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CHAPTER I 

INTRODUCTION 

The purpose of this paper is to continue the investigation of 

the linear calibration problem. One is concerned with calibrating an 

instrument that measures, for example, temperature, pressure, acidity, 

etc. Although the problem of calibration is quite general, we will 

illustrate the procedure by referring to the temperature gauge. 

If we assume that the thermometer responds linearly to temp-

erature change, we can calibrate it by subjecting it to two or more 

controlled temperatures and noting the position of the mercury in the 

tube. Using these data, the calibration parameters are estimated, and 

the thermometer is calibrated. The thermometer then is used to deter-

mine unknown temperatures by reading the calibrated markings. 

Let x denote the temperature (controlled variable) and y the 

observed position of the mercury in the tube. The relation between x 

and y can be expressed as 

y c:: a + ex + £ (1.1) 

where a and B are the intercept and slope, and where £ is the reading 

error. 

We will consider two methods of arriving at a calibration 

equation which we call the Classical Method (Method A) and the Inverse 

Method (Method B). 

The Classical Method 

Using the model (1.1) with N values of x, and independent 
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2 
identically distributed errors with zero mean and variance a , we can 

write the model as 

i = 1, 2, ••• , N. 

The least squares estimators for a and B provide us with the least 

squares line 

where 

and 

y = a+ bx 

a = 6 = y - bx 

b = B = S /S xy xx 

Here x and y are averages of the N values of xi and yi respectively 

and 

N 
8xy =i~l(xi - x) (yi - y) 

while 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

Inversion of equation (1.3) provides us with the calibration equation 

= y - a x b (1.6) 

If one now uses the thermometer to measure an unknown temperature (X) 

from a reading Y the estimate for the temperature is 

Y - a x = -.,.---c b 
(1. 7) 
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The Inverse Method 

Since we want to find an estimator for X, consider solving (1.1) 

for x initially. Doing this we write 

x = y + oy + e:' (1. 6) 

where 

y = -a/e 
' 

0 = 1/8 ' 

and e:' = -e:/e • 

Using the same data as in the Classical Method the model may be written 

i=l,2, ••• ,N. 

The least squares estimators for y and o are 

and 

where 

c = y = x - dy 

d .. o = S /S xy yy 

The calibration equation then is 

x = c + dy • 

(1.9) 

(1.10) 

(1.11) 

(1.12) 
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If one now uses the thermometer to measure an unknown temperature (X) 

from a reading Y the estimate for the temperature is 

x1 = c + dY • 

Literature Review of the Classical and Inverse 
Methods of Linear Calibration 

( 1.13) 

In general, estimates given by (1. 7) and (l.13) will be different, 

and the problem we face is that of deciding which is the "better" of 

the two. Eisenhart [7] in 1939 gave his viewpoint as follows: 

"It does not seem to be generally realized that the 
fitting should be done in terms of the deviations which 
actually represent 'error'. Thus when the research worker 
selects the x values in advance, and holds x to these values 
without error, and then observes the corresponding y values, 
the errors are in the y values, so that even if he is in-
terested in using observed values of Y to estimate X, he 
should nevertheless fit Y = a + bX and then use the inverse 

"' of this relation to estimate X, i.e. X = (Y - a)/b, with 
the best available estimate of Y substituted for Y." 

He concluded: 

"Briefly stated, when the values of x have been se-
lected by the research worker and the corresponding y . ,. 2 
values observed, the line obtained by minimizing L(X - Y) 

,. 2 ,. 
[he means L(X - X) ] is meaningless, and (4) [Y = a + bX] 
is accordingly the only correct estimate of the postulated 
linear relationship between X and Y, wherefore, if it is 
desired to reason from Y to X this must be done by means ,.. 
of X = (Y - a) /b, namely (4) solved for X." 

Eisenhart appeared to have solved the problem of which esti-

mator to use, and subsequent texts and journal.articles which dealt with 

the calibration problem used Method A exclusively. See, for example, 

Bennett and Franklin [l], Mandel and Linning [23], Mandel [22), 

Williams [34], Brownlee [3], Mood and Graybill [26), Linning and Mandel 

[21], Ott [28], and Ott and Myers [29]. 
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In 1967 Krutchkoff [17) reopened the problem of which estimator 

to use when he compared the average squared error of the Classical 

estimator with that of the Inverse by Monte Carlo sampling. His 

empirical results indicate that the Inverse approach to the calibra-

tion problem has a uniformly smaller mean squared error than the 

Classical approach. 

In an extension [18] to this article, he conducted more Monte 

Carlo studies to come up with the following conclusions: Assuming 

that one must extrapolate well outside the range of observation, if 

one can take a large number of observations within the range of ob-

servation and if the 8/cr ratio is "not small" then it is better to 

use the Classical Method. If one does have a "small" 8/cr ratio or 

cannot take a large number of observations within the range then use 

the Inverse Method of calibration. 

Krutchkoff's work aroused new interest in the calibration problem 

causing more research to be conducted. Articles and reports began to 

appear giving both support and rejections to which estimator to use. 

For example, McClelland [24] constructed an Inverse calibration interval 

by simply replacing the Classical estimator, X , in the Classical con-e 

fidence interval (See Brownlee [3]) by the Inverse estimator, x1 , as 

the center of the interval. Monte Carlo simulations indicate that this 

Inverse interval has a uniformly higher confidence, for the same length 

interval, than the Classical interval, for all X within the sampling 

region. Yarbrough [36] attempted to provide a mathematical proof that 

Method B yielded smaller mean squared ·errors than Method A. He was 
2 

able to find an upper bound for E(XI - X) , the mean squared error for 
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A 2 
the Inverse Method. Then, by using an approximation for E(X - X) c 
such that it would be finite, he used· extensive tabulation to show that 

for values of X near the mid-point of the design region, the Inverse 

estimator tended to yield smaller mean squared errors than the Classical, 

but near the ends of the design region the Classical appeared superior. 
2 

Using the approximation for E(X - X) such that it would be finite, c 

Thomas [32] showed that the Inverse estimator is better than the 

Classical estimator from an average mean squared error standpoint. 

Williams [35] referred directly to Krutchkoff 's article and stated: 

"The inverse estimator he (Krutchkoff) has chosen to 
consider is the one that would have been derived by least 
squares on the false assumption that the errors £ 1 are in-
dependent of the values of y, an assumption which is in con-
flict with the original relations postulated. The estimator 
derived in this way has a finite variance. This seems, 
however, to be its only merit. In fact, since the classical, 
the unbiased, or indeed any estimator that could be derived 
in a theoretically justifiable manner all have infinite variances, 
the fact that Krutchkoff 's estimator has finite variance seems 
to be of little account. Thus, any estimator which is a 
constant will have finite variance, and so from the MSD 
(same as mean squared error) point of view will be preferable 
to the classical estimator. The establishment of the con-
clusion that the 'inverse' regression gives an estimator with 
a smaller MSD, although true, does not therefore appear to 
be particulary illuminating." 

He concluded: 

"Tue upshot of this discussion appears to be that the 
minimum variance or minimum MSD.criterion is not a suitable 
one in problems of this kind. Since sufficient statistics 
exist for all the parameters requiring estimation, the 
data can be sununarized in terms of a few of these. Confi-
dence limits can be readily derived by familiar methods, 
as given in the references listed by Krutchkoff (see, for 
instance, Williams (1959), p. 95). These· confidence 
limits, being based on sufficient statistics, should pro-
vide what is required in estimation for calibration purposes." 

Berkson [2] responded to Krutchkoff's article with this comment, 
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" ••••• the inverse method, is, in fact, incon-
sistent, while the classic method is consistent. It is 
impossible for an estimate based on an inconsistent 
statistic to have in all conditions a smaller mean 
squared error for all values of the estimated quantity, 
though it is possible for this to be so in a limited 
region of this quantity." 

He continued: 

"In reviewing the results (those obtained by 
Krutchkoff), it was notable that for all the experiments 
the value of N was not large, N = 6 for most experiments, 
the largest being N = 20. It is natural, however, that 
for estimating a calibration line, it would be important 
to use rather large numbers, since the line presumably 
will be used subsequently with all readings taken to 
determine the pressure. We will be interested, therefore, 
in an experiment with large N, N-+ <»." 

Dunsmore [6] defends the use of small N by stating that the cali-

bration problem is not limited to actually calibrating an instrument. 

For example, there are calibration problems in which two measurements 

are made on each of n individuals, the first measurement by an accurate 

but expensive and tedious method, the second measurement by a cheaper 

and easier method. In the future the second method is employed and we 

are required to 'calibrate' what value we would have obtained using 

the first method. 

Lamborn [20] used series expansions to provide theoretical 

explanations for the results Krutchkoff observed. She concluded with 

a statement that the relative merits of the two methods should have 

been quadratic depending on the location of X in relation to x, the 
,. 2 

relative size of (X - X) and S /'H, and the values of the parameters. xx 

Halperin [13] discusses "closeness" of XI and Xe to X. That is, 

XI is a closer estimate than is Xe if~ for all X, 
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Pr { lx1 - xi < 1Xc - xi } > 1/2 . (1.14) 

He finds that, for large samples, XI is superior in the sense 

of "closeness" if values of X are restricted to a certain closed in-. 

terval around the mean of the independent variates in the experiment 

and inferior elsewhere. After reasoning that the width of this inter-. 

val varies inversely as the product of the absolute value of the 

standardized slope (i.e. scaled by the error standard deviation) and 

the standard deviation of the independent variables used in the experi-. 

ment, he quickly points out that in practice the parameter tends to 

be large so that the interval where XI is superior will be trivially 

small. In conclusion he states that, along with the fact that the 

Classical Method allows an exact confidence interval for the parameter 

under estimate while the Inverse Method does not, the Classical esti ... 

mate is to be preferred using the "closeness" criterion. 

Krutchkoff [19] used Monte Carlo simulation to obtain a con-. 

clusion opposite of that found by Halperin [13]. Using an end 

point design with experimental range (0,. 1), sample size of 100, and 

values of 

IB/ol 
1/2 

i,N_ -J !-;!;- L (x. - x) t i=l 1 
(1.15) 

from 0.01 to 15.0, he founrl the Inverse Method is, for the most part, 

superior to or equivalent to the Classical Method. Where the Classical 

method is superior, it is only mildly superior. 
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The Purpose of This Thesis 

The preceeding literature review has shown that there is much 

controversy as to whether the mean squared error is a valid criterion 

in choosing the better of the two estimators. In view of this we would 

like to look at a more appealing criterion for our comparison. The 

purpose of this thesis is to investigate the criterion, confidence 

limits. Since confidence limits have already been derived for the 

Classical estimator (see, for instance, Brownlee [3] p. 284), it is 

our intent to find confidence intervals for the Inverse estimator and 

compare these with those of the Classical estimator. 



CHAPTER II 

AN ANALYSIS OF A BAYES INVERSE REGRESSION HETHOD 

OF CONFIDENCE INTERVALS IN LINEAR CALIBRATION 

Hoadley [15] demonstrates that insight and understanding, as 

well as a useful class of solutions, can be obtained by lookine at 

the problem from a Bayesian point of view. He shows that the In-

verse estimator is Bayes with respect to a particular informative 

prior. 

A brief description of his argument is as follows: If the 

F-statistic, 

F 
2 2 

b S /s xx 

used for testing the hypothesis that B = 0, is much larger than 

(2 .1) 

F 1 (the upper a point of the F-distribution with 1 and v degrees a; , v 

of freedom) then X is fairly precise, but if the opposite is true, c 

then X is very imprecise. Since the data contain information about c 

the precision of X , it seems reasonable to have some way of giving c . 

X less weight when it is known to be unreliable. This is what a c 

Bayes estimator does. 

He continues by showing that if, a priori 

x - tN-3 ( 0, (N + 1) I (N - 3) ) ' (2.2) 

which means that X has the same distribution as 0 + [(N + 1) I 
l /2 

01 - 3)] tN_ 3, where 111_3 has a t distribution with N - 3 degrees of 

freedom, then, a posteriori 

-10-
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[ s /N+s + xI /RJ xx xx 
F + N-2 

(2. 3) 

where 

R 1 I [ 1 + (N-2) I F ] . (2. 4) 

Also, a relationship between x1 and Xe is found to be 

x1 - ~ I [ F + (t!-2) l J Xe (2.5) 

when x = 0. He describes fo:Ls relationship by saying that XI can be 

viewed as a shift of X towarn zero (the prior mean of X). The relative c 

magnitude of the shift 

x - x c I 

Ix I c 

is a decreasing function of F. 

N - 2 (2.6) 
F + (N-2) 

So the more informative the data 

(i.e., the larger F), the ~ess the adjustment of X toward the prior c 

mean. 

Finally, his derivations show that if X - tN_ 3 [ O, (N+l) I (N-3) ] 

then the 100 (1 - a) % confidence interval is given by 

F a;l,N-2 
[

S /N + S + X.1/RJ xx xx 
F + N-2 

1 /2 

(2. 7) 
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In conclusion he states: 

"However, the main point in the paper is that the 
Bayesian approach has led to valuable insight and under-
standing. Conditioning on the data actually observed is 
just the right thing to do in this problem; because if 
the data are weak (F small), appropriate adjustments to 
the MLE and classical confidence set are required, but 
if the data are strong (F large), not much adjustment 
is necessary. The prior distribution on X is acting as 
an anchor. It. keeps the inference under control when-
ever the data get out of control." 

Now that we have confidence intervals for the Inverse Method 

(that is, if the assumption on Xis true), we will make a comparison 

with the approximate confidence intervals for the Classical Method 

given by 

t s - 2 r, x ± 0./2 1 + 1 + (Y - y) (2. 8) 
c N b2 S lbl xx 

if 

< 0.1 ' (2.9) 

where t is the t distribution with N-2 degrees of freedom. In particular, 

it will be shown that for a given confidence the Inverse interval has 

the shorter length, that is, 

1/2 

F a; l,N-2 1 + 1 + (Y - y) 2 
N 
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This can be done by first converting the left hand side of the above 

as follows: 

Now, since 

and 

1 /2 

[ S /N + S + x2I/RJ xx xx 
F + N-2 

s2 s2 2ss ss 2 
JY==~+--e+~> 
s2 s2 8xx s2 

xy xx xy 

s 2 (N-2) 

b2 S xx 
> 0 

S /N + S xx xx 
F + N-2 

s2 
xy = b2 

52 
xx 

x~ A }

1 
/2 

+-F 

for N > 2, we can conclude that the Inverse interval has the shorter 

length. 

In order to determine the worth of Hoadley's interval in prac-

tical applications when the occurrence of the true value X is unknown 

(which is usually the case), we conducted Monte Carlo experiments of 
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10,000 sets each. That is, for each different combination of in-

tercept, slope (8), standard deviation (cr), sample size (N), true 

value X (chosen such that they did not represent the assumed dis-

tribution), degree of confidence, and type of design, we used a 

program generating pseudo-normal random numbers to calculate 10,000 

intervals. We then noted what per cent of the intervals contained 

the true value X. If this per cent is always greater than or equal 

to the degree of confidence of Hoadley's interval for all possible 

combinations of the previously mentioned parameters, we could be 

certain that Hoadley's interval is valid without the assumption made 

on X. Likewise, if this per cent is not always greater than or equal 

to the degree of confidence of Hoadley's interval for some combinations 

of the parameters, we could conclude that Hoadley's interval is not 

valid without the assumption made on X. 

We will now give the details of exactly what was involved in the 

Monte Carlo technique. We used the model given by (1.1), i.e. 

y = a+ Bx+ e, with parameter a = O.O and fixed values for B and cr. 

The range for the controlled variable, x, was set equal to [-1,1). 

Observations were taken at each of the design points, and the values 
A A 

of y that resulted were used to calculate 6 and y from equations (1.11) 

and (1.10) respectively. 

Followin~ this, eight known values of X (X = O.Q, 0.25, 0.5, 

0.75, 1.0, 1.25, 1.5, 2.0) were used to obtain eight values of Y from 

(1.1). For each of these Y vaiues, the Inverse estimate was calculated 

according to (1.13). At this point we had access to eight true values 

of X, and XI for each. We then calculated for each of five theoretical 

confidences, 
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[ s /N + s + xI/RJ xx xx 
F + N-2 

1/2 

(2 .10) 

A 

from equation (2.7), and determined whether or not we had X£(XI ± L) for 

each of the forty combinations. 

This entire procedure was repeated 10,000 times, each time 

computing new estimates of the parameters, new values of L, and 

determining whether or not the five intervals covered X for each of 

the eight true values of X. The percentage of time that X was covered 

by (XI ± L) was then calculated for each combination of X and theo-

retical confidence. The standard errors for each of these percentages 

were also found. This was accomplished by using 100 sets, of 100 

percentages each, and the following formula: 

1 /2 

s = 9900 (2 .11) 

where zi = the percentage of times (XI ± L) covered the true X for 

each set of 100 repetitions. This, in all essence, outlines the Monte 

Carlo procedure used. 

To reduce the effort involved in the simulation, the intercept 

(et) was set equal to zero since the location parameter.will cancel out 

in the difference (XI - X). The proof of this is the following: 

Using (1.13), we have 
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X1 - X = y + 6Y - X • 

Making use of (1.5) and (1.11), it can easily be shown that 

r2 
6 =-A 

B 

(2.12) 

(2 .13) 

where r 2 , the sample correlation coefficient between x and y, is de-

fined to be 

s2 
xy 

s s 
xx yy 

Then, from (1.10), (2.12), and (2.13) we have 

Bx - r 2y + r 2Y = - x ' 
B 

which reduces to 

Br2 - r 2£' r 2 (a+ Bx - y) x1 - X = (-~- - 1) (X - x) + -A- + -
B B B 

where £ 1 is the error made in observing Y. But since 

y == a + Bx + £ , 

it follows that 

= c 8 ~2 - 1> ex - x) + : 2 (£' - £> . 
B B 

(2.14) 

(2.15) 

(2 .16) 

(2.17) 

(2 .18) 
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A 

We have shown that (XI - X) is independent of the intercept. 
A 

This says that F( lxI - xi ), the cumulative distribution function 
A 

of lxI - xi, will be independent of a, which is identical with saying 

that the resulting confidences will be independent of a. 

The investigation was undertaken at the Virginia Polytechnic 

Institute and State University using an IBM Systeml360 computer and 

a program generating pseudo-nonnal random numbers. The true values 

of the parameters, S and a, were varied such that Sia ranged from 0.1 

to 10.0. The confidence, or more specifically, the value of the 

percentage point of the F-distribution was varied so as to detect a 

prevalent pattern in a range from 60% to 95% confidence. Since the 

value of L, which is one-half of the length of the synnnetric confi-

dence interval, is different for each calculation of XI' only its 

average was reported. This was done for each of the following cali-

bration designs: 1.) 3(-1), 3(1), 2,) 10(-1), 1(0), 10(1), and 3.) 

63(-1), 63(1). The results, presented in Tables I, II, and III, are 

grouped into two regions: 1.) where Hoadley's confidence interval 

is valid, and 2.) where Hoadley's confidence interval is not valid. 

The results for X = 0.0 and X = 0.25 are not presented in Tables I, 

II, and III since Hoadley's confidence interval was always valid 

for these values of X. 

The simulations.for design 1.) are presented in Table I and 

indicate that Hoadley's confidence interval, for confidence in a 

range from 60% to 95%, is valid for X from zero to one when Bia > 

0.1, and valid for X from zero to two when Bia > 2.5. The ~imula-

tions for designs 2.) and 3.), given in Tables II and III, show 
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TABLE I: Average Confidence for Hoadley's Inverse 
Calibration Confidence Intervals w/o t Prior Densitv Assumption on X 

8=0.1, cr=l.O, S/cr=O.l 
Design: 3(x=-l), 3(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 
(XI±L) .95 0.993 0.992 0.988 0.982 0.976 0.948 
Average L J.648 3.661 3.663 3.660 3.655 3.669 

All Standard Errors are between 0.001 and 0.002 

A 

(XI±L) .90 0.986 0.980 0.971 0.957 0.942 0.865 
Average L 2. 799 2. 809 2. 810 2.808 2. 805 2. 815 

All Standard Errors are between 0.001 and 0.003 

A 

(XI±L).so 0.965 0.946 0.921 0.882 0.825 0.535 
Average L 2.013 2.021 2.022 2.020 2.017 2.025 

All Standard Errors are between 0.002 and 0.005 

A 

(XI±L) • 70 0.930 o. 893 0.847 0.766 0.597 0.189 
Average L 1.565 1.570 1.571 1.570 1.568 1.574 

All Standard Errors are between 0.003 and 0.005 

A 

(X1±L).6o 0.885 0.824 o. 728 0.487 0.257 0.099 
Average L 1.239 1.243 1.244 1.242 1.241 1.246 

All Standard Errors are between 0.003 and 0.005 
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TABLE I (cont) 

f3=0. 1, O=O. 2, S/o=0.5 
Design: 3(x=-1), 3(x=l) 

X=0.5 X=O. 75 X=l.O X=l. 25 X•l.5 X=2.0 

(XI±L).95 0.987 0.985 0.979 0.973 0.965 0.942 
Average L 3.209 3.233 3.258 3.287 3.319 3.436 

All Standard Errors are between 0.001 and 0.002 

(XI±L) . 9 O 0.974 0.963 0.954 0.941 0.926 0.866 
Average L 2.462 2.481 2.500 2.522 2.546 2.636 

All Standard Errors are between 0.002 and 0.003 

(X1±L). 80 0.936 o. 912 o. 893 0 .858 o.809 0.634 
Average L 1. 771 1.784 1. 798 1. 814 1.632 1.896 

All Standard Errors are between 0.003 and 0.005 

" 
(XI±L). 70 o. 885 0.852 o. 807 0.743 0.637 0.391 
Average L 1. 377 1. 387 1. 398 1. 410 1. 424 1.474 

All Standard Errors are between 0.003 and 0.005 

" 
(XI±L).60 0.824 0.766 0.696 0.549 0.408 0.264 
Average L 1.090 1.100 1.106 1.116 1.127 1.167 

All Standard Errors are between 0.004 and 0.005 
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TABLE I (cont) 

B=0.5, a=0.5, B/cr=l.O 
Design: 3(x=-l), 3(x=l) 

" 
'" +L) \,Ar- o 95 

Average L 

Average L 

(XI±L). 80 

Average L 

(XI±L) • 70 

Average L 

(X1±L) ,60 

Average L 

X=0.5 
0.977 
2.379 

X=O. 75 X=l. 0 
0.971 0.966 
2.413 2.459 

X=l. 25 X=l. 5 
0.961 0.957 
2.520 2.586 

All Standard Errors are between 0.001 and 0.002 

0.950 
1.825 

0.936 
1. 852 

0.928 
1. 887 

0.919 
1.933 

0.909 
1.984 

X=2.0 
0.937 
2.764 

0.871 
2.121 

All Standard Errors are between 0.002 and 0.003 

0.884 
1. 313 

0.865 
1. 332 

0.847 
1. 357 

0.820 
1. 390 

0.802 
1. 427 

All Standard Errors are between 0.003 and 0.004 

0.809 
1.021 

0.782 
1.035 

0.754 
1.055 

All Standard Errors are 0.004 

o. 725 

o. 808 
0.683 
o. 819 

0.654 
o. 835 

o. 723 

1.081 

0.609 
0.856 

0.684 
1.109 

0.561 
0.878 

All Standard Errors are between 0.004 and 0.005 

0.732 
1.525 

0.596 
1.186 

0.478 

0.938 
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TABLE I (cont) 

8=0.5, cr=0.2, 8/cr=2.5 
Design: 3(x=-l), 3(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 X1111.5 Xs=2.0 

(XI±L). 9 5 0.959 0.953 0.951 0.953 0.952 0.946 
Average L 1.113 1.135 1.165 1.204 1.249 1.358 

All Standard Errors are 0.002 

(XI±L) .90 0.914 0.904 0.902 0.905 0.906 0,890 
Average L 0.854 o. 871 0 .894 0.924 0.958 1.042 

All Standard Errors are 0.003 

(XI±L) • 80 0.823 0.811 o. 810 0.803 0.805 0.782 

Average L 0.614 0.626 0.643 0.665 0.690 0. 750 

All Standard Errors are between 0.003 and 0.004 

A 

(XI±L). 70 0.730 0.715 o. 710 o. 704 0.704 0.681 
Average L 0.478 0.487 0.500 0.517 0.536 0.583 

All Standard Errors are between 0.004 and 0.005 

A 

(XI±L) .60 0.631 0.619 0.614 0.608 0.600 0.585 
Average L 0.378 0.386 o. 396 0.409 0.425 0.461 

All Standard Errors are 0.005 
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TABLE I (cont) 

S=0.5, O=O.l, S/o=5.0 
Design: 3(x=-1), 3(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 x ... 1.s x-2.0 
(X1±L).95 0.954 0.949 0.948 0.952 0.952 0.949 
Average L 0.569 0.581. 0.597 0.617 0.642 0,699 

All Standard Errors are 0.002 

(X1±L). 90 0.905 0 .899 o. 897 0.903 0.906 o. 895 
Average L 0.437 0.446 0.458 0.474 0.492 0.536 

All Standard Errors are 0.003 

(X1±L). 80 0.811 0.801 0.802 0.800 0.804 0.793 
Average L 0.314 0.321 0.330 0.341 0.355 0.386 

All Standard Errors are 0.004 

(X1±L). 70 o. 713 o. 704 0.706 0.697 o. 709 0.695 
Average L 0.244 0.249 0.256 0.265 0,276 0.300 

All Standard Errors are between 0.004 and 0.005 

,. 
(X1±L) ,60 0.612 0.602 0.607 h.604 0.599 0.600 
Average L 0.193 0.197 0.203 o. 210 0.218 0.238 

All Standard Errors are 0.005 
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TABLE I (cont) 

8=2.0, cr=0.2, S/cr=lO.O 
Design: 3(x=-l), 3(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 
~ 

(XI±L),95 0.953 0.948 0 .947 0.952 0.952 0.949 
Average L 0.286 0.292 0.301 o. 311 0.323 o. 352 

All Standard Errors are 0.002 

~ 

(XI±L),90 o. 901 o. 897 o. 895 0.903 0.905 o. 895 
Average L 0.220 0.224 0.231 0.239 0.248 0.270 

All Standard Errors are 0.003 

~ 

(XI±L) • 80 0 .808 0.800 o. 798 0.800 0.805 0.798 
Average L 0.158 0.161 0.166 0.172 0.178 0.195 

All Standard Errors are 0.004 

(X1±L) ,70 0.708 0.702 0.706 0.697 0.707 0.698 
Average L 0.123 0.125 0.129 0.133 0.139 0.151 

All Standard Errors are between 0.004 and 0.005 

~ 

(XI±L).60 0.607 o. 597 0.606 0.603 0.600 0.603 
Average L 0.097 0.099 0.102 0.106 0.110 0.120 

All Standard Errors are 0.005 



-24-

TABLE II: Avera e Confidence for Hoadle 's Inverse 
Calibration Confidence Intervals w o t Prior Density Assumption on X 

8=0.1, cr=l.O, 8/cr=O.l 
Design: lO(x=-1), l(x=O), lO(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 
(XI±L). 9 5 1.000 1.000 o. 998 0.994 0.984 0.843 
Average L 2.187 2.186 2.187 2.186 2.188 2.188 

All Standard Errors are less than 0~004 

(X1±L). 90 0.999 0.997 0.991 0.971 0.912 0,175 
Average L 1. 806 1. 806 1. 807 1. 806 1.807 1.807 

All Standard Errors are less than 0.004 

(XI±L) • 80 0.994 0.982 0.944 0.807 0.256 0.029 
Average L 1. 386 1. 386 1.386 1. 385 1. 386 1. 386 

All Standard Errors are less than 0.005 

A 

(XI±L).10 0.979 0.938 0.784 0.218 0.069 0.010 
Average L 1.115 1.115 1.115 1.115 1.116 1.116 

All Standard Errors are less than 0.005 

(XI±L).Go 0.947 o. 822 0.264 0.075 0.025 0.004 
Average L o. 898 o. 898 0. 898 o. 898 o. 899 0.899 

All Standard Errors are less than 0.005 
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TABLE II (cont) 

B=O.l, cr=0.2, B/cr=0.5 
Design: lO(x=-1), l(x=O), lO(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X==2.0 
A 

(XI±L). 9 5 0.997 0.994 0.988 0.972 0.944 0.801 
Average L 1.964 1.968 1.972 1.976 1.984 2.000 

All Standard Errors are less than 0.004 

A 

(XI±L),90 0.988 0.980 0.958 0.913 0.838 0.514 
Average L 1.623 1.625 1.629 1.632 1.639 1.652 

All Standard Errors are less than 0.005 

A 

(XI±L). 80 0.957 0.922 0.855 o. 726 0.532 0.225 
Average L 1.245 1.247 1.250 1.252 1.257 1.267 

All Standard Errors are less than 0.005 

A 

(XI±L).70 0.906 0.837 o. 694 0.477 0.317 0.115 
Average L 1.002 1.003 1.006 1.008 1.012 1.020 

All Standard Errors are between 0.003 and 0.005 

A 

(XI±L),60 o. 821 0.702 0.483 0.301 0.188 0.068 
Average L o. 807 0.808 0.810 o. 812 0.815 0.822 

All Standard Errors are between 0.003 and 0.005 
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TABLE II (cont) 

S=0.5, cr=0.5, S/cr=l.O 
Design: lO(x=-1), l(x=O), lO(x=-1) 

A 

(XI±L),95 
Average L 

(XI±L),90 
Average L 

(XI±L) • 80 
Average L 

(X1±L). 70 
Average L 

(XI±L).60 
Average L 

X=0.5 X=0.75 
0.985 0.980 
1.542 1.548 

All Standard Errors 

0.960 
1.274 

0.943 
1.279 

X=l.O 
0.965 
1. 557 

are less 

0.920 
1.286 

X=l. 25 X"'l.5 
0.947 0.920 
1.566 1.580 

than 0 .004 

0.883 
1. 294 

0.837 
1. 306 

All Standard Errors are less than 0.004 

o. 890 0.862 o. 811 o. 740 0.674 
0.977 0.981 0.987 0.992 1.001 

All Standard Errors are between 0.003 and 0.004 

0. 807 0.766 0.693 0.609 0.540 
0.786 0.790 0.794 0.799 o. 806 

All Standard Errors are between 0.004 and 0.005 

o. 714 0.655 0.581 0. 495 0.426 
0.634 0.636 o. 640 0.643 0.650 

All Standard Errors are between 0.004 and 0.005 

x .. 2.0 
0.846 
l.ql2 

0.715 
1. 332 

0.516 
1.022 

o. 377 
0.822 

0.277 
0.662 
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TABLE II (cont) 

B=0.5, o=0.2, B/o=2.5 
Design: lO(x=-1), l(x=O), lO(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 
(XI±L).95 0.960 0.959 0.952 0.945 
Average L 0.795 0 .800 o. 807 o. 816 

All Standard Errors are between 0.002 

(XI±L) • 90 
Average L 

0.916 
0.657 

0 .911 
0.661 

0.903 
0.667 

o. 894 
0.674 

X=l.5 
0.937 
o. 827 

and 0.003 

0.881 
0.684 

X=2.0 
0.920 
0.854 

0.854 
0.706 

All Standard Errors are between 0.003 and 0.004 

(XI±L). 80 0.817 o. 813 o. 804 0.784 o. 772 0.735 
Average L 0.504 0.507 0.512 0.517 0,525 0.542 

All Standard Errors are 0.004 

~ 

(XI±L).10 o. 721 o. 717 0.702 0.685 0.670 0.631 
Average L 0.406 0.409 0. 412 0.417 0.422 0.436 

All Standard Errors are between 0.004 and 0.005 

(X1±L).6o 0.625 0.617 0.593 0.581 0.566 0.524 
Average L o. 327 0.329 o. 332 0.336 0.340 0.352 

All Standard Errors are between 0.004 and 0.005 
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TABLE II (cont) 

S=0.5, cr=0.1, S/cr=5.0 
Design: lO(x=-1), l(x=O), lO(x=l) 

A 

(XI±L). 9 5 
Average L 

A 

(XI±L).90 
Average L 

A 

(XI±L) • 80 
Average L 

A 

(XI±L).10 
Average L 

(XI±L).Go 
Average L 

X=0.5 
0.951 
0.417 

X=0.75 
0.954 
0.420 

X=l.O 
0.950 
0.424 

All Standard Errors are 0.002 

0.902 
0. 345 

0.900 
0.347 

0.901 
o. 351 

All Standard Errors are 0.003 

0.799 
0.265 

0.802 
0.266 

o. 803 
0.269 

All Standard Errors are 0.004 

0.703 
0.213 

o. 703 0.697 
0.214' 0.217 

X=l. 25 
0.949 
0.430 

0.897 
o. 355 

o. 796 
0.272 

0.699 
0.219 

X=l.5 
0.947 
0.436 

0.890 
0.360 

0.791 
0.276 

0.691 
0.222 

All Standard Errors are between 0.004 and 0,005 

0.609 
0.172 

0.603 
0.173 

0.596 
0.174 

0.594 
0.177 

0.593 
0.179 

All Standard Errors are between 0.004 and 0.005 

x-2.0 
0.944 
0.452 

0,887 
0.373 

o. 782 
0.286 

0.677 
0.230 

0.581 
o·.106 
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TABLE II (cont) 

B=2.0, cr=0.2, B/cr=lO.O 
Design: lO(x=-1), l(x=O), lO(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 
(XI±L).95 0.949 0.953 0.949 0.950 0.948 0.949 
Average L 0.211 0.213 0.215 0.218 0.221 0.229 

All Standard Errors are 0.002 

(X1±L).90 o. 897 o. 898 0.899 0.901 o. 895 o. 897 
Average L 0.175 0.176 0.178 0.180 0.183 0.189 

All Standard Errors are 0.003 

(XI±L),so 0. 796 0.796 0.800 o. 801 o. 796 0.792 
Average L 0.134 0.135 0.136 0.138 0.140 0.145 

All Standard Errors are 0.004 

A 

(X1±L) , 70 0.699 o. 698 0.699 0.701 0.699 0.693 
Average L 0.108 0.109 0 .110 0.111 0.113 0.117 

All Standard Errors are between 0.004 and 0.005 

(X1±L). 60 0.599 0.600 0.597 0.596 0.600 0.594 
Average L 0.086 0.087 0.088 0.089 0.091 0.094 

All Standard Errors are between 0.004 and 0."005 
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TABLE III: Average Confidence for Hoadley's Inverse 
Calibration Confidence Intervals w/o t Prior Density Assumption on X 

B=O.l, a=l.O, B/a=O.l 
Design: 63(x=-l), 63(x=l) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.S x ... 2.0 

(XI±L).95 1.000 1.000 1.000 1.000 0.998 0.557 
Average L 1.992 1.992 1.992 1.992 1.993 1.993 

All Standard Errors are less than Q.005 

(XI±L).90 1.000 1.000 1.000 0.995 0.932 0.025 
Average L 1.668 1.669 1.669 1.668 1.669 1.669 

All Standard Errors are less than 0.003 

A 

(XI±L). 80 1.000 0.998 0.978 0.761 0.073 0.001 
Average L 1.296 1.296 1.296 1.296 1.296 1.296 

All Standard Errors are less than 0.004 

(X1±L).7o 0.998 0.979 0.756 0.067 0.008. o.ooo 
Average L 1.045 1.045 1.045 1.045 1.045 1.046 

All Standard Errors are less than 0.004 

A 

(XI±L).50 0.986 0.856 0.111 0.009 0.001 o.ooo 
Average L 0.848 0.848 0.848 0.848 0.848 0.848 

All Standard Errors are less than 0.004 
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TABLE III (cont) 

S=O.l, cr=0.2, S/cr=0.5 
Design: 63(x=-l), 63(x=l) 

X=0.5 X=0.75 

(XI±L),95 1.000 0.997 
Average L 1. 790 1. 790 

All Standard Errors 

(X1±L).9o 0.995 0.984 
Average L 1. 499 1. 499 

All Standard Errors 

h 

(Xl±L). 80 0.969 0.919 
Average L 1.164 1.165 

All Standard Errors 

(X1±L). 70 0.905 0.804 
Average L o. 939 o. 939 

All Standard Errors 

h 

(XI±L),50 0.809 0.663 
Average L 0.761 0.762 

All Standard Errors 

X=l.O 
0.989 
1. 791 

are less 

0.955 
1.500 

are less 

0.820 
1.165 

are less 

0.638 
0.940 

are less 

0.461 
0.762 

are less 

X=l. 25 X::al.5 x ... 2.0 
0.972 0.925 0,672 
1.792 1. 793 1. 795 

than 0.005 

o. 891 o. 772 0,400 
1.500 1.501 1.503 

than 0.005 

0.659 0.463 0.151 
1.166 1.166 1.168 

than 0.005 

0.437 0.267 0.061 
0.940 0.941 0.942 

than 0.005 

0.277 0.146 0,025 
0.762 0.763 0,764 

than 0.005 
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TABLE III (cont) 

B=0.5, cr=0.5, S/cr=l.O 
Design: 

(XI±L) .95 

Average L 

A 

(XI±L) .90 

Average L 

(XI±L) •BO 

Average 1 

63(x==-1), 63(x=l) 

X=0.5 X=0.75 
0.989 0.979 
1.412 1. 413 

All Standard Errors 

0.964 0.941 
1.182 1.183 

All Standard Errors 

0.893 
0.919 

o. 851 
0.919 

X:::ol.0 
0.962 
1.414 

are less 

0.910 
1.184 

are less 

o. 793 
0.920 

X=l. 25 X-=1.5 
0.938 0.901 
1.416 1. 418 

than 0.004 

o. 865 o. 805 
1.186 1.187 

than 0.005 

o. 723 

0.921 
0,632 
0.922 

x ... 2.0 
0.788 
1. 422 

0.641 
1.191 

0.441 
0.925 

All Standard Errors are less than 0.005 

(X1±L). 70 o. 806 0.752 0.678 0.588 0.495 0.313 
Average L 0.741 0.741 0.742 0.743 0.744 0.746 

All Standard Errors are between 0.004 and 0.005 

(X1±L). 60 0.712 0.648 0.566 0.475 0.383 0.223 
Average L 0.601 0.601 0.602 0.602 0.603 0.605 

All Standard Errors are between 0.004 and 0.005 



B=0.5, a=0.2, e/0=2.5 
Design: 63(x=-l), 63(x=l) 
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TABLE III (cont) 

X=0.5 X=0.75 X=l.O x .. i. 25 X=l.5 X=2.0 
A 

(XI±L) • 9 5 

Average L 

(XI±L).90 
Average L 

(XI±L) • 80 
Average L 

(X1±L).70 
Average L 

A 

(XI±L).so 
Average L 

0.964 0.955 
0.738 o. 739 

All Standard Errors 

0.920 
0.618 

0.909 
0.619 

o. 951 0.945 
0.740 0.742 

are between 0.002 

0.901 
0.620 

o. 890 
0.621 

0.932 
0.743 

and 0.003 

0.871 
0.623 

All Standard Errors are between 0.003 and 0.004 

0.823 
0.481 

0.815 
0.481 

o. 800 
0.482 

0.784 
0.483 

0.759 
0.484 

All Standard Errors are between 0.004 and 0.005 

o. 721 0. 719 0.699 0.680 0.655 
0.388 0.388 0. 389 o. 390 o. 391 

All Standard Errors are between 0.004 and 0.005 

0.623 0.618 0.598 0.577 0.557 
0.315 0.315 o. 315 o. 316 0.317 

All Standard Errors are between 0.004 and 0,005 

0.904 
0,748 

0.831 
0.626 

0.704 
0.487 

0.598 
0.393 

0,495 
0.318 



S=0.5, o=0.1, S/o=5.0 
Design: 63(x=-1), 63(x=l) 
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TABLE III (cont) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 x ... 2.0 
(X ±L) 95 I . 
Average L 

(XI±L),90 
Average L 

(.XI±L) • 80 

Average L 

(X1±L), 70 
Average L 

A 

(XI±L),60 
Average L 

0.956 0.951 
0.390 0.390 

All Standard Errors 

0.906 
0.326 

0.900 
0. 32 7 

0.951 0.951 
o. 391 0.392 

are between 0.002 

0.901 
0.327 

0.899 
0.328 

0.945 
0.393 

and 0.003 

0.890 

0.329 

All Standard Errors are between 0.003 and 0.004 

0.804 
o. 254 

o. 805 

0.254 

0.800 

0.254 

0.795 

0.255 

0.792 

0.255 

All Standard Errors are between 0.004 and 0.005 

o. 703 0.705 0.696 0.690 0.689 
0.205 0.205 0.205 0.206 0.206 

All Standard Errors are between 0.004 and 0.005 

0.602 0.604 0.601 0.597 0.587 
0.166 0.166 0.166 0.167 0.167 

All Standard Errors are 0.005 

0.937 
o. 395 

0.879 
0.331 

o. 771 

0.257 

0,662 
o. 207 

0.565 
0, 168 
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TABLE III (cont) 

S=2.0, cr=0.2, S/cr=lO.O 
Design: 63(x=-l), 63(x=l) 

X=0.5 X=0.75 X=l.O X=l.25 X=l. 5 Xm2,0 

(XI±L) • 9 5 0.955 0. 949 0.951 0.953 0.948 0.945 
Average L 0 .197 0 .198 0.198 0.198 0 .199 0.200 

All Standard Errors are 0.002 

A 

(XI±L),90 0.900 0 .898 0.901 0.901 0.896 o. 889 
Average L 0.165 0.166 0.166 0 .166 0.167 0.168 

All Standard Errors are 0.003 

(XI±L). 80 0.799 0. 800 0.800 o. 799 0.799 0.786 
Average L 0.128 0.129 0.129 0 .129 0.129 0.130 

All Standard Errors are 0.004 

A 

(X1±L).7o 0.697 0.701 0.695 0.700 0.695 0.686 
Average L 0.104 0.104 0.104 0.104 0.104 0.105 

All Standard Errors are between 0.004 and 0.005 

(X1±L).6o 0.596 0.598 0.598 0.596 0.593 0.580 
Average L 0.084 0.084 0.084 0.084 0.085 0.085 

All Standard Errors are between 0.004 and 0.005 



-36-

that the range of X for which Hoadley's confidence interval is valid 

decreased as the design sample size increased. With the .exception of 

the lower confidences, Hoadley's confidence interval was always valid 

within the experimental range. 

Dunsmore [6] conunents that if Hoadley does not restrict himself 

to the endpoint design, it is found that his choice o~ prior density 

is suitable so long as the x-values in the informative experiment 

have not been preselected. In view of this connnent by Dunsmore, we 

conducted more Monte Carlo experiments identical to the previous ones 

with the exception of design. We used design points which represented 

a sample that could have been drawn from an uniform distribution on 

the interval [-1,1]. This was done because the uniform distribution 

is often assumed when one has no knowledge of occurrence. Here we 

are concerned with values of X which occur in a manner similar to 

those of the x-values in the informative experiment. Five values of 

X (X = 0.0, 0.25, 0,5, 0.75, 1.0) were used which satisfied this 

condition along with X values of 1.25, 1.5, and 2.0 for completeness, 

As before, sample sizes of 6, 21, and 126 were used, and the results, 

presented in Tables IV, V, and VI, are grouped into two regions: 1.) 

where Hoadley's confidence interval is valid, and 2.) where Hoadley's 

confidence interval is not valid. The results for X a 0,0 and X • 0,25 

also are not presented in Tables IV, V, and VI since Hoadley's confi-

dence interval was always valid for these values of X. 

The results indicate that Hoadley 1 s confidence interval is valid 

over a smaller range of X for all combinations of sample size, a/a, 

and confidence, compared to using designs which maximize S • More xx 
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simulation would have to be performed to determine its merits both 

within and without the range of calibration for other designs as well 

as for robustness considerations. 
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TABLE IV: Average Confidence for Hoadle 's Inverse 
Calibration Confidence Intervals w o t Prior Density Assumption on X 

B=0.1, a=l.O, Bla=O.l 
Design: (x=-1.0, -.6, -.2, .2, .6, 1.0) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 

(XI±L) • 9 5 0.992 0.986 0.977 0.960 0.937 0,829 
Average L 2.500 2.510 2.511 2.510 2.505 2.516 

All Standard Errors are less than 0.004 

(XI±L).90 0.981 0.966 0.943 0.901 0.827 0.366 
Average L 1.918 1..92q 1.927 1.925 1.922 1.931 

All Standard Errors are less than 0.005 

(XI±L). 80 0.949 0.908 0.837 0.683 0.313 0.094 
Average L 1. 380 1.385 1. 386 1. 385 1.382 1.389 

All Standard Errors are between 0.003 and 0.005 

(XI±L). 70 0.904 o. 819 0.630 0.250 0.137 0,042 
Average L 1.073 1.077 1.077 1.076 1.074 1.079 

All Standard Errors are between 0.-003 and 0.005 

(X1±L),6o 0.836 0.660 0.268 0.138 0.078 0.024 
Average L o. 849 o. 852 o. 853 0.852 0.850 0.854 

All Standard Errors are less than 0.005 
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TABLE IV (cont) 

B=O.l, a=0.2, S/cr=0.5 
Design: (x=-1.0, -.6, -.2, .2, .6, 1.0) 

A 

(XI±L) .95 

Average L 

A 

(XI±L).90 

Average L 

(XI±L). 80 

Average L 

(X1±L). 70 

Average L 

(XI±L).Go 

Average L 

X=0.5 
0.988 
2.356 

X=O. 75 X=l.O 

0.980 
2.376 

0.971 
2. 394 

X=l.25 X=l.5 
0.954 
2.417 

0.935 
2.446 

All Standard Errors are less than 0.004 

0.974 
1. 808 

0.956 
1.823 

0.933 
1. 837 

o. 892 
1. 854 

0.835 
1. 877 

All Standard Errors are less than 0.005 

0.934 
1. 300 

0.892 
1.311 

0. 823 

1. 321 
0.697 
1. 334 

0.437 
1. 350 

All Standard Errors are between 0.003 and 0.005 

o. 877 

1.011 
o. 796 
1.019 

0.647 
1.027 

o. 359 

1.037 
0.243 
1.049 

All Standard Errors are between 0.003 and 0.004 

o. 804 

0.800 
0.653 
o. 807 

0. 349 
0.813 

0.221 
0.821 

0.151 
0.831 

All Standard Errors are between 0.003 and 0.005 

X=2.0 
0. 81+4 

2.535 

0.529 
1.945 

0.225 

1.400 

0.126 
1.087 

0.079 

0.861 
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TABLE IV (cont) 

B=0.5, a=0.5, (3/cr=l.O 
Design: (x=-1.0, -.6, -.2, • 2' . 6, 1.0) 

(XI±L). 9 5 

Average L 

(XI±L).90 
Average L 

(X1±L). 80 
Average L 

(X1±L),7o 
Average L 

(X1±L) • 6 o 
Average L 

X=0.5 X=0.75 
0.980 0.971 
1.997 2.038 

All Standard Errors 

0.957 
1. 532 

0.936 
1.564 

X=l.O 
0.960 
2.087 

are less 

0.914 
1.601 

X=l. 25 X=l.5 
0.944 0.932 
2.1.53 2.233 

than 0.003 

0.882 
1.652 

0.846 
1. 713 

All Standard Errors are less than 0.005 

0.900 0.858 o. 806 o. 728 0.629 
1.102 1.125 1.152 1.188 1.232 

All Standard Errors are between 0.003 and 0.005 

o. 829 0.762 0.670 0.533 0.448 
o. 857 0.874 o. 895 0.924 0.958 

All Standard Errors are between 0.003 and 0.005 

0.743 0.644 o. 490 o. 397 0.329 
0.678 0.692 0.709 0.731 0.758 

All Standard Errors are between 0.004 and 0.005 

X=2.0 
0.878 

2.427 

o. 727 

1.862 

0,475 
1. 339 

0.329 

1.041 

0.232 
0.824 
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TABLE IV (cont) 

B=0.5, a=0.2, B/a=2.5 
Design: (x=-1.0, -.6, -.2, .2, .6, 1.0) 

(X1±L),95 
Average L 

X=0.5 
0.961 
1.094 

X=0.75 
0.954 
1.136 

X=l.O 
0.950 
1.192 

X=l.25 
0.945 
1.262 

X=l.5 

0.943 
1. 341 

All Standard Errors are between 0.002 and 0.003 

(X1±L),90 
Average L 

(XI±L).so 
Average L 

(X1±L). 70 

Average L 

(XI±L).60 
Average L 

0.922 
0.840 

0.907 
o. 871 

0. 897 
0.914 

All Standard Errors are 0 .003 

o. 835 
0.604 

0.813 
0.627 

o. 800 
0.658 

All Standard Errors are 0.004 

o. 740 
0.470 

o. 713 

0.487 
0.700 
0.512 

o. 894 
0.968 

0.780 
0 .697 

0.678 

0.542 

0.883 
1.029 

0.773 
o. 740 

0.664 
0.576 

All Standard Errors are between 0.004 and 0.005 

0.642 
o. 372 

0.621 
0.386 

0.597 
o. 405 

0.578 
0.429 

0.556 
0.456 

X=2.0 
0.930 
1.525 

0.861 

1.170 

0.738 
0.842 

0.620 

0.654 

0.513 
0.518 

All Standard Errors are between 0.004 and 0.005 
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TABLE IV (cont) 

B=0.5, cr=0.1, S/o=5.0 
Design: (x=-1.0, -.6, -.2, .2, .6, 1.0) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 x ... 2.0 
A 

(XI ±L) • 9 5 

Average L 

A 

(XI±L). 90 

Average L 

(XI±-L). 80 

Aver<Jge L 

(XI±L). 70 

Average L 

(XI±L). 60 

Average L 

0.955 0.949 
0.575 0.599 

All Standard Errors 

0.908 
0.44l 

o. 897 
0.460 

0.951 0.950 
0.631 0.671 

are between 0.002 

o. 897 
0. '185 

o. 898 
0.515 

0.951 
0. 716 

and 0.003 

o. 899 
0.550 

All Standard Errors are between 0.003 and 0.004 

0.812 
0.318 

0. 802 
0.331 

o. 801 
0. 349 

0.795 
0.371. 

0.798 
0.396 

All Stnndard Errors are 0.00~ 

o. 717 0.704 0.702 0.698 0.700 
0. 2L~7 0.257 0.271 0.288 0. 308 

All Standard Errors are between 0.004 and 0.005 

0.611 0.604 0.605 0.596 0.600 
0.195 0.204 0.215 0.228 0.244 

All Standard Errors are 0.005 

0.945 
0 .820 

0, 889 

0.629 

0.783 
0.453 

0.677 
0.352 

0.578 
0.279 
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TABLE IV (cont) 

B=2.0, 0=0.2, B /o=10. 0 
Design: (x=-1. 0, -.6, -.2, • 2' . 6. 1.0) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 
(X1±L).95 0.953 0.947 0.950 0.951 0.951 0,948 
Average L 0.291 0.304 0.321 0.341 o. 364 0,418 

All Standard Errors are 0.002 

(X1±L).9o 0. 903 o. 893 0.896 o. 899 0.905 0.900 
Average L 0.224 0.233 0.246 0.262 0,280 0,321 

All Standard Errors are 0.003 

(XI±L).so 0. 807 0.800 o. 799 0.799 0.803 o. 793 
Average L 0 .161 o. 168 0.177 0.188 0.201 0.231 

All Standard Errors are 0.004 

(X 1±L) .70 0.707 0.699 0.702 0.698 0.705 0.694 
Average L 0.125 0.130 0.138 0.146 0.156 0.179 

A l1 Standard Errors are hetween 0.004 and 0.005 

(X1iL). 60 0.604 0.599 0.609 0.601 0.606 0.594 

Average L 0.099 0.103 0.109 0.116 0.124 0.142 

All Standard Errors are 0,005 
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TABLE V; Average Confidence for lloadley's Inverse 
Calibration Confidence Intervals w/o t Prior Density Assumption on X 

S=0.1, a=l.O, S/a=O.l 
Design: l(x from -1.0 to 1.0 with increment of 0.1) 

X=O.S X=0.75 X=l.O X=l.25 X=l.5 X=2.0 

(XI±L) • 95 0.999 0.995 0.974 o. f.139 0.145 0.007 
Average L 1. 360 1. 360 1.361 1.360 1.361 1.361 

All Standard Errors are less than 0.004 

" 
(XI±L) • 90 0.997 0.980 0.863 0.148 0.024 0.001 
Average L 1.124 1.124 1.124 1.123 l.124 1.124 

All Standard Errors are less than 0.004 

(XI±L). 80 0.979 0.852 0.130 0.021 0.005 o.ooo 
Average L 0.862 0 .862 o. 862 0.862 0.863 0.863 

All Standard Errors are less than 0.003 

" 
(XI±L) • 70 0.924 0.265 0.035 0.006 0,001 o.ooo 
Average L 0.694 0.694 0.694 0.694 0.694 0.694 

All Stan.dard Errors are less than 0.005 

A 

(X1±L) .60 0.767 0.084 0.013 0.002 0.001 0,QOO 

Average L 0.559 0.559 0.559 0.559 0.559 0.559 

All Standar<l Errors are less than 0.005 
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TABLE V (cont) 

6=0.1, 0'=0.2, e/o=0.5 
Design: l(x from -1.0 to 1.0 with increment of 0.1) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 
~ 

(XI±L).95 0.996 0.987 0.948 0. 801 0.359 0.058 
Average L 1. 303 1. 305 1. 309 l.311 1. 318 1.329 

All Standard Errors are less than 0.005 

(XI±L),90 0.986 0.953 0.814 0.337 0.125 0.018 

Average L 1.076 1,078 1.081 1.083 1.088 1.098 

All Standard Errors are less than 0.005 

(XI ±.L) . 80 0.947 o. 797 0.299 0.097 0.034 0,005 
Average L o. 826 0.827 0.829 0.831 0.835 0.842 

All Standard Errors are less than o .nos 

(X1±L). 70 0.863 0.411 0.130 0. 01.0 0 .01Lf 0.002 
Average L 0.665 0.666 0.667 0. 669· 0.672 0.678 

All Standard Errors are less than 0.005 

(X1±L).Go 0.705 0.211 0.064 0.021 0.007 0.001 

Average L 0.536 0.536 0.538 0.539 0.542 0.546 

All Standard Errors are less than 0.005 
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TABLE V (cont) 

B=0.5, cr=0.5, B /cr=l. o 
Design: l(x from -1.0 to 1.0 with increment of O, l) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 

(XI±L).95 0.987 0.966 0.916 0.796 0.618 0.276 
Average L 1. 159 1.165 1.175 1.184 2.000 1.233 

All Standard Errors are less than 0,005 

(XI±L) • 90 0.962 0.909 0.784 0.571 0.381 0.136 
Average L 0. 95 7 0.963 0.971 0.979 0.991 1.019 

All Standard Errors are less than 0.005 

(XI±L). 80 0.886 o. 753 0.514 0.305 0.174 0.054 
Average L 0.735 o. 739 0.745 o. 751 0.760 0.782 

All Standard Errors are .1.ess than 0 .005 

(X1±L).7o 0.781 0.557 o. 335 0.172 0.093 0,024 
Average L 0.591 0.595 0.599 0.604 0.612 0.629 

All Standard Errors are less than 0.005 

(X1±L) .60 0.655 o. 399 0.218 0.107 0.053 0.013 
Average L o. 477 0.479 0.483 0.487 0 • '•9 3 0.507 

All Standard Errors are less than 0.005 
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TABLE V (cont) 

B=0.5, o=0.2, B/0=2.5 
Design: l(x from -1.0 to 1.0 with increment of 0.1) 

X=0.5 X=0.75 X=J..O X=l. 25 X=l.5 X=2.0 

(XI±L).95 
Average L 

(X1 tL).90 
Average L 

(Xl ±L) • 80 
Average L 

(X1±L). 70 
Average L 

(X1±L) .60 
Average L 

0.962 0.947 
0.731 0.741 

AJl Standard Errors 

0.916 
0.604 

0.892 
0.612 

0.921 o. 886 
o. 755 0. 771 

are between 0.002 

0. 849 
0.624 

0.788 
0.637 

0.848 
0.793 

and 0.003 

0.748 
0.655 

All Standard Errors are between 0.003 and 0.004 

0. 822 
0.463 

0.784 
0. 1+ 70 

0.717 
0.479 

0.643 

o. 4e9 

0.581 

0.503 

All Standard Errors are between 0.004 and 0.005 

0. 728 0.673 0.602 0.525 0.467 
o. 373 0.378 0.386 0.394 0.405 

All Standarci Errors are between 0.004 and 0,005 

0.629 0.563 0.500 0 .L125 0.366 
o. 301 0.305 0. 311 0.317 0.326 

All Standard Errors are between 0.004 and 0.005 

o. 760 
0.843 

0.632 
0.697 

0.452 
0.535 

0.340 
0.431 

0.257 
0. 3lf 7 
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TABLE V (cont) 

8=0.5, cr=O.l, a/cr=S.O 
Design: l(x from -1.0 to 1.0 with increment of 0.1) 

(XI±L).95 
Average L 

(X1 ±L). 90 

Average L 

(XI±L). 80 

Average L 

X=0.5 X=0.75 
0.952 0.951 
o. 410 0.417 

All Standard Errors 

0.902 
o. 339 

0. 897 
0.345 

X=l.O X=l. 25 
0.940 0.931 
0.427 0.439 

are between 0.002 

0.885 
0.353 

o. 868 
0.362 

Xal,5 

0.920 
0 .453 

and 0.003 

0' 851 
0.374 

All Standard Errors are between 0.003 and 0.004 

0. 802 
0.260 

0. 794 
0.264 

o. 776 

0.271 
0.750 
0.278 

0.735 
0.287 

X==2,0 

o. 895 
0.487 

0.817 
0.403 

0.695 
0.309 

All Standard Errors are between 0.003 and 0.004 

(XI±L). 70 o. 707 0.698 0.673 0.649 0.628 0.589 
Average L 0.209 0.213 0.218 0.224 0.231 0, 249 

All Standard Errors are between 0.004 and 0,005 

A 

(X1±L). 60 0.611 0.593 0.570 0 .550 0.532 o. 486 
Average L 0.168 0.171 0.175 0.180 0.186 0.200 

All Standard Errors are between 0,004 qnd 0.005 



-49-

TABLE V (cont) 

B=2.0, cr=0.2, S/cr=lO.O 
Design: l(x from -1.0 to 1.0 with increment of 0.1) 

(X1±L).95 
Average L 

(X1±L).9o 
Average L 

(XI±L),so 
Average L 

(X1±L), 70 

Average L 

... 
(XI±L).60 
Average L 

X=0.5 

0.949 
0.212 

X=0.75 X=l.O 

0.951 
0.216 

0.949 
0.221 

All Standard Errors are 0.002 

o. 89 7 

0.175 
o. 899 

0.178 
0.895 
0.183 

All Standard Errors are 0. 003 

o. 795 

0.134 
0. 798 

0.137 
o. 796 

0 .11+0 

X=l. 25 X=l. 5 

0. 91+ 7 

0.228 

0. 89lf 

0.188 

0.788 
0.144 

0.942 

0.235 

0.887 
0.195 

0.784 
0.149 

All Standard Errors are 0.004 

0.699 

0.108 

o. 700 
0.110 

0.693 
0.113 

0.688 
0.116 

0.684 
0 .120 

All Standard Errors are between 0.004 and 0.005 

0.603 

0.087 
0.598 
0.089 

0.588 
0.091 

0.588 
0.093 

0.583 
0.097 

x .. 2.0 

0.936 
0.254 

0.879 
0.210 

0.772 
0 .161 

0.669 
0.130 

0.575 
0.104 

All Standard Errors are between 0.004 and 0,005 
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TABLE VI: Average Confidence for Iloadlev' s Inverse 
Calibration Confidence Intervals w/o t Prior Density Assumption on X 

8=0.1, o=l.O, 8/o=O.l 
Design: 6(x from -1.0 to 1.0 with increment of 0.1) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 ---A 

(XI±L).95 1.000 1.000 0.992 o. 210 0.002 o.ooo 
Ayerage L 1.210 1.210 1.210 1. 210 1,210 1.210 

All Standard Errors are less than 0.004 

A 

(XI±L) '9 O 1.000 0.998 o. 701 0.006 o.ooo o.ooo 
Average L 1.013 1.013 1.013 1.013 1.013 1.013 

All Standard Errors are less than 0.004 

A 

(XI±L) • 80 0.998 o. 819 0.009 0.000 0.000 o.ooo 
Average L 0.787 0.787 0.787 0.787 0,787 0.787 

All Standard Errors are less than 0.004 

(XI±L).70 0.970 0.047 0.001 o.ooo o.ooo o.ooo 
Average L 0.635 0.635 0.635 0.635 0.635 0.635 

All Standard Errors are less than 0.002 

A 

(XI±L).60 p. 704 0.007 0.000 0.000 o.ooo 0,000 

Average I~ o. 515 0.515 o. 515 0.515 o. 515 0.515 

All Standard Errors are less than 0.005 
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TABLE VI (cont) 

B=0.1, cr=0.2, S/cr=0.5 
Deuign: 6(x from -1.0 Lo 1.0 with increment of 0,1) 

C'~ 1 ±L), 9 s 

Average L 

(X ±L) 90 I . 
Average L 

(XI±L),so 

Average L 

(X1±L). 70 

Average L 

C' +1) ''r- .Go 
Average L 

X=0.5 X=0.75 
1.000 o. 99J 

1.160 1.160 

All Standard errors 

0 .996 

0.971 

0. 949 

o. 972 

X=l.O 

0.923 
l. .161 

are less 

0.635 
0.972 

X=l. 25 X=J.5 
0.528 
l.16] 

than 

0.160 
0.972 

0.123 
1.162 

0.0115 

0.020 
o. 9 73 

All Standard Errors are less than 0. 005 

0. 95] 0.669 0.173 0.019 0.002 
0.755 0.755 0.755 o. 755 0.756 

AlJ Standard Errors are less than 0.005 

0. P,JB 0.317 0. Ol+6 0.004 o.ooo 
0.609 0.609 0.609 0.609 0.610 

All Stanc:ard Errors are less than 0,005 

0.59J O.J2H 0. f) l !~ 0.001 o.ooo 
0. 491+ 0.491~ 0.494 o. 494 o. 495 

All Standard Errors are less than 0.004 

X=2.0 
0.001 
1.164 

o.ooo 
o. 975 

o.ooo 
o. 757 

0,000 

0.611 

o.ooo 
o. 495 
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TA ... P.LE VI (cont) 

B~0.5, a=0.5, B/a=l.O 
Design: 6(x from -1.0 to 1.0 with increment of O.J) 

X=0.5 X=0.75 X== l. 0 X:::l. 25 X=l.5 X=2.0 

(L.±L) 95 1 • 0.992 0.960 0.867 0.675 0. 1120 0.081 

Average L 1.036 1. 037 1.038 1.040 J..042 1.047 

All Standard Errors are less than 0.005 

(XI:!:L),go 0.964 0.880 0.693 0. L136 o. 216 0,025 

Average L 0.868 o. 869 0.869 0.871 0.873 0.877 

All Standard Errors arc less than 0.005 

(X.I±L). 80 0. 868 0.683 0. 1120 0. 19 5 0.072 0.004 

Averaee L 0. 6 711 0.675 0.676 0.677 0.678 0.681 

All Stanrlard Errors are less tl-1an 0 J)() 5 

(XI±L),70 0. 7L15 0.502 o. 249 0.0% 0.029 0.001 

Average L 0.544 0.544 0.545 0. SL:6 0.547 0.550 

All Standard Errors are less than 0 .005 

(XI±L).60 0.613 0.352 0 .1119 0.046 0.012 o.ooo 
Average L 0. 4L1l 0.442 0.442 0.4!;3 0, !144 0.446 

All Standard Errors are Jess than 0.005 
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TABLE VI (cont) 

8=0.5, 0'=0. 2, (3/cr=2.5 
Design: 6 (x from -1.0 to 1.0 with increment of 0 .1) 

X=0.5 X=0.75 X=l.O X=l. 25 X•l.5 X=2.0 

(XI±L),95 0.961 0.936 0.900 0.847 0. 780 0.598 
Average L 0.665 0.667 0.669 0.672 0.675 0.684 

All Standard Errors are less than 0.005 

(XI±L),90 0. 916 0,873 0.815 0, 7L;5 0.652 0.453 

Average L 0.557 0.559 0.561 0.563 0.566 0.573 

All Standard Errors are between 0.003 and 0,005 

(XI±L). 80 0.820 0.759 0.675 0.579 0.481 0.293 
Average L 0,433 0 • L;Jlf 0.436 0.438 0. q.40 0.445 

All Standard Errors are between 0.004 and 0.005 

(XI±L). 70 0.722 0.651 0.562 0.463 0.369 0.204 
Average L o. 350 0.350 0.352 0.353 0. 355 0.359 

All Standard Errors are between 0.004 and 0.005 

(XI±L),60 0.625 0.553 0, lf5 7 0. 364 0.284 0.145 
Average L 0.283 0.284 0.285 0.286 0.288 0.291 

All Standard Errors are between 0.004 and 0.005 
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TABLE VI (cont) 

8=0.5, cr=O.l, 8/cr=S.O 
Design: 6(x from -1.0 to l.0 with increment of 0.1) 

(XI±L).95 
Average L 

(X1±L),go 
Average L 

(X1±L). 80 

Average L 

(X1±L). 70 
Average L 

(X1±L). 6 o 
Average L 

X:;::Q.5 X=0.75 
0.954 0.941 
0.378 0. 379 

All Standard Errors 

0.906 
o. 317 

o. 890 
0.318 

X=l.O X=l. 25 

0.934 0.920 
o.~rn1 0.383 

are between 0.002 

0.872 
0.319 

0.851 
0.121 

X=l.5 
0 .897 
0.385 

and 0.003 

0. 822 
o. 323 

X=2.0 
0.844 
o. 392 

0.745 
0.328 

All Standard Errors are hetween 0.003 and 0.004 

0.806 
0.246 

o. 786 
0.247 

o. 760 
0.248 

0.736 
o. 249 

0 .692 

0.251 

All Stanclard Errors are between 0.004 and 0.005 

0.705 0.6')0 0.651 0.625 0.583 
0. 198 0.199 0.200 0.201 0.202 

A11 Standard Errors are between 0.004 and 0.005 

0.608 0.590 0.559 0.524 0.485 
0.161 0.161 0.162 0.163 0.164 

All Standard Errors are between 0.004 and 0.005 

0.608 
0.255 

0.499 
0.206 

0.407 
0,167 
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TABLE VI (cont) 

8=2.0, a=0.2, S/a=lO. O 
Design: 6(x from -1.0 to 1.0 with increment of 0.1) 

X=0.5 X=0.75 X=l.O X=l. 25 X=l.5 X=2.0 
A 

(XI±L). 9 5 0.953 0.946 0.945 0.944 0. 933 0.924 
Average L 0.196 0 .197 0 .198 0. 199 0.200 0.204 

All Standar<l Errors are between 0.002 and 0,003 

(XI±L),90 0.902 0.896 0. 895 o. 891 0.876 o. 859 
Average L 0 .164 0.165 (). 166 0 .16 7 0 .168 0.171 

AlJ Standar<l Errors are 0.003 

(XI±L) • 80 0.800 0. 798 0.79) 0.781 0.768 0.739 
Average L 0 .128 0 .128 0.129 0.129 0.130 0.133 

All Standar<l Errors are O.OOL1 

(X1±L),70 0.697 0.697 0 .685 0.682 0.669 0.635 
Average L 0.103 0.103 0 .104 0 .101+ 0 .105 0.107 

All Standard Errors are between 0.004 and 0.005 

(X1±L). 6 o 0.599 0.596 0.587 0.584 0.566 0 .536 
Average L 0.083 0.084 0.084 0.085 0.085 0,087 

All Standard Errors are between 0.004 and 0.005 



CHAPTER III 

OBTAHTING CONFIDENCE LIHITS FOR THE INVERSE APPROACH 

SIMILAR TO THOSE OF THE CLASSICAL APPROACH 

Brownlee (3] derives approximate confidence limits for the Classi-

cal approach as, 

x c 

when one future observation is observed. Ile st~t.es that these are 

usually considered valid for most purposes when 

< 0.1 

In the above s 2 is the usual estimate of 0 2 , ta/2 is the upper a/2 

percentage point of the t distribution with M-2 degrees of freedom, 

and the remaining notation is as previously defined. 

( 3, l) 

Approximate confidence limits for the inverse approach wi.ll now be 

derived using a method similar to that used by Brownlee. Assuming there 

is a linear relationship between x and y, then for N, not necessarily 

distinct pairs of observations, (xi, yi), with error terms which are 

independent an<l normally distributed with zero mean and variance a2, 

we can write, 

y. ~a'+ B(x.-x) + ~. 
l l l 

i==J,2, ••• ,N (3. 2) 
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where x is the average of the N values of x. Suppose we now observe a 

future Y, known to have arisen from some value of x, say w. If the 

true value of y. is given by the expectation 
l. 

we also have 

= a' + B (x. -x) , 
l. 

EY = n =a'+ S(w-x), 

where n denotes the true value of Y. 

The problem is to predict the true value of X, by observing a 

(3. 3) 

(3, 4) 

value, Y, as well as to place some form of confidence in this estimate. 

Since we want to find an estimator for X, consider solving (3.2) for 

xi initially. This being done gives us 

X. = X + y 1 + 8y. + F 1 
1 l. , i (3. 5) 

where y' = -a'/!~, 6 = 1/B, and E! 
1 

-i::./B. 
l. 

The least squares estimators 

for y' and iS are 

and 

Therefore we arrive at 

y = -6y 

6 = S /S xy YY 

(3.6) 

(3. 7) 

( 3. 8) 

This is the same equation given by (1.12), hence 1 to predict the true 

value of X, by observing a value, Y, the Inverse estimator is 
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x1 ~ x + S /S (Y-~) xy yy 

pr•H:ce<l .in the fol lowJng W;1y. lll~l"in0 Ll Ill'\~ v;11·lab le nl ;i~; 

0> = XI - t!i 

or w = x + S /S (Y-~) - ~ . xy YY 

Let ;.J 

since 

s lll 
;ly 

xS + S (Y-y) - S ~ yy xy yy 

= (x-0)S + (Y-~)S yy . xy 

(x-l/i) s:: /S + (x-4!) ss xy xx e 

s = 52 /S + SS 
yy xy xx e 

where SS is the error sum of squares. e 

Defining another variable R as 

+ (Y-y)S 

W + (1~·- x)SS 

r,ives us 

(' 

"' 
e 

xy 

xy 

R == (Y-y) (ip- x)S /S xy xx 

This variable will have e.x:pected value 

(3.10) 

(J. Ll) 

( 3. 12) 

(3. 1-3) 

(3. JI+) 



Its variance is 
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E(R) E(Y) - E(y) - (~-x) E (S /S ) 
xy xx 

= n - a' - (~-x)B 

0 by (3. 3) 

V(R) = V(Y) + V(~) + (~-x)2 V(S /S ) 
xy xx 

a 2 [1 + l/N + (~-i) 2 /s ] xx 

(3 .15) 

(3.16) 

The random variable R is a linear combination of three normally dis-

tributed ran cl om variables and therefore will be normally distributed 

itself, i.e. 

R - E (R) 

/V(l<) 
" N (O. 1) 

If we now replace a2 in V(R) with its usual estimate, 

the random variable 

s2 = SS /(N-2) , e 

R - F.(R) 

/v (R)° 

will be distributed as a Student's t with N-2 degrees of freedom. 

(3 .17) 

( 3' 18) 

Writing Ras given by (3.13) and inserting W an<l was defined by (3.11) 

and (3 .10) we can write (3. 18) as 



s 
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(XI -·'1)S + (~-x)SS 
' vv e 

s 
xy 

Therefore, we have the probability statement. 

Pr r 

A 

(XI -ljl)S + (tjl-x)SS 
YV 

-t < s x a/2 

1 c:,1;-x)2 s .L+"N+ 
s xx 

e l 
< ta/2 (t . 

Letting ·~lo be the lower confidence limit of 41, it follow::> that 

(x -w, )s + (~ -i)ss I .o yy Jo c 
s xy 

(ijJ, -~) 2 
$ 1 + ..:!:. + __ .L_O __ 

N S xx 

To solve (3.21) tor 110 , we first obtajn the quadratic equation 

[ - IA s?. s2 s SS t·'] 2 ~ - t2s7 + 2iji l xv 
xy e (Y-y) ·tj110 -x~- + x .., s lo IS;;i s ~· " s· xx yy xx xx xx xx 

( 3.19) 

(3.20) 

(3.21) 



and finally, 

tsS xx 

l8xyl 

s2 
xy 
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_ sxv] 2 
+ x ___..__ s 

xx 
- t2s2 1 + - + -- = [ l ;:c2] 

.. N S 

S SS 
X + xx e (Y-y-) 'I SS -x 

YY xy 

[ 
t2s2s J l - xx 

52 
xy 

sz 
xy 

s2 
x 

xx 

S (Y-v) 2 xx . 
s2 
xy 

1 /2 

0 (3.22) 

(3.23) 

where t = ta12 . Because Student's tis a symmetric <listrihution, the 

upper confidence limit is derived in exactly the same way with the. ex-

ception that t/i and -t /'> are used. The solution is the same as ( 3, 23) up a .. 

and gives us 

<J. • (3.24) 

Brownlee [3] points out that when 

t 2 s 2 S 
1 ____ xx_-+ 
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meaningful confidence limits for the Classical approach do not exist, 

but states that the appr9ximate confidence limits given by (3.1) are 

usually considered valid for most purposes when 

s2 
xy 

< 0.1 

The same situation exists for the Inverse confidence limits, therefore 

the approximate confidence limits for the Inverse approach would be 

1 /2 
s SS t 12ss l S (Y-y) 2 

XI + xx e (Y-y) ± a xx xx (3.25) s s l+N"+ 
YY xy lsxyl s2 

xy 

Note that Xe can be expressed in terms of x1 as 

S SS 
X = X + xx e (Y-y) c ·r s s (3.26) 

yy xy 

which means that (3.25) and (3.1) are the same. One could have obtained 

(3.25) from (3.1) in one easy step. But the upshot of this chapter is 

that confidence limits for the Inverse approach can be derived in a 

theoretically justifiable manner completely independent of the Classical 

approach. Therefore, the Inverse confidence limits could have been 

obtained before those of the Classical. So using the Classical estimate, 

X , because confidence limits are available is no longer a valid reason. c· 

For a _given confidence, the lengths of the two :!.ntervals are the 

same with the Classical being synm1etric about the estimator. llut one 
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should keep in mind that for a small B, the Classical estimator will 

highly overestimate while the Inverse will protect against this by 

giving an estimate that tends to x as B + 0 (see Page 31, Yarbrough 

[36J). 



CHAPTER IV 

USING THE DENSITY OF XI TO FIND CONFIDENCE INTERVALS 

This chapter is devoted to findin3 100 (1-a) 1; confidence intervals 

for the Inverse Method hy integratin8 the density of XI over unknown 

finite limits, setting the integral equal to 1-a, and solving for the 

unknown limits. 

A detailed description of this approach will now be given. First, 
A 

recall that XI is given by (1.13) as XI= i + d(Y-y). Instead of 

finding the density of XI' consider finding the density of z ·~ d(Y-y). 

The joint density of z and Y-y can be written &3 

k(z, Y-y) = f( 2 _, Y-y)/(Y-y) 
Y-y 

(Li .1) 

where f(d, Y-y) is the joint density of d and Y-y and l/(Y-y) is the 

.Jacobian of transformation. The density of z is then found as 

00 

g(z) - I 
-oo 

f(~2~, Y-y)/(Y-y) 
Y-y 

d(Y-y) ( 4. 2) 

since - oo < Y-y < 00 • The density of z can also be expressed as an in-

tegral over d. The joint density of z and d can be written as 

l(z, d) = f(d, ~)/d ( 4. 3) 

where l/d is the Jacobian of transformation. The density of z is then 

found RS 
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00 

g(z) = J f (d' ~)/d dd ( 4' 4) d 

-oo 

since - 00 < d < 00 • To find the 100(1-a) % symmetric confidence in-

tervals we have, 

r x + a 

g (z) dz = l - a (4,5) 

X - x - a 

which gives, 

Pr (X - x - a < z < X - x + a) 1 - a 

Pr (X - a < x1 < X + a) l - a 

Pr (- a < X - x1 < a) 1 - a • (! •• 6) 

The immediate problem now is to find the joint density f(d, Y-y). 
If d and (Y-~) are independent, f(d, Y-~) is the product of the den-

sities of cl and Y-y. lt is clear that d is independent of Y since Y 

is a single future observation independent of the N observations used 

in forming S and S xy yy To show that d is also independent of y, it 

need only be shown that y is independent of both S and S since d xy yy 
is a lunction of hath S and S 

xy yy The independence of y and S . xy 

follows from the fact that Cov<Y, S ) = O. This can be shown by 
xy 

straight forward expectatlons and implies independence under the 

normality assumption. One can also reason the independence of y and 
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S from elementary forward regression theory where it is proved that xy 
y is independent of b = S /S xy xx The independence of y and S follows yy 

from elementary statistical inference and can be shown by invoking 

Theorem 4.17 in Graybill [12]. Therefore, we have f(d, Y-~) ~ 

h(<l)t(Y-y) where h(d) and t(Y-y) are the densities of d and Y-y. Under 

the assumption that the reading errors are independently and identically 

normally distribated with mean zero and variance cr 2 , it is easily shown 

that 

Y-y - N ~(X-i), a2 (1+/Jl J . (4. 7) 

Obtaining a workable form of the density of cl = S /S is much more xy YY 
difficult. The next section deals with this problem. 

(4.1) Derivation of h(d), the Density of d 

Since S and S are functions of the same random variables, the 
xy YY 

yi' they may be dependent. To establish that S and S are dependent, xy yy 
we need only to show that Cov(S , S ) is non-zero. Under the nor-xy YY 
mality assumption, it is easily shown that 

s - N(BS 'o 2 s ) (4,8) xy xx xx 

s - a 2x2(1,) (4,9) 
YY v 

where v = N-1 and the non-centrality parameter!.= rs 2s /(2cr 2 ), Using xx 

the fact that the (;!xpec ted value of a non-central chi-square variable 

is v + 2A, it is seen that 
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E(S ) = va 2 + s2s YY xx ( 4.10) 

Expanding S and S , taking term by term expectations of the product xy yy 
S S , and xy yy using the above results in the relationship Cov(S , xy 
E(S S ) - E(S ) E(S ) xy YY xy YY ' it can be shown that Cov(S , S ) ~ xy YY 

s ) = yy 

2o2ss and hence that S and S are <le)1endent. The ratio d, however, xx xy yy 
can be decomposed into independent components by observing that 

S = S2 /S + SS yy xy xx e ( 4 .11) 

(see, for example, Graybill [12]). The first terlll on the right hand 

side of (4.11) is the sum of squares due to regression from elementary 

regression theory, and the second term is the usual residual sum of 

squares which is a central chi-square variable with N-2 degrees of 

freedom. One can now write 

d = S /S 
xy YY u/(u2 /s + v) 

where u = S , v = SS s = S and u and v are independent. Due to xy e' xx 

the independence of u and v, their joint density can be written as 

f(u, v) = ( 4. 13) 

for - 00 < n < 00 and 0 < v < 00 where 8 = (N-2)/2. 

At this point we have d expresse<l as a function of u and v. 

Sine~~ we also have from (4.13) the joint density of u and v, an ex-

pression for h(d) can be obtained (see, for example, Page 220, Mood 
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and Graybill [26]). Rewriting equation (4.12) as v = u/d - u2 /s, 

we may obtain a density 

Therefore, 

-oo 

h(u, d) = f(u, u/d - u 2 /s) I 8v/8d I . 

h(d) r f(u, u/d - u2 /s) I ov/adl du 

) 

(u/<l2)(u/d _ u?/s)B-1 e-(u/d - 2Bu)/(2a 7 ) 

I '> . ., e 2rra 4 s !'(8) (2a") 

du. 

Unfortunately, the integral of equation (4.15) cannot be expressed 

in closed form. 

( 4 .14) 

(l •. 15) 

As another approach to finding h(d), consider the method of first 

finding the cumulative distribution H(d), then find h(d) = dH(d)/cd (see, 

for exmnple, Page 96, Mood and Graybill [26]). tlow, by the definition 

of the cumulative distribution of d, we get 

II(~) = Pr (d _::: i) ( 4' 16) 

Substituting (4.12) into (4.J.6), we get 

Il(i) =Pr (u/(u2/s + v) _:: i) =Pr (v < u/d - u2/s] • (4.11) 

Making use of the joint density f(u, v), we obtain 
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-"' 0 
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8-1 -v/(2a2) - (u-~s)2/(2cr2s) 
v e dvdu, ( 4 .18) 

The integral of equation (4.18) also cannot he expressed in closed form. 

Other approaches to findine; h(d) which yielded negative results 

included the following: 1.) The ratio d = S /S == w/z was expanded 
xy YY 

in a bivariate Taylor series through both the first and second order 

about the respective meRns to obtain, after applying (4.11), 

d u/µ - µ u2/(µ2s) - µ v/µ2 + µw/µz z w ?. w z 

for the first order expansion, and 

2µ u 2/(µ 2s) + 2u/µ w z z 

+ 2µ u2v/(µ 3s) - µv/µ2 + µ v2 /µ3 - 2µ v/µ 2 
w z z w z w z 

+ µ /µ (4.20) w z 

for the second order expansion, where µw = E(S ) andµ = E(S ), xv z yy 

Both (4.19) and (4.20) were then used for d instead of (4.12) in each 

of the two previous approaches to find h(d). 2.) Each of the equa-

tions ford, given by (4.12), (4.19), and (4.20), were used along with 

the joint density of u and v to find expressions for the moment 

generating function of d. The m.g.f. of d, if it exists, is 
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00 00 

m(t) • E(etd) , f f td e f(u, v) dudv (4.21) 

0 -oo 

If the resulting function of t can he recognized as the moment gen-

erating function of some known distribution, it will follow that d 

has that distribution. Performing the integration in (4.21) produced 

the obstacle in this approach. 

Thomas [32] found an integral expression for h(d) which appears 

useful. l{is derivation was presented in the following manner. Raving 

found the density of u ancl v [see equation (4.13)), consider now the 
1 12 

Jensi ty of (w, z) where w = u/v l / 2 and z = v ' • The Jacobian of trans-

formation j_s 2z?. so 

g(w, z) = f(wz, z 2) 2z / 

-z2 /(2o 2 ) - (wz-3s)2/(2cr2s) e 
(4.22) 

for - oo < w < 00 and 0 < z < 00 Next he finds the density of (m, n) 

where m =wand n = z (w2 /s + l). The Jacobian of transformation is 

l/(m2/s + 1) and the density of (m, n) is 

( 4. 23) 
+ l) 28 + 1 
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for - oo < rn < oo and 0 < n < 00 where 

A= [ n ] 2 /(2o 2 ) +I. rnn -- Gs] 2 /(2o 2 s) 
rn2 /s + 1 ~2 /s + 1 

Reviewing the above sequence of transfonnations reveals that 

u/v I /2 - = ~~~~~- = ~~~~~~~~ = ~~~~~ 
v 1 / 2 (u2 /(vs) + 1) 

m w ll = d • (4,24) 
n z(w2 /s + 1) 

Equations (4.23) and (4.24) can now be used to find the density of d 

by first deriving the density of (d, n) and then finding the marginal 

density of d. For the density of (d, n) the Jacobian of transformation 

is n and the density is given by 

k(d, n) l(dn, n)n 

N-1 -A' 2n c 

for - 00 < d < ~ and 0 < n < 00 Iler~ce, the r!ensity of dis 

h(d) (4.25) 

for - 00 < d < 00 where 
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• (4.26) 

Equation (4. 25) is the integral expression for h(cl) found by Thomas, 

Although the integration in (4.25) cannot be performed with the inte-

gran<l in closed form, it was found that after an exnansion of the 

integrand, term by term integration can be performed and the result 

written in closed form. To accomplish this we first rewrite (4,26) 

as 

giving 

-A' e 

n 2 (J - 2Bd) B2 s 
A'=~~~~~~~+~-

2o2(1 + d2n2 /s) 2o 2 

We now expand (4.27) such that 

I 2 2 ,-e-A = e-B s/(2o ) _1. + z + z2/2'. 1;31 + + z. . • • • .] 
where z = n2 (2dB - l)/[2o 2 (1 + d 2n2 /s)]. The density of d can be 

written now as 

00 ro 

J 

N-1 
(2Bd - l) 

J 

N+l 
h(d) == (' n dn + n 

'l 2 2/ )N-1 (1 + d 2n 2 /s)N (1 + cl n s 202 
0 0 

( 4. 2 7) 

dn 



·-73-

00 

0 

+ -'------ n (2Sd - 1)3 f N+S 
3! (20 2 ) 3 (1 + d 2n 2 /s)N+?. 

<ln + . . . • (4.28) 

0 

where 

After applying the transformation x = d2n2 /s, equation (4.28) becomes 

h(d) 
r 5 ll/2 "J XN /2-·l 

= r.J l 2<lt .. J () ---1-T -1 - (l + x)·'-
<lx 

00 

SN/ 2+1 (2Bd - 1) 

f 
N/2 

+ x dx 
1 "di'H2 (1 + x)N f0"" 

0 

00 

x dx J 
N/2+1 

(1 + x):N+l 

0 
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00 

+ SN/2+3(2Bd - 1) 3 J 
2(2a2 )3 dN+6 3! 

0 

+ . . . . 

00 

N/2+2 
x dx 

(1 + x)N+2 

J m-1 x dx = r(m)f(n) 
(1. + x)mtn r(m + n) 0 

equation (4.29) can be written as 

(4,29) 

l r(N/2)r(N/2-l) + s(2r,d - 1) r(N/2+1)r(N/2-l) 

r(N-1) 2a 2a2 r(N) 

+ s 2 (2Bd - 1) 2 r(N/2+2)f(N/2-l) 

(2a 2d 2 ) 2 2! f(N+l) 

+ s 3 (28d - 1) 3 f(N/2+3)f(N/2-1) 

(2a 2d2 ) 3 3! r(N+2) 



where 

and 
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~r . . . . 

ClsN 12 r(N/2)f (N/2-l) 
:= 

2 dN f(N-1) 

l + N/2 s(2Bd-l) 

N-1 2cr 2 d 2 

(N/2)(N/2+1) s 1 (2Gd-1)2 + --'-~----'-- --'-----'--
(N-1) (N) ~2a2d2)2 2! 

(N/2)(N/2+1)(N/2+2) s 3(2Gd-J) 3 + ~--'---'-'----'-
(N-1) (N) (N+ l) (2o 2d2) 3 3! 

+· • • • • 

= c2 dlN 1l\ N/2; N-1; s(2i3d-l) J 
2a 2d2 

l 
(4.30) 

(4.31) 
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F [N/2; N-1; s (2Bd-l)l 
1 1 202d2 

( 4. 32) 

is a confluent hypergeometric function (see, for example, Slater [ 31]). 

We must now concern ourselves with the worth of equation (4,30) 

when cl is zero or near zero. With the con.fluent hypergeometric function 

in its expanded form, the density of <l is given as 

h(d) 

+ 

~ + N/2 2Bsd-s + (N/2) (N/2+J) (2Bsd-s)2 
<lN N-1 2o 2dtt+Z (~-l)(N) (2o2) 2 2! dN+4 

(N/2)(N/2+l)(N/2+2) 

CN--1) cm CN+ i) 

(2Ssd-s) 1 
------,J-+-f + . . . . 
(2o 2 ) J 3! d' ,) 

• (4,33) 

Clearly, equation (4.33) would not be useful wl1en d is zero or near zero, 

Hence, a different expression for h(d) 1n~st be obtained for d in the 

vicinity of zero. Slater [31] in a chapter on asymptotl.r: expansions, 

shows for Ix I lai::ge 

(a) (l + a - b) x -n 

lFl [a; -x] r (b) 
00 

b· -a l 11 n ( 4, 34) = x , 
r(b-a) n=O n! 

In our case ;x = s(J.-2Bd) and ls(l-2B~) I is large for d in the 
2o 2 d2 2o 2 d·· 



-77-

neighborhood of zero. Applying (4. v~) allows us to write equation 

(4. 30) as 

• ' . .1' 
.!. :.._, 

= r(:~-1) [ 202 ]~r/2 r 
c? l'(''/2-1) s(l-20•'> l l + (N/2)(-N/2+2) 

l! 

+ _(;~/2)(N/2+1)(-N/2+2)(-N/2+J) ( 2o2d2 ] 2 

2! ts(l~2Bd) 

l' (N-1) 
= c2 1·01/2-1) 

2o 2d 2] 
s (1-2Bdj (4, 35) 

when d is in the vicinity of zero and d < 1/ (28). Notice that for 

d = O, equation (4.35) gives 

= f(N..:l) [2os 2]N/2 
h(O) c2 r (N/2-1) (4.36) 

Now if one returns to the density of d given by (4.25), it is found for 

d ... 0 
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2 e-82s/(2a2) 
h(O) = -------

r(G)(2a2)8~2na2s 
dn 

0 

00 

= C f(N-1) 2 
2 r(N/2-l)f(N/2)sN/ 2 I N-1 -n2 /(2a2) n e 

0 

where c2 is given by (4.31). Making use of the fnct that 

0 

n -ax e <lx = .1:. a - ( rn+ l) In r ( m+ lJ 
n \ n 

we obtain for equation (4.37) 

h(O) f(N-1) 2 

= c2 f(N/2-l)f(N/2)sN/Z 

"' f(N-1) [2crs;.i]N/ 2 
c2 rCN/2-1) 

dn (4.37) 

which is the same resu] t given by (!}. 36). Al though this does not give 

us any information on how far d can deviat-e on either side of zero for 

equation (4.35) to be valid, it does verify that equation (4.35) is 
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the correct density of d for d in the neighborhood of zero. 

In review of this section, we have obtained the density of d 

as 

h(d) f(N-1) 
= C2 f(N/2-1) ( 2 2 )N/2 

s(l-~Sd) 2F 0 E/2. -N/2 + 2; 
2a2J2 J 

s(l-Wd~ <4• 3s) 

h(d) ( 4. 39) 

for - oo < d ~ -'t:? 

where £1, E2 > O, c1 < l/(2S), and q, E2 are functions of the param-

eters a 2 , S, dnrl s. 

The next section is reserved for finding the density of z = 
d(Y-y). 

(4.2) Derivation of g(z), the Density of z = d(Y-i) 

Recall that two integral expressions for the density of z are 

given by equations (4.2) and (4.4). Consider first the one given by 

equation (4.2) as 

g( z) dw 

0 
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where w = Y-y. To obtain f(z/w, w)/w we first must find the joint 

density f(d, w). Since it was shown earlier that f(rl, w) is the pro-

duct of the densities of d and w, we have 

, 
J ---e 

ilia w 

(w-p ) 2 
w 

2o2 
w 

for - oo < w < 00 and - £ 2 < d < £ 1 and 

(4, 40) 

f (d, w) = C2 l iF1 N/2; N-1; s( 2Bd-l) - 1-- Eo. w w (4. 41) t j -(w-µ ) 2 /(2o 2 ) 

dN 2a 2d2 ili o 
w 

for - 00 < w < 00 , - oo < d ::_ -£ 2 , and £ 1 ::_ d < oo where µw S(X-x) and 

o = oil+ l/N . From (4.40) and (4.41) we obtain 
w 

f(N-1) 1 ( 2a2 JN/ 2 
f(z/w, w)/w = Cz I'(N/2-1) w s(w-2;z) 

• 2•0 E/2, -N/2 + 2; (4.42) 
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for - oo < w < oo, - 00 < z < 00 , and - Ez < z/w < E 1 ; and 

WN-l r 8 (2Bwz-w2J· l -(w-µ )2/(202) w w f(z/w, w)/w 

for - 00 < w 

= Cz 1F1 N/2; N-1; 
ZN · 20 2 z2 v'2if 0 

---e 

< 00 

' - 00 < z < oo, - 00 < 

w 

z/w ~ -E2, and EJ < z/w < 00 • 

(4.43) 

The density of z can now be written as the sum of six integrals. Four 

of these integrals result when (4.42) is the integrand and the other two 

when (4.43) is the integrand. The ranges of integration over w can be 

obtained from Table VII for the integrand given by (4.42), and from 

Table VIII for the integrand given by (4.43). These ranges of inte-

gration over w were derived from the restrictions on w, z, and z/w 

given with ( 4. 42) and (L1. 43). Hence the density of z is given as 

g(z) = 

r,, 
f1(z/w, w)/w dw + r f2(z/w, w)/w dw 

-00 -z/t:.2 
(1) (2) 
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00 

+ f f1(z/w, w)/w dw (4. 44) 

z/t.1 (3) 

for z > O, and 

z/ ;: 1 -z/r:.2 

g(z) f E1 (z/w, w) /w dw + f f 2 (z/w, w) /w dw 

-co (4) zh.1 (5) 

00 

+ I f1(z/w, w)/w dw (4.45) 

-z/F:.2 (6) 

for z < 0, where f1(z/w, w)/w an<l f 2 (z/w, w)/w denote f(z/w, w)/w 

given by (4,42) and (4.43) respectively. Figure 1 illustrates the area 

covered in the zw plane by each of the integrals in (4. Lf!+) and (4. 45). 

We now must evaluate the integrals given by (4.44) and Ut.45). 

First consider the integrals with f 2(z/w, w)/w as the integrand. Un-

fortunately the integrals cannot be evaluaterl with the integrand in 

closed form. Slater [31] gives various ways to express iF1[a; b; x] 

to include integral representations, recurrence relntions, and 

numerous expansions. It was found that f 2(z/w, w)/w given by (4.43) 

can be integrated only by expanding both the confluent hypergeometric 

function and the exponential function. After the expansions were 

performed, term by term in tegr at ion was done to ol• tain 
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- µ2/(202) w w 
fz (z/w, w) /w dw = ----- e rz:rr a 

c 

w 

+ N/2 
N-1. 

( 0
Bs2) [-1-

(N+l) E lN+ l 
l ]+ 

(N+l) (-Ez)N+l 

. r l N+2 - ' 1 N+2] + . . . lj l ('.H2) cl CJ+2) (-F:7) 

+ N/2+1 

N 

(~1/2) (N/2+1) 

(.'i-1) (N) 2 ! 

N/2 
N-1 [2:'] 

+ (H/2+1)(H/2+2) [
0
Bs2 ] 2 ( 1 1 ] ) l N+4 - r.r+L•. + • • · 

(N)(N+l) 2! (iH4h"1 (N+4)(-<2)' , 

+ (N/2) (N/2+1) 

(N-l)(n) 2! [2:,J' 



+ N/2+2 

N+l 

+ (N/2+2) (n/2+3) 

(M+l)(N+2) 2! 
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z 

C~·l /2) C;r /2+ 1) 

(N-1) Cl) 2 ! 

4- • • • 1 - :l/2 

f N-J 
) 

z 

[2:,] 

z l 
{ [ 

z 
" N+3 -

(N+J)c1 

z + N/2+1 
(Nt3) (-t:2)N+J N 

+ (N /2+ l) (N /2+2) 

(N) (N+l) 2 ! 
(Bs] 2 ( z z ] + - . N+5 - 1'!+5 " " ' 
o2 l (N+5h1 (N+5) (-t.:2)' 
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(N-1) (N) 2 ! 
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+ l:1/2+2 

N+l 
[Bs] [ z z l -;;2 (N+6 )E: ~;+6 - (N+6) ( -E 2) N+6 

+ (N/2+2) (N/2+3) 

(N+ 1) (N+2) 2 ! 
~ z - z + 

[ ]
2 

r 1 } o2 (N+7)c~+7 (N+7) (-t:2)N+7 • • • 

l 

2a 2 
w 

z2 + N/2 

(N+2)(-c2)w+2 N-1 [:;] 

[ 
2 2 _ 2 2 1 + ' N+4 N+l ' (TI+l+)c 1 (N+4) (-t:2) . 

(N/2) (N/2+1) 

(N-1) (N) 2 ! 

. . } N/2 
N-1 

[::]' 

[2:2] 
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[ 
z2 z2 ] + N/2+1 

{N+4)E~I+4 - (N+4) (-£2)N+4 N 

+ (N/2+1) er12+2) 
(N) (N+ J.) 2 ! 

+ (H/2) 01/2+1) 
(N-] )('.I) 2 ! 

+ N/2+2 

+ (N/2+2) (N/2+3) 

(N+l) (N+2) 2 ! 

+ • • • • l {4,46) 
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TABLE VII: Ranges of Integration Over w 
for the Integrand Given by (4.42) 

w positive w negative 

z positive w > z/q 

z negative w > -z/t, 2 w < z/q 
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TABLE VIII: Ranges of Integration Over w 
for the Integrand Given hy (4.43) 

w positive w negative 

z positive w < z/ci w > -z/£ 2 

z negative w < -z/£ 2 w > z/q 
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w 

\ 
~\ 

w = -z/r. 2 1~ w = z/q 

(6) 

(4) 

I 
Figure 1. Area Covered in the zw Plane by F.ach 

of the Integrals in (4.44) and (4,45). 
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Tii.is result was obtained by first using 

l: s (2Swz-w2j r Bs~ iF1 /2; N-1; = iF1 N/2; N-1; ~-
2a2z2 a 2 z 

-

sw2 1 
2a2 z2 

) 

[ 
sw2 l 2 

+ - 2a 2 z 2 
(~i/2) C'T/2+1) 
(N-l)(N) 2! 

+ [- sw2,]
3 (N/2)(N/2+l)(N/2+2) iJi'i ~/2+ 3 ; N+2; Bs~ + ••• (4.47) 

2a 2 z 2 (N-l)(N)(N+1) J! t: a 2~ 

(see, for example, filater [31), Page 21), then applying the expansion 

"'" 1 + ~ [B~wl + a(a+l) [B:w] 2 + ..• 
b a2 z b(b+J) 2! a~z 

( 4. 48) 

fa+ each of the confluent hypergeometric functions containe<l in the 

expansion given by (4.47). The exponential function containe~ in (4,43) 

was expressed as 

(4.49) 
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The results of 

-z/£2 

I fz(z/w, w)/w dw 

z/q 

can be obtained by inserting -c2 for c1 and E1 for -E2 in (4.46). 

We now turn to the evaluation of the integrals given by (4.44) and 

(4.45) with f1 (z/w, w) /w as the integrand. First it will be shown that 

these integrals converge. The integrand f1(z/w, w)/w given by (4.42) 

will have terms of the form 

N /2.-1-i 
constant • w 

rs(w-2Sz) ];J/Z+i 
e i = 0, 1, 2, •••• 

Since z/c 1 > 2Gz (that is, c1 < l/(2B)) we have for (4.44) 

00 00 

I 
N/2-J-i - ( w-µ ) 2 IC 2 a 2) 

I 
-(w-µ ) 2/(2o 2) w e w w dw < C3 e w w dw < 00 

[s(w-2Sz)]N/ 2+i 

z/£ l a1 

and 

]*' -a 
2 

N/2-1-i -(w-µ )2/(2cr 2 ) I . -(w-µ )2/(2a2) w e w w dw < C4 w w d e w < 00 

[s(w-2Bz) ]N/ 2+i 
-00 

-oo 
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where C3, C4, a1, and a2 are constants an,J z > 0. For (4.45) we have 

CX> 00 

N/2-1-i -(w-µ ) 2/(2a2) f 
_(_s_(_w_:_2_B_z_)_]_N_/_2_+_i c w w dw < C5 

-(w--µ ) 2 /(2a 2 ) 
e w w dw < oo 

anJ 

j
<, /c 2 

N/2-1-i -(w-µ ) 2 /(2a2) 
w e w w dw < C5 

[ ( 23 ) 1I'i/2+i 
S W- Z I 

-a 

r 
4 -(w-µ )2/(202) 

e w w dw 

) 

< 00 

--00 

where C5, C5, a3, and a4 are constants and z < n. Therefore, the 

integrals given hy (4.44) and (4.45) with f1(z/w, w)/w as the integrand 

do converge. 'J'he integrals cannot be evaluated_ with the integrand in 

closed form. Unfortimately when f1(z/w, w)/w is expandecl and term by 

term integration is perfonned one obtains divergent integrals. This 

is easily illustrated by observing f1 (z/w, w) /w when N = 4. For this 

case we have 

f1(z/w, w)/w = 2C2!( 202 ]
2 

w s(l-2Gz/w) 

1 -(w-µ ) 2 /(2a2) w w ----e 
r:T; a 

w 

(4.50) 

since for N = 4 
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2F0 t/2, -N/2+2; 202 z2 =i = 1 

s (w 2 -213wz2_] 

-(w-µ ) 2 /(20 2) 
Expressing e w w in its expanded form given by (4.49) and 

noting that 

[ 20? 12 = 
s ( 1-2i3z/w) 

[ 2~2 ]' 

we obtain for (4.50) 

2C 
f 1 (z/w, w) /w = --~'.'

;·~a 
w 

r 12 
20 2 . -2 
--- ( 1-26z/w) 

' s ) 

l_ + 2(213z) + 3(213z)2 + .. ' 
w w3 

-i.i2 I (202) l (2µ w-w2) (2µ w-w2) 2 l 
.e w w l+ w +--w----+.,. 

2cr 2 . 2 ! (20 2 ) 2 
w w 

One can see from (4.51) that terms of the form 

constant • w 1 i 0, 1, 2, 

will occur 3iving div~rgent integrals. Other methods including 

contour integration anJ numerica!. integration were considered 

in ord~r to evaluate the inter;rals in closed form. Contour 

U+. 51) 
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integration is not appropriate sinc.e the limits of integration contain 

a random variable. Numerical integration is not appealing since g(z) 

must be obtained such that the integral in (4.5) can be evaluated. 

We will proceed now to the integral expression for the density of 

z given by equation (4.4) as 

00 

g(z) • f f(<l, z/d)/d dd 

-00 

From (4.40) and (4.41) we obtain 

f < <l, z I cl) Id l'(N-1) 1 
= C2 f'(N/2-l) d [ 

2a2 ]~1/2 F [/? 
s(l-2Bd) 2 o [ ~, -N/2+2; 

1 -(z/d-µ )2/(2cr2) w w ---e 
/zn a 

(4.52) 
w 

for - oo < z < "" 

-c2 < d < EI 

and 

f(d, z/d) /cl = C2. 1 iF1 [J/2·, N-1·, s(20<l-lj l 
dN+l r-::-20?.,12 v 2·11 a w 

-(z/d-µ ) 2/(2cr2) w w e 

(4. 53) 
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for - oo < z < co 

- 00 < d < -£2 

£1 < d < 00 

Therefore the density of z is given as 

00 

+ f f2(d, z/d)/d dd 

CJ 

(4.5l~) 

where f1(<l, z/cl)/d anrl fz(<l, z/d)/cl denote f(<l, z/d)/d given by (4.52) 

and (4.53) respectively. We will now attempt to evaluate the integrals 

given by (!1.54). Consider first the two integrals with f 2 (d, z/d)/d 

as the integrand. Here again the integrals cannot be evaluated with 

the integrand in closed form. However, if 

~/Z; N-l; s(2Sd-ll] 
[ . zo2d7J 

is expanded in a manner given by (4. 47) and (11 .• 48), and 

-(z/d-µ )2/(2a2) w w e 

is expanded in a manner given by (4.49), the two integrals can be 

evaluated by performing term by term integrntion. The results are 
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of the form given by (4.46) and to avoid duplication will not be stated, 

Consider now the remaining integral of (4.54) given as 

I' fi(rl, z/d)/rl dd 

-cz 

First it will be shown that the integral converges. The integrand 

will have terms of the form 

-(z/d-µ ) 2 /(2a2) 

(4.55) 

constant • w w e i = o, 1, 2, •••• 
[s (l-2Bd) ]N/2+i 

Since e: l < 1/ (W) the only questionable case that the integral may not 

converge would be for i = O. The integral also converg~s for this case 

since 

-(z/d-µ ) 2/(2o 2) 
e w w + 0 

at a faster rate than l/d + 00 when d -~ O. A closed form cannot be ob-

tained for (4.55) and in order to perform the integration, f1(d, z/d)/d 

must be expanded. However, when f1(d, z/d)/d is expanded and term by 

term integration is performed one obtains divergent integrals. This 

can be illustrated by observing f1(<l, z/d)/d given by (4.52) for N • 4. 

Expressing 

-(z/d-µ )2/(2o2) w w e 
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and 

[ 2 2 ]N/2 
s (l-~Sd) 

in their usual expanded forms, gives for N = 4 

2C2 
f1 (d, z/<l) /d = ---

1 2rr CJ w 
[2:']' {! + 2(2B) + 3(2B) 2d + 4(2B) 3d2 + .•• } 

(2µ dz-z2 ) (2µ dz-z 2 )2 w .... 
1 + ----- + ------ + • • • • e 

2 ! (2o 2d7 ) 2 
w 

From (4.56) terms of the form 

i constant • 1/d i = 1, 2, 3, ••• 

will result giving divergent integrals. Contour integration and 

• (4.56) 

numerical integration were also ~onsidered in order to evaluate (4,55) 

in closed form. Contour integration is not appropriat~ since a closed 

path is not available. As before numerical integration is not appealing 

since g(z) must be obtained such that the integral in (/+.5) can be 

evaluated. 

(4.3) Other Alternatives Considered 

The purpose of this section is to mention other alternatives 

considered in the approach of using the density of x1 to find confidence 

intervals. 
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Recall that the difficulty began when the density of d had to be 

expressed as eithPr (4.38) or (4.39) depending on the value of d. This 

presented two unknowns, El and £2, whose values will depend on the 

parameters a2 , B, ands. Due to the fact that lsC2Bd-l)/(2a2 d2) I be-

comes large at a different rate depending on whether <l is positive or 

negative, it appears that c1 and c2 will be different. If it is assumed 

that c: 1 [ 2 = E, one could obtain an approximate expression for Eby 

~lving the equation 

E E 00 

f h 2 (d) dd + J h 1 (d) dd + J h2 (d) dd = 1 
-GO -E f. 

where hi(d) is given by (!~.38) and hz(d) by (4.39). However, the problem 

of evaluating all the required integrals to obtain g(z) still remains, 

In light of this, a single expression for h(d) was sought, One approach 

was to use integral expressions for the confluent hypergeometric 

function contained in h(d). For example, we have 

x 

I' (b) xl-b f v a-1( )b-a-1 d 1F1(a; b; x] = ~~~~~ e v x-v v r (b-a) r (a) 

0 

which gives 

r(N/2-1) r(N/2) 

s(2Bd-l)/(2cr2d2) 

[ 
2cr 2 1 N-2 J evvN/Z-l[s (2Sd-l) 

s(2Sd-l) 2o2d2 
0 

l N/2-2 
v dv, 

(4. 5 7) 

Czf(N-1) 
h(d) = ------ dN- 4 
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Making use of h(d) given by (4.57) failed to render a workable ex-

pression for g(z). Other integral expressions for 1F1(a; b; x] 

were applied, each falling short of producing g(z). Another approach 

was to express }F1[a; b; x] in series of Bessel functions. Again 

negative results occurred. Recurrence relations for iF1[a; b; x] 

were also considered. These proved useless since one obtains 

iF1[a; b; x] expressed in terms of other confluent hypergeometric 

functions with the same x. 

Since a workable expression for g(z) could not be found, we 

must now revert to other means to obtain the density of x1 • Chapter 

V will be dedicated to this undertaking. 



CHAPTER V 

USING PEARSON'S SYSTEM or FREQUENCY CURVES TO DESCRIBE 

THE DISTRIBUTION OF THE INVERSE ESTIMATOR, XI 

In order to better understand the hehavior of XI' we conducted 

Monte Carlo experiments of 10,000 sets each. For each different 

combination of intercept, S/a, N, S , and X, we used a program xx 

generating pseudo-normal random numbers to calculate 10,000 values 

of XI. Hence for each of the above combinations a histogram was ob-

tained. In all cases the histogram of XI appeared to be unimodal. For 

Bia small XI underestimated X with the histogram highly skewed, As 

Bia increased with X within or not far outside the experimental range, 

XI became a better estimate of X and the histogram appeared less 

skewed. Although these simulations were not very conclusive, they did 

lend encouragement toward the use of Pearson's system of frequency 

curves to describe the distribution of XI. This chapter will he de-

voted to this task. 

(5,1) The System of Pearson's Freq11encv Distributions 

The family of unimodal frequency functions, f, obtained as solu-

tions to the differential equation 

df (x-a)f (5 .1) 

are known as Pearson distributions. The form. of the solution depends 

on the values of the constants a, ho, b 1, an<l b2 which have been shown 

by Kendall and Stuart [16] to relate to the moments of the curve, 

-100-
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In equation (5.1) deHning the Pearson distributions, it is 

evident that the mode is at the point x = a. If the origin is taken 

at the mode so that a = 0 the equation 

f (bo-b2x2) 
(ho + b1x + h 2x 2 ) 2 

results. Thus any points of inflection in the frequency curve are 

given hy 

(5. 2) 

(5. 3) 

Hence there cannot be more than two points of infJection, and if two 

exist, they are equidistant from the mode. 

If we translate the origin to the mode, (5.1) may be written as 

or 

where X = x-a. 

~(log f) 
dx 

x-a 

i....c log £) = ____ x __ _ 
rtx 

(5. 4) 

The explicit expression of the frequency function f is a matter 

of integrating the right hand side of (5.4). The form the integral 

takes depends on the particular values of the coefficients of X in 

the denominator. That is, the type of curve obtained depends on the 

nature of the roots of the equation 

(5 .5) 
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For the purpose of illustration we will derive an expression for f 

when the roots are real. 

Then 

d dx(1og f) = 
x 

C1 1 C2 1 
= S2(C1+C2). (X+C1) + S2(C1+C2) • (X-C2) 

whereupon 

S2(C1+C2) 
f = C (X+C1) 

This may be written in the form 

where 

If the origin is at the mean 

where 

S2 (C1+C2) 
(X-C2) 
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and 

The constants Yo, M1 and M2 are determined by integrating the 

curve over its range from -a1 to a2. This curve, called Type I by 

Karl Pearson, varies in shape from be 11 to lJ, and twisted J. For 

determination of the constants as well as the derivation of other 

Pearson curves see Elderton and Johnson [8). 

We will not be going into length on the properties of these 

distributions but it will pay to present three of the distributions' 

key paraNeters and a brief description of the relations between them 

and the shape of the resulting densities. If µl represents the 

mean, and µ2 the variance, µ3 and µ4 , the third and fourth central 

moments, then we define 

skewness (5.6) 

kurtosis (5. 7) 

anc 

(5. 8) 

where K is a criterion to distinguish the three main types of Pearson 

curves. 
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Uaing these, we can now give some general rules. If K is negative, 

the density (called Type I) is of limited range, skewed, usually bell-

shaped, but it may be U, L, or J-shaped. If 0 < K < 1, the density 

(called Type IV) is of unlimited range, skewed, an<l bell-shaped. If 

K > 1, the density (called Type VI) is unlimiterl in one direction, 

skewed, usually bell-shaped, but may be J-shaped. When K = O, G l == 0, 

and 82 < 3 the density is of limited range, usually bell-shaped, but 

U-shaped when S2 < 1. 8 and it is sy1nmetri~al. As a matter of fact, 

if B1 = 0, the density is always symmetrical. When K = O, B1 = O, 

62 > 3, then the density is of unlimited range, symmetrical and bell-

shaped. 

In summary, all the Pearson distributions are determined by the 

first four moments, µl to µ4 inclusive, except some of the degenerate 

types which are determined by fewer than four moments. Pearson's 

methoQ of fitting consists of 

(l) determining the numerical values of the first four 

moments from the observed distribution; 

(2) calculating the numerical values of 81, 82 and Kand 

then determining the type to which the distribution 

belongs; 

(3) equating thP. observed moments to the moments of the 

appropriate distribution expressed in terms of its 

parameters; 

(4) solving the resulting equations for those parameters 

whereupon the distribution is determined. 
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(5.2) The First Four Moments of the Inverse Estimator 

In order to apply the Pearson's method of fitting to the dis-

tribution of the inverse estimator, we first must find µl, µ2, µ3, 
A A A 

and µ 4 of the distribution. That is, we must find E(X1), E[X1-E(X1)] 2 , 
"' ..... "' "' ..... 

I:[X1-E(X1)] 3, and E[X1-E(X1)] 4 where x1 is given by (1.13) as 

X1 = c + dY = x + d(Y-y) 

Since it has already been shown that d and (Y-y) are independent, 

we can apply straight fcrward expectations to come up with the following: 

A 

µl = £(X1) = x + E(d)E(Y-y) (5.9) 

(5 .10) 

A A 

µ3 = E[X1-E(X1)] 3 = E(d 3)E(Y-y) 3 - 3E(d2)E(Y-y)2E(d)E(Y-y) 

+ 2[E(d)]3[E(Y-y)]3 (5 .11) 

A A 

µ4 = E[X1-E(X1)] 4 = E(d 4)E(Y-y) 4 - 4E(d3)E(Y-y) 1E(d)E(Y-y) 

+ 6E(d2)E(Y-y) 2[E(d)] 2[E(Y-y)]2 - 3[E(d)) 4[E(Y-y)] 4 (5. 12) 

Since Y-y - N[B(X-x), a 2(1 + l/~)] the moments of (Y-y) are easily 

found to be 

E(Y-y) = B(X-x) {5, 13) 

E(Y-y) 2 = a 2(1 + l/N) + S2(X-x)2 (5.14) 

(5.15) 
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(5.3) Derivation of the Moments of d 

(5. 3.1) Expressions for the l!oments of d 

th Using the density of d, h(d), given by (4.25), the r-- moment 

of d can be expressed as 

00 

E(dr) • f d~o(d) dd (5 .17) 

-oo 

The integral of equation (5.17) cannot be expressed in closed form and 

one must resort to numerical integration. Unfortunately, equation 

(5.17) is not conducive to efficient numerical integration. 

As an alternate approach to finding the moments of d, consider 

using the joint <lensity of (11, v) in (4.11) and writing 

00 00 

I I [u/(u2 /s + v)Jr f(u, v) dudv. (5. 18) 

0 -00 

Using the transformation from (u, v) to (z, w) wh.ere z = u and w = vl / 2 , 

equation (5.18) for r = 1, 2, 3, 4 becomes 

00 00 

E(d) +Ks J J (zwN-Je-n)/(z2 + w2s) dzdw 

0 -oo 

(5,19) 



where 

and 
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co co 

E(d2) = Ks2 J J (z2wN-Je-n)/(z2 + w2s)2 dzdw 

0 -co 

00 co 

3 3 I I 3 N-3 -D 2 2 3 E(d·) =Ks· (z w e )/(z + w s) dzdw 

0 -co 

co 00 

4 4 f I 4 N-3 -n 2 2 4 E(d ) =Ks (z w e )/(z + w s) dzdw 

0 -oo 

0 = (N-2)/2 , 

(5.20) 

(5 .21) 

(5,22) 

(5. 23) 

(5.24) 

Equations (5.19), (5.20), (5.21), and (5.22) also cannot be expressed 

in closed form, but they do lend themselves quite well to numerical 

integration. 

Before proceeding, it will be necessary to establish that the above 

moments exist. It will be sufficient to esta~lish the existence of 

E(d 11 ) since E(d 4 ) > [E(d2 )J2, E(d 4)E(d2) > [E(cfl)J2, and E(d2) > - - ~ 

[E(d)]2, In the next section on Error Analysis, bounds will be placed 

on the integral in (5.22) for I zl > l and w > 1 thus establishing 
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existence for those range of values. So for now, existence of (5.22) 

for lzl < 1 and w < 1 will be established. Consider 

G 

where G is a semicircle of radius R centered at the origin, since 

the integrand in I is greater than or equal to the integrand in (5.22) 

in the region G. Transforming to polar coordinates by letting z = r 
cos 0 an<l w = r sin O, we obtain 

TI R 

f f 
:·J-6 f\J " 

cos'10 .. -Je 
I r sin drd8 

(cos 2 El + s sin2 e) 4 

0 0 

TI 

N-5 

J 
cos 4e N-3 R sin e 18 (5.25) = 

H-5 (cos 2 G + s sin2 G) 4 
0 

Setting R = 2 to encompass the region in question, namely, lzl ~ 1, 

w < 1, it is seen that I is finite provided s > 0 an~ N > 6. One 

can reason as follows. The denominator cannot vanish in the integrand 

in (5.25) for s > 0 and the numerator is bounded for N > 6. Hence, the 

integrand is bounded and the integra 1 ex is ts provided a > 0 and N > 6 

thus establishing the existence of (5.22) in the region lzl ~ 1, 

w < 1. 

Since the range of integration of w = (0, 00 ) and the range of 

integration of z = (-00 , 00 ) for equations (5.19), (5.20), (5,21), and 
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(5.22), finite quantities a, b, and c will have to be found so that if 

one numerically integrates over the limits w g (0, a) and z = (b, c), 

the integral of the neglected region will be negligible. These finite 

limits will clearly depend on the magnitude of N, s, S, and a; they 

are derived in the next section. 

(5.3.2) Error Analysis 

In order to obtain the values a, b, and c, the first two quadrants 

of the (z, w) plane will be divided into four regions, the region 

z = (b, c) and w = (O, a) over which numerical integration will be 

performed to obtain E(d), E(d2), F.(d3), and E(d4), and the three addi~ 

tional rectangular regions, the integral over which will comprise the 

error in obtaining the moments by integrating over finite limits. The 

quantities a, b, and c are sought such that bounds can be placed on 

the error 

E = 

= 

E1 + E2 + Eg 

00 00 a b 

I I Ki(z, w) dzdw + I I 
a -oo 0 -oo 

a co 

+ I I Ki(z, w) dzdw , i 

0 c 

Ki(z, w) dzdw 

1, 2, 3, 4 

where K1 represents the integrand in (5.19), K2 the integrand in (5,20), 

K3 the integrand in (5.21), and K4 the integrand in (5.22). Each region 

" 3 4) must be considered separately for E(d), E(dL), E(d ), and E(d , Ex-

pressions for a, b, and c and the bounds on the corresponding errors 
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will be derived for E(d 4 ) and E(d 3); for E(d2 ) and E(d) the derivations 

will be omitted and only the results will be given. The superscript 

(4) indicates the error is for E(d 4). Similarly, superscripts (1), 

(2), and (3) will be placed on errors for E(d), E(d2), and E(d3), 

respectively. 

00 00 

(4) f f z4 WN-3 E1 = Ks 4 ----
(z2 + w2s)4 

a -oo 

but 

for all z and w > a so that 

00 

N-3 w 

z4 WN-3 

dzdw , 

< 

00 

-oo 

The last integral on the right hand side of (5.26) is / 21TC1 2 s times 

the fourth moment of a normal variable with mean Bs and variance cr 2 s 

so 

00 

Applying the transformation v = w2 /(2a2 ), inserting the expression 
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(5.23) for K. and simplifying the multiplying constants yields 

00 

E~4) < (3o2s2 + 6o2B2s3 + B4s4) ( 
a 8 J 

(N-4) /2 -v v e 

r [ (N-2) /2) 
dv 

The above integral is the incomplete gamma function and can be written 

in Pearson's notation as 

Ef 4) < (3a4s2 + 6a2B2s3 + s4s4) 
aB 

1 - I [ a2 N-~ 
~cr 2 I (N-2) /2 t 2J 

where 

I( u. p) 

ulp+l 
== ( vp e-v 

J r (p+l) 
dv 

0 

(5. 27) 

The incomplete gamma function has been extensively tabulated by Pearson 

[ 30] • and Pearson's tables can be used to determine "a" iteratively for 
(4) any desired bound on E1 . 

Next consider E~ 4 ) where 

a b 

Ks 4 [ [ 

0 -co 

Z 4 ~T-3 -n w e· dzdw 
(z2 + w2s)4 
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For z < b < -1, z4 /(z2 + w2s) 4 < 1 so that, after inserting (5,24) 

for D, 

a b 

E~4) < Ks 4 

f 
N-3 -w2 /(2o 2 ) dw f 

-(z - Ss) 2 /(2o2s) dz w e e 

0 -oo 

h 

4 [ a N-4] f -(z - Bs) 2/(2o2s) e dz < S T ~-

~ 202 /(N-2)/2 ' 2 
/ 2'11'cr?.s 

-co 

< s 4 1> [(b - Bs)/~] 

where 
z 

1> ( z) (l/fiTI) f -t 2 /2 e dt 

-co 

(4) Here the bound on E7. can be made as small as desired by using the 

cumulative normal table for proper selection of b. 
( 4) Now look at E3 where 

0 c 

z4 wN-3 8 -D 

(z2 + w2s)4 
dzdw 

(5. 28) 

For z > c > 1, z4 /(z2 + w2s) 4 < 1 so that, after inserting (5.24) for D, 

a 

< Ks 4 f N-3 -w2 /(2a 2 ) w e dw 

0 

00 

J .-(z - Ss) 2 /(2cr2s) 

c 

dz 
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co 

< s4 I [ 
2o 2 /(N-2) /2 

< s 4 {l - ~ [(c - Bs)/~]} 

Note that the bound on d4) is valid only for b < -l and the 

bound on E~ 4) is valid only for c > 1. This range of values is 

sufficient for small values of 8. However, as B increases, the 

dz 

(5,29) 

appreciable portion of the integrand shifts to the right and to always 

maintain b < -1 results in inefficient numerical integration. Here 

negative values of B are not being considered. 

Let us now derive a bound on E~ 4) where b is not restricted to 

values of b < -1. E~ 4) is given by 

a b 

E~4) = Ks" f f 4 N-3 -n z w e dzdw 

a -co 

but z4w4 /(z2 + w2s) 4 ~ rnax[l, l/(6s 2 )] for all z and w except z • w • O. 

This can be shown by writing (z2 + w2 s) 4 as 

and noting that 

Therefore, after inserting (5.24) for n, 
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a b 

E~ 4) < Ks4max[l,l/(6s2lJ f wN-7 .-w2/(2a2> dw f 

0 

a 

< /zno2s Ks'max[l,l/(6s2l I J 
0 

s4max[ 1, 1/ (6s 2 )] [ a2 

N-7 w 

< -(N ___ 4_) _n-'-T--6-) _a_4--"- 1 !.:a 2 /(N-6)/2 

-oo 

-(z - Bs) 2 /(2a2s) e dz 

(5.30) 

for all real b provided N ~ 7. An example will be given at the end 

of this section on determining a, b, and c for each of the moments. 

Note that bounds (5.27), (5.28), (5.29), and (5.30) are those 

referred to in the last section on establishing the existence of E(d4), 

One should note that while E(d 4) exists for N > 6, the bound shown in 

(5.30) is valid only for N > 7. 

The bounds for the errors for E(d 3) will now be derived. These 

bounds are more difficult to derive than those for E(d4) since the 

integrand in (5.21) is negative for z < 0 and two of the three regions 

described above must be further subdivided to obtain both upper and 

lower bounds on the errors. For E(d 3), 

00 00 

E(3l = Ks 3 f f dzdw • 

a ..,.oo 

Now 



for z > 0 and w > 

for z < 0 and w > 

a, and 
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3 N-3 
0 < z w < 

- (z2 + w2s)3 -

3 N-3 z w 

N-3 3 N-3 z3 z w w 
< 0 < 

a6s3 - (z2 + w2s)3 -

a so that 

00 00 

E(J) < (K/a6) J ,,N-3 -w2/(2a2) dw J 
23 -(z - Bs) 2 I (2o2s) dz 1 e e 

a 0 (5. 31) 

and 

00 0 

F (J) > (l</ a6) J N-3 -w2/(2a 2 ) dw l 3 -(z - (3s) 2 /(2a 2 s) 
'1 w e z e dz • 

(5. 32) a -00 

Applying the transformation v:.:: w2 /(2a2), inserting the expression 

(5.23) for K, anrl simplifying the multiplying constants yields for 

(5,31) and (5.12) 

E(J) 
1 

and 

I- a2 

I ~cr 2 1(N-2) /2 

NJ) 1 
00J 2 3 e-(z-Bs) 2/(2cr2s) dz 

T a6 ~o_ / Lna~s (5.33) 
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d3) 3 -(z-Bs) 2 /(2cr 2s) z e dz • 

-oo (5.34) 

We will now continue the derivation for the upper bound of Ep), 

and upon completion find the lower bound. 

Using the transformation y = ( z-Bs) I;-;;-;,, the integral of 

(5. 33) can be written as the sum of the following four integrals: 

co 

A1 = f 
4 2 3 -y2/2 dy (5.35) a s y e 

-sfS/a 

co 

A = f 
3a3s5/2sy2 e-y2/2 dy ' (5.36) 

2 

-s/S/a 

00 

A3 c:: f 3a2s3S2y -y2/2 
dy ' (5.37) e 

-s/S/a 

and 
00 

Ai+ = f as7/2s3 -y2/2 dy • (5. 38) e 

-SIS/a 

Making use of another transformation, x = y2/2, converts the integral 

(5. 35) to 



00 

Ai = 

and (5.36) to 
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00 

-x x e dx 

312 cr 3s 512 e J x112 0-x dx 

B2s/(2o 2 ) 

Since the Gamma function, 

00 00 

f(n) 
J 

n-1 -x dx, is > -- x e 

0 

J xn-1 .-x dx 

s::>s/(2o2 ) 

(3) { ~ a~ n-J} Ei < 1 - I , --
- lo 2 /(N-2)/2 2 

s/2 2 -S2s/(2o 2 ) + Jas 8 e 

(5. 39) 

(5. 40) 

(5. 41) 

(3) To find the lower bound of Ei we apply the same transformation, 

y = (z-Bs)//a 2s, and write the integral of (5.34) as the sum of the 

following four integrals: 
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dy ' 

dy ' 

-oo 

dy ' 

and 

-BIS/a 

f crs 712B3 .-y'/Z dy. 

-oo 

These four integrals can be evaluate<l, in a manner similar to that 

used in finding the upper bound of Ep), to ohtnin 

(5. 42) 

(5. 43) 

(5. 44) 

(5,45) 

> -{1- rl-, a2 , N;!]}. 1 {2cr""s 312 + (3/2)121Tcr2s2B 
l1_o 2 /(N--2) /2 j a6 lftt 

(5,46) 



-119-

Next consider E~J) where 

a b 

D(3) I I ;1,3 N-3 -n 
Ks 3 w e dzdw • ·"2 = 

(z2 + w2s)3 
0 -oo 

f<or z 
z3 

< b < -1, -1 < < 0 so that, after replacing D with 
- (z2 + w2s)3 -

(5.24), 

a b 

dz , 

and finally 

0 > E~J) > -s 3 ¢[(b - Ss)/~] • (5. 4 7) 

An argument similar to the one above leads to a bound on Ep) for 

c > 1. The result is 

(3) 3 r;-
0 < E3 < s { 1 - ¢[(c - Bs)/; a2s] } • (5. 48) 

As was the case with E~ 4), we must obtain bounds on E~ 3 ) where 

b is not restricted to values of b < -1. For z < b < O, 

min so that 
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a 

O > E~ 3 ) > ------,2~8-3---..,---,---- min (-1, 
r (N-2) ( 2cr 2 ) (N-2) /2 r::-;-

2 / 2ncr 2s 
I N-6 -w2/(2cr2) w e dw 

b 

. f 
- co 

and finally 

0 > 

-(z-Ss) 2/(2cr2s) e dz , 

0 

(-1, -1/s 3) rC. a 2 ' N-Il 
l1_cr 2 /(N-5) /2 2j 

Hext consirler E;3) for b > O. We have 

min 
z3w3 

(-1, -l/s 3) < < 0 for z < O, and 
- (z2 + w2s)3 -

z3w3 O < < max (l; 1/s 3 ) for 0 < z < b except 
- (z2 + w2s)3 -

when z = w = o. Therefore, 

(5.49) 
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a 

(1, l/s 3) f .,N-6 dw 

0 

b 

I -(z -Bs) 2 /(2cr 2s) • e dz 

0 

and 

E~J) > , 253 min (-1, -1/s 3) 
r(cl-2)( 2cr 2 )(N-2)/2 t::---:;-

2 / 2ncr2s 
0 

0 

. f dz 

-oo 

which reduces to 

1/s3) I a ' ~l~7 ~ 7 j 
cr 2 /(N-5)/2 ~ 

(5. 50) 

and 
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(-1, -1/s ) I 1 -3 G a2 N-j 
2cr2 /(N-5) /2 2 

The bounds for the errors for E(d2) and E(<l) are as follaws: 

E~2) < s 2maxfl,i/(2s)] 
(N-4) cr 2 

b not restricted 

-G H/a2 ~ E~l) ~ G(Ss + H)/a2, a> 0 

-s • ~b - Bs) ! / a 2~ ~ Epl ~ 0, b < -1 

(5. 51) 

(5.52) 

(5,53) 

(5. 54) 

(5.55) 

(5.56) 

(5 .57) 
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min(-1, -1/s) CI~ a2 , N;~ 4>lcb - Ss)/~:: Ep) =: O, b:: 0 
cr 2 /(N-3)/2 L J 

(5.58) 

min(-1, -1/s) CI [ aZ , N;~ 4> [Ss/ ~ :: E~l) < 
~cr 2 1(N-3)/2 ~ j~ J 

max(l, 1/s) CI , ;r-~ a2 N-~ 
a2/(N-3) /2 ·~-B•)/A -·~·'Pj . b ~ o 

(5.59) 

0 < d1) < s 11 - 0 ~c - Bs) I Pj , c > 1 (5.60) 

~ 

where 

G = 1 - I [ a2 N-~ 
l=_o 2 /(N-2)/2' 2_1 

II = /a2s/(2rr) 

sf ( (N-3) /2] c ::I ---'"-'--;.....;_-=--

r ( (N-2) / 2] ~ 

M 1 i 1 b d <l i d f E(l) E(Z) E< 3> E( 4) since u t p e oun s were not er ve or 3 , 3 , 3 , or 3 

for S > 0, c will always be greater than or equal to one, 
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Since simulation showed that values of E(d), E(d2 ), E(d 3), and 

E(d 4) were greater than 10-6 for a practical range of values of N, 
-6 s, S, and cr, we decided to maintain E at less than 10 to provide 

accuracy of three significant digits for all numerical results pre-

sented in this thesis. This was accomplished by maintaining E~j) 
-8 at less than (30)(10 ) for i = 1, 2, 3 and j = 1, 2, 3, 4. 

To determine "a", Pearson's tables can be used to select a 

value of u such that I(u, p) is close to one. This is necessary to 

maintain E~j) at less than (30)(10-8) for j = 1, 2, 3, 4. Then 
l. 

a2 
(5. 61) -----= u 

2cr 2/(N-2) /2 

. 1 d f " " d (l) E(Z) (3) d ( 4) d i d is so ve or a an E1 , 1 , E1 , an E1 are eterm ne , 

These bounds may be smaller than specified at the expense of a large 

"a" which would result in inefficient numerical integration or they 

could be larger than specified by yielding a small "a", In either 

case, the "a" for each must be adjusted by selecting a value of u 

such that I(u, p) is smaller or larger as the case dictates. For 

example, consider the case N = 15, s = 14, S = 0.5, and cr = 0.5. 

Since p = (N-4)/2, for N = 15, p = 5.5. From Pearson's tables, 

I(u, p) = I(ll.9, 5,5) = 1.0000000 > 0.99999995 so 1 - I(ll.9, 5,5) 
-8 < (5) (10 ) . Solving (5. 61) for "a" yields a = 3. 9. Using (5, 27), 

(5.41) and (5.46), (5.52), and (5.56) yields 
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and 

Henr.e, (0, a) = (0, 3.9) would be an appropriate range of integration 

on w for each of the expectations, E(d), E(d2), E(d3), and E(d4). 

To determine b and c the following rules, obtained through the 

process of trial and error, usually provide values for which the 

resulting bounds are tolerable. For E(d) and E(d2 ), 

(1) Set (b - Bs)/(a2s)l/2 = -6.0 and solve for b; (5,62) 

(2) Set (c - Bs)/(a2s)l/2 = 6.0 and solve for c. (5,63) 

(3) Set (h - Bs)/(cr2s) 112 = -7.0 and solve for b; (5,64) 

(4) Set (c - Gs)/(a2s) 112 = 7.0 and solve for c, (5,65) 

Of course, if the resulting errors are not withip the specified bounds, 

the values of b and c must be adjusted by taking a smaller or larger 

value than 6.0 in (5.62) and (5.63), and 7.0 in (5.64) and (5.65), 

Continuing with our example, use of the above rules results in b m 

-4.28 and c = 18.28 for E(d) and E(d2), and b = -6.16 and c • 20.16 

for E(d3) and E(d 4). Using (5.57), (5.60), (5.53), and (5.55) yields 

E(l) 0 
< 2 < ' 
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and 

since ¢(-6) = 1 - ¢(6) < (10.5)(10-lo). Hence, values of b = -4.28 

and c = 18.28 for both E(d) and E(d2) would result in errors which 

are within the specified bounds. Next, using (5.47), (5.48), (5.28), 

and (5.29) yields 

and 

since ~(-7) = 1 - ¢(7) < (1.3) (lo-12). Hence, values of b = -6.16 

and c = 20.16 for both E(d 3) and E(D 4 ) would result in errors which 

are within the specified bounds. 

We can now obtain, for each set of fixed quantities N, s, t3, 

and cr, numerical values for E(d), E(d2), E(d3), and E(d 4). To do 

this, finite limits a, b, and c must be determined for each of the 

four moments of d and for each set of fixed quantities N, s, B, and 

a. Next, double integrals must be evaluated by numerically integrating 
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over these finite limits. In light of this, an approximation to the 

moments of d is sought which, at least for some range of values on the 

parameters involved, will be close enough to the exact moments to use 

safely and thus lighten the numerical effort. If a Taylor expansion 

is used in the approximation of d = S /S , it will involve product xy YY . 
moments of the form E(Sr sP ). To obtain such product moments the xy YY 
joint moment generating function of S and S is needed. Thomas xy yy 
[32], page 27, <lerived the joint moment generating function of wand 

z as 

t 1 w+t2z 
= E(e ) = exp{(a 2S t 21/2 + s Bt1 + s B2 tz)/(l - 2cr 2 tz)} xx xx xx 

(1 2 2 )-(N-1)/2 • - a t 2 (5.66) 

where w = S and z = S 
xy yy 

We are now ready to obtain an approximation to the moments of d 

to be discussed next. 

(5.3.3) Approximation to the Moments of d 

The method to be used in approximating the first four moments of 

d = S /S is that of expanding the ratio in a bivariate Taylor series xy yy 
through the second order about the respective means and then using the 

expectation of the expansion for the approximation to the first moment, 

the expectation of the square of the expansion for the second moment, 

the expectation of the cube of the expansion for the third moment, and 

the expectation of the quartic of the expansion for the fourth moment, 

Taylor's theorem for two variables states that if f(w, z) and its 

first n+l derivatives are continuous, f(w, z) can be expressed as 



n 
f (w, z) = l 

i=O 
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(l/i!) [(w-a) (d/aa) + (z-b)(a/ab)] 1 f(a, b) + R n (5,67) 

where R is the remainder after n terms of the expansion, a and b are 
n 

fixed, and 

r s r+s r s (a/aa) (a/ab) f(a, b) means a f(w, z)/aw az 

evaluated at w = a and z = b. As in the joint moment generating func-

tion, define w S - 00 < w < 00 , and z = S , 0 < z < 00 • Letting xy' YY 
f(w, z) = w/z, a = E(w) = µ , b = E(z) w µ , n = 2, and deleting the z 

remainder in (5.67) provides the followins expansion: 

f(w, z) = w/z; µ /µ + (w-µ )/µ - µ (z-µ )/µ2 wz w z w z z 

-(w-µ )(z-µ )/µ2 + µ (z-µ )2/µ3 w z z w z z 

(µ z2 - 2µ µ z - µ wz + 2µ2w + µ2µ )/µ 3 
w z w z z z w· z (5.68) 

Taking term by term expectations of (5.68) over both wand z results 

in 

(5.69) 

Squaring (5.68) and takiDg term by term expectations, one obtains 

- 2µ µ E(wz 3) + 8µ2µ E(wz2) - 10µ3µ E(wz) 
zw zw zw 
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(5. 70) 

Taking the third power of (5.68) and term by term expectations, gives 

(5. 71) 

Taking the fourth power of (5.68) and term by term expectations, gives 



-130-

(5. 72) 

The joint moment generating function of w and z given in the previous 

section can now be used to express the moments of wand z in (5.69), 

(5.70), (5.71), and (5.72) in terms of~. a, v (where v::: N-1), and 

S by using the fact that xx 

To differentiate the joint moment generating function (5.66) in its 

present form for the higher order moments wouJ.d be unrealistic from 

an algebraic standpoint. Therefore, a more practical expression in-

valving (5.66) will be developed. Let 

and write 

(5. 73) 

where v = N-1. Taking the natural logarithm of both sides of ¢(t1, tz) 
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in (5.73) yields 

(5. 74) 

which can be used to express the higher moments as functions of the 

lower ones. Because of frequent occurrence, we compute initially 

= o 2 s t 1 + s B xx xx 

= s2s xx 

and recognize that k(O, 0) = 0, g{O) = 1, and ~(O, 0) = 1. 

(5.75) 

(5. 76) 

(5. 77) 

(5. 78) 

(5. 79) 

To obtain the moments of z, consider working with the marginal 

moment generating function ~(O, t2) rather than ~(t1, tz} in equation 

(5.74). Now differentiating both sides of (5.74) with respect to tz 

yields 

-1 which upon using (5.77) and (5.79), computing Clg (tz)/Clt2 = 

2o2 g-2(t2 ), and setting t?. = 0 provides 
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E(z) = B2S + vcr2 xx 

Continuing in this manner, one obtains 

+ E(z2) E( z) 

192a6s 2s + 48vcr 8 + E(z)[72o 4s 2s + 24vcr 6] xx xx 

384vcr 10 + l920cr 8s 2s + 4E(z)[48vcr8 + 192cr6s2s ] xx xx 

+ E(z 4 ) E(z) 

(5. 80) 

(5. 81) 

(5. 82) 

(5.83) 

(5.84) 

= 3840val2 + 23 040a 10s2s + 5E(z)[384vcr 10 + 1920a8s2s ] ' xx xx 

+ 10E(z2)[48vcr8 + 192cr6s2s ] + 10E(z3)[8vcr6 + 24o 4s 2s ] xx xx 

+ 5E(z 11 ) [2vo 4 + 4cr2s 2s ] + E(z5) E(z) xx (5. 85) 

= 46,080vcrl 4 + 322,560cr 12s 2s + 6E(z)[3840vcr 12 + 23 040crl 2s2s ] xx ' xx 

+ 15E(z2)[384vcr 10 + 1920cr 8s 2s ] + 20E(z 3)[48vcr 8 + 192cr6s2s ] xx xx 
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+ E(z6) E(z) 

E(z8) = 645,120va 16 + 5 160 960a 14s2s , , xx 

+ 7E(z)[46,C80va 14 + 322 560o 1252s ] ' xx 

+ 21E(z 2)[3840va 12 + 23 040a 1Ds 2s ] ' xx 

+ 35E(z 3)[384va 10 + 1920a 8s2s ] xx 

+ 35E(z 4)[48va8 + 192a6s 2s ] xx 

+ 7E(z6)[2va 4 + 4a 2s 2s ] + E(z 7) E(z) xx 

(5.86) 

(5.87) 

To obtain the remaining moments, the same method is employed with the 

exception that ¢(t1, t2) is used instead of ¢(0, tz). The results 

are as follows: 

E(w).= t3S xx 

a2 s + (Ew) 2 
xx 

E(w)[2a2s + E(w2)] xx 

(5. 88) 

(5. 89) 

(5.90) 

(5. 91) 
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= S B[E(z) + 2a 2 ] xx 

E(wz 2) = S B[E(z2) + 4a2E(z) + 8a 4 ] xx 

+ 1920a8E(z) + 3840al0] 

+ 5760a8E(z2) + 23,040a 10E(z) + 46,080al2] 

+ 13,440a8E(z3) + 80,640alOE(z2) + 322,560a 12E(z) 

+ 645,120a 14 ] 

E(w2z) = S B[~(wz) + 2o 2E(w)] + a 2S [E(z) + 2a 2] xx xx 

E(w2 z2 ) S B[E(wz2) + 4a2E(wz) + Sa 4E(w)] xx 

(5.92) 

(5.93) 

(5.94) 

(5.96) 

(5. 9 7) 

(5.98) 

(5.99) 

(5.100) 

(5 .101) 
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+ 192cr6E(z) + 3840 8 ] (5.102) 

+ 1920cr 8E(wz) + 3840cr 10E(w)] + a2s [E(zS) + 10cr2E(z4 ) xx 

(5.103) 

+ 23,040cr 10E(z) + 46,080cr 12 ] (5.104) 

S 8[E(w2 z) + 2cr 2E(w2)] + 2cr2s [E(wz) + 2cr2E(w)] 
xx xx (5.105) 

+ 2cr2s [E(wz2) + 4cr2E(wz) + 8cr 4E(w)] xx (5.106) 
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+ 24o 4E(wz) + 48o 6E(w)] (5.107) 

+ 384o 8E(w)] (5.108) 

+ 480o 6E(wz2) + 1920o 8E(wz) + 3840olOE(w)] (5.109) 

(5 .110) 

(5 .111) 

(5 .112) 
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(5.113) 

One can now insert the first moment of z into (5.81) giving E(z 2 ) in 

terms of S, a, v, and S • Likewise, E(z) and E(z2) can then be sub-xx 
stituted in (5.82) yielding E(z3) in terms of~. a, v, and S • Con-xx 

tinuing in this manner, all the necessary moments can be expressed 

as functions of S, a, v, and S xx Substitution of these quantities 

into (5.69), (5.70), (5.71), and (5.72) yields, after an unbelievable 

amount of algebraic manipulation, the following approximations for the 

first, second, third, and fourth moments of d denoted by EA(d), EA(d2), 

EA(d 3), and EA(d 4 ) respectively: 

+ (4v 3 + 6v 2 - lOv + 104)a6s4s 3 ' xx 

+ (v 4 + 2v 3 + 8v2 - 32v)o 8S2S2 
xx 

+ (v 4 - 2v 3 + 8v2)a 1Ds xx 

(5 .114) 

(5 .115) 

µ 9E (d 3) = s15 s 9 + (6v + 9)o2s13s8 + (15v 2 + 36v - 12)o 4S11 s 7 
z A xx xx xx 
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+ (20v 3 + 57v2 - 56v + 72)o6s9s6 xx 

+ (15v 4 + 48v 3 - 36v2 + 432v + 2,016)o8s 7s5 xx 

+ (6v 5 + 27v 4 + 36v 3 + 108v2 - 2,640v + 12 672)olOs5s 4 
' xx 

+ (v 6 + 12v 5 + 16v 4 - 312v 3 + l,984v 2 - 5 376v)o 12s3s 3 
' xx 

+ (3v 6 - 12v5 + 60v 4 - 240v 3 + (5.116) 

820512 + (8v + 14)o2sl85ll + (28v2 + 84v + 3)04816510 
xx xx xx 

+ (56v 3 + 216v 2 - 56v - 360)o6s 14s9 xx 

+ (70v 4 + 316v 3 - 136v2 - 172v + 8 928)oBs 12s8 ' xx 

+ (56v 5 + 300v 4 + 40v 3 + 1,056v2 + 11 664v - 8 064)o 1Ds 1Ds 7 
' ' xx 

+ (28v 6 + 204v 5 + 298v 4 - 228v 3 - 6,956v2 - 9,360v 

+ l,203,840)o 12 s 8s 6 + (8v 7 + 104v6 + 200v 5 
xx 

- 2,152v 4 + 3,872v 3 + 128,960v2 - l,177,344v 

+ 2 856 960)o 14s6s 5 + (v 8 + 36v 7 - 8v6 - 708v5 ' ' xx 

+ 12,232v 4 - lll,840v3 + 691,200v 2 - 1,382,400v)a 16 s 4s 4 
xx 

+ (6v8 - 24v 7 + 336v6 - 2,928vs + 21,312v 4 - 99,072v 3 
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+ 276 480v2 )a 18s2s3 + (3v 8 - 12v 7 + 84v6 - 912v5 ' xx 

+ 5 760v 4)a 20 s2 
' xx ( 5 .117) 

To determine the accuracy of the above approximations, integrals 

(5.19), (5.20), (5.21), and (5.22) were evaluated numerically for the 

exact moments of d for a wide range of y = IR/al apd two values each 

of ~l and S xx The double numerical integration was performed on the 

IBM System/360 digital computer at Virginia Polytechnic Institute and 

State University Computing Center using the bivariate analog to the 

parabolic rule with accuracy held to at least three significant digits. 

Equations (5.114), (5.115), (5.116), and (5.117) were then evaluated 

for the same values of :-.he parameters and the percent deviation from 

the exact moments tabulated. Letting EE(di), i = l, 2, 3, 4, denote 

the exact moments, the results are shown in Tables IX through XII. 

The values of B are not shown in the tables but can be obtained using 

the relationship B = cry (here again only positive values of B were 

considered). The results indicate that it would not be feasible to 

use the approximations for all four moments unJess y > 5 and either 

N large or the ratio S /N close to 1. This conclusion was drawn by xx 
noting that the percent deviation frorr. the exact moment is within one-

half percent to three significant digits for all four moments when 

y > 5 and S /H close to 1, and observing that the worth of the approxi-- xx 
mations increased greatly as N increased from 8 to 15. 

In the next section, devoted to fitting the distribution of XI 

to Pearson curves, the approximation to the moments of d will be used 

when the above conditions hold, and the moments will be obtained by 
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TABLE IX 

Comparison of EA(d) and EE(d) 

Percent 
deviation 

N s er y= I B /er I EE(d) EA (d) from EE(d) xx 

8 8 LO .05 .0572 .0570 -. 35 
l.O .1 .113 .113 .00 

• 2 .5 2.32 2.33 .43 ,. 
• .J 1.0 1.15 1.14 -.87 
.2 2.5 1. 81 l. 81 .oo 
. 2 5.0 .975 .975 .oo 
.5 10.0 .199 .199 .oo 

8 2 1.0 .05 .0144 .0143 -.69 
LO .1 .0285 .0285 .oo 

.2 .5 . 6 76 . 6 79 .44 

.5 1.0 .464 .466 .43 

.2 2.5 1. 37 1. 37 .oo 

.2 5.0 .906 .904 -.22 

.s 10.0 .195 .195 .oo 
15 14 1.0 .OS • Oli99 .0499 .00 

LO .1 .0991 .0991 .oo 
.2 .s 2.04 2.05 .49 
.s 1.0 1.0Lf 1.04 .oo 
.2 2.5 1. 75 1. 75 .oo 
.2 5.0 .966 .967 .10 
.5 10.0 .198 .198 .oo 

15 3.5 1.0 .05 .0126 .0125 -. 79 
1.0 .1 .0248 .0249 • 40 

• 2 .s .592 .593 ,17 
.s 1.0 • 409 • !~09 .oo 
.2 2.5 1.26 1.26 ,00 
.2 5.0 .877 .877 .oo 
.s 10.0 .193 .193 ,00 
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TABLE X 

Comparison of EA(d2) anJ EE(d2) 

Percent 
deviation 

N s (J y=la!al E (d2) E (d2) from EE(d2) xx E A 

8 8 1.0 .05 .230 .145 -36.96 
1.0 .1 • 235 .151. -35,74 

.2 .5 8. 23 7.08 -13.97 

.5 1.0 1. 44 1. 37 -4.86 

.2 2.5 3.34 3.31. -.90 

.2 5.0 .956 .955 -.10 

.5 10 .o .0396 .0396 .oo 
8 2 1.0 .05 .0572 .0359 -37.24 

1.0 .1 .0575 .0363 -16. 87 
.2 .5 1.64 1.18 -28.05 
.5 1.0 .329 .283 -13. 98 
.2 2.5 2.00 1.92 -4.00 
.2 5.0 .835 .828 -.84 
.5 10.0 .0382 .0382 .oo 

15 14 1.0 .05 .0851 .0661 -22.33 
1.0 .1 .0905 .0719 -20.55 

.2 .5 5 .19 4.95 -4.62 

.5 1.0 1.12 1.11 -.89 

.2 2.5 3.11 3 . .1,0 -.32 

.2 5.0 .937 .937 .oo 

.5 10.0 .0393 .0393 .oo 
15 3.5 1.0 .05 .0209 .0162 -22.49 

1.0 .1 .0212 .0165 -22.17 
.2 .5 • 778 .679 -12. 72 
.5 1.0 .207 .198 -4.35 
.2 2.5 1.64 1.62 -1.22 
.2 5.0 . 776 • 774 -.26 
.5 10.0 .0375 .0375 .oo 
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TABLE XI 

Comparison of EA(d 3) and EE(d 3) 

Percent 
deviation 

N s (j y= Is la I xx 
E (d 3) E E (d 3) A from EE (d 3) 

8 8 1.0 .05 .0304 .0213 -29.93 
1.0 . 1 .0603 .0423 -29. 85 

.2 .5 29.9 23.0 -23.08 

.5 1.0 1.95 1. 71 -12.31 

.2 2.5 6.28 6.14 -2.23 

.2 5.0 • 91,2 . 940 -.21 

.5 10.0 .00788 .00788 .oo 
8 2 1.0 .05 .00190 .00133 -30.00 

1.0 • 1 .00380 .00266 -30.00 
• 2 .5 2.24 1. 59 -29.02 
.5 1.0 . 239 .184 -23.01 
.2 2.5 3.08 2. 79 -9.42 
.2 5.0 .784 . 76 7 -2.17 
.5 10.0 .00753 .00752 -.13 

15 14 1.0 .OS .0110 .00858 -22.00 
l.O • 1 .0220 .0174 -20. 91 

.2 .5 14.4 13.0 -9.72 

.5 1.0 l.26 1.21 -3.97 

.2 2.5 5.55 5.51 -.72 

.2 5.0 .911 • 910 -.11 

.5 10.0 .00781 .00781 .oo 
15 3.5 1.0 .05 .000684 .000534 -21.93 

1.0 .1 .00136 .00107 -21. 32 
.2 .5 . 886 .734 -17 .16 
.5 LO • 11.5 .104 -9.57 
.2 2.5 2 .18 2.12 -2. 75 
.2 5.0 . 694 • 689 -. 72 
.5 10.0 .00729 .00728 -.14 
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TABLE XII 

Comparison of EA(d4) and EE(d 1•) 

Percent 
Deviation 

N' s a y=ls!al EE (d4) EA(d4) from EE(d4) xx 

8 8 1.0 .05 .204 .0739 -63.77 
1.0 .1 .206 .0763 -62.96 

• 2 .5 149. 85. 4 -42.68 
.5 1.0 2.90 2.23 -23.10 
.2 2.5 12.0 11.5 -4.17 
.2 5.0 .932 .928 -.43 
.5 10.0 .00157 .00157 .oo 

8 2 1.0 .05 .0127 .00458 -63. 94 
1.0 .1 .0127 .00462 -63.62 

. 2 .5 8.54 3.64 -57.38 

.5 1.0 .238 .137 -42.44 

.2 2.5 5.03 4.15 -18.31 

.2 5.0 • 751 • 720 -4.13 

.5 10.0 .00149 .00149 .oo 
15 14 1.0 .05 .0225 .0128 -43 .11 

1.0 .1 .0246 . 011.s -41.06 
.2 .5 43.9 36.4 -17 .08 
.5 1.0 1.47 1. 36 -7.48 
.2 2.5 10.0 9. 89 -1.10 
.2 5.0 .887 .886 -.11 
.5 10 .o .00155 .00155 .oo 

15 3.5 1.0 .05 .00138 .000771 -44.13 
1.0 • 1 .00140 .000798 -43.00 

.2 . 5 1. 47 1.02 -30.61 

.5 1.0 .0703 .0582 -17.21 

.2 2.5 3.00 2.83 -5.67 

.2 5.0 .626 .618 -1.28 

.5 J.O. 0 .00142 • 00142 .oo 
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the previously mentioned method of double numerical integration in 

all other cases. 

(5.4) Fitting the Distribution of XI to Pearson Curves 

With the development of modern high speed computers, a versatile 

method of generating random numbers, using Pearson curves, for a family 

of unimodal distributions was developed by three members of the IBM 

Scientific Computation Department. By supplying the first four moments 

a wide variety of Pearson frequency functions can be define<l. Cooper, 

David, and Lano [5] wrote a computer program, "Pearson Universal Random 

Distribution Generator" (called PURGE) to generate ranclom numbers from 

such distributions. McKie (25] revised and improved the program for 

use as a subroutine, called PURGE3, on the IBM System/360 in Fortran 

IV. The subroutine reads data cards which describe the Pearson dis-

tribution to be fitted, or allows for the internal description of the 

distribution. The distribution may be described either by its first 

four moments or by sample data from the distribution. If moments are 

given, the program calculates S1, s2 , and K, given by equations (5.6), 

(5.7), and (5.8), from which it determines the appropriate Pearson 

type. After the Pearson type has been determined, the parameters 

for the curve with origin at the mean are calculated and printed 

along with the type of curve fitted. This printout occurs when a new 

curve is fitted. Pearson Types I, IV, VI (see Elderton and Johnson 

[ 8]) and the normal curve may be fitted as well as subtypes of them. 

At this point we can obtain numericaJ values for the first four 

moments of XI' given by equations (5.9), (5.10), (5.ll)i an<l (5,12), 

by assigning values to S, a, N, S , x, and X, the value that we are xx 
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trying to estimate. Of course, for each different combination of 

values assigned to the above we obtain a different set of numerical 

values for the moments. In light of this, we calculated the moments 

of XI using values of 8 and a such that la/al ranged from .05 to 10.0, 

values of 8 and 15 for N, and the values 0.6, 0.8, 1.0, 1.2, 1.5, and 

2.0 for X. The end point design on the experimental range [O, 1) 

was used making x equal to .5. Each set of moments obtained was then 

used in the PURGE3 subroutine. Tables XIII through XVIII gives the 

description obtained for the density of XI when a Pearson fit was 

achieved. When a Pearson fit was not achieved the message "illegal 

values" along with the values of 81 and 82 are given. The values of 

S1 and 82 are illegal values when they do not remain within a certain 

domain required of distribution functions. The region bein~ 81, 82 

between the lines 

882 - 1581 - 36 = 0 

and 

82 - 81 - 1 = 0 where 81 : 0 • 

Following Table XVIII, Figures 2 through 4 give printouts of 

the three basic types of curves fittec, the parameters for the curves 

with origin at the mean, the first four moments, and the values for 

81, 82, and Kappa. Figure 2 was obtained when N :s 15, 8 = 0.5, 

a = 0.2, S = 3.5, x = 0.5, and X = 1.0. It is a Type IV Pearson xx 
curve described to be of unlimited range, skew, and bell-shaped. The 

equation of this curve is 
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TABLE XIII 

Results From PURGEJ For X = 0.6 

Results (Description or 
N s 0 y=ls/ol Illegal Values (I. v.) 8 i. 82) xx 

8 2 1.0 .05 (I. v.) 81=0.00000124, 82=11. 6!1485645 
1.0 .1 (I.V.) 81=0.00001965, 82=11.52367401 

• 2 .5 (I. v.) Bi=0.00577227, 82=9.52607536 
• 5 l.O (I.V.) 81=0.01657297' 82=6.59874439 
• 2 2.5 Unlimited range~ skew; bell-shaped 
.2 5.0 Unlimited range; skew; bell-shaped 
.5 10.0 lTnlimitec range; sk:ew; hell-shaped 

15 3.5 1.0 .OS (I. v.) f31=O.000001109, 82=9. 47780037 
1.0 .1 (I. v.) 81=0.00006161, 62=9. 3449554!1 

.2 .5 (I.V.) 61=0.00807330, 62=7. 28316307 

.5 1.0 (I. v.) B 1=O.00870389, 62=4. 918l18469 
• 2 2.5 Unlimited range~ skew; bell-shaped 
.2 5.0 Unlimited range; skew; bell-shaped 
.s 10.0 Unlimited range; skew; bell-shaped 
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TABLE XIV 

Results From PURGE3 For X = 0.8 

Results (Description or 
::-1 s 0 y=IB/ol xx Illegal Values (I. v.) B 1' 82) 

8 2 1.0 .OS (I.V.) B1=0.00001113, B 2=11. 6448669 4 
1.0 • 1 (I. v.) Bi=0.00017644, 82=11.52368736 

• 2 .5 (I. v.) 81=O.04975989, B2=9.52894878 
.5 1.0 (I. v.) Bi=0.13725179, 82;::6.61622238 
.2 2.5 Unlimited range; skew; bell-shaped 
.2 5.0 Unlimited range; ske~·1; bell-shaped 
.s 10.0 Limited range; sl~ew; be 11-shape<l 

15 3.5 1.0 .05 (I.V.) S l =O . 0000 36 77 , (-32=9. 47779465 
1.0 . 1 (I.V.) B1=0.00055323, 82=9.34480667 

.2 .5 (I.V.) Bl =O. 07029504, s2=7. 26199245 

.5 1.0 (I.V.) B l =O • 0 7 !f 7 8 7 7 4 , 62=4.89153004 

.2 2.5 Unlimite<l range; skew; bell-shaped 
• 2 5.0 Unlimited range; skew; bell-shaped 
.5 10.0 Unlimited range; skew; bell-shaped 
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TABLE XV 

Results From PURGE3 For X "" l. 0 

Results (Description or 
N s (J Y"" I BI (JI Illegal Values (I. v.) S1, S2) xx 

8 2 1.0 .05 (I. v.) B1""0.00003089, S2=ll. 64485455 
LO .1 (I. v.) S1==0.00048783, 132=11.52366543 

'1 .s (I.V.) B1==0.1269118U, f32=9.52970982 • t... 

.s 1.0 (I.V.) B1==0.3244l086, 82=6.64530563 
• 2 2.5 Unlimited range; skew; bell-shaped 
.2 5.0 Unlimited range; skew; hell-shaped 
.s 10.0 Limite<l range; skew; tr-shaped 

15 3.5 1.0 .OS (I,V.) !31=0.00010203, 82=9.47776890 
l.O .1 (I.V.) Bi=0.00152973, B2=9. 34450722 

.2 .s (I.V.) 131=0.18292731, s2=7.2198867B 

.5 1.0 Unlimited range; skew; be 11-shared 
• 2 2.5 Unlimite<l range; skew; bell-shaped 
• 2 5.0 Limited range; skew; bell-shaped 
.s 10.0 (I. v.) B 1=O.22370893, 62=5.60076237 
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TABLE XVI 

Results From PURGE3 For X = 1.2 

Results (Description or 
N s a y=l61al Illegal Values (I. v.) 6 1 , 62) xx 

8 2 1.0 .05 (I. v.) 6 1=O.000060 4Lf, 62=11. 64486408 
1.0 . 1 (I.V.) 61=O.00094948, 6 2=11. 5235 719 7 

.2 .5 (1. v.) 61=0.21990532, 62=9. 52015877 

.5 1.0 (I. v.) 61=0.50466830, 62=6 .67716789 

.2 2.5 Unlimited range; skew; bell-shaped 

.2 5.0 Unlimited range; skew; bell-shaped 

.5 10.0 (I. v.) 61=0.288H9334, 62=2.35779190 

15 3.5 1.0 .05 (I. v.) 61=O.00019962, B2=9.47773743 
1.0 .1 (I. v.) 61=0.00297774, 62=9.34399605 

.2 .5 (I. v.) B 1 =O. 32582408, S2=7 .15746689 

.5 1.0 Unlimited range; skew; bell-shaped 
• 2 2.5 Unlimited range; s1:ew; bell-shaped 
.2 5.0 Limited range; skew; bell-shaped 
• 5 10.0 (I.V.) B 1 =l. 379 56524, B2=ll. 48354244 
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TABLE XVII 

Results From PTJRGE3 For X 1. 5 

Results (Description or 
N s a r=ls/al Illegal Values (I. v.) 13 l ' 62) xx 

8 2 1.0 .05 (I. v.) Bi=0.00012289, i32=ll. 64482689 
1.0 .1 (I. v.) !31=0.00190922, 62=11.52323818 

.2 .5 (I. v.) B1=0.34910l01, 62=9.46743488 
• 5 1.0 (l.V.) Bi=0.65436691, 62=6.71335506 
• 2 2.5 Unlimited range; skew; bell-shaped 
. 2 5.0 Unlimited range: skew; bell-shaped 
.5 10.0 (I.V.) 61=1.08559990, B 2=13 .1424 7799 

15 3.5 1.0 .05 (I.V.) 61=0.00040587, [32=9 .1.7765064 
1.0 • 1 (l.V.) B 1 =O .00598928, 62=9.34276295 

. 2 . 5 (I.V.) 61=O.54705280, (32=7 .02832508 

.5 1.0 Unlimi te<l range; skew; bell-shaped 

.2 2.5 lln iimi tee; ~ange; skew; bell-shaped 

. 2 5.0 Umi te<l range; skew; U-shaped 

.5 10.0 (I. v.) B 1=6.6089Rl13, 62=26.79048157 
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TABLE XVIII 

Results From PURGE3 For X = 2.0 

Results (Description or 
N s (J y= I Bia I Illegal Values (I.V.) B 1 , i3 2) xx 

8 2 1.0 .05 (I.V.) B1=0.00027395, i32=ll. 64469433 
J.O .1 (I. v.) B 1=O.004 lt,354, 62=11.52115726 

• 2 .5 (I. v.) !31=0.41~932258, B2=9.23585224 
.5 1.0 (I. v.) i31=0.56545299, 62=6.71823120 
.2 2.5 (I.V.) B 1 =O. 3132117 4, 62=5.52833366 
.2 5.0 Un limited range ; skew; hell-shaped 
.5 10.0 (I.V.) 61=3.98309612, 62=40.87956238 

15 3.5 l.O .05 (I.V.) B 1=O.000901;88, 62=9.47737885 
l.O .1 (I.V.) 61 =0 .01300735' 62=9.33874416 

.2 .5 (I.V.) i31=0.79lt32374, B2=6.73586559 

.5 1.0 Unlimited range; skew; belJ-shaped 

. 2 2.5 (I. v.) 61=0.00991187' !32=5.60626984 
• 2 5.0 (I. v.) !31=0.46442312, f32=1l. 842651+23 
.5 10.0 (I.V.) 131 =24. H939880, 132:::59.13414001 
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PEARSON CURVE TYPE FOUR DI fSUTION GEN 
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MOME S FROM DATA 
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-0.292E 00-0.188E-Ol 0.255E 00 0.528E 00 O.BOlE 00 O.l07E 01 O~l35E 01 0~16 01 O.l89E 01 
Figure 2. PURGE3 Output for N = 15, B = 0.5, er = 0.2, 

S = 3. 5 , x = 0. 5 , and X = 1. 0. xx 
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PEARSON CURVE TYPE ONE 
6.95478E 00 Al= 5.60321E-Ol A2= 9.03938£-01 YE= 

* 
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* 
. .;, 
'l" 

* 

* ;;t 
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,,_ .,. 
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1.97061E 00 
MOMENTS 

MEAN 
VARIANCE 

MU(3) 
MlH4) 

BETA 1 
BETA 2 

KAPPA 

* * 
* * * 

* * 
** * *** 

DISTRIBUTION GENERATOR 

flWM DA.TA 

*** 

1.11389923 
0.0364 76li't 
0.00168401 
0.00359827 
0.05843362 
2. 7041+3439 

-0.05827910 

******* ****************or******* 
+ + + + + + + + + 

0.687E 00 Oe835E 00 0.983E 00 0.113E 01 0.128E 01 0.143E 01 0.157E 01 0.172E 01 0.187E 01 
Figure 3. PURGE3 Output for N = 15, B = 1.0, a = 0.2, 

S = 3.5; x = 0.5, and X = 1.2. xx 
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PEARSON CURVE TYPE ONE DISTRIBUTION GENERATOR 
Ml=-8.0l626E-01 M2=-7.3 

O.,l9E O? + * 

o .. l5f 02 + 

O,,,l2E 02 + 

* 

O., 83E 01 + 

* 
'.;~ 

OE-01 Al= 1.13777E-Ol A2= l.52310E-Ol YE= l.35569E 00 
MOMENTS FROM DATA 

MEAN 
VARIANCE 

MU(3) 
MU{4) 

BETA l 
BETA 2 

KAPPA 

0 .. 987!'+999.5 
o .. Ol 18375i't-
0 .. 00037026 
O.OOOJ.9002 
0,.08264917 
1 .. .35604858 

-D.02142174 

• -0.4BE 01 + * * 
>';: * .~; * 

>i''* ** ;~* ~::* 

*:**~'~ *** ~-; ~* ·~~ ~;: * ;i~~t ******* ******************************************************* 
+ + + + + + + + + 

* 

Oo898E 00 0.925E 00 0.952E 00 0.979E 00 O.lOlE 01 D.103E 01 0.106E 01 0.109E 01 O.lllE 01 

Figure 4. PURGE3 9utput for N = 8, B = 5.0, a = 0.5, 
S = 2.0, x = 0.5, and X = 1.0. xx 

* 

* 
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(5 .118) 

where Y , A, V, R, and M are the parameters whose values are given along 
0 

with the curve printout. Figure 3 was obtained when N = 15, B = 1.0, 

a = 0.2, S = 3.5, x = 0.5, and X = 1.2. It is a Type I Pearson curve xx 

described to be of limited range, skew, and bell-shaped. The equation 

of this curve is 

Y = Y (1 + x/Al]Ml[l - x/A2]M2 
e (5 .119) 

where Y , Al, Ml, A2, and M2 are the parameters whose values are also e 

given along with the curve printout. Figure !1 was the result when 

N = 8, B = 5,0, a = 0.5, S = 2.0, x = 0.5, and X = 1.0. It is also xx 
a Type I Pearson curve but described to be of limite<l range, skew, and 

U-shaped. The equation of this curve is the same as equation (5.119) 

with the difference in curve shape resulting from obtaining negative 

values for Ml an<l M2 in Figure 3. Although these three basic curves 

were the only ones fitted by the PURGE3 subroutine, we can safely say 

that, for y = IB/al small, the density of XI is of unlimited range, 

almost synunetrical, and bell-shaped. This is true because for S1 = 0 

and B2 > 3 the curve 

results, where 

,., 2 -rn y = Y [l + xL/a ] 
0 

rn = 
5B2 - 9 

2 (S 2 3) 

(5.120) 
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a2 = 

and 

Y = r (m) / [aliT r (m - 1/2)] • 
0 

This curve is a Type VII Pearson curve described to be of unlimited 

range, symmetrical, and bell-shaped. 

It was hoped that one general equation could be obtained for the 

density of XI by using Pearson's system of frequency curves. If this 

could have been done approximate confidence limits would have been 

within reach. Although a general equation for a wide range of 

y = !Biol was not obtained, it was found for the most part that 81 is 

small and s2 close to 3 for y > 2. 5. This led to approximating the 

density of XI with the normal curve. Making use of EA(d) and EA(d2 ) 

given by (S.114) and (S.115), the mean and variance of XI can be ex-

pressed in ter~s of S, o, N, S , x, and X. Vsing the fact that xx 

lvariancex_ 
I 

- N(O, 1) , 

solving for x, and substituting the usual estimates s and a for e 
and o, approximate confidence intervals of the form 

A 

Pr { IX - XI I < L} = 1 - a 

can be obtained. These confidence intervals are restricted for 

I S/o I ~ 2. 5; therefore, the confidence intervals given by (3.25) 

of Chapter III are the appropriate ones to use. 



CHAPTEP. VI 

Sl!K'1ARY AND CONCLUSIONS 

Several criteria have been used in an attempt to determine whether 

the Classical estimator given as 

x 
r. 

or the Inverse estimator given as 

y - a 
b 

is the best to use in the linear calibration problem. Among those 

considered were (1.) mean squared error, (2.) average mean squared 

error, (3.) closeness, and (4.) confidence intervals. Based on the 

mean squared error criterion it was concluded that the Inverse es-

timator is better than the truncated ~lassical estimator for all X 

within the sampling region. Assuming that you must extrapolate well 

outside the range of observation, if you can take a large number of 

observations within the range of observation and if the S/o ratio is 

not small then it is better to use the Classical Method. If you do 

have a small S/o ratio or cannot take a large number of observations 

within the range then use the Inverse Method of calibration. The 

result from using the average mean squared error criterion was that 

the Inverse estimator is better than the truncated Classical estimator. 

The "closeness" criterion brought forth conflicting conclusions. 

Halperin [13] found, for large samples, XI is superior in the sense of 

"closeness" if values of X are restricted to a certain closed interval 

-157-
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around the mean of the independent variates in the experiment and 

inferior elsewhere. Krutchkoff [19] applied the "closeness" criterion 

and found the Inverse Method is, for the most part, superior to or 

equivalent to the Classical Method. Where the Classical Method is 

superior, it is only mildly superior. Mcf:lelland [24] pursued the 

confidence interval criterion. He constructed an Inverse calibration 

interval by simply replacing the Classical estimator, X , in the c 

Classical confidence interval by the Inverse estimator, XI' as the 

center of the interval. Monte Carlo simulations indicate that this 

Inverse interval has a uniformly higher confidence within the 

sampling region, for the same length interval, than the Classical 

interval. Hoadley [15] derived an Inverse calibration interval under 

the assumption that X has the same distribution as [ (N+l) / (N-3)] 1 /2 ~1_3 , 

where ~-3 has a t distribution with N-3 degrees of freedom. 

In this paper we have further pursued the confidence interval 

criterion. This was deemed necessary because confidence intervals 

are considered by most to be a very excellent criterion for determining 

the worth of an estimator. This is certainly true in the linear cali-

bration problem since some authors included among their reasons favoring 

the Classical estimator the fact that the Classical Method allows an 

exact confidence interval for the parameter under estimate while the 

Inverse Method does not (see, for exam~le, Williams (35] and Halperin 

[13]). We commenced our investigation by showing, as expected, that 

Uoadley's confic1ence interval for the Inverse Method has a shorter 

lepgth than the confidence interval for the Classical Method for all 

confidences. :'fon te Car lo simulations were then conducted to determine 

the worth of l!oadley's confidence interval. The confidence interval 
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was found to be valid for all X within the sampling region using the 

end-point design. For a small sample size and S/o not small the 

confidence interval was found to be valid for X well outside the sampling 

region. Using a design that did not maximize S gave results that xx 

indicate the confidence interval to be valid over a smaller range of 

X than when the end-point design was used. 

In Chapter III confidence intervals were derived for the Inverse 

approach. These confidence intervals, like those of the Classical 

approach, are usually considered valid for most purposes when 

s2 
xy 

< 0.1 

For a given con~idence, the lengths of the two intervals are the same 

with the Classical being symmetric about the estimator. 

The next chapter was devoted to findin~ unrestricted 100(1-a) % 

confidence intervals for the Inverse Method by integrating the density 

of XI over unknown finite limits, setting the integral equal to 1-a, 

and solving for the unknown limits. This approach failed because a 

workable expression for the density of XI could not be found. 

In light of our failure to find the density of x1 , we sought in 

Chapter V to use Pearson's system of frequency curves to describe the 

density of XI. This appeared to be a worthwhile approach since Monte 

Carlo simulations had been conducted indicating the density of XI to 

be unimodal. Unfortunate]y, for most combinations of N, S , a, and xx 

S, a fit to a Pearson curve was not attained. In no instance was a 

fit made for S/o < 1. For B/0 ~ 2.5 the density of XI was, for the 
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most part, close to being a normal curve. No improvements on the 

confidence intervals already obtained were found by this approach. 

The most significant conclusion of this paper is that in most 

cases valid confidence intervals for the Inverse Method are available. 

Using the end-point design, the interval derived by Hoadley is valid 

for all X within the sampling region and valirl for X well outside the 

sampling region for a small sample size and B/0 not small. For 

2 s xy 

< 0.1 

the intervals given by (3.25) are va]id. 

Using the confidence interval criterion a comparison of the 

Inverse and Classical estimators can now be made. If one restricts 

himself to the end-point design the following can be GOncluded: 

1.) If X will always be within the sampling region then 

the Inverse estimator would be superior to the 

Classical. 

2.) For a small sample size and knowledge that B /a 

is not small the Inverse estimator ~vould be 

superior to the Classical even if X is well outside 

the sampling region. 

When the above is not applicable we have the following situation: 

1.) If the value of t 2 s 2 S /S 2 is found to be > 0 .1 xx xy 

we do not have valid confidence intervals. If 

this value is very much greater than 0.1 one can 

protect against highly overestimating by using 
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the Inverse estimator. 

When the value of t 2 s 2S /S 2 is < 0.1 we have con-xx xy 

fidence intervals of equal lengths for the two es-

timators. In this case the Classical estimator 

would probably be more appealing since its interval 

is symmetric about the estimator. 

Hence, based on the confidence interval criterion, the choice of 

estimator depenJs on the particular problem. 
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ON FINDING CONFIDENCE INTERVALS FOR THE INVERSE 

REGRESSION METHOD OF LINEAR CALIBRATION 

by 

Larry Thomas Frazier 

(ABSTRACT) 

In the linear calibration problem one estimates the independent 

variable x in a regression situation for a measured value of the de-

pendent variable y. The Classical estimator is obtained by expressing 

the linear model as 

obtaining the least squares estimator for y for a given value of x and 

solving for x. The Inverse estimator is gotten by expressing the 

linear model as 

x y + oy. + £' i 1 i 

and using the resulting least squares estimator to estimate x. The 

purpose of this dissertation is to find confidence intervals for the 

Inverse Method of linear calibration, then make a comparison of the 

Inverse and Classical estimators using the criterlon of confidence 

intervals. 

First, Monte C~rlo techniques are used to determine the worth of 

a Bayes confidence interval for the Inverse Method. Next, a confidence 

interval for the Inverse Method is derived which has the same length, 

confidence, and restriction possessed by the known confidence interval 



for the Classical Method. Finally, an unrestricted confidence inter-

val for the Inverse Method is sought by making use of the density of 

the Inverse estimator. In an effort to accomplish this, attempts are 

made at both deriving a workable expression for the density and de-

scribing the density with Pearson's system of frequency curves •. 
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