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the path between antennas, and therefore this
“spreading loss” increases with frequency. In fact, the
reduction in power density due to spreading between
any two distances R < Rj is:

Pr /A R? <31 ) 2

"\ R

—_— = 10.169
PT/47TR§ ( )

which is clearly independent of frequency. The path
loss Ly, in contrast, depends only on the total distance
R and does depend on frequency. The dependence on
frequency reflects the dependence of the effective
aperture on wavelength. Thus, path loss is not loss in
the traditional sense, but rather accounts for a
combination of spreading and the A\? dependence of
effective aperture that is common to all receiving
antennas.

Finally, note that Equation 10.168 is merely the
simplest form of the Friis transmission equation.
Commonly encountered alternative forms include
forms in which G and/or G are instead represented
by the associated effective apertures, and forms in
which the effects of antenna impedance mismatch
and/or cross-polarization are taken into account.

Example 10.11. 6 GHz point-to-point link.

Terrestrial telecommunications systems
commonly aggregate large numbers of
individual communications links into a single
high-bandwidth link. This is often implemented
as a radio link between dish-type antennas
having gain of about 27 dBi (that’s dB relative to
a lossless isotropic antenna) mounted on very
tall towers and operating at frequencies around 6
GHz. Assuming the minimum acceptable
receive power is —120 dBm (that’s —120 dB
relative to 1 mW; i.e., 10~ W) and the
required range is 30 km, what is the minimum
acceptable transmit power?

Solution. From the problem statement:

Gr = Gr = 10%7/10 ~ 501 (10.170)
3 x 10® m/
A= % ~ W ~500cm  (10.171)

R = 30km, and Pr > 10~ W. We assume

CHAPTER 10. ANTENNAS

that the height and high directivity of the
antennas yield conditions sufficiently close to
free space. We further assume
conjugate-matching at the receiver, and that the
antennas are co-polarized. Under these
conditions, Pr = PR 4, and Equation 10.166
applies. We find:

Pp> PR,maa:2
Gr (\/4nR)* Gr
~226x%x 107" W
~ 9296 x 107t mW
=~ —36.5 dBm

(10.172)

Additional Reading:

o “Free-space path loss” on Wikipedia.

e “Friis transmission equation” on Wikipedia.

[m0211]
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Appendix A

Constitutive Parameters of Some

Common Materials

A.1 Permittivity of Some
Common Materials

[m0135]

The values below are relative permittivity €, = €/eg
for a few materials that are commonly encountered in
electrical engineering applications, and for which
permittivity emerges as a consideration. Note that
“relative permittivity” is sometimes referred to as
dielectric constant.

Here we consider only the physical (real-valued)
permittivity, which is the real part of the complex
permittivity (typically indicated as €’ or €].) for
materials exhibiting significant loss.

Permittivity varies significantly as a function of
frequency. The values below are representative of
frequencies from a few kHz to about 1 GHz. The
values given are also representative of optical
frequencies for materials such as silica that are used
in optical applications. Permittivity also varies as a
function of temperature. In applications where
precision better than about 10% is required, primary
references accounting for frequency and temperature
should be consulted. The values presented here are
gathered from a variety of references, including those
indicated in “Additional References.”

Free Space (vacuum): €, = 1

Solid Dielectrics:

Material € Common uses
Styrofoam! 1.1
Teflon? 2.1
Polyethylene 2.3 coaxial cable
Polypropylene 2.3
Silica 2.4  optical fiber®
Polystyrene 2.6
Polycarbonate 2.8
Rogers RO3003 3.0 PCB substrate

FR4 (glass epoxy laminate) 4.5 PCB substrate

1 Properly known as extruded polystyrene foam
(XPS).

2 Properly known as polytetrafluoroethylene (PTFE).
3 Typically doped with small amounts of other
materials to slightly raise or lower the index of

refraction (= /€,).

Non-conducting spacing materials used in discrete
capacitors exhibit €, ranging from about 5 to 50.

Semiconductors commonly appearing in electronics
— including carbon, silicon, geranium, indium
phosphide, and so on — typically exhibit ¢, in the
range 5-15.

Glass exhibits €, in the range 4-10, depending on
composition.

Gasses, including air, typically exhibit €, = 1 to
within a tiny fraction of a percent.

Liquid water typically exhibits ¢, in the range
72-81. Distilled water exhibits ¢,, ~ 81 at room
temperature, whereas sea water tends to be at the

Electromagnetics Vol. 2. (©) 2020 S.W. Ellingson CC BY SA 4.0. https://doi.org/10.21061/electromagnetics-vol-2
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lower end of the range.

Other liquids typically exhibit ¢, in the range 10-90,
with considerable variation as a function of
temperature and frequency. Animal flesh and blood
consists primarily of liquid matter and so also exhibits
permittivity in this range.

Soil typically exhibits €, in the range 2.5-3.5 when
dry and higher when wet. The permittivity of soil
varies considerably depending on composition.

Additional Reading:

e CRC Handbook of Chemistry and Physics.
e “Relative permittivity” on Wikipedia.

o “Miscellaneous Dielectric Constants” on
microwaves101.com.
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A.2 Permeability of Some
Common Materials

[m0136]

The values below are relative permeability

tr = 11/ po for a few materials that are commonly
encountered in electrical engineering applications,
and for which p,. is significantly different from 1.
These materials are predominantly ferromagnetic
metals and (in the case of ferrites) materials
containing significant ferromagnetic metal content.
Nearly all other materials exhibit y,. that is not
significantly different from that of free space.

The values presented here are gathered from a variety
of references, including those indicated in “Additional
References” at the end of this section. Be aware that
permeability may vary significantly with frequency;
values given here are applicable to the frequency
ranges for applications in which these materials are
typically used. Also be aware that materials
exhibiting high permeability are also typically
non-linear; that is, permeability depends on the
magnitude of the magnetic field. Again, values
reported here are those applicable to applications in
which these materials are typically used.

Free Space (vacuum): p, = 1.

Iron (also referred to by the chemical notation “Fe”)
appears as a principal ingredient in many materials
and alloys employed in electrical structures and
devices. Iron exhibits y,. that is very high, but which
decreases with decreasing purity. 99.95% pure iron
exhibits u, ~ 200, 000. This decreases to ~ 5000 at
99.8% purity and is typically below 100 for purity
less than 99%.

Steel is an iron alloy that comes in many forms, with
a correspondingly broad range of permeabilities.
Electrical steel, commonly used in electrical
machinery and transformers when high permeability
is desired, exhibits i, ~ 4000. Stainless steel,
encompassing a broad range of alloys used in
mechanical applications, exhibits y, in the range
750-1800. Carbon steel, including a broad class of
alloys commonly used in structural applications,
exhibits y,. on the order of 100.
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Ferrites include a broad range of ceramic materials
that are combined with iron and various combinations
of other metals and are used as magnets and magnetic
devices in various electrical systems. Common
ferrites exhibit . in the range 16-640.

Additional Reading:

e CRC Handbook of Chemistry and Physics.
e “Magnetic Materials” on microwaves101.com.

e “Permeability (electromagnetism)” on
Wikipedia.

e “Iron” on Wikipedia.
e “Electrical steel” on Wikipedia.

e “Ferrite (magnet)” on Wikipedia.

207

A.3 Conductivity of Some

Common Materials

[m0137]

The values below are conductivity o for a few
materials that are commonly encountered in electrical
engineering applications, and for which conductivity
emerges as a consideration.

Note that materials in some applications are described
instead in terms of resistivity, which is simply the
reciprocal of conductivity.

Conductivity may vary significantly as a function of
frequency. The values below are representative of
frequencies from a few kHz to a few GHz.
Conductivity also varies as a function of temperature.
In applications where precise values are required,
primary references accounting for frequency and
temperature should be consulted. The values
presented here are gathered from a variety of
references, including those indicated in “Additional
References” at the end of this section.

Free Space (vacuum): o = 0.

Commonly encountered elements:

Material o (S/m)
Copper 5.8 x 107
Gold 4.4 x 107
Aluminum 3.7 x 107
Tron 1.0 x 107
Platinum 0.9 x 107
Carbon 1.3 x 10°
Silicon 4.4 x 104

Water exhibits o ranging from about 6 pS/m for
highly distilled water (thus, a very poor conductor) to
about 5 S/m for seawater (thus, a relatively good
conductor), varying also with temperature and
pressure. Tap water is typically in the range of

5-50 mS/m, depending on the level of impurities
present.

Soil typically exhibits ¢ in the range 10~* S/m for
dry soil to about 10! S/m for wet soil, varying also
due to chemical composition.
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Non-conductors. Most other materials that are not
well-described as conductors or semiconductors and
are dry exhibit 0 < 107!2 S/m. Most materials that
are considered to be insulators, including air and
common dielectrics, exhibit ¢ < 1071° S/m, often by
several orders of magnitude.

Additional Reading:

o CRC Handbook of Chemistry and Physics.
e “Conductivity (electrolytic)” on Wikipedia.

e “Electrical resistivity and conductivity” on
Wikipedia.

e “Soil resistivity” on Wikipedia.
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Mathematical Formulas

B.1 Trigonometry

[mO138]
6‘79

=cosf + jsiné

(eje + efje)

N |

cosf =

1 . .
; — jo _ —30
sinf = I (e e )

1 1
cos? 0 = §+§c0529

1 1
sin? 6 = 3~ 5 cos 20

sin (a £ b) =sinacosb 4 cosasinb

cos(a £+ b) =cosacosbFsinasinb

Hyperbolic trigonometric functions:

sinh § = ( 0 _ 670)

I\D\H

cosh 0 = (e+0 + 6_9)

N =

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

B.2 Vector Operators

[m0139]

This section contains a summary of vector operators
expressed in each of the three major coordinate
systems:

e Cartesian (x,y,2)

e cylindrical (p,®,2)

e spherical (r,0,¢)
Associated basis vectors are identified using a caret (*)
over the symbol. The vector operand A is expressed

in terms of components in the basis directions as
follows:

e Cartesian: A = xA, +yA, +zA,

e cylindrical: A = pA, + pA, + 2A,

e spherical: A =tA, + OAy + QASA¢

Gradient
Gradient in Cartesian coordinates:
0 0 0
szfc—fnL f+ f (B.10)

Or 8y 0z

Gradient in cylindrical coordinates:

f qﬁ% —f (B.11)

Vf= 00
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Gradient in spherical coordinates: Laplacian
vr_ 8 f . 91 of . ¢ 1 g B0 Laplacian in Cartesian coordinates:
“or TV 00 rsinf d¢ ' 0% f  O%f  O0%f

V2f = sz ta2t a2 (B.19)

Divergence .. s .
Divergence in Cartesian coordinates: Laplacian in cylindrical coordinates:
0A 0A 0A 10 af 1 9%f  09%*f
V-A=—" i - B13) Vif=-—|(p=— |+ 55+ % B.20
Ox + oy + 0z ( ) VI pOp (p6p> p28¢2+6‘z2 ( )
Divergence in cylindrical coordinates: Laplacian in spherical coordinates:
10 8A
V-A=-—(p4, + (B.14) 10 8
2or \" ar
Divergence in spherical coordinates: 1 9 ( of
5777\ Ag sin 9)
VoA 19 (24,) r2sinf 90 \ 00
2 or 1 9%f B21)
]. 8 + 2 2 72 .
r2sin” § 0¢
t s 7sin 6 90 (Ao sinf)
1 044
—— B.15
rsinf 0¢ ( )
Curl
Curl in Cartesian coordinates:
0A, 8A
A — Y
V x X ( ay 9% )
P 0A, O0A,
Y\ oz oz
04, 0A,
Z | — — B.16
i < dx Oy > (310
Curl in cylindrical coordinates:
104, 8A¢
VA= < 96 a>
~(0A, O0A,
i (b( 0z 9p )
110 0A
+2z— | =— (pAy) — p} (B.17)
P { R (pAs) = 5
Curl in spherical coordinates:
. 1 0 0Ap
VxA= rrsine{ae(/l,ﬁsm@ 8(15]
~1[ 1 0A., O
o Linﬁ op  or (TA(ZS)}
~1[]0 0A,
+ ¢; {07“ (rde) — 20 ] (B.18)
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B.3 Vector Identities

[m0140]
Algebraic Identities

A- BxC)=B-(CxA)=C-(AxB)
(B.22)

AxBxC)=B(A-C)—C(A-B)  (B.23)

Identities Involving Differential Operators

V- (VxA)=0 (B.24)
Vx(Vf)=0 (B.25)
Vx(fA)=f(VxA)+(Vf)x A (B.26)
V- (AxB)=B-(VxA)—A - (VxB)

(B.27)
V- (Vf)=V3f (B.28)
VxVxA=V(V-A)-V?A (B.29)
VZA=V(V-A) -V x(VxA) (B.30)

Divergence Theorem: Given a closed surface S
enclosing a contiguous volume V,

/(V.A)dUZfA-ds (B.31)
% S

where the surface normal ds is pointing out of the
volume.

Stokes’ Theorem: Given a closed curve C bounding
a contiguous surface S,

/(VXA)-dSZfA-dl (B.32)
S C

where the direction of the surface normal ds is related
to the direction of integration along C by the “right
hand rule.”
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Appendix C

Physical Constants

[m0141]

The speed of light in free space (c), which is the
phase velocity of any electromagnetic radiation in
free space, is = 2.9979 x 10® m/s. This is commonly
rounded up to 3 x 10% m/s. This rounding incurs error
of 22 0.07%, which is usually much less than other
errors present in electrical engineering calculations.

The charge of an electron is = —1.602 x 10~° C.
The constant e £ 41.602176634 x 10~ C is known
as the “elementary charge,” so the charge of the
electron is said to be —e.

The permittivity of free space (¢() is
=~ 8.854 x 1072 F/m.

The permeability of free space (p) is
47 x 1077 H/m.

The wave impedance of free space (1)) is the ratio
of the magnitude of the electric field intensity to that
of the magnetic field intensity in free space and is

v/ 1o/ €0 =2 376.7 Q. This is also sometimes referred
to as the intrinsic impedance of free space.

Boltzmann’s constant is = 1.381 x 10723 J/K, the
amount of energy associated with a change of one
degree of temperature. This is typically assigned the
symbol k£ (unfortunately, the same symbol often used
to represent wavenumber).

Electromagnetics Vol. 2. (© 2020 S.W. Ellingson CC BY SA 4.0. https://doi.org/10.21061/electromagnetics-vol-2
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acceptance angle, 140
aluminum, 43, 46, 207
Ampere’s law
general form, 7, 8, 26, 34, 105, 146, 154, 155,
159
magnetostatics, 6, 18, 124
antenna
electrically-short dipole (ESD), 155-157, 159,
161, 168-172, 175177, 198
folded half-wave dipole, 136
half-wave dipole, 136, 159, 161-162, 198
isotropic, 199, 201
microstrip patch, 174
quarter-wave monopole, 136
yagi, 181
antenna aperture, 196
antenna factor, 183
attenuation, 129-133, 135
attenuation rate, 40-41, 44

balun, 136

binomial series, 42

Biot-Savart law, 18-20, 154
Boltzmann’s constant, 198, 212
boundary conditions, 5, 6, 8, 187, 190
Brewster’s angle, 86

carbon, 207
CGS (system of units), 2
characteristic impedance, 122, 124
charge density
line, 5
surface, 5
volume, 5
cladding, 138
conductivity
of common materials, 207-208
conductor
good, 43-45, 48, 169
perfect, 6, 43, 48, 50, 58
poor, 41-43

cone of acceptance, 140
constitutive relationships, 7
copper, 43, 207
Coulomb force, 21
Coulomb’s law, 18
coupling, 196
critical angle, 88
curl, 210
current, 5, 48
current density

surface, 5, 163

volume, 5, 163
current moment, 20, 150, 152, 162
cutoff frequency, 100, 106, 117, 123
cyclotron motion, 11

dB, see decibel

dBm, 40

decibel, 3940

delay spread, 143

dielectric (material), 123
examples, 205

dielectric constant, 205

Dirac delta function, 145, 150, 162

directivity, 177-179, 199

dispersion, 54, 95, 102, 118, 141

displacement current, 7, 34

divergence, 210

divergence theorem, 26, 211

E-plane, 180

effective aperture, 196-200
effective height, 183

effective length, 183, 190

electric field intensity, 5, 11

electric flux density, 5

electrical length, 154, 168
electrically-short dipole, see antenna
electrically-short dipole (ESD), 178
electron, 212

electrostatics (description), 5

213
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English system of units, 2
evanescent waves, see waves

far field, 153, 161, 167
Faraday’s law, 7, 23
ferrite, 207
fiber optics, 88
flux
electric, 7
magnetic, 6, 7
force, 20
FR4, 41, 127, 128, 136, 205
Friis transmission equation, 201-202

gain
power, 39
voltage, 40
Gauss’ law
electric field, 5, 18
magnetic field, 6, 148
geranium, 205
glass, 205
gold, 43, 207
good conductor, 50
Goos-Hinchen effect, 89
gradient, 209
group velocity, 95-97, 102, 118

H-plane, 180

half-power beamwidth (HPBW), 182

half-wave matching (slab), 65-66

Hertzian dipole, 147, 152-156, 159, 166, 169, 176,
191

homogeneity, 8

homogeneous (media), 8

impedance
surface, 54
wire, 50-54

independence of path, 5
index of refraction, 59, 81, 138, 205
indium phosphide, 205
inductance, 53
equivalent, 53
inverse square law, 18
iron, 206, 207
isotropic, 182
isotropic (media), 9
isotropy, 9

Jefimenko’s equations, 18

INDEX

Johnson-Nyquist noise, 198
joule heating, 27
Joule’s law, 27

Kirchoff’s voltage law
electrostatics, 5

Laplace’s Equation, 133

Laplacian (operator), 210

lever arm, 15

linear (media), 9

linearity, 9

Lorentz force, 11

Lorentz reciprocity theorem, 187188
Lorenz gauge condition, 149

loss resistance, 174

loss tangent, 30, 34-35, 41, 43

magnetic field intensity, 6
magnetic flux density, 6, 11, 148
magnetic vector potential, 147-152, 159
magnetostatics (description), 6
materials (properties), 8
materials, magnetic, 6
Maxwell’s equations, 7, 145, 147
differential phasor form, 7, 30, 108, 187
source-free lossless region, §
static differential form, 6
static integral form, 6
Maxwell-Faraday equation, 7, 8, 26, 102
metric system, 2
microstrip, 108, 123129, 136
mode, 100, 106, 112, 116
motional emf, 23
motor, 13, 17
mutual coupling, 196

notation, 3
numerical aperture, 140

Ohm'’s law, 6, 25, 27, 30, 50
ohmic loss, 27, 34
omnidirectional, 182
optical fiber, 138—143

parallel-plate waveguide, see waveguide, see
waveguide, see waveguide, see waveguide,
see waveguide

path gain, 201

path loss, 201

pattern (radiation), 179-182, 200
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normalized, 180
permeability, 6
of common materials, 206207
relative, 6, 206
permittivity, 5
complex-valued, 30, 33-34
effective, 128
of common materials, 205206
relative, 5, 205
phase velocity, 95-97, 118
in microstrip, 128
phasor, 7
plane of incidence, 70
plane wave relationships, 36, 73, 77, 107, 154, 157,
161
plasma, 147
platinum, 207
polarization, 179-182
polarizing angle, 86
polycarbonate, 205
polyethylene, 42, 205
polypropylene, 205
polystyrene, 205
polytetrafluoroethylene, 205
potential difference, 21
power handling, see transmission line
Poynting vector, 27-29, 37
Poynting’s theorem, 25-28, 146
printed circuit board (PCB), 123, 128, 174
material, 205
prism, 82
propagation constant, 150
attenuation, 32, 36, 40, 46, 150
phase, 30, 31, 36, 150

quarter-wave matching (slab), 66—67

radiation condition, 151

radiation efficiency, 169, 174, 178
radiation resistance, 174, 175
radome, 60, 64

ray-fixed coordinates, 68, 70
Rayleigh-Jeans law, 198
reciprocity, 186—190

rectangular waveguide, see waveguide
reference phase, 67

reference polarization, 67
reflection coefficient, 57
refraction, 81

resistivity, 207

215

RG-59, 52, 53, 131

right hand rule
magnetostatics, 19, 124
Stokes’ theorem, 211

sampling function, 145, 150
semiconductor (material), 205
separation of variables, 111, 114
SI (system of units), 2

silica, 205

silicon, 205, 207

skin depth, 45-46, 50, 51, 129
skin effect, 49, 53

slab, 60-67

Snell’s law, 81, 83, 85, 88, 92, 140
soil, 206, 207

speed of light, 212

standing wave, 63, 161

steel, 206

Stokes’ theorem, 211

stripline, 123

styrofoam, 205

superposition, 9, 108, 111, 114, 146, 163, 166
surface wave, see waves

Teflon, 205
thermal radiation, 198
thermodynamic equilibrium, 199
thermodynamics, 198
time-harmonic, 7, 147
time-invariance (media), 9
torque, 15
total internal reflection, 82, 84, 86, 88-90, 138
transducer, 166
transmission line
analogy for wave propagation, 58, 63
coaxial, 52, 53, 103, 121, 129-135
differential, 121
lossy, 36
lumped-element model, 122, 124
microstrip, see microstrip
parallel wire, 121-123
power handling, 133-136
single-ended, 121, 123, 136
stripline, 123
transverse electromagnetic (TEM), 32, 124
transverse electric, 70-75, 83-84, 110, 113-116
transverse electromagnetic (TEM), 71, 103, 110, 122
transverse magnetic, 70-71, 76-80, 85-87, 110-113
twin lead, 121
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units, 1-2

vector
arithmetic, 211
identity, 211
position-free, 15
vector effective length, 183, 190, 192, 195, 196

water, 205, 207
wave equation
electromagnetic, 36, 147, 149, 150
magnetic vector potential, 149, 150
source-free lossless region, 8
source-free lossy region, 30-32
wave impedance, 8, 37,42, 154, 212
waveguide
parallel plate, 97-108
rectangular, 110-119
wavelength
in microstrip, 128
waves
evanescent, 90-92
plane, 8, 36-37
power density, 8, 37
surface, 92
transmission line analogy, 36
unidirectional, 108—-110
work, 20

yagi, see antenna



Electromagnetics, volume 2, by Steven W. Ellingson is a 216-page peer-reviewed open
textbook designed especially for electrical engineering students in the third year of a
bachelor of science degree program. It is intended as the primary textbook for the second
semester of a two-semester undergraduate engineering electromagnetics sequence. The
book addresses magnetic force and the Biot-Savart law; general and lossy media; parallel
plate and rectangular waveguides; parallel wire, microstrip, and coaxial transmission lines;
AC current flow and skin depth; reflection and transmission at planar boundaries; fields in
parallel plate, parallel wire, and microstrip transmission lines; optical fiber; and radiation
and antennas.

This textbook is part of the Open Electromagnetics Project led by Steven W. Ellingson

at Virginia Tech (https://www.faculty.ece.vt.edu/swe/oem). The project goal is to

create publicly available, no-cost, openly licensed content for courses in engineering
electromagnetics. The project is motivated by two things: lowering the cost of learning
materials for students and giving faculty the freedom to adopt, modify, and improve their
educational resources. For each book in the series, the following are freely available for all
to use: openly licensed and accessible PDFs, problem sets and solutions, slides of figures,
editable LaTeX source files, and information for the book’s collaborator portal and listserv.

Books in this series
Electromagnetics, volume 1, https://doi.org/10.21061/electromagnetics-vol-1
Electromagnetics, volume 2, https://doi.org/10.21061/electromagnetics-vol-2

Advance Praise for Electromagnetics

“I commend the author for the hard work and generosity required to create a
book like this and to make it available for free. The overall format is pleasing and
the material is generally rigorous and complete. Well done””

— Karl Warnick, Brigham Young University

“I really liked some of the ways the author related the math to physics and
explained why the math made sense. ... The figures are generally quite good. ...

‘ The examples in the book are simple and straightforward.”

— Randy Haupt, Colorado School of Mines

@ @ This book is licensed with a Creative Commons
@ 3 Attribution-ShareAlike License 4.0.
BY A

Virginia Tech Publishing - Blacksburg, Virginia Cover Design: Robert Browder





