{ hmin, Bminh, h }, Bm,uh, hmax}. (30) 

One final restriction is enforced whenever the last step was achieved after a failure 

of the corrector iteration. In this case, the step-size is not allowed to exceed the smallest 

step-size hriul known to cause failure in the previous step. Thus, the final step-length is 

computed by 

h := min{hriu1,h}. (31) 

The step-size estimation algorithm works well for some problems but not as well for 

others. It works well when the zero curve is relatively straight because the curvature esti-

mates are fairly accurate, and not much of the "special case" logic is invoked. On the other 

hand, the algorithm is poor for very crooked homotopy zero curves. For these problems, 

the curvature estimate is terrible, and the algorithm has to fall back on the extra step-size 

restrictions in order to produce a reasonable step-size. 

6. End Game. The end game phase is concerned with finding the particular point on 7 

where ,\ = 1. Intuitively, the idea is to iterate by finding points on 7 which are closer and 

clm1er to the hypcrpl.wc .\ = 1. This plrn:w is entered when the curve tracking algorithm 

produces a point with ,\ component greater than or equal to one. This point, together with 

the previous point on the zrro curve, are the starting points for an iterative process which 

converges to the desired solution. 
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The implementation of this iterative scheme involves an alternating process of linear 

prediction and quasi-Newton correcton. First, the prediction phase produces a point on the 

hyperplane ,\ = 1. At this point, a single quasi-Newton correction step is taken to return 

close to the zero curve, but not necessarily on ,\ = 1. 

The linear prediction generally works by a secant method. Having two points p(k-l) 

and p(k) near , , the secant prediction is calculated by 

(I-P}kl) 
z(k-21 = p(kl + (p(k-1 1 _ p(kl) _____ _ 

(Pfk-•I - Pfk1)' (32) 

The ensuing quasi-Newton correction step produces a point p(k+l). p(k) and p(k+l) 

are then used in equation (32) to calculate the next predictor point z(k-l). 

While the secant method generally works quite well, it runs the risk of producing a 

disastrous prediction. To see this, consider what happens when two points with nearly 

equal ..\ components are used in equation (32). The resulting predictor point is very far 

from the zero curve. 

To handle this difficulty, the linear prediction is computed by a chord method whenever 

the results of the secant method are suspect. This chord method requires two points, p(A:) 

and p(opp) on either side of ,\ = 1. p(opp) is defined as the most recent iterate opposite of 

..\ = 1 from p(A:). The formula for the prediction is 

( 1 - Pfk1) 
z(A:-2) = p(k) + (r(opp) _ p(k)) ------

( rf°PPI - r? 1 )" 
(33) 
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Since the two points "bracket" >. = 1, the method will always produce a reasonable predic-

tor. However, the chord method converges only linearly as compared to the 1.618 rate of 

convergence for the secant method. Thus, the secant method is generally preferred. 

The decision mechanism governing which method to use is based ou the closeness 

of the secant predictor relative to the iterates p(A:) and p(opp). If the secant method 

produces a point farther from p(A:) than p(opp) is, the point is considered unreliable, and 

the chord method is used instead. Precisely, the chord method is used whenever the following 

inequality is true. 

llz(A:- 2) - p(A:) II > llp(A:) - p(opp) II (34) 

An exception to using these linear prediction schemes occurs with the first step. Since 

the tangents T(l) and T( 2) at p( 1) and p( 2) are available, a Hermite cubic polynomial p( s) 

is constructed in order to compute the first prediction point z(o). By finding the root s of 

the equation pi(&)= 1, the predictor is computed by 

z1°1 = p(s). (35) 

After the predictor z(A:- 2) has been determined, a single quasi-Newton step is taken to 

get the point p(A:+l). It makes little sense to iterate until convergence after each predictor 

because this extra accuracy does not improve the next predictor dramatically. Thus, con-

siderable work is saved by taking ouly oue quasi-Newton step. An exception to this occurs 

if the corrector iterate remains on the hyperplane >. = l. In this ca..~e. the predictor step is 

skipped, and the corrector process coutiuues until the iterates leave the hyperpl,u1e. Tht• 

corrector step is defined by 

p(H1) = z(1:-21 + ~z11:-21. (3G) 
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where ~z(A:- 2) is the solution to (20). As with the stepping algorithm, the matrix in (20) 

is produced by the rank one updates (21) and (22) in QR-factored form. 

The end game algorithm is designed to work even if the Jacobian of F is singular at 

the solution. Consider the effect of augmenting the matrix in (20) by ( 1, 0, ... , 0) instead 

of by T( 2) '· This scheme, which is used in Rheinholdt's algorithm, is justified by forcing 

the iterates to remain in the hyperplane A = 1. This removes the need to keep computing 

predictor points; however, a problem comes from the fact that if the Jacobian of F is singular 

at the solution, then the augmented Jacobian is also singular. lo this case, the algorithm 

fails because equation (20) cannot be solved. To prevent this problem, the augmented 

Jacobian matrix algorithm uses a scheme which allows the iterates to leave the hyperplane 

A= 1. 

One final consideration is that the end game algorithm may never converge. Thus, as 

in the curve tracking phase, a limit is placed on the number of iterations. If this limit is 

exceeded, the algorithm quits, returning an appropriate error flag. This limit is computed 

exactly the same way as in the curve tracking algorithm except that the desired tolerance 

is much smaller, resulting in a larger limit for the t'nd game. 

lo summary, the augmented J arobian matrix algorithm is: 

1. 11 : = 0, y : = (0, a), ypold : = (1, 0), h : = 0.1, failed : = fabe, fir11t11tep : = trne, 

arwe, arcre : = absolute, relative error tolerances for tracking "Y, an11ric, an,,rc : = 

absolute, relative error tolerances for the answer. 

2. Compute the tangent 'JP at y, m1ing ( 10) and ( 11), and update the augment eel J arobiau 

matrix using ( 21). 
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3. If f ir~tep = false then 

4. Compute the predicted point z(o) with the cubic predictor (9) based on yold, 

ypold, 'J, 'JP· 

else 

5. Compute the predicted point z(o) using the linear predictor (8) based on 'J and 

1/P· 

6. If /ailed= true then 

7. Compute the augmented Jacobian matrix at z(o). 

8. Compute the next iterate z(i) using (19). 

9. limit:= 2(l-log 10 (arcae + arcrellvll)J + 1). Repeat steps 10-11 until either 

or 

limit iterations have been performed. 

10. Update the augmented Jacobian matrix using (22). 

11. Compute the ucxt it.crate using (19). 

12. If the qua.."i-Newtou iteration did uot converge in limit steps, thrn 

13. h : = h/2; failed: = trne. 

14. If h is unrea..'louably small, theu return with an error flag. 
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15. Go to 3. 

16. Compute the tangent at the accepted iterate z(•) using (10) and (11), and update the 

augmented Jacobian matrix using (21). 

17. Compute the angle a between the current and previous tangents by (24). 

18. If a > 1r /3, then 

19. h := h/2; failed:= true. 

20. If h is unreasonably small, then return with an error flag. 

21. Go to 3. 

22. void:= II, ypold: = 1/P, v: = z(•), VP:= tangent computed in step 16, Jir1Jtstep: = 

false. 

23. If 111 < 1, then compute a new step size h by Equations (24-31) with fmin = 0.01, 

61: = min { (arcae + arcrellvll)11', illv - yoldll}, 

and go to 3. 

24. Find s such that p(s)i = 1, usmg void, ypold, II, and VP m (9). yopp · - void, 

z(o) : = p(s). 

25. limit:= 2 ( l- log 10 (an.,ae + anllrellvll) j + 1). Do steps 26-33 fork= 2, ... , limit+ 2. 

2G. Update the augmented J arobian matrix using ( 22). 

27. Talce a quasi-Newton step with (3G). 
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28. If 

lpfk+l) - 11 + ll~z(k-2) II ~ an.,ae + an.,re llz(k-2) II, 
then return (solution has been found). 

29. If jpf'=+l) - 1j ~ an.,ae + an.,re, 

then 

z(A:-11 : = p(A:+11 

else do steps 30-33. 

30. void:= V, V: = p(Hl)_ 

31. If vold1 and Vt bracket A = 1, then vopp: = void. 

32. Compute z(k-t) with the linear predictor (32) using v and void. 

33. If 11z(k-l) - vii > llv - voppll, then compute z(k-l) with the linear predictor (33) 

using v and vopp. 

34. Return with an error flag. 

7. Augmented (sparse) Jacobian matrix algorithm. Large nonlinear systems of 

equations with sparse symmetric Jacobian matrices occur in many engineering disciplines, 

and each class of problems has special characteristics. The sparse algorithm here is designed 

to handle symmetric matrices with a "gkyline" strncture. This stmcture occur:.~ frequently 

in stmctural mechanics and iu many other engineering problems. 

The sparse algorithm differs from the dense algorithm in three respects: ( 1) the low 

level numerical linear algebra is changed to talce advantage of the spar:.~ity of the problem; (2) 
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quasi-Newton iterations arc abandoned in favor of pure Newton iterations; (3) Rheinholdt's 

step size controI !llJ is implemented more faithfully because of the use of Newton itcrat.ions. 

Except for these three changes, the logic for tracking the zero curve 'Y is exactly the same 

as for the dense algorithm. 

For technical reasons it is preferable to write the homotopy map in (3) as 

Pa(z,.\) 

with the order of the arguments reversed (this is an internal matter to HOMPACK and 

causes no confusion at the user interface, since the user only specifics F( z)). The Jacobian 

matrix Dz p11 ( z, ,\) is symmetric (because it is the Hessian matrix of some energy potential 

function) and sparse with a "skyline" structure, such as 

•1 •3 

• •2 •o •11 .16 

• ., •1 •10 •10 •31 

• .6 •9 •1, •30 

• • • •a •13 •29 

• • • • •12 •1s •2s 
• •11 •20 •23 •21 

• •19 •22 •26 

• • •21 •25 

• • • • • • • •2, 

Typically such matrices are stored in packed skyline format, in which the upper triangle is 

stored in a one-dimensional array indexed as shown above. The auxiliary array ( 1, 2, 4, 6, 

8, 12, 17, 19, 21, 24, 32) of diagonal indices is also required. Dy convent.ion the auxiliary 

integer array ha..~ length n + l with the ( n + l )st clement containing the lmgt h of the packed 

real array plus one. 

The general theory from the dense algorithm applies equally well h<·rt·, so the 7,t•ro curve 
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'Y given by (.:z:(a),..\(11)) is the trajectory of the initial value problem 

d 
d, p.(x(, P(• )) - [ D,p.(x(, P(•)), D,p.(x(,), A(, ))j ( ~~ ) - 0, (37) 

(38) 

.:z:(O) = a, ..\(0) = 0. (39) 

In solving any linear equation, care must now be taken in order to benefit from the 

sparse structure. For example, QR factorization is no longer appropriate because it causes 

fill-in of the matrix. To avoid this problem, a preconditioned conjugate gradient algorithm 

is used. The conjugate gradient algorithm will now be described. 

Let (.z, X) be a point on the zero curve 'Y, and v the unit tangent vector to 'Y at (.z, X) 

in the direction of increasing arc length a. Then the matrix 

(40) 

is invertible in a neighborhood of (.z, X) by continuity. Thus, the kernel of Dpa can be found 

by solving the linear system of equations 

Av= en+1 = b. ( 41) 

Given any nonsymmetric, norn1iug11lar matrix A, the system of linear equations Av = b 

can be solved by considering the linear system 

AA 1 z = b. 
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Since the coefficient matrix for this system is both symmetric and positive definite, the 

system can be solved by a conjugate gradient algorithm. Once a solution vector z is obtained, 

the vector v from the original system can be computed as v = A' z. An implementation of 

the conjugate gradient algorithm in which v is computed directly, without reference to z, 

any approximations of z, or AA', was originally proposed by Hestenes [7J, and is commonly 

known as Craig's method [SJ. Each iterate vi minimizes the Euclidean error norm 1111 - 11ill 

over the translated Krylov space 

where r0 = b - Ay 0 • Below (u, v) denotes the inner product u'v. 

Craig's Method: 

Choose v0 ; 

Compute , 0 = b - Ar,°; 

For i = 0 step 1 until convergence do 

BEGIN 
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END 

Let Q be any nonsingular matrix. The solution to the system Av = b can be calculated by 

solving the system 

(42) 

The use of such a matrix is known as preconditioning. Since the goal of using preconditioning 

is to decrease the computational effort needed to solve the original system, Q should be 

some approximation to A. Then q- 1 A would be close to the identity matrix, and the 

iterative method described above would converge more rapidly when applied to (42) than 

when applied to ( 41). In the following algorithm B and g are never explicitly formed. The 

algorithm given above can be obtained by substituting the identity matrix for Q. 

Craig's method using a preconditioner: 

Choose v0 , Q; 

Compute r0 = b - Ay 0 ; 

For i = 0 step 1 until convergence do 

DEGIN 
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END 

For this algorithm, a minimum of S(n + 1) storage locations is required (in addition to that 

for A). The vectors y, r, and p all require their own locations; Q-t;. can share with Ap; 

Q- 1 Ap can share with A'Q-'r. The computational cost per iteration of this algorithm is: 

1) two preconditioning solves (Q- 1 v and Q-'v); 

2) two matrix-vector products (Av and A'v); 

3) S(n + 1) multiplications (the inner products {p,p) and (r, r), ap, {Jp, and aQ- 1 Ap). 

The coefficient matrix A in the linear system of equations ( 41) has a very spt•cial 

structure which can be exploited if (41) is attacked indirectly as follows. Note that t.h<' 

leading nxn submatrix of A is Dz/la, which is symmetric and sparse, hut. possibly ind<'finite. 

Write 

A=M+L ( 43) 

where 

, = (D>.Pa(z.~)-c) L = uen+l • u O . 
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Using the Sherman-Morrison formula ( L is rank one), the solution v to the original 

system Av = b can be obtained from 

( 44) 

which requires the solution of two linear systems with the sparse, symmetric, invertible 

matrix M. It is the systems Mz = u and Mz = b to which Craig's preconditioned conjugate 

gradient algorithm is actually applied. 

The only remaining detail is the choice of the preconditioning matrix Q. Q is taken as 

the modified Cholesky decomposition of M, as described by Gill and Murray [G]. If M is 

positive definite and well conditioned, Q = M. Otherwise, Q is a well conditioned positive 

definite approximation to M. The use of a positive definite Q is reasonable since in the 

context of structural mechanics DF(x) is positive definite or differs from a positive definite 

matrix by a low rank perturbation. The Gill-Murray factori1.ation algorithm can exploit the 

symmetry and sparse skyline structure of M, and this entire scheme, Equations (41-44), is 

built around using the symmetry and sparse skyline strncture of the J arohian matrix D% Pa. 

In addition to linear algebra changes, the sparse algorithm differs from the dense algo-

rithm by using Newton rather than quasi-Newton iterations. The use of Newton iteratiomi 

is necessitated by the current lack of a good (comparable to Ilroydcn or IlFGS) sparse 

qua.--i-Newton update formula. The fill-in produced by a good ( cit-use) update formula is 

lwacceptablc, and the efficacy of deferred updating [ 8] is qut'stiouable (the number of appli-

cations of the Sherman-Morrison formula grows expoueutially with the number of deferred 

updates). Also there is some evideucc that, at least in the context of stmctural mechanics 
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[19], a model trust region strategy with exact (expensive) Jacobian matrix evaluations 1s 

better than (cheap) quasi-Newton updating. 

The final change for the sparse matrix algorithm is an enhancement to the step size 

control, allowed by the use of Newton iterations. The enhancement involves implementing a 

more sophisticated control over the ideal starting error 61c used in Equation (28). Computing 

this error involves using the exact error i!°1 of the last predicted point, the size of the last 

Newton step it 1, the ideal error 61c-1 from the previous step, and the number of iterations 

i. required by the correction process. 

( 45) 

where 8 is a function of it 1, i!°l, and i. as described by Rheinholdt [llJ. 

The goal behind these calculations is to keep the number of corrector iterations fixed at 

four. Thus 8 is computed to adjust the ideal error for the next step. If, for example, i. was 

less than four, 8 will be large so that the next step will talce more iterations. The scheme is 

slightly different than the one used by Rheinholdt. His algorithm used the formula 

(4G) 

instead ·of (45). However, numerical experiments indicate that the desired behavior (con-

vergence in four corrector iterations) is obtained by using (45). 

8. Testing. The augmented Jacobian matrix algorithm (FIXPQF and FIXPQS) ha.~ lwcu 

tested on several uonlirwar problems. The performance of the algorithm was tested relative 

to the other two HOMPACK algorithms (FIXPDF and FIXPNF). In addition, the algorithm 

wa.'I used to solve several tough polynomial problems. 
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Table 1 shows some results for Brown's function, which has an ill conditioned Jacobian 

matrix, and an exponential function, whose zero curve 'Y has several sharp turns. Brown's 

ftwction is 

n 

/i(x) = IT x; - 1 
i=l 

n 

/J:(z) = z1: + L x; - (n + 1), /c = 2, ... , n. 
i=l 

The exponential fllliction is 

The solutions were found from a starting point of O with a relative error of 10- 10 , and the 

CPU times are for a VAX 11/785. NFE is the number of Jacobian evaluations. The nms 

were made with the largest tracking tolerance which could successfully track the zero curve. 

The magnitude of this tracking tolerance in powers of 10 is represented in parent ht·ses Ill 

the NFE column. 

FIXPQF wa..11 mwd to solve several tough polynomial problems. All of these problc1w1 

were solved using a polynomial driver program POLSYS which is availabh· in HOMPACK. 

This driver created the homotopy map and then called FIXPQF. The following three prob-

!ems come from Alexander Morgan. 
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Table l. Numerical results. 

Brown's function 
FIXPDF FIXPNF FIXPQF 

n NFE TIME NFE TIME NFE TIME arc length 
5 87(-3) .71 17(-2) .19 9(-2) .59 2.7 

10 85(-2) 2.12 24(-2) .61 8(-2) 1.54 3.7 
15 102(-2) 5.64 23(-2) 1.39 11(-2) 4.46 4.4 
20 98(-4) 10.44 22(-2) 2.44 9(-2) 5.56 5.1 
25 123(-3) 22.83 29(-2) 5.39 11(-2) 11.27 5.7 
30 96(-3) 27.99 23(-2) 6.62 11(-2) 15.46 6.2 
35 110(-4) 48.54 28(-2) 11.72 12(-2) 25.41 6.6 
40 110(-4) 68.54 26(-2) 15.85 11 (-4) 30.99 7.1 
45 128(-4) 105.32 30(-3) 24.73 13(-2) 48.01 7.5 
50 113(-4) 125.48 29(-2) 32.99 11(-2) 45.18 7.8 

Exponential function 
2 70(-4) .27 12(-2) .07 5(-2) .14 1.6 
3 270(-5) 1.42 39(-2) .31 26(-2) 1.18 5.1 
4 280(-4) 2.03 75(-2) .87 37(-3) 2.96 6.5 
5 486(-4) 4.73 213(-6) 3.38 62(-3) 7.06 14.5 
6 817(-5) 10.20 293(-8) 6.16 70(-3) 9.92 16.9 
7 1517(-6) 24.98 433(-8) 11.73 105(-3) 18.49 24.0 
8 2931(-7) 60.50 577(-8) 20.73 162(-4) 36.65 47.6 
9 4511(-8) 109.82 824(-8) 37.44 206(-4) 54.11 61.8 

10 5671(-8) 165.32 1001(-9) 53.80 268(-4) 79.45 85.8 
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Problem PB000402: 

/i(x) = (-.2292 • 10- 3):i:i + (.2393 • 10-u) • x~ + (-.2735 • 102):i:1:i:2 

+ (-.5537 • 10'):i:1 + (.277 • 107 ):i:2 + (.1425 • 102) 

h(x) = (-.7194 • 10')xr + (.2393 • 10-U)x~ + (-.2735 • 102):i:1:i:2 

+ (.5537 • 10'):i:1 + (-.277 • 107 ):i:2 + (.1418 • 102). 

Problem PB000403: 

ft(x) = (-.98 • 10- 3):i:i + (.978 • lOc)x~ + (-9.8)x1z2 

+ (-.235 • 103):i:1 + (.88900 • 105 ):i:2 + (-1.0) 

h(x) = (-.1 • 10- 1 )xi+ (-.984):i:~ + (-.297 • 102):i:1 z2 

+ (.987 • 10- 2):i:1 + (-.124):i:2 + (-.25). 

Problem PB000601: 

/1(:i:) = (-.625 • 10u)xrx3 + (.53835 • 109 ):i:~ + (.503135 • 109 ):i:~ 

+ (.895258 • 108 ):i:~ + (.577586 • 107 ):i:~ + (.107358 • 106):i:~ 

+ (.617. 103):i:2 + 1.0 

h(x) = (.625 • 101'):z:i:z:2 + (.1875 • 1015):z:i:Z:3 + (.2025 • l0 8 )x1x2 

+ (-.503135 • 109 ):i:~ - (.179052 • 109 ):i:~ + (-.173276):i:~ 

+ (-.429432 • 106 )x~ + (-.3085 • IO')x2 - 6.0 

b(x) = (-.555555 • l0 16)xi + (.111111 • 1017)x1x3 + (.18 * 1010):i:2 + 1.0. 

Morgan's three problems were solved with a tracking tolerance of 10- 0 . Problems 

PB000402 and PB000403 both have 4 complex roots, all of which were found. Problem 

PB000601 has GO complex roots. Tht' algorithm was successful at finding 55 of these roots. 
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In addition to Morgan's problems, POLSYS was also used to solve a test problem 

presented by Dennis, Gay, and Vu [3]. This problem is 

a+ b = EM,. 

C + d = EM., 

ta + ub - vc - wd = EA 

va + wb + tc + ud = EB 

a(t2 - v 2 ) - 2ctv + b(u2 - w 2 ) - 2duw = EC 

c(t2 - v2 ) + 2atv + d(u 2 - w 2 ) - 2duw = ED 

at(t 2 - 3v2 ) + cv(v 2 - 3t2 ) + bu(u 2 - 3w2 ) + dw(w 2 - 3u2 ) = EE 

ct(t 2 - 3v2 ) - av(v 2 - 3t2 ) + du(u 2 - 3w2 ) - bw(w2 - 3u 2 ) = EF, 

where the right-hand sides of the equations represent measured quantities. Thus, by using 

different right-hand sides, different problems are specified. 

POLSYS was used to solve four different versions of the above problem, defined as 

follows: 

Let E = (EM,., EM.,, EA, EB, EC, ED, EE, EF). 

Experiment 791129 

E = (.485, -.0019, -.0581, .015, .105, .0406, .167, -.399) 

Experiment O 121 a 

E = (-.816, -.017, -1.826, -.754, -4.839, -3.259, -14.023, 15.467) 

Experiment 0121b 

E = (-.809, -.021, -2.04, -.614, -6.903, -2.934, -26.328, 18.639) 
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Experiment O 12 lc 

E = (-.807, -.021, -2.379, -.364, -10.541, -1.961, -51.551, 21.053). 

Each of these problems has 576 complex roots, however only the real roots are sig-

nificant. Table 2 shows the results for these experiments, indicating the number of real 

solutions found, and the number of Jacobian evaluations needed to find these roots. 

and 

The sparse algorithm (FIXPQS) was used to solve the following two problems: 

/i(z) = zf + 6z2z3 + z1 - 1 

h(z) = 6z1z3 + x~xs + 3z2 - 1 

h(x) = 6z1z2 + X3X5 + 4x3 - 1 

/.(z) = x!xa + 2x, - l 

/(,(x) = .2x~ + .5x3 + xax6 + 3xs - 1 

/6(x) = X6X& + 4x6 - 1 

h(x) = x~x: + 2x1 - 1 

/a(x) = x! + .5x~ + .5x~ + x~x~ + 3xa - 1. 

/k.(x) = k cos(k(xk - k)) exp(sin(k(xk - k))) k = l .. . n. 

The polynomial problem was solved with a tracking tolerance of 10-•, and rl'quirl'd 33 

Jacobian evaluations. Table 3 shows the mmlts for the exponential problem. Doth problems 

were nm with a starting point of 0. 



experiment 
791129 
0121a 
0121b 
0121c 
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Table 2. Dennis' problem. 

solutions found 
28 
18 
6 

23 

range of Jacobian evaluations 
26-86 
32-98 
32-59 

30-101 
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Table 3. Sparse exponential problem. 

n NFE TIME arc length 
1 18 .33 1.177 
2 26 .59 1.738 
3 28 .81 1.786 
4 32 1.23 1.892 
5 32 1.45 1.948 
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9. Conclusions. 

The augmented Jacobian matrix algorithm represents a valuable addition to the HOM-

PACK library. Each of the HOMPACK algorithms is superior to the other two on certain 

problems. Thus, having three different algorithms enables the user to pick the one most 

equipped to solve his particular problem. The following is a description of the augmented 

Jacobian matrix algorithm's strengths and weaknesses. In addition to these strengths and 

weaknesses, a description of further research areas is presented. 

FIXPQF is superior on problems with expensive Jacobian evaluations. The llile of 

quasi-Newton iterations greatly decreases the amount of Jacobian evaluations. The test 

results demonstrate this fact. In contrast, when Jacobian evaluations are cheap, FIXPQF 

is less efficient than FIXPNF which uses Newton iterations. This makes sense because 

quasi-Newton iterations take longer to converge. 

Another strength of the augmented Jacobian matrix algorithm is its ability to track 

tightly turning curves. The requirement that two consecutive tangents must make an angle 

no greater than 60° allows the algorithm to detect when questionable steps are made. This 

makes FIXPQF superior to the other algorithms in keeping with tightly turning curves. 

The augmented J a.co bi au matrix algorithm is poor at tracking curves with ill-

conditioned or badly scaled Jacobian matrices. The reason for this is that the radius of 

convergence of the qua.."i-Newton correction process is small compared to the Nt•wton pro-

cess. Thus, for ill-conclitioned problems, smaller steps have to be mad<' in order to kct'p 

with the rurv<'. 

The augmented J arobian matrix algorithm is by no means optimal. lu developing the 
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algorithm, several questions arose which represent areas for further research. The following 

is a list of the research problems. 

1. The quasi-Newton algorithm converges most rapidly when the initial point is close to 

the solution. Because of this fact, it may be more efficient to start the quasi-Newton 

correction process with an exact Jacobian at the predictor point z(o). The current 

implementation uses an approximate Jacobian matrix derived from a Broyden update 

of the matrix at the previous point p( 2). The argument for this change is that z(o) is 

much closer to the next point on the curve than p( 2) is. Thus, the increased rate of 

convergence may justify the additional Jacobian evaluation. 

2. What is the optimal limit for the number of quasi-Newton iterations allowed in the 

corrector process before admitting failure? This number should not be too small be-

cause it would cause many unnecessary failures. However, if the predictor step is so 

large that the process converges extremely slowly or not at all, this problem should be 

detected as soon as possible. Thus, the limit on the number of iterations should not 

be t?o large. It may be possible to derive a function which estimates the probability 

of converging on the next step given the number of steps already taken, the size of the 

la.~t step, and the desired accuracy. By using this function, it is possible that a function 

for the optimal limit could be derived. 

3. Wirnt is the maxuuum angle that two conscrutivt· tangent vcrtors should makc in 

ordt'r to safely track the zero curvt•? Currently a 60° angl1• is uscd a." a m,u1mum. 

Pt·rhaps some other angle is better, or maybe th,· maximum anglt• should he computed 

dyuamic ally. 



44 

4. The curvature estimate for computing the step-size is terrible for tightly turning curves. 

Other schemes should be explored. 

5. The strategy for computing the ideal error in the step-size estimation phase could 

be improved. Two issues need to be considered. First, for the dense algorithm, a 

better relation between the ideal error and the number of iterations required needs to 

be devised. Second, the ideal error computation could talce into account the cost of 

Jacobian evaluations. If Jacobian evaluations are extremely difficult, the ideal error 

should be increased so that larger steps are talcen ( at the cost of many more corrector 

iterations) so that fewer Jacobian evaluations are necessary. 

6. The formula for computing the step-size from the curvature and the ideal error is based 

on a linear predictor. However, since the predictor step usually uses a cubic polynomial, 

the possibility of developing a formula based on a cubic predictor should be explored. 

7. One difficulty homotopy algorithms have occurs when they are trying to find a multiple 

root. In this case, the zero curve does not cross A = 1. This malces finding the exact 

solution very difficult, and the algorithms often fail. A way of handling this case needs 

to be developed. 

8. The use of a quasi-Newton algorithm with deferred updating [8] may be a plausible 

alternative to Newton's method for the sparse algorithm. This alternative net•ds to be 

explored. 
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Appendix A Denae Algorithm Code Llatlng 

SUBROUTINE FIIPQF(N,NFE,IFLlG,lRCJlE,lRClE,lNSRE,lNS!E,.&JlCLEN,l,T, 
I TP,TDLD,TPDLD,QT,R,FO,F1,ZO,DZ,W,T,TSlV,SSPlR,P.&ll,IPlR) 

C 
C SUBROUTINE FIIPQF FINDS l FIIED POINT DR ZERO OF THE 
C 1-DIMENSIDNlL VECTOR FUNCTION F(I), DR nucKs l ZERO CURVE OF A 
C GENDU.L HOMOTOPY MlP JlHD(l,LlMBDl,I). FDR THE FIIED POINT PROBLEM 
C F(I) IS ASSUMED TD BE l Cl MlP OF SOME BALL INTO ITSELF. THE 
C EQUlTIDI l•F(I) IS SOLVED BT FOLLOWING THE ZERO CURVE OF THE 
C HOMOTOPY MlP 
C 
C LlMBDl•(l - F(I)) + (1 - LlMBDl)•(I - 1), 
C 
C ST.&JlTING FROM LAMBDA• 0, l = l. THE CUB.VE IS PlliMETEB.IZED 
C BT .&IC LENGTH S, lHD IS FOLLOWED BT SOLVING THE ORDINARY 
C DIFFEILEHTilL EQUATION D(HDMDTDPT MlP)/DS • 0 FDR 
C T(S) • (LlMBDl(S), l(S)). THIS IS DONE BT USING l HERMITE CUBIC 
C PREDICTOR lHD l CDIULECTOR WHICH B.ETUUS TO THE ZERO CUB.VE IN l 
C BTPERPLlNE PERPEHDICUL.&Jl TD THE TANGENT TD THE ZERO CUB.VE 1T THE 
C MOST RECENT POINT. 
C 
C FOR THE ZERO FINDING PROBLEM F(I) IS ASSUMED TD BE A Cl MAP 
C SUCH TBlT FDR SOME R > 0, I•F(I) >= 0 WHENEVER NORM(I) = R. 
C THE EQUATION F(l) • 0 IS SOLVED BT FOLLOWING THE ZERO CURVE OF 
C THE HOMOTOPY MlP 
C 
C LlMBDl•F(I) + (1 - LlMBDl)•(I - l) 
C 
C EMANATING FROM LAMBDA= 0, I= A. 
C 
CA MUST BE lN INTERIOR POINT OF THE ABOVE MENTIONED BALLS. 
C 
C FDR THE CURVE TRACKING PROBLEM RHD(l,LlMBDl,I) IS ASSUMED TD 
C BE l C2 MAP FROM E••M I [0,1) I E••N INTO E••N, WHICH FDR 
C ALMOST lLL PlR.lNETER VECTORS A IN SOME NONEMPTY OPEN SUBSET 
C OF E••M SATISFIES 
C 
C UNK [D RHO(A,LlMBDA,1)/D LAMBDA, D JlHO(l,LlMBDl,1)/DI] = N 
C 
C FDR ALL POINTS (LAMBDA,I) SUCH THAT RHO(l,LlMBDl,I) = 0. IT IS 
C FUR THEB. ASSUMED THl T 
C 
C RANK [ D RHD(l,0,10)/DI ] = N. 
C 
C WITH l FIXED, THE ZERO CURVE OF RHD(A,LAMBDl,I) EMANATING FROM 
C LAMBDA= 0, I= IO IS TRACKED UNTIL LAMBDA= 1 BT SOLVING THE 
C ORDINARY DIFFERENTIAL EQUATION D RHO (A, LAMBDA (S), I (S)) /DS = 0 
C FDR T(S) = (LAMBDA(S), I(S)), WHERE S IS ARC LENGTH ALONG THE 
C ZERO CURVE. ALSO THE HOMOTOPY MAP RHD(A,LAMBDA,I) IS ASSUMED TD 

47 
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C BE COISTIUCTED SUCH WT 
C 
C D LAMBDA(O)/D8 > 0. 
C 
C FOi THE FIXED POIIT AID ZEIO FIIDIIQ PIOBLEMS, THE USEI MUST SUPPLY 
C A SUBROUTIIE F(l,V) IBICH EVALUATES F(l) lT l .&ID IEl'tJUS THE 
C VECTOI F(l) II V, .&ID.& SUBROUTIJIE FJ.&C(l,V,K) WRICH IEl'tJUS IN V 
C THE KTH COLUMJI OF THE JACOBIAI N.&TIIl OF F(l) EVALUATED AT l. FOi 
C THE CUIVE TUCKIIQ PROBLEM, THE USEI MUST SUPPLY A SUBIOUTIIE 
C 180(A,LAMBDA,l,V,Pll,IPll) WRICH EVALUATES THE BOMOTOPT NAP 180 lT 
C (l, LAMBDA, l) AID IEl'tJUS THE VECTOI 180 (l, LAMBDA, l) II V, .&ID 
CA SUBROUTIIE 18DJAC(A,LAMBDA,l,V,K,Pll,IPll) WRICH IEl'tJUS II V 
C THE KTH COLUMJI or THE I l (1+1) J.&COBIAI N.&TIIl 
C (D 180/D LAMBDA, D 180/Dl) EVALUATED lT (l,LAMBDA,l). FilPQr 
C DIIECTLT DI IIDIIECTLT USF.S THE SUBIDUTIIES D1N.&CB, r (DI 180), 
C FJAC (DI 180J.&C), QIFAQr, QISLQF, IOOT, IOOTQF, STEPQF, T.&IGQF, 
C UPQIQF AID THE BLAS IOUTIIES DAIPT, DCOPT, DDOT, DIIM2, .&ID DSCAL. 
C OILY D1N.&CH COIT.&IIS.N.&CBIIE DEPEIDEIT COIST.&ITS. 10 OTBEll 
C NODIFICATIOIS BT THE USEI .&IE IEQUIIED. 
C 
C 
C DI IIPUT: 
C 
CI IS THE DIMEISIOI or l, F(l), AID 180(.&,LAMBDA,l). 
C 
C IFLAG CAI BE -2, -1, 0, 2,013. IFLAO SHOULD BE O DI THE FIRST 
C CALL TO FIIPQF FOi THE PIOBLEM l•F(l), -1 FOi THE PIOBLEM 
C F(l)•O, AID -2 FOi THE PIOBLEM 180(A,LAMBD.&,l)•O. II CEB.TAII 
C SITUATIOIS IFL.&O IS SET TD 2 DI 3 BT FIIPQF, AID FIIPQF CAI 
C BE CALLED AGAII WITHOUT CB.&IGIIG IFLAO. 
C 
C OCIE, llC.&E AU THE RELATIVE .&ID ABSOLUTE EUOIS, IESPECTIVELT, 
C ALLOWED THE QV.&SI-JJEWTOI Il'EJl.&TIOI ALONG THE ZEIO CUIVE. IF 
C llC?E .LE. 0.0 DI IHPVT, IT IS IESET TD .6•SQIT(ANS?E). 
C IOINALLT AaC?E SHOULD BE COISIDEILABLT LAaCEa TJl!I ANS!E. 
C 
C .&ISIE, AIS.&E AU THE IEL.&TIVE AID ABSOLUTE EUOI VALUES USED FOi 
C THE AISWEJL lT LAMBDA • 1. THE ACCEPTED .&NSIEI T • (LAMBDA, 1) 
C SATISFIES 
C 
C 
C 
C 
C 

IT(1) - 11 .LE. ANSIE + ANS.&E 

II DZ 11 . LE. .&NSIE• 11 T II + .&NS.&E 

C DZ IS THE QUASI-IEWTON STEP TOT. 
C 

.AND. 

1fHEIE 

C 1(1:•) CONTAINS THE PllAMETEll VECTOR .&. roa THE FIXED POINT 
C AID ZEIO FIIDIBQ PROBLEMS, .& NEED NOT BE INITIALIZED BT THE 
C USEI, .&ID IS ASSUMED TO RAVE LENGTH N. FOR. THE CUIVE 
C TUCKING PIOBLEM, 1 MUST BE INITIALIZED BT THE VSEI. 



49 

C 
C 1(1:1+1) COITAIIS THE STAITIIQ POIIT FOi TIJCIIIQ THE HOMOTOPY NAP. 
C (Y(2), ... ,Y(l+1)) • A FOi tHE FIXED POIIT &ID ZEID FIIDIIQ 
C PROBLEMS. (1(2), ... , 1(1+1)) • 10 FOi THE CURVE TIJCKIIQ PROBLEM. 
C T(l) llEED JOT BE DEFIIED BY THE OSEI. 
C 
C TP(l:1+1) IS & WOIK !IIAY COIT&IIIIQ THE TAIGEIT VECTOR TO THE 
C ZEIO CUIVE U tHE CUUElt PDilt Y. 
C 
C YOLD(l:1+1) IS A WOIK !IIAY CDIT&IIIIQ THE PlEVIOUS POilt FOUID 
C DI THE ZEB.D CUIVE. 
C 
C TPOLD(l:1+1) IS A WDIK !IIAY COITAIIIIQ tHE TAICElt VECTDl TD 
C THE ZEID CUIVE U YDLD. 
C 
C Qt(l:1+1,1:1+1), 1((1+1)•(1+2)/2), FO(l:1+1), F1(1:1+1), ZO(l:1+1), 
C DZ(l:1+1), W(l:1+1), t(1:1+1), YSAY(l:1+1) All ALL WOIIC !IIATS 
C USED BY STEPQF, tAICQF AID lDDTQF TD CALCULATE THE TAICEIT 
C VECTOIS AID QU&SI-IEWTOI STEPS. 
C 
C SSPA1(1:4) • (BMII, BMU, BNII, BNA1) IS A VECTOR or PAUMEl'ElS 
C USED FOi THE OPTIMAL STEP SIZE F.STINATIOI. & DEFAULT VALUE 
C CAI BE SPECIFIED FOi All or THESE FOUi PAUMEl'ElS BY SETTIHQ It 
C .LE. 0.0 01 IllPUT. SEE THE CONMEITS II STEPQF FOi MDU 
C IIFOINATIDI &BOUT THESE PAUMEl'ElS. 
C 
C Pll(l:•) AID IPA1(1:•) All !IIAYS FOi (DPTIDIAL) OSEI PAUMEl'ElS, 
C WRICH All SIMPLY PASSED tBlDUCB ro THE OSEI nnm SOBIDUTDJF.S 
C IBD, IBOJAC. 
C 
C 
C DI OUTPUT: 
C 
CI, A AIE UNCHANGED. 
C 
C JFE IS THE JroMBEl OF JACOBIAN EVALUATIONS. 
C 
C IFUG 11 

C 
C 1 IORM1L 1El'UIN 
C 
C 2 SPECIFIED Elli.DI TDLEUNCE CANIDT BE MET. SOME DI ALL OF 
C AICRE, AIC!E, USIE, ANSAE Ill VE BEEN INCREASED TO 
C SUITABLE VALUES. TD CONTINUE, JUST CALL FIIPQF AGAIN 
C WITHOUT CHANGING ANT PAUMETERS. 
C 
C 3 STEPQF HAS BEEN CALLED 1000 TIMES. TO CONTINUE, CALL 
C FIIPQF AGAII WITHOUT CHANGING ANY PAUMEl'ElS. 
C 
C 4 JACOBIAN NATlil DOF.S HOT HAVE FULL lANK. THE ALGORITHM 
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C BAS FAILED (THE ZEID CURVE or THE BDNDTOPJ NAP CAIIOT BE 
C FOLLOWED AIJ FUITBEI). 
C 
C 6 THE TUCKIIO ALODIITBM BAS LOST THE ZEIO CURVE or THE 
C HOMOTOPY NAP AID IS IDT MAXIIO PIOOllF.SS. THE EllOI 
C TOLEUICES llCTE HD AISTE WE1E TOD LEIIEIT. THE PIOBLEM 
C SHOULD BE IESTUI.TED BJ CALLIIO FIIPQF WITH SMALLEI EllDI 
C TOLEUICES AID IFLAO • 0 (-1, -2). 
C 
C 8 THE QUASI-IEWTOI ITEJUTIOI II STEPQF 01 IOOTQF FAILED TO 
C COliVEIOE. THE EllOI TOLEUICES AIS?E MAJ BE TOO ST1IIGEIT. 
C 
C 7 ILLECAL IIPUT Pil!METEIS, A FATAL EllOI. 
C 
C llCIE, llCAE, USIE, AISAE llE UICJlllGED AFTEI A IOIN!L IETUU 
C (IFLAO • 1). TBET llE IICIEASED TO APPIOPIIATE VALUES OH THE 
C IETUII IFLAO • 2. 
C 
C llCLEI IS THE APPIOIIMATE LEIGTB OF THE ZEID CURVE. 
C 
C J(1) • LAMBDA, (J(2), ... , 1(1+1)) • I, HD J IS Al APPIOIIMATE 
C ZEID OF THE BONOTOPJ NAP. IOIN!LLJ LAMBDA• 1 AID I IS A 
C FIIED POINT 01 ZEIO or F(I). II lBNOIN!L SITUATIONS, LAMBDA 
C MAJ OILJ BE IEAI 1 AID I JJEAll A FIIED POIIT 01 ZEIO. 
C 
C ••••• DECLllATIONS ••••• 
C 
C FUICTIOI DECLllATIOIS 
C 

DOUBLE PIECISIOI D1MACB, DNIM2 
C 
C LOCAL VllilBLES 
C 

C 

DOUBLE PIECISIOI lBSEJll, B, BOLD, IELEIUl, S, WK 
IITECEJL IFLACC, ITEi., JW, LIMITD, LIMIT, IP1 
LOGICAL CB.ASH, STllT 

C SCALll llGUMENTS 
C 

C 

DOUBLE PIECISIOI llCIE, ilCAE, ANSB.E, 1NSAE, ilCI.Ell 
INTECEJL I, IFE, IFLAG 

C AJUUJ DECLilATIOIS 
C 

C 

DOUBLE PJlECISIOI A(N), T(N+1), TP(N+1), TOLD(N+1), TPOLD(N+1), 
t QT(N+1,N+1), ICCN+1)•(N+2)/2), FO(N+1), F1(N+1), ZO(N+1), 
t DZ(N+1), W(l+1), T(N+1), TSAV(l+1), SSPll(4), Pil(1) 

INTECEI IPil(1) 

SAVE 
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C 
C ••••• END OF DECLAIUTIOHS ••••• 
C 
C LIMITD IS AH UPPEI BOUND OH THE HUMBEi OF STEPS. IT M.l Y BE 
C CHANGED BY CBAHGIHQ THE FOLLOWING PAIUMETEI STATEMENT: 

PARAMETEI (LIMITD =1000) 
C 
C ••••• FIRST EXECUTABLE STATEMENT••••• 
C 
C CHECK IFUG 
C 

IF (N .LE. 0 .OR. ANSRE .LE. 0.0 .OR. 

• IFUG • 7 
IF (IFUQ .GE. -2 . AND. IFUG .LE. 0) 
IF (IFUG .EQ. 2) GD TO 60 
IF (IFUO .EQ. 3) GO TD 40 

C 

ANSAE 

GD TD 

CONLY VALID INPUT FOR IFLAG IS -2, -1, 0, 2, 3. 
C 

C 

IFUG • 7 
RETURN 

C ••••• INITIALIZATION BLOCK ••••• 
C 

C 

10 ARCLEN • 0.0 
IF (ARCIE .LE. 0.0) ARCIE • .6•SQRT(ANSRE) 
IF (ARCAE .LE. 0.0) ARCAE • .6•SQRT(ANSAE) 
NFE=O 
IFUGC "' IFUG 
NP1=N+1 

C SET INITIAL CONDITIONS FOR FIRST CALL TD STEPQF. 
C 

C 

STllT•. llUE. 
CUSH•.FALSE. 
11.ELEBll • llCIE 
ABSEIi • llCAE 
HOLDz1.0 
H=0.1 
S=O.O 
YPOLD(1) = 1.0 
Y(1) = 0.0 
DO :20 JW=:2,NP1 

YPOLD(JW)=O.O 
20 CONTINUE 

C SET OPTIMAL STEP SIZE ESTIMATION PARAMETERS. 
C 
C MINIMUM STEP SIZE HMIN 

.LT. 0.0) 

10 

IF (SSPAR(1) .LE. 0.0) SSPAR(1)• (SQRT(N+1.0)+4.0)•D1M.lCB(4) 
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C NAIIMUM STEP SIZE BMU 
IF (SSPil(l) .LE. 0.0) SSPil(l)• 1.0 

C MINIMUM STEP lEDOCTIOI FACTOR BMIH 
IF (SSPil(3) .LE. 0.0) SSPil(3)• 0.1 

C NAIIMUM STEP EIPANSION FACTOR BM!I 
IF (SSPil(4) .LE. 0.0) SSPil(4)• 7 .0 

C 
C LOAD A FOR THE FIIEI> POINT AND ZERO FINDING PROBLEMS. 
C 

C 

C 

IF (IFLAGC .GE. -1) THEN 
CALL DCOPT(N,T(l),1,A,1) 

ENDIF 

40 LIMIT•LIMITD 

C ••••• END OF INITIALIZATION BLOCK. ••••• 
C 
C ••••• NAIi LOOP. ••••• 
C 

60 DO 400 ITER•l,LIMIT 
IF (T(l) .LT. 0.0) THEN 

ilCLEN • S 
IFUG • 6 
RETOU 

END IF 
C 
C TAKE A STEP ALONG THE CURVE. 
C 

CALL STEPQF(l,IFE,IFLAGC,Stilt,CRASB,BOLD,B,WK, 
• 11.ELElUl,ABSElll,S,T,TP,TOLD,TPOLD,A,QT,1,FO,Fl,ZO,DZ, 
• W,T,SSPil,Pil,IPAR) 

C 
C CHECK IF THE STEP WAS SUCCESSFUL. 
C 

IF (IFLAGC .GT. 0) THEN 
ilCLEN=S 
IFUG•IFUGC 
RETOU 

END IF 
C 

IF (CRASH) THEN 
C 
C RETOU CODE FOi ERROR TOLERANCE TOO SMALL. 
C 

IFUG=l 
C 
C CHANGE ERROR TOLERANCES. 
C 

IF (ARCRE . LT. RELERR) ARCRE=RELERR 
IF (ANSRE .LT. RELERR) ANSRE=RELERR 
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IF (llClE . LT. lBSEJUl) llClE•!BSEJUl 
IF (AHSlE .LT. !BSEJUl) lNS1E•1BSEJUl 

C 
C CHANGE LIMIT ON NUMBER OF ITEJUTIONS. 
C 

LIMIT• LIMIT - ITEi 
RETURN 

END IF 
C 
C IF LAMBDA >• 1.0, USE IOOTQF TO FIND SOLUTIOi. 
C 

IF (T(1) .GE. 1.0) GOTO 600 
C 

400 CONTINUE 
C 
C ••••• END OF MAIN LOOP••••• 
C 
C DID NOT CONVERGE IN LIMIT ITEJUTIONS, SET IFLAG AND RETURN. 
C 

C 

llCLEN • S 
IFUG • 3 
RETURN 

C ••••• FINAL STEP -- FIND SOLUTION AT LAMBDA•1 ••••• 
C 
C SAVE TOLD FOi llC LENGTH CALCULATION LlTEI. 
C 

600 CALL DCOPT(NP1,TOLD,1,TSAV,1) 
C 
C FIND SOLUTION. 
C 

CALL lOOTQF(l,NFE,IFLAGC,ANSRE,ANSlE,T,TP,TOLD, 
t TPOLD,A,QT,R,DZ,ZO,W,T,FO,F1,PAR,IPlR) 

C 
C CHECK IF SOLUTION WAS FOUND !ND SET IFL!G ACCORDINGLY. 
C 

C 
C SET ERROR FLAG IF ROOTQF COULD NOT GET THE POINT ON THE ZERO 
C CURVE AT LAMBDA= 1.0. 
C 

IF (IFLAGC .GT. 0) IFLAG=IFLAGC 
C 
C CALCULATE FINAL ARC LENGTH. 
C 

C 

CALL DCOPY(NP1,T,1,DZ,1) 
WK=-1.0 
CALL DAIPT(NP1,WK,TSAV,1,DZ,1) 
ARCLEN = S - HOLD+ DNRM~(NP1,DZ,1) 



C ••••• END OF FINAL STEP••••• 
C 

B.ETUB.N 
C 
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C ••••• END OF SUBROUTINE FIIPQF ••••• 
END 

C 

SUBROUTINE STEPQF(N,NFE,IFLAG,START,CR!SH,HOLD,H, 
WK,B.ELEJUl.,!BSElR,S,T,TP,TOLD,TPOLD,A,QT,R, 
FO,F1,ZO,DZ,W,T,6SPAR,PAR,IPAR) 

C SUBROUTINE STEPQF UKF.S ONE STEP ALONG THE ZERO CURVE OF THE 
C HOMOTOPY MAP RBO(L!MBDA,l) USING A PREDICTOR-CORB.ECTOR ALGORITHM. 
C THE PREDICTOR USES A HEIU,IITE CUBIC INTEB.POLANT, AND THE CORB.ECTOR 
C B.ETUB.HS TO THE ZERO CURVE USING A QUASI-NEWTON ALGORITHM, llEM!INIHG 
C II A HTPEJlPUNE PERPENDICULAR TO THE MOST IECEHT TANGENT VECTOR. 
C STEPQF ALSO ESTIMATES A STEP SIZE H FOR THE HEIT STEP ALONG THE 
C ZERO CURVE. 
C 
C 
C 01 INPUT: 
C 
CH• DIMENSION OF I. 
C 
C NFE • HUMBER OF JACOBIAN MAllII EVALUATIONS. 
C 
C IFLAG • -2, -1, OR 0, INDICATING THE PROBLEM TTPE. 
C 
C START • .llOE. OH FIRST CALL TO STEPQF, .FALSE. OTHERWISE. 
C SHOULD HOT BE MODIFIED BT THE USER AFTER THE FIRST CALL. 
C 
C BOLD • 11 T - TOLD 11 ; SHOULD NOT BE MODIFIED BT THE USER. 
C 
C H • UPPER LIMIT OH LENGTH OF STEP mu WILL BE UTEMPTED. H MOST 
C BE SET TO A POSITIVE HUMBER ON THE FIRST CALL TO STEPQF. 
C THEllElFl'Ell, STEPQF CALCULATES !H OPTIMAL VALUE roa B, !ND B 
C SHOULD HOT BE MODIFIED BT THE USER. 
C 
C WK= APPROXIMATE CURVATURE FOR THE LAST STEP (COMPUTED BT PREVIOUS 
C CALL TO STEPQF). UNDEFINED OH FIRST CALL. SHOULD HOT BE 
C MODIFIED BT THE USER. 
C 
C RELEB.B., ABSERR = RELATIVE AND ABSOLUTE ERROR VALUES. THE ITERATION 
C IS CONSIDERED TO HAVE CONVERGED WHEN A POINT Z=(LAMBDA,I) IS 
C FOUND SUCH THAT 
C IIDZII .LE. RELERR•IIZII + ABSERR, 
C WHERE DZ IS THE LAST QUASI-NEWTON STEP. 
C 
CS • (APPROXIMATE) ARC LENGTH ALONG THE HOMOTOPY ZERO CURVE UP TO 
C T(S) = (UMBDA(S), l(S)). 
C 
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C T(l:1+1) • PIEVIOUS POINT (L!NBD1(S),l(S)) FOUND 01 THE ZEIO CUIVE 
C or THE HOMOTOPY NAP. 
C 
C TP(l:1+1) • UHIT T!IGEIT VECTDI TD THE ZEIO CUIVE OF THE HOMOTOPY 
C NAP AT T. INPUT II THIS VECTDI IS IDT USED ON THE FIRST CALL 
C TD STEPQF. 
C 
C TDLD(l:1+1) • 1 POINT BEFDIE T DI THE ZEID CUIVE OF THE HOMOTOPY 
C NAP. INPUT II THIS VECTDI IS NOT USED DI THE FIRST CALL ro 
C STEPQF. 
C 
C TPDLD(l:1+1) • UNIT TANGENT VECTDI TO THE ZEIO CUIVE OF THE 
C HOMOTOPY NAP AT TOLD. 
C 
C 1(1:N) • P!IUMETEI VECTDI II THE HOMOTOPY NAP. 
C 
C QT(l:1+1,1:N+l) • BOLDS Q Tl!NSPDSE OF THE QI F!CTDIIZ!TIDN OF 
C THE !UGNEHTED J1C0BI1I N!TIII AT T. 
C 
C 1((1+1)•(1+2)/2) • BOLDS THE UPPEI TIUNGLE OF I OF THE QB. 
C F!CTDB.IZ!TIDN, STORED BT aows. 
C 
C F0(1:N+1), F1(1:ll+1), Z0(1:1+1), DZ(1:N+1), W(1:H+1), T(1:H+1) 1lE 
C IDB.JC 1B.B.1TS. 
C 
C SSP!B.(1:4) • P11UMETEIS USED FOB. COMPUTATION OF THE OPTIMAL STEP SIZE. 
C SSP1B.(1) • BNII, SSP11(2) • BN11, SSP1B.(3) • BMIH, SSP1B.(4) • BN11. 
C THE OPTIMAL STEP B IS IESTIICTED SUCH THJT 
C BNIH .LE. B .LE. BN11, AND BMill•BDLD .LE. H .LE. BNAI•BDLD. 
C 
C P!B.(1:•) AND IP!B.(1:•) !IE !B.B.!TS FOB. (OPTIONAL) USEI P!B..lNETERS, 
C WHICH !IE SIMPLY PASSED TBB.DUCB TD THE USEI IB.ITTEH SUBIDUTIHES 
C RHO, IHDJ!C. 
C 
C 
C Oil OUTPUT: 
C 
C IFE HAS BEEN UPDATED. 
C 
C IFL.lG 
C 
C • -2, -1, DI O (UHCHUCED) DH 1 HDB.N!L IETUU. 
C 
C • 4 IF 1 J.lCDBl.lH N!Tlll WITH I.INK< N HAS OCCUllllED. THE 
C IrEllATIDH W.lS HOT COMPLETED. 
C 
C • e IF THE IrEllATIDH FAILED ro CDHVEICE. 
C 
C STAB.T • .FALSE. ON 1 HDIM.lL IETUIN. 
C 
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C CUSH 
C 
C • .FALSE. DI A IDINAL RETUl!l. 
C 
C • .TIUE. IF rHE STEP SIZE B WAS TDD SMALL. B BAS BEEB 
C INCREASED TD U ACCEPTABLE VALUE, WITH WRICH STEPQF MU BE 
C CALLED AGAIN. 
C 
C • . TIUE. IF IEIEBI AND/DB. ABSEU WERE TDD SMALL. rHET RAVE 
C BEEB INCWSED TD ACCEPTABLE VALUES, WITH WRICH STEPQF MAT 
C BE CALLED AGAIN. 
C 
C BOLD• IIT-TDLDII. 
C 
CB• OPTIMAL VALUE FOi JlEIT STEP TD BE ATTEMPTED. IDINALLT B SHOULD 
C NOT BE MODIFIED BT rHE USEI. 
C 
C WK • APPIDIIMATE CURVATURE FOi rHE STEP TAKEN BT STEPQF. 
C 
CS• (APPIDIIMATE) ABC LENGTH ALONG rHE ZEB.D CUIVE or rHE BDMDTDPT 
C MAP UP TD rHE LATEST POINT FOUND, WRICH IS RETUB.HED II T. 
C 
C RELERI, ABSEU ARE UNCHANGED ON A NORMAL RETUl!l. THET ARE POSSIBLY 
C CHANGED IF CUSH • . TIUE. (SEE DESCIIPTIOI OF CUSH ABOVE). 
C 
CT, TP, TOLD, TPOLD COITAIN THE TWO MOST RECENT POINTS AND TANGENT 
C VECTOB.S FOUND ON THE ZEB.O CUIVE or THE BOMOTOPT MAP. 
C 
C QT, I STORE THE QI FACTDIIZATIDN OF THE AUGMENTED JACOBIAN MATIIl 
C EVALUATED AT T. 
C 
C 
C CALLS D1MACH, DAIPT, DCOPT, DDOT, DNIM2, DSCAL, F (01 IBO), FJAC 
C (01 IBDJAC), QIFAQF, QRSLQF, TAIGQF, UPQIQF. 
C 
C ••••• DECLARATIONS ••••• 
C 
C FUNCTION DECLAIATIONS 
C 

DOUBLE PRECISION D1MACH, DDDT, DNRM2, QOFS 
C 
C LOCAL VARIABLES 
C 

C 

DOUBLE PRECISION ALPHA, DD001, DD0011, DD01, DD011, DELS, ETA, 
t FOURU, GAMMA, RFAIL, RTF.MP, IDLERR, ONE, PO, P1, PPO, PP1, 
t TEMP I TWDU I IKOLD 

INTEGER I, ITCNT, LITFB, J, JP1, NP1 
LOGICAL FAILED 

C SCALAR ARGUMENTS 



C 
INTEGER H, HFE, IFL!C 
LOGICAL ST11T, C11SH 
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DOUBLE P1ECISIOI HOLD, B, WK, JlELElUl, 1BSEU, S 
C 
C 1Rll1T DECL1IUTI0HS 
C 

C 

DOUBLE PlECISIOH T(H+1), TP(H+1), TOLD(H+1), TPOLD(H+1), 
I !CH), QT(H+1,ll+1), l((H+1)•(1+2)/2), FO(H+1), F1(H+1), 
I ZO(H+1), DZ(ll+1), W(H+1), T(ll+1), SSP11(4), P11(1) 

INTEGER IP11(1) 

SAVE 
C 
C ••••• END OF DECL111TI0HS ••••• 
C 
C DEFINITION OF HERMITE CUBIC IHTERPOL!HT VI! DIVIDED DIFFEJLENCES. 
C 

DD01(PO,P1,DELS) • (P1-PO)/DELS 
DD001(PO,PPO,P1,DELS) • (DD01(PO,P1,DELS)-PPO)/DELS 
DD011 (PO, P1, PP1, DELS) = (PP1-DD01 (PO, P1, DELS)) /DELS 
DD0011(PO,PPO,P1,PP1,DELS) • (DD011(PO,P1,PP1,DELS) -

I DD001(PO,PPO,P1,DELS))/DELS 
QOFS(PO,PPO,P1,PP1,DELS,S) • ((DD0011(PO,PPO,P1,PP1,DELS)• 

I (S-DELS) + DD001 (PO, PPO, P1, DELS)) •S + PPO) •S + PO 
C 
C ••••• FI1ST EXECUTABLE STATEMENT••••• 
C 
C 
C ••••• IHITI1LIZ1TIOll ••••• 
C 
C ET!• P!ll!METEJl FOi BROTDEN'S UPDATE. 
C LITFB • M!IIMUN llUMBER OF QU!SI-HEWTOI ITEIUTIOHS ALLOWED. 
C 

ONE • 1.0 
rwou • 2.o•D1MACBC4) 
Fouau = rwou + rwou 
HPl • H+1 
FULED = . FALSE. 
C11SB = .llUE. 
ET! ,. 60. O•TWOU 
LITFB • 2•(IllT(-LOC10(1BSERR.+B.ELERl•DHRM2(HP1,T,1)))+1) 

C 
C CHECK THAT !LL INPUT PARAMETERS ARE CORRECT. 
C 
C THE ARCLEHGTH S MUST BE NONNEGATIVE. 
C 

IF (S .LT. 0.0) RETURN 
C 
C IF STEP SIZE IS TOO SMALL, DETERMINE AN ACCEPTABLE ONE. 
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C 
IF (H .LT. FOURU•(1.0+S)) THEI 

H•FOURU•(l.O + S) 
llETUlN 

END IF 
C 
C IF ERROi TOLEJUHCES W TOO SM!LL, IHCWSE THEM TO ACCEPUBLE 
C VALUES. 
C 

TF,Mlh=DNllN2(HP1, T, 1) + 1. 0 
IF (. 6• (B.ELEU•TEMP+ABSEIUl) . LT. TWOU•TEMP) THEI 

IF (llELERR .HE. 0.0) THEH 
llELERl • FOtJRU•(l.O+FOtJRU) 
TEMP• 0.0 
ABSEIUl • MAI(ABSEIUl,TEMP) 

ELSE 
ABSEIUl•FOtJRU•TEMP 

END IF 
llETUU 

END IF 
C 
C INPUT PAJW.IETEBS WERE ALL ACCEPTABLE. 
C 

CUSH• .FALSE. 
C 
C COMPUTE TP OH FIB.ST CALL. 
C HOTE: DZ IS USED SIMPLY AS A woax ilJUT HERE. 
C 

IF (Stilt) THEH 
CALL TAHGQF(T,TP,TPOLD,A,QT,l,W,DZ,T,H,IFLAG,HFE,PJ.R,IPJ.R) 
IF (IFLAG .GT. 0) llETUU 

END IF 
C 
CFO• (IHO(T), TP•Y) TRANSPOSE (DIFFElEHT FOi EACH PIOBLEM TYPE). 
C 

IF (IFLAG .EQ. -2) THEN 
C 
C CURVE TRACKING PROBLEM. 
C 

C 
C 
C 

C 

CALL IHO(A,Y(1),T(2),FO,PAR,IPAR) 
ELSE IF (IFLAG .EQ. -1) THEH 

ZERO FINDING PROBLEM. 

CALL F(T(2),FO) 
DO 6 I=1,H 

FO(I) • Y(1)•FO(I) + (1.0-T(1))•(T(I+1)-A(I)) 
6 CONTINUE 

ELSE 



C FIIED POIHT PIOBLEN. 
C 

CALL F(Y(2),FO) 
DO 10 I•l,H 
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FO(I) • Y(1)•(A(I)-FO(I))+Y(I+1)-A(I) 
10 CONTINUE 

END IF 
C 
C DEFINE LAST IOW OF FO • YP•Y. 
C 

FO(HP1) • DDOT(HP1,TP,1,T,1) 
C 
C ••••• END OF IHITIALIZATIOH ••••• 
C 
C ••••• COMPUTE PIEDICTOI POINT ZO ••••• 
C 

20 IF (STllT) TBEI 
C 
C COMPUTE ZO WITH LINEll PIEDICTOI USING Y, YP --
C ZO • Y+B•YP. 
C 

CALL DCOPY(HP1,Y,1,Z0,1) 
CALL DAIPY(HP1,B,TP,1,Z0,1) 

C 
ELSE 

C 
C COMPUTE ZO WITH CUBIC PIEDICTOI. 
C 

DO 30 I=1,HP1 
ZO(I) • QOFS(YOLD(I),YPOLD(I),Y(I),YP(I),BOLD,BOLD+B) 

30 CONTINUE 
C 

END IF 
C 
C Fl• (RRO(ZO), TP•ZO) ta!NSPOSE. 
C 

IF (IFLAG .EQ. -2) TBEI 
CALL IHO(A,Z0(1),Z0(2),F1,PAl,IPAR) 

ELSE IF (IFLAG .EQ. -1) THEN 
CALL F(Z0(2),F1) 
DO 40 I=l,N 

Fl(I) • ZO(l)•Fl(I) + (1.0-ZO(l))•(ZO(I+l)-A(I)) 
40 CONTINUE 

ELSE 
CALL F(Z0(2),F1) 
DD 60 I=1,N 

F1(I) • Z0(1)•(A(I)-Fl(I))+ZO(I+1)-A(I) 
60 CONTINUE 

END IF 
F1CllP1) = DD0T(NP1,YP,1,Z0,1) 
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C 
C ••••• END OF PIEDICTOI SECTIOI ••••• 
C 
C ••••• SET-OP FOR QU1SI-llEWTOI ITEl1TIOI ••••• 
C 

IF (FULED) THEN 
C 
C GEIEll!TE QT• 1UGMENTED J1COBI11 M1TilII FOR POINT ZO•(L1MBD1,I). 
C 

C 
C 
C 
C 

IF (IFL1C .EQ. -2) THEN 

CURVE Tl1CKIHC PROBLEM: 
D(RHO) • (D RH0(1,L1MBD1,I)/D L1MBD1, D RH0(1,L1MBD1,I)/DI). 

DO eo J • 1,IP1 
C1LL RHOJ1C(1,Z0(1),Z0(2),QT(1,J),J,P11,IP11) 

eo CONTINUE 
ELSE IF (IFL1C .EQ. -1) THEN 

C 
C ZERO FINDING PROBLEM: 
C D(RHO) • (F(I) - I+ 1, L1MBD1•DF(I) + (1-L1MBD1)•I). 
C 

C 
C 
C 
C 

C 

C1LL F(Z0(2),QT(1,1)) 
DO 70 1•1,1 

QT(l,1) • 1(1) - ZO(l+1) + QT(I,1) 
70 CONTINUE 

DO 80 J• 1,1 
JP1 • J+1 
C1LL FJAC(Z0(2),QT(1,JP1),J) 
CALL DSCAL(H, Z0(1), QT(1,JP1), 1) 
QT(J,JP1) • 1.0 - Z0(1) + QT(J,JP1) 

80 CONTINUE 
ELSE 

FIXED POINT PROBLEM: 
D(RHO) • (A - F(I), I - L1MBDA•DF(I)). 

CALL F(Z0(2),QT(1,1)) 
CALL DSCAL(N,-ONE,QT(1,1),1) 
CALL D11PT(N,0NE,A,1,QT(1,1),1) 
DO DO J•1,H 

JP1 • J+1 
CALL FJAC(Z0(2),QT(1,JP1),J) 
CALL DSCAL(N, -Z0(1), QT(1,JP1), 1) 
QT(J,JP1) • 1.0 + QT(J,JP1) 

DO CONTINUE 
END IF 

C DEFINE LAST ROW OF QT• JP. 
C 
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CALL DCOPT(llP1, JP, 1, QT(llP1,1), llP1) 
C 
C COUNT JACOBIAN EVALUATION. 
C 
C NFE • HFE+1 
C 
C DD FIRST QUASI HEWTDH STEP. 
C 
C FACTO! AUG. 
C 

C 

CALL QllFAQF(QT,l,llP1,IFLAG) 
IF (IFLAG .CT. 0) B.ETUP.N 

C COMPUTE NEWTON STEP. 
C 

CALL DCDPT(H,F1,1,DZ,1) 
CALL DSCAL(H,-ONE,DZ,1) 
DZ(llP1) • 0.0 
CALL QRSLQF(QT,l,DZ,W,NP1) 

C 
C UKE STEP AND SET FO • F1. 
C 

C 

C!LL DAIPT(NP1, ONE, DZ, 1, ZO, 1) 
CALL DCDPT(NP1, F1, 1, FO, 1) 

C F1 • (lHD(ZO), TP•ZO) Tl!NSPOSE. 
C 

IF (IFLAG .EQ. -2) THEN 
C!LL llHD(A,Z0(1),Z0(2),F1,P.ll,IP.ll) 

ELSE IF (IFL!G .EQ. -1) THEN 
CALL F(Z0(2),F1) 
DD 100 I•1,lf 

F1(I) • Z0(1)•F1(I) + (1.0-Z0(1))•(ZO(I+1)-A(I)) 
100 CONTINUE 

ELSE 
CALL F(Z0(2),F1) 
DD 110 Is1,N 

F1(I) • Z0(1)•(1(I)-F1(I))+ZO(I+1)-A(I) 
110 CONTINUE 

END IF 
F1(NP1) • DDDT(NP1,TP,1,Z0,1) 

C 
ELSE 

C 
C IF HOT FAILED THEN DEFINE DZ=ZO-T PRIOR TD MAIN LOOP. 
C 

C 

CALL DCOPT(NP1,Z0,1,DZ,1) 
C!LL DAIPT(NP1,-0NE,T,1,DZ,1) 

END IF 
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C ••••• END OF PllEP.ll!TIOB FOR QOASI-NEWTOB ITEJUTIOH ••••• 
C 
C ••••• QOASI-HEWTOH ITEJUTIOH ••••• 
C 

DO 140 ITCHT • 1,LITFH 
C 
C PEllFORH OPDA TE FOR NEWTON STEP JUST UKEN. 
C 

CALL OPQRQF(HP1,ETA,DZ,FO,F1,QT,R,W,T) 
C 
C COMPOTE HEIT NEWTON STEP. 
C 

CALL DCOPT(H,F1,1,DZ,1) 
CALL DSCAL(H,-OHE,DZ,1) 
DZ(HP1) • 0.0 
CALL QRSLQF(QT,R,DZ,W,HP1) 

C 
C UKE STEP. 
C 

CALL DAIPT(HP1, OHE, DZ, 1, ZO, 1) 
C 
C CHECK FOR CONVERGENCE. 
C 

IF (DNRM2(HP1,DZ,1) .LE. B.ELEJUL•DNRM2(HP1,Z0,1)+ABSE!Ul) THEN 
GO TO UIO 

END IF 
C 
C IF IDT CONVERGED, PllEPARE FOR HEIT ITEJUTIOH. 
C 
C FO II F1. 
C 

CALL DCOPT(HP1, F1, 1, FO, 1) 
C 
C F1 11 (llHO(ZO), TP•ZO) TRANSPOSE. 
C 

IF (IFLAG .EQ. -2) THEN 
CALL llHO(A,Z0(1),Z0(2),F1,P!R,IP!R) 

ELSE IF (IFLAG .EQ. -1) THEN 
CALL F(Z0(2),F1) 
DO 120 I•1,H 

F1(I) • Z0(1)•F1(I) + (1.0-Z0(1))•(ZO(I+1)-A(I)) 
120 CONTINUE 

ELSE 
CUL F(Z0(2),F1) 
DO 130 I=1,H 

F1(I) • Z0(1)•(A(I)-F1(I))+ZO(I+1)-A(I) 
130 CONTINUE 

END IF 
F1(NP1) • DDOT(NP1,TP,1,Z0,1) 

C 



140 CONTINUE 
C 
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C ••••• END OF QU1SI-NEWTON LOOP••••• 
C 
C ••••• DIDN'T CONVERGE oa TANGENT lT NEW POINT DID NOT N.&KE 
C 1N !CUTE lNGLE WITH TPOLD -- TRY 1G1Ul WITH 1 SM!LLEI H ***** 
C 

C 

160 FlILED • . TROE. 
HFUL • H 
IF (H .LE. FOURU•(1.0 + S)) THEN 

IFLlG • e 
JlETUU 

ELSE 
H • .6 • H 

END IF 
GO TO 20 

C ••••• END OF CONVERGENCE FAILURE SECTION••••• 
C 
C ••••• CONVERGED -- MOP UP !ND JlETUU ••••• 
C 
C COMPUTE TANGENT t AUGMENTED JACOBIAN AT ZO. 
C IOTE: DZ !ND F1 1JlE USED SIMPLY lS WOIUC lllUYS HERE. 
C 

180 CALL TANGQF(ZO,T,TP,A,QT,l,W,DZ,F1,N,IFL1G,NFE,P1ll,IP1ll) 
IF (IFLlG .GT. 0) JlETUU 

C 
C CHECK TH.U COMPUTED TlNGENT T N.&KF.S 111 ANGLE NO LlRGEll THAN 
C eo DEGREES WITH CUJUlEHT TlNGENT TP. (I.E. cos OF ANGLE < . 6) 
C IF NOT, STEP SIZE WAS TOO L1RGE, SO THROW 1W1Y ZO, lND TRY 
C !GAIi WITH 1 SM!LLEI STEP. 
C 

C 

1LPH1 = DDOT(NP1,T,1,TP,1) 
IF (lLPHl .LT. 0.6) GOTO 160 
1LPH1 = 1COS(1LPH1) 

C SET UP V1II1BLF.S FOi NEIT ClLL. 
C 

C 

CALL DCOPY(NP1,Y,1,YOLD,1) 
CALL DCOPY(NP1,Z0,1,Y,1) 
ClLL DCOPY(NP1,YP,1,TPOLD,1) 
CALL DCOPY(NP1,T,1,YP,1) 

C UPDATE lRCLENGTH S = S + IIY-YOLDII. 
C 

C 

RTF.MP = HOLD 
CALL D1IPY(NP1,-0NE,YOLD,1,Z0,1) 
HOLD= DNRM2(NP1,Z0,1) 
S = S+HOLD 



64 

C COMPUTE OPTIMAL STEP SIZE. 
C IDLERll • DF.SIIED EIULOI FOi IEIT PIEDICTDI STEP. 
C WX • APPIDIIMATE CUIVATURE • 2•SI1f(ALPHl/2)/B0LD WBF..lE 
C ALPHA • ilCCDS(TP•TPDLD). 
C ClMMA • EXPECTED CUIVATURE FOi NEIT STEP, COMPUTED BY 
C EITIAPOLATINQ FlON ctJJUlENT CUIVATURE WK, AND LAST 
C CUIVATURE WKOLD. ClMMA IS FUITBEl lEQUIIED TD BE 
C POSITIVE. 
C 

WKDLD • WK 
IDLERll • SQIT(SQIT(lBSERll + B.ELEIUl•DNIN2(llP1,Y,1))) 

C 
C IDLERll SHOULD BE ID BICCEB. THll 1/2 PlEVIOUS STEP. 
C 

C 

IDLERll • Mil(.6•HOLD,IDLERll) 
WK• 2.0•lBS(Sil(.6•ALPHl))/B0LD 
IF (Stilt) THEI 

ClMMA • WK 
ELSE 

ClMMA •WK+ RDLD/(BDLD+HTEMP)•(WK-WKDLD) 
END IF 
ClMMA • MAI(ClMMA, O.Ol•DNE) 
H • SQRT(2.0•IDLERll/ClMMA) 

C ENFORCE RESTRICTIONS ON STEP SIZE SO AS TO ENSURE STABILITY. 
C HNIN <a H <• HMAI, BNil•HDLD <• H <• BMAI•BOLD. 
C 

C 

H • MIN(MAI(SSPil(1),SSPil(3)•HDLD,H),SSPil(4)•HOLD,SSPAR(2)) 
IF (FAILED) R • NIN(HFAIL,H) 
Stilt ... FALSE. 

C ••••• END OF NOP UP SECTION••••• 
C 

1E1'URN 
C 
C ••••• END OF SUBROUTINE STEPQF ••••• 

END 
SUBROUTINE TANGQF(T,TP,JPOLD,A,QT,R,W,S,T,N,IFLAG,NFE,PAR,IPAR) 

C 
C SUBROUTINE TANGQF COMPUTES THE UNIT TANGENT VECTOR TP TO THE 
C ZERO CUIVE OF THE HOMOTOPY MAP AT T BT GENERATING THE AUGMENTED 
C JlCOBUI MATRII 
C 
C 
C I D(RHO(T)) I 
C AUG = I T I , WHERE RHO IS THE HOMOTOPY MAP, 
C I TPOLD I 
C 
C 
C SOLVING THE SYSTEM 



65 

C T 
C &UG•TPT • (0,0, ... ,0, 1) FOi TPT, 
C 
C HD FIHLLT CDMPUTIIO TP • TPT / I I TPT II . 
C 
C II ADDITION, THE N&TIII &UG IS UPDATED SD TB&T THE LAST IDW IS 
C TP INSTEAD OF TPDLD ON IETUU. 
C 
C 
C DI INPUT: 
C 
C 1(1:1+1) • COJUlEIT POINT (L&MBD&(S), l(S)). 
C 
C TP(l:1+1) IS UNDEFINED DI INPUT. 
C 
C TPDLD(l:1+1) • UIIT TANGENT VECTOR &T THE PREVIOUS PDIIT ON THE 
C ZEllD CUIVE OF THE HOMOTOPY M&P. 
C 
C &(1:1) IS THE P&l&METEll VECTDI IN THE HOMOTOPY M&P. 
C 
C W(l:1+1), S(1:N+1), T(1:N+1) &IE WDIX &lll&YS. 
C 
CI IS THE DIMENSION OF 1, WREIE Y•(L&MBD&(S),l(S)). 
C 
C IFL&G IS -2, -1, DI 0, INDICATING THE PROBLEM TYPE. 
C 
C IFE IS THE HUMBEi OF J&CDBUI EV&LOUIDIS. 
C 
C P&l(l:•) &ND IP&l(l:•) &IE &lll&YS FOi (DPTIDl&L) USER P&l&METEIS, 
C WRICH &IE SIMPLY PASSED TRRDUCR TD THE USE! WIITTEH SUBIDUTINES 
C lRO, lROJ&C. 
C 
C 
C 01 OUTPUT: 
C 
CY, TPDLD, &, N &IE UNCH1NCED. 
C 
C TP(1:N+1) CONTAINS THE NEW UNIT TANGENT VECTOR TD THE ZEllD 
C CUIVE OF THE HOMOTOPY M&P &T Y(S) • (L&MBD&(S), l(S)). 
C 
C QT(1:N+1,1:N+1) CONTAINS Q TRANSPOSE OF THE QR FACTORIZATION OF 
C THE J&COBUN M&TIII OF RHO EVALUATED U Y AUGMENTED BY 
C TP TRANSPOSE. 
C 
C 1(1: (H+1)•(N+2)/2) CONTUHS THE OPPEi TRUNGLE (STORED BT ROWS) 
C OF THE R PART OF THE QR FACTORIZ1TIOH OF THE AUGMENTED J1COBI1H 
C N&TRII. 
C 
C IFL1G • -2, -1, 01 0, (UNCHANGED) OH A HORM1L RETURN. 
C • 4 IF THE AUGMENTED JACOBIAN MATRIX HAS RANK LESS TH1H N+l. 
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C 
C IFE RAS BED IHCIENEITFJ> BT 1. 
C 
C 
C CALLS DCOPT, DHIM2, DSCAL, F (DI IBO IF IFLAO • -2), FJAC 
C (DI IBOJ!C, IF IFL!O • -2), llOPQF (WRICH IS AH ENTIT POINT or 
C OPQRQF), QlFAQF, QlSLQF. 
C 
C ••••• DECL!l!TIONS ••••• 
C 
C FUHCTIOH DECL!l!TIONS 
C 

DOUBLE PlECISION DHIM2 
C 
C LOCAL VilUBLES 
C 

DOUBLE PlECISIOI LAMBDA, 
IllTECEl I I JI JPl I !Pl 

C 
C SCALA! ilGtJMEHTS 
C 

IHTEGEl I, IFL!G, HFE 
C 
C !ll!T DECL!l!TIONS 
C 

ONE, TPIB.M 

DOUBLE PlECISIOI T(l+l), TP(ll+l), TPOLD(l+l), !(H), 
t QT(H+l,H+1), l((H+1)•(1+2)/2), W(H+1), S(l+1), T(H+1),Pil(l) 

IITEGEl IPil(l) 
C 
C ••••• END or DECL!l!TIOHS ••••• 
C 
C ••••• FilST EXECUTABLE STATEMENT••••• 
C 

C 

ONE • 1.0 
IFE • IFE + 1 
HP1 •I+ 1 
L.lMBD! • T(l) 

C ••••• DEFINE THE !UGMENTFJ> JACOBIAN N!TIII ••••• 
C 
C QT• !UC. 
C 

IF (IFL!G .EQ. -2) THEN 
C 
C CURVE TRACKING PROBLEM: 
C D(R.HO) • (D R.HO(A,L!MBDA,I)/D LAMBDA, D RHD(A,LAMBDA,I)/DI). 
C 

DO 10 J • 1,HP1 
CALL R.HOJAC(A,LAMBDA,T(2),QT(1,J),J,PAR,IPAR) 

10 CONTINUE 
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C 
C ZERO FINDING PROBLEM: 
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C D(R.HO) • (F(l) - I+ 1, L1NBD1•DF(l) + (1-L1NBD1)•I) 
C 

CALL F(T(2),QT(1,1)) 
DD 20 I•1,H 

QT(I,1) • 1(I) - T(I+1) + QT(I,1) 
20 CONTINUE 

DD 30 J• 1,N 
JP1 • J+1 
CALL FJ1C(T(2),QT(1,JP1),J) 
CALL DSC1L(H,L1MBD1,QT(1,JP1),1) 
QT(J,JP1) • 1.0 - LAMBDA + QT(J,JP1) 

30 CONTINUE 
ELSE 

C 
C FIXED POINT PROBLEM: 
C D(R.HD) • (1 - F(l), I - L1MBD1•DF(l)). 
C 

CALL F(T(2),QT(1,1)) 
CALL DSC1L(N,-ONE,QT(1,1),1) 
CALL D1IPT(N,ONE,1,1,QT(1,1),1) 
DO 60 J•1,N 

JP1 = J+1 
CALL FJ1C(T(2),QT(1,JP1),J) 
CALL DSC1L(H,-L1NBD1,QT(1,JP1),1) 
QT(J,JP1) • 1.0 + QT(J,JP1) 

60 CONTINUE 
END IF 

C 
C DEFINE LAST ROW OF QT • TPOLD. 
C 

CALL DCDPT(NP1,TPOLD,1,QT(NP1,1),NP1) 
C 
C ••••• END OF DEFINITION OF AUGMENTED J1C0BI1N MATRII ••••• 
C 
C T 
C ••••• SOLVE SYSTEM 1UC•TPT • (0, ... ,0,1) ••••• 
C 
C FACTOR MAT!Il. 
C 

CALL QRF1QF(QT,R,NP1,IFL1C) 
C 
C IF MATRIX IS SINGULAR, THEN QUIT. 
C 
C IF (IFL1C .EQ. 4) RETURN 
C 
C ELSE SOLVE STSTFJ.4 R•TP = QT•(O, ... ,0,1) FOR TP. 
C 
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DO 70 J•1,I 
YP(J) • 0.0 

70 CONTINUE 
YP(NP1) • 1.0 
CALL QRSLQF(QT,l,YP,W,NP1) 

C 
C COMPOTE UNIT VECTOI. 
C 

YPIRM • 1. 0/DNRM2 (NP1, YP, 1) 
CALL DSC!L(NP1,YPIRM,TP,1) 

C 
C ••••• SYSTEM SOLVED••••• 
C 
C ••••• UPDATE AUGMENTED SYSTEM SO TH!T LAST &OW IS YP ••••• 
C 
C S•YP-YPOLD, T • QT•E(IP1). 
C 

C 

CALL DCOPY(IP1,TP,1,S,1) 
CALL D!IPY(IP1,-0NE,YPOLD,1,S,1) 
CALL DCOPY(NP1,QT(1,NP1),1,T,1) 
CALL 110PQF(NP1,S,T,QT,1,W) 

IETOIN 
C 
C ••••• END OF SOBIOOTINE T!NGQF ••••• 

END 
SUBROUTINE lOOTQF(l,NFE,IFL!G,IELElUl.,18SERl,Y,TP,YOLD, 

I YPOLD,!,QT,l,DZ,Z,W,T,FO,F1,P!l,IP!I) 
C 
C IOOTQF FINDS THE POINT YB!I • (1, IB!I) ON THE ZERO CURVE OF THE 
C HOMOTOPY MAP. IT ST!ITS WITH TWO POINTS YOLDa(UMBD!OLD,IOLD) !ND 
C Y•(UMBD!,I) SUCH TH!T UMBD!OLD < 1 <• LAMBDA, !ND ALTERNATES 
C BETWEEN USING 1 SECANT METHOD TO FIND! PREDICTED POINT ON THE 
C HTPER.PL1NE L!MBD!•1, !ND TAKING! QUASI-NEWTON STEP TO RETURN TO THE 
C ZEB.O CUB.VE OF THE HOMOTOPY MAP. 
C 
C 
C ON INPUT: 
C 
C N • DIMENSION OF I. 
C 
C NFE = NUMBER OF J!COBUN M1TRII EV!LUUIDNS. 
C 
C IFL1G = -2, -1, OR 0, INDICATING THE PROBLEM TYPE. 
C 
C IELElUI., 1BSERR • 1EL1TIVE !ND ABSOLUTE ERROR VALUES. THE ITERATION IS 
C CONSIDERED TO HAVE CONVERGED WHEN 1 POINT T•(L1MBD1,I) IS FOUND 
C SUCH THAT 
C 
C IT(1) - 11 <2 1ELERR + 1BSERR !ND 



69 

C 
C IIDZII <• 11.ELEU•I ITII + lBSEll, 
C 
C DZ IS THE QtJASI-llEITOI STEP TO T. 
C 
C T(1:1+1) • POIIT (L1NBD1(S), l(S)) 01 ZEllO CUIVE OF BONOTOPT NAP. 
C 
C TP(1:1+1) • UBIT T!ICEIT VECTOI TO THE ZEllO CUIVE OF THE BDNOTOPT NAP 
C 1T T. 
C 
C TOLD(1:1+1) • 1 POIIT DIFFEIEIT FION T 01 THE ZEllO CUIVE. 
C 
C TPOLD(1:1+1) • UBIT UICENT VECTOI TO THE ZEllD CUIVE OF THE BONOTDPT 
C NAP 1T TOLD. 
C 
C 1(1:•) • P111NETEI VECTOI II THE BDNDTDPT NAP. 
C 
C QT(1:1+1,1:1+1) CDNT!IIS Q TRANSPOSE OF THE QI F!CTOIIZ!TIOI OF 
C THE !UCNEHTED J!CDBI!I N!Tllil EVALUATED AT THE POIIT T. 
C 
C 1((1+1)•(1+2)/2) CONTAINS THE UPPEI TllI!NGLE OF THE I PAIT OF 
C OF THE QI F!CTOIIZ!TIDI, STORED BT IDWS. 
C 
C DZ(1:H+1), Z(1:1+1), W(1:1+1), T(1:H+1), F0(1:N+1), F1(1:1+1) 
C !IE WOIJC 1111TS USED FOi THE QUASI-NEWTON STEP !HD THE SEC!IT 
C STEP. 
C 
C P11(1:•) !HD IP11(1:•) !IE 1111TS FOi (OPTIOH!L) USEI P111NETEIS, 
C WRICH !IE SIMPLY PASSED TBIDUCB TO THE USEI WIITTEI SUBIDUTINES 
C 180, IBDJ!C. 
C 
C 
C 01 OtJTPUT: 
C 
CI, IELEJIJl, !BSEll, !HD 1 !llE UHClllNCED. 
C 
C NFE HAS BEEN UPDATED. 
C 
C IFL1G 
C • -2, -1, DB. 0 (UNCHANGED) ON 1 NOB.MAL llETUU. 
C 
C • 4 IF! SIHCUL!B. JACOBIAN N!TRil OCCUR.RED. THE 
C ITERATION WAS HOT COMPLETED. 
C 
C • 8 IF THE ITERATION FAILED TD CONVERGE. Y !ND TOLD CONTAIN 
C THE LAST TWO POINTS OBTAINED BT QUASI-NEWTON STEPS, !ND TP 
C CONTAINS 1 POINT OPPOSITE OF THE HYPER.PLANE L1NBD1=1 FRON 
C T. 
C 
CT IS THE POINT ON THE ZERO CURVE OF THE HOMOTOPY NAP AT LAMBDA= 1. 
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C 
C JP AND TOLD CDITiII POINTS IEil THE SDLUTIDB. 
C 
C CALLS DlMiCB, DilPT, DCDPT, DDDT, DIB.M2, F (DI IHD), 
C QR.SLQF, IDDT, UPQRQF. 
C 
C ••••• DECLiliTIDIS ••••• 
C 
C FUNCTION DECLiliTIDIS 
C 

DOUBLE PRECISIDI DlMiCB, DDDT, DIB.M2, QDFS 
C 
C LOCAL ViliiBLES 
C 

C 

DOUBLE PRECISIDI !Elll, DDOOl, DDOOll, DD01, DDOll, DELS, ETA, 
t ONE, PO, Pl, PPO, PPl, QSDUT, llElUL, S, Si, SB, SDUT, 
t U, ZERO 

INTEGER ISTEP, I, LCDDE, LIMIT,NPl 
LOGICAL BUCK 

C SC!Lil ilGUMENTS 
C 

C 

DOUBLE PllECISIDI R.ELEB.ll, iBSEU 
INTEGER I, NFE, IFLAG 

C illiT DECLiliTIDNS 
C 

DOUBLE PRECISION T(B+l), TP(ll+l), TDLD(N+l), TPDLD(ll+l), i(B), 
t QT(N+l :1+1), l((N+l)•(H+2)/2), DZ(N+l), Z(l+l), W(ll+l), 
t T(N+l), FO(N+l), Fl(H+l), Pil(l) 

INTEGER IP!l(l) 
C 
C ••••• END OF DECLiliTIDNS ••••• 
C 
C 
C DEFINITION OF HERMITE CUBIC IHTERPDLAHT VIA DIVIDED DIFFERENCES. 
C 

C 

DDOl(PO,Pl,DELS)•(Pl-PO)/DELS 
DD001(PO,PPO,P1,DELS)=(DD01(PO,P1,DELS)-PPO)/DELS 
DD011(PO,P1,PP1,DELS)=(PP1-DD01(PO,P1,DELS))/DELS 
DD0011(PO,PPO,Pl,PP1,DELS)•(DD011(PO,P1,PP1,DELS) 

t DD001(PO,PPO,Pl,DELS))/DELS 
QOFS(P0,PPO,P1,PP1,DELS,S)•((DD0011(PO,PPO,P1,PP1,DELS)• 

t (S-DELS) + DD001(PO,PPO,P1,DELS))•S + PPO)•S + PO 

C ••••• FIR.ST EXECUTABLE STA!EMEHT ••••• 
C 
C ••••• INITIALIZATION ••••• 
C 
C ETA• PARAMETER FOi BROTDEN'S UPDATE. 
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C LIMIT• NAIINUN IUMBEI or ITEIATIOHS ALLOWED. 
C 

OllE•1.0 
ZEIO•O.O 
U•D1NACR(4) 
llEJUl=NAl(llELEJUl,U) 
AEll=MAl(.lBSElll,ZEIO) 
NP1•N+1 
EU• 100.0•U 
LIMIT• 2•(INT(-L0010(1Ell+IE1ll.•DHIM2(HP1,T,1)))+1) 

C 
C FO • (RHD(T) I TP•T) TUHSPOSE. 
C 

IF (IFLAO .EQ. -2) THEI 
C 
C COIVE TUCKING PIDBLEM. 
C 

CALL RHD(A,T(1),T(2),FO,P11,IP11) 
ELSE IF (!FLAG .EQ. -1) THEI 

C 
C ZEID FINDING PIDBLEM. 
C 

CALL F(T(2),FO) 
DD 10 1•1,1 

FO(I) • T(1)•FO(I) + (1.0-T(1))•(T(I+1)-1(I)) 
10 CDHTIHUE 

ELSE 
C 
C FIIED PDIIT PIDBLEM. 
C 

CALL F(T(2),FO) 
DD 20 1•1,1 

FO(I) • T(1)•(A(I)-FO(I))+T(I+1)-A(I) 
20 CONTINUE 

EHD IF 
FO(HP1) • DD0T(HP1,TP,1,T,1) 

C 
C ••••• EHD OF INITIALIZATION BLOCK••••• 
C 
C ••••• COMPUTE FIRST IHTEIPDLAHT WITH A HERMITE CUBIC••••• 
C 
C FIND DISTANCE BETWEEN T AND TOLD. DZ•I IT-TDLDI I. 
C 

C 

CALL DCDPT(HP1,T,1,DZ,1) 
CALL DAIPT(HP1,-DHE,TOLD,1,DZ,1) 
DELS=DHRM2(HP1,DZ,1) 

C USING TWO POINTS AND TANGENTS DH THE HOMOTOPY ZERO CUIVE, CONSTRUCT 
C THE HERMITE CUBIC IHTEIPDLAHT Q(S). THEN USE ROOT TD FIND THE S 
C CDIIF.SPDHDIHO TD LAMBDA= 1. THE TWO POINTS DH THE ZERO CUIVE ARE 
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C ALWAYS CBOSEI TO BIACJCET LAMBDA•l, WITH THE BIACJCETIIO IITEllVAL 
C ALWAYS BEIIO [0, DELS]. 
C 

SA•O.O 
SB•DELS 
LC0DE•1 

40 CALL IOOT(SOUT,QSOUT,SA,SB,llEILl,AEIUl,LCODE) 

C 

IF (LCODE .CT. 0) CO TO 60 
QSOUT•QOFS(YOLD(1),YP0LD(1),Y(1),YP(1),DELS,S0UT) - 1.0 
CO TO 40 

C IF LAMBDA• 1 IEllE BIACJCETED, ROOT CANNOT FAIL. 
C 
60 IF (LCODE .GT. 2) THEN 

IFL!G•8 
IETUU 

EHDIF 
C 
C CALCULATE Q(SA) AS THE INITIAL POINT FOi A IEWTOI ITEIATION. 
C 

DO eo I•1,IP1 
Z(I)•QOFS(YOLD(I),YPOLD(I),Y(I),YP(I),DELS,S1) 

eo CONTI HUE 
C 
C C1LCUL1TE DZ• Z-Y. 
C 

CALL DCOPY(IP1,Z,1,DZ,1) 
C!LL D11PY(IP1,-0NE,Y,1,DZ,1) 

C 
C ••••• EID OF CALCULATION OF CUBIC INTEllPOLANT ••••• 
C 
C T!ICENT INFOBN.&TIOI YPOLD IS 10 LONGER NEEDED. BEllE!FTEll, YPOLD 
C IEPRESEITS THE NOST IECEBT POINT WHICH IS ON THE OPPOSITE SIDE OF 
C LAMBD1•1 FRON Y. 
C 
C ••••• PIEP!IE FOi MAIN LOOP••••• 
C 

C!LL DCOPY(IP1,YOLD,1,YPOLD,1) 
C 
C INITIALIZE BIACK TO INDICATE Till? THE POINTS Y !ND TOLD Bl!CKET 
C LAMBDA=l, THUS TOLD• YPOLD. 
C 

BUCK• .llUE. 
C 
C ••••• MAIN LOOP••••• 
C 

DO 300 ISTEP•l,LIMIT 
C 
C UPDATE J1COBI1N MATIII. 
C 
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C Fl•(IUID(Z), TP•Z) TJ.ANSPDSE. 
C 

IF (IFLAC .EQ. -2) THEH 
CALL IUID(A,Z(1),Z(2),F1,PAl,IPAB.) 

ELSE IF (IFLAC .EQ. -1) THEH 
CALL F(Z(2),F1) 
DD 80 1•1,11 

Fl(I) • Z(l)•Fl(I) + (1-Z(l))•(Z(l+l)-A(I)) 
80 CONTINUE 

ELSE 
CALL F(Z(2),F1) 
DD DO 1•1,H 

Fl(I) • Z(1)•(A(I)-F1(I))+Z(I+1)-A(I) 
DO CONTINUE 

END IF 
F1(NP1) • DDDT(NP1,TP,1,Z,1) 

C 
C 
C PEIFDRM BB.DTDEN OPDA TE. 
C 

CALL OPQB.QF(HP1,ETA,DZ,FO,F1,QT,B.,W,T) 
C 
C QUASI-NEWTON STEP. 
C 
C COMPUTE NEWTON STEP. 
C 

CALL DCDPT(H,Fl,1,DZ,1) 
CALL DSCAL(H,-ONE,DZ,1) 
DZ(NP1) • 0.0 
CALL QB.SLQF(QT,l,DZ,W,HP1) 

C 
C TAKE NEWTON STEP. 
C 

CALL DCOPT(NP1,Z,1,W,1) 
CALL DAIPT(HP1,0NE,DZ,1,Z,1) 

C 
C CHECK FOB. CONVERGENCE. 
C 

IF ((ABS(Z(1)-1.0) .LE. RERB.+AElUl) .um. 
t (DNRM2(HP1,DZ,1) .LE. RERB.•DNRM2(N,Z(2),1)+1E1Ul)) ?HEH 

CALL DCOPT(HP1,Z,1,T,1) 
RETURN 

END IF 
C 
C PB.EPARE FOR NEXT ITERATION. 
C 
C FO = F1. 
C 

CALL DCOPT(NP1,F1,1,F0,1) 
C 
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C IF Z(1) • 1.0 tBEll PEllFORM QU1SI-IEWTOI ITEl!TIOI !GAIi 
C WITHOUT COMPUTIHQ 1 IE'f PREDICTOl. 
C 

IF (1BS(Z(1)-1.0) .LE. lElB.+!Ell) THEI 
CALL DCOPT(HP1,Z,1,DZ,1) 
CALL D11PT(HP1,-0NE,W,1,DZ,1) 
GOTO 300 

END IF 
C 
C UPD1 TE T !ND TOLD. 
C 

C 

CALL DCOPT(HP1,T,1,TOLD,1) 
CALL DCOPT(HP1,Z,1,T,1) 

C UPDATE TPOLD SUCH TH!T TPOLD IS THE MOST IECEHT POINT 
C OPPOSITE or L1MBD1•1 ROM T. SET BUCK• .nUE. IFF 
C T t TOLD BUCKET L1MBD1•1 SO TH!T TPOLD•TOLD. 
C 

IF ((T(1)-1.0)•(TOLD(1)-1.0) .GT. 0) THEI 
BUCK• .FALSE. 

ELSE 
BUCK• .llUE. 
CALL DCOPT(HP1,TOLD,1,TPOLD,1) 

END IF 
C 
C COMPUTE DELS • 11 T-TPOLD 11 . 
C 

C 

CALL DCOPT(HP1,T,1,DZ,1) 
CALL D11PT(HP1,-0NE,TPOLD,1,DZ,1) 
DELS=D~(HP1,DZ,1) 

C COMPUTE DZ FOi THE LINE!l PREDICTOl Z • T + DZ, 
C WHERE DZ• S1•(TOLD-T). 
C 

C 

SA= (1.0-T(1))/(TOLD(1)-T(1)) 
CALL DCOPT(HP1,TOLD,1,DZ,1) 
CALL D1IPT(HP1,-0NE,T,1,DZ,1) 
CALL DSCAL(HP1,S1,DZ,1) 

C TO INSURE STABILITY, THE LINEAR PREDICTION MUST BE NO FARTHER. 
C ROM T TIUN TPOLD IS. THIS IS GUARANTEED IF BUCK • . llUE. 
C IF LINEAR PREDICTION IS TOO FAR !WAT, USE BUCKETING POINTS 
C TO COMPUTE LINE11 PREDICTION. 
C 

C 
C 
C 

IF (.NOT. BRACK) THEN 
IF (DNB1-0(NP1,DZ,1) .GT. DELS) THEN 

COMPUTE DZ= S!•(TPOLD-T). 

S1 = (1.0-T(1))/(TPOLD(1)-T(1)) 
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CALL DCOPT(llPl,TPOLD,1,DZ,1) 
CALL DAIPT(NP1,-0NE,T,1,DZ,1) 
CALL DSCAL(NP1,SA,DZ,1) 

END IF 
END IF 

C 
C COMPOTE PR.EDICTOl Z • T+DZ, AND DZ• NEW Z - OLD Z (USED FOi 
C QUASI-NEWTON UPDATE). 
C 

CALL DAlPT(NPl,ONE,DZ,1,Z,1) 
CALL DCOPT(NP1,Z,1,DZ,1) 
CALL DAIPT(NP1,-0NE,W,1,DZ,1) 

300 CONTINUE 
C 
C ••••• END OF MlIN LOOP. ••••• 
C 
C THE ALTERNATING OSCULATOIT LINE!! PR.EDICTION AND QUASI-NEWTON 
C COllRECTION HAS HOT CONVERGED IN LIMIT STEPS. EIUlOl R.ETIJRH. 

IFLlG=8 
R.ETURN 

C 
C ••••• END OF SUBROUTINE lOOTQF ••••• 

END 
SUBROUTINE QRFAQF(QT,1,H,IFLAG) 

C 
C SUBROUTINE QRFAQF COMPOTES THE QR FACTOllIZlTIOH OF A Ml!lll A, 
C rBER.E 1 IS 1H UPPEJl TlUNGULlR M1T1II, AND Q IS 1H ORTHOGONAL 
C Ml!lll WHICH IS THE PRODUCT OF N-1 HOOSEHOLDEJl WNSFORMlTIONS 
C 
C Q=B1•H2• ... •H(N-1). 
C 
C THE ROUTINE HAS TWO MlJOl STEPS. FIRST, THE QR FACTORIZATION 
C OF A IS COMPUTED, JlESOLTING IN DEFINING THE VECTOR 1, AND 
C STORING INFORMlTIOH IN THE LOWEJl TlIANGLE OF QT WHICH WILL 
C EHlBLE THE C0NST10CTI0N OF Q WNSPOSE. 
C 
C THE SECOND STEP CONSTRUCTS Q TRANSPOSE FROM THE INFORMlTION 
C STOR.ED IN QT, AND PLACES IT IN QT. 
C 
C THE INFORMlTION STOR.ED IN THE LOWEJL TlIANGLE OF QT DURING THE FIRST 
C STEP lR.E THE VECTORS UJ, WHICH DEFINE THE HOUSEHOLDER WNSFORMlTIONS 
C 
C T 
C HJ• I - (UJ•UJ / PJ), WHERE UJ[I]=O FOil I=1 ... J-1, 
C UJ[I]=QT[I,J], FOil I=J ... N, 
C PJ = THE JTH COMPONENT OF OJ. 
C 
C 
C OH INPUT: 
C 
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C QT(1:l,1:I) COITAIIS THE MATIII A TO BE FACTORED. 
C 
C 1(1:1•(1+1)/2) IS UllDEFillED. 
C 
CI IS THE DINEXSIOI or THE MATIII TO BE FACTORED. 
C 
C IFLAG IS UllDEFillED. 
C 
C 
C 01 OUTPUT: 
C 
C QT COITAINS Q TIANSPOSE. 
C 
C 1(1:1•(1+1)/2) CONTAINS THE UPPEI TIIANCLE or I STORED BY IOWS. 
C 
CI IS UICHANGED. 
C 
C IFLAG • 4 IF THE MATIII A IS SINCULAI. OTHEIWISE, IFLAG 
C IS UNCHANGED. 
C 
C 
C CALLS DAIPY, DCOPT, DDOT, DNIM2, DSCAL. 
C 
C ••••• DECLAIATIONS ••••• 
C 
C FUHCTIOI DECLAJUTIONS 
C 

DOUBLE PIECISIOI DDOT, DNIM2 
C 
C LOCAL VAIIABLES 
C 

DOUBLE PIECISIOI ONE, TAU, TEMP 
IITECEI I, J, K, INDEII, ISICN 

C 
C SCALAR ARGtJMEHTS 
C 

I1TECE1l I, IFLAG 
C 
C AIUlAY DECLARATIONS 
C 

DOUBLE PIECISIOI QT(N,N),l(N) 
C 
C ••••• END OF DECLARATIONS ••••• 
C 
C ••••• FIRST EXECUTABLE STATEMENT ••••• 
C 

ONE• 1.0 
C 
C ••••• CALCULATION OF QR DECOMPOSITION, PLACING R IN THE VECTOR••••• 
C I, AND PLACING THE UJ VECTORS IN THE LOWER TRIANGLE OF 
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C QT. 
C 

C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 

INDEII • 1 
DO 20 Ka:1,H-1 

TEMP• DNRM2(H-K+1,QT(K,K),1) 
IF (TEMP .EQ. 0.0) THEN 

M!llII IS SIHCULil, SET IFUC AND IETUU. 

IFUC • 4 
IETUU 

ELSE 

FORM QK AND PllENtJLTIPLJ QT BJ IT. 
r 

UK= EK - ISICH•I/IIIII, WBE1tE BK• I-(UK•UK /PK), 
PK • THE KTH COMPONENT OF UK, 
EK• THE KTH IATU11L BASIS VECTOI, 
I • THE KTH COLUMI OF THE M!TIII R(K-1) ... B2•B1•QT, 
ISICI • THE SICI OF PK. 

CET SIGH. 

ISICI • SICl(OHE,QT(K,K)) 

COMPOTE B.(K,K). 

B.(INDEII) • -ISICH•TEMP 

UPDATE KTH COLUMI. 

TEMP• ISICH/TEMP 
CALL DSCAL(H-K+1,TEMP,QT(K,K),1) 
QT(K,K) • QT(K,K) + 1.0 

UPDATE THE K+1ST - NTH COLUMNS OF QT, AND I. 

INDEIB. = INDEII + 1 
DO 10 J=K+1,N 

TAO a: DDOT(N-K+1,QT(K,K),1,QT(K,J),1)/QT(K,K) 
l(INDEIR) • QT(K,J) - TAU•QT(K,K) 
INDEIB. • INDEII + 1 
CALL DAIPJ(N-K,-TAU,QT(K+1,K),1,QT(K+1,J),1) 

10 CONTINUE 
END IF 

20 CONTINUE 
IF (QT(N,N) .EQ. 0.0) THEN 

C M!llII IS SINGUL.ll, SET IFUG AND RETUU. 
C 



IFUO • 4 
IETUU 

END IF 
R(INDEIR) • QT(l,I) 

C 
C ••••• END OF FACTORING STEP••••• 
C 
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C ••••• CDNSTB.OCT Q TIAISPDSE II QT••••• 
C 
C FDJlN Q BT MOLTIPLTINQ ((I•H(l-1))• ... )•B1. 
C THIS IS DONE II PLACE II QT BT UPDATING ONLY THE LOWE& 
C RIGHT HAND COB.NEB. OF QT (QT(K,K) TD QT(l,I)). 
C 
C 

QT(R ,N) • 1.0 
DD 40 K•N-1,1,-1 

C 
C MULTIPLY QT BT H(K). 
C 

TEMP• QT(K,K) 
C 
C UPDATE ROW K. 
C 

C 

QT(K,K) • 1.0-QT(K,K) 
CALL DCDPJ(N-K,QT(K+1,K),1,QT(K,K+1),N) 
CALL DSCAL(I-K,-DNE,QT(K,K+1),N) 

C UPDATE REMAINING ROWS. 
C 

C 

DD 30 I•N,K+1,-1 
TAO• -DD0T(N-K,QT(I,K+1),N,QT(K,K+1),N) 
QT(I ,K) • -TAO 
TAO• TAO/TEMP 
CALL DAIPJ(N-K,TAO,QT(K,K+1),N,QT(I,K+1),N) 

30 COHTIHUE 
40 CONTINUE 

C ••••• END OF Q TlANSPDSE CONSTRUCTION ••••• 
C 

IETORN 
C 
C ••••• END OF SUBROUTINE QRFAQF ••••• 

END 
SUBROUTINE QRSLQF(QT,R,B,I,N) 

C 
C SUBROUTINE QRSLQF SOLVES THE SYSTEM R•S = QT•B FDR S. 
C 
C 
C ON INPUT: 
C 
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C QT(l:1,1:N) CDITAINS QT II THE EQUATIDI .&BOVE. 
C 
C 1(1:1•(1+1)/2) CONTAINS THE UPPEI TIIANGLE or I II THE EQUATION 
C ABOVE, STDiED BT ROWS. 
C 
C B(l:I) CONTAINS B II THE EQUATIDI .&BOVE. 
C 
C. IS THE DIMENSIDI or THE PlDBLmoC. 
C 
C 
C DI OUTPUT: 
C 
C QT HD R ilE UNCHANGED. 
C 
CB CONTAINS THE SOLUTION VECTORS. 
C 
C 1(1:8) IS A WORK .&IR.lT WRICH CONTAINS QT•B DI OUTPUT. 
C 
C 
C CALLS DDDT. 
C 
C ••••• DECLARATIONS ••••• 
C 
C FUllCTION DECLARATIONS 
C 

DOUBLE PRECISION DDDT 
C 
C LOCAL VARIABLES 
C 

DOUBLE PRECISION TAU 
INTEGER IllDEll, I, J 

C 
C SCALAR ARGUMENTS 
C 

INTEGEJL N 
C 
C .&IR.lT DECLARATIONS 
C 

DOUBLE PRECISION QT(N,N),l(N•(N+l)/2),B(N),l(N) 
C 
C ••••• END OF DECLARATIONS ••••• 
C 
C ••••• FIRST EIECUT.&BLE STATEMENT ••••• 
C 
Cl= QT•B. 
C 

DD 10 I=l ,N 
I(I) = DDDT(N,QT(I,1),N,8,1) 

10 CONTINUE 
C 
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C COMPUTES USING BACX SUBSTITUTION. 
C 

C 

IIDEII • 1•(1+1)/2 
B(R) • l(H)/l(IIDEII) 
INDEII • INDEII - 1 
DD 30 I•R-1,1,-1 

uu • l(I) 
DD 20 J•X,I+1,-1 

UU • UU - l(INDEil)•B(J) 
INDEIR • IHDEIR - 1 

20 CONTINUE 
B(I) • TAU/R(INDEIR) 
IIDEII • IIDEII - 1 

30 CONTINUE 
B.ETUU 

C ••••• EID OF SUBROUTINE QRSLQF ••••• 
EID 
SUBROUTINE UPQRQF(H,ETA,S,FO,F1,QT,R,W,T) 

C 
C SUBROUTINE UPQRQF PEllFORMS A BROTDEH UPDATE 01 THE Q R 
C FACTORIZATION OF A MATRIX A, (AR APPROIINATIOR TO J(IO)), 
C RESULTING IR THE FACTORIZATION Q+ R+ OF 
C 
C A+ • A + (Y - A•S) (ST)/(ST • S), 
C 
C (AH APPROIINATIOH TO J(l1)) 
C WHERES• I1 - IO, ST• S TRANSPOSE, Y • F(I1) - F(IO). 
C 
C THE ENTRY POINT 11UPQF PEllFORMS THE RANK ORE UPDATE 01 THE QR 
C FACTORIZATION OF 
C 
C A+• A+ Q•(T•ST). 
C 
C 
C 01 INPUT: 
C 
CR IS THE DIMENSION OF I AID F(I). 
C 
C EU IS A NOISE PA1UMETEB.. IF (Y-A•S)(I) .LE. EU•(IF1(I) l+IFO(I) I) 
C FOi 1 .LE. I .LE. R, THEN HO UPDATE IS PEllFORMED. 
C 
C S(1:H) = I1 - IO (ORS FOR THE ENTRY POINT R1UPQF). 
C 
C F0(1:H) • F(IO). 
C 
C F1(1:H) • F(I1). 
C 
C QT(1:H,1:H) CONTAINS THE OLD Q TRANSPOSE, WHERE A• Q•R. 
C 
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C 1(1:1•(1+1)/2) COITAIIS THE OLD I, STOB.ED BT IOWS. 
C 
C W(1:I), T(1:I) 11E WOlJC AlUUTS ( T COITAIIS THE VECTOI T FOi THE 
C EHTIT POINT R10PQF ). 
C 
C 
C OH OUTPUT: 
C 
C H AND EU !IE UNCHANGED. 
C 
C QT CONTAINS Q+ TIANSPOSE. 
C 
CI CONTAINS I+, STOB.ED BT IOWS. 
C 
CS, FO, Fl, W, AND T HAVE ALL BEEN CHANGED. 
C 
C 
C CALLS D1IPT, DDOT, AND DNRM2. 
C 
C ••••• DECL111TIONS ••••• 
C 
C FUNCTION DECL1l1TI01S 
C 

DOUBLE PIECISIOI DDOT, DNRM2 
C 
C LOCAL VAIIABLES 
C 

C 

DOUBLE PIECISIOI C, DEi, ONE, SS, WW, TT 
INTEGEll I, INDEIR, INDll2, J, K 
LOGICAL SKIPOP 

C SCALAI AICUMEHTS 
C 

C 

DOUBLE PIECISIOI ETA 
IHTEGEJl I 

C AlUUT DECLARATIONS 
C 

DOUBLE PIECISION S(N), FO(N), Fl(N), QT(N,N), l(N•(N+l)/2), 
t W(N), T(N), TT(2) 

C 
C ••••• EHD OF DECLARATIONS ••••• 
C 
C ••••• FIRST EIECUTABLE STATEMENT ••••• 
C 

C 

ONE = 1.0 
SKIPOP = . TRUE. 

C ••••• DEFINE T ANDS SUCH THAT••••• 
C 



C 
C 
CT• R•S. 
C 

A+• Q•(R. + T•ST). 

INDEll • 1 
DO 10 I=1,N 
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T(I) • DDOT(N-I+1,l(INDEll),1,S(I),1) 
INDEill • INDEll + N - I+ 1 

10 CONTINUE 
C 
CW• T - Q•T • T - A•S. 
C 

DO 20 I•l,N 
W(I) • Fl(I) - FO(I) - DDOT(N,QT(l,I),1,T,1) 

C 
C IF W(I) IS ROT SMALL, THEN UPDATE MUST BE PERFORMED, 
C OTHElWISE SET W(I) TO 0. 
C 

C 

IF (!BS(W(I)) .GT. EU•(!BS(Fl(I)) + !BS(FO(I)))) THEN 
SKIPUP • .FALSE. 

ELSE 
W(I) • 0.0 

END IF 
20 CONTINUE 

C IF NO UPDATE IS IECESSilT, THEN IETUU. 
C 

IF (SKIPUP) IETUU 
C 
CT• QT•W • QT•T - l•S. 
C 

DO 30 1•1,1 
T(I) • DDOT(H,QT(I,1),H,W,1) 

30 CONTINUE 
C 
CS• S/(ST•S). 
C 

C 

DEH • 1.0/DDOT(H,S,1,S,1) 
CALL DSCAL(N,DEH,S,1) 

C ••••• END OF COMPUTATION OF T t S ••••• 
C AT THIS POINT, A+• Q•(R + T•ST). 
C 

ENTRY R1UPQF(N,S,T,QT,i,W) 
C 
C ••••• COMPUTE THE QR FACTORIZATION Q- R- OF (R + T•S). THEN, ••••• 
C Q+ = Q•Q-, AND R+ = R-. 
C 
C FIND THE LARGEST K SUCH THU T(K) .NE. 0. 
C 
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K • H 
60 IF (T(K) .HE. 0.0 .OR. K .LE. 1) GOTO eo 

K•K-1 
GOTO 60 

eo CONTINUE 
C 
C COt-a>OTE THE INDEX OF l(K-1,K-1). 
C 

IHDEIB. •(I+ I - K + 3)•(K - 2) / 2 + 1 
C 
C ••••• TR!NSFORM R•T•ST INTO Al OPPER HESSENBERG MATIII ••••• 
C 
C DETERMINE JACOBI IOTATIONS WHICH WILL ZERO DOT ROWS 
CI, 1-1, ... ,2 OF THE MATIII T•ST, !HD APPLY THESE 
C IOTATIONS TO R. (THIS IS EQUIVALENT TO APPLYING THE 
C SAME IOTATIONS TO l+T•ST, EXCEPT FOR THE FIIST IOW. 
C THUS, AFTER AN ADJUSTMENT FOR THE FI1ST ROW, THE 
C IF.SULT IS Al OPPER HESSENBERG MATIII. THE 
C SOBDIAGONAL ELEMEHTS or WHICH WILL BE STORED II w. 
C 
C NOTE: ROWS N,H-1, ... ,K+1 ARE ALR.E.lDY ALL ZERO. 
C 

DO 00 I=K-1,1,-1 
C 
C DETERMINE THE JACOBI ROTATION WHICH WILL ZERO DOT 
C ROW 1+1 OF THE T•ST MATIII. 
C 

IF (T(I) .EQ. 0.0) THEN 
C • 0.0 

C SS • SIGN(-T(I+1))= -T(I+1)/IT(I+1)1 
SS • -SIGN(ONE,T(I+1)) 

ELSE 
DEN= DNRM2(2,T(I),1) 
C • T(I) / DEN 
SS = -T(I+1)/DEN 

EHD IF 
C 
C PP.F.MOLTIPLY R BY THE JACOBI ROTATION. 
C 

YT = R. ( INDEIR.) 
WW= 0.0 
R(IHDEXR) = C•YY - SS•WW 
W(I+1) = SS•YY + C•WW 
INDEIR. = INDEIR + 1 
IND1R2 = INDEIR + N - I 
DD 70 J= I+1,N 

C TY• R(I,J) 
C WW= R(I+1,J) 

YT = i(INDEIR) 
WW • R(INDIR2) 
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C l(I,J) • C•TT - SS•WW 
C l(I+l,J) • SS•TT + C•WW 

l(IllDEII) • C•TT - SS•WW 
l(IllDlll2) • SS•TT + C•WW 

IllDEII • IllDEII + 1 
INDll2 • INDll2 + 1 

70 CONTINUE 
C 
C PR.EMULTIPLT QT BT THE JACOBI IOTATIOI. 
C 

C 

DO 80 J•l,I 
TT • QT(I,J) 
n • QT(I+l,J) 
QT(I,J) • C•TT - SS•R 
QT(I+l,J) • SS•TT + C•R 

80 CONTINUE 

C UPDATE T(I) SO THAT T(I)•ST(J) IS THE (I,J)TH COMPONENT 
C or T•ST, PIENULTIPLIED BT ALL or THE JACOBI IOTATIONS so 
C FU. 
C 

IF (T(I) .EQ. 0.0) THEN 
T(I) • DABS(T(I+l)) 

ELSE 
T(I) c DNIM2(2,T(I),1) 

END IF 
C 
C LET INDEII • THE INDEX or l(I-1,I-1). 
C 

INDEII • INDEII - 2•(! - I) - 3 
C 

DO CONTINUE 
C 
C UPDATE THE FIIST ROI OF I SO THAT I HOLDS (i+T•ST) 
C PB.EMULTIPLIED BT ALL OF THE ABOVE JACOBI ROTATIONS. 
C 

CALL DAIPT(H,T(l),S,1,R,1) 
C 
C ••••• END OF TRANSFOIMATIOH TO OPPEi HESSENBEJlC ***** 
C 
C 
C ****• TRANSFORM OPPEi HESSENBEJlC MATRII INTO OPPEi ***** 
C TRIANGULAR MATRII. 
C 
C INDEIR • INDEX OF R(l,1). 
C 

C 
C 

INDEII • 1 
DD 1:20 I=l,K-1 

DETERMINE APPROPRIATE JACOBI ROTATION TO ZEJlO OUT 



C 
C 

C 
C 
C 

C 
C 

C 
C 

C 
C 
C 

C 
C 
C 
C 

100 

110 
120 

••••• 

C ••••• 
C 
C 
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1(1+1, I). 

IF (R(INDEIR) .EQ. 0.0) THEI 
C • 0.0 
SS • -SICl(ONE,W(I+1)) 

ELSE 
TT(1) • R(INDEIR) 
TT(2) • W(I+1) 
DEN• DNIN2(2,TT,1) 
C • R(INDEIR) / DEN 
SS • -W(I+1)/DEN 

END IF 

PJlEMULTIPLY 1 BY JACOBI ROTATION. 

YT • R(INDEIR) 
WW "' W(I+1) 
R(INDEIR) • C•YY - SS•WW 
'l(I+1) • 0.0 
INDEIR • INDEIR + 1 
INDW • INDEIR + I - I 
DO 100 J• 1+1,1 

YT • l(I,J) 
WW• R(I+1,J) 

YT • ll(INDEIR) 
WW • ll(INDIR2) 

R(I,J) • C•YY -SS•WW 
R(I+1,J) • SS•YY + C•WW 

R(INDEIR) • C•YY - SS•WW 
l(INDIR2) = SS•YY + C•WW 

INDEIR • INDEIR + 1 
INDW • INDW + 1 

CONTINUE 

PllEMtJLTIPLY QT BY JACOBI ROTATION. 

DO 110 J=1,N 
YT• QT(I,J) 
WW• QT(I+1,J) 
QT(I I J) • C•YT - SS•WW 
QT(I+1,J) • SS•YT + C•WW 

CONTINUE 
CONTINUE 

END OF TRANSFOR.MATION TO UPPER TRIANGULAR ••••• 

END OF UPDATE••••• 
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IETUU 

C ••••• END OF SUBROUTINE UPQRQF ••••• 
END 



Appendix B Spane Algorithm Code Llatlng 

SUBIOUTIIIE FIIPQS(l,IFE,IFL1Q,LEIQl,1ICIE,1IC1E,1ISIE,1NS1E, 
• 11CLEl,1,Y,TP,TOLD,TPOLD,Ql,PIVOT,PP,1HOVEC,ZO,DZ,T,IOIX, 
* SSP11,P11, IPil) 

C 
C SUBIOUTIIE FIIPQS FINDS 1 FIIED POIHT 01 ZERO or THE 
C I-DINE1SI011L VECTOI FUICTIOI F(l), 01 TIUCKS 1 ZEIO CtJiVE OF 1 
C CEIEllL HOMOTOPY MiP IB0(1,l,L1NBD1). FOi THE FIIED POIHT PIOBLEN 
C F(l) IS ASSUMED TO BE & C2 MiP or SOME BALL IHTO ITSELF. THE 
C EQU1TIOI l•F(l) IS SOLVED BY FOLLOWIHQ THE ZEIO CtJiVE OF THE 
C HOMOTOPY MiP 
C 
C L1NBD1•(1 - F(I)) + (1 - L1NBD1)•(1 - &), 
C 
C STiltIHG ROM L1NBD& • 0, I•&. THE CtJiVE IS PWNETEIIZED 
C BT ilC LENGTH S, 1HD IS FOLLOWED BY SOLVIHQ THE OIDIH11Y 
C DIFFEJlEITI1L EQU1TIOI D(BOMOTOPT MiP)/DS • 0 FOi 
C T(S) • (l(S),LiNBDl(S)). THIS IS DOIE BY USIHG 1 BEIMITE CUBIC 
C PIEDICTOI 1HD 1 COUECTOI IBICH lETUUS TO THE ZEIO CtJiVE IH 1 
C BTPE1PL1IE PEB.PEllDICULil TO THE t1HCEIT TO THE ZEIO CtJiVE AT THE 
C MOST RECENT POIHT. 
C 
C FOi THE ZEIO FIHDINQ PROBLEM F(I) IS ASSUMED TO BE 1 C2 M.lP SUCH 
C TB1T FOi SOME I> 0, l•F(l) >• 0 WHENEVER. IOlOC(l) • I. 
C THE EQUATION F(I) • 0 IS SOLVED BT FOLLOWING THE ZEIO CtJiVE OF 
C THE HOMOTOPY M1P 
C 
C L1NBD1•F(l) + (1 - L1NBD1)•(I - 1) 
C 
C OOH1TIHG ROM L1NBD1 • 0, I= 1. 
C 
C 1 MUST BE 11 IHTEIIOR POINT OF THE ABOVE MENTIONED BALLS. 
C 
C FOi THE CURVE Ta!CKING PIOBLEM 1H0(A,l,L1MBDA) IS ASSUMED TO 
C BE A C2 M.lP FROM E••M I [0,1) I E••N INTO E••N, WHICH FOR 
C ALMOST ALL P111METE1l VECTORS A IN SOME NONEMPTY OPEN SUBSET 
C OF E••M SATISFIES 
C 
C IUHK [D IHO(A,l,L1MBDA)/D L1MBD1, D 1H0(1,l,L1MBDA)/DI] • N 
C 
C FOi ALL POINTS (l,L1MBDA) SUCH TB1T IHO(A,l,L1MBDA) • 0. IT IS 
C FUR THEll ASSUMED THAT 
C 
C RANK [ D IHO(A,10,0)/DI ] = H. 
C 
C WITH 1 FIIED, THE ZERO CURVE OF P.HO(A,l,L1MBDA) OONUING FROM 
C L1MBDA • 0, I• 10 IS TIUCKED UNTIL L1MBDA • 1 BT SOLVING THE 
C OIDIHART DIFFER.ENTUL EQUATION D R.HO(A,l(S) ,UMBDA(S))/DS = 0 
C FOi T(S) z (I(S),L1MBDA(S)), WHERE S IS ARC LENGTH ALONG THE 
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C ZEIO CUIVE. ALSO THE HOMOTOPY MAP IBO(A,l,LANBDA) IS ASSUMED TO 
C BE COISTIUCTED SUCH THAT 
C 
C D LANBDA(O)/DS > 0. 
C 
C FOi THE FIIED PDIHT AND ZEIO FINDIHO PIDBLF.MS, THE USEI. MUST SUPPLY 
CA SUBROUTINE F(l,V) WRICH EVALUATES F(l) AT I AND IETUIBS THE 
C VECTOR F(l) II V, AID A SUBROUTINE FJACS(l,Ql,LEIQl,PIVOT) WRICH 
C EVALUATES THE (STMMETIIC) JACOBI&! MATIII or F(l) AT I, AID IETUIBS 
C THE STMMETIIC JACOBI&! MATIII II PACKED SKYLINE STDlAGE FDIMAT II QI. 
C LEIQI AID PIVOT DESCRIBE THE DATA STIUCTUIE II QI. FOi THE CUIVE 
C Tl&CKIIO PROBLEM, THE USEI. MUST SUPPLY A SUBROUTINE 
C IBD(A,LANBDA,l,V,PAl,IPAI) WRICH EVALUATES THE HOMOTOPY MAP IBD 
CAT (1,1,LANBDA) AND IETUIBS THE VECTDI IBD(1,l,LANBD1) II V, 
C AID A SUBIDUTIIE IBDJS(1,LANBD1,l,Ql,LENQl,PIVDT,PP,PAl,IPAI) WRICH 
C IETUIBS II QI THE STMMETIIC I I I JACOBI&! MATIII [D IBD/Dl] 
C EVALUATED AT (A,l,LANBDA) &ND STORED II PACKED SKYLIIE FDIMAT, 
C AID IETUl!lS II PP THE VECTDI -CD IBD/D LAMBDA) EVALUATED AT 
C (1,l,LANBDA). LENQI AID PIVOT DESCRIBE THE DATA STIUCTUIE II 
C QI. 
C ••• ROTE THE MIIUS SIGI IN THE DEFIIITIDN OF PP. ••• 
C 
C 
C FIIPQS DIRECTLY DI INDIRECTLY USES THE SUBROUTINES D1MACH, F 
C (01 IBD), FJACS (DI IBDJS), GMF1DS, MULTDS, PCGQS, IDDTQS, STEPQS, 
C SDLVDS, AND THE BLAS IDUTINES DAIPY, DCDPY, DDDT, DNIM2, AND DSC1L. 
C OILY D1MACH CONTAINS MACHINE DEPEIDEIT CONSTANTS. ND DTHEI 
C MODIFICATIONS BT THE USEI. &IE IEQUIIED. 
C 
C 
C 01 INPUT: 
C 
CI IS THE DIMENSIOI OF l, F(l), AND IHD(1,l,LANBD1). 
C 
C IFL10 C1H BE -2, -1, 0, 2, DI 3. IFL1G SHOULD BE O ON THE FIIST 
C CALL TD FIIPQS FOi THE PROBLEM l=F(I), -1 FOi THE PIDBLEM 
C F(l)=O, AND -2 FOi THE PROBLEM IBD(1,l,L1MBDA)=O. IN CEIT1IH 
C SITUATIONS . IFLAG IS SET TD 2 01 3 BT FIIPQS, &ND FIIPQS CAN 
C BE CALLED 10AIH WITHOUT CH1NOINO IFLAO. 
C 
C LENQI IS THE LENGTH OF THE N-DIMENSIDNAL ARl1T QI. I.E. 
C IT IS THE HUMBEi or NON-ZERO ENTIIES IN THE JACDBI1H 
C MATIII [DF/DI] (DI [D RHO/DI]). 
C 
C 1RCllE, 1RCAE &RE THE RELATIVE AND ABSOLUTE ERRORS, IESPECTIVELT, 
C ALLOWED THE ITERATION ALONG THE ZERO CURVE. IF 
C AIC?E .LE. 0.0 ON INPUT, IT IS B.ESET TD .6•SQIT(ANS?E). 
C NORMALLY 1RC?E SHOULD BE CONSIDEl1BLT L11GEI THAN 1NS?E. 
C 
C ANSIE, ANS1E &RE THE RELATIVE &ND ABSOLUTE ERROi VALUES USED FOi 
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C THE !NSWEI !T L!MBD! • 1. THE ACCEPTED !RSWEI Y • (l,L!MBD!) 
C SATISFIES 
C 
C 
C 
C 
C 

IYC1) - 11 .LE. USIE + US!E 

IIDZII .LE. !RSU•IIYII + !NS!E 

C DZ IS THE IEWTOI STEP TOY. 
C 

.!ND. 

C !(1:•) COHT!IHS THE P!l!METEI VECTOI !. FOi THE FIIED POINT 
C !ND ZEB.O FINDING PIOBLEMS, ! HEED IDT BE IHITI!LIZED BY THE 
C OSEI, !ND IS ASSUMED TO lliVE LENGTH H. FOi THE CUIVE 
C TP.!CKING PROBLEM, ! MUST BE INITIALIZED BY THE OSEI. 
C 
C Y(1:H+1) COHT!INS THE ST!RTING POIHT FOi TP.!CKIHG THE HOMOTOPY M!P. 
C (1(1), ... ,Y(H)) • ! FOi THE FIIED POINT !ND ZEB.O FINDING 
C PROBLEMS. (Y(1). ... , Y(H)) • IO FOi THE CUIVE TP.!CKING PROBLEM. 
C Y(H+1) NEED NOT BE DEFINED BY THE OSEI. 
C 
C YP(1:N+1) IS! WORK !JUUy COIT!INIHG THE TANGENT VECTOR TO THE 
C ZEB.O CUIVE U THE CUIB.ENT POINT Y. 
C 
C YOLD(1:N+1) IS! WORK !RR!Y CONTAINING THE PREVIOUS POINT FOUND 
C OH THE ZEB.O CUIVE. 
C 
C YPOLD(1:H+1) IS A WORK !RR!Y CONTAINING THE TANGENT VECTOR TO 
C THE ZEB.O CUIVE U TOLD. 
C 
C QR(1:LENQR) IS A WORK !RR!Y CONTAINING THEN IN SYMMETRIC 
C JACOBIAN M!TRII WITH RESPECT TO I STORED IN PACKED SKYLINE 
C STOl!GE FOlM!T. LENQl AND PIVOT DESCRIBE THE DATA 
C STRUCTURE IN QR. (SEE SUBROUTINE PCGQS FOR! DESCRIPTION 
C OF TRIS DATA STRUCTURE). 
C 
C PIVOT(1:H+2) IS A WORK llUUT WHOSE FIRST H+l COMPONENTS CONTAIN 
C THE INDICES OF THE DIAGONAL ELEMENTS OF THEN IN SYMMETRIC 
C JACOBUN M!TRII (WITH RESPECT TO I) WITHIN Qll. 
C 
C PP(1:N) IS! WORK llUUY CONTAINING THE NEGATIVE OF THE LAST COLUMN 
C OF THE JACOBUN M!TRII -[D llHO/D L.lNBDA]. 
C 
C RHOVEC(1:1+1), Z0(1:N+1), DZ(1:N+1), T(1:N+1) ARE ALL WORK ARJUYS 
C USED BY STEPQS, TANGQS, AND llOOTQS TO CALCULATE THE TANGENT 
C VECTORS AND NEWTON STEPS. 
C 
C WOllK(1:8•(N+1)+LENQll) IS A WORK AR.JUT USED BY THE CONJUGATE GRADIENT 
C ALGOllITHM TO SOLVE LINEAR SYSTEMS. 
C 
C SSPAR(1:4) • (HMIN, HMAI, BMIN, BMAI) IS A VECTOR OF PARAMETERS 
C USED FOll THE OPTIMAL STEP SIZE ESTIMATION. A DEFAULT VALUE 
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C 
C 
C 
C 

CAI BE SPECIFIED FOi AIT OF THESE FOUi P.ll.lMETEIS BT SETTIIO IT 
.LE. 0.0 DI IIPUT. SEE THE COMMEITS II STEPQS FOi NDR.E 
IIFORMUIOI ABOUT THESE Pil.lMETEIS. 

C Pll(1:•) AND IPll(l:•) 
C WHICH .l1lE SIMPLY PASSED 
C B.HO, B.HOJAC. 
C 
C 
C 01 OUTPUT: 
C 

.l1lE .lllllATS FOi (OPTIOIAL) OSEI Pil.lMETERS, 
THJI.OUGB TO THE OSEI BITTEi SUBROUTINF.S 

C I, LEN QR, A .l1lE UNCHANGED. 
C 
C IFE IS THE IUMBEll OF JACOBIAN EVALUATIONS. 
C 
C IFL.lO • 
C 
C 1 NORM.lL R.ETUIB. 
C 
C 2 SPECIFIED WDI TOLElUNCE C.lNIOT BE NET. SOME 01 ALL OF 
C llCR.E, llC.lE, .lHSR.E, .lNS.lE B.lVE BEEN INCR.E.lSED TO 
C SUITABLE VALUES. TO CONTINUE, JUST CALL FIIPQS AGAIN 
C WITHOUT CHANGING ANT Pll.lMETERS. 
C 
C 3 STEPQS B.lS BEEN CALLED 1000 TINES. TO CONTINUE, CALL 
C FIIPQS AGAIN WITHOUT CHANGING ANT PAJliNETERS. 
C 
C 4 JACOBIAH MATIII DOES NOT HAVE FULL l1NK. THE ALGOIITHM 
C HAS FAILED (THE ZEB.O CUIVE OF THE HOMOTOPY M.lP CAINOT BE 
C FOLLOWED ANT FUITBEll). 
C 
C 6 THE Tl.lCKING ALGOIITBM BAS LOST THE ZEB.O CUIVE OF THE 
C HOMOTOPY M.lP AND IS HOT MAKING PROGRESS. THE woa 
C TOLElUNCES llC?E AND ANS?E WERE TOO LENIENT. THE PROBLEM 
C SH0t1LD BE ILF.STl.ll.TED BT CALLING FIIPQS WITH SM.lLLEll Elli.DI 
C TOLElUNCES &ND IFLAG • 0 (-1, -2). 
C 
C e THE NEWTON ITEJUTION IN STEPQS Oil llOOTQS FAILED TO 
C CONVElGE. THE WOil TOLEll!NCES ANS?E MAT BE TOO STIINGENT. 
C 
C 7 ILLEGAL INPUT PAJliNETERS, A FATAL Elli.DI. 
C 
C llCR.E, &RC.lE, &NSRE, ANS&E AR.E UNCHANGED AFl'El & NORM.lL RETURN 
C (IFL&G • 1). THEY &RE INCREASED TO APPROPRIATE VALUES ON THE 
C RETURN IFL&G • 2. 
C 
C llCLEN IS THE &PPROIIMA TE LENGTH OF THE ZERO CUIVE. 
C 
C T(N+1) • LAMBDA, (T(1), ... , T(N)) = l, &ND T IS .lN &PPROIIM&TE 
C ZERO OF THE HOMOTOPY MAP. NORN&LLT LAMBDA• 1 &ND 1 IS & 
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C FIi.ED POIIT DI ZER.O or r(I). II 1BNDIN1L SITUATIONS, LAMBDA 
C MAJ DNLJ BE IE!I 1 !ND I IE!I ! FIi.ED POIIT Dl ZER.O. 
C 
C •uu DECLllUIDNS ••u• 
C 
C FUNCTION DECL!l!TIOHS 
C 

DOUBLE PlECISIOI D1M!CH, DNRM2 
C 
C LOCAL VllilBLES 
C 

DOUBLE PlECISION 1BSEIUl, R, ROLD, lELEJUl, S, WIC 
INTEGEJl IFL!GC, ITEi, JW, LIMITD, LIMIT, HP1, PCGWIC 
LOGICAL Cl!SR, STllT 

C 
C SCALll llGUMEHTS 
C 

DOUBLE PlECISIOH llClE, AlC!E, ANS1E, ANSAE, llCLEN 
INTEGEJl N, IFE, IFLAG, LENQl 

C 
C !IUUJ DECL!l!TIONS 
C 

DOUBLE PlECISION A(N), J(N+1), JP(H+1), JOLD(H+1), JPDLD(N+1), 
• QR(LENQR), PP(N), RROVEC(N+1), ZO(N+1), DZ(N+1), T(N+1), 
I WOllK(8•(1+1)+LENQR), SSPll(4), PAR(1) 

INTEGEll PIVOT(N+2), IPll(1) 
C 

SAVE 
C 
C ••••• END OF DECL!l!TIONS ••••• 
C 
C LIMITD IS ill UPPER BOUND ON THE NUMBER or STEPS. IT MAJ BE 
C CHANGED BJ CHANGING THE FOLLOWING P!liMETEl STATEMENT: 

P!liMETEl (LIMITD •1000) 
C 
C ••••• FIRST EXECUTABLE STATEMENT ••••• 
C 
C CHECK IFUG 
C 

IF (N .LE. 0 .OR. ANS1E .LE. 0.0 .DR. 
I IFUG • 7 

IF (IFUG .GE. -2 .AND. IFUG .LE. 0) 
IF (IFUG .EQ. 2) GO TO 60 
IF (IFUG .EQ. 3) GO TO 40 

C 

!NSAE 

GO TO 

CONLY VALID INPUT FOR !FLAG IS -2, -1, 0, 2, 3. 
C 

C 

IFUG • 7 
lETURN 

.LT. 0.0) 

10 



C ••••• IIITIALIZATIOI BLOCX ••••• 
C 

10 AacLEH • o.o 
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IF (AllCB.E .LE. 0.0) AICB.E • .6•SQIT(ANS1E) 
IF (AICAE .LE. 0.0) AllCAE • .6•SQIT(ANS1E) 
MFE•O 
IFUGC • IFLAG 
IP1•1+1 
PCGWK • 2•1+3 

C 
C SET INITIAL COIDITIOIS FOi FIIST CALL TO STEPQS. 
C 

C 

STAllT•.TIUE. 
CUSR•.FALSE. 
IEI,DI • AllCB.E 
'8SDI • AllCAE 
BOLD-=1.0 
B•0.1 
S•O.O 
YPOLD(IP1) • 1.0 
T(IP1) • 0.0 
DO 20 JW•l,1 

YPOLD(JW)•O.O 
20 COITINUE 

C SET OPTIMAL STEP SIZE ESTINATIOI PAUNETEllS. 
C 
C NIIINUM STEP SIZE BNII 

IF (SSP'1l(1) .LE. 0.0) SSP'1l(1)• (SQIT(l+1.0)+4.0)•D1NACB(4) 
C NAIINUM STEP SIZE BNAI 

IF (SSP'1l(2) .LE. 0.0) SSP'1l(2)• 1.0 
C NIIINUM STEP IEDUCTION FACTO! BMII 

IF (SSP'1l(3) .LE. 0.0) SSP'1l(3)• 0.1 
C NAIIMUM STEP EIPAISION FACTO! BNAI 

IF (SSP.&1.(4) .LE. 0.0) SSP.&1.(4)• 7 .0 
C 
C LOAD A FOi THE FIIED POINT AID ZEB.O FINDING PROBLEMS. 
C 

C 

C 

IF (IFLAGC .GE. -1) THEN 
CALL DCOPT(l,T,1,A,1) 

EIDIF 

40 LIMIT=LIMITD 

C ••••• END OF INITIALIZATION BLOCK. ••••• 
C 
C ••••• MAIN LOOP. ••••• 
C 

60 DO 400 ITEl=1,LIMIT 
IF (T(NP1) .LT. 0.0) THEN 



llCLEI • S 
IFL10 • 6 
IETUU 

END IF 
C 
C T!KE 1 STEP 1LONO THE CURVE. 
C 
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CALL STEPQS(l,IFE,IFLACC,LENQl,STllT,Cl.!SR,ROLD,R,rIC,lELEllll, 
l !BSElUl,S,T,TP,TOLD,TPOLD,A,Ql,PIVOT,PP,lROVEC,ZO,DZ,T, 
l WORK,SSPll,Pll, IPU) 

C 
C CHECK IF THE STEP WAS SUCCESSFUL. 
C 

IF (IFLACC .er. 0) THE! 
llCLEl•S 
IFUC•IFUCC 
IETUU 

END IF 
C 

IF (Cl.ASH) TBEI 
C 
C IETUU CODE FOi EB.ROI TOLEJUNCE TOO SM1LL. 
C 

C 
C 
C 

CHANCE EB.ROI TOLEJUICES. 

IF (UCIE .LT. lELEllll) !RCIE=lELEllll 
IF (1NSIE .LT. lELEllll) ANSIE=lELEllll 
IF (UC!E .LT. !BSElUl) UC!E•!BSElUl 
IF (!NS!E .LT. !BSElUl) !NS!E•!BSERR 

C 
C CHANGE LIMIT OH HUMBEJL OF ITEJL!TIONS. 
C 

LIMIT• LIMIT - ITEJL 
lETUllN 

END IF 
C 
C IF L.lMBDA >• 1.0, USE ROOTQS TO FIND SOLUTION. 
C 

IF (T(NP1) .CE. 1.0) COTO 600 
C 

400 CONTINUE 
C 
C ••••• END OF MAIN LOOP••••• 
C 
C DID HOT CONVERGE IH LIMIT ITERATIONS, SET IFLAC AND RETURN. 
C 

!RCLEN = S 
IFUG = 3 



IETUU 
C 

o, 

C ••••• FIJAL STEP -- FIND SOLUTIOI AT L1MBDA•1 ••••• 
C 
C S!VE TOLD FOi 1IC LENGTH C!LCUL!TIOI L!TEll. 
C 

600 CALL DCOPT(llP1,TOLD,1,T,1) 
C 
C FIND SOLUTION. 
C 

C!LL ROOTQS(l,HFE,IFLAG,LENQl,!NSIE,!IS!E,T,TP,TOLD,TPOLD, 
t 1,Ql,PIVOT,PP,IBOVEC,ZO,DZ,WOIK(PCGWK),P11,IP11) 

C 
C CHECK IF SOLUTIOB WAS FOUND AND SET IFL!G !CCOIDIHGLT. 
C 

C 
C SET EIUlOR FLAG IF ROOTQS COULD NOT GET THE POINT ON THE ZERO 
C CUJLVE !T LAMBDA• 1.0 . 
C 

IF (IFL!GC .GT. 0) IFLAG=IFLAGC 
C 
C CALCULATE FINAL 11C LENGTH. 
C 

C 

CALL DCOPT(llP1,T,1,DZ,1) 
WK=-1.0 
CALL DAIPT(llP1,WK,T,1,DZ,1) 
ilCLEN=S - HOLD + DNRM2(llP1,DZ,1) 

C ••••• END OF FINAL STEP••••• 
C 

IETUU 
C 
C ••••• END OF SUBROUTINE FIIPQS ••••• 

END 
SUBROUTINE STEPQS(H,NFE,IFLAG,LENQR,STilT,Cll1SH,HOLD,H, 

t WK,B.ELERR,1BSER!,S,T,TP,TOLD,TPOLD,A,QR,PIVOT,PP, 
t RHOVEC,ZO,DZ,T,WOIK,SSPAR,PAR,IPil) 

C 
C SUBROUTINE STEPQS TAKES ONE STEP ALONG THE ZERO CUJLVE OF THE 
C HOMOTOPY M1P RHO (1, LAMBDA) USING A PREDICTOR-CORRECTOR ALGORITHM. 
C THE PREDICTOR USF.S A HERMITE CUBIC INTERPOLANT, AND THE CORRECTOR 
C RETI1RNS TO THE ZERO CUB.VE USING 1 NEWTON ITERATION, REMAINING 
CIR A HYPERPLANE PERPENDICULAR TO THE MOST RECENT TANGENT VECTOR. 
C STEPQS ALSO ESTIMATES A STEP SIZE H FOR THE NEIT STEP ALONG THE 
C ZERO CUB. VE . 
C 
C 
C OH INPUT: 
C 
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CI. DIMEISIOI or I. 
C 
C IFE • HUMBER. or JACOBUI M1TII1 EVALUATIONS. 
C 
C IFL1G • -2, -1, 01 0, I1DIC1TIHG THE PROBLEM TYPE. 
C 
C LENQI. THE LENGTH or THE ONE DIMEISIONAL AJUUT QI. 
C 
C ST11T • . TIUE. 01 FIIST CALL TO STEPQS, .FALSE. OTHER.IISE. 
C SHOULD IDT BE MODIFIED BT THE USER. AFTER. THE FIIST CALL. 
C 
C ROLD • 11 T - TOLD 11 ; SHOULD NOT BE MODIFIED BT THE USER.. 
C 
C R • UPPER. LIMIT 01 LENGTH OF STEP THU WILL BE UTF.MPTED. R MUST 
C BE SET TO 1 POSITIVE HUMBER. ON THE FIRST CALL TO STEPQS. 
C tRER.EAFTER., STEPQS CALCULATES 11 OPTIMAL VALUE FOi H, AID H 
C SHOULD IDT BE MODIFIED BT THE USER.. 
C 
C WK • !PPIOIIMATE CUIV1TUIE FOi THE UST STEP (COMPUTED BT PIEVIOUS 
C CALL TO STEPQS). UllDEFIHED ON FIRST CALL. SHOULD IDT BE 
C MODIFIED BT THE USER.. 
C 
C I.ELEJUl, ABSEIi • llELUIVE AID ABSOLUTE ERROi VALUF.S. THE ITEl1TION 
C IS CONSIDER.ED TO RAVE CONVERGED WREI 1 POINT Z•(l,L1MBD1) IS 
c romm SUCH m T 
C I IDZ 11 • LE. I.ELEJUl• I IZ 11 + ABSEIi, 
C WRER.E DZ IS THE LAST NEWTOI STEP. 
C 
C S • (!PPIOIIMATE) 11C LENGTH ALONG THE HOMOTOPY ZER.O CUIVE UP TO 
C T(S) • (l(S),L1MBD1(S)). 
C 
C T(1:N+1) • PIEVIOUS POINT (I(S),L1MBD1(S)) romm ON THE ZER.O CUIVE 
C OF THE HOMOTOPY MAP. 
C 
C TP(l:1+1) = UNIT TANGENT VECTOI TO THE ZER.O CUIVE OF THE HOMOTOPY 
C MAP AT T. INPUT IN THIS VECTOI IS HOT USED ON THE FIRST CALL 
C TO STEPQS. 
C 
C TOLD(1:H+1) • 1 POINT BEFORE T OH THE ZER.O CUIVE OF THE HOMOTOPY 
C MAP. INPUT IN THIS VECTOI IS HOT USED OH THE FIRST CALL TO 
C STEPQS. 
C 
C TPOLD(1:N+1) • UNIT TANGENT VECTOI TO THE ZER.O CUIVE OF THE 
C HOMOTOPY MAP AT TOLD. 
C 
C 1(1:N) •PARAMETER.VECTOR IN THE HOMOTOPY MAP. 
C 
C Q1(1:LENQI) IS 1 WORK ARRAY CONTAINING THEN IN STMMETIIC 
C JACOBIAN MATRIX WITH RESPECT TO I STORED IN PACKED SKYLINE 
C STORAGE FORNAT. LENQI AND PIVOT DESCRIBE THE DATA 
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C STB.UCTUIE II QI. (SEE S1JBIDUTIIE PCGQS FOi A DESCIIPTIDR 
C or TRIS DATA STB.UCTUIE). 
C 
C PIVDT(t:1+2) IS A WOIJC 11111 WHOSE FIIST 1+1 COMPDIEITS CDITAII 
C THE IIDICES or THE DIAGDIAL ELEMEITS or THE RI I STNMETB.IC 
C JACDBIAI MATllII (WITH RESPECT TD I) WITHIR QR. 
C 
C PP(t:I) IS A WDIJC 11UlAT CDHTAIIIHG THE IEGATIVE or THE LAST COLIJMI 
C or THE JACOBIAN MATB.II -[D llHO/D L1MBDA]. 
C 
C IBDVEC(t:1+1), ZO(l:1+1), DZ(1:N+1), T(l:1+1) AIE ALL WOIJC 1111TS 
C USED BT STEPQS, TANGQS, AID IDDTQS TO CALCULATE THE TANGEIT 
C VECTORS AID NEWTON STEPS. 
C 
C WDIJC(1:8•(H+1)+LEHQI) IS A WOIJC Alll1T USED BT THE CORJ1JGATE GIL1DIEIT 
C ALGORITHM TD SOLVE LINE1Jl SYSTEMS. 
C 
C SSPAl(l:4) • PAIAMETEB.S USED FOi COMPUTATIDI or THE OPTIMAL STEP SIZE. 
C SSP11(1) • JO(II, SSP11(2) • HMAI, SSP11(3) • BMII, SSP11(4) • BMAI. 
C THE OPTIMAL STEP H IS IESTB.ICTED SUCH THU 
C HMIH .LE. B .LE. HMAI, AID BMIH•BDLD .LE. B .LE. BMAI•BDLD. 
C 
C Pil(l:•) AID IPil(l:•) 11E AIIATS FOi (OPTIONAL) OSEI PAIAMETEB.S, 
C WHICH 11E SIMPLY PASSED TRIOUGB TO THE OSEI WIITTEH SUBIOUTIIES 
C IBO, IBDJAC. 
C 
C 
C DI OUTPUT: 
C 
CI, LEHQI, A 11E UNCHANGED. 
C 
C RFE HAS BEEN UPDATED. 
C 
C IFL1G 
C 
C • -2, -1, DI O (UNCHANGED) DH A HDIMAL IETUIH. 
C 
C • 4 IF A JACOBUI MATB.Il WITH IAHK < H BAS OCCUIIED. THE 
C ITEJlATIDH WAS HOT COMPLETED. 
C 
C = e IF THE ITEIUTIDH FAILED TO COHVEB.GE. 
C 
C STAIT = .FALSE. DH A NORMAL RETURN. 
C 
C CUSH 
C 
C • .FALSE. ON A HDllMAL RETURN. 
C 
C • . TllUE. IF THE STEP SIZE H WAS TOO SMALL. H HAS BEEN 
C INCREASED TO AH ACCEPTABLE VALUE, WITH WHICH STEPQS MAT BE 
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C CALLED !CAIN. 
C 
C • . TRUE. IF llELE1Ul !ND/Oil !BSEU WE1lE TOO SMALL. THEY HAVE 
C BEEN INCB.E!SED TO ACCEPTABLE VALUES, WITH WHICH STEPQS MAT 
C BE CALLED !CAIN. 
C 
C BOLD • II T-TOLD 11. 
C 
CB• OPTIMAL VALUE FOB. NEIT STEP TO BE ATTEMPTED. NORM!LLT B SHOULD 
C NOT BE MODIFIED BT THE USER.. 
C 
C WK • !PPROIIMATE ctJIVU1JRE FOB. THE STEP UKEN BT STEPQS. 
C 
CS• (!PPB.OIIM!TE) !B.C LENGTH !LONG THE ZER.O CUB.VE OF THE HOMOTOPY 
C MAP UP TO THE LATEST POINT FOUND, WHICH IS RETURNED IH T. 
C 
C RELEIUl, 1BSEU llE UNCB!NCED ON 1 NORM!L RETUU. THEY llE POSSIBL T 
C CB!NCED IF CUSH • . TRUE. (SEE DESCB.IPTION OF CUSH !BOVE) . 
C 
CT, JP, TOLD, TPOLD CONTAIN THE TWO MOST R.ECEHT POINTS !ND TANGENT 
C VECTOB.S FOUND OH THE ZER.O CUB.VE OF THE HOMOTOPY MAP. 
C 
C 
C CALLS D1MACH, D!IPT, DCOPT, DDOT, DNB.M2, DSC!L, F (Oil B.BO), FJ!CS 
C (Oil B.BOJS), PCCQS, T!NCQS. 
C 
C ••••• DECL1ll!TIONS ••••• 
C 
C FUNCTION DECL1ll!TIONS 
C 

DOUBLE PRECISION D1MACH, DDOT, DNB.M2, QOFS 
C 
C LOCAL V!B.I!BLES 
C 

C 

DOUBLE PRECISION ALPB.I, CORDIS, DD001, DD0011,DD01,DD011,DELS, 
l FOURU, C.lMM.l, HF!IL, BTEMP, IDLER.ll, LAMBDA, OMEC!, ONE, PO, 
t P1, PPO, PP1, SIGMA, TEMP, THETA, TWOU, WKOLD, ISTEP 

INTEGER. I, ITCNT, LITFB, J, JP1, LK, LST, NP1, PCCWK, ZU 
LOGICAL FULED 

C SCALAR. ARGUMENTS 
C 

INTEGER. N, NFE, IFL!C, LENQR 
LOGICAL START, CRASH 
DOUBLE PRECISION HOLD, H, WK, RELERR, !BSEU, S 

C 
C !RR!T DECLARATIONS 
C 

DOUBLE PRECISION T(N+1), TP(N+1), TOLD(N+1), TPOLD(N+1), 
l !(N). QR(LENQR), PP(N), RHOVEC(N+1), ZO(N+1), DZ(N+1), 



C 

C 

C 
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t T(H+1), WOIUC(8•(H+1)+LENQR), SSPAB.(4), P11(1) 
IHTEGER PIVOT(N+2), IPAB.(1) 

lEAL WRGE(8),1COF(12) 
D1T1 WRGE / 

t .8736116E+OO, .1631047E+OO, .3101816E-01, .3330048E-10, 
t .4877788E+OO, .8070123E-03, .1080883E-06, .1122780E-08/ 

D1T1 1COF / 
t .0043128E+00,-.7076876E+00,-.4887383E+01,-.3877482E+01, 
t .8618000E+00,-.1063110E+00,-.4830838E+01,-.0770628E+OO, 
t .1040081E+01, . 3703306E-01, .1042177E+01, . 4460708E-01/ 

S1VE 

C ••••• E1lD OF DECLAllATIONS ••••• 
C 
C DEFIHITIOH OF HERNITE CUBIC IHTERPOL1HT VI1 DIVIDED DIFFEREllCF.S. 
C 

DD01(PO,P1,DELS) • (P1-PO)/DELS 
DD001(PO,PPO,P1,DELS) • (DD01(PO,P1,DELS)-PPO)/DELS 
DD011 (PO,P1 ,PP1 ,DELS) • (PP1-DD01 (PO,P1 ,DELS))/DELS 
DD0011(PO,PPO,P1,PP1,DELS) = (DD011(PO,P1,PP1,DELS) -

t DD001(PO,PPO,P1,DELS))/DELS 
QOFS(PO,PPO,P1,PP1,DELS,S) • ((DD0011(PO,PPO,P1,PP1,DELS)• 

t (S-DELS) + DD001(PO,PPO,P1,DELS))•S + PPO)•S + PO 
C 
C ••••• FIRST EIECUTA.BLE ST1TEMENT ••••• 
C 
C 
C ••••• IHITI1LIZ1TIOH ••••• 
C 
C LITFB • M11IMUM lltJMBER OF NEWTON ITER1TIONS 1LLOWED. 
C 

C 

ONE • 1.0 
TWOU • 2.0•D1M1CB(4) 
FOURU = TWOU + TWOU 
llP1 • N+1 
F ULED = . F1LSE. 
CUSH = . TRUE. 
LITFH = 10 
PCGWK = 2•N+3 
ZU = 3•N+4 

C CHECK THAT ALL INPUT PARAMETERS ARE CORRECT. 
C 
C THE ARCLENGTH S MUST BE NONNEGATIVE. 
C 

IF (S .LT. 0.0) RETURN 
C 
C IF STEP SIZE IS TOO SMALL, DETERMINE AN ACCEPTABLE ONE. 
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C 
IF (H . LT. FOUB.U• ( 1. O+S)) THE! 

H•FOUB.U• (1. 0 + S) 
R.ETUU 

END IF 
C 
C IF EIUlOB. TOLFJUllCF.S ilE TOO SN!LL, INCREASE THEM TD ACCEPTABLE 
C VALUF.S. 
C 

TENP-=DNRM2(llP1, T, 1) + 1. 0 
IF (. 6• (R.ELEIUl•TENP+ABSEU) . LT. TWOU•TENP) THEN 

IF (R.ELEIUl • IE. 0. 0) THE! 
R.ELEIUl • FOUB.U•(1.0+FOUB.U) 
TENP • 0.0 
ABSEU • NAl(ABSEU,TENP) 

ELSE 
ABSEU-=FOUB.U•TENP 

END IF 
R.ETUU 

END IF 
C 
C INPUT PAIWIETEB.S WERE ALL ACCEPTABLE. 
C 

CUSH• .FALSE. 
C 
C COMPUTE TP Oil FIB.ST CALL. 
C 

IF (START) THEil 
C 
C INITIALIZE THE IDE.AL EIUlOB. USED FOB. STEP SIZE F.STINATION. 
C 

IDLEIUl=SQB.T(SQB.T(ABSEU)) 
C 
C INITIALIZE STAB.TING POINTS FOB. THE CONJUGATE GRADIENT 
C ALGORITHM TO ZEB.O. 
C 

DO 10 J=1,:2•N+:2 
WORK (J) 11:0. 0 

10 CONTINUE 
CALL TANGQS(J,TP,TPOLD,A,QR,PIVOT,PP,R.HOVEC,WOR.K, 

t N,LENQR,IFLAG,NFE,PAR,IPAR) 
IF (IFLAG .CT. 0) R.ETUII.N 

END IF 
C 
C ••••• COMPUTE PREDICTOR POINT ZO ••••• 
C 

:20 IF (START) THEN 
C 
C COMPUTE ZO WITH LINEAR PREDICTOR USING T, JP --
C ZO = J+H•TP. 



C 

C 

C 

CALL DCOPT(JlPl,T,1,Z0,1) 
CALL DAIPT(HP1,R,TP,1,Z0,1) 
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C COMPOTE ZO WITH CUBIC PREDICTOI. 
C 

DO 30 I•l,JlPl 
ZO(I) • QOFS(TOLD(I),TPOLD(I),T(I),TP(I),ROLD,BOLD+B) 

30 CONTINUE 
C 

END IF 
C 
C ••••• END OF PREDICTOI SECTIOB ••••• 
C 
C ••••• NEWTON II'ElUTION ••••• 
C 

DO 140 ITCNT • 1,LITFB 
C 
C SET STAITINO POINTS FOi CONJUGATE GIUDIENT ALGOIITRM. 
C 

C 

DO 40 J=ZU,ZU+2•N+1 
WOllK(J) • 0.0 

40 CONTINUE 

C COMPOTE QI• [D lHO/Dl], IHOVEC=IHO, -PP• (D IHO/D LAMBDA). 
C 

LAMBDA• ZO(NP1) 
IF (IFLAG .EQ. -2) THEN 

C 
C CURVE TRACKING PROBLEM. 
C 

CALL IHOJS(A,LAMBDA,ZO,Ql,LENQl,PIVOT,PP,PAR,IPAR) 
CALL IHO(A,LAMBDA,ZO,IHOVEC,PAR,IPlR) 

ELSE IF (IFLAG .EQ. -1) THEN 
C 
C ZERO FINDING PROBLEM. 
C 

CALL FJACS(ZO,QR,LENQR,PIVOT) 
CALL DSCAL(LENQl,LAMBDA,QR,1) 
SIGM&=1.0-LAMBDA 
DO 60 Jz1,N 

QR(PIVOT(J))=QR(PIVOT(J))+SIGMA 
60 CONTINUE 

CALL DCOPT(N,Z0,1,RHOVEC,1) 
CALL DAIPT(N,-ONE,A,1,RHOVEC,1) 
CALL F(ZO,PP) 
CALL DSCAL(N,-ONE,PP,1) 
CALL DAIPT(N,ONE,RHOVEC,1,PP,1) 
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CALL DAIPT(N,-L!MBDA,PP,1,lHOVEC,1) 
ELSE 

C 
C FIIED POINT P10BLEN. 
C 

C 

CALL FJACS(ZO,Ql,LENQl,PIVOT) 
CALL DSCAL(LENQl,-L!MBDA,Ql,1) 
DO 60 J•1,N 

Ql(PIVDT(J)) • Ql(PIVOT(J))+1.0 
60 CONTINUE 

CALL DCOPT(N,Z0,1,lHDVEC,1) 
CALL DAIPT(N,-DNE,A,1,lHOVEC,1) 
CALL F (ZO, PP) 
CALL DAIPT(N,-DNE,A,1,PP,1) 
CALL DAIPT(N,-L!MBDA,PP,1:lHOVEC,1) 

END IF 
R.HDVEC(NP1) • 0.0 
NFE • NFE+1 

C SOLVE SYSTEM TD FIND NEWTON STEP DZ. 
C 

CALL PCGQS(N,Ql,LENQl,PIVOT,PP,TP,R.HDVEC,DZ, 
t WOR.K(PCGWX),IFLAG) 

IF (IFLAG .GT. 0) REI'UllN 
C 
C TAKE STEP. 
C 

CALL DAIPT(NPl, ONE, DZ, 1, ZO, 1) 
C 
C CHECK FOi CONVERGENCE. 
C 

C 

1STEP•DNRM2(NP1,DZ,1) 
IF (ISTEP .LE. 11.ELE1Ul•DNRM2(NP1,Z0,1)+!BSERR) THEN 

GO TD 160 
END IF 

140 CONTINUE 
C 
C ••••• END OF NEWTON LOOP••••• 
C 
C ••••• DIDN'T CDNVEB.GE 01 TANGENT AT NEW POINT DID NOT M.lKE ••••• 
C AN ANGLE SN!LLEl THAN 60 DEGREES WITH TPOLD --
C TB.T AGAIN WITH A SN!LLEl B 
C 

160 FAILED= .TRUE. 
BFUL = B 
IF (B .LE. FDUB.U•(l.O + S)) THEN 

IFUG • 6 
REI'UllN 

ELSE 



C 

H • .6 • H 
END IF 
CD TD 20 
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C ••••• END OF CONVERGENCE FAILURE SECTION••••• 
C 
C ••••• CONVERGED -- MOP UP !ND R.ETUJUl ••••• 
C 
C COMPOTE TUCENT 1T ZO. 
C 

180 CALL T!NCQS(ZO,T,TP,1,Ql,PIVOT,PP,lBOVEC,WOJUC,N, 
I LENQl, IFUC, JFE, P.&.B., IP.&.B.) 

IF (IFL!C .CT. 0) R.ETUJUl 
C 
C CHECK TH!T COMPUTED UNCENT T MAKES 111 UCLE 10 L.&.B.CEB. TH!I 
Ceo DECllEES WITH COIIEHT TANGENT TP. (I.E. cos OF !NCLE < .6) 
C IF HOT, STEP SIZE WAS TOO Lil.CE, SO THlOW !WAT ZO, !ND TB.I 
C !CAIi WITH 1 SM!LLEB. STEP. 
C 

C 

1LPR1 • DDOT(NP1,T,1,TP,1) 
IF (1LPR1 .LT. 0.6) COTO 160 
1LPR1 • 1C0S(1LPR1) 

C COMPOTE COlR.ECTOl DISTANCE. 
C 

DD 170 I•1,NP1 
WOJUC(PCGIK+I-1)•QOFS(JOLD(I),TPOLD(I),J(I),TP(I),HDLD,HOLD+H) 

170 CONTilltJE 
COlDIS=DNI.M2(1lP1,WOJUC(PCGIK+I-1),1) 

C 
C SET UP V.&.B.I!BLES FOi REIT CALL. 
C 

C 

CALL DCOPT(NP1,J,1,TOLD,1) 
CALL DCOPT(llP1,Z0,1,T,1) 
CALL DCOPT(NP1,TP,1,TPOLD,1) 
CALL DCOPJ(NP1,T,1,TP,1) 

C UPDATE .&.B.CLENGTH S • S + I IT-TOLDI I. 
C 

C 

HTEMP • HOLD 
CALL D11PT(NP1,-0NE,TOLD,1,Z0,1) 
HOLD • DNI.M2(NP1,Z0,1) 
S • S+HOLD 

C COMPUTE IDEAL ERROi FOR STEP SIZE ESTIMATION. 
C 

OMEC1•1STEP/C01DIS 
IF (ITCNT . LE. 1) THEN 

!HEU • 8.0 
ELSE IF (ITCNT .EQ. 4) THEN 



THETA • 1.0 
ELSE IF (ITCHT .LT. 4) TIIEI 

LK • 4•ITCHT-7 
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IF (OMEGA .GE. WICE(LK)) TIIEI 
THETA • 1.0 

ELSE IF (OMEGA .GE. WICE(LK+l)) TIIEI 
THETA• ACOF(LK) + ACOF(LK+l)•LOC(OMEGA) 

ELSE IF (ONEGA .GE. WICE(LK+2)) TIIEI 
THETA• ACOF(LK+2) + ACOF(LK+3)•LOC(ONEGA) 

ELSE 
THETA• a.o 

END IF 
ELSE IF (ITCHT . CE. 7) TIIEI 

THETA • 0.126 
ELSE 

LK • 4•ITCIT - 18 
IF (ONEGA .GT. WICE(LK)) TIIEI 

LST • 2•ITCIT - 1 
THETA• ACOF(LST) + ACOF(LST+l)•LOC(ONEGA) 

ELSE 
THETA • 0.126 

END IF 
END IF 
IDLEBll•THETA•IDLEBll 

C 
C IDLEBll SHOULD BE 10 BIGGER TIUI 1/2 PllEVIOUS STEP. 
C 

IDLEBll • Mil(.6•B0LD,IDLEBll) 
C 
C COMPOTE OPTIMAL STEP SIZE. 
C WK• APPIOIIMATE COIVATOBE • 2•SIH(ALPB1/2) WBE1E 
C ALPB1 • ilCCOS(TP•TPOLD). 
C C1NM1 • EXPECTED COIVATOBE FOi HEIT STEP' COMPUTED BT 
C EITIAPOLATIHG FIOM COBllEHT COIVATOBE WK, ARD LAST 
C cuav' TtJilE WKDLD • GAMMA IS FtJatBEJL IEQUIIED TD BE 
C POSITIVE. 
C 

C 

WKOLD = WK 
WK= 2.0•ABS(SIH(.6•ALPB1))/BOLD 
IF (SUIT) THEM 

G1NM1 = WK 
ELSE 

GAMMA= WK+ BOLD/(HOLD+HTEMP)•(WK-WKOLD) 
END IF 
GAMMA= MAI(GAMMA, O.Ol•ONE) 
H = SQRT(2.0•IDLERR/G1NM1) 

C ENFORCE RESTRICTIONS ON STEP SIZE SO AS TO ENSURE STABILITY. 
C HMIH <• H <• HMAI, BMIH•HOLD <• H <• BMAI•HOLD. 
C 
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B • Mil(MAl(SSP11l(1),SSP11(3)•BOLD,R),SSP11(4)•ROLD,SSP11l(2)) 
IF (FAILED) B • Mil(RFAIL,B) 
ST&IT • .FALSE. 

C 
C ••••• END or MOP UP SECTIOI ••••• 
C 

IETUU 
C 
C ••••• END or SUBlOUTIIE STEPQS ••••• 

END 
SUBIDUTIIE TAIGQS(Y,TP,TPDLD,A,Ql,PIVOT,PP,lBDVEC,WOllC,l,LENQl, 

t IFL!G,NFE,P11,IP11) 
C 
C SUBIOUTIIE TAIGQS COMPUTES THE UIIT TANGENT VECtoa· TP ro THE 
C ZEIO CUIVE or THE HOMOTOPY MAP At y BY GEIEl!TIIG THE !UGNElltED 
C JACOBI!! MAtaII 
C 
C 
C I D(lBO(Y)) I 
C AUG • I t I , IBEIE 110 IS THE HOMOTOPY MAP 
C I TPDLD I 
C 
C 
C SOLVING THE SYSTEM 
C 
C 
C 

!UG•TPT • (0,0, ... ,0,1) 
r 

FOi TPT. 

C AID FIHLLY CDMPUTIIQ TP • TPT/ 11 TPT 11. 
C 
C 
C DI INPUT: 
C 
C Y(1:1+1) = CUllEIT POINT (l(S), L.lMBD!(S)). 
C 
C TP(l:1+1) IS UNDEFINED OH INPUT. 
C 
C TPOLD(l:N+l) = UNIT TANGENT VECTOl AT THE PlEVIOUS POINT OH THE 
C ZEIO CUIVE OF THE HOMOTOPY MAP. 
C 
C 1(1:1) IS THE P!IUMETEl VECTOl IN THE HOMOTOPY MAP. 
C 
C Ql(1:LENQR) IS 1 WORK 11111 CONTAINING THEN I I STNMEtaIC 
C JACOBIAN MAtaII WITH RESPECT TO I STORED IN PACKED SKYLINE 
C STORAGE FORMAT. LENQl AND PIVOT DESCRIBE THE DATA 
C STRUCTURE IN Ql. (SEE SUBROUTINE PCGQS FOR 1 DESCRIPTION 
C OF THIS DATA STRUCTURE). 
C 
C PIVDT(1:1+2) IS 1 WORK !Rl!Y WHOSE FIRST H+1 COMPONENTS CDNT!INI 
C THE INDICF.S or THE DIAGONAL ELFJ.IENTS OF THEN IN SYMMETRIC 
C JACOBIAN MATRII (WITH RESPECT TO I) WITHIN QR. 
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C 
C PP(1:I) IS & WDJUC '11&Y CDIT&IIIIO THE IEO&TIVE or THE LAST CDLUMI 
C or THE J&CDBIAI NATIII -[D IBD/D L.lNBDA]. 
C 
C IBDVEC(1:1+1), IS & WDJUC '11&Y USED TD CALCULATE THE TAICEJIT 
C VECTOll. 
C 
C WOJUC(1:8•(N+1)+LEJIQI) IS & WDJUC '11&Y USED BY THE CDIJUCATE CIUDIEJIT 
C &LCOllITHM TD SOLVE LillEAI SYSTEMS. 
C 
CI IS THE DIMENSIDI or I, WHEllE Y•(I(S),L.lNBDA(S)). 
C 
C LENQll IS THE WCTB or THE DIE-DIMENSIOUL '11&Y Qll. 
C 
C IFL&C IS -2, -1, 01 0, IHDIC&TINC THE PllOBLDC TYPE. 
C 
C IFE IS THE 1lUMBEll or JACDBI!I EVALUATIONS. 
C 
C Plll(1:•) !HD IPlll(1:•) lllE '11&TS FOil (OPTIONAL) USER Plll!METERS, 
C WHICH lllE SIMPLY PASSED TBllOUCB TO THE USER. WIITTEH SUBllDUTIIES 
C IBO, IBOJ!C. 
C 
C 
C DI OUTPUT: 
C 
CY, YPOLD, !, N, WQll lllE UNClliNCED. 
C 
C YP(1:N+1) CONTAINS THE HEW UNIT T!HCEJIT VECTOll TO THE ZEJI.O 
C CUllVE or THE HOMOTOPY MAP AT T(S). (I(S),L.lNBDA(S)). 
C 
C IFL!C • -2, -1, Oil 0, (UNClliNCED) ON! NOllNAL R.ETUllH. 
C • 4 IF THE !UCMENTED J!COBUI M!TIII B!S UNK LF.SS THAN N+1. 
C 
C NFE B!S BEEN INCREMEJITED BT 1. 
C 
C 
C CALLS DCOPT, D~. DSCAL, F (Oil RHO IF IFL!C • -2), FJ!CS 
C (Oil RHDJS, IF IFL!C • -2), PCCQS. 
C 
C ••••• DECL!UTIDNS ••••• 
C 
C FUNCTION DECL!UTIONS 
C 

DOUBLE PRECISION DNRM2 
C 
C LOCAL V!RI!BLF.S 
C 

C 

DOUBLE PRECISION LAMBDA, DIE, SIGMA, YPNRM 
INTEGER. J, NP1, PCCWK, ZU 



C SCAL!I. !11.GUNEHTS 
C 

Ill'EGEI I, LEIQI, IFLAO, IFE 
C 
C !ll.l!T DECL!l!TIOIS 
C 
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DOUBLE PIECISIOI T(H+1), TP(N+1), TPOLD(l+1), A(I), 
I Ql(LEIQI), PP(I), IBOVEC(H+1), W01X(S•(l+1)+LEIQl),P!Jl.(1) 

IITEGEI PIVOT(l+2), IP!ll.(1) 
C 
C ••••• END OF DECL!l!TIOIS ••••• 
C 
C ••••• FIRST EIECUT!BLE STATEMENT••••• 
C 

C 

DIE • 1.0 
HFE • IFE + 1 
IP1 • li + 1 
LAMBDA • T(IP1) 
PCGWK • 2•N+3 
ZU • 3•5•4 

C ••••• DEFIIE THE AUGMENTED JACOBIAN M!TRII ••••• 
C 
C COMPUTE JACDBIAH M!TRII, STDB.E IT II [QII-PP]. 
C 

IF (IFLAG .EQ. -2) THEli 
C 
C CUIVE TRACKIHG PROBLEM. 
C 

CALL IBDJS(A,L.lMBDA,T,QR,LENQR,PIVOT,PP,P.lll,IP.lll) 
ELSE IF (IFLAG .EQ. -1) THEN 

C 
C ZEID FINDING PIDBLEM. 
C 

CALL F(T,PP) 
CALL DSCAL(H,-OIE,PP,1) 
CALL DAIPT(H,OIE,T,1,PP,1) 
CALL DAIPT(H,-OIE,A,1,PP,1) 
CALL FJACS(T,QR,LENQR,PIVOT) 
CALL DSCAL(LENQR,L.lMBDA,QR,1) 
SIGMA= 1.0-L.lMBDA 
DD 10 J=1,H 

QR(PIVDT(J))=Ql(PIVDT(J))+SICMA 
10 CONTINUE 

ELSE 
C 
C FIIED POINT PROBLEM 
C 

CALL F(T,PP) 
CALL DAIPT(l,-DNE,A,1,PP,1) 
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CALL rJACS(Y,Ql,LENQl,PIVOT) 
CALL DSCAL(LENQl,-L1MBDA,Ql,1) 
DO 20 J•l,I 

Ql(PIVOT(J))•Ql(PIVOT(J)) • 1.0 
20 CO!TIWE 

ENDir 
C 
C ••••• END or DEFIHITIOI or AUGMENTED JACOBIAI N!TIII ••••• 
C 
C t 
C ***** SOLVE SYSTEM AUG•TPT • (0, ... ,0,1) ••••• 
C 
C IIITIALIZE STAITIIG POINT roa THE COIJUGATE Gll!DIEKT ALGORITHM 
C ro BE THE SOLUTIONS FRON THE PB.EVIOUS CALL ro TANGQS. 
C 

CALL DCOPY(2•1Pl,WOIX,1,WOIX(ZU),1) 
C 
C IHOVEC • -(0, ... ,O,l)••t 
C 

DO 30 J•l ,I 
IHOVEC(J)•O.O 

30 COHTIWE 
IHOVEC(IPl) • -1.0 

C 
C SOLVE SYSTEM. 
C 

CALL PCGQS(l,Ql,LENQR,PIVOT,PP,TPOLD,IHOVEC,TP,WOIX(PCGWK), 
t IFUG) 

IF (IFLAG .er. 0) RETURB 
C 
C IOBJULIZE THE UNCE!lt. 
C 

TPNRM • 1. O/DNRM2(1Pl, JP, 1) 
CALL DSCAL(IPl,TPNRM,TP,1) 

C 
C SAVE SOLUTIONS FRON COHJUCATE GRADIENT ALGORITHM FOR NEIT CALL 
C ro UNCQS. 
C 

CALL DCOPY(2•1Pl,WOIX(ZU),l,WOIX,1) 
C 

C 
C ••••• END or SUBROUTINE TANGQS ••••• 

END 
SUBROUTINE ROOTQS(N,NFE,IFLAG,LENQR,RELERR,ABSERR,Y,TP,TOLD, 

t TPOLD,A,Ql,PIVOT,PP,RHOVEC,Z,DZ,WORK,PAR,IPAR) 
C 
C lOOTQS FINDS THE POINT TBAR • (IBA!, 1) ON THE ZERO CUR.VE OF THE 
C HOMOTOPY MAP. IT STARTS WITH TWO POINTS TOLD=(IOLD,LAMBDAOLD) AND 
C T=(I,LAMBDA) SUCH THAT L1MBDAOLD < 1 <• LAMBDA, AND ALTERNATES 



108 

C BETIEEI USING 1 SEC1RT METHOD TO FIND 1 PREDICTED POINT ON THE 
C RTPERPLARE L1MBD1•1, ARD TAKING 1 IEWTOR STEP TO lETUII TO THE 
C ZERO CUlVE OF THE HOMOTOPY M!P. 
C 
C 
C DH INPUT: 
C 
CI• DIMENSION OF I. 
C 
C NFE • HUMBEi OF JACOBIAN MATRII EVALUATIONS. 
C 
C IFLAG • -2, -1, DI 0, INDICATING THE PROBLEM TYPE. 
C 
C LEHQI • THE LENGTH OF THE ONE-DIMENSIOUL llUY QI. 
C 
C llELEU, ABSEIi • RELATIVE ARD ABSOLUTE ERB.DI VALUF.S. THE ITERATION IS 
C CONSIDER.ED TD HAVE CONVERGED IBEI 1 POINT Y•(l,LAMBDA) IS FOUND 
C SUCH THAT 
C 
C IY(N+1) - 11 <• BEIEBB + ABSEIi AND 
C 
C IIDZII <• llELERl•IIYII + ABSEIi, IHEB.E 
C 
C DZ IS THE NEWTON STEP TD Y. 
C 
C Y(1:H+1) • POINT (l(S),LAMBDA(S)) ON ZERO CUlVE OF HOMOTOPY M!P. 
C 
C YP(1:H+1) • UNIT TANGENT VECTOR TO THE ZERO CUlVE OF THE HOMOTOPY M1P 
C AT Y. 
C 
C YDLD(1:N+1) • 1 POINT DIFFERENT FROM T OH THE ZERO CUlVE. 
C 
C YPDLD(1:H+1) • UNIT TANGENT VECTOR TO THE ZERO CUlVE OF THE HOMOTOPY 
C M1P AT TOLD. 
C 
C 1(1:•) • PAllAMETEB. VECTOR IN THE HOMOTOPY MAP. 
C 
C Q!(1:LEHQR) IS A WDllK 1RIUJ CONTAINING THEN IN SYMMETRIC 
C JACOBIAN MATRII WITH RESPECT TD 1 STORED IN PACKED SKYLINE 
C STORAGE FORMAT. LEHQI AND PIVOT DESCRIBE THE DATA 
C STRUCTURE IN Q!. (SEE SUBROUTINE PCGQS FD! A DESCRIPTION 
C OF THIS DATA STRUCTURE). 
C 
C PIVOT(1: N+:l) IS 1 WORK ARRAY WHOSE FIRST N+1 COMPONENTS CONT UN 
C THE INDICES OF THE DIAGONAL ELEMENTS OF THEN 1 N SYMMETRIC 
C JACOBIAN MATRII (WITH RESPECT TD I) WITHIN QR. 
C 
C PP(1:N) IS 1 WORK ARRAY CONTAINING THE NEGATIVE OF THE LAST COLUMN 
C OF THE JACOBIAN MATRIX -[D RHO/D LAMBDA]. 
C 
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C 1BOVEC(1:H+1), Z(1:1+1), DZ(1:H+1) 1lE ALL WOIUC 1lliTS 
C OSED TO CALCULATE THE IEWTOI STEPS. 
C 
C WOIUC(1:8•(H+1)+LEllQ1) IS A WOIUC 1lliT OSED BT THE CONJUGATE G11DIENT 
C ALGOIITHM TO SOLVE LINE!l SYSTEMS. 
C 
C P11(1:•) AND IP11(1:•) ARE 1lliTS FOi (OPTIONAL) OSEI P11AMETER.S, 
C WHICH 1lE SIMPLY PASSED tHllOOGR TO THE OSEI WIITTEN SOBIOOTINES 
C I.HO, B.HOJAC. 
C 
C 
C 01 OOTPOT: 
C 
CI, LEllQI, B.ELFJUL, 1BSE11, A 1lE ONClllNGED. 
C 
C IFE RAS BEEN UPDATED. 
C 
C IFUG 
C • -2, -1, 01 0 (ONClllNGED) OH A IOIUUL IEtoal. 
C 
C • 4 IF A SINOOL11 JACOBUI MATIII RAS OCCOBJlED. THE 
C ITEJUTIOI WAS IDT COMPLETED. 
C 
C • e IF THE ITEJUTION FAILED TO CONVEIGE. T AND TOLD CONTAIN 
C THE LAST TWO POINTS OBTAINED BT NEWTON STEPS, AND JP 
C CONTAINS A POIIT OPPOSITE OF THE RTPEllPLANE LAMBDA=1 FB.OM T. 
C 
CT IS THE POIIT 01 THE ZEllO COIVE OF THE HOMOTOPY MJ.P AT LAMBDA z 1. 
C 
C JP, AND TOLD CONTAIN POINTS NEi1 THE SOLOTIOR. 
C 
C CALLS D1M1CH, DAIPT, DCOPT, DDOT, DNIM2, F (01 lBO), 
C FJ1CS (01 lBOJS), PCCQS, IOOT 
C 
C ••••• DECLlJUTIDNS ••••• 
C 
C FUNCTION DECL111TIONS 
C 

DOUBLE PRECISION D1M1CH, DDDT, DNRM2, QOFS 
C 
C LOC1L V11I1BLES 
C 

C 

DOUBLE PRECISION !ERR., DD001, DD0011, DD01, DD011, DELS, 
t LAMBD1, ONE, PO, P1, PPO, PP1, QSOUT, R.ER.ll, S, S1, SB, 
• SIGM1, sour. u, ZERO 

INTEGEI !STEP, I, J, LCODE, LIMIT, NP1, ZU 
LOCIC1L BRACK 

C SCAL11 1RCUMENTS 
C 
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DOUBLE PRECISIOI IELEU, ABSEU 
INTEGEI I, IFE, IFL!G, LENQI 

C 11L11Y DECL.ll!TIONS 
C 

DOUBLE PBECISIOll Y(l+l) I YP(N+l) I YOLD(l+l) I YPOLD(N+l) I !(N) I 

I Ql(LENQI), PP(I), RBOVEC(l+l), Z(l+l), DZ(l+l), 
• wouce•C1+1)+LENQI), PilCl) 

IITEGEI PIVOT(l+2), IPll(l) 
C 
C ••••• END OF DECL!JUTIONS ••••• 
C 
C 
C DEFINITIOI OF BEllMITE CUBIC IITEIPOL!IT VI! DIVIDED DIFFEIENCES. 
C 

C 

DD01(PO,P1,DELS)•(P1-PO)/DELS 
DD001(PO,PPO,P1,DELS)•(DD01(PO,P1,DELS)-PPO)/DELS 
DD011(PO,P1,PP1,DELS)=(PP1-DD01(PO,P1,DELS))/DELS 
DD0011(PO,PPO,P1,PP1,DELS)•(DD011(PO,P1,PP1,DELS) 

I DD001(PO,PPO,P1,DELS))/DELS 
QOFS(PO,PPO,P1,PP1,DELS,S)•((DD0011(PO,PPO,P1,PP1,DELS)• 

I (S-DELS) + DDOOl(PO,PPO,Pl,DELS))•S + PPO)•S + PO 

C ••••• FIRST EXECUTABLE STATEMENT ••••• 
C 
C ••••• IIITI!LIZ!TIOI ••••• 
C 
C LIMIT• M!IIMUM lltJMBEI OF ITEl!TIONS ALLOWED. 
C 

C 

OllE•l. 0 
ZER.0•0.0 
0sD1M1CH(4) 
IEll=M!I(IELEll,O) 
!Ell=M!I(!BSEJUl,ZER.O) 
NP1=N+1 
LIMIT= 2•(INT(-LOG10(1ERB.+IEll•DNB.M2(NP1,Y,1)))+1) 
ZO=N+2 

C ••••• END OF INITI!LIZlTION BLOCK••••• 
C 
C ••••• COMPOTE FIRST INTEIPOLlNT WITH l HERNITE CUBIC••••• 
C 
C FIND DISTANCE BETWEEN Y lND TOLD. DZ= 11 T-TOLD 11 . 
C 

C 

ClLL DCOPT(NP1,T,1,DZ,1) 
CALL DlIPT(NPl,-ONE,TOLD,1,DZ,1) 
DELS=DNRM2(NP1,DZ,1) 

C USING TWO POINTS !ND TANGENTS ON THE HOMOTOPY ZERO CURVE, CONSTRUCT 
C THE HERMITE CUBIC INTEIPOLlNT Q(S). THEN USE ROOT TO FIND THE S 
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C COIUlESPONDINQ to LAMBDA• 1. tBE two POiltS OB tBE ZEIO CUIVE 11.E 
C ALWAYS CBOSEB TO BlUCKEt LAMBDA•l, WITH tBE BlUCKEtIIQ INtEllVAL 
C ALWAYS BEING [O, DELS]. 
C 

SA•O.O 
SB•DELS 
LCODE•l 

40 CALL lOOt(SOUt,QSOUt,SA,SB,ILEJUl,!Elll,LCODE) 
IF (LCODE .Gt. 0) GO TO 60 
QS0Ut•QOFS(JOLD(NP1),JPOLD(NP1),J(NP1),JP(NP1),DELS,S0Ut) 

I - 1.0 
GO TO 40 

C 
C IF LAMBDA• 1 IEllE BlUCKEtED, lOOT CANIOt FAIL. 
C 
60 IF (LCODE .Gt. 2) tHEB 

IFUG•8 
lEtuU 

ENDIF 
C 
C CALCULATE Q(SA) AS tBE INITIAL POINT FOi A IE'fTON ItEll!TION. 
C 

DO eo 1 .. 1, NP1 
Z(I)•QOFS(JOLD(I),JPOLD(I),J(I),JP(I),DELS,SA) 

eo CONTINUE 
C 
C ••••• END or CALCULATION OF CUBIC INtEllPOLANT ••••• 
C 
C TANGENT INFORMATION JPOLD IS NO LONGER NEEDED. HEREAFtEll, JPOLD 
C I.EPJlESEHTS tBE MOST lECENT POINT WHICH IS ON THE OPPOSITE SIDE OF 
C LAMBDA•! FlOM J. 
C 
C ••••• PI.EPAI.E FOi MAIN LOOP••••• 
C 

CALL DCOPJ(NP1,JOLD,1,TPOLD,1) 
C 
C INITULIZE BUCK TO INDICATE mu TBE POINTS J AND TOLD BUCKET 
C LAMBDA=!, THUS TOLD~ JPOLD. 
C 

BUCK = . TB.UE. 
C 
C ••••• MAIN LOOP••••• 
C 

DO 300 ISTEP=1,LIMIT 
C 
C SET STARTING POINTS FOi CONJUGATE GRADIENT ALGORimM TO ZERO. 
C 

DO 70 J=ZU,ZU+2•N+1 
WORK(J) • 0.0 

70 CONTINUE 
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C 
C COMPUTE IEITDI STEP. 
C 
C COMPUTE QI• [D IRD/DI], IRDVEC • IRD, -PP• (D IRD/D LAMBDA). 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 

LAMBDA• Z(IP1) 
IF (IFLAC .EQ. -2) TBEI 

CURVE ta1CKIIO PIDBLEM. 

CALL IBOJS(A,L1MBDA,Z,Ql,LEIQl,PIVDT,PP,P1l,IP11) 
CALL IBD(A,L1MBDA,Z,IROVEC,P1l,IP11) 

ELSE IF (IFLAC .EQ. -1) TBEI 

ZERO FIHDIHC PROBLEM. 

CALL FJACS(Z,QR,LEHQR,PIVDT) 
CALL DSCAL(LEHQR,L1MBDA,Ql,1) 
SICM1 • 1.0-L!MBDA 
DD 80 J•l,H 

QR(PIVDT(J))•Ql(PIVDT(J))+SIGM1 
80 CONTINUE 

CALL DCOPT(N,Z,1,IBOVEC,1) 
CALL DAIPT(l,-OIE,A,1,IBOVEC,1) 
CALL F(Z,PP) 
CALL DSCAL(l,-OIE,PP,1) 
CALL DAIPT(l,OIE,IBOVEC,1,PP,1) 
CALL DAIPT(l,-L1MBDA,PP,1,IROVEC,1) 

u~ 
FIIED POINT PROBLEM. 

CALL FJACS(Z,Ql,LEHQl,PIVOT) 
CALL DSCAL(LEHQR,-L1MBDA,Ql,1) 
DD DO J•l,N 

QR(PIVOT(J))•Ql(PIVOT(J))+l.O 
DO CONTINUE 

CALL DCOPT(l,Z,1,IROVEC,1) 
CALL DAIPT(l,-OIE,A,1,IRDVEC,1) 
CALL F(Z,PP) 
CALL D&IPT(N,-OIE,A,1,PP,1) 
CALL D&IPT(H,-L1MBD&,PP,1,IROVEC,1) 

EHD IF 
R.HOVEC(IP1) • 0.0 
HFE • NFE+l 

C SOLVE SYSTEM TO FIND NEWTON STEP. 
C 

CALL PCGQS(N,Ql,LENQl,PIVOT,PP,TP,R.HOVEC,DZ,WDIK,IFL&G) 
IF (IFLAG .GT. 0) RETURN 
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C 
C TAKE IEWTOI STEP. 
C 

CALL DAIPT(HP1,0NE,DZ,1,Z,1) 
C 
C CHECK FOi CONVEllCEHCE. 
C 

IF ((ABS(Z(HP1)-1.0) .LE. B.F.U+1Ell) .um. 
t (DHRM2(HP1,DZ, 1) .LE. B.F.U•DHRM2(1 ,z, 1)+1EU.)) tHEI 

llETIJU 
END IF 

C 
C PREPARE FOi HEIT Il'EJUTIOI. 
C 
C IF LAMBDA COMPONENT OF Z•1, tHEI DO IOT COMPUTE A 
C IEW PlEDICTOI, BUT JUTHEJl CONTINUE WITH 1NOTHEJl IEWTON 
C Il'EJUTIOH. 
C 

IF (ABS(Z(HP1)-1.0) .Lt. B.F.U+1EU.) COTO 300 
C 
C UPDATE J AND TOLD. 
C 

C 

CALL DCOPT(HP1,T,1,TOLD,1) 
CALL DCOPT(HP1,Z,1,T,1) 

C UPDATE TPOLD SUCH THU TPOLD IS THE MOST RECENT POINT OPPOSITE 
C OF L!MBDA•1 RON T. SET BUCK • . llUE. IFF J t TOLD 
C BUCKET L1MBDA•1 SO THAT TPOLD•TOLD. 
C 

IF ((TOLD(HP1)-1.0)•(T(HP1)-1.0) .CT. 0) tHEI 
BUCK• .FALSE. 

ELSE 
BUCK• .nUE. 
CALL DCOPT(HP1,TOLD,1,TPOLD,1) 

END IF 
C 
C COMPUTE DELS • I I T-TPOLD I I . 
C 

C 

CALL DCOPT(HP1,T,1,DZ,1) 
CALL DAIPT(HP1,-0HE,TPOLD,1,DZ,1) 
DELS=DHRM2(HP1,DZ,1) 

C COMPUTE DZ FOi THE LIHE11 PREDICTOR Z =DZ+ T, 
C WHERE DZ• S1•(TOLD-T). 
C 

C 

SA• (1.0-T(HP1))/(TOLD(HP1)-T(NP1)) 
CALL DCOPT(NP1,TOLD,1,DZ,1) 
CALL D11PT(NP1,-0NE,T,1,DZ,1) 
CALL DSC1L(NP1,SA,DZ,1) 
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C TO IHSUIE STABILITY, THE LIHE!I PIEDICTIOH MUST BE HO F!ITHEll 
C FION Y THU TPOLD IS. THIS IS QUWITF.ED IF BRJCK • . TIOE. 
C IF LIHE!I PIEDICTIOH IS TOO Fil AWAY, USE BRJCKETIHQ POINTS 
C TO COMPUTE LIIJE11 PIEDICTIOH. 
C 

IF (.HOT. BRJCK) THEI 
IF (DNRM2(HP1,DZ,1) .GT. DELS) THEI 

C 
C 
C 

COMPUTE DZ• SA•(TPOLD-Y). 

SA• (1.0-Y(HP1))/(TPOLD(HP1)-Y(HP1)) 
CALL DCOPY(HP1,TPOLD,1,DZ,1) 
CALL DAIPY(IP1,-0NE,Y,1,DZ,1) 
CALL DSCAL(HP1,SA,DZ,1) 

END IF 
END IF 

C 
C COMPUTE P1EDICTOI Z • DZ+Y. 
C 

CALL DCOPY(HP1,Y,1,Z,1) 
CALL DAIPY(IPl,ONE,DZ,1,Z,1) 

300 COHTIHOE 
C 
C ••••• END OF M.lIH LOOP. ••••• 
C 
C THE ALTE1NATI1G OSCULATOIY LIHE!I PREDICTION AND llEWTDN 
C CDBJlECTIOI B1S IDT COIVEII.GED II LIMIT STEPS. EIRDI 1.ETURI. 

IFL1G•8 
I.ETURI 

C 
C ••••• END OF SUBIOUTIHE IODTQS ••••• 

END 
SUBIOUTINE PCGQS(NN,AA,LENAA,M.llA,PP,TP,I.HO,ST!IT,WDllK,IFLAG) 

C 
C THIS SUBROUTINE SOLVES 1 SYSTEM OF EQUATION USING THE METHOD OF 
C CONJUGATE Gl!DIENTS. THE SYSTEM TO BE SOLVED IS IN THE FORM 
C 
C (1UG)•I = B, 
C 
C IHEI.E 
C 
C +-- --+ +- -+ 
C I 
C u -PP I 
C AUG= I I B = -RHO 
C +--------------+ 
C TP 
C +-- --+ +- -+ 
C 
C 
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C 
C THE SYSTEM IS SOLVED BT SPLITTIIO AUO IITO TIO M.ltlICES 
C AUO • N + L, WBE1lE 
C 
C +-
C I 
C I u 

-+ 
I I 
I c I 

+- -+ 
I I 
I -PP-C I 

C N • I I I • L • U • [E(ll+l)••T], u • I I , 
C +------•---+ +-------+ 
C I C I D I 0 
C +- -+ +- -+ 
C 
C E(ll+l) IS THE (11+1) I 1 VECTOI COISISTIIO 
C 1 '1' II ITS LAST POSITIOI. 

or ALL ZElOS EICEPT FOi 

C 
C THE FIIAL SOLUTION VECTOI, I, IS GIVE! BT 
C 
C +-
C I [SOL(U)]•[E(Hl+l)••T] 
C I • I I - -----------------------------
C I {[(SOL(U))••T]•E(ll+l)}+l.O 
C +-
C 

-+ 

I 
I • SOL(B) 
I 

-+ 

C WBE1lE SOL(A)•[M••(-1)]•1. THE TWO SYSTEMS (NZ•U, NZ•B) &IE SOLVED 
C BT 1 PBECOIDITIOIED CONJUGATE GUDIEIT ALGOIITBN. 
C 
C 
C 01 IIPUT: 
C 
C II • THE DIMEISIOH or THE M.ltlil PACKED II 11. 
C 
C 11(1:LEIAA) CONTAINS THE M.ltlil 11, STORED II PACKED SKYLINE 
C FOIM.lT. LENU AID MAU DESCIIBE THE DAU StlUCTUIE. 
C 
C LEl11 • THE LENGTH OF THE ONE-DIME1SIOH1L .llll1T 11. 
C 
C M.l11(1:NH+2) IH ITS FIRST H+l COMPONENTS COHT1IHS THE INDICES or 
C THE DI1GOHAL ELEMEHTS OF THE M&tlil STORED IH 11. 
C M.ll1(HH+2) IS 1SSICIED THE VALUE LEIHAA + HH + 2. 
C 
C AS AH El1MPLE or THE PACKED SKYLINE STOIUCE FOIM.lT, COHSIDEI THE 
C STMMETIIC M.ltlII 
C 
C 
C 
C 
C 
C 
C 
C 

+--

1 
3 
0 
0 
0 

3 
:l 
0 
7 
0 

--+ 

0 0 0 
0 7 0 
4 e 0 
e 6 g 
0 g 8 
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C +-- --+ 

C 
C TRIS WOULD IF.SULT II HN•6, LEHAA•D, MllA•(l,2,4,6,1,10,18), 
C AND AA•(l,2,3,4,6,8,7,8,D). 
C 
C PP(l:NN) • THE REGATIVE OF THE LAST COLUMH OF AUG. 
C 
C TP(l:NN+l) • THE LAST IDW OF AUG. 
C 
C B.HO(l:NN+l) • THE IEGATIVE OF THE IIGBT BAND SIDE OF THE EQUATION TD 
C BE SOLVED. 
C 
C WD1X(1:8•(NR+1)+LEHAA) IS A WOllC AllUT DIVIDED UP AS FOLLOWS: 
C 
C WOllC(l:HN+l) • TEMPD111T WDllCIHG STOIAGE. 
C 
C W01X(NN+2:2•NN+2) • INTERMEDIATE SOLUTIDR VECTDI Z FOi MZ=U. 
C THE INPUT VALUE IS USED AS THE INITIAL F.STIMATE FOi Z. 
C 
C WD1X(2•NN+3:3•HH+3) • INTERMEDIATE SOLUTIDR VECTDI Z FOi MZ=B. 
C 
C W01X(3•NH+4:4•NR+4) • STDIAGE FOi THE IF.SIDUAL VECTDIS. 
C 
C WOllC(4•HR+6:6•NH+6) • STDIAGE FOi THE DIIECTIDR VECTOIS. 
C 
C W01X(6•HH+e:e•HH+8+LEHAA) • STOIAGE FOi THE PlECDNDITIDHING 
C Mlllll Q. 
C 
C 
C OH OUTPUT: 
C 
C NH, U, LEHU, MAU, PP, TP, AND B.HO ilE UNCB.lNGED. 
C 
C ST11T(1:N+1) CONTAINS THE SOLUTION VECTDI I. 
C 
C IFUG IS UNCHANGED UNLESS THE CONJUGATE GUDIENT ITE11TI0N 
C FAILS TD CONVERGE IN 10•(NN+1) ITE11TIDNS (MOST LIKELY DUE 
C TD A SINGULAl JACOBIAN Mlllll). IN TRIS CASE, PCGQS P.ETUJLNS 
C IFLAG = 4, AND DDF.S HOT COMPUTE I. 
C 
C 
C CALLS D1M1CH, DAIPT, DCOPT, DDOT, DN~. DSCAL, GMFADS, MULTDS, 
C SOLVDS. 
C 
C ••••• DECLARATIONS ••••• 
C 
C FUNCTION DECLARATIONS 
C 

DOUBLE PRECISION D1MACH, DDOT, DNRM2 
C 
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C LOCAL V.llLIABLES 
C 

DOUBLE PJLECISIOR AB, AU, BB, BU, DZRIM, PBIPID, PUJJPID, 
t IBHPID, IBTOL, UPID, ltmPID, lUTOL, TEMP, UlllM, ZLEN, ZTOL 

IllTEGEI Dll, I, IMU, J, K, WQ, HP1, Q, IES, ZB, ZU 
LOGICAL STILLO, STILLB 

C 
C SCAL.llL .llLGUMEHTS 
C 

IHTEGEI HN, LENAA, IFLAG 
C 
C llUllT DECLAllTIONS 
C 

DOUBLE PJLECISIOH AA(WAA), PP(RR), TP(IR+l), IBO(RH+l), 
t ST.llLT(NH+l), IOllK(e•(Nl+l)+WAA) 

IHTEGEI M11A(NN+2) 
C 
C ***** END OF DECL111TIONS ***** 
C 
C ***** FIRST EXECUTABLE STATF.MENT ***** 
C 
C SET UP BASES FOi VECTORS STOllED IN WOllK 1lUll T. 
C 

C 

IP1=NH+1 
ZU=NN+2 
ZB•(2•NN)+3 
IES=(3•HN)+4 
DIR.= (4•NN) +6 
Q=(6•NN)+e 

C IHITULIZE PRECONDITIONING MlTRII Q, SET VALUF.S OF Mlll(NN+1) 
C AND Ml1A(NN+2), COMPUTE PRECONDITIONEI. 
C 

CALL DCOPT(LENAA,AA,1,WOllK(Q),1) 
CALL DCOPT(NPl,TP,1,WOR.K(Q+LENAA),1) 
M11A(NN+1)=LENAA+1 
M1IA(NN+2)=LENAA+NN+2 
LENQ • M1IA(NN+2)-1 
CALL GMF1DS(NP1,W01lK(Q),LENQ,MAIA) 

C 
C COMPUTE ALL TOLEB.ANCES NEEDED FOi EXIT CllITEllIA. 
C 

CALL DCOPT(NN,PP,1,WORK,1) 
WORK(NP1)=0.0DO 
CALL DAIPT(NP1,1.0DO,TP,1,WORK,1) 
1UTOL=ZTOL•DNRM2(NP1,WORK,1) 
IBTOL=ZTOL•DNRM2(NP1,RH0,1) 
IMU=10•NP1 
STILLU=. TRUE. 
STILLBs. TRUE. 
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C 
C ••••• END or IIITI&LIZ&TIOI ••••• 
C 
C ••••• SOLVE SYSTEM NZ• U ••••• 
C 
C COMPUTE INITI&L IESIDU&L VECTOR FOi THE SYSTEM NZ• U 
C RES• (Q••(-T))•(U - N•Z.) 

C&LL NULTDS(WOllK(IES),11,WOllK(ZU),N.&11,11,LEN&&) 
IOllK(IES+NI)• DDOT(ll,YP,1,WOllK(ZU),1) 
C&LL D&IPY(HP1,WOllK(ZU+ll),YP,1,IOllK(IES),1) 
C&LL DSC&L(HPl,-1.0DO,WOllK(IES),1) 
C&LL D&IPY(Nl,-1.0DO,PP,1,WOllK(IES),1) 
C&LL D&IPY(Nl,-1.0DO,YP,1,IOllK(IES),1) 
C&LL SOLVDS(NP1,l01UC(Q),LENQ,N.&I1,IOIK(IES)) 

C 
C COMPUTE INITI&L DillECTION VECTOI. 
C DIR• (&••T)•(Q••(-T))•IES. 
C 

C&LL DCOPY(HP1,101UC(IES),1,101UC,1) 
C&LL SOLVDS(NP1,IOllK(Q),LENQ,N.&I1,IOllK) 
C&LL NULTDS(WOllK(Dil),11,IOllK,N.&I&,ll,LEN&&) 
IOllK(Dil+Nl)•DDOT(Nl,YP,1,WOllK,1) 
C&LL D&IPY(HP1,IOllK(HP1),YP,1,IOllK(Dil),1) 

C 
C COMPUTE INITI&L INNER. PRODUCTS. 
C 

IUNPID•DDOT(NP1,IOllK(IES),1,WOllK(IES),1) 
PUNPID=DDOT(NP1,IOllK(Dil),1,WOllK(Dil),1) 

C 
C IEPE&T UHTIL CONVEIGENCE 01 TOO N.&NT ITEIUTIOHS. 
C 

C 
C DO WHILE ((STILLU) .&HD. (J .LE. IN.&l)) 
100 IF (.NOT. ((STILLU) .&HD. (J .LE. IN.&I)) ) GO TO 200 
C 
C IF IIRESIDU&LII IS STILL HOT SN.&LL ENOUGH, COHTIIUE. 
C 

C 
C 
C 
C 
C 

C 
C 
C 

IF (SQIT(IUNPID) .GT. IUTOL) TBEI 

IF DillECTION VECTOI IS ZEB.O, THEN llE-COMPUTE IESIDU&L, 
DillECTION VECTOI, &ND INNEll PRODUCTS FIOM SCIUTCH 
(R&THEB. TH&N FllOM UPD&TES OF PREVIOUS V&LUES). 

IF (PUNPRD .EQ. 0.0) THEN 

COMPUTE IESIDU&L. 



C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
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CALL MULTDS(WORK(RES),11,WOJlX(ZU),M1I1,NN,LEN11) 
WOllK(RES+NN)• DDOT(NH,TP,1,WOJlX(ZU),1) 
CALL D1IPT(NP1,W0JlX(ZU+NN),TP,1,W0JlX(llES),1) 
CALL DSC!L(NP1,-1.0DO,WOJlX(llES),1) 
CALL D!IPT(NN,-1.0DO,PP,1,WOJlX(llES),1) 
CALL D!IPT(NN,-1.0DO,TP,1,WOJlX(llES),1) 
CALL SOLVDS(NP1,WOJlX(Q),LENQ,M111,WOJlX(llES)) 

COMPUTE DIRECTION VECTOR.. 

CALL DCOPT(NP1,WOJlX(llES),1,WOJlX,1) 
CALL S0LVDS(NP1,WOJlX(Q),LENQ,M111,10JlX) 
CALL MULTDS(WOJlX(DIB.),11,WOJlX,M!li,NN,LENiA) 
WOJlX(DIB.+NN)=DDOT(NN,TP,1,WOJlX,1) 
CALL D1IPT(NP1,W0JlX(NP1),TP,1,l0JlX(DIB.),1) 

COMPUTE INNEll PRODUCTS 

RUNPlD=DDOT(NP1,WOJlX(llES),1,IOJlX(BES),1) 
PUNPRD=DDOT(NP1,WOJlX(DIR),1,WOJlX(DIR),1) 

CHECK FOR CONVERGENCE. 

IF (SQRT(RUNPID) .LE. RUTOL) THEN 
STILLU=.FiLSE. 

ENDIF 
ENDIF 
IF (STILLU) THEN 

UPDATE SOLUTION VECTOI. 
Z • Z + iU•DIB., WHERE 10• RUllPRD/PUllPlD. 

iU=RUNPlD/PUNPRD 
CALL D1IPY(NP1,1U,W0JlX(DIB.),1,l0JlX(ZU),1) 

COMPUTE RELATIVE CHANCE II THE SOLUTIOI. 

DZHIM•iU•SQRT(PUNPRD) 
ZLEN=DNRM2(NP1,WOJlX(ZU),1) 

IF RELATIVE CHANCE II SOLUTIONS IS SMALL EIOUCB, EIIT. 

IF ( (DZIIIM/ZLEN) .LT. ZTOL) STILLU•.FiLSE. 
ENDIF 

ELSE 
STILLU•.FiLSE. 

ENDIF 

C IF ND EIIT CIITEJlU FOB. MZ•U BiVE BEEi MET, UPDATE RESIDUAL, 
C DIRECTIOI VECTOB.S, !ND IHNEI PB.ODUCTS FOi ?lEIT ITEJl!TIOI. 



C 

C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

C 
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IF (STILLU) THEN 

UPDATE lESIDUAL VECTOI; COMPUTE <lES,lES>. 
lES • lES - AU•(Q••(-1))•M•DII. 

CALL MULTDS(WOIUC,AA,WOIUC(Dil),MllA,HH,LEIAA) 
WOIUC(HP1)=DDOT(HH,TP,1,WOIUC(Dil),1) 
CALL DA1PT(HP1,WOIUC(Dil+HH),TP,1,WOIUC,1) 
CALL S0LVDS(HP1,WOIUC(Q),LEIQ,N11A,WOIUC) 
CALL DA1PT(HP1,-AU,WOIUC,1,WOIUC(B.ES),1) 
IHPRD=DDOT(HP1,WOIUC(IES),1,WOIUC(IES),1) 

UPDATE DIILECTIOH VECTOI; COMPUTE <Dil,DII>. 
DII • (Mut)•(qu(-T))•B.ES + BU•DII, 
1fBE1E BU• IHPRD/IUHPRD. (NOTE: STllT IS USED AS 
A WOIUC 1ll1 T HERE) . 

BU=UPRD/IUHPRD 
IUHPID•IHPRD 
CALL DCOPY(HP1,WOIUC(IES),1,WOIUC,1) 
CALL S0LVDS(IP1,WOIUC(Q),LEIQ,Ml1A,WOIUC) 
CALL MULTDS(STllT,AA,WOJUC,NllA,11,LEIAA) 
ST11T(HP1)•DDOT(Hl,TP,1,WOJUC,1) 
CALL DA1PY(HP1,WOIUC(HP1),TP,1,ST11T,1) 
CALL DA1PY(HP1,BU,WOIUC(Dil),1,ST11T,1) 
CALL DCOPY(HP1,ST11T,1,WOJUC(Dil),1) 
PUHPRD•DDOT(HP1,WOIUC(DI1),1,WOIUC(Dil),1) 

EHDIF 

J•J+1 
CO TO 100 

200 COITIHUE 
C END DO 
C 
C SET EIB.01 FLAG IF THE CORJUC&TE Cl&DIEIT ITEIATIOR DID IDT COIJVEB.CE. 
C 

IF (J .CT. IMAI) TBER 
IFL1G•4 
ILETUU 

UDIF 
C 
C ••••• END OF M Z • U SYSTEM••••• 
C 
C ••••• SOLVE SYSTEM M Z • B ••••• 
C 
C 
C COMPUTE IIITIAL 11.ESIDU&L VECTOI FOi THE SYSTEM M Z • B 
C 

CALL MULTDS(IOIUC(IES),AA,WOIX(ZB),M.llA,11,LEIAA) 



C 

121 

WOIUC(RES+NN)=DDOT(NN,YP,1,WORK(ZB),1) 
CALL DAIPY(HP1,WOllK(ZB+NN),YP,1,WOllK(RES),1) 
CALL DSCAL(NP1,-1.0DO,WOIUC(RES),1) 
CALL DAIPY(HP1,-1.0DO,llH0,1,WOllK(ll.F.S),1) 
CALL SOLVDS(NP1,WOllK(Q),LENQ,MAIA,WOllK(I.ES)) 

C COMPOTE INITIAL DIRECTION VECTOR. 
C 

CALL DCOPT(HP1,WOllK(R.ES),1,WOllK,1) 
CALL S0LVDS(HP1,W01UC(Q),LENQ,MAIA,WORK) 
CALL NOLTDS(WORK(DIR),AA,IORK,MAIA,Hl,LENAA) 
WORK(DIR+NN)•DDOT(Hl,TP,1,WORK,1) 
CALL DAIPT(HP1,WORK(HP1),TP,1,WORK(DIR),1) 

C 
C COMPOTE INITIAL INNER PRODUCTS. 
C 

ILBHPRD•DDOT(HP1,WORK(R.ES),1,IORK(R.ES),1) 
PBHPRD•DDOT(HP1,WORK(DIR),1,WORK(DIR),1) 

C 
C REPEAT UBTIL CONVERGENCE, OR TOO MAIT I?El&TIOIS. 
C 

J•1 
C 
C DO IBILE ( STILLB .AID. (J .LE. IMAI) ) 
300 IF (.NOT. ( STILLB .AND. (J .LE. IMAI) ) ) GO TO 400 
C 
C IF 1111.F.SIDOALII IS STILL HOT SMALL ENOUGH, COITINUE. 
C 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

IF (SQRT(ILBNPRD) .GT. ILBTOL) ?BEi 

IF DlllECTIOI VECTOR IS ZERO, IE-COMPUTE RESIDUAL, 
DlllECTIOI VECTOR, AID IIIEI PIODUCTS FION SCR.&TCB. 

IF (PBHPRD .EQ. 0.0) ?BEi 

COMPUTE RESIDUAL. 

CALL NOLTDS(WORK(R.ES),AA,WORK(ZB),MAIA,IH,LEIAA) 
WORK(R.ES+NN)•DDOT(ll,TP,1,IORK(ZB),1) 
CALL DAIPT(HP1,WORK(ZB+ll),TP,1,WORK(R.ES),1) 
CALL DSCAL(NP1,-1.0DO,WORK(ll.F.S),1) 
CALL DAIPT(NP1,-1.0DO,llH0,1,IORK(ll.F.S),1) 
CALL S0LVDS(NP1,IORK(Q),LEHQ,MAIA,IORK(ll.F.S)) 

COMPUTE DIJLECTIOI VECTOR. 

CALL DCOPT(NP1,WORK(R.ES),1,WORK,1) 
CALL S0LVDS(NP1,IOIUC(Q),LEHQ,MAIA,IOIUC) 
CALL NOLTDS(WORK(DIR),AA,IOIUC,MAIA,11,LEHAA) 
WORK(DIR+Hl)•DDOT(Hl,TP,1,IORK,1) 



C 
C 
C 

C 
C 
C 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
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CALL DAIPT(NP1,WOllX(NP1),TP,1,WDllX(Dil),1) 

COMPUTE INNER. PIDDUCTS. 

lBNPID=DDDT(NP1,WDllX(llES),1,WDllX(llES),1) 
PBNPID=DDDT(NP1,WDllX(Dil),1,WDllX(Dil),1) 

CHECK FOi CONVERGENCE. 

IF (SQB.T(IBNPID) .LE. IBTDL) TBEI 
STILLB•.FiLSE. 

ENDIF 
ENDIF 
IF (STILLB) TBEI 

UPDATE SDLUTIDI VECTDI. 
Z • Z + iB•DII, WBEB.E iB•lBIPID/PBIPID. 

iB•lBNPID/PBNPID 
CALL DAIPT(NPl,iB,WDllX(Dil),1,WDllX(ZB),1) 

COMPUTE RELATIVE CJUIGE II SOLUTIOIS. 

DZHIN•iB•SQIT(PBNPID) 
ZLEl•DNB.M2(NP1,WOIJC(ZB),1) 

IF RELATIVE CJUICE II SOLUTIONS IS SN.&LL ENOUGH, EIIT. 

IF ( (DZHIN/ZLEI) .LT. ZTOL) STILLB•.FALSE. 
ENDIF 

ELSE 
STILLB•.FiLSE. 

ENDIF 

C IF ID EIIr CIITEIU FOi MZ•B BlVE BEEi MET, UPDATE RESIDUAL, 
C DIIECTIOI VECTOBS, AID INIEI PIODUCTS. 
C 

C 
C 
C 
C 

C 
C 

IF (STILLB) TREI 

UPDATE llESIDUAL VECTOI; COMPUTE <JlES,JlES>. 
JlES • llES - iB•(Q••(-l))•M•DII. 

CALL MtJLTDS(WOIUC,AA,WOIUC(Dil),M!Il,11,LEllA) 
WOIUC(NPl)•DDOT(NH,TP,1,WDIJC(Dil),1) 
CALL DAIPT(NPl,WOIUC(Dil+NH),TP,1,WOllX,1) 
CALL SOLVDS(NPl,WOIUC(Q),LENQ,M!ll,WOIUC) 
CALL DAIPT(IPl,-iB,WOIJC,1,WOIUC(JlES),1) 
IUIPID•DDOT(IPl,WOIJC(JlES),1,WOIUC(JlES),1) 

UPDATE DIIECTIOI VECTOR; COMPUTE <Dil,DII>. 



C 
C 
C 
C 

C 
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DII • (A••T)•(Q••(-T))•ILES • BB•DII, 
WBEIE BB•UPID/IBIPID. 

(IOTE: Stilt IS USED AS A IOIK !WT BEIE). 

BB•UPID/IBIPID 
IBHPID•UPID 
CALL DCOPT(HP1,IOIK(ILES),1,IOIK,1) 
CALL S0LVDS(IP1,IOBJC(Q),LEIQ,N.l1A,IOIK) 
CALL MtJLTDS(ST.llT,AA,IOIK,N.lIA,Hl,LEIAA) 
ST.llT(IPl)•DDOT(H!,TP,1,WOIK,1) 
CALL DAIPT(HP1,WOJUC(HP1),TP,1,ST.llt,1) 
CALL DAIPT(HP1,BB,WOJUC(Dil),1,ST.llT,1) 
CALL DCOPT(HP1,ST.llT,1,WOIK(Dil),1) 
PB1PID•DDOT(HP1,WOIK(Dil),1,WOIK(Dil),1) 

ENDIF 

J•J+l 
CO TO 300 

400 CO!TI!UE 
C END DO 
C 
C SET EIIOI FLAQ IF THE CO!JUGATE Gl!DIE!T ITEIUTIO! DID IDT CONVEIGE. 
C 

IF (J .er. IN.ti) THEI 
IFUG•4 
IETUU 

ENDIF 
C 
C ••••• END or N z. B SYSTEM ••••• 
C 
C COMPUTE FI!!L SOLOTIO!l VECTOI I, um IETUU IT Ill SUIT. 
C 

C 

TENP•-WOIK(ZB+HH)/(1.0DO+WOIK(ZO+HH)) 
CALL DCOPT(HP1,WOIK(ZB),1,ST.llT,1) 
CALL DAIPT(HP1,TENP,WOIK(Z0),1,ST.llt,1) 

RETURN 
END 
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