
LATERAL DEFLECTION AND I -PLANE DISPLACEMENT IS PRESENT 

A TH FFEOT OF COUPLING O 'NE BOOKLING LOAD 

by 

Hobert F. urawf'ord 

Thesi s submitted to the Graduate Faculty of t he 

Virginia Po]Jr'beobni c I nsti tute 

in candi dacy for t he degree of 

MASTER OF SCIENC 

i n 

Applied Mechanics 

A P:ROVEDs PP ROVED& 

Director of Graduate Studies Head of Department 

<,..... f<J Q - 5 Q ·-- a f I • • 

Supervisor 

May 16, 1955 

Blacksburg, Vi r ginia 



- 2 -

TABLE OF CONTENTS 

I. List of F~es 

II. Li.st of Syabol.8 

Ill. Introduction 

IV. State•nt ot Problea 

v. Force-distortion Equations 

VI . Strain Displace•nt Equati ons 

VII. Results and Discuasion 

A. Potential energy of the plate 

B. Equilibrium and boundary equatiolll!I 

l . Saall-defiection equations 

:2. Large-deflection equations 

/ 

C. Exact small-deflection solution for a simply 
supported anisotropic pl ate in compression 

1. Illustrative example 

2. Estimation of large-defiection effects 

VIII . Conclusion 

IX. Acknowledgements 

x. i bl i ography 

XI . Vi ta 

XII . Appendix A - Dari vation ot Potential Energy 
Expresaion 

page No , 

4 
6 

10 

15 
16 

22 

23 

23 

25 
2S 

29 

30 

37 
39 

43 
1'4 
4$ 

46 

47 



-3-

m . Ap ndix B - Derivation of Equilibr i um and 
Boundary Equ · t i ons 

XIV. Appendix C - Exact Small-Deflection Solution 
for a Simply SUpport.ed Anisotropic Pl ate in 
Oompreasion 



Figure No . 

1. 

4. 

-4-
I. LI OF FI S 

Examples of integrally stiffened pl ates 

Forces and moments acting on element 

Dimensionless load~flection curves for 
plate in which Di • n2 • D and /b • 1. 

Deflectiom computed at x • a/2, y • b/2 
Dimensionless load....deflsction curves tor 

pl ate in which n1 • n2 • D and a/b • 2. 

Deflection computed at x • a/4, 7 • b/2. 
(deflection due to Cu onl7.) 

S. Dimensionless load-deflection curve for 

6. 

1. 

B. 

pl ate 1n which ~ • n2 • D and a/b • 2. 
Deflection computed at x • a/4, 7 • b/2. 
(deflection due to c21 only). 

Dimensionless load-deflection curves tor 
plate in which D1 • :o2 and a/b • ). 

Deflections computed at x • a/2, y • b/2 
(deflections due to Cu only) 

Dimensionless load.-daflection curves for 
plate in which ~ • D2 and a/b • 3. 
Deflections computed at x • a/2 and 
y • b/2. (deflectiona duet c21 only) 

Dimensionless load-deflection curves for 
pl ate in which Dl • D

2 
• D, 011 • 0.050o, 

and c21 • 0.0166 

9. Estimated dimensionleas load-def lection, 
curws for the transiti on from small-
derl.ection theory for pl ates exhibiting 
coupl ing to large-deflection theory for 
flat-uncoupled plates . n1 • n

2 
• D • H, 

Page ro . 

18 

33 

35 

36 

38 



Figure No . 

10 

-, -

Plate considered 

P&ge NO . 

61 



a. 

h 

c' n 

d ' n 

lftJ. 

ma 
m3 

m4 
n 

q 

u, v, w 

- 6 -

lI . LIST_ OF SlMOOLS 

plate length in x-direction, in. 

plate l ength in y-direction, in. 

t hickness of plate, in. 

dimensionle•• quantities in roots of characteristi c 

equations 

-l>2 
dimensionless load param.eter 1 ~n::" ( k ia 

ft4':;., J. 

negative for compressive l oads) 

roots of characteristic equations 

positive integers 

lateral l oad int nsity, pounds per square inch 

coiqponents of displacement in the x-, y-, and 

z-directi ons respectively, in. 
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lateral deflection soluti ons due to the coupling 

tcrma C11 and 0 l , r especti vely, a;s used in 

Appendix C 

orthogonal coordinate system; 1 measured normal 

to the lane or the plate and x and y parallel 

to the axes ot principal stiffness 

C111 12 1 C21, C22 coupling elastic oonatants associated with bending 

and stretching and defined by equati ons (1), in . 

o1 coupling elastic constant associated with twisting 

and shearing and defined by equations (l), n . 

li D2 bending stiffness in th• x- and y-direotions, 

respectively, in ... lb 

bending atiffnese when Di • ~ • D, in-lb 

twisting stiffness relative to ·the x- and 

y-directions, in-lb 

extensional stiftnesses in t e x- and. y-directions, 

respectively, l /in. 

force funct i on defined by equation (11 ) 

shearing stiffness in xy-plane, lb/in. 

H • ~ +- ~' in-lb 

dimensionless coefficient for initial deflection 

(see ref. 7) 

resultant internal bending-moment intensities 

actin on cross sections originally perpendicular 

t o the x- an y-a.xes, respectively, l b 



T 

u 

v 
Xn 

- 8 -

resultant internal twisting-moment i nt ensi ty acting 

in cross sections originally perpendicular t o t e 

x- and y-a.xes, lb 

boundar.y values of the ;resultant bending and 

twi sti ng momente 

resultant internal. nonnal-fo;rca int.ensitiee acting 

in planes I an of cross sections originally 

perpendicular to the x- and y-&xea$ raapeotive:cy; 

lb/in • 

. resultant internal shear -f.orce intensity acting 

in plane III of cross sections originally perpen-

dicular to t he x- and ;y-a:xes , l b/in. 

boundary values of the resultant .normal and shear 

.forces, lb/in. 

boundaI';Y' valuea of t he shaar-foroe intensities 

acting in z-direction on planes originalq per -

pendicular to the x- and y-axea, re spec ti vel;y, 

lb/in. 

total external. work done by tne boundary forces, 

· in.-lb 

total •tl"&in energy of the system, in-1 b 

total. potential energy of the system, in-lb 

x-wise co ponents of he small deflection solution 

to differential equat ion at equilibrium 



- 9 -

y-wise components ot the small deflection solution 

to dif ferential equation of equilibrium 

~-~ 
• • 

normal strain or plane 1 in x....di.rection and of 

p ane II in y-direction, respectively 

shear strain of plane I II with respect to the 

x- and y-directione 

oisson ' s ratio• associated with bending in x- and 

y-directions, respectively,, and d.efined by 

equations (l) 

Poisson's ratios as sociated with extensions in the 

x- and y-direotions, respectively, and defined by 

equationa (l) 

total deflection ot the midpoint or a plate with 

an initial deviation from flatne.es , in. 

initial deflection ot the midpoint of a plate with 

an initial dert t ion from flat ess , in. 
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III. IftRCl>UC1'IOJI 

Recent aircraft w1ng design.a have incorporated. plate& which e.re 

integrally atittelM!d only on one aide. ~ ettecti Titneas of integr:'&l. 

atitte.ning 1• partq 4ue to the tact that 41.rect stresaea 1n the akin 

are con4uc:te4 into the itttegral. at1ttexiera; th\W tbe 1t1tteners are 

eXPlo1te4 in carrying atreaaea in tbe1r trana'ffl'Se u well u their 

longi'CucUnaJ clireotione. The. atre•• d19'tr1bue1on throuah the thickness 

ot the •kin and a'tU'tener ~ a pla'te in'tegral.4' et1ttene4 on one ai.d.e 

1• auch tba't there 1a no plue ot aymetry r4 8Ue•1ea. 'l'hi• lack of 

•~r:Y intro4ucee ben41n1 and tviAing wnta which produce curva-

ture of the plate vb.en 41rect atroae• ue applie4 in a plane ot the 

pl.ate. !hi• ettee\ a referred to ... coV»Un.g. 

Oeneral force-distortion equations (that ia, equat1ona relattns 

torcea, ..-nt9, atraine, a.n4 CUI'Taturee) are preaented. in reference l 

tor plat.a intesraJ.ly atilt~ on ~ •:We. Referenc.e l includes the 

ettect ot couplixlg 1n tbe torce-cllatort1on ~uat1ona an4 preaenta 

method tor calculating the uaoc1ate4 elut1c coutanta. r1sure l, 
taken from reterence l, illustrate• several type• ot integrally 

stiffened. panel.a • 

The eign.1t1canee .'4 cotQ?l.1ng 1• moat apparent in problema lihieh 

voul4 1nvol.ve stabilit cons14erat1ona vere Coupling not preaent. 

:Becauae ot this co1~1 ing, later$]. deflection of the plate occun at 

10848 leu than the buckling load ot the equi VIWmt uncoupled plate. 

'l'b.e problem baa therefore a completely new upect which prohibit• its 

being treated as a conventional •tabUity pX'Obl.em. 
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Wing surts.ces constructed ot plates exhibiting the ooupl.itlg ettect 

will take on CUl"V'at~a, thus the usoc1atea lateral detleet1om1 when 

they are stre•.-ed 1n their plane . Tbeee latenl ddlectione 1Daf be 

large enough to attect aclversely the Ying' a ae.ro4ynamic propertiee . 

l:xiating plate theory Ch:>e• not include the effect ot cQ\GlllJlS; tbe;re-

tore it cannot detenriiaie the -.pitude ot l.&teral. deflection& clue to 

couplina• 

A ddlection "theory ia 4evelope4 hereu V'b1ch takea co\Qllin& irrto 

aeeount . 'J!hi• 4etleet1on theory ia applicable to any 1aotropic or 

ani•otrop1e bocU" 1'h1C.b behavea, eaaentiaJJJ u a plate . The ettect of 

tr"118Yene ai..r a.etomat.ion, ialportal\t in co~ .. core aa:n4v1ch 

plate• which -.y 8l.thtbit eouplina (ref. 2)1 1• tlOt included 1n the 

present theory .• 

Matbemt.1caUy, a cmpl.ete elaatic tbeory ~ be apec1tie4 by the 

tolloving com,ponenta: 

l . 'orce--dia\ortion equations 

2.. lquat1ona relating etraine an4 41eplaceJMl1t.a 

:!$ . T.be ainimisation o-r a potential ~ergy apreteion tor the 

•Y*t• 

4, ~c bounclary con4it1ona 

The torce-tiatortion equations !IQ' be o'bta'ne4 troa references l or 2 

when considering integral.ly at1ttene4 pi.tee. or corwpted-core aana-
wich ;plates, or they J~ be 4etel'llillfll4 ~r1.mientally in other cases . 

'l'he etra1n-d111placement equation1 tor plate• 1n Which coupling 1• 
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present ~ the same as those used tor conventional plates . Reference 4 
presents such a set. The potential energy expression is deri ved in 

Ap endix A and the geometric boundary conditions are determined by the 

particu1a.r problem considered. 

An elutic theory may also be constituted of the ti.rat two and 

fourth components as listed plus equilibrium and natural boundary condi-

tions . The equilibrium equations and the sO-<Jalled "natural" boundary 

equa·tions are derived in .Appendix B by :means of the principle of mini-

potential energy {ref . 5) in conjunction with the calculus of 

variations . The potential ener . expression, equilibriu equations , 

and. natural boundary equations are pre ente.d in the text under e 

section entitled " Results and Discussion. "' 

The equilibrium equations can also be deriftd by consideration of 

the forces and ll'Cments acting on the £aces of a difterential ele nt of 

the plat and .application of the condition t hat t e element must be in 

a state o! static equilibrium. By use 0£ t .he principle of mini 11 · 

pot.ential energy, however, the natural boundary concUttona which must 

be satisfied are obtained in addition to tb.,e equations or equilibrium. 

An exact small-deflection solution to tile differential etquatlon of 

equilibrium is presented in A pendix C for t he oase of an anisotropic 

plate exhibiting coupling . The plate is consi ered to be simply sup-

rted on all edges and is loaded by an evenly dist:ributcd in-plane 

compressive load. This solution illustrates that iru!Jofar as small-

defleetion theory is concerned, thi s proble is not the familiar 
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stability problem but one ot rapid growth of detlections with small 

increases in load. This rapid gro"th will occur at a load level which 

1.s lower than or equal to t he uncoupled uekling load. Coupling is 

t herefore shown to be a detrimental eff ect i n this respect , depending 

on t he magnitude o! t he coupl ing terma. 
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(a) Longitudinal or transverse (b) Longitudinal and transverse 

(c) Skewed (d) Slrewed plus longitudinal and transverse 

Figure 1.- Examples of integrally stiffened plates. 
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lV • 8'.l'A1'IMllf <J' nB PBOBLDI 

The ti.rat purpose of the present pa.per ia to proviOe an el.utic: 

theoey troa Yhich problema involrtns coupling~ be approached. 

Poteatial energy a;n4 equ1l1bi-1m expruBiO!UI v1U be 4erived tor the• 

are the componenta of the tbeor,y Vhich are lacld.ag. '?be potent1aJ. 

energy e.xpreeai.on Jll&1' be w,ed either 1n ..u.... or l&rse•4eflect1on 

~i•. lquati~ ot equil1br1• are pn-.ented toJ" both -.u ... fUl4 

l.&rge-detlect10Zl tiaeor;y . 

!'he aecoml purpoae of the pre.aent paper 18 to determine the etteet 

ot coupling on 4etlect1c>na &D4 bueklinS ot a •1-P1Y •upportecl 

anisotropic plAte in CQlll>X.••ionil A ...U. cletl.ection analylliff ot thi• 

problelll 1• made Wling 'the "1Jeoq preaente4 herein• lo large deflection 

~1• 1• attempte4; Qo¥ever; an ~atim&lt1on ot the large c!etlection 

ettect ot ~lill& ia imAe·. 
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V. FORCE-DISTORI'ION EQUATIONS 

References l and 2 present. force-distortion equations £or inte-

grally stiffened plates and corrugated-core sanchvich pl tes,respec -

ti vely, which contain added terms due to couplin between distortions in 

t he pl ane of the plate and lateral deflections of the plate . The 

existence and evalu tion of these couplin term8 will not be treated in 

t his per since ample discussion ma7 be found on these subjects in 

references l and 2. The force-distortion equations ot references 1 

and 2 are given in the following forms 

(1) 

(The transverses ear deflection terms of ref . 2 a.re not included in 

this set. That effect is ot within the scope of t his paper , ) This 

set of equ tions assumes th t constructions such as integrally stif -

.fened or corrugated-core sandwich pl ates may be replaced by uni form 
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thickness anisotropic plates in vhich o2v, d2w, ana. ~ represent 
~¥ 

curvaturee and twist re&pecti vel.y a.n4 Ix, 'By, and 1'X¥ act in 

arbitrarily located plane 1,· ll, and III; respectively. Figure 2,. 

which is taken from reterence 2; illuatratea the torcea and moments 

acting on an intiniteaiJDal element o'f an equival.ent unitorm thickness 

aniaotropic plate . The naterial properties of tbia ideali11ed element 

may be considered to vary unsymmetrically about the mid.plane to permit 

coupling to exist even. when the resultant torcea are ~pplied in the 

midplane. The· location of tbe planes in which the torcea act is 

arbitrary tor the torce ... d1atort1on equations 1n equation l tor the 

sake ot generality. These general expreaaiont vill be used in the 

ensuing der1vat1ons of the potent1ak8Dllrgy a.n4 equilibrium expreeaions . 

Some ot the coupling terma in these equations may be eliminated by 

ebooaing tbe plane in which tile reaultent forces act to be eo located 

aa to cause a moment, and ~hus a curv~ure counter to that glven by th 

coupling ettect. ThUI it the plane in which Ix 1e acting ia ao 

located as to eliminate coupling between curvature in the x-direction 

and strain.a in the· x-direct1on and it the ·plane 1n which HY is acting 

i• ao located as to eliminate coupling between curvature• aod etrs.ins 

in the y·d1rect1on, the torce•diatortion equation& take on tbe torm: 
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x 

z,w 

~dy ---Plane/ 
----Plane 1l 
-----Plane DI 

Figure 2.- Forces and moments acting on element. 
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The t'ercee x and 7 could be so placed as to eliminate coupling 

between Mx and y and 17- and Nx· Then, the f orce-di.stortion 

equations becomes 

(2) 
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By choo•ing the proper plane in which lx;y 1a to act, uncoupling 

between llCY a.net M,cy- may a.Uo be accaupliahed . In aeneral, thre 

ot the coupling tema given 1n eq\l&tione ( 1) m&Y' 'be eliminated by 

proper choice ot pl.anea 1n Vbich the force• 'xi 1y, and lxy act . 

(3) 

For an unaymmetr1c construction, no more t1-n three o'f the t erms may be 

eliminated. It the plate 18 o~ a aynaet;ric type aonstruct1on, all 

coupling may be elim:tnatecl. by looatiog the force1 l:v ly, and Bx;y i.n 

th midpl.ane ot t he plate. 

Poree-distortion quationa as g1 ven 1n equationa ( l), ( 2), and 

( 3) are of t he tom which would apply for any unaymmetrical type plate 

construction. Methode tor computing the ela1tic conatants of integrally 

stittened plat s are presented in ref erencee l and 6, and metlloda tor 
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canputing the elastic con.Ranta ot corrugated-core sandwich plates are 

presented in reference 2. 'l'he elut1c constant• tor the above-mentioned 

conatructiona or u;y other unt)'111Dletr1cal. t1Pe c<>Mtruction ~ ot eou.ree 

be detetmined experimental~. 
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VI . STRAIN-DISPLAC_EMENT ' UATIONS 

The strain-dis lao nt equations applicable to this theory in 

which couplin is considered are the Bd.me a.s those given in ference 4 
.for ordinary plate t heory. They are 

(4) 
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·• All> D 

.t.UIJ.'Mll to • 

1 Onl.y ·~WAJ!Mlll•l.Q'Nf Of free1 •411111~ #1(0p0f"Cft 
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.. 

) 



- 24 -

l r lb{ a~ a2w a2w t• (aw )2] V • - - Mx - + 2M,,.,, - - M.. --..,.. + Nx Ex+ - + 
2 0 0 ax2 ...., ~~~ ··:1 di' · ox _ 

(5) 

In this form, the potential energy is a function of only the deflection 

and t'he in-plane torces when the substitution from equations (1) is 

made for the moments and strains. 

The in-plane forces Nx, Ny, and Nllir in equation (5) are not 

exactly those which would prevail in the absence of coupling. The 

distribution of the i n-plane forces 1thin the bolllld.aries of the plate 

is not only a function of the in-plane boundary torces but also a 

£unction of the lateral def leations of the plate as may be seen from 

equations (l). However, the change in the distribution of in-pl ane 

forces due to coupling will be small in most practical cases. This i s 

because changes in horizontal load arise from changes 1n curvature of 

the pl.ate, and the l"Dhange.uot c<mn:at~"Bl t~ will be very small in the-

present applications of small deflections theory . Thus , changes in 

the (.forQe:sJ ... ~ trolluon~lpoimtito anothq iln · the plate will be •H,"'!:; ~­

Ull)'-d tc_ .J>e small . In st practical problems the distribution of 
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(6 ) 

Along x • O; a 

(7) 

or 

(8 ) 

(9) 

o.r 

aw 
-· 0 ay· (10) 

(ll) 

or 

W' • 0 (12) 



long y • o, 

or 

or 

or 
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aw a;. 0 

- a2w 
Hx,y • ~ axar + CK x,y 

w. 0 

(lJ) 

(14) 

(15) 

(16) 

(17) 

(18) 

E uations (6) through (18) become those for an uncoupled anisotropic 

plate when the couplin terms are !llero . '!'he natural boundary equations 

are restricted to proble in which the edges are not elastically 

restrained. 

or most practical proble t ere will be no gra ent or the inter-

nal in- plane forces and the cou lin terms in equation (6) will be zero . 

~hen l ateral deflections of the late occur, there y be so e r dis-

trlbution of t he internal in-p ane forces due to couplin , but f or t he 



- 28 -

s 11-de!lecti ons case t his redistribution may be neglected for reasons 

stat ed previously. With the elimination of the coupling terms f rom t he 

equation of equilibrium by the above considerations, only the natural 

un equations will i mpose the effect of coupling upon the problem. 

I n the case of a plate clamped on all edges, there will be no 

effect of cou lin because the natural boundary- quations which contain 

the cou ling ter do not a pply. ror a pl te simply supported on all 

edgae , equations (7) and (13) re the onl3 boundary equ tions which 

will i o e e effec-t of coupling upon the proble • The pr sence of 

the coupl:in terms in ·t.he bour1dary equations produces the s · et.feet 

as that of ments distributed alon the edg s of the plate . For 

example; if uation (7) is applicable in a given proble an ffx • o, 
the coupling t erms of equation (7) may be thought of as ext rnal 

ntsactin on the ad es x • o, a of magnitudes - CuNx and 

... C21N;r• Thus, for a simpl.J' supported plate in coJttpreesion, the pro-

blem beco s t hat of an uncoupled s ly supported plate in compree-

eion acted upon by the eve~ distribut ed oments --. CuNx along 

= .o, .a. and - C21~ a ong y • 0 1 b . 

The differential equations of equ1librlu subject to the boundary 

conditions discussed may be solved in 'l!l&ey ways depending upon the 

di tribution r the in-plane forces . The solution tor the case of a 

simply su ported anisotropic pl ate in compression is pres nted in 

Appendix C. 
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It ~ be seen fro.m the above discussion that many prob1e ldlicb 

would require a stability ana.J.ysis for the uncoupled case become 

problems of deflection in the presence of coupling. 

2 .. Large-deflection 89,\l ~ions . - For large-de:fleetion problelIIS 

where extensional stresses bee nie significant the equilibrium equations 

f or all three directions must be consi dered simultaneously- with the 

force-distortion and the strain..displacement equ t ions . Combining 

these three sets of equations in a manner similar to that gi ven in 

reference 4 results in th following two equat ions i 

(1 9) 

r 
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J 

) (21 ) 

. ... 
&.IUl~iOMt(t9) ( ao) 'U>11111tJ11w v1th bOU~r'.1' (f0m.\1tiona aeten~ 

' · - loedt., 
. ·~ (21. 

Utfel'elll't1AU g1.v · in (1 ) ,.. (ao 

c. 
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y-direction. When coupling in only one directi on is present, the 

methods or separation of variables is applied in solving the differ-

ential equation of equilibrium. The deflections obtained from the 

solution of these two problems are superimposed to obtain the solution 

for the general case in which coupling exists in both directions . 

A.s ahown in Appendix O, there are several different solutions t o 

the differential equations dependin on whet her the roots of the 

characteristic equations are real , ginary, or co lex. T is is 

determined by the load and plate properties. 

For a given set of plate properties, l oad-deflection curves may 

be computed from the equatiom presented in Appendix C. From such 

curves, a load level JD&Y' be identified at which i-he deflections gro" 

rapidly with small increase 0£ load. This load will be below or 

equal to the uncoupled buc.kling load. 

Coniputations have been de using the solutions presented in 

.ppendix C tor the detlection or a point n the plate f or cases in 

which the flexural stittnessea or the plates Di and D2 are e ual. 

The aspect ratio is nried froin 1 to 3 and the value of H/D is 

varied from 0 .125 to 4• (Equal nexural stiffness and values ·Of 

H/D would be found in integrally sti ffened plates , such as shown in 

part (b) and the 45° case of_ part ( c) of fig . 1.) The computations are 

presented in figures 3 ·through 7 as plots of wxf 011 and "T/C21 

against a load parameter k . For given values of 011 and 021, 

the total deflection w(w • wx + w,-) at the point of maxim.um deflec-

tion may be computed .from the information provided in f igures 3 
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Figure 3.- Dimensionless load~eflection curves for plate in which 
D1 = D2 = D and a/b = 1. Deflections computed at x = a/2, 
y = b/2. 
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D1 = D2 = D and a/b = 2. Deflection computed at x = a/4, 
y = b/2. (Deflection due to C11 only.) 
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Figure 7.- Dimensionless load-deflection curves for plate in which 
D1 = D2 and a/b = 3 • . Deflections computed at x = a/2, y = b/2. 
(Deflection due to C11 only.) 
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through 7. From a plot of t.he total deflection against the load 

parameter k, the load l evel at whi ch the deflections begin to ow 

rapidly may be identified. This load level is similar to the familar 

buckling load in that in eaoh case a rapid growth of deflection occurs. 

In the section entitled Estimate of large-deflection effects it 

ill be found that t.he limit of accuracy of this particular small-

deflection soluti0n for computing deflections is approximately two-

tenths of the thickness of the plate. For some modern wing constructions 

which incorporate very thick skins, deflections or two-tenths or the 

t hickness may be significant. Small-deflection theory will be of 

practical value in computing the magnitude of prebuckling deflections 

when coupling is present in these plates . 

1. Illustrative example.- Figure 8 illustrates load-deflection 

curves obtained f'rom the data o! figures 3 through 7 by choosing 

C11 • o.O)OOh and C21 • O.Ol66h. Th~se load-deflection curves 

apply to the case H/D • l, and a/b • 1,2, and J. (This represents 

a fairly thick ribbing for most int egrally atitfened plates.) 

When a/b • l, th• mode of deflection due to coupli.ng (i.e. one-

half' waV. length in each direction) is identical to that in which the 

uncoupled plate will buckle upon reaching the buckling load. Thus, 

there ia no transition from one mode to another, and the curve is 

smooth . An effective buckling lo&d ot k ~ - 3.2 is estimated for 

thb case. When a/b • 2, the abrupt di verge.n.ce of d_flection at 

- k • 4 is due to the incompatibility between t he mode of deflection 

due to the couplin action and t hat into which the plate will buckle 
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Figure 8.- Dimensionless load-deflection curves for plate in which 
Di = D2 = D, C11 = 0.0500, and c21 = 0.0166. 
Deflections computed at x • ; and y • Q for A • 1 and 3. 
Deflections computed at x • •4 and y • § for ~ • 2o 
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upon reaching the uncoupled bucklin load. The abrupt divergence 

at k • - 4 is t hen a yielding of the f ormer mode to the latter. hen 

a/b • 3, there is so• degree of compatibility between he mode of 

deflection .due to the coupling action and the uncoupled buckling zoode . 

The yielding to the uncoupled buckling mode is, therefore, less abrupt 

than t he a/b • 2 ease, but it is more abrupt t han t he a/b • 1 case. 

An eftecti ve buckling l oad of k !!! -.3 . 6 i s estimated t or this case . 

As the aspect ratio is increased above a/b • 3 the mode of 

deflection due to coupling ctd.on becomes roore incompatible with the 

buckling mode . The effect of coupling on the uncoupled buckling load 

Will a ccordingly becor.118 negligible . 

For cases in whicll the bending stif.fnesses dif .t'er in the orthogonal 

directi ons, no such general. statements can be lilade because t he buckles 

in the uncoupled buckling mode are not necessarily squ..re . These cases 

must be treated individually. 

2. stimation of large-deflection effects . - It was found t hat t he 

def'lections due to coupling as indioated by. small-def le ti on t heory are 

similar to those which are i ndicated by the small-deflection solution 

to the problem of a plate with a small initi.al deviation from flatness 

subject to the same boundary conditions, A large...detlection analysis 

ot the compressive buckling of a square plate sim l y supported on all 

edges with small initial deviations fro:Ji flatness is presented in refer -

ence 7. 

In both the problem of initial deviat ions i' :rom f latness and the 

problem of coupling a divergence of deflections is i ncurred by the 
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presence of deflections prior to the uncoupled flat plate buckling 

load. Also , in each case the post-buckling state appX>Oaches t hat of 

t e uncoupled flat plate . (In the post -buckling state , he effect of 

coupling will become negl igi ble because as the load increases above 

t he load level at which t he deflecti ons grow rapidly, he r ate of 

deflection growth de reases ; therefore , t he effect of coupling ' 

decreases . ) Thus, i t may be assumed that the t ransition from the stage 

in which small-defl ection t heory i s applicable ! or the case of cou -

pling to large-deflection theory t or the uncoupled flat plate is the 

same u that t'or a s:i lar plate With an initiaJ. deviation f rom f lat-

ness . That is , when small-deflection t heory f or each case indi cates 

coincident load-deflection curves, or nearly coincident in the range 

in which the deflecti ons grow rapidly, t he transition to large-

deflection t heory !or the uncoupled !lat plate is the same . This point 

is i llustrated in figure 9. 

Figure 9 illustrates a few cases in which the equivalence between 

the i nitial deviations f rom f latness and the coupling terms have been 

esta liahed. There are an infinity of combinations of the two CO\lpling 

terms for which this equivalence could have been est.ablishe • 

Reference 7 presents information only for square isotropic plates. 

The results may be appl ied as an approximation to tne de.!'lections of 

isot ro• ic plates of gr eater aspect, r atios t an those presented in 

figures 3 through 7. In. the case ot large aspect ratios, t he buckles 

1n the post -buckling stage will tend toward thei r natur al s uare shape 
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Figure 9~- Estimated dimensionless load-deflection curves for the 
transition from small-deflection theory for plates exhibiting 
coupling t ·o large-deflection theory for flat uncoupled plates. 
D1 = D2 = D = H, a/b = 1. 
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and the information of figure 9 will t herefore .furnish a good approxi-

mation to the deflections t o be expected. 
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UII. COICUJSIOIS 
Th• eluUc t.heory presented berein f oru a bae• troa Which 

probl- inwl'dng COQPling .., be treated. Th• npU'1cance of 

coup line 1• ..i apparent in probl- Which would invol Ye •tabili ty 

conaiderat.ioaa in th• abaeric• of coupling. Th• preaence ot detiec• 

ttons due to coupling prior to reacbing th• uncoupled. buokllng loe 
toroe• th.• probl• t,o be t1'99ted u cine ot detlectiona rather than 

nabili t:r. Coupllna ._. • pn•l"&l detirlaental etteot upon thi• 

type or problem in th&t it ].onn; the load at whtch deflections 

Cl'OIJ! rapidq (that i•, buckling in the uncoupled caM). 

!be etf ect ot coupling on the buckling ot plate• of equal bend1 

at1t1'ne••• in their two orthogonal directiona becom• negligible u 

the upect ratio ot the plate becaa.. large. So99 lateral detleetion 

prior to bucklina will occur, bOW'Nl', nci tor large a•pect ratiioa-. 

Tbe general ani•otroplo pl.&te 1• conaidered in t.h• ..U-detlec-

tiODll •olution to th• dif'teND\1al ,.-,auation or equil.ibnum. Collputa-

tiona nre -Se tor OM .. in Which th• bending •titt'nue .. •re equal. 

Tb• equations and •tboct. are applicable to cu• in which th• bending 

atittne•••· are not equal. 
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and the work done by the twistin moment MJIY dx on the adjacent face 

of' the el.e nt is likewise 

The work d.one by the horizontal direct load x ~ in moving through 

the distort.ion Ex czy- with respect to the opposite face of the element 

is 

l N ~" .... .a-~ 2 . x .. l.UI. "'V 

Similarly, the work done by the horizontal direct load Ny dx is 

The work done by the horizontal shear loads N.xy dy and 'XY dy in 

causing the distortion ~'XY' is 

Assumptions have been made in the above derlva.tions that the 

(e) 

(g) 

shearing forces on adjacent facea are e ual and t hat the t wisting oments 

on adjacent faces are equal . These are assumptions on the equilibr ium. 

of the element and will t herefore be r.eflected in the derivation of 

the equilibrium e uations in which the strain energy expression will be 

used. It ie necessary that this assumption be made because t he 

assumptions are inherent in the force-di stortion r elations which are 



being considered. The correctness of these assumptions is substan-

tiated in refer ence 6 for integrally stiffened plates . 

Integration of each of the components of strain ener gy, (a) 

through ( w, over the area of t he :rectan ular plate gi .ves the total 

strain energy of the plate , thus 

(Al) 

The coupling effect is characterized by lateral deflecti ons of 

points in the plate resulting f r om the application of horizontcQ. loads , 

the ref ore, he strains in the plane of the plate must be expre sed in 

t rms of lateral as well as horizontal displacements . The relati ons 

for th.e strain \ , ey, and 1xy in terms of the displacements 

u , v, and tv are given in equation(L). Substituti on of equation (4) 

into equ t1on (Al) permits the strain energy to be expressed in 

terJDB or only the loads and displacements . 

(42) 
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Exter nal works The boundary conditions considered in the fol l owing 

do not include t ose of t he type such that the react ions do work. 

That is, elastic supports are not included, The work done by the 

'hor bont.al boundary f orces N"x, Ny., and Nx;y i s 

The work done by the boundary moments M:x, Ry., and ~ is 

(a ) 

l b \ - aw - aw \a la I - aw - awlb 0 - l'fx ax + ~ a:j" 0 dy + 0 - ~ aT' + Mx;y ox 0 dx (b) 

The work done 'tr-/ the boundaq transverse shear .forces x and Qy i s 

(c ) 

The work done by a lateral loading q (x,y) oTer t he plate is 

The total external work T is then the sum of the expressions (a) 

through (d). 

/ 
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l bl la [al . - - -aw - aw - -T • Nxu + ~v - J!x - + MJCY - + xw dy + 1... yv + o ax ey o o 

b 1 r · - - aw - aw - • 
N:qu - Hr a.v • ll:qax • 'V" lo dx • o ·o qw dx dy 

(A3) 

The total potential energy of the system is given by subtracting t he 

external work f rom the strain energy, thu 

l 1• Jb{ a2w a2w . a2w [au 1 (aw\ 2] v • u - T • 2 
0 0 

- Mx a~2 - Hy- ay2 + 2lf:q axay + Nx ~ + 2 ay) + 

- a - aw - - - - aw la Jal ltx 3i + ~ ay + Qxw 0 dy - O NyT + Rxyu - l1y- ·a; + 

Q,- lb dx - r (b qw dx c:\Y 
o -o Jo 

(A4) 
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XI II. APPENDIX B 

Derivation ot Equilibrium and Boundary Equations 

It 1a known from the principle of minimum potential energy that 

fol' an elastic 878tem under the action ot external loads to be in 

static equilibrium j;.he displacements which occur in the system a.re 

those tor which the tential. energy ot the •yetem is a minimum. 

The potential energy expression derived in Appendix A shall therefore 

be minjmiud in t.h1s section by the methods ot the calculus of 

va.riations (ref. 8). The equaUona thui, obtained by minimizing the 

potential energy with respect to the displacements u, v, and w 

will be the equations of e<IUilibrium in the x-, y ... , and s...di.rections, 

respective~, and associated natural boundary equations , 

In order that the potential energy expression,. equation (AS) 1 

~be expressed in terms of displacements only, the following set 

of force displacement equations, rather than the conventional set 

presented in the text, shall be used ~ver necessary. Tbe bi j 

are elaetic concstanta related to those given in equations (1). 

The rel.ationahipa between the elutie conatants of this form 

and the forms presented in the text are easily deri wd; however, 

they vill not be required 1n the tolloldng treatment and therefore 

are not given. 
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?1x • -bu a2w. _ bu -a2v .. · + bJ.h. [au + i ( civ)2l • bis@v .,; l ( dw)2J ;;,· al . · . ~' .ii"J ~ 2 af J 

My. -bi2 $ -ba2 $. btli~ + f (~ + "25 ~ + i (~)j 

Mq • 1')3 ~. bJ6~ + f + ~ ~l 

llx • -;;biJ, ~ - b24 ~ + t>w.[~ + f (!)~ • lli.{ ~ + f ~)~ 

My • . ~tiis s -"25 $t + b4{ ~ + f( l)j + b;s[ ~· ~ ( ~)2] 
liq. 2b36 ~ + b66~ + f + !~ 
The fint 'tariation ot the potential energy (equation (AS)) lfith 

respect to u...ci1.aplacementa ia 

. Buv • i la lb~CbJ.4 ~ ~ ... ~. £x 2§!!. • 2b36 4-. ~ + 
~ o o [ ax2d'X · ?J:f ax ax.ayay 

. ' 

N aai + b1.1. a5u Jh + l (av"2l + b4r! 22!@.? + 1 (aw)2l + 
x ax- ""~@x 1 &eJ J ;> ay ~ 2 ay 1 

(BJ.) 

Nq ~ • b(X; ~~ + ~ • !f ~]}ax~
1

~:~~ ~enJ ~dy 
(B2) 

Iaa~&.lobdx 
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.SimpJ.ilying equation {B2) by substitution from equation {Bl) 

yields 

The first term ot the abow. expresaion can be integt"ated by parts, 

thus onlJr ai remains rather than derivatiws ot 6U. 

. 1•Jb(~· an-.) . Jb (- ) a 6u,V •... · + ~ &~ - Ix - Ix~ d1" • 
0 0 q 0 0 

(B4) 

The roin1m1s:lng condition on the potential energy ia ;hat. the value 

ot &u.V tnU.St be sero tor any value of ai . Imposing thi• condition 

~eoulta in the tollov1ng ditferential equation of equilibriu,m and 

natural bQunci.tv e.quations: 

(B5) 

-NX • lfx or , u • 0 along x • · o, a 
(B6) 

ix,- • ~ or 12 • o along y • o, b 

Similarl.y, the first variation ot equation (AS) with respect to 

'l'...¢LSplace · nta and the nimizalion of the result leads to the 

f ollowing dilferential equation of equilibrium and boundary equatio~ . 

(B7) 
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Ny • Hy or .:v • 0 · along y • 01 b } 
(138) 

ix,- • .~ or ·v • 0 along x • o, a 

fhe ti.rat Yariation or the potential energy vi th respect to 

w-displacement 1• 

1>25 ~ fil!! l + 2Mxy ~ + 2 a2w . rb33 ~ + bJ6(.2! ~ + ay ay j aiaY axay L axa;y ax ay 

~~)] + 11x ~ ~ + [~ • H~)~ [- l>ili ~F- b24 :r' + 

b44 ~ ~ + b45 ~ ~l + Ny ~. ~+ r~ + ! (£!)21 [-bl) 2aw -ax ~ ay ay j ay ay ay 2 ay J ·- ax2 

1'25 ~ + b45 ~ ~ ·+ bSS .~ 2.C!!] + ~(2! o5w. + ~ a5w)+ - ay2 ax ax: - ay ay ax ay ay ax: 
.. 

(B"9) 
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The above expression can be simplified by substituting the forces 

given by equation {Bl) wherever possible . The expression for 

fiwV then 'beoomea 

b 1a 1b 
811 dx .. qawdxdy 

0 0 0 

(Bl O) 

With the integration by parts of the first term o! the above expression 

· so as to eliminate deri vati ft& ot fAI and the rearrangement of the 

resulting terJU the expression tor (vV becomes 
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UY, APPlllDII g 

IDot S.11-:Defieotion Solution tor a Sillpq Supported 

Aniaotropio Plate in Co111>reeaion 

na -ll-detlAction llOlution t.o the differential equation of 

equilibriua, equation (6), will be tound in thU "ct.ion fbr ti. cue 

o.t a eiapq aupponed an18ot.rop1c plate acted upon b7 a ll'lit•mlT 

dl.iribut.ed load lz, Tt. plat.e ie ahon ln figure 10. 

Tbe internal in--plan. fb"4t 'x la ooneidend to be ewr&q 

dietri'but,ed owr the width ot ti:. plate aocording to the diaouaeion 

pre•nted in the text. Tm differential etqu&tion ot equilibria 

beoo•• 

vhara I•~ + Dq and ix la tenaion. Ot the natural 'bounda17 

oonclit.1one giwn, onq equtiou (7) and (13) will N different. troll 

tho" tor an uncouplAd plate, !&9• t.w equtione beoo• 

ft_ (a2w rw\ " . . o • -~&;2 + "7 •*) + c11~ along x • o, a 

(02) 

0 • ~$ . llz ~ • Ca.ix alone 7 • o, b 
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b 

Simply supported 
along all edges 

Figure lo.~ Plate considered. 
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Thi• natural bound&rT condition •7 be effected by considering the 

equinlent uncoupled plate to be acted upon b7 mo•nt.• 

Mx • -Cuix along x • o, a 

X,. • -cnlz alenc 7 • o, b 

(CJ) 

Tha problem •hall be ••panted into two p&rt.•J ti. tint u that 

vbioh would :re•ult b7 considering tm toroe-diet.ort.ion equationa •• 

tboH P,nn in equation (3), 1&¥ld tm "oond i• that which would n•ul.t 

b7 oouidning th9 tol"09-d1atort1on equation• aa tb>H ginn b7 

eq•t.ian (2). The aolutiou ot the• tw probleaa when auperiapoMd 

will be tbe s-neral 1olu1iion tor t.b9 .... ot the aeneral toroe-

d18t.ort.ioa eq11&tion 11-.en in eq11at1on (1). 

TM tiret. part. of \he probla 1• then to obtain the aolut.ion to 

eq•tiOn (Cl) aubjtlcst to t.be following boundar7 aonditionau 

•lx-o -·I .. · •lro • •lx-b -0 

g -~ -~!! ax x-0 or x-a (alt) 
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Asauae the deflection function 

(CS) 

which auto•t1oall7 1ati1tiee J-Wiae boundary conditions. By aublt1• 

tuting the deti.otion function into equation (Cl) the tolloving 

equation i• obtained• 

(c6) 

The general solution to equation (C6) 11 

(C7) 

where the •'• are the roots ot the oha.racteristio equation and a" 

giftn bJ' 

(CB) 

and 

Bxb2 
k • i2Di' (k will be negatiw tor a compree1ive load.) (C9) 
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The roots or the ch&r&ct.eristic equtions •1 be or tour typeaa 

l. Roota a.ll coaplex 

2. Roots all iuginary 

3. Roots au rau 
4. Root.a real and 1ugtnaq 

For the i'OOt• to be coaplu the condition 1• 

-:., • 8n (an + 1bn) 

92 • en<•n - lbza) 

•3 • ~(-n +1l~) 

~ Ilk -. -«n C•n - ibn) • 

where 

~ I It -*-•...._. 
Di Di 2za2 

a • n 2 

and D2 H k 
---------. ~J 

bn • 
DJ. Di 2n 

2 

(Clo) 

(CU} 

(e12) 
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Therefore, considering the roote to be real, the function In. is of 

the tom 

Xn • A coah crncnX + :B ainh QnCnX + C cosh EJo. daX + I> sinh Cli:i. ~ 

(Cl.5) 

ll k Cn• -+-+ Di 2A2 

(CJ.6 ) 

By aubatituting the f'om ot .Io given by equat.1iion {Cl.5) into the sol.u -

t1on o:l th• ditterenti&l eqlJ&tion of equilibrium end "1>Pl.y1ng the 

boundary conditions, eqta'tion (cla.), ~ ie determined 1n the follaw1ng 

~ 1 ~ ri(1 • coab ancua\ . 
Xn - -~ \c'Q,>J. .. ~>}. J ~ •Lili ancna J &irih. c:rncnx + coah Cln¢nX -

(
_i_._c_oah_. Ozi_, __ do.&_)•inh On dnx • cosh On dnx l 

•1nh Czi dn• tJ 
'(Cl7) 
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If either or both of the panmetera ·Cit and "n are imaginary 

the function 1n aa7 be found b7 substituting appropr .iatriy the 

following relat.ionahipe into equation .(Cl 7) i 

ooah f (41n or dn) • aoa t (c~ or ~) 

(Cl8) 

einb t (en or dn) • 1 •in t (c~ or d~) 
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(019) 

Thua, the deflection function ii compoSed. ot a •umaation ot In •a 1lht9re 

'n ay be ot aeveral t.,pu ot aoluti.oM tor g1Ten plat. propertiee and 

val.UBll of n. 

The second part of this problem, 1n wbioh Ult torce-d1.8tortion 

"'8tiolgot equation (2)at• aaeumed to .,.,..n, ill aolved 1Jl a 1indlar 

.,,_.. to the tirat part. Equation (Cl) 1.a •li>jeet.ed to the fol.lowing 

geometrical boundary eonditJ.ou. 

(cto) 

The toll.owing detl.ection function 1l'1l.l be uaed aince it sat18tie• tbt 

x-wiae boundaey condit1om auto•t.10•111' 
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(C2l) 

By substituting thill detlection tunctton 1nto the ditterential equation 

ot equilibri.111, equation (Cl)• tm to11.owing equation 1a obtained: 

t~'" - 1;.• • ~ p,,2 • B; '-~i. J:az)t.. • o (022) 

(1n·f) . 

(C23) 

1. .lU l"'OOU complex 

2. .lll root.II real 

). Two l"OOta real and tlft> rootl iaginaJT 
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aU the root.a are complex. Tblm 

t • n 

.... _. <--. - 1t. ) ·~ "n -u n-

(C2$) 

(C26) 

(C27) 
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By a process sillilar to that used in the first part or this problem 

1'hen the roots were complex, the tunction Yn is determined here aa 

(C28) 

lt ts 8"n by inspecting equation (C24) that whml 

(029) . 

aU the root.I of the characteristic equation are real. Ti. torm ot the 

fun=tioll Ya 11 then the ..,.. as •quation (ClS) and i• determined 

a""''""lT tor tm boundary conditiona giqn in eqmtion (C20) to be 

Y • !l(!)t lloti_k l 1 ) 1/(1 - ooah P.llJ:I) 
n Dt b 7\Bu. 2 - bn t ~ - . ainh Jni?J, t •1nh l'nlJ + coah Pn~ -

( 1 - coah lr}Jnb ) J 
linh "4bnb •inh ~ - COlh 'r/JJ (C)O) 
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(031) 

The remaining poaeibili ty for the root.I g1. ven in equa t1on ( C2 l ) ta 

(C32) 

1n whi ch case two or the roots will be r al and two will be 

imaginary. The f'ora or the part of the solution containing tlw 

real roots will be the ea.me as that iven 1n the first two terms ot 

equation (~), but the part containing the imaginary root.a must be 

detarmined b;y aUbstituting relationahiJ>' similar to t hoee 1ven in 

equation (018) in'U> the last bro terms ot equation (C)O), The 

e l ution far the condition i..en in equation (C)2) 18 

( 
l - co•~nh' nb) •in '.Ji 'n7 - ooe '"h '~ 
•in 'nh nb 

lfhe" g 1• gi'Y9D in equation (C32) and n 
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h'n • J-hn.2 • 

For t he general case in which there i s coupling between both 

moments and the load fix (both cu and 021 have values) , the 

defleetion function is 

DO 00 

where t he In ' s and the Yn ' s correspond to the functions derived 

herein f or given plate properties and value of n . 

(C34) 

(CJ5) 
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