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The Turbulence Structure of Heated Supersonic Jets with Offset Total Temperature 

Non-Uniformities 
 

David Earl Mayo Jr. 

 

(Abstract) 

 
Noise induced hearing loss is a large concern for the Department of Defense. Personnel on aircraft carriers are 

exposed to dangerous noise levels of noise from tactical aircraft, causing hearing damage which results in significant 

costs for medical care and treatment. Additionally, NASA and the FAA have begun to investigate the viability of 

reintroducing supersonic commercial transport in the United States and one of the largest problems to address is 

reducing the noise impact of these aircraft on communities. 

The overarching goal of jet noise research is to optimize noise reduction techniques for supersonic jets. In order 

to achieve this, a more complete theoretical framework which links the jet boundary conditions to the turbulence 

production in the jet plume and the far-field radiated noise must be established. The research presented herein was 

conducted on the hypothesis that introducing thermal non-uniformities into a heated supersonic jet flow can 

favorably alter the turbulence structure in the jet shear layer, leading to reductions in radiated noise. 

To investigate the impact of temperature on the turbulence development in the jet, spatially resolved three-

component velocity vectors were acquired using particle image velocimetry (PIV) performed on two small-scale 

perfectly expanded Mach 1.5 jet flows, one with a uniform temperature profile and another containing a 

geometrically offset temperature non-uniformity.  

Using the PIV data, the mean velocities, Reynolds stresses, and correlation coefficients were obtained from both 

jet flows and compared to analyze changes in the mean turbulence field. Small but significant reductions in the shear 

layer turbulence were observed in the near nozzle region of the thermally offset jet when compared to the uniform 

jet case. The changes result in a thickening of the shear layer nearest the location of the cold plume which alters the 

integral length scales of the coherent turbulent structures in the offset jet in a manner consistent with other 

techniques presented in the literature that reduce jet noise. 

Applying quadrant analysis, a conditional averaging technique, to the jet turbulence plume revealed changes in 

the statistical flow field of Reynolds shear stress structures. The changes provide strong evidence of the presence of 

intermittent stream-wise vortical structures which serve to reduce the spatial correlation levels of turbulence in the 

thermally offset jet flow when compared to the uniform baseline jet. 

(375 words) 
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The Turbulence Structure of Heated Supersonic Jets with Offset Total Temperature 

Non-Uniformities 
 

David Earl Mayo Jr. 

 

(General Audience Abstract) 

 
Increasingly large and powerful engines are required as the mission requirements for tactical aircraft become 

more advanced. These demands come at the cost of an increased production of noise which is particularly hazardous 

to crewpersons operating on Navy aircraft carriers during take-off and landing. Noise-induced hearing loss from 

extended exposure to high noise levels has become a major medical expenditure for the Navy. To address this issue 

in tactical aircraft engines, the sources of jet plume noise must be reduced, but doing so requires improved 

understanding of the connections between nozzle boundary conditions, the jet turbulence plume, and the radiated 

noise while keeping in consideration system constraints and performance requirements.  

The current study introduces a novel method for controlling supersonic jet noise induced by turbulence through 

the introduction of an offset non-uniform temperature perturbation at the nozzle mouth. Non-invasive flow 

measurements were conducted using stereoscopic particle image velocimetry to obtain high-resolution velocity and 

turbulence data. Analysis of the flow data indicate that an offset reduced temperature plume introduced at the nozzle 

exit has a first-order effect on the turbulence evolution which result in small, but significant reductions in jet noise 

levels. The reductions observed are attributed to a disruption in the coherence of the primary noise generating 

turbulence structures in the jet plume which are associated with the formation of stream-wise vortical structures 

induced by the cold plume. 
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1.  Introduction 

 
 

Noise induced hearing loss is a large concern for the Department of Defense. Personnel on aircraft carriers are 

exposed to dangerous noise levels of noise from afterburning tactical aircraft, causing hearing damage which results 

in significant costs for medical care and treatment. Additionally, NASA and the FAA have begun to investigate the 

viability of reintroducing supersonic commercial transport in the United States and one of the largest problems to 

address is reducing the noise impact of these aircraft on communities. 

The overarching goal of jet noise research is to optimize noise reduction techniques for supersonic jets. In order 

to achieve this, a more complete theoretical framework which links the jet boundary conditions to the turbulence 

production in the jet plume and the far-field radiated noise must be established. Many methods of supersonic jet noise 

suppression have been investigated over the years, including nozzle chevrons, fluidic injections and inserts, 

asymmetric multi-stream jets, and inverted velocity profile jet flows. All of the previously mentioned methods serve 

to alter the boundary conditions at the nozzle exhaust to alter the turbulence development in the jet shear layer. These 

noise control mechanisms have been shown to statistically increase turbulence intensity near the nozzle and/or produce 

stream-wise vortical structures, both of which are features of free-shear layer flows that are associated with favorable 

reductions of noise radiated to the far-field. 

Throughout the history of supersonic jet noise research, many investigations have been conducted on jet flows, 

both heated and unheated, ranging from small scale laboratory jets to full scale military jet engines. Experimental 

methods in supersonic jet noise have improved drastically over the years, initially beginning with near-field and far-

field microphone arrays, flow intrusive probe measurements, and path integrated flow imaging (i.e. shadowgraph and 

Schlieren photography). Due to advances in laser diagnostics, such as Laser Doppler Anemometry (LDA), Doppler 

Global Velocimetry (DGV), and Particle Image Velocimetry (PIV), highly resolved spatial or temporal resolution 

measurements of the jet flow field have provided a much richer understanding of jet turbulence. Unfortunately, due 

to the high flow speeds in supersonic jets and the current technical limitations of experimental equipment, achieving 

the holy grail of high spatially and temporally resolved three-dimensional velocity measurements simultaneously has 

not been achieved. 

Due to this limitation, researchers have turned to computational fluid dynamics (CFD) to complete the picture 

and advance jet noise research. The many advances made in computational predictions of jet noise have allowed for 

high fidelity, three dimensional visualization and analysis of the turbulence and acoustic fields of supersonic jet flows. 

However, the ever present limitations of turbulence modelling still require investigators to turn to experiments for 

validation of conclusions and improvements. The experimental and computational efforts, when used in conjunction, 

have resulted in significant progress in identifying the key parameters that affect noise radiated from supersonic jets 

and in producing analytical and empirical models for predicting said noise. 

The culmination of the aforementioned efforts has resulted in the following parameters being identified, in 

different combinations, as key metrics to target in the effort to reduce jet noise: the nozzle geometry, the convection 

velocity, the velocity ratio, and the density or temperature ratio. These values all have a significant impact on the 

length and time scales of turbulence structures in the jet shear layer, the coherence of said turbulent structures, and the 

formation of shocks in the jet potential core, all of which affect the three types of supersonic jet noise; screech tones, 

broadband shock-associated noise (BBSAN), and turbulent mixing noise. 

The research presented herein investigates the novel idea of introducing thermal non-uniformities into a heated 

supersonic jet flow to reduce turbulent mixing noise. In introducing locally reduced temperature plumes into an 

otherwise heated jet flow, it is hypothesized that the noise produced large-scale coherent turbulence in the shear layer 

of supersonic jets will be lessened due to a reduction in their coherence, a redistribution of turbulent kinetic energy 

into less acoustically efficient turbulence structures, and slowing of the convection speeds within the jet shear layer. 

 

1.1 Structure and Contents 
 

The dissertation is presented in five parts, as described below: 

 

 Chapter 1 introduces the subject matter to the audience, outlines the structure of the paper, and describes the 

unique contributions of the Ph.D. candidate to the jet noise community. 

 

 Chapter 2 contains the literature review for supersonic jet noise as it applies to the study presented herein. 
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 Chapter 3 is a research study published in the AIAA Journal entitled “The Mean Flow and Turbulence 

Characteristics of a Heated Supersonic Jet with an Offset Total Temperature Non-Uniformity”, (doi: 

10.2514/1.J058163). The study analyzes the global changes in the velocity and turbulence profiles of a supersonic jet 

containing an offset total temperature non-uniformity and the potential impact the changes may have on far-field 

radiated noise. 

 

Chapter 4 is a research study titled “Statistical Flow Structure in Heated Supersonic Jets with Offset Temperature 

Non-Uniformities” to be submitted for publication in the AIAA Journal. The study investigates the changes in the 

statistical turbulence structure of a supersonic jet with an offset temperature non-uniformity using a unique application 

of quadrant analysis, a conditional averaging technique mostly used in analyzing wall-bounded turbulent flows. 

 

Chapter 5 summarizes the findings of the studies presented in this dissertation and recommends additional work 

which may be pursued in the future to advance the research further. 

 

The formatting in each chapter will vary according to the publication guidelines for the journals in which they 

have been, or will be, submitted. 

 

1.2 Achievements 
 

The major accomplishments of the work presented include: 

 

 Experiments were conducted on two perfectly expanded, Mach 1.5 heated jet flows, one with a uniform 

velocity and temperature profile at the nozzle exhaust operated at a total temperature ratio (TTR) of 1.9, 

which serves as the baseline flow, and the other with a uniform Mach number profile at the nozzle exhaust 

with a TTR 2.0 heated jet flow and a locally offset reduced temperature plume with a TTR of 1.3. 

 

 One-of-a-kind stereo PIV measurements were conducted on both jet flows to obtain spatially resolved three-

component velocities in both jet flows to investigate the changes in the mean velocity and turbulence profiles 

and structures that result from the presence of the thermal non-uniformity 

 

 

 The introduction of the offset thermal non-uniformity revealed, compared to the uniform jet flow, a local 

reduction in the axial velocity profile of ~15% near the nozzle exhaust, small but significant alterations of 

the mean turbulence structure in the jet flow throughout the shear layer in the developmental region of the 

jet. 

 

 The application of quadrant analysis to the shear layer of the supersonic jet flow revealed significant 

alterations in the statistical Reynolds shear stress structures in the shear layer of the thermally offset jet. 

Reductions in the axial length scales and increases in the radial length scales of the structures were observed. 

Streamlines of the conditionally averaged fluctuating velocity field revealed a dramatic shift in the nature of 

the three-dimensional turbulence field, providing evidence of the presence of stream-wise vortical structures 

and de-coherence of the resolved shear stress structures. 

 

1.2.1 Claims 
 

The key contributions and main claims of this work are as follows: 

 

 Introducing a reduced temperature non-uniformity into a heated jet flow induces global changes in the 

axial and radial turbulence profiles in the developmental region of the supersonic jet shear layer akin to 

what is observed in asymmetric multi-stream jets. 

 

 The offset temperature non-uniformity induces the formation of locally intermittent stream-wise vortical 

structures which reduces the correlation level of turbulent shear stress structures in the jet. 
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1.2.2 List of Publications 
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2. Literature Review 
 

 

2.1 Introduction to Supersonic Jet Noise 
 

There exist three major components which make up the noise generated from supersonic free jets: broadband 

shock associated noise, screech tones, and turbulent mixing noise. With the exception of perfectly expanded jets (i.e. 

jet flows in which a nozzle is designed using the method of characteristics to expand the flow in such a way that no 

shocks are formed), all three noise mechanisms are exhibited by supersonic jets. A basic overview of the three 

mechanisms are given in this section. 

 

2.1.1 Broadband Shock Associated Noise and Screech Tones 
 

Broadband shock associated noise (BBSAN) is produced by the interaction of turbulence in the jet shear layer 

with shock waves present within the jet flow. BBSAN consists of primarily high frequency components and radiates 

at all polar angles from the jet axis, but typically has peak narrowband spectra values towards the downstream jet flow 

direction. Ribner [1] originally proved that a turbulent eddy which passed through a shock would produce entropy, 

velocity fluctuations, and a sound wave as a result of the interaction. This lead Harper-Bourne and Fisher [2] to 

successfully develop the first source model for BBSAN. Using the model, Harper-Bourne and Fisher found that 

turbulent eddies which had axial correlation length scales that extended over many shock cell lengths exhibited the 

highest acoustic radiation efficiency. The most successful model for predicting BBSAN noise was invented by Tam 

[3], who used instability wave theory to develop a robust model for predicting narrowband spectra produced from 

BBSAN in supersonic jets. 

Screech tones are caused by a feedback loop formed between the shock cell structures within a supersonic jet, the 

turbulence in the jet shear layer, and the nozzle lip thickness. When screech is present, intense oscillations can be 

detected in the flow field that are either toroidal or helical in nature [4]. Screech produces a distinct, high amplitude 

tone at a fundamental frequency (defined by the nozzle geometry and the flow conditions) which radiates primarily in 

the forward flight direction and occasionally resonates at higher harmonic frequencies. Screech tones were first 

experimentally investigated by Powell [5], followed by many other studies [4,6–9]. Both Tam [10] and Morris et al. 

[11], using instability wave theory, have produced reliable models for predicting the fundamental screech tone 

frequency and directivity, though prediction of the amplitude is still subpar. 

The focus of the studies presented in this dissertation is understanding the mechanisms of sound generated from 

the self-interaction of turbulence. Thus, the nozzle was carefully designed to remove, as much as physically possible, 

the presence of shocks from the jet exhaust. In doing so, the dominant noise producing sources are caused by turbulent 

mixing noise. 

 

2.1.2 Turbulent Mixing Noise 
 

 Turbulent mixing noise is caused by the self-interaction and convection of turbulence. In jet flows, turbulence 

mixing noise is produced by fine-scale and large-scale turbulent structures. Fine scale turbulent mixing noise is 

characterized by broadband noise that radiates at all polar angles equally. In high speed subsonic and supersonic jets, 

the highest intensity mixing noise source is produced by large-scale turbulent structures present in the shear layer of 

the jet. One of the earliest studies to identify the presence of large scale coherent turbulent structures in jet flows was 

performed by Mollo-Christensen [12]. He hypothesized that in the shear layer of turbulent jets, there existed structures 

made up of discrete physical wavenumbers and were axially coherent over multiple jet diameters. These turbulent 

structures would be very efficient sources of sound when undergoing rapid distortion. 

Many experimental studies have been conducted on perfectly expanded supersonic jet flows operating at various 

total temperature ratios [13–17]. From these investigations, general characteristics of the far-field noise spectra 

produced by large and fine scale turbulence can be observed. Large-scale turbulent noise exhibits peak far-field 

intensities that are detected at polar angles ranging from 125° to 140° as measured from the forward flight direction, 

with comparatively less sound radiated in forward flight directions that are attributed to fine-scale turbulence, as it is 

broadband in nature and radiates evenly at all directivity angles. The Strouhal (𝑓𝐷/𝑈𝑗)  numbers associated with the 

aforementioned peak noise levels are typically centered between 0.1 and 0.25. The directivity angle, the decibel level, 
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and the Strouhal number associated with the peak large-scale radiated noise are all functions of the jet temperature 

ratio, the nozzle exit diameter, and the jet Mach number. 

 

2.2 Modeling Large-Scale Turbulent Mixing Noise 
 

 Throughout the history of jet aeroacoustics, researchers have investigated many approaches for modeling the 

noise produced by large scale turbulent mixing noise. Each approach has added another piece to fill in holes in the 

theories of jet noise prediction by attempting to link perturbations in jet turbulence plume to the resulting pressure 

field. The three major modeling approaches can be categorized into Lighthill based analogy models, instability wave 

models, and wavepacket models. 

 

2.2.1 Lighthill Acoustic Analogy Based Models 
 

 The Lighthill equation is the foundation for all of aeroacoustics [18,19]. Lighthill rearranged the compressible 

Navier-Stokes equation such that the resulting form is similar to an inhomogeneous wave equation (Eq.1), 

 

 𝜕2𝜌

𝜕𝑡2
− 𝑐∞

2 ∇2𝜌 =
𝜕2(𝜌𝑈𝑖𝑈𝑗 − 𝜎𝑖𝑗 + (𝑝 − 𝑐∞

2 𝜌)𝛿𝑖𝑗)

𝜕𝑥𝑖𝜕𝑥𝑗

 (1) 

 

where 𝜌 is the density, 𝑡 is time, 𝑐∞, is the ambient speed of sound, 𝑢 is velocity, 𝜎 is the viscous portion of the stress 

tensor, and 𝑝, is the thermodynamic pressure. The term in the brackets on the right hand side of the equation is the 

Lighthill stress tensor (𝜏𝑖𝑗 = 𝜌𝑈𝑖𝑈𝑗 − 𝜎𝑖𝑗 + (𝑝 − 𝑐∞
2 𝜌)𝛿𝑖𝑗). When aeroacoustics is evaluated for flows with large 

temperature gradients or other temperature non-homogeneities, as is present in hot supersonic jets, the Lighthill 

equation is often derived in terms of the pressure instead of the density (Eq.2). 

 

 1

𝑐∞
2

𝜕2𝑝

𝜕𝑡2
−

𝜕2𝑝

𝜕𝑥𝑗
2 =

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗

(𝜌𝑈𝑖𝑈𝑗 +
1

𝑐∞
2

𝜕2

𝜕𝑡2
(𝑝 − 𝑐∞

2 𝜌 − 𝜎𝑖𝑗)) (2) 

 

The transformation provides a link between fluid dynamics and acoustics. In the general wave equation, the left 

hand side describes the propagation of waves and the right hand side contains the forces that produce said waves. In 

the Lighthill equation, this generality is not explicitly true as the density is present on both sides of the equation which 

means that the propagation of the “waves” emitted by the “forces” on the right hand side can affect the forces 

themselves and vice versa. This leads to phenomena such as pressure waves produced by the same sources as acoustic 

waves that decay faster (1/𝑟3)  than sound waves (which decay as 1/𝑟), which is known as hydrodynamic noise. Most 

of the solutions to this equation and others based on Lighthill’s methodology assume that the fluid flow is insensitive 

to the effects of the induced sound field. 

 There are four terms on the right hand side of the Lighthill equation which produce three different types of noise 

sources. Monopole sources are produced by the 𝑝 term, dipole sources are produced by the 𝑐∞
2 𝜌 term, and quadrupole 

sources are produced by the 𝜌𝑈𝑖𝑈𝑗 and 𝜎𝑖𝑗 terms. The first two terms only exist when the flow comes in contact with 

a solid object and the last two terms are produced by the self-interaction of turbulence. 

 For flow fields with large Reynolds numbers (𝜌𝑈𝑗𝐷/𝜇 ≫ 1), the viscous shear stress tensor, 𝜎𝑖𝑗, can be neglected 

and even for jet flows where solid surfaces exist, if the Mach number (𝑈𝑗/𝑐∞ ≪ 1) is sufficiently small, the 

(𝑝 − 𝑐∞
2 𝜌)𝛿𝑖𝑗terms can be ignored. As a result, the noise produced by the convective turbulence term, 𝜌𝑈𝑖𝑈𝑗, will 

dominate. The result is a homogeneous wave equation which can be solved using Green’s functions if the velocity 

and density field fields are known. The previous two assumptions used to obtain a tractable solution to Lighthill’s 

equation are known as Lighthill’s Analogy. In plain terms, the analogy replaces the turbulent field in a flow with 

spatially distributed quadrupole sources that produce the same far-field noise signature.  

Unfortunately, the assumption of low Mach number flows leads to inaccurate predictions of jet noise using the 

Lighthill analogy. Additionally, the low Mach number assumption also makes solutions of the equation invalid for 

flows containing large temperature gradients, as found in heated jets, as it removes the contributions to the noise field 

caused by density changes. 

 To address the convection limitations of Lighthill’s analogy, Curle [20] and Ffowcs-Williams [21], each extended 

Lighthill’s analogy to include the effects of solid boundaries and uniform convection effects respectively. Soon after, 
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Ffowcs-Williams & Hawkings [22] developed an analogy which included the effects of both solid boundaries and 

uniform convection effects simultaneously. The Ffowcs-Williams-Hawkings (FW-H) equation is currently the most 

commonly used acoustic analogy in jet aeroacoustics as, in computational jet flows, it is used to model a radiator 

surface which surrounds a jet flow and captures a space-time history of the pressure or density fluctuations emitted. 

The effects recorded by the surface are then used to propagate the linear acoustic field to the far-field at a fraction of 

the computational cost which would otherwise be necessary. Since the surrounding surface is stationary and captures 

all of the effects of the encased turbulent field, the predicted far-field is theoretically accurate for all linear acoustic 

sources, which include effects of temperature. 

 Scaling analysis applied to the Lighthill’s equation reveals an important method to estimate the total acoustic 

power for jet noise. In layman terms, the far-field acoustic power emitted by the developmental region of a turbulent 

jet is proportional to the eighth power of the jet velocity (Eq. 3). 𝑃 is the acoustic power, 𝜌0 is the density, 𝑈𝑗 is the 

jet exit velocity, 𝑐∞ is the ambient speed of sound, and 𝑥 is the axial jet distance. 

 

 
𝑃 ~

𝜌0𝑈𝑗
8

𝑐∞
5 𝑥

 (3) 

 

 In order to make noise predictions using the analytical solutions of the Lighthill or FW-H equations, the cross-

correlation function of the noise sources must be obtained. Many studies have developed models for the source cross-

correlation function [23–27] which are based on experimental [28,29] or computational [30] two-point correlations of 

the velocity field. The models reveal the presence of a convective amplification effect which increases acoustic 

intensities associated with large-scale turbulence radiated at polar angles closer to the downstream jet direction caused 

by the Doppler effect. Unfortunately, the amplification predicted still did not match what was observed in experimental 

measurements. 

The differences observed in the far-field spectra between the acoustic analogy derived models and experimental 

data at narrow angles to the jet axis were attributed to refraction effects [31]. To address the problem, researchers 

began extending Lighthill’s analogy further to incorporate the effects of a convecting shear flow which surrounded 

the point quadrupole sources.  Phillips [32] was the first to incorporate the effects of a uniformly convecting mean 

flow to the acoustic analogy. Lilley [33] extended Phillips’s work by decoupling the mean flow interactions from the 

source terms, resulting in the now famous Lilley Equation. The assumptions used in deriving solutions to Lilley’s 

equation are typically valid for supersonic Mach numbers and high temperature jets. Both equations were developed 

by assuming the convecting shear flow being modelled was fully parallel, which is not true in real jets as the shear 

layer grows with downstream distance from the source. 

From analysis of Lilley’s equation, the major findings for jet noise were that refraction effects on the far-field 

acoustics mostly impacted high frequency noise and that, for polar angles 𝜃 < 1/(1 + 𝑀), where 𝑀 is the Mach 

number, the radiated sound at high frequencies experiences an exponential decay which results in a cone of relative 

silence caused by the refraction effects [33]. Due to the previously mentioned parallel flow assumption, the relative 

cone of silence is not constant as predicted by Lilley’s equation, but changes as a function of axial distance in real 

jets. 

Even with all of the improvements and corrections made to acoustic analogies to address the discrepancies 

observed between acoustic analogy based models and experiments, predictions of far-field sound radiated in peak 

noise directions remain subpar. After reviewing the acoustic analogies, the most important conclusions to take away 

are that, in shock free jet flows, the primary source of noise generation is due to turbulent self-noise, the majority of 

which is produced by large-scale turbulence which is axially coherent over multiple jet diameters. While the 

aforementioned theories have had great success in predicting far-field noise radiated in directions where small-scale 

turbulence dominates, without additional empirical correction, the acoustic analogies have been subpar in predicting 

sound pressure levels in peak noise directions. The limitations in acoustic analogy theories in accurately predicting 

turbulent mixing noise have lead researchers to investigate alternative methods of supersonic jet noise modeling which 

better encapsulate the effects of noise at peak noise directivity angles. 

 

2.2.2 Stochastic Instability Wave and Wavepacket Models 
 

 The mounting experimental evidence for the presence of large-scale coherent turbulent structures in the shear 

layers of supersonic jets prompted some researchers to explore methods for modeling the turbulence structures instead 

of replacing them with equivalent source terms. This lead to the development of instability wave and wavepacket 

theories to model the large-scale turbulence field which were then used to predict the far-field radiated sound.  
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 The wavy wall analogy states that statistically, the large scale turbulent structures in a free shear layer are the 

same as instability waves. The wavy walls which model the turbulent structures are made up of an infinite series of 

azimuthal modes which each have a discrete frequency and wavenumber and convect at a constant wave speed. If the 

phase speed of the wavy wall is faster than the ambient speed of sound, intense Mach wave radiation will be emitted. 

The angle of the highest intensity noise radiation is computed from the Mach angle relation, 𝜃 = cos−1(1/𝑀𝑐) (with 

𝜃 = 0° being the forward flight direction) [34]. 

In observing the nature of the coherent structures that were found in the shear layers of supersonic jet flows, it 

was found that the spreading rate of the shear layers were weak functions of axial distance in the developmental region. 

As a consequence, it could be assumed that, locally, changes in the turbulence statistics were negligible axially in 

space and in time. Under this assumption, the shear layer is in a quasi-equilibrium state, which allows for fluctuations 

about the mean flow to be statistically modeled as a superposition of wave modes.  

 The developmental region of supersonic jet flows is observed to be self-similar and have no natural initial length 

and time scale which means that any variables which have a length or time component will scale proportionally to the 

axial distance from the nozzle, 𝑥, or axial distance divided by the jet velocity 𝑥/𝑈𝑗 respectively. This characteristic of 

jet shear layers allows for the pressure field predicted from the instability wave model to be statistically ensemble 

averaged. The aforementioned observations led to the development of the model presented in Eq. 4 by Tam & Chen 

(1979), where 𝑝 is the local pressure, 𝑎𝑛(𝜔) is the instability wave amplitude, 𝑛 is the azimuthal mode number, 𝜔 is 

the angular frequency, �̂� is the instability wave eigenfunction, 𝜃𝑛 =  ∫ 𝑘𝑛(𝑥, 𝜔)𝑑𝑥
𝑥

0
, 𝑘𝑛(𝑥, 𝜔) is wavenumber, 𝑟0.5 is 

the radial location in the shear layer where the local mean velocity is half of the centerline mean velocity, and 𝑟, 𝜃, 𝑥, 
and 𝑡 are the independent variables for the radial, azimuthal, axial, and time coordinates respectively. The instability 

wave amplitude is dependent on the area of the of two-point pressure correlation function. Additional improvements 

to the model were developed which corrected and extended their usage in various other mixing layer and jet flows 

[3,11,35–41]. 

 

 
𝑝(𝑟, 𝜙, 𝑥, 𝑡) =  ∑ ∫

𝑎𝑛(𝜔) �̂�𝑛(𝑟, 𝑥, 𝜔)

|�̂�𝑛(𝑟0.5, 0, 𝜔)|
𝑒𝑖(𝜃𝑛+𝑛𝜙−𝜔𝑡+𝜋/2) 𝑑𝜔

∞

𝑛=−∞
 (4) 

 

 The model presented in Eq.4 has limitations caused by the fact that the equation was derived using local stability 

theory. Under this assumption, the multiple-scales expansion was shown to be invalid outside of the jet flow [42]. To 

extend the solution to predict far-field noise, a global solution was needed and was derived by Tam & Burton [36], 

who used the method of matched asymptotic expansions to compute the correct far-field pressure. Essentially, the 

matched asymptotic expansions method used the stochastic instability wave theory as an inner solution to model the 

jet pressure field and a Fourier transform model as an outer solution to predict the linear acoustic region surrounding 

the jet. Each of the solutions were computed and the outer boundary of the inner solution was used to set the boundary 

conditions for the inner boundary of the outer solution to predict the far-field.  

Many experimental and numerical investigations have found excellent results in using the instability wave theory 

to model far-field sound radiated by large-scale turbulent structures from supersonic jets operating over a wide range 

of jet Mach numbers and temperature ratios [17,38,43,44]. However, for subsonic jets, the theory did not perfectly 

model the turbulent mixing noise spectra and for supersonic jets, the model did not capture the lowest and highest 

frequency radiated content. 

To address the discrepancies between the instability wave model and experimental data, researchers began to 

suggest that modifying the instability wave model to account for the growth and decay of instability waves in the 

developmental region of the supersonic jet [35].The subsequent efforts pursued by researchers to include these 

variations led to the proliferation of wavepacket theory. 

 Initially, researchers began incorporating growth and decay parameters into the stochastic instability wave model 

and initially found better agreement between subsonic jet far-field spectra and experimental data [38,43,45–48]. It was 

eventually discovered that linear stability theory, the backbone of the stochastic instability wave model, was 

theoretically incapable of accurately predicting noise at non-peak frequencies for subsonic jets. The inadequacy of the 

model was due to the absence of nonlinear interactions and not accounting for shear layer growth in the model [49]. 

 Modern wavepacket models follow a similar derivation path as that used for stochastic instability wave models, 

with the following differences. Instead of using linear stability equations as the foundation, parabolic stability 

equations are used which allow for the growth of the shear layer to be included in the model. To account for self-

similarity in the developmental region of the jet, the root-mean-square pressure of the wavepacket now scales with 

axial distance from the nozzle times the instability angular wavenumber (�̂�(𝛼𝑥)). 
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 The majority of the improvements that wavepacket theory brings to jet noise prediction mostly affect subsonic 

turbulent jets where the convection velocities of the large scale turbulent structures is predominately subsonic. It has 

been found that, for jets dominated by supersonic phase speed coherent structures, the far-field predictions obtained 

from wavepacket analysis provide a solution that is nearly identical to the modified instability wave model with a 

which accounts for small angle flow divergence developed by Tam [34,49]. 

 The success of instability wave and wavepacket models in estimating the large-scale turbulent mixing noise 

produced by supersonic jets have informed experimental and computational scientists that reducing convection 

velocity and/or the two-point fluctuating pressure correlations of the large-scale structures in the turbulence plume is 

the key to reducing jet noise. The following section will discuss the noise control techniques developed over the years 

for supersonic and high-subsonic jets and how each technique impacts the aforementioned parameters in favorable 

ways. 

 

2.3 Methods for Jet Noise Suppression 
 

 The goal of jet noise research is to identify and understand the fundamental physical mechanisms which cause 

efficient sound radiation and to develop techniques to reduce the noise. In the previous section, the low-order models 

which are used to predict the far-field sound pressure were presented. From those models, the key turbulence 

parameters which most affect the large-scale turbulence mixing noise radiated from supersonic jets were identified. 

From the findings, many active and passive jet noise control techniques have been developed by engineers and 

scientists for both subsonic and supersonic jet flows. In studying the fluid dynamic and acoustic changes caused by 

the noise control modifications, the physical changes that occur within the jet turbulence plumes which lead to 

favorable or adverse noise augmentation can be identified. 

 

2.3.1 Nozzle and Engine Modifications 
 

 Modifications to the nozzle geometry have been established as an effective method to reduce jet noise emitted by 

subsonic commercial jets by changing the turbulence characteristics which form in the jet shear layer. Chevrons are 

saw-tooth like patterns manufactured into the lip of the nozzle exhaust which serve to increase mixing near the nozzle 

exhaust by inducing the formation of stream-wise vortices. They are widely used in subsonic commercial subsonic 

jets as a method for reducing emitted jet noise. The vortices impact low-frequency noise content, reducing the overall 

sound pressure level (OASPL) of far-field radiated sound. However, when chevrons interact with higher speed flow, 

the increase in turbulent mixing causes an increase in high frequency turbulent mixing noise. Additionally, in 

imperfectly expanded supersonic flows, the enhanced mixing results in a substantial increase of broadband shock 

associated noise (BBSAN), which negates nearly all of the benefits obtained from the reduction of large-scale mixing 

noise [50]. 

 Increasing the bypass ratio of subsonic turbofan jets has resulted in a significant reduction in turbulent mixing 

noise. So much so, that the interaction between the jet turbulence plume and the trailing edge of the wing it is mounted 

upon generates more noise. Increased bypass ratios reduce turbulence self-noise in subsonic commercial jets by 

increasing the mass flow rate through the slower bypass and decreasing the mass flow rate through the jet core while 

increasing or maintaining the same level of thrust as older turbofan engines. The alterations to the engine design were 

initially driven by the desire for increased fuel efficiency. Luckily, the decreased jet velocity resulted in a large acoustic 

benefit, as the emitted sound from convected turbulent eddies scale with the eighth power of the convection velocity 

[18]. However, as nearly all supersonic jets currently in operation are for military purposes, engine performance is 

prioritized over efficiency and thus, the turbofans still maintain small bypass ratios. Additionally, the afterburners 

installed on many tactical aircraft produce significant noise by substantially increasing the flow velocity of the jet 

plume.  

 

2.3.2 Fluid Injections 
  

 Fluid injections have been studied for years as a method for reducing jet noise. Fluid injections are a technique 

where a series of micro-jets are mounted either inside or outside of the nozzle and inject fluid into the jet 

plume/boundary layer. Liquid injections into gaseous jet flows have been investigated in the past and are highly 

effective in reducing noise produced by rockets. Aqueous injections affect noise production by decreasing the jet 

plume temperature and velocity through evaporation and momentum transfer between the jet and the injected water. 
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However, in air-breathing engine applications, the large volumes of water and high injection pressures required to 

achieve notable sound reductions make real world application of the system economically unviable [51]. 

 Gaseous injections, while less effective than aqueous injections, have proven to be a more feasible injection 

method for controlling noise emissions from subsonic and supersonic jet flows. Gaseous injections produce noise 

reductions by introducing stream-wise vorticity into the jet plume which promotes rapid mixing near the nozzle which 

inhibits the formation of coherent structures. The modifications made to the turbulence have a beneficial effect on all 

three modes of supersonic noise production, with proper implementation of active control schemes for the injected 

gas. Injection of air into single and multi-stream high-subsonic and supersonic jet flows have produced far-field noise 

reduction of up to 5 dB in laboratory scale jets [52–55]. Application of fluidic injections in real engines will have an 

impact on performance, as to supply the required air for injections, bleed air will most likely need to be pulled from 

the jet compressor. 

 

2.3.3 Axisymmetric and Asymmetric Multi-Stream Jets 
 

 Asymmetric multi-stream jets have been investigated in recent years as a potential method for reducing jet noise. 

In asymmetric round multi-stream jets, instead of the core and bypass jet nozzles being concentric with one another, 

one of the nozzle is radially shifted such that the nozzles are eccentric. The shift in the relative nozzle positions alters 

the velocity profile of the jet. The geometric augmentation results in a reduction of the potential core length of the 

core jet flow and global changes to turbulent mixing in the outer shear layer of the bypass jet flow. The changes serve 

to decrease peak radiated turbulent mixing noise levels at azimuthal angles where the bypass jet velocity is reduced. 

Experimental evidence suggests that the noise benefit is due to a reduction in convection velocities of the large scale 

turbulence structures [56]. Unfortunately, the noise levels are considerably increased on the opposing side of the 

asymmetric jet, where the bypass velocity has increased due to the reduction in the nozzle exit area [57,58]. 

 Another technique to reduce noise levels in supersonic multi-stream jet flows are inverted velocity profile (IVP) 

jets. While most multi-stream jets are operated with so-called normal velocity profiles (NVP), where the core jet 

stream has higher axial velocities than the bypass stream, IVP jets redistribute the bypass and core streams such that 

the core flow velocity is less than the bypass flow. Far-field acoustic studies on NVP and IVP jets have shown that 

IVP jets produce less noise than NVP jets for a range of conditions when both jets have the same effective mass flow 

rates, thrust, and exit areas [59–66]. Since the exit areas are matched for these jets, the core stream in an NVP jet must 

have a higher velocity and the IVP jet a lower velocity than their fully-mixed equivalent jet baseline. The noise 

reductions achieved can be attributed to the reduction in the outer bypass mean velocity. The lower mean speed of the 

outside jet plume causes a reduction in convection velocities of the large scale turbulence structures in the bypass-to-

ambient shear layer. While the noise benefits obtained were substantial using IVP jets, the practical application of 

such a technique in tactical aircraft is nearly impossible due to the impact on vehicle performance and the incredible 

engineering challenges which need to be overcome in designing and developing an engine where the outer fan stream 

operates at a higher velocity than the core. 

 While the IVP technique for noise reduction in supersonic jets is impractical, the lessons learned from such a 

technique can still be applied to tactical air vehicles. By introducing a lower temperature flow stream into an otherwise 

heated supersonic jet flow, it is hypothesized that localized or global reductions in radiated jet noise can be achieved. 

By locating the temperature non-uniformity in the center of the jet core, global reductions in peak jet noise can be 

achieved, similar to that achieved in IVP jets. If the temperature reduction is offset, it is hypothesized that localized 

reductions can be obtained at specific azimuthal angles. To achieve the desired results in tactical afterburning aircraft, 

fuel nozzles within the afterburner can be turned on or off at azimuthal locations where emitted noise reductions are 

desired. While during flight, the loss of additional thrust is not ideal, the technique can be implemented during takeoff 

from aircraft carriers which may significantly reduce service crew’s exposure time to the intense noise. 

The use of total temperature non-uniformities in a heated jet is the noise reduction concept being investigated in 

the current study. Due to the efforts put forth by the current author and collaborators [67–71] at Virginia Tech, other 

researchers in the jet noise community have begun investigating the viability of applying the technique and have 

obtained similar or better results with higher velocity jet flows operating at larger temperature ratios [72]. 

 

2.4 Compressible Shear Layer Characteristics 
 

 In order to influence the convection velocity and two-point correlations of the large-scale turbulent structures in 

jet flows, it is important to understand how shear layers form and evolve both spatially and temporally. In this section, 

an overview of compressible shear layer characteristics will be given. 
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A shear layer is a region of viscous fluid that occurs when a velocity gradient exists. Free shear layers form at the 

interface of two or more parallel streams of viscous fluid that are moving at different velocities in the absence solid 

boundaries. Profiles of the axial velocity of free shear layers always contain an inflection point that occurs which 

indicate inherent instability in the flow. The dominant large scale instabilities present in free shear layers manifest 

themselves as instability waves which grow with axial distance from the source of the flow, the most common of 

which is the Kevin-Helmholtz instability. For round jets, the near-nozzle growth of the shear layer can be scaled in 

the same manner as a mixing layer as long as the thickness of the shear layer, 𝛿, is much smaller than the radius, 𝑟, of 

the jet nozzle orifice. Figure 2.1 shows a diagram of a typical mixing layer. 

 

 
Figure 2.1. Diagram of a mixing layer 

 

 As mentioned in Section 2.2.2 of the literature review, the instability waves are equivalent to the large-scale 

turbulent structures in the context of turbulent mixing noise analysis. In the developmental region of the jet, the flow 

properties are self-similar, which means that the profiles all scale with the local velocity and length scales in the shear 

layer (The local velocity scale of the shear layer is the velocity difference between the two free streams, Δ𝑈 = 𝑈1 −
𝑈2, and the local length scale is the thickness of the layer, 𝛿). Due to the self-similarity of the flow and the lack of 

intrinsic scales in the mixing layer, only changes in the relative properties between the two streams matter. 

 

 
Figure 2.2. Diagram of a subsonic, compressible, two-dimensional periodic mixing layer. (Image modified 

from Corcos and Sherman [73]) 

 

 At this point, the convection Mach number must be defined prior to discussing scaling, the analysis presented 

here being summarized from Smits & Dussauge [74]. Starting with a two-dimensional subsonic, compressible, and 

periodic mixing layer, (like the one shown in Figure 2.2) a frame of reference is selected which moves with two eddies 

and impose the following assumptions: two-non-dispersive vortical eddies, constant convection velocity of the eddy, 

variable density, and a fixed stagnation point between two vortices maintaining a fixed distance from one another. At 

the stagnation point, the pressures for both eddies are the same (Eq. 5). 𝑝 is the pressure, 𝑀𝑐 is the convection Mach 

number for each eddy, and 𝛾 is the adiabatic ratio. 

 

 

𝑝1 = 𝑝2 → (1 +
𝛾1 − 1

2
𝑀𝑐1

2 )
𝛾1/(𝛾1−1)

= (1 +
𝛾2 − 1

2
𝑀𝑐2

2 )
𝛾2/(𝛾2−1)

 (5) 

 

 For shock-free supersonic mixing layers, the evolution of the event along the streamlines can be considered 

isentropic if the eddy turnover time is much larger than the fluid travel time along the streamlines from the external 

parts of the flow to the stagnation point (Eq. 6). 
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 √𝑘

𝛥𝑈

𝛿

𝛬
≪ 1 (6) 

 

For the case where both gasses are the same (𝛾1 = 𝛾2), and the same convection Mach number for each eddy is 

assumed (𝑀𝑐1 = 𝑀𝑐2 = 𝑀𝑐), the convection Mach number and velocity is derived (Eqs. 7 and 8). It is important to 

note that the convection velocity derived here is not necessarily the same as those obtained from two-point space time 

correlations on experimental and computational data. 

 

 
𝑀𝑐 =

𝛥𝑈

𝑐1 + 𝑐2

 (7) 

 
𝑈𝑐 =

𝑐2𝑈1 + 𝑐1𝑈2

𝑐1 + 𝑐2

 (8) 

 

 Extensive research into the mean flow and Reynolds shear stress scaling of compressible mixing layers has been 

conducted over the years [74–80]. Brown and Roshko [75] proposed the following mean flow scaling for subsonic 

shear layer growth rates by assuming the convective time scale for large scale turbulence, 𝑡𝑐, is the same order as the 

turbulence diffusion time scale, 𝑡𝑡, so that (Eqs. 9-11), 

 

 
𝑡𝑐~

𝑥

𝑈𝑐

 (9) 

 
𝑡𝑡 ∝

1

𝜕𝑈/𝜕𝑦
~

𝛿

Δ𝑈
  (10) 

 𝑡𝑐 = 𝑡𝑡 ,
𝛿

𝑥
∝

Δ𝑈

𝑈
 (11) 

 

The scaling shows that spreading rate of a mixing layer is inversely proportional to 𝑈𝑐. Papamoschou and Roshko 

[76] extended the scaling to encompass compressible mixing layers by including velocity, 𝑞, and density ratio, 𝑠, 

effects as well as adding a normalized spreading function Φ(𝑀𝑐) which is determined from experimental or 

computational data (Eq. 12). Despite the fact that the formulation above was developed for temporal growth, it can be 

derived identically for spatial growth, with the only difference being a change in the normalized spreading function 

used Φ(𝑠, 𝑞).  

 

 𝜕𝛿

𝜕𝑥
= (

𝜕𝛿

𝜕𝑥
)

𝑈2=0

(1 − 𝑞)(1 + √𝑠)

2(1 + 𝑞√𝑠)
𝛷(𝑀𝑐) (12) 

 

 Scaling of the Reynolds shear stress has also been pursued using the scaling convection velocity as a basis. Barre 

et al. [79] developed a method for determining the scales of the Reynolds stresses. The time scale for the coherent 

turbulent eddies can be hypothesized as (Eq. 13), 

 

 
𝑡𝑡~

𝛿2

𝜈𝑡
 , (13) 

 

Assuming the turbulent viscosity is constant radially allows results in (Eq. 14), 

 

 
𝜈𝑡 =

𝑢𝑥
′ 𝑢𝑟

′̅̅ ̅̅ ̅̅ ̅

𝜕𝑈/𝜕𝑦
∝

𝑢𝜏
2𝛿

𝛥𝑈
, (14) 

 

where 𝑢𝜏
2 is the maximum shear stress, and ultimately leads to (Eq. 15), 
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𝑡𝑡~

𝛿𝛥𝑈

𝑢𝜏
2 . (15) 

 

Recalling that 𝑥 = 𝑈𝑐𝑡, we find that the transverse growth rate of the eddies grows linearly with axial distance (Eq. 

16), 

 

 𝑑𝛿

𝑑𝑥
=

1

𝐾(𝑠,𝑞,𝑀𝑐)

𝑢𝜏
2

𝑈𝑐𝛥𝑈
, (16) 

 

where 𝐾(𝑠, 𝑞, 𝑀𝑐) is an empirical function which accounts for density, velocity, and convective Mach number 

changes.  

 Papamoschou & Roshko [76] developed the relationship for the Reynolds shear stress growth rate given in Eq. 

17. 

 

 𝑑𝛿

𝑑𝑥
=

1

2
(

𝜕𝛿

𝜕𝑥
)

𝑈2=0
𝛷(𝑀𝑐)

𝛥𝑈

𝑈
. (17) 

 

Using the scaling in Eq. 17 along with the time scale hypothesis from Barre et al [79] results in Eq. 18. 

 

 𝑢𝜏
2

(𝛥𝑈)2 =
1

2
𝐾(𝑠, 𝑞, 𝑀𝑐) (

𝜕𝛿

𝜕𝑥
)

𝑈2=0
𝛷(𝑀𝑐). (18) 

 

K being a function of 𝑀𝑐 implies that the scaling applies to both self-preserving and developing shear layers, 

though the K function is empirical and must be defined for each flow case to best fit the data. The Papamoschou & 

Roshko [76] formulation implies that if there is a weak dependence of 𝑀𝑐 in the K function, the maximum shear stress 

will still vary based on the dimensionless spreading function, Φ(𝑀𝑐), which does not occur in the Barre scaling. Also 

of note, since the Reynolds shear stress depends on 𝑀𝑐, the eddy viscosity will also depend on 𝑀𝑐. Thus, in free shear 

flows, the eddy viscosity scales as, 𝑣𝑡 = 𝐶𝛷(𝑀𝑐)𝛥𝑈𝛿(𝑥), where C is a constant. 

The scaling analysis presented reveals that the two major variables which affect compressible shear layer 

development are the velocity ratio, density ratio, and the convection Mach number. In jet flows where the co-flowing 

streams are the same fluid (i.e. air), the first two parameters directly influence the convection velocity of the large 

scale turbulent structures. By introducing a cold secondary plume into a heated supersonic jet, the turbulence 

development in the shear layer of the jet can be manipulated to reduce the convection velocity and increase turbulent 

mixing which can favorably impact radiated noise. 

 

2.5 Concluding Remarks 
 

 The literature review presented has established that, for supersonic jets, large scale coherent turbulent structures 

which propagate at supersonic phase speeds are responsible for the majority of turbulent mixing noise. The most 

important fluid dynamic variables which affect turbulent mixing noise generated by supersonic jets are the convection 

velocity and the two-point pressure correlation in the turbulence plume, and reducing the convection speed or the 

correlation will reduce the intensity of radiated sound. The readily tunable properties which engineers have access to 

that affect the aforementioned properties are the temperature ratio, velocity ratio, and the nozzle geometry. 

 Many noise suppression techniques have been investigated to control jet noise emission, such as fluid injections, 

chevrons, asymmetric multi-stream jets, inverted velocity profile jets, and total-temperature non-uniformities. All of 

the noise control schemes impact the turbulence plume in ways which either reduce the convection velocities of or de-

correlate the turbulence in the developmental region of the jet plume. When applied to supersonic jets, all of the 

techniques present unique benefits and drawbacks which limit their applicability to full-scale engines used for tactical 

aircraft. 

 The studies presented in sections 3 and 4 investigate introducing a total temperature non-uniformity to a heated 

supersonic jet, a novel technique for noise reduction. The technique impacts the development of large scale coherent 

turbulent structures by affecting the convection velocity and changing the three dimensional structure. Practical 
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implementation of the technique into full-scale afterburning jet engines can be achieved by controlling which fuel 

nozzles are activated during takeoff and flight. 
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The Mean Flow and Turbulence Characteristics of a Heated 

Supersonic Jet with an Offset Total Temperature Non-

Uniformity 

David E. Mayo Jr,1  Kyle E. Daniel,2 K. Todd Lowe,3 Wing F. Ng4 

Advanced Propulsion and Power Laboratory, Virginia Tech, Blacksburg, VA, 24060, USA 

An experimental investigation of the mean flow and turbulence characteristics of two 

Mach 1.5 heated jets, one with a uniform temperature profile and another with an offset non-

uniform temperature profile, is presented. The thermal non-uniformity is generated by 

introducing a matched static pressure stream of low temperature air into the subsonic, 

converging section of a round contoured supersonic nozzle. The secondary plume, which is 

offset radially from the geometric centerline of the round jet nozzle, produces a jet with an 

altered velocity profile, modifying the turbulence throughout the jet plume. On the side of the 

jet where the cooler stream is introduced, the near-nozzle peak velocity is reduced to 83% of 

the heated jet exit velocity, associated with a reduction in the measured peak turbulent stress 

levels in the region between three to six jet diameters from the nozzle exit. Several aspects of 

the mean flow and turbulence structure in the developing plume with temperature non-

uniformity are similar to those seen in multi-stream co-annular round jets with offset nozzles, 

indicating that alternative engineering approaches may be available for generating the 

characteristics of offset plumes desirable for jet noise reduction. 

Nomenclature 

D = Primary Jet Exit Diameter (m) 

d = Secondary Jet Exit Diameter (m) 

F = Isentropic Jet Thrust (N) 
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𝑀 = Mach Number 

�̇� = Mass Flow Rate (𝑘𝑔/𝑚3) 

Re = Jet Reynolds Number, 𝜌𝑈𝑗𝐷/𝜇 

𝑇 = Temperature (K) 

𝑡0 = Relaxation Time (sec) 

𝑈 = Velocity (m/s) 

𝑢′ = Fluctuating Velocity (m/s) 

x = Jet Axial Coordinate Axis (m) 

y = Jet Transverse Coordinate Axis (m) 

Δ𝑡 = PIV Inter-Frame Time Delay (sec) 

𝜇 = Dynamic Viscosity (𝑘𝑔/𝑚 𝑠) 

𝜌 = Density (𝑘𝑔/𝑚3) 

 

Subscripts 

j =  Uniform Jet Heated Plume Condition at Nozzle Exit 

p = Thermally Offset Jet Primary Stream Condition at Nozzle Exit 

part. = Particle 

s = Thermally Offset Jet Secondary Stream Condition at Nozzle Exit 

x = Axial Component 

y = In-plane Transverse Component 

I. Introduction 

educing jet noise produced by afterburning tactical aircraft during take-off and landing is of great interest due to 

health risks that flight support personnel undertake from long-term exposure to this harsh environment [1]. Achieving 

this goal requires research into supersonic jet noise reduction concepts, while relying heavily upon analyses of the 

mean and unsteady flow fields that produce the intense sources of acoustic noise. In the current work, the mean flow 

and turbulence structure of a jet with an intentionally introduced temperature non-uniformity are scrutinized for 

similarities to other concepts known to reduce noise from high speed jets. 
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 Previous studies have revealed measureable alterations in radiated jet noise by modifying the exit conditions of 

the jet flow, thereby modulating the turbulence scales and development in the jet shear layer (e.g., [2-13]). Existing 

methods for generating non-uniform jet exit conditions include fluid injections and inserts [2-5], multi-stream 

axisymmetric and asymmetric jets [6-8], inverted velocity profile jets (IVP) [9-13], and thermally non-uniform jets—

the topic of the current work.  

 Fluid injection is an attempt to induce small-scale instabilities into the jet shear layer to promote faster mixing of 

the large-scale coherent turbulent structures. This is achieved by blowing compressed air into the shear layer—just 

beyond the nozzle lip [2–4] or into the diverging section of a supersonic jet nozzle [5]. The former method has been 

shown to increase entrainment in the shear layer, while the latter induces the formation of stream-wise vortices in the 

shear layer. Both methods lead to significant decreases in far-field noise in the peak radiation direction.  

 Multi-stream axisymmetric and asymmetric jets have been studied in recent years, showing promise for jet noise 

reduction. Recent studies [6–8] have indicated that asymmetric multi-stream jet profiles serve to reduce the potential 

core length of the primary jet, enhance turbulent mixing in the shear layer region opposite the offset jet plume, reduce 

convection velocities in this area, and induce the formation of stream-wise vortices. The combination of the 

aforementioned changes in the global flow field results in observed reductions between 2 and 6 dB in the radiated 

noise along affected directivity angles.  

 While most multi-stream jets are operated with so-called normal velocity profiles (NVP)—where the inner jet 

streams have higher axial velocities than the outer streams—inverted velocity profile (IVP) jets redistribute the fan 

and core streams such that the inner flow velocity is less than the concentric outer flow. Far-field acoustic studies [9–

13] on NVP and IVP jets have shown that IVP jets produce less noise than NVP jets for a range of conditions when 

both jets have the same effective mass flow rates, thrust, and exit areas. Since the exit areas are matched for these jets, 

the core stream in an NVP jet must have a higher velocity and the IVP jet a lower velocity than their fully-mixed 

equivalent jet. This results in a comparatively shorter potential core length for the IVP jet, leading to increased 

turbulent mixing and entrainment in the shear layer, all of which have been associated with net reduction in aft-radiated 

jet noise.  

 Modification of the velocity profile can also be obtained by intentionally introducing total temperature variations 

in a circular nozzle, as is the focus of the current work. In past work by the authors [14], it has been shown that the 

addition of a thermal non-uniformity, when compared to a thrust-, mass flow-, and exit area-matched uniform profile 
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jet, alters the shear layer turbulence and reduces the potential core length without modifying the pressure profile of 

the jet. All of the previously mentioned techniques tailor the flow to cause favorable changes in turbulent mixing near 

the nozzle exit in order to reduce the size of noise-producing coherent structures and the length of the potential core—

observations that have been accompanied in past work by noise reduction in aft-radiated directions [7,15].  

To maximize the effectiveness of applying temperature non-uniformities for jet noise reduction, the links between 

the vortical flow physics and the radiated noise must be better understood. Previous researchers have made hypotheses 

regarding the reductions in turbulent mixing noise in supersonic jets based on convection velocity estimates calculated 

from microphone data [16,17], temporally-resolved velocity measurements [18,19], computational simulations 

[20,21], and wave-packet modeling of coherent structures in the near-field of jet flows [22–24]. The research presented 

herein aims to shed light on the mean flow and turbulence structure of a jet with non-uniform total temperature by 

comparison to a baseline case with uniformly distributed total temperature. It will be shown that the slower velocity 

from a colder temperature stream introduced into a heated jet flow changes the mean velocity field and leads to 

asymmetries in the turbulence characteristics of the jet similar to those observed in other offset multi-stream jet studies 

[15,25]. 

This paper is organized as follows: Section II describes the experimental facility and methods used to acquire the 

flow field results, which are analyzed and placed into context with other works in Section III. Conclusions from the 

work are summarized in Section IV, along with needs and opportunities for further study.  

II. Experimental Methods 

A. Virginia Tech Heated Jet Rig, Instrumentation and Experimental Conditions 

The Virginia Tech Heated Jet Rig, shown schematically in Figure 1, at the Advanced Power and Propulsion 

Laboratory (APPL) was used to conduct the experiments presented in this study. A round contour nozzle, designed 

using the axisymmetric method of characteristics (𝐷 = 38.1 𝑚𝑚) by Kuo et al. [26] from Penn State University, was 

scaled and manufactured for the rig. The nozzle provides a uniform Mach 1.5 exit profile at perfectly expanded 

conditions. A converging secondary jet nozzle (𝑑 = 8.38 𝑚𝑚 ) internal to the plenum was designed, manufactured, 

and added to this rig to introduce a total temperature non-uniformity within the heated primary jet flow (see Figure 

2).  
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Fig. 1 Diagram of Virginia Tech Hot Jet Rig 

The nozzle of the secondary jet stream was terminated at the inlet of the primary nozzle, upstream of the converging 

portion of the converging-diverging nozzle, as shown in Figure 2. Total pressure profiles taken across the exhaust 

plane of the jet revealed that the secondary jet had no discernable effect on the jet exit pressure profile for the thermally 

offset jet relative to the uniform jet, resulting in top-hat pressure and Mach number profiles with cross-sectional 

variation in total temperature. Further details regarding the design of this secondary jet stream can be found in the 

paper by Daniel et al. [27] 

 

Fig. 2. Diagram of the coaxial jet geometry 

 The flow characteristics of the primary heated jet were determined from total pressure and temperature 

measurements taken in the primary jet plenum. Nozzle exit conditions,𝑈𝑗, 𝑀𝑗 and 𝑇𝑗, were determined by applying 

isentropic relations assuming ideal expansion to atmospheric pressure. Total pressure and temperature measurements 

from the secondary ambient flow plenum were used in conjunction with a Lambda-Square orifice meter to measure 
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and evaluate the mass flow rate of the secondary stream. Exit total temperature measurements were obtained using a 

vented thermocouple probe at a plane 0.04D (1.6 mm) downstream of the nozzle exit for both jet configurations. The 

probe was traversed in a square grid in 0.044D increments covering a square region of 1.1𝐷 × 1.1𝐷. The data were 

recorded for 5 seconds at each point in order to ensure the probe reached thermal equilibrium. 

 A National Instruments (NI) 9213 thermocouple module in a NI cDAQ-9184 chassis was used to record total 

temperature data, while total pressures of both core and secondary streams were measured using a Scanivalve Corp. 

ZOC17IP/8Px-APC pressure scanner, digitized and recorded using the rig data acquisition system. This rig has been 

used in prior studies, the capabilities of which can be found in other references [14,27]. 

Table 1. Flow conditions for the uniform and thermally offset jets 

𝑩𝒐𝒕𝒉 𝒄𝒂𝒔𝒆𝒔 𝑼𝒏𝒊𝒇𝒐𝒓𝒎 

𝑁𝑃𝑅𝐽 𝑀𝑗 𝑅𝑒𝑗 𝑇𝑇𝑅𝑗 �̇�𝑗 𝑈𝑗 𝐹𝑗 

3.67 1.5 0.82 × 106 1.9 0.587
𝑘𝑔

𝑠
 578

𝑚

𝑠
 335 𝑁 

𝑻𝒉𝒆𝒓𝒎𝒂𝒍𝒍𝒚 𝑶𝒇𝒇𝒔𝒆𝒕 

𝑈𝑠

𝑈𝑝

 
𝜌𝑠

𝜌𝑝

 𝑇𝑇𝑅𝑝 𝑇𝑇𝑅𝑠 𝑁𝑃𝑅𝑠 �̇�𝑝 �̇�𝑠 𝑈𝑝 𝐹𝑝+𝑠 

0.72 1.9 2.0 1.0 4.77 0.512
𝑘𝑔

𝑠
 0.089

𝑘𝑔

𝑠
 584

𝑚

𝑠
 342 𝑁 

 The aero-thermodynamic conditions for the experiments, as calculated using isentropic compressible flow 

relations based upon the temperature and pressure measurements in the plenums, are presented in Table 1. The 

experiments were conducted for two cases: (1) a heated supersonic jet operating at a total temperature ratio (TTR) of 

1.9 with a top hat temperature profile, and (2) a supersonic jet with TTR = 2.0 primary flow with a radially offset 

secondary jet introduced into the plenum at TTR = 1.1 The reported Reynolds number is for the uniform jet and is 

calculated using the primary jet exit conditions (𝑈𝑗 , 𝜇𝑗, 𝜌𝑗). The Reynolds number for the primary plume of the 

thermally offset jet is very close to that of the uniform jet such that the Reynolds number most representative for 

dynamic scaling is nearly equal for both jets studied. For plots in section III, the mean velocities and Reynolds stresses 

are normalized using 𝑈𝑗 for the uniform jet and 𝑈𝑝 for the non-uniform, thermally offset jet. The aforementioned two 

conditions will be referenced as the uniform and thermally offset jet, respectively, throughout the remainder of the 

paper.  

 The difference between the TTR of the heated primary flow for the uniform and the offset jets was selected in an 

attempt to match, as closely as possible, the thrusts and mass flow rates of the two jets when calculated using isentropic 

relations. This accommodation resulted in matched mass flow rates for the two jet flows, while the thermally offset 
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jet produced a combined thrust (𝐹𝑝+𝑠) that was about 2.0% higher than the uniform jet (𝐹𝑗). Thrust was computed by 

integration of the exit flow aero-thermodynamic conditions assuming ideal expansion. 

B. Particle Image Velocimetry 

 Stereoscopic Particle Image Velocimetry (PIV) was the primary tool used to measure the vector mean velocity 

field and turbulent Reynolds stress distributions along the jet centerline. Two 5.5 megapixel LaVision Imager sCMOS 

cameras mounted with 50 mm focal length Nikon lenses and 532 nm band-pass light filters were used to image the 

laser-illuminated particles in the flow field. A Quantel EverGreen 200 mJ/pulse frequency-doubled Nd:YAG laser 

emitting 532 nm wavelength light was used and operated with a pulse delay of Δ𝑡 = 1 𝜇𝑠, chosen to balance 

uncertainties from inter-frame correlation and relative pixel-displacement errors.  

 PIV velocity planes were acquired on the center-plane of the jet in an axial-transverse plane, as depicted in Figure 

3. Three planes were acquired each with 5.5 D axial spacing by traversing the laser/camera arrangement using a 

Velmex Bi-slide linear translation stage. Care was taken to acquire overlapping planes of data for cross-plane stitching 

in post-processing. 

 

Fig. 3. Diagram of the PIV laser setup with the coordinate system labeled. 

 The characteristics of the particle seeding used for PIV are summarized in Table 2. The primary and secondary jet 

flows were seeded using 350 nm nominal size alumina (𝐴𝑙2𝑂3) particles, and the entrainment region around the plume 

was seeded using a MDG MAX 3000 fog generator producing 500 -700 nm diameter mineral oil particles. The 

relaxation time for the aluminum oxide seeding yields a Stokes number based upon the integral scales of the jet of 

0.03, such that large-scale fluctuations are well-captured, along with the majority of the turbulent fluctuation energy. 
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Table 2. Seeding Characteristics 

Parameters 𝐴𝑙2𝑂3 𝑀𝑖𝑛𝑒𝑟𝑎𝑙 𝑂𝑖𝑙 

Density 𝜌𝑝𝑎𝑟𝑡. 3950 𝑘𝑔/𝑚3 800 𝑘𝑔/𝑚3  
Diameter 𝐷𝑝𝑎𝑟𝑡. 300 𝑛𝑚 (nominal) 500-700 𝑛𝑚 

Relaxation time 𝑡0 2.1 𝜇𝑠 0.8 𝜇𝑠 

Seeding Port Primary and secondary plenums External entrainment 

 The PIV images were recorded and post-processed using LaVision DaVis 8.4 software. Two thousand image pairs 

were recorded at 15 Hz using the three overlapping axial camera positions. This arrangement captured the full 

developmental regions of both jet conditions studied. Stereo PIV self-calibration [28] was applied to improve the 

accuracy of the PIV velocities. In order to maximize the confidence in the velocity vector calculations, a total of five 

progressively refined image correlation passes was executed. Square 128 x 128-pixel interrogation windows with 50% 

overlap were used for the first two correlation passes, while the final three passes used 32 x 32-pixel adaptive 

correlation window-shape with 75% overlap between adjacent windows. The final pass resulted in a measurement 

resolution for the entire flow field image of 320 x 240 vectors; while each velocity vector had a nominal spatial 

resolution of 0.47 mm x 0.47 mm, or approximately 0.01D x 0.01D.  

 The integrity of each velocity vector sample was assured using image- and statistics-based validation. A threshold 

of two was set for the peak-ratio validation parameter—the ratio of the primary PIV correlation peak to the second-

largest peak. This validation parameter provides a measure of the ambiguity present in the identification of the 

correlation peak. In addition, a two-pass median filter was used to find and replace spurious vectors with differences 

from nearest neighbors of greater than four standard deviations. 

C. PIV Uncertainties 

 It was determined that the dominant velocity uncertainties are due to position uncertainties in the multi-plane 

stitching of the PIV data acquired by axial traversing. Although extensive care was taken during data acquisition, non-

repeatability in the rig thermal expansion resulted in small misalignments between the traverse and the jet flow. A 

laser sheet thickness of approximately 4 mm, wider than used in many applications, was employed in order to reduce 

uncertainty of the data due to flow misalignment. Additional position uncertainties manifest themselves in the axial 

positions, especially with regards to the overlap region of these laser planes. 
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 In order to quantify the uncertainty in the overlap between these positions, a perturbation analysis was performed 

on the data from each PIV traverse position. The raw planar velocity data were initially aligned using the 

experimentally determined axial positions and overlapping measurements compared. Next, the mean velocity 

magnitude image for each downstream camera position was cross-correlated with its immediate upstream neighbor, 

and the shift in distance found was taken as the 𝑥/𝐷 and 𝑦/𝐷 uncertainty of the downstream camera positions. The 

resulting PIV position uncertainties are presented in Table 3. While larger than the resolution of individual velocity 

vectors, these uncertainties are consistent with the precision of the instrument positioning hardware used in the 

experiment. 

Table 3. Positional uncertainty in camera location 

 𝒙/𝑫 𝒚/𝑫 

Position 1 to Position 2 ±0.061 ±0.037 

Position 2 to Position 3 ±0.074 ±0.037 

 Statistical standard error uncertainties with a 95% confidence interval were computed for the mean velocities and 

Reynolds stresses presented in this paper, and reported in Table 4, using the methods presented by Bendat & Piersol 

[29]. Since statistical uncertainties vary with the local statistical moments, only the maximum uncertainties 

encountered within the entire measurement domain, i.e., the worst cases, are reported. 

Table 4. Standard Error Uncertainties with 95% Confidence Interval 

𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 

𝑈𝑥
̅̅̅̅ /𝑈𝑗 ±7.0 × 10−3 

𝑢𝑥
′ 𝑢𝑥

′̅̅ ̅̅ ̅̅ /𝑈𝑗
2 ±1.5 × 10−3 

𝑢𝑦
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅/𝑈𝑗
2 ±0.65 × 10−3 

𝑢𝑥
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅/𝑈𝑗
2 ±0.44 × 10−3 

III. Results and Discussion 

Unsteady flow field velocity measurements are presented to explain key facets of the mean velocity field and 

turbulence structure in a thermally non-uniform round jet, particularly in comparison to a uniform baseline jet at 

matched mass flow and exit Mach number conditions. Several observations are made that indicate common features 

shared among the thermally offset flow field and other flow fields reported in literature for eccentric multi-stream jets. 

The systematic presentation of the results to follow, starting with exit conditions and mean axial velocity contours and 

progressing to detailed Reynolds stress distributions, is intended to provide clear insights into the impacts that 

temperature non-uniformity have on the evolution of the turbulence field. 
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All velocity and turbulence data are non-dimensionalized on the isentropic exit velocity, 𝑈𝑗 for the uniform jet, 

and 𝑈𝑝 for the thermally offset jet. As both jet flows are plotted on the same graph for ease of comparison, 𝑈𝑗 will be 

used as the scripting language on the plots for simplicity. The axial and transverse positions are always normalized on 

the primary nozzle exit diameter, 𝐷. The transverse regions of the thermally offset case will often be referred to using 

“thick side” and “thin side” terminology. The thick side refers to the side of the thermally offset jet containing the 

cooler temperature plume, while the thin side is radially opposite the thick side. For the cross-section plots to follow, 

the thin side of the offset jet is the spatial region where 𝑦/𝐷 > 0 and the thick side is the spatial region where 𝑦/𝐷 <

0, with 𝑦/𝐷 = 0 being the geometric centerline of the thermally offset jet.  

A. Jet Exit Temperature Profiles 

The flow conditions at the nozzle exit provide critical details for assessing behavior of the plume further 

downstream. TTR contours are provided in Figure 4 for the uniform (Figure 4(a)) and thermally offset (Figure 4(b)) 

plumes. The core of the uniform jet was assessed for temperature variation, and found to have 2.4% root-mean-square 

variation in TTR. The cooler temperature jet flow introduced into the thermally offset jet, as observed in Figure 4(b) 

produces a local minimum TTR =1.3, despite the initial temperature of this plume being measured as TTR = 1.1. The 

increase in TTR of the cold plume at the nozzle exit has been attributed to heating of the secondary nozzle by the 

surrounding primary flow within the plenum.  

 
           (a)                               (b)  

Fig. 4. TTR contours for (a) the uniform jet and (b) the thermally offset jet. 
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B.  Mean Velocity Field 

 Given the pressure-matched conditions between the primary and secondary flows, and the substantial 

differences in temperature, it is clear that the mean velocity distributions will be altered considerably by the introduced 

thermal non-uniformity. Contours and radial profiles of mean axial velocity are provided in Figures 5 and 6, 

respectively.  

 
Fig. 5. Axial mean velocity contours for the uniform and thermally offset jet. 

At first glance, the contours of Figure 5 appear to show little difference between the two jet flows; however, a 

number of subtle, yet significant, differences are present. Near the nozzle, the thermally offset plume exhibits a 

reduction in the mean velocity, effectively thickening the shear layer, on the lower half of the plume in the vicinity of 

the colder flow. At 𝑥/𝐷 = 1, particularly evident in the profile for that station shown in Figure 6, the velocity profile 

on the thin side of the thermally offset jet follows that of the uniform jet, whereas on the thick side, there is a 17% 

reduction in the velocity near the nozzle, owing to the lower sound speed in the region influenced by the 𝑇𝑇𝑅 = 1.3 

secondary flow stream. As the axial velocity profile evolves with downstream distance, deviations from the uniform 

jet profile on the thin side of the thermally offset jet begin to manifest, while the thick side profile assumes nearly the 
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same shear profile as the uniform jet for 𝑥/𝐷 > 5. Another notable difference in the contours is the decay of the 

centerline velocity is greater for 𝑥/𝐷 > 7 for the thermally offset jet, indicating that the length of the potential core 

has been reduced. The mechanisms driving the changes observed on the thin side of the jet are hypothesized to be due 

to asymmetric instabilities in the shear layer of the jet produced by the ambient temperature plume. It is particularly 

interesting to note that these same mean velocity behaviors are present in offset multi-stream jets such as those 

presented in refs. [14,29]. Further common characteristics to eccentric jets are visible in the plume turbulence structure 

and are discussed in the following subsections. 

 
Fig. 6. 𝑼𝒙

̅̅̅̅  velocity radial profiles for the uniform (blue) and thermally offset (red) jets. 

C. Turbulence Structure 

 The instantaneous PIV images enable one to obtain Reynolds stresses throughout the measurement domain for 

analysis of the detailed turbulence structure. The uncertainties reported in Table 4 indicate that the number of images 

acquired yield statistically converged results to the precision needed for meaningful conclusions when comparing the 

uniform and non-uniform datasets. 

 Radial profiles of the in-plane Reynolds normal stresses (𝑢𝑥
′ 𝑢𝑥

′  and 𝑢𝑦
′ 𝑢𝑦

′ ) and the Reynolds shear stress (𝑢𝑥
′ 𝑢𝑦

′ ) 

are provided in Figures 7-9 over the axial region 1 ≤ 𝑥/𝐷 ≤  8. The asymmetry caused by the non-uniform 
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temperature is apparent in each of the stresses. The first major observation of note is the location of the peak turbulence 

on both sides of the thermally offset jet. On the thick side (𝑦/𝐷 < 0), the peak 𝑢𝑥
′ 𝑢𝑥

′  remains approximately at the 

nozzle lip line (𝑦/𝐷 = −0.5) at all measured axial locations. In contrast, the peak 𝑢𝑥
′ 𝑢𝑥

′  locations move toward the jet 

centerline with increasing axial distance on the thin side (𝑦/𝐷 > 0), while increases in the Reynolds stress values up 

to 25% at a given radius are seen at some downstream locations. The asymmetry of the flow field has resulted in a 

more rapid growth of the vortical layer toward the centerline on the thin side, apparent in each of the Reynolds stress 

components plotted. For instance, the zero-crossing for the Reynolds shear stress (see Figure 9) migrates below the 

centerline for the 𝑥/𝐷 = 7 and 8 stations.  

 The reduction in the peak axial Reynolds normal stress is greatest on the thick side for 3 ≤ 𝑥/𝐷 ≤  6 and is related 

to the reduced local shear present at those stations in the region −0.5 ≤ 𝑦/𝐷 ≤  −0.2. This is an intriguing behavior, 

likely indicating that the placement and extent of the cooler secondary flow region can be used to selectively reduce 

turbulence in an axial region of interest. In terms of the jet noise reduction application motivating this study, there is 

a close relationship between the frequency of radiated noise and the axial location in the jet where it is emitted due to 

the axial growth of turbulent length scales. Intentionally focusing turbulence intensity reductions at chosen axial 

positions can hypothetically create spectrally-targeted noise reductions in the peak emission directions. 

 Turbulence is enhanced for 𝑥/𝐷 ≤ 2 due to rapid mixing that occurs near the nozzle between the primary hot 

stream and the cooler secondary stream (see Figures 10 and 11). The internal shear from the thermally offset non-

uniformity has introduced turbulence in the region −0.5 ≤ 𝑦/𝐷 ≤  −0.25 and large relative differences in the 

transverse Reynolds normal stress near the nozzle (see 𝑥/𝐷 ≤ 2  stations in Figures 7-11). The transverse normal 

stress (𝑢𝑦
′ 𝑢𝑦

′ ) profile diffuses inward toward the centerline from the thin side, generating a significantly asymmetrical 

profile for 𝑥/𝐷 ≥  6. On the thick side, there is also an observable increase in the transverse stress magnitudes for the 

thermally offset jet, but this only occurs from the lower jet lipline towards ambient. The transverse motions indicated 

by 𝑢𝑦
′ 𝑢𝑦

′ , particularly near the ambient edge of the jet, point toward asymmetric entrainment rates on the thick and 

thin sides of the jet.  

Although not plotted explicitly, the Reynolds shear stress exhibits regions of reduced correlation coefficients with 

the normal stresses, 𝑢𝑥
′ 𝑢𝑦

′ /√𝑢𝑥
′ 𝑢𝑥

′  𝑢𝑦
′ 𝑢𝑦

′ . The shear stress values are similar in magnitude between the uniform and 

offset cases, while 𝑢𝑥
′ 𝑢𝑥

′  and 𝑢𝑦
′ 𝑢𝑦

′  are increased on the thin side at stations 𝑥/𝐷 ≥ 6 for the offset case. As such, the 
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turbulent motions contributing to 𝑢𝑥
′ 𝑢𝑦

′  are slightly less active in regions of the offset case—i.e., less energy in these 

motions contribute to shear stresses that interact more significantly with the mean flow in the Reynolds-averaged 

momentum equation. Given that the non-axisymmetric mean flow itself will reduce the azimuthal coherence of 

motions from the thermally offset nozzle, the reduced coherence appears to result in more inactive motions with 

greater three-dimensionality than present in the uniform case.  

 
Fig. 7. 𝒖𝒙

′ 𝒖𝒙
′̅̅ ̅̅ ̅̅ ̅ axial Reynolds normal stress profiles for the uniform and thermally offset jets. 
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Fig. 8. 𝒖𝒚

′ 𝒖𝒚
′  transverse Reynolds normal stress cross-sections for the uniform and thermally offset jets. 

 
Fig. 9. 𝒖𝒙

′ 𝒖𝒚
′  Reynolds shear stress profiles for the uniform and thermally offset jets. 

 Examining the axial development of turbulence more closely near the nozzle exit (Figures 10 and 11), the changes 

to the mean axial and shear stress from the presence of the ambient temperature offset plume are more apparent. The 
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cooler temperature region has the practical effect of broadening the shear layer on the thick side and promoting 

turbulent diffusion of lower momentum flow toward the centerline. For 𝑥/𝐷 = 0.5 there is a secondary inflection 

point at 𝑦/𝐷 ≈ −0.4 where the shear stress closely approaches zero and increases slightly toward the centerline, 

stemming from the low mean velocity gradient near the center of the cooler temperature plume that causes locally-

reduced mixing. Close observation of Figure 10 reveals a flat feature in 𝑢𝑥
′ 𝑢𝑥

′  at the same station arising for the same 

reason. As is apparent from the turbulence profiles further downstream (referring back to Figures 7-9), the complexity 

of the flow field quickly increases as the uniform primary and secondary streams mix and the shear layer thickness is 

no longer much smaller than the jet diameter. 

  

Fig. 10. Near nozzle 𝒖𝒙
′ 𝒖𝒙

′̅̅ ̅̅ ̅̅ ̅ velocity profiles for the 

thermally offset jet. 
Fig. 11. Near nozzle  𝒖𝒙

′ 𝒖𝒚
′̅̅ ̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅ Reynolds shear stress 

profiles for the thermally offset jet. 

D. Similarities to and insight for multi-stream offset jets 

 The observations made above are very similar in nature to those reported by Henderson et al. [8], Henderson & 

Wernet [25] and Papamoschou [15] for multi-stream offset jets shown to offer major reductions in far-field large-eddy 

mixing noise. From the current study, the presence of the thermal non-uniformity serves to alter flow characteristics 

throughout the developmental regime of the jet. The cooler temperature plume causes an asymmetric shift in the mean 
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velocities and Reynolds stresses in the jet. As with multi-stream offset jets, the thin side of the plume exhibits a regions 

with greater turbulence, while the thick side has a significant axial extent with reduced Reynolds normal stress values. 

The data support that the presence of the temperature non-uniformity affects the turbulence development by 

augmenting the entrainment rate of the jet shear layer, particularly given notable increases in the transverse Reynolds 

stresses (Figure 8). The changes occur not only on the side where non-uniformity has been introduced, but also the 

opposite side. The same asymmetric features are observed in multi-stream offset jets, clearly being driven by three-

dimensional effects related to the shape of the jet profile. Physical interpretations or simplified modeling/scaling 

concepts informed solely by local flow features in this flow, for example reasoning the features and physical 

interpretation of the thin side of the jet based on usual local shear layer parameters such as thickness, velocity ratio 

and density ratio, fail due to the importance of three-dimensional interactions throughout the jet. Given the changes 

affected by the non-uniformity in the mean velocity field, the instability field will be non-axisymmetric; and the base 

flow will promote the growth of structures with varying scales and fluctuation energies around the azimuth of the 

plume—quite different from the dominant instabilities of the equivalent uniform round jet. 

 The motivation for the current work has been to use flow non-uniformity to alter turbulence development, 

ultimately with the goal of reducing radiated jet noise. Although the current results show relatively subtle changes in 

the flow structure, they have been achieved with similarly modest differences in temperature between the primary and 

secondary streams. Scaling the concept for greater differences between the heated primary stream and the cooler offset 

stream would create larger effects. For instance the large-eddy simulations of over-expanded jets with thermal non-

uniformities conducted by Tamm et al. [30] for a primary stream at 𝑇𝑇𝑅 = 7 and the secondary at 𝑇𝑇𝑅 = 3 showed 

significant changes in the flow field which caused significant reductions in radiated noise. The results from this recent 

computational study suggest that increasing the TTR difference between the two jet streams can potentially lead to 

significant reductions radiated noise in high speed jets. 

IV. Conclusion 

 An experimental study has been conducted to compare the flow fields of heated Mach 1.5 jets with and without 

total temperature non-uniformity. PIV measurements were collected on both jet flows to a distance of ten jet diameters 

from the nozzle exit, and the mean axial velocity and turbulence profiles were analyzed to explore and identify the 

changes in the flow field arising from temperature non-uniformity. 
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 The presence of the temperature non-uniformity alters flow characteristics throughout the developmental regime 

of the jet. There are non-axisymmetric changes in the mean velocity development of the non-uniform plume that 

persist throughout the region examined. Peak turbulence levels show shifts in position and magnitude when non-

uniformity is present. The peak axial Reynolds normal stresses are reduced for stations in the range 3 ≤ 𝑥/𝐷 ≤  6, 

related to the reduced local shear present at those stations in the transverse region −0.5 ≤ 𝑦/𝐷 ≤  −0.2 due to the 

presence of the temperature non-uniformity. The peak normal stresses on the side opposite the thermal non-uniformity 

are consistently greater than for the uniform jet, and the axial Reynolds normal stress peak locations shift toward the 

centerline as the vortical layer growth appears augmented in that region of the plume. 

 These observations are all consistent with features previously observed by other researchers studying multi-stream 

eccentric co-annular plumes. A potential impact of the current work is as a step toward generalizing the offset stream 

approach to a broad class of tailored non-uniform nozzle exit flow distributions. For instance, the non-uniform flow 

field examined herein could be used to target a specific range and directivity pattern for the noise spectrum by affecting 

the turbulence in the 3 ≤ 𝑥/𝐷 ≤  6 region of the plume. One could imagine the possibility of more sophisticated 

tailoring that could affect different regions or varying azimuths of the plume for targeted changes. In future work, it 

is hoped that the role of linear instabilities on the development of the plume turbulence can be used to guide choices 

for tailored exit profiles to achieve desired outcomes. 
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Statistical Flow Structures in Heated Supersonic Jets with 

Offset Temperature Non-Uniformities 

David E. Mayo Jr.1, Kyle A. Daniel2, K. Todd Lowe3, and Wing F. Ng4 

Advanced Propulsion and Power Laboratory, Virginia Tech, Blacksburg, VA, 24061, USA 

Recent research has revealed that introducing total temperature non-uniformities into 

heated supersonic jets can alter the turbulence characteristics, resulting in far-field noise 

reductions. In this study, the large-scale turbulent structures in the shear layers of two round, 

perfectly-expanded Mach 1.5 heated jet flows are compared and analyzed: a uniformly heated 

jet and heated jet with an offset cold temperature plume. Quadrant analysis, a conditional 

averaging technique which identifies statistical flow structures contributing to local mean 

shear stress, was applied to PIV measurements at a probe point located at 𝒙/𝑫 =  𝟐 and the 

radial location of peak 𝒖𝒙
′ 𝒖𝒚

′̅̅ ̅̅ ̅̅ ̅ stress in each jet. The resultant structures confirmed that the 

dominant mechanisms for shear stress generation were reverse entrainment (𝒖𝒙
′ < 𝟎, 𝒖𝒚

′ > 𝟎) 

and forward ejection (𝒖𝒙
′ > 𝟎, 𝒖𝒚

′ < 𝟎) motions that had a negative magnitude and 

cumulatively made up 80% of the observed events. The forward entrainment (𝒖𝒙
′ > 𝟎, 𝒖𝒚

′ >

𝟎) and reverse ejection (𝒖𝒙
′ < 𝟎, 𝒖𝒚

′ < 𝟎) motions were associated with pinching events, 

characterized by a strong positive shear stress structure centered on the probe point and lobes 

of weaker negative shear stress bracketing the probe point. The evidence indicates an increase 

in the three-dimensionality of the turbulence due to the introduction of the cold plume. 

I. Nomenclature 

C = Two-Point Cross-Correlation Coefficient Matrix 

D = Primary Jet Exit Diameter (𝑚) 

d = Secondary Jet Exit Diameter (𝑚) 

                                                           
1 Graduate Research Assistant, Department of Mechanical Engineering, AIAA Student Member 
2 Graduate Research Assistant, Crofton Department of Aerospace and Ocean Engineering, AIAA Student Member 
3 Associate Professor, Crofton Department of Aerospace and Ocean Engineering, AIAA Associate Fellow 
4 Alumni Distinguished Professor, Department of Mechanical Engineering, AIAA Fellow 
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f = Frequency (1/𝑠𝑒𝑐) 

F = Isentropic Jet Thrust (𝑁) 

I = Quadrant Analysis Piecewise Filter Function 

L = Integral Length Scale (𝑚) 

𝑀 = Mach Number 

�̇� = Mass Flow Rate (𝑘𝑔/𝑚3) 

𝑄 = Quadrant (𝑄1, 𝑄2, 𝑄3, 𝑄4) 

𝑄𝐹 = Quadrant Fraction 

𝒓 = Location Vector for Integral Length Scale 

𝑅 = Ideal Gas Constant for Air (
𝐽

𝑘𝑔𝐾
) 

ℛ = Integration Range for the Integral Length Scale  

Re = Jet Reynolds Number (𝜌𝑈𝑗𝐷/𝜇) 

𝑆𝑡 = Strouhal Number (𝑓𝐷/𝑈𝑗) 

𝑇 = Temperature (𝐾) 

𝑡0 = Relaxation Time (𝑠𝑒𝑐) 

𝑈 = Velocity (𝑚/𝑠) 

𝑢′ = Fluctuating Velocity (𝑚/𝑠) 

x = Axial Coordinate Axis (𝑚) 

y = Transverse Coordinate Axis (𝑚) 

δΩ̅𝜃
 = Vorticity Thickness (𝑚) 

Δ𝑡 = PIV Inter-Frame Time Delay (𝑠𝑒𝑐) 

𝜇 = Dynamic Viscosity (𝑘𝑔/𝑚 ∙ 𝑠) 

Ω = Vorticity (1/𝑠𝑒𝑐) 

𝜌 = Density (𝑘𝑔/𝑚3) 

𝛾 = Heat Capacity Ratio 

 

Subscripts 

a,b =  Matrix Indices 
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c =  Convection 

j =  Uniform Jet Heated Plume Condition at Nozzle Exit 

𝑚, 𝛼, 𝛽 =  Quadrant Number (1,2,3,4) 

n =  Sample Number 

p = Thermally Offset Jet Primary Stream Condition at Nozzle Exit 

s = Thermally Offset Jet Secondary Stream Condition at Nozzle Exit 

x = Axial Component 

y = Transverse Component 

𝜃 = Azimuthal Component 

Superscripts 

̅  =  Mean Variable 

′  =  Fluctuating or Mean-Subtracted Variable 

̃  =  Conditionally-Averaged Mean Variable 

II. Introduction 

ecent developments have suggested that total temperature non-uniformity in supersonic jets can cause favorable 

turbulence modifications and noise reduction [1,2]. For instance, the introduction of a lower temperature plume 

into an otherwise heated supersonic free jet flow produces far-field noise reductions which scale with the total 

temperature ratio (TTR) difference between them. The current work seeks to shed light on the subtle changes in 

statistical turbulent flow structures that are associated with non-uniform heated supersonic jets. 

 Modifying the exit conditions of jet flows has been shown in many prior studies to alter the radiated noise 

characteristics through modulation of the turbulent scales and development in the jet shear layer [3-13]. Fluid 

injections and inserts [2-5], multi-stream axisymmetric and asymmetric jets [6-8], inverted velocity profile jets (IVP) 

[9-13], and thermally non-uniform jets are among the methods currently used to modulate the flow field of jet exhausts.  

 Recent experimental and computational studies of multi-stream axisymmetric and asymmetric jets have shown 

favorable reductions in radiated far field noise [5–7]. It has been found that the potential core length in the primary jet 

of asymmetric multi-stream jets is shorter, which enhances turbulent mixing in the shear layer region opposite the 

secondary jet plume.  As a result, convection velocities are reduced and stream-wise vortices form, altering the global 

R 
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mean flow field and being associated with far field noise reductions in the range of 2 to 6 dB along affected directivity 

angles.  

 Introducing total temperature variations into the nozzle of a jet can be used to intentionally vary the velocity and 

turbulence profiles. Recent work by the authors [2,14] has revealed that adding a cooler region to an otherwise heated 

jet flow alters turbulence development in the shear layer and reduces the length of the potential core when compared 

to a thrust-, mass flow-, and exit area-matched heated jet flow. Tamm et al.[15] performed LES on a jet flow exhausted 

from a military style nozzle at realistic operating conditions containing a temperature non-uniformity and found a 1.6 

dB reduction in peak overall sound pressure level (OASPL), with up to 5 dB reductions in peak spectral narrowband 

sound pressure levels. 

 In the current work, we seek to use statistical analysis on flow data gathered using particle image velocimetry 

(PIV) to better understand the subtle difference in the turbulent structures caused by cross-sectional temperature 

variation. Given the role that Reynolds shear stress plays in determining the Reynolds-averaged mean flow, in addition 

to the links it has to jet noise radiation [16] we have chosen to use a conditional averaging approach that isolates events 

producing and counteracting peak Reynolds shear stress—quadrant analysis. Quadrant analysis was originally 

developed to identify turbulent structures that contribute to shear stress production in boundary layers [17] and has 

since been applied to a wide variety of turbulent flows as noted in the review by Wallace [18]. The technique has 

occasionally been applied to free shear flows such as wakes [19] and mixing layers [20], and rarely, to free jets [21–

23]. Örlü & Alfredsson [21] used quadrant analysis to study the shear layer of a swirling free jet and identify the 

mechanisms that facilitated enhanced turbulence evolution compared to non-swirling jets. Sreenivasan & Antonia [23] 

used quadrant analysis to analyze the joint probability distributions of the fluctuating velocities and temperatures in a 

subsonic jet to a model Gaussian distribution. Most recently, Viggiano et al. [22] applied quadrant analysis to PIV 

data acquired on vertical, low Reynolds number, variable density jets that simulate geophysical flows. To the authors’ 

knowledge, this is the first study presenting quadrant analysis to velocity data collected on supersonic heated jets. 

The goal of the current study is to identify changes in conditionally-averaged turbulent structures present in a 

thermally non-uniform round supersonic jet which may contribute to a reduction in radiated noise. In an acoustic study 

by Daniel et al. on the thermally offset jet flow, a 1.5 dB reduction was observed in the peak jet noise direction. The 

reduction observed is small, but statistically significant and acoustic benefit is expected to scale with the TTR 

difference between the primary and secondary plumes [15]. In this paper, it will be shown that introducing a small, 
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cold region of flow near the edge of the plume causes a net increase in entrainment of ambient fluid into the shear 

layer compared to the uniform baseline. The increased entrainment in the thermally offset jet is associated with radially 

larger turbulent structures and lower conditionally-averaged Reynolds stress amplitudes in conditionally-averaged 

structures in the outer shear compared to the uniform jet. The quadrant analysis revealed the presence of counter-

rotating vortical structures and an increase in the three dimensionality of the turbulence for the offset jet, which are 

likely to have an impact on noise-producing events. 

 This paper is organized as follows: Section III describes the experimental facility and methods used to acquire 

the flow field results. Section IV describes the mathematics of the quadrant analysis technique in the context of 

experimental jet flow data, and Section V presents the results and analysis of the two jet flows. Section VI summarizes 

the conclusions from the study. 

III. Experimental Methods 

A. Virginia Tech Heated Jet Rig, Instrumentation and Experimental Conditions 

The Virginia Tech Heated Jet Rig (Fig. 1), located at the Advanced Power and Propulsion Laboratory was used to 

obtain the data presented in this study. A round 1.5 design Mach number primary nozzle, (D = 38.1 mm), developed 

by Kuo et al. using the axisymmetric method of characteristics, was rescaled and constructed for this rig. A secondary, 

offset converging nozzle (d = 8.38 mm), terminating at the inlet of the primary nozzle, was installed to produce a 

reduced total temperature plume in the heated jet flow (Fig. 2). Details regarding the construction of the secondary jet 

stream can be found in Daniel et al [14]. and analysis of the exit total temperature profiles of both the uniform and the 

thermally offset jets can be found in Mayo et al [2]. 

 

Fig. 1 Diagram of Virginia Tech Hot Jet Rig 

All pressure values were measured using a Scanivalve Corp. ZOC17IP/8Px-APC pressure scanner and all 

temperature values measured with K-type thermocouples/probes and recorded with a NI 9213 module in a NI cDAQ-
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9184 chassis. The experiments were conducted for two cases: (1) a heated supersonic jet operating at a total 

temperature ratio (TTR) of 1.9 with a uniform temperature profile, and (2) a supersonic jet with TTR = 2.0 primary 

flow with a radially offset secondary jet introduced into the plenum at TTR = 1.1 The aero-thermodynamic flow 

conditions for the primary and secondary jet streams were calculated with isentropic compressible flow relations and 

the aforementioned measured pressure and temperature values, are presented in Table 1. The reported Reynolds 

number is for the uniform jet and is calculated using the primary jet exit conditions (𝑈𝑗 , 𝜇𝑗 , 𝜌𝑗). The Reynolds number 

for the primary plume of the thermally offset jet is close enough to the uniform jet that the Reynolds number most 

representative for dynamic scaling is nearly equal. 

 

Fig. 2. Diagram of the coaxial jet geometry 

 

 

Table 1. Flow conditions for the uniform and thermally offset jets 

Both Cases Uniform 

𝑁𝑃𝑅𝐽 𝑀𝑗 𝑅𝑒𝑗 𝑇𝑇𝑅𝑗 �̇�𝑗 𝑈𝑗 𝐹𝑗 

3.67 1.5 0.82 × 106 1.9 0.587
𝑘𝑔

𝑠
 578

𝑚

𝑠
 335 𝑁 

Thermally Offset 

𝑈𝑠

𝑈𝑝

 
𝜌𝑠

𝜌𝑝

 𝑇𝑇𝑅𝑝 𝑇𝑇𝑅𝑠 𝑁𝑃𝑅𝑠 �̇�𝑝 �̇�𝑠 𝑈𝑝 𝐹𝑝+𝑠 

0.72 1.9 2.0 1.1 4.77 0.512
𝑘𝑔

𝑠
 0.089

𝑘𝑔

𝑠
 584

𝑚

𝑠
 342 𝑁 
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B. Particle Image Velocimetry 

 Stereo Particle Image Velocimetry (PIV) measurements were collected on both the uniform and thermally offset 

jet flows. Two 5.5 megapixel LaVision Imager sCMOS cameras mounted with 50 mm focal length Nikon lenses and 

532 nm band-pass light filters were used to image the laser-illuminated particles in the flow field. A Quantel 

EverGreen 200 mJ/pulse frequency-doubled Nd:YAG laser emitting 532 nm wavelength light was used and operated 

with a pulse delay of 𝛥𝑡 = 1 𝜇𝑠, chosen to balance uncertainties from inter-frame correlation and relative pixel-

displacement errors. 

 
Fig. 3. Diagram of the PIV laser setup with the coordinate system labeled. 

 PIV velocity planes were acquired on the center-plane of the jet in an axial-transverse plane, as depicted in Fig. 3. 

Three planes were acquired each with 5.5 D axial spacing by traversing the laser/camera arrangement using a Velmex 

Bi-slide linear translation stage. Care was taken to acquire overlapping planes of data for cross-plane stitching in post-

processing. Details regarding the seeding characteristics and data processing technique can be found in Mayo et al. 

[2]. Statistical standard error uncertainties with a 95% confidence interval were computed for the mean velocities and 

Reynolds stresses presented in this paper, and reported in Table 4, using the methods presented by Bendat & Piersol 

[24]. Since statistical uncertainties vary with the local statistical moments, only the maximum uncertainties 

encountered within the entire measurement domain, i.e., the worst cases, are reported. 
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Table 2. Standard Error Uncertainties with 95% Confidence Interval 

𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑀𝑎𝑥𝑖𝑚𝑢𝑚 

𝑈𝑥
̅̅̅̅ /𝑈𝑗 ±7.0 × 10−3 

𝑢𝑥
′ 𝑢𝑥

′̅̅ ̅̅ ̅̅ /𝑈𝑗
2 ±1.5 × 10−3 

𝑢𝑦
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅/𝑈𝑗
2 ±0.65 × 10−3 

𝑢𝑥
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅/𝑈𝑗
2 ±0.44 × 10−3 

 

IV.Data Analysis Techniques 

A. Spatial Two-Point Correlation and Integral Length Scales 

One method for evaluating the local spatial structure of turbulence in spatially resolved data is performing two-

point correlations and find the associated integral length scales. The integral length scale is a metric representing the 

average of the turbulent scales in the flow, lower bounded by the spatial resolution of the measurements and upper 

bounded by the size of the measurement domain. The full domain is used to evaluate the integral length scales for this 

study as both correlations and anti-correlations are expected to contribute to the turbulence structure in the domain 

space due to the use of the cross-correlation coefficient. 

The spatial two-point cross-correlation coefficient for the shear stress, 𝑪(𝒙𝑎, 𝒚𝑏)is defined as, 

 

 𝑪(𝒙𝑎, 𝒚𝑏) =
𝑐𝑜𝑣[𝑼𝒙(𝑥, 𝑦), 𝑼𝒚(𝒙𝑎, 𝒚𝑏)]

𝑣𝑎𝑟[𝑼𝒚(𝑥, 𝑦)] ∙ 𝑣𝑎𝑟[𝑼𝒚(𝒙𝑎, 𝒚𝑏)]
, (1) 

 

where 𝑥, 𝑦 defines the fixed probe point and 𝒙𝑎, 𝒚𝑏 is point (𝑎, 𝑏) in the position matrix of the measured flow field. 

From the resulting cross-correlation coefficient field, the integral length scales of the shear stress can be evaluated as 

 
𝐿𝑟/𝐷 = ∫ 𝑪(𝒓)

ℛ

𝑟= 0

/𝐷 , 
(2) 

where 𝒓 is the range of 𝒙 at the probe 𝑦 location or the range of 𝒚 at a probe 𝑥 location, and ℛ is the extent of the 

measurement domain in the axial and transverse directions respectively. 

B. Quadrant Analysis 

Quadrant analysis is a conditional averaging technique which classifies and filters events in a turbulent flow into 

four quadrants based on the sign of the fluctuating velocity at a singular point of interest. The quadrant analysis 

conditional average is defined as, 
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 𝑢𝑥
′ 𝑢𝑦

′̃ (𝒙, 𝒚)𝑚  =
1

𝑁
∑ 𝑢𝑥

′ (𝒙, 𝒚, 𝒕𝑛)𝑢𝑦
′ (𝒙, 𝒚, 𝒕𝑛)𝐼𝑚[

𝑁

𝑛=1

𝑢𝑥
′ (𝑥, 𝑦, 𝒕𝑛), 𝑢𝑦

′ (𝑥, 𝑦, 𝒕𝑛)], (3) 

where 𝑚 is the quadrant (1,2,3,4), x, and y, are the position vectors, x and y are the probe point location, t is the sample 

vector, 𝑛 is the sample number, 𝑁 is the total number of samples, and 𝐼𝑚 is the piecewise function, 

 𝐼𝑚[𝑢𝑥
′ (𝑥, 𝑦, 𝒕𝑛), 𝑢𝑦

′ (𝑥, 𝑦, 𝒕𝑛)] =  {
1, 𝑖𝑓 (𝑢𝑥

′ , 𝑢𝑦
′ ) is in quadrant 𝑚

0,  otherwise.
 (4) 

 The method for performing this decomposition is as follows. One, select a point of interest in the flow field, which 

will be referred to as a probe point throughout this paper. Two, filter the entire flow field into four bins of data based 

on the sign of the fluctuating velocities at the probe point. The four bins are called quadrants and each quadrant is 

associated with a dominant motion at the probe point. Once the turbulence data has been decomposed, then the average 

shear stress in each bin is computed to resolve the statistical shear stress structure associated with the motion at the 

probe point. 

 Quadrant analysis has historically been used in evaluating the shear stress structure of boundary layer flows. When 

applied to wall-bounded flows, the four quadrants are defined as follows (assuming a coordinate system with 𝑥 in the 

streamwise direction and 𝑦 positive normal to the wall): Q1 (𝑢𝑥
′ > 0, 𝑢𝑦

′ > 0) outward interaction, Q2 (𝑢𝑥
′ > 0, 𝑢𝑦

′ <

0) ejections, Q3 (𝑢𝑥
′ < 0, 𝑢𝑦

′ < 0) inward interactions, Q4 (𝑢𝑥
′ > 0, 𝑢𝑦

′ < 0) sweeps [17,18]. Summing the averages 

from all four quadrants will return the mean shear stress. 

An important metric in quadrant analysis is the quadrant fraction, QFm—the frequency of observing events in each 

quadrant—defined as, 

 𝑄𝐹𝑚 =
∑ 𝐼𝑚[𝑢𝑥

′ (𝑥, 𝑦)𝑛; 𝑢𝑦
′ (𝑥, 𝑦)𝑛]𝑁

𝑛=1

∑ ∑ 𝐼𝑚[𝑢𝑥
′ (𝑥, 𝑦)𝑛; 𝑢𝑦

′ (𝑥, 𝑦)𝑛]𝑁
𝑛=1

4
𝑚=1

. (5) 
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Fig. 4. Diagram of the four quadrants and their definitions as applied to half of the free jet. 

In applying quadrant analysis to a free jet, the physical meanings of the four quadrants differ from that observed 

in wall-bounded flows. For this study, the four quadrants are interpreted as: Q1 (𝑢𝑥
′ > 0, 𝑢𝑦

′ > 0) forward entrainment, 

Q2 (𝑢𝑥
′ > 0, 𝑢𝑦

′ < 0) reverse ejection, Q3 (𝑢𝑥
′ < 0, 𝑢𝑦

′ < 0) reverse ejection, Q4 (𝑢𝑥
′ > 0, 𝑢𝑦

′ < 0) forward ejection, 

as labeled in Fig. 4. Entrainment motions transport turbulence from the ambient into the jet and ejection motions 

transport turbulence from the potential core towards the ambient. Forward and reverse motions describe whether the 

turbulence motions move downstream or upstream in the shear layer. The new interpretation of the events were 

introduced by Viggano et al. [22], and for this study, the definitions only apply to velocity data where 𝑦/𝐷 < 0. Note 

that Q2 and Q4 motions are dominant in producing the net shear stress for this coordinate system. 

V. Results and Discussion 

A. Jet Exit Temperature Profiles 

The flow conditions at the nozzle exit provide critical details for assessing behavior of the plume further 

downstream. TTR contours are provided for the uniform, Fig. 5 (a), and thermally offset, Fig. 5 (b), plumes. The core 

of the uniform jet was assessed for temperature variation, and found to have 2.4% root-mean-square variation in TTR. 

The cooler temperature jet flow introduced into the thermally offset jet, as observed in Fig. 4 (b) produces a local 

minimum TTR =1.3, despite the initial temperature of this plume being measured as TTR = 1.1. The increase in TTR 

of the cold plume at the nozzle exit has been attributed to heating of the secondary nozzle by the surrounding primary 

flow within the plenum.  
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           (a)                               (b)  

Fig. 5. TTR contours for (a) the uniform jet and (b) the thermally offset jet. 

 

B. Changes in the Mean Velocity and Shear Layer 

An in-depth analysis of the mean velocity and Reynolds stress profiles for both the uniform and thermally offset 

jets were originally published by Mayo et al. [2] A brief summary of the results from that study will be provided here 

to establish a basis for the discussions in further subsections. 

Figure 6 contains cross-section profiles of the mean axial velocity for the uniform and offset jets. At 𝑥/𝐷 = 1, the 

velocity profile on the thin side of the offset jet follows that of the baseline jet, whereas on the thick side, there is a 

maximum local velocity reduction of 17% compared to the uniform jet , due to the reduced speed of sound associated 

with the nearby colder secondary flow. Near the potential core collapse region (𝑥/𝐷 > 7), the velocity profile on the 

thin side of the offset jet begins to deviate from the uniform jet profile. 
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Fig. 6. �̅�𝒙 velocity profiles for the uniform (blue) and thermally offset (red) jets. 

Cross-jet profiles of Reynolds shear stress, 𝑢𝑥
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅, are plotted in Fig. 7. Near the nozzle (𝑥/𝐷 ≤ 2), one notices a 

transverse broadening of the shear layer for the thick side of the offset jet compared to the uniform baseline. This 

thickening of the shear layer can be attributed to the vorticity of the cold plume and the associated increase in turbulent 

mixing it facilitates. However, the thickening of the shear layer is not associated with a significant increase in the peak 

shear stress intensity. For 𝑥/𝐷 ≥ 5, the subtle differences observed between the two jet flows become negligible. On 

the thin side near the potential core collapse region, the peak shear stress location of the offset jet moves closer to the 

jet centerline compared to the uniform jet. The shift in the peak causes deviations in the shear stress profiles between 

the two jet cases to manifest between 0 < 𝑦/𝐷 < 0.5. 

From the brief overview of the mean axial velocity and shear stress profiles, it has been established that there are 

small, but notable differences between the uniform and thermally offset jets. Understanding the changes in the 

structure of the large scale turbulence in the shear layer will provide insight into what physical metrics have changed 

which may lead to a reduction in far-field radiated noise. 
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Fig. 7. 𝒖𝒙

′ 𝒖𝒚
′  Reynolds shear stress profiles for the uniform and thermally offset jets. 

 To quantify the differences observed in the mean axial velocity, Reynolds shear stress, and shear stress production 

profiles near the nozzle, the vorticity thickness was computed for 1 < 𝑥/𝐷 < 3, which can be observed in Fig. 8. The 

vorticity thickness, 𝛿�̅�𝜃
, for this study is defined as, 

 
𝛿�̅�𝜃

(𝑥)

𝐷
=

𝑈𝑗

𝑚𝑎𝑥(𝜕𝑈𝑥/𝜕𝑦) ∙ 𝐷
 (5) 

where Ω̅𝜃 is the mean azimuthal vorticity [25]. 

Immediately, one notices in Fig. 8 that the shear layer of the offset jet is much thicker than the uniform jet in the 

near nozzle region—as expected from the velocity statistics of Figs. 6 and 7. Additionally, the vorticity layer growth 

rate is slightly larger for the offset jet compared to the uniform case. The changes observed can be directly attributed 

to the presence of the cold plume in the offset jet. The plume serves to increase the size of the region containing 

turbulent mixing near the shear layer, causing the vortical layer in the offset jet to be thicker, while the reduced local 

velocities associated with the cold plume region also reduce the axial growth rate of the vortical layer. Analyses in 

sections V.F and V.G will provide a deeper view into how turbulent structures differ in the two cases, ultimately 

affecting the local entrainment and ejection frequencies and mechanisms. 
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Fig. 8. Vorticity thickness of the shear layer in the uniform and offset jets with the vorticity layer growth 

rate labeled. 

C. Mean Shear Stress Turbulence Structure in the Near Nozzle Region of the Jet 

 The maximum transverse shear stress location at 𝑥/𝐷 =  2 for both the uniform and offset jets was selected for 

analysis. The axial location was chosen because this is the furthest upstream location where the effects of the secondary 

plume still persist and the conditionally averaged structures could be fully resolved. The transverse location was 

selected because recent studies [6,16] have provided compelling evidence that the large scale structures centered on 

the outermost peak shear stress surface of the jet are the largest contributors to noise radiated to the far-field in peak 

directions. Based on these criteria, the probe point location of the peak shear stress were found to be (𝑥/𝐷, 𝑦/𝐷)  =

(2, −0.53) for both jets. To evaluate the mean shear stress structure in the shear layer of both jets, the two-point spatial 

correlation was computed at the probe point selected for each jet, the results of which are displayed in Fig. 9. 
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(a) 

 
(b) 

Fig. 9. Two-point cross-correlation coefficient maps for the uniform (a) and thermally offset (b) jets with 

the probe point for both jets marked (magenta) 

 Figure 9 contains the two-point correlation coefficient distributions for both the uniform (a) and offset (b) jets at 

the probe point marked in magenta. Table 3 contains the cross-correlation coefficient and the axial and transverse 

integral length scales for both the uniform and offset jets computed from the two-point correlation at the probe point 
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using Eq. 1. The first observation of note is that the peak correlation value for both jets (𝐶(𝑟/𝐷 = 0)) are both anti-

correlated and have similar values which implies that the axial fluctuations are increasing in intensity faster than the 

transverse fluctuations, which is to be expected in high-speed jet flows. More interesting is that, due to both jets having 

the same correlation value, the intensities of the integrated turbulence structure at the probe location are evolving at 

the same rate. 

Table 3. Correlation coefficient and integral length scales for the uniform and thermally offset jets at the 

probe point 

 𝑈𝑛𝑖𝑓𝑜𝑟𝑚 𝑂𝑓𝑓𝑠𝑒𝑡 

𝑪(𝑥/𝐷, 𝑦/𝐷) -0.76 -0.74 

𝐿𝑥/𝐷 0.23 0.22 

𝐿𝑦/𝐷 0.095 0.12 

 

The axial length scale , 𝐿𝑥/𝐷 is effectively unchanged between thermally offset and uniform jets. Conversely, the 

transverse length scale, 𝐿𝑦/𝐷, is 26% longer in the offset jet compared to the uniform. The difference in 𝐿𝑦/𝐷 between 

the two jets is expected as the shear layer is thicker for the offset jet at x/D = 2. The similarity in the 𝐿𝑥/𝐷 and the 

peak correlation value provides evidence that the evolution of the axial turbulence is driven by scaling between 𝑈𝑗 and 

the ambient and is no longer dictated by the secondary plume velocity, 𝑈𝑠. Quadrant analysis will be employed to 

evaluate the statistical nature of the mean turbulence structure. 

D.  Quadrant Fraction Statistics in the Near Nozzle Developmental Region 

 Given the sample sizes available, the statistical error in the conditional averages were decreased by reducing the 

spatial resolution by half, doubling the number of samples represented at each resolved vector location. After applying 

the technique to the data, the effective number of samples at each location increased to 4,000. 

Before investigating results of the quadrant analysis at the selected probe points, a transverse sensitivity study at 

𝑥/𝐷 =  2 was performed. The quadrant fraction is the ratio of the number of samples in a quadrant, at the selected 

probe point, to the total number of samples at the probe point. Fig. 10 presents the transverse evolution of the quadrant 

fraction as one moves from ambient, on the left, towards the centerline on the right and their values are given on the 

right ordinate. Overlaid on this plot are the axial velocity profiles of the uniform and offset jets for reference of the 

mean velocity behavior, the scale of which is given on the left ordinate and the transverse location of the probe point 

is marked by the vertical dashed line. The first observation of note is that at the transverse probe point location, the 

Q1 vs Q3 and Q2 vs Q4 events occur equally often in the jet shear layer—i.e., both are contributing a maximum 
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amount. Entrainment motions are observed more often towards ambient and ejection motions occur more often 

towards the centerline from the probe point. This implies that fluid is being drawn towards the peak shear stress 

location both from the ambient as well as from the potential core. This behavior is expected as entrainment is the 

primary mechanism for shear layer growth in free jets [26]. Towards the centerline of the jet, smaller ejection peaks 

can be observed in the offset jet which are not present in the uniform jet which are caused by the turbulence introduced 

by the secondary plume.  

The peak in the number of detected forward ejection (Q4) events in both jets coincides with the maxima of the 

𝜕𝑈𝑥/𝜕𝑦 velocity gradient in both jets (𝑦/𝐷 ~ 0.52 in the uniform jet and 𝑦/𝐷 ~ 0.45 in the offset jet). The 𝜕𝑈𝑥/𝜕𝑦 

gradient is closely associated with the Q4 events since the forward ejection occurrence increases in the region the 

gradient slope is negative and decays when the gradient has a positive slope. The observations about the relationships 

between local velocity gradient changes and Q4 events are consistent with the physics of ejection events which have 

been observed in boundary layer flows [17,27,28]. 

 

Fig. 10. Transverse evolution of the quadrant fraction in the uniform and thermally offset jets at 𝒙/𝑫 = 2 

with the probe point location marked (---) 

 Figure 11 presents phase plots between the fluctuating axial and transverse velocities in the uniform and offset 

jets at the probe point. The data points in each quadrant are color coded based on the quadrants in which each data 

point lies after performing quadrant analysis. The legends provide the quadrant fractions for both jets and as noted 
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before, the opposing motions, Q1 vs Q3 and Q2 vs Q4, occur equally often. The reverse entrainment and forward 

ejection events combined (Q2 and Q4) are observed nearly 80% of the time in both jets, their conditionally averaged 

structure will be negatively valued, and they contribute the majority of the  𝑢𝑥
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅ shear stress in the shear layer of 

both jets. The forward entrainment and reverse ejection events (Q1 and Q3) occur a combined 20% of the time and 

their conditionally averaged structure at the probe point is positive, which acts against the mean shear stress and 

serves to lower the peak value. It is important to note that summing the conditionally averaged shear stresses 

together recovers the total shear stress in the flow field. 

 
(a) (b) 

Fig. 11. Fluctuating velocity scatterplots of the uniform (a) and thermally offset (b) jets.   

E.  Structure of Dominant Q1 and Q3 Events 

 To gain insight into the underlying statistical structure of the shear stress, the conditional average was computed 

and analyzed for each of the four quadrants, and the dominant motions are compared with one another. Figure 10 

contains forward entrainment (Q1) and reverse ejection (Q3) conditionally averaged shear stress structures for the 

uniform (a and d) and thermally offset (b and e) jets. The streamlines[29] in Figs. 12 and 14 are computed from the 

conditionally averaged 𝑢𝑥
′̃  and 𝑢𝑦

′̃  vectors associated with each quadrant. The initial conditions for the streamlines 

were seeded at x/D = 0 and seeding was evenly spaced along the entire y/D domain thus ensuring that the spacing 

between the streamlines is indicative of changes of the in-plane flow rate. 
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 The spatial structure revealed by the conditional averages reveal an interesting wavepacket-like pattern in both 

jets. A positive shear stress event occurs at the probe point located at the center of each plot. Upstream and downstream 

of the positive stress structure, two lobes of negative stress are present in the flow field. The rapid shift in the transverse 

signs of the shear stress event reveal an axially varying wavepacket-like structure in the Q1 and Q3 structures. The 

streamlines in the uniform jet are consistent with the presence of azimuthally rotating vortices which surround the 

shear stress event and accelerate the flow between them, producing a pinching motion. For the uniform jet, the vortices 

observed in the Q1 structure are all sources and in the Q3 structure are all sinks –i.e. the vortices respectively transport 

turbulence into or out of the measurement plane. 

 

Fig. 12. Conditionally averaged plots for the forward entrainment (Q1) and reverse ejection (Q3) shear stress 

events in the uniform, (a) and (d), and offset, (b) and (e), jets at the probe point. Figures (c) and (f) show the 

offset contour (dashed) overlaid on top of the uniform contour (colored) for each case. 
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 The Q1 (forward entrainment) and Q3 (reverse ejection) shear stress structures are overlaid in Figs. 12 (c) and (f) 

respectively for the uniform and offset jets, revealing notable differences. The upstream forward ejection lobe in the 

uniform jet has a smaller peak magnitude and larger spatial extent compared to the same lobe in the offset jet, whereas 

the opposite is true for the downstream forward ejection lobes. These observations could suggest that more fluid is 

being entrained into the pinching motion in the offset jet compared to the uniform case while still producing the same 

magnitude of peak positive shear stress. Ultimately, the mean flow motions of the Q1 shear stress structures for both 

jets reveal a general transport of momentum in the stream-wise direction, with little radial transport into or out of the 

structure.  

 In the offset jet (Figs. 12 (b) and (e)), the streamlines exhibit more chaotic behavior than in the uniform case. In 

the offset jet figures, there are regions where the streamlines converge, either to a point or follow a singular path. The 

point convergences are nodes, and they occur when flow in the axial/transverse plane is being turned into the azimuthal 

direction or vice versa. The path convergences are typically associated with the presence of stream-wise vortical 

structures in a flow field. The prevalence of these structures in the offset jet structures show that there is an increase 

in the three-dimensionality of the turbulence in the offset jet caused by the asymmetry introduced compared to the 

uniform jet. Additionally, source and sink vortices populate the observable domain of both the Q1 and Q3 structures 

in the offset jet, unlike the changes revealed in the uniform jet. 

 The overall structure of the reverse ejection (Q3) events shown in Fig. 12 (d)-(f) is similar to the forward ejection 

(Q1) events, but opposite in motion. The peak values and spatial extent of the leading and trailing reverse entrainment 

motions are significantly smaller than their Q1 counterparts. The reduction in the reverse entrainment lobe sizes may 

be due to the associated motions acting opposite of the local mean 𝜕𝑈𝑥/𝜕𝑥 gradient. 

 Figure 13 shows a hypothesized mechanism for the production of stream-wise vortices in the offset jet. In the near 

nozzle region of the uniform jet, azimuthal vortices are formed due to Kelvin-Helmholtz instability in the shear layer 

(Fig. 13 (a)). When an offset cold plume is introduced into the flow field, the azimuthal vortices that form convect at 

a slower speed in this region which causes the vortex to be stretched axially, forming short lived stream-wise vortices 

shown in Fig. 13 (b). 
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(a) 

 
(b) 

Fig. 13. Hypothetical mechanism for the formation of stream-wise vortices in the offset jet 

 The authors suppose that the local acceleration between the vortical structures result in turbulent motions with 

supersonic phase speeds which produce shear stress opposite the sign of the mean at that location [30] (positive shear 

stress in a mean negative shear stress region). The event converts some of the turbulent kinetic energy into acoustic 

energy that is radiated to the far-field due to the local acceleration of the turbulence between the vortices [31]. The 

cooler secondary plume present in the thermally offset jet reduces the strength of the vortices by increasing the 

entrainment of colder, lower momentum fluid into the shear layer compared to the uniform jet, which reduces the size 

and intensity of the shear stress turbulent structures and results in a reduction of noise produced by the Q1 and Q3 

events. 
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F. Structure of Dominant Shear Stress Producing Events (Q2 and Q4 Events) 

Figure 14 shows the conditionally averaged contour plots of the reverse entrainment (Q2) and the forward ejection 

(Q4) events of the uniform, (a) and (d), and offset, (b) and (e), jets. The overlaid streamlines reveal the statistical mean 

structure of the 𝑢𝑥
′̃  and 𝑢𝑦

′̃  conditional averages associated with quadrants analyzed. The initial seeding for the overlaid 

streamlines were equally spaced so the variations in the spacing directly reflect increases or decreases in flow rate. 

The Q2 and Q4 structures are compared with one another as the direction of the motions oppose one another. 

 

Fig. 14. Conditionally averaged plots for the reverse entrainment (Q2) and forward ejection (Q4) shear stress 

events in the uniform, (a) and (d), and offset, (b) and (e), jets at the probe point. Figures (c) and (f) show the 

offset contour (dashed) overlaid on top of the uniform contour (colored) for each case. 

Reverse entrainment (Fig. 14 (a) and 14 (b)) and forward ejection (Fig. 14 (d) and 14 (e) motions dominate the 

domain of the shear stress structures in both jets, with a counter-rotating vortex pair bracketing the conditionally 

averaged Q2 and Q4 structures. In comparing the spacing of the streamlines of the uniform jet structures (Fig. 14 (a) 
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and 14 (d)), it can be observed that the streamlines in the center of the plots are denser for the Q4 event compared to 

the Q2 event, indicating a greater influence on entrainment in the downstream portion of the lobe that correlates with 

the condition at this probe point. 

 A counter-rotating vortex pair bracket the conditionally averaged Q2 and Q4 structures in both jet flows. In the 

offset jet (Fig 14 (b) and (e)), the vortices are larger and their associated streamline spacing is less dense than in the 

uniform jet, which indicates a reduction in vortex strength associated with these motions. Ultimately, the presence of 

the slower velocity cold plume in the offset jet changed the turbulence length scales, which is evidenced by the longer 

transverse and shorter axial extent of the conditionally averaged structures in the offset jet compared to the uniform, 

which can be seen in Fig. 14 (c) and 14 (f). 

VI.Conclusion 

 An experimental study of conditionally averaged shear stress events measuring using PIV in a Mach 1.5 supersonic 

heated jet with an offset total temperature non-uniformity was conducted and compared to a uniform total temperature 

profile jet flow. A review of the mean flow characteristics revealed a reduction in the mean 𝑈𝑥 velocity profile which 

caused a decrease in the mean shear stress in the offset jet when compared to the uniform case. Measurements of the 

vorticity thickness and growth rate near the jet nozzle revealed a much thicker shear layer and a slightly reduced 

entrainment rate in the offset jet compared to the uniform case, caused by the presence of the colder velocity fluid 

injected from the secondary nozzle. 

 To investigate the changes in the turbulent structure, a probe point in each jet was selected at 2 diameters from the 

nozzle exit and the transverse location where maximum transverse shear stress was located, and quadrant analysis was 

applied. Quadrant analysis is a conditional averaging technique, used extensively in wall-bounded flows, which filters 

the 𝑢𝑥
′  and 𝑢𝑦

′  signals into four bins, or quadrants, based on the signs of the fluctuation pairs. In this study, the motions 

of the four quadrants are Q1 (𝑢𝑥
′ > 0, 𝑢𝑦

′ > 0) forward entrainment, Q2 (𝑢𝑥
′ > 0, 𝑢𝑦

′ < 0) reverse entrainment, Q3 

(𝑢𝑥
′ < 0, 𝑢𝑦

′ < 0) reverse ejection, Q4 (𝑢𝑥
′ > 0, 𝑢𝑦

′ < 0) forward ejection; where forward and reverse refer to axial 

motions moving downstream or upstream and entrainment and ejection refer to transverse motions moving towards 

or away from the jet centerline. 

The vortices that were observed in the statistical structures obtained from the Q1 and Q3 quadrants are seen to 

induce pinching motions in the flow characterized by rapid acceleration and deceleration of turbulence in a small 
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spatial region. An increase in three-dimensionality of the turbulence was observed in the offset jet which altered the 

strength and spatial extent of structures observed. It is hypothesized that the reduction of the vortex strength in the 

offset jet could contribute to a reduction in far-field radiated noise. 

 The conditionally averaged reverse entrainment (Q2) and forward ejection (Q4) shear stress contours revealed 

counter-rotating vortex pairing which facilitated entrainment of fluid into, and ejection of fluid out of, the jet shear 

layers. These structures produce the bulk of the 𝑢𝑥
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅ stress in the shear layer and the presence of the secondary plume 

in the offset jet reduced the strength of these motions. 

 The evidence presented in this study reveals a small, but significant change in the shear stress structures of the 

thermally offset jet compared to the uniform case. The alterations to the size and intensity of the turbulence are due to 

an increase in the three-dimensionality of the shear stress flow field, caused by the presence of stream-wise vortical 

structures. The vortical structures redistribute some of the 𝑢𝑥
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅ turbulent energy into the 𝑢𝜃
′̅̅ ̅ direction which has been 

shown as a mechanism for noise reduction in jet flows. 
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Appendix 

 

A. Supersonic Heated Jet Rig Setup 
 

The Virginia Tech Heated Jet Rig, shown schematically in Figure A.1, at the Advanced Power and Propulsion 

Laboratory (APPL) was used to conduct the experiments presented in this dissertation. A round contour nozzle, 

designed using the axisymmetric method of characteristics (𝐷 = 38.1 𝑚𝑚) by Kuo et al. [1], was scaled and 

manufactured for the rig. The primary nozzle provides a uniform Mach 1.5 exit profile at perfectly expanded 

conditions.  

 

 

Fig. A.1. Diagram of Virginia Tech Hot Jet Rig 

A converging secondary jet nozzle (𝑑 = 8.38 𝑚𝑚 ) internal to the primary plenum was designed, manufactured, 

and added to this rig to introduce a total temperature non-uniformity within the heated primary jet flow (see Figure 

2). Unheated air is supplied to the nozzle through a secondary plenum. The flow enters the non-uniformity manifold, 

impinges mixes with each other then turns 90° into a flow straightener before being exhausted through the nozzle. The 

nozzle of the secondary jet stream was terminated at the inlet of the primary nozzle, upstream of the converging portion 

of the converging-diverging nozzle, as shown in Figure A.2. 

 

 
Fig. A.2. Diagram of the coaxial jet geometry 

 

 A National Instruments (NI) 9213 thermocouple module in a NI cDAQ-9184 chassis was used to measure total 

temperature data in the primary and secondary jet plenums, while total pressures of both core and secondary streams 



D.Mayo Jr 2019  Appendix 

 

 
65 

 

were measured using a Scanivalve Corp. ZOC17IP/8Px-APC pressure scanner. The mass flow rate of the cold 

secondary stream is measured using static pressure and total temperature measurements collected from a Lambda-

Square venturi meter in order to improve the accuracy of the mass flow rate estimations in the secondary plume. The 

temperature and pressure data were recorded using a NI PXIe-6358 DAQ installed in a NI PXIe-8133 computer data 

acquisition system. 
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B. Computing Flow Properties in the Supersonic Jet 
  

 Atmospheric pressure measurements were computed from the altimeter pressure readings reported by the National 

Weather Service Forecast Office in Blacksburg VA. The measurements were acquired at the Virginia Tech Airport, 

located ~0.5 miles from the testing site and updated every 20 minutes. The following formula [1] provided by the 

National Oceanic and Atmospheric Administration was used to numerically find the atmospheric pressure (𝑝𝑎𝑡𝑚) to 

from the altimeter pressure (𝑃𝑎𝑙𝑡) in inHg. The variable h is the altitude of the airport from sea level in meters. 

 

 𝑝𝑎𝑙𝑡 = [𝑝𝑎𝑡𝑚 − 0.3] [1 + ([
(1013.250.190284)(0.0065)

288
] [

ℎ

(𝑝𝑎𝑡𝑚 − 0.3)^0.190284 
])] × 100 E.1 

  

 Except where noted, the isentropic Mach relations were used to estimate the aero-thermodynamic conditions of 

the jet presented below [2]. The ideal gas law was used to acquire the static density at key points in both the primary 

and secondary plenums for calculation of the jet mass flow rates. 𝑅 is the ideal gas constant for air. 

 

 𝑝 = 𝜌𝑅𝑇 E.2 

 

 The primary plenum nozzle pressure ratio (NPR) was computed from the computed atmospheric pressure and the 

total pressure probe measurements (𝑝𝑝) acquired. 

 

 𝑁𝑃𝑅𝑝 =
𝑝𝑝

𝑝𝑎𝑡𝑚

 E.3 

 

 The total temperature ratio for the primary jet flow (TTR) was computed from total temperature (𝑇𝑝) probe 

measurements acquired from a probe mounted in the hot jet plenum and a static temperature probe (𝑇𝑎𝑡𝑚) mounted in 

the room where the hot jet is located. 

 

 𝑇𝑇𝑅𝑝 =
𝑇𝑝

𝑇𝑎𝑡𝑚

 E.4 

 

 The isentropic Mach number for the primary jet was determined using the following equation. 𝛾 is the adiabatic 

ratio which for air is 1.4. 

 

 𝑀𝑗 = √
2

𝛾 − 1
(

𝑝𝑝

𝑝𝑎𝑡𝑚

)

𝛾−1
𝛾

− 1  E.5 

  

 The isentropic jet temperature for the heated plume was calculated using the following formula. This is needed to 

compute the Reynolds number of the jet. 

 

 𝑇𝑗 = 𝑇𝑝 (1 +
𝛾 − 1

2
𝑀𝑗

2)
−1

 E.6 

 

 The isentropic jet velocity for the primary jet plume was determined using the following equation. 

 

 𝑈𝑗 = 𝑀𝑗√𝛾𝑅𝑇𝑗  E.7 

 

 The following formula [3] was used to compute the mass flow rate for the secondary plenum from the Lambda-

Square orifice meter. 𝑝ℎ and 𝑝𝑙  are respectively the upstream and downstream static pressure taps in the orifice meter. 
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The density (𝜌𝑜) in the orifice of the meter was calculated using the ideal gas law and the static pressure and 

temperature measurements in the secondary plenum. 

 

 �̇�𝑠 = 𝐶𝑜𝐴𝑜√2𝜌𝑜𝑝ℎ (
𝛾

𝛾 − 1
) ((

𝑝𝑙

𝑝ℎ

)

2
𝛾

− (
𝑝𝑙

𝑝ℎ

)

𝛾
𝛾−1

) E.8 

 

 For the thermally offset jet, since both the primary and secondary jet flows exit through the same orifice, a reduced 

effective exit area was computed for the primary jet flow to account for this discrepancy. Assuming that there was 

minimal mixing between the two flow streams in the nozzle and the two flows follow streamlines, the effective exit 

area was computed using the following equation. 𝐷𝑖 and 𝐷𝑗  are the inlet and exit diameter of the primary jet nozzle 

respectively. 

 

 𝐴𝑒𝑓𝑓 =  𝐴𝑗 − 𝐴𝑑 (
𝐷𝑗

𝐷𝑖

)
2

 E.9 

 

 The isentropic Mach relations were used to compute the mass flow rate of the primary plenum flow. For the 

uniform jet, the nozzle exit area was used. For the offset jet, the effective nozzle exit area was used.  

 

 �̇�𝑝 =  𝑝𝑝𝑀𝑗𝐴√
𝛾

𝑅𝑇𝑝

(1 +
𝛾 − 1

2
𝑀𝑗

2)

𝛾+1
2(𝛾−1)

 E.10 

 

 The dynamic viscosity (𝜇𝑝) of the primary jet flow was computed using total temperature measurements and 

Sutherland’s formula [4]. 𝑇𝑗 is the exit static temperature of the primary jet plume. 

 

 
𝜇𝑝 =

(1.512014288 × 10−6) (𝑇
𝑗

3
2)

𝑇𝑗 + 120
 

E.11 

 

 The exit Reynolds number (𝑅𝑒𝑗) was computed using the following formula and only used the primary heated 

plume properties. The jet exit density (𝜌𝑗) was determined using the ideal gas law. The effective exit diameter was 

used for the thermally offset jet and the total exit diameter was used for the uniform jet.  

 

 𝑅𝑒𝑗 =
𝜌𝑗𝑈𝑗𝐷

𝜇𝑗

 E.12 
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C. Supersonic Jet PIV Data Acquisition Setup 
 

 The PIV data presented in this dissertation was acquired on the heated jet rig setup using a commercial LaVision 

Stereo PIV hardware and software system. This appendix describes the hardware setup used for this study. 

 The first step for setting up the PIV system to record data on the supersonic jet is to specify the solid particle 

seeding needed for the core flow. Unlike most PIV flows, which are seeded using liquid particles, solid particles are 

needed to seed the supersonic jet because the heated flow is hot enough to cause vaporization of most liquid particle 

seeding methods and the plenum pressure is too high to allow for injection of particles from fog or smoke seeders.  

 To estimate the size of the particle seeding needed, the Stokes number must be computed for candidate particles 

[1]. To compute the Stokes number, (Stk) the user needs to estimate the particle Mach number (E.1), jet exit velocity 

(E.2), and the particle Reynolds number (E.3) that results for the desired flow conditions and the manufacturer 

specified average particle diameter (𝑑𝑝) and density (𝜌𝑝). Once these values are computed, the Knudsen (Kn) number 

(E.4), is used to find the relaxation time (𝑡0) of the particle (E.5) and finally, the Stokes number can be computed 

(E.6). 

 

 𝑀𝑝 = 𝑀𝑗 =  √
2

𝛾 − 1
(

𝑝𝑝

𝑝𝑎𝑡𝑚

)

𝛾−1
𝛾

− 1  E.1 

 
𝑈𝑗 = 𝑀𝑗√𝛾𝑅𝑇𝑗  E.2 

 
𝑅𝑒𝑝 =  

𝜌𝑝𝑈𝑗𝑑𝑝

𝜇𝑗

 
E.3 

 
𝐾𝑛𝑝 =

𝑀𝑝

𝑅𝑒𝑝

 √
𝜋𝛾

2
 

E.4 

 
𝑡𝑜 =

𝜌𝑝𝑑𝑝
2

18𝜇𝑗

(1 + 2.7𝐾𝑛𝑝) 
E.5 

 
𝑆𝑡 =

𝑡𝑜𝑈𝑜

𝑙𝑜

 E.6 

  

 
(a) (b) 

C.1. Solid particle cyclone seeder (a) and fog generator (b) used to seed the supersonic jet flow 
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 The particles used to seed the core flow were 350 nm 𝐴𝑙2𝑂3 particles with an average density of 3950 𝑘𝑔/𝑚3 and 

an average diameter of 300 nm. The entrainment flow was seeded with mineral oil particles with an average density 

of 800 𝑘𝑔/𝑚3 and an average diameter ranging between 500 and 700 nm. This resulted in Stokes numbers of 0.03 for 

the primary core flow and 0.00125 for the entrainment flow. 

 The core flow seeding was provided by a custom built solid particle cyclone seeder (A.1(a)) which injected seed 

into both the primary and secondary jet paths. The pressure to operate the solid particle seeder was supplied by the 

shop compressed air line and was controlled by a regulator from inside of the jet cell control room. Since one seeder 

was used for two plenums operating at different pressures, a second regulator was mounted to the downstream path 

providing seed to the secondary plenum. This helped to reduce the number particles being injected into the secondary 

plenum. The entrainment air was seeded using a MDG MAX 3000 fog generator (A.1(b)). A compressed nitrogen gas 

tank was used to supply pressure to operate the generator. The fog generator was turned on from inside the jet cell 

control room prior to data acquisition and was capable of filling the entire test cell with smoke. 

 A Quantel Evergreen brand EVG00200 Nd:YAG laser was used as the light source for the low-speed PIV system. 

This laser is capable of producing 15 double laser pulses per second at 200 mJ/pulse with inter-frame times as low as 

0.6 𝜇𝑠. The laser head and pump were mounted onto a moveable cart constructed out of T-slotted aluminum frame 

material. The laser head was installed onto an optical breadboard along with the two LaVision Imager sCMOS 

cameras. The breadboard was mounted to a Velmex linear traverse which laser head and cameras to be traversed in 

the stream-wise direction to acquire the entire developmental region of the jet. 

 To control the diameter of the emitted laser and the resulting laser sheet thickness, a collimator was mounted onto 

the laser head. A collimator is a device which contains a set of round lenses that produce an effectively long focal 

length and serves to narrow and focus the emitted laser beam. 

 A 400-750 nm anti-reflective coated fused silica mirror was used to redirect the collimated laser beam vertically 

to intersect with the center plane of the jet flow. The anti-reflective coating is necessary to minimize laser burn on the 

mirrors over long periods of experimentation. Two cylindrical lenses (each with a -10 focal length) were connected in 

series and mounted to the mirror to generate the laser sheet. Three lenses were used in order to spread the sheet wide 

enough to encompass the entire field of view of the cameras as the cart platform where the laser was mounted was ~ 

0.5 meters below the field of view of the cameras. An image of the mirror and cylindrical lens mounted to the laser 

head is shown in Fig. A.2. 

 

 
C.2. Quantel Evergreen laser head with mounted collimator, mirror, and cylindrical lenses. 
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 The cameras were mounted on t-slotted posts above the laser head and were positioned so that the nozzle was 

centered in the frame of both cameras. Each camera was optimally angled at 45° towards each other to minimize in-

plane uncertainties from cross-correlation. Two 50 mm focal length Nikon lenses were used on each camera with a 

set f-stop value of 4. These lenses and the f-stop value were found to give the best imaging results from trial and error. 

 Due to the large angle the cameras are positioned relative to the focusing plane of the jet, Schiempflug adapters 

were mounted between the camera photodetectors and the lenses. The adapters allow for the entire field of view to be 

in focus even though the cameras are angled away from the desired focus plane.  

 After physically setting up the laser and optics, a LaVision Type 31 3D calibration plate was mounted to the nozzle 

and aligned to where the measurement plane was desired. Before beginning laser sheet alignment, the laser and camera 

hardware should be connected to the PIV computer as accidental movement of the hardware will affect the alignment. 

After this, the laser was turned on to the lowest power setting and operated manually using the controls on the laser 

pump. The emitted laser sheet was then aligned with the calibration plate. Alignment is achieved when the thin laser 

sheet evenly illuminates the upraised surface of the calibration plate. 

 Once laser alignment was completed, the PIV software was setup for data acquisition. After following the process 

for connecting the PIV hardware to the computer described in the DaVis manual, the first operation was to calibrate 

the camera intensities. This involved putting the lens caps onto the camera and running the intensity calibration in the 

DaVis software. Following this, the cameras were focused onto the calibration plate and image calibration was 

performed using the calibration wizard in DaVis. 

 After successfully performing the calibration, the lenses for each camera were outfitted with a 532 nm band-pass 

light filter to eliminate light from all other wavelengths which serves to reduce noise in the raw particle images. The 

bay doors were opened to allow the jet flow to escape the room and a black laser cloth was draped over the hypersonic 

rig. The laser safety fabric was used to prevent damage to the hypersonic rig from the particle seeding and to provide 

a clean background for the camera imaging. Shakedown runs were then conducted on low speed jet flow (~10 to 20 

m/s) to fine tune the focus on the particles in the flow and to see if the system is operating correctly. Laser power was 

set to 50% for both laser heads for the shakedown and production runs in this experiment. The flow for the shakedown 

was provided entirely by pressure from the solid particle seeder supplied by the shop air pressure line. Note: in order 

to get correlations at this low speed, the inter-frame time must be large enough to see frame-to-frame particle 

movement. 

 Once the low speed shakedown runs were completed, the jet was brought up to Mach 1.5, but kept unheated, and 

the solid particle seeder and fog generator were turned on. At this condition, a second set of shakedown runs were 

conducted to make sure the seeders were working properly. Once again, it is important to adjust the inter-frame time 

to achieve correlations at the higher speed. Once this shakedown run is completed, the seeders were turned off to 

conserve material. 

 Next, the heater is turned on and the jet flow conditions were adjusted to the desired operating point. Before 

conducting the actual measurement, the jet was allowed to run at condition for at least 30 minutes to allow the jet to 

reach thermal steady state. During the heat up time, a final set of shakedown runs were conducted to find the best 

inter-frame time for data acquisition and to make sure that good correlations are achieved. After the jet reached steady 

state, background images were acquired at all of the measurement locations in the jet prior to seeding the flow for 

measurement. 
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D. Processing of Raw PIV Images in LaVision 

 

 After acquiring particle images from the jet, processing of the raw images must be done to extract velocity data 

from the sample. The first step is to filter the raw particle images so that the particle signal for the cross-correlation is 

improved. To do this for the supersonic jet, a background subtract is performed. This process takes an average of the 

images acquired while the jet is running with no seed present, then subtracts the resulting image from each image 

acquired containing particles.  

 Following the background image subtract, stereo self-calibration was applied to the images. The self-calibration 

technique uses the recorded particles to quantify and correct misalignment between the laser sheet and the calibration 

plate. 

 After self-calibration was applied to the images, image pre-processing was performed on the raw images. A four 

pixel sliding background image subtraction was performed to increase the fidelity of the individual particles acquired. 

Additionally, a particle intensity normalization filter with a scale of six was applied to the data which corrects for 

intensity variations across the field of view. The results of the background subtract and the image pre-processing 

filtering can be seen in Fig. D.1. 

 

 
(a) (b) 

D.1. Raw image (a) and pre-processed image (b) comparison of the seeded heated supersonic jet 

 

 No mask was used in the processing of the data set as the only geometry present in the field of view was the nozzle 

and this geometry was used as a reference point for translating the resolved velocity field so that the nozzle centerline 

was at y/D = 0 and the nozzle lip was at x/D = 0. 

 Figure D.2 contains an image of the vector calculation parameter settings used. Four stereo cross-correlation passes 

were used to process the images from the two cameras to obtain the three-component velocity field. The interrogation 

window size used for the first two correlation passes was square and consisted of 128x128 pixels with 25% overlap. 

The final two correlation passes used a 64 x 64 pixel window size with 75% window overlap an adaptive PIV window 

shape. The adaptive PIV window uses the local velocity gradients computed from the previous passes to best capture 

the flow structure at each resolved vector location. The “high accuracy mode for final passes” and the “Calculate 

Uncertainty” options were selected as well. 
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D.2. Settings for calculating velocity vectors from the filtered particle images 

 

 Figure D.3 contains an image of the multi-pass post-processing settings used. In the multi-pass post-processing 

settings, the follow options were applied. The “Delete vector if its peak ratio Q<” was set to 2. The peak ratio, Q, is a 

measure of the prominence of the largest peak in the interrogation window and is the ratio of the largest peak to the 

second largest peak. A peak ratio of 2 means that the largest correlation peak is at least twice as large as the second 

peak in the interrogation window, which ensures a low uncertainty in the computed velocity correlation. 

 A spatial 2 x median filter was applied which was set to remove velocity vectors if their difference to the average 

of their neighbors were greater than 3 standard deviations while processing the velocities, then re-insert them if their 

difference was less than 4 standard deviations of the average of their neighbors after computing the entire vector field. 

The “remove groups with <” option was set to 100 to eliminate interrogation windows with low signal. 

 

 
D.3. Multi-pass post-processing settings used to process the PIV images 

 

 Figure D.4 contains the vector post-processing settings used for the supersonic jet data. The same settings used 

during the multi-pass post-processing step for the peak ratio Q, 2x median filter, and remove groups were utilized 

during the post processing phase. In addition to this, spatial linear interpolation was used to fill in holes in the vector 

field and a smoothing filter was applied to the final velocity vector fields. 
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D.4. Vector post-processing settings used to process the PIV images 

 

Following this processing, the average and standard deviation velocities as well as the Reynolds stresses, the 

turbulent kinetic energy, and the uncertainties for each were computed for the velocity field and analyzed in DaVis 

prior to exporting to ensure that the velocity field looked reasonable prior to exporting for further analysis in 

MATLAB. The uncertainties computed by DaVis use the method developed by Wieneke [1] and the uncertainties 

reported using this method are smaller than those computed through the standard error estimator. Thus to be 

conservative, the standard error uncertainty is used for the data presented in this dissertation. 
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E. Filtering PIV Velocity Vectors 

 

 Based on the physics of the measured flow field, band pass magnitude filters were set based on the maximum and 

minimum expected three-component velocities. For the uniform and offset jets, table E.1 lists the maximum and 

minimum allowable velocity ranges for all three components measured. Values outside of this range were set to NaN’s. 

Additionally, any values that had an exact value of zero were also set to NaN’s as well. 

 

Table E.1. Velocity magnitude filter settings 

Velocity Component Lower Limit Upper Limit 

𝑼𝒙 -100 m/s 1.5 𝑈𝑗 

𝑼𝒚 −0.5 𝑈𝑗 0.5 𝑈𝑗 

𝑼𝒛 −0.5 𝑈𝑗 0.5 𝑈𝑗 

 

 After filtering the velocities based on the magnitude of the fluctuations, a valid signal filter was used. For each 

resolved vector location, the ratio of NaN values to non-NaN values in the velocity signal were checked. This filter 

serves to remove velocities near the edges of the PIV field of view or beyond the end of the laser sheet where the 

signal-to-noise ratio was low. If the validity ratio for a resolved vector location was below 0.9, that location was 

marked and saved in a separate filter matrix, which will be applied at the end of the filtering process. 

 After using the valid signal filter, an ellipsoidal standard deviation filter was applied to the data at each resolved 

vector location. The filter removed all velocity values at a single spatial location whose fluctuating velocity values 

were greater than four standard deviations from zero. To do this, the mean subtracted velocities were evaluated for all 

three velocity components (this equation can be found in Appendix E). 

 After doing this, proper orthogonal decomposition was applied to each pair of signals, giving the eigenvectors and 

eigenvalues which align with the principal axes of the data pair (i.e. 𝑢𝑥
′  & 𝑢𝑦

′ , 𝑢𝑥
′  & 𝑢𝑧

′  𝑎𝑛𝑑 𝑢𝑦
′  & 𝑢𝑧

′ ). The first two 

eigenvectors give the direction of the principal axes relative to the Cartesian coordinate system.  

 The eigenvectors were used to rotate the data so that the principal axes align with the Cartesian axes using three-

dimensional rigid body rotation. The angle between the principal and Cartesian axes for each velocity component pair 

(𝛼, 𝛽, 𝛾) can be found using E.3. 

 

 𝛼, 𝛽, 𝛾 =  tan−1 (
�⃗�(2)

�⃗�(1)
) E.2 

 

 The formula for rotating the data so the principal axes are aligned with the Cartesian axes [1] is given in E.4-6. 

 

 

𝑥 = 𝑢𝑥
′ (cos(𝛼) cos(𝛽) cos(𝛾) − sin(𝛼) sin(𝛾))

− 𝑢𝑦
′ (cos(𝛼) cos(𝛽) sin(𝛾) + sin(𝛼) cos(𝛾))

+ 𝑢𝑧
′ (cos(𝛼) sin(𝛽)) 

E.3 

 

𝑦 = 𝑢𝑥
′ (sin(𝛼) cos(𝛽) cos(𝛾) + cos(𝛼) sin(𝛾))

− 𝑢𝑦
′ (sin(𝛼) cos(𝛽) sin(𝛾) − cos(𝛼) cos(𝛾))

+ 𝑢𝑧
′ (sin(𝛼) sin(𝛽)) 

E.4 

 𝑧 = −𝑢𝑥
′ sin(𝛽) cos(𝛾) − 𝑢𝑦

′ sin(𝛽) sin(𝛾) + 𝑢𝑧
′ cos (𝛽) E.5 

 

 Once the data is rotated, the standard deviation for each of the rotated data components were evaluated, then the 

ellipsoidal standard deviation filter (E.6) is applied. Values greater than the filter limits were removed and set to NaN. 

The rest of the values in the rotated data matrix were set to ones, then the original data matrices and the newly created 

filter matrix were multiplied to eliminate the outlying samples in the un-rotated data. 

 

 𝐹𝜎 = (
𝑥

4 𝜎𝑥

)
2

+ (
𝑦

4 𝜎𝑦

)

2

+ (
𝑧

4 𝜎𝑧

)
2

> 1 = 𝑁𝑎𝑁 E.6 
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 After applying the filters to the velocity field, a two-dimensional linear spatial interpolation scheme was used to 

fill in the missing data in the velocity fields. Finally, the valid signal filter was applied to the interpolated vector field 

again to remove erroneous extrapolated data. 
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F. Single and Two Point Statistical Processing 

 

 The equations used to evaluate the single point velocity statistics are given in this section and are evaluated on the 

filtered instantaneous velocity vectors. 

 

Mean Velocity 

 𝑈 =
1

𝑁
∑ 𝑈𝑛

𝑁

𝑛=1
 E.1 

 

Instantaneous Fluctuating Velocity 

 𝑢′ = 𝑈 − �̅� E.2 

 

Instantaneous Reynolds Stress (where 𝑢′ and 𝑣′ are any two fluctuating velocity signals at a single location) 

 𝜏𝑢𝑣
′ = 𝑢′𝑣′  E.3 

 

Mean Reynolds Stress (where 𝑢′ and 𝑣′ are any two fluctuating velocity signals at a single location) 

 𝜏𝑢𝑣
′̅̅ ̅̅ = 𝑢′𝑣′̅̅ ̅̅ ̅ =

1

𝑁
∑ (𝑈𝑛 − 𝑈)(𝑉𝑛 − �̅�)𝑁

𝑛=1   E.4 

 

Mean Fluctuating Velocity (Standard Deviation of Velocity) 

 𝑢′̅ = √𝑢′𝑢′ E.5 

 

Mean Vorticity Thickness 

 𝛿Ω̅𝜃
=

𝑈𝑗

max(𝜕𝑈𝑥/𝜕𝑦)
 E.6 

 

Mean Two-Point Correlation Coefficient (when i,j = x,y, the autocorrelation coefficient is obtained) 

 �̅�𝑢′𝑣′ =
𝑢′̅(𝑖, 𝑗)𝑣′̅(𝑥, 𝑦)

√𝑢′𝑢′(𝑖, 𝑗)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 𝑣′𝑣′(𝑥, 𝑦)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
 E.7 

 

 The uncertainties for the single point statistics are given below and are evaluated using the method presented in 

Bendat and Piersol [1]. The uncertainties for the resolved quadrant analysis data presented in Paper 2 are computed 

using equation E.8 with N being the number of samples which pass the condition. 

 

Mean Velocity Uncertainty 

 𝛿(𝑈) =
𝑢′̅

√𝑁
 E.8 

 

Mean Reynolds Stress Uncertainty 

 𝛿(𝑢′𝑣′̅̅ ̅̅ ̅̅ ) = √
2

𝑁−1
(𝑢′𝑣′̅̅ ̅̅ ̅̅ )  E.9 

 

Mean Fluctuating Velocity Uncertainty 

 𝛿(𝑢′̅) =
𝑢′

√𝑁
 E.10 

 

 The uncertainty in the mean correlation coefficient and the vorticity thickness are evaluated using the Kline-

McClintock [2] method for propagating uncertainties. The uncertainty in the x and y positions of the data are taken 

from the LaVision software and the uncertainty in 𝑈𝑗 is assumed to be negligible for the supersonic jet. 
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Mean Two-Point Correlation Coefficient Uncertainty 

 𝛿(�̅�𝑢′𝑣′) = √(
𝜕(�̅�𝑢′𝑣′(𝑥, 𝑦))

𝜕𝑢′(𝑥, 𝑦)
)

2

𝛿(𝑢′(𝑥, 𝑦))
2

+ (
𝜕(�̅�𝑢′𝑣′(𝑥, 𝑦))

𝜕𝑣′(𝑥, 𝑦)
)

2

𝛿(𝑣′(𝑥, 𝑦))
2
 E.11 

 

Mean Vorticity Thickness Uncertainty 

 𝛿(𝛿Ω̅𝜃
) = √(

𝜕(𝛿Ω̅𝜃
)

𝜕𝑈𝑗

)

2

𝛿(𝑈𝑗)
2

+ (
𝜕(𝛿Ω̅𝜃

)

𝜕𝑈𝑥

)

2

𝛿(𝑈𝑥)2 + (
𝜕(𝛿Ω̅𝜃

)

𝜕𝑦
)

2

𝛿(𝑦)2 E.12 
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G. The Reynolds Stress Transport and Shear Stress Production 

 

 In Section 2.2.1 of the literature review, it was established that the dominant source of turbulent self-noise was 

𝜌𝑈𝑖𝑈𝑗 and the shear stresses were neglected. However, it has also been established experimentally that increasing 

mixing near the nozzle of turbulent plumes reduces noise. In order for the increase in mixing to have an impact on 

noise, the changes in the shear stresses need to be understood. In this section, I will establish the validity of using the 

Reynolds-averaged Navier-Stokes equations (which are derived for incompressible flow) to analyze a supersonic 

heated jet and the impact of the Reynolds shear stress on the normal stress production. 

 The Reynolds stress transport (RST) equation is the second moment of the Navier-Stokes equation, and describes 

the transport, production, redistribution, and dissipation of the Reynolds stresses in a flow field. The incompressible 

RST is (Eq E.1), 

 

 
𝐷𝑅𝑖𝑗

𝐷𝑡
= 𝐷𝑖𝑗 + 𝑃𝑖𝑗 + Π𝑖𝑗 + ω𝑖𝑗 − 휀𝑖𝑗 , E.1 

 

 

where 𝑅𝑖𝑗 is the kinetic Reynolds stress 𝑢𝑥
′ 𝑢𝑦

′̅̅ ̅̅ ̅̅ ̅/�̅�, 𝐷𝑖𝑗  is the stress diffusion term, 𝑃𝑖𝑗  is the stress production term, Π𝑖𝑗 

is the pressure-strain stress redistribution term, 𝜔𝑖𝑗  is the rotational transport term, and 휀𝑖𝑗 is the dissipation rate term 

(Pope 2000). Due to not having the mean density and pressure field in the measurement domain, only the convection 

transport and stress production terms are computable with the PIV data collected for this study. 

The validity of using the incompressible RST equation to evaluate data collected on a supersonic heated jet will 

now be addressed. Ideally, one would compute the transport of compressible stresses by analyzing the first moment 

of the Favre-averaged Navier-Stokes equations, but due to the lack of information regarding the density field in the 

measurement domain, this analysis is not possible. To confidently apply the RST equation to the current data set, it 

must be established that the turbulence behaves in an incompressible manner for the given aero-thermodynamic 

conditions. 

 The strong Reynolds analogy or Morkovin’s hypothesis (Bradshaw 1974) is a conjecture which assumes the direct 

effects of density fluctuations on turbulence is small if the following is true (Eq E.2), 

 

 
𝑝′̅

�̅�
≪ 1 𝑎𝑛𝑑  

𝜌′̅

�̅�
≪ 1, E.2 

 

where �̅� is the mean pressure, 𝑝′̅ is the root-mean-square fluctuating pressure, �̅� is the mean density, and 𝜌′̅ is the root-

mean-square fluctuating density. 

The fluctuating density ratio can be estimated via the strong Reynolds analogy. Since the turbulence 

intensity, 𝑢𝑥
′ /�̅�𝑗, is small for both the uniform and thermally offset jets (proven in the journal paper presented in 

Section 3), 𝜌′/�̅� will be small as long as (𝛾 − 1)𝑀𝑐
2 ≤ 1, where 𝑀𝑐 is the convection velocity and 𝛾 is the adiabatic 

ratio. The largest 𝑀𝑐 in the developmental region of both jet flows presented in this study occurs in the thermally 

offset jet with a value of 0.87 which results in the max scaling term in the flow (𝛾 − 1)𝑀𝑐
2 = 0.30. The largest 

observed value is sufficiently smaller than 1, thus guaranteeing all other values in the flow field will be smaller and 

validating strong Reynolds analogy for the entire field. 

In the Reynolds stress transport equation, the stress production term,𝑃𝑖𝑗 , governs the generation of the Reynolds 

stress in the flow (Eq. E.3),  

 

 𝑃𝑖𝑗 = (𝑢𝑖
′𝑢𝑘

′̅̅ ̅̅ ̅̅
𝜕𝑈𝑗

𝜕𝑘
 + 𝑢𝑗

′𝑢𝑘
′̅̅ ̅̅ ̅̅

𝜕�̅�𝑖

𝜕𝑘
) , E.3 

 

where 𝑖, 𝑗, and 𝑘 are each equal to 𝑥 and 𝑦 in every combination. The production term describes the transfer of kinetic 

energy from the mean flow to the turbulent fluctuations. When this term is expanded, it can be easily shown that The 

result reveals that all three Reynolds stress components and all four velocity gradients contribute in some way to the 

production of each other Reynolds stress component in the jet. 
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H. Proper Orthogonal Decomposition 
 

POD has been a prominent method for identifying spatially and temporally coherent structures in jet flow 

measurements. POD restructures flow data into modes and temporal coefficients which are optimally ranked by their 

energy contribution to the flow field. The snapshot method [1,2], is a computationally efficient method for applying 

POD to PIV data. POD is performed on the fluctuating Reynolds shear stress 𝑢𝑥
′ 𝑢𝑦

′ (𝑥, 𝑦, 𝑡) in this study, 

 

 𝒖𝒙
′ 𝒖𝒚

′ (𝑥, 𝑦, 𝑡) = [𝑼𝒙(𝑥, 𝑦, 𝑡) − �̅�𝒙(𝑥, 𝑦)] ∙ [𝑼𝒚(𝑥, 𝑦, 𝑡𝑘) − �̅�𝒚(𝑥, 𝑦)], E.1 

 

where 𝑼𝒙(𝒙, 𝒚, 𝑡𝑛) and 𝑼𝒚(𝒙, 𝒚, 𝑡𝑛) are discrete samples of instantaneous axial and transverse velocities at location 

(𝑥, 𝑦) in the measurement domain and 𝑈𝑥(𝑥, 𝑦) and 𝑈𝑦(𝑥, 𝑦) are the time averaged velocities at the same location. 

The fluctuating Reynolds stress field can be represented by,  

 

 𝒖𝒙
′ 𝒖𝒚

′ (𝒙, 𝒚, 𝑡) =  ∑ 𝒂𝒊(𝑡)𝝍𝒊(𝒙, 𝒚) + 𝒖𝒙
′ 𝒖𝒚

′

𝒓𝒆𝒔
(𝒙, 𝒚, 𝑡𝑛)

𝑀

𝑖=1

 E.2 

 

Where 𝑎 are the temporal POD modes, 𝜓 are the spatial POD modes, 𝑖 is the mode number and 𝑀 are the total number 

of snapshots. The goal is to find the lowest order representation of the fluctuating Reynolds stress field which 

minimizes the norm of the residual. 

The temporal POD modes can be determined from the eigenvalues, 𝜆𝑖 of the autocorrelation matrix, 𝑹, at each 

point in the domain, 

 

 𝑹 = [𝒖𝒙
′ 𝒖𝒚

′ (𝒙, 𝒚, 𝑡𝑛)]
𝑇

[𝒖𝒙
′ 𝒖𝒚

′ (𝒙, 𝒚, 𝑡𝑛)] E.3 

 

𝑹 𝒂𝒊 = 𝜆𝑖𝒂𝒊. ∑ 𝑎𝑖(𝑡)𝝍𝒊(𝒙, 𝒚) + 𝒖𝒙
′ 𝒖𝒚

′

𝒓𝒆𝒔
(𝒙, 𝒚, 𝑡𝑛)

𝑁

𝑖=1

 E.4 

 

The resulting eigenvalues are real and nonnegative and sorted from largest to smallest magnitude and its 

corresponding temporal POD mode is sorted based on its eigenvalue pair. The temporal POD modes are 

mathematically constrained to be orthogonal to each other. 

The spatial POD modes can be determined by first normalizing the temporal mode, 𝑎𝑖𝑎𝑗̅̅ ̅̅ ̅ = 𝜆𝛿𝑖𝑗, then combining 

the temporal mode with the entire fluctuating shear stress field, 

 

 𝝍𝒊(𝒙, 𝒚) =
1

√𝑁𝜆𝑖

∑ 𝑎𝑖(𝑡𝑛)𝒖𝒙
′ 𝒖𝒚

′ (𝒙, 𝒚, 𝑡𝑛)

𝑁

𝑖=1

. E.5 

 

The resulting POD field contain structures in each mode which reveal correlated spatial fluctuations, with the 

highest energy containing structures located in the first mode, the second highest in the second mode, and so on to 

mode 𝑀. The eigenvalues of the 𝑖𝑡ℎ mode represents the energy associated with that mode. It is important to note that, 

as the orthogonality constraint is mathematically enforced and not physics based, the coherent structures observed in 

the modes of the decomposition are orthogonal. This means that the spatial POD modes may show features which do 

not physically exist [3]. Additionally, the resultant spatial POD modes only give insight into the wavenumber space 

and provide no insight into the frequencies associated with the observed structures as only the spatial autocorrelation 

tensor was utilized in determining the modes [4]. 

Convergence of the resolved modes of the POD technique should be analyzed prior to attempting further analysis. 

To test if the modes are converged, one needs compute the modes with fewer samples into the POD function than the 

total amount available. If the resolved mode shapes change drastically with a reduction in the number of samples used, 

then the POD modes have not converged. One way to address this issue is to use record more samples in future 

experiments or to employ block processing, a technique presented in the Appendix G. 
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I. Block Processing of Velocity Data 
 

When there are a limited number of temporal samples in a resolved velocity signal but a large number of spatial 

data is present, block processing can be employed to increase the number of effective samples in the time domain. 

This technique groups multiple spatially adjacent velocity signals together and treats the grouping as a single resolved 

velocity vector. In doing this, the effective number of temporal samples available is increased. A visual example of 

the technique is presented in Fig. I.1. 

 

 
Fig.I.1. Visual example of block processing. The number of spatial samples is reduced to increase the number 

of temporal samples at a single location. 

 

Before applying block processing to PIV data, the velocity gradients in the flow need to be analyzed. If the change 

in the velocity components between adjacent velocity locations are large, then the turbulence statistics which result 

from the block processing will be inaccurate. To minimize this error, block processing should be performed in the 

direction of the smallest gradient (i.e. 𝜕�̅�𝑥/𝜕𝑥 for the supersonic jet) The error between the block processed data and 

the original data set can be evaluated by interpolating the blocked processed mean velocity fields onto the original 

velocity field spatial grid then taking the difference between the original velocity field and the block processed velocity 

field. 


