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1. 1 1a!£JSGR OUN D 

Chapter I 

INTRODUCTION 

The object of this work was to develop a linear two-

point reactor model from an existing nonlinear model ( 1) for 

xenon-135 induced flux oscillations and determine optimum 

parameters for bo~h models in comparison to actual ~lant 

data. A computer simulation was the~ emfloyed on both 

models to compare the predictions from these two models 

against experimental data obtained from Oconee II nuclear 

power station {2) during start-up testing. A ::,a.rameter 

optimization method was utilized on th€ two models to fit 

the generated results with one group diffusicn theory esti-

mates using a chi-square fit while keeping raramet~r varia-

tions to a 20% limit. 

Xenon-135, tecause of its enormous ther~al neu~=on 

cross section (2.72E+6 barns) and its relatively large fis-

sion yield (0.00237 atoms/fission), is the most sig~ificant 

fission product during OFeration {J)"' Tbe froduction of 

xenon in reactors which operate with a thermal flux in the 

range from 10E+12 to 10E+14 n/cm2 /sec can lead to 2roblems 

in core stability {4). Xenon is produced as ~he result of 

the beta decay of iodine-.135 and is also prcduced directly 

from fission. The iodine is also produced by fission and r.y 

1 
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the decay of tellurium-135. Since the tellurium cecays 

relatively rapidly (half-life of 11 sec) it is possiblE to 

assume that all the iodine is produced directly from fission 

(5,6). The xenon production process is sbovn below: 

135 /3 13.!S /3 135 /3 135 /3 135 
Te---> I--> Xe---> Cs---> Ea (statle). 

~t/ 
fission 

Xenon removal is accomplished through radiative cap+ure 

(neutron capture) and by radioac~ive decay. Ar. equilibrium 

xenon concentration value will be reached when xenon produc-

tion equals xenon removal during reactor operation. 3ecause 

xenon has a longer half-life than iodine and since rerncval 

of xenon by neutron absorp~ion is lost after reac~or shu~-

down, the peak xenon concentration is ob-:ained ho11rs a:f~er-

reactor shutdown and is dependent upoc the c~erating flux 

level prior to shutdown. The increased reactivity nece3sary 

to overcome this increased concentration cf raison is ref8r-

red to as X€non-override (7) and aetermines when a reactor 

re-start is possible. The operating xenon effec+s (flux 

oscillations) will be the concern of this work. 
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During operation under steady-state conditions with a 

spatially uniform flux, the xenon spatial distribution is 

uniform and constant with time. Holding the power level 

constant with an asymmetric flux distritution possibly 

caused by a perturbation with control rod movement will 

cause a change in the spatial distribution of xenon. 

Because xenon loss by neutron capture will decrease in the 

region of lower flux, the xenon concentration will increase 

in that region (which will introduce negative reactivity) 

since the production rate is unchanged du~ to the iodine 

concentration before perturbation. Since the total core 

power level is being held constant, the flux in the opposite 

region will increase, lowering the xenon concentration and 

adding positive reactivity. 

Large reactcr cores can be thought of as several criti-

cal masses which are l0osely coupled since thP neu~ron 

migrdtion area is small compared to core size (by a. factor 

of 100 to 1000) 

coupled cores. 

this is known as the cor.cEFt of loosely 

Cperating at high power levels, x:enon 

induced spatial oscillatons are a potential prorlem in 

large, loosely coupled reactors {8). Also, the oscillations 

are more severe for a-235 fueled reactors than for ry-233 

fueled cores operating under the same condi~ions (9), 

beca~se of the smaller production rate of I-135 fro~ U-233 
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fission. An intermediate behavior would result with cores 

which contain a mixture of these fissionable isotopes. 

Looking at the problem in the axial direction (since 

this is also the control cod direction) and considering the 

top and bottom halves as two coupled cores, the flux will 

oscillate between the two. This is because of the di:ferent 

xenon production and removal rates attributed to the chang-

ing flux levels. This process would continue until new 

equilibrium concentrations of xenon and iodine are reached. 

Because of the loosely coupled core, the oscillations could 

possibly become unstable (1,4). A stabilizing influence to 

balance against the tendency to oscillate is temperature 

feedback (10). The problems associated with ac imbalance in 

power density range from uneven fuel burn-up ~o the possi-

bilty of departure from nucleate boiling (1) and clad melt-

ing .. 

During initial start-up and power escalation testing 

the xenon induced power oscillation measurement is one of 

the last of the major core transient tests that is conduc~ed 

(3). A xenon oscillation may be initiated hy introducing 

equal and opposite perturbations in the abs0rptior. cr~ss 

section in the upper and lower halves of trE reactor core. 

This perturbation is accomplished by an insertic~ and with-
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J 

drawal of Jifferent control rod tanks at t he co~ P axial ce n-

terlin e l EveloF a power offset. Verificati on t ~a t a l e -

g uate mar gins exist to the core thermal li r. its i~ t he ? r e s-

ence of the tlux peaking ir. tl:e "overpo.er-" rer1i0n ca :. • r.en 

be determined using permanently irstalle <l i nc o re neij~ron 

detecto:cs. 

Computer generated models could help i n t his ar e a by 

determining how closely desi9n constrain ~s wo ul i 

approach ed . The optimization method dev e lc rei ~ou l i ai J 

further in thf!se model predictions 5ince 11 act ·1al." co r .;: ~~ ar-

ameters instea<l of one group es t lma~es coul d be utilized. 

Safe':y :na:-9ins could become less ccnserva-:iv e a r1'1 rr or e :-eal-

The nonlinear mocel frovided satisfac t or y r e 3ults 

with exferi nental jata using one-grou p e s•ima ~es ~or 

para meters. Considerable varia~ion in •hese e s ~i ma~ es wer P 

necessary to satisfy the line~r ~o r. el. 

1.2 LITE ~A! UF. S IIYlll 
One me t hod of treatment o: x~non oscillaticcs 

as mo d al a::i.alysis (8, 11). This method ir.v ,)lvEs c=> xpa.nsi-Jr.. o f 

t he linearize d spacF- dependent kine+ics e~ua·io r.s ~l spa ~ial 

modes an d t hen stu dying the harmonics. 7he consi ie r a ~ian of 

xer.on insta b ility was next exa mir.e d (12) an d c1 e r,t ,11 2.l y -: i: is 

was exten a e d to include a power- de pend ~r..~ ~ca c ~ivi ty 

back 8yst em ( 13). 
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This present vork is an extension of the no~linear 

model developed by Onega and Kisner (14). Parameter estima-

tion involves assigning values to the unknown parameters in 

the model on the basis of experimental data. The model is 

then said to be ''validated" if a required accuracy criterion 

can be satisfied when comparing the mod~l with the plan~ 

{15)~ Since the xenon model is a function of many di:fe~ent 

nucleonic parameters, methods of variation of these parame-

ters were examined to improve simulation response. ~he 

method of maximum likelihood was obtained with a sensitivity 

analysis performed on only t~ree of these parameters in 

developing a gradient of the chi-square fit against the 

actual test data {16). 

The complete automation of the simulation and optimiza-

tion process was the final goal in solving tr. e 9roblem. 

Methods of optimization that were examined included: 

1. One-dimensional search (Powell's methcd) (17). 

2. The Fletcher-Powell method (18). 

3. Direct search methods (19). 

~ethods one and two were disregarded since ~hey 

involved the application of gradients at each evaluati~n. 

These gradients had to be taken with respect to rarame t ers 
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that were not explicit in the method of problem formulation. 

This became very difficult to utilize in a computer program 

working with implicit and integral function5 which are 

inherent to the computer simulation language as~d, Continu-

ous Simulation Mo4eling Program (CSMP) {20, 21} • 

The linear equations, or as they are someti~es referred 

to, the perturbation equations, provide the most common 

approach to studying the behavior of a nonl~neac system in 

the neighborhood of a known nominal solution, an equilibrium 

point {22). Linearizing the nonlinear model reduces its 

complexity but at the same time reduces its aFplicability to 

a small region about this equilibrium point. Principal uses 

for the linearized equations are for investigations of sta-

bility, with the main concern being whether the spatial flux 

oscillation will converge or diverge {23). Both powec and 

spatial oscillations have been studied for differ ~n~ geo me-

tries us i ng linearized theory by Canosa {24). ~or k ing with 

the linear equations is not necessarily a trivial tas k . 

1.3 !PPROACH 

The first guestion that must be answere d i n par am eter 

estimation methods is which parameters to vary? Kr:o w:1 ·pai:-

ameters which are independent of surroundings 5uch a s the 

half-lives of xenon and iodine were elimina~ed . Howevei: 



8 

their fission yields vere varied since they are functions of 

neutron energy and are difficult to measure. A total of six 

parameters were varied since they were considered dependent 

on operating conditions. Table (I-1) lists the parameters 

of the system with their initial one-group estima~es and 

denotes the parameters that were varied. 

The direct search method selected was the Hooke and 

Jeeves' method (19). This method is an advanced pa~tern 

search method in that it is capable of jumping base points 

in the direction of the optimization gradient. The method 

also allows different step sizes for the differen~ parame-

ters to be varied as well as an unlimited numbEr of pa~ame-

ters to vary. The method works just as well fer constrained 

or unconstrained optimization Froblems. 

The nonlinear model (1), along with the sensitivity 

analysis with respect to six parameters that were c hosen to 

be varied, were written in CS~P. The parameter vector was 

obtained from a comparison of the experimental flux against 

the model generated flux using the maximum li kelihood 

method. An algorithm to simulate the Hooke and Jeeves' 

method was developed, tested, and incorporatd into t h e main 

CSMP program. By the selection of initial step sizes for 

each of ~he individual parameters, the location cf different 
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TABLE I-1 

Model Parameter Values From Oconee II 

Parameter One Group 
Estimate 

2 -18 
(TX (cm ) * 2. 72x 10 

D (cm) * 0.395 
2 

* 3. 64x 10- 16 a (cm · sec) 

Lt 
-I (cm ) * 0.16 

yx * 0.003 
y * 0.061 I 

- I . -5 
Ax {sec ) 2.09x10 

-1 - 5 
A, {sec ) 2.87x10 

II Lt { cm- 1) 1. 56 

p MW 2500 

H (cm) 365.8 

La -1 
(cm) 1. 53 

• Parameters chosen to be varied 

Definition 

Xe cross section 

Diffusion CoefficieGt 

Prompt rower :eedbac~ 

Macroscopic fission 
cross section 

Xe fission yield 

I fission yield 

Xe decay constant 

I decay constant 

Neutron froduction/c~ 

Operating power (th) 

Core height 

Avg_ absorption 
cross section 
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relative minima was possible. The location of the global 

minimum for the chi-square fit against ~b e tes~ data was 

also possible. A minimum was considered glotal if no reduc-

tion in this minimum could be found for initial step sizes 

up to 100% of the initial value. By placing a limi t on the 

maximum variation on a particular parameter, the best rela-

tive minimum was determined. Parameter variations were held 

to 20% of the initial values for the test local mini mum. 

This value ~as selected since it roughly represen t s diffu-

sion t heory accuracy. 

Beginning with the nonlinear equations a linear model 

was developed. This model was utilized to predict only the 

response from the perturbation and did not actually incorpo-

rate the perturbation- This was accomplished by expanding 

about an equilibrium point in time just after th e perturba-

tion was terminated in the nonlinear model. By analyzing 

the linear model response using ~he same proce j ure as the 

nonlinear model scme questions could be answered. 

included: 

These 

1. Does the accuracy of the two models dif:er unrea-

sonably; and if not, 

2. Can the linear model be substituted for the nonli-

near model in reactor simulation? 



2. 1 BASIC THEOJU 

Chapter .II 

MODEL DEVELOPMENT 

A pressurized water reactor (PwR) core may be approxi-

mated by a right circular cylinder. Neglecting radial leak-

age, the cylindrical shape of the PWR core can be modeled by 

a bare infinite slab. This approximation is validated by 

including the radial leakage through the radial buckling 

term into the macroscopic absorption cross section. 

Some of the major assumptions that are made in the 

mathematical development with the 

repeated here {1) ! 

slab type core are 

1. A two-point kinetics model can describe the system 

adequately. 

2. Delayed neutrons were considered prompt since 

their time constant is 2 orders of magnitude less 

than the xenon buildup time constan~. 

3. Temperature feedback can be assumed to be in equi-

librium and treated as prompt also. 

4. The iodine concentration, xenon concentration, and 

neutron flux spatial shapes can be represented by 

the sum of the fundamental mode and the first har-

monic. 

11 
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The complete xenon oscillation model would include neu-

tronic as well as the thermal hydraulic effects. The ther-

mal effects, considered prompt (assumption 3), are lum?ed 

through the prompt power feedback parameter, a 

The method for comparison of the model generated data 

against plant data was developed as follows; the _experimen-

tally measured flux vas compared against the mcdel generated 

flux at each instant in time during simulation to obtain 

estimates of the chi-square. This chi-square was found by 

( 25) 

2 
X = 

2 
(Observed-Expected) 

Expected 
( 2. 1) 

A parameter vector was formed to be u~ilized in ~he 

sensitivity equations 

I-1) , 

(parameters were defined in Table 

_. T 

e = [ e I t 8 2 I • • • I 8 s] I (2. 2) 

where 



and 

e = 

e 2 = 

8 3 = 

e = 
4 

8 = 
5 

8 6 = 

13 

er I a-o , ( 2. J) 
X X 

D / D 0 , ( 2. 4) 

a I a 0 , ( 2. 5) 

, (2. fi) 

y Iyo I ( 2- 7) 
X X 

y I yo ( 2. 8) 

The superscript indicates the original values of th e para~e-

ter obtained from Oconee II-

Originally the method developed by Onega ( 16) ror find-

ing the gradient of the chi-square fit was intendf'd to be 

used. A very brief description of this method anl why it 

could not be utilized is given in Appendix A. 
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2.2 NONLINEAR MOCEL 

The nonlinear xenon oscillation ~cdel is dPscrihe~ i~ 

det~il in the literature (1,14). To establish a ~tar~in9 

point for notation, the time varying a~plitudes of the nor-

malized flux, xenon, and iodine concentratior.~ r~sp~ctively 

were expressed as 

\j.t (z,t) = cos(bz) + A(t.)sin(2bz) , 

x (z,t) = cos(tz) + E(t)sin(2r.'!) , ().. 1 0 l 

and 

y (z,~) = cos(bz) + C(t)sin(2r.z) (2.11) 

two poin.._s and. b= -rr /H. 

f 1 ux , x: en on , and iodine concentrarions ani .._hei: ~i ~e 7ary-

ing amplitudes were respectively represente d as 

(2.12) 
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X (z,t) = x 0 x (z,t) , ( 2. 1 3) 

and 

I (z,t) = 1 0 y{z,t} • (2.14) 

The coefficients of the first harmonic ~(t), B(t), and 

C{t) were obtained by integrating over the two halves of the 

core. The xenon and iodine differential equations in ter ms 

of these coefficients and in terms of the elements of the 

parameter vector are 

dB [r, L1 ~J A(tl + [<:} (ti = -X.xE(t) 
dt 

{ 2. 15 ) 

- ( rr; 'Po) (2/3 ( A + B) + rr; 4 A S) I 

and 

dC [Y, L If~ ] A ( t l = - A I C ( t} . (2.16) 
dt 

where I 0 and Xo are the peak steady~state val ues for th~ 

iodine and xenon concentrations resepctively. Ti:e steady 
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state flux <Po was determined from the Oferating power 

level. The other parameters are defined in Table (I-1). 

The expansion coefficient for the flux can be deter-

mined from the diffusion equation and after some algebraic 

Manipulation is exFressed as 

A (t) = v v 2 + 1 (2.17) 

..,here 

V = (2.18) 

The system sensitivity equations, which represen~ how sensi-

tive the dependent variables A(t), B{t), and C(t) are to a 

change in a particular parameter ~ 1 are 

aA1ae. = t <A<t>,act» 
J A j . 

j= 1 , 2 , .. • , 6 , ( 2. 19) 

and 
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(2.21) 

The complete equations are listed in Appendix B. 

2 .. 3 LINEAR 11QQ~1 
Beginning with Eqs. (2.15 - 2 .. 17), the linear model was 

developed by first substituting A (t) into Eqs. (2. 15) and 

{2.16). This was done to reduce the equations to functions 

of B(t) and C(t). Rewriting A{t) with Eq. (2.18) substi-

tuted for v, i.e. going back to the original variables, 

gives 

A {t) = { 2. 2 2) 
e6 B ( t) 

where 

e1 = Q - Q 
f-J ' f-J 3 

, (2.23) 

2 

I (2.24) 
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e6 = (64/1511' a-x X0 )/ Lf , (2 •. 25) 

(2.26) 

, 

(2. 27) 

The cons~ants named above correspond to their definitions in 

the actual computer program. 

Eqs.. (2. 15) and (2.16) gives 

Substituting Eg. (2. 22) into 

= -------------------
d t e6 B (t) 

- >.. C {t) , 
• I 

(2.28) 



and 

where 

dB 

dt 

19 

= b12 C(t) - ( A +2/3 b14)B(t) 
X 

(2.29) 

+ ----·-------------------------------------, 
e6 B (t) 

( 2 ... J 1) 

(2.32) 

c 11 = ( Y, L <p /I ) • 
f o 0 

{2.33) 
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The .:i.lg et :r1ic manipulations pe:rfor rr: EJ ,=, tcvf: on :. te r,o n-

line:i.r model ma d e ~his system of ~gua+ions suit1 ble t o :r 

linearizing by elimina~ing A(t). Cne o.: tl.-a. mo5t 1iscful 

formulas in the analysis of nonlinear equaticns is th e ~ay-

lor series expansion (22). Th~ Taylor Pxpansion of a fur.c-

tion of tw0 variables Band C is 

of 
f (B +AB ,C +t,C) = f{B 0 ,C0 ) + -- AB 0 0 a e 0 

if ( 2. 3 4) 

a fl 1 2 
+ -- AC + -;;2 AB + . .. . 

ac 2! 
0 0 

It is normal in perturbation +:heory analysis (22) ·o elLni-

nate all -:erms higher than first-order ar. d :rr~d.11c e n. 3 4, 

to 

f(B +AB,C +AC) = f(B ,C} 
0 0 0 0 

+ -- AB + --- AC 
dB 0 OC 0 

(2.35) 

and 
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(2. 37) 

Followinq this procedure the linearized forms of Eqs. 

( 2. 28 and 2. 29) became 

2 2 2 
dAC -c11• e1 (e1+ e4 Bo) + c11•e1 

= ------------------- AB 
dt e6 Bo (e 1 + e4 8 o) 

(2.38) 

dC 
- >.. , AC + 

dt 0 

and 

dAB 
= b12 flC - ( .X.x+ 2/3 b14) ~B 

dt 

(2.39) 

2 2 ( b 11 - 2/ 3 b 14) ] 
- (e1 + e4 E) ------------- AB 

0 e6 B2 
0 -

(b11 - 2/3 b14)e1 dB 

e6 a! AB + --
dt 0 
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Since the solution of the linearized concentrations are in 

effect oscillating around B 0 and C 0 it was impe=ative that 

these constants are evaluated correctly. E O and C O were 

found by setting Eqs. ( 2. 2 8) and (2. 29) equal to zero. 

Thes~ values were found to equal 2ero for the stea1y-state 

homogeneous case. This was the expected result since for a 

uniform and unperturbed core the only possible spatial dis-

tribution is a pure cosine. 

A quick way of determining if A0 , B 0 , C0 , and A(t), 

B(t), and C(t) were reasonable was that they must lie in the 

interval from -1 to +1 to keep a positive Sfatial distribu-

tion in Eqs .. (2 .. 9 - 2 ... 11). The zero soluticn for the steady 

state values was the only solution that was in this inter-

val. 

The nonlinear computer model simulation began at time 

zero and lasted to time 53.5 hours. The pec~urbation was 

initiated at time 10.0 hours and lasted for 2.5 hours while 

normal operation was simulated from time zero to the time 

that the perturbation was initiated to assure that steady 

state conditions were satisfied. However ~he linear model 

had to be started at time 12.S hours, just after the ~ertur-

bation was terminated. with the zero steady ~ta~e condi-

tions th~ linear model computer simulation would diverge for 
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all time exce2t during t he time of the per~u=~~tion sincP 

the linear moJel as writ~en had ~he di~~ercnce a~ 

absnrption cross sections plus 3o in rhe ienc~inator, which 

of cJur3e would be zero~ The values of A{':.) , :: (-:.), :1..'.1.i C (-:.) 

at time 12.5 hours obtainPd from the nonlinear ~adel were 

u~ilized in the linear nodel as initial conditions. 

conditions on ~he inte1rals co~?ensated f0r t h e difference 

in the nonlinear Jl. (t) To 

incorporate in the linear nodel rrogram t he abili:y of 

nividing by zero wculd more than Jouble the size of ~he pro-

gram and increase running time substantially. 

Ir.it.Lil c::,nuitions for the 6 i3 (12."3) anci 6 c (12. 5) were 

found from r-earranging Eqs. (2.36) and {2.37) for:- ~i:ne 1~.5 

hours: 

(2.40) 

and 

(2.41) 

ison pur poses in the same ~anner as was done 

near mo ttel e lCce~r.. now A(~) 

<:r.e syste:n. 'I'hesP egua.+ior.s are r:resf:ntEd i:1 A[-~,, :-.lix C~ 
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sented in Appendix D. 
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the Hooke and Jeeves' 

This 

compatible for programming and 

optimization met~od was very 

vas easily afplied to the 

problem since it al.lowed different step sizes for 1:he dif-

ferent parameters being varied. 



Ch ctp+:er III 

SI~ULATIOll RESULTS 

J. 1 BACXGROUt;D 

The Oconee reactor had been o~erating at 1s~ of full 

power at e~uilihrium conditions prior to pertur~a~io~. 

average t. herrnal flux at this power levi,;,l was c ~t lc11la+:.Pu to 

b e 2.02+ 13 n/cm2 /sec.. A sequence of rod movem e n~s was ini-

tiated t o induce axial xe non oscillations ,,. h i lt> dELora t ior. 

was used to maintain criticali~y. 

returned to their original position~ 2.5 ~o u:s later. A 

reacti vi 1".Y change of O. 1 a•: ~ K/ K had resu l +:. -;d 1 ue -::o t he r od 

n t. Th e reactivty change was transla~~ d into an ave-

rall a bsorption cross section ty boron a J ~itio n. 3oron con-

centrati ·Jn calculations indicated the o.1 a..,; ~ k/L \. c. S equiva-

lent to a 0.25 ~ change in absorption cross s ~c~ioc. ~h e 

normalized oscillation produc€ d at the rlan~ i s s t ow n i n 

fig. (III-1). 

Tech coraruter sys tem consistin g of an r r , 37 0; 158 . ;._ r e c-

tan~ular pulse equivalent ~o a 0.25 % chac yc i n al sortio~ 

cross sec~ioc and lasting for 2.5 hours was use J ~a ici~ia~E 

the oscillations. The 0 .25 i chan ge was usf:- 1"! ':c a l so r s:n 3.i II 

cons iste n ;., i tr. t he nonlin Ear ;;, ode 1 c.eve lo ') € d ( i) • 

2 :-
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3.2 li.Q.li.1IliI!] 11Q.QEL RESULTS 

The nonlinear model produced extremely good =esults 

with a chi-square fit of O. 7082 using diffusicn theory esti-

mates. This value could only te reduced to 0.6951 through 

optimization for the best local minimum. Ho~ever, ~ven wher. 

the global minimum was searched for, the same optiwum point 

was establishe~ As can be seen from Table (III-1) the ici-

tial step sizes for the individual parameters were quite 

large when searching for the global minimu~~ The same ~ini-

mum was accomplished with step sizes cf 1/100 of those 

listed in Table (IIT-1), confirming the possibili~y of this 

minimum being global. These results indicat€ that ~he ini-

tial diffusion parameter estimates are very gooJ. 

However, in keeping with the criterion of orly all0wing 

a 20% maximum change from diffusion theory esti mates in any 

particular parameter, the=e is a difference tetween this 

global minimum found and the local minimum that is re~uired. 

Holding Yx to a maximum 20% change F=oduceJ a fi~ of 

0.6995 and did not result in changes for the c~her optimum 

values listed in Table (III-1). 

Figure (rII- 2) shows a comparision of the nonlinear 

model results calculated using the initial one g=JU? di:fu-

sion theory estimates against the ac~ual plant oscilla~iJn. 
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TABLE III-1 

Nonlinear Model Optimum Values for Glo bal 

Parameter Initial Optimum 7.. Cha n g e 
Step Size Valuf> 

,a 2 
crx X 10 (cm } o. 5 2. 72 8 . 0 

D (cm) 0.05 o. 40 5 2. 5 
16 2 

a X 10 (cm sec) o .. 5 3 .. 64 ') . 0 
_. I 

It (cm ) 0 .. 05 o. 14 12 . 5 

-Yx o .. 0005 0 .. 0046 51 . 0 

"'f I o. 005 O. OF 1 o. o 
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(III-3) is a comparisor. the actual plar.t oa •a ~qa ins7 

the globally op~imiz~d ~onlinear model . 

difference in the two figures since their was no t ~uch ~ if-

ference in the parameters used between the two simula~ions. 

The noticeable difference is that the reak at 37 hours is 

centered for the op+imum simulation. 

Plots of the sensitivity ejuations, i:.rLich ar~ q iver: in 

Append i x B, are presented in Figs. (III-4 to III-9). As ca.r. 

be seen from Fiq. (III-4) the nonlinear ~odel is nredomi-

nantly sensi~ive ~o changes in becau~e of ~he wiJe vari-
x 

ation of oF (t)/o8J In fact, bPcau se oL the ini~ially low 

chi-square fit ann the hi~h sensitivity of the QOdel to ~~is 

parame~er it did no~ have to be changed for o~~i mizati~n. 

At the optimum values, a 0 .5 % increase in the XPno n ~ross 

section r~sulted in a C.6% increase in the associa~e<l chi-

square fit. 

It :nust be stated at tr.is 

results 1oiere not ccrrec+ed for offset as was Jone ir: 2r e vi-

ous work. (1). The correc-: oftse"t was 1.03 or 3'"' of !,;}:at was 

utilized. This is the only correct ~ethod tt3t can te use d 

for gereral 3imula~ion purposes since the modEl ~il~ u~i -

lized to predict responses for rer-t:11rbatior.s ~ha: occur l T! 

the core Juring operation. The purpose o~ t~is wor ~ w~s ~o 
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match the actual data by varying nucleonic parameters. If 

the nonlinear model is to be used to simulate a particular 

plant with a known offset, then the offset can be incorpo-

rated into the model. In fact, the particular offset only 

has to be added to the results before they are cutpu~ted. 

The value of a represents a negative power feedback 

coefficient. Negative power feedback limits local power 

peaking and stabilizes the system to produce a converging 

oscillation {23). Since the initial ampli~ude of t~e oscil-

lation matched the experimental data very well, again not 

considering offset, the feedback parameter a din not vary 

from its initial estimate. As can be seen frcm Fig. (III-6) 

the feedback term is the second most sensitive parameter to 

the nonlinear model. 

The period of the optimum model was decreased 2% for an 

improved fit against plant data. This was accomplished 

through a 53% increase in the rate of production of xenon 

atoms from fission. However at the same time the macro-

scopic fission cross section was reduced 12.5% and the dif-

fusion coefficent increased 2.5% to increase neutron leak-

age .. Because of the increased leakage, t.he i:a te of x:en on 

production changed drastically to produce a change in res-

ponse since the model was not sensitive to the xenon produc-

tion term as can be noted from Fig. (III-8) • 



This work supports the analysis presented i::y r- isner _ {1) 

since his parameters differ little from the opti mize d model. 

One parameter <7x , which was not varied in that anaylsis, 

just happens to be the most sensitive in t he nonlinea~ 

model •. The nonlinear model was run at the optimum pacame-

ters with <7x varying in 4% increments to determine stabil-

ity. The model was stable for all values telow 2.72E+6 

barns and up to 3.02E+6 barns. At 3.02E+6 earns the monel 

produced an undamped oscillation while values above this 

produced diverging oscillations for the optimized para~e-

ters. 

3.3 LINEAR MODEL 

Solving Eqs. 

conditions produced 

and 

{2. 25) and (2. 2E} for the steady-state 

Ao 

Bo 

co 

= 

= 

= 

o .. 0 

o. 0 

o.o 

I 

, 

From the nonlinear model the coefficients for ~he initial 

simulation at time 12.5 were 

A(12.5) = -0.1645 

8(12.5) = 0.0890 

I 

I 



and 

40 

C(12.5) = -0.0661 

The initial conditions for the linear model were determined 

from Eqs. (2. 40) and (2.41) and were found to t:e 

A(12.5) = -0.1645 

6 B(12.5) - 0.0890 

and 6 C(12.5) = --0.0661 

, 
, 

The initial simulation of the linear model, with the 

one group diffusion estimates, produced a slightly diverging 

oscillation as shown in Fig. (II.I- 10). The amplitude of 

this oscillation vas, however, approximately three times too 

large and the period was increased 18%. The chi-square fit 

of this result was 36.24. Through parameter optimization, 

the best chi-square fit, while keeping parameter varia ti en 

to a maximum 20% change, was 3.53. Table (III-2) lists 

these constrained optimized parameters while the response 

produced is shown in Fig. (III-11 ) . Figures (I.II- 12 to 

III-17) show the S€nsitivity analysis of the linear model at 

this local optimum point. 

In continuing the optimization process for a reduction 

in this minimum, the xenon and iodine produc~ian t~rms were 
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TABLE III-2 

linear Model Optimum Values 

Parameter Optimum % Change 
Value 

crx X 10 
18 2 {cm) 2 .. 645 2 .. 8 

D {cm) o. 405 2. 5 
16 2 

a x10 {cm • sec} 3.652 o. 3 

i:f 
2 (cm ) o. 135 15.6 

y 
.It 

o. 0024 20.0 

)' I 0- 0488 20.0 
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the only two terms that changed from the frevious opti~um 

values. For this unconstrained search Yx was equal to 

0. 0005, an 8 3% change, and y1 11as O. 046, a 2 4% change from 

the initial one group estimates. The chi-square fit for 

these parameters was 3.19 and the oscillation produced is 

shown in Fig. (III-18). 

The oscillation produced in Fig. {III-18) came closer 

then initial estimates to matching the first half cycle of 

the plant data, especially the amplitude. However there 

resulted a sacrifice in the period of this oscillation and a 

overdamping of the response. For simulation 

than were examined, this oscillation would 

- rapidly for practical considerations. 

times longer 

J.ie much too 

When comparing the respective sensitivity analysis 

plots between the linear and the nonlinear models, a phase 

shift in period was noticed between the first three plots of 

each model. An unconstrained optimization attempt was next 

performed while varying only these three parameters: a-x , D, 

and a • This was attempted in order to compensate for the 

incorrect period of the linear model. It was al3o sus?ected 

that there was a competing process between ccr~ecting the 

amplitude against correcting the period. This at tern pt 

yielded surprisingly good results. The correct period was 
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obtained and the chi-square fit was reduced to 1. 8 6. The 

resulting simulation is sho~n in Fig. (III-19). Th e f inal 

values for the three parameters varied were: 

-18 2 
a-x = 3. 91 x 10 cm , 

D = .458 cm , 

- 16 2 
and a = 5.64 x 10 cm , sec 

while other values remained at their one group es t i~ates. 

The next attempt proved fruitless at varyin g th e las t 

three parameters It, , and Y, while keeping the first 

three parameters at the above values. No reduction in the 

chi-square fit was obtained while keeping these last three 

parameter values positive. 

The concern of the start~ng point for t he l~nea r ~oiel 

being fixed at time 12.5 hours can now be addresse d. The 

linear model was only examined for the resfcnse predicted 

after pertubation, not during the time of the perturba t ion. 

The optimization process for the linear ~odel wor ked very 

vell for fitting the linear model oscillaticn against the 

actual oscillation; however, it could not correct for the 
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starting point which was fixed due to the zero initial con-

ditions. The correct values at time 12.5 hours for the non-

linear model were not necessarily the correct values for the 

linear model for the same time because of the differences in 

the two models and the wide variance in parameter values. 

In an attempt to correct for the offset produced from 

the initial conditions, the nonlinear model was run with 

each iteration using the optimum values obtained from the 

linear model. This iterative process is shown in Fig. 

(III-20). The linear model was then optimized with these 

new initial conditions. This iterative process was contin-

ued until no significant change was noticed in the starting 

conditions. The final values for the starting conditions 

were found to be 

A{12.5)-= -0.0788 , 

B ( 1 2. 5) -= 0 .. 0 6 7 7 , 

and C ( 1 2 .. 5} - - O. 0 3 8 3 

The resulting simulation of the linear model .ith the 

corrected initial conditions is shown in Fig. (III-21),. The 
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chi-square fit for this response was 1.04, a 50% increase 

from the nonlinear optimum fit. The values for this optimum 

point, which can be considered global, are listed in Table 

{II.I-3) .. 

Since temperature feedback is the dominating effect in 

determining system stability (23), a was varied while the 

other parameters were kept at the values used in the above 

simulation, Fig. (III-21). The transition to stability, the 

stable oscillation, was found to occur when Q was equal to 

4. 6E-16 2 cm • sec. Increasing the temperature fe?.dback 

further resulted in additional damping of the response. The 

period at this point was 31 hours, precisely that obtained 

by Canosa (2'4}. The stable oscillation for the nonlinear 

model at the same thermal flux level was found to be approx-

imately 27 hours by Kisner (1). 

The linearized xenon equations are used principally for 

investigations of stability. Variations in the flux have a 

strong influence as to whether a system is stable. The 

simulation of the linear model was performed while varying 

the average steady state thermal flux and the power feedcack 

coefficient to determine the stability zones of the model. 

Figure (III-22) presents the resulting stability map. The 

stability map compares very well with the stability curve 
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TABLE III-3 

Linear Model Optimum Values (Global} 

Parameter Optimum % Change 
Value 

18 2 
o-x x10 (cm ) 3.973 50. 0 

D (Cm) o. 4 53 14. 7 
16 2 

a x10 (cm • sec) 5. 633 54. 7 

r, • I (cm} o. 173 8 . 1 

Yx 0.0037 23 .. 3 

y 0.066 8.2 
I 
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for the nonlinear model (1) when the limit cycle (a cons t ant 

cycle) is considered unstable. These results also are si m-

iliar to the stability regions predicted by Canosa except 

that the maximum power feedback coefficient for stabilit y 

was to occur at a lower flux level in the linear model. 

This can be attributed to particular reactor parameters, 

especially reactor dimensions as mentioned by Canosa. 
, 

Canosa does predict an unstable response for the initial one 

group estimate of a and thermal flux. 



Chapter IV 

CONCLUSIONS 

4.1 SUMMARY QI lESULTS 

The nonlinear xenon model was transformed in~o a linear 

model by linearizing the power reactivity feedback and xenon 

feedback terms. One purpose of this work was to examine the 

effects that this would produce. The advantages of working 

with a linear model for control applications are numerous. 

A linear system representation is greatly simFlified by the 

use of Laplace transforms and frequency domain techniques 

which are the basic methods in classical control systems 

analysis. 

Linearizing the tvo terms 

noticeable change in the accuracy 

differences in the amplitude of 

mentioned above produced a 

of the pericd and drastic 

oscillation for one g~oup 

estimates as can be noticed when comparing Figs. (III-2) to 

(III-10). In fact, the linear model is unstable at the 

one-group estimates as compared to a stable response from 

the nonlinear model. A summary of results ob~ained are pre-

sented in Table (IV-1). Even when the linear model was sta-

ble the amplitude of oscillation was approxi~a t ely three 

times larger but produced an acceptable pericd. Every 

attempt to reduce the amplitude resulted in a response sim-

iliar to Fig. (III-18), a highly overdamped syste m. 

61 
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TABLE IV-1 

Summary of Besults 

2 
Period X (Hours) 

Exact 30.0 
·(Diffusion Theory) 

Initial 28. 5 o. 7 08 2 
Nonlinear Model 

20% Variation in 28.3 0.6995 
Nonlinear Model 

Global 28.0 0.6951 
Nonlinear Model 

Initial 31.5 36.24 
Linear l'!odel 

20% Variation i .n 33.0 J. 53 
Linear l'!odel 

Global 28.5 1. 048 
Linear Model 
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The competing effects for stability are xenon bur n up 

(destabilizing) and reactivity feedback (sta bilizing). The 

greatest variance in the sensitivity oscillations was in ~he 

xenon cross section as can be seen in Fig. (III-12). This 

most likely resulted in the linear model being unstable at 

the initial one group estimates. Linearizing the xenon 

burnup increases this term's dominance in the linear model 

and results in a decrease in damping. However the response 

of the power feedback was similiar for both models. 

4.2 CONCLUSIONS 

The most significant flaw of the linear model was t he 

dependance on the nonlinear model for ini~ial con a itions. 

The large area of instability as shown in Fig. (IJI-22) was 

also very detrimental to the linear model~ The initial 

unstable response predicted by the linear model with t he one 

group estimates is completely unacceptable. The feasibility 

of this model will depend on large values 0£ t he power feed-

back coefficient to produce a stable response. 

4.3 RECOMMEN.Q.!li~ 

The initial one group estimates were a g ood ap proxi ~a-

tion for the nonlinear model with optimum values. However 

for the linear model these estimates were unsatisfac t ory. 
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Since the nonlinear model initially provided an e ~cellent 

response with one group diffusion theory estima t es this 

model would be expected to provide equally gcod results for 

general simulation purposes and is recommended over the 

linear model. 

The linear model has serious restricticns that seri-

ously hinder its utilization. The major one is that initial 

conditions for this system must dep~nd on external sources 

(i.e., t.he nonlinear model). This is .in contrast to the 

nonlinear system that can inherently produce its own pertur-

bation. The large variance in parameter values from diffu-

sion theory estimates also prevents this model from applica-

tions for on-line simulation. 

able. 

The final fit of the linear model was, however, accept-

The iterative search between the two models for tr.e 

initial conditions made the linear model unattrac t ive even 

though the model would be ideal for reactor control applica-

tions. Further investigation is suggested into t he linear 

model so that it can incorporate a perturbaticn by overcom-

ing the computer application problem of dividing by zero-

If th i s could be eliminated than the linear model could 

become divorced from the nonlinear system. 
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One method of accomplishing this could te to rewrite 

linear model computer program in FORTRAN instead of 

Besides simplifying the program this would enable 

conditional statements to equate a term to zero i: it is 

being divided by zero. 

Other possible recommendations to improve the response 

obtained from the linear model are: 

1. Increasing the number of regions of tr.e simulated 

core. 

2. Use multigroup diffusion theory as apposed to sin-

gle group. 

3. Represent the spatial distribution with a differ-

ent series reprsentation. 



Appendix A 

GRADIENT OPTIMIZATION METHOD 

The maximum likelihood equation develofed by Cnega (16) 

was 

ax 2 oX 2 att aA 
= --- -

aej O\JI~ o A oV 

where \/It is the calculated 

the sensitivity egaations. 
. --

av dB 
( A. 1) 

dB ae. 
J 

relative flux and aa;aei are 

best estimates fore. were The 
• J 

obtained vhen the norm of the gradient was a minimum, i.e., 

( A. 2) 

As can be seen, minimizing the value of Es. {A.1) will min-

imize the value the Eg. (A. 2). However, since E'-j• (A .. 1) is 

a function _ of the sensitivity equations, then minimizing tne 

value of the sensitivity equations minimizes the value of 

the gradient-

Before each simulation new constants are calculated 

since they are all functions cf ei , which is l:eing varied .. 

If these new values reduce the amplitude of A(t), B{~), ~nd 
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C{t), then their par~ial derivatives will be reduced, i.e., 

if A(t), B(t), and C(t) aren't changing, then their partials 

(the rate of change) are equal to ~era. This produces a flat 

response having a perfect gradient of the chi-square fit. 

The only values that A(t}~ B(t), and C(t) can reduce to is 

zero. This argument holds for the linear system just as 

well as for the nonlinear system. 



Appendix B 
; 

NONLINEAR SENSITIVITY EQUATIONS 

The nonlinear system sensitivity equations are 

dA dA 1 [ 1 ] = - av~ + v 
, 

ae, 

d A oA [14s;s ,ha 2 0°0 2 >] 
:;:: 

I a 02 (jV (8 X 0 a/0 1 B(t)) 

dA dA t(7 'PoLo a0 83 ) ] = 
~8 Xe . 

, 
083 av 

oA aA a·A 
= -- = -- = 0 - , 

d84 ae5 d0 6 

d rJ dA ac 
-= C 11 .x.,-- , 

at ae- a e1 ae1 

and 

a las] a A ac as { ~aA as] - -- . =- b 11 -- +- b 1 2 - - - A1 -- - b 14 2/ 3 - - + --
d t a e i a ei a8i a~ ~1 a e i 

+ 1r / 4 [1 + B d A] }- b 1 4 8 · ~2 / 3 ( A + 9 ) + 1r I 4 A a] .. ae- a e- JI I . 
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8- represents the Kronecker delta and 
ll 

j -= 1, 2, 3, • • • 6. 



Appendix C 

lINEAR SENSITIVITY EQUATIONS 

The linear system sensitivity equations are 

z1 = 
2 2 1/2 

-c11 e1(e1 + e4 B0 ) + c11 e1 ----------------6 2 12 B2
0 

)1/2 · e B0 (e + e4 

2 2 2 ,12 a 
z2 = e6 B0 {e 1 + e4 B) ---

0 a e i · 

x[-c11 e1(e1 2 + e4 B2 {2+ C 11 e f] 

2 1/2 2 
z3 = C 11 e 1 (e1 + e4 Bo) + C 11 e1 

a 
[e6 s:(e1 + e4 B! ) 112 ] , X 

aej 

d[(36 BJ - --~ = 
dt a 01 

d6C 
b12 - y1 - y2 -

( 
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, 

I 

, 

, 



and 
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a~B a 
y1 = {Ax+ 2/3 b14) 8-0 + B d8.(Ax+ 2/3 b14) 

y2-= 

y3 = 

J J 

{b 11 - 2/3 b 14) e 1 a~ B 
. ------------------

Boe6 ael 

• t. (B';_e6 iJ/iJ 0; (b11 - 2/3 ~14) el] 

- el (b11 - 2/3 b14) i!/i!0; (B0
2e6>} /cs! e6 i' , 

2 2 V2 
e6 {e1 + e4 B ) alae -(y6 e4) 

J 
f. 2 2 1/2 ] - e4 y6 o/c30jle6(e1 + e4 Bo) / 

{e6 B~a/aeJe12 + e4 a;{2Cb11 - 2/3 b14)] 

- (e1 2 + e4 s;{2 (b11 - 2/3 b11J) 8/o0j (e6 a!)} y4 = ------ __ 2_4 _______________________ , 
(e6 B0 ) 

y6 e4 
2 2 V2 

(e1 + e4 Bo) (t:11 - 2/3 ~14) 
yS = 

y6 -= { b 1 1 - 2/ 3 b 1 4 - -rr / 4 b 1 4 B ) • 



Appendix D 

THE HOOKE AND ~EEVES METHOD 

The Hooke and Jeeves' method (19), which was developed 

in 1961, attempts to find the most profitable search direc-

tions to minimize the chi-square fit even while constraints 

are applied. The initial values of the variatles are called 

the initial base point, bj and initial step sizes, hj, for 

the respective variables. The function is evaluated at the 

initial base points then each variable is incremented plus 

or minus hi for a particular simulation. If a move is a 

success (reducing the chi-square fit), then tha~ variable is 

replaced ~ith its new increment. If a move is a failure 

then that 

until all 

variable is left 

the variables have 

particular base point. 

unchanged. This 

been incremented 

is con ti,n ued 

around that 

A pattern, or leapfrog move, attempts to speed up the 

search by jumping base points in the direction ~hict has led 

to a decrease in the chi-square fit. If this ~esults in a 

failure, then the nev base pain~ is the old base point 

replaced with the newly incremented variables. When chang-

ing base points does not result in any future success, the 

step sizes are reduced. 
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PATIAMETER OPTIMIZATION OF THE NONLINEAR AND LINEAF XENON 
OSCilLATION MODELS 

by 

Vincent Joseph Mastroianni Jr. 

(ABSTRACT) 

The object of this work was to develop a linear two-point 

reactor model frcm an existing nonlinear model and determine 

optimum parameters for both models in comparison to actual 

plant data. The importance of keeping the ncnlinearity to 

accurately describe the xenon oscillation protlem was also 

examined. The best chi-square fit to the actual test data 

was established as the guiding criterion. 

The nonlinear model initially produced an excellen~ chi-

square fit of 0.708 against plant data. This value could 

only be reduced through parameter variaticn :o 0.695, 

approximately 2l. The linear model resultea in a diverging 

oscillation at the initial one group estimates. Linearizing 

the 3scillatory behavior of the xenon burnup coefficient was 

attributed to the decrease in the stability cf the ~onel. 

The major flaw of the linear mod8l was the defen dence o~ the 

nonlinear model for initial condtions. 
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