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Chapter 2

Magnetostatics Redux



[m0017] [1]

2.2-1

The force experienced by this segment of the wire is

F=I11xB

where, from the problem statement:
o [ =2A,
e 1=1L = —2L where L = 25 cm, and
e B=DB;(x—y), where By =3 mT.
Thus:

F =1 (—2)L x By (X — ¥)
= ILBy (—y — %)
= (L5 mN) (=% — ¥)

(2.1)



[m0017] [2]

2.2-2

The force on the loop is

F / Tdl(x)  B(r) (2.5)

where C is the path followed by the current (in this case, in the +ng§ direction along the loop)
and r parameterizes the position of points along this path. Thus:

di(r) = 1(r) dl = +6 (a do)
Next, note:

pB,pz + 7 (B,.2* — B,,p%)

dl(r) x B(r) = +¢ (a do) x 1 2" (2.6)
_ —2B,pz + p(B,.2* — Bpr2)a i @7
(p? +22)"
Per the problem statement, we are only interested in the z component:
. —B,pz
Thus: B
2 F=[1—2P 44 (2.9)
¢ (PP +22)""
The path C is a circle at p = a increasing in the same direction as ¢, with z = z;. Thus:
2m
g F— [ 1200 g4 (2.10)
N 2 | ,2Y5/2 '
o= (@ +22)
Factoring out quantities that are constant over the path:
—B 2
7 F = I%a/ d¢ (2.11)
(a® 4+ 23) $=0
—Baz
a* + 24
Cleaning up:
% F = _Molgf; (2.13)
(a? + 23)

Now part (b): SI base units of magnetic flux density are T, so the units of the magnetic field
expression (repeated below):

_ pBupz + 2 (B..2* — B.pp?)

° (p? + 22)""2

(2.14)
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are as follows:
B,[m][m] + (B..[m|[m] + B.,[m*)

(]
Therefore the units of B,, B,., and B,, are T-m?* (b).
Units check for the final answer (Equation 2.13)) is as follows:

= [T]

() [m][A][T - m’]

]

= [A][T][m]

Note that 1 A=1C/sand 1 T =1 N-s / C- m, so:

A = | |5 =

S

as expected.

(2.15)

(2.16)

(2.17)



[m0017] [3]

2.2-3

(a) The force on the straight portion of the loop is

F, = / Idl(r) x B(r) (2.18)

where C is the path followed by the current (in this case, in the +z direction along this
segment of the loop) and r parameterizes the position of points along this path. Thus:

di(r) = 1(r) dl = +zdz

Next, note:
dl(r) x B(r) = +zdz x xBy = yBodz (2.19)
Thus: e
F, = / IyBoydz = +y21Bya = |+y0.84 N| (a) (2.20)

(b) The force on the semi-circular portion of the loop is
F, = /Idl(r) x B(r) (2.21)
c

where C in this case is the +6 direction along this segment of the loop. Thus:

di(r) =1(r) dl =6 a db

Next, note: X

dl(r) x B(r) =0 a df x xBy = (—y sinf) Bya df (2.22)
Thus:
F, = / I (—ysinf) Bya db (2.23)
=0
= —yIBoa/ sinf df (2.24)
6=0

= —yIBya[—cosb|g] (2.25)
— —y2IBoa (2.26)
=|—y0.84 N| (b) (2.27)

(¢) The net force on the loop is F, + F, =[0] (c).



[m0017] [4]

2.2-4

From the problem statement:

[ =5 cm,

I =300 mA in the 4+x direction, and
HO = +2H0 where HO = 800 kA/IIl

The force is:

F,, =11 x By
= I (x1) x (zpoHo)
= [lluoHo ()A( X i)
= IlpoHy (—y)

~[_y15.1 mN



[m0024] [1]

2.3-1

The total torque T is the sum of the torque on each of the four sides of the rectangular
loop. The torque on side n of the loop is T = d,, x F,, where d,, is the lever arm (shortest
vector from axis of rotation to point of measurement) and F,, is the force on the point of

measurement. F,, is given by
F,=11,xB (2.33)

In this equation, 1 = 1,1,,, where 1, is the reference direction for the flow of current on side
n, and [, is the length of side n. Thus:

F, = I,l, X B, (2.34)
— 11, B, (in x y) (2.35)
Now considering the forces on each side:

e The force F; on the part of the loop lying along the shaft (1= +2zh) is ThBy (+z X y),
so F1 = —1hByx.

e The force Fy on the top part of the loop (1 = +pW) is IWBy(p xy), so Fy =
IW By zcos ¢.

e The force F3 on the part of the loop opposite the shaft (1 = —zh) is IThBy (—z X y),
so F3 =+IhBj x.

e The force F; on the bottom part of the loop (1 = —pW) is IWBy(—p x y), so Fy =
—IW By zcos ¢.

Now considering the associated torques:

The torque T; on the part of the loop lying along the shaft is zero, because d; = 0.

The torque T5 on the top part of the loop cancels the torque T, on the bottom part
of the loop. This is because dy = dy4 (i.e., the lever arms are the same) but Fy = —Fy
(i.e., the forces are equal and opposite).

The torque T3 on the part of the loop opposite the shaft is pW xIThBy x = —zIhW By sin ¢.

Therefore the total torque T = T3 = —z[hW By sin¢g. (a)

(b) Given W =20 ¢cm, h = 40 cm, I = +500 mA, By = +1.2 T, and ¢ = 60°, we find T =
—241.6 mN-m. (b)

~

(c) Using the right-hand rule for torque, we see that this corresponds to motion in the —¢
direction, which is toward the observer.  (c)

10



[m0024] [2]

2.3-2

From the problem statement:

Area = length times width = LW =7 mm? = 7 x 107¢ m?

Current [ = 3 mA
Magnetic field By = 0.3 T.

The maximum torque is:

|'T| = |LWIBy| ={6.30 nN-m (max.) (2.36)

The minimum torque is simply

0 (min.)

. The actual value of torque depends on the align-

ment of the loop relative to the direction of the magnetic field.

11



[m0066] [1]

2.4-1

The magnetic flux density due to the first wire segment is

R /L()Il
B, =y 2.37
! 27id1 ( )

where d; = 0.5 m. The magnetic flux density due to the second wire segment is, using the
right-hand rule,

. polo
B, = 2.38
2 y27rd2 ( )
where dy = 2.0 — 0.5 = 1.5 m. The total magnetic field is
~ Mo I Iy
B=B Bo=yv— [ —+—= 2.
1+ By y27r <d1+d2) (2.39)
Therefore:
4 107" H 6 A 3A
B—y— =~ /m (2.40)
27 0.Om 15m

- 250 1] 1)

12



[m0066] [2]

2.4-2

The Biot-Savart law is the solution to the differential form of Ampere’s law for line cur-
rent:

I [dlxR

H(I’) = E . R2

(2.42)

where C is the path (i.e., the continuum of values of r’) which the current follows and R = RR
is the vector from the source point r’ to the field point r. In terms of the current given in

the problem statement:
I [1()dl xR
H(r) — — / 1r)dl x R (2.43)
¢

47 R?

13



[m0059] [1]

2.5-1

From the problem statement:
1 = xI where [ =5 cm,

v = yv where v = 3 m/s, and
B = ZBO where BO =2T.

The potential difference generated across this segment of wire is:

\/21:/[va].611
C

l
_ / §v x 2B,] - %l
0

l
:/ xv By - xdl
0

!
= UBO/ dl
0

= UBol

=103 V]

14



Chapter 3

Wave Propagation in General Media
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[m0073] [1]

3.1-1

Poynting’s theorem says that energy can be either stored in electric fields or stored in magnetic fields.
The third process that should be considered is resistance; i.e., dissipation of power by con-

version to heat. Resistance will make the energy available for later release less than the

power that is captured.

16



[m0122] [1]

3.2-1

From the problem statement, 1 2 376.7 € (free space), E = z(4 uV/m) (peak), and H = y H,

where Hj is not indicated.

Power density is given by:

1/

2.12 x 107 W/m?

2n0 B

Power flows in the direction of E x H; ie., 2 x y = (b).

17

(a)

(3.1)



[m0128] [1]

3.3-1

From the problem statement, €’ /¢’ = 1/8. The phase propagation constant is given by
1/2

i€’ e\ 2

One finds 8 = wy/2ue'.

18



[m0132] [1]

3.5-1

Complex permittivity is ¢ — je’. Here:

y O o 5 nS/m 16
= — = = =4.00 x 10 F
¢ w 2rnf 2w (2 MHz) x fm

Since loss tangent is €” /€

6//

! ~ —10

Relative permittivity is €'/ey = .

19

(3.3)

(3.4)



[m0132] [2]

3.5-2

From the problem statement, ¢’ /¢’ = 0.05 at f; £ 2 GHz. So:

e A o o

€  we 2mfoe

= 0.05 (3.5)

Since conductivity o is constant with frequency, the loss tangent at the new frequency

f =25 GHz is:
0.05 - % = (3.6)

20



[m0130] [1]

3.6-1

The complex wave impedance is B

E

H
where E and H are the scalar components the electric field intensity and magnetic field
intensity vectors, respectively. Therefore the phase difference between £ and H is equal the
phase of n.. Separately we know that

P —1/2
€ €

e’ o

c -2 (3.9)

¢ we'

and

From this, we see that the phase of 7, is zero when conductivity ¢ = 0, and that the magni-
tude of the phase must increase with increasing . Therefore the difference in phase between
the electric and magnetic fields increases as the ice melts.

21



[m0130] [2]

3.6-2

From the problem statement:
|Eo| = 100 1V /m,
a=0.2m"! and

=7 cm.

The electric field intensity after propagation over this additional distance is:

|Eo| e 22]98.6 1V /m (3.10)

22



[m0133] [1]

3.7-1

Let o be the attenuation constant and [ be the distance of propagation. From the problem

statement, the attenuation is:
e 2 = -3 dB (3.11)

which corresponds to a factor of = 0.502. Therefore the attenuation of the magnitude of the

electric field intensity is:
Ve2ol = ¢7ol 22 1/0.502 = 0.708 (3.12)

The reduction of the electric field intensity is

1—e 220202 = (3.13)

23



[m0155] [1]

3.9-1

From the problem statement, o = 0.03 m™! and [ = 20 m. Using the concept of atten-
uation rate, the attenuation can be computed directly in dB as follows:

8.69al = (3.14)

24



[m0155] [2]

3.9-2

The relevant facts are that « = 0.2 m™! and [ = 7 cm. There are two equally-good ways to
solve this problem.

Method 1:

—20log,, e = |+0.12 dB (3.15)

Method 2: The attenuation rate is 8.69« dB/m. Therefore the attenuation is:

8.69al =2 (3.16)

25



[m0156] [1]

3.10-1

Since the loss tangent is < 1, this material may be considered a “poor conductor”, and

therefore .

o~ w /L(—:’%

where

w=2rf = 2r (2.4 GHz) = 1.508 x 10'° rad/s;

U g =2 4m x 1077 H/m, since this is a dielectric;

€ =¢e.6g=3.0-(8.854 x 1072 F/m) = 26.6 pF/m; and
€’ /¢ = 0.02 (the loss tangent).

Therefore o ~ 0.871 m~".

26



[m0157] [1]

3.11-1

The phase velocity of lossless media is c¢/,/fi,€,, which would be approximately constant
with frequency in this case.

The phase velocity of a poor conductor is approwimately c/\/pir€,, which again would be
approximately constant with frequency in this case.

The phase velocity of a good conductor is

gl (3.17)

[y

which is proportional to the square root of frequency. This is the behavior described in the
problem statement. We conclude that the material is a ‘good conductor |

27



[m0158] [1]

3.12-1

The expression will have the form

E = yEye % 7P* (3.18)

The attenuation constant a for any homogeneous medium is

1 1 5 1
a=—=——=500x10"m " =« (3.19)
ds 2 pum

In a good conductor, 8 ~ «, so |3 = 5.00 x 10° m™* |

28



[m0158] [2]

3.12-2

From the problem statement, 6, = 2.5 ym. For a good conductor,

(3.20)

Decreasing f by a factor of 4 gives us:

b5 ~ (2.5 pm) % = (3.21)

29



[m0158] [3]

3.12-3

From the problem statement, the distance of propagation [ = 2J,, where d; is skin depth.
Therefore the power density is reduced by a factor of:

p—20l _ ,=2(1/8:)(25:) _ 4 (3.22)

In dB:
10log, e * = —17.4 dB (3.23)

So, we would say the power density has been reduced by |17.4 dB|.

30



Chapter 4

Current Flow in Imperfect
Conductors
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[m0159] [1]

4.2-1

From the problem statement we define the following:

length [ =1 cm,

side length d = 0.1 cm,

permeability p = g since the material is non-magnetic,

conductivity o =5 x 10 S/m,

frequency f = 10 MHz.

Since this is a good conductor, the skin depth of the material can be calculated as follows:

1 1
% = NG /7 (10 MHz) (47 x 10-7 H/m) (5 x 106 S/m)

=71.2 ym (4.1)

Note that §, < d. Therefore the current is, to a good approximation, limited to a very thin
region around the perimeter of the cross section. This allows us to calculate the resistance
R as follows:

R~ (4.2)

where in this case W = 4d. Thus:

R~ = 102 m) (13

32



[m0159] [2]

4.2-2

(a) Since this wire is comprised of a good conductor, and since the skin depth is small
compared to the cross-section, reactance is equal to resistance. Therefore X = 7.02 m{).
(b) Since L = X/w, the equivalent inductance is 0.112 nH.

33



[m0159] [3]

4.2-3
(a) From Ohm’s law, the current density is o Ey, where o is conductivity.

(b) As explained in the book,
Os

I+

where s is skin depth and W is the cross-sectional dimension of the wire. In this case
W = 2ra, so:

~ O'E()W

Os

+J

I~ 0E027ra1

(c) Units check:

] ||l i = IV = [ M= (14)

m| |m unitless

as expected.

34



[m0159] [4]

4.2-4

From the problem statement:

[ =2 mm,
o =108 S/m, and
f =10 GHz.

(a) The resistance of the pin is:

l
O'CSSWeff
where Wy is the “effective width” of the pin. This parameter is the simply the perimeter

of the cross-section, so Wesp = 0.2 +0.1 +0.2 + 0.1 = 0.6 mm. Since this material is a
non-magnetic good conductor, the skin depth is

R~ (4.5)

1
gt ————>2503x 10" m 4.6
VT [ oo (46)

Therefore R ~ 66.2 mf).

(b) Reactance equals resistance for a good conductor, so

X R

35



[m0159] [5]

4.2-5

From the problem statement, R = Ry = 9 mQ at 10 MHz. Since the skin depth is much
less than the radius of the wire, the resistance of a wire is proportional to \/f where f is
frequency. Therefore the resistance at 5 MHz is

5 MHz

=~ 6, 4.
o, = 636 mO (4.8)

Rs =~ Ry

Given the same assumption about the skin depth, it is known that the reactance X5 ~ Rj;.
Therefore the impedance is:

36



Chapter 5

Wave Reflection and Transmission
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[mo0161] [1]

5.1-1

From the problem statement:
Region 1 has €,y =~ 1 and p,; ~ 1.
Region 2 has €9 = 36 and p,, ~ 1.
|E{| =30 V/m.

f =50 MHz.

(a) The reflection coefficient is:

N2+ M

mo= 2= [E > 3767 0
€1 €r1€0

Ny = & _ M2 fho ~ 62.8 O
\/ €2 \/ €r2€0

(b) The time-average power density of the incident wave is:

where

SO Flg = —0.714.

B W
8§w:| ol ~ 1.19 —
2m m

(¢) The time-average power density of the reflected wave is:

4 W
Sro= 1o’ S, =(0.61 —

m?2

(d) The fraction of incident power transmitted into the dielectric is:

1—|Tpl* 22049 =

38



[mo0161] [2]

5.1-2

From the problem statement:
Region 1 (air): €.1 ~ 1, 11 = po.
Reqion 2: €,5 = 16, p2 = p1p.

The reflection coeflicient is

r="2=Mm _ 770/\/%_770/\/%_ 1) ez — 1/ /& A1 3 (5.1)

mtm  mo/aetm/ a1 ezt 1l/ar 1/4+1 5

The fraction of power transmitted into Region 2 is:

1—|I]> ~ 0.64 = (5.2)

39



[mo0161] [3]

5.1-3

Let 71 be the wave impedance in Region 1 and let 7y be the wave impedance in Region 2.

Note:
Hi
€1

[ 2
M2 =\ —
€2

=

and

From the problem statement, ps = 21 and e = 2¢;. Therefore:

21

T2 = 2—61:771

The reflection coefficient for normal incidence is:

F:nz—m
N2+ M

Since in this case 17, = 11, [' = 0 and therefore the fraction of power reflected is @

40

(5.3)

(5.4)

(5.5)

(5.6)



[m0163] [1]

5.3-1

Interpreting the problem statement in terms of the theory presented in the textbook, this
is a planar slab problem with Region 1 being the unknown material, Region 2 being the
radome with €, = 6, and Region 3 being air, which may approximate as free space. Since
the materials in Regions 1 and 3 are different, half-wave matching is not available; instead,
quarter-wave matching is required.

(a) For quarter-wave matching,
N2 = \/TN3- (5.7)
In this problem, n3 = 7); i.e., the wave impedance of free space. Solving for 7;:

2

Up)
) 5.8
m o ( )

Recall n = y/u/e in general. Also recall that dielectrics are non-magnetic materials, so
1~ po in all three regions. Therefore factors of /ug cancel out and we are left with

NN 59)

vV €r1 ]./\/I €r2
Subsequently

€1 = €1y = 67 = (a) (5.10)

(b) The minimum thickness is one-quarter wavelength in the dielectric of the radome. Let
the wavelength in the radome be A, and let the wavelength in free space be A0. Then:

N _ elf

)\ = — =
2 \ €r2 \ €r2

~ 12.25 mm (5.11)

Subsequently \
2o o) 512

(c) Other thicknesses at which perfect transmission is possible are greater by an integer
number of half-wavelengths. Therefore the second-smallest thickness is:

A

L t3 = (c) (5.13)

41



[m0163] [2]

5.3-2
In this problem, the three material regions are air, radome (¢, = 8), and air. Since the
exterior regions are identical, half-wave matching must be used. Therefore the minimum

thickness is A\/2 in the radome material.

The free space wavelength is:

Ao = % ~ 3.896 mm (5.14)
where f = 77 GHz from the problem statement. The wavelength in the radome is:
Ao
A= = 1.377 mm (5.15)
€r2

Therefore the minimum thickness of the radome is A\/2 = 0.689 mm.

The 30 cm distance between antenna and radome is irrelevant in this problem.

42



[m0165] [1]

5.4-1
The position vector r written in Cartesian coordinates is:
r=Xr+yy+ 2z (5.16)

The vector k £ /BIA{ where [ is the free-space phase propagation constant evaluated at
f =600 MHz. Thus:

B = wy/pe = 2 f /oo = |12.575 rad/m (5.17)

The unit vector k is the direction of propagation, which points away from the origin. In this
problem, it is simply the basis vector r in the spherical coordinate system. Thus:

~

k = X cos ¢ sin Oy + y sin ¢ sin Oy + z cos Gy (5.18)
Subsequently:
k-r = (fcospysinby)z + ([singgsinby)y + (5 cosby)z (5.19)
and
E = eEye 7% = |aye 987 os bosinbo ,~iBysin 6o sin b ,—jBz cos o (5.20)

A great way to check your work is to evaluate the expression for various values of 6, and ¢y.
For example, 6y = 0 should correspond to propagation in the +z direction. (It does.)

43



[m0166] [1]

5.5-1

TM (“transverse magnetic”) means the magnetic field is transverse (perpendicular to) the
plane of incidence. The electric field is perpendicular to the magnetic field. Therefore the

electric field vector lies in the plane of incidence. | Option (a).

44



[m0166] [2]

5.5-2

The magnetic field intensity H is in the plane of incidence. The electric field intensity
E is perpendicular to H, so E is perpendicular to the plane of incidence. Therefore this
situation is TE (a). This situation is not TEM since that requires both E and H to be
parallel to the surface, which occurs only if the angle of incidence is 0°.

45



[mo0167] [1]

5.6-1

The reflected field at the point of reflection is

éE()FTE -

ot

g cos 1’ — my cos Y’

12 cos Yt + 1y cos Pt

)

46

(5.21)



[m0164] [1]

5.7-1

From the textbook, ‘
—11 cos Y’ + 13 cos Y’
+1n1 cos Yt + ng cos Pt

Doy =
Therefore

—11 cos Y + 1y cos Yt
+n1 cos P’ + 1y cos Pt
+n1 cos )t + mycost —mp cos Pt + ny cos bt

1-Tpry=1-

+n1 cos Pt + mgcos Pt 4my cos Yt 4 1y cos Pt
B +2n; cos
+n1 cos Yt + ng cos Pt

and therefore

I O S v L
M T Fy cos i 4 1y cos U

But we could also try this:

—ny1 cos P + 19 cos P*
+1n1 cos Yt + ng cos Pt
+n1 cos Yl + mpcosPt  —mp cos Pt + 1y cos

1+ T =1+

11 cos Yt +mpcosPt -+ cos Yl 4 mp cos Pt
+21) cos Pt
+11 cos P’ + 1y cos Pt

Comparing Equations £.26] and £.29, we see

T2
1—Try)—=|(1+T —
( M) " (1+Trar) cos U

47

(5.22)

(5.23)
(5.24)

(5.25)

(5.26)

(5.27)
(5.28)

(5.29)

(5.30)



[m0168] [1]

5.8-1

From the problem statement: n; = 1, ny = 1.7, angle of incidence ' = 23°, and we
seek the angle of transmission ¢!. From Snell’s law of transmission:
siny! = b sin 1) (5.31)

2

Since both materials are non-magnetic, py /= s = o. Therefore:

b1 wyier  wy/loérico Ve om0 (5.32)
Bo  wyo€  wy/o€2€n /&2 na LT '
Subsequently:
1
Y = arcsin (1—7 sin 23°> ~113.3° (5.33)

48



[m0168] [2]

5.8-2
Snell’s law of transmission states:

sin ! = b sin 1" (5.34)
B2

Since the media are non-magnetic:

Pr_wvina @y Ve (5.35)
B2 WA/ 262 W4/ Ho€2 \/5 '

Also, from the problem statement, we know 7, > 1;. Since n = /u/€, this means

JEs R (5.36)
€9 €1

and subsequently €; > €5. Returning to Equation [5.35] we see that (/02 must therefore be
> 1, and subsequently

sin ! > sin )’ (5.37)

The angles ¥ and ¢! are limited to the range 0 to 27 rad; therefore ¥* > 1. The answer is
therefore | (b) | the transmitted wave bends away from the surface normal.

49



[m0168] [3]

5.8-3

From the problem statement:

Region 1: €,; to be determined, u,; ~ 1.
Region 2: €9 = 3 0 = 1.

Pt = 30°.

Pt = 20°.

Snell’s law of transmission for non-magnetic media is:

\JE .
sinf = YL gin (N

€r2

Solving for €,1:

I

1.40

<\/@sin¢)t>2
€=\ "7

sin 1)

20

(5.38)

(5.39)



[m0172] [1]

5.10-1
“100% transmission” implies that the reflection coefficient is zero.

(a) Considering the transverse electric (TE) case: I'rg is never equal to zero for non-magnetic
material, so the answer in this case is that no angles meet this criterion; i.e., this doesn’t
happen.

(b) Considering the transverse magnetic (TM) case: I'rpy = 0 implies that the angle of
incidence 1" is equal to the Brewster angle 1%. Therefore:

tanq)’ = tanl, = 2 (5.40)

€r1

From the problem statement, €,; = 1 and €, = 5.0. Therefore tanv® = 1/5.0. Since 1’ is
limited to the range 0 to 7/2 rad, ¥ =|65.9° .

o1
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5.10-2

Dielectrics are non-magnetic, so
—(€&ra/€r1) COSU' + \/€a/€r1 — sin? 1
+(€r2/€r1) cos Yt + \/€r2/€r1 — sin? P

From the problem statement, €,; = 1.5 and €,2 = 6.3, S0 €,9/€,7 = 4.2.

Ty = (5.41)

(a) The plot follows:

0.5

TM reflection coefficient
o

-0.5

0 20 40 60 80
angle of incidence [deg]

(b) Brewster’s angle 1%, in this case is given by

tan ¥ =, /i’"—i ~9.05 (5.42)

Therefore wfg 2= 64.0°. This indeed is the point in which the curve intersects the I'rp; = 0
line.

52



[m0172] [3]

5.10-3

TEM would mean that the angle of incidence is zero, so this possibility is ruled out. The
TE reflection coefficient 't always has the same sign regardless of 1%, so this possibility is
ruled out. The TM reflection coefficient I'7y;, however, does change sign as 1) is increased
from zero to 90°. Therefore this is TM (b) (only).

23



[m0169] [1]

5.11-1

Total internal reflection (TIR) requires ¢ > the critical angle .. Since the media are

non-magnetic:
. €r9 1
e =1/ — =4/ =— = 0.690 5.43
sin - 51 ( )

Therefore 1. = 43.6°, and the range of angles of incidence over which TIR occurs is
Pt > 43.6°.
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5.11-2

From the problem statement, €,; = 2.9 and €, ~ 1. Total internal reflection occurs when the
angle of incidence 9! is greater than the critical angle 1).. Since the media are non-magnetic:

Y. = arcsin | 22 = 36.0° (5.44)
€rl

Therefore there is non-zero transmission across the interface for 0 < ¥* < 36.0°.
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5.11-3

If the wave is arriving at an oblique angle of incidence and there is no transmission of
power across the interface, then the wave is experiencing total internal reflection. Since the

media are non-magnetic, | €3 < € |.
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Chapter 6

Waveguides
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6.3-1

The cutoff frequency for mode m is

(m) _ "M 6.1
where, from the problem statement, « = 2 cm. Mode m = 0 (TEy) does not propagate
in a parallel plate waveguide. Mode m = 1 (TE;) has the lowest cutoff frequency of any

propagating TE mode; therefore if we design the waveguide to have fél) = 4 GHz, then no
propagating mode can have a frequency less than 4 GHz. Thus:

1
=4 GH 6.2
2a./ 1€ z (6.2)
For a dielectric p =~ py and € = €,¢p. Thus:
1
=4 GHz (6.3)

2a./1o€r€0

Solving for e,:
1

o= (mm- 4 GHZ))2

I

3.51 (6.4)
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6.3-2

The cutoff frequency for the m = 2 mode is

?) 2@% ~ o mi)\/m = 20.0 GHz (6.5)
Therefore f = 1.5f% = 30.0 GHz.
The phase velocity in the waveguide is (note w = 27 f):
v, = C(L;) = ~ >~ 14.02 x 10® m/s| (a) (6.6)
bz \/a)?,uoeo — (27/a)?

Note that we could obtain the same result using the alternative equation:

1 . 1
Ho€o 1 <fc(2)/f>2

The group velocity in the waveguide is:

ow  (a®\ " /o -
U @ (aT) - <a_N Woco — (27/ “)2) (0

1 or\> 1
. mw_ (2} L (6.9)
=~12.23 x 10® m/s | (b) (6.10)

Note that we could obtain the same result using the alternative equation:

vg:\/ﬁ%.,/1—(f§2)/f>2 (6.11)

(¢) The phase velocity in unbounded free space is simply 1/,//o€g = ¢ = 3 x 10° m/s. In
unbounded free space, group velocity equals phase velocity, so this is also the group velocity.
We find:

phase velocity in the waveguide is greater than the phase velocity in unbounded free space,
but that

group velocity in the waveguide is less than the group velocity in unbounded free space.
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6.3-3

From the problem statement, a = 3 cm, ¢, = 2.4, and pu, ~ 1. Recall that TEy cannot
propagate, so the lowest-order TE mode that can propagate is TE;. The cutoff frequency

for this mode is ]
f = ——— >~323 GHz (6.12)

2a+/ o€ €0
The cutoff frequency for TE; is fc(Q) =2 fél). Above this frequency, more than one TE mode

(i.e., TE; and TEs) can propagate. Therefore the range of frequencies for which only one
TE mode can propagate is 3.23 GHz < f < 6.45 GHz.
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6.3-4

Since the waveguide is air-filled, € ~ ¢y and p ~ pg. “Free of mode dispersion” indicates
that no more than one mode is able to propagate. This requires that only the lowest-order
mode can propagate, which is TMy. (Recall TE, cannot propagate regardless of frequency,
so need not be considered.) Therefore we set the cutoff frequency for the next-higher mode
(m = 1) as follows:
m 1
= = =94 GHz 6.13

2a\/pe| . 2ay/Ho€o ( )
Solving for a, we find @ = 1.59 mm. Any larger value of a will result in the cutoff frequency
for the next-higher order mode being less than 94 GHz.
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6.5-1

TM, has a cutoff frequency of zero and is always available. TEgy, on the other hand, is
precluded by boundary conditions. Therefore can always support one more mode
(specifically, m = 0) than TE.
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6.6-1

From the problem statement:
Ey 2

j = fig, and
=2.T.

El =15 mV/m at the midpoint between plates,

The TMy mode propagates just like a uniform plane wave in unbounded space. The intrinsic
impedance of the medium in this case is

0
n—\/> sl ”0 ~ 31678 9930
6T€0 7

The magnetic flux density By at the same location that Ej is measured is:

By = poHo :Mo% g
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6.6-2

The answer is [no], because such a mode will violate the boundary condition that the tangent
component of E is zero on conducting surfaces. In the case of the parallel plate waveguide,
TEy is ruled out because m = 0 permits no variation in the field over the cross-section, yet
the component of E tangent to the conducting surfaces must be zero. TM, exists because
the electric field for that mode is perpendicular to the conducting surface, and therefore may
be non-zero. In a rectangular waveguide, there are conducting surfaces in both directions,
thus both possible orientations of E are forced to zero by the associated boundary conditions.
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6.6-3

The m = 0 mode propagates like a plane wave in unbounded space. For such a wave,
v, = ¢/\/€. Since € > 1 here, v, < c. (Note that for higher-order modes, v, might be

greater than c.)

Since the m = 0 mode propagates like a plane wave in unbounded space, vy = vp.
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Chapter 7

Transmission Lines Redux
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7.1-1

The characteristic impedance of parallel wire line embedded in a non-magnetic material

having relative permittivity e, is:

1770 2D
Zy ~ — In{—
T e n(d)

From the problem statement, Z, = 300 €2 in air, for which ¢, = 1. That is:

1 2D
Zo o =201 (—) — 300 O
T/1 d

Once buried, €, increases to 3. Therefore the characteristic impedance becomes:

VI
(soomﬁ—
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7.2-1

From the problem statement, h/W = 0.001, which meets the criterion for “wide” microstrip.
For “wide” microstrip, the characteristic impedance is

no_i
N

Note that if h/W is doubled, then so too is Zy. Therefore we expect the new value of Z is

about .

Z()%
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7.2-2

From the problem statement, ¢, = 3, h = 2 mm, W = 0.1 mm, and trace thickness ¢t
can be neglected.

(a) Using the Wheeler 1977 formula with W’ = W (since trace thickness is negligible), we

find [209.3 0]

(b) Here, h/W = 20, so this best approximated as the | “narrow” case|.

(¢) The appropriate formula for the narrow case is:

1’)70 h
Zy = — In{4—=|= 4 Q A4
o~ (1) (7.4

Note that this is about 45% larger than predicted by the Wheeler 1977 formula. As discussed
in the text, this is expected.

(d) The value of W that reduces Z; from 303.4 Q to 0.8 - 303.4 = 242.7 Q is obtained by

solving
1 Mo h
— In(4— | =|242.7 Q .
— n( W) [242.7 Q] (7.5)

for W, keeping the other parameters constant. We find ’ W = 0.240 mm |.

(e) Using the Wheeler 1977 formula with W’ = W and the new value of W, we find the new

value of Z is about | 172.2 | Note that the estimate from the “narrow” approximation was
about 41% higher in this case.

This problem demonstrates that the “narrow” approximation is roughly 40% higher than
the accurate Wheeler 1977 approximation over the range for which h/W > 1.
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7.2-3

The suggested strategy here is to assume that this is the wide case, and then check at
the end to confirm. (If it turns out not to be the wide case, then you could check the slightly
harder-to-analyze narrow case and would not have wasted much time. Similarly if the narrow
case assumption doesn’t check, then you would need to use a more complicated method such
as Wheeler 1977 and again you wouldn’t have wasted much time.) Assuming the wide case,

the characteristic impedance is:
"o h
Ly = — 7.6
T Ve (W) (7.6)

no ([ h 376.7 € (1.52 mm
Wra— (= | =~ 15. .
= (Zo) 7 59 0 5.03 mm (7.7)

Now we check: This value of W gives h/W 2 0.10, so the narrow assumption is justified.
Therefore W ~ 15.03 mm.

Solving for W:
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7.2-4

From the problem statement, we at first have: h = 2 mm, W = W; £ 0.10 mm, and
Zy = Zoa £ K. Note that h/W; = 20, so this microstrip line may be considered to be

“narrow”. Thus: . h
"o
Zo1 ~ — In{—)~K 7.8
RV (Wl) (78)
The second microstrip line has W = W, £ 0.05 mm. Since it is on the same printed circuit

board, €, and h remain unchanged. Note h/W, = 40 so this line too may be considered
“narrow”, and the characteristic impedance is estimated as:

1 4h
Zoo ~ = 1y <—) (7.9)
1 no 4h 4h\17". [ 4h
== () (= )| Wn(— 1
/€ n<W1) [H(Wlﬂ s (7.10)

ko ()] () (7.11)
_ (7.12)

Despite the fact that our expression for Z; is a very rough approximation, the way that Z;
depends on W is correct. Thus this answer is expected to be quite accurate.
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7.3-1

Interpreting the problem statement:
Zoy =75,

b =1 mm,

a = 0.1 mm,

R'=0.1 Q/m, and

0s = 0.1 mS/m.

(a) The attenuation constant o can be approximated as
o~ arp + ag

where the contribution ap due to conductor resistance is

1R
ap £ 57 ~6.67x 1074 m™!

and the contribution ag due to current leaking through the dielectric is
1
ag = §G/Zo

where G’ is the conductance per length due to current leakage:

2mo,

" In(b/a)

Therefore, ag = 1.02 x 1072 m~! and subsequently o ~|0.0109 m~!|.

Gl

=~ (0.2729 mS/m

(7.13)

(7.14)

(7.15)

(7.16)

(b) Since o > ag, current leakage is dominating over conductor resistance as the principal

contribution to attenuation in this case.
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7.3-2

From the problem statement, | = 100 m, Z; = 50 Q and R’ = 125 m{)/m. Since the
conductivity of the spacer material is negligible, ag ~ 0. Therefore:

1R
o~ ap= 5o >~ (.00125 m™* (7.17)

The power reduction in this cable is a factor of

e 2l >~ 0.779 (7.18)

The value in dB is obtained by taking 10log,,, yielding = —1.1 dB. Therefore the power lost
in this cable is = 1.1 dB.
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Chapter 8

Optical Fiber
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8.2-1

NA is defined through the acceptance angle 6, as sinf, = NA /ng, where ng is the index
of refraction of the media from which the light is offered. Note that 6, is maximized if
no = 1 (free space), since this is as small as ng can be. Thus we have sinf, = NA; i.e., 0, =

[14.5°)

5
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8.2-2

The internal half-angle of the cone of acceptance, 6,, is related to numerical aperture NA
by the relationship NA = sin#,. The chance of stray light being into the fiber is reduced by
reducing 6,. Therefore NA should be minimized (a).

76



[m0193] [1]

8.3-1

The delay spread 7 is given by:

Tzz@(@—1> (8.1)
c \ n.

where [ is length (here, 45 m), ¢ = 3 x 10® m/s is the speed of light in free space, and ny and
n. are the indices of refraction of the fiber and the cladding, respectively. From the problem
statement we have ny = /2.2 = 1.483. We can solve for n. through the numerical aperture:

NA = \/n} —n? (8.2)

Giving us

ne = y/n% — (NA)? = v/1.4832 — 0.25% = 1.462 (8.3)

Using Equation Bl we obtain the delay spread |7 = 3.23 ns|
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8.3-2

From the problem statement: t,, = 1 ns, [ = 10 m, ny = 1.55, and n. = 1.50. The
delay spread is

=14 (ﬂ - ) ~ 1.72 ns (8.4)
c \ne

The total width of the pulse at the opposite end of the fiber, including both rising and falling

edges, is
ton +7 = (8.5)
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Radiation
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9.1-1

First, take a moment to see how this works for the z-directed current moment. The ref-
erence direction of the electric field in this case is #. In the z = 0 plane, § = —2z; that is,
opposite the direction of the current moment. The distance to the field point is irrelevant.

In this problem, the current moment is y-directed, and we are evaluating the direction of

the electric field in the y = 0 plane. Thus, the reference direction of the electric field in this
case is —y.
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9.2-1
The defining relationship for the magnetic vector potential A is
B2VxA (9.1)

The SI base units of B in terms of webers are Wb/m?, and in terms of teslas are simply T.
The curl operation (Vx) is differentiation with respect to position, and so contributes SI

base units of m~!.

Therefore the units of A in terms of webers are Wh/m (a).

The units of A in terms of teslas are T-m (b).
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9.3-1

(a) The magnetic vector potential is defined by the relationship B 2 V x A where B is
magnetic flux density. Magnetic flux density has units of Wh/m? (alternatively, T; however
we shall find Wb/m? to be easier to use in this case). Curl is differentiation with respect to

spatial coordinates, and so contributes units of m~'. Therefore A has units of | Wb /m|.

(b) The equation of interest is:
e "

A =1pulAl (9.2)

Note that 1 is unitless (since it is a unit vector) as is e”7". Recall y has units of H/m, and
IAl has units of A-m. Therefore the previous equation implies:

2] 2] o
SLE 0

To make progress here, we need to express inductance L (units of H) in terms of other
quantities present in the equation. Recall that inductance is magnetic flux (units of Wb)
divided by current (units of A); therefore 1 H is 1 Wb/A. Subsequently:

) [22

m A-m

Units of A cancel, yielding the same units on both sides of the equation.
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9.5-1

Interpreting the problem statement:
L=03m

a = 0.1 mm

Ip = 0.5 mA (peak)

f =10 MHz

r = 1000 m

Note a/L ~ 0.0003, so this dipole can certainly be considered “thin.” Also, the wavelength
is A = ¢/f =2 30 m. Therefore, L/ = 0.01, and so this dipole can certainly be considered
“electrically-short.” Furthermore, » > A, so we may use “far field” expressions for the field
radiated by a thin electrically-short dipole.

The magnitude of the electric field intensity for a z-directed dipole in this case is:

~ ~ In-BL —3Br
‘E ~ |0~ "2 (sing) (9.6)
8 r
Io- BL 1
= 087? (sin@); (9.7)

This expression indicates that for r held constant, the minimum is achieved when sinf = 0,
and the corresponding field intensity is [0] (at 6 = 0).

The maximum value is achieved when sinf = 1 (0 = 7/2), where:

~ Iy - BL 1
E(0 = 1/2 ‘ ~ 1) - .
B0 =7/2)| == (1) (9:8)
Here, n = 376.7 (1 is the wave impedance of free space, and
2
BL = Tﬂ - L~ 0.06283 rad (9.9)

Therefore the maximum value is [471 nV/m (peak) | (at 6 = 7/2).
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9.5-2

From the problem statement:

Iy = 3 mA (peak),

L = 0.01X (so the dipole is electrically-short),
n =mno = 376.7 2 (free space),

the distance r to the field point is 1000 m, and
AL

In this case the magnitude of the electric field intensity E is given by

~ ~ nolo L
‘E ~ ‘Qj%x(sinﬁ)

The minimum value of ‘E‘ occurs for § = 0, yielding @

e_.]BT

r

The maximum value of ‘E‘ occurs for § = /2, yielding

2.83 pV/m|.
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Chapter 10

Antennas
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10.2-1

From the problem statement:
Electrically-short dipole in free space,
P.oq = —140 dBW,

f =100 MHz, and

|Io] =1 pA rms.

The power radiated by an electrically-short dipole is:

_|L]*(BL)”

T (10.1)

where 1 = 1y = 376.7 ) in free space and [ is the free-space phase propagation constant at
100 MHz. To use this equation, we require P,,q in linear units:

Prog = 1071910 — 1 % 1071 W (10.2)

Also, the equation presumes |[y| in peak units:

[Io] =1 pA (rms) = V2 pA (peak) (10.3)
Solving first for SL:
8L~ L s Lrod (10.4)
| Lo "o

Next, note 5 = 27/, so:

A 12 P,
L~ AR 4 ~10.00712) (10.5)
0 ™ 0

Ul

Wavelength A = ¢/f =3 m, so L = |21.4 cm|,
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10.2-2

From the problem statement:

L = 0.01X (so, electrically short),
n=mno = 376.7 Q (free space), and
radiated power P,,q = 30 mW.

Since the dipole is electrically-short and in free space:

| Io|” (BL)?

Pra ~
d~To AST

where [ is, for the moment, in peak (not RMS) units. Solving for the current:

Prad 1

Iy =~ 4 [487 —_—
|0‘ n  BL

Note 8 = 27/, so L = 2w L/\. Thus:

P'rad 1
In| =~ /48 . >~ 174 A
ol V5 T e (L7

The RMS value is obtained by dividing by /2, yielding 1.23 A.
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10.5-1

The fact that radiated power is maximized when the source impedance Rg + jXg = 10 +
72500 €2 means that R4 = 10 Q and X4 = —2500 €2; we know this from basic circuit theory
(i.e., maximum power transfer requires conjugate-matching of the load impedance to the
source impedance). Since Ry 2 Rrod + Rioss = 10 Q, and Rjpss = 25 m€, Ryqq = 9.975 Q.

Finally,
Rrad

A
X, = —2500 Q| and

€rad =

= 0.9975 (10.9)

€rad = 99.75% |.

Summarizing, | R..q = 9.975 Q ‘,
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10.5-2

The output impedance of the source is 50 €2, and note that this impedance has no imaginary
component. The impedance of any antenna is Z4 = R4 + jXa. The power delivered to
the load (in this case, the antenna preceded by the proposed impedance matching circuit) is
maximized when load impedance is 50 + j0 €. So, ideally, the impedance-matching circuit
should cancel the reactance X4 of the antenna, and then match the real part R4 of the
antenna to 50 €.

For an electrically-short dipole, |X 4| > R4 and | X 4| > 50 Q, so the biggest benefit will
come from canceling the reactance. Since X4 < 0 for an electrically-short dipole, you can
do this by adding an inductor in series with the antenna. Therefore the single best option
from the choices offered is (c¢) add inductor(s).
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10.6-1

From the problem statement, L = 1.5 m and f ~ 1 MHz. At this frequency, the wave-
length A = ¢/f ~ 300 m. Note that L/X ~ 0.005; that is, this dipole is electrically-short.

Subsequently,
N2
Ryaq =~ 2072 (X) ~4.93 mQ (10.10)
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10.6-2

The radiation resistance of an electrically-short dipole is:

L 2
Ryaq == 20 72 (X) Q0 (10.11)

where L is the length of the dipole and \ is wavelength. Recall that A o< 1/f where f is
frequency. So, if f increases by a factor of 2, then A decreases by a factor of 2 and subse-
quently R,.q increases by a factor of 4. If R,,q = 1 Q originally, then R,.,q becomes 4 €.
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