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ABSTRACT 

A smart manufacturing network connects machines via sensing, communication, and actuation 

networks. The data generated from the networks are used in data-driven modeling and decision-

making to improve quality, productivity, and flexibility while reducing the cost. This dissertation 

focuses on improving the data-driven modeling of the quality-process relationship in smart 

manufacturing networks. The quality-process variable relationships are important to understand 

for guiding the quality improvement by optimizing the process variables. However, several 

challenges emerge. First, the big data sets generated from the manufacturing network may be 

information-poor for modeling, which may lead to high data transmission and computational loads 

and redundant data storage. Second, the data generated from connected machines often contain 

inexplicit similarities due to similar product designs and manufacturing processes. Modeling such 

inexplicit similarities remains challenging.  Third, it is unclear how to select representative data 

sets for modeling in a manufacturing network setting, considering inexplicit similarities. In this 

dissertation, a data filtering method is proposed to select a relatively small and informative data 

subset. Multi-task learning is combined with latent variable decomposition to model multiple 

connected manufacturing processes that are similar-but-non-identical. A data filtering and 

modeling framework is also proposed to filter the manufacturing data for manufacturing network 

modeling adaptively. The proposed methodologies have been validated through simulation and the 

applications to real manufacturing case studies.  
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GENERAL AUDIENCE ABSTRACT 

The advancement of the Internet-of-Things (IoT) integrates manufacturing processes and 

equipment into a network. Practitioners analyze and apply the data generated from the network to 

model the manufacturing network to improve product quality. The data quality directly affects the 

modeling performance and decision effectiveness. However, the data quality is not well controlled 

in a manufacturing network setting. In this dissertation, we propose a data quality assurance 

method, referred to as data filtering. The proposed method selects a data subset from raw data 

collected from the manufacturing network. The proposed method reduces the complexity of 

modeling while supporting decision effectiveness. To model the data from multiple similar-but-

non-identical manufacturing processes, we propose a latent variable decomposition-based multi-

task learning model to study the relationships between the process variables and product quality 

variable. Lastly, to adaptively determine the appropriate data subset for modeling each process in 

the manufacturing network, we further proposed an integrated data filtering and modeling 

framework. The proposed integrated framework improved the modeling performance of data 

generated by babycare manufacturing and semiconductor manufacturing. 
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Chapter 1.  Introduction 

The Internet-of-Things (IoT) connects manufacturing processes and equipment into a network. 

Such an advanced manufacturing network creates a data-rich sensing environment that provides 

the capability to predict and monitor multiple similar-but-non-identical manufacturing processes. 

The “similar-but-non-identical” nature studied in this dissertation is reflected as similarities of 

process models in terms of model structures and parameters (i.e., parameters in the quality process 

models). Such similarities are often from the similarities of the manufacturing process, equipment, 

configuration, recipe, machine status, product design, and performance measure. The data from 

such similar-but-non-identical processes have been widely used to improve manufacturing 

operations, including production control (Yue et al. 2018) and quality assurance (Du, Zhang, and 

Shi 2018). However, the data collected from heterogeneous manufacturing processes are usually 

challenging for data-driven decision making (Sarin et al. 2016). Among these data-driven decision-

making problems, there are several challenges which have prohibited various applications of data-

driven decision making in manufacturing networks: 1) how does one ensure the data quality for 

data-driven modeling; 2) how does one model similar-but-non-identical manufacturing processes 

considering their inexplicit similarity. Here, the data quality is defined as the information richness, 

which is measured by entropy (Gray 2011) and the performance of the data analysis results given 

specific goals (e.g., 𝑅𝑅2 of a regression modeling for a manufacturing process); 3) how to integrate 

data filtering and modeling to ensure that the data subsets filtered can meet the requirement for 

modeling different processes in a manufacturing network. 

For data quality assurance, a conforming manufacturing process often produces data with 

little variation within certain time windows. If all raw data are directly used, it will not only 

introduce a lot of noise in computation but also pose high communication and computation 
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workload in the manufacturing network. There is a lack of methods to ensure high-quality sensing 

data with minimal redundancy. For example, the babycare manufacturing process generates more 

than three million sensor data samples from only one production line over a month. However, the 

readings of the sensor data have small variations, because these sensors are repeatedly measuring 

the conforming manufacturing process during most of the time and generate similar readings. The 

research question becomes how to generate a small but information-rich subset filtered from the 

massive but redundant raw data sets in data-driven modeling.  

When modeling similar-but-non-identical manufacturing processes of the manufacturing 

network, data collected from a single process usually only carry a limited amount of information. 

One can greatly improve the generality and prediction accuracy of the models when considering 

their similarities (Wang et al. 2019). For example, in a silicon ingot growth manufacturing, each 

silicon ingot grows from a furnace using the same Czochralski (CZ) process (Fisher, Seacrist, and 

Standley 2012) with similar recipes. Multiple furnaces are typically connected to a manufacturing 

network to increase throughput. Different furnaces are subject to different degradation conditions 

and maintenance, which lead to a similar variable relationship in model structure or parameters 

(Jin et al. 2019). The heterogeneities among furnaces pose challenges to model such a 

manufacturing network for prediction and variation analysis of multivariate or profile responses. 

The research question becomes how to model the impact of the observable predictors on the quality 

response by recovering the similarity and the heterogeneity among the tasks.  

When modeling multiple manufacturing processes in a network, each equipped with 

multiple sensors jointly collecting a large amount of in situ production data (Fisher, Seacrist, and 

Standley 2012), it is computationally challenging to support efficient on-time decision-making. 

Furthermore, as furnaces are producing the same type of products given the same recipe, the data 
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collected are similar-but-non-identical for different furnaces and significant data/information 

redundancy forms. Obtaining all data for analysis is often unnecessary (Wang, Yang, and Stufken 

2019). The research question becomes how to ensure reasonable computational intensity when 

modeling multiple similar-but-non-identical processes in a manufacturing network. 

1.1 State-of-the-Art 

To generate a small but information-rich subset, the probability-based filtering for sample size 

reduction is widely used. It pre-defines the probability of preserving each observation. Two 

popular probability-based filtering methods are random sampling (Liu, Sadygov, and Yates 2004) 

and stratified sampling (Liberty, Lang, and Shmakov 2016). The randomly sampling is to apply 

uniform distribution on data to randomly select observations with equal probability. Stratified 

sample, using a time-based approach is to preserve a data observation for every few time steps, so 

that a representative observation is preserved within each window. However, the probability-based 

data filtering methods can overlook the inherent group structure of data and preserve excessive 

data from large clusters, while ignoring small data clusters. More importantly, there is only the ad 

hoc methods to determine the filtering ratio, which is the percentage of data preserved after 

filtering. This limits the effectiveness of filtering at preserving the data information and reducing 

the data size. The other research direction on data reduction is through data compression, and such 

research focuses on compressing the original data into formats, which can be 

reconstructed/recovered later on. Per Kaur, Sethi, and Singh (2015), the most important research 

directions under data compression include but not limited to Lempel-Ziv-Welch (LZW) Algorithm 

(Farach and Thorup 1998), Shannon-Fano coding (Shanmugasundaram and Lourdusamy 2011), 

bit reduction algorithm (Brar and Singh 2013), Huffman coding (Porwal et al. 2013), etc. However, 

the major limitation of applying the data compression methods is that the need for data 
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reconstruction significantly limits the minimum filtering ratio to be adopted while the 

reconstruction is not always needed for smart manufacturing network modeling.   

When modeling similar-but-non-identical processes, there are two popular strategies. The 

first strategy is to model all processes with one universal model by assuming that all processes are 

the same. One could use linear regression and its extension on incorporating regularizers, such as 

Ridge Regression (Hoerl and Kennard 1970), LASSO (Tibshirani 1996), Elastic Net (Zou and 

Hastie 2005). However, these approaches fail to consider the heterogeneities of processes for 

modeling, and their performance will suffer. The other strategy, considered to be more suitable for 

modeling similar-but-non-identical processes, applies the same structure of the models but with 

different model parameters for different processes. Classic examples of such models are 

transferred learning (Pan and Yang 2009) and multi-task learning (MTL) (Kang, Grauman, and 

Sha 2011). Specifically, transfer learning transforms a source model, which is assumed to be 

accurate, to the target process by considering the process similarities (e.g., applying low-rank 

regularizer on model parameters). However, it can be difficult to find an accurate source model to 

be transferred to other processes, especially when all processes do not have an adequate amount 

of training samples. 

1.2 Objectives 

The objective of this dissertation is to develop a systematic data filtering and modeling framework 

to ensure the data quality and improve modeling performance in a manufacturing network. The 

proposed framework can effectively improve the data quality and capture the process 

heterogeneity for smart manufacturing network modeling. The objective of this research include: 

1) investigating a methodology to reduce redundant data while ensuring the quality of the 

data sets for data analytics, such as data-driven modeling for variation analysis.  
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2) investigating a model to capture the process similarities and utilize the similar-but-non-

identical data from multiple processes in a manufacturing network for quality modeling. 

3) investigating a joint data filtering and modeling framework for quality modeling for 

multiple similar-but-non-identical processes in a network and build a fog-manufacturing 

testbed with the proposed method embedded. 

This research is important because the proposed framework can effectively model similar-

but-non-identical processes with reduced data redundancy in an information-rich environment. 

The data filtered from the massive raw data sets can effectively support the downstream modeling 

task and reduce the time latency in computation without significantly sacrificing the performance 

of the analysis. 

This dissertation is important because: 

• The data quality determines data analysis performance, such as modeling prediction 

accuracy. When there are data redundancies in the raw manufacturing data, an effective 

filtering method does not only support data-driven decision-making, such as monitoring, 

prognosis, and diagnosis but also greatly reduces the computational complexity. 

• Recovering the similarity of the manufacturing processes will significantly improve the 

modeling performance, such as prediction accuracy, generality on future data, when there 

is only a limited amount of data collected from each process.  

• Adaptively filtering and modeling similar-but-non-identical manufacturing processes in a 

network significantly reduces the communication and computation cost. Furthermore, 

building a Fog-manufacturing testbed based on the proposed method paves a promising 

way of adopting the method for IoT in manufacturing networks.  
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1.3 Organization of the Dissertation 

The remainder of this dissertation is organized as follows. Chapter 2 propose to reduce redundant 

data while ensuring the quality of the reduced data for the continuous babycare manufacturing 

process. Chapter 3 proposed a multi-task learning (MTL) framework to capture the process 

similarities and utilize the similar-but-non-identical data for an ingot growth manufacturing 

process. Chapter 4 proposed a distributed data filtering and modeling framework to model similar-

but-non-identical processes for a silicon ingot manufacturing network with a reduced 

computational and communicational load. 
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Chapter 2.  Cluster-based Data Filtering for Manufacturing Big Data Processes 

2.1 Introduction 

With the advancement of sensor and communication technologies, Industrial Internet-based 

sensing processes can collect data in high frequency over a long period of time from various 

manufacturing environments and machine settings. While such a sensing process is capable of 

collecting a massive amount of data, the data may contain redundant information, which 

significantly limits the quality and efficiency of data analysis (Kenett and Shmueli 2014, Chen and 

Jin 2018). For example, a manufacturing process may generate a lot of sensor data from 

conformance manufacturing status, where the readings of the sensors have small variation through 

process modeling or control analysis, and little information can be extracted. As a result, selecting 

a meaningful or representative subset to reduce the overall size of the data while ensuring the 

quality of the subset is important to improve the efficiency of data analysis. Here the data quality 

is strongly related to the information richness, which can be measured by entropy (Gray 2011) and 

the performance of the resulting data analysis (e.g., 𝑅𝑅2 of a trained model). It is expected that a 

small but information-rich subset filtered from the massive raw data sets can effectively support 

various data analysis tasks and reduce the time latency in computation without significantly 

sacrificing the performance of the analysis.  

The objective of this work is to reduce the sample size of manufacturing big data while 

maintaining the amount of useful information for efficient data analysis. This work is motivated 

by a continuous babycare manufacturing process, where the data were continuously collected as 

multi-dimensional time-series data. The cloud-storage is typically expensive for data from such a 

process as there will be more than three million data points collected from a single production line 

over one month. Under this motivation, we focus on proposing a method to reduce the information 
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loss (i.e., entropy loss) when data is filtered/sampled for storage. After preliminary investigation, 

we found out that within a time window (e.g., several hours or days), the manufacturing process 

produces conforming products and the data collected may contain redundant information, e.g., 

constant values with little information for manufacturing analysis. Big data with redundancy pose 

challenges to efficient data storage and timely data analysis in a continuous manufacturing process. 

We believe that a properly filtered data set can preserve the majority of the original data set's useful 

information leading to computational saving and improved data analysis performance. 

In the data reduction literature (Van Leeuwen 2007, Baraniuk 2007), reducing the size of 

data while preserving the information of data was a major focus of study. Among the most widely 

adopted approaches are probability-based filtering, which means that the probability of preserving 

an observation is pre-defined for filtering. Two popular probability-based filtering methods that 

are still widely adopted are random sampling (Clarkson and Shor 1989a, Liu, Sadygov, and Yates 

2004) and stratified sampling (Trost 1986, Liberty, Lang, and Shmakov 2016). However, 

probability-based data filtering methods often overlook the inherent group structure or clustering 

patterns among data and may easily preserve excessive data from large clusters, while ignoring 

data from small but important clusters.  

In manufacturing, similar processes and equipment can produce clusters of data having 

similar amounts of information in terms of statistical moments, like mean and variance (Yamaoka, 

Nakagawa, and Uno 1978). Filtering guided by such clustering patterns can effectively reduce the 

information redundancy by removing a large number of observations with similar information. A 

natural outcome is to incorporate data clustering into filtering (Thompson 1990), which encourages 

the selection of neighbourhood observations around the previously identified data clusters. 

Alternatively, Singh and Masuku (2014) first cluster the raw data, then select a number of large 
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data clusters to be preserved. However, one problem in the existing cluster-based filtering 

strategies is that they require clustering algorithms to be performed on the full data set and the size 

of data can easily become too large for clustering algorithms. Furthermore, as the size of data is 

reduced through filtering, the information preserved will inevitably degrade and the resulting data 

analysis performance becomes worse. In addition, existing methods do not optimize the selection 

of the filter ratio, by considering the information loss, to determine the proportion of data to be 

preserved.  

We propose an unsupervised data filtering method along with a filtering information 

criterion (FIC) to automatically determine the proportion of data preserved in filtering. The 

proposed method aims to select representative subsets from raw data. Specifically, the 

unsupervised data filtering method includes two steps. The first step is to use certain index tags, 

such as time index tags, to segment the raw data into different segments (denoted as hubs) 

whenever there is a large gap between index tag values for two adjacent data observations. We 

assume that each hub has different characteristics compared with other hubs, as large index gaps 

usually indicate manufacturing events that impact the characteristics of in situ variables. An 

example of a large index gap can be caused by equipment shutdown, and the manufacturing 

process may run under different conditions after the equipment is restarted. The second step is to 

partition each hub into clusters, extract the centroid of each cluster, and perform cluster-wise 

random sampling. The proposed two-step method can recover the clustering pattern from raw data 

and help to better preserve the information by retaining the data from each cluster with the 

determined filtering ratio. Furthermore, the computational speed will be significantly accelerated 

by performing clustering within-hubs, instead of using the full data set.  
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To determine the best filtering ratio, we propose a filtering information criterion (FIC) to 

balance a trade-off between the information preserved and the size of the filtered data set. It is 

worth mentioning that the proposed sampling method does not rely on any data distribution 

assumption while deriving the analytical form of FIC relies upon data normality assumption. 

Furthermore, although we are not considering filtering for categorical or discrete variables, we 

suggest using dummy variable transformation on them before applying the proposed method. A 

babycare manufacturing case study is used to evaluate the filtering performance based on the 

optimal filtering ratio selected by FIC. We further conducted simulation studies to processatically 

evaluate the filtering method at multiple levels of filtering ratios. The numerical results from 

studies show the promising performance of the proposed filtering method, compared with the 

benchmark methods, such as random sampling and stratified sampling.  

The rest of the paper is organized as follows. In Section 2.2, we introduce the proposed 

data filtering method and the FIC. In Section 2.3 , we perform a case study using a manufacturing 

data set to test the proposed filtering method with FIC. In Section 2.4 , we perform a simulation 

study inspired by a manufacturing data set for comparing the proposed data filtering method with 

other benchmark methods. In Section 2.5 , we provide a summary and discuss future work. 

2.2 The Proposed Data Filtering Method 

Denote the full manufacturing time-series data set as 𝑋𝑋 = {𝒙𝒙1, … , 𝒙𝒙𝑛𝑛}′  which contains 𝑛𝑛 

observations 𝒙𝒙𝑖𝑖 = �𝑥𝑥𝑖𝑖1, … , 𝑥𝑥𝑖𝑖𝑖𝑖�
′
, 𝑖𝑖 = 1, … ,𝑛𝑛. Here we assume that there are 𝑝𝑝 variables of interest 

(e.g., signals from 𝑝𝑝 sensors). Each observation 𝒙𝒙𝑖𝑖 is often associated with its index tag, denoted 

as 𝑡𝑡𝑖𝑖. For example, the index tag can be the data collection timestamp (quantitative variable) or 

current machine operational status (qualitative variable). Note that although the size of data, 𝑛𝑛, is 

usually very large, the corresponding manufacturing process conforms to specification the 
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majority of time. 𝑋𝑋� contains the raw data points or summary statistics (e.g., centroids of clusters 

for clustered data) from 𝑋𝑋, to preserve the information in a smaller size. 

Here we formulate the data filtering, 

 min
𝑋𝑋�

𝐿𝐿(𝑋𝑋�,𝑋𝑋) 

𝑠𝑠. 𝑡𝑡. |𝑋𝑋�|
𝑛𝑛
≤ 𝑟𝑟, 

(1) 

where 𝐿𝐿(𝑋𝑋�,𝑋𝑋) is a loss function, such as negative log-likelihood or entropy loss (Gray 2011), to 

quantify the information loss between the filtered data and the full data. The |⋅| is the cardinality 

of a data set, i.e., counting the sample size in the data set. Here 0 ≤ 𝑟𝑟 ≤ 1 is a tunable filter ratio, 

which represents the percentage of observations preserved after filtering.  

To filter the raw data with data clustering patterns preserved, we propose to incorporate 

clustering into the loss function (1. For example, assume that 𝑋𝑋 can be partitioned into 𝑘𝑘 clusters, 

where 𝑋𝑋 = 𝑁𝑁1⋃…⋃𝑁𝑁𝑘𝑘 . The data between different clusters are heterogeneous in terms of means, 

variance, etc. A representative subset of such data, denoted as 𝑋𝑋 = �̂�𝑁1⋃…⋃�̂�𝑁𝑘𝑘, where �̂�𝑁𝑖𝑖 contains 

either the raw data or the summary statistic of 𝑁𝑁𝑖𝑖. Therefore, we incorporate the clustering into 

Equation (1) and propose cluster-based data filtering as 

 
min

𝑋𝑋�,𝝁𝝁𝑖𝑖,𝐶𝐶𝑖𝑖,𝐶𝐶𝑖𝑖
𝐿𝐿(𝑋𝑋�,𝑋𝑋) + 𝜆𝜆� � �𝒙𝒙𝑗𝑗 − 𝝁𝝁𝑖𝑖�2

2

𝒙𝒙𝑗𝑗∈𝐶𝐶𝑖𝑖

𝑘𝑘

𝑖𝑖=1

 

𝑠𝑠. 𝑡𝑡. ∑ �𝐶𝐶𝑖𝑖�𝑘𝑘
𝑖𝑖=1

∑ |𝐶𝐶𝑖𝑖|𝑘𝑘
𝑖𝑖=1

≤ 𝑟𝑟, 

(2) 

where 𝝁𝝁𝑖𝑖 is the centroid of each data cluster and 𝜆𝜆 is the coefficient for the clustering term, 

which minimizes within-cluster distances. Here, we assume that the size of data extracted from 

each cluster is proportional to the sample size of the underlying cluster. Although the loss function 

(2) is well-defined, there are two major computational challenges when applying it to filtering. 

The first one is that the optimization problem involves solving data partitioning and sub-sampling, 

which is NP-hard (Burdakov, Kanzow, and Schwartz 2015). Furthermore, solving the multi-
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objective problem presented in loss function (2) requiring the selection of 𝜆𝜆 , which can 

significantly increase computational cost if iterative parameter tuning procedures are adopted (e.g., 

5-fold cross-validation).  

To address these challenges, we propose a heuristic data filtering approach by combining 

index-based data partition and cluster-based data sampling to divide the data into clusters and 

extract subsets of data from clusters. In the first step, we adopt the index-based data partition, 

which is computationally fast, to partition the full data into hubs and pave an efficient way to 

enable cluster-wise data filtering. In the second step, within each hub, we perform clustering and 

randomly sample each cluster of data proportionally. 

The index-based data partition consecutively partition the full data along the index tags 

into 𝑞𝑞  data hubs as 𝑋𝑋 = 𝐻𝐻1⋃…⋃𝐻𝐻𝑞𝑞 . Here, 𝐻𝐻𝑗𝑗 , where 𝑗𝑗 = 1, … ,𝑞𝑞 , are consecutive and non-

overlapping data subsets of 𝑋𝑋. The data partition (segmentation) technique has many variants, such 

as using a likelihood criterion (Guralnik and Srivastava 1999), minimum message length 

approximation (Fitzgibbon, Dowe, and Allison 2002), and landmark identification (Dikmen, Zhan, 

and Zhou 2012). Note that for manufacturing processes with index tags, it is not easy to assume 

certain probabilistic distribution properties for the index tag variable. Thus, segmentation based 

on likelihood and message length approximation are not applicable for our problem. Alternatively, 

we adopt the idea of finding landmarks (Perng et al. 2000) or perceptually important points (PIPs) 

(Zhang, Jiang, and Wang 2007) based on index tags for segmentation. 

Note that the index tag in the manufacturing data often reflects the dynamics of a 

manufacturing process. A large gap between two consecutive index tags often reflects a change in 

the manufacturing process. For example, when data collection times are used as the index tags, a 

one-hour time gap between two consecutive observations may indicate that there is a product 
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change over. The aforementioned manufacturing events can significantly vary the in situ 

conditions of manufacturing processes and generate data in hubs with heterogeneous 

characteristics. Partitioning the data based on such gaps will save the need for executing a 

clustering algorithm over the full data set, which can be very time-consuming and even intractable. 

To incorporate the information on the gaps of index tags in the proposed method, we consider 

using the second-order tag gap at 𝑡𝑡𝑖𝑖, defined as 𝛿𝛿𝑖𝑖 = (𝑡𝑡𝑖𝑖+1 − 𝑡𝑡𝑖𝑖) − (𝑡𝑡𝑖𝑖 − 𝑡𝑡𝑖𝑖−1).  

When time tags of data collection are adopted as the index tags, the second-order tag gap 

can identify the large index tag gaps, either in the time domain (the first-order information) or the 

frequency domain (the second-order information) among index tags. We consider to form the 

segments by partitioning the raw data 𝑋𝑋 at the following locations 

 {𝑗𝑗: 𝛿𝛿𝑗𝑗 ≥ 𝑞𝑞1−𝛼𝛼(𝛿𝛿1, … ,𝛿𝛿𝑛𝑛)}, (3) 
where 𝑞𝑞1−𝛼𝛼(𝛿𝛿1, … ,𝛿𝛿𝑛𝑛) is the (1− 𝛼𝛼) percentile of all 𝛿𝛿1, … , 𝛿𝛿𝑛𝑛. It means that the gap values at 

these locations are larger than the (1− 𝛼𝛼) percentile of all 𝛿𝛿𝑗𝑗's. 

For each identified hub, we use clustering to further partition the data. That is, we would 

like to have 𝑘𝑘𝑗𝑗 clusters for hub 𝐻𝐻𝑗𝑗 as 𝐻𝐻j = 𝑁𝑁1
(𝑗𝑗)⋃…⋃𝑁𝑁𝑘𝑘𝑗𝑗

(𝑗𝑗). Here we adopt the k-means clustering 

method (MacQueen 1967) to form clusters 𝑁𝑁1
(𝑗𝑗) …𝑁𝑁𝑘𝑘𝑗𝑗

(𝑗𝑗) for each hub. Specifically, the k-means 

clustering method minimizes the total within-cluster sum of squares for the clusters in a hub as 

 min∑ ∑ �𝒙𝒙𝑗𝑗 − 𝝁𝝁𝑠𝑠
(𝑗𝑗)�

2

2

𝒙𝒙𝑗𝑗∈𝐶𝐶𝑠𝑠
(𝑗𝑗)

𝑘𝑘𝑗𝑗
𝑠𝑠=1 , (4) 

where 𝝁𝝁𝑠𝑠
(𝑗𝑗) is the centroid of the cluster 𝑠𝑠 from the hub 𝐻𝐻𝑗𝑗, and ‖∙‖2 is the Euclidean norm. 

The number of clusters 𝑘𝑘𝑗𝑗 for each hub is selected to maximize the average Silhouette distance of 

all data points in the hub (Rousseeuw 1987). Given any data point 𝒙𝒙𝑖𝑖 , the Silhouette distance 

calculates the difference between the average distance of 𝒙𝒙𝑖𝑖 to the other data points in the same 

cluster and the average distance of 𝒙𝒙𝑖𝑖 to the other data points in different clusters. Finally, we 
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generate samples 𝑋𝑋�𝑠𝑠
(𝑗𝑗)  from each cluster 𝑁𝑁𝑠𝑠

(𝑗𝑗)  to form the filtered data set 𝑋𝑋� = ⋃𝑗𝑗=1
𝑞𝑞 ⋃𝑠𝑠=1

𝑘𝑘𝑗𝑗 𝑋𝑋�𝑠𝑠
(𝑗𝑗) , 

where 𝑋𝑋�𝑠𝑠
(𝑗𝑗)  consist of 100𝑟𝑟% data points randomly sampled from cluster 𝑁𝑁𝑠𝑠

(𝑗𝑗)  and the cluster 

centroid 𝝁𝝁𝑠𝑠
(𝑗𝑗). Here, the centroids are important summary statistics of clusters, and adding them to 

the filtered dataset is crucial for the proposed method to preserve representative information of 

clusters. 

The filtering ratio 𝑟𝑟 determines the degradation of data quality. For example, the entropy 

loss quantitatively measures the information loss between the raw and filtered data sets, which is 

defined as 𝐸𝐸𝐿𝐿 = 𝑡𝑡𝑟𝑟�Σ−1Σ�� − log�det�Σ−1Σ��� − 𝑝𝑝, where 𝑡𝑡𝑟𝑟(∙) is the trace operator, 𝑑𝑑𝑑𝑑𝑡𝑡(∙) is the 

determinant operator, Σ is the sample covariance matrix of the raw data set, Σ�  is the sample 

covariance matrix of the filtered data set, and 𝑝𝑝 is the number of variables in the data set.  

Determining the filtering ratio 𝑟𝑟  is not trivial. For example, in P&G babycare 

manufacturing data with a size of 𝑛𝑛 =  24915 observations and 𝑝𝑝 =  32 variables, the increase 

of loss due to the decrease of data size preserved is non-linear. In Figure 2-1, we compared the 

entropy loss acquired by random sampling under different filtering ratios. From Figure 2-1, we 

can see that the entropy loss remains stable when the filtering ratio is larger than 𝑟𝑟 = 0.2, but 

increased dramatically when the filtering ratio was smaller than 𝑟𝑟 = 0.2. As a result, 𝑟𝑟 = 0.2 may 

be considered as a good choice of the filtering ratio, since it has a balanced small filtering ratio 

with a relatively small entropy loss. We will make use of this observation to test if our proposal 

can identify the optimal filtering ratio. 
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Figure 2-1.The increase of entropy loss as the filter ratio decreases. 

In practice, the exact trade-off relationship between filter ratio and entropy loss among data 

sets may vary significantly. The filter ratio 𝑟𝑟 can be determined by users based on their experience 

and judgment. However, there lacks statistical justification behind manual selection of the filter 

ratio for achieving a good balance between the information preserved in the filtered data 𝑋𝑋� and the 

size of data preserved.  

Here we provide a statistical guide on the selection of optimal value of 𝑟𝑟. Specifically, we 

propose a filtering information criterion, denoted as FIC, as the criterion to find an optimal value 

of 𝑟𝑟. The FIC is motivated and modified from Akaike information criterion (AIC), a statistical 

model selection method (Bozdogan 1987). Assuming that the data set 𝑋𝑋 has 𝑛𝑛 observations and 

follows the normal distribution 𝑁𝑁(𝝁𝝁,Σ), with 𝝁𝝁 as the mean and Σ as the covariance matrix, then 

the log-likelihood of the full data can be written as 

 𝐿𝐿(𝑋𝑋|𝝁𝝁,Σ) = −𝑛𝑛 1
2

log|Σ|− 1
2
∑ (𝒙𝒙𝑖𝑖 − 𝝁𝝁)′Σ−1(𝒙𝒙𝑖𝑖 − 𝝁𝝁)𝑛𝑛
𝑖𝑖=1 , (5) 

up to some constant and where 

 𝑀𝑀 = 1
𝑛𝑛
∑ (𝒙𝒙𝑖𝑖 − 𝝁𝝁)(𝒙𝒙𝑖𝑖 − 𝝁𝝁)′𝑛𝑛
𝑖𝑖=1 ,  
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The original AIC is to consider the balance between the fit of the model to the data and the model 

complexity, which can be expressed as 

 𝐴𝐴𝐴𝐴𝑁𝑁�𝝁𝝁�,Σ�� = −2𝐿𝐿 + 2𝑘𝑘, (6) 

where 𝐿𝐿 is the log likelihood function and 𝑘𝑘 is the degree of freedom of the model.  

We propose to use an AIC like measure to find the optimal ratio 𝑟𝑟. To do this, we estimate 

the mean and covariance matrix from the filtered data, which are the weighted sample mean and 

sample covariance matrix from the full data 

 𝝁𝝁� = 1
𝑚𝑚
∑ 𝒙𝒙𝑖𝑖𝒙𝒙𝑖𝑖∈𝑋𝑋� = 1

𝑚𝑚
∑ 𝑤𝑤𝑖𝑖𝒙𝒙𝑖𝑖𝑛𝑛
𝑖𝑖=1 , 

Σ� =
1
𝑚𝑚 � (𝒙𝒙𝑖𝑖 − 𝝁𝝁�)(𝒙𝒙𝑖𝑖 − 𝝁𝝁�)′

𝒙𝒙𝑖𝑖∈𝑋𝑋�

=
1
𝑚𝑚�𝑤𝑤𝑖𝑖(𝒙𝒙𝑖𝑖 − 𝝁𝝁�)(𝒙𝒙𝑖𝑖 − 𝝁𝝁�)′

𝑛𝑛

𝑖𝑖=1

 

 

 

where 𝑤𝑤𝑖𝑖 ∈ {0,1}  and ∑ 𝑤𝑤𝑖𝑖𝑛𝑛
𝑖𝑖=1 = 𝑚𝑚 , then a modified AIC, denoted as filtering information 

criterion (FIC), for evaluating the quality of the filtered data can be written as 

 𝐹𝐹𝐴𝐴𝑁𝑁�𝝁𝝁�, Σ�� = −𝑙𝑙�𝑋𝑋�𝝁𝝁�,Σ�� + 2�𝑋𝑋�� 

= 𝑛𝑛𝑙𝑙𝑛𝑛𝑛𝑛�Σ�� + �(𝒙𝒙𝑖𝑖 − 𝝁𝝁�)′Σ�−1(𝒙𝒙𝑖𝑖 − 𝝁𝝁�)
𝑛𝑛

𝑖𝑖=1

+ 2�X�� 

= 𝑛𝑛 �𝑙𝑙𝑛𝑛𝑛𝑛�Σ�� + 𝑡𝑡𝑟𝑟𝑡𝑡𝑡𝑡𝑑𝑑�Σ�−1𝑀𝑀∗� + 2 �X��
𝑛𝑛
�, 

(7) 

where 𝑀𝑀∗ = 1
𝑛𝑛
∑ (𝒙𝒙𝑖𝑖 − 𝝁𝝁�)(𝒙𝒙𝑖𝑖 − 𝝁𝝁�)′𝑛𝑛
𝑖𝑖=1  

Given a pre-defined set 𝒓𝒓 = {𝑟𝑟1, … , 𝑟𝑟𝑚𝑚}, the optimal filter ratio 𝑟𝑟∗ is chosen to have the 

smallest corresponding FIC value. In the case study and simulation that follows, we will evaluate 

the performance of the proposed filtering method and the filtering information criterion. 
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Algorithm 1. Pseudo code for the proposed filtering method 

Step 1: Split raw data into hubs 𝐻𝐻𝑗𝑗 , where 𝑗𝑗 = 1, … , 𝑞𝑞, at second-order index tag gaps 𝛿𝛿𝑗𝑗∗ >

𝑃𝑃ℎ(𝛿𝛿𝑖𝑖). 

 

Step 2: Identify 𝑘𝑘𝑗𝑗 clusters within each hub 𝐻𝐻𝑗𝑗, where 𝑗𝑗 = 1, … , 𝑞𝑞, using k-means clustering and 

silhouette distance. 

 

Step 3: Randomly sample from each cluster 𝑁𝑁𝑠𝑠
(𝑗𝑗) based on the optimal filter ratio 𝑟𝑟∗: 

for each hub 𝐻𝐻𝑗𝑗, where 𝑗𝑗 = 1, … ,𝑞𝑞, do 

      for each cluster 𝑁𝑁𝑠𝑠
(𝑗𝑗), where 𝑠𝑠 = 1, … , 𝑘𝑘𝑗𝑗, do 

Randomly sample 100𝑟𝑟∗% data points and the cluster centroid 𝝁𝝁𝑠𝑠
(𝑗𝑗) from cluster 

𝑁𝑁𝑠𝑠
(𝑗𝑗). Denote these observations collectively as 𝑋𝑋�𝑠𝑠

(𝑗𝑗). 

 

Step 4: Combine the observations 𝑋𝑋�𝑠𝑠
(𝑗𝑗) , 𝑗𝑗 = 1, … ,∑ 𝑘𝑘𝑗𝑗

𝑞𝑞
𝑗𝑗=1  and form the filtered data 𝑋𝑋� =

⋃𝑗𝑗=1
𝑞𝑞 ⋃𝑠𝑠=1

𝑘𝑘𝑗𝑗 𝑋𝑋�𝑠𝑠
(𝑗𝑗). 

 

We would remark that although the derivation of FIC starts with the normal assumption, 

one can use FIC for data from the exponential family distribution with proper mean and covariance 

matrix. Note that the formulation in Equation (7) can be viewed as an information discrepancy 

between Σ� and 𝑀𝑀∗. Following this observation, it is possible to use FIC as a general guideline to 

select the optimal filtering ratio for data with proper mean and covariance matrix. The analysis of 

the case study provides further evidence on the use of FIC. 



18 

2.3 Case Study 

In collaboration with the P&G babycare manufacturing sector, we evaluate the performance of the 

proposed method. Data collected from the P&G production line has a size of 𝑛𝑛 =  24915 

observations and 𝑝𝑝 =  32 variables, including the time tag. Although the physical meanings of 

variables are not disclosed here due to the data non-disclosure agreement, we summarized the 

summary statistics and the histogram of each centralized variable in the supplementary materials. 

Typically, a manufacturing big data process can have millions of observations for analysis. This 

selected data set is to provide a representative performance evaluation in a big data environment 

for two reasons. The first reason is that some engineering-driven partition can divide a big data set 

into sub-data with smaller sample sizes for filtering. The second reason is that production engineers 

often avoid waiting until the collected data for analysis becomes big sizes, which can cause a 

significant delay in decision-making. 

The objective of this case study is two-fold. First, we demonstrate that an effective filtering 

ratio can be selected by FIC to achieve a good balance between the size of data preserved and the 

data quality. Second, we evaluate the performance of the proposed filtering method in comparison 

with several benchmark methods. 

We used the entropy loss (Gray 2011) to evaluate the entropy loss of the filtered data sets 

compared with the raw data efficiently. Two benchmark methods denoted as 𝐵𝐵𝑀𝑀1 and 𝐵𝐵𝑀𝑀2 were 

included for comparison. The 𝐵𝐵𝑀𝑀1 was random sampling (Liu, Sadygov, and Yates 2004), which 

extracts observations randomly from the full data set. The second one was 𝐵𝐵𝑀𝑀2 (Liberty, Lang, 

and Shmakov 2016) which extracts the first observation within every equally spaced and non-

overlapping time window, each of which contains sequential observations.  
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For example, given a filter ratio 𝑟𝑟 as 0.1, we extracted the first observation of every 10 

sequential observations in data. The threshold for picking the significant second-order index (time) 

gap was set at the 99.99 percentile of all the gaps in data. For example, given a filtering ratio 𝑟𝑟 and 

𝑛𝑛 data points, we stratified the raw data into approximately 𝑛𝑛𝑟𝑟 consecutive and equally sized data 

segments and preserved the first observation of each segment. 

The threshold for forming hubs by segmentation in Equation (3) set 𝛼𝛼 = 0.01. To illustrate 

the impact of different 𝛼𝛼 on gap identification, we compare the gaps above the (1- 𝛼𝛼) percentile  

with 𝛼𝛼 = 0.02, 0.01, 0.001 versus on the gaps identified in the natural log space in the Appendix 

A. To evaluate the performance of the proposed filtering method, 50 replications with 90% of 

randomly extracted data were performed on varying and fixed filtering ratios to ensure 

reproducibility. Here the time order of the randomly extracted data is preserved in each replication. 

 

 

(a) (b) 

Figure 2-2. (a)  The  mean  value  with  standard  errors  (in  vertical  solid  and  dotted  lines)  of 

the optimal filter ratio determined over 50 replications versus mean entropy loss at different filter 

ratios for all methods over 50 replications.  (b) The comparison in a boxplot of entropy loss for all 

methods using the fixed filtering ratio over 50 replications. 
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In Figure 2-2, we summarized the average entropy loss for each filtering method with 

varying (Figure 2-2 (a)) and fixed (Figure 2-2 (b)) filtering ratio. The mean value and the standard 

error of the optimal filter ratios selected by FIC for the proposed filtering method over 50 

replications are drawn as solid and dashed vertical lines, respectively in Figure 2-2 (a). It can be 

seen from Figure 2-2 (a) that both performance measures did not improve significantly when the 

filter ratio is beyond 0.4 and dropped dramatically as the filter ratio went below 0.1. As a result, 

the desirable filter ratio, which balances the quality and the size of the filtered data, should be 

between 0.1 and 0.4. In Figure 2-2 (a), the average optimal filter ratio (the vertical dotted line) was 

0.235 over 50 replications, which fit exactly into the desirable range (0.1-0.4) with very small 

standard errors. Furthermore, we observed that the cluster-based filtering method (the solid curve 

in Figure 2-2 (a) showed superior performance compared with the benchmark methods at the 

selected filter ratio. In this study, we also fixed the filtering ratio in each replication to be the 

optimal one determined by FIC using the cluster-based filtering method and compared all methods 

for 50 replications. As a summary, the boxplot in Figure 2-2 (b) shows that the cluster-based 

filtering method offers a significantly lower entropy loss than the benchmark methods did. 
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(a) (b) 

Figure 2-3. (a) The boxplots of the optimal filter ratios determined over 50 replications. (b) The 

entropy losses obtained under the optimal filter ratio over 50 replications. 

We also summarize the filtering performance for different methods when the filter ratios 

are automatically determined by FIC over 50 replications. The boxplots of the selected 

performance measures are shown in Figure 2-3. Figure 2-3 (a) shows the boxplot of the selected 

filter ratio over 50 replications. Figure 2-3 (b) shows the boxplot of the entropy loss obtained under 

the selected filter ratio over 50 replications. We can see that the proposed filtering method favored 

higher filter ratios, which were between 0.2-0.5, while the benchmark filtering methods favored 

much smaller filter ratios (0.01-0.05). As FIC jointly leverages the likelihood and the data size 

preserved, it is straightforward to see that the proposed filtering method can efficiently preserve 

the data likelihood when the filter ratio increases. On the other hand, a much smaller filter ratio is 

preferred by FIC for the benchmark filtering methods as they are less effective at preserving the 

likelihood where only decreasing the filter ratio will lead to a lower FIC score. Furthermore, 

although the cluster-based filtering method had a relatively higher filter ratio it offered much 

smaller entropy loss. We summarize that: (1). the filtering information criterion (FIC) can 

successfully help to identify the optimal filter ratio, balancing the trade-off between the selected 
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performance measures and the size of data preserved; (2). the cluster-based filtering method can 

more efficiently preserve the data likelihood compared to the benchmark filtering methods; and 

(3). the FIC will favor saving more data when the underlying filtering methods can better preserve 

the data likelihood. 

Furthermore, to show that the proposed method can be easily applied to dataset with much 

larger size, we performed hub identification using 𝛼𝛼 = 0.01 on a dataset with 𝑛𝑛 =  24,915 (the 

case study data) and a dataset with 𝑛𝑛 =  1,003,708  data points from the P&G babycare 

manufacturing process. The result is that hub identification generated data hubs in a comparably 

average size of 199.902 and 196.1811 from two datasets. Such similar hub sizes indicate that the 

scale-up of the proposed method to new data sets to the same process can be straight-forward since 

hub identification partitions raw data in significantly different sizes into similar-sized hubs for 

further processing. 

2.4 Simulation 

Besides investigating the performance of the proposed filtering method based on the real 

manufacturing data set, we further evaluated its performance in a simulation study. In particular, 

we considered varying three simulation settings: the inherent number of data clusters, the signal-

to-noise ratios, and the amount of model sparsity. To mimic the characteristics of the real 

manufacturing data set, the simulation data were generated as follows: for different settings on the 

inherent numbers of clusters, we respectively clustered the real data set into 𝑁𝑁𝑁𝑁 clusters using k-

means clustering, each denoted as 𝑋𝑋�𝑓𝑓 . Then we extracted the original time stamp for each 

observation in the cluster 𝑑𝑑 as 𝒕𝒕𝑓𝑓 and the means of all variables as 𝝁𝝁𝑓𝑓, where 𝑑𝑑 = 1, . . . ,𝑁𝑁𝑁𝑁 from 

real data. Then we simulated each data cluster with 1. 𝑋𝑋𝑓𝑓~𝑁𝑁(𝝁𝝁𝑓𝑓,Σ), 2. 𝑋𝑋𝑓𝑓~𝑁𝑁(𝝁𝝁𝑓𝑓,Σ,𝑑𝑑𝑑𝑑 = 10), 3. 

𝑋𝑋𝑓𝑓~𝑈𝑈𝑛𝑛𝑖𝑖𝑑𝑑𝑛𝑛𝑟𝑟𝑚𝑚(𝝁𝝁𝑓𝑓,Σ) in three different scenarios, 𝑋𝑋𝑓𝑓  has same size as 𝑋𝑋�𝑓𝑓 , and the regularized 
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covariance matrix Σ = �𝜎𝜎𝑖𝑖𝑗𝑗� with 𝜎𝜎𝑖𝑖𝑗𝑗 = 1 when 𝑖𝑖 = 𝑗𝑗, and 𝜎𝜎𝑖𝑖𝑗𝑗 = 0.3 when 𝑖𝑖 ≠ 𝑗𝑗. To investigate 

the different impact of covariance structure, we can investigate the results from datasets following 

t-distribution with the same covariance matrix and Uniform distribution, which did not rely on 

covariance. Finally, we aggregated all simulated clusters 𝑋𝑋𝑓𝑓 with the time stamps 𝒕𝒕𝑓𝑓 to produce 

the simulated data matrix 𝑋𝑋. 

We further created simulation models to evaluate the modeling performance. To generate 

the response variable 𝒚𝒚 we used a linear model given by 𝒚𝒚 = 𝑋𝑋�𝜷𝜷 + 𝝐𝝐, where 𝒚𝒚 = (𝑦𝑦1, … , 𝑦𝑦𝑛𝑛)′ was 

the response, 𝑋𝑋� was the simulated data matrix having all the main effect variables �𝑡𝑡,𝑥𝑥1, … , 𝑥𝑥𝑖𝑖�
′
 

in 𝑋𝑋  and the two-factor interaction terms of the main effect variables in multiplication form 

�𝑥𝑥𝑡𝑡, 𝑥𝑥1, … ,𝑥𝑥𝑖𝑖−1𝑥𝑥𝑖𝑖�
′

, 𝜷𝜷 = �𝛽𝛽𝑡𝑡 ,𝛽𝛽1, … ,𝛽𝛽𝑖𝑖,𝛽𝛽𝑡𝑡1, … ,𝛽𝛽(𝑖𝑖−1)𝑖𝑖�
′

 were the model parameters 

corresponding to main effect variables and the interaction terms, 𝝐𝝐 = (𝜖𝜖1, … , 𝜖𝜖𝑛𝑛)′ were the residual 

terms with 𝜖𝜖𝑖𝑖 = 𝑁𝑁(0,𝜎𝜎2) as independent and identically distributed. To obtain the value of 𝜷𝜷, we 

first trained a LASSO model using the real data set, and extracted the non-zero model coefficients 

as 𝜷𝜷� . Then, we randomly set 𝑀𝑀𝑀𝑀%  of main effect parameters �𝛽𝛽𝑡𝑡 ,𝛽𝛽1, … ,𝛽𝛽𝑖𝑖�
′
 and 10% of 

interaction term parameters �𝛽𝛽𝑡𝑡1, … ,𝛽𝛽(𝑖𝑖−1)𝑖𝑖�
′

 in 𝜷𝜷  as significant (non-zeros), with values 

randomly chosen from 𝜷𝜷�. Furthermore, we varied the signal-to-noise ratio (𝑀𝑀𝑆𝑆𝑁𝑁) when generating 

the error term 𝝐𝝐, where 𝑀𝑀𝑆𝑆𝑁𝑁 = 𝑣𝑣𝑣𝑣𝑣𝑣(𝑋𝑋�𝜷𝜷)
𝑣𝑣𝑣𝑣𝑣𝑣(𝝐𝝐)

, and 𝑣𝑣𝑡𝑡𝑟𝑟(∙) represents the variance. In summary, two levels 

of the three factors are shown in Table 2-1.   
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Table 2-1. Simulation Design Table 

Parameters Low High 
Signal-to-Noise Ratio (𝑀𝑀𝑆𝑆𝑁𝑁) 3 10 

Model Sparsity (𝑀𝑀𝑀𝑀) 0.3 0.7 
Number of Clusters (𝑁𝑁𝑁𝑁) 30 3 

1The same settings were applied on Normal, t, and 
Uniform distribution 

 

We evaluated the performance of the proposed filtering method with 90% of data randomly 

extracted from the raw data over 50 replications to ensure reproducibility. Same as the case study, 

We normalized all the variables in this study. Instead of optimizing the filtering ratio, we evaluate 

the performance measures when different filtering ratios are used. Specifically, we selected three 

levels of the pre-determined filtering ratios to filter the training data in each replication. The 𝛼𝛼 

value for identifying the significant second-order index gap in Equation (3) is set to be 𝛼𝛼 = 0.01. 

Then the filtered data sets were used to estimate a linear model for the evaluation goodness-of-fit. 

Five performance measures were used including entropy loss (James and Stein 1992), 𝑅𝑅2, 

adjusted-𝑅𝑅2, and CPU time for the data filtering step and the modeling step. 𝑅𝑅2 quantifies the 

goodness-of-fit for the model on the filtered training data (Cameron and Windmeijer 1996), while 

adjusted-𝑅𝑅2  (Gelman and Pardoe 2006) simultaneously evaluates the goodness-of-fit and the 

complexity of the model. Besides the previously adopted random sampling and stratified sampling 

methods, the third benchmark method was to directly use the full data set for modeling. Using the 

full data yielded zero entropy loss but not necessarily the best model performance. The simulation 

was performed on a workstation with CPU Xeon Processor E5-2687W, 3.10 GHz, 64 GB RAM. 

For the simplicity of presentation, we only include the tables of the results with varying 

inherent number of clusters in the manuscript (Table 2-2 and Table 2-3), while presenting the rest 

of tables corresponding to the other scenarios in the supplementary materials. Both tables show 
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that the proposed method significantly outperformed the two benchmark methods on entropy loss 

as the filtering ratio decreased. Furthermore, the proposed method outperformed all methods in 

comparison on 𝑅𝑅2 and adjusted-𝑅𝑅2. As the inherent number of clusters increased from 30 (Table 

2-2) to 1000 (Table 2-3), each cluster contained less data and information. As a result, the 

clustering pattern is becoming less significant in data composition and the modeling performance 

is less affected by such a pattern. However, the proposed method always outperformed the 

benchmark filtering methods for the majority of performance measures in both scenarios. Although 

the proposed filtering method took a longer time at the filtering step, it costs less than 10 seconds 

on average and was deemed as a time-efficient method by production engineers. The rest of the 

results, corresponding to the Normal, t, and Uniform distribution, show that the proposed methods 

outperformed benchmark methods at reducing entropy loss and achieving better goodness-of-fit. 

Additionally, we generated the Figure 2-4 based on the information from Table 2-2. It is 

seen that there was a significant reduction of entropy loss achieved by the proposed filtering 

method over the two benchmark filtering methods. The proposed filtering method outperformed 

the benchmark methods for the adjusted 𝑅𝑅2 as well. Such improvements became more significant 

as the filtering ratio decreased. 
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Table 2-2. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with NC =  30, MS =  0.3, and STN =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.748 0.748 − 39.664 
− (0.000) (0.000) − (0.220) 

𝐵𝐵𝑀𝑀1 
0.270 0.750 0.750 0.106 10.073 

(0.005) (0.001) (0.001) (0.008) (0.146) 

𝐵𝐵𝑀𝑀2 
0.247 0.752 0.752 0.123 10.292 

(0.004) (0.001) (0.001) (0.009) (0.223) 

Proposed 0.237 0.753 0.753 9.496 10.359 
(0.003) (0.001) (0.001) (0.178) (0.154) 

0.01 

Full Data 
− 0.748 0.748 − 39.664 
− (0.000) (0.000) − (0.220) 

𝐵𝐵𝑀𝑀1 
5.194 0.764 0.762 0.052 0.725 

(0.111) (0.005) (0.005) (0.004) (0.013) 

𝐵𝐵𝑀𝑀2 
4.987 0.768 0.765 0.051 0.745 

(0.108) (0.005) (0.005) (0.004) (0.013) 

Proposed 3.849 0.789 0.787 9.622 0.717 
(0.056) (0.006) (0.006) (0.179) (0.017) 

0.005 

Full Data 
− 0.748 0.748 − 39.664 
− (0.000) (0.000) − (0.220) 

𝐵𝐵𝑀𝑀1 
10.875 0.774 0.769 0.049 0.457 
(0.298) (0.009) (0.010) (0.003) (0.011) 

𝐵𝐵𝑀𝑀2 
10.790 0.791 0.786 0.068 0.484 
(0.281) (0.009) (0.009) (0.007) (0.010) 

Proposed 7.312 0.833 0.829 9.595 0.403 
(0.101) (0.011) (0.011) (0.176) (0.012) 
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Table 2-3. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with NC =  1000, MS =  0.3, and STN =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.750 0.750 − 39.821 
− (0.000) (0.000) − (0.169) 

𝐵𝐵𝑀𝑀1 
0.319 0.753 0.753 0.104 7.680 

(0.013) (0.001) (0.001) (0.007) (0.104) 

𝐵𝐵𝑀𝑀2 
0.261 0.752 0.752 0.129 7.589 

(0.006) (0.001) (0.001) (0.010) (0.110) 

Proposed 
0.302 0.754 0.754 10.019 7.705 

(0.013) (0.001) (0.001) (0.337) (0.096) 

0.01 

Full Data 
− 0.750 0.750 − 39.821 
− (0.000) (0.000) − (0.169) 

𝐵𝐵𝑀𝑀1 
3.836 0.785 0.782 0.050 0.721 

(0.254) (0.005) (0.005) (0.003) (0.012) 

𝐵𝐵𝑀𝑀2 
3.992 0.772 0.769 0.062 0.743 

(0.245) (0.005) (0.005) (0.007) (0.012) 

Proposed 3.203 0.792 0.789 9.994 0.649 
(0.176) (0.009) (0.009) (0.334) (0.009) 

0.005 

Full Data 
− 0.750 0.750 − 39.821 
− (0.000) (0.000) − (0.169) 

𝐵𝐵𝑀𝑀1 
6.812 0.791 0.786 0.054 0.431 

(0.478) (0.008) (0.008) (0.005) (0.010) 

𝐵𝐵𝑀𝑀2 
8.652 0.788 0.782 0.058 0.505 

(0.740) (0.010) (0.010) (0.005) (0.008) 

Proposed 5.480 0.838 0.833 9.997 0.371 
(0.363) (0.013) (0.013) (0.330) (0.009) 
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(a) Comparison of entropy loss. (b) Comparison of adjusted 𝑅𝑅2. 

Figure 2-4. (a) The means and standard errors (in black error bars) of two performance measures 

based on 50 simulation replications. 

2.5 Discussion of Cluster-based Data Filtering 

As sensor and communication technologies advance, Industrial Internet-based sensing processes 

are capable of collecting massive data for process modeling and control. However, such processes 

also generate a lot of redundant information, which significantly limits the quality and efficiency 

of the data analysis. As a result, extracting representative and high-quality data subsets is important 

to improve the efficiency of the data analysis. In this work, we proposed a filtering method and 

new criteria (FIC) to facilitate data analysis by selecting a small but effective data subset. 

Specifically, the proposed method partitions raw data into clusters and proportionally extracts a 

data subset from each cluster. The proposed cluster-based data filtering method outperformed the 

benchmark filtering methods on performance measures, such as information loss, the modeling 

goodness-of-fit in the case study, and the simulation. Furthermore, the new filtering ratio selection 

criteria (FIC) has shown its effectiveness in terms of balancing the trade-offs between the size of 

data preserved in filtering and the quality of the filtered data. 

Although we focus on reducing the sample size in this paper, we can combine the proposed 

method with other variable screening methods when both the sample size and the number of 
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variables are large. State-of-the-art variable screening methods include LASSO (Tibshirani 1996), 

Elastic Net (Zou and Hastie 2005), sure independence screening (Fan and Lv 2008). This paper 

leads to a few future research directions. Data analysis under big data environments have become 

prevalent and even sometimes necessary because of the performance requirement. However, 

efficiently utilizing big data through analysis that is both time-efficient and accurate is still a 

challenging problem. The proposed method can also facilitate internet-of-things (IoT)-based data 

collection, communication, storage and analysis. For example, as the inline data de-duplication 

(real-time data filtering for continuous data streaming), has become more popular in recent years 

(Zhou, Liu, and Li 2013), future work will focus on the conversion of the current offline data 

filtering to online. Specifically, we need to investigate when to update the filter ratio due to process 

changes, product changes, etc. Furthermore, an integer programming heuristic or relaxation 

technique (Schrijver 1998) can be derived to help directly solve the data filtering using the 

objective function in (1) so that the filtering performance may be further improved. Lastly, we will 

investigate filtering for functional data (Sun, Huang, and Jin 2017) and imaging data (Li et al. 

2019) as in situ measurement in manufacturing. 
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Chapter 3.  Multi-task Learning with Latent Variation Decomposition for Multivariate 

Responses in a Manufacturing Network 

3.1 Introduction 

A manufacturing network connects multiple similar-but-not-identical manufacturing processes via 

sensing, computation, and actuation networks (Chen and Jin 2018). For example, in the silicon 

ingot production of wafer manufacturing, each silicon ingot grows from a furnace/crucible using 

the same Czochralski (CZ) process (Fisher, Seacrist, and Standley 2012). A graphical illustration 

of the production process is in Figure 3-1. However, an ingot typically requires over 50 hours to 

produce. Multiple furnaces are typically used as a connected manufacturing network to increase 

throughput. During the ingot growth, the ingot product specifications and process settings, such as 

material composition, size or weight of ingots, temperature, pulling speed, rotation speed, and 

processing time, vary from one ingot to another (Sun et al. 2016).  Different ingot growth furnaces 

are subject to different degradation conditions and operating environments, which lead to a 

different variable relationship among the in situ process variables and product quality variables 

(Jin et al. 2019). Consequently, there are limited data from the identical CZ processes, while 

abundant data could be collected from multiple similar-but-not-identical ingots produced from 

different furnaces. On the other hand, each ingot growth process may generate in situ quality 

variables in the format of function or multivariate responses. These issues pose significant 

challenges to model such a manufacturing network for prediction and variation analysis of 

multivariate or profile responses. 



31 

 

Figure 3-1. The illustration of a silicon ingot production process (Sun et al. 2016) 

In literature, there are two major strategies to model similar-but-not-identical processes 

(e.g., furnaces). One strategy is to model all processes with the same model structure and model 

parameters. It assumes that all processes are identical. In the previous silicon ingot production, a 

logistic regression model was estimated by using the combined data sets from all ingots (Sun et al. 

2016). In literature, various prediction models, such as linear regression model, which has various 

extensions including Ridge Regression (Hoerl and Kennard 1970), LASSO (Tibshirani 1996), 

Elastic Net (Zou and Hastie 2005), are estimated by using the identical process assumption. They 

do not consider the heterogeneities among the processes and cannot reflect the heterogeneities in 

the model structures or parameters.  

The other strategy will use the same type of model with different model parameters for 

different machines. The model can be independently estimated for each machine based on its own 

data, but it may take a longer time to obtain sufficient samples. To model the data aggregated from 

different machines with heterogeneity, people proposed transferred learning and multi-task 

learning (MTL) framework. For transfer learning (Pan and Yang 2009), it designates a source 

model, which is trusted to be accurate for the source process and transfers the model with updated 

parameters to the target process by incorporating the process similarities. However, it is sometimes 

difficult to find a reliable source model, when all processes are experiencing a shortage of training 
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samples. As a result, MTL, which simultaneously models the data from all processes, is a more 

suitable framework to adopt under this case scenario.  

Specifically, MTL treats modeling the data from each process/machine as a learning task. 

There are two major types of MTL methods, which are suitable for modeling of a manufacturing 

network: feature-based MTL and parameter-based MTL. Feature-based MTL focuses on jointly 

generating or selecting features for multiple tasks. It investigates how different processes can share 

identical or similar feature representations induced from the original feature set (Obozinski, 

Taskar, and Jordan 2010, Gong, Ye, and Zhang 2013). Parameter-based MTL focuses on jointly 

estimating the model parameters for multiple tasks. Parameter-based MTL first assumes that the 

variable sets are pre-defined and remain the same across different tasks. Then similar-but-non-

identical parameters are estimated to reflect process heterogeneities, such as the low-rank 

regularization (Ando and Zhang 2005, Chen et al. 2009), cluster-wise model parameter 

regularization (Jacob, Vert, and Bach 2009, Kang, Grauman, and Sha 2011), task-relation learning 

(Evgeniou and Pontil 2004b, Parameswaran and Weinberger 2010), etc. For low-rank 

regularization, one assumes that the model parameters for multiple tasks will form a low-rank 

structure. A major limitation of the MTL methods is the assumption that the variation of the 

response variable can be fully explained by the observed predictors. When having multivariate 

response variables in different tasks, the covariance structure between the responses may not be 

fully explained by the observed variables, which makes MTL-based methods less effective.   

To address the issue of the unexplained variation, many works focus on modeling the latent 

variations of the multivariate responses. For example, principal component analysis (PCA) and its 

various variants are commonly adopted, such as smoothed FPCA (Silverman 1996), sparse FPCA 

(James, Hastie, and Sugar 2000), sparse longitudinal FPCA (Yao, Müller, and Wang 2005), multi-
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channel FPCA (MFPCA) (Paynabar, Zou, and Qiu 2016), tensor PCA (Yan, Paynabar, and Shi 

2014), sparse multi-channel FPCA (SMFPCA) (Zhang et al. 2018), etc.. This type of PCA based 

methods discovers the latent variation patterns from data. However, the heterogeneity components 

in the process modeling are often ignored. In addition, these PCA methods are unsupervised 

learning methods, which cannot be used to model a process with a response directly.  

In this work, we propose MTL with latent variation decomposition (LVD), called MTL-

LVD, to integrate the feature-based MTL framework with PCA in modeling the multivariate 

responses of multiple similar-but-non-identical processes in a manufacturing network. We use the 

MTL to model the impact from the observable predictors to the multivariate response, due to the 

similarity and the heterogeneity among the tasks. Then we add the LVD from the PCA to model 

the impact of unobservable predictors to the multivariate response and explore the latent variable 

structures. Since the total variation of the multivariate response variable could be decomposed as 

the MTL based on the observable predictors, and LVD based on the latent variables, representing 

the common unobserved variation sources across different machines from the network, the 

proposed method will model a manufacturing network closely. The simulation study and the case 

study on the silicon ingot manufacturing data has shown that MTL-LVD can discover the latent 

variation patterns for the multivariate response variable and achieves significantly better product 

quality prediction accuracy. 

The rest of the paper is organized as follows. Section 3.2 introduces the proposed MTL-

LVD framework; Section 3.3 includes a simulation study, examining the performance of MTL-

LVD on discovering the multi-dimensional latent variation terms and the model prediction 

accuracy; Section 3.4 performs a case study, illustrating the superior performance of MTL-LVD 
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on product quality forecasting based on the ingot manufacturing data; Section 3.5 draws the 

conclusion and discussed some future research directions. 

3.2 Methodology 

This section first introduces the MTL-LVD methodology under the supervised MTL framework 

using PCA for variation decomposition. Then, model parameter estimation and hyper-parameter 

tuning strategy are discussed. 

Without the loss of generality, we can assume that there are 𝑚𝑚 similar-but-non-identical 

processes and MTL-LVD is build based on the following assumption: 1) We assume that there are 

𝑚𝑚 similar-but-non-identical processes/machines in a manufacturing network and the 𝑗𝑗𝑡𝑡ℎ  machine 

is producing 𝑛𝑛𝑗𝑗 parts. 2) When building a linear model for each process, model parameters for 

multiple processes should be low-rank, due to the similarity of different machines in the 

manufacturing network. 3) There is typically latent variation in the process, which can lie in a low-

dimensional linear space, which can be represented by a few unknown bases. 

We denote the observed data for the 𝑗𝑗-th process as (𝑥𝑥𝑗𝑗 , 𝑦𝑦𝑗𝑗), where 𝑗𝑗 = 1, … ,𝑚𝑚 . The 

observable predictors 𝑥𝑥𝑗𝑗 are process setting variables or scalar features of in situ process variables. 

Collectively, the 𝑟𝑟-th response variable of the 𝑗𝑗-th process, denoted as 𝑦𝑦𝑗𝑗(𝑣𝑣), can be modeled as 

 𝑦𝑦𝑗𝑗(𝑣𝑣) = 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗 + 𝜖𝜖𝑗𝑗 ,  𝑗𝑗 = 1,⋯ ,𝑚𝑚. (8) 
Past works mainly focus on recovering 𝜷𝜷𝑗𝑗 among similar-but-non-identical processes. To 

mitigate the shortcomings on the capability of modeling multivariate responses with MTL and 

improve the modeling performance under an incomplete set of variables, we first extend the 

Equation (8) to a multivariate response MTL framework with 𝑑𝑑 responses. The observed data for 

each machine 𝑗𝑗 become (𝒙𝒙𝑗𝑗 , 𝒚𝒚𝑗𝑗), where 𝒙𝒙𝑗𝑗 = �𝑥𝑥𝑗𝑗(1),⋯ ,𝑥𝑥𝑗𝑗(𝑖𝑖)� ∈ ℝ𝑖𝑖×1 , 𝒚𝒚𝑗𝑗 = �𝑦𝑦𝑗𝑗(1),⋯ , 𝑦𝑦𝑗𝑗(𝑑𝑑)� ∈

ℝ𝑑𝑑×1, 𝑗𝑗 = 1, … ,𝑚𝑚. Furthermore, we propose to decompose the latent variation patterns into a low-
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dimensional subspace with basis denoted by 𝒗𝒗(𝑣𝑣) = (𝑣𝑣(𝑣𝑣)
1, … ,𝑣𝑣(𝑣𝑣)

𝑞𝑞)′ , 𝑟𝑟 = 1, … ,𝑑𝑑 , and the 

corresponding PCA scores as 𝒖𝒖𝑗𝑗 = (𝑢𝑢1,𝑗𝑗 , … , 𝑢𝑢𝑞𝑞,𝑗𝑗)′ , 𝑗𝑗 = 1, … ,𝑚𝑚 . In the proposed MTL-LVD 

model, we assume that the response variable 𝑦𝑦𝑗𝑗(𝑣𝑣)can be decoupled into the observable variations 

explained by the input variable 𝒙𝒙𝑗𝑗 and latent variation patterns in the latent space with basis 𝒗𝒗(𝑣𝑣) 

as 

 𝑦𝑦𝑗𝑗(𝑣𝑣) = 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗
(𝑣𝑣) + 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑣𝑣) + 𝜖𝜖𝑗𝑗

(𝑣𝑣), 𝑗𝑗 = 1,⋯ ,𝑚𝑚.  (9) 
Furthermore, 𝜷𝜷𝑗𝑗 ∈ ℝ𝑖𝑖×1 is the model coefficient and is different for each machine 𝑗𝑗. 𝜖𝜖 is 

assumed to follow the normal i.i.d distribution 𝜖𝜖𝑗𝑗
(𝑣𝑣)~𝑁𝑁(0,𝜎𝜎2). It worth noting that the assumption 

would not hurt the generalization of the proposed method since we can always use more latent 

loading vector 𝒗𝒗(𝑣𝑣) to model the non-i.i.d. variation patterns. To link the model coefficients for 

each machine 𝜷𝜷𝑗𝑗 = 1,⋯ ,𝑚𝑚,  we propose to borrow the framework from the parameter-based 

MTL, where the nuclear norm is used to enforce the low-rank structures on all model coefficients.  

Furthermore, without loss of generality, we can assume that the latent loading vectors 𝒗𝒗(𝑣𝑣) shared 

among all machines 𝑗𝑗 and is orthonormal with each other.  

Collectively, we would like to estimate the model parameters via the  

 
𝐿𝐿 = ���𝑦𝑦𝑗𝑗(𝑣𝑣) − 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗

(𝑣𝑣) − 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑣𝑣)�
2

𝑑𝑑

𝑣𝑣=1

𝑚𝑚

𝑗𝑗=1

+ 𝜆𝜆1‖𝐵𝐵‖∗ (10) 

𝑠𝑠. 𝑡𝑡.𝑉𝑉′𝑉𝑉 = 𝐴𝐴, 

where 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
�  and 𝑉𝑉′ = (𝒗𝒗(1) ⋯ 𝒗𝒗(𝑑𝑑)) . Here, 𝐵𝐵  represents model 

coefficient matrix corresponding to the predictors for 𝑑𝑑 responses and 𝑗𝑗 processes. Since processes 

under consideration are similar-but-non-identical, 𝐵𝐵 is assumed to be low rank, subject to nuclear-
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norm regularization ||𝐵𝐵||∗. Furthermore, 𝑉𝑉 is the semi-orthogonal matrix realized from 𝒗𝒗(𝑣𝑣) for 𝑑𝑑 

responses, and the semi-orthogonality is enforced by the constraint 𝑉𝑉′𝑉𝑉 = 𝐴𝐴. 

Estimating the parameters of MTL-LVD in Equation (10) is not trivial due to the 

combination of the nuclear norm, orthogonality constraint, and decomposed model coefficients 

(i.e. 𝜷𝜷𝑗𝑗
(𝑣𝑣) and 𝒗𝒗(𝑣𝑣)). We proposed the regularized regression approach together with the block 

coordinate descent algorithm to iteratively update 𝜷𝜷𝑗𝑗
(𝑣𝑣) ,  𝒖𝒖𝑗𝑗 , and 𝒗𝒗(𝑣𝑣) . The model hyper-

parameters, including 𝜆𝜆1,  which is the penalty coefficient of the nuclear-norm, and 𝑞𝑞  as the 

dimension of the latent variation term 𝑉𝑉 as shown in Equation (1), can be tuned via the five-fold 

cross-validation (CV). 

Realizing the Equation (1) considering the observational data, we denote 𝑋𝑋𝑗𝑗 =

(𝒙𝒙1,𝑗𝑗 , … ,𝒙𝒙𝑛𝑛𝑗𝑗,𝑗𝑗)′  as the design matrix, 𝑈𝑈𝑗𝑗 = (𝒖𝒖1,𝑗𝑗 , … ,𝒖𝒖𝑛𝑛𝑗𝑗,𝑗𝑗)′  as the generated PCA scores, and 

𝒚𝒚𝑗𝑗(𝑣𝑣) = (𝑦𝑦1,𝑗𝑗
(𝑣𝑣), … ,𝑦𝑦𝑛𝑛𝑗𝑗,𝑗𝑗

(𝑣𝑣))′  to be the 𝑟𝑟th response vector for the 𝑗𝑗th process, where 𝑛𝑛𝑗𝑗 is the 

number of samples for the 𝑗𝑗th process. The following constrained quadratic optimization problem 

can be used to estimate 𝐵𝐵,𝑈𝑈,𝑉𝑉.  

 

 
𝐿𝐿 = ���𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑣𝑣) −𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)�
𝐹𝐹

2
𝑑𝑑

𝑣𝑣=1

𝑚𝑚

𝑗𝑗=1

+ 𝜆𝜆1||𝐵𝐵||∗ 

𝑠𝑠. 𝑡𝑡.𝑉𝑉′𝑉𝑉 = 𝐴𝐴. 

(11) 

Finally, Equation (11) can be further written by organizing the multivariate responses in a 

matrix format as:  

 
𝐿𝐿 = � ∥ 𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗 − 𝑈𝑈𝑗𝑗𝑉𝑉′ ∥2

𝑚𝑚

𝑗𝑗=1

+ 𝜆𝜆1||𝐵𝐵||∗ 

𝑠𝑠. 𝑡𝑡.𝑉𝑉′𝑉𝑉 = 𝐴𝐴, 

(12) 



37 

where 𝑌𝑌𝑗𝑗 = (𝒚𝒚𝑗𝑗(1), … ,𝒚𝒚𝑗𝑗(𝑑𝑑)) and 𝐵𝐵𝑗𝑗 = �𝜷𝜷𝑗𝑗
(1) ⋯ 𝜷𝜷𝑗𝑗

(𝑑𝑑)�. To optimize, we propose to follow the 

block coordinate type of strategy to update 𝐵𝐵,𝑈𝑈,𝑉𝑉 iteratively until convergence. To achieve this, 

we first prove the following propositions:  

Proposition 1:  Given 𝐵𝐵, 𝑈𝑈𝑗𝑗 in Equation (12), 𝑉𝑉 can be solved in a closed form via the 

singular value decomposition (SVD) as follows: 

 
�
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

�

′

�
𝑈𝑈1𝑘𝑘−1
⋮

𝑈𝑈𝑚𝑚𝑘𝑘−1
� = 𝑅𝑅𝑅𝑅𝑊𝑊′, 

𝑉𝑉 = 𝑅𝑅𝑊𝑊′, 

(13) 

where the first 𝑞𝑞 columns in 𝑅𝑅 are used for 𝑉𝑉 = 𝑅𝑅𝑊𝑊′ if 𝑞𝑞 < 𝑑𝑑. The proposition 1 is also named 

the Procrustes rotation procedure, and the detailed proof is shown in (Zou, Hastie, and Tibshirani 

2006).  

Proposition 2:   Given 𝐵𝐵𝑗𝑗 and V in Equation (12), 𝑈𝑈𝑗𝑗 can be solved via  

 𝑈𝑈𝑗𝑗 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗�𝑉𝑉. (14) 

The proof of Proposition 2 is shown in the Appendix B.  

Proposition 3: Given 𝑈𝑈𝑗𝑗  and V  in Equation (12), 𝐵𝐵𝑗𝑗  can be solved via the proximal 

gradient descent as follows: 

  𝐵𝐵 = 𝑃𝑃 diag(𝜎𝜎�1 …𝜎𝜎�𝑚𝑚)𝑄𝑄′, (15) 

where 𝜎𝜎�𝑖𝑖 = �
𝜎𝜎𝑖𝑖 − 𝜆𝜆

0
𝜎𝜎𝑖𝑖 + 𝜆𝜆

   
𝜎𝜎𝑖𝑖 ≥ 𝜆𝜆1

−𝜆𝜆1 ≤ 𝜎𝜎𝑖𝑖 ≤ 𝜆𝜆1
𝜎𝜎𝑖𝑖 ≤ −𝜆𝜆1

, and 𝑃𝑃,𝜎𝜎𝑖𝑖 ,𝑄𝑄 can be obtained by SVD decomposition on 𝐵𝐵� =

�
𝜷𝜷�1

(1)
⋯ 𝜷𝜷�𝑚𝑚

(1)

⋮ ⋱ ⋮
𝜷𝜷�1

(𝑑𝑑)
⋯ 𝜷𝜷�𝑚𝑚

(𝑑𝑑)
� as 𝐵𝐵� = 𝑃𝑃𝑑𝑑𝑖𝑖𝑡𝑡𝑛𝑛(𝜎𝜎1 …𝜎𝜎𝑚𝑚)𝑄𝑄′  and 

𝜷𝜷�𝑗𝑗
(𝑣𝑣)

= 𝜷𝜷𝑗𝑗
(𝑣𝑣) − 𝑡𝑡1 �𝛻𝛻�𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑣𝑣) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)�
𝐹𝐹

2
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑣𝑣)� �. 
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The derivation of 𝛻𝛻�𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) −𝑈𝑈𝑗𝑗𝑉𝑉′�𝐹𝐹

2
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑣𝑣)�  is shown in the Appendix B.  

By decomposing the optimization problem into three sub-problems via the block 

coordinate descent approach, the iterative algorithm is summarized as follows: 

Algorithm 1. Optimization algorithm for solving MTL-LVD 
initialize 
   𝐵𝐵𝑗𝑗, 𝑈𝑈𝑗𝑗, 𝑉𝑉 as 𝐵𝐵0, 𝑈𝑈𝑗𝑗0, 𝑉𝑉0. 
end 

for 𝑗𝑗 = 1,2,3, … do 

   Update 𝑉𝑉 given 𝐵𝐵 and 𝑈𝑈𝑗𝑗 according to (13). 

   Update 𝑈𝑈𝑗𝑗 given 𝐵𝐵 and 𝑉𝑉 according to (14).  

   Update 𝐵𝐵 given 𝑈𝑈𝑗𝑗 and 𝑉𝑉 according to (15). 

      If 
�𝐿𝐿𝑘𝑘−𝐿𝐿𝑘𝑘−1�𝐹𝐹

2

𝐿𝐿𝑘𝑘−1
≤ 𝜖𝜖, then  

         Stop 

      end 

end 

 

Proposition 4: The proposed algorithm for solving Equation (12) can converge to a 

stationary point.   

The convergence of the block coordinate descent algorithm (BCD) can be proved by the 

monotonic decrease of Equation (12) since each BCD update would only decrease the objective 

function. Furthermore, the objective function in Equation (12) is lower bounded by zero. 

Therefore, the BCD algorithm must converge to a stationary point.  
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Finally, we would like to analyze the complexity of the proposed algorithm. Recall that 

there are 𝑚𝑚  similar-but-non-identical processes, the dimensionality of the response is 𝑑𝑑 , the 

number of samples in each process are 𝑛𝑛𝑗𝑗, the number of observed variables is 𝑝𝑝, the number of 

latent variables is 𝑞𝑞. The computational complexity of updating all parameters in each iteration 

becomes O(𝑞𝑞𝑝𝑝𝑛𝑛𝑑𝑑 + 𝑝𝑝2𝑛𝑛𝑑𝑑 + 𝑝𝑝2𝑚𝑚𝑑𝑑2 + 𝑝𝑝𝑚𝑚2𝑑𝑑). The derivation can be seen in the Appendix B. 

3.3 Simulation Study 

To evaluate the performance of MTL-LVD, we performed a simulation study to evaluate two 

performance metrics as follows: 1) The accuracy that MTL-LVD is able to recover the simulated 

orthogonal loadings of the decomposed latent variation evaluated by the plot of simulated and 

recovered loadings. 2) The prediction error of the multivariate response variable evaluated by root 

mean squared prediction errors (RMSPEs) on the testing data set (𝒚𝒚𝑗𝑗(𝑣𝑣), 𝑋𝑋𝑗𝑗): ∑ ∑ �𝒚𝒚𝑗𝑗(𝑣𝑣) −𝑑𝑑
𝑣𝑣=1

𝑚𝑚
𝑗𝑗=1

𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) −𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)�

𝐹𝐹

2
 for 𝑚𝑚 processes and 𝑑𝑑 responses. 

The settings to generate the simulation data set are summarized in Table 3-1. Assuming 

that there are eight similar-but-non-identical processes (𝑚𝑚 = 8). Within each process, there are 

eight observable variables in 𝒙𝒙𝑗𝑗 = (𝑥𝑥1,𝑗𝑗 , … , 𝑥𝑥𝑖𝑖,𝑗𝑗)′  (𝑝𝑝 = 10 ), and three variables in the latent 

variation term 𝒖𝒖𝑗𝑗 = (𝑢𝑢1,𝑗𝑗 , … , 𝑢𝑢𝑞𝑞,𝑗𝑗)′  (𝑞𝑞 = 3). Each process has 15 data points generated from 

𝒙𝒙𝑗𝑗′~𝑁𝑁(𝝁𝝁𝑋𝑋,Σ𝑋𝑋), and 𝒖𝒖𝑗𝑗′~𝑁𝑁(𝝁𝝁𝑈𝑈, Σ𝑈𝑈), where 𝝁𝝁𝑋𝑋 , 𝝁𝝁𝑈𝑈~𝑁𝑁(𝟎𝟎, 𝐴𝐴), and Σ𝑋𝑋 , Σ𝑈𝑈  are covariance matrix 

with diagonal elements as 1 and off-diagonal elements as 0.1. Additionally, each process has 𝑑𝑑 

multivariate responses as 𝑑𝑑 = 50. The underlying model used to generate the response is 

 𝑦𝑦𝑗𝑗(𝑣𝑣) = 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗
(𝑣𝑣) + 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑣𝑣) + 𝜀𝜀, (16) 

where 𝑗𝑗 = 1, … ,8, 𝑟𝑟 = 1, … ,50. The similarity of the process is simulated through the low-rank 
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structure of the model parameter matrix 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
�  of Equation (10). More 

specifically, the parameters for the observed predictors of machine 𝑗𝑗, 𝜷𝜷𝑗𝑗 = �𝜷𝜷𝑗𝑗
(1)′ ⋯ 𝜷𝜷𝑗𝑗

(𝑑𝑑)′�
′
, 

corresponds to the column 𝑗𝑗 of 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
�, which was simulated with a random 

linear combination of 𝑛𝑛  basis vectors out of 𝑚𝑚  basis vectors (Rice 1966), where 𝑛𝑛 < 𝑚𝑚 . To 

simulate the basis matrix 𝑉𝑉′ = (𝒗𝒗(1) ⋯ 𝒗𝒗(𝑑𝑑)) , where 𝒗𝒗(𝑣𝑣) = (𝑣𝑣(𝑣𝑣)
1, … ,𝑣𝑣(𝑣𝑣)

𝑞𝑞)′ , which was 

randomly generated by pseudo-spline basis implemented in GAMSEL package (Chouldechova 

and Hastie 2015) with an input vector of 𝑡𝑡𝑛𝑛𝑠𝑠𝑖𝑖𝑛𝑛𝑑𝑑( 𝒛𝒛
10

) and 𝒛𝒛 = (1, … ,50)′. The error term 𝜀𝜀 follows 

𝑁𝑁(0,Σ), and we set the signal-to-noise ratio (
𝑣𝑣𝑣𝑣𝑣𝑣𝑖𝑖𝑣𝑣𝑛𝑛𝑐𝑐𝑐𝑐�𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗

(𝑟𝑟)+𝒖𝒖𝑗𝑗′𝒗𝒗(𝑟𝑟)�

𝑣𝑣𝑣𝑣𝑣𝑣𝑖𝑖𝑣𝑣𝑛𝑛𝑐𝑐𝑐𝑐(𝜀𝜀)
) as 10.  

To evaluate the accuracy of the estimated MTL-LVD models, we compare the proposed 

method with three benchmark methods: linear regression models for every single process (Linear-

S), one linear regression model for all processes (Linear-A), and MTL with nuclear norm (MTL-

N). MTL-N has the revised loss function from Equation (10) as ∑ ∑ �𝑦𝑦𝑗𝑗(𝑣𝑣) − 𝒙𝒙𝑗𝑗′𝜷𝜷𝑗𝑗
(𝑣𝑣)�

2
+𝑑𝑑

𝑣𝑣=1
𝑚𝑚
𝑗𝑗=1

𝜆𝜆1||𝐵𝐵||∗, which models the data combined from all processes but does not consider the latent 

variation, represented by 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑣𝑣) in Equation (16).  

Table 3-1. Settings of simulation data sets 

Simulation Settings Values 
Number of Machines Simulated 8 

Length of Response 50 
Number of Samples for Each Machine 15 

Number of Observed Predictors 10 
Number of Latent Predictors 3 
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For all methods in the simulation and the case study in the next section, 5-fold CV was 

employed to tune the model hyper-parameters for all the models based on training data, including 

the penalty coefficient on the nuclear-norm (𝜆𝜆1) of MTL-N and MTL-LVD. Furthermore, the 

dimension of the latent variation term 𝑉𝑉′ for MTL-LVD is also tuned via the 5-fold CV. To ensure 

the reproducibility of the results, 50 replications were performed in the simulation study. Within 

each replication, the data are randomly partitioned in a 70-30 fashion for the training and testing 

datasets. In each replication, all models were trained based on the same training data set and tested 

for prediction accuracy in root mean squared errors (RMSEs) using the testing data set.  

Table 3-2. Averages and standard errors of RMSPEs (or MEs) from 50 simulation runs 

Method Testing RMSE 
Linear-S 1.670 

(0.264) 
Linear-A 0.334 

(0.003) 
MTL-N 0.348 

(0.004) 
MTL-LVD 0.299 

(0.004) 
 

Table 3-2 reports the average of RMSEs with standard errors (S.E.) shown in parenthesis 

based on 50 simulation replications. We can see that MTL-LVD offers a better prediction 

performance than all three benchmark models. Specifically, Linear-S has a significantly higher 

prediction error due to the limited amount of sample size for model training, since only the data 

from a single process are used. In the meantime, Linear-A has a much smaller prediction error by 

aggregating the samples from all similar-but-non-identical processes. However, neither of these 

two models consider the heterogeneity among processes when the data are aggregated. Using the 

MTL framework with nuclear norm (MTL-N) to fit different sets of model parameters for different 

processes, the prediction error can be further reduced. However, MTL-N was not capable of 
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capturing the unexplained latent variation, which was simulated by the 𝒖𝒖𝑗𝑗′𝒗𝒗(𝑣𝑣)  term in data 

generator of Equation (16). As a result, the MTL-N was outperformed by the proposed method 

MTL-LVD, which achieves the lowest prediction error among all methods tested. 

Another purpose of the simulation is to validate whether the MTL-LVD can discover the 

latent variation, which can only be explained by the latent variation term. Specifically, we would 

like to test if MTL-LVD can recover the true basis structure simulated in the latent variation term 

( 𝒗𝒗(𝑣𝑣)  in Equation (9)), which has three simulated basis vectors aggregated as 𝑉𝑉 =

(𝒗𝒗(1) 𝒗𝒗(2) 𝒗𝒗(3)). We generated Figure 3-2 to compare the true values of three basis vectors in 

𝑉𝑉 as solid lines and the recovered values by MTL-LVD as dotted lines. One can observe that MTL-

LVD is able to recover the overall trends of all three basis vectors. In summary, the proposed 

MTL-LVD has the capability to achieve the best prediction accuracy while recovering the multi-

dimensional latent variation. 
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Figure 3-2. The true values of the three basis vectors simulated (the solid line) and the 

correspondingly recovered basis vectors by MTL-LVD (the dotted line) 

3.4 Case Study  

The CZ ingot growth process produces monocrystalline silicon ingots is both costly and time-

consuming (Fisher, Seacrist, and Standley 2012). There can be various types of defects occurred 

on the ingots during manufacturing, such as the growth of a polycrystalline ingot when the 

monocrystalline ingot is desired (Sun et al. 2016). Therefore, it is important to model the 

relationship between the product quality variable and the process variables to understand how the 

process variables can impact the product quality. In this case study, the response variable is the 
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diameter of the continuously formed circular ingot surfaces, which are then moving-averaged into 

multivariate response vectors of length 50 for all ingot samples (𝑑𝑑 = 50 in Equation (9)). 10 

process variables are generated as the summary statistics of the in situ process variables (𝒙𝒙𝑗𝑗′ ∈ ℝ10 

in Equation (9)), with the variable names omitted due to the confidential concerns. Among the five 

different manufacturing processes (furnaces), we had the data of 13, 19, 19, 21, and 25 ingots, 

respectively. Each ingot is treated as a sample. Table 3-3 summarizes the data setting of the crystal 

silicon growth process case study.  

Similar to the simulation study, we compare the MTL-LVD with three representative 

benchmarks: Linear-S, Linear-A, and MTL-N. 50 replications were performed in the case study 

with the data from 5 furnaces randomly partitioned in a 70-30 fashion into the training and testing 

datasets within each replication with the same 5-fold CV to select tuning parameters as in the 

simulation studies.  

Table 3-3. Settings of data from the ingot growth manufacturing 

Settings Values 
Length of Response  50 

Number of Observed Predictors 10 

Sample Size for Furnace 1 13 

Sample Size for Furnace 2 19 

Sample Size for Furnace 3 19 

Sample Size for Furnace 4 21 

Sample Size for Furnace 5 25 
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Table 3-4. Averages and standard errors of RMSPEs (or MEs) from 50 replications in the case 

study 

Method Testing RMSE 
Linear-S 7.454  

(1.478) 
Linear-A 3.129  

(0.143) 
MTL-N 1.075  

(0.119) 
MTL-LVD 0.565  

(0.008) 
 

 

Figure 3-3. The variance of responses data across five manufacturing processes for 50 responses 

(index 1-50) versus the value of 𝑉𝑉 (the model parameters for latent variation term) 

Finally, we will still use RMSE to evaluate the prediction accuracy and the result of the 

prediction error is summarized in Table 3-4. The proposed MTL-LVD has a significantly better 

performance on predicting the diameter of the silicon ingot surface than the three benchmark 

models did over replications. Linear-S has the largest prediction error mainly because separately 

modeling each process will suffer from the effect of a small training data set. Linear-A has a much 

smaller prediction error comparing with Linear-S, since Linear-A aggregates the samples from 
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five similar-but-non-identical furnaces to increase the training sample size of the model. However, 

neither of these two models consider heterogeneities among different manufacturing processes. 

Using the MTL framework with nuclear norm (MTL-N), we can fit similar-but-non-identical 

models for multiple processes (furnaces) in the network. As a result, the prediction error was 

greatly reduced. Similar to the result of the simulation study, MTL-N could not capture the 

unexplained variation by the observed variables. As a result, introducing the latent variation term 

in MTL-LVD significantly reduced the prediction error on the testing data. 

Furthermore, similar to the simulation study, to demonstrate the usefulness of the latent 

variation term in MTL-LVD, we show the relationship between the parameters of the latent 

variation term (𝒗𝒗(𝑣𝑣) in Equation (9)) and variation of the multivariate response (𝑦𝑦𝑗𝑗(𝑣𝑣) in Equation 

(9)) in Figure 3-3. Specifically, 𝒗𝒗(𝑣𝑣)  is determined to be one dimensional by 5-fold CV and 

becomes a scalar value for each response, so that in total, we have 𝑉𝑉′ = (𝑣𝑣(1), … , 𝑣𝑣(50)) for 50 

responses. We expect that 𝑣𝑣(𝑣𝑣) should become a larger non-zero value as the variance of 

𝑦𝑦𝑗𝑗(𝑣𝑣)increases to help to capture the unexplained variance by the observable variables. In Figure 

3-3, the variances of the first few responses are large, which shows that the variations introduced 

by different furnaces are large at the initial manufacturing stages (i.e., for the first a few hours of 

the process). The variation gradually decreased after the initial stages and stayed at a low level 

towards the end of the process. Correspondingly, we also observed that the parameters of the latent 

variation term were large at the initial stages and decreased afterward. The pattern of the parameter 

values ensembles the patterns of response variances. The instability at the beginning stages of ingot 

formation in the CZ process is perhaps due to an unstable polysilicon melting can lead to variations 

in oxygen concentration at the early stages of different ingot formation (Pascoa 2014). In summary, 

the latent variation term in MTL-LVD can help the observed variables to capture the variation 
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introduced during the data aggregation of multiple similar-but-non-identical manufacturing 

processes. As a result, the prediction performance of MTL-LVD can be significantly improved. 

3.5 Conclusion of MTL-LVD 

Although machine learning methods require sufficient training data samples to generate a model 

with good prediction performance, such a sample size requirement can hardly be fulfilled in many 

manufacturing applications. In this research, we studied a motivating case of modeling the crystal 

silicon ingot manufacturing, which requires the furnace to be maintained at a temperature of 

approximately 1500 degrees Celsius over 50 hours. Due to the high cost of the production, the in 

situ manufacturing data and silicon ingot quality data can only be collected from a few silicon 

ingots from a furnace at a time. In this work, we incorporated a variation decomposition approach 

to model the latent variation, which cannot be captured by the observable variables, into the 

feature-based MTL. Furthermore, we generalized the proposed methodology into a multivariate 

response and MTL model, which is capable of modeling multivariate responses monitored across 

multiple similar-but-non-identical processes (e.g., furnaces). The simulation study and the case 

study have shown that MTL-LVD can not only recover the latent variation among data of similar-

but-non-identical processes but also offer significantly better accuracy on predicting the 

multivariate response.  

There are several future research directions on MTL-LVD that deserve further 

investigations. The first one is incorporating different regularization terms into MTL-LVD based 

on different engineering perceptions/assumptions of the underlying problems. For example, 𝑙𝑙1-

norm can be applied to replace the nuclear norm in the MTL-LVD to perform variable selection 

and filter out the sensor signals, which are not strongly correlated with the responses (Tibshirani 

1996). Another research direction can be using the model parameters of the latent variation term, 
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which reflects the commonality of machines, to perform process monitoring. Such a learned 

commonality can also be continuously updated and become more accurate with incoming samples. 
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Chapter 4.  Distributed Data Filtering and Modeling for Fog Manufacturing 

4.1 Introduction 

The Cloud Computing (Wang, Zhang, and Jin 2020) has significantly improved manufacturing 

productivity and flexibility, ensured product quality, and reduced the manufacturing cost. Fog 

Computing extends the Cloud Computing paradigm close to the “Edge” of the manufacturing 

network (Wang, Zhang, and Jin 2020), i.e., near the manufacturing equipment, processes and data 

(Sun et al. 2016), thus improving the performance of runtime metrics, such as time latency of the 

computation services and the communication bandwidth utilization (Zhang et al. 2019). In this 

paper, Fog is defined as low-cost computation devices, including Edge and other devices between 

Edge and Cloud (Jin, Yan, and Lee 2020). A Fog Manufacturing process applies both Fog and 

Cloud Computing cooperatively collaboratively and integrates manufacturing equipment and 

processes into an interconnected network through sensing, actuation, and computation nodes 

(Zhang et al. 2019). Specifically, most of the computation services, such as process modeling, 

monitoring, diagnosis in manufacturing, are provided by using both Fog and Cloud to perform data 

analysis and facilitate decision-making in manufacturing. Such Fog Manufacturing (Zhang et al. 

2019) provides promise on reliable and responsive computation services, with the potential for 

privacy preservation to process data in local computation units. However, due to the relatively 

limited communication bandwidth to Cloud and computation capabilities of Fog nodes, a large 

amount of data from the manufacturing network lead to significant computation time latency for 

data analysis (Bonomi et al. 2012). 
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Figure 4-1. A schematic of a crystal growth furnace network: the network of multiple furnaces 

(left) and the internal structure of each one (right) (redrawn with authors’ permission) (Sun et al. 

2016) 

Taking an ingot growth manufacturing network as an example (Sun et al. 2016), there are 

multiple ingot growth furnaces equipped with sensors jointly collecting a large amount of in situ 

data (Fisher, Seacrist, and Standley 2012). Figure 4-1 shows the facilities of the manufacturing. 

Specifically, the sensors on each furnace record more than thousands of multivariate observations 

per ingot. As more processes are connected in the manufacturing network, it is challenging to 

analyze all the data since the Fog nodes have limited computation capabilities, while the 

transmission of all data to Cloud will pose significant time latency. Thus, the current computation 

network cannot provide computation services in a timely manner. As a result, decisions in 

prediction, change detection, root cause diagnosis, cannot be completed by deadlines, and the 

manufacturing process yields poor quality and production control performances. Second, data 

privacy is another issue when sending data to the Cloud. Even with the 5G communication when 

the time latency is no longer a challenge in the near future (Cao et al. 2018), sending all data to 

Cloud will release manufacturing data containing Intellectual Property and Know-How of the 
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enterprises (e.g., process recipe, part design, and product quality). Third, the computation will 

become risky in the event of communication loss to Cloud, which cannot provide reliable 

computation results.  

As a result, there is a need to generate small but informative data to provide affordable 

computational cost for Fog nodes and reduce the communication workload to Cloud. This game-

changing opportunity lies in the similarity of the manufacturing processes, from the same ingot 

growth furnace configuration, comparable machine status, and maintenance, to similar recipe used 

in producing the same type of products. The data collected from such a “similar-but-non-identical” 

manufacturing process will have similarities of process models in terms of model structures and 

parameters (i.e., parameters in the quality process models) and significant information redundancy 

(Wang, Yang, and Stufken 2019). Such similarities are often from the similarity of the 

manufacturing process, equipment, configuration, recipe, machine status, product design, and 

performance measure.  Reducing the same size by depressing the information redundancy becomes 

a potential solution.  

There are existing data filtering methods, also known as “subsampling”, studied as a useful 

tool to extract small but informative data subsets in manufacturing. However, obtaining a suitable 

sample size for analysis can be a nontrivial question. A large amount of data will create 

communication and computational challenges, while a small data set will affect the data analysis 

performance. Therefore, existing methods often apply data filtering before analysis without 

knowing if the sample size filtered is appropriate for analysis. As a result, there is no guarantee 

that the filtering will result in a suitably sized data subset for data analysis. Furthermore, it is still 

an open question to utilize the similarities of the same types of processes (e.g., ingot growth) to 

reduce the sample size required for estimating the model of each process. 



52 

The objective of this research is to integrate the data filtering and modeling for Fog 

Manufacturing with similar-but-non-identical processes. Other data analysis, such as process 

monitoring, root cause diagnosis, and prognosis, are out of the scope of this paper. Furthermore, 

although the same type of manufacturing processes may not be guaranteed to have similar input-

output variables relationship, modeling the same type of processes with dramatically different 

variable relationships is out of the scope of this study. To tackle the knowledge gaps of the state-

of-the-art, we proposed a distributed data filtering and modeling (DDFM) method. Specifically, 

the proposed DDFM method penalizes the sample size used for model estimation to reduce the 

computational cost. Additionally, the DDFM method penalizes heterogeneities between the 

individual model of each process and the network baseline model to incorporate the process 

similarity assumption. Here, the network baseline model reflects the commonalities in model 

structures among processes and warm-starts the model estimation of each process to reduce the 

data size required. To accelerate the computation of the proposed method, we propose a heuristic 

algorithm that distributes the filtering and modeling of each process in each Fog Node.  

The DDFM method will effectively reduce the sample size and ensure computation 

performances because it automatically and adaptively determines the sample size extracted from 

each process with no prior knowledge required. Furthermore, the DDFM enables information 

sharing across the models of different processes in Fog Manufacturing in a sensible way for 

improved computation performance. The most informative samples from similar-but-non-identical 

processes will be identified to estimate a network baseline model.  

A simulation study and a real Fog Manufacturing testbed for the ingot growth 

manufacturing have been used to validate the DDFM method. The benefit of the proposed method 

is two-fold. First, the proposed method is easy to be embedded in Fog Manufacturing for process 
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modeling with a reduced computational cost. Second, compared with all benchmark filtering 

algorithms, the proposed method generated the most cost-effective modeling performance (i.e., the 

smallest modeling error with the same sample size filtered from the Fog Manufacturing). 

We organize the rest of the paper as follows. In Section 4.2, we review the existing work 

of data filtering and modeling. In Section 4.3, we introduce the proposed data filtering and 

modeling formulation and its estimation algorithm. In Section 4.4, we perform a simulation study 

to evaluate the performance of the proposed method under varying simulation settings. In Section 

4.5, we perform a case study using a silicon ingot manufacturing network with the proposed 

algorithm implemented in Fog manufacturing testbed. In Section 4.6, we provide a summary and 

discuss future work. 

4.2 Literature Review 

Data analytics in manufacturing, such as process modeling, quality prediction, process monitoring, 

and process control, have been widely adopted. To meet the demands of various data analytics 

tasks, people have integrated a variety of data analytics algorithms as computational service 

platforms. Existing works on computational services include but not limited to the Berkeley data 

analysis system (BDAS) (Stoica et al. 2017), Cloud-based industrial automation (Hegazy and 

Hefeeda 2014), machine learning-based natural language processing (NLP) services (Staar et al. 

2018), healthcare services (Sutton et al. 2018), etc.  

Among the data analytics algorithms used for computation services, regression is one of 

the most popular methods to model manufacturing processes or networks. Along this direction, 

the state-of-the-art approaches include Ridge Regression (Hoerl and Kennard 1970), LASSO 

(Tibshirani 1996), Elastic Net (Zou and Hastie 2005), sure independence screening (Fan and Lv 

2008), etc. However, these methods mainly concentrate on stand-alone processes, which are 
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inefficient when there are multiple same types of manufacturing processes connected in a network. 

Therefore, as the scope scales up to modeling the manufacturing network, we often assume that 

those connected processes have similar-but-non-identical model structures and parameters 

(Evgeniou and Pontil 2004a). Effectively capturing such similarities in modeling often leads to 

better modeling performance. To model those processes, researchers proposed transferred learning 

(Pan and Yang 2009) with applications in wafer defect-recognition (Yu, Shen, and Zheng 2020), 

wastewater treatment (Wang et al. 2018), and multi-task learning (MTL) (Obozinski, Taskar, and 

Jordan 2010), with applications in MRI data analysis (Gong, Ye, and Zhang 2013) and thermal 

field estimation for grain storage (Wang et al. 2019). As the sample size grows, however, the 

existing modeling methods often create significant computational and data transformation 

challenges since it requires to aggregate all information from each process together. Such 

challenges become greater as more processes are involved. 

Significant efforts in modeling methods are to study how to incorporate data reduction for 

modeling when the sample size needs to be reduced before analysis. The most generally purposed 

sampling methods (not only for modeling) are uniform sampling, which extracts observations with 

a uniformly distributed probability. The most popular uniform sampling methods include random 

sampling (Clarkson and Shor 1989b, Liu, Sadygov, and Yates 2004, Chen et al. 2013) and 

stratified sampling (Trost 1986, Liberty, Lang, and Shmakov 2016, Wu et al. 2015). When a 

regression model is designated as the down-stream task following sampling or filtering, people 

study how to better preserve the information in the design matrix (i.e., input variable for regression) 

for model estimation with the least variation. The research along this direction includes 

information-based uniform sampling for regression (Drineas et al. 2011), leveraging-based 

sampling for regression (Ma and Sun 2015, Ma, Mahoney, and Yu 2015, Drineas et al. 2012), etc. 
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Among these works, the state-of-the-art method is information-based optimal subdata selection 

(IBOSS) (Wang, Yang, and Stufken 2019), which has low computational intensity and extract 

information-rich data subset for modeling. In the experimental study, IBOSS outperforms the past 

benchmark filtering methods on modeling performance. The idea of IBOSS is similar to the 

optimal experimental design (Kiefer 1959), which extracts the observations with extreme values 

to maximize the information preserved.  

The major drawback of the existing filtering methods for modeling is that they are always 

performed before the modeling step. As a result, the pre-determined data subset sizes in the 

filtering step are weakly associated with modeling requirements. When using these filtering 

methods for modeling, the filtered data subset might not always yield satisfactory modeling 

performance, which should be addressed. 

4.3 The Proposed Data Filtering Method 

We proposed the DDFM method for modeling a manufacturing network in Fog Manufacturing 

that can automatically determine the filtering ratio, i.e., the percentage of observations filtered 

from the raw data, based on modeling performance. We assume that the 𝐾𝐾 processes studied are 

similar-but-non-identical, so they hold similar process input-output relationships and result in 

similar model parameters. The commonalities among these processes, referred to as a network 

baseline model, can be estimated to serve as warm-start when estimating the individual model for 

each system to reduce the data usage in Fog Manufacturing. Denote predictors in observation 𝑖𝑖 as 

𝒙𝒙𝑖𝑖𝑘𝑘 ∈ ℝ𝑖𝑖+1  and the response as 𝑦𝑦𝑖𝑖𝑘𝑘 ∈ ℝ1 for Process 𝑘𝑘 = 1, … ,𝐾𝐾 , then we assume 𝒙𝒙1𝑘𝑘  and 𝑦𝑦𝑖𝑖𝑘𝑘 

follow a linear relationship as 

 

 𝑦𝑦𝑖𝑖𝑘𝑘 = 𝒙𝒙𝑖𝑖𝑘𝑘
′𝜷𝜷𝑘𝑘 + 𝜖𝜖𝑘𝑘  , 𝑖𝑖 = 1, … ,𝑛𝑛𝑘𝑘 , (17) 
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where where 𝜷𝜷𝑘𝑘 ∈ ℝ𝑖𝑖+1  denote the model parameters for process 𝑘𝑘 , and the residual 

𝜖𝜖𝑘𝑘~𝑁𝑁𝑛𝑛𝑟𝑟𝑚𝑚𝑡𝑡𝑙𝑙(0,𝜎𝜎𝑘𝑘2). We validated the normality assumptions in Figure C1 of the Appendix C and 

similarities among processes in Figure C2 of the Appendix C.  

Let 𝑤𝑤𝑖𝑖  be the indicator variable that equals 1 if observation (𝒙𝒙𝑖𝑖𝑘𝑘,𝑦𝑦𝑖𝑖𝑘𝑘) is filtered and 0 

otherwise, the filtering for all 𝐾𝐾 processes can be formulated as 
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≤ 𝑟𝑟𝑘𝑘  for 𝑘𝑘 = 1, … ,𝐾𝐾, 

(18) 

 

where 0 ≤ 𝑟𝑟𝑘𝑘 ≤ 1 is the filtering ratio for Process 𝑘𝑘. However, several challenges exist when 

applying Problem (18) for modeling with filtered data. The first one is that practitioners have to 

manually define 𝑟𝑟𝑘𝑘 ,𝑘𝑘 = 1, … ,𝐾𝐾  based on their subjective judgment. Furthermore, the above 

formulation does not consider the similarities of the models estimated for different manufacturing 

processes. Enforcing the similarities for model parameter estimation often leads to improved 

modeling performance (Gross and Tibshirani 2016).   

To address the above challenges, we propose to estimate model parameters based on 

filtered data with automatically determined filtering ratio 𝑟𝑟𝑘𝑘  for different processes in the network. 

To enforce model similarities among processes, we propose to incorporate commonalities of the 

model parameters shared across processes into the estimation. We denote such commonalities as 

the network baseline model with parameters 𝜷𝜷′ ∈ ℝ𝑖𝑖+1. Then, we enforce the similarities between 

the model parameter vector of each process 𝜷𝜷𝑘𝑘 and 𝜷𝜷′, so that 𝜷𝜷′ warm-starts estimation of 𝜷𝜷𝑘𝑘 to 
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reduce the sample size required. In summary, we refer to the proposed method as the distributed 

data filtering and modeling (DDFM) with the objective function presented in Problem (18). The 

estimation for the network baseline model 𝜷𝜷′ and the model for each process, 𝜷𝜷1, … ,𝜷𝜷𝐾𝐾  can be 

written as: 

 
arg min
𝜷𝜷′,𝜷𝜷1,…,𝜷𝜷𝐾𝐾

��𝑤𝑤𝑖𝑖𝑘𝑘
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𝐾𝐾
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 (19) 

 

where |⋅|1 is the 𝑙𝑙1 norm, 𝜆𝜆1 and 𝜆𝜆2 are the tunable hyperparameters to balance the weight of three 

terms in Problem (19). Incorporating the 𝑙𝑙1-norm enforces the difference between the network 

baseline model parameters (𝜷𝜷′) and individual process model parameters (𝜷𝜷𝑘𝑘).  

Although Problem (19) is well-defined, several issues remain challenging. The first one is 

that obtaining an exact solution of Problem (19) can be computationally expensive or infeasible, 

mainly due to the presence of determining all binary variables of 𝑤𝑤𝑖𝑖𝑘𝑘  (Burdakov, Kanzow, and 

Schwartz 2015). Furthermore, the tuning process of  𝜆𝜆1 and 𝜆𝜆2 can also become computationally 

expensive (e.g., through cross-validation). To address these challenges, we proposed a scalable 

heuristic, suitable for distributed computation in Fog Manufacturing, for the DDFM method.  

The heuristic algorithm contains two steps: 1) estimating the network baseline model 

parameter 𝜷𝜷′; and 2) estimating the individual model parameter 𝜷𝜷𝑘𝑘 for each process. In both steps, 

the heuristic adopts IBOSS (Wang, Yang, and Stufken 2019), the state-of-the-art model-based 

filtering for modeling method, to reduce the computational complexity. For Process 𝑘𝑘, IBOSS 

proceeds as follows: For each variable, it selects 2𝑠𝑠 observations with 𝑠𝑠 smallest and 𝑠𝑠 largest 

values of the underlying variable, then it removes the previously selected samples and moves to 
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the next variable. IBOSS repeats such a selection process for all 𝑝𝑝 variables (without the intercept 

term). If there are 𝑛𝑛�𝑘𝑘 amount of observations to be extracted from Process 𝑘𝑘, then 𝑠𝑠 = 𝑛𝑛�𝑘𝑘

2𝑖𝑖
.  

When estimating 𝜷𝜷′, the heuristic uses data-shared Lasso (Gross and Tibshirani 2016), 

which proposes that any 𝜷𝜷𝑘𝑘 can be generated as 𝜷𝜷𝑘𝑘 = 𝜷𝜷′ + ∆𝑘𝑘 . Such a formulation makes 𝜷𝜷′ the 

ideal estimator for the network baseline model. Denote the filtered data set from each process as 

(𝑋𝑋�𝑘𝑘 ∈ ℝ𝑛𝑛�𝑘𝑘×(𝑖𝑖+1),𝒚𝒚�𝑘𝑘 ∈ ℝ𝑛𝑛�𝑘𝑘) from the raw data (𝑋𝑋𝑘𝑘 ∈ ℝ𝑛𝑛𝑘𝑘×(𝑖𝑖+1),𝒚𝒚𝑘𝑘 ∈ ℝ𝑛𝑛𝑘𝑘 ), 𝜷𝜷′ is estimated as 

part of 𝜷𝜷 = (𝜷𝜷′,𝜷𝜷1, … ,𝜷𝜷𝐾𝐾) as 

 

 𝜷𝜷 = argmin
𝜷𝜷

1
2
�𝑦𝑦� − �̂�𝑍𝜷𝜷�2

2
+ ‖𝜷𝜷‖1, (20) 

 

where �̂�𝑍 = �
𝑋𝑋�1 1

𝐾𝐾
𝑋𝑋�1 … 0

⋮    
𝑋𝑋�𝐾𝐾 0 … 1

𝐾𝐾
𝑋𝑋�𝐾𝐾

�, 𝒚𝒚� = �𝒚𝒚�1′, … ,𝒚𝒚�𝐾𝐾′�
′
, where is the data subset filtered from 

Process 𝑘𝑘. As data-shared Lasso adopts 𝑙𝑙1-norm-based regularization, it only requires a small 

amount of data from each process to estimate 𝜷𝜷′ (Gross and Tibshirani 2016). To estimate 𝜷𝜷′ with 

minimal computational complexity, we adopt IBOSS with 𝑟𝑟 = 1 for (𝑋𝑋�𝑘𝑘,𝒚𝒚�𝑘𝑘), where 𝑘𝑘 = 1, … ,𝐾𝐾 

Given 𝜷𝜷′, the heuristic applies IBOSS to estimate 𝜷𝜷𝑘𝑘 using Equation (21) as 

 

 𝜷𝜷𝑘𝑘 = argmin
𝜷𝜷𝑘𝑘

�𝒚𝒚𝑘𝑘 − 𝑋𝑋�𝑘𝑘𝜷𝜷𝑘𝑘�2
2

+ ‖𝜷𝜷′ − 𝜷𝜷𝑘𝑘‖1, (21) 
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with iteratively increased values of 𝑠𝑠 for IBOSS, until the change of 𝜷𝜷𝑘𝑘 between two consecutive 

iterations drops below a pre-defined threshold (i.e., (𝜷𝜷𝑠𝑠𝑘𝑘-𝜷𝜷𝑠𝑠−1𝑘𝑘 )/𝜷𝜷𝑠𝑠−1𝑘𝑘 < 1𝑑𝑑−3 between iteration 𝑠𝑠 

and 𝑠𝑠 − 1 (Neese 2018)). 

We summarized the heuristic in Algorithm 2. Here we observe that the estimation of 𝜷𝜷𝑘𝑘 in 

Step 2 can be easily distributed to each individual process with the dedicated Fog nodes. Therefore, 

we can implement the proposed DDFM in the Fog Manufacturing, which will be illustrated in 

detail in Case Study 

 

 

 

 

 

 

Algorithm 2. Pseudocode for the Distributed Filtering and Modeling Heuristic 

Initialize 𝜷𝜷′: 
Step 1 (For 𝜷𝜷′ of the network):  
�𝑋𝑋�1,𝒚𝒚�1�, … , �𝑋𝑋�𝐾𝐾 ,𝒚𝒚�𝐾𝐾� = 𝐴𝐴𝐵𝐵𝐼𝐼𝑀𝑀𝑀𝑀(𝑋𝑋1,𝒚𝒚1, 1), … , 𝐴𝐴𝐵𝐵𝐼𝐼𝑀𝑀𝑀𝑀(𝑋𝑋𝐾𝐾 ,𝒚𝒚𝐾𝐾 , 1) 

�̂�𝑍 = �
𝑋𝑋�1

1
𝐾𝐾
𝑋𝑋�1 … 0

⋮    
𝑋𝑋�𝐾𝐾 0 … 1

𝐾𝐾
𝑋𝑋�𝐾𝐾
�, 𝒚𝒚� = �𝒚𝒚�1′, … ,𝒚𝒚�𝐾𝐾′�

′
 

𝜷𝜷 = (𝜷𝜷′,𝜷𝜷1, … ,𝜷𝜷𝐾𝐾) = argmin
𝜷𝜷

1
2
�𝑦𝑦� − �̂�𝑍𝜷𝜷�2

2
+ ‖𝜷𝜷‖1  

Step 2 (For Process 𝑘𝑘 = 1, … ,𝐾𝐾):  
𝑟𝑟 = 1 
Do Until (𝜷𝜷𝑣𝑣𝑘𝑘-𝜷𝜷𝑣𝑣−1𝑘𝑘 )/𝜷𝜷𝑣𝑣−1𝑘𝑘 < 1𝑑𝑑−3 : 

𝑋𝑋�𝑘𝑘 ,𝒚𝒚�𝑘𝑘 = 𝐴𝐴𝐵𝐵𝐼𝐼𝑀𝑀𝑀𝑀(𝑋𝑋𝑘𝑘 ,𝒚𝒚𝑘𝑘 , 𝑟𝑟) 
𝜷𝜷𝑘𝑘 = 𝑡𝑡𝑟𝑟𝑛𝑛𝑚𝑚𝑖𝑖𝑛𝑛𝜷𝜷�𝒚𝒚𝑘𝑘 − 𝑋𝑋�𝑘𝑘𝜷𝜷�2

2
+ ‖𝜷𝜷′ − 𝜷𝜷‖1 

𝑟𝑟 = 𝑟𝑟 + 1 
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4.4 Simulation 

The objective of the simulation is to evaluate the modeling performance of the DDFM method in 

various simulation settings and compare the performance with a few benchmark methods. In 

particular, we considered four settings by varying the sample size of the raw data in each process 

(𝑛𝑛𝑘𝑘 ), the process similarities of the underlying model parameters (𝜏𝜏 ), the sparsity of model 

parameters (𝜌𝜌), and the signal-to-noise ratios (𝛾𝛾), summarized in Table 4-1. Inspired by Wang, 

Yang, and Stufken (2019), for each process, we simulated input variables as 𝑋𝑋𝑘𝑘 ∈ ℝ𝑛𝑛𝑘𝑘×(𝑖𝑖+1), with 

the first 𝑝𝑝 variables following 𝑁𝑁𝑛𝑛𝑟𝑟𝑚𝑚𝑡𝑡𝑙𝑙(𝝁𝝁,Σ), and the additional intercept variable as all one. Each 

element in 𝝁𝝁 ∈ ℝ𝑖𝑖  follows 𝑈𝑈𝑛𝑛𝑖𝑖𝑑𝑑𝑛𝑛𝑟𝑟𝑚𝑚([0,  1)) and the regularized covariance matrix Σ = �𝜎𝜎𝑖𝑖𝑗𝑗� 

with 𝜎𝜎𝑖𝑖𝑖𝑖 = 1 and 𝜎𝜎𝑖𝑖𝑗𝑗 = 0.3 when 𝑖𝑖 ≠ 𝑗𝑗.   

To generate the response variable 𝒚𝒚𝑘𝑘 ∈ ℝ𝑛𝑛𝑘𝑘 for Process 𝑘𝑘, we adopt a linear model 𝒚𝒚𝑘𝑘 =

𝑋𝑋𝑘𝑘𝜷𝜷 + 𝝐𝝐𝑘𝑘 , where 𝜷𝜷𝑘𝑘 ∈ ℝ𝑖𝑖+1 , 𝝐𝝐𝑘𝑘 ∈ ℝ𝑛𝑛𝑘𝑘  as the residual term with each element following 

𝑁𝑁(0,𝜎𝜎𝑘𝑘2) in independent and identically distributed. We used the similarity parameter 𝜏𝜏 to control 

the similarity of the model parameters among different processes. Specifically, we first simulated 

a network baseline model parameters 𝜷𝜷′ ∈ ℝ𝑖𝑖+1 , with each element following 𝑁𝑁𝑛𝑛𝑟𝑟𝑚𝑚𝑡𝑡𝑙𝑙(0,1). 

Then 𝜷𝜷𝑘𝑘 = 𝜷𝜷′ + 1
𝜏𝜏
𝒔𝒔 , where 𝒔𝒔 = �𝑠𝑠𝑖𝑖𝑛𝑛𝑛𝑛(𝛽𝛽0′)𝑡𝑡0, … , 𝑠𝑠𝑖𝑖𝑛𝑛𝑛𝑛�𝛽𝛽𝑖𝑖′ �𝑡𝑡𝑖𝑖�

′
, 𝑡𝑡𝑖𝑖~𝑈𝑈𝑛𝑛𝑖𝑖𝑑𝑑𝑛𝑛𝑟𝑟𝑚𝑚([0,  1)) , and 

𝑠𝑠𝑖𝑖𝑛𝑛𝑛𝑛(∙) returns 1 when the value is larger than 0 and returns -1 otherwise.  

F For each Process 𝑘𝑘, we set 𝜌𝜌𝑘𝑘  as the model sparsity, representing the percentage of 

significant variables in the model (non-zero elements in 𝜷𝜷𝑘𝑘). All processes share the same variable 

significance pattern as the connected processes are similar in manufacturing. When generating 𝝐𝝐𝑘𝑘, 

we control the signal-to-noise ratio as 𝛾𝛾 = 𝑣𝑣𝑣𝑣𝑣𝑣�𝑋𝑋𝑘𝑘𝜷𝜷𝑘𝑘�
𝑣𝑣𝑣𝑣𝑣𝑣�𝝐𝝐𝑘𝑘�

. In this simulation, 𝑝𝑝 = 20, which is similar 

to the case study. The values of simulation setting variables are summarized in Table 4-1 
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Table 4-1. Simulation Design Table 

Parameters Low High 
Sample Size of Raw Data (𝑛𝑛𝑘𝑘) 5000 10000 

Process Similarity (𝜏𝜏) 5 10 
Model Sparsity (𝜌𝜌𝑘𝑘) 0.3 0.7 

Signal-to-Noise Ratio (𝛾𝛾) 3 7 
 

We compared the modeling performance of the proposed DDFM method with data 

randomly partitioned into training and testing sets in 90%-10% split for each process over 100 

replications. Two performance measures on model parameter estimation error and prediction error 

on the testing sets are adopted. The first performance measure is the root-mean-squared errors 

between the simulated underlying true parameters and estimated for all processes. The second 

performance measure is root-mean-squared prediction error (𝑅𝑅𝑀𝑀𝑀𝑀𝑃𝑃𝐸𝐸) when the trained model 

predicts the 𝒚𝒚𝑘𝑘 of the 10% testing data in each process.  

We considered several benchmark methods, which first extract data from one process at a 

time, and then estimate their model parameters with LASSO regression based on the filtered 

dataset (Tibshirani 1996). The proposed DDFM method can automatically determine the number 

of observations preserved during filtering. Therefore, to ensure a fair performance comparison, 

each benchmark method will preserve the same sample size. For example, if the proposed method 

extracts 𝑁𝑁  observations in total from 𝐾𝐾  processes, then each benchmark method extracts 𝑁𝑁
𝐾𝐾

 

observations to generate as the filtered dataset. The benchmark methods are IBOSS (Wang, Yang, 

and Stufken 2019), random sampling (Liu, Sadygov, and Yates 2004), which extracts observations 

randomly from the full data set, and stratified sampling (Liberty, Lang, and Shmakov 2016), which 

partitions data into the equally spaced and non-overlapping windows, and then extracts the first 

observation in each window.  
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We summarize the results of model parameter recovery and response prediction accuracy 

in Table 4-2 and Table 4-3 with 𝑛𝑛𝑘𝑘 and 𝑛𝑛�𝑘𝑘 represents the full and the average filtered data size for 

each process. The best results in each simulation setting are highlighted in bold. Both tables show 

that the proposed method significantly outperformed all the benchmark methods in all simulation 

settings. It is because these benchmark methods do not consider the model similarities among 

different processes. For the impact of each setting, we can observe that the increase of sample size 

(𝑛𝑛𝑘𝑘) slightly improves the performance of all methods as a larger raw data size reduces the variance 

of estimated model parameters (Wang, Yang, and Stufken 2019). When processes are more similar 

to each other (𝜏𝜏 grew larger), the modeling errors were smaller for the proposed method, since it 

explicitly enforces the similarities of model parameters estimated for different processes. As we 

increased the model sparsity (𝜌𝜌) and generated a more complex model, the errors grew larger for 

all methods. The proposed method, however, yielded superior performance on both levels of 𝜌𝜌’s. 

Similarly, the increase of signal-to-noise ratio (𝛾𝛾) improved the performance for all methods, as 

there are less uncertainty in the data for improving modeling accuracy. 

Lastly, as the proposed method enforces the process similarities, it may not work well when 

the processes are less similar to each other. To test the boundary of the proposed method in this 

simulation, we additionally introduce two extreme cases of when the processes are very different 

from each other: 𝜏𝜏 = 0.1  and 𝜏𝜏 = 1  (𝑛𝑛 = 10000 , 𝜌𝜌 = 0.7 , 𝛾𝛾 = 10 ) with result summarized in 

Table C-1 and Table C-2 of Appendix C. We can see the proposed method either yielded 

comparable or worse performance of the benchmark method, which applies IBOSS and models 

the filtered data for one system at a time. When processes are very different from each other, we 

conclude that enforcing the model parameter similarities during estimation will have a negative 

impact on modelling performance. 
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Table 4-2. Mean and standard errors (within parenthesis) of model parameter recovery errors 

over 100 simulation replications 

n n� τ ρ γ Proposed IBOSS Random Stratified Cluster-
Based 

5000 86.32 5 0.30 3 
0.06 0.17 0.20 0.20 0.19 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

5000 86.68 5 0.30 7 
0.05 0.14 0.17 0.16 0.16 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

5000 84.80 5 0.70 3 
0.11 0.27 0.31 0.31 0.31 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

5000 85.64 5 0.70 7 
0.08 0.21 0.24 0.24 0.24 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

5000 82.12 10 0.30 3 
0.05 0.18 0.21 0.21 0.21 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

5000 81.64 10 0.30 7 
0.04 0.14 0.16 0.16 0.17 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

5000 80.92 10 0.70 3 
0.09 0.26 0.30 0.30 0.30 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

5000 81.60 10 0.70 7 
0.07 0.21 0.24 0.24 0.24 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 85.68 5 0.30 3 
0.06 0.17 0.20 0.20 0.20 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 85.56 5 0.30 7 
0.05 0.14 0.17 0.16 0.17 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 83.76 5 0.70 3 
0.10 0.26 0.31 0.31 0.31 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 84.52 5 0.70 7 
0.08 0.20 0.24 0.24 0.24 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 81.08 10 0.30 3 
0.05 0.18 0.20 0.20 0.20 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 82.00 10 0.30 7 
0.04 0.13 0.15 0.15 0.15 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 81.36 10 0.70 3 
0.08 0.25 0.30 0.30 0.30 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 81.80 10 0.70 7 
0.06 0.20 0.23 0.23 0.23 

(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 
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Table 4-3. Mean and standard errors (within parenthesis) of RMSPE over 100 simulation 

replications 

𝑛𝑛 𝑛𝑛� 𝜏𝜏 𝜌𝜌 𝛾𝛾 Proposed IBOSS Random Stratified Cluster-
Based 

5000 86.32 5 0.30 3 
1.19 1.24 1.28 1.28 1.28 

(0.04) (0.04) (0.04) (0.04) (0.04) 

5000 86.68 5 0.30 7 
0.80 0.84 0.86 0.86 0.86 

(0.02) (0.03) (0.03) (0.03) (0.03) 

5000 84.80 5 0.70 3 
1.83 1.96 2.03 2.03 2.03 

(0.04) (0.05) (0.05) (0.05) (0.05) 

5000 85.64 5 0.70 7 
1.30 1.39 1.44 1.44 1.44 

(0.03) (0.04) (0.04) (0.04) (0.04) 

5000 82.12 10 0.30 3 
1.11 1.18 1.21 1.21 1.21 

(0.04) (0.04) (0.04) (0.04) (0.04) 

5000 81.64 10 0.30 7 
0.79 0.84 0.87 0.87 0.87 

(0.02) (0.03) (0.03) (0.03) (0.03) 

5000 80.92 10 0.70 3 
1.71 1.85 1.92 1.92 1.92 

(0.04) (0.05) (0.05) (0.05) (0.05) 

5000 81.60 10 0.70 7 
1.24 1.34 1.40 1.40 1.40 

(0.03) (0.03) (0.03) (0.03) (0.03) 

10000 85.68 5 0.30 3 
1.13 1.19 1.22 1.22 1.23 

(0.03) (0.04) (0.04) (0.04) (0.04) 

10000 85.56 5 0.30 7 
0.85 0.89 0.92 0.93 0.92 

(0.02) (0.02) (0.02) (0.03) (0.02) 

10000 83.76 5 0.70 3 
1.78 1.90 1.98 1.98 1.98 

(0.05) (0.05) (0.05) (0.05) (0.05) 

10000 84.52 5 0.70 7 
1.28 1.37 1.43 1.43 1.43 

(0.03) (0.04) (0.04) (0.04) (0.04) 

10000 81.08 10 0.30 3 
1.17 1.24 1.28 1.28 1.28 

(0.04) (0.04) (0.04) (0.04) (0.04) 

10000 82.00 10 0.30 7 
0.76 0.80 0.83 0.83 0.83 

(0.02) (0.02) (0.03) (0.03) (0.03) 

10000 81.36 10 0.70 3 
1.71 1.84 1.92 1.92 1.92 

(0.04) (0.05) (0.05) (0.05) (0.05) 

10000 81.80 10 0.70 7 
1.20 1.30 1.35 1.35 1.35 

(0.03) (0.03) (0.03) (0.03) (0.03) 
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4.5 Case Study 

In the case study, we proposed and implemented testbed for an ingot growth manufacturing with 

a Fog Computing system (Zhang et al. 2019) using DDFM. Compared with Cloud Computing, 

Fog Computing allows various data analysis tasks to be distributed and executed at the local 

computation units (i.e., Fog nodes) of each manufacturing process. As a result, it can support the 

corresponding data analysis and decision-making with low computational time latency (Wang et 

al. 2020).  

The architecture of the testbed is shown in Figure 4-2. There are three hierarchical layers 

in the testbed. From top to bottom, the first layer is the Cloud-based orchestrator, which directly 

controls the communication flow (i.e., data flow and computation flow) (Zhang et al. 2019). 

Moreover, the corresponding computation and communication utilization information can be 

recorded to monitor the status of the process on the orchestrator (Wang, Zhang, and Jin 2020). In 

the proposed testbed, a high-performance workstation (CPU: Intel i7-6700K) is employed as the 

orchestrator. 

The second layer consists of a group of Fog nodes. In this layer, we adopt five laptops 

(CPU1: Intel i7-4720HQ; CPU2: i7-5600U; CPU3: i7-8705G; CPU4: i7-6600u; CPU5: i7-

6820HQ) as five Fog nodes. Each Fog node can collect the data from the manufacturing process 

and store the raw data in a local database for further data analysis. The orchestrator can coordinate 

the Fog nodes to execute computation tasks with a specific dataset simultaneously (Pemmasani 

2018).  

The third layer is the raw data source. In this case study, we adopt the silicon ingot 

manufacturing network (Sun et al. 2016), containing the production data from five similar-but-

non-identical manufacturing furnaces. To prevent the preliminary study from interrupting physical 
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manufacturing processes, we collected and stored data in advance at each perspective Fog node 

(Sun et al. 2016). 

 
Figure 4-2 Architecture of the Fog Manufacturing Testbed (Wang, Zhang, and Jin 2020) 

Figure 4-2 shows the schematic of the computation flow for the proposed DDFM method 

on the testbed. Step 1 of Algorithm 2 is implemented on the Cloud (the orchestrator) and Step 2 of 

Algorithm 2 is implemented at each individual  Fog node for each process in parallel.   

To evaluate the performance of the proposed method, we adopt the same benchmark 

methods from the simulation study, including IBOSS, random sampling, and stratified sampling. 

We evaluated the performance of the proposed filtering method with data randomly partitioned 

into training and test sets in 90%-10% split for each process over 100 replications. The prediction 

performance of the model is evaluated with root-mean-squared prediction error (RMSPE) and its 

standard error (SE) over 100 replications.  

The prediction RMSPEs and corresponding SE from both Cloud and Fog scenarios are 

summarized in Table 4-4 The table shows that the proposed method yields the best performance 

compared with other benchmarks. Furthermore, the Cloud and the Fog computing yield 
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comparable performance as the Fog Computing executes the same computational tasks as the 

Cloud version does  

 

Figure 4-3. Schematic Diagram of Computation Flow 

To demonstrate the advantages of Fog Computing compared with using the Cloud 

Computing only, the proposed method is also executed in the Cloud (i.e., the orchestrator of our 

testbed, which has better computing power than each Fog node does). In this case, all computation 

tasks for different processes will be executed sequentially. To compare the performance of these 

two approaches, six performance metrics are calculated following Zhang et al. (2019) in Figure 

4-4: 1) Scaled RMSPEs; 2).Scaled standard error (SE) of RMSPEs among replications; 3) time 

latency; 4) redundancy; 5) computation utilization; 6) bandwidth utilization. The RMSPE and SE 

of the proposed methods are rescaled from Table 4-4 to a range between 0 and 1 for better 

illustration. Furthermore, Time latency represents the total time consumption to finish the 

corresponding computation task. Redundancy represents how fast a single process can perform its 
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assigned computing task twice so that it will complete the computing tasks during the downtime 

of other processes (Zhang et al. 2019). Computing utilization represents the average CPU 

utilization while performing the computing task. Bandwidth utilization represents how much 

communication bandwidth is required among Fog nodes and the orchestrator. Similar to the metric 

1) and 2), metric 3) to metric 6) were also scaled to the same range from 0 to 1 representing the 

worst (the center) to the best values (the edge) in Figure 4-4 following the literature (Zhang et al. 

2019). 

From the results shown in Table 4-4, it can be observed that the scaled RMSPE and the 

scaled SE are comparable in two scenarios. Fog Computing has much better performance than 

Cloud Computing for both time latency and redundancy. This is because the computation task is 

assigned to the five Fog nodes and executed in parallel in the Fog Computing, which can provide 

a responsive computation service. On the other hand, Cloud Computing has better CPU utilization 

performance than the Fog computing, since the CPU on the orchestrator is much better than the 

CPU on the Fog nodes so that more resources can be preserved for other tasks. Moreover, Fog and 

Cloud computing have a comparable bandwidth utilization performance, because the total amount 

of data transmitted between Fog nodes and the orchestrator is negligible due to the application of 

the DDFS methods to reduce the sample size. 

Table 4-4. Performances of Data Filtering 

    Proposed IBOSS Random Stratified Cluster-
based 

Distributed 
RMSE 0.493  0.575  0.527  0.516  0.527  

SE (0.001) (0.001)  (0.003)  (0.003)  (0.002)  

Centralized 
RMSE 0.494  0.572  0.516  0.520  0.523  

SE (0.001) (0.001) (0.003)  (0.003) (0.002)  
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Figure 4-4. Radar Chart for Six Metrics 

The real data generated from the case study also be utilized to validate the model 

assumptions in Appendix C. From Figure C1, we can observe that there is little variation pattern 

in the residuals to be explained and no presence of non-normality. We conclude that the selection 

of the linear model in the proposed method is appropriate and there is no violation of the normality 

assumption of the residuals. Moreover, Figure C2 shows the number of times that each variable 

was selected over 100 Replications, which validates that the processes modeled for ingot growth 

manufacturing are similar-but-non-identical. We can also observe that the Process 2 has different 

variable relationships from other processes. After investigation of manufacturing log, we found 

out that it suffers from failing motors, which produced non-conforming ingots and result in 

irregular in situ sensing data. Lastly, we found that Variable 17, which is the resistance of the 

furnace heater, has been frequently selected for all system. The resistance is the key factor in the 

ingot growth manufacturing (Jouini et al. 2012). 

Although the proposed DDFS method in Fog Manufacturing outperforms in several 

runtime metrics, one limitation is that the DDFS method requires significantly more iterations to 

converge. As the Fog nodes have inferior computational power, the time latency for the whole 
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process can increase significantly due to the bottlenecks in some Fog nodes. One potential solution 

to address this issue is to offload the computation tasks to different Fog nodes based on their 

computation workload (Chen et al. 2018), such that there are more balanced computation workload 

in Fog Manufacturing.  

4.6 Conclusion of Distributed Data Filtering and Modeling 

A Fog Manufacturing applies both Fog and Cloud Computing collaboratively and integrates 

manufacturing equipment and processes into an interconnected network through sensing, 

actuation, and computation nodes. Therefore, most of the computation services in manufacturing 

can be provided by using both Fog and Cloud. This is important for future manufacturing, as Fog 

Manufacturing will provide tremendous promise on reliable and responsive computation services, 

with the potential for privacy preservation to process data in local computation units. However, 

due to the relatively limited communication bandwidth to Cloud and computation capabilities of 

Fog nodes, a large amount of data from the manufacturing network will lead to information 

redundancy and significant computation time latency for data analysis.  

In this paper, we propose a distributed data filtering (i.e., subsampling) method to extract 

small but informative data subsets from the raw data, considering the similarity of the 

interconnected manufacturing processes. The filtered data from each manufacturing process will 

later be transmitted to Cloud for manufacturing process modeling. A simulation study and a real 

Fog Manufacturing testbed for an ingot growth manufacturing have been used to validate the 

proposed distributed data filtering and modeling method. The results indicate that the proposed 

distributed data filtering and modeling method will not only reduce the sample size and ensure the 

modeling performance, but also improve the performance of the runtime metrics of the 

computation, such as time latency and communication bandwidth utilization, in Fog 
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Manufacturing. We would like to emphasize that the proposed method relies on IBOSS to perform 

data reduction, which extracting the observations with extreme values (i.e. the corner points in 

design of experiment). In this case, if a model, such as Kriging (Van Beers and Kleijnen 2004), 

relies on data from space-filling design, instead of corner points, then the proposed is not 

guaranteed to have superior performance. When filtering does not work well or significantly 

impacts the modelling performance and prediction accuracy, then we may have to rely Cloud 

devices as Fog nodes may not have sufficient computational power. Furthermore, the extreme case 

in the simulation, when the processes are very different from each other, show that filtering and 

modeling each system individually yield the best result. Furthermore, we would like to re-iterate 

the observation from Gross and Tibshirani (2016) to remind readers that: no matter how similar 

that the processes are to each other, modelling a process based on its own data always yields the 

best performance given adequate amount of data collect. 

There are several directions in future work. First, the DDFS method will be extended to 

other manufacturing data analytical methods, such as process monitoring, prognosis and diagnosis. 

For example, one can study how to jointly filter and monitor multiple manufacturing processes 

when they generate a large amount of data, simultaneously (Jin and Liu 2013). Second, we will 

integrate the filtering and modeling based on heterogeneous types of data sets in manufacturing, 

such as experimental data and observational data sets (Jin and Deng 2015), and qualitative and 

quantitative data sets (Deng and Jin 2015).  
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Chapter 5.  Conclusion and Future Research 

The advancement of Internet-of-Things (IoT) integrates manufacturing processes and equipment 

into a network. As there is an increasing amount of processes connected to the manufacturing 

network, we can quickly obtain a large amount of machine setting, in situ sensing, quality 

inspection data for analysis. However, the data collected from are often large and vary from each 

other due to the heterogeneities among processes. These characteristics often become challenges 

for efficient data-driven decision making (Sarin et al. 2016). Specifically, this dissertation 

addressed the following challenging in data modeling for smart manufacturing networks: 

1) In Chapter 2. , we proposed a filtering method and new criteria (FIC) to facilitate data analysis 

by selecting a small but effective data subset. Specifically, the proposed method partitions raw 

data into clusters and proportionally extracts a data subset from each cluster based on the optimal 

filter ratio determined by FIC. The proposed cluster-based data filtering method outperformed the 

benchmark filtering methods on information loss, the modeling goodness-of-fit on training data, 

and prediction error on testing data sets for both the case study and the simulation. Furthermore, 

the new filtering ratio selection criteria (FIC) has shown its effectiveness in terms of balancing the 

trade-offs between the size of data preserved in filtering and the quality of the filtered data. 

2) In Chapter 3, we incorporated a variation decomposition approach to model the latent variation, 

which cannot be captured by the observable variables, into the feature-based MTL. Furthermore, 

we generalized the proposed methodology into a multivariate response and MTL model, which is 

capable of modeling multivariate responses monitored across multiple similar-but-non-identical 

processes (e.g., furnaces). The simulation study and the case study have shown that MTL-LVD 

can not only recover the latent variation of data from similar-but-non-identical process but also 

offer significantly better accuracy on predicting the multivariate response.  
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3) Chapter 4 proposed a distributed data filtering algorithm for a manufacturing network to extract 

small but effective data subsets in different processes for data analysis. Specifically, this work 

combined the objectives of filtering and modeling in one unified framework. The proposed method 

iteratively incorporates the IBOSS and utilize the model similarities among processes for efficient 

data analysis. The proposed method generated better modeling performance with the same filtering 

ratio compared with benchmark methods. Furthermore, we proposed a Fog-based distributed 

filtering and modeling process based on the proposed algorithm. The case study from the ingot 

growth network shows that the proposed Fog-manufacturing generates an accurate predictive 

model while greatly reducing the computational time latency compared to centralized (Cloud) 

computing.  

The proposed method can effectively model similar-but-non-identical processes in a smart 

manufacturing network, which can generate datasets that are too large to be analyzed efficiently 

in their raw sizes. The proposed methods have been validated in the advanced manufacturing 

processes, including babycare manufacturing, silicon ingot manufacturing.  

There are several directions that deserve further investigation: 

1) Data analysis under big data environments have become prevalent and even sometimes 

necessary because of the performance requirement. However, efficiently utilizing big data 

in an accurate and computationally efficient manner is still a challenging problem. The 

proposed method can also facilitate internet-of-things (IoT)-based data collection, 

communication, storage, and analysis. For example, as the inline data de-duplication (real-

time data filtering for continuous data streaming), has become more prevalent in recent 

years (Zhou, Liu, and Li 2013), future work will focus on the conversion of the current 

offline data filtering to online. 
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2) Chapter 3 focuses on recovering model parameters for similar-but-non-identical processes 

with MTL-LVD. The model parameters reflect the commonality of machines, and they can 

serve as the baseline for monitoring process irregularities, such as the deviation of input-

output relationships in production. It will be valuable research to investigate the joint 

process monitoring method for similar-but-non-identical processes in a smart 

manufacturing network. 

3) We can study how to jointly filtering and monitoring for multiple manufacturing processes 

as there are a large amount of incoming streaming sensor data (Jin and Liu 2013). Such a 

networked process monitoring is beneficial for quality control in large-scale and 

continuous manufacturing networks, such as the previously investigated ingot growth 

process. 
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Appendix A 

Table A-1. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.751 0.751 − 38.824 
− (0.000) (0.000) − (0.211) 

𝐵𝐵𝑀𝑀1 
0.272 0.754 0.754 0.111 10.664 

(0.005) (0.001) (0.001) (0.009) (0.191) 

𝐵𝐵𝑀𝑀2 
0.247 0.755 0.755 0.123 10.533 

(0.004) (0.001) (0.001) (0.009) (0.207) 

Proposed 0.247 0.754 0.753 9.015 9.707 
(0.008) (0.001) (0.001) (0.160) (0.144) 

0.01 

Full Data 
− 0.751 0.751 − 38.824 
− (0.000) (0.000) − (0.211) 

𝐵𝐵𝑀𝑀1 
5.006 0.777 0.772 0.072 0.794 

(0.079) (0.007) (0.007) (0.009) (0.013) 

𝐵𝐵𝑀𝑀2 
4.987 0.791 0.787 0.056 0.705 

(0.108) (0.006) (0.006) (0.006) (0.010) 

Proposed 3.908 0.802 0.799 8.947 0.599 
(0.063) (0.008) (0.008) (0.168) (0.009) 

0.005 

Full Data 
− 0.751 0.751 − 38.824 
− (0.000) (0.000) − (0.211) 

𝐵𝐵𝑀𝑀1 
10.523 0.726 0.718 0.060 0.548 
(0.321) (0.025) (0.025) (0.006) (0.009) 

𝐵𝐵𝑀𝑀2 
10.790 0.725 0.718 0.055 0.497 
(0.281) (0.023) (0.023) (0.005) (0.010) 

Proposed 7.422 0.749 0.742 8.886 0.355 
(0.117) (0.033) (0.033) (0.160) (0.007) 
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Table A-2. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.3, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.908 0.908 − 38.502 
− (0.000) (0.000) − (0.287) 

𝐵𝐵𝑀𝑀1 
0.271 0.909 0.909 0.099 6.299 

(0.005) (0.001) (0.001) (0.007) (0.074) 

𝐵𝐵𝑀𝑀2 
0.247 0.909 0.909 0.089 6.338 

(0.004) (0.000) (0.000) (0.005) (0.071) 

Proposed 0.241 0.910 0.910 9.048 5.864 
(0.005) (0.000) (0.000) (0.175) (0.069) 

0.01 

Full Data 
− 0.908 0.908 − 38.502 
− (0.000) (0.000) − (0.287) 

𝐵𝐵𝑀𝑀1 
4.927 0.917 0.916 0.050 0.518 

(0.084) (0.002) (0.002) (0.003) (0.011) 

𝐵𝐵𝑀𝑀2 
4.987 0.915 0.914 0.050 0.505 

(0.108) (0.002) (0.002) (0.003) (0.008) 

Proposed 3.825 0.924 0.923 8.941 0.431 
(0.058) (0.002) (0.002) (0.170) (0.007) 

0.005 

Full Data 
− 0.908 0.908 − 38.502 
− (0.000) (0.000) − (0.287) 

𝐵𝐵𝑀𝑀1 
10.694 0.925 0.923 0.068 0.386 
(0.314) (0.003) (0.003) (0.007) (0.011) 

𝐵𝐵𝑀𝑀2 
10.790 0.921 0.919 0.064 0.382 
(0.281) (0.003) (0.003) (0.007) (0.010) 

Proposed 7.390 0.941 0.939 8.907 0.291 
(0.150) (0.004) (0.004) (0.153) (0.007) 
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Table A-3. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with NC =  30, MS =  0.7, and STN =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.909 0.909 − 38.491 
− (0.000) (0.000) − (0.108) 

𝐵𝐵𝑀𝑀1 
0.275 0.910 0.910 0.102 6.355 

(0.005) (0.001) (0.001) (0.007) (0.089) 

𝐵𝐵𝑀𝑀2 
0.247 0.911 0.911 0.088 6.509 

(0.004) (0.001) (0.001) (0.004) (0.096) 

Proposed 
0.236 0.911 0.911 9.042 6.018 

(0.006) (0.000) (0.000) (0.171) (0.057) 

0.01 

Full Data 
− 0.909 0.909 − 38.491 
− (0.000) (0.000) − (0.108) 

𝐵𝐵𝑀𝑀1 
4.950 0.920 0.918 0.050 0.522 

(0.109) (0.003) (0.003) (0.003) (0.011) 

𝐵𝐵𝑀𝑀2 
4.987 0.924 0.922 0.051 0.509 

(0.108) (0.002) (0.002) (0.003) (0.009) 

Proposed 
3.872 0.930 0.929 8.955 0.442 

(0.053) (0.003) (0.003) (0.167) (0.005) 

0.005 

Full Data 
− 0.909 0.909 − 38.491 
− (0.000) (0.000) − (0.108) 

𝐵𝐵𝑀𝑀1 
10.739 0.904 0.901 0.062 0.399 
(0.299) (0.014) (0.014) (0.006) (0.011) 

𝐵𝐵𝑀𝑀2 
10.790 0.919 0.916 0.054 0.392 
(0.281) (0.012) (0.012) (0.005) (0.009) 

Proposed 7.367 0.924 0.922 8.983 0.305 
(0.123) (0.020) (0.020) (0.170) (0.005) 
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Table A-4. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with NC =  1000, MS =  0.7, and STN =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.750 0.750 − 38.612 
− (0.001) (0.001) − (0.206) 

𝐵𝐵𝑀𝑀1 
0.337 0.751 0.751 0.107 7.539 

(0.015) (0.004) (0.004) (0.009) (0.104) 

𝐵𝐵𝑀𝑀2 
0.261 0.756 0.755 0.115 7.766 

(0.006) (0.002) (0.002) (0.009) (0.078) 

Proposed 
0.301 0.754 0.753 9.385 7.117 

(0.010) (0.003) (0.003) (0.323) (0.106) 

0.01 

Full Data 
− 0.750 0.750 − 38.612 
− (0.001) (0.001) − (0.206) 

𝐵𝐵𝑀𝑀1 
3.669 0.765 0.761 0.048 0.756 

(0.168) (0.012) (0.012) (0.003) (0.015) 

𝐵𝐵𝑀𝑀2 
3.992 0.782 0.779 0.046 0.718 

(0.245) (0.012) (0.012) (0.001) (0.015) 

Proposed 3.284 0.770 0.766 9.443 0.716 
(0.206) (0.011) (0.011) (0.318) (0.016) 

0.005 

Full Data 
− 0.750 0.750 − 38.612 
− (0.001) (0.001) − (0.206) 

𝐵𝐵𝑀𝑀1 
7.623 0.778 0.772 0.049 0.445 

(0.596) (0.019) (0.019) (0.003) (0.009) 

𝐵𝐵𝑀𝑀2 
8.652 0.788 0.781 0.049 0.431 

(0.740) (0.017) (0.018) (0.003) (0.009) 

Proposed 5.696 0.783 0.777 9.457 0.493 
(0.447) (0.026) (0.026) (0.320) (0.009) 
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Table A-5. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with NC =  1000, MS =  0.3, and STN =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.908 0.908 − 39.449 
− (0.000) (0.000) − (0.642) 

𝐵𝐵𝑀𝑀1 
0.319 0.910 0.910 0.131 5.742 

(0.013) (0.000) (0.000) (0.010) (0.067) 

𝐵𝐵𝑀𝑀2 
0.261 0.909 0.909 0.090 5.767 

(0.006) (0.001) (0.001) (0.006) (0.059) 

Proposed 
0.310 0.909 0.909 9.302 5.362 

(0.013) (0.001) (0.001) (0.318) (0.044) 

0.01 

Full Data 
− 0.908 0.908 − 39.449 
− (0.000) (0.000) − (0.642) 

𝐵𝐵𝑀𝑀1 
4.223 0.923 0.922 0.067 0.586 

(0.251) (0.002) (0.002) (0.007) (0.011) 

𝐵𝐵𝑀𝑀2 
3.992 0.916 0.915 0.054 0.535 

(0.245) (0.002) (0.002) (0.005) (0.010) 

Proposed 3.118 0.924 0.923 9.247 0.434 
(0.197) (0.003) (0.003) (0.303) (0.005) 

0.005 

Full Data 
− 0.908 0.908 − 39.449 
− (0.000) (0.000) − (0.642) 

𝐵𝐵𝑀𝑀1 
7.139 0.926 0.924 0.065 0.407 

(0.534) (0.004) (0.004) (0.006) (0.011) 

𝐵𝐵𝑀𝑀2 
8.652 0.929 0.927 0.053 0.386 

(0.740) (0.003) (0.003) (0.005) (0.010) 

Proposed 5.448 0.945 0.944 9.322 0.290 
(0.355) (0.005) (0.005) (0.321) (0.007) 
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Table A-6. Mean and standard errors (within parenthesis) from 50 simulation runs for Normal 

distribution with NC =  1000, MS =  0.7, and STN =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.910 0.910 − 38.367 
− (0.000) (0.000) − (0.098) 

𝐵𝐵𝑀𝑀1 
0.324 0.911 0.911 0.130 5.768 

(0.014) (0.002) (0.002) (0.010) (0.050) 

𝐵𝐵𝑀𝑀2 
0.261 0.912 0.912 0.126 5.769 

(0.006) (0.001) (0.001) (0.010) (0.070) 

Proposed 
0.305 0.910 0.910 9.463 5.492 

(0.012) (0.002) (0.002) (0.321) (0.062) 

0.01 

Full Data 
− 0.910 0.910 − 38.367 
− (0.000) (0.000) − (0.098) 

𝐵𝐵𝑀𝑀1 
4.429 0.928 0.926 0.067 0.566 

(0.328) (0.004) (0.004) (0.007) (0.015) 

𝐵𝐵𝑀𝑀2 
3.992 0.922 0.920 0.055 0.534 

(0.245) (0.005) (0.005) (0.005) (0.012) 

Proposed 3.354 0.922 0.921 9.335 0.477 
(0.214) (0.004) (0.004) (0.316) (0.010) 

0.005 

Full Data 
− 0.910 0.910 − 38.367 
− (0.000) (0.000) − (0.098) 

𝐵𝐵𝑀𝑀1 
6.877 0.911 0.908 0.056 0.421 

(0.428) (0.009) (0.009) (0.004) (0.011) 

𝐵𝐵𝑀𝑀2 
8.652 0.925 0.922 0.060 0.382 

(0.740) (0.009) (0.009) (0.006) (0.010) 

Proposed 5.614 0.943 0.941 9.319 0.318 
(0.458) (0.006) (0.006) (0.318) (0.005) 
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Table A-7. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.750 0.750 − 46.454 
− (0.000) (0.000) − (0.492) 

𝐵𝐵𝑀𝑀1 0.286 0.753 0.752 0.038 12.150 
(0.006) (0.001) (0.001) (0.004) (0.219) 

𝐵𝐵𝑀𝑀2 
0.263 0.751 0.750 0.048 13.054 

(0.005) (0.001) (0.001) (0.004) (0.298) 

Proposed 0.254 0.754 0.754 8.076 12.747 
(0.004) (0.001) (0.001) (0.264) (0.203) 

0.01 

Full Data 
− 0.750 0.750 − 46.454 
− (0.000) (0.000) − (0.492) 

𝐵𝐵𝑀𝑀1 4.468 0.785 0.782 0.032 0.770 
(0.078) (0.006) (0.006) (0.005) (0.011) 

𝐵𝐵𝑀𝑀2 
4.601 0.776 0.773 0.025 0.788 

(0.104) (0.004) (0.004) (0.001) (0.013) 

Proposed 3.557 0.786 0.784 7.652 0.719 
(0.063) (0.005) (0.005) (0.246) (0.016) 

0.005 

Full Data 
− 0.750 0.750 − 46.454 
− (0.000) (0.000) − (0.492) 

𝐵𝐵𝑀𝑀1 9.604 0.766 0.760 0.022 0.464 
(0.217) (0.009) (0.009) (0.000) (0.007) 

𝐵𝐵𝑀𝑀2 
9.725 0.785 0.779 0.026 0.463 

(0.239) (0.009) (0.010) (0.002) (0.010) 

Proposed 6.650 0.811 0.807 7.641 0.422 
(0.104) (0.011) (0.011) (0.234) (0.014) 
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Table A-8. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.909 0.909 − 44.390 
− (0.000) (0.000) − (0.089) 

𝐵𝐵𝑀𝑀1 0.288 0.910 0.909 0.045 7.543 
(0.005) (0.000) (0.000) (0.005) (0.076) 

𝐵𝐵𝑀𝑀2 
0.263 0.909 0.909 0.040 7.672 

(0.005) (0.000) (0.000) (0.001) (0.101) 

Proposed 0.250 0.910 0.910 7.491 7.656 
(0.004) (0.001) (0.001) (0.234) (0.069) 

0.01 

Full Data 
− 0.909 0.909 − 44.39 
− (0.000) (0.000) − (0.089) 

𝐵𝐵𝑀𝑀1 4.507 0.919 0.918 0.028 0.491 
(0.078) (0.002) (0.002) (0.004) (0.008) 

𝐵𝐵𝑀𝑀2 
4.601 0.917 0.915 0.024 0.473 

(0.104) (0.002) (0.002) (0.003) (0.009) 

Proposed 3.547 0.921 0.920 6.289 0.445 
(0.051) (0.002) (0.002) (0.212) (0.010) 

0.005 

Full Data 
− 0.909 0.909 − 44.39 
− (0.000) (0.000) − (0.089) 

𝐵𝐵𝑀𝑀1 9.353 0.924 0.922 0.027 0.322 
(0.222) (0.004) (0.004) (0.004) (0.006) 

𝐵𝐵𝑀𝑀2 
9.725 0.926 0.924 0.025 0.316) 

(0.239) (0.003) (0.003) (0.003) (0.006) 

Proposed 6.501 0.939 0.937 6.201 0.279 
(0.087) (0.004) (0.004) (0.214) (0.009) 
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Table A-9. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.3, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.747 0.747 − 44.663 
− (0.000) (0.000) − (0.077) 

𝐵𝐵𝑀𝑀1 0.338 0.751 0.751 0.059 9.346 
(0.014) (0.001) (0.001) (0.006) (0.114) 

𝐵𝐵𝑀𝑀2 
0.270 0.752 0.752 0.067 8.870 

(0.006) (0.001) (0.001) (0.007) (0.116) 

Proposed 0.303 0.751 0.751 7.876 8.822 
(0.010) (0.001) (0.001) (0.312) (0.108) 

0.01 

Full Data 
− 0.747 0.747 − 44.663 
− (0.000) (0.000) − (0.077) 

𝐵𝐵𝑀𝑀1 3.574 0.790 0.787 0.024 0.746 
(0.164) (0.005) (0.005) (0.001) (0.010) 

𝐵𝐵𝑀𝑀2 
3.860 0.781 0.777 0.028 0.741 

(0.224) (0.007) (0.007) (0.002) (0.010) 

Proposed 3.087 0.791 0.789 7.731 0.707 
(0.125) (0.006) (0.007) (0.321) (0.014) 

0.005 

Full Data 
− 0.747 0.747 − 44.663 
− (0.000) (0.000) − (0.077) 

𝐵𝐵𝑀𝑀1 6.099 0.786 0.781 0.030 0.414 
(0.296) (0.010) (0.010) (0.003) (0.008) 

𝐵𝐵𝑀𝑀2 
8.231 0.777 0.771 0.028 0.422 

(0.688) (0.012) (0.012) (0.002) (0.008) 

Proposed 5.160 0.822 0.818 7.653 0.403 
(0.276) (0.012) (0.012) (0.302) (0.012) 
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Table A-10. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.3, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.908 0.908 − 47.082 
− (0.000) (0.000) − (0.644) 

𝐵𝐵𝑀𝑀1 0.339 0.909 0.909 0.041 6.686 
(0.013) (0.001) (0.001) (0.004) (0.054) 

𝐵𝐵𝑀𝑀2 
0.270 0.909 0.909 0.054 6.65 

(0.006) (0.000) (0.000) (0.004) (0.054) 

Proposed 0.309 0.910 0.909 6.475 6.211 
(0.010) (0.001) (0.001) (0.291) (0.049) 

0.01 

Full Data 
− 0.908 0.908 − 47.082 
− (0.000) (0.000) − (0.644) 

𝐵𝐵𝑀𝑀1 3.986 0.919 0.917 0.025 0.502 
(0.247) (0.002) (0.002) (0.002) (0.007) 

𝐵𝐵𝑀𝑀2 
3.860 0.916 0.915 0.027 0.510 

(0.224) (0.002) (0.002) (0.001) (0.007) 

Proposed 3.114 0.928 0.926 6.471 0.444 
(0.133) (0.002) (0.002) (0.284) (0.009) 

0.005 

Full Data 
− 0.908 0.908 − 47.082 
− (0.000) (0.000) − (0.644) 

𝐵𝐵𝑀𝑀1 7.625 0.928 0.926 0.028 0.326 
(0.549) (0.004) (0.004) (0.003) (0.007) 

𝐵𝐵𝑀𝑀2 
8.231 0.932 0.930 0.026 0.325 

(0.688) (0.003) (0.003) (0.001) (0.008) 

Proposed 4.861 0.938 0.936 6.451 0.287 
(0.238) (0.005) (0.005) (0.276) (0.010) 
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Table A-11. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.751 0.751 − 46.559 
− (0.000) (0.000) − (0.097) 

𝐵𝐵𝑀𝑀1 0.275 0.756 0.755 0.043 11.451 
(0.005) (0.001) (0.001) (0.005) (0.182) 

𝐵𝐵𝑀𝑀2 
0.263 0.755 0.754 0.039 11.182 

(0.005) (0.001) (0.001) (0.002) (0.153) 

Proposed 0.245 0.757 0.756 6.687 10.713 
(0.004) (0.001) (0.001) (0.247) (0.204) 

0.01 

Full Data 
− 0.751 0.751 − 46.559 
− (0.000) (0.000) − (0.097) 

𝐵𝐵𝑀𝑀1 4.436 0.763 0.758 0.021 0.729 
(0.088) (0.007) (0.007) (0.002) (0.009) 

𝐵𝐵𝑀𝑀2 
4.601 0.752 0.747 0.022 0.725 

(0.104) (0.018) (0.018) (0.001) (0.013) 

Proposed 3.540 0.796 0.792 6.632 0.628 
(0.062) (0.012) (0.012) (0.220) (0.010) 

0.005 

Full Data 
− 0.751 0.751 − 46.559 
− (0.000) (0.000) − (0.097) 

𝐵𝐵𝑀𝑀1 9.528 0.762 0.754 0.024 0.432 
(0.262) (0.017) (0.017) (0.003) (0.008) 

𝐵𝐵𝑀𝑀2 
9.725 0.761 0.753 0.026 0.438 

(0.239) (0.015) (0.015) (0.003) (0.010) 

Proposed 6.837 0.716 0.709 6.995 0.407 
(0.132) (0.026) (0.026) (0.249) (0.013) 
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Table A-12. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.909 0.909 − 46.231 
− (0.000) (0.000) − (0.233) 

𝐵𝐵𝑀𝑀1 0.281 0.911 0.911 0.035 7.335 
(0.005) (0.000) (0.000) (0.004) (0.082) 

𝐵𝐵𝑀𝑀2 
0.263 0.911 0.911 0.041 7.413 

(0.005) (0.000) (0.000) (0.002) (0.079) 

Proposed 0.248 0.913 0.912 6.668 7.175 
(0.004) (0.001) (0.001) (0.229) (0.072) 

0.01 

Full Data 
− 0.909 0.909 − 46.231 
− (0.000) (0.000) − (0.233) 

𝐵𝐵𝑀𝑀1 4.588 0.920 0.918 0.024 0.495 
(0.087) (0.003) (0.003) (0.003) (0.009) 

𝐵𝐵𝑀𝑀2 
4.601 0.926 0.924 0.022 0.486 

(0.104) (0.002) (0.002) (0.001) (0.008) 

Proposed 3.559 0.931 0.929 6.292 0.441 
(0.074) (0.003) (0.003) (0.211) (0.009) 

0.005 

Full Data 
− 0.909 0.909 − 46.231 
− (0.000) (0.000) − (0.233) 

𝐵𝐵𝑀𝑀1 9.298 0.912 0.909 0.019 0.353 
(0.244) (0.016) (0.016) (0.001) (0.008) 

𝐵𝐵𝑀𝑀2 
9.725 0.929 0.926 0.029 0.334 

(0.239) (0.008) (0.008) (0.004) (0.008) 

Proposed 6.59 0.914 0.911 6.315 0.285 
(0.091) (0.020) (0.020) (0.223) (0.009) 
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Table A-13. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.748 0.748 − 46.052 
− (0.001) (0.001) − (0.143) 

𝐵𝐵𝑀𝑀1 0.317 0.754 0.753 0.044 8.564 
(0.013) (0.003) (0.003) (0.005) (0.105) 

𝐵𝐵𝑀𝑀2 
0.270 0.754 0.754 0.058 8.466 

(0.006) (0.002) (0.002) (0.005) (0.117) 

Proposed 0.312 0.752 0.752 7.402 8.863 
(0.015) (0.003) (0.003) (0.329) (0.133) 

0.01 

Full Data 
− 0.748 0.748 − 46.052 
− (0.001) (0.001) − (0.143) 

𝐵𝐵𝑀𝑀1 3.700 0.756 0.752 0.025 0.759 
(0.186) (0.011) (0.011) (0.002) (0.014) 

𝐵𝐵𝑀𝑀2 
3.860 0.781 0.777 0.027 0.739 

(0.224) (0.011) (0.011) (0.002) (0.017) 

Proposed 3.176 0.764 0.760 7.113 0.706 
(0.151) (0.010) (0.010) (0.318) (0.014) 

0.005 

Full Data 
− 0.748 0.748 − 46.052 
− (0.001) (0.001) − (0.143) 

𝐵𝐵𝑀𝑀1 6.627 0.758 0.751 0.024 0.442 
(0.371) (0.017) (0.017) (0.002) (0.010) 

𝐵𝐵𝑀𝑀2 
8.231 0.782 0.775 0.025 0.419 

(0.688) (0.017) (0.017) (0.001) (0.009) 

Proposed 5.044 0.793 0.786 6.738 0.367 
(0.258) (0.018) (0.018) (0.302) (0.011) 
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Table A-14. Mean and standard errors (within parenthesis) from 50 simulation runs for t 

distribution (𝑑𝑑𝑑𝑑 = 10) with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.908 0.908 − 45.303 
− (0.000) (0.000) − (0.103) 

𝐵𝐵𝑀𝑀1 0.375 0.912 0.912 0.039 6.685 
(0.015) (0.002) (0.002) (0.003) (0.072) 

𝐵𝐵𝑀𝑀2 
0.270 0.911 0.911 0.057 6.747 

(0.006) (0.001) (0.001) (0.005) (0.060) 

Proposed 0.317 0.909 0.908 6.928 6.507 
(0.013) (0.002) (0.002) (0.284) (0.071) 

0.01 

Full Data 
− 0.908 0.908 − 45.303 
− (0.000) (0.000) − (0.103) 

𝐵𝐵𝑀𝑀1 3.660 0.913 0.912 0.028 0.539 
(0.170) (0.004) (0.004) (0.003) (0.009) 

𝐵𝐵𝑀𝑀2 
3.860 0.919 0.918 0.031 0.502 

(0.224) (0.004) (0.004) (0.003) (0.011) 

Proposed 3.020 0.916 0.915 6.978 0.479 
(0.139) (0.004) (0.004) (0.318) (0.010) 

0.005 

Full Data 
− 0.908 0.908 − 45.303 
− (0.000) (0.000) − (0.103) 

𝐵𝐵𝑀𝑀1 7.145 0.920 0.917 0.021 0.342 
(0.553) (0.007) (0.007) (0.001) (0.007) 

𝐵𝐵𝑀𝑀2 
8.231 0.929 0.926 0.027 0.309 

(0.688) (0.006) (0.006) (0.002) (0.007) 

Proposed 5.967 0.943 0.941 7.139 0.307 
(0.491) (0.005) (0.005) (0.317) (0.009) 
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Table A-15. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.3, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.749 0.749 − 44.373 
− (0.000) (0.000) − (0.239) 

𝐵𝐵𝑀𝑀1 0.984 0.750 0.750 0.041 11.516 
(0.016) (0.001) (0.001) (0.003) (0.224) 

𝐵𝐵𝑀𝑀2 
0.917 0.751 0.751 0.041 11.442 

(0.016) (0.001) (0.001) (0.003) (0.177) 

Proposed 0.867 0.753 0.753 5.391 11.01 
(0.009) (0.001) (0.001) (0.227) (0.186) 

0.01 

Full Data 
− 0.749 0.749 − 44.373 
− (0.000) (0.000) − (0.239) 

𝐵𝐵𝑀𝑀1 24.862 0.758 0.755 0.023 0.671 
(0.793) (0.007) (0.007) (0.001) (0.008) 

𝐵𝐵𝑀𝑀2 
26.066 0.771 0.767 0.024 0.686 
(0.957) (0.006) (0.006) (0.002) (0.011) 

Proposed 19.775 0.793 0.790 5.408 0.620 
(0.413) (0.006) (0.006) (0.228) (0.009) 

0.005 

Full Data 
− 0.749 0.749 − 44.373 
− (0.000) (0.000) − (0.239) 

𝐵𝐵𝑀𝑀1 50.936 0.731 0.724 0.021 0.389 
(1.870) (0.013) (0.013) (0.000) (0.007) 

𝐵𝐵𝑀𝑀2 
55.008 0.735 0.729 0.026 0.387 
(1.829) (0.012) (0.012) (0.003) (0.008) 

Proposed 36.723 0.788 0.783 5.464 0.343 
(1.000) (0.013) (0.014) (0.222) (0.008) 
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Table A-16. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.3, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.909 0.909 − 43.99 
− (0.000) (0.000) − (0.334) 

𝐵𝐵𝑀𝑀1 0.983 0.910 0.910 0.051 6.959 
(0.018) (0.000) (0.000) (0.005) (0.070) 

𝐵𝐵𝑀𝑀2 
0.917 0.911 0.911 0.051 6.853 

(0.016) (0.000) (0.000) (0.005) (0.069) 

Proposed 0.892 0.911 0.911 5.514 7.021 
(0.012) (0.000) (0.000) (0.224) (0.059) 

0.01 

Full Data 
− 0.909 0.909 − 43.99 
− (0.000) (0.000) − (0.334) 

𝐵𝐵𝑀𝑀1 24.492 0.922 0.920 0.025 0.460 
(0.972) (0.002) (0.002) (0.003) (0.007) 

𝐵𝐵𝑀𝑀2 
26.066 0.925 0.923 0.024 0.458 
(0.957) (0.003) (0.003) (0.002) (0.007) 

Proposed 19.881 0.932 0.930 5.483 0.468 
(0.398) (0.002) (0.002) (0.231) (0.007) 

0.005 

Full Data 
− 0.909 0.909 − 43.99 
− (0.000) (0.000) − (0.334) 

𝐵𝐵𝑀𝑀1 50.982 0.924 0.922 0.034 0.307 
(1.849) (0.004) (0.004) (0.005) (0.005) 

𝐵𝐵𝑀𝑀2 
55.008 0.929 0.927 0.025 0.307 
(1.829) (0.005) (0.005) (0.002) (0.004) 

Proposed 34.759 0.942 0.940 5.444 0.302 
(0.669) (0.005) (0.005) (0.225) (0.008) 
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Table A-17. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.3, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.750 0.750 − 44.009 
− (0.000) (0.000) − (0.140) 

𝐵𝐵𝑀𝑀1 0.577 0.756 0.755 0.046 9.199 
(0.015) (0.001) (0.001) (0.004) (0.114) 

𝐵𝐵𝑀𝑀2 
0.512 0.754 0.754 0.050 9.528 

(0.014) (0.001) (0.001) (0.004) (0.143) 

Proposed 0.558 0.755 0.754 6.644 9.814 
(0.023) (0.001) (0.001) (0.413) (0.127) 

0.01 

Full Data 
− 0.750 0.750 − 44.009 
− (0.000) (0.000) − (0.140) 

𝐵𝐵𝑀𝑀1 11.204 0.773 0.769 0.025 0.665 
(0.789) (0.006) (0.006) (0.003) (0.009) 

𝐵𝐵𝑀𝑀2 
11.937 0.771 0.767 0.024 0.685 
(0.904) (0.006) (0.006) (0.002) (0.010) 

Proposed 8.219 0.795 0.791 6.542 0.658 
(0.601) (0.008) (0.008) (0.407) (0.011) 

0.005 

Full Data 
− 0.750 0.750 − 44.009 
− (0.000) (0.000) − (0.140) 

𝐵𝐵𝑀𝑀1 20.993 0.755 0.749 0.021 0.396 
(1.668) (0.013) 0.014) (0.000) (0.010) 

𝐵𝐵𝑀𝑀2 
25.337 0.769 0.763 0.028 0.368 
(2.151) (0.014) 0.014) (0.004) (0.005) 

Proposed 13.613 0.798 0.792 6.625 0.358 
(0.848) (0.016) 0.016) (0.406) (0.008) 
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Table A-18. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.3, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.909 0.909 − 45.936 
− (0.000) (0.000) − (0.394) 

𝐵𝐵𝑀𝑀1 0.570 0.910 0.910 0.051 6.853 
(0.016) (0.000) (0.000) (0.005) (0.055) 

𝐵𝐵𝑀𝑀2 
0.512 0.910 0.910 0.052 6.896 

(0.014) (0.000) (0.000) (0.006) (0.049) 

Proposed 0.539 0.910 0.910 5.772 6.285 
(0.025) (0.000) (0.000) (0.384) (0.051) 

0.01 

Full Data 
− 0.909 0.909 − 45.936 
− (0.000) (0.000) − (0.394) 

𝐵𝐵𝑀𝑀1 11.017 0.924 0.922 0.024 0.486 
(0.704) (0.002) (0.002) (0.002) (0.007) 

𝐵𝐵𝑀𝑀2 
11.937 0.924 0.922 0.025 0.485 
(0.904) (0.002) (0.002) (0.002) (0.007) 

Proposed 7.908 0.934 0.933 5.927 0.443 
(0.566) (0.002) (0.002) (0.385) (0.007) 

0.005 

Full Data 
− 0.909 0.909 − 45.936 
− (0.000) (0.000) − (0.394) 

𝐵𝐵𝑀𝑀1 21.164 0.926 0.923 0.022 0.336 
(1.526) (0.005) (0.006) (0.001) (0.009) 

𝐵𝐵𝑀𝑀2 
25.337 0.922 0.919 0.026 0.327 
(2.151) (0.006) (0.006) (0.003) (0.007) 

Proposed 13.792 0.943 0.940 5.812 0.273 
(1.028) (0.007) (0.007) (0.392) (0.007) 
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Table A-19. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.750 0.750 − 46.998 
− (0.000) (0.000) − (0.361) 

𝐵𝐵𝑀𝑀1 0.943 0.751 0.750 0.049 11.213 
(0.018) (0.001) (0.001) (0.005) (0.194) 

𝐵𝐵𝑀𝑀2 
0.917 0.755 0.755 0.047 11.058 

(0.016) (0.001) (0.001) (0.004) (0.197) 

Proposed 0.861 0.754 0.754 4.882 10.420 
(0.010) (0.001) (0.001) (0.213) (0.165) 

0.01 

Full Data 
− 0.750 0.750 − 46.998 
− (0.000) (0.000) − (0.361) 

𝐵𝐵𝑀𝑀1 24.815 0.720 0.716 0.024 0.649 
(0.887) (0.024) (0.024) (0.002) (0.012) 

𝐵𝐵𝑀𝑀2 
26.066 0.735 0.731 0.028 0.691 
(0.957) (0.027) (0.027) (0.003) (0.012) 

Proposed 21.119 0.794 0.791 4.725 0.559 
(0.443) (0.014) (0.014) (0.202) (0.009) 

0.005 

Full Data 
− 0.750 0.750 − 46.998 
− (0.000) (0.000) − (0.361) 

𝐵𝐵𝑀𝑀1 48.571 0.722 0.714 0.022 0.395 
(1.869) (0.028) (0.028) (0.001) (0.007) 

𝐵𝐵𝑀𝑀2 
55.008 0.664 0.656 0.025 0.381 
(1.829) (0.029) (0.029) (0.003) (0.006) 

Proposed 36.402 0.744 0.737 4.727 0.284 
(0.857) (0.024) (0.024) (0.215) (0.006) 
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Table A-20. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  30, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.909 0.909 − 43.161 
− (0.000) (0.000) − (0.089) 

𝐵𝐵𝑀𝑀1 0.965 0.910 0.910 0.051 7.014 
(0.018) (0.001) (0.001) (0.005) (0.076) 

𝐵𝐵𝑀𝑀2 
0.917 0.912 0.912 0.047 6.972 

(0.016) (0.000) (0.000) (0.004) (0.06) 

Proposed 0.883 0.912 0.912 5.416 7.347 
(0.011) (0.001) (0.001) (0.231) (0.088) 

0.01 

Full Data 
− 0.909 0.909 − 43.161 
− (0.000) (0.000) − (0.089) 

𝐵𝐵𝑀𝑀1 24.662 0.835 0.833 0.021 0.449 
(0.878) (0.031) (0.031) (0.001) (0.008) 

𝐵𝐵𝑀𝑀2 
26.066 0.823 0.821 0.025 0.440 
(0.957) (0.035) (0.035) (0.002) (0.007) 

Proposed 19.517 0.934 0.933 5.246 0.454 
(0.383) (0.004) (0.004) (0.230) (0.009) 

0.005 

Full Data 
− 0.909 0.909 − 43.161 
− (0.000) (0.000) − (0.089) 

𝐵𝐵𝑀𝑀1 53.988 0.822 0.819 0.022 0.296 
(2.488) (0.033) (0.033) (0.000) (0.005) 

𝐵𝐵𝑀𝑀2 
55.008 0.802 0.798 0.024 0.309 
(1.829) (0.031) (0.031) (0.002) (0.007) 

Proposed 35.883 0.912 0.910 5.027 0.264 
(0.879) (0.018) (0.018) (0.213) (0.006) 
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Table A-21. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  3 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.749 0.749 − 43.923 
− (0.001) (0.001) − (0.093) 

𝐵𝐵𝑀𝑀1 0.586 0.750 0.750 0.039 9.917 
(0.016) (0.004) (0.004) (0.002) (0.183) 

𝐵𝐵𝑀𝑀2 
0.512 0.754 0.754 0.057 9.607 

(0.014) (0.002) (0.002) (0.005) (0.132) 

Proposed 0.531 0.755 0.754 6.355 9.618 
(0.019) (0.003) (0.003) (0.419) (0.132) 

0.01 

Full Data 
− 0.749 0.749 − 43.923 
− (0.001) (0.001) − (0.093) 

𝐵𝐵𝑀𝑀1 11.37 0.723 0.719 0.023 0.736 
(0.730) (0.010) (0.011) (0.001) (0.015) 

𝐵𝐵𝑀𝑀2 
11.937 0.770 0.767 0.025 0.673 
(0.904) (0.011) (0.012) (0.002) (0.015) 

Proposed 7.511 0.751 0.748 6.438 0.686 
(0.423) (0.011) (0.011) (0.407) (0.012) 

0.005 

Full Data 
− 0.749 0.749 − 43.923 
− (0.001) (0.001) − (0.093) 

𝐵𝐵𝑀𝑀1 19.249 0.728 0.719 0.022 0.393 
(1.501) (0.014) (0.015) (0.001) (0.007) 

𝐵𝐵𝑀𝑀2 
25.337 0.767 0.760 0.023 0.382 
(2.151) (0.021) (0.022) (0.002) (0.007) 

Proposed 12.659 0.795 0.789 6.494 0.362 
(0.718) (0.021) (0.022) (0.412) (0.007) 
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Table A-22. Mean and standard errors (within parenthesis) from 50 simulation runs for Uniform 

distribution with 𝑁𝑁𝑁𝑁 =  1000, 𝑀𝑀𝑀𝑀 =  0.7, and 𝑀𝑀𝑆𝑆𝑁𝑁 =  10 

Filtering 
Ratio 

Filtering 
Method 

Entropy 
Loss R2 R2 

Adjusted 

Filtering 
Time (in 
seconds) 

Modeling 
Time (in 
seconds) 

0.1 

Full Data 
− 0.909 0.909 − 43.618 
− (0.000) (0.000) − (0.085) 

𝐵𝐵𝑀𝑀1 0.605 0.907 0.906 0.049 7.091 
(0.020) (0.002) (0.002) (0.005) (0.076) 

𝐵𝐵𝑀𝑀2 
0.512 0.911 0.911 0.048 6.932 

(0.014) (0.001) (0.001) (0.004) (0.049) 

Proposed 0.548 0.908 0.908 5.841 6.501 
(0.018) (0.002) (0.002) (0.384) (0.061) 

0.01 

Full Data 
− 0.909 0.909 − 43.618 
− (0.000) (0.000) − (0.085) 

𝐵𝐵𝑀𝑀1 12.092 0.915 0.914 0.023 0.455 
(1.035) (0.005) (0.005) (0.002) (0.010) 

𝐵𝐵𝑀𝑀2 
11.937 0.918 0.917 0.022 0.474 
(0.904) (0.004) (0.004) (0.001) (0.008) 

Proposed 9.134 0.915 0.914 5.689 0.434 
(0.778) (0.004) (0.004) (0.379) (0.010) 

0.005 

Full Data 
− 0.909 0.909 − 43.618 
− (0.000) (0.000) − (0.085) 

𝐵𝐵𝑀𝑀1 20.066 0.905 0.901 0.022 0.285 
(1.656) (0.009) (0.009) (0.002) (0.007) 

𝐵𝐵𝑀𝑀2 
25.337 0.914 0.911 0.021 0.302 
(2.151) (0.008) (0.008) (0.001) (0.008) 

Proposed 13.94 0.931 0.929 5.724 0.273 
(0.988) (0.009) (0.009) (0.392) (0.007) 
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Table A-23. Case Study Data Summary 

Variable Min 1st Quartile Median Mean 
3rd 

Quartile Max 
time -175949.000 -90425.000 24085.000 0.000 82908.000 135947.000 

1 -3.148 -0.015 0.059 0.000 0.122 1.180 
2 -2.044 -0.009 -0.004 0.000 0.001 4.529 
3 -29.242 -1.715 -0.443 0.000 0.836 98.759 
4 -0.600 -0.046 0.002 0.000 0.046 0.419 
5 -21.157 -1.357 0.144 0.000 1.744 8.944 
6 -6320.900 516.300 517.000 0.000 517.300 519.700 
7 -599.050 -175.940 28.640 0.000 198.540 341.680 
8 -4.991 -1.818 -1.818 0.000 1.225 17.551 
9 -5.759 -1.875 -1.193 0.000 1.235 20.484 
10 -3.645 -0.016 -0.008 0.000 0.000 4.285 
11 -100.060 -1.660 -0.060 0.000 1.621 99.940 
12 -503.970 -165.490 31.310 0.000 187.900 364.430 
13 -0.533 -0.032 0.002 0.000 0.033 0.393 
14 -17.833 -1.133 0.067 0.000 1.667 17.567 
15 -3.689 -1.825 -0.320 0.000 1.214 8.756 
16 -3.476 -1.619 -1.619 0.000 1.272 8.993 
17 -1.915 -1.915 1.085 0.000 1.085 1.085 
18 -1.375 -0.031 0.002 0.000 0.035 0.837 
19 -1.121 -0.070 0.001 0.000 0.073 2.274 
20 -5.464 -0.025 0.008 0.000 0.038 0.908 
21 -36.783 -5.583 0.717 0.000 6.017 39.117 
22 -24.440 -2.940 -0.040 0.000 3.160 27.360 
23 -119.061 -39.461 -0.461 0.000 41.539 75.039 
24 -29.354 -2.454 0.446 0.000 3.146 15.646 
25 -1.467 -0.033 0.001 0.000 0.036 0.259 
26 -109.399 -2.699 0.501 0.000 3.901 39.101 
27 -20.571 -2.371 0.129 0.000 2.529 16.229 
28 -1.992 -0.067 0.006 0.000 0.070 0.389 
29 -1.119 -0.172 -0.007 0.000 0.161 1.179 
30 -0.011 0.000 0.000 0.000 0.000 0.003 
31 -42.300 -2.300 -0.300 0.000 2.100 21.100 
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Figure A1. The Histogram of all variables 
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Figure A2. The gaps identified with 𝛼𝛼 = 0.02,0.01,0.001 
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Appendix B 

Derivation of Proposition 2 of Chapter 3  

Given 𝐵𝐵 and V, 𝑈𝑈𝑗𝑗 in re-written Equation (12)  

𝐿𝐿 = � ∥ 𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗 − 𝑈𝑈𝑗𝑗𝑉𝑉′ ∥2
𝑚𝑚

𝑗𝑗=1
+ 𝜆𝜆1||𝐵𝐵||∗, 

can be optimized at step 𝑘𝑘 via  

𝑈𝑈𝑗𝑗𝑘𝑘 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗𝑘𝑘−1�𝑉𝑉𝑘𝑘 .   

Derivation: 

For the ease of representation, let’s denote (𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗) above as 𝑌𝑌 and 𝑉𝑉′ above as 𝐵𝐵. The proof 

of Proposition 2 is equivalent to solving matrix 𝑈𝑈𝑗𝑗 in the following matrix least square formulation: 

argmin
𝐴𝐴

∥ 𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵 ∥2 

where, 

 ∥ 𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵 ∥2 

= 𝑡𝑡𝑟𝑟((𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵)𝑇𝑇(𝑌𝑌 − 𝑈𝑈𝑗𝑗𝐵𝐵)) 

= 𝑡𝑡𝑟𝑟�𝑌𝑌𝑇𝑇𝑌𝑌 + 𝐵𝐵𝑇𝑇𝑈𝑈𝑗𝑗𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵 − 𝑌𝑌𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵 − 𝐵𝐵𝑇𝑇𝑈𝑈𝑗𝑗′𝑌𝑌� 

= 𝑡𝑡𝑟𝑟(𝑌𝑌𝑇𝑇𝑌𝑌) + 𝑡𝑡𝑟𝑟�𝐵𝐵𝑇𝑇𝑈𝑈𝑗𝑗𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵� − 2𝑡𝑡𝑟𝑟�𝑌𝑌𝑇𝑇𝑈𝑈𝑗𝑗𝐵𝐵� 

By taking the first derivative of the above formulation and set it equal to zero, we have: 

𝛻𝛻𝑈𝑈𝑗𝑗𝑡𝑡𝑟𝑟�𝑈𝑈𝑗𝑗
′𝑈𝑈𝑗𝑗𝐵𝐵𝐵𝐵′� − 2𝛻𝛻𝑈𝑈𝑗𝑗𝑡𝑡𝑟𝑟�𝑌𝑌

′𝑈𝑈𝑗𝑗𝐵𝐵� = 0, 

2𝑈𝑈𝑗𝑗𝐵𝐵𝐵𝐵′ − 2𝑌𝑌𝐵𝐵′ = 0, 

−2𝑈𝑈𝑗𝑗𝐵𝐵𝐵𝐵𝑇𝑇 = −2𝑌𝑌𝐵𝐵′. 

Therefore, the solution is 

𝑈𝑈𝑗𝑗 = (𝑌𝑌𝐵𝐵𝑇𝑇)(𝐵𝐵𝐵𝐵𝑇𝑇)−1 = ((𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗)𝑉𝑉)(𝑉𝑉′𝑉𝑉)−1, 
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and recall that 𝑉𝑉′𝑉𝑉 = 𝐴𝐴, then we have, 

𝑈𝑈𝑗𝑗 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗�𝑉𝑉.   
 

Derivation of the gradient in Proposition 3 

𝛻𝛻�||𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) −𝑈𝑈𝑗𝑗𝑘𝑘𝒗𝒗(𝑣𝑣)||𝐹𝐹2�

𝛻𝛻𝜷𝜷𝑗𝑗
(𝑣𝑣) =

�𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) − 𝑈𝑈𝑗𝑗𝑘𝑘𝒗𝒗(𝑣𝑣)�

′
(𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑣𝑣) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣))
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑣𝑣)

=
−𝒚𝒚𝑗𝑗(𝑣𝑣)′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑣𝑣) − 𝜷𝜷𝑗𝑗
(𝑣𝑣)′𝑋𝑋𝑗𝑗′𝒚𝒚𝑗𝑗(𝑣𝑣) + 𝜷𝜷𝑗𝑗

(𝑣𝑣)′𝑋𝑋𝑗𝑗′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) + 𝜷𝜷𝑗𝑗

(𝑣𝑣)′𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣) + 𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣)

𝛻𝛻𝜷𝜷𝑗𝑗
(𝑣𝑣)

= −�𝒚𝒚𝑗𝑗(𝑣𝑣)′𝑋𝑋𝑗𝑗�
′
− 𝑋𝑋𝑗𝑗′𝒚𝒚𝑗𝑗(𝑣𝑣) + 2𝑋𝑋𝑗𝑗′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑣𝑣) + 𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣) + 𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)

= −2𝑋𝑋𝑗𝑗′𝒚𝒚𝑗𝑗(𝑣𝑣) + 2𝑋𝑋𝑗𝑗′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) + 2𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣) 

 

The Computational Complexity of the Model Updating Algorithm 

The model updating algorithm can be decomposed into three steps. At iteration 𝑘𝑘, we have: 

22: Optimize 𝑉𝑉 given 𝐵𝐵 and 𝑈𝑈𝑗𝑗: 

 
�
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

�

′

�
𝑈𝑈1𝑘𝑘−1
⋮

𝑈𝑈𝑚𝑚𝑘𝑘−1
� = 𝑅𝑅𝑅𝑅𝑊𝑊′, 

𝑉𝑉𝑘𝑘 = 𝑅𝑅𝑊𝑊′. 

 

23: Optimize 𝑈𝑈𝑗𝑗 for given 𝐵𝐵 and 𝑉𝑉: 

 𝑈𝑈𝑗𝑗𝑘𝑘 = �𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗𝑘𝑘−1�𝑉𝑉𝑘𝑘   

24: Optimize 𝐵𝐵 given 𝑈𝑈𝑗𝑗 and 𝑉𝑉: 

 𝐵𝐵𝑘𝑘 = 𝑃𝑃𝑑𝑑𝑖𝑖𝑡𝑡𝑛𝑛(𝜎𝜎�1 …𝜎𝜎�𝑚𝑚)𝑄𝑄′,  

Recall that there are 𝑚𝑚 similar-but-non-identical processes, the dimensionality of the response is 

𝑑𝑑 (𝑌𝑌𝑗𝑗 ∈ ℝ𝑛𝑛𝑗𝑗×𝑑𝑑), the number of samples in each process are 𝑛𝑛𝑗𝑗, the number of observed variables is 

𝑝𝑝  ( 𝑋𝑋𝑗𝑗 ∈ ℝ𝑛𝑛𝑗𝑗×𝑖𝑖 ), the number of latent variables is 𝑞𝑞  ( 𝑈𝑈𝑗𝑗 ∈ ℝ𝑛𝑛𝑗𝑗×𝑞𝑞 ). Furthermore, 𝐵𝐵𝑗𝑗 =
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�𝜷𝜷𝑗𝑗
(1) ⋯ 𝜷𝜷𝑗𝑗

(𝑑𝑑)� ∈ ℝ𝑖𝑖×𝑑𝑑 , where 𝑗𝑗 = 1, … ,𝑚𝑚 , 𝐵𝐵 = �
𝜷𝜷1

(1) ⋯ 𝜷𝜷𝑚𝑚
(1)

⋮ ⋱ ⋮
𝜷𝜷1

(𝑑𝑑) ⋯ 𝜷𝜷𝑚𝑚
(𝑑𝑑)
� ∈ ℝ𝑖𝑖×𝑑𝑑 , 𝑉𝑉 ∈

ℝ𝑑𝑑×𝑞𝑞and we assume that 𝑞𝑞 < 𝑑𝑑. 

Since 𝑌𝑌𝑗𝑗 − 𝑋𝑋𝑗𝑗𝐵𝐵𝑗𝑗  has a complexity of O(𝑛𝑛𝑗𝑗𝑝𝑝𝑑𝑑 + 𝑛𝑛𝑗𝑗𝑑𝑑)=O((𝑝𝑝 + 1)𝑛𝑛𝑗𝑗𝑑𝑑), �
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

� has a 

complexity of O( (𝑝𝑝 + 1)𝑛𝑛𝑑𝑑 ), where 𝑛𝑛 = 𝑛𝑛1+, … , +𝑛𝑛𝑚𝑚 . �
𝑌𝑌1 − 𝑋𝑋1𝐵𝐵1𝑘𝑘−1

⋮
𝑌𝑌𝑚𝑚 − 𝑋𝑋𝑚𝑚𝐵𝐵𝑚𝑚𝑘𝑘−1

�

′

�
𝑈𝑈1𝑘𝑘−1
⋮

𝑈𝑈𝑚𝑚𝑘𝑘−1
�  has a 

complexity of O((𝑝𝑝 + 1)𝑛𝑛𝑑𝑑 +  𝑛𝑛𝑑𝑑𝑞𝑞 )= O((𝑝𝑝 + 𝑞𝑞 + 1)𝑛𝑛𝑑𝑑 ). Generating 𝑅𝑅𝑅𝑅𝑊𝑊′  in Step 1 has a 

complexity of O(𝑑𝑑𝑞𝑞2) (Vasudevan and Ramakrishna 2017), and 𝑉𝑉𝑘𝑘 = 𝑅𝑅𝑊𝑊′ has a complexity of 

O(𝑑𝑑𝑞𝑞2). Collectively, Step 1 has a complexity of O((𝑝𝑝 + 𝑞𝑞 + 1)𝑛𝑛𝑑𝑑 + 2𝑑𝑑𝑞𝑞2) 

Step 2 has a complexity of O((𝑝𝑝 + 1)𝑛𝑛𝑗𝑗𝑑𝑑 + 𝑛𝑛𝑗𝑗𝑑𝑑𝑞𝑞)= O((𝑝𝑝 + 𝑞𝑞 + 1)𝑛𝑛𝑗𝑗𝑑𝑑) for 𝑈𝑈𝑗𝑗, where 𝑗𝑗 = 1, … ,𝑚𝑚. 

To update all 𝑈𝑈𝑗𝑗, the complexity becomes O((𝑝𝑝 + 𝑞𝑞 + 1)𝑛𝑛𝑑𝑑). 

In Step 3, we first use gradient to update un-thresholded 𝐵𝐵𝑗𝑗  as 𝐵𝐵� = �
𝜷𝜷�1

(1)
⋯ 𝜷𝜷�𝑚𝑚

(1)

⋮ ⋱ ⋮
𝜷𝜷�1

(𝑑𝑑)
⋯ 𝜷𝜷�𝑚𝑚

(𝑑𝑑)
� ∈

ℝ𝑖𝑖𝑑𝑑×𝑚𝑚, where 𝜷𝜷�𝑗𝑗
(𝑣𝑣)

= 𝜷𝜷𝑗𝑗
(𝑣𝑣) − 𝑡𝑡1 �𝛻𝛻�𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗

(𝑣𝑣) − 𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)�
𝐹𝐹

2
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑣𝑣)� �.  

The computation of the gradient 𝛻𝛻�𝒚𝒚𝑗𝑗(𝑣𝑣) − 𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) −𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)�

𝐹𝐹

2
𝛻𝛻𝜷𝜷𝑗𝑗

(𝑣𝑣)� = −2𝑋𝑋𝑗𝑗′𝒚𝒚𝑗𝑗(𝑣𝑣) +

2𝑋𝑋𝑗𝑗′𝑋𝑋𝑗𝑗𝜷𝜷𝑗𝑗
(𝑣𝑣) + 2𝑋𝑋𝑗𝑗′𝑈𝑈𝑗𝑗𝒗𝒗(𝑣𝑣)  has a complexity O( 𝑛𝑛𝑗𝑗𝑝𝑝 + 𝑝𝑝 + 𝑛𝑛𝑗𝑗𝑝𝑝2 + 𝑝𝑝2 + 𝑝𝑝 + 𝑛𝑛𝑗𝑗𝑝𝑝𝑞𝑞 + 𝑝𝑝𝑞𝑞 + 𝑝𝑝 )= 

O((𝑛𝑛𝑗𝑗 + 3 + 𝑛𝑛𝑗𝑗𝑞𝑞 + 𝑞𝑞)𝑝𝑝 + (𝑛𝑛𝑗𝑗 + 1)𝑝𝑝2). Then, obtaining 𝜷𝜷�𝑗𝑗
(𝑣𝑣)

 has the complexity of O(�𝑛𝑛𝑗𝑗 + 5 +

𝑛𝑛𝑗𝑗𝑞𝑞 + 𝑞𝑞�𝑝𝑝 + �𝑛𝑛𝑗𝑗 + 1�𝑝𝑝2) and obtaining 𝐵𝐵�  has the complexity of O((𝑛𝑛 + 5𝑚𝑚 + 𝑛𝑛𝑞𝑞 + 𝑞𝑞𝑚𝑚)𝑑𝑑𝑝𝑝 +
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(𝑛𝑛 + 𝑚𝑚)𝑑𝑑𝑝𝑝2). we assume that 𝑝𝑝𝑑𝑑 < 𝑚𝑚 and performing 𝐵𝐵� = 𝑃𝑃𝑑𝑑𝑖𝑖𝑡𝑡𝑛𝑛(𝜎𝜎1 …𝜎𝜎𝑚𝑚)𝑄𝑄′ has a complexity 

of O( 𝑝𝑝𝑑𝑑𝑚𝑚2 ). Performing thresholding and reconstruct 𝐵𝐵  as 𝐵𝐵 = 𝑃𝑃𝑑𝑑𝑖𝑖𝑡𝑡𝑛𝑛(𝜎𝜎�1 …𝜎𝜎�𝑚𝑚)𝑄𝑄′  has a 

complexity of O( (3 + 𝑝𝑝2𝑑𝑑2)𝑚𝑚 + 𝑝𝑝𝑑𝑑𝑚𝑚2 ). Collectively, Step 3 has a time complexity as 

O((𝑛𝑛 + 5𝑚𝑚 + 𝑛𝑛𝑞𝑞 + 𝑞𝑞𝑚𝑚)𝑑𝑑𝑝𝑝 + (𝑛𝑛 + 𝑚𝑚)𝑑𝑑𝑝𝑝2 + 𝑝𝑝𝑑𝑑𝑚𝑚2 + (3 + 𝑝𝑝2𝑑𝑑2)𝑚𝑚 + 𝑝𝑝𝑑𝑑𝑚𝑚2). 

The overall computational complexity becomes O( 2𝑞𝑞2𝑑𝑑 + 2𝑝𝑝𝑛𝑛𝑑𝑑 + 2𝑞𝑞𝑛𝑛𝑑𝑑 + 2𝑛𝑛𝑑𝑑 + 𝑞𝑞𝑛𝑛𝑑𝑑 +

5𝑝𝑝𝑚𝑚𝑑𝑑 + 𝑞𝑞𝑝𝑝𝑛𝑛𝑑𝑑 + 𝑞𝑞𝑝𝑝𝑚𝑚𝑑𝑑 + 𝑝𝑝2𝑛𝑛𝑑𝑑 + 𝑝𝑝2𝑚𝑚𝑑𝑑 + 𝑝𝑝𝑚𝑚2𝑑𝑑 + 3𝑚𝑚 + 𝑝𝑝2𝑚𝑚𝑑𝑑2 + 𝑝𝑝𝑚𝑚2𝑑𝑑).  

𝑛𝑛: the sample size 

𝑝𝑝: the number of observed variables 

𝑞𝑞: the number of latent variables 

𝑑𝑑: the dimensionality of the response  

𝑚𝑚: the number of similar-but-non-identical processes, 

It is safe to assume 𝑞𝑞 < 𝑑𝑑 ,  𝑚𝑚 < 𝑛𝑛 , We can simplify the complexity as O(𝑞𝑞𝑝𝑝𝑛𝑛𝑑𝑑 + 𝑝𝑝2𝑛𝑛𝑑𝑑 +

𝑝𝑝2𝑚𝑚𝑑𝑑2 + 𝑝𝑝𝑚𝑚2𝑑𝑑).  

 

 

 

 

 

 



115 

Appendix C 

Table C-1. Mean and standard errors (within parenthesis) of model parameter estimation error 

over 100 simulation replications 

𝑛𝑛 𝑛𝑛� 𝜏𝜏 𝜌𝜌 𝛾𝛾 Proposed IBOSS Random Stratified Cluster-
Based 

10000 1862.4 1 0.7 10 0.20 0.20 0.23 0.23 0.24 
(<0.01) (<0.01) (<0.01) (<0.01) (<0.01) 

10000 2972.8 0.1 0.7 10 0.94 0.68 0.76 0.77 0.78 
(0.02) (0.01) (0.01) (0.01) (0.01) 

 
Table C-2. Mean and standard errors (within parenthesis) of prediction error over 100 simulation 

replications 

𝑛𝑛 𝑛𝑛� 𝜏𝜏 𝜌𝜌 𝛾𝛾 Proposed IBOSS Random Stratified Cluster-
Based 

10000 1862.4 1 0.7 10 1.85 1.79 1.83 1.82 1.83 
(0.04) (0.04) (0.05) (0.05) (0.05) 

10000 2972.8 0.1 0.7 10 7.81 7.64 7.72 7.72 7.71 
(0.11) (0.11) (0.11) (0.11) (0.11) 
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Figure C1. The assumption check of the modeling residuals for silicon ingot manufacturing 

case study 
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Figure C2. The number of times that each variable is selected over 100 replications for the 

silicon ingot manufacturing case study 
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