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(ABSTRACT)

The objective of this study was to formulate a theoretical model and to develop an effi-
cient and accurate solution method to predict the distribution of frictional heat and re-
sulting temperature rise for simple systems with sliding contact. The solution method
developed is a variation of the boundary integral equation method {BIEM}) in which a
moving, full-space Green’s function is used as the fundamental solution. The numerical
characteristics and limitations for the solution method are presented, as well as the
physical parameters that affect the surface temperature rise. The analysis includes an
arbitrary sliding velocity, with special focus on oscillating and unidirectional motion.
Since the real contact area is extremely important, the theoretical analysis has the flexi-
bility to handle any arbitrary contact area. Results are presented which display the ef-
fect of velocity or Peclet number, the frequency and amplitude of oscillation, and
thermal properties. Also, results showing the effect of the number, spacing and orien-
tation of the contact patches are presented. Finally, theoretical calculations corre-
sponding to experiments involving a ball on an oscillating sapphire disk are presented

and are found to correlate well with experimental data.
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Chapter 1
INTRODUCTION

RATIONALE FOR THE RESEARCH

The surface temperature rise involving two sliding contacts is frequently important in
tribology processes, as in bearings, brakes, cams, gears, sliding electrical contacts, the
striking of a match, machining and metal working, machinery, and various joints (in-
cluding human synovial joints.) The theoretical calculation of temperature due to the
constant sliding case has been extensively studied; however, the surface temperature rise

generated by friction in oscillating contact or fretting condition is still an unknown.

Energy conversion and transmission involve moving surfaces in contact. Friction and
wear are the result of this sliding of one solid body over another. High surface temper-
ature has many possible consequences, including the following: surface melting of one

of the contact bodies; deterioration and increased wear; oxidation and oxidational wear
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of metallic sliding components; softening and increased wear of metallic components in
non-oxidizing environments; and breakdown of solid and lubricant films. Frictional
heating has significant impact on the failure of sliding components, such as
thermocracking of brakes and face seals, scuffing in gears, sparking and excessive wear
of electrical brushes and wear in a variety of sliding components. Temperature affects
the physical and chemical behavior of rubbing solids as well as of the lubricants between
these solids. Higher temperature could cause breakdown of lubricant and increase sur-
face wear. On the other hand, the concept of reduction of wear in boundary lubrication
[1,2] by the use of particular compounds capable of forming protective polymeric films
directly on rubbing surfaces results from the high surface temperature rise in the region
of sliding motion. Higher surface temperatures produced by friction in sliding is one of

the important factors that cause surface damage.

Fretting is defined as wear and corrosion occurring between two surfaces having oscil-
lating relative motion of small amplitude [3]. Fretting damage is dependent on such
factors as amplitude and frequency of vibration, load, material, surface finish, hardness,
coatings, lubricants and environment. The surface temperature rise is also dependent
on the same factors. Fretting contact occurs in a variety of tribology systems such as
mechanical joints, supports, flanges, clutches, and bearings. The thermal effects could
aggravate the surface damage and failure of components, increased rate of chemical re-
action between the contact and the environment, increased wear, thermal fatigue at the
contact surface, and changes of the physical properties of the contacting surface. Thus,

the surface temperature plays an important role in these complex tribological processes.
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OBJECTIVES OF THE RESEARCH

The objectives of this theoretical research are to develop a theoretical model and efficient
solution method to predict the distribution of frictional heat and the resulting surface
temperature rise in oscillating contact or fretting. This model has to be general enough
to describe real systems observed in practice and the solution method must be efficient
and accurate to allow for a systematic study of the physical parameters affecting surface
temperature. Limitations and characteristics of the solution method, and the major
factors that influence the surface temperature rise in tribological systems are investi-
gated. Also, a comparison of theoretical predictions with the experimental results obtain

from the laboratory is made.

SCOPE OF THE RESEARCH

In recent years, several studied have been carried out on fretting as part of the Tribology
Program at Virginia Polytechnic Institute and State University (VPI&SU). A theoretical
and experimental study of surface temperature generated during the fretting is one of the
projects being conducted at VPI&SU and sponsored by the National Science Founda-
tion Tribology program [3,46]. This study is phase I of the theoretical part of the

project.

A general real world oscillating contact system, in which one body rubs against another,

is modeled. The heat is generated at the area of true contact, and is then conducted
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away into the bulk of the rubbing members. The distribution of the total frictional heat
is determined by solving the energy equations, and matching the single region solutions
using the criteria that the surface temperatures over the contact region match and that
energy is conserved. The magnitude and distribution of the temperatures in real systems

can then be determined.

The simple model used in this study allows for careful examination of the effect of sliding
velocity of the moving region, the size, the distribution and orientation of the area of
contact, and the thermal properties of the two regions. In the model, the frictional heat
source is treated as an arbitrary function of the velocity. The velocity input is arbitrary,
which could be oscillating, or constant velocity. The study of oscillating velocity is
concentrated on the effect of frequency and amplitude in the oscillating motion. This
model could handle any combination of geometry and multiple contacts. The distrib-
ution of heat between the two regions , which has never been carefully and effectively

studied, is also investigated in the present research.

Solution methodology: Boundary Integral Equation Method

The boundary integral equation method or boundary element method is a relatively new
technique based on the combination of classical integral equations and finite element
concepts. The boundary integral equation method (BIEM) used in this study utilizes the
full-space moving Green’s Function, which is the solution to a concentrated pulsed heat
source in a moving region. In the boundary integral equation method, the general sol-
ution is evaluated at the exposed surfaces, as elements are only defined on the external

surface; internal unknowns are not required as the problem has been mathematically
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reduced into a boundary solution. Thus, the method leads to an integral equation for
the unknown boundary data. The transient heat conduction requires time as well as
space integrals. The time integral is handled in a similar manner to the space integrals.
The end result is a system of integral equations which requires evaluation only over the
boundaries. Once all the boundary data are known, one can calculate any internal var-
iables as functions of the boundary values. Unlike finite differences and finite elements,
there is no need to construct a mesh over the entire volume. This reduction in dimen-
sionality greatly reduces the required computation time and storage, and is a major ad-
vantage in using BIEM. Other advantages of this technique include the simplicity of the
input data required to run it, and the fact that the time step used by BIEM can be much

larger than those required by finite difference or finite element methods.
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Chapter 2

LITERATURE REVIEW

The theoretical prediction of surface temperatures resulting from frictional heating was
initiated with the pioneering works of Blok [4] and Jaeger [5]. Both of these works
employ the analytical solution for the temperaturé distribution due to a point source
over a single contact patch on the surface of a semi-infinite medium. In order to parti-
tion the frictional heat between sliding bodies, Blok [ 4] first calculated the temperature
distribution for stationary and moving sources subject to a uniform heat flux. The total
heat flux was then partitioned such that the maximum temperatures on the two surfaces
were the same. This method shows significant inaccuracies at high sliding velocity.
Jaeger [ 5], instead of matching maximum temperatures, matched the average temper-
atures of the two surfaces to determine the division of frictional heat. Another approx-
imation was suggested by Archard [6] who proposed that the average interfacial
temperature rise is half of the harmonic mean of the average rises if each surface received
all the heat flux. The formulation was recently extended to allow an estimation of tem-

perature distribution both at the surface and in subsurface regions [7].
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In order to eliminate the need to approximate the division of frictional heat, Ling
[8,9] evoked the condition that all points of intimate contact must have the same sur-
face temperature. This leads to a singular integral equation for the heat partition func-
tion and shows that the correct partitioning function is not constant but varies with both
position within the real contact area and with velocity. The technique suggested by
Ling has been extended to problems with finite geometry for some practical situations
involving rotating disks [ 10] and bearings [ 11,12]. Analytical solutions using the in-
tegral transform technique were developed for these problems in finite regions with a

single area of contact.

The effect of multiple contacts has been studied by several investigators. A stochastic
approach [ 13,14] was used in which a number of small contact spots were generated in
a random manner over a nominal contact area. The resulting flash temperatures at the
contact spots were found to be much higher than those elsewhere on the surface.
Marscher [[15] studied the effect of multiple interacting heat sources in a one-region
problem. The problem of two solids with different bulk temperatures and multiple con-
tacts was investigated Barber [ 16] who used Jaeger's point heat source method and

approximation for the partition of frictional heat.

The analytical treatment of surface temperatures has also been extended to include the
effect of lubricants and third-body layers between the sliding surfaces. Lai and Cheng
[17] considered lubricated sliding with rough contact where the slurface roughness was
generated numerically. The results show that scuffing is correlated with high temper-
ature asperities which are above the material softening temperature. Other studies
[ 18, 19] that used the energy-based friction model of Rigney [ 20] show that nearly all

frictional energy is dissipated as heat, primarily within the top few microns of the con-
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tacting bodies. Another interesting analysis was performed by Ryhming [21] who as-
sumed that all frictional heat was produced within a third-body layer between the two
sliding bodies. Furthermore, the surface temperature rise has been found to depend on
sliding velocity, and/or contact pressure from experimental data by using the dynamic

thermalcouple [22].

A variety of other analyses have employed analytical techniques [23 — 25] to study ef-
fects such as convective cooling from the noncontacting portions of the surface [ 23]

and the effect of a Hertzian distribution of heat flux over a contact patch [24].

Numerical methods have also been used for the analysis of surface temperatures, espe-
cially for sliding bodies of complex shape. Both finite differences [ 26 — 28] and finite
elements [ 18,29 — 31] have been employed. In order to accurately calculate the large
temperature gradients in the vicinity of contact areas, the finite difference technique re-
quires an excessively fine grid, resulting in long computer times and storage. As a result,
the finite element technique seems more suited to these types of problems using a fine
mesh in the region of contact and a coarser mesh elsewhere. Despite the general appli-
cability of the finite element technique, problems with numerical oscillations and inac-

curacies can occur if the Peclet number is too high [31].

The finite element technique was applied by Kennedy et al [ 18,29 — 32] to analyze a
variety of situations of interest, including disk brakes, bearings, and gas seals. The work
of Rashid and Seireg [ 28] models the sliding bodies. The results show that both these
effects can significantly influence surface temperatures. Recently, Kennedy and co-
workers [[32] also used a finite element technique [31] to predict contact temperatures

in an oscillating sliding contact with low frequency and high amplitude.
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Since both analytical and numerical techniques have advantages and disadvantages, an
interesting hybrid technique has been proposed by Colon and Floquet [33]. It makes
use of a finite element method in only the stationary component, which is usually the
member of most complex geometry, and uses the integral transform technique in the
simpler-shaped moving component. The initial results with the method are quite prom-
ising. A comparison of analytical and numerical methods was presented by Floquet
[34]. He points out that analytical techniques can present substantial advantages over
numerical methods in accuracy and computational time but analytical methods are dif-

ficult to apply to complex geometry.

As a whole, these surface temperature analyses have shown that the most important
factors governing surface temperature magnitudes are the rate of heat generation, shding
velocity, thermal properties of the contacting materials, and the true nature of the real
area of contact. The first three of these factors can generally be specified. However, the
size, shape,and distribution of the actual contact spots and the influence of any third
bodies, including oxide films and wear debris, is seldom known with certainty. All these
factors and their complicated relationship with surface temperature require more study.
In particular, the influence of an oscillating sliding velocity, especially fretting, has not

been investigated since almost every study considers a constant velocity [ 3].

The boundary integral equation method is a relatively new numerical technique for the
analysis of thermal problems. The BIEM was first applied by Rizzo and Shippy [35]
for the solution of transient heat conduction problems. They used the Laplace trans-
form in a time variable. Another approach was proposed by Chang et al. [ 36 ] and Shaw
[37]. They used a time-dependent fundamental solution of the governing linear heat

equation. Many researchers [[38,39] have discussed the computer implementation of
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numerical procedures for application in engineering problems. Geometrically singular
problems and infinite domain problems were considered by Kuroki et al. [40]. Non-
linear problems were tackled by Skerget and Brebbia [41] by using a Kirchkoff trans-
form. Non-linear transient heat transfer problems were considered by Onishi and

Kuroki [ 42] by using Green’s function.
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Chapter 3

THEORETICAL MODEL

In this chapter a theoretical model for frictional heating between two semi-infinite re-
gions with sliding contact is formulated in the rectangular coordinate system. The
thermal properties and hardness of the two regions are assumed constant. This model
only considers the simple system of two pure contact regions with no loss of heat from
the noncontacting portion of the surface, no surface film, no oxide formation, no

chemical reaction on the surface, and no lubrication.

GENERAL GOVERNING EQUATIONS

The general schematic and coordinate system are depicted in figure 1. The problem is

analyzed by fixing the coordinate system to the center of the contact area and letting the
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Figure 1. TWO REGION PROBLEM - A stationary region on a moving region.
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region-2 move with velocity, v(t) in the x-direction. Thus, the governing energy

equations include a convection term, and become

o1, T oV, 3.1
5 TVl = i (3.1a)
where i=1 or 2, and
v{)=0, i=1
—v®) i=2 (3.18)

The boundary and initial conditions for region i are,

T,=T, at t=0 (3.1¢)

-7, xy,z = + oo (3.14)

The coupling conditions on the contact area, A (X,y) are based on the assumptions that
surface temperatures of both regions on the contact area must be equal and the energy

is conserved, thus

=T, (3.2a)
P oT, Tk 0T,
s =— Ry~ 1K
s 0z 0z (3.26)
= q" + ¢q" , oncontactarea A,

On the noncontacting portions of the surface, negligible heat loss is assumed, thus

oT;
—67‘ =0, noncontacting portion of z = 0 (3.2¢)
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The total frictional heat flux, ¢,”’(x,y,t), in equation (3.2b) is generally known; however,

the distribution of this frictional heat to each region,

0T,
(—Dk——, on contact area A,
’ _ 52
4q; (x,y,t) - { R
on noncontacting surfaces
is unknown. The total frictional heat is due to the conversion of mechanical energy into

heat and is given by
;" = pP|v(t)!

where both the coefficient of the friction, u, and pressure, P, may vary over the contact

area and over time.

The velocity term (see also “APPENDIX C: Oscillating contact: Velocity, Position, and
Heat Source” on page 107) in the governing equations can be arbitrary. The two most

common and important cases, namely unidirectional and oscillating velocity, are

v unidirectional velocity

viy={ (3.3)

v, cos(wi), oscillating velocity

In the oscillating velocity case the maximum velocity, v_, is given by
V=X o (3.4)

where o is the frequency and x_ is the amplitude of oscillation. The contact area

A (%,y) is treated as N rectangular patches, where each patch has dimension 2a by 2b.
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SCALE ANALYSIS

Scale analysis is often used to determine relevant reference quantities such as the length
scale, time scale, temperature scale, and so on. It also produces order-of magnitude es-
timates for quantities of interest and suggests logical dimensionless variables. The gov-

erning equation (3.1a) for moving region-2 is scaled in the following manner.

AT | AT | AT 1 AT | Vm AT
2 et T mg

where the symbol ” ~” indicates order of magnitude. If the thermal affected zones are

equal,

the above equation becomes

1 1 Vim
§2 ol ayé

When t = oo,

1 Vm
52 40
(3.5a)
o)
0~ T

which gives an appropriate length scale.
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Whent — 0,

D/ or
azt azé ’
04
t~ o~ (3.5b)
m v
m

which defines a meaningful time scale. The temperature scaling is determined using

equation (3.2b) as following:

(3.5¢)

DIMENSIONLESS VARIABLES

Based on the previous scaling arguments, reference quantities are defined as following,

¢ Length scale = ::,2-

. o,
® Time scale = —
v

r

11
qr az

¢ Temperature scale =
) kZVr
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where v_and q ' are the characteristic velocity and heat flux. For unidirectional and

oscillating velocity, the following reference velocity and heat flux are used,

v, unidirectional velocity
v,={ I :
v, oscillating velocity

ql” ' = 'LLPI‘VI‘

where P_is the reference pressure. Using these reference quantities, dimensionless pa-
rameters can be defined as,

V'y Vrz Vrzt
X=aos Y=my 2=, 1= (3.64)
va vb
A—-—&-z—, B 2 (3.60)
- T q " 1
d=—7", Q'=—7%, Q'=—%, 3.6c
g, o & q, @ q, (3:69
kv
o; k;
MN=7 K= % (3.64)
o, vl
Q=—2—, V= iv() (3.6¢)
Vr r
where,
i=10r2

THEORETICAL MODEL

17



Substitute dimensionless variables defined by equations (3.6) into equation (3.1) and
(3.2). The dimensionless form of the governing energy equation for the two region

problem becomes,

i \% ae"—A v:e 3.7
ar'*'z(‘f)ax—: i (3.7a)

The boundary conditions for region i are,
6;=0, at t=0 " (3.7b)
6,—0, XY, Z - + o0 (3.7¢)

The dimensionless coupling boundary conditions of equation (3.2) become,

6, =6, (3.8q)
Q 12 K a9] 562
=M
2z Tz (3.85)
= Q" +Q,”, oncontactarea A,
28, '
A 0, Z = 0, noncontacting areas (3.8¢)
where,
1i=1,0r2

The total frictional heat, Q" is unknown, and the solution must yield the division of

this frictional heat,

(— 1) K,( )2_0 contact area A,

0 noncontacting portion

THEORETICAL MODEL 18



PHYSICAL PARAMETERS

The physical parameters involved in this problem include: dimension of contact areas
(a,b), thermal properties of both regions (k,, k,, «,, &), and velocity (v) for unidirectional
motion or amplitude (x,,) and frequency of oscillating (w) for oscillating motion. The
distribution of frictional heat and the resulting temperature rise will depend on the fol-
lowing dimensionless parameters,

constant velocity:

A11 K]’ Ay B, N! Spacmg!

(3.9a)
and orientation of contact areas
oscillating velocity:
A K A, B, Q, N, spacing
(3.95)

and orientation of contact areas

where N is number of contacts.
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Chapter 4
SOLUTION USING BOUNDARY INTEGRAL
EQUATION METHOD

The boundary integral equation method (BIEM) is used to solve the governing
equations in chapter 3 by using a moving or convecting Green’s function (GF). Satis-
faction of boundary conditions produces a system of equations which can be solved to
find the boundary unknowns. Once all values on the boundary are known, temperature
anywhere can be calculated as function of the boundary values. The use of a moving
Green’'s function distinguishes this analysis from the standard BIEM which uses the

classical stationary diffusion GF.
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MOVING GREEN'S FUNCTION

Let G(X,Y,Z,7,1X,, Y,, Z,, 7,) or G, denote the fundamental full-space moving Green's
function in region i. The full-space moving GF is governing by

aG, 3G,

7 TV 3x

(4.1a)
=AVG+6(X-X)6(Y-Y,)6(Z—-2Z,)6(t—1,) for all X,Y,Z, t

G0, X, Y, Z- +oo (4.1b)
G;=0, <71, 4.1¢)
where
i=1,2

and ¢ is the Dirac delta function. The details of the solution for the GF using the
Fourier transform method are shown in “APPENDIX A: Fourier Transform Method for

Moving Green’s Function” on page 94. The solution for the Green'’s function is

Gi = Gi(X, Y, Z, T I Xo, Yo’ Zo’ Ta)

3 1
CanAfr — 7)1 (4.2)

2 2 2
xEXP[_ (X=X, =X +(Y=Y)' +(Z-Z,) ]

AA(t—,)
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where,

T
X, = I Vi(r')d’

=1,

Equation (4.2) is similar to the classical solution of GF, except for the term X, which

represents the effect of the convection term in equation (4.1a)

GENERAL SOLUTION IN TERMS OF THE

MOVING GREEN'S FUNCTION

Express equation (3.7a) in the ( X,, Y,, Z,, 7,) variables and perform the following oper-

ation.

! , 06, 26,
AV 20— =L = Viz) 55+ |GAX,8Y,4Z,d7, =0 4.3)
7y =0 R, ° °

When i1 = 1, the Z integral ranges from 0 to co, when i = 2, the Z integral ranges from

0 to -oo, and the volume integral represents integration over the entire region,

AL

X, =—o0

J‘oo J';\:oo
Y,=—00"vZ,=0
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According to Green'’s theorem, the first term of equation (4.3) becomes

j J I _[ [AGV,26,]dX,dY,dZ,dz,
7, =0 R;

! a8, 4G,
= At' (Gl W )Zu =0 ( _a'ﬂ_ ei)za =0 dXodYodTo
7, =0 S;

+I I I I [ A8:V2G,]dX,dY,dZ,dz,
7, =0 R;

T
Q" . 8G,
= J J J A,-[G,.—K‘—i—(_1)‘72_j.0i]ZO=OdXOdYOdro
7, =0 S;

+ f J j f [A8V:G,1dX,dY,dZ,dz, (4.4a)
7, =0 R;

where the surface integration is,

AL

X, ==00"vY,=—00
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The following identities have been used,

8G; , G,
an |Zo=0—(_l) azo

aoi l _ li%_ Qi”
o z== "V 57 =7,

Here # represents the outward normal derivative.

The second term of equation (4.3) can be integrated by parts in the time variable to get

! 28,
[ 5.1 G14X,dY,dZ,ds,
7,=0 R,

<t * aG[
- 0G)!7, =0—J 6,7 dr, |[dX,dY,dZ,
R, T, =0 (2]

‘ 0G;
=— L6, —— 1dX,dY,dZ,dr, (4.4b)
o
7,=0 R;

Att = 0, 6, is equal to zero. At t*, G, is also equal to zero by the definition of GF

equation (4.1c), because the time for the effect is earlier than the time for impulse.

The third term of equation (4.3) can be integrated by parts in the X-direction to get
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J IJJ V( )aX ]GIdXdeZdro

7, =0

- f=0 L JZ[(ViG;G,)|2=_w]dYOdZOT f JJJ 6, ‘X ]dX 4Y,dZ,z,

j JvJ\J‘ \Y Ol-éi—ildx dY,dZz, (4.4¢c)

In the above expression, the boundary condition (4.1b), has been used. Substitute

equations (4.4) back into equation (4.3)

0G;
i
f fff [AVG+aT +V,6X ]dXdeZdro

7, =0

f j f G, ﬁ—(—l) aG ‘]Z‘,:odXodYodro:O (4.5)
7,=0

The Green’s function G(X,Y,Z,1X,, Y,, Z,, t,) satisfying the equation (4.1) must obey

the following reciprocity relation [43]
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Response at (X,Y,Z,7) due to an impulse
at (X,, Yo, Z,, 7,) With velocity V()

Response at (X,, Y,, Z,, — 7,)due to an impulse
at (X,Y,Z, — 7) with velocity — V{z,}

Therefore, the Green'’s function must obey the following equations,

oG

2 oG,
AVLG;+ 2. T Vi(t,) 5X
[ (*]

(4.6a)

=—0X-X)6(Y-Y,)o0(Z—-Z,)6(t—1,)
G;—-0, XY, Z- +0 (4.6b)
G; = 0, T, >T 4 (4.6¢)

The solution to equations (4.1} and (4.6) are identical and are given by equation (4.2).
Substitute equation (4.6a) into the first integral in equation (4.5) and use the following

property of ¢ function

.[ «—0 I w__ J ) ro 6,[6 (X =Xp) 6 (Y —Y,) 6 (Z—Z,) 6 (x — 7,)1dX,dY,dZ,dx,

,=—00 v Z =0

=1 0/{X,Y,Z,7)
where,
_1 -
A= > Z=0
=1, Z#0
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Equation (4.5) now becomes,

A 0(X,Y,Z,7)
: Q" 1 9G 4
=A-J J.J. [ — (1) —— —dX,dY,dt (4.7q)
l10=0 s, i K az z Z,=0"“*> "o% "0
fori=lor2
where
(-1) K,( )Z =0 on contact area A,
Q=1 52 o (4.7)
0, on noncontacting portion

The integral equation (4.5) is now reduced to a surface boundary integral equation
(4.7a). Since the frictional heating acts only over the area A (X,Y), rewrite equation

(4.7a) as

A 6(X,Y,Z,7)

= A, J‘: ) J JA [ QK_I,' (G)z, =0:]dX0dYodro
—(—I)AI Jj[ A ] 7, =09X,dY 1,

Evaluate equation (4.8) at surface (Z = 0) and use

(4.8)

oG
(6—ZO)Z°=Z=°=0

to obtain a general solution for surface temperature, 6,,, Thus,
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1 1
= O(X,Y,0,7) = = 0,(X,Y,7)

- A,J: =J L[ QT‘ (G, =z=0]dXodYodro 4.9)

INTEGRAL EQUATION FOR THE DISTRIBUTION

OF FRICTIONAL HEAT

The general solution for the surface temperature rise, equation (4.9) has two unknowns.
One is the 6., itself, another one is Q/’. Thus, use the coupling boundary conditions of
equation (3.8a), which states that points of direct contact must have continuity of tem-

peratures,
6,,=10,, in A (X,Y)

Replacing 6,, and 8,, with the solution given by equation (4.9) gives

SOLUTION USING BOUNDARY INTEGRAL EQUATION METHOD 28



AIJ Jj [ % (GI)Z‘7 =Z=0:.|dXodYodTo

=" [] Qs 6o, czadax Vs, (@.10)
T,=0" YA_
Now use conservation of energy, given by the boundary condition of equation (3.8b}),
Q" =Q"+Q"
to substitute for Q,” in equation (4.10), and rewrite the resulting expression as

J J f [Q1"(Xos Yor 1)G(X, Y, 71 X,, Yo 7,) ]dX,dY,d1,
5, =00 YA 4.11)

=FX,Y, 1), valid for (X,Y) on AC(X,Y)
where

G(X,Y,tlX,, Y, 1,) = kernel

, (4.124a)
=X, (G1)z, =z=0 + (G2)z, =z—0

FX, Y, 9= [ _0 [] £ ®a Yo w(Gy, omleXtY oz, (4120
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Equation (4.11) provides an integral equation for the determination of Q" from which

Q."’ immediately follows from,

Q" =Q" - Q"

NUMERICAL SCHEME AND DISCRETIZATION

Up to this point, the solution for the surface temperature, given by equation (4.9), and
heat flux, given by equation (4.11), are exact. However, due to the difficulty of the inte-
gration, a numerical integration method is employed to perform the calculations. Two
numerical integration rules (trapezoid rule and midpoint rule) have been investigated,

but only one (midpoint rule) is presented here in detail.

Trapezoid rule

Use the trapezoid rule to integrate equation (4.11) for time and midpoint rule for space.

The unknown heat flux is treated as following

Qly,=Q:”, in region X,<X<X,.
Yn =Y< Yn+1

attime 1= 7,

The advantage of using the trapezoid rule is to avoid solving simultaneous equations.

But at = = 7, the Green’s Function has a singular point. Another disadvantage of the
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trapezoid rule is that it is unstable for integral equations of the first kind [44] , like

equation (4.11).

Midpoint rule

Use the midpoint rule to integrate equation (4.11) for time and space. The unknown

heat flux is approximated as follows,

Qlfn,n = ans stn,n = "
in region X,<X<X,.,
Y, <Y<Y,

in time period T, <t< 7,

The midpoint rule is stable for first kind integral equations like equation (4.11) [44];

therefore, this method is used for this research study.

Rewrite the distribution of frictional heat equation (4.11) as
[ ] [0 Yo )G, Y, 21X, Yo7 J0X, Yo,
7, =0 Ac

= J. J.J‘A [Qs”(xo! Yoy To)(Gz)zo =Z=0:|dxodYodTo
7, =0 .

The above equation is evaluated at time t = T, = ppx Az and discretized over time

and space with a midpoint rule. The above expression becomes,
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pp—1

ZZZ Ho j " QKo Yo TG, Y, Tl Xy, Yo, 7,) J8X,dY 0d5,
1 —1 Y,=

=Y,
p=0 m
(4.13)
pp—1
+1 m+1 n+1
ZZZJ F J J [Qy"(Xor Yo To)X(Ga)z, =z01dX,dY,d7,
Y, =Y,

p=0 m

where,
m, n are summed over the elements of the contact area A, in X, and Y

and

T =1y, =ppX At = current time step

Using the midpoint rule to approximate Q,”’ in equation (4.13) provides the following,

Iil Z ZQIP WGl (X, Y, )

e (4.14)
Z Z ZQS G210, (X, Y, 7,0)

p=0 m

GIlz,, (X,Y,7) is the effect of the integral of the Green’s Function (see equation (4.12a}))

over element (m,n) in time period p, and is defined by,

G (X, Y, 7pp) = j J " j G(X, Y, t1X,, Y,, 7,)dX,dY,dr, (4.150)
Y, =Y,

where the kernel, G, was defined by equation (4.12a).
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Similar to GIz, (X,Y,7)

G2y (X, Y, 1)

(4.15b)
T, X, Y,

=I p+1 J‘ +1 I +1 [GZJZ,,=Z=odX0dY0dTO
THo=1,"X =X Y, =Y,

(For detailed derivation of GI7,, (X,Y,7) see “APPENDIX B: Integral of Moving Green’s
Function” on page 101) The summation over space is valid only in the area of contact

A (X,Y). The only unknowns in equation (4.14) are the most recent heat flux values,

QIw7t | Thus, rewrite equation (4.14) as

Z ZQIFn";IGIz";‘(x, Y, 1)
n

m

pp-1

=) ) Q82X Y )

=0 m n

- (4.16)

- Z Z ZQI; WGl (X, Y, 75p)

p=0 m n

There is one unknown , QI#;!, for each element. Thus, evaluate expression (4.16) at the
middle of each element. This type of element is always “smooth” as the node is always
at the center of the element, hence, the multiplier 4 of 8 is 1/2 (see equation (4.9)) at the

surface. Rewrite equation (4.16) with X, Y evaluated at the center of the elements as,
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Z ZQlfnp;‘GI;*’,;l(mm +1/2,nn+ 1/2, pp)

m n

= Z Z ZQS‘Z, .G210, (mm + 1/2, nn + 1/2, pp)
pp—2

- Z Z ZQI‘,";1 2G1h, »(mm + 1/2, nn + 1/2, pp)

=0 m n

(4.17)

The following shorthand notation has been used,

(X’ Y, Tpp) = (Xmm+1/2’ Ynn+l {22 Tpp)
= (mm+ 1/2,nn + 1/2, pp)

The contact area is considered to be composed of ncon rectangular patches, each divided
into ma elements in X, and nb elements in Y. Thus, the m and n summations in equation

(4.17) can be expressed as,
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ncon ma nb

> > QI GG, mm + 1/2, nn + 1/2, pp)

Jj=1 m=1 n=1

=1
[e]
o]
3
g
£
3
o

QS G21P%,) (5, mm + 1/2, nn + 1/2, pp)

T
2
,'.‘.
=
1!4

PP—2 ncon ma nb

+ Z Z Z Z[Qsﬁm,,,azlﬁm(jj, mm + 1/2, nn + 1/2, pp)

p=0 j=1 m=1n=1

- Q17 .G}, (i}, mm + 1/2, nn + 1/2, pp) ] (4.18)
where,
ji=1, ncon ncon is the number of contacts
mm =1, ma ma is the number of elements per contact in X
nn=1, nb nb is the number of elements per contact in Y

Equation (4.18) can be written in matrix form as,

GI eql =f (4.19)

where,
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pp~1
Qll,l,l
pp—1
Qli)i
| increment j, m, n
L ]

ql(l) = (4.20a)

Ql pp—1
ncon, ma, nb

— increment j, m, n
| increment jj, mm, nn

GI(I,K) = (4.200)

GIPP (i, mm + 1/2,nn + 1/2, pp)

| increment jj, mm, nn

fI) = . (4.20¢)

fjj, mm + 1/2,nn + 1/2, pp)
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The solution of equation (4.18) gives the desired heat flux distribution, Q1%;!,. Once the
heat distribution is known, the surface temperature can be evaluate in term of QIg;! .

using equation (4.9). Equation (4.9) is discretized with the midpoint rule as follows,

T

2A; [
0%V, 0= [ [[ 0 Gy ot a¥,e,
i dr,=0" A (X, V)

(4.21)

PP—1 ncon ma nb

'Z—KA'—I. Z Z Z ZQ%}P,m,n Gilﬁm,n(x’ Y, TPP)

! p=0 j=1 m=ln=l

where,1 = 1 or 2.

SOLUTION USING BOUNDARY INTEGRAL EQUATION METHOD 37



Chapter 5

RESULTS AND DISCUSSIONS

NUMERICAL PARAMETERS

Integration rule

A comparison of numerical integration rules is shown in Figure 2 on page 40 for the
constant velocity case with A= 1 gnd 10. In the low Peclet number (A=1) case, the
distribution of frictional heat is divided evenly and both numerical rules predict similar
results. However, use of the trapezoidal rule results in numerical oscillation of the dis-
tribution of frictional heat for the high Peclet number (A= 10) case. The results of the
trapezoidal rule oscillate about the results obtained from the midpoint rule, and are out
of the range of this figure after 50 time steps. The temperature rise shows behavior

similar to the distribution of frictional heat; therefore, a numerical oscillation of the
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temperature also occurs. Since the trapezoidal rule is unstable and shows numerical
oscillation for high Peclet number, all the following results are based on the midpoint

rule as it is simple and does not exhibit numerical oscillation for high Peclet number.

In order to compare with the existing single region results, a special case of K, = 0 is
input into the BIEM program (“APPENDIX D: Listing of the Program: FRHMID

FORTRAN?” on page 111). As expected, the distribution of frictional heat, (—Qi), to the

Q
moving region resulting from this case is one. Figure 3 on page 41 shows the temper-
ature rise of the moving region for this special case of unidirectional motion where the
moving region gets all the frictional heat, with Peclet number of A=0.2, 2, 4. These

results are indistinguishable from the square contact results of Jaeger [4] , in which his

Peclet number is defined as

1
L= 20 2

A

where / is the half width of the square contact area. The above comparison validates the

BIEM program for the single region case.

Constant velocity

Table 1 on page 43 is a numerical study of the BIEM for constant velocity using the
midpoint- rule. 8, and %, tabulated at the center of contact, are the dimensionless
surface temperature rise and the fraction of frictional heat distributed to region-2, re-
spectively. (—%:1 )i 18 the fraction of total frictional heat distributed to region-2 over the

entire contact area. The table clearly shows that the number of the spatial elements

has less influence on the numerical accuracy than the size of the time step. Data in
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A=10

Trapezoid rule

Midpoint rule

w
A

TEMPERATURE RISE, 8-
N

14

TIME STEP

Figure 2. The comparison of numerical integration rules — Trapezoidal and midpoint rules.
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A=0.2

2 —— — —

4 - en eam e on e o= o=

n
1

TEMPERATURE RISE, 0Be

Figure 3. A special case where the moving region receives all the heat for unidirectional motion
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Table 1 shows that accurate results can be obtained using the following correlation for

the time step

Oscillating velocity

Table 2 on page 44 through Table 5 on page 47 are the numerical studies of the BIEM
using the midpoint rule for oscillating velocity. The frictional heat distributions, %,
on Table S, are greater than one at the zero velocity because the frictional heat, Q,, at
this point is zero. As in the constant velocity case, the number of the spatial elements
is less important than the size of time step (A<z). The time step is defined as

4

At=5.0.1DT

where IDT is the number of steps per quarter cycle. These tables show accurate results
for IDT=4 or higher. Increasing the number of elements does not result in a significant
improvement of accuracy but significantly increases cpu time. Thus, increasing the

number of elements is not the desired manner for achieving higher accuracy.
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PHYSICAL PARAMETERS

Constant velocity

Figure 4 on page 49 illustrates the time-space development of the distribution of fric-
tional heat and surface temperature rise for the stationary region and the moving region,
0, and 0, , respectively. This Figure clearly shows that the temperature rise for the two
regions match in the contact area. As the cooler new material, from the negative X re-
gion enters the contact area, the negative X region receives a higher fraction of frictional
heat distribution than the positive X section. The cold section tends to get more heat
than the hotter section. As a result, in the negative X region, 8, > 8, while in the positive

X region, 6,> 0, .

The effect of Peclet number (A,B) for unidirectional velocity is shown in Figure 5 on
page 50. Since the regions have identical thermal properties, the frictional heat is divided
evenly for low Peclet numbers. As Peclet number increases; however, region-2 gets a
higher fraction of the frictional heat than region-1 because of the uneven heat and tem-
perature distributions. The surface temperature rise increases proportionally to Peclet
number, because as Peclet number increases, the mechanical energy input into the sys-

tem increases.

The effect of the thermal property ratios for the two regions are also important param-
eters that influence the surface temperature rise. Figure 6 on page 52 shows the fric-
tional heat distribution and surface temperature rise for unidirectional motion. As the

thermal property ratios ( A, and K, ) increase, the thermal conductivity of the region-1
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Figure 4. The time-space development of the distribution of frictional heat and surface temperature rise
of the two regions with unidirectional motion.
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Figure S. The effect of peclet number on the steady state distribution of frictional heat and surface

temperature rise for unidirectional motion.
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( k, ) increases with respect to the thermal conductivity of the region-2 ( k, ). Region-2
gets the highest distribution of frictional heat for the lowest thermal property ratio,
A, =XK;=0.1, and as a result, produces the highest temperature rise. Thus, the distrib-
ution of frictional heat to region-2 decreases as the thermal property ratio increases, and
the surface temperature rise increases as the distribution of frictional heat to region-2

increases.

Figure 7 on page 53 shows the effect of multiple contacts and spacing between the
contact areas. This figure illustrates that not just the number of contacts is an important
factor but also the spacing between the contacts, because one heated area may affect

another if the spacing between them is small.

Figure 8 on page 54 and Figure 9 on page 55 further elaborate the effect of multiple
contacts for unidirectional motion. The results display the effect of the number of con-
tacts, N, the spacing between the contacts, D, and the orientation of the contacts. The
results are referenced to the single square contact case where the total area is a square
patch of dimensions 2A by 2A for each case. The vertical axis is the ratio of the mean
surface temperature rise, 8, , to the surface temperature rise of a single square contact,
0,,. Although results for A = B = 10 are displayed, further numerical studies show that
the curves in Figures 8 and 9 are virtually unchanged at other values of the Peclet
number, A. These figures show that not just the distance and the number of contact
areas but also the orientation of contact areas are important factors in determining the
mean temperature rise. Figure 8 on page 54 is for divided contact areas oriented in the
direction of motion while Figure 9 on page 55 is for patches oriented perpendicular to
the direction of motion. The divided contacts oriented along the motion have more heat

interaction between patches than the divided areas oriented perpendicular to the motion.
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Figure 6. The effect of thermal property ratio on the steady state distribution of frictional heat and
surface temperature rise for unidirectional motion.
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Figure 7. The study of multiple contacts and spacing on the steady state distribution of frictional heat
and surface temperature rise for unidirectional motion.
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Figure 8. A study of multiple contacts and spacing on the normalized steady state mean surface tem-
perature rise for unidirectional motion with contacts oriented along the direction of
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The curves of D/A — oo represent infinite spacing or no thermal interaction befween the
contact patches. For a spacing of approximately D/A=4 or less, there is significant
interaction between the heat patches. A complete thermal analysis, including arbitrary,
interacting heat sources, is complex and computationally time consuming compared to
simpler approximate analyses such as Archard [ 5,6]. However, the results of Figure
8 and 9, which are applicable to all Peclet numbers, can be used in conjunction with a
simpler single contact area analyses to refine surface temperature estimates for multiple,

interacting heated areas.

Oscillating velocity

Figure 10 on page 58 shows the total energy generated, the total fraction of frictional
heat, and the mean surface temperature rise of region-2 versus time for stationary, os-
cillating, and unidirectional motion. The average energy input for all cases is the same
(i.e., for unidirectional motion the velocity is % XV, , where v, = X, Xw is the maximum
velocity of the oscillating case). The energy for the stationary case is artificially input
into the contact area. The results are for regions with identical material properties. The
role of velocity in the distribution of frictional heat and resulting temperature rise can
be seen in Figure 10. There is no motion for the stationary heat source case to influence
the heat distribution, so each region receives 1/2 of the frictional heat. For the
unidirectional motion case, new material continuously enters the contact area which
causes the heat to be convected away from the contact area. Thus, the effective thermal
resistance in the moving region decreases, and allows the moving region to receive a

higher percentage of frictional heat, but, lower temperature rise compared to the sta-

RESULTS AND DISCUSSIONS 56



tionary case. For the oscillating case, the heat distribution and surface temperature rise

. Xy
are directly affected by the motion.. Figure 10 is for a large amplitude ratio, -~ = 1,

and shows that the peak temperature is higher than both the stationary and
unidirectional cases. According to the definition of the dimensionless variables given by

equation (3.6), the amplitude ratio is

Amplitude ratio = —— =22 ”
mplitu eratxo—AxQ =3

This quantity represents the ratio of the amplitude of oscillation to the half length of a

square contact patch.

Figure 11 on page 59 shows the same comparison as Figure 10 on page 58 in stationary
and unidirectional motion but for a lower amplitude ratio, );—"' = 0.1, in the oscillating
case. The frictional heat distribution to region-2 for the fretting condition is lower than
the high amplitude ratio case; however, the oscillating temperature rise is surprisingly
high. The band of temperatures, produced by the oscillating case, oscillates about the
temperature rise produced by stationary heat source case. This is because the low am-

plitude ratio motion is similar to the stationary case, as the amplitude of oscillation is

small compared with the area of contact, such as fretting [ 3].

Figure 12 on page 61 shows the same study as Figure 10 on page 58 but for low Peclet
number (A = 1). This figure shows that the distribution of frictional heat to region-2
is lower than in the high Peclet number case, which indicates that the high Peclet number
causes higher distribution of frictional heat to the moving region. The temperature rise
for the stationary and the unidirectional motion are the same magnitude, which also in-
dicates that the unidirectional motion case temperature calculation can be treated as the

stationary case if the Peclet number is low. However, the oscillating case can not be
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treated as either the stationary or the unidirectional case; because, the peak temperature

of the oscillating case is always higher.

Figure 13 to 15 are detailed studies of the frictional heat distribution and the surface
temperature rise in the contact zone. The results are for regions with identical material
properties with a single square contact of dimensions 2A by 2B, where A = B = 10, and
amplitude ratio ( ia"'— ) = 1. Figure 13 on page 62 shows the distribution of frictional
heat and surface temperature rise at the maximum velocity in every cycle. The temper-
ature rises asymptotically in time while the distribution of frictional heat remains almost

constant.

Figure 14 on page 63 shows the quasi-steady state distribution of frictional heat and the
surface temperature rise at points of zero and maximum velocity during a cycle. The
distribution of frictional heat and the surface temperature rise are in a quasi-steady state,
because the results repeat every cycle [45]. At positions 1 and 3 the velocities are at a
maximum while at positions 2 and 4 the velocities are zero. The rate of frictional heat
is assumed to be directly proportional to the absolute velocity; therefore, the temper-
ature rise at the maximum velocity is higher than at the zero velocity. The distribution
of frictional heat and temperature rise are mirror images at the same absolute velocities

(i.e. the curves at 1 and 3, and at 2 and 4 are mirror images).

Figure 15 on page 65 shows the surface temperature rise at the edges and the center of
a square contact area. Peaks in temperature at the edges of contact occur at half the
frequency as peaks in the center of contact. This is because when the new material enters
the contact area, the temperature at location 1 decreases until it reaches minimum when
the velocity is equal to zero. Meanwhile, the temperature at location 3 is continuously

increasing as the velocity increases since the point has already been heated for the time
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A comparison of distribution of frictional heat, and mean surface temperature rise produced

by stationary, oscillating, and unidirectional motion for low Peclet: x /a =10, A=1.0,
Q=10,K =A,=10

RESULTS AND DISCUSSIONS

61



Qz/ Qs
&

H

TEMPERATURE RISE, 6z

DO~NOO

Figure 13. The time-space development of the distribution of frictional heat, and surface temperature
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Figure 14. The quasi-steady state distribution of frictional heat, and surface temperature rise for oscil-
lating motion at points of zero and maximum velocity during a cycle: x /a = 1.0, A=10,
Q=01,K =A;=10
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required to traveled from location 1 to location 3. When the velocity changes direction,
the new material is now entering the contact from location 3, where the point at location
3 would experience the similar temperature changes as the point at location 1, which
occurred half a cycle earlier. The temperature oscillation at locations 3 and 1 behave in
the same manner but are 90 degrees out of phase, while the temperature at the center

of the contact increases proportionally to the absolute value of the velocity.

Figure 16 and 17 show the effect of the Peclet number on the surface temperature rise
and heat distribution. The results are for identical material properties of the regions and
omega (2) = 0.1. Figure 16 on page 66 shows the effect of the Peclet number on the
distribution of frictional heat and the mean surface temperature rise. When Peclet
number increases, the energy input to the system increases, which produces a high tem-
perature rise, but decreases the amplitude ratio. The distribution of frictional heat for
low amplitude ratio is evenly distributed to both regions, and becomes uneven when the
amplitude ratio increases. The mean surface temperature rise reaches the quasi-steady
state almost instantaneously for the high amplitude ratio, but not for the case of the low

amplitude ratio.

Figure 17 on page 67 shows the effect of the Peclet number on the distribution of fric-
tional heat and surface temperature rise at the maximum velocity in the quasi-steady
state. The distribution of frictional heat is evenly distributed over the contact area for
the low amplitude ratio, and becomes uneven over the contact area as the amplitude
ratio increases. The temperature distribution for the low amplitude ratio, A = 100, is
symmetric over the contact area, but unsymmetrical when amplitude ratio increases.
This displays the role of the amplitude ratio in the temperature distribution over the

contact area.
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Figures 18 to 22 are a study of the role of dimensionless frequency (Q), real amplitude,
and real frequency in the distribution of frictional heat and the surface temperature rise.
The results are for regions with identical material properties, and A = 10, unless other-
wise specified. Figure 18 on pé.ge 69 shows the effect of omega on the total distribution
of frictional heat and the mean surface temperature rise versus the number of cycle.
When all parameters are held constant except omega (£2), the rate of total energy input
to the system is constant and the product of amplitude and frequency is constant. This

can be seen by examining the dimensionless variables Q and A given by equation (3.6)

av,,
%)
(1) Ot2

2
Vm
Vi = Xpp@®

Figure 10 shows that the total distribution of frictional heat is evenly distributed for a

low amplitude ratio, where Q = 1 ( % = _Klfl_)’ and becomes uneven for a higher am-

plitude ratio, where Q = 0.01.

The effect of the omega on the steady state distribution of frictional heat and the surface
temperature rise at the maximum velocity in the quasi-steady state is shown in
Figure 19 on page 71. Again, the distribution of frictional heat for the low amplitude
ratio is about evenly distributed over the contact area, and the surface temperature rise
is symmetric about the center-line of the contact area. Although, the same total energy
is input into these cases, the surface temperature rise is different due to the amplitude
ratio difference. For a high amplitude ratio, where Q = 0.01, the temperature distrib-

ution is similar to a high Peclet unidirectional case (see Figure 5), where the temperature
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rise is unevenly distributed in X direction. The low amplitude ratio case is somewhat

similar to a stationary heat source shown in Figure 5.

Figure 20 on page 72 shows the effect of the omega on total distribution of frictional
heat and the mean surface temperatures rise as a function of time, . This figure also
displays the relationship of the real frequency between these oscillating cases, where the
product of real frequency and amplitude are constant. The maximum mean surface
temperatures reach about the same level at the same time period since the total energy

input is the same for all cases.

Figure 21 on page 73 shows the effect of the real frequency (w) on the distribution of
frictional heat and the surface temperature rise at the maximum velocity in the quasi-
steady state. In these cases, the amplitude ratio ( la'"—) is one. A change in the real fre-
quency (w) will change both of the dimensionless quantities A and omega (£2), as shown
in the figure. The total energy input is proportional to the real frequency; thus, high

frequencies produce high surface temperature rises.

Figure 22 on page 74 shows the effect of the real amplitude (x ) on the distribution of
frictional heat and the surface temperatures rise at the maximum velocity in the quasi-
steady state. A change in real amplitude will change both dimensionless quantities A
and Q, which then change the amplitude ratio. As the real amplitude increases, the en-
ergy input to the system is also increases; thus, the fraction of frictional heat distributed

to region-2 increases and gives a higher surface temperature rise.

Figure 23 on page 76 shows the effect of the thermal property ratio on the quasi-steady

state distribution of frictional heat and the surface temperatures rise at maximum ve-
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Figure 21. The effect of the real frequency on the quasf-steady state distribution of frictional heat and
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Figure 22. The effect of the real amplitude on the quasi-steady state distribution of frictional heat and
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locity. It shows the same phenomena as the constant velocity case in Figure 6 on page

52.

Figure 24 on page 77 and Figure 25 on page 78 are a study of multiple contact areas
for oscillating motion at m.aximum velocity with an amplitude ratio of 1.0. The results
display similar information to that shown on Figures 8 and 9 for the unidirectional case.
Figure 24 displays the result of divided contact areas oriented in the direction of motion,
and Figure 25 displays the results of areas oriented perpendicular to the direction of
motion. Figures 24 and 25 show that the effect of orientation in the oscillating motion
case is relatively small, which is not similar to the unidirectional motion cases. These
two figures can be used for all the oscillating cases with an amplitude ratio of one and
identical material properties for the regions. These figures can also be used in conjunc-
tion with a single area analysis to refine surface temperature estimates for multiple con-

tacts.

Comparison of theory with experiments

In this section, a comparison of the theoretical calculations and experimental results are
made. The experimental part of the theoretical and experimental project [ 3, 46] is done
separately. This thesis and the thesis by Weick [47] are the results of the phase I
project. A 1/4 in. diameter Zirconium Oxide (Ms grade), ZrO,, ball and a sapphire disk
are used in the fretting experiment conducted by Weick [47]. He used the Infrared
Microscope System [48], developed by the Tribology research at VPI&SU, to measure

the surface temperature rise in sliding contact, and provided all the experimental data
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necessary to preform the theoretical calculations. All data, such as frequency, ampli-
tude, and friction force are measured during the experiment. The detailed discussion of
the experimental work is documented in reference [47]. The calculated theoretical re-
sults and experimental data are shown in Table 6 on page 81, and the material proper-
ties used in the calculations are listed in Table 7 on page 82. As shown in previous
figures, the theoretical temperatures for oscillating contact rise sharply during early
times and eventually settle into a cyclic, repetitive pattern referred to as a quasi-steady
state. Experimental measurements exhibit fluctuations and are by nature more random
than purely theoretical predictions. However, the results [ 46, 47] displayed in the ex-
periment rise in time and approach a quasi-steady state. Listed in Table 6 are average
and maximum temperature rises measured at 5 and 90 seconds. This experiment
[ 46, 47] shows that the temperature is still increasing at 5 seconds while at 90 seconds

the temperature has reached a quasi-steady condition.

Theoretical results were calculated using four different assumptions for the contact area
and the results listed in Table 6 are the long time or quasi-steady state solutions corre-
sponding to the situation at 90 seconds. The plastic and elastic models show that the
calculated temperature rise over-predicts the experimental data. Both models predicted
a smaller area of contacts than the real area; therefore, the calculated temperatures are
higher than the experimental temperature. The geometric area was taken as the area of
the total apparent wear scar obtained by examining the photomacrograph of the ball
shown in Figure 26 on page 83. Using the apparent geometric area, the calculated
temperature rise underestimated the experimental results. This is because the real area
of contact is not as large as the apparent area. From a picture taken after the exper-
iment [47], approximately 5 small patches are evident within the apparent geometric

area as shown on Figure 26 on page 83 [47]. The forth temperature rise calculations
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of Table 6 are based on these 5 small patches, and gives the closest prediction to the
experimental results. The total area of the 5 patches is smaller than the apparent area,
which produces a higher temperature rise, but the spacing between the patches reduces

the temperatures rise, which gives the best results of all.

Table 6 also compares results with the simple approximate analyses of Archard [5] ,
which is restricted to a constant velocity model. ' The total area for the 5 patches was
used to calculate the temperature rise, for the forth case, as the Archard model cannot
handle a multiple interacting contacts case. The results from the Archard model in Ta-

ble 6 are simply not accurate.

Figure 27 on page 84 shows the effect of the real contact area and the number of mul-
tiple contacts for the above case. The real surface temperature rise calculation is based
on the assumed real area of contact. The calculations are based on the parameters ob-
tainéd after 90 second of the above experiment [47]. The smallest possible area is as-
sumed to be plastic area and the largest possible area is considered to be the observed
geometric area after the experiment. Also, the divided contacts (N = §, 10), and the
spacing between the contact patches (d — oo) are arbitrarily assumed. The divided area
calculations are the results of the original area divided into a number of non-interacting
square patches. The results in Figure 27 show that the temperature rise and the area
are logarithmic functions. The temperature rise for a single area of contact varies from
a maximum of 1200 K to a minimum of 70 K. With divided contacts, N = 5, the tem-
perature rise ranges from 750 K to 35 K, and with N = 10, the temperature rise ranges
from 670 K to 25 K. One can use this figure to back up an estimate of the real area of
contact by using the knowledge of the surface temperature measured during experiment.

For example, 93.5 K of maximum temperature rise was measured from the experiment
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Table 7. List of the material properties used in the experiment.

Zirconium Oxide Sapphire disk
(Ms grade)
ZrO; Al203
o (m?/s) 0.114x10-3 0.25x10~
W
k( —C 3.08 41.8
E (N/m?) 0.205x1012 0.365x1012
v 0.31 0.20
H (N/m? 0.11x101 0.177x101
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[47]. By using Figure 27, the estimated total contact area is about 3.5 x 10~ m2. Sim-
ilarly, for five and 10 divided non-interacting square contacts, the total area is about 1.0

x 107" m? and 5.0 x 10~ m?, respectively.
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Chapter 6
CONCLUSIONS AND RECOMMENDATIONS

CONCLUSIONS

This study addresses various theoretical aspect of surface temperature rise and distrib-
ution of frictional heat in oscillating and unidirectional motion, and the numerical limi-
tations and characteristics of the solution method. The following are the conclusions

of this research study.

e The trapezoidal integration rule is unstable for the first kind integral equation.
However, the midpoint rule is simple and does not exhibit numerical oscillation for

high Peclet number.

‘@ The analysis provides good agreement compared with existing theory for the single

region case.
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e Accurate numerical results are achieved by the following time steps,

JAN 2 JSL A, for unidirectional motion
7T . . .
At >0 IDT for oscillating motion

where IDT > 4.

¢ Increasing the number of elements does not result in a significant improvement in

accuracy but increases the computation cpu time significantly.

e This theoretical model allows the detailed study of the surface temperature rise for

any arbitrary velocity (such as unidirectional and oscillating).
¢ This theoretical model has the flexibility to handle any arbitrary contact area.

¢ This model also has the flexibility to calculate the distribution of frictional heat and
the surface temperature rise for any combination of material properties of the re-

gions.

¢ The Peclet number for the unidirectional motion, and the combination of Peclet
number and amplitude ratio for oscillating motion are extremely important factors
that influence the characteristics of the distribution of frictional heat and surface

temperature rise.

¢ For multiple contacts, the number, spacing, and orientation of the contacts are the
most important factors that significantly affect the surface temperature rise in the

sliding contacts.
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e The results calculated using this theoretical model corresponding to the experimental
data are found to be quite accurate. The existing Archard theory does not include
interaction between contacts or oscillating velocity which underestimates the surface

temperatures.

¢ This theoretical treatment (BIEM) is an advancement in numerical analysis for the
surface temperature calculations compared to finite element technique [29, 31], fi-

nite difference [26 — 28] , and purely analytical methods [4, 5, 6].

RECOMMENDATIONS

By reviewing the theoretical study in this thesis, the following recommendations are

made for future research.

¢ Develop a theoretical model that applies to a more general case and includes the

following,

»  arbitrary, finite regions

= changing contact area with time

=  volumetric heating

= surface melting

= composite materials
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APPENDIX A: Fourier Transform Method for

Moving Green’s Function

MOVING GREEN'S FUNCTION

The moving full space Green’s function is governing by equations (4.1), which are re-

stated here without sub script 1 as,

A(

G . G . G
o + po + powc )+6(X=X)6(Y=-Y,)6(Z—-2Z)6(t—1,)

=9G 9G

= + V. (7) X (Al.a)
G -0, X,Y,Z- too (41.b)

G =0, <1, (Al.c)
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FOURIER TRANSFORM METHOD

Apply full range Fourier transforms to equation (Al.a)

X-transform : G(4;,Y, Z, 7) = Ge*dx

X=—00

27

] =—00

X-inversion : G = —l—j 6( Y, Z, -r)e'ulxd A
A

Y-transform : E(,ll, AynZ,7)= GeYay

Y=—00

Y-inversion : G = -2% G\ 1Ay Z, 1) MYda,

Ay =—00

® =z
Z-transform : G(4,, 4,, 43, 7) = J GedZ
Z=—o0

Zinversion : G = —21;' J G(Ay, Ay, Ay, 7)e~H%d1,

13 =00

Take the X-transform by operating on equation (Al.a) with

f o X gx
X

=—00
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(A2.a)

(42.b)

(43.a)

(43.b)

(44.a)

(A44.b)
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The X-transform of equation (Al.a) becomes

_ e 2E

A(- 3G + —g—fi- + %z%) + M Xe5(Y — Y )6(Z - Z,)5(x — 7,)
oG —_
= —6% — iV (1)4,G

Similarly, take the Y-transform of equation (Al.a) with
J ~ e2Yay
Y=—00

Y-transform of equation (Al.a) becomes

— = o
A(— G -G + _Z_z%) + WXt BYD57 7 350 — 7 )

oG =
=EL - VLG

And take Z-transform of equation (Al.a) with
J 247
Z=—00
Z-transform of equation (Al.a) becomes

A(= 23 = 13— )G + WXet Yot hZD5(r — 1 )

APPENDIX A: Fourier Transform Method for Moving Green’s Function 96



Rearrange the above expression as,

O 1[G+ B+ DA - V4 ]G

= EXP [i(A,X, + L,Y, + 4,Z,)16(z — <,)

E=0, T< T,

Let,

P(r) = (43 + 43 + A — iV (24,

Use an integrating factor

EXP[ J P(t')dr'] = Exp[ﬁm — il A f Vx(r')dr']
7'=0 7'=0

xEXP[ 1At + A3A7]

Thus, express equation (AS.a) as

d = N ! ’
G [G EXP(J;,=OP(T )ydr )]

7'=0

T
= EXP[i(4}X, + 22Y, + 43Z,)]é(x — z,) xEXP[| P(z")dz']

APPENDIX A: Fourier Transform Method for Moving Green’s Function

(45.q)

(45.5)

(46)
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Integrate equation (A6) from t = t<z,, to >t,

Gy, 1y, 4, 7) EXPL J " p)dr]
7'=0

=EXPLi(4, X, + 4,Y, + 11320)] XEXP[J. ’ P(‘r')d‘t']
7'=0
E(’lh A5 43, 7)

= EXPLi(4,X, + A,Y, + 1,Z,) IXEXP( — j P(«')dr’)

=1,

T
= Exp[u.lx,, — BA(r—1,) +iA f Vx(r')dr':l

xEXP[il,Y, — Az —1,)]

XEXP[id,Z, — 22A(x — 1,) ]

=?1()»1) I‘2(/12) ?2('13)

Apply inversion formulas given by equations (A2.b), (A3.b), and (A4.b)
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G={= I * Exp[al(x,, —X)= BA(z—1,) + il f Vx(-t')d‘t']dll}

A =—00 =1,

x{ = L T EXP[iy(Y, - Y) - 2A( — 7,)]ddy}

2 =00

x{ 71{ ! ~ EXP[i43(Z, — Z) — 23A(z — 1,) ]d2s3)

e (A7)
=f(X) (YY) £(2)
Where the integrals f,(X), f(Y), fi(Z) can be evaluated analytically as,
* T
%) =5 EXP[ — Al =) - M][(x ~x)- [ Vx(r')dr'ﬂdal
A’l =—o00 T=T,
[(X — X, - f ' Vx(‘r')dr':lz
-1 _ =1, - 12
T 2z EXP 4A(r — 1,) L Ac—1,) ] (A48.a)
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Similarly,

2
[ =YL 17 i (48.5)

1 _
B(Y) =57 EXP| —— 3= ) | AC-1,)

[(Z-2)T ] . 12
4A(r — 1,) | L Az —1,) 1 (48.c)

1 [
6@ = EXPL -

Put equations (A8) into equation (A7),

GX,Y,Z|X,, Yo Zor 1)
(49)

_ I xp| - E=Xo = XS+ (Y=Y +Z-27)’
© [4nAG—1,)T" 4A(r - 1,)

Where,

X, = J V,(z")d7’

Equation (A9) is the solution of the three-dimensional moving Green’s function for

equation (4.1a) or (Al.a).
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APPENDIX B: Integral of Moving Green'’s

Function

The full space moving Green's function is governing by equation (4.1a)

0G; + V() 0G;
—L4 (7)==
ot X (Bl.a)
=AVG,+6(X—-X)6(Y-Y,)6(Z—Z)6(t—1,) forall X,Y,Z,t
G~0, X,Y,Z-toco (B1.b)
G;=0, <7, (Bl.c)

The solution of Green’s function ( For detail derivation see “APPENDIX A: Fourier

Transform Method for Moving Green’s Function” on page 94) is

B 1
 [4nAfr— 1) PP

G,

(B2)

2 2 2
xEXP[_ X=X, = X)' + (Y=Y, +Z~7) ]

4A{(t—1,)
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Where,

T
X, = I V(')dr’

=1,

As defined by equation (4.12a)

A .
G(X, Ys T | Xov Yov To) = K—i (GI)Z= Z,=0 + (G2)Z= Z,=0

2
A
= /)X (Giz=z, =0
=1

The spatial integral of the Green's function, as defined in equation (4.12a), is

Gl (X, Y, 1)

=X,

Tp+1
A Xm+1 Yo
- Z?ij _[ [(Gl)z= z =0]dXodYodTo
i Xo = Xm Yo = Yn ‘0

T, =1, =1

Tp+1 Xm+1 Yn+l
=j _f J G(X, Y, t1X,,Y,, 1,)dX,dY,dr,
,=17"X, Y, =Y,
2

(B3)

Rewrite G as the product of one-dimensional Green's functions,
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2
(Gi)Z= 7 0= { 1 1 EXP| — (X — Xo - Xc) }
¢ [4nAfr—7,)] 12 4A(r —1,)

x{ : Exp| = Yo }
[4nAfz — To)]lﬁ AA(t —7,)

1
-1 ”

= GX(X’ T, lxos To)
xGy(Y, 1, | Y, 7,) (B4)
1
x4 CarAr — 1,1

}

Thus, spatial integral of equation (B3) over a rectangle using ‘G’ as defined above be-

comes,

Tps

2
p ' Ai xm-H Yn-f-l
Gl n= ' (Gz= z,=09X,dY,d7,
' K Jx,-x Jv,=v, °

T, =1, i=1

i 2
4 Ai Xm+l
= X I G, (X, t1X,, 7,)dX,
1 X, =Xpn

T,=1, i=

Yo+
><|:J‘ LGy, 1Y, to)dYo] (B5)
Y, =

YII

1
X
[4rAfz — )12

To
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Perform the integral of one-dimensional Green’s function individually,

J~xm+l cax. - [ 1 exp| _ X=Xo— X.)? iX
X, =X, e X, =X, L4nAft — 1:0)]”2 At —1,) °
make the following variables change
X=X, -X,
[4A(x - 'r,,)]ll2
oo X Xn =X,
" [AAfr 1)1
X- Xm+1 - Xc
Cmi1 = 12
LaA(z —=,)]
X,=X—-X,— [4Afz — 7)) 1%
dX, = — [4A(r — 7,)1"2a¢
xm 1 cm 1
’ j ' Gdeo=——+/i-f "EXP[ — ]

X, =X !t =g,

= — 2 [erflpyy) = i)

J~xm+1 1 [er X = Xpy1 — Xe X — X, — X,

G,dX, = -+ 6
2 [4A(z - 7)1 )~ et [4A(z —7,)]'"2 )] o

X,=Xn
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Similarly,

JY"” G,dY, = — | erff Y= Yuny )—er Y=Y 1 3
Y=Y, = 2 [4A(z ~ )1 E4A,( ~7,)]'"?

Putting equations (B6) and (B7) into (B3) gives

G, (X, Y, 1)

2

. Tp+l Z_{\_ -1_ X Xm+l X, )— X=X, )
- KT Taag—7? )~ ™ Tange- o)]”z

T, =1, =1

(BY)

Y-Y Y-Y,
x e n+1 ) )
[4A ('L'--'ro):lll2 [4A,(t-—to)]l/2
1
" CanAc— 1) 7"

tO
Let,
£ =[4(z —7,) ]

¢, =Lk —1,)]'"?

¢
dr,=— 5 d¢

Thus, equation (B8) can be rewritten using above new defined variables,
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Where,

X, = J. , Vx(t')d7’

The £ integration for the above expression can be done by using Simpson’s rule.
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APPENDIX C: Oscillating contact: Velocity,

Position, and Heat Source

VELOCITY AND POSITION

The oscillating velocity is considered as
Vo(t) = v, (t) = v,,, cos wt (cn

Choose the reference velocity as

and the dimensionless velocity becomes

va(t)
Vm

V(1) = = (cos Q1) (C2)
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Where,

waz
Q= >
Vm
vit
T="%,

The distance traveled by the moving region in the time period t, to t is

t
xO=| vt)dr
t'=t,

t
= f Vv,, cos wt'dt’
t

. tu

x(t) = La',"- Lsin(wt) — sin(wt,)]

The dimensionless form of the position, needed

in the GF of equation (4.2), becomes

Vm
X (1) = %) 5=

Von
=5 [sin(wt) — sin(wt,)]
X (1) = % [sin(Qz) — sin(Qr,)] (©3)

For special case of unidirectional motion the velocity is simply

V() =V, (t) =V (C4)
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The reference velocity is chosen as
v(t)=v
Thus, the dimensionless velocity becomes
V()=1
and the dimensionless position of heat source is

X=1—1, (C5)

HEAT SOURCE

The heat flux is defined as
q"dX, ¥, t) = uPx, y, ) | v,(t)| (C6)
where,

u = coefficient of friction

P(x, y, t) = pressure
For oscillating contact,
q"(x,5,t) = uP(x, y, )| v,,cos(wt) | (CT
choose the following as the reference heat flux
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qQ",=uPyv, = uP,vp
Thus, the dimensionless form of frictional heat is defined as,

q"{(x,y,1)
q",

Q"(X,Y,7)
= P—}:,, | cos(Qr)| (C8)
= | cos(Q7)|

Where P, is chosen as P.
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APPENDIX D: Listing of the Program: FRHMID

FORTRAN

MAIN PROGRAM

Fe e 3 b 36 3 H T e 3 T 96 30 6 S A 3 BB S 3

F ILENAME : FRHMID FORTRAN
PROGRAMMER ¢+ FOO, S.J.

DATE WRITTEN : 6/13/89

DATE REVISION : 11/14/89

THIS PROGRAM COMPUTES THE DISTRIBUTION OF FRICTIONAL
HEAT AND RESULTING TEMPERATURE DISTRIBUTION FOR DRY
SLIDING CONTACT DUE TO:

A) OSCILLATING MOTION
B) UNIDIRECTIONAL MOTION

SOLUTION USING A BIEM WITH MOVING GF'S ,
SURFACE HEATING , GENERAL CONTACT AREA ,
HALF=-SPACE REGIONS

LRI S O I L R I I O

INPUT AND OUTPUT UNITS

THE READ INPUT UNIT NUMBER = 5
THE PRINT OUTPUT UNIT NUMBER
THE WRITE OUTPUT UNIT NUMBER

nwn

£ 3 O 3 2

LIST OF SUBPROGRAM:

(e XeleXeieXeTe o o oo o ol ol oo ol o o o XotoXoXoNo Yo R oo X o o]
FEFFEE X XXX FF XX FLREFXXEETFFRFXEE

%
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c " 1) SUBROUTINE DLSARG (ELEMTS,G!MAT,LDA,FMAT,1,QMAT) *

c * 2) SUBROUTINE THETA1 (PP,XMM,YNN,TAUPP,T1) *

c * 3) SUBROUTINE THETA2 (PP,XMM,YNN,TAUPP,T2) *

c * 4) DOUBLE PREGISION FUNCTION GI (XMM,YNN,TAUPP,XM,YN,TAUP) #

c * 5) DOUBLE PRECISION FUNCTION GF INT {XMM,YNN,XM,YN,XCEN,S) #

c * 6) DOUBLE PRECISION FUNCTION G11 (XMM,YNN,TAUPP,XM,YN,TAUP) #

c * 7) DOUBLE PRECISION FUNCTION GF1INT (XMM,YNN,XM,YN,XCEN,S) #

c * 8) DOUBLE PRECISION FUNCTION G2I {XMM,YNN,TAUPP,XM,YN,TAUP) *

c » 9) DOUBLE PRECISION FUNCTION GF2INT (XMM,YNN,XM,YN,XCEN,S) *#

c #  10) DOUBLE PRECISION FUNCTION XC (TAUPP, TAUP) *

c *# 11) DOUBLE PRECISION FUNCTION QS (ICON,M,N,P) *

c #  12) SUBROUTINE VALUES (MAXPP,IDT) »

c #  13) SUBROUTINE VELOCITY (VTYPE,W,C) *

c * 14) SUBROUTINE OUTQ1 (PP,TAUPP) *

c

c #  NOTE THAT : *

c * SUBROUT INE DLSARG 1S IMSL SUBROUTINE TO SOLVE MATRIX #

c * ==> [GIMAT] [QMAT] = [FMAT] *

c * WHERE THE UNKNOWN MATRIX IS [QMAT]. *
*

g e B S A B I 3 0 B b b 3 3 3 A0 0 H Bk 6 0 B e 00 M0 36 S0 30 3 30 HE 20 36 E M B R MM R NN

c

c

C -------------------------------------------------------- - -

c PARAMETER LIST

C —————————

c A = DIMENSIONLESS HALF LENGTH IN X; (INPUT)

c AL1 = THERMAL DIFFUSIVITIES RATIO (INPUT)

c AVET1 = AVERAGE OF T1 OVER NUMBER OF POINTS CALCULATED

c AVET2 = AVERAGE OF T2 OVER NUMBER OF POINTS CALCULATED

c B = DIMENSIONLESS HALF LENGTH IN Y; (INPUT)

c c = MAGNITUDE OF VELOCITY, UNIDIRECTIONAL (INPUT)

c cX = CENTER OF HEAT SOURCE IN X (INPUT)

c cY = CENTER OF HEAT SOURCE IN Y (INPUT)

c DX = DELTA X, STEP SIZE OF X (2A/MA)

c DY = DELTA Y, STEP SIZE OF Y (2B/NB)

c DT = DELTA T, STEP SIZE OF T (INPUT OR PI/2/W/IDT)

c ELEMTS = NUMBER OF ELEMENTS FOR CONTACT AREA (NCON¥*MA*NA)

c FMAT = F MATRIX (KNOWN)

c GIMAT = G INTEGRAL MATRIX (KNOWN)

c ICON = NUMBER OF MULTIPLE CONTACT COUNTER

c IDT = NUMBER OF STEP IN 1/4 CYCLE; FOR OSCILLATING CASE ( INPUT)

c J,JJ = NUMBER OF MULTIPLE CONTACT COUNTER

c K1 = THERMAL CONDUCTIVITY RATIO (INPUT)

c LDA = THE DIMENSION OF GIMAT (CONSTANT)

c MA = TOTAL NUMBER OF ELEMENTS PER CONTACT ALONG X (INPUT)

c MAXPP = MAX # OF TIME STEP, (IDT*MAXQC, OSCILLATING) {INPUT)

c MAXQC = MAX. # OF 1/u4 CYCLE (FOR OSCILLATING) (INPUT)

c M,MM = NUMBER OF ELEMENTS COUNTER ALONG X

c NB = TOTAL NUMBER OF ELEMENTS PER CONTACT ALONG Y (INPUT)

c N,NN = NUMBER OF ELEMENTS COUNTER ALONG Y

c NCON = # OF CONTACTS ( INPUT)

c PP = TIME STEP COUNTER

c Q1 = HEAT FLUX DISTRIBUTED TO BODY 1, STATIONARY REGION {OUTPUT)

c QMAT = Q MATRIX (UNKNOWN)

c QTYPE = MAGNITUDE OF HEAT FLUX INPUT FOR ZERO VELOCITY CASE ( INPUT)

c s = CHANGE VARIABLE OF TIME (TAUP, TAUPP)

c T1 = DIMENSIONLESS TEMPERATURE RISE OF STATIONARY REGION (OUTPUT)

c T2 = DIMENSIONLESS TEMPERATURE RISE OF MOVING REGION {OUTPUT)

c TAUP = DIMENSIONLESS TIME OF IMPULSE

c TAUPP = DIMENSIONLESS TIME OF RESPONSE DUE TO IMPULSE

c VIYPE = 1, OSCILLATING

c 2, CONSTANT

c 3, ZERO

c W = DIMENS IONLESS FREQUENCE ( INPUT)

c XCEN = CENTER LOCATION OF CONTACT AREA DURING MOTION

c XM = X LOCATION OF IMPULSE OF HEAT FLUX

c XMM = X LOCATION OF RESPONSE DUE TO IMPULSE

c YN = Y LOCATION OF IMPULSE OF HEAT FLUX

c YNN = Y LOCATION OF RESPONSE DUE TO IMPULSE

c
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c o e o e e B O O e

IMPLICIT REAL*8 (A-H,0-Z)
REAL*8 K1

REAL RWKSP (45472)

INTEGER VTYPE,PP,P,ELEMTS

DIMENSION Q1(10,10,10,0:410),CX(10), CY(10),XL(20),YL(20),
> GIMAT(1000,1000), FMAT({1000), QMAT(1000)
COMMON /L1/ A,B,NCON, VTYPE, CX,CY

COMMON /L3/ DX,DY,DZ,DT

COMMON /Lu/ MA, NB

COMMON /L5/ W,C

COMMON /L6/ AL1,K1

COMMON /L7/ QTYPE

COMMON /L8/ PI

COMMON /L9/ Q1

COMMON /WORKSP/ RWKSP

DATA LDA /1000/

----- SYSTEM SUBROUTINE AND ERROR SET ROUTINE

0oO00O00 O

CALL TIMEON

CALL ERRSET (208,256,-1,0,0)

CALL ERRSET (209,256,-1,0,0)

CALL ERRSET (261,256,-1,0,0)

CALL IWKIN (u5472)

WRITE (10,*) 'PROGRAM: FRHMID FORTRAN'
WRITE (10,%*)

Pl = 4.D0 * DATAN(1.DO)

------- INPUT VELOCITY TYPE =e=mc-=a-
CALL VELOCITY (VTYPE, W, C)

------- INPUT ALL OTHER VALUES ===m=-e==ea-

------- MOST DATA PASS THRU COMMON BLOCKS ===

CALL VALUES(MAXPP, IDT)

~=====ec== FOLLOWING DATA IS FOR IMSL SUBROUTINE LSARG ====

ELEMTS = NCON * MA # NB

------ = READ DATA TO CALCULATE THETA, =======

OO0000 O0000O O00OQ00 00000

10 PRINT #
PRINT #
PRINT *

H*

'ENTER 1

! 1

2

PRINT ! 3
3

, 2, 3, OR 4 FOR OUTPUT SELECTION'
) THETA VS X/A AT Y LOCATION (YL)'
) THETA VS Y/B AT X LOCATION (XL)'
) THETA AT SPECIFIED LOCATION (XL,YL)'
PRINT #, ! )

NONE OF THE ABOVE'
READ (5,%) 1ouT

IF ((IOUT .LT. 1) .OR. (IOUT .GT. 4)) GOTO 10
IF (IOUT .EQ. 3) THEN
15 PRINT *, 'NUMBER OF POINTS AT WHICH TEMP 1S CALCULATED '
READ (5,*) NOPS
IF (NOPS .GT. 20) GOTO 15
DO 20 | = 1,NOPS
PRINT #, 'ENTER X,Y LOCATIONS'
READ (5,%) XL(I1), YL(!)
20 CONT I NUE
ELSEIF (1OUT .EQ. 1) THEN

v e % %o
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PRINT *, 'NUMBER OF Y LOCATIONS OF INTEREST'
READ (5,#) NOPS
DO 25 | = 1,NOPS
PRINT *#, 'ENTER Y LOCATION'
25 READ_(5,%) VI
PRINT *, ENTER XMIN XMAX ,AND # OF POINTS '
READ(5,%) XMIN,XMAX, X
DELTAX= ( XMAX-XMIN) / { IX-1)
ELSEIF (IOUT .EQ. 2) THEN
PRINT #, 'NUMBER OF X LOCATIONS OF [NTEREST'
READ (5,*) NOPS
DO 27 1 = 1,NOPS
PRINT %, 'ENTER X LOCATION'
27 READ_(5,%) XC(1)
PRINT *, "ENTER YMIN,YMAX ,AND # OF POINTS '
READ(5,*) YMIN,YMAX, Y
DELTAY=(YMAX=YMIN)/(1Y=1)
ENDIF
IF (IOUT .NE, & ) THEN
PRINT #, 'MAXPP =',MAXPP
PRINT #, 'ENTER FIRST TIME STEP , LAST STEP , AND STEP SIZE '
READ (5,*) MINPP,MPP,ISTEP

ENDIF
c
c
c
C  emmemeen PRINT TITLE HEADING FOR Q1 ======e=-=
c
c
WRITE (10,1050)
c
c
c === SET UP GIMAT AND FMAT TO SOLVE QMAT ====-ecee=--
C  —mee—-- CALCULATION FOR FLUX ==========
c
c
DO 90 PP= 1‘MAXPP
PRINT #,%pp =1 pp
1 =0
TAUPP = DFLOAT(PP) * DT
DO 75 JJ = 1, NCON
DO 75 MM= 1,MA
XMM = CX(JJ) = A + (DFLOAT(MM)-.5D0) * DX
DO 75 NN = 1 ,NB
YNN = CY(JJ) - B + (DFLOAT(NN)-.5D0) * DY
=1 + 1
FMAT(1) = 0.DO
K=0
P = PP-1
TAUP = DFLOAT(P) * DT
DO 80 J = 1, NCON
DO 80 M = 1,MA
XM = CX(J) = A + DFLOAT(M=-1) * DX
DO 80 N = 1 ,NB
YN = CY(J) = B + DFLOAT(N-1) # DY
K =K+ 1
GIMAT(!,K) = GI (XMM,YNN,TAUPP, XM YN, TAUP)
FMAT( 1) = FMAT(1) + Q$(J,M,N,P) *
>. G21 (XMM,YNN, TAUPP ,XM, YN, TAUP)
80 CONT INUE !
DO 70 P = PP-2,0,-1
TAUP = DFLOAT(P) * DT
DO 70 J = 1, NCON
DO 70 M = 1,MA
XM = CX(J) = A + DFLOAT(M=-1) * DX
DO 70 N = 1 ,NB
YN = CY(J) = B + DFLOAT(N-1) * DY
FMAT( 1) = FMAT(1) +
> QS(J,M,N,P) * G2 (XMM,YNN,TAUPP,XM,YN,TAUP) =
> Q1(J,M,N,P) * GI (XMM,YNN,TAUPP,XM,YN,TAUP)
70 CONT INUE
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75 CONTINUE

c
c
c CALL IMSL SUBROUTINE TO SOLVE MATRIX ==> [GIMAT] [QMAT] = [FMAT]
c
¢
CALL DLSARG (ELEMTS,GIMAT,LDA,FMAT,1,QMAT)

DO 60 J = 1, NCON

DO 60 M = 1, MA

DO 60 N = 1, NB

=141

50 Q1(J,M,N,PP=1) = QMAT(I)
c
c mmmemmmcemecameee PRINT Q1 m-mme--ce-me--m--
c
c

CALL OUTQ1 (PP,TAUPP)
WRITE (10,%)
90  CONTINUE

PRINT #, ' FLUX ENDED

-==== SYSTEM SUBROUTINE FOR CPU TIME CHECK

O0O000

CALL TIMECK (NTF)
CPUTME = NTF/100.D0
WRITE (10,1000) CPUTME

WRITE (10,%)

WRITE (10,%)

WRITE (10,%)

WRITE (10,%*)

------- CALCULATION FOR THETA ======mcc===
m————— AND AVERAGE THETA FOR NOPS*IX (OR |Y) POINTS =====-- ———

QOOO00O0O0

IF (I0UT .EQ. 3) THEN
WRITE (10,1300)
DO 110 PP= MINPP,MPP, ISTEP
WRITE( 10, *)
PRINT #,%pp = pp
TAUPP = DFLOAT(PP) * DT

DO 110 | = 1,NOPS
YNN = YL(I)
XMM = XL(1)

CALL THETA1(PP,XMM,YNN,TAUPP,T1)
CALL THETA2{PP,XMM,YNN,TAUPP,T2)
WRITE (10, 1400) PP,TAUPP,XMM,YNN,T1,T2
110 CONT INUE
ELSEIF (10UT .EQ. 1) THEN

WRITE (10,1200)

DO 105 PP= MINPP MPP,ISTEP
PRINT *,Tpp =t pp
WRITE (10,%*)
TAUPP = DFLOAT(PP) * DT
AVET1 = 0.DO
AVET2 = 0.DO

DO 100 | = 1,NOPS
YNN = YL(I)

DO 100 MX = 1,IX
XMM = XMiN+(MX-1)*DELTAX
CALL THETA1(PP,XMM,YNN,TAUPP,T1)
CALL THETA2(PP,XMM,YNN,TAUPP,T2)
WRITE (10, 1100) PP,TAUPP,XMM/A,YNN/B,T1,T2
AVET1 = TI1+AVET1
AVET2 = T2+AVET2

100 CONT INUE
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WRITE (10,1500) TAUPP,AVET1/(NOPS*IX), AVET2/(NOPS*|X)
105 CONT I NUE
ELSEIF (I0UT .EQ. 2) THEN
WRITE (10,1200)
DO 205 PP= MINPPfMPP ISTEP
PRINT *,'pp =',pPP
WRITE (10,%)
TAUPP = DFLOAT(PP) * DT
AVET1 = 0.DO
AVET2 = 0.DO
DO 200 | = 1,NOPS
XMM = XL(I)
DO 200 MY = 1,
YNN = YMIN+(MY-1)*DELTAY
CALL THETA1(PP,XMM,YNN,TAUPP,T1)
CALL THETA2(PP,XMM,YNN,TAUPP,T2)
WRITE (10, 1100) PP,TAUPP,XMM/A,YNN/B,T1,T2
AVET1 = T1+AVET1
AVET2 = T2+AVET2
200 CONT I NUE
WRITE (10,1500) TAUPP,AVET1/(NOPS*1Y), AVET2/(NOPS#*|Y)
205 . CONT I NUE
NDIF

CALL TIMECK (NTF)
CPUTME = NTF/100.D0
WRITE (10,1000) CPUTME
WRITE ( 6,1000) CPUTME
STOP

----- FORMAT STATEMENT

oO000O0

1000 FORMAT (9X,' CPU TIME = ',F8.2, ! SECONDS')

1050 FORMAT (/,4X,'PP' 3x‘ NCON ,3%, TMM' 3%, 'NN' (4%, TAU'
> 5X, 'x 7x Y', 11x 'QS' 12x 'Q1/qs L9X, Qz/qs‘
> 9X. 'THETA')

1100 FORMAT (1X,15,1X,3F8.3,2X,2F 14.7)

1200 FORMAT (1H1,4X,'PP',3X, 'TAU',5X, ' X/A',7X,'Y/B",
> 9X, 'THETA1?, 9x 'THETAZ )

1300 FORMAT (///,4X,'PP',3X," TAU ,5%, !X ,5X, 'Y,
> 11X, 'THETA1',9X, ' THETA2')

1400 FORMAT (1X,15,1X, 3F8.3,2X,2F 14.7)

1500 FORMAT (1X,'TAU = ',F8.3,3X, 'AVERAGE THETA1
> 1X, "AVERAGE THETA2

END

',F12.7,
' F12 7)

SUBROUTINE THETAI

c e
SUBROUTINE THETA1 (PP ,XMM,YNN,TAUPP,T1) .

LI1717707777777000777007700777777777777777777777770777717771777/

CALCULATE THE DIMENSIONLESS TEMPERATURE (THETA) FOR STATIONARY
REGION

L111771001777717777777777770771777772777077777777777777177777777/

IMPLICIT REAL*8 (A-H,0-Z)

REAL*8 K1

INTEGER VTYPE,PP,P

DIMENSION Q1(10,10,10,0:410),CX(10), CY(10)
COMMON /L1/ A,B,NCON, VTYPE, CX,CY

[eXoXeXoNoR o]
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O0000

10

COMMON /L3/ DX,DY,DZ,DT
COMMON /LL4/ MA, NB
COMMON /L6/ AL1,K1
COMMON /L9/ Q1

k4

NB
CY(J) - B + DFLOAT(N=1) * DY

T1 = 0.D0
DO 10 P = 0, PP-1
TAUP = DFLOAT(P) * DT
DO 10 J = 1, NCON
DO 10 M = 1, MA
XM = CX(J) = A + DFLOAT(M-1) * DX
DC 10 N = 1

------- SINCE P START WITH ZERO ==> Q1(J,M,N,P) IS CORRECT.

T1 = T1 + Q1(J,M,N,P) * G1](XMM,YNN,TAUPP ,XM,YN, TAUP)
T1 = T1 # 2,00 * AL1/K1

RETURN
END

SUBROUTINE THETA?

[eXoXoXoNoKe]

OO0O00

10
>

L e S R e e e S S R S e A e A e e S
SUBROUTINE THETA2 (PP,XMM,YNN,TAUPP,T2)

L11110177 7077777007 7777777770770777777777777770777177777777/777777

CALCULATE THE DIMENSIONLESS TEMPERATURE (THETA) FOR MOVING
REGION

LIIIIIITE0T71077707 7770707707 7772717777717777177771777777777777

IMPLICIT REAL*8 (A=H,0-Z)

REAL*8 K1

INTEGER VTYPE,PP,P

DIMENSION Q1(10,10,10,0:410),CX(10), CY(10)
COMMON /L1/ A,B,NCON, VTYPE, CX,CY

COMMON /L3/ DX,DY,DZ,DT

COMMON /LL4/ MA, NB

COMMON /L9/ Q1

T2 = 0.DO
DO 10 P = 0, PP=1
TAUP = DFLOAT(P) * DT
DO 10 J = 1, NCON
DO 10 M = 1, MA
XM = CX(J) - A + DFLOAT(M=-1) * DX
DO 10 N = 1, NB
YN = CY(J) = B + DFLOAT(N-1) * DY

------- SINCE P START WITH ZERO ==> Q1(J,M,N,P) 1S CORRECT.
T2 = T2 + (QS(J,M,N,P) - Q1(J,M,N,P) ) ¥
G2 1 (XMM,YNN, TAUPP ,XM, YN, TAUP)
T2 = T2 % 2.D0
RETURN
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END

FUNCTION GI

C

QOO0

SR S R A S S S A e e s e I S S
DOUBLE PRECISION FUNCTION GI (XMM,YNN,TAUPP,XM,YN,TAUP)

L1117071707077707707007770770770770707777070777777777777777/77777
USING SIMPSON'S RULE FOR TIME (NEW VARIABLE) INTEGRATION

L1770 17707707700077777770070777770707777777777177707777777777

IMPLICIT REAL*8 (A-H,0-Z)
COMMON /L3/ DX,DY,DZ,DT

s1 2.D0 * DSQRT(TAUPP-TAUP)
XC1 = XC(TAUPP, TAUP)
TAUP1 = TAUP + DT

2.D0 * DSQRT(TAUPP=TAUP1)
XC2 = XC{TAUPP, TAUP1)

s3 (S1 +s2) / 2.D0

TAUP2 = (TAUP + TAUP1) / 2.DO

XC3 = XC{TAUPP, TAUP2)

= (82-81) / 6 DO * (GF INT(XMM,YNN,XM,YN,XC1,S1) +
4.D0 * GF INT(XMM,YNN,XM,YN,XC3,S3) +

s2

i

>
> GF INT(XMM,YNN,XM, YN, YXC2 ,S2) )

RETURN
END

FUNCTION GFINT

O0000O0O00O0

BHE A B B SR e A B S M 6 3 0 M AN M MW
DOUBLE PRECISION FUNCTION GF INT (XMM,YNN,XM,YN,XCEN,S)

LI117777777777777777077707777077777077707077777277777777777777/
INTEGRAL OF GREEN'S FUNCTION

LILTLLITL7707 000000 7077770777707700770070717710777117777777777
USING SIMPSON'S RULE FOR TIME (NEW VARIABLE) INTEGRATION

LITIT1T111777778770777071777777777777777777777777777777¢7777777

IMPLICIT REAL#8 (A=H,0-Z)
REAL*8 K1

INTEGER PP, P

COMMON /L3/ DX,DY,DZ,DT
COMMON /L6/ AL1,K1

COMMON /L8/ P1

GFINT = 0.DO

$1 = DSQRT(AL1) * §
X11 = (XMM =XM =DX)
X12 = (XMM =XM)

Y11 = (YNN =YN =-DY)
Y12 = (YNN =YN)

X21 = X11-XCEN

X22 = X12-XCEN
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IF (S .NE. 0.D0O) THEN
GFINT =
> #*
GFINT =
>
ELSE
ERFX11 = DSIGN (1.D0,X11)
IF {DABS({X11) .LE. 0.1D-6) THEN
ERFX11 =0.DO
ENDIF
ERFX12 = DSIGN (1.D0,X12)
IF (DABS(X12) .LE. 0.1D=-6) THEN
ERFX12 =0.D0
ENDIF
ERFY11 = DSIGN (1.D0,Y11)
IF (DABS(Y11) .LE. 0.1D=6) THEN
ERFY11 =0.DO
ENDIF
ERFY12 = DSIGN (1.D0,Y12)
IF (DABS(Y12) .LE. 0.1D=6) THEN
ERFY12 =0.DO
ENDIF
ERFX21 = DSIGN (1.D0,X21)
IF (DABS({X21) .LE. 0.1D-6) THEN
ERFX21 =0.DO0
ENDIF
ERFX22 = DSIGN (1.D0,X22)
IF (DABS(X22) .LE. 0.1D-6) THEN
ERFX22 =0.DO
ENDIF
GFINT = DSQRT(AL1) / K1 * (ERFX1
GF INT = -0.125D0/DSQRT(PI)*(GF IN
>
ENDIF
RETURN
END
c
DOUBLE PRECISION FUNCTION G1I
c
c
c USING SIMPSON'S RULE FOR TIME {NEW VARIABLE)
c
c

FEH A M0 I I B A N M R NN

LI11177700777077070070077077787077707077777777077107717777777777

IMPLICIT REAL*8

(A-H,0-Z)

COMMON /L3/ DX,DY,DZ,DT

TAUP)

TAUP1 = TAUP + DT

s$1 =
XC1 = XC(TAUPP,
s2 =

XC2 = XC(TAUPP,
S$3 = (S1 + 82

TAUP1)
) / 2.00

2.D0 * DSQRT(TAUPP-TAUP)

2.D0 * DSQRT(TAUPP-TAUP1)

*

1-E
T+ {
*(

TAUP2 = (TAUP + TAUP1) / 2.DO

XC3 = XC(TAUPP,

TAUP2)

DSQRT(AL1) / K1 #* (DERF(X11/S1) =DERF(X12/51))
(DERF(Y11/S1) =DERF(Y12/51))
-0.125D0/DSQRT(P1)*(GF INT + (DERF{X21/S) -DERF(XZZ/S);

DERF(Y11/8) -DERF(Y12/S)

RFX12) * (ERFY11 - ERFY12)
ERFX21 - ERFX22)
ERFY11 - ERFY12) )

(XMM,YNN, TAUPP , XM, YN, TAUP)
L77117771077777777777777777777770777777777077770777707777777777777

INTEGRATION
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G1l = (S2-81) / 6 DO * (GF1INT(XMM,YNN,XM,YN,XC1,81) +
> L.DO * GF1INT{XMM,YNN,6XM, YN XC3,83) Y
)

> GF1INT(XMM,YNN,XM,YN,XC2,82
RETURN
END
FUNCTION GFIINT
c et T T e e S s

DOUBLE PRECISION FUNGCTION GF1INT (XMM,YNN,XM,YN,XCEN,S)

LI1IT1700710078727077777707000770077777777770777777117177777777
INTEGRAL OF GREEN'S FUNCTION (GF1) OF STAT!ONARY REGION

LI7177000777700077777007770077707708007707070007007077777707777

IMPLICIT REAL*8 (A=H,0-Z)
REAL*8 K1

INTEGER PP, P

COMMON /L3/ DX,DY,DZ,DT
COMMON /L6/ AL1,K1

COMMON /L8/ P!

O0OO000

GFINT = 0.DO

s1 = DSQRT(AL1) * S
X11 = (XMM =XM =-DX)
X12 = (XMM =XM)

Y11 = (YNN =YN =DY)
Y12 = (YNN =YN)

IF (S .NE. 0.DO) THEN

GF1INT = (DERF(X11/S1) =DERF(X12/51))
> # (DERF({Y11/S1) =-DERF(Y12/S1))
GF1INT = =0.125D0/DSQRT(P I*AL1) * GF1INT
ELSE

ERFX11 = DSIGN (1.D0,X11)

IF (DABS(X11) .LE. 0.1D=6) THEN
ERFX11 =0.D0

ENDIF

ERFX12 = DSIGN (1.D0,X12)

IF (DABS(X12) .LE. 0.1D=6) THEN
ERFX12 =0.DO

ENDIF

ERFY11 = DSIGN (1.D0,Y11)

IF (DABS(Y11) .LE. 0.1D=6) THEN
ERFY11 =0.D0

ENDIF

ERFY12 = DSIGN (1.D0,Y12)

IF (DABS(Y12) .LE. 0.1D=6) THEN
ERFY12 =0.DO

ENDIF

GF1INT
GF1INT

(ERFX11 = ERFX12) * (ERFY11 - ERFY12)
=0.125D0/DSQRT(PI*AL1T)* GF1INT

ENDIF
RETURN
END
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FUNCTION G21

O0000

B L T e B e
DOUBLE PRECISION FUNCTION G21 (XMM,YNN,TAUPP ,XM,YN,TAUP)

LIIIITILTIII777 700707770077 77700777770077177770777777777¢77777
USING SIMPSON'S RULE FOR TIME (NEW VARIABLE) INTEGRATION

LI1170777700777077700007077000077770077777707077007777777777777

IMPLICIT REAL*8 (A~H,0-Z)
COMMON /L3/ DX,DY,DZ,DT

S1
XC1
TAUP
S2
Xc2
S3
TAUP
XC3

2.D0 * DSQRT(TAUPP-TAUP)
XC(TAUPP, TAUP)

= TAUP + DT

2.D0 * DSQRT(TAUPP-TAUP1)
XC(TAUPP, TAUP1)

(S1 +s2°) / 2.00

= (TAUP + TAUP1) / 2.DO
XC(TAUPP, TAUP2)

(s2-81) / 6 DO * (GF2INT(XMM,YNN,XM,YN,XC1,51) +
4.DO * GF2INT(XMM,YNN,XM,YN,XC3.,S3) +
GF2INT(XMM,YNN, XM, YN,XC2,52) )

W n =

G2l
>
>

i}

RETURN
END

FUNCTION GF2INT

Q0000

S H M M H S e B e B N e A B b I
DOUBLE PRECISION FUNCTION GF2INT (XMM,YNN,XM,YN,XCEN,S)
[17777777777777777777777777777777777777777777777777777777777777
INTEGRAL OF GREEN'S FUNCTION (GF2) OF MOVING REGION
J1771777777777777771077777777777777777777772777777777777777777777
IMPLICIT REAL*8 (A-H,0-Z)

REAL*8 K1

INTEGER PP, P

COMMON /L3/ DX,DY,DZ,DT

COMMON /L87 Pi

GF2INT = 0.DO

X11 = (XMM =XM =DX) = XCEN
X12 = (XMM =XM) = XCEN

Y11 = (YNN =YN =DY)

Y12 = (YNN =YN)

IF (S .NE. 0.DO) THEN

GF2INT = =-0.125D0/DSQRT(PI)*((DERF(X11/S) -DERF(X12/S)).
> * (DERF(Y11/S8) -DERF(Y12/S)) )

ELSE
ERFX11 = DSIGN (1.D0,X11)

IF (DABS(X11) .LE. 0.1D-6) THEN
ERFX11 =0.DO
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ENDIF

ERFX12 = DSIGN (1.D0,X12)

IF (DABS{X12) .LE. 0.1D-6) THEN
ERFX12 =0.D0

ENDIF

ERFY11 = DSIGN (1.D0O,Y11)

IFF (DABS(Y11) .LE. 0.1D-6) THEN
ERFY11 =0.DO

ENDIF

ERFY12 = DSIGN (1.D0,Y12)

IF (DABS(Y12) .LE. 0.1D=6) THEN
ERFY12 =0.D0

ENDIF

GF2INT = -0.125D0/DSQRT(P|)*( (ERFX11 = ERFX12)
> # (ERFY11 - ERFY12) )

ENDIF
RETURN
END

FUNCTION XC

C AR 0 He 4 e B 40 e 3 0 3 B S B 0 36 N B

DOUBLE PRECISION FUNCTION XC (TAUPP, TAUP)

g LII1LI17 7717707777777 70777777777777777777777777777777707777777777
c THIS FUNCTION IS TO CALCULATE THE CENTER OF HEAT SOURCE
c
c L1777777707777777777777777777777777707777777707777777/7777777777
IMPLICIT REAL*8 (A=H,0-Z)
INTEGER VTYPE
DIMENSION CX{10),CY{10)
COMMON /L1/ A,B,NCON, VTYPE, CX,CY
COMMON /L3/ DX,DY,DZ,DT
COMMON /L5/ W,C
c
XC =0.D0
c
c
c VTYPE EQUAL TO 1, IT IS OSCILLATING HEAT SOURCE(S)
c
c
IF (VTYPE .EQ. 1) THEN
XC = (DSIN(W*TAUPP) = DSIN(W*TAUP)) / W
c
c
C  =mem--- VTYPE EQUAL TO 2, IT IS CONSTANT MOVING HEAT SOURCE(S) =~
c
c

ELSE IF (VTYPE .EQ. 2) THEN
XC = C * (TAUPP-TAUP)
ELSE
XC = 0.DO
ENDIF
RETURN
END
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FUNCTION QS

C

O0O0000

b B e B B B 36 o b e B A 0 3 3L 090 3 e e B R R
DOUBLE PRECISION FUNCTION QS ( 1CON,M,N,P)

L1IITPTT1I007 80070707007 000 7077707777 71707717077777077771777777
THIS FUNCTION IS TO CALCULATE THE TOTAL HEAT FLUX

LILIELIIIITIEL L7002 07700070 07007777777707777777777777777777777

IMPLICIT REAL*8 (A-H,0-Z)
REAL*8 KC

INTEGER VTYPE,PP,P
DIMENS ION CX({10),CY(10)

COMMON /L1/ A,B,NCON, VTYPE, CX,CY
COMMON /L3/ DX,DY,DZ,DT

COMMON /L5/ W,C

COMMON /L7/ QTYPE

COMMON /L8/ PI

IF (VTYPE .EQ. 1) THEN
QS = DABS(DCOS(W*DFLOAT(2#*P+1)*DT/2.D0))
ELSE IF (VTYPE .EQ. 2) THEN

QS = DABS(C)
ELSE
QS = QTYPE
ENDIF
RETURN
END

SUBROUTINE VALUES

a0

QOO0

00 000000

Ly T e e T e a2
SUBROUTINE VALUES (MAXPP,I|DT)

LI11777777777007770077777777777777770207707777777777777777777777

THIS ROUTINE IS TO READ IN ALL THE VALUE NEEDED TO RUN THIS
PROGRAM, ‘

L11177707777777707777707777770777777077077777777777777777777777

IMPLICIT REAL*8 (A-H,0-Z)

REAL*8 K1

INTEGER VTYPE,PP

DIMENSION CX(10), CY(10)

COMMON /L1/ A,B,NCON, VTYPE, CX,CY
COMMON /L3/ DX,DY,DZ,DT

COMMON /LL4/ MA, NB

COMMON /L5/ W,C

COMMON /L6/ AL1,K1

COMMON /L8/ Pl
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c ===m=c== [NPUT AL1 & K1 FOR DIMENSIONLESS PROPERTIES =======
c
c
PRINT *,'ENTER DIMENSIONLESS AL1'
READ (5,*) AL1
WRITE (10,120) AL1
PRINT *,'ENTER DIMENSIONLESS K1'
READ (5,%*) K1
WRITE (10,130) K1
c
c
C  eemmeee- INPUT A & B FOR DIMENS)ONLESS CONTACT ======
c
c
PRINT *,'ENTER HALF LENGTH OF CONTACT IN X-DIRECTION, A'
READ (5,%*) A
WRITE (10,111) A
g
PRINT #,'ENTER HALF LENGTH OF CONTACT IN Y-DIRECTION, B'
READ (5,*) B
WRITE (10,112) B
c
c
c ====m=e= THE AMPLITUDE RATIO (Xm/a)======c===
c
c
AMPR = 1.D0 / W/ A
WRITE (10, 113) AMPR
c
c
C  =wmm-- -~ NUMBER OF HEAT SOURCE(S) ======e==-
c
c

20  PRINT *,' NUMBER OF CONTACTS (1-10)'
READ (5,%) NCON
IF ((NCON .GT. 10) .OR. (NCON .LT. 1)) GOTO 20
WRITE (10,110) NCON

c
c
WRITE (10,%*) 'CENTER LOCATION OF HEAT SOURCE(S)'
WRITE (10,%) ' X vy !
c
c
c ===a=o== |NPUT CENTER OF HEAT SOURCE =-=======--
c
c

DO 100 1=1,NCON
PRINT *,'CENTER LOCATION OF HEAT SOURCE IN X, AND Y'
READ (5,%) CX(1), CY(I)
WRITE (10,500} CX(1), CY(1)
100 CONT INUE

====-==== |NPUT SPACE STEPS (DX AND DY) AND IDT (DT) =======--

[eXeXoXoXe]

PRINT *,'NUMBER OF ELEMENT(S) PER CONTACT IN X, MA'
PRINT *,'NUMBER OF ELEMENT(S) PER CONTACT IN Y, NB'
READ (5,%*) MA,NB

WRITE (10,150) MA,NB

-------- CALCULATE DX, AND DY
DX = 2.DO*A/DFLOAT(MA)

DY = 2.DO*B/DFLOAT(NB)
WRITE (10,200) DX,DY

OO0

IF (VTYPE .EQ. 1) THEN

O 000
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QOO0

PRINT #, ' ENTER IDT'

READ (5,*) IDT

DT = P1/2.DO/W/DFLOAT (IDT)
WRITE (10,220) DT, IDT

emmmewe= MAXIMUN 1/4 CYCLE ==c===- -

OOO00O0

PRINT *,'ENTER => MAX. 1/4 CYCLE'
READ (5,*) MAXQC
WRITE (10,210) MAXQC
MAXPP = MAXQC * IDT
ELSE

OO00O0
[]
]
]
[}
[}
]
]
1]
Q
o
=
7}
—4
>
=z
—
<
m
-
Q
(9]
-
<
]
]
1
]
t
]
]
]
]
]

PRINT *#, ' ENTER DT'
READ (5,*) DT

WRITE (10,230) DT

IDT = 1.D0

C  =—eeme- MAXPP == MAX. # OF TIME STEP =====-
PRINT #,'ENTER => MAX., PP'
READ (5,%*) MAXPP
WRITE (10,215) MAXPP
ENDIF

PRINT #, 'DT=',DT

OOO000 O

110 FORMAT (/, 1X 'NUMBER OF CONTACTS = ',
111 FORMAT(1X, "HALF LENGTH OF CONTACT IN X-
112 FORMAT(1X,'HALF LENGTH OF CONTACT |

113

)
N RECTION, A=',F12.5)
NY R
FORMAT(/, 1X 'AMPLITUDE RATIO = 1 / (OM
VIT
VI
1

f
IRECTION, B=',F12.5)

A * A) =Xm /'a =7.F12.5)
S, AL1 ,F12.5)

ES, K1 JF12.5)

t,'; v=', 14)

120 FORMAT(1X 'RATIO OF THERMAL DIFFUSI
130 FORMAT(1X, RATIO OF THERMAL CONDUCT
150 FORMAT (/,1X, NUMBER ELEMENT(S)

200 FORMAT (/, 1x' DX = ',F12.7,5X,'DY = ', F12.7)
210 FORMAT (1X, ‘MAX. 1/4 CYCLE = |u »7)
215 FORMAT (1X, 'MAX. PP =T, 14,/)
220 FORMAT (1X,'DT = ',F19. 10, 5x "IDT = ',14 ,/)
230 FORMAT (1X,'DT = '.F19.10.,5X./)
500 FORMAT (3X, F9.3,3X,F9.3 )

RETURN

END

SUBROUTINE VELOCITY

c L S R A A e S R N S T A T R R A R
SUBROUTINE VELOCITY (VTYPE,W,C)

L1117 1077770780000777077770870070770707777777707177707070777777777

THIS SUBROUTINE IS FOR THE USER TO SELECT THE VELOCITY TYPE:
1) OSCILLATING

2) CONSTANT

3) STATIONARY.

QOOO0OO0
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C L1111 70017700777077707 7777777007777 7707077707707700777070777777/

IMPLICIT REAL#8 (A~H,0-Z)
INTEGER VTYPE

COMMON /L7/ QTYPE
COMMON /L8/ PI

Pl = 4,D0 * DATAN(1.DO)
WRITE (10,1200)

WRITE (10,*) 'RECTANGULAR CONTACT
WRITE (10,%)
c
c
PRINT *,'ENTER VELOCITY TYPE:'
PRINT *,' 1) OSCILLATING VELOCITY'
PRINT *,' 2) CONSTANT VELOGITY, C'
PRINT *,! 3) STATIONARY '
c READ (5,%) VTYPE
c
IF (VTYPE .EQ. 1) THEN
c
c
c
c w=e=ca== FOR OSCILLATING VELOCITY ==cmmcee==-
g
PRINT *,'THE FREQUENCY, (W)=N*P|, ENTER N '
READ (5,%) W
W = WHP|
WRITE (10,*) 'OSCILLATING VELOCITY'
WRITE (10,1000) W
ELSE IF (VTYPE .EQ. 2) THEN
c
c
C  eemmmme- FOR CONSTANT VELOCITY =====c=e=- -
c
c
PRINT *,'INPUT VALUE FOR C'
READ (5,%) C
WRITE (10,1100) C
ELSE IF(VTYPE .EQ. 3) THEN
c
c
c e=-ece- STATIONARY ~==-ecemc=m=e
c
c

WRITE (10,%) 'VELOCITY = 0.000'
PRINT *,'INPUT VALUE FOR QS'
READ (5,%) QTYPE
ENDIF
1000 FORMAT (1X,'THE FREQUENCY, OMEGA =',F20.14)
1100 FORMAT (1X,'CONSTANT VELOCITY, V =',F12.5)
1200 FORMAT (11X, 'SOLUTIONS FOR FRICTIONAL HEATING BETWEEN 2 ',
> 'SEMI~INFINITE REGIONS.',/,
> ' USING MIDPOINT RULE IN TIME AND SPACE.')
RETURN

END

SUBROUTINE OUTQI

C : A M NS N A I S R A S A M N S S

SUBROUTINE OUTQ1 (PP,TAUPP)
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1177707777177727777777777777177177777777177777777177777117717777
PRINT Q1
LI17077777700007777770077077070777007207777077707707777777777777
IMPLICIT REAL¥8 (A-H,0-Z)

DIMENSION Q1(10,10,10,0:410),CX{10),CY(10)
INTEGER PP, VTYPE

00000

COMMON /L1/ A,B,NCON, VTYPE, CX,CY
COMMON /L3/ DX,DY,DZ,DT

COMMON /Ll4/ MA, NB

COMMON /L9/ Q1

SUMQ2 = 0.DO
SUMQS = 0.D0
TOTALQ = QS(ICON,1,J,PP=1)
DTIME = TAUPP - DT/2.DO
= TOTALQ
IF (TOTALQ .LE. 0.1D=-10) THEN
C  eemeemeeec WHEN TOTALQ = 0.DO THEN Q1 & Q2 SHOULD BE ZERO -=--

DO 20 {CON=1,NCON
SUMT2 = 0.D0
DO 10 4= 1 ,NB
YNN = CY(ICON) - B + (DFLOAT(J)-.5D0) * DY
DO 10 | = 1 ,MA
XMM = CX(|CON) - A + (DFLOAT(1)~-.5D0) * DX
CALL THETA2(PP,XMM,YNN,TAUPP,T2)
= (TOTALQ-QT(ICON,I,J,PP-1))

OO0
]
]
]
I
i
1
]
8
-
Q
c
l_
>
3
m
-]
=
m
>
=z
>
2
o
2
N
-
o
—
>
[
1
]
!
]
t
1
1
1
1
]

SUMT2 SUMT2+T2
SuMQ2 SuUMQ2+Q2

SUMQs SUMQS+T

Q2 = Q2/7T
WRITE (10, 100) PP,ICON,I,J,DTIME,XMM,YNN,TOTALG,
>  QI(ICON,I,J,PP=1)/T,Q2,T2
10  CONTINUE
T2M = SUMT2 / DFLOAT(MA*NB)
WRITE (10, 110) T2M
20  CONTINUE
Q2M = SUMQ2/SUMQS
WRITE (10,120) Q2M

100 FORMAT (1X 415,1X,3F8.3,2X 5F1u 7)
110 FORMAT (1X, 'THETAZ MEAN = Fi4.7)
120 FORMAT (1X,'Q2/Q@S TOTAL = ' F14 7)
RETURN
END
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