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Chapter I

INTRCDUCTICN

1e1 BACKGRCUND

The object of this work was to develop a linear two-
point reactor model from an existing nonlinear model (1) for
xenon-135 induced flux oscillations and determine optimun
parameters for bo*h models 1in comparison to actual plant
data. A computer simulation was ther enmployed on bto<h
models to compare the predictions from these two nmodels
against experimental data obtained from Oconee II nuclear
power station (2) during start-up testing. 4 rnarameter
optimization method was utilized on the two models <=o fit
the generated results with one group diffusicn theory esti-
mates using a chi-square fit while keeping rparameter varia-

tions to a 20% limit.

Xenon-135, recause of 1its enormous thermal neutron
cross section (2.72E+6 barns) and its relatively large fis-
sion yield (0.00237 atoms/fission), 1s the most significant
fissiorn product during operation (3). The fproduction of
xenon in reactors which operate with a thermal £flux in *he
range from 10E+12 to 10E+14 n/cm2 /sec can lead to problems
in core stability {4). Xenon is produced as the result of
the beta decay of iodine-135 and is also prcduced directly

from fission. The iodine is also produced bty fission and hy



the decay of tellurium—-135. Since the tellurium decays
relatively rapidly (half-life of 11 sec) it is possible to
assume that all the iodine is produced directly from fission

(5,6). The xenon production process is shown below:

135 B 135 E 1358 B 135 B 135
Te =acwml T el @ «=e=} 5 -===3 Bpa (s5table).

~N 7

fission

Xenon removal is accomplished through radiative capture
{neutron capture) and by radiocac*ive decay. Ar equilibrium
xenon concentration value will be reached when xenon produc-
tion equals xenon removal during reactor operation. 3ecause
xenon has a longer half-life than iodine and since remcval
of xenon by neutron absorption is lost after reac*tor shut-
down, the peak xenon concentra*ion 1s ocbtained hours after
reactor shutdown and is dependent wupor the crerating flux
level prior to shutdown. The increased reactivity necessary
to overcome this increased concentration cf poiscon is refer-
red *o as xenon-override (7) and determines when a reactor
re-start is possible. The operating xenon effects (flux

oscillations) will be the concern of this work.
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During operation under steady-state conditions with a
spatially uniform flux, the xenon spatial distributiorn is
uniform and constant with tinme. Holding *he power level
constant with an asymmetric flux distribution possibly
caused by a perturbation with control rod movement will
cause a change 1in the spatial distributicn of xenon.
Because xenon loss by neutron capture will decrease in the
region of lower flux, the xenon concentra*ticn will increase
in that region (whichk will introduce negative reactivity)
since the production rate 1is unchanged due to the iodine
concentration before perturbation. Since the total core
power level is being held constant, the flux in the opposite
region will increase, 1lowering the xenon concentra*ion and

adding positive reactivity.

Large reactcr cores can be thought of as several cri+ti-
cal masses which are loosely coupled since +he neu<ron
migration area is small compared to core size (by a fac*tor
of 100 to 1000); this is known as the concept of loosely
coupled cores. Cperating at high power levels, xenon
induced spatial oscillatons are a poteatial prorlem in
large, loosely coupled reactors ({8). Also, the oscillations
are more severe for U-235 fueled reactors than for 7-233
fueled cores operating under the same condizions (9),

because of the smaller production rate of 1I-13S from U-233
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fissione. An intermediate behavior would result with cores

which contain a mixture of these fissionable isotopes.

Looking at the problem in the axial direction (since
this is also the control rod direction) and considering the
top and bottom halves as two coupled cores, the flux will
oscillate between the two. This is because of the different
xenon production and removal rates attributed to the chang-
ing flux levels. This process would continue until new
equilibrium concentrations of xenon and iodine are reacted.
Because of the loosely coupled core, the oscilla*tions could
possibly become unstable (1,4). A stabilizing influence to
balance against the tendency to oscillate is <“emperature
feedback (10). The problems associated with an imbalance in
power density range from uneven fuel burn-up <*o the possi-
bilty of departure from nucleate boiling (1) and clad melt-

100

During initial start-up and power escalation testing
the xenon induced power oscillation measurement is one of
the last of the major core transient tests tha* is conducted
{3)« A xenon oscillation may be initiated ¢ty introducing
equal and opposite perturbations in the absergtion croass
section in the upper and lower halves of +the reac+or core.

This perturbation is accomplished by an inserticn and with-



!
drawal of Jifferent cecntrol rod tanks at the core axial cen-
terline *2 developr a power offset. Verificatior tha+t ale-
quate margins exist to the core thermal lirmics in the pres-
ence of the flux peaking ir the "overpower" reqion can <*hen

te determined using permanently irstalled incore neu*ron

detectOrsSe

Computer generated models could help 1in this area by
determining how closely desicn constrain%s woula Le
approached. The optimization method develcred would ail
further in these model predictions since "acti1al" core nrar-
ameters instead of ore group estimates coulc be utilized,
Safety margins could become less ccnservative and rore rceal-
Ltstic. The nonlirear mocel prcvided sa+tisfactory resules
with experircental data wusing one-group esvtima*es Z0r *“he
rarameters. Considerable varia*ion in these esrtinares were

necessarv to satisiy the linear rodel.

1

1.2 LITERATUER
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One method of treatmen* of xenon osc
as modal analysis (8,11). This me+thod involves expansion of

the linearized stace-dependent kine+*ics equa+ticns -y spa“ial
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modes and then srtudying the harmonics. The ¢
xenon instapility was next exanmined (12) and eventually <his
was exrended *to include a power-dependern* reactivity Ieced-

back sysrten (13).
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This present work is an extension of *he norlinear
nodel developed by Onega and Kisner (14). Parameter estima-
tion involves assigning values to the unknown parameters in
the model on the basis of experimental data. The model is
then said to be "validated" if a required accuracy criterion
can be satisfied when comparing the model with the plant
{15) . Since the xenon model is a functicon of many different
nucleonic parameters, methods of variation of these parane-
ters were examined to improve simulation resgonse. The
method of maximum likelihood was obtained with a sensitivity
analysis performed on only three of these rarameters in
developing a gradient of the <chi-square fit against *he

actual test data (16).

The complete automation of the simulation and optimiza-
tion process was the final goal in sclving thke ©vroblem.,

Methods of optimization that were examined included:

1. One-dimensicnal search (Powell's methecd) (17).

2. The Fletcher-Powell method (18).

3. Direct search methods (19).

Methods one and two were disregarded since they
involved the application of gradients at each evaluation.

These gradients had to be taken with respect to parameters



-
that were not explicit in the method of problerm formulation.
This became very difficult to wutilize in a computer progran
working with implicit and integral functions which are
inherent to the computer simulation language nsed, Continu-

ous Simulation Modeling Program (CSMP) (20,21).

The linear eguations, or as they are sometinmes referred
to, the perturbation eguations, provide the most common
approach to studying the behavior of a nonlinear system in
the neighborhood of a known nominal solution, an equilibrium
poin* {22). Linearizing the nonlinear model reduces its
complexity but at the same time reduces its agplicability to
a small region about this equilibrium point. Principal uses
for the linearized equations are for investigations of sta-
bility, ﬁith the main concern teing whether the spatial flux
oscillation will converge or diverge (23). Both power and
spatial oscillations have been studied for different geone-
tries using linearized theory by Canosa (24). #orking with

the linear equations is not necessarily a trivial task.

1.3  APPROACH

The first question that must be answered 1in parameter
estimation methods is which parameters to vary? Krnown pac-
ameters which are independent of surroundings such as the

half-lives of xenon and 1odine were eliminated. liowever
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their fission yields were varied since they are functions of
neutron energy and are difficult toc measure. A total of six
parameters were varied since they were considered dependent
on operating conditions. Table (I-1) 1lists the paramet*ers
of the system with their initial one-group estimat*tes and

denotes the parameters that were varied.

The direct search method selected was the Hooke and
Jeeves' method (19). This method 1is an advanced pattern
search method in that it is capable of Jjumping base points
in the direction of the optimization gradient. The method
also allows different step sizes for the differen* parame-
ters to be varied as well as an unlimited number of parame-
ters to vary. The method works just as well £cr constrained

or unconstrained optimization fproblems.

The nonlinear model (1), alorng with the sensitivity
analysis with respect to six vparameters tha*t were chosen to
be varied, were written in CSMP. The parameter vec*or was
obtained from a comparison of the experimertal flux against
the model generated flux wusing the wmaximum 1liXelihood
method. An algorithm to simulate the Hooke and Jeeves'
method was developed, tested, and incorporatd into *he mair
CSMP programe By the selection of initial =s*ep sizes for

each of the individual parameters, the location cf Jdifferent



TABLE I-1

Model Parameter Values From QOconee II

Parameter

g, (cm') =
7, %

VA"

1

A {sec))
vZ, (em')
P MW

H {cm)

o (Cii)

One Group
Estimate
-8
2.72x10
0. 395
3.64x10"'®

0.16

0.003
0.061
2.09x10°°
2.87%10°
1.56
2500
365.8

1«53

* Paramneters chosen to be varied

Definition

Xe <cross section
Diffusion Coefficien*
Prompt rower Zfeedback

Macroscoric fission
cross section

Xe fissicn yield

I fissicn yield

Xe decay constant

I decay constant
Neutron fproduction/ca
Operating power (th)
Core height

Avg. absorption
Cross section
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relative minima was possible. The location of the global
minimum for the chi-square fit against *he tes+t« data was
also possible. A minimum was considered glctal if no reduc-
tion in this =®inimum could be found for initial step sizes
up to 100% of the initial value. By placing a limit on the
maximum variation on a particular parameter, the test rela-
tive minimum was Jetermined. Parameter variations were held
to 20% of the 1initial values for the test 1local minirun.
This value was selected since it roughly represents diffu-

’

sion theory accuracye

Beginning with the nonlinear equations a linear model
was developed. This model was utilized to predict only the
response from the perturbation and did not actually incorpo-
rate the perturbationa This was accomplished by expanding
about an equilibrium point in time Jjust after the per*urba-
tion was terminated in the nonlinear model. By analyzing
the linear wmodel response using *he same procedure as the
nonlinear model scme guestions could bte answered. These

included:

1« Does the accuracy of the two models differ unrea-

sonably; and if not,

2. Can the linear model be substituted for the nonli-

near model in reactor simulation?



Chapter IT

MODEL DEVELOPMENT

2.1 BASIC THEORY

A pressurized water reactor (PWR) <core may be approxi-
mated by a right circular cylinder. Neglecting radial leak-
age, the cylindrical shape of the PWR core can be modeled by
a bare infinite slab. This approximation is validated by
including the radial 1leakage through +the radial buckling

term into the macroscopic absorption cross section.

Some of the major assumptions that are made in the
mathematical development with the slab type <core are

repeated here (1):

1. A two-polint kinetics model can describe *the systenm

adequately.

2. Delayed neutrons were considered prcmp* since
their time constant is 2 orders of magnitude less

than the xenon buildup time constan*.

3. Temperature feedback can be assumed to be in equi-

librium and treated as prompt also.

4, The iodine concentration, xenon concentration, anad
neutron flux spatial shapes «can be regresented by
the sum of the fundamental mode and the first har-
monic.

11
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The complete xenon oscillation model would include neu-
tronic as well as the thermal hydraulic effects. The ther-
mal effects, considered prompt (assumption 2), are lunped

through the prompt power feedback parameter, a .

The method for comparison of the model generated data
against plant data was developed as follows; the experimen-
tally measured flux was compared against the mcdel generated

flux at each instant in time during simulation <to obtain

estimates of the chi-square. This chi-square was found by
(25)
2
2 (OCbserved-Expected)
X =3 . (2. 1)
Expected

Y} parameter vector was formed to be utilized 1in the
sensitivity equations (parameters were defined 1in Table

-1,

8 =[6,6, 8, , (2.2)

where
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6 | & O; / C2° ’ (2. 3)
82= D/ D N (2.4)
9.3= a /a° ’ (2.5)
8 = °
\ Zf/Zf g (2. 6)
8 = Y s v° : (2.7)
5 X X -
and
96 = yl / Yl * (2.8)

The superscript indicates the original values of the parame-

ter obtained from Cconee II.

Originally the method developed by Onega (16) ror find-
ing the gradient of the chi-square fit was intended to be
used. A very brief description of this methcd ard why it

could not be utilized is given in Appendix A.
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2.2 NONLINEZAR MOPDEL

The nonlinear xenon oscillation rcéel is described in

detail in the literature (1,14) . To establisk a s*ar<in

n
\Q

point for notation, the time varying amplitudes of *he nor-
malized flux, xenon, and iodine concentrations respectively

were expressed as

\p (z,t) = cos{bz) + A(t)sin(2bz) , : (2.9)

x {(z,%) = cos(bz) + EB(r)sin(2bz) , (2.10)
and

vy (z,%) = cos(bz) + C(t)sin{2bz) . (2.11)

The PwWE core is treated in slab geome*ry and renrceszan=ed hy

two poin=s ana b= w/H,

1

The product of the peak s*eady-s*tate values 2f <the
£lux, xenon, and iodine concentrations ani +<heic *ime vary-

ing amplitudes were respectivelv represented as

b (z,%) = QY iz,t) (2.12)



X {z,t) = X, x(z,t) , {(2.13)

and

I (z,t) = I, y{z,t) - (2. 14)

The coefficients of the first harmoric A{t), B(%), and
C{t) were obtained by integrating over the two halves of the
core. The xenon and iodine differential equations in terns
of these coefficients and in terms of the elements of the

parameter vector are

as o, I, .
- = |7, 2, =2 ae) ¢ M=) -xee)
dr Xo Xo

(2.15)
- (% P9 (2/3 (A + B) + T/ 4 A B) ,
and
dc o,
— = |y, Z¢== |A(t) = X\, C(t) . (2. 16)
dt y

where I, and X. are the peak steady-state values £or the

iodine and xenon concentrations resepctively. Trhe steady
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state flux &, was determined from the ocrerating power

level, The other parameters are defined in Takle (I-1).

The expansion coefficient for the flux carn be deter-
mined from the diffusion equation and after some algebraic

manipulation is exrressed as

A(t) v =/ ve+ 1 (2.17)

where

(457%802D = X, 0, + T, a Z4)
5 S - (2.18)
(8X,0¢ B(t) )

The system sensitivity equations, which represen* how sensi-
tive the dependent variables A(t), B{%t), and C(t) are to a

change in a particular parameter %, are

aA/aej ‘aj(ﬂ(t):B(t)) =1,2,--.,6 , (2.19)

08/08,= £,(04/06, ,08/06 ,0C/06 ,A(%),B(%), (2.20)

and
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3C/06;= £ 0B ALY ,9C/36)) - {2.21)

The complete equations are listed in Appendix B.

2.3 LINEAR MODEL

Beginning with Egs. (2.15 - 2.17), the linear model was
developed by first substituting A(t) into Egs. (2. 15) and
(2.16) . This was done to reduce the equations to functions
of B(t) and C(t)a. Rewriting A(t) with Eg. {2 18) substi-

tuted for v, i.e. going back to the original variables,

gives
el -V/e12+ eld B(t)2
A(t) = =——- (2.22)
e6 B(t)
where
et= B - B, , (2.23)

2

ol [(614/1571' 7 Xg)/ zf] , (2.204)

"
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et

(64/157 0% X,)/ %, : (2 25)

[ 4Db% + «5(Zqt 21,23 + 32/157 (o, X

B

{2.26)
# 3Q¢OZ°)]/ z, ,

and

1}

2
[Db + aS(ZFZ,) ¢t 8/37 (o X

B>

(2.27)
+a¢ozu)]/ o .

The constants named above correspond to their definitions 1in
the actual computer progranm. Substituting Egq. (2.22) into

Egs. (2. 15) and (2.16) gives

ic  c11(e1l -—\/e120 el B(t)%)
- g R W L (2.28)
dat et B(t) "
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and
aB
— = b12 C(t) = (x +2/3 b14)B(t)
dt X
(2.29)
(b11 =273 b14 - /4 b11 B) (e1 =~/eP+ ot B9
+ = T,
e6 B(t)
where
b11 = (%3 ¢, /X ) (2.30)
b12 = (X, I/X ) (2.31)
b14 = ( % P, ) (2-32)
cli= (nZ /L) - (2.33)
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The algebkraic manipulations performed aktcve on thke

a
1
C
o]
|

linear model made <+his system of equat+tions suirable for
linearizing by elimina*ing A(%). Cne oI ths most useful
formulas in the analysis of nonlinear eguaticns 1s the Tay-
lor series expansion (22). The Taylor expansion of a furnc-—-

tion of twn variables B and C is

Of
£(B_+AB,C, +AC) = £(B_,C ) + —=| AB
28,
. (2.34)
3 f 1 9f|
4"---.AC+.---'-AB+.SO -
8¢ 2! 3B
Q Q

It is normal in perturba*ion +thecry analysis (22) +o eliai-
nate all <erms higher than first-crder and reduce Z.7. (2.34)

to

ot 9f
£(B, *AB,C +aC) = £(B_,C ) + ———|AB + -=--|AC (2.35)
d Bl - N o I
Yow B{®) and C(%) are represented by
3{t) = B +AB(*) (2. 3%)

and
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C{t) = C_+AC(t) . (2.37)

Following this procedure the lipearized forms of Egs.

{2.28 and 2.29) becane

2 2 2
daC -cl1-el(el+ ed4 B,) + cll.e
—— - = - AE
dt €6 Bo(el + el B,)
(2. 38)
dc
= & BC # ==
at |,
and
dAB
== = Db12 AC = ( A4+ 2/3 b14) AB
dt
(11 - 2/3 b14 - T,/4 b14 B,) el
e6(e12+ el Ez,c,)'/2
(2. 29)

(e + es B?) E——
e6é B,

. (b11 - 2/3 b1ly)
AE

(b11 = 2/3 b1u)e1 iR
- s AB + --|.
e6 B, dt|,




22
Since the solution of the linearized concentrations are in
effect oscillating around B, and C_, it was imperative that
these constants are evaluated correctly. B, and C, were
found by setting Egs. (2. 28) and {2.29) equal to zero.
These values were found to equal zero for the steady-state
homogeneous case. This was the expected result since for a
uniform and unperturbed core the omnly possitle spatial dis-

tribution is a pure cosine.

A quick way of determining if A, , B C and A(t),

o? of

B(t), and C{*t) were reasonable was that they must lie in the
interval from -1 to #1 to keep a positive srpatial distribu-
tion in Egs. (2.9 - 2.11). The zero soluticn for the steady
state values was the only solution that was in this inter-

vala.

The nonlinear computer model simulation began at time
zero and lasted to time 53.5 hours. The per*urbation was
initiated at time 10.0 hours and lasted for 2.5 hours while
normal operation was simulated from time zerc to the time
that the perturbation was initiated to assure that steady
state conditions were satisfied. However the linear model
had to be started at time 12.5 hours, just after the pertur-
bation was terminated. With the zero steady state condi-

tions the linear model computer simulation would diverge for



all time except during the <time of the pertucbation since

roe

D

the 1linear model as written had <he differcnce oI =i
absorption cross sections plus 3, in the dencaminator, which
of course would be zero. The values of A(*), 2(=), and C(=)
at time 12.5 hours obtained from *he nonlinszar nodel were
u<ilized in +the linear nodel as initial conditicns. Initial
conditions on the inteqgrals conmpensated faf the difference
in the nonlinear A (%) and the linear A, a*t 12.5 hours. To
incorporate 1in *he 1lircear nodel program *he abili-y of
dividing by zero wculd more *than double *the size of the pro-

gram and increase running time substantially.

Iritial conaitions for the AB(12.5) ard AC(12.5) were

found from rearranging Egsa. (2.36) arcd (2.37) for rime 12.5

hours:

A 3B3(12.5) = B(12.5) = by, = B(12.5) (2.40)
and

AC(12.5) = C(12.5) = C, = C(12.5). (2.471)

The sensitivity analysis was cex= pnericrapei Zor comuarc-
ison purposes in the same nanner as was doae -0 <=hie nonli-
near model excebrt rnow A{n) was elimina*eil =exriici=ly Z-onm

*he system. These equations are presented ina Apcendiix C.
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A description of the Hooke and Jeeves' me+thod 1is
sented in Appendix D. This optimization method was
compatible for prcgramming and was easily arrlied to
problem since it allowed different step sizes for <he

ferent parameters teing varied.

FTe-
very
the

aif~



Chapter III

SIMULATIOU RESULTS

3.1 BACXGROULD

The Oconee reac=tor had teen orverating awt 7%% of full
power a*t egquilibrium conditions prior to perturba<ion. Tr=
average thermal flux at this power level was calculated *o
be 2.0E2+13 n/cm2 /Sec. A sequence of rod movements was ini-

tiated to induce axial xernon oscillations while deboration

t
r1

rodés were

(o

was used to maintain «cri*icalit*y. Contro

later. A

ul
m
O
(=

returned to their original positions 2.

-

[#]

reactiviry change of 0.18% AK/K had resultad due *o the rod
movement. The reacrivty change was transla*ed iato an ove-
rall absorption cross section ty boron additicn. Z2oron con-
centration calculations indicated *the 0.18% Ak/L was equiva-
lent to a 0.25% change 1in absorption cross section. The
normalized oscillation produced at +he plant 1is slkown ir

Fig. (III-1).

The CS¥2 moael «aeveloped was executel on rthe Virgirnia

Tech ccnmrputer system consisting of an IEM 270/71%¢€. A rec-

tanqular pulse equivalent to a 0.25% «changc in absortion

o]

1a for 2.5 hours was veced +o iri-

[

ate

»

1

cross sec=ion and lasti
the oscillations. The 0.25% change was used *c also remi2in

consisten* with the nonlinear rodel cdeveloned (1).
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3.2 NONLINEAR MODEL RESULTS

The nonlinear model produced extremely good =rCesults
with a chi-square fit of 0.7082 using diffusicn theory esti-
mates. This value could only Fte reduced to 0.€951 through
optimization for the best local minirum. However, even when
the global minimum was searched for, the same cptirum point
was establishede As can be seen from Takle (III-1) the ini-
tial step sizes for the individual parameters were gquite
large when searching for the global minimum. The sare mini-
mum was accomplished with step sizes <c¢f 1,100 of those
listed in Table (IITI-1), <confirming the possibili*y of <*his
minimum being global. These results indica*te that the ini-

tial diffusion parameter estimates are very good.

However, in keeping with the criterion of onrly allowing
a 20% maximum change from diffusion theory estimates in any
particular parameter, there is a difference Le*wesn this
global minimum found and the local minimum that is recuired.
Holding 7, to a maximum 20% change groduced a £it of
0.6995 and did not result in changes for the c<her optimunm

values listed in Table (III-1).

Figqure (III-2) shows a comparision of <the nonlinear
model results calculated using the 1initial one group diZfu-

sion theory estimates against the ac*ual plan* oscilla%ion.



28

TABLE III-1

Nonlinear Model Cptimum Values for Gloktal Minimunm

Parameter

18 2
o, x10  (cm )
D (cm)

16 2
a x10 {cm - sec)

z

-

¢ (cm )

Initial
Step Size

0.0005

0.005

Optimum

0.0046

0.0€61
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Figure (III-3) is a comparisor the actual plant da*a against
the globally op*imized ronlinear model. There is no drastic
difference in the two figures since their was no*t nuch dif-
ference in the prarameters used between the two simula<ions.
The noticeatle difference is that tke reak at 37 lrours 1is

centered for the optinum simulation.

Plots of the sensitivity ejquations, which are given in

Avrpendix B, are rresented in Figs, (III-4 to III-%). As can

be seen from Fig. (III-4) the nonlinear wodel is predonmi-
nantly sensi*ive *o changes in o, tecause of the wide vari-
ation of aB(t)/aaJ . In fact, because of the ini*ially low
chi-sguare fit and the higk sensitivity of fhe model to “his
parameter it did no* have to be changed ror og=imization.
At the optimum values, a 0.57% increase in the Xenon <rCOSsS

section resulted in a C.6% increase in the assoaciazed chi-

sguare fit.

It nust be stated at this +*ime <ha+* *fFe sinularted
results were not ccrrec*ed for offset as was done ir previ-
ous work (1). The correc= offset was 1.03 or 23¥ of what was
utilized. This is the only correct method that can te used
for gereral sinmula<%ion purposes since the model will he u=i-

lized to predict resvonses for rer+turbations *hat occur in

o

the core during operatior. The purpose of thiis worx wis o
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match the actual data by varying nucleonic parameters. b s 3
the nonlinear model 1is to be used to simulate a particular
plant with a known offset, then the offset can be incorpo-
rated into the model. In fact, the particular offset only

has to be added to the results before they are cutputted.

The value of Q@ represents a negative power feedback
coefficient. Negative power feedback limits local power
peaking and stabilizes the system +o produce a converging
oscillation {23). Since the initial amplitude of the oscil-
lation matched the experimental data very well, again not
considering offset, <the feedback parameter a did not vary
from its initial estimate. As can be seen frcm Fig. (ITI-§6)
the feedback term is the second most sensSitive parameter to

the nonlinear model.

The period of the optimum model was decreased 2% for an
improved <fit against plant dataa This was accomplished
through a 53% increase in the rate of production of xenon
atoms from fission. However at the same time +thke macro-
scopic fission cross section was reduced 12.5% and the dif-
fusion coefficent 1increased 2.5% to increase neutron leak-—
age. Because of the increased leakage, the rate of xenon
‘production changed drastically to produce a change 1in res-
ponse since the model was not sensitive tc the xenon produc-

tion term as can be noted from Fig. (III-8).
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This work supports the analysis presented ty Xisner (1)
since his parameters differ little from the optimized nmodel.
One parameter o, , which was not varied 1in that anaylsis,
just happens to be the most sensitive 1in the nornlineac
model. The nonlinear model was run at the ortimum parame-
ters with o, varying in 4% increments to determine stabil-
1Y The model was stable for all values teslow 2.72E+6
barns and up to 3.02E+6 barns. At 3.02E+6é6 rarns the nodel
produced an undamped oscillation while values akbove this
produced diverging oscillations for the optimized —rarane-

terse.

3.3 LINEAR MCDEL
Solving Egs. (2.25) and (2.2¢6) for the steady-state

conditions produced

BQ = OOO [ 4
and C_, = 0.0 -

From the nonlinear model the coefficients for the initial

simulation at time 12.5 were

A(12.5)

-0.1645 ’
B(12.5)

0.0890 ’
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and C(12.5) = -0.0661 -

The initial conditions for the 1linear model were determined

from Egs. (2-40) and {2.41) and were found to te

-0.1645 ’

A A{12.5) =
A B{12.5) = 0.0890 ’
and A C(12.5) = =0.0661 .
The initial simulation of the linear model, with the

one group diffusion estimates, produced a slightly diverqging
oscillation as shown in Figea (III-10). The amplitude of
this oscillation was, hovever, approximately three times too
large and the period was increased 18%. The chi-square fit
of this result was 36.24. Through parameter optimiza+tion,
the best chi-§quare £it, vhile keeping parameter variaticn
to a maximum 20% change, was 3.53. Table (III-2) 1lists
these constrained optimized parameters while the response
produced is shown in Fig. (III-11) . Figures (III-12 to
III-17) show the sensitivity analysis of the linear model at

this local optimum point.

In continuing the optimization process for a reduction

in this minimum, the xenon and iodine procduc*icn terms were
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TABLE III-2

Linear Model Cptimum Values

Parameter

8
c-'xx10I {cmz)
D {cm)

16 2
a x10 (cm - sec)

2

Z (cm)

Y

X

f

74

Optimunm
Value
2.645
0. 405
3.652
0-..135
0.0024

C.0u88

% Change

2.8

2.5

15.6
20.0

20.0
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the only two terms that changed frcm the rprevious optiaunm
values. For this unconstrained search Y, was equal to
0.0005, an 83% change, and 7 vwas 0.046, a 24% change from
the initial one group estimatesa The chi-square fit for
these parameters was 3.19 and the oscillation produced is

shown in Fig. {III-18).

The oscillation produced in Fig. (III-18) <came closer
then initial estimates to matching the first half cycle of
the plant data, especially the amplitude. However there
resulted a sacrifice in the period of this oscillation and a
overdanping of the response. For simulation +times lornger
than were examined, this oscillation would Jdie much <oo

-rapidly for practical considerations.

Wwhen comparing +the respective sensitivity analysis
plots between the linear and the nonlinear mcdels, a phase
shift in period was noticed between the first three plots of
each model. An unconstrained optimization attempt was next
performed while varying only these three parameters: o, , D,
and @ . This was attempted in order to compensate for the
incorrect period of the linear model. It was al3o suspected
that there was a competing process between ccgrrecting the
amplitude against correcting the periogd. This attemp*

yielded surprisingly good results. The correc+ gperiod was
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obtained and the <chi-square fit was reduced tc 1.86. The
resulting simulation is shown in Fig. (III-19). The f£inal
values for the three parameters varied were:

-18 2
o,= 3.91 x 10 cm ,

(w ]
]

~458 ¢cm ,

-16 2
and a = 5.64 x 10 cm - sec

while other values remained at their one grour estimates.

The next attempt proved fruitless at varying the last
three parameters Z;, ¥, , and 7, while keeping the first
three parameters at the above values. No reduction in the
chi-square fit was obtained while keeping these 1last three

parameter values positive.

The concern of the starting point for the linear moiel
beingy fixed at time 12.5 hours can now be addressed. The
linear model was only examined for the resgcnse predicted
after pertubation, not during the time of the perturbation.
The optimization rprocess for the 1linear model worked very
well for €£i+ting the linear model oscillaticn agains%t the

actual oscillation; however, 1t could not correc=t for the
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starting point which was fixed due to the zerc initial con-
ditions. The correct values at time 12.5 hours for *he non-
linear model were not necessarily the correct values for the
linear mcdel for the same time because of the differences in

the two models and the wide variance in parame*er values.

In an attempt to correct for the offset produced fronm
the initial conditions, the nonlinear model was run with
each iteration using the optimum values obtained <£from the
linear model. This iterative process 1is shown in Fig.
(ITI-20) . The linear model was then cptimized with these
new initial conditions. This iterative process was contin-
ued until no significant change was noticed in *he s*arting
conditions. The final values for the starting conditions

were found to be

A{12.5) = -0.0788 ,
B(12.5) = 0.0677 ,

The resulting simulation of the linear model with the

corrected initial conditions is shown in Fig. (III-21). The
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chi-square fit for this response was 1.04, a 50% increase
from the nonlinear optimum fit. The values for this optimunm
point, which can be considered glcbal, are listed in Table

{1331~3] &

Since temperature feedback is the daminating effect ir
determining system stability (23), a was varied ‘while the
other parameters were kept at the values used 1in the above
simulation, Fige (III-21). The transition to stability, the
stable oscillation, was found to occur when o was equal to
4.6E-16 ca° - sec. Increasing the temperature <£feedback
further resulted in additional damping of the response. The
period at this point was 31 hours, precisely that obtained
by Canosa (24). The stable oscillation for the nonlinear
model at the same thermal flux level was found to be approx-

imately 27 hours by Kisner (1).

The linearized xenon equations are used principally for
investigations of stability. Variations in the f;ux have a
strong influence as to whether a system is stable. The
simulation of the 1linear model was performed while varying
the average steady state thermal flux and the power feedtack
coefficient to determine the stability zones of <the nodel.
Figure (III-22) presents the resulting stability map. The

stability map compares very well with the statility curve
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TABLE III-3

Linear Model Optimum Values (Global)

Parameter Optimum % Change
Value
18
o, x10° (cn’) 3.973 50.0
D (cm) 0.453 14.7
16 2
a2 x10 ({(cm - sec) 5.633 Su.7
=, (ca') 0.173 8.1
7, 0.0037 23.3

Y 0.0€6 8.2
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for the nonlinear model (1) when the limit cycle (a cons*ant
cycle) is considered unstable. These results also are sim-
iliar to the stalbility regions predicted bty Canosa except
that the maximum power feedback coefficient for stability
wvas to occur at a lower flux level 1in the 1linear model.
This can be attributed to particular reactor parameters,
especially reactor dimensions as mentioned by Canosa.
Canosa does predict an unstable response for the iritial one

group estimate of o and thermal flux.



Chapter IV

CONCLUSIONS

4.1 SUMMARY OF RESULTS

The nonlinear xenon model was transformed into a linear
model by linearizing the power reactivity feedltack and xenon
feedback terms. One purpose of this work was to examine the
effects that this would produce. The advantéges of working
with a linear amodel for control applications are numerous.
A linear system representation is greatly simplified by the
use of Laplace transforms and frequency domain techniques

which are the basic methods in <classical control systems

analysis.

Linearizing the two terms mentioned abtcove produced a
noticeabie change in the accuracy of the pericd and drastic
differences in the aﬁplitude of oscillation for one group
estimates as can be noticed when comparing Figs. (III-2) to
{III-10). In fact, the linear model is unstable at the
one-group estimates as compared to a stable response from
the nonlinear model. A summary of results ob*tained are pre-
sented in Table (IV-1). Even when the linear model was sta-
ble the amplitude of oscillation was approximately tkree
times 1larger but produced an acceptable pericd. Zvery
attempt to reduce the amplitude resulted in a response sim-

iliar to Fig. (IITI-18), a highly overdamped systen.

61
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TABLE IV-1

Summary of BResults

Period
(Hours)

30.0

{Diffusion Theory)

Initial
Nonlinear Model

20% Variation in
Nonlinear Model

Global
Nonlinear Model

Initial
Linear Model

20% Variation in
Linear Model

Global
Linear Model

28.5

28.3

28.0

33.0

28.5

0.7082

0.6995

0.6951

36.24



63

The competing effects for stability are xenon burnup
(destabilizing) and reactivity feedback (stabilizing). The
greatest variance in the sensitivity oscillations was in *the
xenon cross section as can be seen 1in Fig.. (III-12). This
most likely resulted 1in the linear model teing unstable at
the 1initial one group estimates. Linearizing the xenon
burnup increases this term's dominance in the 1linear model
and results in a decrease in damping. However the response

of the power feedback was similiar for both mcdels.

4.2 CONCLUSIONS

The most significant £flaw of the linear nmodel was the
dependance on the nonlinear model for ini*ial conditions.
The large area of instability as shown ir Fig. (III-22) was
also very detrimental to the linear nmodel. The 1initial
unstable response predicted by the linear model with the one
group estimates is completely unacceptable. The feasibility
of this model will depend on large values of the power feed-

back coefficient tc produce a stable response.

4.3 BECOMMENDATIONS
The initial one group estimates were a gocd approxima-
tion for the nonlinear model with optimum values. However

for the 1linear model these estimates were unsatisfactory.
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Since the nonlinear model 1initially provided ar excellent
response with one group diffusion theory estimates this
model would be expected to provide equally gccd results for
general simulation purposes and 1is recommended over the

linear model.

The linear model bhas serious restricticns that seri-
ously hinder its utilization. The major one is that initial
conditions for this system must depend on external sources
(i.e., the nonlinear model). This is in <contrast to the
nonlinear system that can inherently produce its own pertur-
bation. The large variance in parameter values from diffu-
sion theory estimates also prevents this model from applica-

tions for on-line simulation.

The final fit of the linear model was, however, accept-
able. The iterative search between the twc mcdels for the
initial conditions made the linear model unattractive even
though the model would be ideal for reactor ccntrol applica-
tions. Further investigation is suggested into the linear
model so that it can incorporate a perturbaticn by overcom-
ing the computer application problem of dividing by zeroa
If this could be eliminated than the 1linear model could

become divorced from the nonlinear systenm.



65
One method of accomplishing this could te to rewrite
the 1linear model computer program in FORTRAN irnstead of
CSMP. Besides simplifying the program this would enable
conditional statements to equate a term to zero if it is

being divided ly zero.

Other possible recommendations to improve the response

obtained from the linear model are:

1. Increasing the number of regions of tke simulated

COre.

2. Use multigroup diffusion theory as opposed to sin-

gle groupe.

3. Bepresent the spatial distribution with a differ-

ent series reprsentation.



Appendix A

GRADIEZNT CFTIMIZATION METHOD

The maximum likelihood equation develored by Cnega (16)

was
2 2 c
X~ ax" oY ar av 4B
—_— = =Ll e — e —- (R. 1)
c
96, dy, 94 oV 4B 69).
where \Mc is the calculated relative flux ard 43/46, are

the sensitivity equations. The best estimates foraj Were

obtained wvhen the norm of the gradient was a minimum, i.e.,

Min {“VXZH}= Mm{ SZI %%T }for att 6, j=1,8. (.2)

As canrﬁe seen,-minimizing the vélue of Eqg. (A.1) will min-
imize the value the Eq.“(A.Z). However, since Ey. (A1) 1is
a function of the sensitivity equations, then minimizing the
value of the sensitivity equations w@minimizes the value of

the gradient.

Before each simulaticn new constants are calculated
since they are all functions cf Gj , Wwhich is Eteing varied.

If these new values reduce the amplitude of A(t), B(%), and

6€
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C(t), then their par*tial derivatives will te reduced, 1i.e.,
if A(t), B(t), and C(t) aren't changing, then their partials
(the rate of change) are equal to zero. This produces a flat
response having a perfect gradient of the chi-sgquare fit.
The only values that A(t), B(t), and C(t) can reduce to is
Zero. This argument holds for the linear system Jjust as

well as for the nonlinear systen.



Appgpdix B

NORLINEAR SENSITIVITY EQUATIONS

The nonlinear system sensitivity eguations are

JA oA 1 1
-—— = e emen  a—— ———— Y ’
36, av 6, | 8 B(Y)

34 A [(&5/8 myH2 D°92)]

28

av | (8 X, aof B(t) )

3A  9A [(7 $oZa a° By )}

283 v L8 X, 2§ B(t) )

<

a2 3A  JA
—:-—---——:O: o

g, 36 36,

d |9C dA ac
— =] = c11 == = \--

and

aal ael 0 | ] aa)—

/4 |A a_B_ B d--A b14 3 2/3 g Bﬂv
+ T + - . A+B) + 4 A

d [38B gA ac 38 A 9B
—|-- b1l == + b12 — = A= = bM{Z/El g + -
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The SJ.I represents the Kronecker delta and

j = 1' 2' 3' © o = 6-



Appendix C

LINEAR SENSITIVITY EQUATIONS

The linear system sensitivity equations are

diaaCl- dAB (z2 + z3) B dAC
dt | 9; 9 9; e6 B, (el + el B,) d 6j

2 2 112
-c11 el(el + ed B ) + c11 el

21 = - - ’
e6 B (et + es B2)/2

2 2 2 /2
z22 = eb B, (el + el B ) A

a8i

x[—cﬂ e1(e1’+ et 8212 c11 e12] ,

2 2 1/2 2
z3 = c11 el(el + e4 B,) + c11 el
X -Q- [es Bi(el + el Bf)vz],
a9
d[3A B 9 AC aAB
o] s | & PJL e = Y = y2 =~ B{y3d = y4) ~ ¥5 =,
atl 56 98, 96,

70



71

1= A 2/3 bl4 a-—-B B -a-- 2/3 b14)
< ¥ + +

{b11 - 2/3 b14) el QAB
y2 = - -

Boeb 69,

*AB{[ (B°e6 3796 (b11 -~ 2/3 b1u)e1

- e1{b11 - 2/3 b14) a/ae {Bo eé)}/(‘so eé \ "

2 2y2
y3 = eb{el + el B ) a/agj.(yG ed)

2 2 2
- el y6 a/aej{es (e12+ el Bi)vz]/ e6(el + ed B ),

{ea Bia/ag[(m + et B2Y2(b11 - 2/3 Mu)]

- (e?+ et B3 % (v11 - 2/3 b1%) a/3g; (e6 Bo)}

Y4 = e ’
(eé Bo)
y6 el (e12+ el Bzo)vz(bﬂ - 2/3 h14)
i ebé (e12+ ;a ,Bzo),/z- T ;6 EE----“-‘----"
and
y6 = (b11 - 2/3 b14 - /4 b14 B ) .



Appendix D

THE HOOKE AND JEEVES METHOD

The Hooke and Jeeves! method (19), which was developed
in 1961, attempts to find the most profitaktle search direc-
tions to minimize the chi-sguare fit even while constraints
are applied. The initial values of the variatles are called
the initial base point, b; and initial step sizes, hj, for
the respective variables. The function is evaluated at the

initial base poin*s then each variable is incremented plus

or minus h;

j for a particular sinulation. If a move 1is a

success (reducing thke chi-square fit), then that variable is
replaced with 1its new increment. If a move is a failure
then that variable is left unchanged. This 1is continued
until all the variables have been incremented arournd that

particular base point.

A pattern, or leapfrog move, attempts to speed up *he
search by jumping base points in the direction whict has led
to a decrease in the chi-square fit. If this results in a
failure, then the new base point 1is the <¢ld base point
replaced with the newly incremented variables. when chang-
ing base points does not result in any future success, the

step sizes are reducede
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PARAMETER OPTIMIZATION COF THE NONLINEAR AND LINEAEFE XENON
OSCILLATION MODELS

by

Vincent Joseph Mastroianni Jr.

(ABSTRACT)

The object of this work was *to develop a linear *two-point
reactor model frcm an existing nonlinear model and determine
optinum parameters for both models in comparison *o actual
plant data. The importance of keeping the ncnlinearity *o
accurately descrite the xenon oscillation proktlem was also
examined. The best chi-square fit to the actual test data

was established as the guiding criteriorn.

The nonlinear model initially produced an excellent chi-
square fit of 0.708 against plant data. This value could
only be reduced through parameter variaticn =zo 0.695,
approximately 2ie The linear model resultec in a diverging
oscillation at the initial one group estimates. Linearizing
t*he ascillatory behavior of the xenorn burnup ccefficient was

attributed to <+he decrease in +the stability cif +the model.

|2

The major flaw of the linear model was the dependence on the

nonlinear model for initial condtions.
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