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II. LIST OF SYMBOLS

plate length in x-direction, in.
plate length in y-direction, in,

thickness of plate, in.

dimensionless quantities in roots of characteristic

eguations

b2
dimensionless load parameter, g§5; (k is
negative for compressive loads)

roots of characteristic eguations

positive integers
lateral load intensity, pounds per square inch
components of displacement in the x-, y-, and

z-directions respectively, in.
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Xy, ¥, &

€11, C12, C21, C22

Cxg

Dy, Dy

Mg, My

Y-

lateral deflection solutions due to the coupling
terms Cj; and Oy , respectively, as used in
Appendix C

orthogonal coordinate system; z measured normal
to the plane of the plate and x and y parallel
to the axes of prinecipal stiffness

coupling elastic cbnnmta asiociatod with bending
and stretching and defined by equations (1), in,

coupling elastic constant associated with twisting
and shearing and defined by equations (1), in,

bending stiffness in the x- and y-directions,
respectively, in-lb

bending stiffness when Dy = Dp = D, in-lb

twisting stiffness relative to the x- and
y-directions, in-lb

extensional stiffnesses in the x- and y-directions,
respectively, 1lb/in. '

fores function defined bty equation (11)

shearing stiffness in xy-plane, 1b/in,

H = gDy + Dygy, in-lb

dimensionless coefficient for initial deflection
(see ref. T)

resultant internal bending-moment intensities
acting on cross sections originally perpendicular

to the x- and y-axes, respectively, lb
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Ty Ty, fy
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resultant internal twisting-moment intensity acting
in cross sections originally perpendicular to the
x- and y-axes, 1lb

boundary values of the resultant bending and
twisting woments

resultant internal normal-force intensities acting
in planes I and Il of cross sections originally
perpendicular to the x- and y-axes, respectively,
1b/in.

resultant internal shear-force intensity acting
in plane III of cross sections originally perpen-
dicular to the x- and y-axes, 1lb/in,

boundary values of the resultant normal and shear
forces, 1lb/in,

boundary values of the shear-force intensities
acting in z-direction on planes originally per-
pendicular to the x- and y-axes, respectively,
1b/in.

total external work dome by the boundary forces,
in-=1lb

total strain energy of the system, in-lb

total potential energy of the system, in-lb

x-wise components of the swall deflection solution
to differential equation of equilibrium
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y-wise components of the small deflection solution
to differential eguation of equilibrium
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b T

normal strain of plane I in x-direction and of
plane II in y-direction, respectively

shear strain of plane III with respect to the
x- and y-directions

Poisson's ratios associated with bending in x- and
y-directions, respectively, and defined by
equations (1)

Poisson's ratios associated with extensions in the
x- and y~directions, respectively, and defined by
equations (1)

total deflection of the midpoint of a plate with
an initial deviation from flatness, in.

initial deflection of the midpoint of a plate with
an initial deviation from flatness, in.
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III. INTRODUCTION

Recent aircraft wing designs have incorporated plates which are
integrally stiffened only on one side. The effectiveness of integral
stiffening is partly due to the fact that direct stresses in the skin
are conducted into the integral stiffeners; thus the stiffeners are
exploited in carrying stresses in their transverse as well as their
longitudinal directions. The stress distribution through the thickness
of the skin and stiffener of a plate integrally stiffened on one side
ig such that there is no plane of symmetry of stresses. This lack of
sympetry introduces bending and twisting moments which produce curva-
ture of the plate when direct stresses are applied in a plane of the
plate. This effect is referred to as coupling.

General force-distortion equations (that is, equations relating
forces, moments, strains, and curvatures) are presented in reference 1
for plates integrally stiffened on one side. Reference 1 inecludes the
effect of coupling in the force-distortion equations and presents a
method for calculating the assoclated elastic constants. Figure 1,
taken from reference 1, illustrates several types of integrally
stiffened panels.

The significance of coupling is most apparent in problems which
would inveolve stability considerations were coupling not present.
Because of this coupling, lateral deflection of the plate occurs at
loads less than the buckling load of the equivalent uncoupled plate.
The problem has therefore a completely new aspect which prohibits its
belng treated as a conventional stability problem.
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Wing surfaces constructed of plates exhibiting the coupling effect
will take on curvetures, thus the assoclated lateral deflections, when
they are stressed in their plane. These lateral deflections may be
large enough to affect asdversely the wing's aerodynamic properties.
Existing plate theory does not include the effect of coupling; there-
fore it cannot determine the magnitude of lateral deflections due to
coupling.

A deflection theory is developed herein which takes coupling into
account. This deflection theory is applicable to any isotropic or
anisotropic body which behaves essentially as a plate. The effect of
transverse shear deformation, important in corrugated-core sandwich
plates which may exhibit coupling (ref. 2), is not included in the
present theory.

Mathematically, a complete elastic theory may be specified by the
following components:

1. Porce-distortion equations

2. Equations relating strains and displacements

5. The minimization of a potential energy expression for the

system »

L. Geometric boundary conditions
The force-distortion equations may be obtained from references 1 or 2
when considering integrally stiffened plates or corrugated-core sand-
wich plates, or they may be determined experimentally in other cases.
The strain-displacement equations for plates in which coupling is
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present are the same as those used for conventional plates. Reference l
prﬁaenta such a set, The potential energy expression is derived in
Appendix A and the geometric boundary conditions are determined by the
particular problem considered.

An elastic theory may also be constituted of the first two and
fourth components as listed plus equilibrium and natural boundary condi-
tions, Th§ equilibrium equations and the so-called "natural" boundary
equations are derived in Appendix B by means of the prineciple of mini-
muwn potential energy (ref. 5) in conjunction with the ealculus of
variations., The potential eneryy expression, equilibrium equations,
and natural boundary equations are presented in the text under the
section entitled "Results and Discussion,"

The iquilibrium eguations can also be derived by consideration of
the forces and moments acting on the faces of a differential element of
the plate and application of the condition that the element must be in
a state of static equilibrium. By use of the principle of minimum
potential energy, however, the natursl boundary conditions which must
be satisfied are obtained in addition to the equations of equilibrium,

An exact small-deflection solution to the di/ferential equation of
equilibrium is presented in Appendix C for the case of an anisotropic
plate exhibiting coupling. The plate ia considered to be simply sup-
ported on all edges and is loaded by an evenly distributed in-plane
compressive load. This solution illustrates that insofar as small-

deflection theory is concerned, this problem is not the familiar
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stability problem but one of rapid growth of deflections with small
increases in load. This rapid growth will occur at a load level which
is lower than or equal to the uncoupled buekling load. Coupling is
therefore shown to be a detrimental effect in this respect, depending

on the magnitude of the coupling terms,



(a) Longitudinal or transverse (b) Longitudinal and transverse

(c) Skewed (d) Skewed plus longitudinal and transverse

Figure 1l.— Examples of integrally stiffened plates.
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IV. STATEMENT OF THE PROELEM

The first purpose of the present paper is to provide an elastic
theory from which problems involving coupling may be approached.
Potential energy and egquilibrium expressions will be derived for these
are the components of the theory which are lacking. The potential
energy expression may be used either in small- or large-deflection
analysis. Eguations of equilibrium are presented for both small- and
large-deflection theory.

The second purpose of the present paper is to determine the effect
of coupling on deflections and buckling of a simply supported
anisotropic plate in compression. A small deflection analysis of this
problem is made using the theory presented herein. No large deflection
analysis is attempted; however, an estimation of the large deflection
effect of coupling is made.
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Ve FORCE-DISTORTION EQUATIONS

References 1 and 2 present force-distortion equations for inte-
grally stiffened plates and corrugated-core sandwich plates, respec-
tively, wnich contain added terms due to coupling between distortions in
the plane of the plate and lateral deflections of the platg. The
existence and evaluation of these coupling terms will not be treated in
this paper since ample discussion may be found on these subjects in
references 1 and 2. The force-distortion equations of references 1

and 2 are given in the following forms

My = - DL(% * Wy ?‘:2') + C1aly + Craiy

}% - . Dz(gg. + Wy 512—2'3) + Can + cazuy

“v‘%sa':-;;*"‘x"v
/ (1)
ex-cl% —_5*-‘ &N,

3w 32w
vrufi-nid-gng

N
7v.-zcx%+.ﬂ

(The transverse shear deflection terms of ref. 2 are not included in
this set, That effect is not within the scope of this paper,) This
set of equations assumes that constructions such as integrally stif-

fened or corrugated-core sandwich plates may be replaced by uniform
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thickness anisotropic plates in which &.’ ﬁ! and .‘a;..;.i represent

curvatures and twist respectively and N, ly, and IV act in
arbitrarily located plane I, II, and III, respectively. Figure 2,
which is taken from reference 2, illustrates the forces and moments
acting on an infinitesimal element of an equivalent uniform thickness
enisotropic plate. The material properties of this idealized element
may be considered to vary wnsymmetrically about the midplane to permit
coupling to exist even when the resultant forces are applied in the
midplane. The location of the planes in which the forces act is
arbitrary for the force-distortion equations in eguation 1 for the
sake of generality. These general expressions will be used in the
ensuing derivations of the potential energy and equilibrium expressions.
Some of the coupling terms in these equations may be eliminated by
choosing the plane in which the resultant forces act to be so located
as to cause a moment, and thus a curvature counter to that given by the
coupling effect. Thus if the plane in which N, is acting is so
located as to eliminate coupling between curvature in the x-direction
and strains in the x-direction and if the plane in which N, is acting
is so located as to eliminate coupling between curvatures and strains
in the y-direction, the force-distortion aqucti&n take on the form:
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Figure 2.— Forces and moments acting on element.
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The forces N, and Ny could be so placed as to eliminate coupling

J

between My and Ny and My, and Ny. Then, the force-distortion

equations become:
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By choosing the proper plane in which lﬂ is to act, uncoupling
between lﬂ and In may also be accomplished. In general, three
of the coupling terms given in equations (1) may be eliminated by
proper choice of planes in which the forces N, ly,md 'JW act.
For an wnsymmetric construction, no more than three of the terms may be
eliminated. If the plate is of a symmetric type construction, all
coupling may be eliminated by locating the forces lx,ly,lmd lxy in
the midplane of the plate.

Force-distortion equations as given in equations (1), (2), and
(3) are of the form which would apply for any unsymmetrical type plate
construction. Methods for computing the elastic constants of integrally

stiffened plates are presented in references 1 and 6, and methods for
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computing the elastic constants of corrugated-core sandwich plates are
presented in reference 2. The elastic constants for the above-mentioned
cohltnwtiom or any other unsymmetrical type construction may of course
be determined experimentally.
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VI. STRAIN-DISPLACEMENT EQUATIONS

The strain-displacement equations applicable to this theory in
which coupling is considered are the same as those given in reference L
for ordinary plate theory. They are

.
2
BB
2
‘7"%}’%(%) } ()
7n'%’%*§g,‘!
b
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VII. RESULTS AND DISCUSSION

A. Potential Energy of the Plate

The derivation of the potential emergy for a plate that deforms
sccording te the force-distortion relations given in equations (1) is
presented in Appendix A. The analysis of the external work given in
Appendix A has been limited to cases in which the reactions do no work.
Thus, only combinsticas of free, simply supported, or clamped edge
copditions may be comsidered using this analysis. The analysis may be
generalized by cousidering the energy of distorting springs capable of
resisting displacements and rotatiocns distributed along the edges of
the plate.

- The form of the potential energy expression presented below is
obtained by integrating by parts the terms in equation (Ab) which
contain the boundary forces I,.ll,-u 'v* Some of the resulting
terms, those which correspond to the equations of equilibrium for
forces in the plane of the plate, have been eliminated because the
forces must satisfy equilibrium at all times. (These equations of
equilibriun are derived luater in the appendix.) This procedure is the
same a8 that used in the appendix of reference 3. The strain-
displacement equations are applied to eliminate u- and v-displacements
from the energy expression. The resulting form of the energy
expression is
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In this form, the potential energy is a function of only the deflection
and the in-plane forces when the substitution from equations (1) is
made for the moments (and strains,

The in-plane forces Ny, Ny, and Nyxy in equation (5) are not
exactl,yl those which would prevail in the absence of coupling. The
distribution of the in-plane forces within the boundaries of the plate
is not only a function of the in-plane boundary forces but also a
function of the lateral deflections of the plate as may be seen from
equations (1). However, the change in the distribution of in-plane
forces due to coupling will be small in most practical cases, This is
because changes in horizontal load arise from changes in curvature of
the plate, and the change of chrvature ‘¢ will be very small in the
present applications of small deflections theory. Thus, changes in
the forees: o from.onelpeint te another im-the plate wilil be @ss= .

umed to be small, In most practical problems the distribution of
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in-plane forces within the boundaries of the plate may be assumed to be
that which would prevail in the absence of coupling.

By observing the sbove simplifying assumption, the potential
energy expression, eguation (5), may be used in conjunction vith the
force-distortion equations in the counventional manner to solve small-
deflection problems for plates in which coupling is present.

B. Bquilidrius and Boundary Bguations

The equilibvrium and boundary equations for a plate ia vhich coupling
is present are derived in Appendix B. As would be expected, these egua-
tions are the same as those for an ordinary isotropic or anisctropic
plate when they are expressed in terms of the forces. However, when
the expressions for the moments as given in equations (1) are substi-
tuted into the eguilibrium and boundary equations, the effect of cou-
pling is exhibited.

1. Small-deflecticn equatlons.- For problems in which only small-
deflections are considered, the equations of equilibrium for in-plane
forces may be disregavded because in-plane extensions due to curvature
equations are '
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Along y =0, b

H, - . Da(.g_:..‘é'.q- M%) + C21lx + C2oly (13)

or
%}-o (1h)
iv.nv%*cxuv (15)

or
E.o (16)

Q.-%ax-(%onn) *021'$‘022'§
_ r (17
AN
cl‘f"‘x%’“ﬂ%
»

or

w=0 (18)

fguations (6) through (18) become those for an uncoupled anisotropie
plate when the coupling terms are zero. The natural boundary equations
are restricted to problems in which the edges are not elastically

restrained.
For most practical problems there will be no gradient of the inter-

nal in-plane forces and the coupling terms in equation (6) will be zero.
When lateral deflections of the plate occur, there may be some redis-

tribution of the internal in-plane forces due to coupling, but for the
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small-deflections case this redistribution may be neglected for reasons
staled previously. With the elimination of the coupling terms from the
equation of equilibrium by the above considerations, only the natural

boundary equations will impose the effect of coupling upon the problem.

In the case of a plate clamped on all edges, there will be no
effect of coupling because the natural boundary equations which contain
the coupling terms do not acply. For a plate simply supported on all
edges, equations (7) and (13) are the only boundary equations which
will impose the effect of coupling upon the problem. The presence of
the coupling terms in the boundary equations produces the same effect
as that of moments distributed along the edges of the plate, For
example; if equation (7) is applicable in a given problem and ’H: = 0,
the coupling terms of equation (7) may be thought of as external
moments acting on the edges x = 0, a of magnitudes -~ C31Ny and
- C218y. Thus, for a simply supported plate in compression, the pro-
blem becomes that of an uncoupled simply supported plate in compres-
sion acted upon by the evenly distributed moments --“.Cn'ﬁx aldng
x &.0,.a and - CnNy along y =0, b.

The differential eguations of equilibrium subjeet to the boundary
conditions discussed may be solved in many ways depending upon the
distribution of the in-plane forces, The solution for the case of a
simply supported anisotropic plate in compression is presented in

Appendix C.



-9

It may be seen from the above discussion that many problems which

would require a stability analysis for the uncoupled case become
problems of deflection in the presence of coupling.
2. Large-deflection equations.~ For large-deflection problems

where extensional stresses become significant the equilibrium equations

for all three directions must be considered simultaneously with the
force-distortion and the strain-displacement equations,

these three sets of equations in a mamner similar to that given in

reference 4 results in the following two equations:

_1,_,31?*<1 ,ﬂ) g 1 alp

3l 3l
11 + C ... BN W w
(C11 22) ax2oy2 G21 A

ot \2 _ 2w ah
= -Es

Combining

-~ +claah'+
G " °B1) ax2ay?  E1 ok axls

(19)
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Equations (19) and (20) together with the boundary conditions determine
w and F. The losds may then be determined by equetions (21). The

general solution to the differential equations givea in (19) and (20)
is uninowm.

¢, Exact Small-Deflection Solution for a Simply
Supperted Anisotropic Plate in Compression
The exact small-deflection solution te equation (6) for a simply
supported anisctropic plate is presentediin Appendix C. The sclution was
obtained by separating the problem into two parts: one part for
coupling between x-wise forces and curvatures in the x-direction; the
other part for coupling between x-wise forces and curvature in the
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y-direction., When coupling in only one direction is present, the
methods of separation of variables is applied in solving the differ-
ential equation of equilibrium, The deflections obtained from the
solution of these two problems are superimposed to obtain the sclution
for the general case in which coupling exists in both directions.

As shown in Appendix C, there are several different solutions to
the differential equations depending on whether the roots of the
characteristic equations are real, imaginary, or complex, This is
determined by the load and plate properties.

For a given set of plate properties, load-deflection curves may
be computed from the equatiorspresented in Appendix C. From such
curves, a load level may be identified at which ihe deflections grow
rapidly with small increase of load. This load will be below or
egual to the uncoupled buckling load,

Computations have been made using the solutions presented in
Appendix C for the deflection of a point in the plate for cases in
which the flexural stiffnesses of the plates Dy and Dz are egual,
The aspect ratio is varied from 1 to 3 and the value of H/D is
varied from 0.125_ to L (Egual flexural stiffness and values of
H/D would be found in integrally stiffened plates, such as shown in
part (b) and the 45O case of part (¢) of fig. 1.) The computations are
presented in figures 3 through 7 as plots of wy/C31 and wy/Cp)
against a load parameter k, For given values of €33 and G231,
the total deflection w(w = wy + n,) at the point of maximum deflec-

tion may be computed from the information provided in figures 3
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through 7. Froi a plot of the total deflection against the load
parameter k, the load level at which the deflections begin to grow
rapidly may be identified. This load level is similar to the familar
buckling load in that in each case a rapid growth of deflection occurs.

In the section entitled Estimate of large-deflection effects it

will be found that the limit of accuracy of this particular small-
deflection soluti~n for computing deflections is approximately two-
tenths of the thickness of the plate. For some modern wing constructions
which incorporate very thick skins, deflections of two-tenths of the
thickness may be significant., Small-deflection theory will be of
practical value in computing the magnitude of prebuckling deflections
when coupling is present in these plates,

l. Illustrative example.- Figure 8 illustrates load-deflection

curves obtained from the data of figures 3 through 7 by choosing

Cy13 = 0.0500h and Gp; = 0.0166h, These load-deflection curves
apply to the case H/D =1, and a/b = 1,2, and 3. (This represents
a fairly thick ribbing for most integrally stiffened plates.)

When a/b = 1, the mode of deflection due to coupling (ie. one-
half wave length in each direction) is identical to that in which the
uncoupled plate will buckle upon reaching the buekling load. Thus,
there is no transition from one mode to another, and the curve is
smooth, An effective buckling load of k » -~ 3.2 is estimated for
this case. When a/b = 2, the abrupt divergence of d:«flection at
-k =) is due to the incompatibility between the mode of deflection

due to the coupling action and that into which the plate will buckle
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upon reaching the uncoupled buckling leoad. The abrupt divergence

at k= -} is then a yielding of the former mode to the latter When
a/b = 3, there is some degree of compatibility between the mode of
defleection due to the coupling action and the uncoupled buckling mode.
The yielding to the uncoupled buckling mode is, therefore, less abrupt
than the a/b = 2 case, but it is more abrupt than the a/b = 1 case.
An effective buekling load of k -3,6 is estimated for this case,

As the aspect ratio is inereased above a/bv = 3 the mode of
deflection due to coupling action becomes more incompatible with the
buckling mode. The effect of coupling on the uncoupled buckling load
will accordingly become negligible.

For cases in which the bending stiffnesses differ in the orthogonal
dir@etiona, no such general statementis can be made because the buckles
in the uncoupled buckling mode are not necessarily sguare. These cases
mist be treated individually.

2, Estimation of large-deflection effects.- It was found that the

deflections due to coupling as indicated by small-deflection theory are
similar to those which are indicated by the small-deflection solution
to the problem of a plate with a small initial deviation from flatness
subject to the same boundary conditions, A large-deflection analysis
of the compressive bueckling of a square plate simply supported on all
edges with small initial deviations from flatness is presented in refer-
ence T.

In both the problem of initial deviations from flatness and the

problem of coupling a divergence of deflections is imecurred by the
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presence of deflections prior to the uncoupled flat plate buckling
load. Also, in each case the post-buckling state approaches that of
the uncoupled flat plate. (In the post-buckling state, the effect of
coupling will become negligible because as the load increases above

the load level at which the deflections grow rapidly, the rate of
deflection growth decreases; therefore, the elfect of coupling
decreases.) Thus, it may be assumed that the transition from the stage
in which small-deflection theory is applicable for the case of cou-
pling to large-deflection theory for the uncoupled flat plate is the
sane as that for a similar plate with an initial deviation from flat-
ness., That is, when small-deflection theory for each case indicates
coincident load-deflection curves, or nearly coincident in the range

in which the deflections grow rapidly, the transition to large-
deflection theory for the uncoupled flat plate is the same., This point
is illustrated in figure 9.

Figure 9 illustrates a few cases in which the equivalence between
the initial deviations from flatness and the coupling terms have been
established, There are an infinity of combinations of the two coupling
terms for which this equivalence could have been established,

Reference 7 presents information only for square isotropiec plates,
The results may be applied as an approximation to the deflections of
isotropic plates of greater aspect ratios than those presented in
figures 3 through 7. In the case of large aspect ratios, the buckles
in the post-buckling stage will tend toward their natural square shape
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Figure 9.— Estimated dimensionless load-deflection curves for the

transition from small-deflection theory for plates exhibiting

coupling to large—deflection theory for flat uncoupled plates.
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and the information of figure 9 will therefore furnish a good approxi-

mation to the deflections Lo be expected,
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VIII. CONCLUSIONS
The elastic theory presented herein forms a basis from which

problems involving coupling may be treated, The significance of
coupling is most apparent in problems which would involve stability
considerations in the absence of coupling, The presence of defiec~
tions due to coupling prior to reaching the uncoupled buckling load
forces the problem to be treated as one of deflections rather than
stability. Coupling has a general detrimental effect upon this
type of problem in that it lowers the load at which deflections
grow rapidly (that is, buckling in the uncoupled case).

The effect of coupling on the buckling of plates of equal bending
stiffnesses in their two orthogonal directions becomes negligible as
the aspect ratio of the plate becomes large, Some lateral deflection
prior to buckling will occur, however, even for large aspect ratios,

The general anisotropic plate is considered in the smalledeflec~
tions solution to the differential equation of equilibrium. Computa~-
tions were made for cases in which the bending stiffnesses were equal,
The equations and methods are applicable to cases in which the bending
stiffnesses are not equal.
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All. ATIRENIL A

Derivation of Potential Esergy Expression

ihe derivations made in this ssetion shall be made only for
rectangular plates the edges of which are x = 0,a and y = O,b,
However, the methods are gemeral and may be applied to & plate of awy
shape, The following methods are similar to those used in referemce 3,
Strain energy: The strain energy mroduced by the moments M, M',.mﬁ
Wy, and the horizontal loads My, Ny, and lNyy can be obtained by
considering the work dome by these foreces in distorting a differential
element such as shown in figure 2,

The work dome by the moment M, dy inm rotating through the

distortion -$h with respeet to the opposite face of the elevent

is

nBaw | (a)
Sisilarly, the work dons by the momeat My dx 1s

#iyatc ()

The work done by the twisting moment N,,# in twisting through
the distortion &ax with respeet to the opposite face of the

}h& (e)
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and the work done by the twisting moment Hn dx on the adjacent face
of the element is likewise
a%w
%‘ Mxy 3xay (a)
The work done by the horizontal direct load Ny dy in moving through
the distortion <y dy with respect to the opposite face of the element

is

%nx ¢x dx dy (e)

Similarly, the work done by the horizontal direct load Ry dx is .
L Ny ¢ dx dy
2 y (r)

The work done by the horizontal shear loads HNxy dy and Nyy dy in

causing the distortion Yyy is

1 ,
2 "’J’v dx dy (g)

Assumptions have been made in the above derivations that the
shearing forces on adjacent faces are equal and that the twisting moments
on adjacent faces are equal. These are assumptions on the equilibrium
of the element and will therefore be reflected in the derivation of
the equilibrium equations in whiech the strain energy expression will be
used. It is necescary that this assumption be made because the

assumptions are inherent in the force-distortion relations which are
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being considered. The correctness of these assumptions is substan-
tiated in reference 6 for integrally stiffened plates.

Integration of each of the components of strain energy, (a)
through ( g), over the area of the rectangular plate gives the total

strain energy of the plate, thus

ol b 3w 4w 32w
U-%Lj; (—Nxs;‘é'—nygi’mvm#xxzxfny&y.i'

”xﬂq) o & (A1)
The coupling effect is characterized by lateral deflections of
points in -t-hu plate resulting from the application of horizontdl loads,
therefore, the strains in the plane of the plate must be expressed in
terms of lateral as well as horizontal displacements., The relations

for the strain &, 8,, and Yxy in terms of the displacements
u, v, and w are given in equation(l) Substitution of equation (l)
into equation (Al) permits the strain energy to be expressed in

terms of only the loads and displacements.
1 3% ow 32w 2w _ 1[dwt
U.iﬂ(_nxg;z._ﬂya;z-qr Zvai-Kx[s%o?(s;) ]+

ofp 1] ol ERee @
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External work: The boundary conditions considered in the following
do not include those of the type such that the reactions do work.

That is, elastic supports are not included, The work done by the

torizontal boundary forces Ny, Ny, and i',y is
b a a
i ae
0 0

&)
The work done by the boundary moments IL, ﬁy, and By, is

b

ﬁxu'*ﬁvv

Nyv + Ngu| ax (a)

0

dx (v)

b a a b
5 ow ow % W, E ow
fo ‘ H"s’_"i”ﬁlo dy"fc) ’ Y,
The work done by the boundary transverse shear forees Uy and Gy is

fob‘ﬁx'

The work done by a lateral loading q(x,y) over the plate is

'dwfbl" ‘& (e)
0 ‘OQ"O A

a /b
f J awdx dy (d)
0 0

The total external work T is then the sum of the expressions (a)

through (d).
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Pl
dy + / |[Nyv +
0 0 ’

g

b
T-[\iu*‘v--;aﬁ*ﬁ M e Qow
‘O X uﬂ Hxax ﬂay X

(a3)
i'.lv“‘i)'ay ﬁvax’qr"‘ d"* /bq"'d"dw

The total potential energy of the system is given by subtracting the

external work from the strain energy, thus

y(Z - 3] *Nn[;;w"ngg;.]} 7 - [ Fen + Ty -
E‘%’Eq%*’x":d"w/;‘iy'*ixyﬂ-ﬂyg
ay”‘:"‘-_[/:qwdxdw

(Ak)
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XIII, APPENDIX B

Derivation of Equilibrium and Boundary Equations

It is known from the prineciple of minimum potential energy that
for an elastic system under the action of external loads to be in
static equilibrium the displacements which occur in the mt.cm are
those for which the potential energy of the system is a minimum,

The potential energy expression derived in Appendix A shall therefore
be minimiged in this section by the methods of the calculus of
variations (ref., 8). The equations tims obtained by minimizing the
potential energy with respect to the displacements u, v, and w
will be the equations of equilibrium in the x-, y-, and z-directions,
respectively, and associated natural boundary equations,

In order that the potential energy expression, equation (A5),
may be expressed in terms of displacements only, the following set
of force displacement eqQuations, rather than the conventional set
presented in the text, shall be used wherever necessary., The b}
are elastic constants related to those given in equations (1).

The relationships between the elastic constants of this form
and the forms presented in the text are easgily derived; however,
they will not be required in the following treatment and therefore

are not given.
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v
The first variation of the potential emergy (equation (AS)) with
respect to u~displacements is

%V.%‘/;l‘/;b{[}m%?%-*Mégxﬁo%%%‘%’&+
g ”‘E% IR = IR
o 380 v gl 2+ E oy S
‘/;a b

ax
0

(82)
N &xil

—
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Simplifying equation (B2) by substitution from equation (Bl)
yields

o [ B Tl e

The first term of the above expression can be integrated by parts,
thus only &u remains rather than derivatives of &u.

SRR e SV CRL
j;l

The minimizing condition on the pohntill energy is that the wvalue

of &,V must be sero for any value of &u, Imposing this condition
results in the following differential equation of equilibrium and

a
dy -
0

(L)
s b
(o = gy ml K

natural boundary equationss:

%"&9?-0 (B5)

Ny=Ng or uwO along x=0, &
(B6)
"i',;,-u-u‘7 or ‘u=0Q along y=0, b

Similarly, the first variation of eguation (AS) with respect to
v-displacements and the minimigzation of the result leads to the
following differential equation of equilibrium and boundary equations,

L+ e (1)
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Ny=Ny or w=0 along y=0, b
(88)

By s Mgy or v=0 along x=0,a
The first variation of the potential energy with respect to
w-displacement is

A [ [ngrti gy
@] v Ep Bl upp |
e 32 32+t 20+ 2 20 [y 20N+ (3«
oo mgae . [ (@] (- a2
v G v Q] vy Qs [ (] - v -
ves S+ s Q00+ v 1 0] ¢ no(Qr 0 1 o0
g2 [ (g 2oy

-
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The above expression can be simplified by substituting the forces
given by equation (Bl) wherever possible., The expression for
8,V then becomes

%V'/;‘Lb[%?‘n’&*w%*hg-%+xy%?$:

b

&
)

With the integration by parts of the first term of the above expression
80 as t-o eliminate derivatives of &w and the rearrangement of the
resulting terms the expression for &,V becones
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o[ [rEeef-Groaen v -

v o« [ e
Iy = e - 7] e [
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v B

b
(y = ung{;x .

(13
Isposing the mindmizing condition that 5,V =« 0 for any value of
fw results in the following equation of equilibrium and natural

boundary .equations:

ST B e nBon By B )

Along x =0, &

guo or &n&

oo = hew r (:3)

we=0 or &-?m*@-&g*%g
J

N




Along y= 0, B

gne or Wy =y

g—ﬂ or Ty = My  (Eak)
veo *5’*?‘?*52*%%

The derived eguilibriuws and boundary equations vhen expressed in
terms of the forves are the same as those for e conventicnal isclropic
or anisctropic fiat plate, Uben the exyressions for the moments given
in equations (1) is substituted in egmbion (Bl2), the egquation of
equilibrius for displacements in the s-direction exhibits the effect of

coupling ag A
mg«rm*w&*n§*m§fm§¢
: %K&-*%g-'ﬂaa'«-t*&g*&%‘

~ _4

The boundary cguabions for displecements in the s-direction upon
substitution frve oguations (1) for the suments become :
glong x=0, &

-

Va

(z15)
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LIV, APPENDIX ¢

Exact Small-Deflection Solution for a Simply Supported
Anisotropic Plate in Compression

The small-deflection solution to the differential equation of
equilibrium, equation (6), will be found in this section for the case
of a simply supported anisotropic plate acted upon by a wniformly
distributed load Ny, The plate is shown in figure 10,

The internal in-plane force N, is considered to be evenly
distributed over the width of the plate according to the discussion
presented in the text. The differential equation of equilibrium

becomes

ol ol v _ o
S~ Rl -~ Bl b Rl $ (c1)

where H = Dy + Dy and Wy 1is tension. Of the natural boundary
conditions given, only equations (7) and (13) will be different from
those for an uncoupled plate, These two equations become

°"Dl(§;"‘7$>’°uiz along x =0, a {
> (c2)

2% 3%

0= D ';i""x;!) +cn'ix along y=0, b




- Bl =

Simply supported
along all edges

Figure 10.— Plate considered.
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This natural boundary condition may be effected by considering the
equivalent uncoupled plate to be acted upon by moments

My = ~Cy Ny along x =0, a
> (e3)
u,--cuix along y =0, D0

o

The problem shall be separated into two parts; the first is that
which would result by considering the force-distortion equations as
those given in equation (3), and the second is that which would result
by considering the force-distortion equations as those given by
equation (2)., The solutions of these two problems when superimposed
will be the general solution for the case of the general force-
distortion equation given in equation (1),

The first part of the problem is then to obtain the solution to
equation (Cl) subject to the following boundary conditions:

'|X'0"|x-!"|r‘0"|x-b'°
% P

;;!x.o'?“'% ? (ck)
3%

- =
y=0 ?N

3%
aye
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Assume the deflection funection

< n
Vi n-%,s X, sin g (e5)

which automatically satisfies y~wise boundary conditions, By substi-
tuting the deflection function into equation (Cl) the following
equation is obtained:

xiolc-anzé-:;+a:'?ﬁ>qugxnﬁhﬂoén'?> (cé)

The general solution to equation (C6) is
S (:1.'1‘"t + cz.": PRI c,‘c"“ (c7)

where the m's are the roots of the characteristic equation and are
given by

2
H k H k Do

and

2
k= ;;%1. (k will be negative for a compressive load,) (C9)
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The roots of the characteristic equations may be of four typess
1, Roots all complex
2, Roots all imaginary
3. FRoots all real
. Roots real and imaginary
For the roots to be complex the condition is

B k2
(5 @

m = ay(a, + iby)
my = a,(an - 1iby)
(c11)
my = <an{an*+'ihy)

m), = ~p(an ~ ibp)

vhere

\ (c12)
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By substituting the values of the charscteristics roots given in
equation (C11) iuto equation (C7), the fimetion X, may be expressed
in the form

Xy = cosh Openx(A sin opbux ¢ B cos Opbnx) + _
(ca3)
Bk Ognx(C sin Gubyx ¢ D cos Gpbpx)
By substituting this fom of ¥ inko the solution of the differentisl
equation of eguilibrium end epplying the boumdery conditions given in
{ch) (a Pourier espeansion for the x-wise curvature is used) Xy is
determined in the following form

Vv

-
k
-

ain s sink o - ginh Ghana cosh Opdnx 8in gt

[ o o8 Gpbpa + cosh Cpags 2‘“

mwmnﬁ% g

(k)

mwam

(TR

three possibilities remaing all roots resl, all roots imaginary, or
2 roots real and 2 rvots imaginevy. Only the case for whieh all rovis
are real will bve cousidered, for if the roote are Dmaginary, the
relationships between hyperbolc and trigemcmetric function may be
mwﬁmmmmamdmmmww.
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Therefore, considering the roots to be real, the function X, is of
the form

Xn = A cosh Opepx + B sinh apepx + C cosh o dpx + D sinh oy dpx
(c15)

ol o3
N

By substituting the form of X, given by equation (C15) into the solu-
tion of the differential eguation of egquilibrium and applying the

(c16)

boundary conditions, equation (Ch), X, is determined in the following

forms

ey k ' 1 - cosh
I S

(c17)

1~e0lhﬁ;fht> -
BTy I
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If either or both of the parameters ¢, amd d, are imaginary
the function In may be found by substituting appropriatdy the
following relationships into equation (C17):

cosh f (e, or d,) = cos £ (e} or d})
> (€18)
sinh £ (¢, or dy) = 4 sin £ (e} or d})
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Thus, the deflection function is composed of a summation of X,'s where
Xn may be of several types of solutions for given plate properties and
values of n.

The second part of this problem, in which the force-distortion
equationsof equation (2)ate assumed to govern, is solved in a similar
mammer to the first part. Equation (Cl) is subjected to the following
geometrical boundary conditions.

"
"Ix-o"'lm"|:-o"|rb‘°

3 3

5-3’0-53“-0 , (c20)
SR

37" | mo d - D, g

The following deflection function will be used sinee it satisfies the
x-wise boundary conditions automatically
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By substituting this deflection function into the differential equation
of equilibrium, equation (Cl), the following equation is obtained:

 AULUES AL 2%&20%"“(10%)!“-0 (c22)

(b= 2)
The general solution to equation (C22) is
Tece® eope 400 oot (c23)

where the m's are the rootsof the characteristic equation

W=

The root=of the characteristic equation may be of three types:

1. All roots complex
2+ All roots real
3¢ Two roots real and two roots imaginary
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all the roots are complex. Then

m = Pyle, + if,)
my = fyley = ify)
ny = —gn(gn - j,tn)

m, = ~Poley = ify)

o= |31+
\< EOF

R PP
CC d%@*m’:ﬂ)

(c25)

> (026)

S (c27)
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By a process similar to that used in the first part of this problem
when the roots were complex, the function Y, is determined here as

et g (3

[sin B,fd sinh B8,y cos B,fyy ~ sinh Bre b cosh ey sin pnf,g
L cos P f.b + cosh Pyend

sinh Bhe,y sin pnfg] (c28)

It is seen by inspecting equation (C2L) that when

&)= Rped" 3= @

all the roots of the characteristic equation are real. The form of the
function Y, is then the same as equation (C15) and is determined
similarly for the boundary conditions given in equation (C20) to be

R ) () e o -

(1 - cosh Bphnb ;
Tsinh Pobpd ) $1mh Puhyy = oosh pnhnr] (c30)
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in which case two of the roots will be real and two will be

W

imaginary. The form of the part of the solution containing the
real roots will be the same as that given in the first two terms of
equation (030), but the part containing the imaginary roots must be
determined by substituting relationships similar to those given in
equation (C18) into the last two terms of equation (C30). The
solution for the condition given in equation (C32) is

: Y - ‘a wa 1 /l-mhﬂngnb X
5l " W) K-m o bl et

- c3
(1 ceap!!h' b) 0n A0%7 « cos Fnhg (c33)

sin p.h' b

where g, is given in equation (¢32) and
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For the general case in which there is coupling between both
moments and the load Ny (both C33 and Cpy have values), the
deflection function is

oo

ve 2. Lol ) oainiN (¢35)
n'la3p51n BEF 3'1:3:5!“ »

where the X,'s and the Y,'s correspond to the functions derived
herein for given plate properties and value of n,
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