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Vibration and Aeroelasticity of Advanced Aircraft Wings Modeled as
Thin-Walled Beams

–Dynamics, Stability and Control

Zhanming Qin

(ABSTRACT)

Based on a refined analytical anisotropic thin-walled beam model, aeroelastic instability,

dynamic aeroelastic response, active/passive aeroelastic control of advanced aircraft wings

modeled as thin-walled beams are systematically addressed. The refined thin-walled beam

model is based on an existing framework of the thin-walled beam model and a couple of

non-classical effects that are usually also important are incorporated and the model herein

developed is validated against the available experimental, Finite Element Anaylsis (FEA),

Dynamic Finite Element (DFE), and other analytical predictions. The concept of indicial

functions is used to develop unsteady aerodynamic model, which broadly encompasses

the cases of incompressible, compressible subsonic, compressible supersonic and hyper-

sonic flows. State-space conversion of the indicial function based unsteady aerodynamic

model is also developed. Based on the piezoelectric material technology, a worst case

control strategy based on the minimax theory towards the control of aeroelastic systems

is further developed. Shunt damping within the aeroelastic tailoring environment is also

investigated.

The major part of this dissertation is organized in the form of self-contained chapters,

each of which corresponds to a paper that has been or will be submitted to a journal for

publication. In order to fullfil the requirement of having a continuous presentation of the

topics, each chapter starts with the purely structural models and is gradually integrated

with the involved interactive field disciplines.
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w0, φ, θx; ŵ0, φ̂, θ̂x dimensional; non-dimensional rigid body translations in z direction,
rotation about the reference axis and transverse shear measures of the cross-section,
respectively

XT transpose of the matrix or vector X

Xr×s an r × s matrix X

Ψu, Ψv, Ψw, Ψφ, Ψx, Ψz admissible shape functions (Eq. 1.26)∫ b

−b
,
∫ 1

−1
dimensional and non-dimensional airfoil integral, respectively

Im×m identity matrix with order m

Xm×n X is a m × n matrix

(µ12, µ13, µ23) Poisson’s ratios of orthotropic materials in material coordinate system

(θx, θz, φ) rotations of the cross section with respect to x, y, z axes, respectively(Fig. 1.2)

(u0, v0, w0) 3 rigid body translations along x, y, z directions, respectively (Fig. 1.2)

CAS circumferentially asymmetric stiffness, lay-up configuration

CUS circumferentially uniform stiffness, lay-up configuration

DFE dynamic finite element approach

xxii



Chapter 1

On a Shear-Deformable Theory of
Anisotropic Thin-Walled Beams:
Further Contribution and Validation

Abstract

Within the basic framework of an existing anisotropic thin-walled beam model, a cou-

ple of non-classical effects are further incorporated and the model thereby developed is

validated. Three types of lay-up configurations, namely, the cross-ply, circumferentially

uniform stiffness (CUS), and circumferentially asymmetric stiffness (CAS) are investi-

gated. The solution methodology is based on the Extended Galerkin’s Method (EGM)

and the non-classical effects on the static responses and natural frequencies are investi-

gated. Comparisons of the predictions by the present model with the experimental data

and other analytical as well as numerical results are conducted and pertinent conclusions

are outlined. This work is the first attempt to validate a class of refined thin-walled

beam model that has been extensively used towards the study, among others, of dynamic

response, static aeroelasticity and structural/aeroelastic feedback control.

0A slightly different version of this chapter has been submitted to the Journal of Composite Structures
for publication
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1.1 Introduction

Stimulated by the vast potential advantages provided by new composite materials, the

anisotropic composite thin-walled beam structures are likely to play a crucial role in the

construction of actual and future generation of high performance vehicles. The extensive

research activities related to the thin-walled beams in the past have covered a broad range

of domains such as aeroelastic tailoring [18, 25], smart materials/structures [15, 22], as

well as the theoretical issues prompted by the multitude of the unusual effects inherent

in this kind of structures. It is more than sure that this research trend will continue

and get intensified in the years ahead. Among the unusual effects of the composite thin-

walled beam structures, those contributed from warping and warping restraint [2, 9, 11,

17, 26, 27], transverse shear strain, 3-D strain effect [2, 10, 26, 33], and non-uniformity

of the transverse shear stiffness within the structure [2, 9, 26], have been identified to

have significant influence on the prediction accuracy of the models. Due to the complex

influence of these non-classical effects, it is vital to validate the related models. In fact,

during the last two decades, a number of analytical models for thin-walled beams have

been proposed in specialized contexts and validated either numerically or experimentally

[1, 3–5, 8, 10, 11, 26, 31, 32]. On the other hand, a refined thin-walled beam theory

originally developed in [17, 27] has been extensively used for the study, among others, of

dynamic response/structural feedback control (see e.g., [12–16, 19, 22, 27, 29]) and static

aeroelasticity [14, 18, 27, 30]. However, for this beam model, no validation against the

experimental and analytical predictions provided by other models of thin-walled beams is

available in the literature. Moreover, the 3-D strain effect, the non-uniformity of contour-

wise shear stiffness have not been accounted for in the model. In this chapter, a refined

thin-walled beam model that is based on the previous work in Refs. [2, 17, 27] is developed

and validated against the available data from experiments, finite element method and

other analytical models. In order to be reasonably self-contained, the basic elements of

the formerly developed theory to be used will be presented next. For more details on the
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former model, the reader is referred to Refs. [2, 17, 21, 27, 29].

1.2 Basic Assumptions

A single-cell, closed cross-section, fiber-reinforced composite thin-walled beam is consid-

ered in the present chapter. For its geometric configuration and the chosen coordinate

system that is usually adopted in the analyses of aircraft wings, see Figs. 1.1 and 1.2.

Towards its modeling, the following assumptions are adopted:

(1) The cross-sections do not deform in their own planes, i.e., no inplane deformations

are allowed;

(2) Transverse shear effects are incorporated. In addition, it is stipulated that transverse

shear strains γxy and γyz are uniform over the entire cross-sections;

(3) In addition to the warping displacement on the contour (referred to as primary warp-

ing), the off-contour warping (referred to as the secondary warping) is also incorpo-

rated;

(4) In order to account for the 3D effect of the strain components within the cross-section,

it is assumed that over the entire cross-section, σnn is negligibly small when deriving

the stress-strain constitutive law [2, 10]. The hoop stress resultants Nss and Nsn are

also negligibly small when compared with the remaining ones;

(5) The deformations are small and the linear elasticity theory is applied.

It is noted that based on assumption (1), strain εnn, εss, γns should be zero for each

cross-section, but as reported in [10, 33], this assumption will result in over-prediction

of stiffness quantities. As an alternative, it is assumed that the corresponding stress or

stress resultants are zero. This is the essence of assumption (5).
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1.3 Kinematics

Based on the assumptions mentioned above, the following representation of the 3-D dis-

placement quantities is postulated:

u(x, y, z, t) = u0(y, t) + zφ(y, t); w(x, y, z, t) = w0(y, t) − xφ(y, t); (1.1a)

v(x, y, z, t) = v0(y, t) + [x(s) − n
dz

ds
]θz(y, t) + [z(s) + n

dx

ds
]θx(y, t) − [Fw(s) + na(s)]φ′(y, t)

(1.1b)

where

θx(y, t) = γyz(y, t) − w′
0(y, t); θz(y, t) = γxy(y, t) − u′

0(y, t); a(s) = −(z
dz

ds
+ x

dx

ds
) (1.2)

In the above expressions, θx(y, t), θz(y, t) and φ(y, t) denote the rotations of the cross-

section about the axes x, z and the twist about the y axis, respectively, γyz(y, t) and

γxy(y, t) denote the transverse shear strain measures.

The warping function in Eq.(1.1b) is expressed as

Fw(s) =

∫ s

0

[rn(s) − ψ(s)]ds (1.3)

in which the torsional function ψ(s) and the quantity rn(s) are expressed as

ψ(s) =

∮
C

rn(s̄)ds̄

h(s)Gsy(s)
∮

C
ds̄

h(s̄)Gsy(s̄)

; rn(s) = z
dx

ds
− x

dz

ds
(1.4)

where Gsy(s) is the effective membrane shear stiffness, which is defined as [2]:

Gsy(s) =
Nsy

h(s)γ0
sy(s)

(1.5)

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,

u0(y, t), v0(y, t), w0(y, t), θx(y, t), θz(y, t), φ(y, t), which represent 1-D displacement

measures, constitute the basic unknowns of the problem. When the transverse shear

effect is ignored, Eq. (1.2) degenerates to θx = −w′
0, θz = −u′

0, and as a result, the
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number of basic unknown quantities reduces to four. Such a case leads to the classical,

unshearable beam model.

The strains contributing to the potential energy are:

Spanwise strain:

εyy(n, s, y, t) = ε0
yy(s, y, t) + nεn

yy(s, y, t) (1.6a)

where

ε0
yy(s, y, t) = v0

′(y, t) + θz
′(y, t)x(y, t) − φ′′(y, t)Fw(s) (1.6b)

εn
yy(s, y, t) = −θz

′(y, t)
dz

ds
+ θx

′(y, t)
dx

ds
− a(s)φ′′(y, t) (1.6c)

are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

γsy(s, y, t) = γ0
sy(s, y, t) + ψ(s)φ′(y, t) (1.7a)

where γ0
sy(s, y, t) = γxy

dx

ds
+ γyz

dz

ds
= [u′

0 + θz]
dx

ds
+ [w′

0 + θx]
dz

ds
(1.7b)

Transverse shear strain measure:

γny(s, y, t) = −γxy
dz

ds
+ γyz

dx

ds
= −[u′

0 + θz]
dz

ds
+ [w′

0 + θx]
dx

ds
(1.8)

1.4 Constitutive Equations

Based on the assumption (5), the stress resultants and stress couples can be reduced to

the following expressions:


Nyy

Nsy

Lyy

Lsy


 =




K11 K12 K13 K14

K21 K22 K23 K24

K41 K42 K43 K44

K51 K52 K53 K54






ε0
yy

γ0
sy

φ′

εn
yy


 (1.9a)
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Nny = [A44 −
A2

45

A55

]γny (1.9b)

in which the reduced stiffness coefficients Kij are defined in Appendix A.

1.5 The Governing System

The governing equations and boundary conditions can be systematically derived from

the Extended Hamilton’s Principle ( [20], pp. 82-86), which states that the true path of

motion renders the following variational form stationary:∫ t2

t1

(δT − δV + δWe) dt = 0 (1.10a)

with

δu0 = δv0 = δw0 = δθx = δθz = δφ = 0 at t = t1, t2 (1.10b)

where T and V denote the kinetic energy and strain energy, respectively, while δWe

denotes the virtual work due to external forces. These are defined as:

Kinetic energy

T =
1

2

∫ L

0

∮
C

ml∑
k=1

∫
h(k)

ρ(k)[(
∂u

∂t
)2 + (

∂w

∂t
)2 + (

∂v

∂t
)2]dndsdy, (1.11)

Strain energy

V =
1

2

∫
τ

σijεij dτ

=
1

2

∫ L

0

∮
C

ml∑
k=1

∫
h(k)

[σyyεyy + σsyγsy + σnyγny]h(k)
dndsdy

(1.12)

Virtual work of external forces:

δWe =

∫ L

0

{px(y, t)δu0(y, t) + py(y, t)δv0(y, t) + pz(y, t)δw0(y, t)

+ mx(y, t)δθx(y, t) + (my(y, t) + b′w(y, t))δφ(y, t) + mz(y, t)δθz(y, t)} dy

+
(
Q̄xδu0 + Q̄zδw0 + T̄yδv0 + M̄xδθx + M̄zδθz + M̄yδφ + B̄wδφ′) ∣∣L

0

(1.13)
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where px, py, pz are the external forces per unit span length and mx, my, mz the moments

about x, y, z axes , respectively. bw is the bimoment of the external forces [27]. After

lengthy manipulations, the equations of motion expressed in terms of 1-D stress resultant

and stress couple measures are:

δu0 : Q′
x + px − I1 = 0 (1.14a)

δv0 : T ′
y + py − I2 = 0 (1.14b)

δw0 : Q′
z + pz − I3 = 0 (1.14c)

δφ : M ′
y − B′′

w + my + b′w − I4 + I ′
9 = 0 (1.14d)

δθx : M ′
x − Qz + mx − I5 = 0 (1.14e)

δθz : M ′
z − Qx + mz − I6 = 0 (1.14f)

Boundary conditions:

δu0 : u0 = ū0 or Qx = Q̄x (1.15a)

δv0 : v0 = v̄0 or Ty = T̄y (1.15b)

δw0 : w0 = w̄0 or Qz = Q̄z (1.15c)

δφ : φ = φ̄ or − B′
w + My = M̄y − I9 (1.15d)

δφ′ : φ′ = φ̄′ or Bw = B̄w (1.15e)

δθx : θx = θ̄x or Mx = M̄x (1.15f)

δθz : θz = θ̄z or Mz = M̄z (1.15g)

For unshearable beam model, the equations of motion are reduced to:

δu0 : M ′′
z + px + m′

z − I1 − I ′
8 = 0 (1.16a)

δv0 : T ′
y + py − I2 = 0 (1.16b)

δw0 : M ′′
x + pz + m′

x − I3 − I ′
7 = 0 (1.16c)
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δφ : M ′
y − B′′

w + my + b′w − I4 + I ′
9 = 0 (1.16d)

Boundary conditions :

δu0 : u0 = ū0 or M ′
z − I8 = Q̄x δu′

0 : u′
0 = ū′

0 or Mz = M̄z (1.17a)

δv0 : v0 = v̄0 or Ty = T̄y (1.17b)

δw0 : w0 = w̄0 or M ′
x − I7 = Q̄z δw′

0 : w′
0 = w̄′

0 or Mx = M̄x (1.17c)

δφ : φ = φ̄ or − B′
w + My = M̄y − I9 (1.17d)

δφ′ : φ′ = φ̄′ or Bw = B̄w (1.17e)

The 1-D stress resultant and stress couple measures are defined as follows:

Ty(y, t) =

∮
C

Nyyds Mz(y, t) =

∮
C

(xNyy − Lyy
dz

ds
)ds

Mx(y, t) =

∮
C

(zNyy + Lyy
dx

ds
)ds Qx(y, t) =

∮
C

(Nsy
dx

ds
− Nny

dz

ds
)ds (1.18)

Qz(y, t) =

∮
C

(Nsy
dz

ds
+ Nny

dx

ds
)ds Bw(y, t) = −

∮
C

[Fw(s)Nyy + a(s)Lyy]ds

My(y, t) =

∮
C

Nsyψ(s)ds

In terms of the basic 1-D displacement measures, their expressions are:


Ty

Mz

Mx

Qx

Qz

Bw

My




=




a11 a12 a13 a14 a15 a16 a17

a12 a22 a23 a24 a25 a26 a27

a13 a23 a33 a34 a35 a36 a37

a14 a24 a34 a44 a45 a46 a47

a15 a25 a35 a45 a55 a56 a57

a16 a26 a36 a46 a56 a66 a67

a17 a27 a37 a47 a57 a67 a77







v′
0

θ′z
θ′x

(u′
0 + θz)

(w′
0 + θx)
φ′′

φ′




(1.19)

In conjunction with Eqs. (1.14, 1.19), the most general form of the governing equations

of the thin-walled beams can be derived. In general, for anisotropic and heterogeneous

materials, the stiffness matrix in Eq. (1.19) is fully populated. As a result,the governing

equations are completely coupled [21, 29] implying that the beam undergoes a coupled

motion involving bendings, twist, extension, transverse shearing and warping. Assessment
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of these couplings on various problems and their proper exploitation should constitute an

important task towards a rational design of these structures, and towards the proper

use of the exotic material characteristics. However, for the purpose of validation, the

following special cases will be investigated, namely, cross-ply, CUS, and CAS lay-ups (see

e.g., [11, 17, 24, 26]). The CAS is also referred to as the symmetric lay-up, and the CUS

as the anti-symmetric lay-up [26]. All the above lay-ups in the test are on box beams.

1.6 Governing systems for the Cross-ply, CUS and

CAS configurations

Specialization of the lay-up configuration yields special elastic couplings. For the test

beams configured by the CUS lay-up, the elastic couplings are split into two independent

groups, one group featuring extension-twist coupling, while the other group featuring

bending-transverse shear coupling [26]. For the test beams configured by the CAS lay-up,

the elastic couplings are also exactly split into two independent groups, one group experi-

encing extension-transverse shear coupling, while the other group experiencing bending-

twist coupling; for the test beams configured by the cross-ply lay-up, the elastic couplings

completely disappear.

The force-displacement relationships that reveal in full the associated elastic couplings

involved are:

Force-displacement relations for cross-ply lay-up configuration


Ty

Mz

Mx


 =


 a11

a22

a33






v′
0

θ′z
θ′x


 (1.20a)




Qx

Qz

Bw

My


 =




a44

a55

a66

a77






(u′
0 + θz)

(w′
0 + θx)
φ′′

φ′


 (1.20b)
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Force-displacement relations for CUS lay-up configuration{
Ty

My

}
=

[
a11 a17

a17 a77

]{
v′

0

φ′

}
(1.21a)




Mz

Mx

Qx

Qz

Bw




=




a22 0 0 a25 0
0 a33 a34 0 0
0 a34 a44 0 0

a25 0 0 a55 0
0 0 0 0 a66







θ′z
θ′x

(u′
0 + θz)

(w′
0 + θx)
φ′′




(1.21b)

Force-displacement relations for CAS lay-up configuration


Ty

Qx

Qz


 =


 a11 a14 a15

a14 a44 0
a15 0 a55






v′
0

(u′
0 + θz)

(w′
0 + θx)


 (1.22a)




Mz

Mx

Bw

My


 =




a22 0 0 a27

0 a33 0 a37

0 0 a66 0
a27 a37 0 a77






θ′z
θ′x
φ′′

φ′


 (1.22b)

The governing equations and the associated boundary conditions for the above lay-ups in

terms of the basic unknowns can then be obtained.

Cross-ply lay-up configuration:

δu0 : a44(u
′′
0 + θ′z) + px − I1 = 0 (1.23a)

δv0 : a11v
′′
0 + py − I2 = 0 (1.23b)

δw0 : a55(w
′′
0 + θ′x) + pz − I3 = 0 (1.23c)

δφ : a77φ
′′ − a66φ

(IV ) + my + b′w − I4 + I ′
9 = 0 (1.23d)

δθx : a33θ
′′
x − a55(w

′
0 + θx) + mx − I5 = 0 (1.23e)

δθz : a22θ
′′
z − a44(u

′
0 + θz) + mz − I6 = 0 (1.23f)

CAS lay-up configuration:

δu0 : a14v
′′
0 + a44(u

′′
0 + θ′z) + px − I1 = 0 (1.24a)
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δv0 : a11v
′′
0 + a14(u

′′
0 + θ′z) + a15(w

′′
0 + θ′x) + py − I2 = 0 (1.24b)

δw0 : a15v
′′
0 + a55(w

′′
0 + θ′x) + pz − I3 = 0 (1.24c)

δφ : a27θ
′′
z + a37θ

′′
x + a77φ

′′ − a66φ
(IV ) + my + b′w − I4 + I ′

9 = 0 (1.24d)

δθx : a33θ
′′
x + a37φ

′′ − a15v
′
0 − a55(w

′
0 + θx) + mx − I5 = 0 (1.24e)

δθz : a22θ
′′
z + a27φ

′′ − a14v
′
0 − a44(u

′
0 + θz) + mz − I6 = 0 (1.24f)

CUS lay-up configuration:

δu0 : a34θ
′′
x + a44(u

′′
0 + θ′z) + px − I1 = 0 (1.25a)

δv0 : a11v
′′
0 + a17φ

′′ + py − I2 = 0 (1.25b)

δw0 : a25θ
′′
z + a55(w

′′
0 + θ′x) + pz − I3 = 0 (1.25c)

δφ : a17v
′′
0 + a77φ

′′ − a66φ
(IV ) + my + b′w − I4 + I ′

9 = 0 (1.25d)

δθx : a33θ
′′
x + a34(u

′′
0 + θ′z) − a25θ

′
z − a55(w

′
0 + θx) + mx − I5 = 0 (1.25e)

δθz : a22θ
′′
z + a25(w

′′
0 + θ′x) − a34θ

′
x − a44(u

′
0 + θz) + mz − I6 = 0 (1.25f)

The general expressions for boundary conditions remain the same as given above.

1.7 Solution Methodology

Due to the complex boundary conditions and complex couplings involved in the above

equations, it is difficult to generate proper comparison functions ( [20], pp. 385) that

fulfil all the geometric and natural boundary conditions. Therefore, in order to solve the

above equations in a general way, the extended Galerkin’s method (EGM) [12, 23] is used.

The underlying idea of this method is to select weight functions that need only fulfill the

geometric boundary conditions, while the effects of the natural boundary conditions are

kept in the governing equations. When the linear combination of these weight functions

are capable to satisfying the natural boundary conditions, the convergence rate is usually
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excellent [23]. For the thin-walled beams to be investigated here, this method leads to

both symmetric mass and stiffness matrices. To illustrate its implementation, only the

basic formulae for the CAS test beams will be displayed in the following.

Let

u0(y, t) ≡ ΨT
u (y)qu(t), v0(y, t) ≡ ΨT

v (y)qv(t), w0(y, t) ≡ ΨT
w(y)qw(t),

φ(y, t) ≡ ΨT
φ (y)qφ(t), θx(y, t) ≡ ΨT

x (y)qx(t), θz(y, t) ≡ ΨT
z (y)qz(t) (1.26)

where the shape functions Ψu(y), Ψv(y), . . . , Ψz(y) are required to fulfil only the geo-

metric boundary conditions.

In following the procedure developed in [16], the use of Eqs. (1.24, 1.15) results in the

discretized equations of motion:

[M]{q̈} + [K]{q} = {Q} (1.27a)

where

{q} =
[

qT
u qT

v qT
w qT

φ qT
x qT

z

]T
(1.27b)

M =

∫ L

0




b1

ΨuΨ
T
u

0 0 0 0 0

b1

ΨvΨ
T
v

0 0 0 0

b1

ΨwΨT
w

0 0 0

(b4 + b5)ΨφΨT
φ

+(b10 + b18)Ψ
′
φΨ′T

φ

0 0

Symm
(b4 + b14)
ΨxΨ

T
x

0

(b5 + b15)
ΨzΨ

T
z




dy

(1.27c)
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K =

∫ L

0




a44Ψ
′
uΨ

′T
u a14Ψ

′
uΨ

′T
v 0 0 0 a44Ψ

′
uΨ

T
z

a11Ψ
′
vΨ

′T
v a15Ψ

′
vΨ

′T
w 0 a15Ψ

′
vΨ

T
x a14Ψ

′
vΨ

T
z

a55Ψ
′
wΨ′T

w 0 a55Ψ
′
wΨT

x 0

a77Ψ
′
φΨ

′T
φ

+a66Ψ
′′
φΨ

′′T
φ

a37Ψ
′
φΨ

′T
x a27Ψ

′
φΨ

′T
z

Symm
a33Ψ

′
xΨ

′T
x

+a55ΨxΨ
T
x

0

a22Ψ
′
zΨ

′T
z

+a44ΨzΨ
T
z




dy

(1.27d)

Q =




∫ L

0
pxΨudy + Q̄xΨu(L)∫ L

0
pyΨvdy + T̄yΨv(L)∫ L

0
pzΨwdy + Q̄zΨw(L)∫ L

0
(my + b′w)Ψφdy + [M̄yΨφ(L) + B̄wΨ′

φ(L)]∫ L

0
mxΨxdy + M̄xΨx(L)∫ L

0
mzΨzdy + M̄zΨz(L)




(1.27e)

The inertial coefficients b1, b4, b5, b10, b14, b15, b18 in Eq. (1.27c) are defined in the Ap-

pendix A.

In order to validate the convergence of the above method, a typical cantilevered uniform

aircraft wing [7] is used. Its geometric and material specifications are provided in Ref. [7].

Also provided in Ref. [7] are the exact solutions and the predictions by other methods

(finite element method and dynamic finite element method (DFE)). The comparisons of

the eigenfrequencies and eigenmodes up to the first six order are conducted. The eigen-

frequency results are shown in Table 1.1 and the eigenmode shapes are shown in Figs. 1.3

and 1.4. Compared with the mode shapes listed in Ref. [7] (using the DFE method),

the EGM gives the same mode shapes. It is noted that only 7 simple polynomials (xi,

i = 1, 2, 3, ..., 7) are used in the EGM. Tables 1.2, 1.3, 1.4, 1.5 display the prediction accu-

racy of the eigenfrequencies of anisotropic thin-walled beams with different configurations

by the EGM method against the exact results.1 Clearly, the convergence and accuracy

are excellent. Also to be noted is that in order to provide accurate and robust numerical

1The exact results are taken from Static/dynamic exact solutions of a refined anisotropic thin-walled
beam model, by Z. Qin and L. Librescu, to be submitted for publication
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solutions, the Cholesky decomposition technique ( [20], pp. 280-283) is adopted for the

numerical implementation of matrix inversions. It is interesting to note that Ref. [28]

conducted the comparisons of using EGM and the Laplace Transform Method (LTM) to

predict the steady-state deflection amplitude at the beam tip subject to a harmonically

oscillating load, and the accuracy of the predictions was excellent.

1.8 Test Cases

In order to quantitatively validate the accuracy and capabilities of the developed beam

model, thin-walled box beams configured with the cross-ply, CUS and CAS lay-ups are

considered. Both the responses subject to various types of static loading and characteris-

tics of the natural frequencies are investigated. A number of comparisons are performed

against the experimental (see e.g., [3, 5, 26]) and theoretical predictions available in liter-

ature (see e.g., [1, 3, 10, 11, 26, 31, 32]). Among them, the theoretical predictions cover

refined finite element beam models, 3D finite element models, and other theoretical beam

models. The material properties of thin-walled beams used in the static validation are

summarized in Table 1.6; the geometric features of the beams is summarized in Table 1.7,

while the lay-ups are specified in Table 1.8.

1.9 Validation

As has been correctly pointed out by Jung et al. [9], the former beam model developed

by Song [27], Librescu and Song [17] will yield erroneous results for the CAS lay-up

beams specified in the test cases. The main purpose here is to investigate if that model

has the potential, after the 3-D strain effect and the non-uniformity of Gsy are further

incorporated, to provide good and consistent correlation compared with the experimental

results and the analytical predictions by other models.

Before plunging ourselves into the details of the discussion, it is appropriate to point out
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several significant simplifications that can be drawn from the test beams. For the thin-

walled CAS test cases, due to the balanced lay-ups on the webs (left and right walls), the

stiffness coefficient a15 is zero. The coefficient a27 is much smaller than a37, a22, a55 and a77

for all the lay-ups tested (< 2%), therefore, a27 can be ignored. Then the whole governing

system (including the associated boundary conditions) can be split into two groups: one

group involving extension-lateral bending-lateral transverse shear motions; while the other

group involving twist-vertical bending-vertical transverse shear motions [29].

Figures 1.5 and 1.6 display the prediction results of the cross-ply test beams under 4.45 N

tip bending shear load and 0.113 N-m tip torque. Compared with the experimental data

( see Ref. [11] for the source of the experimental data) and other analytical results (e.g.,

a higher-order shear-deformable beam model by Kim and White [11]), the present beam

model provides good correlation. As indicated in Ref. [11], the warping and transverse

shear effects are small for the uncoupled lay-up configurations.

Figures through 1.7 to 1.11 show the prediction results of the thin-walled CUS test

beams under 0.113 N-m tip torque, 4.45N tip shear load and 4.45 N tip extension load.

It is noted that in Fig. 1.11, a remarkable transverse shear effect on the bending slope is

observed. The unshearable model yields only 62% of the bending slope at the beam tip

predicted by the shearable counterpart. Compared with the experimental data, for all the

thin-walled CUS test cases, predictions by the present model show good agreement with

the experimental data.

Figures through 1.12 to 1.18 display the prediction results of the thin-walled CAS test

beams under 4.45 N tip shear load and 0.113 N-m tip torque. Also shown in the figures are

predictions based on several other beam models [10, 11, 26, 31, 32], among which, the beam

models by Kim and White [10, 11], Suresh and Nagaraj [31] are featured by higher-order

shear-deformable beam theories. It is noted that the sources of the experimental data,

Beam FEA model can be traced through Ref. [11]. Also notice that the present model

yields consistent lower predictions of induced twist angle under the tip shear loads. For
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all thin-walled CAS test cases, the present model shows good and consistent correlation.

The above investigations are for the static responses. Compared with the static validation,

there are very few experimental data available in literature on the dynamic validation of

the thin-walled beam models (see Refs. [1, 4, 6, 8]).

The dynamic validation are based on the data provided in Refs. [1, 4]. The material,

geometric and lay-up specifications are listed in Table 1, Ref. [4], and are not included

here. The prediction results by the present model are listed in Table 1.9. Results reveal

that the present model produce a good agreement with the experimental data. Notice

that lower predictions of the natural frequencies of the CAS test beams are obtained by

Armanios and Badir [1], even though transverse shear flexibility was not considered in

the latter model.

It is reminded that equations developed in Refs. [17, 21, 27, 29] stipulate uniform mem-

brane shear stiffness along the contour. This assumption is justified by the beams previ-

ously used (with constant contour-wise Gsy). However, for the walls composed of lay-ups

with different stiffness along the contour, this assumption is no longer valid [9, 26]. It

was later modified by Bhaskar and Librescu [2] to account for the non-uniformity of the

shear stiffness. For the test cases, as was demonstrated by Smith and Chopra [26], the

non-uniformity of the contour-wise membrane shear stiffness has a significant influence on

the prediction of the static responses. Figures through 1.19 to 1.21 reveal the influence

of non-uniformity of membrane shear stiffness Gsy on the twist angle and bending slope

of CAS test beams subject to tip shear load and tip torque. It is noted that compared

with the predictions by non-uniform contour-wise shear model, the uniform contour-wise

shear model results in some degree of discrepancies that increase rapidly when the ply

angle increases from 150 to 450. Intuitively, when the ply angle angle of the test beams

is zero, the walls of the cross section become transversely isotropic. In this case, Gsy

is constant along the contour, which illustrates the very small discrepancy on the CAS1

test cases (θ=150). In Fig. 1.21, for CAS3 test beam, the uniform shear stiffness model
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predicts only 50% of the deformation predicted by the non-uniform one. Figures 1.22 and

1.23 show the dynamic influence of the non-uniformity of Gsy. It is observed that for ply

angles between 200 and 600 or -600 and -200, the influence becomes noticeable.

1.10 Conclusions

A refined thin-walled beam model based on an existing thin-walled beam model is de-

veloped and validated against experimental and analytical results available. Significant

improvement of the prediction accuracy is achieved and for all the validation cases, com-

pared with other analytical models cited in this paper, the present beam model yields

good and consistent correlation against the experimental data. Non-classical effects such

as transverse shear and non-uniformity of membrane shear stiffness along the contour

can significantly influence the accuracy of predictions (both static and dynamic). Elastic

couplings complicate the influences of these non-classical effects. The solution methodol-

ogy based on the extended Galerkin’s Method provides a superior convergence rate and

accuracy.
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1.12 Appendix A

The global stiffness quantities aij (= aji) and inertial terms Ii related to the problem are

defined as:

a11 =

∮
C

K11ds a14 =

∮
C

K12
dx

ds
ds a15 =

∮
C

K12
dz

ds
ds

a17 =

∮
C

K13ds a22 =

∮
C

[x2K11 − 2x
dz

ds
K14 + (

dz

ds
)2K44]ds

a25 =

∮
C

[x
dz

ds
K12 − (

dz

ds
)2K42]ds a27 =

∮
C

[xK13 −
dz

ds
K43]ds

a33 =

∮
C

[z2K11 + 2z
dx

ds
K14 + (

dx

ds
)2K44]ds a34 =

∮
C

[z
dx

ds
K12 + (

dx

ds
)2K42]ds

a37 =

∮
C

[zK13 +
dx

ds
K43]ds a44 =

∮
C

[(
dx

ds
)2K22 + (

dz

ds
)2Ā44]ds

a55 =

∮
C

[(
dz

ds
)2K22 + (

dx

ds
)2Ā44]ds a66 =

∮
C

[F 2
wK11 + 2Fwa(s)K14 + a(s)2K44]ds

a77 =

∮
C

ψ(s)K23ds

where Ā44 = A44 −
A2

45

A55

.
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The inertial terms are defined as:

I1 =

∮
C

m0(ü0 + zφ̈)ds I2 =

∮
C

m0[v̈0 + xθ̈z + zθ̈x − Fwφ̈′]ds

I3 =

∮
C

m0(ẅ0 − xφ̈)ds I4 =

∮
C

m0[zü0 + z2φ̈ − xẅ0 + x2φ̈]ds

I5 =

∮
C

m0[zv̈0 + zxθ̈z + z2θ̈x − zFwφ̈′]ds +

∮
C

m2[−
dx

ds

dz

ds
θ̈z + (

dx

ds
)2θ̈x − a(s)

dx

ds
φ̈′]ds

I6 =

∮
C

m0[xv̈0 + x2θ̈z + xzθ̈x − xFwφ̈′]ds +

∮
C

m2[(
dz

ds
)2θ̈z −

dx

ds

dz

ds
θ̈x + a(s)

dz

ds
φ̈′]ds

I7 =

∮
C

m0[zv̈0 − zxü′
0 − z2ẅ′

0 − zFwφ̈′]ds +

∮
C

m2[
dx

ds

dz

ds
ü′

0 − (
dx

ds
)2ẅ′

0 − a(s)
dx

ds
φ̈′]ds

I8 =

∮
C

m0[xv̈0 − x2ü′
0 − xzẅ′

0 − xFwφ̈′]ds +

∮
C

m2[−(
dz

ds
)2ü′

0 +
dx

ds

dz

ds
ẅ′

0 + a(s)
dz

ds
φ̈′]ds

I9 =

∮
C

m0[−Fwv̈0 − xFwθ̈z − zFwθ̈x + F 2
wφ̈′]ds +

∮
C

m2[a(s)
dz

ds
θ̈z − a(s)

dx

ds
θ̈x + a2(s)φ̈′]ds

in which

(m0,m2) =

ml∑
k=1

∫ h(k+)

h(k−)

ρ(k)(1, n
2)dn

The reduced stiffness coefficientKij (in Eq. 1.9) are defined as:

K11 = A22 −
A2

12

A11

K12 = A26 −
A12A16

A11

= K21 K13 = (A26 −
A12A16

A11

)ψ(s)

K14 = B22 −
A12B12

A11

= K41 K22 = A66 −
A2

16

A11

K23 = (A66 −
A2

16

A11

)ψ(s)

K24 = B26 −
A16B12

A11

= K42 K43 = (B26 −
B12A16

A11

)ψ(s) K44 = D22 −
B2

12

A11

K51 = B26 −
B16A12

A11

K52 = B66 −
B16A16

A11

K53 = (B66 −
B16A16

A11

)ψ(s)

K54 = D26 −
B12B16

A11

The inertial coefficients in Eq. 1.27c are defined as:

b1 =

∮
C

m0ds (b4, b5) =

∮
C

(z2, x2)m0ds b14 =

∮
C

m2(
dx

ds
)2ds

b15 =

∮
C

m2(
dz

ds
)2ds (b10, b18) =

∮
C

(m0F
2
w(s), m2a

2(s))ds
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Table 1.1: Convergence and accuracy test of the extended Galerkin’s method (EGM)

Eigenfrequencies ωi unit:[rad/sec]

Mode# Exacta DEF ‖Err.b‖ FEM ‖Err.b‖ Present ‖Err.b‖

1 49.62 49.62 0.00(%) 49.56 0.12(%) 49.61 0.02(%)
2 97.04 97.05 0.01(%) 97.00 0.04(%) 97.04 0.00(%)
3 248.87 249.00 0.05(%) 248.61 0.11(%) 248.87 0.00(%)
4 355.59 357.54 0.55(%) 352.97 0.74(%) 355.59 0.00(%)
5 451.46 452.57 0.25(%) 450.89 0.13(%) 451.53 0.02(%)
6 610.32 610.63 0.05(%) 610.18 0.02(%) 613.48 0.52(%)

aThe sources of these data are listed in the footnote of Table II in Ref. [7].
bRelative error.

Table 1.2: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Ω = ω/ωh (AR = 12, θ = 900)

Mode# EGM Exact Error of EGM
1 3.465 3.465 0.0%
2 7.482 7.481 0.01%
3 20.063 20.047 0.08%
4 23.071 23.065 0.03%
5 40.433 40.418 0.04%
6 50.625 50.548 0.15%
7 60.560 60.477 0.14%
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Table 1.3: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Ω = ω/ωh (AR = 3, θ = 00)

Mode# EGM Exact Error of EGM
1 3.492 3.474 0.52%
2 11.556 11.518 0.33%
3 21.038 20.843 0.94%
4 35.064 35.023 0.12%
5 55.686 54.470 2.2%
6 59.03 59.573 0.22%
7 86.160 86.057 0.12%

Table 1.4: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Ω = ω/ωh (AR = 3, θ = 450)

Mode# EGM Exact Error of EGM
1 3.061 3.053 0.26%
2 11.229 11.212 0.15%
3 18.429 18.246 1.0%
4 33.025 32.996 0.088%
5 48.319 47.776 1.1%
6 58.299 58.232 0.12%
7 83.003 81.486 1.9%
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Table 1.5: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Ω = ω/ωh (AR = 3, θ = 900)

Mode# EGM Exact Error of EGM
1 2.307 2.308 -0.04%
2 2.887 2.882 0.17%
3 8.383 8.383 0.0%
4 10.865 10.825 0.37%
5 18.590 18.584 0.032%
6 21.966 21.930 0.16%
7 32.503 32.275 0.71%

Table 1.6: Material properties of the test beams

E11 = 141.96 × 109 N/m2 E22 = E33 = 9.79 × 109 N/m2

G12 = G13 = 6.0 × 109 N/m2 G23 = 4.83 × 109 N/m2

µ12 = µ13 = 0.42, µ23 = 0.25 ρ = 1.445 × 103 Kg/m3
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Table 1.7: Geometric specification of the thin-walled box beams for the static validation
[unit: in(mm)]

Parameters Cross-ply CAS CUS

Length (L) 30(762) 30(762) 30(762)
Outer width (2b) 2.06(52.3) 0.953(24.2) 0.953(24.2)
Outer depth (2d) 1.03(26.0) 0.537(13.6) 0.537(13.6)
Slenderness ratio(L/2b) 14.5 31.5 31.5
Wall thickness 0.030(0.762) 0.030(0.762) 0.030(0.762)
Number of layers (ml) 6 6 6
Layer thickness 0.005(0.127) 0.005(0.127) 0.005(0.127)

Table 1.8: specification of the thin-walled box beam lay-ups for the static validation
[unit:deg.a]

Lay-up Flanges Webs
Top Bottom Left Right

CAS1 [15]6 [15]6 [15/ − 15]3 [15/ − 15]3
CAS2 [30]6 [30]6 [30/ − 30]3 [30/ − 30]3
CAS3 [45]6 [45]6 [45/ − 45]3 [45/ − 45]3
CUS1 [15]6 [−15]6 [15]6 [−15]6
CUS2 [0/30]3 [0/ − 30]3 [0/30]3 [0/ − 30]3
CUS3 [0/45]3 [0/ − 45]3 [0/45]3 [0/ − 45]3

aFor the convenience of comparison, the definition of ply angle used in Refs. [10, 26] is
adopted in this article

26



Table 1.9: Dynamic validation: comparison of the natural frequencies of different models
against experimental data (unit: Hz)

Lay-up Mode# Exp.a Analytical Diff. with Present Diff. with
Ref. [4] Ref. [1] Exp. data Exp. data

[30]6 CAS 1 20.96 19.92 -4.96% 21.8 4.00%
2 128.36 124.73 -2.83% 123.28 -3.96%

[45]6 CAS 1 16.67 14.69 -11.88% 15.04 -9.78%
2 96.15 92.02 -4.30% 92.39 -3.91%

[15]6 CUS 1 28.66 28.67 0.03% 30.06 4.88%
[0/30]3 CUS 1 30.66 34.23 11.7% 34.58 12.79%
[0/45]3 CUS 1 30.0 32.75 9.1% 32.64 8.80%

aThe data are obtained from Ref. [3] and are also listed in Ref. [1]
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Figure 1.1: Geometric configuration of the box beam (CAS configuration).
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Figure 1.2: Coordinate system and displacement field for the beam model.
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Figure 1.3: Mode shapes of the bending /twist components in the first three modes.
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Figure 1.4: Mode shapes of the bending /twist components in the (4, 5, 6)th modes.
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Figure 1.5: Twist angle of cross-ply test beam under 0.113 N-m tip torque.
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Figure 1.6: Bending slope of cross-ply test beam under 4.45 N tip shear load.
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Figure 1.7: Twist angle of CUS1 beam by 0.113 N-m tip torque.
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Figure 1.8: Twist angle of CUS2 beam by 0.113 N-m tip torque.
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Figure 1.9: Twist angle of CUS3 beam by 0.113 N-m tip torque.
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Figure 1.10: Induced twist angle of CUS3 beam by 4.45 N tip extension load.

37



0 0.2 0.4 0.6
Spanwise location �m�

0

0.002

0.004

0.006

0.008

0.01

0.012

g
n
i
d
n
e
B

e
p
o
l
s

�
d
a
r

�

Present model ( shear-deformable)

Present model (unshearable)

Smith & Chopra (shear-deformable)

Smith & Chopra  (unshearable)

Kim & White

Volovoi  et.  al.

Experiment

Figure 1.11: Bending slope of CUS1 beam by 4.45 N tip shear load.
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Figure 1.12: Bending Slope of CAS2 beam by 4.45 N tip shear load.
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Figure 1.13: Twist angle of CAS1 beam by 4.45 N tip shear load.
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Figure 1.14: Twist angle of CAS2 beam by 4.45 N tip shear load.
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Figure 1.15: Twist angle of CAS3 beam by 4.45 N tip shear load.
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Figure 1.16: Twist angle of CAS1 beam by 0.113 N-m tip torque.
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Figure 1.17: Twist angle of CAS2 beam by 0.113 N-m tip torque.
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Figure 1.18: Bending slope of CAS3 beam by 0.113 N-m tip torque.
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Figure 1.19: Influence of the tranverse shear non-uniformity on the twist deformation of
CAS test beams by 0.113 N-m tip torque.
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Figure 1.20: Influence of the tranverse shear non-uniformity on the bending slope of CAS
test beams by 4.45 N tip shear load.
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Figure 1.21: Influence of the tranverse shear non-uniformity on the bending slope of CAS
test beams by 0.113 N-m tip torque.
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Figure 1.22: Natural frequency vs. ply angle of CAS beams (1st mode) (the material,
geometric and lay-ups are listed in the Table 1 in Ref. [3]).
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Figure 1.23: Natural frequency vs. ply angle of CAS beams (2nd mode) (the material,
geometric and lay-ups are listed in the Table 1 in Ref. [3]).
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Chapter 2

Dynamic Aeroelastic Response of
Advanced Aircraft Wings Modeled
as Thin-Walled Beams

Abstract

The dynamic aeroelastic response of aircraft wings modeled as anisotropic thin-walled

beams in an incompressible flow and exposed to gust and blast loads is investigated.

The structural model incorporates a number of non-classical effects, such as transverse

shear, material anisotropy, warping inhibition, rotatory inertia, etc. The circumferentially

asymmetric stiffness (CAS) lay-up configuration is used to generate preferred elastic cou-

plings, and in this context the implication of elastic tailoring on the dynamic aeroelastic

response is investigated. The unsteady incompressible aerodynamics for arbitrary small

motion in the time domain is used and the finite span effect is included. Due to the non-

conservative nature of the boundary value/eigenvalue problem and of the complexity of

the structure, non-dimensionalization and spatial semi-discretization are adopted and the

aeroelastic governing system is then cast into a state space form. The finite state space

approximation of the unsteady aerodynamic loads is derived based on quasi-polynomial

approximation of the Wagner’s function and the spatial semi-discretization is based on the

0A slightly different version of this chapter has been submitted for publication to the Journal of
Aircraft
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extended Galerkin’s method (EGM). The effects of elastic tailoring on the dynamic aeroe-

lastic response under selected gust and blast loads are discussed and pertinent conclusions

are outlined.

2.1 Introduction

It is a well-known fact that the next generation of advanced flight vehicles, in general, and

the combat aircraft of the post-cold era, in particular, are likely to operate in more severe

environmental conditions than in the past. In this connection, the dynamic aeroelastic

response of advanced aircraft wings to time-dependent external loading, such as gust, sonic

boom and explosive blast induced loads, is closely related to the level of the operational

qualities of these flight vehicles. In spite of the evident practical importance of the problem

involving the determination of the dynamic aeroelastic response of flight vehicles to time-

dependent pressure pulses, there are very few works addressing this issue. To the best of

the authors’ knowledge, the literature devoted to the dynamic aeroelastic response is quite

void of such works. A recent paper, (see Ref. 1), considers the problem in a comprehensive

form, including the combination of various gusts and explosive blast loads. However, the

structural model is still based on the 2-D cross-section. This article approaches the

problem in an extended context in the sense that the aircraft wing is modeled as an

anisotropic thin-walled beam and based on it, the elastic tailoring effects on the dynamic

aeroelastic response are investigated. Special attention is given to the formulation of

the problem and the solution methodology. It should be noted that due to the non-

conservative nature of the problem, the classical modal analysis is not efficient for the

solution. As emphasized in Ref. 2, the solution of a general non-conservative system

requires a state space description. Correspondingly, the unsteady aerodynamic loads

have to be cast into a compatible form, i.e., in a finite state form. Other advantages of

using finite state space form of unsteady aerodynamic loads include the facts that the

dynamic instability problem (flutter) can be solved in a usual way and the control can
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be incorporated very conveniently. Also to be noted here is that the structural model

used in this paper was mainly developed in Refs. 3–6. However, in order to be reasonably

self-contained, a number of basic ingredients related to the pertinent governing equations

will be displayed.

2.2 Formulation of the Governing System

2.2.1 The Structural Model

A single-cell, closed cross-section, fiber-reinforced composite thin-walled beam is used in

the modeling of advanced aircraft wings for the study of the dynamic subcritical aeroelastic

response. Due to the importance demonstrated in Refs. 3–11, a number of non-classical

effects have to be considered, which include transverse shear, anisotropy of the constituent

material, warping inhibition [3–6]), 3-D strain effects [6, 7, 10, 11]. It should be noted that

the original development of the beam theory in Refs. 3–5 does not consider the variation

of contour-wise shear stiffness, which was later extended in Ref. 6. For its geometric

configuration and the chosen coordinate system that is usually adopted in the analyses

of aircraft wings, see Figs. 1a through 1d. Based on the basic assumptions stated in

Refs. 3–5, the following representation of the 3-D displacement quantities is postulated:

u(x, y, z, t) = u0(y, t) + zφ(y, t); w(x, y, z, t) = w0(y, t) − xφ(y, t); (2.1a)

v(x, y, z, t) = v0(y, t) + [x(s) − n
dz

ds
]θz(y, t) + [z(s) + n

dx

ds
]θx(y, t) − [Fw(s) + na(s)]φ′(y, t)

(2.1b)

where

θx(y, t) = γyz(y, t) − w′
0(y, t); θz(y, t) = γxy(y, t) − u′

0(y, t); a(s) = −(z
dz

ds
+ x

dx

ds
) (2.2)

In the above expressions, θx(y, t), θz(y, t) and φ(y, t) denote the rotations of the cross-

section about the axes x, z and the twist about the y axis, respectively, γyz(y, t) and

γxy(y, t) denote the transverse shear strain measures.
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The warping function in Eq.(2.1b) is expressed as

Fw(s) =

∫ s

0

[rn(s) − ψ(s)]ds (2.3)

in which the torsional function ψ(s) and the quantity rn(s) are expressed as

ψ(s) =

∮
C

rn(s̄)ds̄

h(s)Gsy(s)
∮

C
ds̄

h(s̄)Gsy(s̄)

; rn(s) = z
dx

ds
− x

dz

ds
(2.4)

where Gsy(s) is the effective membrane shear stiffness, which is defined as [6]:

Gsy(s) =
Nsy

h(s)γ0
sy(s)

(2.5)

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,

u0(y, t), v0(y, t), w0(y, t), θx(y, t), θz(y, t), φ(y, t), which represent 1-D displacement

measures, constitute the basic unknowns of the problem. When the transverse shear

effect is ignored, Eq. (2.2) degenerates to θx = −w′
0, θz = −u′

0, and as a result, the

number of basic unknown quantities reduces to four. Such a case leads to the classical,

unshearable beam model.

The strains contributing to the potential energy are:

Spanwise strain:

εyy(n, s, y, t) = ε0
yy(s, y, t) + nεn

yy(s, y, t) (2.6a)

where

ε0
yy(s, y, t) = v0

′(y, t) + θz
′(y, t)x(y, t) − φ′′(y, t)Fw(s) (2.6b)

εn
yy(s, y, t) = −θz

′(y, t)
dz

ds
+ θx

′(y, t)
dx

ds
− a(s)φ′′(y, t) (2.6c)

are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

γsy(s, y, t) = γ0
sy(s, y, t) + ψ(s)φ′(y, t) (2.7a)

where γ0
sy(s, y, t) = γxy

dx

ds
+ γyz

dz

ds
= [u′

0 + θz]
dx

ds
+ [w′

0 + θx]
dz

ds
(2.7b)
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Transverse shear strain measure:

γny(s, y, t) = −γxy
dz

ds
+ γyz

dx

ds
= −[u′

0 + θz]
dz

ds
+ [w′

0 + θx]
dx

ds
(2.8)

The stress resultants and stress couples can be reduced to the following expressions:


Nyy

Nsy

Lyy

Lsy


 =




K11 K12 K13 K14

K21 K22 K23 K24

K41 K42 K43 K44

K51 K52 K53 K54






ε0
yy

γ0
sy

φ′

εn
yy


 (2.9a)

Nny = [A44 −
A2

45

A55

]γny (2.9b)

in which the reduced stiffness coefficients Kij are defined in Appendix A.

2.2.2 Unsteady Aerodynamic Loads for Arbitrary Small Motion
in Incompressible Flow

Based on the strip theory and 2-D incompressible unsteady aerodynamics, the unsteady

aerodynamic lift and aerodynamic twist moment about the reference axis (in this paper,

the mid-chord locus is adopted as the reference axis) can be expressed as (see Fig. 2.3): [12]

Lae(y, t) = ρ∞UnΓ0(y, t) − ρ∞
d

dt

∫ b

−b

γ0(x, y, t)xdx+ρ∞Un

∫ ∞

−b

γw(x, y, t)√
x2 − b2

dx (2.10a)

Tae(y, t) = −ρ∞Un

∫ b

−b

γ0(x, y, t)x dx +
1

2
ρ∞

d

dt

∫ b

−b

γ0(x, y, t)(x2 − 1

2
b2)dx

+
1

2
ρ∞Unb2

∫ ∞

−b

γw(x, y, t)√
x2 − b2

dx

(2.10b)

where Un is the free stream speed normal to the leading edge, γ0(x, y, t) is the quasi-steady

distributed bound vortex intensity (on the wing), γw(x, y, t) is the vortex intensity in the

wake, and Γ0(y, t) is the quasi-steady circulation. From the potential aerodynamic the-

ory, γ0(x, y, t), γw(x, y, t) can be uniquely determined by the boundary (no-penetration)

condition and the Kutta condition, as illustrated in the following.
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Expressed in the body-fixed frame [13, 14] (see Fig. 2.3), the vertical position of any point

in the wing cross-section can be expressed as:

za(x, y, t) = w0(y, t) − φ(y, t)x (2.11)

where w0(y, t) and φ(y, t) denote the plunging displacement of the points belonging to

the reference axis; and the twist about this axis, respectively. It should be noted that the

rigid angle of attack is not considered in this article.

Denote F (x, y, z, t) = za(x, y, t)−w0(y, t)−φ(y, t)x = 0, then the no-penetration condition

of the flow can be expressed as:

DF (x, y, t)

Dt
=

∂F

∂t
+U ·∇F =

∂F

∂t
+(Un +ub +uw)

∂F

∂x
+v

∂F

∂y
+(wb +ww)

∂F

∂z
= 0 (2.12)

where ub = ∂Φb

∂x
, uw = ∂Φw

∂x
, and wb = ∂Φb

∂z
, ww = ∂Φw

∂z
, in which Φb, Φw are potential

functions of the bound vortex and the wake. Based on the thin-airfoil theory and small

perturbation assumption [13], we get

wb(x, y, z, t)|z→0 =
∂Φb

∂z
|z→0 = − 1

2π

∫ b

−b

γb(ξ, y, t)dξ

x − ξ
(2.13a)

ww(x, y, z, t)|z→0 =
∂Φw

∂z
|z→0 = − 1

2π

∫ ∞

b

γw(ξ, y, t)dξ

x − ξ
(2.13b)

and the downwash:

wa(x, y, t) ≡ ∂za

∂t
+ Un

∂za

∂x

= ẇ0 − xφ̇ − Unφ = − 1

2π

∫ b

−b

γb(ξ, y, t)dξ

x − ξ
− 1

2π

∫ ∞

b

γw(ξ, y, t)dξ

x − ξ

(2.13c)

In Eqs. (2.13b and 2.13c), the wake is assumed to be in a flat plane. From Eq. (2.13c),

the downwash quantities at the mid-chord and three quarter locations are:

w0.5c(y, t) ≡ wa(x, y, t)|x=0 = ẇ0 − Unφ, (2.14a)

w0.75c(y, t) ≡ wa(x, y, t)
∣∣∣x= 1

2
b = ẇ0 − Unφ − 1

2
bφ̇ (2.14b)
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Following the works by Theodorsen15, von Kármán and Sears12 (see also Bisplinghoff et

al,

For the quasi-steady part of the solution,

wa(x, y, t)=̄ẇ0 − xφ̇ − Unφ = − 1

2π

∫ b

−b

γ0(ξ, y, t)dξ

x − ξ
(2.15a)

Γ0(y, t) =

∫ b

−b

γ0(ξ, y, t)dξ (2.15b)

while for the influence of the wake,

0 = − 1

2π

∫ b

−b

γ1(ξ, y, t)dξ

x − ξ
− 1

2π

∫ ∞

b

γw(ξ, y, t)dξ

x − ξ
(2.16a)

Γ1(y, t) =

∫ b

−b

γ1(ξ, y, t)dξ =

∫ ∞

b

[

√
ξ + b

ξ − b
− 1]γw(ξ, y, t)dξ (2.16b)

Obviously, the total circulation on the airfoil is:

Γb(y, t) = Γ0(y, t) + Γ1(y, t) (2.17)

The Kutta condition applied at the trailing edge is: [13]

Γ0(y, t) +

∫ ∞

b

√
ξ + b

ξ − b
γw(ξ, y, t)dξ = 0 (2.18)

The procedure of the solution consists firstly, of solving the integral equation [Eq. (2.15a)]

by using Söhngen’s inverse formulas of integral equations [13], then getting the expression

of γ0(x, y, t), andΓ0(y, t), and solving the integral equation [Eq. (2.18)] to get the expres-

sion of γw(x, y, t). In his paper [16], Sears has shown that the spatial Laplace Transform

technique can significantly reduce the complexity of the derivations. Finally, we get:

Γ0(y, t) = −2b

∫ 1

−1

√
1 + ξ̂

1 − ξ̂
[ẇ0 − Unφ − bξ̂φ̇]dξ̂

= −2πb[ẇ0 − Unφ − 1

2
bφ̇] ≡ −2πbw0.75c(y, t)

(2.19a)
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Lae(y, t) = −πρ∞b2[ẇ0.5c(y, t)]

− 2πρ∞Unb{w0.75c(y, 0)φW (
Unt

b
) +

∫ t

0

dw0.75c(t0)

dt0
φW (

Un

b
(t − t0))dt0}

(2.19b)

Tae(y, t) = −πρ∞b3[
1

2
Unφ̇ +

1

8
bφ̈]

− πρ∞Unb2{w0.75c(y, 0)φW (
Unt

b
) +

∫ t

0

dw0.75c(t0)

dt0
φW (

Un

b
(t − t0))dt0}

(2.19c)

where φW is the Wagner’s function fulfilling

dφW (τ)

dτ
= L−1[

K1(p)

K0(p) + K1(p)
] (2.20)

in which, τ = Unt/b is the non-dimensional time, L−1 is the inverse Laplace Transform

operator; p is the Laplace-transform variable (the counterpart of τ), while K0(p) andK1(p)

are the modified Bessel functions of the 2nd kind [2, 16]). In Eqs. (2.19b, c), the terms

underlined are associated with the circulatory part of the aerodynamic loads. The quantity

K1(p)/(K0(p) + K1(p)) ≡ C(p) is identified as the generalized Theodorsen function in the

Laplace transformed domain [17].

In order to cast Lae, Tae to state space form, the quasi-polynomial approximation of the

lift deficiency function is used: [13, 17, 20]

φW (τ) = [1.0 −
n∑

i=1

αi exp(−βiτ)]H(τ) (2.21)

where H(τ)denotes the Heaviside’s step function.

By denoting

D(y, t)=̄

∫ t

0

∂w0.75c(y, t0)

∂t0
φW (

Un(t − t0)

b
)dt0, (2.22)

we get

D(y, t) = w0.75c(y, t) −
n∑

i=1

αiBi(y, t) (2.23)

where Bi(y, t) satisfies Ḃi + (βi
Un

b
)Bi = ẇ0.75c(y, t)

In the following derivation, we assume that the wing starts from rest.
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Compared with the methods based on the transfer function realization, the present method

can easily model as many as necessary aerodynamic lag terms into the finite state space

form. It should be noted that this method yields the same number of augmented states

as those provided by the Roger’s approximation method [18].

The above results are for 2-D cross-section wings. For a finite-span wing, the modified strip

theory [13, 19] is used to extend the 2-D aerodynamics to the 3-D one. Firstly, in order to

be able to approach also the case of swept aircraft wings, the reference coordinate system

is being rotated with the wing by the sweep angle Λ [13]. Secondly, the lift curve slope

2π and the downwash boundary condition (i.e., three quarter rule for 2-D aerodynamics

model) are modified to account for the finite span effects [13, 19, 20]:

2π → CLφ =
dCL

dφ
=

AR

AR + 2 cos Λ
2π,

1

2
b → b[

CLφ

2π
− 1

2
] (2.24)

It should be noted that only the circulatory terms in Eqs. (2.19b, c) will be modified [19,

20]. All the geometric measures are now taken in the rotated chordwise coordinate system

(see Fig. 2.1).

As to the frame transformation, we follow the procedure in Ref. 13. After collecting the

coefficients of the chordwise coordinate x, the downwash velocity in the rotated coordinate

system is expressed as:

wa(x, y, t)=̃
∂za

∂t
+

∂za

∂x̄
=

∂za

∂t
+ U∞(

∂za

∂x
+

∂za

∂y
sin Λ)

= [ẇ0 − U∞φ cos Λ + U∞ sin Λ
∂w0

∂y
] − x[φ̇ + U∞

∂φ

∂y
sin Λ]

(2.25)

Replacing ẇ0−Unφ by ẇ0−U∞φ cos Λ+U∞ sin Λ∂w0

∂y
; φ̇ by φ̇+U∞

∂φ
∂y

sin Λ in the preceding

formulas, and denoting Un ≡ U∞ cos Λ, we get:

w0.75c(y, t) = ẇ0 − Unφ + Un tan Λ
∂w0

∂y
− b

2
[φ̇ + Un

∂φ

∂y
tan Λ][

CLφ

π
− 1] (2.26a)

w0.5c(y, t) = ẇ0 − Unφ + Un tan Λ
∂w0

∂y
(2.26b)
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Based on these equations, the explicit expressions of unsteady aerodynamic lift and mo-

ment will be given in the following sections.

2.2.3 Gust and blast loads

Based on the Duhamel’s integral and the indicial function for an arbitrary gust wG(τ),

the induced aerodynamic lift is expressed as:

Lg(τ) = CLφbUn[wG(0)ψK(τ) +

∫ τ

0

∂wG(τ0)

∂τ0

ψK(τ − τ0)dτ0] (2.27)

where ψK(τ) = L−1[ 1
pep

1
K0(p)+K1(p)

] is the Küssner’s function.16 In the practical calculation,

ψK can be approximated by the following quasi-polynomials [13]:

ψK(τ) = 1 − 0.500e−0.130τ − 0.500e−1.00τ , τ > 0 (2.28)

As proved by von Kármán and Sears [12], the gust embedded in the atmosphere and

flowing with the atmosphere always acts at the quarter-chord position, even when the

aerodynamic load is not completely circulatory. For simplicity, we assume that the gust

is not affected by the penetration of the wing. Therefore, the aerodynamic moment about

the reference axis due to the gust is

Tg(τ) =
1

2
bLg(τ) =

1

2
CLφb

2Un[wG(0)ψK(τ) +

∫ τ

0

∂wG(τ0)

∂τ0

ψK(τ − τ0)dτ0] (2.29)

In general, a gust (discrete model, as considered in this paper) can be specified by the

gust intensity, gradient and its profile [13]. In this article, the gust intensity is assumed

to be uniformly distributed along the span. The following types of gust are used in the

present study of aeroelastic response:

• Sharp-edged gust: wG(τ) = H(τ)VG

• 1-COSINE gust: wG(τ) = 1
2
VG(1 − cos πτ

τp
)[H(τ) − H(τ − 2τp)]
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where VG is the peak gust velocity, τp is the gust gradient expressed in semichord length.12

Other types of gusts are listed in Ref. 1.

The blast load due to a sonic boom signature can be modeled as an N-shaped pressure

pulse [1, 7]:

Lb(τ) = Pm(1 − τ

τp

)[H(τ) − H(τ − r τp)] (2.30)

in which, Pm is the peak reflected pressure in excess to the ambient pressure and τp is the

positive phase duration of the pressure pulse, r is the pulse length factor [1, 7]. When

r = 1, the N-shaped pulse degenerates into an explosive pulse (in triangular form) and

when r = 2, a symmetric sonic-boom pulse is obtained [1]. For blast loads, we assume

that these act throughout the wing.

2.2.4 The Governing System

The governing equations and boundary conditions can be systematically derived from

the extended Hamilton’s Principle,2which states that the true path of motion renders the

following variational form stationary:∫ t2

t1

(δT − δV + δWe) dt = 0 (2.31a)

with

δu0 = δv0 = δw0 = δθx = δθz = δφ = 0 at t = t1, t2 (2.31b)

where T and V denote the kinetic energy and strain energy, respectively, while δWe

denotes the virtual work due to external forces. These are defined as:

Kinetic energy

T =
1

2

∫ L

0

∮
C

ml∑
k=1

∫
h(k)

ρ(k)[(
∂u

∂t
)2 + (

∂w

∂t
)2 + (

∂v

∂t
)2]dndsdy, (2.32)

61



Strain energy

V =
1

2

∫
τ

σijεij dτ

=
1

2

∫ L

0

∮
C

ml∑
k=1

∫
h(k)

[σyyεyy + σsyγsy + σnyγny]h(k)
dndsdy

(2.33)

Virtual work due to unsteady aerodynamic, gust and blast loads:

δWe =

∫ L

0

(pz(y, t)δw0(y, t) + my(y, t)δφ(y, t)) dy (2.34)

where pz = Lae + Lg + Lb (positive upwards) is the combined aerodynamic lift per unit

span length and my = Tae + Tg (positive nose-up) aerodynamic twist moments about the

reference axis.

In order to study the dynamic aeroelastic response featuring bending-twist cross-coupling,

the beams featuring circumferentially asymmetric stiffness (CAS) lay-up configuration

(see Ref. [9]) and with the biconvex cross-section are considered. As demonstrated in

Refs. [4, 5], this type of beams feature the following two sets of completely independent

elastic couplings:

• vertical bending/twist/vertical transverse shear (w0, φ, θx)

• extension/lateral bending/lateral transverse shear (u0, v0, θz)

Also, the aerodynamic loads and the inertia forces of the beams are completely split into

the above two groups, hence the total equations of motion and the boundary conditions

are completely decoupled. Therefore, the second group in the above mentioned sets can

be safely discarded. The equations of motion of the first group that are of interest for the

present problem are:

δw0 : Q′
z + Lae + Lg + Lb − b1ẅ0 = 0 (2.35a)

δφ : M ′
y − B′′

w + Tae + Tg − (b4 + b5)φ̈ + (b10 + b18)φ̈′′ = 0 (2.35b)
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δθx : M ′
x − Qz − (b4 + b14)θ̈x = 0 (2.35c)

Boundary conditions:

At y = 0, w0 = 0, φ = 0, φ′ = 0, θx = 0

At y = L,Qz = 0, − B′
w + My + (b10 + b18)φ̈

′ = 0, (2.36)

Bw = 0, Mx = 0

In the above equations, Mx, Qz, Bw,My are the 1-D stress resultant and stress couple

measures that are defined as:

Mx(y, t) =

∮
C

(zNyy + Lyy
dx

ds
)ds Qz(y, t) =

∮
C

(Nsy
dz

ds
+ Nny

dx

ds
)ds

Bw(y, t) = −
∮

C

[Fw(s)Nyy + a(s)Lyy]ds My(y, t) =

∮
C

Nsyψ(s)ds (2.37)

The inertia coefficients b1, b4, b5, b10, b14, b15, b18 are defined in Appendix A.

For biconvex cross-section thin-walled beams with CAS lay-up configuration, the force-

displacement relations are:


Mx

Qz

Bw

My


 =




a33 0 0 a37

0 a55 a56 0
0 a56 a66 0

a37 0 0 a77






θ′x
(w′

0 + θx)
φ′′

φ′


 (2.38)

For the free warping model (see Refs. [4, 5, 8]), the force-displacement relations are:


Mx

Qz

Bw

My


 =




a33 0 a37

0 a55 0
0 a56 0

a37 0 a77






θ′x
(w′

0 + θx)
φ′


 (2.39)

In terms of the basic unknowns, the governing equations that include all the above men-

tioned effects are:

δw0 : a55(w
′′
0 + θ′x) + a56φ

′′′ + Lae + Lg + Lb − b1ẅ0 = 0 (2.40a)
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δφ : a37θ
′′
x + a77φ

′′ − a56(w
′′′
0 + θ′′x)− a66φ

(IV ) + Tae + Tg − (b4 + b5)φ̈ + (b10 + b18)φ̈′′ = 0

(2.40b)

δθx : a33θ
′′
x + a37φ

′′ − a55(w
′
0 + θx) − a56φ

′′ − (b4 + b14)θ̈x = 0 (2.40c)

Boundary conditions:

At y = 0, w0 = 0, φ = 0, φ′ = 0, θx = 0 (2.41a)

At y = L,

δw0 : a55(w
′
0 + θx) + a56φ

′′ = 0,

δφ : −a56(w
′′
0 + θ′x) − a66φ

′′′ + a37θ
′
x + a77φ

′ = −(b10 + b18)φ̈
′, (2.41b)

δφ′ : −a56(w
′
0 + θx) − a66φ

′′ = 0,

δθx : a33θ
′
x + a37φ

′ = 0

In the above equations, the terms underscored by double solid lines are associated with

the warping inhibition effect, whereas the term underscored by single solid line identifies

the rotatory inertia effect (see Refs. [3–5]).

The unsteady aerodynamic lift and twist moment are expressed as:

Lae(y, t) = −πρ∞b2[ẇ0.5c(y, t)] − CLφρ∞Unb[w0.75c(y, t) −
n∑

i=1

αiBi]

= −πρ∞b2[ẅ0 + Un
∂2w0

∂y∂t
tan Λ − Unφ̇]

− CLφρ∞Unb[ẇ0 − Unφ + Un
∂w0

∂y
tan Λ − b

2
(
CLφ

π
− 1)(φ̇ + Un

∂φ

∂y
tan Λ) −

n∑
i=1

αiBi]

(2.42a)

Tae(y, t) = −πρ∞b3[
1

2
Unφ̇ +

1

8
bφ̈] − 1

2
CLφρ∞Unb

2[w0.75c(y, t) −
n∑

i=1

αiBi]

= −πρ∞b3{[1
2
(
CLφ

π
− 1)(Unφ̇ + U2

n

∂φ

∂y
tan Λ)] +

1

8
b[φ̈ + Un

∂2φ

∂y∂t
tan Λ]}

− 1

2
CLφρ∞Unb

2{ẇ0 − Unφ + Un
∂w0

∂y
tan Λ − b

2
(
CLφ

π
− 1)(φ̇ + Un

∂φ

∂y
tan Λ) −

n∑
i=1

αiBi}

(2.42b)
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In Eqs. (2.42a, b), Bi fulfil Eq. (2.23). The expressions of the gust and blast loads have

been provided in Eqs. (2.27, 2.29, 2.30).

2.3 Solution Methodology

Due to the non-conservative nature of the boundary value/eigenvalue problems and the

high complexity arising from the anisotropy of the constituent materials and the boundary

conditions, we apply the non-dimensionalization, spatial semi-discretization and then cast

the governing equations into state space form. The spatial semi-discretization is based on

the extended Galerkin’s method (EGM) (see Refs. 7, 21). The conversion of governing

equations into state space form is prompted by the facts that on one hand, for a general

non-conservative system, the solution requires a state space description [2] and, on the

other hand, the classical modal analysis based on complex eigensystem does not yield

efficient solution. In addition, for the purpose of treating various gust and blast loads in a

unified way, the temporal discretization is also implemented. It should be noted that the

Laplace transform method (LTM) can only be efficiently applied to sufficiently low order

systems. For the problem being addressed here, this methodology does not constitute the

most appropriate one.

2.3.1 Non-Dimensionalization and Spatial Semi-Discretization

Introduce the following basic non-dimensional parameters:

η ≡ y/L, τ ≡ Unt/b, AR ≡ L/b, ŵ0(η, τ) ≡ w0/2b, φ̂(η, τ) ≡ φ(η, τ),

θ̂x(η, τ) ≡ θx(η, τ), d()/dτ = (b/Un)d()/dt

and for spatial semi-discretization,

ŵ0(η, τ) = Ψ̂T
w(η)q̂w(τ) φ̂(η, τ) = Ψ̂T

φ (η)q̂φ(τ) θ̂x(η, τ) = Ψ̂T
x (η)q̂x(τ)
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where the shape functions Ψ̂w(η),Ψ̂φ(η),and Ψ̂x(η) are only required to fulfil the geometric

boundary conditions.

In terms of the above basic non-dimensional parameters, the downwash quantities at the

mid-chord and three-quarter locations are:

w0.75c(η, τ) = Un[2 ˙̂w0−
1

2
(
CLφ

π
−1)

˙̂
φ− φ̂+

2

AR

∂ŵ0

∂η
tan Λ− 1

2AR
(
CLφ

π
−1)

∂φ̂

∂η
tan Λ] (2.43a)

w0.5c(η, τ) = Un[ ˙̂w0 − φ̂ +
∂ŵ0

∂η
tan Λ] (2.43b)

As a result, the unsteady aerodynamic loads are expressed as:

Lae(η, τ) = −πρ∞b2U2
n[2 ¨̂w0 +

2

AR

∂2ŵ0

∂η∂τ
tan Λ − ˙̂

φ]

− CLφρ∞U2
nb[2 ˙̂w0 − φ̂ +

2

AR

∂ŵ0

∂η
tan Λ − 1

2
(
CLφ

π
− 1)(

˙̂
φ +

1

AR

∂φ̂

∂η
tan Λ) −

n∑
i=1

αiBi/Un]

(2.44a)

Tae(η, τ) = −πρ∞b2U2
n{[

1

2
(
CLφ

π
− 1)(

˙̂
φ +

1

AR

∂φ̂

∂η
tan Λ)] +

1

8
[
¨̂
φ +

1

AR

∂2φ̂

∂η∂τ
tan Λ]}

− 1

2
CLφρ∞U2

nb2{2 ˙̂w0 − φ̂ +
2

AR

∂ŵ0

∂η
tan Λ − 1

2
(
CLφ

π
− 1)(

˙̂
φ +

1

AR

∂φ̂

∂η
tan Λ) −

n∑
i=1

αiBi/Un}

(2.44b)

After spatial semi-discretization, the following equations are derived:

(M̄s +
1

8µ0

M̄ae)¨̂q + (
1

8µ0

C̄ae) ˙̂q + (krK̄s +
1

8µ0

K̄ae)q̂ =
1

8µ0




z1

z2

0




+
1

4b1U2
n




2b
∫ 1

0
Ψ̂w(Lg + Lb)dη∫ 1

0
Ψ̂φTgdη

0




(2.45a)

where

M̄s =

∫ 1

0


 Ψ̂wΨ̂T

w 0 0

0 ÎtΨ̂φΨ
T
φ + ÎwΨ̂′

φΨ̂′T
φ 0

0 0 r̂2Ψ̂xΨ̂
T
x


 d η (2.45b)
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K̄s =

∫ 1

0


 4

AR2 Ψ̂
′
wΨ̂′

w
T 2

AR
µ1c14Ψ̂

′
wΨ̂′′

φ
T 2

AR
Ψ̂′

wΨ̂T
x

4
AR2 µ1µ2Ψ̂

′′
φΨ̂

′′
φ

T + µ1c12Ψ̂
′
φΨ̂

′
φ

T µ1c14Ψ̂
′′
φΨ̂

T
x + µ1c13Ψ̂

′
φΨ̂

′
x
T

symm (µ1Ψ̂
′
xΨ̂

′
x
T + Ψ̂xΨ̂

T
x )


dη

(2.45c)

M̄ae =

∫ 1

0


 2Ψ̂wΨ̂T

w 0 0

0 1
16

Ψ̂φΨ̂
T
φ 0

0 0 0


dη (2.45d)

C̄ae =

∫ 1

0




2
AR

tan ΛΨ̂wΨ̂′
w

T +
2CLφ

π
Ψ̂wΨ̂T

w −[1 +
CLφ

2π
(

CLφ

π
− 1)]Ψ̂wΨ̂T

φ 0

CLφ

2π
Ψ̂φΨ̂

T
w

1

16AR
tan ΛΨ̂φΨ̂

′
φ

T

+
1

4
(
CLφ

π
− 1)(1 − CLφ

2π
)Ψ̂φΨ̂

T
φ

0

0 0 0


dη

(2.45e)

K̄ae =

∫ 1

0


 2CLφ

πAR
tan ΛΨ̂wΨ̂′

w
T −CLφ

π
Ψ̂wΨ̂T

φ − CLφ

2πAR
(

CLφ

π
− 1) tan ΛΨ̂wΨ̂′

φ
T 0

CLφ

2πAR
tan ΛΨ̂φΨ̂

′
w

T −CLφ

4π
Ψ̂φΨ̂

T
φ + (1 − CLφ

2π
)(

CLφ

π
− 1) tan Λ

4AR
Ψ̂φΨ̂

′
φ

T 0
0 0 0


dη

(2.45f)

z1 =
n∑

i=1

αi

∫ 1

0

CLφ

π
Ψ̂wB̂idη z2 =

n∑
i=1

αi

∫ 1

0

CLφ

4π
Ψ̂φB̂idη B̂i = Bi/Un (2.45g)

q = [ Ψ̂T
w Ψ̂T

φ Ψ̂T
x ]T . (2.45h)

The related non-dimensional parameters in the above equations are listed in Appendix B.

By using the mode expansion theorem, [2]

q̂w = Θwξ̂s, q̂φ = Θφξ̂s, q̂x = Θxξ̂s

where Θw, Θφ, Θx are N × m eigenvector matrices for the ŵ0,φ̂,θ̂x , respectively, and ξ̂s

is the vector consisting of the first m generalized mode coordinates, we have,

M̄n
¨̂ξs + C̄n

˙̂ξs + K̄nξ̂s =
1

8µ0

{
ΘT

wz1 + ΘT
φz2

}
+

1

4b1U2
n

{
2bΘT

w

∫ 1

0

Ψ̂w(Lg + Lb)dη + ΘT
φ

∫ 1

0

Ψ̂φTgdη

} (2.46)

On the left hand side of Eq. (2.46),

M̄n = ΘT [M̄s +
1

8µ0

M̄ae]Θ C̄n = ΘT [
1

8µ0

C̄ae]Θ K̄n = ΘT [krK̄s +
1

8µ0

K̄ae]Θ
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Θ=̄[ ΘT
w ΘT

φ ΘT
x ]T

On its right hand side,

ΘT
wz1 + ΘT

φz2 =
[

α1Im×m . . . αnIm×m

]
x̂a1
...
x̂an


 (2.47)

In Eq. (2.47), the augmented state vector x̂aifulfils the following equation:

˙̂xai + βix̂ai = D1
˙̂ξs + D2

¨̂ξs (2.48)

where

D1 =
CLφ

π
ΘT

w{
2

AR
tan Λ

∫ 1

0

Ψ̂wΨ′T
wd ηΘw −

∫ 1

0

[Ψ̂wΨ̂T
φ + (

CLφ

π
− 1)

tan Λ

2AR
Ψ̂wΨ̂′T

φd ηΘφ]}

+
CLφ

2π
ΘT

φ{
1

AR
tan Λ

∫ 1

0

Ψ̂φΨ̂′T
wd ηΘw − 1

2

∫ 1

0

[Ψ̂φΨ̂
T
φ + (

CLφ

π
− 1)

tan Λ

2AR
Ψ̂φΨ̂′T

φ ]d ηΘφ}

(2.49a)

D2 =
CLφ

π
ΘT

w{2
∫ 1

0

Ψ̂wΨ̂T
wdηΘw − 1

2
(
CLφ

π
− 1)

∫ 1

0

Ψ̂wΨ̂T
φdηΘφ}

+
CLφ

2π
ΘT

φ{
∫ 1

0

Ψ̂φΨ̂
T
wdηΘw − 1

4
(
CLφ

π
− 1)

∫ 1

0

Ψ̂φΨ̂
T
φdηΘφ}

(2.49b)

2.3.2 State Space Form of the Governing System

By denoting

x̂s ≡
{

ξ̂s

˙̂
ξs

}
2m×1

, x̂a ≡




xa1
...
xan




nm×1

, {X̂} ≡
{

x̂s

x̂a

}
(2+n)m×1

(2.50)

we get the state space form of the above aeroelastic governing equations and the aug-
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mented state equations:

{
˙̂xs

˙̂xa

}
=

[
As Bs

BaAs Aa + BaBs

]{
x̂s

x̂a

}
+




0m×1

M̄−1
n

D2M̄
−1
n

...
D2M̄

−1
n


{Qg + Qb} (2.51)

or in a more compact form, as

{ ˙̂X} = [A]{X̂} + [Be]{Qg} + [Be]{Qb} (2.52)

In Eq. (2.52),

[A] =

[
As Bs

BaAs Aa + BaBs

]
, [Be] =




0m×1

M̄−1
n

D2M̄
−1
n

...
D2M̄

−1
n




Qg =
1

8µ0

{
CLφ

π
ΘT

w

∫ 1

0

Ψ̂wdη +
CLφ

4π
ΘT

φ

∫ 1

0

Ψ̂φdη

}

× 1

Un

{
wG(0)ψK(τ) +

∫ τ

0

∂wG(τ0)

∂τ0

ψK(τ − τ0)dτ0

}

Qb =
1

4b1U2
n

{
2bΘT

w

∫ 1

0

Ψ̂wdη

}
Lb, [As]2m×2m =

[
0m×m Im×m

−M̄−1
n K̄n −M̄−1

n C̄n

]

[Bs]2m×nm =

[
0m×nm

1
8µ0

M̄−1
n

[
α1Im×m · · · α1Im×m

]
m×nm

]
,

[Aa]nm×nm =


 −β1Im×m

. . .

−βnIm×m


 , [Ba]nm×2m =


 Im×m

...
Im×m




nm×m

[
D1 D2

]
m×2m

The remaining matrices and vectors have been defined in the preceding section.

2.3.3 Temporal Discretization of the Governing System

The general solution of Eq. (2.52) can be expressed as: [2]

{X̂(τ)} = [eAτ ]{X̂(0)} +

∫ τ

0

[eA(τ−τ0)][Be]{Qg(τ0) + {Qb(τ0)}dτ0 (2.53)
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where the transition matrix [eAτ ] = L−1[(pI − A)−1] =
∞∑
i=0

Ai/i! τ i.

For a general non-conservative system, the eigenvalues and eigenvectors are complex val-

ued quantities. Although the system matrix A can be orthogonalized in terms of its

left and right eigenvectors [2], for large order of A, the actual implementation is not

efficient [2]. Moreover, the Laplace transform method is almost impractical for systems

featuring large orders. So the above equation is directly discretized in the time domain.

With the fixed sampling step ∆τ , the following discretized equation is derived: [2]

{X̂(k + 1)} = [eA∆τ ]{X̂(k)} + [A]−1[eA∆τ − I][Be]{Qg(k) + Qb(k)} (2.54)

where the discretized transition matrix

[eA∆τ ] =
∞∑
i=0

Ai

i!
(∆τ)i (2.55)

Given the maximum amplitude of the eigenvalues of A and the sampling step ∆τ , the

numerical convergence requirement of the above equation and the prescribed computation

accuracy determines the number of truncated terms in Eq. (2.55) for the approximation

of [eA∆τ ] [2]. In this paper, the accuracy order of 10−5 is prescribed.

Once the solution of {X̂(k)} is known, the generalized coordinate ξ̂s(k) can be extracted,

and then the aeroelastic response can be reconstructed as follows:

ŵ0(η, k) = Ψ̂T
w(η)Θwξ̂s(k), φ̂(η, k) = Ψ̂T

φ (η)Θφξ̂s(k), θ̂x(η, k) = Ψ̂T
x (η)Θxξ̂s(k)

(2.56)

2.4 Simulation Results and Discussions

In this section, the dynamic aeroelastic response of anisotropic thin-walled beams exposed

to selected gust and blast loads is investigated. Also investigated are the influences of

lay-ups and flight speed on the response. It should be noted that, depending on the
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design objectives and model/tools to be used, there are many other design parameters for

investigating the broad range effects of the aeroelastic tailoring [22]. The geometric and

material specifications of the beams with CAS lay-up configuration are listed in Table 2.1,

2.2. In Table 2.2, two sets of geometric specifications are adopted, with the second set

(type B) dealing with the onset of the dynamic flutter instability. It should be noted

that in the actual calculation, the first 5 structural modes and 2 aerodynamic lag terms

(see Eq. 2.21) are used, i.e., m = 5, n = 2, the Wagner’s function is approximated by the

Jones’ quasi-polynomial formulas [13], and all the response components (bending, twist

and transverse) are measured at the beam tip (η = 1).

Figures 2.4, 2.5, 2.6 display the response of the wing (type A) featuring various ply

angles exposed to a sharp-edged gust. Other related parameters are: Un = 150m/s,

VG = 15m/s, and [θ6] lay-up of the walls. It can be seen that the directionality property of

the structure has a dramatic influence on the response amplitudes of all the bending, twist

and transverse shear. The bending, twist and shear stiffness of the wing monotonically

increases from ply angle θ = 00 to 900. It should be noted that no structural damping is

considered. The damping is entirely of aerodynamic nature and in the cases considered in

this paper, it is mainly from the feedback mechanism of the unsteady aerodynamic loads

(see Eqs. 2.19b, c).

Figures 2.7 and 2.8 display the response of a type A wing featuring two lay-ups. The lay-

up of Fig. 2.7 is [756], while in Fig. 2.8 is [752/ − 752/752]. Other related parameters are

Un = 150m/s, VG/Un = 0.1. It is quite remarkable that for the bending response, both

the peak value of the transient oscillation and steady response amplitude of the former

case are almost 3 times that of the latter case. This reveals that the structural stiffness

has been dramatically changed due to the change of only two out of 6 constituent ply

orientations.

Figures 2.9, 2.10, 2.11 and Fig. 2.7 display the influence of the flight speed on the response.

The wing (type A) is subject to a sharp-edged gust. The related parameters are:VG =
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15m/s, the lay-up is [756], Un = 75, 150, 200, 250m/s. With the increase of the flight

speed, the amplitudes of the response increase in an accelerating rate. For some wings, a

higher flight speed may induce flutter, as shown in Figs. 2.12 -2.14, the related parameters

are: a type B wing, VG = 15m/s, the lay-up is [−756]. As discussed before, the damping

for the dynamic aeroelastic system considered here is mainly from the feedback mechanism

of the unsteady aerodynamic loads. In some flight speed range, this feedback yields the

positive damping on the structure, but for other ranges, usually in a high flight speed

one, the feedback may yield negative damping on the structure, i.e., the aerodynamic

loads act as an energy source [23], thus providing infinite energy to the structure, and

leading to structural failure. From Figs. 2.12, 2.13, it can be seen that a flutter speed is

between Un = 235m/s and Un = 236m/s. In fact, by tracing the eigenvalues of the system

matrix [A], the most critical flutter speed can be determined, as shown in Fig. 2.14, from

which, the dimensional flutter speed is measured as Un = 235.05m/s. Figure 2.15 shows

the frequency coalescence phenomenon, which is a typical characteristic of the coupling-

driven flutter. Figure 2.16 reveals the flutter intensity. The eigenvalues of the system

matrix [A] for the above two flight conditions are listed in Table 2.3, wherefrom the roots

with positive real part explain the occurrence of divergent oscillations. It is interesting

to note that the above flutter speed and flutter frequency have an excellent correlation

with those by the V-g method. Table 2.4 shows the comparison of flutter results by these

two different methods. It should be noted that the Theodorsen function used in the V-g

method is approximated by [24]:

C(k) = F (k) + jG(k)

=
0.021573 + 0.210400k + 0.512607k2 + 0.500502k3

0.021508 + 0.251239k + 1.035378k2 + k3

− j
0.001995 + 0.327214k + 0.122397k2 + 0.000146k3

0.089318 + 0.934530k + 2.481481k2 + k3

(2.57)

Here, k is the reduced frequency. The difference of the flutter predictions by the two

methods is well within the approximation accuracy of the Wagner’s function (in the time

domain) and the Theodorsen function (in the frequency domain). It is also interesting
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to note that in Figs. 2.9, 2.10, 2.11, the higher the flight speed, the quicker the response

goes to its steady solution with less transient oscillations.

Figures 2.17, 2.18, 2.19, 2.20, 2.21, 2.22 display the influence of the 1-COSINE gust

gradient τp on the response. The related parameters are: a type A wing, Un = 150m/s,

VG = 15m/s, the lay-up is [θ6]. It is interesting to note that for the wing with θ = 900,

larger τp results in smaller peak amplitudes of the response, while for wing with θ = 450,

larger τp yields larger peak amplitudes of the response.

Figures 2.23, 2.24 display the influence of explosive blast and sonic boom on the response.

The related parameters are: a type A wing, [756] lay-up, Un = 150m/s, P̂m = 0.001 and

r = 2. The maximum amplitude of the response occurs in the free motion region, i.e.,

when the explosive or sonic boom has left the wing.

Figures 2.25, 2.26 display the combined effect of sonic boom /sharp-edged gust and sonic

boom/1-COSINE gust on the response. The related parameters are: a type A wing, [756]

lay-up, Un = 150m/s, VG = 15m/s, P̂m = 0.001, τp = 20, andr = 2. The maximum

amplitude of the response (bending component) still occurs when the sonic boom has left

the wing (τ = 40).

2.5 Conclusions

The dynamic aeroelastic response of advanced aircraft wings modeled as anisotropic com-

posite thin-walled beams in an incompressible flow and exposed to selected gust and

blast loads is investigated. The 2-D unsteady aerodynamics is extended to account for

the effect of the finite wing span. Due to the non-conservative nature of the dynamic

aeroelastic system and the high complexity of the boundary value/eigenvalue problem

arising from advanced structural system considered in this article, the techniques of non-

dimensionalization, spatial semi-discretization are applied to the governing equations,

which are then cast into state space form. Finally, temporal discretization of the govern-
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ing equations is used in the actual computation. The significant influence of the lay-ups

on the response is highlighted. The potential advantage of exploiting elastic tailoring is

vast, but the complete understanding of the elastic tailoring is a prerequisite for a reliable

use of these exotic advanced composite materials. The flight speed can also dramati-

cally modify the dynamic response behavior of the subcritical aeroelastic system, and its

increase may result in the onset of flutter instability.
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Appendix A

The global stiffness quantities aij (= aji) and inertial terms Ii related to the problem are

defined as:

a33 =

∮
C

[z2K11 + 2z
dx

ds
K14 + (

dx

ds
)2K44]ds a37 =

∮
C

[zK13 +
dx

ds
K43]ds

a55 =

∮
C

[(
dz

ds
)2K22 + (

dx

ds
)2Ā44]ds a56 = −

∮
C

[Fw
dz

ds
K21 + a(s)

dz

ds
K24]ds

a66 =

∮
C

[F 2
wK11 + 2Fwa(s)K14 + a(s)2K44]ds a77 =

∮
C

ψ(s)K23ds

where Ā44 = A44 −
A2

45

A55

.

The reduced stiffness coefficientKij (in Eq. 2.9) are defined as:

K11 = A22 −
A2

12

A11

K12 = A26 −
A12A16

A11

= K21 K13 = (A26 −
A12A16

A11

)ψ(s)

K14 = B22 −
A12B12

A11

= K41 K22 = A66 −
A2

16

A11

K23 = (A66 −
A2

16

A11

)ψ(s)

K24 = B26 −
A16B12

A11

= K42 K43 = (B26 −
B12A16

A11

)ψ(s) K44 = D22 −
B2

12

A11

K51 = B26 −
B16A12

A11

K52 = B66 −
B16A16

A11

K53 = (B66 −
B16A16

A11

)ψ(s)

K54 = D26 −
B12B16

A11

The inertial coefficients in the Eqs. 2.35 are defined as:

b1 =

∮
C

m0ds (b4, b5) =

∮
C

(z2, x2)m0ds b14 =

∮
C

m2(
dx

ds
)2ds

b15 =

∮
C

m2(
dz

ds
)2ds (b10, b18) =

∮
C

(m0F
2
w(s), m2a

2(s))ds
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in which

(m0,m2) =

ml∑
k=1

∫ h(k+)

h(k−)

ρ(k)(1, n
2)dn

Appendix B

Non-dimensional parameters used in Eq. (2.45) and section 4:

µ0 =
b1

πρ(2b)2
µ1 =

a33

a55L2
µ2 =

a66

a33(2b)2
ω2

h =
a33

b1L4
ωhr = ωh

∣∣
θ=π/2

r̂ =

√
(b4 + b14)

b1L2
c12 =

a77

a33

c13 =
a37

a33

c14 =
a56

a33

Ît =
(b4 + b5)

(2b)2b1

Îw =
(b10 + b18)

L2(2b)2b1

kr =
a55

4b1U2
n

P̂m =
bPm

2b1U2
n
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Table 2.1: Material properties of the thin-walled beams with CAS lay-up and biconvex
cross-section

E11 = 206.8 × 109 N/m2 E22 = E33 = 5.17 × 109 N/m2

G13 = G23 = 2.55 × 109 N/m2 G12 = 3.10 × 109 N/m2

µ12 = µ13 = µ23 = 0.25 ρ = 1.528 × 103 Kg/m3

Table 2.2: Geometric specifications of the wings with CAS lay-up and biconvex cross-
section

Parameters Type A Type B
Length (L : m) 2.032 6.058
Width (2b : m) 0.254 0.757
Depth (2da : m) 0.06807 0.100
Aspect ratio 16 16
Wall thickness (h : m) 0.0102 0.010
Number of layers 6 6
Layer thisckness (: m) 0.0017 0.0017
Sweep angle (Λ : deg.) 0 0

athe length is measured on the contour line
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Table 2.3: Eigenvalues (σ + jk) of the system matrix [A] near the onset of flutter

Un = 235 m/s Un = 236 m/s
(subcritical response) (supercritical response)
−0.0104 ± 1.052j −0.0104 ± 1.05j
−0.0120 ± 0.5510j −0.0120 ± 0.549j
−0.0169 ± 0.3352j −0.0169 ± 0.333j
−0.0358 ± 0.1577j −0.0380 ± 0.157j
−0.000201 ± 0.1429j 0.00185 ± 0.143j
−0.295 ± 0.00454j -0.295±0.00457j
-0.0478±0.00117j −0.0478 ± 0.00119j
−0.0456 ± 0.000318j −0.0456 ± 0.000320j
−0.300 ± 0.000297j −0.300 ± 0.000299j
-0.0455 -0.0455
-0.253 -0.253

Table 2.4: Comparison of the flutter results by the transient method and V-g method

Method λF = VF /bωhr ΩF = ωF /ωhr VF (m/s) ωF (rad/s)
Transient method 53.75 7.53 235.05 87.12

V-g method 53.74 7.57 235.00 87.58
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Figure 2.1: Geometric configuration of the aircraft wing modeled as a thin-walled beam
model.

81



 

 

s

n

z

rn(s) x
�x

�z

u0

v0

w0
r(s)

a(s)

φ
y
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Figure 2.4: The response ŵ0(η = 1, τ) of the wings (type A, [θ6]) subject to a sharp-edged
gust with parameters (Un = 150 m/s, VG = 15 m/s).
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Figure 2.5: The response φ̂(η = 1, τ) of the wings (type A, [θ6]) subject to a sharp-edged
gust with parameters (Un = 150 m/s, VG = 15 m/s).

85



0 200 400 600 800 1000
time �

-0.25

-0.2

-0.15

-0.1

-0.05

0

��
x
�
�
�
1
,�
�

00=θ

030=θ

045=θ

060=θ

075=θ090=θ

Figure 2.6: The response θ̂x(η = 1, τ) of the wings (type A, [θ6]) subject to a sharp-edged
gust with parameters (Un = 150 m/s, VG = 15 m/s).
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Figure 2.7: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sharp-
edged gust with parameters (Un = 150 m/s, VG = 15 m/s).
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Figure 2.8: Dynamic aeroelastic response of a wing (type A, [752/ − 752/752]) subject to
a sharp-edged gust with parameters(Un = 150 m/s, VG = 15 m/s).
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Figure 2.9: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sharp-
edged gust with parameters(Un = 75 m/s, VG = 15 m/s).
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Figure 2.10: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sharp-
edged gust with parameters(Un = 200 m/s, VG = 15 m/s).
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Figure 2.11: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sharp-
edged gust with parameters(Un = 250 m/s, VG = 15 m/s).
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Figure 2.12: Dynamic aeroelastic response of a wing (type B, [−756]) subject to a sharp-
edged gust near the onset of flutter with parameters (Un = 235 m/s, VG = 15 m/s).
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Figure 2.13: Dynamic aeroelastic response of a wing (type B, [−756]) subject to a sharp-
edged gust near the onset of flutter with parameters (Un = 236 m/s, VG = 15 m/s).
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Figure 2.14: Flutter analysis of a wing (type B, [−756]) by the transient method (λ − γ
Plot).

94



10 20 30 40 50
��V�b�hr

10

20

30

40

50

�

����hr�

1st mode branch

2nd mode branch

3rd mode branch

4th mode branch

5th mode branch

Figure 2.15: Flutter analysis of a wing (type B, [−756]) by the transient method (λ − Ω
Plot).
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Figure 2.16: Dynamic aeroelastic response prediction of a wing (type B, [−756]) subject
to a sharp-edged gust beyond the onset of flutter with parameters (Un = 240 m/s, VG =
15 m/s).
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Figure 2.17: Dynamic aeroelastic response of a wing (type A, [906]) subject to a 1-COSINE
gust with parameters(Un = 150 m/s, VG = 15 m/s, τp = 20).
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Figure 2.18: Dynamic aeroelastic response of a wing (type A, [906]) subject to a 1-COSINE
gust with parameters(Un = 150 m/s, VG = 15 m/s, τp = 30).
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Figure 2.19: Dynamic aeroelastic response of a wing (type A, [906]) subject to a 1-COSINE
gust with parameters(Un = 150 m/s, VG = 15 m/s, τp = 40).
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Figure 2.20: Dynamic aeroelastic response of a wing (type A, [456]) subject to a 1-COSINE
gust with parameters(Un = 150 m/s, VG = 15 m/s, τp = 20).
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Figure 2.21: Dynamic aeroelastic response of a wing (type A, [456]) subject to a 1-COSINE
gust with parameters(Un = 150 m/s, VG = 15 m/s, τp = 30).
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Figure 2.22: Dynamic aeroelastic response of a wing (type A, [456]) subject to a 1-COSINE
gust with parameters(Un = 150 m/s, VG = 15 m/s, τp = 40).
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Figure 2.23: Dynamic aeroelastic response of a wing (type A, [756]) subject to an explosive
blast load with parameters (Un = 150 m/s, P̂m = 0.001, τp = 20).
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Figure 2.24: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sonic-
boom pressure signature with parameters (Un = 150 m/s, P̂m = 0.001, τp = 20).
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Figure 2.25: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sonic-
boom pressure signature and a sharp-edged gust with parameters (Un = 150 m/s, VG =
15 m/s, P̂m = 0.001, τp = 20).
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Figure 2.26: Dynamic aeroelastic response of a wing (type A, with [756]) subject to a sonic-
boom pressure signature and a 1-COSINE gust with parameters (Un = 150 m/s, VG =
15 m/s, P̂m = 0.001, τp = 20).
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Chapter 3

Aeroelastic Instability and Response
of Advanced Aircraft Wings at
Subsonic Flight Speeds

Abstract

A unified aeroelastic model developed towards investigating the flutter instability and sub-

critical dynamic aeroelastic response to selected gust loads in the subsonic flight speed

range is presented. The aircraft wing is modeled as an anisotropic composite thin-walled

beam featuring circumferentially asymmetric stiffness (CAS) lay-up configuration that

generates preferred elastic couplings. A number of non-classical effects such as transverse

shear, warping restraint, and the 3-D strain effects are incorporated in the structural

model. The unsteady aerodynamic loads in subsonic flow are based on 2-D indicial func-

tions in conjunction with aerodynamic strip theory extended to 3-D wing model. The

numerical results reveal that the compressibility, elastic tailoring and warping restraint

have substantial influence on the flutter instability and dynamic response of selected wing

configurations.

0A slightly different version of this chapter with the exception of Section 3.8 has been submitted for
publication to the Journal of Aerospace Science and Technology ;

Section 3.8 is adopted from another paper: ”Aeroelasticity of Advanced Aircraft Wings in Supersonic-
Hypersonic Flows”, which has been submitted for publication to the Journal of Spacecraft and Rockets.
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3.1 Introduction

Driven by their high structural efficiency and tremendous potential advantages, thin-

walled beam structures made of anisotropic composite materials are likely to be widely

used in the design of new generation of flight vehicles [6, 20, 26]. The potential advantages

come from the proper exploitation of the material’s directionality property, which, in the

context of aeroelasticity, has generated a new technology referred to as the aeroelastic

tailoring [23]. However, compared with the metallic thin-walled beams, the composite

ones are much more complex in the sense that these involve a number of important

non-classical effects such as transverse shear, warping inhibition (or warping restraint),

non-uniformity of shear stiffness [2, 6, 8, 13, 14, 18, 21, 25, 27, 28], and 3-D strain effects

[2, 8, 29]. It is well known that within the classical Euler-Bernoulli beam model, the ratio

of Young’s modulus to transverse shearing modulus is assumed to be zero, implying that

the transverse shear stiffness is infinite. However, for anisotropic composite material, this

ratio can be of the order O(100). For finite span aircraft wings featuring non-uniform

distribution of the aerodynamic twist moment, the classical St. Venant twist model has

to be discarded in favor of the restrained twist model. In addition, as revealed in [25],

the non-uniform distribution of shear stiffness has a significant influence on the warping

and twist, and as a result, its effect has to be considered. Towards a reliable aircraft

wing design, it is of vital importance to use a structural model that effectively captures

these effects and based on it, to investigate the aeroelastic instability and the aeroelastic

response. In fact, during the last two decades, a number of analytical thin-walled beam

models have been proposed [1, 2, 4, 8, 13, 21, 25, 28, 29]. It should be noted that

most of the available work has focused on the modeling and validation (especially static

validation) [1, 4, 8, 21, 25, 28, 29], and that very few ones have applied the concept
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of thin-walled beam models on the aeroelastic problems (on the static divergence and

free vibration analyses, see [13, 14, 26, 27]). It is interesting to note that a plate-beam

model has been used for investigating the warping restraint and transverse shear on the

static divergence, and flutter [7]. Since the aircraft design is primarily based on the

principle of thin-walled beams, it is desirable to investigate the aeroelastic instability and

aeroelastic response directly within the framework of thin-walled beams. To the best

of the authors’ knowledge, investigation of flutter instability and dynamic aeroelastic

response of advanced aircraft wings modeled as anisotropic thin-walled beams in subsonic

flow is quite void in the open literature. In the following section, a refined thin-walled

beam model that incorporates all the above mentioned major non-classical effects will

be adopted. It should be noted that the basic assumptions underlying this model are

proposed in [2, 21, 26].

3.2 Kinematics

A single-cell, closed cross-section, fiber-reinforced composite thin-walled beam will be used

in the modeling of advanced aircraft wings in this paper. As stated in the previous section,

the major non-classical effects have to be considered, which include transverse shear,

anisotropy of the constituent material, warping restraint, and 3-D strain effects. It should

be noted that in the original formulation of the beam theory [13, 26, 27], the variation of

contour-wise shear stiffness was not included. However, the theory was later extended to

account for these effects in a nonlinear theory [2]. For the geometric configuration and

the chosen coordinate system that is usually adopted in the analyses of aircraft wings,

see figures 1a through 1c. Based on the basic assumptions stated in [2, 13, 26, 27], the

following representation of the 3-D displacement quantities is postulated:

u(x, y, z, t) = u0(y, t) + zφ(y, t); w(x, y, z, t) = w0(y, t) − xφ(y, t); (3.1a)

v(x, y, z, t) = v0(y, t) + [x(s) − n
dz

ds
]θz(y, t) + [z(s) + n

dx

ds
]θx(y, t) − [Fw(s) + na(s)]φ′(y, t)

(3.1b)
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where

θx(y, t) = γyz(y, t) − w′
0(y, t); θz(y, t) = γxy(y, t) − u′

0(y, t); a(s) = −(z
dz

ds
+ x

dx

ds
) (3.2)

In the above expressions, θx(y, t), θz(y, t) and φ(y, t) denote rotations of the plane of the

cross-section about the axes x, z and the twist about theyaxis, respectively. γyz(y, t) and

γxy(y, t) denote the transverse shear strain measures.

The warping function in Eq.(3.1b) is expressed as

Fw(s) =

∫ s

0

[rn(s) − ψ(s)]ds (3.3)

in which the torsional function ψ(s) and the quantity rn(s) are expressed as

ψ(s) =

∮
C

rn(s̄)ds̄

h(s)Gsy(s)
∮

C
ds̄

h(s̄)Gsy(s̄)

; rn(s) = z
dx

ds
− x

dz

ds
(3.4)

where Gsy(s) is the effective membrane shear stiffness, which is defined as [2]:

Gsy(s) =
Nsy

h(s)γ0
sy(s)

(3.5)

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,

i.e., u0(y, t), v0(y, t), w0(y, t), θx(y, t), θz(y, t), φ(y, t), which represent 1-D displacement

measures, constitute the basic unknowns of the problem. When the transverse shear effect

is discarded, Eq. (3.2) degenerates to θx = −w′
0, θz = −u′

0, and as a result, the number of

basic unknown quantities reduces to four. Such a case leads to the classical, unshearable

beam model.

The strains that contribute to the potential energy are:

Spanwise strain:

εyy(n, s, y, t) = ε0
yy(s, y, t) + nεn

yy(s, y, t) (3.6a)

where

ε0
yy(s, y, t) = v0

′(y, t, ) + θz
′(y, t)x(y, t) − φ′′(y, t)Fw(s) (3.6b)

εn
yy(s, y, t) = −θz

′dz

ds
+ θx

′(y, t)
dx

ds
− a(s)φ′′(y, t) (3.6c)
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are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

γsy(s, y, t) = γ0
sy(s, y, t) + ψ(s)φ′(y, t) (3.7a)

where γ0
sy(s, y, t) = γxy

dx

ds
+ γyz

dz

ds
= [u′

0 + θz]
dx

ds
+ [w′

0 + θx]
dz

ds
(3.7b)

Transverse shear strain measure:

γny(s, y, t) = −γxy
dz

ds
+ γyz

dx

ds
= −[u′

0 + θz]
dz

ds
+ [w′

0 + θx]
dx

ds
(3.8)

3.3 Subsonic Aerodynamic Loads, an Indicial Func-

tion Approach

The indicial function based aerodynamic models provide an efficient, general, and conve-

nient approach to describe the compressible unsteady flow. This stems from the facts that:

i) wherever the linear theory is valid, when the proper indicial functions are available, the

unsteady aerodynamic loads to arbitrary small motion can be derived through Duhamel’s

convolution integral; ii)the indicial functions involved can be derived/approximated by

various approaches, such as computational fluid dynamics (CFD) [24], or with the aid of

experiments [10]; iii)derivation of indicial functions via CFD can be several orders faster

than the direct CFD simulations [24].

However, even in 2-D domain, in contrast to the incompressible case, the indicial functions

in subsonic compressible flow are not analytic, except for very limited durations of time [3].

Therefore, in this chapter, in conjunction with the aerodynamic strip theory, a set of

empirical 2-D indicial functions developed in [10] are adopted towards the investigation of

the aeroelastic behavior of 3-D advanced wings. As to the basic elements and validation

of 2-D subsonic indicial functions, the reader is referred to [3, 10, 16, 24].
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The downwash velocity can be expressed in a non-dimensional form as

wa(x̂, η, τ) = Un

{
[2 ˙̂w0 − φ̂ +

2

AR

∂ŵ0

∂η
tan Λe] − x̂[

˙̂
φ +

1

AR

∂φ̂

∂η
tan Λe]

}
� Un{ŵaT − x̂

˙̂
φaP}

(3.9a)

where we define:

ŵaT (η, τ) ≡ Un[2 ˙̂w0 − φ̂ +
2

AR

∂ŵ0

∂η
tan Λe];

˙̂
φaP (η, τ) ≡ [

˙̂
φ +

1

AR

∂φ̂

∂η
tan Λe] (3.9b)

Denote (Φc)0(τ),(ΦcM)0(τ) as the indicial lift and moment functions (about the leading

edge) due to the unit step change of the vertical translation velocity at the leading edge.

As a result, the indicial lift and aerodynamic moment about the mid-chord (taken as the

reference axis, see figure 3.3) are:

L∗
T (η, τ) = −πρ∞U2

n(2b){
[ŵaT (η, 0) +

˙̂
φaP (η, 0)](Φc)0(τ) +

∫ τ

0

∂(ŵaT (η, σ) +
˙̂
φaP (η, σ))

∂σ
(Φc)0(τ − σ)dσ

}
(3.10a)

T ∗
yT (η, τ) = −πρ∞U2

n(2b)2{
[ŵaT (η, 0) +

˙̂
φaP (η, 0)](ΦcM)0(τ) +

∫ τ

0

∂(ŵaT (η, σ) +
˙̂
φaP (η, σ))

∂σ
(ΦcM)0(τ − σ)dσ

}

+ bL∗
T (η, τ)

(3.10b)

where the ratio (ΦcM)0(τ)/(Φc)0(τ)measures the location of the aerodynamic center (frac-

tion of the whole chord length from the leading edge). Upon denoting (Φqc)0(τ),(ΦcMq)0(τ)

as the indicial lift and moment functions (about the leading edge) due to the unit step

change of the pitching rate at the leading edge, the corresponding indicial lift and aero-

dynamic moment about the mid-chord are:

L∗
q(η, τ) = 2πρ∞U2

n(2b)

{
[
˙̂
φaP (η, 0)](Φcq)0(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(Φcq)0(τ − σ)dσ

}
(3.11a)
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T ∗
yq(η, τ) = 2πρ∞U2

n(2b)2

{
˙̂
φaP (η, 0)(ΦcMq)0(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(ΦcMq)0(τ − σ)dσ

}

+ bL∗
q(η, τ)

(3.11b)

Similarly, the ratio (ΦcMq)0(τ)/(Φcq)0(τ) measures the location of the aerodynamic center

(fraction of the whole chord length from the leading edge).

Therefore, the total aerodynamic lift Lae (positive upwards) and moment about the mid-

chord Tae (positive nose-up) are:

Lae(η, τ) = L∗
T (η, τ) + L∗

q(η, τ)

= −πρ∞U2
n(2b)

{
ŵaT (η, 0)(Φc)c/2(τ) +

∫ τ

0

∂ŵaT (η, σ)

∂σ
(Φc)c/2(τ − σ)dσ

}

+ 2πρ∞U2
n(2b)

{
˙̂
φaP (η, 0)(Φcq)c/2(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(Φcq)c/2(τ − σ)dσ

} (3.12a)

Tae(η, τ) = T ∗
yT (η, τ) + T ∗

yq(η, τ)

= −πρ∞U2
n(2b)2

{
ŵaT (η, 0)(ΦcM)c/2(τ) +

∫ τ

0

∂ŵaT (η, σ)

∂σ
(ΦcM)c/2(τ − σ)dσ

}

+ 2πρ∞U2
n(2b)

{
˙̂
φaP (η, 0)(ΦcMq)c/2(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(ΦcMq)c/2(τ)dσ

} (3.12b)

where

(Φc)c/2(τ) = (Φc)0(τ); (ΦcM)c/2(τ) = (ΦcM)0(τ) +
1

2
(Φc)0(τ); (3.13a)

(ΦcMq)c/2(τ) = (ΦcMq)0(τ) − 1

2
(ΦcM)0(τ) +

1

2
(Φcq)0(τ) − 1

4
(Φc)0(τ); (3.13b)

(Φcq)c/2(τ) = (Φcq)0(τ) − 1

2
(Φc)0(τ). (3.13c)

In order to expedite the solution of the aeroelastic system, the analytical indicial functions
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[3] are approximated by quasi-polynomials:

(Φc)c/2(τ) = Ac
0 +

l∑
i=1

Ac
i exp[−βc

i τ ]; (ΦcM)c/2(τ) = AcM
0 +

l∑
i=1

AcM
i exp[−βcM

i τ ];

(3.14a)

(Φcq)c/2(τ) = Acq
0 +

l∑
i=1

Acq
i exp[−βcq

i τ ]; (ΦcMq)c/2(τ) = AcMq
0 +

l∑
i=1

AcMq
i exp[−βcMq

i τ ]

(3.14b)

Herein, three aerodynamic lag terms are used for each indicial function, i.e., l = 3, as a re-

sult, totally 12 aerodynamic lag terms are involved in the description of the 2-D unsteady

aerodynamic loads in the subsonic compressible flow. Notice that the above indicial func-

tions are dependent on the flight Mach number. The implementation of the approximation

is based on the non-linear curve fitting functions provided by Mathematica�. Compar-

ison of the approximation against the Leishman’s indicial functions [10] is displayed in

figure 3.4.

3.4 Aeroelastic Governing Equations and Solution Method-

ology

3.4.1 Aeroelastic Governing Equations and Boundary Condi-
tions

The extended Hamilton’s Principle [17] provides a convenient way to systematically derive

the aeroelastic governing equations and the boundary conditions. This principle states

that the true path of motion renders the following variational form stationary:∫ t2

t1

(δT − δV + δWe) dt = 0 (3.15a)

with

δu0 = δv0 = δw0 = δθx = δθz = δφ = 0 at t = t1, t2 (3.15b)
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where, δ is the variation operator, T and V denote the kinetic energy and strain energy,

respectively, while δWe denotes the virtual work due to external forces. These terms are

defined as:

Kinetic energy

T =
1

2

∫ L

0

∮
C

ml∑
k=1

∫
h(k)

ρ(k)[(
∂u

∂t
)2 + (

∂w

∂t
)2 + (

∂v

∂t
)2]dndsdy, (3.16)

Strain energy

V =
1

2

∫
τ

σijεij dτ

=
1

2

∫ L

0

∮
C

ml∑
k=1

∫
h(k)

[σyyεyy + σsyγsy + σnyγny]h(k)
dndsdy

(3.17)

Virtual work due to unsteady aerodynamic, gust and blast loads:

δWe =

∫ L

0

(pz(y, t)δw0(y, t) + my(y, t)δφ(y, t)) dy (3.18)

In equation (3.18), the total lift density pz(y, t) = Lae + Lg + Lband total twist moment

density my(y, t) = Tae + Tg + Tb. It should be noted here that the conjugate pairs

(σss, εss) and (σsn, γsn) do not contribute to the total strain energy V , hence do not

appear in equation (3.18). In order to study the aeroelastic problems featuring bending-

twist cross-coupling, a beam featuring circumferentially asymmetric stiffness (CAS) lay-up

configuration [21, 25, 27] and characterized by a biconvex cross-section is considered. As

demonstrated in [13, 27], this type of beam features two separate sets of elastic couplings,

vertical bending/twist/vertical transverse shear (w0, φ, θx) and extension/lateral bending/

lateral transverse shear (u0, v0, θz). Moreover, the aerodynamic loads and the inertia forces

of the beam are completely split into the above two groups, hence the total equations of

motion and the boundary conditions are completely decoupled. Therefore, the second

group in the above mentioned sets can be safely discarded.

In terms of the basic unknowns, the governing equations that account for warping inhi-
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bition and transverse shear are:

δw0 : a55(w
′′
0 + θ′x) + a56φ

′′′ + Lae + Lg + Lb − b1ẅ0 = 0 (3.19a)

δφ : a37θ
′′
x + a77φ

′′ − a56(w
′′′
0 + θ′′x)− a66φ

(IV ) + Tae + Tg − (b4 + b5)φ̈ + (b10 + b18)φ̈′′ = 0

(3.19b)

δθx : a33θ
′′
x + a37φ

′′ − a55(w
′
0 + θx) − a56φ

′′ − (b4 + b14)θ̈x = 0 (3.19c)

Boundary conditions:

At y = 0, w0 = 0, φ = 0, φ′ = 0, θx = 0 (3.20a)

At y = L,

δw0 : a55(w
′
0 + θx) + a56φ

′′ = 0,

δφ : −a56(w
′′
0 + θ′x) − a66φ

′′′ + a37θ
′
x + a77φ

′ = −(b10 + b18)φ̈
′, (3.20b)

δφ′ : −a56(w
′
0 + θx) − a66φ

′′ = 0,

δθx : a33θ
′
x + a37φ

′ = 0

In the above equations, the terms underscored by double solid lines are associated with

the warping inhibition effect, whereas the term underscored by a single solid line identifies

the rotatory inertia effect [13, 18, 26, 27].

For the unshearable beam model, the governing equations reduce to:

δw0 : −a33w
(IV )
0 + a37φ

′′′ + Lae + Lg + Lb − b1ẅ0 + (b4 + b14)ẅ
′′
0 = 0 (3.21a)

δφ : −a37w
′′′
0 + a77φ

′′ − a66φ
(IV ) + Tae + Tg − (b4 + b5)φ̈ + (b10 + b18)φ̈′′ = 0 (3.21b)

and the boundary conditions are:

At y = 0; w0 = 0; w′
0 = 0; φ = 0; φ′ = 0; (3.22a)
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At y = L

δw0 : a33w
′′′
0 − a37φ

′′ − (b4 + b14)ẅ
′
0 = 0;

δw′
0 : −a33w

′′
0 + a37φ

′ = 0;

δφ : a66φ
′′′ + a37w

′′
0 − a77φ

′ − (b10 + b18)φ̈
′ = 0; (3.22b)

δφ′ : a66φ
′′ = 0

3.4.2 State Space Solution

In conjunction with the extended Galerkin’s method (EGM) [11, 19], we cast the approx-

imated solution of the aeroelastic system into the following state space form:

{
˙̂xs

˙̂xa

}
=

[
As Bs

BaAs Aa + BaBs

]{
x̂s

x̂a

}
+




0m×1

M̄−1
n

D2M̄
−1
n

...
D2M̄

−1
n


{Qg + Qb} (3.23)

or in a more compact form, as

{ ˙̂X} = [A]{X̂} + [Be]{Qg} + [Be]{Qb} (3.24)

where x̂s and x̂a are 2m× 1, lm× 1 vectors, which describing the motion of the wing and

unsteady aerodynamic loads on the wing, respectively. Qg and Qb are the generalized

gust and blast loads, respectively. The details of the matrices and vectors in equations

(3.23, 3.24) are listed in Appendix B. For an analytical description of the gust and blast

loads, see e.g. [3, 12, 15]. Notice that for blast loads, we assume that they are uniform

throughout the wing.

3.5 Validation

In order to validate the accuracy of the model developed so far, Goland’s wing [5] is

used. The flutter result in incompressible flow by using the transient method [22] is
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calculated, which is compared against the exact one [5]. Notice that in the above transient

method, Jones’ quasi-polynomial approximation of Wagner’s function is used. It can be

seen in Table 3.1 that the correlation is excellent and the offfset of flutter speed and

flutter frequency by the transient method is well within the approximation accuracy of

Wagner’s function. Followed by the first step, compressibility effect on Goland’s wing is

investigated and the comparison results are also displayed in Table 3.1. It can be seen that

the compressibility only causes about 5.0% decrease of the flutter speed and 2.2% decrease

of the flutter frequency compared with the predictions by the incompressible model. This

is consistent with the well-known fact that at the lower range of the compressible subsonic

speeds, the effect of compressibility on flutter is quite small.

3.6 Numerical Results and Discussion

In this section, the effect of the flow compressibility on flutter instability of advanced

aircraft wings modeled as anisotropic thin-walled beams is first investigated. This will

be followed by the investigation of the influences of ply orientation, sweep angle, and

aspect ratio on the dynamic aeroelastic response of aircraft wings exposed to selected

gust and blast loads. The implication of warping restraint and transverse shear effects

on the response is also investigated. The geometric and material specifications of the

beams with CAS lay-up configuration are listed in Table 3.2, and 3.3. Notice that in the

actual implementation, the first 5 structural modes and 3 aerodynamic lag terms for each

indicial function (see equations (3.14a-d)) are used, i.e., m = 5, l = 3, all the response

components (bending, twist and transverse) are measured at the beam tip (η = 1), and

the gust intensity is specified to be VG = 15m/s for the all test cases.

Figures 3.6, 3.7, 3.8, 3.9 display the flutter results by using the incompressible and com-

pressible unsteady aerodynamic models, respectively. Notice that Jones’ quasi-polynomial

approximation of Wagner’s function is used in the incompressible model while Leish-

man’s indicial functions are used in the compressible model. The related parameters
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are: [1056] lay-up,AR = 12, Λg = 00. From these figures, it results MFlutter = 1.18 and

fFlutter = 18.89Hz for the incompressible aerodynamic model while MFlutter = 0.69 and

fFlutter = 10.57Hz for the compressible aerodynamic model. The big difference of the

flutter results (41.8% drop of the flutter speed and 44.1% drop of the flutter frequency

compared with the incompressible results) between these two models reveals the signifi-

cant role played by the compressibility on the flutter. Paralleling the explanation in [9]

of the transonic dip, it can be conjectured that also in this case, the same mechanism

yielding the big drop both in the flutter speed and flutter frequency can be invoked.

Another interesting phenomenon from figures 3.7 and 3.8 is that the frequency coales-

cence featuring the flutter onset predicted by the incompressible model almost vanishes

in the compressible case, implying the possible dramatic change of flutter type induced

by compressibility.

Figures 3.10 displays the influence of sweep angle on the response of a selected wing to

a sharp-edged gust. The related parameters are: [1206] lay-up, AR = 12,MFlight = 0.5,

τp = 40. It is noted that the sweep angle can be effectively used to reduce the deflection

amplitude.

Figure 3.11 displays the sensitivity of the wing response to subsonic flight speeds. The

related parameters are: [1206] lay-up, AR = 12, Λg = 00. Notice that the unsteadiness of

the subsonic aerodynamic loads played a significant role on the response behavior.

Figure 3.12 displays the influence of ply orientation on the dynamic aeroelastic response

to a sharp-edged gust. The related parameters are: [θ6] lay-up, AR = 12, Λ = 00, MFlight =

0.7. Two interesting observations can be reached: 1) ply orientation can be effectively

used to postpone the occurrence of the flutter instability; 2) this postponement of flutter

instability may be at the cost of introducing large amplitudes of the dynamic aeroelastic

response, implying the complex influences by elastic tailoring on the aeroelastic behavior

and optimization techniques may become a necessity.

Figures 3.13, 3.14 display the effect of warping restraint and transverse shear on the
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dynamic aeroelastic response subject to a sharp-edged gust. The related parameters are:

[756] lay-up, Λ = 300, MFlight = 0.7, AR = 10 in figure 3.13 and AR = 8 in figure 3.14.

It can be seen that the warping restraint has significant influence on the response even

for large aspect ratio wings. In contrast, transverse shear has a negligible influence on

the response of the large aspect ratio wings. Figure 3.15 displays the shape of the wing

predicted by warping restraint, free warping and unshearable models at the fixed time

τ = 1000. It can be seen that the maximum amplitudes of the response occur at the wing

tip.

Figure 3.16 displays one remarkable result related to warping restraint, i.e., warping

restraint model may yield larger amplitudes of the response than the free warping model

counterpart. The related parameters are: [1356] lay-up, Λ = 00, AR = 12 and MFlight =

0.7. This is due to the complex interaction of warping restraint effect and the elastic

coupling: warping restraint tends to increase the twist stiffness, which is outweighed by

the decrease of the twist stiffness induced by elastic coupling for [1356] lay-up.

3.7 Conclusion

The problems of flutter and dynamic aeroelastic response of advanced aircraft wings

modeled as anisotropic composite thin-walled beams in subsonic flow and exposed to

selected gust and blast loads are approached in a unified framework. Based on the model

developed herein, the effect of aerodynamic compressibility on flutter and the implications

of ply orientation, sweep angle, aspect ratio, warping restraint, and transverse shear on

the dynamic aeroelastic response are investigated. For the wings selected in the test

cases, the non-uniformity of the contour-wise shear stiffness becomes immaterial. The

major conclusions are:

• Compressibility at high subsonic speeds has a significant influence on flutter of the

advanced aircraft wings: the compressibility can yield a drop of the flutter speed and
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flutter frequency by about 41% as compared to the incompressible counterpart. In

addition, the mechanism of flutter may be dramatically changed by compressibility.

• Elastic tailoring can be effectively used to suppress the onset of flutter. However,

this may be achieved at the cost of dramatically increasing the response intensity.

• Warping restraint has a significant influence on the dynamic response on the se-

lected wings in subsonic flow, even for large aspect ratio wings. Therefore, warping

restraint effect has to be considered in the structural model. Compared with the

warping restraint effect on the response, the influence of transverse shear is much

smaller.

• The interaction of warping restraint effect and the elastic coupling complicates the

aeroelastic response behavior.

3.8 Time-Domain Unsteady Aerodynamic Loads in

Supersonic-Hypersonic Flows

As formerly mentioned, within linear theory, the indicial function based aerodynamic

model provides a general and convenient approach to describe the compressible unsteady

flows. For the case of compressible subsonic flow, a set of empirical 2-D indicial functions

are adopted in conjunction with the aerodynamic strip theory; for the case of supersonic

or hypersonic flow, a set of exact Lomax’s indicial functions (2-D, Ref. [3], pp. 371-372) are

adopted in conjunction with the strip theory. The approximation of these exact indicial

functions by quasi-polynomials and the conversion to state-space form is similar to the

case of subsonic flow. Comparisons of the approximation against the exact solution are

displayed in Fig. 3.5. Tables 3.4, 3.5, 3.6, and 3.7 list the coefficients of each unsteady

aerodynamic indicial function for the selected Mach numbers.
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Appendix A

Listed below are the global stiffness quantities aij(= aji) related to the problem addressed

in this paper:

a33 =

∮
C

[z2K11 + 2z
dx

ds
K14 + (

dx

ds
)2K44]ds a37 =

∮
C

[zK13 +
dx

ds
K43]ds

a55 =

∮
C

[(
dz

ds
)2K22 + (

dx

ds
)2Ā44]ds a56 = −

∮
C

[Fw
dz

ds
K21 + a(s)

dz

ds
K24]ds

a66 =

∮
C

[F 2
wK11 + 2Fwa(s)K14 + a(s)2K44]ds a77 =

∮
C

ψ(s)K23ds

where Ā44 = A44 − A2
45

A55
. Kij are the reduced stiffness coefficient defined as:

K11 = A22 −
A2

12

A11

K12 = A26 −
A12A16

A11

= K21 K13 = (A26 −
A12A16

A11

)ψ(s)

K14 = B22 −
A12B12

A11

= K41 K22 = A66 −
A2

16

A11

K23 = (A66 −
A2

16

A11

)ψ(s)

K24 = B26 −
A16B12

A11

= K42 K43 = (B26 −
B12A16

A11

)ψ(s) K44 = D22 −
B2

12

A11

K51 = B26 −
B16A12

A11

K52 = B66 −
B16A16

A11

K53 = (B66 −
B16A16

A11

)ψ(s)

K54 = D26 −
B12B16

A11

The inertial coefficients in the Eqs. (3.19, 3.20, 3.21, 3.22) are defined as:

b1 =

∮
C

m0ds (b4, b5) =

∮
C

(z2, x2)m0ds b14 =

∮
C

m2(
dx

ds
)2ds

b15 =

∮
C

m2(
dz

ds
)2ds (b10, b18) =

∮
C

(m0F
2
w(s), m2a

2(s))ds

in which

(m0,m2) =

ml∑
k=1

∫ h(k+)

h(k−)

ρ(k)(1, n
2)dn
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Appendix B

Matrices in equations (3.23, 3.24) are defined as:

[A] =

[
As Bs

BdAs Aa + BaBs

]
; [As]2m×2m =

[
0m×m Im×m;

−M̄−1
n K̄n −M̄−1

n C̄n

]
;

[Bs]2m×4lm =

[
0m×4lm

1
8µ0

M̄−1
n [−Ac

1Im×m · · ·AcMq
l Im×m]m×4lm

]
; M̄n = ΘTM̄sΘ;

C̄n =
1

8µ0

ΘTC̄aeΘ; K̄n = ΘT[krK̄s +
1

8µ0

K̄ae]Θ;

[Aa]4lm×4lm =


 −βc

1Im×m

. . .

−βcMq
l Im×m


 ;

[Ba]4lm×2m =





 Im×m

...
Im×m




lm×m

[
DRc

1 DRc
2

]
m×2m

 Im×m
...

Im×m




lm×m

[
DRcq

1 DRcq
2

]
m×2m

 Im×m
...

Im×m




lm×m

[
DRcM

1 DRcM
2

]
m×2m

 Im×m
...

Im×m




lm×m

[
DRcMq

1 DRcMq
2

]
m×2m



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DRc
1 = ΘT

w

[
4 tan Λe

AR

∫ 1

0

Ψ̂wΨ̂T
wd ηΘw − 2

∫ 1

0

Ψ̂wΨ̂T
φd ηΘφ

]
;

DRc
2 = 4ΘT

w

∫ 1

0

Ψ̂wΨ̂T
wd ηΘw; DRcq

1 = ΘT
w

[
4 tan Λe

AR

∫ 1

0

Ψ̂wΨ̂′Td ηΘφ

]
;

DRcq
2 = 4ΘT

w

∫ 1

0

Ψ̂wΨ̂T
φd ηΘφ; DScM

1 = ΘT
φ

[
4 tan Λe

AR

∫ 1

0

Ψ̂φΨ̂
′T
φd ηΘw − 2

∫ 1

0

Ψ̂φΨ̂
T
φd ηΘφ

]
;

DScM
2 = 4ΘT

φ

∫ 1

0

Ψ̂φΨ̂
T
wd ηΘw;

DScMq
1 = ΘT

φ

[
4 tan Λe

AR

∫ 1

0

Ψ̂φΨ̂
′T
φd ηΘφ

]
; DRcMq

2 = 4ΘT
φ

∫ 1

0

Ψ̂φΨ̂
T
φd ηΘφ;

M̄s =

∫ 1

0


 Ψ̂wΨ̂T

w 0 0

0 ÎtΨ̂φΨ
T
φ + ÎwΨ̂′

φΨ̂′T
φ 0

0 0 r̂2Ψ̂xΨ̂
T
x


 d η

K̄s =

∫ 1

0




4
AR2 Ψ̂

′
wΨ̂′

w
T 2

AR
µ1c14Ψ̂

′
wΨ̂′′

φ
T 2

AR
Ψ̂′

wΨT
x

4
AR2 µ1µ2Ψ̂

′′
φΨ̂

′′
φ

T + µ1c12Ψ̂
′
φΨ̂

′
φ

T µ1c14Ψ̂
′′
φΨ̂

T
x + µ1c13Ψ̂

′
φΨ̂

′
x
T

symm (µ1Ψ̂
′
xΨ̂

′
x
T + Ψ̂xΨ̂

T
x )


 dη

Qg =
1

4b1U2
n

{2bΘT
w

∫ 1

0

Ψ̂wLg(τ)d η + ΘT
φ

∫ 1

0

Ψ̂φTg(τ)d η};

Qb =
1

4b1U2
n

{2bΘT
w

∫ 1

0

Ψ̂wLb(τ)d η + ΘT
φ

∫ 1

0

Ψ̂φTb(τ)d η};

in which, the gust loads Lg(τ) and Tg(τ) are defined as

Lg(τ) = 2πρ∞bU2
n

∫ τ

0

wG(τ0)

Un

∂(ψc)c/2(τ − τ0)

∂τ
d τ0;

Tg(τ) = 2πρ∞(2b2)U2
n

∫ τ

0

wG(τ0)

Un

∂(ψcM)c/2(τ − τ0)

∂τ
d τ0
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Non-dimensional parameters used in the above equations are:

µ0 =
b1

πρ(2b)2
; µ1 =

a33

a55L2
; µ2 =

a66

a33(2b)2
; r̂ =

√
(b4 + b14)

b1L2
; c12 =

a77

a33

;

c13 =
a37

a33

; c14 =
a56

a33

; Ît =
(b4 + b5)

(2b)2b1

; Îw =
(b10 + b18)

L2(2b)2b1

; kr =
a55

4b1U2
n

;

P̂m =
bPm

2b1U2
n

;

128



Table 3.1: Comparison of the calculated flutter results of Goland’s Wing

Method Description Flutter speed Flutter frequency
( Mach# ) (Hz)

Exact 2-D incompressible flow MFlutter = 0.40 fFlutter = 11.25
EGMa N = 7, 2-D incompressible flow, MFlutter = 0.40 fFlutter = 11.15

transient methodb

EGM N = 7, 2-D compressible flow, MFlutter = 0.38 fFlutter = 10.90
transient methodc

aExtended Galerkin’s method
bJones’ approximation of Wagner’s function is used [3]
cLeishman’s indicial functions are used [10]

Table 3.2: Material properties of the test thin-walled beams

E11 = 206.8 × 109 N/m2 E22 = E33 = 5.17 × 109 N/m2

G13 = G23 = 2.55 × 109 N/m2 G12 = 3.10 × 109 N/m2

µ12 = µ13 = µ23 = 0.25 ρ = 1.528 × 103 Kg/m3

Table 3.3: Geometric specifications of the test wings

Parameters Values

Width (2ba : m) 0.757
Depth (2da : m) 0.0997
Wall thickness (h : m) 0.0203
Number of layers 6
Layer thisckness (: m) 0.0034
Lay-up of the walls [θ6]

athe length is measured on the contour line
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Table 3.4: Approximation of the 2-D indicial function (Φc)0(τ) at a set of selected Mach#

(Φc)0(τ) = Ac
0 + Ac

1e
−βc

1τ + Ac
2e

−βc
2τ + Ac

3e
−βc

3τ

Mach# Ac
0 Ac

1 Ac
2 Ac

3 βc
1 βc

2 βc
3

1.2 0.960 2.254 1.809 -4.479 0.470 0.468 0.411
1.3 0.766 1.218 1.389 -2.866 0.648 0.644 0.553
1.5 0.569 0.554 0.808 -1.501 0.874 0.868 0.733
2.0 0.368 0.592 0.374 -1.012 1.104 1.100 1.000
3.0 0.225 21.300 -42.441 21.131 0.857 0.838 0.820
4.0 0.164 0.179 0.450 -0.633 1.330 1.330 1.305

Table 3.5: Approximation of the 2-D indicial function (Φcq)0(τ) at a set of selected Mach#

(Φcq)0(τ) = Acq
0 + Acq

1 e−βcq
1 τ + Acq

2 e−βcq
2 τ + Acq

3 e−βcq
3 τ

Mach# Acq
0 Acq

1 Acq
2 Acq

3 βcq
1 βcq

2 βcq
3

1.2 0.480 1.459 1.026 2.703 0.596 0.595 0.550
1.3 0.383 0.743 -0.910 0.029 0.794 0.646 0.271
1.5 0.285 2.596 -3.549 0.883 0.882 0.808 0.679
2.0 0.184 7.188 -13.771 6.560 1.043 1.001 0.961
3.0 0.113 -0.881 1.951 -1.076 2.769 2.530 2.327
4.0 0.082 0.578 -0.927 0.347 1.247 1.189 1.109
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Table 3.6: Approximation of the 2-D indicial function (ΦcM)0(τ) at a set of selected
Mach#

(ΦcM)0(τ) = AcM
0 + AcM

1 e−βcM
1 τ + AcM

2 e−βcM
2 τ + AcM

3 e−βcM
3 τ

Mach# AcM
0 AcM

1 AcM
2 AcM

3 βcM
1 βcM

2 βcM
3

1.2 -0.480 -0.579 -1.104 1.880 0.463 0.455 0.362
1.3 -0.383 -2.191 -0.875 3.183 0.577 0.575 0.522
1.5 -0.285 -1.494 0.839 0.708 0.799 6.707 6.704
2.0 -0.184 -1.201 -0.434 1.651 1.015 1.014 0.971
3.0 -0.113 -16.897 32.098 -15.197 0.785 0.768 0.751
4.0 -0.082 -4.020 7.569 -3.548 0.825 0.802 0.778

Table 3.7: Approximation of the 2-D indicial function (ΦcMq)0(τ) at a set of selected
Mach#

(ΦcMq)0(τ) = AcMq
0 + AcMq

1 e−βcMq
1 τ + AcMq

2 e−βcMq
2 τ + AcMq

3 e−βcMq
3 τ

Mach# AcMq
0 AcMq

1 AcMq
2 AcMq

3 βcMq
1 βcMq

2 βcMq
3

1.2 -0.320 -1.821 0.965 0.999 0.568 0.522 0.522
1.3 -0.255 -2.711 1.342 1.458 0.770 0.736 0.736
1.5 -0.190 2.545 -5.217 2.720 1.627 1.458 2.720
2.0 -0.123 -3.698 6.676 -2.963 0.985 0.937 0.887
3.0 -0.075 -4.218 7.720 -3.499 1.094 1.067 1.037
4.0 -0.055 -0.331 0.962 -0.630 1.176 1.094 1.058
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Figure 3.1: Geometric configuration of the aircraft wing modeled as a thin-walled beam
model.
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Figure 3.6: Flutter analysis of a wing ([1056], AR = 12, Λg = 00) by the transient method
(λ−γ Plot), incompressible aerodynamic model (Jones’ approximation of Wagner’s func-
tion is used).
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Figure 3.7: Flutter analysis of a wing ([1056], AR = 12, Λg = 00) by the transient method
(λ−Ω Plot), incompressible aerodynamic model (Jones’ approximation of Wagner’s func-
tion is used).
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Figure 3.8: Flutter analysis of a wing ([1056], AR = 12, Λg = 00) by the transient method
(λ − γ Plot), compressible aerodynamic model (Leishman’s indicial functions are used).
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Figure 3.9: Flutter analysis of a wing ([1056], AR = 12, Λg = 00) by the transient method
(λ − Ω Plot), compressible aerodynamic model (Leishman’s indicial functions are used).
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Figure 3.10: Influence of sweep angle on the dynamic aeroelastic response (deflection) of
a wing to a sharp-edged gust ([1206], AR = 12, MFlight = 0.5).
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Figure 3.12: Elastic tailoring on the suppression of flutter of a wing ([θ6] lay-up, AR = 12,
Λg = 00, MFlight = 0.7, sharp-edged gust).
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Figure 3.13: Effect of warping restraint and transverse shear on the dynmaic aeroelastic
response of a wing subject to a sharp-edged gust ([756], AR = 10, Λg = 300, MFlight = 0.7).
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Figure 3.14: Effect of warping restraint and transverse shear on the dynmaic aeroelastic
response of a wing subject to a sharp-edged gust ([756], AR = 8, Λg = 300, MFlight = 0.7).
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Figure 3.15: Influence of warping restraint and transverse shear on the dynmaic aeroelastic
response of a wing subject to a sharp-edged gust at the fixed time τ = 1000 ([756], AR = 10,
Λg = 300, MFlight = 0.7).
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Figure 3.16: Effect of warping restraint on the dynmaic aeroelastic response of a wing
subject to a sharp-edged gust ([1356], Λg = 00, MFlight = 0.7).
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Chapter 4

Minimax Aeroelastic Control of
Smart Aircraft Wings Exposed to
Gust/Blast Loads

Abstract

A worst case control design based on the game theory aimed at augmenting the flutter

envelope and enhancing the dynamic aeroelastic response of a smart aircraft wing sub-

ject to gust/balst loads is formulated. The smart aircraft wing is modeled as anisotropic

thin-walled beam featuring circumferentially asymmetric stiffness (CAS) lay-up and a

number of non-classical effects such as transverse shear, warping restraint and 3-D strain

effects. Adaptive materials technology is used for implementing the active control via

the boundary bending moment feedback mechanism. The unsteady aerodynamic loads in

subsonic compressible flows are based on 2-D indicial functions considered in conjunction

with aerodynamic strip theory extended to 3-D wing model. The capability of the con-

trol on flutter suppression and dynamic response enhancement are investigated, and the

corresponding applied voltage requirement and power consumption are addressed.
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4.1 Introduction

The emergence of the new composite materials and their incorporation in the design of

advanced space vehicle structures has generated not only new hopes, but also many chal-

lenges to the aeroelasticity discipline. In this sense, a new technology, known as the

aeroelastic tailoring (see e.g., [1]) and its unique advantages have been demonstrated,

among others, by the successful construction and test of the Grumman’s X-29 swept-

forward wing aircraft. In the last decade, due to their inherent, material-level coupling

between mechanical and electrical properties, piezoelectric materials (see [2] for a compre-

hensive review of its application), especially piezoceramic materials have been extended

to address problems of the flutter suppression and dynamic aeroelastic response enhance-

ment (see, e.g., [3–7]). At the same time, due to the increased importance of composite

materials in the design of aerospace vehicles, the concept of thin-walled anisotropic beam

model has reached special prominence in the last years (see, e.g., [8]). In this context,

a comprehensive review [9] provides the state-of-the-art of the problem and several non-

classical effects have been identified to have non-negligible influence on the accuracy and

validity of the various theories of this type of structures. The major non-classical effects

concern among others, transverse shear, warping restraint, 3-D strain effect, contour-wise

non-uniform distribution of transverse shear stiffness and the exotic elastic/structural cou-

plings induced by the anisotropy and stacking sequence of the structure. It is emphasized

here that due to complex influence of these non-classical effects, thin-walled beam models

should be carefully validated, especially against experimental evidence.

The objective of this chapter is to study the active control effect on flutter suppression

and dynamic aeroelastic response enhancement of a smart aircraft wing modeled as thin-

walled beams. The major features of this article include: (1)The integrated aeroelastic

model is rigorously and consistently derived from a thin-walled beam model, which has

been validated [10]; (2)An indicial function based unsteady subsonic aerodynamic model

that is valid for medium to large aspect ratio wings is proposed; (3)Due to the poten-
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tial catastrophic outcome of flutter, the worst case control design paradigm is adopted

for the investigation of flutter suppression. The capability of the designed control laws

towards the dynamic enhancement of aeroelastic response is also investigated and the

voltage/power requirements addressed.

Throughout this article, variational principles provide a uniform tool to derive not only

the mechanical/electrical governing system, but also the control laws. Due to the fact that

the augmented states (related to the unsteady aerodynamic loads) are initially prescribed

and the integrated aeroelastic system are not totally controllable, the existing minimax

control theories ( see, e.g., [11]) are not suitable for the control design. Therefore, a new

worst case control design is proposed, in which, the constraints on the initial conditions

and on the disturbance can be separately treated.

4.2 Structural modeling

4.2.1 Basic Assumptions and Kinematics

The wing is modeled as a single-cell, closed cross-section, fiber-reinforced composite thin-

walled beam. Its geometric configuration and specification are shown in Figs. 4.1 and 4.2.

The major difference of the basic assumptions adopted in this article [12] from those used

in [8, 13, 14] is that the 3-D strain effect of the cross section is consistently accounted for

on both the host structure and active layers, namely, σnn = 0, Nsn = 0, Nss = 0 while

in [8, 13], it is assumed that εnn = 0, γsn = 0, Nss = 0.

Based on the basic assumptions, and consistent with the wing geometry as depicted in

Fig. 4.1, the following representation of the 3-D displacement quantities is postulated:

u(x, y, z, t) = u0(y, t) + zφ(y, t); w(x, y, z, t) = w0(y, t) − xφ(y, t); (4.1a)

v(x, y, z, t) = v0(y, t) + [x(s) − n
dz

ds
]θz(y, t) + [z(s) + n

dx

ds
]θx(y, t) − [Fw(s) + na(s)]φ′(y, t)

(4.1b)
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where

θx(y, t) = γyz(y, t) − w′
0(y, t); θz(y, t) = γxy(y, t) − u′

0(y, t); a(s) = −(z
dz

ds
+ x

dx

ds
) (4.2)

In the above expressions, θx(y, t), θz(y, t) and φ(y, t) denote the rotations of the cross-

section about the axes x, z and the twist about the y axis, respectively, γyz(y, t) and

γxy(y, t) denote the transverse shear strain measures.

The warping function in Eq.(4.1b) is expressed as

Fw(s) =

∫ s

0

[rn(s) − ψ(s)]ds (4.3)

in which the torsional function ψ(s) and the quantity rn(s) are expressed as

ψ(s) =

∮
C

rn(s̄)ds̄

h(s)Gsy(s)
∮

C
ds̄

h(s̄)Gsy(s̄)

; rn(s) = z
dx

ds
− x

dz

ds
(4.4)

where Gsy(s) is the effective membrane shear stiffness, which is defined as [12]:

Gsy(s) =
Nsy

h(s)γ0
sy(s)

(4.5)

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,

i.e., u0(y, t), v0(y, t), w0(y, t), θx(y, t), θz(y, t), φ(y, t), which represent 1-D displacement

measures, constitute the basic unknowns of the problem. When the transverse shear effect

is discarded, Eq. (4.2) degenerates to θx = −w′
0, θz = −u′

0, and as a result, the number of

basic unknown quantities reduces to four. Such a case leads to the classical, unshearable

beam model.

The strains contributing to the potential energy are:

Spanwise strain:

εyy(n, s, y, t) = ε0
yy(s, y, t) + nεn

yy(s, y, t) (4.6a)

where

ε0
yy(s, y, t) = v0

′(y, t, ) + θz
′(y, t)x(y, t) − φ′′(y, t)Fw(s) (4.6b)

εn
yy(s, y, t) = −θz

′dz

ds
+ θx

′(y, t)
dx

ds
− a(s)φ′′(y, t) (4.6c)
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are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

γsy(s, y, t) = γ0
sy(s, y, t) + ψ(s)φ′(y, t) (4.7a)

where γ0
sy(s, y, t) = γxy

dx

ds
+ γyz

dz

ds
= [u′

0 + θz]
dx

ds
+ [w′

0 + θx]
dz

ds
(4.7b)

Transverse shear strain measure:

γny(s, y, t) = −γxy
dz

ds
+ γyz

dx

ds
= −[u′

0 + θz]
dz

ds
+ [w′

0 + θx]
dx

ds
(4.8)

4.2.2 Constitutive Equations

The host structure of the smart aircraft wing is assumed to consist of ms layers of

(Graphite/ Epoxy) laminates and on the upper and lower surfaces of the host structure 2

piezoceramic patches each with mp layers symmetrically are mounted (see Figs. 4.1, 4.2).

For piezoelectric materials and within linear theory, considering the strain Si (i = 1, 6)

(in Voigt contract notation) and electric field intensity Er (r = 1, 3) as the independent

unknowns, we get the following constitutive equations:

σi = CE
ij Sj − eriEr; Dr = erjSj + εS

rlEl. (i, j = 1, 6; r, l = 1, 3) (4.9)

where the first expression describes the converse piezoelectric effect, and the second one

describes the direct piezoelectric effect. σi are the Cauchy stress components( [15], pp. 30),

and Dr electric displacements. CE
ij are the elastic moduli measured in condition of con-

stant, preferably zero electric intensity field; εS
ij are the electric permittivity coefficients,

measured under a constant, preferably zero strain field; and eij are piezoelectric coupling

coefficients. Due to physical constraints, CE
ij = CE

ji , εS
rl = εS

lr and [CE
ij ] > 0, [εS

rl] > 0

(from the first law of thermodynamics). To facilitate the following derivation, we also

assume that the poling direction is along the normal of the mounted surface, i.e., along n
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(thickness) direction (see Fig. 4.1). Since piezoceramic materials (transversely isotropic)

is a special case of othotropic materials, the stress-strain relation for both the host struc-

ture and piezoelectric layers can be written in a unified way as (in the principal material

coordinates)


σ11

σ22

σ33

σ23

σ13

σ12




(k)

=




C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66







ε11

ε22

ε33

ε23

ε13

ε12




(k)

−




e31

e31

e33

0
0
0




E3R
(k)(s, y, n)

(4.10)

For the piezoceramic patches, since the isotropic plane is the 1-2 plane, we further have

C22 = C11; C23 = C13; C55 = C44; C66 = (C11 − C12)/2 (4.11)

Transforming from the principal material coordinates to the local coordinates (s, y, n) of

the wing, we get the constitutive relations between (σss, σyy, σnn, σyn, σsn, σsy) and (εss,

εyy, εnn, εyn, εsn, εsy), which are not listed in this chapter. In the following derivation,

C̄ij is denoted as the corresponding transformed elastic moduli. Since the direction of

the n axis remains invariant during the transformation and the plane of isotropy of the

piezo. patches is s−y plane (perpendicular to n axis), e31, e32 remain the same during the

transformation. For brevity of notations, e31 and e32 are still used for the corresponding

transformed quantities.

Define the stress resultant and stress couples as:

{Nss, Nyy, Nsy, Nny, Nsn, Lyy, Nsy} =
ms+mp∑

k=1

∫
h(k)

{σss, σyy, σsy, σny, σsn, σyyn, σsyn}(k) dn
(4.12)

Invoking the basic assumptions [10, 12], the stress resultants and stress couples are reduced

153



to: 


Nyy

Nsy

Lyy

Lsy


 =




K11 K12 K13 K14

K21 K22 K23 K24

K31 K32 K33 K43

K51 K52 K53 K54






ε0
yy

γ0
yy

φ′

εn
yy


−




Na
yy

0
La

yy

0


 (4.13)

and

Nny = [A44 −
A2

45

A55

]γny (4.14)

In Eq. 4.13,

Na
yy = [1 − A12

A11

]

ms+mp∑
k=mp

∫
h(k)

{
[e31 −

C̄13

C̄33

e33]E3R(s, y, n)

}(k)

dn (4.15a)

La
yy =

ms+mp∑
k=mp

{
[e31 −

C̄13

C̄33

e33]E3R(s, y)[nk+ − nk− ][
1

2
(n2

k+ − n2
k−) − B12

A11

]

}(k)

(4.15b)

and

R(k)(s, y) = [H(y − yk−) − H(y − yk+)] · [H(y − yk−) − H(y − yk+)]

·[H(s − sk−) − H(s − sk+)]; (4.16a)

R(k)(s, y, n) = [H(n − nk−) − H(n − nk+)] · [H(y − yk−) − H(y − yk+)]

·[H(y − yk−) − H(y − yk+)] · [H(s − sk−) − H(s − sk+)]; (4.16b)

R(k)(y) = [H(y − yk−) − H(y − yk+)]. (4.16c)

where R(k)(.) is the spatial Heaviside function.

In Eqs. (4.13, 4.14, and 4.15a, b), Kij are the reduced stiffness coefficients, Aij, Bij are

the stretching, stretching-bending coupling coefficients, respectively.

4.3 Subsonic Aerodynamic Loads, an Indicial Func-

tion Approach

Compared with the mature oscillatory compressible unsteady aerodynamic models, the

indicial function based aerodynamic models provide a very efficient approach to describe
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the compressible unsteady flow. This is mainly due to the fact that once the proper

indicial functions are available, which can be obtained via the aid of experiments and

computational fluid dynamics (CFD) (see e.g., [16]), the linearized unsteady aerodynamic

loads to arbitrary small motion can be derived through Duhamel’s convolution.

However, even in 2-D domain, in contrast to the incompressible case, the indicial functions

in subsonic compressible flow are not analytic, except for very limited durations of time

[17]. Therefore, in this article, in conjunction with the aerodynamic strip theory, a set of

empirical 2-D indicial functions developed in [18] are adopted on the aeroelastic analysis

of 3-D advanced wings. As to the basic elements and validation of 2-D subsonic indicial

functions, the reader is referred to [16–19].

The downwash velocity can be expressed in a non-dimensional form as

wa(x̂, η, τ) = Un

{
[2 ˙̂w0 − φ̂ +

2

AR

∂ŵ0

∂η
tan Λe] − x̂[

˙̂
φ +

1

AR

∂φ̂

∂η
tan Λe]

}
� Un{ŵaT − x̂

˙̂
φaP}

(4.17a)

where we define:

ŵaT (η, τ) ≡ Un[2 ˙̂w0 − φ̂ +
2

AR

∂ŵ0

∂η
tan Λe];

˙̂
φaP (η, τ) ≡ [

˙̂
φ +

1

AR

∂φ̂

∂η
tan Λe] (4.17b)

Denote (Φc)0(τ), (ΦcM)0(τ) as the indicial lift and moment functions (about the leading

edge) due to the unit step change of the vertical translation velocity at the leading edge.

As a result, the indicial lift and aerodynamic moment about the mid-chord (taken as the

reference axis, see Fig. 4.1) are:

L∗
T (η, τ) = −πρ∞U2

n(2b){
[ŵaT (η, 0) +

˙̂
φaP (η, 0)](Φc)0(τ) +

∫ τ

0

∂(ŵaT (η, σ) +
˙̂
φaP (η, σ))

∂σ
(Φc)0(τ − σ)dσ

}
(4.18a)
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T ∗
yT (η, τ) = −πρ∞U2

n(2b)2{
[ŵaT (η, 0) +

˙̂
φaP (η, 0)](ΦcM)0(τ) +

∫ τ

0

∂(ŵaT (η, σ) +
˙̂
φaP (η, σ))

∂σ
(ΦcM)0(τ − σ)dσ

}

+ bL∗
T (η, τ)

(4.18b)

where the ratio (ΦcM)0(τ)/(Φc)0(τ) measures the location of the aerodynamic center

(fraction of the whole chord length from the leading edge). Upon denoting (Φqc)0(τ),

(ΦcMq)0(τ) as the indicial lift and moment functions (about the leading edge) due to the

unit step change of the pitching rate at the leading edge, the corresponding indicial lift

and aerodynamic moment about the mid-chord are:

L∗
q(η, τ) = 2πρ∞U2

n(2b)

{
[
˙̂
φaP (η, 0)](Φcq)0(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(Φcq)0(τ − σ)dσ

}
(4.19a)

T ∗
yq(η, τ) = 2πρ∞U2

n(2b)2

{
˙̂
φaP (η, 0)(ΦcMq)0(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(ΦcMq)0(τ − σ)dσ

}

+ bL∗
q(η, τ)

(4.19b)

Similarly, the ratio (ΦcMq)0(τ)/(Φcq)0(τ) measures the location of the aerodynamic center

(fraction of the whole chord length from the leading edge).

Therefore, the total unsteady aerodynamic lift Lae (positive upwards) and moment about

the mid-chord Tae (positive nose-up) are:

Lae(η, τ) = L∗
T (η, τ) + L∗

q(η, τ)

= −πρ∞U2
n(2b)

{
ŵaT (η, 0)(Φc)c/2(τ) +

∫ τ

0

∂ŵaT (η, σ)

∂σ
(Φc)c/2(τ − σ)dσ

}

+ 2πρ∞U2
n(2b)

{
˙̂
φaP (η, 0)(Φcq)c/2(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(Φcq)c/2(τ − σ)dσ

} (4.20a)

Tae(η, τ) = T ∗
yT (η, τ) + T ∗

yq(η, τ)

= −πρ∞U2
n(2b)2

{
ŵaT (η, 0)(ΦcM)c/2(τ) +

∫ τ

0

∂ŵaT (η, σ)

∂σ
(ΦcM)c/2(τ − σ)dσ

}

+ 2πρ∞U2
n(2b)

{
˙̂
φaP (η, 0)(ΦcMq)c/2(τ) +

∫ τ

0

∂
˙̂
φaP (η, σ)

∂σ
(ΦcMq)c/2(τ)dσ

} (4.20b)
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where

(Φc)c/2(τ) = (Φc)0(τ); (ΦcM)c/2(τ) = (ΦcM)0(τ) +
1

2
(Φc)0(τ); (4.21a)

(ΦcMq)c/2(τ) = (ΦcMq)0(τ) − 1

2
(ΦcM)0(τ) +

1

2
(Φcq)0(τ) − 1

4
(Φc)0(τ); (4.21b)

(Φcq)c/2(τ) = (Φcq)0(τ) − 1

2
(Φc)0(τ). (4.21c)

In order to cast the aeroelastic system into state-space form, the analytical indicial func-

tions (see [18]) are approximated by quasi-polynomials:

(Φc)c/2(τ) = Ac
0 +

l∑
i=1

Ac
i exp[−βc

i τ ]; (ΦcM)c/2(τ) = AcM
0 +

l∑
i=1

AcM
i exp[−βcM

i τ ];

(4.22a)

(Φcq)c/2(τ) = Acq
0 +

l∑
i=1

Acq
i exp[−βcq

i τ ]; (ΦcMq)c/2(τ) = AcMq
0 +

l∑
i=1

AcMq
i exp[−βcMq

i τ ]

(4.22b)

Herein, three aerodynamic lag terms are used for each indicial function, i.e., totally 12

aerodynamic lag terms are needed to describe the 2-D unsteady aerodynamic loads in the

subsonic compressible flow. Notice that the above indicial functions are dependent on the

flight Mach number. The implementation of the approximation is based on the non-linear

curve fitting functions provided by Mathematica�. The comparison of the approximation

against the Leishman’s indicial functions [18] is displayed in Fig. 4.3.

4.4 Integrated Aeroelastic Governing System in State-

Space Form

4.4.1 General Theory

Stemming from the analytical mechanics, variational principles provide a very powerful

approach in a particularly compact mathematical form [20] to conveniently derive the

governing system of complex systems, especially with high degree of coupling. In this
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section, the modified extended Hamilton’s principle [21, 22] is used to derive the governing

system of the aeroelastic system considered in this study. Here, the term extended implies

that the non-conservative forces can only be derived from the virtual work of external

forces, instead of the potential energy; while the term modified implies that the potential

functional adopted accounts for the piezoelectric effect. In the following section,another

variational principle is used to derive the worst case optimal control which is based on

the game theory.

The modified extended Hamilton’s principle states that the true path of motion renders

the following variational form stationary:∫ t2

t1

[
δT − δH̃ + δW

]
dt = 0 (4.23)

with δu0 = δv0 = δw0 = δθx = δθz = δφ = 0 at t = t1, t2.

where T denotes the system’s kinetic energy; H̃ denotes the thermodynamic potential (or

the electric enthalpy density); δW denotes the virtual work due to external forces; and

t1, t2 as two arbitrary instances of time. It should be reminded that other variational

principles [23, 24] can be used to derive the governing system, provided that the strong

form of the governing system can be reduced from the corresponding variational form.

The terms in Eq. 4.23 are defined as:

T =
1

2

∫ L

0

∮
c

{
ms+mp∑

k=1

∫
h(k)

ρ(k)

[{
∂u

∂t

}2

+

{
∂v

∂t

}2

+

{
∂w

∂t

}2
]

dn ds

}
dy (4.24a)

H̃ =

∫
Ω

{
1

2
σiSi −

1

2
DiEi

}
dn ds dy (4.24b)

δW =

∫ L

0

{(Lae + Lg + Lb + Lc)δw0 + (Tae + Tg + Tc)δθx} dy (4.24c)

where Lae, Tae are unsteady aerodynamic lift and moment,respectively; Lg, Lb are aero-

dynamic lift due to gust and blast; Tg, Tb are aerodynamic moment due to gust and blast;

and Lc, Tc are the control force and control moment. It is straightforward to verify that

the strong form of the governing system can exactly be derived from the above variational
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form. Define the following generalized beam forces:

T̃y =

∮
C

Nyy ds � Ty − T a
y (4.25a)

M̃z =

∮
C

[xNyy − Lyy
dz

ds
] ds � Mz − Ma

z (4.25b)

M̃x =

∮
C

[zNyy + Lyy
dx

ds
] ds � Mx − Ma

x (4.25c)

Q̃x =

∮
C

[Nsy
dx

ds
− Nny

dz

ds
] ds � Qx (4.25d)

Q̃z =

∮
C

[Nsy
dz

ds
+ Nny

dx

ds
] ds � Qz (4.25e)

B̃w = −
∮

C

[Fw(s)Nyy + a(s)Lyy] ds � Bw − Ba
w (4.25f)

M̃y =

∮
C

[Nsyψ(s)] ds � My (4.25g)

On the right hand side of each equation in Eqs. (4.25a, b, c, f, g), the first term corresponds

to the forces contributed from the host structure, while the second term corresponds to

the forces from piezo-actuators. Then the governing system in the most general form can

be expressed in terms of the above generalized forces. However, for CAS lay-ups [25, 26]

and for the case of fully-spanned piezo-actuators, i.e., extending from the wing root to its

tip and the electric field intensity is distributed such that E3(x, −z) = −E3(x, z) (out-of

phase actuation, see [27, 28]), we get T a
y (y, t) = 0, Ma

z (y, t) = 0, Ba
w(y, t) = 0 and

Ma
x (y, t) =

∮
C

[zNa
yy + La

yy

dx

ds
] ds � Ma

x (t) (4.26)

As a result, from the governing equations (not displayed in this article), the piezoelectric

effect is present only in the boundary condition:

δθx : M̃x(L, t) = Mx(L, t) − Ma
x (L, t) = 0 (4.27)

The implementation of the control based on the above formulation is referred to as the

boundary (bending) moment control [28–30].
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Based on Eqs.( 4.26 and 4.27), Ma
x (t) has the following form:

Ma
x = (Gp1 + Gp2)(V̂ (τ)) � GpV̂ (τ) (4.28a)

where

Gp1 =

[
1 − A12

A11

] [
e31 −

C̄13e33

C̄33

]
∆bp(2z)V̂ (τ) (4.28b)

Gp2 =

[
e31 −

C̄13e33

C̄33

] [
∆hp

2
− B12

A11

]
(2∆bp)V̂ (τ) (4.28c)

in which, ∆hp is the thickness of the piezoceramic patch, ∆bp is the width of the piezoac-

tuator patch, and V̂ (τ) is the applied voltage. Notice that in the derivation of Eqs. (4.28a,

b, c), it is assumed that the piezo-actuator layers are materially uniform and the electric

field intensity is uniformly distributed within the piezo-actuator patch.

It should be noted that the introduction of piezoactuator patches in the above specified

way does not change the CAS elastic coupling mechanism, since the s − y plane is the

plane of isotropy.

4.4.2 State-Space Form

Define the following non-dimensional parameters:

η ≡ y/L; τ ≡ Unt/b; AR ≡ L/b; ŵ0(η, τ) ≡ w0/2b;

φ̂(η, τ) ≡ φ(η, τ); θ̂x(η, τ) ≡ θx(η, τ); d()/dτ = (b/Un)d()/dt

and perform the spatial semi-discretization:

ŵ0(η, τ) = Ψ̂T
w(η)q̂w(τ); φ̂(η, τ) = Ψ̂T

φ (η)q̂φ(τ); θ̂x(η, τ) = Ψ̂T
x (η)q̂x(τ)

where Ψ̂w(η), Ψ̂φ(η), Ψ̂x(η) are the N × 1 shape function vectors, which are required to

fulfill only the geometric boundary conditions, q̂w(τ), q̂φ(τ) and q̂x(τ) are N-dimensional
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generalized displacement vectors, which, by the mode expansion theorem ( [31], pp. 171-

178), can be further expressed as:

q̂w(τ) = Θwξ̂s(τ); q̂φ(τ) = Θφξ̂s(τ); q̂x(τ) = Θxξ̂s(τ) (4.29)

where, Θw, Θφ, and Θx are N × m matrices consisting of the first m eigenmodes, ξ̂s is

the modal coordinates ( [31], pp. 199). After casting the governing equations into state

space form, we get:

{
˙̂xs

˙̂xa

}
=

[
As Bd

BaAs Aa + BaBs

]
︸ ︷︷ ︸

A

{
x̂s

x̂a

}
+




0m×m

M−1
n

Ba

[
0m×m

M−1
n

]



︸ ︷︷ ︸
Be

{Qg + Qb + Qc}+B0
d(τ)

{
x̂s(0)
x̂a(0)

}

(4.30)

or in a more compact form as

˙̂x = Ax̂ + Bdŵd(τ) + Bcûc(τ) + B0
d(τ)x̂(0) (4.31a)

The boundary conditions are:

x̂(0) = x̂0 (4.31b)

where x̂s =

{
ξ̂T
s

˙̂
ξs

T
}T

is a 2m×1 vector related to the structural modes, x̂a is a 4lm×1

vector related to the augmented state which describes the unsteady aerodynamic loads,

and x̂ =
{
x̂T

s x̂T
a

}T
is a (2 + 4l)m × 1 state vector. Qg, Qb and Qc are the generalized

forces of related gust, blast and control forces, respectively. Bd = Be, ŵd = Qg + Qb,

Bc = Gp/(4b1U
2
n)Be ·ΘT

x · Ψ̂x(1), and ûc(τ) = V̂ (τ). Due to the limited space, the details

in Eq. 4.30 are not listed in this chapter.

4.4.3 Electric Power Consumption

Starting with the direct piezoelectric effect in Eq. (4.9), and keeping in mind that the

poling direction is along the normal of the mounted surface, we get:

D3 = {e31εss + e32εyy + e33εnn + εS
33E3}R(s, y, n) (4.32)
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At the upper surface z = hs/2 + ∆hp,

D3(t) = (1 − A12

A11

)ē31ε
0
yy −

A16

A11

ē31γ
0
sy −

A16

A11

ē31ψ(s)φ′

+ (
hs

2
+ ∆hp −

B12

A11

)ē31ε
n
yy + [εS

33 +
e2
33

C̄33

+
ē2
31∆hp

A11

]E3R(s, y)

(4.33)

where

ē31 = e31 −
C̄13

C̄33

e33

In the derivation of Eq.(4.33), it is assumed that the electric intensity E3 is uniform

throughout the thickness of piezoelectric layers.

Hence, the quantity of charges outflowed across the upper electrode of the patch mounted

on the upper surface is:

Q̂(τ) =

∫
Upper electrode

D3(s, y, t) dS (4.34)

Therefore, the rate of change of this quantity, i.e., the electric current is as follows:

Îc(τ) =

(
Un

b

)
d

dτ
Q̂(τ) (4.35)

and electric power supplied from the electric source is:

P̂applied(τ) = V̂ (τ) · Îc(τ) (4.36)

4.5 Minimax Control Design

The worst case full-state control design paradigm based on the game theory is applied

towards the flutter suppression and dynamic aeroelastic response enhancement.

Define the following game strategy:

min
ûc

max
ŵd

J1 ≡
1

2
x̂T(τf )T x̂(τf ) +

1

2

∫ τf

τ0

{
x̂TZx̂ + ûT

c Rcûc

}
dτ (4.37a)

subject to Wd =
1

2

∫ τf

τ0

ŵT
d ŵd dτ (4.37b)

162



In Eqs. (4.37a, b), x̂, ûc and ŵd fulfill Eq. (4.31) and the weight matrices fulfill T T =

T > 0, RT
c = Rc > 0. Wd is a measure of the intensity of the gust load. The weight

matrix Z is selected such that x̂TZx̂ represents the sum of the total structural kinetic

and potential energy, namely,

Z =


 K̂s 0 0

0 M̂s 0
0 0 04lm×4lm


 (4.38)

where K̂s and M̂s are m × m non-dimensional stiffness and mass matrices, which,due to

the space limitation, are not displayed in this article. Other zero matrices are dimension-

compatible entities.

By introducing the Lagrangian multipliers µ and λ̂, we convert the above constrained

optimization problem to an unconditional one.

Constructing the following Lagrangian:

J2 =
1

2
x̂T(τf )T x̂(τf ) + µWd +

∫ τf

τ0

Hd τ (4.39a)

where H is the Hamiltonian functional:

H ≡ 1

2

[
x̂TZx̂ + ûT

c Rcûc − µŵT
d ŵd

]
+ λ̂T[Ax̂ + Bdŵd + Bcûc + B0

dx̂0 − ˙̂x] (4.39b)

Following the rules of conventional variational operations, we get the necessary conditions

of the control strategy (Eq. 4.37a):

δx̂ :
˙̂
λ + Zx̂ + ATλ̂ = 0; (4.40a)

δŵd : ŵd =
1

µ
Bd

Tλ̂; (4.40b)

δûc : ûc = −R−1
c Bc

Tλ̂; (4.40c)

δλ̂ : ˙̂x = Ax̂ + Bdŵd + Bcûc + B0
dx̂0; (4.40d)

δµ : Wd =
1

2

∫ τf

τ0

ŵT
d ŵdd τ (4.40e)
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It then follows:{
˙̂x
˙̂
λ

}
=


 A −(BcR−1

c BT
c − 1

µ
BdBd

T)

−Z −AT




︸ ︷︷ ︸
system matrix

{
x̂

λ̂

}
+

{
B0

dx̂0

0

}
(4.41a)

With boundary conditions:

T x̂(τf ) = λ̂(τf ); x̂(τ0) = x̂0 (4.41b)

Eqs. (4.41a, b) constitute the solution of the worst case control design (Eqs. 4.37a, b).

Due to the unique characteristics of the boundary conditions , problems corresponding to

Eqs. (4.41a, b) is also referred to as two-point boundary value problem [32].

In Eq. 4.41a, the system matrix is also referred to as the Hamiltonian matrix, which plays

a pivoting role in the modern linear control theory and in the numerical implementation

of various types of Riccati equations [33, 34].

The solution of Eq. (4.41a) is:{
x̂(τ)

λ̂(τ)

}
=

[
Φ11(τ − τf ) Φ12(τ − τf )
Φ21(τ − τf ) Φ22(τ − τf )

]{
x̂(τf )

λ̂(τf )

}
+

∫ τ

τf

[
Φ11(τ − σ)
Φ21(τ − σ)

]
B̂0

d(σ)x̂0d σ

(4.42)

Combined with the two-point boundary conditions (Eq. 4.41b), it follows:

x̂(τ) = [Φ11(τ − τf ) + Φ12(τ − τf )T ]x̂(τf ) +

∫ τ

τf

Φ11(τ − σ)B0
d(σ)d σ x̂0 (4.43a)

λ̂(τ) = Ŝ(τ)x̂(τ) − d̂(τ) (4.43b)

where

Ŝ(τ) = [Φ21(τ − τf ) + Φ22(τ − τf )T ][Φ11(τ − τf ) + Φ12(τ − τf )T ]−1 (4.43c)

d̂(τ) = [Ŝ(τ)

∫ τ

τf

Φ11(τ − σ)B0
d(σ)d σ −

∫ τ

τf

Φ21(τ − σ)B0
d(σ)d σ]x̂0 (4.43d)

Thus, the optimal control input û�
c is:

û�
c(τ) = −R−1

c Bc
T[Ŝ(τ)x̂(τ) − d̂(τ)] (4.44)
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and the worst case disturbance (gust or blast loads constrained by Eq. (4.37b)) is (sub-

stituting Eq. (4.43a) into Eq. (4.40b)):

ŵ�
d(τ) =

1

µ
Bd

T[Ŝ(τ)x̂(τ) − d̂(τ)] (4.45)

which plays, in essence, a positive feedback influence. Notice that the solution in Eq. (4.43)

starts from x̂(τf ), which is derived from Eqs. (4.43a, and 4.41b). This yields:

x̂(τf ) = [Φ11(τ0 − τf ) + Φ12(τ0 − τf )T ]−1

[
I −

∫ τ0

τf

Φ11(τ − σ)B0
d(σ) dσ

]
x̂0 (4.46)

In the modern control theory, design of control laws is largely based on some form of

Riccati equations. In fact, it is straightforward to verify that the symmetric matrix Ŝ
fulfills the following Riccati equation:

− ˙̂S = Z + ATŜ + ŜA − Ŝ[BcR−1
c Bc

T − 1

µ
BdBd

T]Ŝ (4.47a)

Ŝ(τf ) = T (4.47b)

while vector d̂ fulfills:

˙̂
d = −[AT − Ŝ(BcR−1

c Bc
T − 1

µ
BdBd

T)]d̂ + ŜB0
d(τ)x̂0 (4.48a)

d̂(τf ) = 0 (4.48b)

In connnection with Eqs. (4.47, 4.48), the following points should be outlined:

(a) Lagrangian multiplier µ should be determined from Eqs. (4.40b, e). However, its

analytical determination does not constitute generally an easy task. In some special

case, the solution is formulated in the following.

(b) The influence of the disturbance may lead the matrix (BcR−1
c Bc

T − 1

µ
BdBd

T) not to

fulfill the semi-positive definiteness condition. If this is the case, Eq.( 4.47) is referred

to as the non-standard Riccati equation [35] and properties, such as the existence,

uniqueness of its solution becomes critical to the success of a control design. As to

the properties of such Riccati equation, the readers is referred to [11]
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When τf → ∞, if we focus on the steady-state solution S̄ of Eq. 4.47a, we get the following

algebraic Riccati equation:

Z + ATS̄ + S̄A − S̄[BcR−1
c Bc

T − 1

µ
BdBd

T]S̄ = 0 (4.49)

In literature, control syntheses based on Eq.(4.49) are referred to as the sub-optimal control

design.

In the remaining part of this section, the worst-case µ, J1 and their upper bounds based

on the steady-state S̄ will be derived.

For unsteady aerodynamic loads, since the coefficient matrix B0
d(τ) decays much faster

than the response x̂(τ), especially near the flutter boundary, the B0
d(τ)-related terms can

be discarded. In this case, from Eq. (4.48a, b), and τf → ∞, we get: d̂(τ) = 0. Therefore,

û�
c(τ) = −R−1

c BT
c S̄x̂(τ); ŵ�

d(τ) =
1

µ
BT

d S̄x̂(τ) (4.50)

Denoting the worst-case closed-loop system matrix

[
A +

1

µ
BdBT

d S̄ − R−1
c BT

c S̄
]

� Ac, we

get

Wd =
1

2µ2
x̂T

0 P̄µx̂0 (4.51)

where the (2 + 4l)m × (2 + 4l)m matrix P̄µ is defined as:

P̄µ =

∫ ∞

0

eA
T
c τ

[
S̄BdBT

d S̄
]
eAc τd τ ≥ 0 (4.52)

Reminding that PeP τ ≡ eP τP, ∀ P, it is quite straightforward to verify that P̄µ satisfies

the following Lyapunov equation:

AT
c P̄µ + P̄µAc + S̄BdBT

d S̄ = 0 (4.53)

Denoting the norm x̂T
0 · x̂0 = Wx̂0 , and invoking the stationarity properties of Rayleigh’s

quotient ( [31], pp. 237-239, extended to arbitrary real symmetric matrices), we get the

upper bound of µ:

2µ2 =
Wx̂0

Wd

x̂T
0 P̄µx̂0

x̂T
0 x̂0

≤ Wx̂0

Wd

λm(P̄µ) (4.54)
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where λm(P̄µ) denotes the maximum eigenvalue of the corresponding matrix.

Similarly, in the worst case, the performance index satisfies:

J1 =
1

2

∫ ∞

0

{
x̂TZx̂ + û�T

c Rcû
�
c

}
d τ =

1

2
x̂T

0 P̄J1x̂0 (4.55)

where

P̄J1 =

∫ ∞

0

eA
T
c τ

[
Z + S̄BcR−1

c BT
c S̄

]
eAc τd τ ≥ 0 (4.56)

Paralleling P̄µ, P̄J1 fulfills the following Lyapunov equation:

AT
c P̄J1 + P̄J1Ac +

[
Z + S̄BcR−1

c BT
c S̄

]
= 0 (4.57)

and the upper bound is:

J1 =
1

2
Wx̂0

x̂T
0 P̄J1x̂0

x̂T
0 x̂0

≤ 1

2
Wx̂0λm(P̄J1) (4.58)

4.6 Numerical Illustrations and Discussion

Design of sub-optimal control laws based on Eq. 4.49 is adopted in this section. The

capabilities of the designed control laws for flutter suppression and dynamic aeroelastic

response enhancement are investigated for the case of a smart aircraft wing. Its material

and geometric properties (with biconvex cross section) are listed in Tables 4.1, 4.2. Notice

that in the actual simulation, the first 3 structural modes are incorporated into the model

and for each aerodynamic indicial function, 3 lag terms are used, i.e., m = 3, l = 3.

All the response components (bending, twist and transverse shear) are measured at the

wing tip (i.e., η = 1). Denote the control gain matrix R−1
c BT

c S̄ � Gc, and weight matrix

Rc = rcI.

Figures 4.4, 4.5 and 4.6 display the control capability on the flutter suppression. Gc is

designed at (Mdesign = 0.7, θdesign = 1050, rc = 10−9, µ = 1010). Compared with the open-

loop flutter instability (Fig. 4.4), the incorporation of the control law successfully stabilizes
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the aeroelastic system. Figure 4.5 also demonstrates that the sub-optimal control law can

stabilize the sharp-edged gust, although the sharp-edged gust does not fulfill Eq. 4.37b.

The required control voltage and power input for the case of sharp-edged gust are displayed

in Figs. 4.7, 4.8 and for the case of 1-COSINE gust, in Figs. 4.9 and 4.10. Noticeably,

the non-symmetric distribution of the power input amplitude in Fig. 4.8 reveals that the

controlled aeroelastic wing absorbs the electric energy (positive) to counteract the effect

of unsteady aerodynamic loads.

Table 4.3 reveals the relocation of structure-related eigenvalues of the aeroelastic system

via the active control. It is observed that, a), for all the three control laws, only the open-

loop unstable eigenvalue is shifted but the open-loop stable eigenvalues almost remain at

the same positions; b), in the case rc = 10−9, the control law maps the unstable eigenvalue

into its mirror position in terms of the imaginary axis in the s-plane, and c) for all the

three cases, lower weight rc, hence cheaper control effort, shifts the eigenvalues farther to

the left. This is consistent with the intuition.

Table 4.4 displays the influence of parameter variation on the stability of controlled aeroe-

lastic system. Gc is designed at (Mdesign = 0.75, θdesign = 1050, rc = 10−10, µ = 1010).

Since for the investigated aircraft wing, ply angle θflight and flight speed Mflight and

hence aerodynamic compressibility, are among the major parameters, they are used for

the flutter robustness investigation.

It should be remarked that although the control law displays robustness over a relatively

large range of the parameter variations, other issues, such as the allowable voltage lim-

itation of the piezo-actuator, concerns for power consumption, may become a serious

constraint on the actual implementation of the control, as displayed in Figs. 4.11 and

4.12. In this case, the required voltage is far beyond the physical allowable voltage of

the piezoceramic actuator. Furthermore, the electric power consumption may become a

serious concern.

Figures 4.13, 4.14 and 4.15 demonstrate the enhancement of control on the subcritical
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aeroelastic response to a blast load. Gc is still designed at (Mdesign = 0.75, θdesign =

1050, rc = 10−10, µ = 1010) but applied at Mflight = 0.6. Two observations should be

provided: (a), all the three controlled vibration components (bending, twist, transverse

shear-related quantity) are damped out in a rather shorter time as compared to the

uncontrolled counterparts, implying that the boundary bending moment feedback control

is a viable control mechanism for the vibration control of the aeroelastic system; (b), the

maximum peak value of ŵ0(η = 1, τ) is reduced by 35% and the maximum peak value

of θ̂x(η = 1, τ) is reduced by 21%, however, for the twist vibration component, only a

slight reduction is achieved. This implies that the boundary bending moment feedback

control is more suitable for bending vibration control. Figs. 4.16 and 4.17 display the

required voltage input and power consumption. The big jumps of applied voltage and

electric power are due to the sudden loading of the blast on the wing.

4.7 Concluding Remarks

A new minimax aeroelastic control on a smart aircraft wing is proposed and its capability

on the flutter suppression and enhancement of dynamic aeroelastic response via the bound-

ary bending moment feedback control is investigated. At high subsonic flight speed, the

designed control law not only displays promising capability to augment the flutter speed,

reduce the dynamic aeroelastic response amplitudes, but also demonstrates robustness

over a relatively large range of variations of the major parameters. However, other issues

such as the limitation of allowable voltage on the piezoelectric actuators, electric power

consumption may become serious constraints towards the actual implementation of the

control laws.
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Table 4.1: Material properties of piezoelectric(PZT4) and Graphite/Epoxy composite

Parameter Piezoelectric Graphite/Epoxy

Elastic constant, Gpa
C11 139.0a 207.7
C12 77.8a 1.73
C13 74.3a 1.73
C22 139.0 5.53
C23 74.3 1.39
C33 115.0a 5.53
C44 25.6a 2.55
C55 25.6 2.55
C66 30.6 3.1

Density, Kg/m3 7495 1528
Piezoelectric coupling
constant, N/(m · V )

e31 = e32 -5.20 –
e33 15.1 –
e15 = e24 12.7 –

Dielectric constant, F/m × 109

εS
11 6.75 –

εS
22 6.75 –

εS
33 5.87 –

aIndependent parameters of the piezoceramic material, see Eqs. (4.10, 4.11)
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Table 4.2: Geometric specification of the smart aircraft wing and the piezoceramic patches

Wing parameter Value Piezo. patch Value
parameter

Chord length 2b, m 0.757 Width ∆bp, m 0.252
Depth 2d, m 0.0997 Thickness ∆hp, m 2.03×10−3

Wall thickness hs, m 0.0203
Number of layers 6 Number of layers 1
Lay-up [θ6], CAS
Aspect ratio AR, 12 Length, m 4.54
Geometric sweep angle

Λg, deg. 0
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Table 4.3: Essence of the minimax control (µ = 1010, Mdesign = 0.7, θdesign = 1050) on
the integrated aeroelastic system (Mflight = 0.7, θflight = 1050)

Control strategy Structure-related eigenvalues
1st 2nd 3rd

OL 0.00149 ± 0.100j −0.0156 ± 0.322j −0.0121 ± 0.490j
CL, rc = 10−9 −0.00150 ± 0.100j −0.0156 ± 0.322j −0.0122 ± 0.490j
CL, rc = 10−10 −0.00161 ± 0.100j −0.0160 ± 0.322j −0.0123 ± 0.490j
CL, rc = 10−11 −0.00242 ± 0.100j −0.0189 ± 0.322j −0.0141 ± 0.490j

Table 4.4: Parameter variations on the stability of controlled aeorelastic system (rc =
10−10, µ = 1010, Mdesign = 0.7, θdesign = 1050)

Parameter variation ∆θ(θflight) : [deg]
∆Mflight(Mflight) 0(105) 15(120) 30(135) 45(150) -5(100)

0.02(0.77) �a � � � ×b

0.00(0.75) � � � � ×
−0.05(0.7) � � � � ×
−0.15(0.6) � � � � �
−0.25(0.5) × � � � �

a�: Closed-loop stable b×: Closed-loop unstable

176



mid-chord line
& reference axis

gΛ

A
L

y

y

A

x

x

∞U
nU

free stream

leading edge

y

s

n
�

piezo   patch

Figure 4.1: Geometry of the smart aircraft wing modeled as a thin-walled beam.
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Figure 4.4: Open-loop aeroelastic response(deflection) to a sharp-edged gust (VG =
10m/s, Mflight = 0.7, θflight = 1050).
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Figure 4.5: Closed-loop aeroelastic response(deflection) to a sharp-edged gust (VG =
10m/s, Mflight = Mdesign = 0.7, θflight = θdesign = 1050, rc = 10−9, µ = 1010).
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Figure 4.6: Closed-loop aeroelastic response(deflection) to a 1-COSINE gust (VG =
15m/s, τp = 50, Mflight = Mdesign = 0.7, θflight = θdesign = 1050, rc = 10−9, µ = 1010).
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Figure 4.7: Applied voltage for a closed-loop aeroelastic system to a sharp-edged gust
(VG = 10m/s, Mflight = Mdesign = 0.7, θflight = θdesign = 1050, rc = 10−9, µ = 1010).
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Figure 4.8: Electric power input for a closed-loop aeroelastic system to a sharp-edged
gust (VG = 10m/s, Mflight = Mdesign = 0.7, θflight = θdesign = 1050, rc = 10−9, µ = 1010).
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Figure 4.9: Applied voltage for a closed-loop aeroelastic system to a 1-COSINE gust
(VG = 15m/s, τp = 50, Mflight = Mdesign = 0.7, θflight = θdesign = 1050, rc = 10−9,
µ = 1010).
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Figure 4.10: Electric power input for a closed-loop aeroelastic system to a 1-COSINE
gust (VG = 15m/s, τp = 50, Mflight = Mdesign = 0.7, θflight = θdesign = 1050, rc = 10−9,
µ = 1010).
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Figure 4.11: Applied voltage for the closed-loop aeroelastic system (VG = 10m/s, τp = 50,
Mflight = 0.77, θflight = 1350, Mdesign = 0.75, θdesign = 1050, rc = 10−10, µ = 1010).
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Figure 4.12: Electric power input for the closed-loop aeroelastic system (VG = 10m/s,
τp = 50, Mflight = 0.77, θflight = 1350, Mdesign = 0.75, θdesign = 1050, rc = 10−10,
µ = 1010).
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Figure 4.13: Comparison of controlled vs. uncontrolled aeroelastic responses to a blast
load (P̂m = 10−3, τp = 2.5, Mflight = 0.6, Mdesign = 0.75, θflight = θdesign = 1050,
rc = 10−10, µ = 1010).
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Figure 4.14: Comparison of controlled vs. uncontrolled aeroelastic responses to a blast
load (P̂m = 10−3, τp = 2.5, Mflight = 0.6, Mdesign = 0.75, θflight = θdesign = 1050,
rc = 10−10, µ = 1010).
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Figure 4.15: Comparison of controlled vs. uncontrolled aeroelastic responses to a blast
load (P̂m = 10−3, τp = 2.5, Mflight = 0.6, Mdesign = 0.75, θflight = θdesign = 1050,
rc = 10−10, µ = 1010).
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Figure 4.16: Applied voltage for the controlled aeroelastic system to a blast load (P̂m =
10−3, τp = 2.5, Mflight = 0.6, Mdesign = 0.75, θflight = θdesign = 1050, rc = 10−10,
µ = 1010).
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Figure 4.17: Electric power input for the controlled aeroelastic system to a blast load
(P̂m = 10−3, τp = 2.5, Mflight = 0.6, Mdesign = 0.75, θflight = θdesign = 1050, rc = 10−10,
µ = 1010).
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Chapter 5

Investigation of Shunt Damping on
the Aeroelastic Behavior of an
Advanced Aircraft Wing

Abstract

Piezoelectric shunt circuits are incorporated into an anisotropic composite aircraft wing

and the role of the damping thereby induced is investigated in the context of aeroelastic

tailoring. It is revealed that the anisotropy of the host structure has a fundamental

influence on the efficiency of the shunt damping. Improper configuration of the shunt

circuit may render the otherwise aeroelastic stable system unstable. Due to the potential

catastrophic outcomes by flutter, it is advised that special attention should be given to

passive damping of aeroelastic systems via shunt circuits.

5.1 Introduction

Damping augmentation via piezoelectric shunt circuit (shunt damping) has been exten-

sively explored towards vibration reduction and control [1, 6–8, 10, 18–21]. It has also

been extended to control the aeroelastic response [2, 13, 14]. Unfortunately, as revealed in

this chapter, damping augmentation is no longer a conservative approach for aeroelastic
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control, since aeroelastic systems can absorb energy from the ambient flow. Improper

configuration of the shunt circuit may induce aeroelastic instability.

5.2 Modeling

5.2.1 Governing Equations in State-Space Form

A single-cell, closed cross-section thin-walled beam model is adopted towards modeling

the aircraft wing. The circumferentially asymmetric stiffness (CAS) lay-up [11] is used

to generate the preferred bending-twist elastic coupling. A pair of piezoceramic (PZT4)

patches are symmetrically mounted on the lower and upper surfaces of the host wing. It

is assumed that the poling direction is along the normal of the mounted surface. Parallel

RC and parallel RL circuits are introduced to dissipate the converted strain energy. It is

assumed that the piezo. patch mounted on the upper surface of the thin-walled beam is

connected to a circuit with the same configuration as that of the patch mounted on the

lower surface. The geometry of the wing and upper piezoceramic patch are displayed in

Figs. 5.1 and 5.2. Notice the introduction of the piezo. patch pair specified as above does

not change the CAS elastic coupling characteristics, since the the plane of isotropy of the

patch is in s − y plane (see Fig. 5.1).

From the piezoelectric constitutive equations, we get the expressions of the electric charge

Q̂c and current Îc that pass across the electrode of the upper patch:

Q̂+
c = A+

Qx̂ + CpV̂
+
c (5.1a)

Î+
c = A+

I x̂ +
Un

b
Cp

˙̂
V +

c (5.1b)

in which, A+
I is a 1 × (2 + l)m matrix, Cp is the reduced capacity of the electrode pair

connected to the upper patch. For the piezoceramic patch mounted on the lower surface,

similar results can be derived, except the superscript ”+” is replaced by ”−”. If we further

explore the fact that for CAS layup and the symmetric mounting of the patch pair and the
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same configuration of shunt circuits for each patch, we get: A−
Q = −A+

Q, A−
I = −A+

I , then

the following analog follows: V̂ +
c ↔ −V̂ −

c , Î+
c ↔ −Î−

c , i.e., whenever the voltage induced

on the shunt circuit for the upper patch is V̂c, the corresponding voltage induced on the

shunt circuit of the lower patch is −V̂c (provided that V̂ +
c (0) = −V̂ −

c (0)). Therefore, in

the following derivation, only the quantities realted to the upper patch will be referred

to.

We start from the state-space form of the aeroelastic governing equations (see Eqs. 4.31a,

b):

˙̂x = Axx̂ + Bdŵd + BcV̂c + B0
d(τ)x̂(0) (5.2a)

With initial conditions:

x̂(0) = x̂0 (5.2b)

where x̂ is a (2 + l)m × 1 state vector, Ax, B0
d are (2 + l)m × (2 + l)m matrices, Bd is a

(2+ l)m×m matrix, ŵd is a m×1 the generalized disturbance vector, Bc is a (2+ l)m×1

vector, V̂c is the induced voltage on the piezoceramic patch mounted on the upper surface

of the host wing. The details of these quantities have been provided in Eq. 4.30.

When the RC circuit displayed in Fig. 5.3 is introduced, by applying the Kirchhoff’s

current law (Ref. [17], pp. 14), we get:

− V̂c

Rc

− Cc
Un

b
˙̂
Vc = Îc (5.3)

Combining Eqs. (5.1b, 5.3), we get:

˙̂
Vc =

−1
Un

b
[Cc + Cp]

AI x̂ − 1
Un

b
Rc[Cc + Cp]

V̂c (5.4)
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Similarly, when the RL circuit displayed in Fig. 5.4 is introduced, we get:{
˙̂
Vc

¨̂
Vc

}
=


 0 1

−1

(Un/b)Cp

(AIBc +
1

Lc(Un/b)
)

−1

(Un/b)CpRc


{ V̂c

˙̂
Vc

}
+




01×(2+l)m

−1

(Un/b)Cp

AIAx


 x̂

+




01×m

−1

(Un/b)Cp

AIBd


 ŵd +




01×(2+l)m

−1

(Un/b)Cp

AIB0
d


 x̂0

(5.5)

Combining Eqs. 5.2a and 5.4 or 5.2a and 5.5, we get the shunted aeroelastic governing

equations corresponding to the RC or RL circuits. In a generic form, they can be written

as

˙̂y = Ãyŷ + B̃yŵd + B̃0
yŷ0 (5.6)

where state vector ŷ consists of x̂, V̂c or x̂, V̂c,
˙̂
Vc.

5.2.2 Initial Conditions of V̂c and
˙̂
Vc

The initial conditions V̂c and
˙̂
Vc need to be determined from the initial conditions of the

electrode when the shunt circuit is connected to it. Specifically, if x̂0 is set when the

electrode is in open-circuit condition, i.e., Q̂c(0) = 0 (see Ref. [16]), Îc(0) = 0, from

Eqs. 5.1a and 5.1b, we get:

V̂c(0) = − 1

Cp

AQx̂(0);
˙̂
Vc(0) =

−1

(Un/b)Cp

AI x̂(0) (5.7)

if x̂0 is set when the electrode is in short-circuit condition, by definition, we get V̂c(0) =

0,
˙̂
Vc(0) = 0.

5.3 Numerical Simulations and Discussion

The capability of shunt-damping on the aeroelastic behavior of an anisotropic composite

aircraft wing is investigated in this section. Material specifications of the host structure
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(Graphite/Epoxy composite) and the piezoceramic patch are listed in Table 5.1; geometric

specifications of the wing is in Table 5.2. In the numerical simulation, the biconvex cross

section is adopted. For unsteady subsonic aerodynamic loads, the indicial function based

approach [4, 9, 12] is adopted and for each of the 4 indicial function, 3 aerodynamic

lag terms are used, i.e., l = 3. The first 3 structural modes are actually used in the

simulation, i.e., m = 3. Notice that due to large amplitudes of the coefficient matrices
1

Un/b[Cc + Cp]
AI and

1

(Un/b)Cp

AIAx, the system matrix Ãy is not well-conditioned. In

order to overcome numerical accuracy problem, Schur decomposition (Ref. [5], pp. 219-

210) provided by Mathematica� is used for the matrix inversion. Discrete-time transition

matrix based scheme (Ref. [15], pp. 41) is adopted for the temporal discretization of

Eq. 5.6. In the actual simulation, it is assumed x̂0 = 0.

Figures 5.5, 5.6 and 5.7, 5.8, 5.9 display the effect of shunt-damping by a RC circuit

on enhancing the dynamic aeroelastic response subject to a 1-COSINE gust and a sonic

boom, respectively. Figs. 5.10 and 5.11 display the voltage induced on the piezo. patch,

while Figs. 5.12 and 5.13 display the energy relation between the electric energy converted

from strain energy and the electric energy actually dissipated (in form of heat) by the

resistor. Three observations should be noted: (1)In the case θ = 1800 (or 00), shunt-

damping is quite efficient to reduce the transient response intensity and the transient

duration. In Fig. 5.5, the maximum peak amplitude of vibration is reduced by about

17%, while in Fig. 5.6, the peak amplitude of acceleration is reduced by about 29% and in

all the cases, the transient duration is much less than the counterpart in which the piezo.

effect is not accounted for. (2)The energy conversion between strain energy and electric

energy is unidirectional (in the presence of the inherent capacity of the electrode and the

capacitor in the shunt circuit), this is due to P̂electric(τ) ≤ 0, for all τ > 0. (3)Almost all

the electric energy converted from the strain energy is dissipated by the resistor.

However, the efficiency of shunt damping on enhancing the aeroelastic behavior may be

significantly changed by the alteration of ply orientation, as displayed in Table 5.3. It is

observed that in the case θ = 1800, the damping is the most efficient, while in the case
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θ = 1050, the damping almost has no effect. To be even worse, in the case θ = 1200,

Rc = 900 Ω, and Cc = 10−9 F , the aeroelastic becomes unstable (onset of flutter occurs).

Figs. 5.14, 5.15 and 5.16 display the simulation results for this case. It is remarkable

to notice that P̂electric is still negative, implying that the strain energy is unidirectionally

converted to the electric energy and almost all the converted electric energy is dissipated by

the resistor in the form of heat. From the first principle of thermodynamics, the ultimate

energy is provided by the ambient flow. It is interesting to note that analogous to the effect

of shunt damping on the aeroelastic response in the context of aeroelastic tailoring, Ref. [3]

points out that the nominal open-loop damping can significantly influence the closed-loop

response and that poor damping model may cause the nominally stable system actually

unstable.

5.4 Conclusion

The shunt damping on the dynamic aeroelastic behavior of an anisotropic composite wing

is investigated. The numerical simulations reveal that ply orientation has a fundamental

influence on the efficiency of the damping. Damping augmentation no longer constitutes

a conservative approach towards vibration control of the aeroelastic system and improper

configuration of the shunt circuit may render the otherwise aeroelastic stable system

unstable.
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Table 5.1: Material properties of piezoelectric and graphite/epoxy composite

Parameter Piezoelectric Graphite/Epoxy

Elastic constant, Gpa
C11 139.0 207.7
C12 77.8 1.73
C13 74.3 1.73
C22 139.0 5.53
C23 74.3 1.39
C33 115.0 5.53
C44 25.6 2.55
C55 25.6 2.55
C66 30.6 3.1

Density, Kg/m3 7495 1528
Piezoelectric coupling
constant, N/(m · V )

e31 = e32 -5.20 –
e33 15.1 –
e15 = e24 12.7 –

Dielectric constant, F/m × 109

εS
11 6.75 –

εS
22 6.75 –

εS
33 5.87 –
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Table 5.2: Geometric specification of the bare aircraft wing and the piezoceramic patches

Wing parameter Value Piezo. patch Value
parameter

Chord length 2b, m 0.757 Width ∆bp, m 0.252
Depth 2d, m 0.0997 Thickness ∆hp, m 2.03 × 10−3

Wall thickness hs, m 0.0203
Number of layers 6 Number of layers 1
Lay-up [θ6], CAS
Aspect ratio AR, 6 Length, m 2.27
Geometric sweep angle

Λg, deg. 0
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Table 5.3: Influence of the shunt-damping on the integrated aeroelastic system (Mflight =
0.6, unit–Rc : Ω; Cc : F ; Lc : H)

Circuit config. Structure-related eigenvalues
1st 2nd 3rd

θ = 1800, RC/RL
w/o piezo effect −0.0124 ± 0.0826j −0.00711 ± 0.493j −0.0136 ± 0.497j
Cc : 10−9, Rc : 103.7 −0.0258 ± 0.0914j −0.0136 ± 0.498j −0.0223 ± 0.544j
Cc : 10−6, Rc : 103.7 −0.0223 ± 0.0922j −0.0137 ± 0.498j −0.0149 ± 0.530j
Cc : 10−9, Rc : 103 −0.0156 ± 0.0827j −0.0134 ± 0.498j −0.0340 ± 0.507j
Lc : 10−0.7, Rc : 103 −0.0124 ± 0.0826j −0.00732 ± 0.491j −0.0134 ± 0.497j
Lc : 10−0.7, Rc : 102.5−0.0124 ± 0.0826j −0.00755 ± 0.491j −0.0134 ± 0.497j
Lc : 10−1.7, Rc : 102.5−0.0124 ± 0.0826j −0.00713 ± 0.493j −0.0135 ± 0.497j
θ = 1200, RC/RL
w/o piezo effect −0.00573 ± 0.176j −0.00910 ± 0.854j −0.00925 ± 1.21j
Cc : 10−9, Rc : 103.7 −0.00527 ± 0.175j −0.00609 ± 0.836j −0.0115 ± 1.23j
Cc : 10−9, Rc : 103 −0.00554 ± 0.176j −1.00× 10−5 ± 0.843j −0.0178 ± 1.22j

Cc : 10−9, Rc : 900 −0.00556 ± 0.176j 8.20 × 10−5 ± 0.844j −0.0182 ± 1.22j

Lc : 10−0.7, Rc : 102.5−0.00573 ± 0.176j −0.00847 ± 0.856j −0.0113 ± 0.120j
Lc : 10−1.7, Rc : 102.5−0.00573 ± 0.176j −0.00910 ± 0.854j −0.00926 ± 1.21j
Lc : 10−0.7, Rc : 103 −0.00573 ± 0.176j −0.00891 ± 0.856j −0.010 ± 1.20j
θ = 1050, RC/RL
w/o piezo effect −0.00676 ± 0.292j −0.00997 ± 0.958j −0.00902 ± 1.72j
Cc : 10−9, Rc : 103.7 −0.00664 ± 0.292j −0.00914 ± 0.952j −0.00969 ± 1.72j
Cc : 10−6, Rc : 103.7 −0.00669 ± 0.292j −0.00955 ± 0.953j −0.00937 ± 1.72j
Cc : 10−9, Rc : 103 −0.00665 ± 0.292j −0.00720 ± 0.954j −0.0119 ± 1.72j
Lc : 10−0.7, Rc : 102.5−0.00676 ± 0.292j −0.00968 ± 0.958j −0.0120 ± 1.71j
Lc : 10−1.7, Rc : 102.5 −0.00676 ± 0.29j −0.00997 ± 0.958j −0.00904 ± 1.72j
Lc : 10−0.7, Rc : 103 −0.00676 ± 0.292j −0.00988 ± 0.958j −0.0107 ± 1.71j
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Figure 5.1: Geometry of the anisotropic composite aircraft wing modeled as a thin-walled
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Figure 5.5: Effect of shunt-damping on the dynamic aeroelastic response to a 1-COSINE
gust (VG = 5m/s, Mflight = 0.6, θ = 1800, τp = 50, Cc = 10−9 F , Rc = 103.7 Ω).
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Figure 5.6: Effect of shunt-damping on the dynamic aeroelastic response to a 1-COSINE
gust (acceleration) (VG = 5m/s, Mflight = 0.6, θ = 1800, τp = 50, Cc = 10−9 F , Rc =
103.7 Ω, g is the gravitational acceleration).
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Figure 5.7: Effect of shunt-damping on the dynamic aeroelastic response ŵ0(η = 1, τ) to
a sonic boom (P̂m = 0.001, Mflight = 0.6, θ = 1800, τp = 2.5, Cc = 10−9 F , Rc = 103.7 Ω).
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Figure 5.8: Effect of shunt-damping on the dynamic aeroelastic response φ̂(η = 1, τ) to a
sonic boom (P̂m = 0.001, Mflight = 0.6, θ = 1800, τp = 2.5, Cc = 10−9 F , Rc = 103.7 Ω).
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Figure 5.9: Effect of shunt-damping on the dynamic aeroelastic response θ̂x(η = 1, τ) to
a sonic boom (P̂m = 0.001, Mflight = 0.6, θ = 1800, τp = 2.5, Cc = 10−9 F , Rc = 103.7 Ω).
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Figure 5.10: Elelctric voltage induced on the piezo. patch by the aeorelastic system
subject to a 1-COSINE gust (VG = 5m/s, Mflight = 0.6, θ = 1800, τp = 50, Cc = 10−9 F ,
Rc = 103.7 Ω).
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Figure 5.11: Elelctric voltage induced on the piezo. patch by aeorelastic system subject to
a sonic boom (P̂m = 0.001, Mflight = 0.6, θ = 1800, τp = 2.5, Cc = 10−9 F , Rc = 103.7 Ω).
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Figure 5.12: Comparison of the total energy converted and the energy dissipated when the
aeroelastic system is subject to a 1-COSINE gust (VG = 5m/s, Mflight = 0.6, θ = 1800,
τp = 50, Cc = 10−9 F , Rc = 103.7 Ω).
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Figure 5.13: Comparison of the total energy converted and the energy dissipated when
the aeroelastic system is subject to a sonic boom (P̂m = 0.001, Mflight = 0.6, θ = 1800,
τp = 2.5, Cc = 10−9 F , Rc = 103.7 Ω).
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Figure 5.14: Shunt-damped aeroelastic response subject to a sharp-edged gust and featur-
ing the onset of flutter induced by the shunt circuit (θ = 1200, Cc = 10−9 F , Rc = 900 Ω,
Mflight = 0.6, VG = 10m/s).
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Figure 5.15: Induced voltage on the piezo. patch by the aeroelastic system in flutter
(θ = 1200, Cc = 10−9 F , Rc = 900 Ω, Mflight = 0.6, VG = 10m/s).
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Figure 5.16: Comparison of total energy converted and the energy dissipated when the
aeroelastic system is in flutter (θ = 1200, Cc = 10−9 F , Rc = 900 Ω, Mflight = 0.6,
VG = 10m/s).
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Chapter 6

Conclusions and Recommendations

6.1 Summary

An efficient and comprehensive aeroelastic model based on an analytical anisotropic thin-

walled beam model and the concept of indicial functions towards modeling unsteady aero-

dynamics has been proposed and formulated. The treatment of aeroelasticity of lifting

surfaces modeled as anisotropic thin-walled beams appears, to the best of our knowl-

edge, to be addressed for the first time in literature. The approach developed in this

work facilitates the systematic investigation of aeroelastic static instability (divergence),

dynamic instability (flutter), quality of dynamic aeroelastic response, active/passive con-

trols within the aeroelastic tailoring environment and/or smart wing environment. It is

also for the first time in literature that the investigation has broadly covered in a unified

aerodynamic context of cases of incompressible, compressible subsonic, supersonic and

hypersonic flight speeds.

Specifically, the major conclusions of this thesis include:

• In the structural part, a refined thin-walled beam model based on an existing thin-

walled beam model has been developed and validated. It is clearly demonstrated

that, by incorporating 3-D strain effect and the effect of non-uniformity of shear

stiffness, the existing thin-walled beam model is capable of providing good and
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consistent correlation with the experimental results and the predictions by other

models; It is the first study where this class of thin-walled beam model that has

been extensively used towards the study of dynamic response, static aeroelasticity

and structural control has been validated against the experimental and theoretical

results obtained by other researchers.

• The significant influence of tailoring on the aeroelastic stability boundaries and

response has been highlighted. To efficiently use tailoring may need optimization.

• Compressibility at high subsonic speeds has a significant influence on flutter and

dynamic aeroelastic response of advanced aircraft wings, hence rendering the aeroe-

lastic design of lifting surfaces and control system more intricate.

• Active control used in conjunction with elastic tailoring demonstrates promising

capability towards augmenting the flutter speed, reducing the dynamic aeroelastic

response intensity, it also demonstrates robustness over a relatively large range of

variations (uncertainty) of major parameters. However, towards the actual imple-

mentation of control laws designed thereby, such issues as the limitation of allowable

voltage on the piezoelectric actuators, electric power consumption may become se-

rious constraints.

• Within the environment of aeroelastic tailoring, ply orientation has a fundamental

influence on efficiency of the shunt damping (passive control). Damping augmenta-

tion via shunt circuit does not constitute a conservative approach towards vibration

control on the aeroelastic system. Improper configuration of the shunt circuit may

render the otherwise stable aeroelastic system unstable.

6.2 Recommendations for Future Work

The emergence of new composite materials and new structural concepts generates many

significant challenges to the aeroelastic discipline. To solve the aeroelastic problems in this
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new environment will certainly have a profound influence on the safe aeroelastic design

of flight vehicles. Listed in the following are only several issues that the author wish to

address within a suitable thin-walled beam model in the near future:

• Modeling of damage in the composite aircraft wings and its influence on the aeroe-

lastic instability and response;

• Efficient, yet robust control mechanism towards the aeroelastic vibration control

that can address such important issues as: control input saturation, power con-

sumption;

• Implication of geometric and material non-linearities on the characteristics of post-

critical behavior of advanced aircraft wings.
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