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Abstract. - We study the crossover from self-similar scaling behavior to asymptotically
self-affine (anisotropic) structures. As an example, we consider bond percolation with one
preferred direction. Our theory is based on a field-theoretical representation, and takes
advantage of a renormalization group approach designed for crossover phenomena. We calculate
effective exponents for the connectivity describing the entire crossover region from isotropic to
directed percolation, and predict at which scale of the anisotropy the crossover should occur. We
emphasize the broad range of applicability of our method.

Scale-invariance appears in a great variety of physical problems and processes [l].The
simplest scaling laws are isotropic, and thus describe self-similar structures; on the other
hand, in growth models frequently self-afSine clusters emerge, which we consider as defined
by anisotropic scaling. The important point now is that whether a structure appears
self-similar or self-affine is always a matter of scale, i.e.: a structure, which on a large length
scale is characterized by anisotropic-scaling laws, may be indistinguishable from a
self-similar entity on sufficiently small scales.
Perhaps the most simple growth models incorporating these features are provided by
percolation [2]. In ordinary, isotropic percolation sites or bonds are filled at random with
equal probability p, and the emerging clusters are self-similar. However, in directed
percolation [3], there is one distinct preferred direction (which we shall call the t-direction)
with a bias along the positive t-direction, and anisotropic-scaling laws apply. If the effective
anisotropy parameter g is low, one expects almost isotropic-scaling behavior in a large region
of parameter space, and only if the percolation threshold p, is approached the asymptotic
self-affine wil become apparent, if one views the system at very large length scales.
Our aim is to provide a quantitative description of the crossover from isotropic to directed
percolation, and to calculate the characteristic anisotropy scale, at which the scaling behavior
turns over from self-similarity to self-affinity. For these issues, the central quantity of
interest is the pair correlation function G(rz, rl),which measures the probability that sites
r2= (x2, t2) and rl = (xl , tl) belong to the same cluster. Lines of constant G describe the
average shape of the percolating structure. Following the work of Cardy et al. [4,5], we
apply their mapping of the statistical percolation problem onto a field-theoretical
representation. The final result for Go (the superscript <CO>>denotes unrenormalized
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quantities) is a sum G 0 ( r 2 ;r l ) =

[( - i ) m + n - 2 / m ! n ! ] G i n ( rrl),
2 ; where
m,n=1

G i n (r2 ; rl) =

.@[Qo, $01

$0

(r2Y 30(rl)' exp [ - f [ Q o , $011

.

(1)

P is an operator projecting out those contributions which violate <causality>),and the
probability measure explicitly reads [4,5]

with ro a p - p,. The anisotropy of the underlying percolation problem is reflected in the
parameter g o . For go = 0, the problem is symmetric with respect to inversion of the lattice
r+ - r , which corresponds to isotropic bond percolation[5]. For any non-zero go the
inversion symmetry is broken in the t-direction. A scaling analysis shows that go grows under
rescaling. For go + , with co + w such that go/co remains finite, one arrives at reggeon
field theory describing directed bond percolation [4]. On the basis of eqs. (l), ( 2 ) the
perturbation expansion [6,7] with respect to the nonlinearity u0 may be constructed.
In order to derive the anomalous dimensions leading to non-Gaussian behavior we proceed
to study the ultraviolet divergences at the upper critical dimension d,. In the dimensional
regularization scheme [8]these UV singularities appear as poles a l / ( d - de).The technical
difficulty here is now that these poles will be different in the two limiting cases go = 0 and
go + w . In addition, via a simple rescaling of the model one finds that the upper critical
dimensions for isotropic (I) and directed (D) percolation differ, namely d,' = 6 and d: = 5,
respectively. Thus, the &aditional>> procedure of investigating the scaling behavior near one
of the fKed points in the framework of a (de - d ) expansion, and then describing the
crossover by calculating the accompanying scaling function, is bound to fail.
However, a certain extension of Amit and Goldschmidt's <(generalized m i n i m a l
subtraction>>procedure [9] has proven to be most successful in a variety of interesting
crossover scenarios [lo-121. Indeed, by refraining from any (d, - d ) expansion, we have
demonstrated that the crossover between fixed points of different upper critical dimension
can be consistently incorporated into the formalism [13]. The essential point is that one has to
assure that the renormalization constants take account of the U V poles for a n y value of the
anisotropy parameter g o , including the limit go + CC . Thus the Z-factors become functions of
both the anharmonic coupling and the additional mass go. By keeping the full dimension
dependence of the corresponding residua, a smooth interpolation between the different
scaling regimes is achieved (for details we refer to our forthcoming paper [13]). The prize that
we have to pay is that i) there is no a priori small expansion parameter, and ii) the flow
equations require a numerical solution.
Thus we define renormalized fields = 2$/2+o
and Q = 2$/230,
and dimensionless renormalized parameters r = Z;'Z,(r0 - r o c ) , C 2 ,c2 = Z , Z ; ' c ~ , g = Z;1/2Z;1/2Zggo,u-1,
and U = Z+-3/2Zuu0
Bi/2p(d-6)y2,
where ,U is an arbitrary momentum scale, Bd = Z'(4 - d / 2 ) /
/(4 7 ~ ) is
~ /a~geometric factor, and rocdenotes the fluctuation-induced shift of the percolation
threshold,

+

1

1

Here we defined Z i n ( g ) = xmi2-'(1 + xg2)(d-m-n)/2dx,
with the limits Z i , ( O ) = 2 / m , and
0

lim [ g m Z i n ( g ) I= ~ ( m / 2 ) ~ (-( dn) / 2 ) / ~ ' ( ( +
m n - d)/2).
g+x
The renormalization group (RG) equation explicitly takes advantage of the scale
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invariance of the system near the percolation threshold. More precisely, we observe that the
bare pair correlation functions do not depend on the arbitrary renormalization scale p. By
introducing Wilson's flow functions (we list the explicit one-loop results here; the symbol lo
indicates that the all the derivatives are t o be taken at fixed bare parameters)

Cu=p-

a
alJ

1

U

I n -uo
=-

d-6
2

+ -1+163- -~

3~ 13dSg)
16 Z & ( g ) '

(7)

one arrives at the following RG equation for the renormalized two-point vertex function

The RG equation (8) is solved by introducing the characteristics a(l), which define the
running parameters and couplings. They are given by the solutions of 1 da(l)/dl = <,(Z) a(Z),
with a(1) = a. Defining the dimensionless vertex function Tll according to
T11(p, v, C, g , U , q , U ) = p2f11(v, v,q / p , gw/cp, w 2 / c 2 p 2 ) , the solution of eq. (8) reads

Here we have introduced an effective anharmonic coupling v = u2cIf7( g ) , which is finite in
both limits, g + 0 and g -+ m . The flow of the running coupling 1dv(l)/dl = pv (1) is given by
Io, The flow parameter 1 may be considered as
the corresponding p-function p,, = p
describing the effect of a scaling transformation upon the system. The theory becomes
scale-invariant near a fixed point v*, defined as a zero of the p-function, and will yield the
correct asymptotic behavior, if it is infrared-stable.
We now turn to study eq. (9) in the vicinity of such a fixed point v*; introducing <,* =
= <,(v = v*) we find that Tll is a generalized homogeneous function

Using an appropriate matching condition, we can now map the asymptotic theory with manifest
infrared divergences, onto a region in parameter space where the anharmonic coupling is finite.
E.g., with the choice 1 = q/p, we arrive at the following self-afSine scaling form:
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TABLEI. - Fixed-point values for the couplings v(1) and @(l)at the isotropic (I), Gaussian isotropic
(GI), directed (D),and Gaussian directed (GD) fixed points, respectively, and the corresponding values
of the four independent critical exponents.

Fixed point

v*

s*

'jL

"

z

A

GI

0

0

0

2

2

1/2

I

4
-(6-d)
7

0

--

6-d
21

2--

6-d
2- 21

1 - (6 - d)/21
2 - (6 - d)/21

GD

0

1

0

2

2

1/2

D

2
-(5-d)
3

1

--

5-d
12

2- 4

5-d
2- 12

1 - ( 5 - d)/6
2 - ( 5 - d)/12

5(6 - d )
21

5-d

where we have defined four independent critical exponents according to q I = - <,*, v i =
= - l/<:, x = 1 <Z - <,* , and x A = - <,* , Here, q I and v I correspond to the two independent indices familiar from the theory of static critical phenomena. The (<dynamic,,exponent x
is related t o the anisotropic scaling behavior. Finally, 4 is a positive crossover exponent
describing the transition from isotropic to directed percolation. In the asymptotic limit of
directed percolation, g + cc , the second scaling variable disappears, and the scaling behavior
is described by the three exponents q I , v I , and x .
Similarly, with the choice 1 = (go/cp)'/(' c:- equation (10) reads

+

+

where 2 - q II = ( 2 - q ) / x and

v II = xv

. Moreover, 1 = r -'/G

leads to

where the exponent y is related to v I and vI1via y = v (2 - y I ) = vII ( 2 - qII). In the special
case of isotropic percolation, the scaling relations simplify considerably, describing
self-similar scaling with only two independent critical exponents y = - <$ and v =
= -1/<:.
In the two limiting cases of isotropic and directed percolation, we can explicitly determine
the critical indices to one-loop order. For go= 0 and d < d,' = 6, one finds a stable, non-trivial
fured point VI* = 4(6 - d ) / 7 , while for d 5 6 the Gaussian fured point v& = 0 is approached.
In the opposite case, go+ cc , the nontrivial directed fured point is stable only if d < dp = 5 ,
while for d = D + 1 2 5 the mean-field exponents of the Gaussian fured point v $ apply.
~
The
fured-point values and the corresponding independent critical indices are collected in table I
(there the coupling J = g/(l + g) was defined). The other critical exponents may be inferred
from the scaling relations.
Thus we have demonstrated that both the self-similar and the self-affine scaling behavior
are within the scope of the present theory, at least for dimensions d < 5; for 5 < d S 6 the
model is not renormalizable in the directed limit, and simply characterized by the exponents
corresponding t o the Gaussian fured point vZD, with logarithmic corrections for d = 5. This
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Fig. 1. - Effective exponents qllefl(l)(solid), ieff(l) (dashed), and yen(l) (dotted) for the connectivity
as functions of the running anisotropy parameter g(l) for a fHed initial value of the coupling constant
v(1) =VI*.

again emphasizes the fact that no expansion with respect to a fxed upper critical dimension
can be applied consistently.
The interchange from self-similar to self-affine scaling is most conveniently described by
effective exponents for the pair-correlation function. Using the zero-loop result for the
two-point vertex function

we specialize to r = 0 and q = 0 and define (compare eq. (12))

Using
+ 2iwg(Z)/pZc(Z)12= 1 yields2 - qlleff(Z)= [ 2
ilarly, in the case r = w = 0 (see eq. ( l l ) ) , let

+ C+(Z)l dln Z/dln w. Sim-

+

which reduces to 2 - q I eff = 2 C+(Z), if (q/,uZ)’ = 1 is inserted. Finally, considering q = 0
and w = 0, we introduce (compare eq. (13))

and choosing the matching condition r(Z)= 1, we find yeff(Z) = - [2 + C+(Z)I/CJZ).
The flow of the effective exponents rjlleff(Z), r j ieff (I), and yefl(Z) in d = D 1 = 3
dimensions (with p = 1) is depicted in fig. 1, with the initial value for the coupling v( 1) = vi”
of the isotropic scaling fxed point. The dependence on the anisotropy scale g was eliminated
by plotting vs. the scaling variable In g(Z); the graphs corresponding to different initial values
g( 1) then all collapse onto one master curve. The most important conclusion to be drawn from
fig. 1 is that the anisotropy scale, at which the crossover occurs, considerably differs for the
effective exponent defined above! rjIleffstarts t o cross over from the isotropic to the directed
futed-point value already at In g(Zcross)
= - 0.8, whereas yeff shows this crossover at

+
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In g(l,,,,,) = - 0.2, and p Ieff only at In g(l,,,,,) = + 0.8. Note that the sizeable change of plleff
is already apparent at mean-field level, where it acquires the values 0 and 1 in the isotropic
and directed limit, respectively. However, a crossover of the exponents p L e and
~
yeff
requires the <-functions at least on the one-loop level.
We remark that a calculation of the above crossover features has not been possible up to
this present work. Of course, the exponents for the limits of both isotropic and directed
percolation have been determined to a much higher accuracy than is provided in our one-loop
approximation [2-51. However, our aim was rather to describe the crossover features, and we
believe that the crossover loci should not be affected too severely by, say, higher orders of
perturbation theory. The expectation that our renormalized mean-field theory, accompanied
with the one-loop results for the flowing parameters, in a reasonably good approximation, is
based on the experience that amplitude functions are usually smooth and enter the results
less sensitively than the exponent functions. In fact, our method was designed to incorporate
the entire crossover behavior into the Wilson flow functions. The proposed approach to
crossover phenomena, which is an extension of h i t and Goldschmidt’s <<generalizedminimal
subtraction))scheme [9], should thus be applicable to a large variety of crossover phenomena.
It would, therefore, be of considerable interest to compare our predictions concerning the
crossover scales of the different effective exponents with the outcome of precise computer
simulations and/or experiments in order to estimate the quality of our approximations also in
different situations, where numerical simulations are either very cumbersome or not feasible
at all.
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