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Vibration and Aeroelasticity of Advanced Aircraft Wings Modeled as
Thin-Walled Beams

—Dynamics, Stability and Control

Zhanming Qin

(ABSTRACT)

Based on a refined analytical anisotropic thin-walled beam model, aeroelastic instability,
dynamic aeroelastic response, active/passive aeroelastic control of advanced aircraft wings
modeled as thin-walled beams are systematically addressed. The refined thin-walled beam
model is based on an existing framework of the thin-walled beam model and a couple of
non-classical effects that are usually also important are incorporated and the model herein
developed is validated against the available experimental, Finite Element Anaylsis (FEA),
Dynamic Finite Element (DFE), and other analytical predictions. The concept of indicial
functions is used to develop unsteady aerodynamic model, which broadly encompasses
the cases of incompressible, compressible subsonic, compressible supersonic and hyper-
sonic flows. State-space conversion of the indicial function based unsteady aerodynamic
model is also developed. Based on the piezoelectric material technology, a worst case
control strategy based on the minimax theory towards the control of aeroelastic systems
is further developed. Shunt damping within the aeroelastic tailoring environment is also

investigated.

The major part of this dissertation is organized in the form of self-contained chapters,
each of which corresponds to a paper that has been or will be submitted to a journal for
publication. In order to fullfil the requirement of having a continuous presentation of the
topics, each chapter starts with the purely structural models and is gradually integrated

with the involved interactive field disciplines.
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=
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(X', X") (0X /0y, 0*X/0y?)
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AR, n wing aspect ratio and the non-dimensional spanwise coordinate, L/b, n = y/L
C;;  transformed elastic modulus in the beam local coordinate system
M,, M,, M, external stress couples on the beam tip (Eq. 1.15)

Q., Q. applied transverse shear forces at the beam tip

Ty applied beam axial force at the beam tip

Ab, width of the piezoceramic patch

Ah, thickness of the piezoceramic patch

) operator of variation

€. electric permittivity coefficient of piezoelectric material

n, A non-dimensional spanwise coordinate(n = y/L) and sweep angle

O . . . . . .
Vsys Y contour-wise shear strain; damping ratio
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Vyzs Vye transverse shear measures of the cross section

1. electric current across the electrode

I}, fw, 7 non-dimensional parameters related to the torsion, warping and rotatory inertia
of the cross-section, respectively (see Appendix B)

P, non-dimensional peak reflected pressure of the blast, bP,, /(2b,U2)
Aelecmc rate of work done by the electric field within the piezoceramic patch, Vc . fc
Aresiswr rate of electric energy dissipated by the resistor, ‘A/f /R,

applied voltage on the piezoceramic patch

"‘/
V. voltage induced on the piezo. patch

A, A geometric and effective sweep angle, respectively, tan A, = tan A,/ /1 — M?li ght

Am(P) operator, returning the maximum eigenvalue of matrix P

G,  control gain matrix

L, L' Laplace and inverse Laplace transform operator, respectively
I Lagrangian multiplier in Eq. 4.39a

[0, #1 non-dimensional parameters in Appendix B

\Y gradient operator
fa integral along the contour
w; natural frequency of ith mode

Why ( G33/(51L4))9:w/2

ow, Y Wagner and Kiissner’s function, respectively
Y torsional function

Poo  Mass density of the free stream

pky  mass density of the kth layer

0;j, €ij Stress, strain components

T non-dimensional time, U,t/b

Tp non-dimensional gust gradient or phase duration of blast
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gl en

s Eyy On and off-contour axial normal strains, respectively

a(s) geometric quantity
a;;  1-D stiffness coefficients (Eq. 1.19)
Aij, By stretching, bending-stretching coupling coefficient, respectively

b, d, L normal semi-width and semi-depth of the beam cross section and semi-span length,
respectively

b1 mass density of the wing per unit span, including contribution from piezo patches
B,  bimoment (in Eq. 1.18)

b bimoment of the external force per unit span

B;;  local bending-stretching coupling stiffness quantities

CE  elastic modulus of piezoelectric material

C. value of capacity of the capacitor in the shunt circuit

C, value of capacity of the electrode pair

C;;  elastic modulus of the material used in the host structure in the principal material
coordinate system

Crs local lift curve slope
D/Dt substantial derivative with respect to dimensional time
D;;  local bending stiffness quantities

E,., D, electric field intensity, electric displacement, r = 1,3

E11, Ess, Es3, Ei9, Ei3, Es3 Young’s modulus of orthotropic materials in the material
coordinate system

E;;  Young’s moduli of orthotropic materials in the material coordinate system
€ij piezoelectric coupling coefficient

F,  measure of primary warping function (Fig. 1.2)

Gs, effective membrane shear stiffness

H(7) Heaviside’s step function



hs thickness of the wall of the host wing, i.e., not including Ah,
h(xy, b thickness of the kth layer and thickness of the wall, respectively
Iy, I, ..., Iy inertial terms, see Appendix A

K.

v

reduced stiffness coefficients (Eq. 1.9)
L length of the beam (Fig. 1.1)

[ number of lag terms adopted in approximating each of the unsteady aerodynamic
indicial functions

Lge, Ly, Ly unsteady aerodynamic loads and lift due to gust and blast, respectively

L,,, L, stress couples (Eq. 1.9)

gy
m number of the structural modes actually truncated in the calculation
my number of the layers in the wall

M,, M,, M, 1-D stress couples (in Eq. 1.18)

mg, My, m, external moments per unit span, about x,y, z axes, respectively
Mesign, Odesign conditions under which the control is nominally designed
Mpiigne Mach number of flight speeed, Mpjignt = Uso /oo

M iignt, 0piight actual flight conditions

n, N number of aerodynamic lag terms used for the approximation of the Wagner’s
function and the number of polynomials used in the shape functions, respectively

Ngy, Nyy, Ny, stress resultants (Eq. 1.9)
OL, CL open-loop and close-loop, respectively

P Laplace transformed counterpart of non-dimensional time variable
P,,  dimensional peak reflected pressure of the blast

Dz, Dy, P- external forces per unit span

Q., Q. shear forces in x, z directions (Eq. 1.18)

R. value of electric resistance of the resistor in the shunt circuit

T geometric quantity (Fig. 1.2)
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S;, 0; Cauchy strain and stress components in Voigt notation form, i = 1,6

t, to; T, 7o dimensional; non-dimensional time variables, respectively, 7 = U,t/b

T, V, W, kinetic energy, internal elastic potential and work of external forces, respectively
T,

Y generalized beam axial force per unit span (Eq. 1.18)

The, Ty, T, twist moments about the reference axis induced by the unsteady aerodynamic
load, the gust and blast aerodynamic loads, respectively

Us, U, streamwise and chordwise free stream speed, respectively, U,, = U, cos A
Vo peak gust velocity

Wo 5¢, Wo.75¢; Wo.5¢, Wo.75. dimensional; non-dimensional downwash at the semi-chord, three
quarter chord, respectively

wo, ¢, O,; W, ¢, 0, dimensional; non-dimensional rigid body translations in z direction,
rotation about the reference axis and transverse shear measures of the cross-section,
respectively

X7 transpose of the matrix or vector X

X,xs an r X s matrix X

v, v, ¥, ¥, ¥, ¥ admissible shape functions (Eq. 1.26)

f_bb, f_ll dimensional and non-dimensional airfoil integral, respectively

L,.«m identity matrix with order m

Xxn X is a m X n matrix

(p12, 13, p23) Poisson’s ratios of orthotropic materials in material coordinate system
(04, 6., ®) rotations of the cross section with respect to x,y, z axes, respectively(Fig. 1.2)
(uo, vo, wp) 3 rigid body translations along x,y, z directions, respectively (Fig. 1.2)
CAS circumferentially asymmetric stiffness, lay-up configuration

CUS circumferentially uniform stiffness, lay-up configuration

DFE dynamic finite element approach
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Chapter 1

On a Shear-Deformable Theory of
Anisotropic Thin-Walled Beams:
Further Contribution and Validation

Abstract

Within the basic framework of an existing anisotropic thin-walled beam model, a cou-
ple of non-classical effects are further incorporated and the model thereby developed is
validated. Three types of lay-up configurations, namely, the cross-ply, circumferentially
uniform stiffness (CUS), and circumferentially asymmetric stiffness (CAS) are investi-
gated. The solution methodology is based on the Extended Galerkin’s Method (EGM)
and the non-classical effects on the static responses and natural frequencies are investi-
gated. Comparisons of the predictions by the present model with the experimental data
and other analytical as well as numerical results are conducted and pertinent conclusions
are outlined. This work is the first attempt to validate a class of refined thin-walled
beam model that has been extensively used towards the study, among others, of dynamic

response, static aeroelasticity and structural/aeroelastic feedback control.

A slightly different version of this chapter has been submitted to the Journal of Composite Structures
for publication



1.1 Introduction

Stimulated by the vast potential advantages provided by new composite materials, the
anisotropic composite thin-walled beam structures are likely to play a crucial role in the
construction of actual and future generation of high performance vehicles. The extensive
research activities related to the thin-walled beams in the past have covered a broad range
of domains such as aeroelastic tailoring [18, 25], smart materials/structures [15, 22|, as
well as the theoretical issues prompted by the multitude of the unusual effects inherent
in this kind of structures. It is more than sure that this research trend will continue
and get intensified in the years ahead. Among the unusual effects of the composite thin-
walled beam structures, those contributed from warping and warping restraint [2, 9, 11,
17, 26, 27], transverse shear strain, 3-D strain effect [2, 10, 26, 33|, and non-uniformity
of the transverse shear stiffness within the structure [2, 9, 26], have been identified to
have significant influence on the prediction accuracy of the models. Due to the complex
influence of these non-classical effects, it is vital to validate the related models. In fact,
during the last two decades, a number of analytical models for thin-walled beams have
been proposed in specialized contexts and validated either numerically or experimentally
[1, 3-5, 8, 10, 11, 26, 31, 32]. On the other hand, a refined thin-walled beam theory
originally developed in [17, 27] has been extensively used for the study, among others, of
dynamic response/structural feedback control (see e.g., [12-16, 19, 22, 27, 29]) and static
aeroelasticity [14, 18, 27, 30]. However, for this beam model, no validation against the
experimental and analytical predictions provided by other models of thin-walled beams is
available in the literature. Moreover, the 3-D strain effect, the non-uniformity of contour-
wise shear stiffness have not been accounted for in the model. In this chapter, a refined
thin-walled beam model that is based on the previous work in Refs. [2, 17, 27] is developed
and validated against the available data from experiments, finite element method and
other analytical models. In order to be reasonably self-contained, the basic elements of

the formerly developed theory to be used will be presented next. For more details on the



former model, the reader is referred to Refs. [2, 17, 21, 27, 29].

1.2 Basic Assumptions

A single-cell, closed cross-section, fiber-reinforced composite thin-walled beam is consid-
ered in the present chapter. For its geometric configuration and the chosen coordinate
system that is usually adopted in the analyses of aircraft wings, see Figs. 1.1 and 1.2.

Towards its modeling, the following assumptions are adopted:

(1) The cross-sections do not deform in their own planes, i.e., no inplane deformations

are allowed;

(2) Transverse shear effects are incorporated. In addition, it is stipulated that transverse

shear strains 7,, and 7,, are uniform over the entire cross-sections;

(3) In addition to the warping displacement on the contour (referred to as primary warp-
ing), the off-contour warping (referred to as the secondary warping) is also incorpo-

rated;

(4) In order to account for the 3D effect of the strain components within the cross-section,
it is assumed that over the entire cross-section, o, is negligibly small when deriving
the stress-strain constitutive law [2, 10]. The hoop stress resultants Ngs and Ny, are

also negligibly small when compared with the remaining ones;

(5) The deformations are small and the linear elasticity theory is applied.

It is noted that based on assumption (1), strain e,,, €ss, Yns should be zero for each
cross-section, but as reported in [10, 33], this assumption will result in over-prediction
of stiffness quantities. As an alternative, it is assumed that the corresponding stress or

stress resultants are zero. This is the essence of assumption (5).



1.3 Kinematics

Based on the assumptions mentioned above, the following representation of the 3-D dis-

placement quantities is postulated:

U(QT,y,Z,t) :Uo(y,t) +Z¢(yvt)a w(x,y,z,t) :’LU()(y,t) _:E¢(y>t); (113)
o 2,0) = w0y, ) + (1) = 01000 + [2(5) + G Ialust) = [Fuls) + na(s))6/ (5, )
(1.1b)
where
, , dz dz
Qﬂﬂ(y?t) = ’sz(y,t> - wO(y7t); 92(y7t) - 'ny(i% t) - uO(y7t); (l(S) - _<Z£ + x%) (12)

In the above expressions, 0,(y,t), 0.(y,t) and ¢(y,t) denote the rotations of the cross-
section about the axes z,z and the twist about the y axis, respectively, 7,.(y,t) and

Yay(y, t) denote the transverse shear strain measures.

The warping function in Eq.(1.1b) is expressed as
Fols) = [ Irals) = v(s)lds (13)
0

in which the torsional function v (s) and the quantity r,(s) are expressed as

§.ra(3)ds ra(s) = S dz (1.4)
WGy o mmanm

¥l(s) = ds xds

where Gy (s) is the effective membrane shear stiffness, which is defined as [2]:

Ney (1.5)

Gl = 3,

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,
Uo(@/a t)a Yo (ya t)? wO(y7 t)a (936(3/7 t)v ez (ya t)? ¢(y7 t)? which represent 1-D displacement
measures, constitute the basic unknowns of the problem. When the transverse shear

effect is ignored, Eq. (1.2) degenerates to 0, = —wy(, 0, = —uy, and as a result, the

4



number of basic unknown quantities reduces to four. Such a case leads to the classical,

unshearable beam model.
The strains contributing to the potential energy are:

Spanwise strain:

Syy(nasyyat) = 82y(87y7t) +n€Zy(Sayvt) (16&)
where
eny (8,5, 8) = v/ (y,t) + 0. (y, ) (y, t) — ¢" (v, t) Fou(s) (1.6b)
, dz , dx "
€Zy(37 Y, t) = _ez (y7 t)% + ex (yv t)% - Cl(S)QZS (y7 t) (16C)

are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

Yoy (8,5, 1) = 75, (5,4, 1) + ()8 (y, 1) (1.7a)
where A0, (5.0.0) = ey oo 4 320 = a0+ w4005 (17D)

Tmnsverse shear stmin measure:
Bo59.8) = ey 0 3 0 = 4 00 % 4 0,]2 (18)

1.4 Constitutive Equations

Based on the assumption (5), the stress resultants and stress couples can be reduced to

the following expressions:

Ny, Kin Kip Ki3 Ky 2

Nsy _ Ko Ki Koz Ko fygy (1 Qa)
Ly, Ky Ky Ki3 Ky ¢’ .
Ly, Ks1 K5 Ksz Kss Eyy



AQ
Nny = [A44 - A—45]7ny (19b)

in which the reduced stiffness coefficients K;; are defined in Appendix A.

1.5 The Governing System

The governing equations and boundary conditions can be systematically derived from
the Extended Hamilton’s Principle ( [20], pp. 82-86), which states that the true path of

motion renders the following variational form stationary:

to
/ (6T — 6V + 0W,) dt =0 (1.10a)

t1
with
5U0:5U0:5WQ:59z:59225¢:0 att:tl, tz (110b)

where T" and V' denote the kinetic energy and strain energy, respectively, while dW,

denotes the virtual work due to external forces. These are defined as:

vl

1
V= /Uw% dr

SIgh>

Virtual work of external forces:

Kinetic energy

au ow., ,0v
/h(k) at + (5 BT )"+ (815) Jdndsdy, (1.11)

k=1

Strain energy

(1.12)

/h [OyyEyy + TsyVsy + Tny Ty, hoe dndsdy
k=1 (k)

L
oW = / {pz(y, t)ouo(y, t) + py(y, t)dvo(y, t) + p.(y, t)owe(y, t)
0
1 (y, )00, (y. 1) + (my (y, 1) + B, (y.£)06(y. £) + ma(y.)00.(y, ) dy ~ (1-13)
+ (Qu8ug + Q.6wq + Tyduvg + M,60, + M.66. + M6 + B,o¢') |

6



where p,, py, p. are the external forces per unit span length and m,, m,, m, the moments

about z, y, z axes , respectively. b, is the bimoment of the external forces [27]. After

lengthy manipulations, the equations of motion expressed in terms of 1-D stress resultant

and stress couple measures are:
oug : Qu+p,—I1 =0
vy - T;+py—12:0
dwyg : Q. +p.—I3=0
0 = M, — B, +my+b, —I,+1Iy=0
60, : M. —Q,+m,—I5=0

80, : M —Qu+m,—Isg=0

Boundary conditions:

For unshearable beam model, the equations of motion are reduced to:

dug : M!+p,+m, -1, —I,=0
dvg : T;+py—_fg:()
dwo : M) +p,+m, —I3—1,=0

7

(1.14a)

(1.14b)
(1.14c)
(1.14d)
(1.14e)

(1.14f)

(1.15a)
(1.15b)
(1.15¢)
(1.15d)
(1.15¢)

(1.15f)

(1.15g)

(1.16a)

(1.16D)

(1.16¢)



0 1 M, — B, +my,+b,—I,+1Ij=0
Boundary conditions:
Sug : ug=1u9 or M. —Ig=Q, Sul: uy=1uy or M, =M,
5"002110:170 or Ty:Ty
Swo 1 wo=wy or M. —1I;=0Q, dwy : wy,=w, or M,= M,
6¢: p=¢ or — B +M,=M,—1I
§5¢': ¢ =¢ or B, = DB,

The 1-D stress resultant and stress couple measures are defined as follows:

dz
Ty(y,t) = f Nyyds M, (y,t) = ?{ (xNyy — Lyyd_)ds
C C S
du dx dz
M.(y,t) = 740 (2Nyy + Lyy%>d5 Qu(y,t) = 740 (Nsyg - Nny%)dé’

dz dx

(1.16d)

(1.18)

Q) = § (Vo T+ N 505 Bulint) = = [Fu(s) Ny +als) L s

M,(y,t) = 7{0Nsy¢(s)ds

In terms of the basic 1-D displacement measures, their expressions are:

( Ty ) [ aip G2 13 A4 Q15 Qi1 A17 1 ( Ué )
M, Q12 Q22 Q23 A4 A25 A26 Q27 9;
M, 13 (23 (33 A34 G35 36 A37 9;
Qx = | Q14 Q24 Q34 Qg4 Q45 Q46 Q47 (ugp +6.)
Q. Q15 A25 G35 Q45 As5 56 (57 (w(l) + 9:;:)
By, (16 Q6 (36 (4 (56 (g6 (67 @"

. M, | | a1 axr agr agr asy agr arr | | ¢’ J

(1.19)

In conjunction with Eqgs. (1.14, 1.19), the most general form of the governing equations

of the thin-walled beams can be derived. In general, for anisotropic and heterogeneous

materials, the stiffness matrix in Eq. (1.19) is fully populated. As a result,the governing

equations are completely coupled [21, 29] implying that the beam undergoes a coupled

motion involving bendings, twist, extension, transverse shearing and warping. Assessment

8



of these couplings on various problems and their proper exploitation should constitute an
important task towards a rational design of these structures, and towards the proper
use of the exotic material characteristics. However, for the purpose of validation, the
following special cases will be investigated, namely, cross-ply, CUS, and CAS lay-ups (see
e.g., [11, 17, 24, 26]). The CAS is also referred to as the symmetric lay-up, and the CUS

as the anti-symmetric lay-up [26]. All the above lay-ups in the test are on box beams.

1.6 Governing systems for the Cross-ply, CUS and
CAS configurations

Specialization of the lay-up configuration yields special elastic couplings. For the test
beams configured by the CUS lay-up, the elastic couplings are split into two independent
groups, one group featuring extension-twist coupling, while the other group featuring
bending-transverse shear coupling [26]. For the test beams configured by the CAS lay-up,
the elastic couplings are also exactly split into two independent groups, one group experi-
encing extension-transverse shear coupling, while the other group experiencing bending-
twist coupling; for the test beams configured by the cross-ply lay-up, the elastic couplings

completely disappear.

The force-displacement relationships that reveal in full the associated elastic couplings

involved are:

Force-displacement relations for cross-ply lay-up configuration

Ty a1 ’U6
Mz = 929 9; (120&)
Mx ass3 8;
Qu Q44 (up+6.)
Qz o Aas5 (wé) + 0:5)
B (= . o (1.20b)
M, arr ¢’



Force-displacement relations for CUS lay-up configuration

Ui =L a0
M, ayr  ary ¢’

Mz a929 0 0 95 0 6’;
Mx 0 ass Qs34 0 0 elx
Qx = 0 asqs Qg4 0 0 (U6 + 92)
Qz (0533 O O ass O (lUé + 993)
Bw 0 0 0 0 aee (Zﬁ”
Force-displacement relations for CAS lay-up configuration
Ty 11 Qa4 Q15 U(')
Qe = | aa asa O (ug +6.)
Q- ais 0 ass (wg + 0.)
Mz 929 0 0 Qo7 9;
M:v i 0 ass 0 asy 0;
Bw o 0 0 Qg6 0 qb”
M, azr agr 0 arm ¢/

(1.21a)

(1.21D)

(1.22a)

(1.22D)

The governing equations and the associated boundary conditions for the above lay-ups in

terms of the basic unknowns can then be obtained.
Cross-ply lay-up configuration:
dug : ag(ug +6.)+p.— 1L =0
dvg : anvy +py,— =0
dwoy :  ass(wy +0,)+p, — I3 =0
66« ar¢” — aged ") +my, + b, — L+ 1) =0
60, :  assb) — ass(wy+0.) +my —I5 =0
80, : a9l —au(ug+0.)+m, —Ig=0
CAS lay-up configuration:

dug : arqvy + aga(ug +6.) +p. — =0

10

(1.23a)

(1.23b)
(1.23¢)
(1.23d)
(1.23¢)

(1.23f)

(1.24a)



dvg ©  anvy + aw(ug +0,) + ars(wi +0,) +py, — L =0
dwy : a1z + ass(wy +0.,) +p, — I3 =0
0p = agb! + azr0! + arrd” — agsd’) +my, + b, — 1+ I, =0
00, :  assbl + azrd” — arsvy — ass(wy + 0) +my — I5 =0
80, : ab! + axrd” — arvy — asa(ug+0,) +m, — I =0
CUS lay-up configuration:
dug : azabfl + ag(ug+6.)+p. — 1L =0
dvg : anvy +ard” +py, — I, =0
dwo : agsll + ass(wy +0.,)+p, — I3 =0
66« arvl + ard” — aged ") +my, + U, — I+ Ty =0
60, = assl) + aza(ug + 0.) — agsbl, — ass(wi + 6,) +my — Is =0

592 . GQQGIZ/ + a25(w8 + (9;,) — Clg49;C — CL44(U6 + ez) +m, — [6 =0

The general expressions for boundary conditions remain the same as given above.

1.7 Solution Methodology

(1.24D)
(1.24c)
(1.24d)
(1.24e)

(1.24f)

(1.25a)

(1.25b)
(1.25¢)
(1.25d)
(1.25¢)

(1.25f)

Due to the complex boundary conditions and complex couplings involved in the above

equations, it is difficult to generate proper comparison functions ( [20], pp. 385) that

fulfil all the geometric and natural boundary conditions. Therefore, in order to solve the

above equations in a general way, the extended Galerkin’s method (EGM) [12, 23] is used.

The underlying idea of this method is to select weight functions that need only fulfill the

geometric boundary conditions, while the effects of the natural boundary conditions are

kept in the governing equations. When the linear combination of these weight functions

are capable to satisfying the natural boundary conditions, the convergence rate is usually

11



excellent [23]. For the thin-walled beams to be investigated here, this method leads to
both symmetric mass and stiffness matrices. To illustrate its implementation, only the

basic formulae for the CAS test beams will be displayed in the following.

Let
Oy, t) = g (y)as(t), O:(y,t) = Tr(y)as(t), 0.(y.t) =TI (y)a.(t) (1.26)
where the shape functions W, (y), ¥,(y), ..., ¥.(y) are required to fulfil only the geo-

metric boundary conditions.

In following the procedure developed in [16], the use of Eqgs. (1.24, 1.15) results in the

discretized equations of motion:

M{d} + [K[{a} = {Q} (1.27a)
where
T
{a}=[dal a a, af af qf ] (1.27b)
\pbin 0 0 0 0 0
‘I,biIJT 0 0 0 0
by
L /] \I/T 0 0 0
M = W w
/; (b4 -+ b5)‘I’¢\I/£ . 0 0
+(b10 + blg)‘If:b\I//(ﬁ ( )
Symm v, v 0
(b5 + 615)
i L RVE
(1.27c)

12



[ ¥, a0, T 0 0 0 1440, W7
RER 200 ZEOROPT O LR a9, 0T a1, ', 0T
a5 W', 0T 0 as ', ®T 0
/ T
o /L C-f;i\;z&l”g az; ¥ 0T 97 W', W'
0 / T
ag W', W'
i +a4, O, OT
(1.27d)
()i pe®udy + Q. (L) )
foL Py, dy + T_@/‘I’v(L)
Q= Jo PWudy+ Q:Wu(L) ) (1.27)
Jo  (my + V)@ sdy + [M, ¥y (L) + B, 4(L)]
[ ma @, dy + M, (L)
[ [, m.®.dy + M. ®.(L) )

The inertial coefficients by, by, bs, b1g, b1, b15, big in Eq. (1.27¢) are defined in the Ap-

pendix A.

In order to validate the convergence of the above method, a typical cantilevered uniform
aircraft wing [7] is used. Its geometric and material specifications are provided in Ref. [7].
Also provided in Ref. [7] are the exact solutions and the predictions by other methods
(finite element method and dynamic finite element method (DFE)). The comparisons of
the eigenfrequencies and eigenmodes up to the first six order are conducted. The eigen-
frequency results are shown in Table 1.1 and the eigenmode shapes are shown in Figs. 1.3
and 1.4. Compared with the mode shapes listed in Ref. [7] (using the DFE method),
the EGM gives the same mode shapes. It is noted that only 7 simple polynomials (z°,
i=1,2,3,...,7) are used in the EGM. Tables 1.2, 1.3, 1.4, 1.5 display the prediction accu-
racy of the eigenfrequencies of anisotropic thin-walled beams with different configurations

by the EGM method against the exact results.! Clearly, the convergence and accuracy

are excellent. Also to be noted is that in order to provide accurate and robust numerical

IThe exact results are taken from Static/dynamic exact solutions of a refined anisotropic thin-walled
beam model, by Z. Qin and L. Librescu, to be submitted for publication
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solutions, the Cholesky decomposition technique ( [20], pp. 280-283) is adopted for the
numerical implementation of matrix inversions. It is interesting to note that Ref. [28]
conducted the comparisons of using EGM and the Laplace Transform Method (LTM) to
predict the steady-state deflection amplitude at the beam tip subject to a harmonically

oscillating load, and the accuracy of the predictions was excellent.

1.8 Test Cases

In order to quantitatively validate the accuracy and capabilities of the developed beam
model, thin-walled box beams configured with the cross-ply, CUS and CAS lay-ups are
considered. Both the responses subject to various types of static loading and characteris-
tics of the natural frequencies are investigated. A number of comparisons are performed
against the experimental (see e.g., [3, 5, 26]) and theoretical predictions available in liter-
ature (see e.g., [1, 3, 10, 11, 26, 31, 32]). Among them, the theoretical predictions cover
refined finite element beam models, 3D finite element models, and other theoretical beam
models. The material properties of thin-walled beams used in the static validation are
summarized in Table 1.6; the geometric features of the beams is summarized in Table 1.7,

while the lay-ups are specified in Table 1.8.

1.9 Validation

As has been correctly pointed out by Jung et al. [9], the former beam model developed
by Song [27], Librescu and Song [17] will yield erroneous results for the CAS lay-up
beams specified in the test cases. The main purpose here is to investigate if that model
has the potential, after the 3-D strain effect and the non-uniformity of Gy, are further
incorporated, to provide good and consistent correlation compared with the experimental

results and the analytical predictions by other models.

Before plunging ourselves into the details of the discussion, it is appropriate to point out
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several significant simplifications that can be drawn from the test beams. For the thin-
walled CAS test cases, due to the balanced lay-ups on the webs (left and right walls), the
stiffness coefficient a5 is zero. The coefficient as7 is much smaller than asr, ase, ass and a7
for all the lay-ups tested (< 2%), therefore, ay; can be ignored. Then the whole governing
system (including the associated boundary conditions) can be split into two groups: one
group involving extension-lateral bending-lateral transverse shear motions; while the other

group involving twist-vertical bending-vertical transverse shear motions [29].

Figures 1.5 and 1.6 display the prediction results of the cross-ply test beams under 4.45 N
tip bending shear load and 0.113 N-m tip torque. Compared with the experimental data
( see Ref. [11] for the source of the experimental data) and other analytical results (e.g.,
a higher-order shear-deformable beam model by Kim and White [11]), the present beam
model provides good correlation. As indicated in Ref. [11], the warping and transverse

shear effects are small for the uncoupled lay-up configurations.

Figures through 1.7 to 1.11 show the prediction results of the thin-walled CUS test
beams under 0.113 N-m tip torque, 4.45N tip shear load and 4.45 N tip extension load.
It is noted that in Fig. 1.11, a remarkable transverse shear effect on the bending slope is
observed. The unshearable model yields only 62% of the bending slope at the beam tip
predicted by the shearable counterpart. Compared with the experimental data, for all the
thin-walled CUS test cases, predictions by the present model show good agreement with

the experimental data.

Figures through 1.12 to 1.18 display the prediction results of the thin-walled CAS test
beams under 4.45 N tip shear load and 0.113 N-m tip torque. Also shown in the figures are
predictions based on several other beam models [10, 11, 26, 31, 32], among which, the beam
models by Kim and White [10, 11], Suresh and Nagaraj [31] are featured by higher-order
shear-deformable beam theories. It is noted that the sources of the experimental data,
Beam FEA model can be traced through Ref. [11]. Also notice that the present model

yields consistent lower predictions of induced twist angle under the tip shear loads. For
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all thin-walled CAS test cases, the present model shows good and consistent correlation.

The above investigations are for the static responses. Compared with the static validation,
there are very few experimental data available in literature on the dynamic validation of

the thin-walled beam models (see Refs. [1, 4, 6, §]).

The dynamic validation are based on the data provided in Refs. [1, 4]. The material,
geometric and lay-up specifications are listed in Table 1, Ref. [4], and are not included
here. The prediction results by the present model are listed in Table 1.9. Results reveal
that the present model produce a good agreement with the experimental data. Notice
that lower predictions of the natural frequencies of the CAS test beams are obtained by
Armanios and Badir [1], even though transverse shear flexibility was not considered in

the latter model.

It is reminded that equations developed in Refs. [17, 21, 27, 29] stipulate uniform mem-
brane shear stiffness along the contour. This assumption is justified by the beams previ-
ously used (with constant contour-wise G,). However, for the walls composed of lay-ups
with different stiffness along the contour, this assumption is no longer valid [9, 26]. It
was later modified by Bhaskar and Librescu [2] to account for the non-uniformity of the
shear stiffness. For the test cases, as was demonstrated by Smith and Chopra [26], the
non-uniformity of the contour-wise membrane shear stiffness has a significant influence on
the prediction of the static responses. Figures through 1.19 to 1.21 reveal the influence
of non-uniformity of membrane shear stiffness G, on the twist angle and bending slope
of CAS test beams subject to tip shear load and tip torque. It is noted that compared
with the predictions by non-uniform contour-wise shear model, the uniform contour-wise
shear model results in some degree of discrepancies that increase rapidly when the ply
angle increases from 15° to 45°. Intuitively, when the ply angle angle of the test beams
is zero, the walls of the cross section become transversely isotropic. In this case, Gj,
is constant along the contour, which illustrates the very small discrepancy on the CAS1

test cases (#=15"). In Fig. 1.21, for CAS3 test beam, the uniform shear stiffness model

16



predicts only 50% of the deformation predicted by the non-uniform one. Figures 1.22 and
1.23 show the dynamic influence of the non-uniformity of Gy,. It is observed that for ply

angles between 20° and 60° or -60° and -20°, the influence becomes noticeable.

1.10 Conclusions

A refined thin-walled beam model based on an existing thin-walled beam model is de-
veloped and validated against experimental and analytical results available. Significant
improvement of the prediction accuracy is achieved and for all the validation cases, com-
pared with other analytical models cited in this paper, the present beam model yields
good and consistent correlation against the experimental data. Non-classical effects such
as transverse shear and non-uniformity of membrane shear stiffness along the contour
can significantly influence the accuracy of predictions (both static and dynamic). Elastic
couplings complicate the influences of these non-classical effects. The solution methodol-
ogy based on the extended Galerkin’s Method provides a superior convergence rate and

accuracy.
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1.12 Appendix A

The global stiffness quantities a;; (= a;;) and inertial terms I; related to the problem are

defined as:

a1 = j{ Ki1ds

Q17 = j{ Ki3ds
dz

Qg5 = f; [$d—K12 - (d_) K42]d

dx dx
ass :% [Z Kll —|—22d—K14—|— <d ) K44]d5
c
dx
az7; = % [ZKlg + d—K43]dS
C S
dz dx
o = § (P Ko + (G Aulds
Qrr = j{ w(S)KzzzdS
c
_ A2
where A44 = A44 — ﬁ
Ass
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a14 = f K12—d8 Q15 = ]{ K12—d8

dz
G22:%[x Ky =22 K14+(d )*K4ds
c
dz
Qg7 = % [2K13 — d—K43]d
c
dx dx
agy = ﬁ[Z’EKw + (d )? Kyo)ds
dx dz 5 -
i :fi[(ds) Koy + (d5)2A44]d3
age = ]{ [FaKy + 2F,a(s) K + a(s)* Kyds
c



The inertial terms are defined as:

I, = ]{ mo (o + zq'é)ds I, = 7{ molto + 20, + 260, — ng'zé’]ds
c c

I3 = ]{ mo (o — xé)ds I, = 7{ molzty + 22 — iy + x%]ds
c c

I5 = ]{ mo[zvo—l—zxez—l—z%x _ZFw¢/]dS+?{m2[_d—%9 (d ) 9 —a( )d5¢/]d5
= 7{ o+ 9—F¢d+74 (i~ 4 () E
6 — mo on €T Tz Ty, S m2 : —-bs als - s
d d d dx -
= 7{ mo[zdo — zaiig — 2t — 2Fu¢/)ds + j{ ma|—— e i (d_i)zw(/) - a(S)d—i¢/]ds

Iy = ]{ mo[—Fytg — 2 F,0, — 2F,0, + Ff,gb’]ds + fcmg[a(s)%éz - a(s)i—i@% + a*(s)¢']ds
in which
L e )
(mg, mg) = Z/h Py (1,n%)dn
(k)
The reduced stiffness coefficient/{;; (in Eq. 1.9) are defined as:
A? A A A A
Ky = Ay — 32 Kz = A — =20 = Ko Kig = (Asg — = —2)i(s)
11 11 11
A12Bio Al Alg
K14 = Bgy — =Ky Ko = Agg — — Ko = (Agg — —
14 22 Ay 41 22 66 An 23 = (Ass A11)¢(3)
A B Bi1p A B?
Koy = Bag — 121112 = Kyp K3 = (Bos — 21116)1?(3) Kyq = Doy — A—i
BigA BigA BigA
K5y = Byg — —— Ksp = Bgg — —3— Kss = (Bos — ——)1(s)
Ap Ap Ap
Bi2Bis
K54 = Do —
Ap

The inertial coefficients in Eq. 1.27c are defined as:

by = ]{ mods (by, bs) :j{ (22, 2% )Ymods by = ]4 me(— st
c c
dz 4 9
b15 = mg(d—) dS (bl(), blg) = (mon(s), moa (S))dS
C S c
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Table 1.1: Convergence and accuracy test of the extended Galerkin’s method (EGM)

Eigenfrequencies w; unit:[rad/sec]

Mode# Exact® DEF |Err®| FEM  ||Errb| Present ||[Err.?||

49.56 0.12
97.00 0.04
248.61 0.11

) (%) 49.61  0.02
) (
) (
) 352.97  0.74(
) (
) (

97.04 0.00
248.87  0.00

49.62  49.62  0.00 ) (
) (
) (
) 355.59  0.00(
) (
) (

(
97.04  97.05  0.01(
248.87  249.00  0.05(
355.59 357.54 0.55(
( 451.53  0.02(%
( 613.48  0.52(%

450.89  0.13(%
610.18  0.02(%

451.46  452.57  0.25(%
610.32 610.63 0.05(%

Tk W N

2The sources of these data are listed in the footnote of Table II in Ref. [7].
PRelative error.

Table 1.2: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Q = w/wy, (& =12, § = 90°)

Mode# EGM Exact Error of EGM
1 3.465 3.465 0.0%
2 7.482 7.481 0.01%
3 20.063 20.047 0.08%
4 23.071 23.065 0.03%
5 40.433 40.418 0.04%
6 50.625 50.548 0.15%
7 60.560 60.477 0.14%
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Table 1.3: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Q = w/w;, (R =3, 6 = 0°)

Mode+# EGM Exact Error of EGM
1 3.492 3.474 0.52%
2 11.556 11.518 0.33%
3 21.038 20.843 0.94%
4 35.064 35.023 0.12%
5 55.686 54.470 2.2%
6 59.03 59.573 0.22%
7 86.160 86.057 0.12%

Table 1.4: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Q = w/w;, (R = 3, 6 = 45°)

Mode+# EGM Exact Error of EGM
1 3.061 3.053 0.26%
2 11.229 11.212 0.15%
3 18.429 18.246 1.0%
4 33.025 32.996 0.088%
5 48.319 47.776 1.1%
6 58.299 58.232 0.12%
7 83.003 81.486 1.9%
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Table 1.5: Comparison of EGM (N = 7) and the exact method on prediction of the
non-dimensionalized natural frequencies Q = w/w;, (R = 3, 6 = 90°)

Mode+# EGM Exact Error of EGM

1 2.307 2.308 -0.04%
2 2.887 2.882 0.17%
3 8.383 8.383 0.0%

4 10.865 10.825 0.37%
5 18.590 18.584 0.032%
6 21.966 21.930 0.16%
7 32.503 32.275 0.71%

Table 1.6: Material properties of the test beams

Ei1 =141.96 x 10° N/mQ Ey = E33 =9.79 x 10° N/m2
G12 = G13 =6.0 x 109 N/m2 G23 = 4.83 X 109 N/m2
1o = pz = 042, o3 = 0.25 p=1.445 x 10®> Kg/m?
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Table 1.7: Geometric specification of the thin-walled box beams for the static validation
[unit: in(mm)]

Parameters Cross-ply CAS CuUS
Length (L) 30(762) 30(762) 30(762)
Outer width (2b) 2.06(52.3) 0.953(24.2) 0.953(24.2)
Outer depth (2d) 1.03(26.0) 0.537(13.6) 0.537(13.6)
Slenderness ratio(L/2b)  14.5 31.5 31.5

Wall thickness 0.030(0.762) 0.030(0.762) 0.030(0.762)
Number of layers (m;) 6 6 6

Layer thickness 0.005(0.127)  0.005(0.127)  0.005(0.127)

Table 1.8: specification of the thin-walled box beam lay-ups for the static validation
[unit:deg.”]

Lay-up Flanges Webs

Top Bottom Left Right
CAS1 [15]6 [15]6 [15/ — 15]3 [15/ — 15]3
CAS2 [30]6 [30]6 [30/ — 30]5 [30/ — 30]3
CAS3 [45]6 [45]6 [45/ — 45]3 [45/ 45]3
CUS1 [15]6 [—15]6 [15]6 [—15]6
CUS2 [0/30]3 [0/ — 30]3 [0/30]3 [0/ — 30]3
CUS3 [0/45]3 [0/ — 45] [0/45]3 [0/ — 45]3

2For the convenience of comparison, the definition of ply angle used in Refs. [10, 26] is
adopted in this article
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Table 1.9: Dynamic validation: comparison of the natural frequencies of different models
against experimental data (unit: Hz)

Lay-up Mode#  Exp.* Analytical Diff. with Present Diff. with
Ref. [4]  Ref. [1]  Exp. data Exp. data
[30]¢ CAS 1 20.96 19.92 -4.96% 21.8 4.00%
2 128.36 124.73 -2.83% 123.28 -3.96%
[45]¢ CAS 1 16.67 14.69 -11.88% 15.04 -9.78%
2 96.15 92.02 -4.30% 92.39 -3.91%
[15]¢ CUS 1 28.66 28.67 0.03% 30.06 4.88%
[0/30]3 CUS 1 30.66 34.23 11.7% 34.58 12.79%
[0/45]3 CUS 1 30.0 32.75 9.1% 32.64 8.80%

2The data are obtained from Ref. [3] and are also listed in Ref. [1]
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Figure 1.1: Geometric configuration of the box beam (CAS configuration).
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Figure 1.2: Coordinate system and displacement field for the beam model.

29



1] ‘ ' g
0.5} ]
()
Q.
<
<
2]
()
'é L
i 0
()
N
g
2
-0.5 ]
Bending component
------- Twist component
-1t -

.2 .4 .
0 0 Spa(r)lvxi se | ocati on ,Ongy/L

Figure 1.3: Mode shapes of the bending /twist components in the first three modes.

30



Nor mal i zed node shape

Figure 1.4: Mode shapes of the bending /twist components in the (4, 5, 6)th modes.

0.5

-0.5

Bending component

L Twist component

.®-

/ / "':'-'i:o.

4th mode

6th mode
~

Sthmode ™, )

.4 . . .
Spa(r)lw se | ocation ,Ongy/L 0-8

31




0.0004 |
Present
-------- Kim & White
[ ) Experiment

0. 0003 |
k=)
IS
£0.0002 -
®

0. 0001

0+ : ) | L

. 0.4,
Spanwi se | ocation (m

Figure 1.5: Twist angle of cross-ply test beam under 0.113 N-m tip torque.

32



'®

0.0012 | P °

0.001 |
g
= 0.0008 |
[}
o
o
© 0. 0006 |
(@]
c
=
& 0.0004 | Present

....... Kim & White
0. 0002 ® Experiment
O L L L L L L L L L L

. 0.4,
Spanwi se | ocati on (m

Figure 1.6: Bending slope of cross-ply test beam under 4.45 N tip shear load.

33



0. 003

0. 0025

0. 002

(rad)

o 0. 0015

0.001

0. 0005

Figure 1.7: Twist angle of CUS1 beam by 0.113 N-m tip torque.

Present
Kim & White

Experiment

0.2

. 0.4
Spanwi se | ocati on (m

34

0.6



6 (rad)

0.002 [ °

Present
[
"""" Kim & White

0.0015 [ Experiment ®

0.001

0. 0005 |

Spanwi se | ogaltli on (m 0.6

Figure 1.8: Twist angle of CUS2 beam by 0.113 N-m tip torque.

35



e (rad)

—  Present
0.002 +

----- Kim & White .

[ ] Experiment

0.0015

0.001

0. 0005

. 0.4,
Spanwi se | ocati on (m

Figure 1.9: Twist angle of CUS3 beam by 0.113 N-m tip torque.

36



®
Present
0. 00004 -
-------- Kim & White
@®  Experiment

0. 00003 -
=l
©

@ 0. 00002 I

0. 00001 -

oL

. 0.4.
Spanwi sel ocati on (m

Figure 1.10: Induced twist angle of CUS3 beam by 4.45 N tip extension load.

37



0.012 | e -
——o—— Present model ( shear-defor mable) PS
——— Present model (unshearable) S a
0.01 - 4 Smith & Chopra (shear-defor mable) . g
.-a--. Smith & Chopra (unshearable) e P
_ vene.. Kim& White RO
2 0.008 -
= ..m.-. Volovoi et. al.
g Experiment
o
0006 e 7 e
> s e
c .
5
c
& 0.004 -
0.002 +
(3
o L \‘ L L L L L L L L L L L L

.2 . .4 .
0 0 Spanwi se | o(c)atl on (m 0.6

Figure 1.11: Bending slope of CUS1 beam by 4.45 N tip shear load.

38



Bendi ng sl ope (rad)

0.025 |
——o— Present ]
——a— Smith& Chopra et ®
—=—— Suresh & Nagargj

0.02 ¢+ .
----0--- Rehfield'sMethod
-++-4--- Rehfield'simproved Method " w,.-” — =" R )
ceemes Kim& White o R et

0.015 - Experiment

Lol
0.01
0. 005
.-
0+ " | | |

0 0.2 . 0.4 0.6
Spanwi se | ocati on (m

Figure 1.12: Bending Slope of CAS2 beam by 4.45 N tip shear load.
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Figure 1.13: Twist angle of CAS1 beam by 4.45 N tip shear load.
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Figure 1.14: Twist angle of CAS2 beam by 4.45 N tip shear load.
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Figure 1.16: Twist angle of CAS1 beam by 0.113 N-m tip torque.
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Figure 1.17: Twist angle of CAS2 beam by 0.113 N-m tip torque.

44



(rad)

Bendi ng sl ope

0.001 | ——o— Present
—4—— Smith & Chopra
—a— Beam FEA (Stemple & Lee)
0. 0008 |
-wo--- Kim & White o
[ ] Experiment o
0. 0006 +
0. 0004 +
0. 0002 +
0r : ) | L

0.4
Spanwi se | ocati on (m

Figure 1.18: Bending slope of CAS3 beam by 0.113 N-m tip torque.

45



—o— CASI, Gg non-uniform
0.002 | «+a+ CASL, Gy uniform
—— CAS2, Gy non-uniform
CAS3, Gg, non-uniform
0.0015 + —a— CAS2, Gg uniform
..m- CAS3, Gy uniform

5
©

D 0.001 ]

0. 0005 | ]

0 ]

0 0.2 . 0.4 0.6
Spanwi se | ocati on (m

Figure 1.19: Influence of the tranverse shear non-uniformity on the twist deformation of
CAS test beams by 0.113 N-m tip torque.

46



—— CASI, G non-uniform
0.04 ~@+ CASL, Gy uniform UURTTRRR TRRY
—— CAS2, Gg, non-uniform e "
o~ CAS2, G uniform st
—a— CAS3, Gy non-uniform -
0.03 ~m. CAS3, G uniform .=
k=1
IS
J0.02 L
§>O 0
0.01 ¢
O ; L L L Il L L L Il L L L Il

.2 . 4. .
0 0 Spanwi se | o(c):atl on (m 0.6

Figure 1.20: Influence of the tranverse shear non-uniformity on the bending slope of CAS
test beams by 4.45 N tip shear load.
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Figure 1.21: Influence of the tranverse shear non-uniformity on the bending slope of CAS
test beams by 0.113 N-m tip torque.
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49



130 f —=— Gg(9 uniform "-. ’

<. .. Gg(9 non-uniform .

120 +
110 +
100 |

90 |-

80

70 LAt e e ]
25 50 75

= y angl% o (deg)
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Chapter 2

Dynamic Aeroelastic Response of

Advanced Aircraft Wings Modeled
as Thin-Walled Beams

Abstract

The dynamic aeroelastic response of aircraft wings modeled as anisotropic thin-walled
beams in an incompressible flow and exposed to gust and blast loads is investigated.
The structural model incorporates a number of non-classical effects, such as transverse
shear, material anisotropy, warping inhibition, rotatory inertia, etc. The circumferentially
asymmetric stiffness (CAS) lay-up configuration is used to generate preferred elastic cou-
plings, and in this context the implication of elastic tailoring on the dynamic aeroelastic
response is investigated. The unsteady incompressible aerodynamics for arbitrary small
motion in the time domain is used and the finite span effect is included. Due to the non-
conservative nature of the boundary value/eigenvalue problem and of the complexity of
the structure, non-dimensionalization and spatial semi-discretization are adopted and the
aeroelastic governing system is then cast into a state space form. The finite state space
approximation of the unsteady aerodynamic loads is derived based on quasi-polynomial

approximation of the Wagner’s function and the spatial semi-discretization is based on the

OA slightly different version of this chapter has been submitted for publication to the Journal of
Aircraft
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extended Galerkin’s method (EGM). The effects of elastic tailoring on the dynamic aeroe-
lastic response under selected gust and blast loads are discussed and pertinent conclusions

are outlined.

2.1 Introduction

It is a well-known fact that the next generation of advanced flight vehicles, in general, and
the combat aircraft of the post-cold era, in particular, are likely to operate in more severe
environmental conditions than in the past. In this connection, the dynamic aeroelastic
response of advanced aircraft wings to time-dependent external loading, such as gust, sonic
boom and explosive blast induced loads, is closely related to the level of the operational
qualities of these flight vehicles. In spite of the evident practical importance of the problem
involving the determination of the dynamic aeroelastic response of flight vehicles to time-
dependent pressure pulses, there are very few works addressing this issue. To the best of
the authors’ knowledge, the literature devoted to the dynamic aeroelastic response is quite
void of such works. A recent paper, (see Ref. 1), considers the problem in a comprehensive
form, including the combination of various gusts and explosive blast loads. However, the
structural model is still based on the 2-D cross-section. This article approaches the
problem in an extended context in the sense that the aircraft wing is modeled as an
anisotropic thin-walled beam and based on it, the elastic tailoring effects on the dynamic
aeroelastic response are investigated. Special attention is given to the formulation of
the problem and the solution methodology. It should be noted that due to the non-
conservative nature of the problem, the classical modal analysis is not efficient for the
solution. As emphasized in Ref. 2, the solution of a general non-conservative system
requires a state space description. Correspondingly, the unsteady aerodynamic loads
have to be cast into a compatible form, i.e., in a finite state form. Other advantages of
using finite state space form of unsteady aerodynamic loads include the facts that the

dynamic instability problem (flutter) can be solved in a usual way and the control can
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be incorporated very conveniently. Also to be noted here is that the structural model
used in this paper was mainly developed in Refs. 3-6. However, in order to be reasonably
self-contained, a number of basic ingredients related to the pertinent governing equations

will be displayed.

2.2 Formulation of the Governing System

2.2.1 The Structural Model

A single-cell; closed cross-section, fiber-reinforced composite thin-walled beam is used in
the modeling of advanced aircraft wings for the study of the dynamic subcritical aeroelastic
response. Due to the importance demonstrated in Refs. 3-11, a number of non-classical
effects have to be considered, which include transverse shear, anisotropy of the constituent
material, warping inhibition [3-6]), 3-D strain effects [6, 7, 10, 11]. It should be noted that
the original development of the beam theory in Refs. 3-5 does not consider the variation
of contour-wise shear stiffness, which was later extended in Ref. 6. For its geometric
configuration and the chosen coordinate system that is usually adopted in the analyses
of aircraft wings, see Figs. la through 1d. Based on the basic assumptions stated in

Refs. 3-5, the following representation of the 3-D displacement quantities is postulated:

u(z,y, 2,t) = uo(y, 1) + 2¢(y,1);  w(w,y,2,t) = wo(y,t) — (y,1); (2.1a)
o9, 28) = wofys ) + [2() = n 100, ) + [2(5) + 100y, 0) — [Fu(s) + nals)}0' (v, )
(2.1b)
where
, , dz dz
Oa(y, 1) = 7y2(y: 8) — wo(y,8); 0=(y,8) = Yay(y, 8) — uo(y, )sa(s) = —(z - +2—-)  (22)

In the above expressions, 0,(y,t), 0,(y,t) and ¢(y,t) denote the rotations of the cross-
section about the axes z,z and the twist about the y axis, respectively, 7,.(y,t) and

Yay(y, t) denote the transverse shear strain measures.
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The warping function in Eq.(2.1b) is expressed as
Fus) = [ Tras) = w(s)lds (23)
0

in which the torsional function ¢ (s) and the quantity r,(s) are expressed as
$o7n(5)d5 . dv  dz

¢(S) - h(S)Gsy<3)§c h(g)l(i}iy(g), TN(S) ~ s Vs (2.4)

where Gy, (s) is the effective membrane shear stiffness, which is defined as [6]:
Ngy
_ 2.5
A8, 29

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,

Gsy(s) =

uo(y,t), vo(y,t), wo(y,t), O.(y,t), 0.(y,t), é(y,t), which represent 1-D displacement
measures, constitute the basic unknowns of the problem. When the transverse shear
effect is ignored, Eq. (2.2) degenerates to 6, = —wy(, 0, = —uy, and as a result, the
number of basic unknown quantities reduces to four. Such a case leads to the classical,

unshearable beam model.
The strains contributing to the potential energy are:

Spanwise strain:

eyy(n, s,y,t) = egy(s, y,t) +ney,(s,y,t) (2.6a)
where
ey (8,9,1) = ' (y, 1) + 6. (y, ) (y, 1) — ¢" (y, 1) Fu(s) (2.6b)
, dz , dx y
SZy(& Y, t) =—0. (y7 t)% + 0, (y7 t)% o a(8)¢ (y7 t) (260)

are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

Vou(8,9,t) = Vo (8,9, 1) + 0 ()¢ (y,2) (2.7a)
dx dz dx dz
where 79, (s,y,t) = Yoy g F W = [ug + QZ]E + [wg + QI]E (2.7b)
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Transverse shear strain measure:

dz dx dz dx
/yny(sa Y, t) = _%ry% + ’szd_s = _[u6 + 02]% + [w6 + 916]% (28)

The stress resultants and stress couples can be reduced to the following expressions:

Nyy Kun Ko Ki3 Ku 52y
Nsy _ Ky Ko Koz Ko ng (2 9a)
Lyy K41 K42 K43 K44 (;5/ .
Lsy K51 K5y Kz Ksa Exy
Al
Nny = [A44 - A—B]'yny (29b)
55

in which the reduced stiffness coefficients K;; are defined in Appendix A.

2.2.2 Unsteady Aerodynamic Loads for Arbitrary Small Motion
in Incompressible Flow

Based on the strip theory and 2-D incompressible unsteady aerodynamics, the unsteady
aerodynamic lift and aerodynamic twist moment about the reference axis (in this paper,

the mid-chord locus is adopted as the reference axis) can be expressed as (see Fig. 2.3): [12]

b

d ™ YT, y,
Lae(y7 t) - PooUnFO(% t) - Poo%/b%(% Y, t)xdx—i_pooUn , ﬁdw (210&)

1 d 1
oo+ 5ot [ )@ - S0
b (2.10b)

b

Tae(yat) = _pooUn/

—b
* Yulz,y,t)

VB

where U, is the free stream speed normal to the leading edge, vo(x, y, t) is the quasi-steady

1
+ 5 PocUnl? dx

distributed bound vortex intensity (on the wing), v, (x,y,t) is the vortex intensity in the
wake, and T'y(y,t) is the quasi-steady circulation. From the potential aerodynamic the-
ory, Yo(x,y,t), Vw(z,y,t) can be uniquely determined by the boundary (no-penetration)

condition and the Kutta condition, as illustrated in the following.
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Expressed in the body-fixed frame [13, 14] (see Fig. 2.3), the vertical position of any point

in the wing cross-section can be expressed as:
Za(xvyat) = wO(y7t) - ¢(y,t)l’ (211)

where wy(y,t) and ¢(y,t) denote the plunging displacement of the points belonging to
the reference axis; and the twist about this axis, respectively. It should be noted that the

rigid angle of attack is not considered in this article.

Denote F(z,y, z,t) = z4(x,y,t)—wo(y,t)—¢(y, t)x = 0, then the no-penetration condition

of the flow can be expressed as:

DF(z,y,t) OF OF oF  OF OF
s - _ 4U.VF=—+(U, w)—=— FU— w)— =0 (2.12
D 8t+ 8t+( +up+u )6:1: +vay+(wb+w )6;: (2.12)
where u, = %,uw = %, and w, = %,ww = %, in which ®;, ®,, are potential

functions of the bound vortex and the wake. Based on the thin-airfoil theory and small

perturbation assumption [13], we get

0%y, 1 [P y(Ey,t)dE
wy(,Y, 2, 1) .0 = E‘z—»() T N T (2.13a)
_ aq)w . 1 * ’Yw(fayat)dg
ww($7y72,t)|z—>o - Oz |z—>0 - o \ l’—g (213b)
and the downwash:
0z, 0z,
wa(:c,y,t) = (975 +Un%
00 2.13
_ ' 1 P&y t)dE 1 Yo (&, y, t)dE (2.13¢)
—tig — 2~ Upp = —o— [ LIS 2 [ Tes 8 05
27T —b xXr —6 27T b xr —5

In Egs. (2.13b and 2.13c), the wake is assumed to be in a flat plane. From Eq. (2.13c),

the downwash quantities at the mid-chord and three quarter locations are:
w0-50(y7 t) = wa(x, Y, t)|:c:0 = wO - Un¢, (2.14&)
. 1 .
w0~750(y’ t) = wa(x, Y, t) m:%b = Wo — Ungb - §b¢ (214b)
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Following the works by Theodorsen15, von Kéarméan and Sears12 (see also Bisplinghoff et

al,

For the quasi-steady part of the solution,

Wo(, y, )=ty — 1 — Upp = —%/h 7%(3%?% (2.15a)
b
To(nt) = | (6000 (2.15b)

while for the influence of the wake,

0— 217r %(i %5) g %/b“) %(j%?dg (2.16a)
M) = [ nl€ontds = 1[5 ~ tlévoide (2.16b)

Obviously, the total circulation on the airfoil is:
Ty(y,t) =To(y,t) + Ti(y, t) (2.17)

The Kutta condition applied at the trailing edge is: [13]

oyt / ,/“ (€, £)dE = 0 (2.18)

The procedure of the solution consists firstly, of solving the integral equation [Eq. (2.15a)]
by using S6hngen’s inverse formulas of integral equations [13], then getting the expression
of vo(z,y,t), andl'o(y, t), and solving the integral equation [Eq. (2.18)] to get the expres-
sion of v, (x,y,t). In his paper [16], Sears has shown that the spatial Laplace Transform

technique can significantly reduce the complexity of the derivations. Finally, we get:

oyt ——2b/ \/” iy — Uy — bEGIdE
(2.19a)

= —27b[wy — Upp — —b<15 = —2mbwo.75:(y, t)
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La€<y7 t) = _T‘-IOOOb2 [wOf)C(y? t)]

! g : 2.19b
— 27 poc Unb{wo 75 (), )¢W(UT) /0 wo%o(tohﬁw(%(t — to))dto} ( )
Tae<y7 t) = _Wpoobg[ n(b + b(b]
; (2.19¢)
A L T D e I

where ¢y is the Wagner’s function fulfilling

dow (1) _ £ Ki(p)
dr Ko(p) + Ki(p)

(2.20)

in which, 7 = U,t/b is the non-dimensional time, £! is the inverse Laplace Transform
operator; p is the Laplace-transform variable (the counterpart of 7), while Ky (p) and K (p)
are the modified Bessel functions of the 2nd kind [2, 16]). In Egs. (2.19b, ¢), the terms
underlined are associated with the circulatory part of the aerodynamic loads. The quantity
Ki(p)/(Ko(p) + Ki(p)) = C(p) is identified as the generalized Theodorsen function in the

Laplace transformed domain [17].

In order to cast L., T, to state space form, the quasi-polynomial approximation of the

lift deficiency function is used: [13, 17, 20]

dw (1) = [1.0 — Z o exp(—5;7) | H () (2.21)

where H(7)denotes the Heaviside’s step function.

By denoting

" Qw750 (y, t Un(t —t
D(y,t);/ 0.7§t(y 0)¢W< ( - 0))dt0, (2.22)
0 0
we get
D(y>t) = Wo.75¢ y, Zaz (223)

where B;(y,t) satisfies B; + (ﬁi%)Bi = Wo.r5:(y, t)
In the following derivation, we assume that the wing starts from rest.
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Compared with the methods based on the transfer function realization, the present method
can easily model as many as necessary aerodynamic lag terms into the finite state space
form. It should be noted that this method yields the same number of augmented states

as those provided by the Roger’s approximation method [18].

The above results are for 2-D cross-section wings. For a finite-span wing, the modified strip
theory [13, 19] is used to extend the 2-D aerodynamics to the 3-D one. Firstly, in order to
be able to approach also the case of swept aircraft wings, the reference coordinate system
is being rotated with the wing by the sweep angle A [13]. Secondly, the lift curve slope
27 and the downwash boundary condition (i.e., three quarter rule for 2-D aerodynamics

model) are modified to account for the finite span effects [13, 19, 20]:

dCy, R 1 Cre 1
- o, - Zke _ Z 2.24
io - Rizeosalm 2t =3 (2:24)

2r — CL¢ ==

It should be noted that only the circulatory terms in Eqs. (2.19b, ¢) will be modified [19,
20]. All the geometric measures are now taken in the rotated chordwise coordinate system

(see Fig. 2.1).

As to the frame transformation, we follow the procedure in Ref. 13. After collecting the
coefficients of the chordwise coordinate x, the downwash velocity in the rotated coordinate

system is expressed as:

_ 0z, 0z, 0z, 0z, 0z, .
(2.25)
= [y — Usep cos A + Uy sin A%] — z[p + Uooa—¢ sin A]
dy dy

Replacing wo—U,¢ by 1wy — Uy cos A+ Uy sin Aaa—?; é by o+ Uwg—i sin A in the preceding

formulas, and denoting U,, = Uy, cos A, we get:

. owy b, 0 C
Wo.75¢(y, t) = wo — Upp + U, tanAa—yO - §[¢ + Unﬁ—j tan A][% —1] (2.26a)
. a'w(]
wo.se(y, t) = o — Unop + U, tan Aa—y (2.26b)

59



Based on these equations, the explicit expressions of unsteady aerodynamic lift and mo-

ment will be given in the following sections.

2.2.3 Gust and blast loads

Based on the Duhamel’s integral and the indicial function for an arbitrary gust wg(7),

the induced aerodynamic lift is expressed as:

T Qwg (o)

Ly(1) = CrpbUp[we(0) (1) + / 57 Y (T — 70)dT0)] (2.27)
0 0
where ¢ (1) = L7'[-55 m} is the Kiissner’s function.!% In the practical calculation,

g can be approximated by the following quasi-polynomials [13]:

Ui (1) = 1= 0.500e" 17 — 0.500e 17 >0 (2.28)

As proved by von Kérmén and Sears [12], the gust embedded in the atmosphere and
flowing with the atmosphere always acts at the quarter-chord position, even when the
aerodynamic load is not completely circulatory. For simplicity, we assume that the gust
is not affected by the penetration of the wing. Therefore, the aecrodynamic moment about

the reference axis due to the gust is

Tg(T) = %bLg(T) = %CL¢b2Un[’LUG(O)¢K(T) + /T Mlﬁ[{(’f - To)d’/'g] (229)

0 8 T0

In general, a gust (discrete model, as considered in this paper) can be specified by the
gust intensity, gradient and its profile [13]. In this article, the gust intensity is assumed
to be uniformly distributed along the span. The following types of gust are used in the

present study of aeroelastic response:

e Sharp-edged gust: we(7) = H(T)Ve

e 1-COSINE gust: wg(7) = 3V (1 — cos :—Z)[H(T) — H(1 —27,)]
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where Vg is the peak gust velocity, 7, is the gust gradient expressed in semichord length.'?

Other types of gusts are listed in Ref. 1.

The blast load due to a sonic boom signature can be modeled as an N-shaped pressure
pulse [1, 7]:
.

Ly(t) = P,(1 — —)[H(1) — H(T — r7p)] (2.30)

Tp
in which, P, is the peak reflected pressure in excess to the ambient pressure and 7, is the
positive phase duration of the pressure pulse, r is the pulse length factor [1, 7]. When
r = 1, the N-shaped pulse degenerates into an explosive pulse (in triangular form) and
when 7 = 2, a symmetric sonic-boom pulse is obtained [1]. For blast loads, we assume

that these act throughout the wing.

2.2.4 The Governing System

The governing equations and boundary conditions can be systematically derived from
the extended Hamilton’s Principle,?which states that the true path of motion renders the

following variational form stationary:

to
/ (6T — 6V + 0W,) dt =0 (2.31a)

t1
with
511,0 == (S’UO = 511]0 = 59m = 59Z = 5@5 =0 att= tl, t2 (231b)

where T" and V' denote the kinetic energy and strain energy, respectively, while dW,

denotes the virtual work due to external forces. These are defined as:

Kinetic energy

1 (L my ou ., ow o,
= 5/0 i;/}% P(k)[(g) + (E) + <E> Jdndsdy, (2.32)
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Strain energy

1
V= /owsw dr

(2.33)
C k=1 h<k>
Virtual work due to unsteady aerodynamic, gust and blast loads:
o L
oWe :/ (P=(y, )owo(y, ) + my(y, 1)0d(y, 1)) dy (2.34)
0

where p, = L, + L, + Ly, (positive upwards) is the combined aerodynamic lift per unit
span length and m, = T, + T, (positive nose-up) aerodynamic twist moments about the

reference axis.

In order to study the dynamic aeroelastic response featuring bending-twist cross-coupling,
the beams featuring circumferentially asymmetric stiffness (CAS) lay-up configuration
(see Ref. [9]) and with the biconvex cross-section are considered. As demonstrated in
Refs. [4, 5], this type of beams feature the following two sets of completely independent

elastic couplings:

e vertical bending/twist/vertical transverse shear (wy, ¢, 6,)

e extension/lateral bending/lateral transverse shear (ug, vg,6.,)
Also, the aerodynamic loads and the inertia forces of the beams are completely split into
the above two groups, hence the total equations of motion and the boundary conditions
are completely decoupled. Therefore, the second group in the above mentioned sets can

be safely discarded. The equations of motion of the first group that are of interest for the

present problem are:
dwo: QL4 Lae + Ly + Ly — bty =0 (2.35a)

8¢ M, — Bl + Toe + Ty — (bs + b5) + (bio + bis)¢” = 0 (2.35D)
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00,1 M, —Q.— (by+by)f, =0 (2.35¢)
Boundary conditions:

Aty:Oaw0:07 ¢:07 ¢/:Oa 91‘:0

At Yy = L,Qz = 07 - Bvl.u + My + (blO + b18)¢/ = 0, (236)

B, =0, M,=0

In the above equations, M,, ()., By, M, are the 1-D stress resultant and stress couple

measures that are defined as:

Mx(y’ t) - fc (ZNM/ + Lyyz_i:)ds Qz(ya t) = %C (Nsyg + Nnyili—i:)ds
Bu(y.t) = — i [Fou(5)Nyy + als)Lyglds  My(y,1) = 740 No(s)ds .37

The inertia coefficients by, by, bs, big, b4, b15, big are defined in Appendix A.

For biconvex cross-section thin-walled beams with CAS lay-up configuration, the force-

displacement relations are:

Ma: ass 0 0 asy (9;

Q- o 0 ass ass O (w6 + Qx)

B, n 0 ass ass O ¢” (2'38)
M, azy 0 0 ar ¢’

For the free warping model (see Refs. [4, 5, 8]), the force-displacement relations are:

M, azs 0 asr I

Qz . 0 as5 0 / N

P e () ;em) (2.39)
My asy 0 (0drd

In terms of the basic unknowns, the governing equations that include all the above men-

tioned effects are:

dwy @ ass(wy + 0%) + ased” + Lae + Lg + Ly — b1ty = 0 (2.40a)
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06+ az:bl + ard — asg(wf +0%) — aged"") + Toe + Ty — (ba+ b5)é + (bio + bis)¢” =0

(2.40D)
5936 : a339;' + CL37¢” — a55(w6 + ez) — a56¢” — (b4 + b14)éz =0 (2400)
Boundary conditions:
Aty=0, wy=0, ¢=0, ¢=0 6,=0 (2.41a)
Aty=1L
dwg ass(wy + 03) + ased” = 0,
(5¢ : —CL56(U)6/ + t%v) - CL66¢”/ + a370; + CL77§Z5/ = _(bIO + blg)q‘b'/, (241b)
(5¢/ : —a56(w6 + 9x> — agﬁgb” = O,
599& . (1339; + &37¢, =0

In the above equations, the terms underscored by double solid lines are associated with
the warping inhibition effect, whereas the term underscored by single solid line identifies

the rotatory inertia effect (see Refs. [3-5]).
The unsteady aerodynamic lift and twist moment are expressed as:

Lae(yyt) = _ﬂ-poon [w0.5c(y7 )] CLd)ﬂooU b U)o 75¢ y7 Z al z

2

d*w
= —Tpoacb? [ty + Up=—

" D0t % tan A — U, ¢

. 8w0 b CL¢ . 0¢ "
— CrLepocUnblvg — Upo + U, o tan A 2( - )@+ Un@y tan A) ZQZBZ]

Toe(y,t) = —7Tp0063[ U (;5—1— b(b] — —CL¢pOOU b2 [wo.7se(y, ) Zal :

B L N LC Y oA ek &y
= —TPocb {[2( = 1)(Un¢+Una tan A)] + b[gb—I—U D01 tan A]}
1 o . Jw b, CrLy ;
- 5C’qupooUnb {wo — Uno + Upy—— e ? tan 2( - )¢+ U tanA E a;B;}

(2.42b)
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In Egs. (2.42a, b), B; fulfil Eq. (2.23). The expressions of the gust and blast loads have
been provided in Eqs. (2.27, 2.29, 2.30).

2.3 Solution Methodology

Due to the non-conservative nature of the boundary value/eigenvalue problems and the
high complexity arising from the anisotropy of the constituent materials and the boundary
conditions, we apply the non-dimensionalization, spatial semi-discretization and then cast
the governing equations into state space form. The spatial semi-discretization is based on
the extended Galerkin’s method (EGM) (see Refs. 7, 21). The conversion of governing
equations into state space form is prompted by the facts that on one hand, for a general
non-conservative system, the solution requires a state space description [2] and, on the
other hand, the classical modal analysis based on complex eigensystem does not yield
efficient solution. In addition, for the purpose of treating various gust and blast loads in a
unified way, the temporal discretization is also implemented. It should be noted that the
Laplace transform method (LTM) can only be efficiently applied to sufficiently low order
systems. For the problem being addressed here, this methodology does not constitute the

most appropriate one.

2.3.1 Non-Dimensionalization and Spatial Semi-Discretization

Introduce the following basic non-dimensional parameters:

~

n=y/L, T=U,t/b, R=L/b, wo(n,7)=we/2b, &(n,7)=00nT1),
Oo(n,7) = 0.(n,7), d()/dr = (b/U,)d()/dt

and for spatial semi-discretization,

A A ~

do(n,7) = By(nau(r) o0, ) = TLM)as(r) bo(n,m) = ¥7 (1) (r)
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where the shape functions W, (1), %, (1),and ¥, (n) are only required to fulfil the geometric

boundary conditions.

In terms of the above basic non-dimensional parameters, the downwash quantities at the

mid-chord and three-quarter locations are:

. 1,C S 200 1 C 9o
Wo.75c(N, T) = Un[Qwo—i(#—lﬁb—(ﬁ%—E&ino tanA—%(%— )a—z: tan A] (2.43a)
Wose(n, 7) = Uy g — ng + %—u:;) tan A (2.43Db)

As a result, the unsteady aerodynamic loads are expressed as:

2 0%y,
Loe(n,7) = —WpoonUQ[Qwo + —

0 tan A —
Ronor 2
. 2 Ow 1.C 10
- 2b[21g — ¢ + ———tan A — = (—2 — ——t A) — :B;
(2.44a)
1.y 1 96 s 1 9%
T, = —mpub?U> o _ — " tan tan A
aE(n’ ) 7Tp00 U {[ ( T )(¢+£877 an )] [¢+£ana7_ an ]}
1 279 ;N ~ 2 8w0 1 OL¢ 0¢ u

— §CL¢,OooUnb {2w0 — ¢+ EG— tan A — 5(7 - )(¢+ Z%é_ tanA ;O@BZ/U”}
(2.44b)

After spatial semi-discretization, the following equations are derived:

L+ NG (G R R g )
S 8ue 4 8po 8o 8o 02
(2.45a)
1 2bf0 w —|— Lb>d77
4D, U2 fo ‘IldvT dn
where
| ©, @7 0 0
M, = / 0 LU+ 0,99 0 dr) (2.45b)
0 0 0 P20, W
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T T 2 Tl Jyl!' T 2 I T
\Ilw E/L1614\Ilw\11¢ E\Ilw\:[l:r

1
KSZ/ ﬁmm‘i’g‘i’;ﬁTerclz%\i’ﬁﬂ Nlclé'i’g‘i’f+fl1€13\il;s\i’;cT dn
O | symm (W T+ v, wT)
(2.45c¢)
. [ 29,97 0o 0
Mg = / 0 =W, Wl 0 |dy (2.45d)
1o 0 0
[ Ztan AW, W7+ 2208, BT 1+ (e — 1)) E, 8] 0]
1 tan AW, &' 7
c :/ Croy , §T 164K Can v o 0 |dn
ae o w 1 R
0 L¢ L¢ T
- 1)1 - =)o, ¥
, 0+4(7T ) 27T)¢¢0
) (2.45¢)
[ 2k tan A, BT Lol BT S (Cle 1) tan A, BT 0
Koo [ | S5 oamndrgdy T o, @] 4 (1 )% isabirg @ o |dy
0 0 0
(2.45f)
w=Y o[ b iy 1= o[ DBy B=BU, (245
1 — % . T w DA’ 2 — % o A oAt} i — D1 n 2308
i=1 =1
q=[ ¥ ¥I @7 ]" (2.45h)

The related non-dimensional parameters in the above equations are listed in Appendix B.

By using the mode expansion theorem, [2]
Qw = @wé& éld) = @tbésa élx = @xés

where ©,,, O4, ©, are N x m eigenvector matrices for the wo,gﬁ,éx , respectively, and fs

is the vector consisting of the first m generalized mode coordinates, we have,

_ _ X _ A 1
M,&, + Cués + K = S—;Lo{@ZZl + ®£Z2}

1 1 1 (246)
T 0 T 3
+ 10,02 {2b®w/0 \I'w(Lg + Ly)dn + G(b/o \Il¢ngn}
On the left hand side of Eq. (2.46),
_ _ 1 — _ _
M, ="M, +-—M,]|® C,=0"-—"—0C,]® K,=0TkK,+-—K,|®
8o 8o 0



o=| o} of e

On its right hand side,
Xal
@gzl + @Z;ZQ = [ arlxm - anlism } : (2.47)
)A(an

In Eq. (2.47), the augmented state vector X,;fulfils the following equation:

Rai + Bi%as = D€, + D€, (2.48)

where

CL¢ T, 2 /1 = /T /1 A o~ CL¢ tan A
D, = —@ — tan A v,v. dn®, — v,v -1
1 w{ an w@ T 0 [ ) + ( T ) 2142

\irw\iﬂgd TCAE

CL¢ 1 oo C’L¢ tan A -
= @T{—tanA/ &, 9 0,0, 2/0 @]+ (1) R0}
(2.49a)
D, CL¢®T{2/ v, ¥’ane, 2(0L¢ /\If ¥ldne,}
L 1 G, (2.49D)
L‘f’@T{/ b, 7o, 4(— - 1)/ ¥, 97 dne,)
n 0
2.3.2 State Space Form of the Governing System
By denoting
é? Xal N
xz{} D x=1 | {X}z{’%} (2.50)
55 2mx1 Xa (24+n)mx1

X
an nmx1

we get the state space form of the above aeroelastic governing equations and the aug-
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mented state equations:

0m><1
) M !
X, A, B, %, -1
{ % }: {BQAS A, +B,B, H X, }+ DM, 1{Q, + Qi) (2.51)
| DM
or in a more compact form, as
(X} = [AH{X} + BJ{Q,} + B.J{Qs} (2.52)
In Eq. (2.52),
[ Omxl 1
M-1
A B or—1
— S s — D Mn
M=, athp ] BI=| P
| DQ].\_/Ile
1 [Cpy T/IA CLe T/A
= —< —0 v, d — 0 v,.d
Qg 8#0{7T “Jo 77+47T¢0 o

=

o we@untry+ [ 2y~ nar, |
I

. 1 T ! T - 0m><m mxm
Qb - 4b1U3{2b®w/0 ‘Ilwdn}Lba [As]2m><2m - |: _1\_/[711_{” _1\_/[ 1Cn

01 xcnm
Bs mxnm — \ T — ;
[ ]2 - |: iMnl[ OélIme U CY1Ime :|m><nm :|
_ﬁlIme Im><m
[Aa}nmxnm - T ) [Ba]nmXZm = [ Dl D2 :|m><2m
_ﬂnIme Imxm X

The remaining matrices and vectors have been defined in the preceding section.

2.3.3 Temporal Discretization of the Governing System

The general solution of Eq. (2.52) can be expressed as: [2]

{X(1)} = [AHX(0)} + /0 T [ATNB{Qy (o) + {Qu(0) Yo (2.53)
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where the transition matrix [eA7] = L7H(pI — A)~ = > A¥/dl 7.
i=0

For a general non-conservative system, the eigenvalues and eigenvectors are complex val-
ued quantities. Although the system matrix A can be orthogonalized in terms of its
left and right eigenvectors [2], for large order of A, the actual implementation is not
efficient [2]. Moreover, the Laplace transform method is almost impractical for systems

featuring large orders. So the above equation is directly discretized in the time domain.

With the fixed sampling step A7, the following discretized equation is derived: [2]

{X(k+ 1)} = A7 (K)} + [A] 7M™ —T[BHQy (k) + Qolk)} (2.54)

where the discretized transition matrix

A8 =S A Ay (2.55)

Given the maximum amplitude of the eigenvalues of A and the sampling step Ar, the
numerical convergence requirement of the above equation and the prescribed computation
accuracy determines the number of truncated terms in Eq. (2.55) for the approximation

of [eA27] [2]. In this paper, the accuracy order of 1077 is prescribed.

Once the solution of {X(k)} is known, the generalized coordinate & (k) can be extracted,

and then the aeroelastic response can be reconstructed as follows:

wo(n, k) = WL(mOLE(K),  o(n, k) = TL()OLE(k), 0:(n,k) =L (0O (k)
(2.56)

2.4 Simulation Results and Discussions

In this section, the dynamic aeroelastic response of anisotropic thin-walled beams exposed
to selected gust and blast loads is investigated. Also investigated are the influences of

lay-ups and flight speed on the response. It should be noted that, depending on the
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design objectives and model/tools to be used, there are many other design parameters for
investigating the broad range effects of the aeroelastic tailoring [22]. The geometric and
material specifications of the beams with CAS lay-up configuration are listed in Table 2.1,
2.2. In Table 2.2, two sets of geometric specifications are adopted, with the second set
(type B) dealing with the onset of the dynamic flutter instability. It should be noted
that in the actual calculation, the first 5 structural modes and 2 aerodynamic lag terms
(see Eq. 2.21) are used, i.e., m = 5,n = 2, the Wagner’s function is approximated by the
Jones’ quasi-polynomial formulas [13], and all the response components (bending, twist

and transverse) are measured at the beam tip (n = 1).

Figures 2.4, 2.5, 2.6 display the response of the wing (type A) featuring various ply
angles exposed to a sharp-edged gust. Other related parameters are: U, = 150m/s,
Ve = 15m/s, and [fg] lay-up of the walls. Tt can be seen that the directionality property of
the structure has a dramatic influence on the response amplitudes of all the bending, twist
and transverse shear. The bending, twist and shear stiffness of the wing monotonically
increases from ply angle 6 = 0Y to 90°. It should be noted that no structural damping is
considered. The damping is entirely of aerodynamic nature and in the cases considered in
this paper, it is mainly from the feedback mechanism of the unsteady aerodynamic loads

(see Egs. 2.19b, c).

Figures 2.7 and 2.8 display the response of a type A wing featuring two lay-ups. The lay-
up of Fig. 2.7 is [75¢], while in Fig. 2.8 is [75y/ — 75o/75]. Other related parameters are
U, = 150m/s, Vi /U, = 0.1. Tt is quite remarkable that for the bending response, both
the peak value of the transient oscillation and steady response amplitude of the former
case are almost 3 times that of the latter case. This reveals that the structural stiffness
has been dramatically changed due to the change of only two out of 6 constituent ply

orientations.

Figures 2.9, 2.10, 2.11 and Fig. 2.7 display the influence of the flight speed on the response.
The wing (type A) is subject to a sharp-edged gust. The related parameters are:Vg =
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15m/s, the lay-up is [75¢], U, = 75,150,200,250m/s. With the increase of the flight
speed, the amplitudes of the response increase in an accelerating rate. For some wings, a
higher flight speed may induce flutter, as shown in Figs. 2.12 -2.14, the related parameters
are: a type B wing, Vi = 15m/s, the lay-up is [—75¢]. As discussed before, the damping
for the dynamic aeroelastic system considered here is mainly from the feedback mechanism
of the unsteady aerodynamic loads. In some flight speed range, this feedback yields the
positive damping on the structure, but for other ranges, usually in a high flight speed
one, the feedback may yield negative damping on the structure, i.e., the aerodynamic
loads act as an energy source [23], thus providing infinite energy to the structure, and
leading to structural failure. From Figs. 2.12, 2.13, it can be seen that a flutter speed is
between U,, = 235m/s and U,, = 236m/s. In fact, by tracing the eigenvalues of the system
matrix [A], the most critical flutter speed can be determined, as shown in Fig. 2.14, from
which, the dimensional flutter speed is measured as U,, = 235.05m/s. Figure 2.15 shows
the frequency coalescence phenomenon, which is a typical characteristic of the coupling-
driven flutter. Figure 2.16 reveals the flutter intensity. The eigenvalues of the system
matrix [A] for the above two flight conditions are listed in Table 2.3, wherefrom the roots
with positive real part explain the occurrence of divergent oscillations. It is interesting
to note that the above flutter speed and flutter frequency have an excellent correlation
with those by the V-g method. Table 2.4 shows the comparison of flutter results by these
two different methods. It should be noted that the Theodorsen function used in the V-g
method is approximated by [24]:
C(k) = F(k) + jG(k)

~0.021573 + 0.210400% + 0.512607k + 0.500502%3

0.021508 + 0.251239k + 1.035378k2 + k3 (2.57)
~.0.001995 + 0.327214k + 0.122397k* + 0.0001464*

J 0.089318 4 0.934530k + 2.481481k2 + k3

Here, k is the reduced frequency. The difference of the flutter predictions by the two
methods is well within the approximation accuracy of the Wagner’s function (in the time

domain) and the Theodorsen function (in the frequency domain). It is also interesting
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to note that in Figs. 2.9, 2.10, 2.11, the higher the flight speed, the quicker the response

goes to its steady solution with less transient oscillations.

Figures 2.17, 2.18, 2.19, 2.20, 2.21, 2.22 display the influence of the 1-COSINE gust
gradient 7, on the response. The related parameters are: a type A wing, U, = 150m/s,
Vg = 15m/s, the lay-up is [fg]. It is interesting to note that for the wing with § = 90°,
larger 7, results in smaller peak amplitudes of the response, while for wing with 6 = 45°,

larger 7, yields larger peak amplitudes of the response.

Figures 2.23, 2.24 display the influence of explosive blast and sonic boom on the response.
The related parameters are: a type A wing, [75¢] lay-up, U, = 150m/s, P,, = 0.001 and
r = 2. The maximum amplitude of the response occurs in the free motion region, i.e.,

when the explosive or sonic boom has left the wing.

Figures 2.25, 2.26 display the combined effect of sonic boom /sharp-edged gust and sonic
boom/1-COSINE gust on the response. The related parameters are: a type A wing, [75¢]
lay-up, U, = 150m/s, Vg = 15m/s, P, = 0.001, 7, = 20, andr = 2. The maximum
amplitude of the response (bending component) still occurs when the sonic boom has left

the wing (7 = 40).

2.5 Conclusions

The dynamic aeroelastic response of advanced aircraft wings modeled as anisotropic com-
posite thin-walled beams in an incompressible flow and exposed to selected gust and
blast loads is investigated. The 2-D unsteady aerodynamics is extended to account for
the effect of the finite wing span. Due to the non-conservative nature of the dynamic
aeroelastic system and the high complexity of the boundary value/eigenvalue problem
arising from advanced structural system considered in this article, the techniques of non-
dimensionalization, spatial semi-discretization are applied to the governing equations,

which are then cast into state space form. Finally, temporal discretization of the govern-
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ing equations is used in the actual computation. The significant influence of the lay-ups
on the response is highlighted. The potential advantage of exploiting elastic tailoring is
vast, but the complete understanding of the elastic tailoring is a prerequisite for a reliable
use of these exotic advanced composite materials. The flight speed can also dramati-
cally modify the dynamic response behavior of the subcritical aeroelastic system, and its

increase may result in the onset of flutter instability.
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Appendix A

The global stiffness quantities a;; (= a;;) and inertial terms I; related to the problem are

defined as:

dx dx dx
ags = 7{ [22K11 + 22— K14 + (=) Ky)ds asy = 7{ [2K13 + —Ky3)ds
. ds ds . ds

dz dx dz dz
ass j{chS) 22 (d )2 Auds as6 %c[ 75 2 + a(s) P 24]ds

(g6 _]f [F2K1 + 2F,a(s)Kia + a(s)?Kulds  arr = f W(s) Kasds
c

_ A2
where A44 A44 45
Ass’
The reduced stiffness coefficient K;; (in Eq. 2.9) are defined as:
A? ApA A A
Ky = Ap — 2 Kip = A — —— = Ky Ki3 = (Ags — ——2)1)(s)
An An An
A;xB A? A2
Ky = By — 121112 = K Ky = Ags — A—if Koz = (Ags — A_i)¢(s)
A B By A B?
Koy = By — e Ky Kz = (B — = 16)¢(5) Ky = Dy — —2
An An An
BisA BigA BigA
K51 = Byg — —— Ksy = Bgg — —— Ks3 = (Bgg — ——)1(s)
An An An
B12Bis
K54 = Do —
54 26 AL

The inertial coefficients in the Eqgs. 2.35 are defined as:

b, = ]{ mods (by, bs) :j{ (22, 2% )mods by = 7{ ma(— st
C C
d
bys — }{ mg(d—z)ms (bio, big) = 7( (moF2(s), maa?(s))ds
c S c
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in which

Appendix B

Non-dimensional parameters used in Eq. (2.45) and section 4:

_ b _ O
Ho 7p(2b)? = ass L?
P (b4 + b14) Cro — %
blL2 12 ass
- (bio + big) _ % p

Y L2(20)2h, " 4h U2

- ass (2b)2

Y
C13 = —
a33

™ 2h,U2
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Table 2.1: Material properties of the thin-walled beams with CAS lay-up and biconvex
cross-section

E11 = 206.8 X 109 N/m2 EQQ = E33 =5.17 X 109 N/m2
G13 = G23 = 2.55 X 109 N/m2 G12 = 3.10 x 109 N/m2
P2 = fig = poz = 0.25 p= 1528 x 103> Kg/m?

Table 2.2: Geometric specifications of the wings with CAS lay-up and biconvex cross-
section

Parameters Type A Type B
Length (L : m) 2.032 6.058
Width (2b: m) 0.254 0.757
Depth (2d% : m) 0.06807 0.100
Aspect ratio 16 16
Wall thickness (h: m) 0.0102 0.010
Number of layers 6 6

Layer thisckness (: m) 0.0017 0.0017
Sweep angle (A : deg.) 0 0

2the length is measured on the contour line
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Table 2.3: Eigenvalues (o + jk) of the system matrix [A] near the onset of flutter

U, =235m/s Un, =236 m/s
(subcritical response) (supercritical response)
—0.0104 £ 1.0525 —0.0104 £ 1.057
—0.0120 £ 0.5510y —0.0120 £ 0.5495
—0.0169 £ 0.3352j —0.0169 £ 0.3337
—0.0358 £0.15775 —0.0380 £ 0.157y
—0.000201 £ 0.1429j 0.00185 £ 0.1435
—0.295 £ 0.004547 -0.295+0.004575
-0.04784+0.001175 —0.0478 £ 0.001199
—0.0456 £ 0.0003185 —0.0456 £ 0.0003207
—0.300 £ 0.0002977 —0.300 £ 0.0002997
-0.0455 -0.0455

-0.253 -0.253

Table 2.4: Comparison of the flutter results by the transient method and V-g method

Method Ap = Vp/bwy,  Qp =wp/wp Ve (m/s)  wp(rad/s)

Transient method 53.75 7.53 235.05 87.12
V-g method 53.74 7.57 235.00 87.58
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Figure 2.1: Geometric configuration of the aircraft wing modeled as a thin-walled beam
model.
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Figure 2.2: Displacement field for the beam model.
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contour line

Figure 2.3: Geometric specification of the normal cross-section.
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Figure 2.4: The response wo(n = 1, 7) of the wings (type A, [0s]) subject to a sharp-edged
gust with parameters (U,, = 150 m/s, Vg = 15 m/s).
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Figure 2.5: The response ¢(n = 1, 7) of the wings (type A, [fg]) subject to a sharp-edged

gust with parameters (U,, = 150 m/s, Vg = 15 m/s).
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Figure 2.6: The response 0,(1 = 1, 7) of the wings (type A, [05]) subject to a sharp-edged
gust with parameters (U,, = 150 m/s, Vg = 15 m/s).
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Figure 2.7: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sharp-
edged gust with parameters (U, = 150 m/s, Vo = 15 m/s).
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Figure 2.8: Dynamic aeroelastic response of a wing (type A, [752/ — 752/755]) subject to
a sharp-edged gust with parameters(U,, = 150 m/s, Vg = 15 m/s).

88



0.08 F ", ) ‘ ‘ ‘ ‘ —
0.06 F +:tiaiiihnok \fvo(q:Lr) |
()
n 0.04 |
c
o
o
§ MR R
0.02 | é,‘f;\ N AR AR on=1r)
““ | \, /\ '\f\ A AN/ NNl oS ittt e e e e e 1
! .
| \/\/\/\/\N\/\NV\NWWW"N GX(n ::LT) |
0 200 400 600 800 1000

tine ¢

Figure 2.9: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sharp-
edged gust with parameters(U,, = 75 m/s, Vg =15 m/s).
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Figure 2.10: Dynamic aeroelastic response of a wing (type A, [75¢]) subject to a sharp-
edged gust with parameters(U,, = 200 m/s, Vg = 15 m/s).
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Figure 2.11: Dynamic aeroelastic response of a wing (type A, [75¢]) subject to a sharp-
edged gust with parameters(U,, = 250 m/s, Vo = 15 m/s).
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Figure 2.12: Dynamic aeroelastic response of a wing (type B, [—75¢]) subject to a sharp-

edged gust near the onset of flutter with parameters (U,, = 235 m/s, Vg
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Figure 2.13: Dynamic aeroelastic response of a wing (type B, [—75¢]) subject to a sharp-
edged gust near the onset of flutter with parameters (U,, = 236 m/s, Vo = 15 m/s).
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Figure 2.16: Dynamic aeroelastic response prediction of a wing (type B, [—75¢]) subject
to a sharp-edged gust beyond the onset of flutter with parameters (U,, = 240 m/s, Vg =
15 m/s).
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Figure 2.17: Dynamic aeroelastic response of a wing (type A, [904]) subject to a 1-COSINE
gust with parameters(U,, = 150 m/s, Vo = 15 m/s, 1, = 20).
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Figure 2.18: Dynamic aeroelastic response of a wing (type A, [90¢]) subject to a 1-COSINE
gust with parameters(U,, = 150 m/s, Vo = 15 m/s, 7, = 30).
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Figure 2.19: Dynamic aeroelastic response of a wing (type A, [90¢]) subject to a 1-COSINE
gust with parameters(U,, = 150 m/s, Vo = 15 m/s, 1, = 40).
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Figure 2.20: Dynamic aeroelastic response of a wing (type A, [456]) subject to a 1-COSINE
gust with parameters(U,, = 150 m/s, Vo = 15 m/s, 1, = 20).
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Figure 2.21: Dynamic aeroelastic response of a wing (type A, [456]) subject to a 1-COSINE
gust with parameters(U,, = 150 m/s, Vo = 15 m/s, 7, = 30).
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Figure 2.22: Dynamic aeroelastic response of a wing (type A, [456]) subject to a 1-COSINE
gust with parameters(U,, = 150 m/s, Vo = 15 m/s, 1, = 40).
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Figure 2.23: Dynamic aeroelastic response of a wing (type A, [756]) subject to an explosive
blast load with parameters (U,, = 150 m/s, P,, = 0.001, 7, = 20).
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Figure 2.24: Dynamic aeroelastic response of a wing (typeAA7 [756]) subject to a sonic-
boom pressure signature with parameters (U,, = 150 m/s, P,, = 0.001, 7, = 20).
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Figure 2.25: Dynamic aeroelastic response of a wing (type A, [756]) subject to a sonic-
boom pressure signature and a sharp-edged gust with parameters (U, =150 m/s, Vg =
15 m/s, P,, = 0.001, 7, = 20).
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Figure 2.26: Dynamic aeroelastic response of a wing (type A, with [756]) subject to a sonic-
boom pressure signature and a 1-COSINE gust with parameters (U, = 150 m/s, Vg =
15 m/s, P,, = 0.001, 7, = 20).
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Chapter 3

Aeroelastic Instability and Response
of Advanced Aircraft Wings at
Subsonic Flight Speeds

Abstract

A unified aeroelastic model developed towards investigating the flutter instability and sub-
critical dynamic aeroelastic response to selected gust loads in the subsonic flight speed
range is presented. The aircraft wing is modeled as an anisotropic composite thin-walled
beam featuring circumferentially asymmetric stiffness (CAS) lay-up configuration that
generates preferred elastic couplings. A number of non-classical effects such as transverse
shear, warping restraint, and the 3-D strain effects are incorporated in the structural
model. The unsteady aerodynamic loads in subsonic flow are based on 2-D indicial func-
tions in conjunction with aerodynamic strip theory extended to 3-D wing model. The
numerical results reveal that the compressibility, elastic tailoring and warping restraint
have substantial influence on the flutter instability and dynamic response of selected wing

configurations.

OA slightly different version of this chapter with the exception of Section 3.8 has been submitted for
publication to the Journal of Aerospace Science and Technology;

Section 3.8 is adopted from another paper: ” Aeroelasticity of Advanced Aircraft Wings in Supersonic-
Hypersonic Flows”, which has been submitted for publication to the Journal of Spacecraft and Rockets.
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3.1 Introduction

Driven by their high structural efficiency and tremendous potential advantages, thin-
walled beam structures made of anisotropic composite materials are likely to be widely
used in the design of new generation of flight vehicles [6, 20, 26]. The potential advantages
come from the proper exploitation of the material’s directionality property, which, in the
context of aeroelasticity, has generated a new technology referred to as the aeroelastic
tailoring [23]. However, compared with the metallic thin-walled beams, the composite
ones are much more complex in the sense that these involve a number of important
non-classical effects such as transverse shear, warping inhibition (or warping restraint),
non-uniformity of shear stiffness [2, 6, 8, 13, 14, 18, 21, 25, 27, 28|, and 3-D strain effects
2, 8, 29]. Tt is well known that within the classical Euler-Bernoulli beam model, the ratio
of Young’s modulus to transverse shearing modulus is assumed to be zero, implying that
the transverse shear stiffness is infinite. However, for anisotropic composite material, this
ratio can be of the order O(100). For finite span aircraft wings featuring non-uniform
distribution of the aerodynamic twist moment, the classical St. Venant twist model has
to be discarded in favor of the restrained twist model. In addition, as revealed in [25],
the non-uniform distribution of shear stiffness has a significant influence on the warping
and twist, and as a result, its effect has to be considered. Towards a reliable aircraft
wing design, it is of vital importance to use a structural model that effectively captures
these effects and based on it, to investigate the aeroelastic instability and the aeroelastic
response. In fact, during the last two decades, a number of analytical thin-walled beam
models have been proposed [1, 2, 4, 8, 13, 21, 25, 28, 29]. It should be noted that
most of the available work has focused on the modeling and validation (especially static

validation) [1, 4, 8, 21, 25, 28, 29], and that very few ones have applied the concept
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of thin-walled beam models on the aeroelastic problems (on the static divergence and
free vibration analyses, see [13, 14, 26, 27]). It is interesting to note that a plate-beam
model has been used for investigating the warping restraint and transverse shear on the
static divergence, and flutter [7]. Since the aircraft design is primarily based on the
principle of thin-walled beams, it is desirable to investigate the aeroelastic instability and
aeroelastic response directly within the framework of thin-walled beams. To the best
of the authors’ knowledge, investigation of flutter instability and dynamic aeroelastic
response of advanced aircraft wings modeled as anisotropic thin-walled beams in subsonic
flow is quite void in the open literature. In the following section, a refined thin-walled
beam model that incorporates all the above mentioned major non-classical effects will
be adopted. It should be noted that the basic assumptions underlying this model are
proposed in [2, 21, 26].

3.2 Kinematics

A single-cell, closed cross-section, fiber-reinforced composite thin-walled beam will be used
in the modeling of advanced aircraft wings in this paper. As stated in the previous section,
the major non-classical effects have to be considered, which include transverse shear,
anisotropy of the constituent material, warping restraint, and 3-D strain effects. It should
be noted that in the original formulation of the beam theory [13, 26, 27], the variation of
contour-wise shear stiffness was not included. However, the theory was later extended to
account for these effects in a nonlinear theory [2]. For the geometric configuration and
the chosen coordinate system that is usually adopted in the analyses of aircraft wings,
see figures 1a through lc. Based on the basic assumptions stated in [2, 13, 26, 27|, the

following representation of the 3-D displacement quantities is postulated:

U(ZE,y,Z,t) = Uo(y,t) +Z¢(y7t); w(x,y,z,t) = wo(y,t) _x¢(y7t); (31&)
oy, 20) = vy ) + [als) = G100, 6) + [2(5) + 05 I0ulyst) — [Fuls) + ma(s))6/ (5, )
(3.1b)
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where
0:(y: 1) = Yy (y, 1) — wo(y, 1); 0-(y, 1) = Yay(y, 1) —ug(y, t);a(s) = —(2— +2—-) (3.2)

In the above expressions, 6,(y,t), 0.(y,t) and ¢(y,t) denote rotations of the plane of the
cross-section about the axes z, z and the twist about theyaxis, respectively. v,.(y,t) and

Yay(y, t) denote the transverse shear strain measures.

The warping function in Eq.(3.1b) is expressed as
Fus) = [ Tras) = w(s)lds 3.3)
0

in which the torsional function ¥ (s) and the quantity r,(s) are expressed as

W(s) = 550 ra(5)ds iora(s) = Zd_m — x% (3.4)

1(5)Gay(5) b 770 ds s

where Gy, (s) is the effective membrane shear stiffness, which is defined as [2]:
N,
h(s)75,(s)

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,

Goy(s) = (3.5)

ie., up(y,t), voly,t), wo(y,t), O.(y,t), 0.(y,t), ¢(y,t), which represent 1-D displacement
measures, constitute the basic unknowns of the problem. When the transverse shear effect
is discarded, Eq. (3.2) degenerates to 0, = —wyj, 0, = —uy, and as a result, the number of
basic unknown quantities reduces to four. Such a case leads to the classical, unshearable

beam model.
The strains that contribute to the potential energy are:

Spanwise strain:

Syy(na S7yat) = 52y(3»yyt) + TLSZy(S,y,t) (36&)
where
52y(3> Y, t) = Uﬂl(ya t ) + ez/(yv t)x(y7 t) - ¢/,<y7 t)Fw(S) (36b)
n dz g de "
ey (89, 1) = =0+ 0.y, 1) = — a(s)d" (y, 1) (3.6¢)
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are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

Yoy (5,4,1) = 75, (s,4,1) + ()¢ (y, 1) (3.7a)
dx dz dx dz
where 70 (s,y,t) = Yoy gs Vg = [ug + HZ]£ + [wgy + 936]% (3.7b)

Transverse shear strain measure:

dz dz , dz , dz

Vny(sa 3/7t) = _'ny% + ’YyZE = _[uo + GZ]E + [’LUO + 996]% (3'8>

3.3 Subsonic Aerodynamic Loads, an Indicial Func-
tion Approach

The indicial function based aerodynamic models provide an efficient, general, and conve-
nient approach to describe the compressible unsteady flow. This stems from the facts that:
i) wherever the linear theory is valid, when the proper indicial functions are available, the
unsteady aerodynamic loads to arbitrary small motion can be derived through Duhamel’s
convolution integral; ii)the indicial functions involved can be derived/approximated by
various approaches, such as computational fluid dynamics (CFD) [24], or with the aid of
experiments [10]; iii)derivation of indicial functions via CFD can be several orders faster

than the direct CFD simulations [24].

However, even in 2-D domain, in contrast to the incompressible case, the indicial functions
in subsonic compressible flow are not analytic, except for very limited durations of time [3].
Therefore, in this chapter, in conjunction with the aerodynamic strip theory, a set of
empirical 2-D indicial functions developed in [10] are adopted towards the investigation of
the aeroelastic behavior of 3-D advanced wings. As to the basic elements and validation

of 2-D subsonic indicial functions, the reader is referred to [3, 10, 16, 24].
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The downwash velocity can be expressed in a non-dimensional form as

A L. 200 1 8¢ ) B
Wa(Z,m,T) = Un{[ng — ¢+ E%tan/\ | — [¢+ Ea—qb tan A ]} £ U {ar — 2Pap}
(3.9a)
where we define:
b 1.7) = U2y — 6+ 2500 tan i dup(nr) = [+ =2 tana  (3.90)
Wqar\1), T) = UplaWg AR@ an aP\1,T) = AR@ an .

Denote (®.)o(7),(Perr)o(7) as the indicial lift and moment functions (about the leading
edge) due to the unit step change of the vertical translation velocity at the leading edge.
As a result, the indicial lift and aerodynamic moment about the mid-chord (taken as the

reference axis, see figure 3.3) are:
Ly (n,7) = —7pcUy (20)

{[waT(n’ O) + QZaP(n’ O)](q)c)O(T) + /OT a(waT(n’ U)a;_ ¢aP(777 0)) ((DC)O(T - U)dd}

(3.10a)

Tip(n,7) = =T psU2 (20)

{["LDaT(n7 0) + (,gaP(U, 0)](Pear)o() + /OT Oarl, 0)61_ e

(Pepr)o(T — a)da}

+bL%(n,7)

(3.10b)
where the ratio (®ear)o(7)/(Pe)o(7)measures the location of the aerodynamic center (frac-
tion of the whole chord length from the leading edge). Upon denoting (®.)o(7),(Penrg)o(7)
as the indicial lift and moment functions (about the leading edge) due to the unit step
change of the pitching rate at the leading edge, the corresponding indicial lift and aero-

dynamic moment about the mid-chord are:

Li(n.7) = zwpooUmb){[q?ap(n, 0)](@0g)ol(r) + / 00 0) g7 - a)do} (3.11a)
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T30, 7) = 2wme3<2b>2{<2ap<n, O)(@aagha(r) + [ P @)l - a)do—}

+ bLZ(n, )
(3.11D)

Similarly, the ratio (®carq)o(7)/(Peq)o(7) measures the location of the aerodynamic center

(fraction of the whole chord length from the leading edge).

Therefore, the total aerodynamic lift L. (positive upwards) and moment about the mid-

chord T, (positive nose-up) are:
Lae(n,7) = Lp(n,7) + Lg(n, 7)

_ —wpooU,%(%){waT(n, 0)(®.)oja(r) + / " 00ar(1,9) gy i — a)da}

Oo (3.12a)
+ 27rpooU3<2b>{q§ap<n, (el + [ PBID @) a)do}
Tae(% T) = T;T(n7 T) + T;q (777 T)
= P U2(26)24 10 r) g [ Qbarn0) T —0)do
pOOUn(2b) { aT(”? 0)(q)cM)c/2( ) +/0 .80' (©CM)C/2( )d } (312b)
" 27rpooU,3<2b>{<z§ap<n, 0 @asros(r) + [ %@(@deda}
where
((Dc)c/2(7> = (®c)o(7); ((DcM)c/z(T) = (Perr)o(T) + %((bc)(J(T); (3.13a)
(Berg)ess(7) = (Barhol(r) — 5 (Bear)olm) + 5 (@eglo(r) — 1 (Ro(r);  (3.13b)
(Bur)eps(r) = (@eg)o(r) = 5 (®e)o(). (313¢)

In order to expedite the solution of the aeroelastic system, the analytical indicial functions
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[3] are approximated by quasi-polynomials:

! I
(@o)esa(r) = A5+ Y ASexpl—f7];  (Dear)esa(r) = AN + >~ AP exp[— B 7);
i=1 i=1

(3.14a)

! !
(Deg)esa(T) = AF + ) AT exp[=B"7];  (®errg)epa(T) = AG" + Y AT exp[—5777]

- - (3.14b)

Herein, three aerodynamic lag terms are used for each indicial function, i.e., [ = 3, as a re-

sult, totally 12 aerodynamic lag terms are involved in the description of the 2-D unsteady

aerodynamic loads in the subsonic compressible flow. Notice that the above indicial func-

tions are dependent on the flight Mach number. The implementation of the approximation

is based on the non-linear curve fitting functions provided by Mathematica®. Compar-

ison of the approximation against the Leishman’s indicial functions [10] is displayed in

figure 3.4.

3.4 Aeroelastic Governing Equations and Solution Method-
ology

3.4.1 Aeroelastic Governing Equations and Boundary Condi-
tions

The extended Hamilton’s Principle [17] provides a convenient way to systematically derive
the aeroelastic governing equations and the boundary conditions. This principle states
that the true path of motion renders the following variational form stationary:
t2 -
/t1 (0T — 6V + 6W,)dt =0 (3.15a)
with
dug = dvg = dwg = 00, = 00, = dp =0 att =1y, to (3.15b)
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where, 0 is the variation operator, T and V' denote the kinetic energy and strain energy,

respectively, while 0W, denotes the virtual work due to external forces. These terms are

defined as:

Kinetic energy

vl 4y

8u ow., 0v
1
I+ G+ (Gpandsas (3.16)

k=1

Strain energy

1
V= /Uza% dr

(3.17)
/ % / [OyyEyy + TsyVsy + OnyTnyl), b dndsdy
C k=17
Virtual work due to unsteady aerodynamic, gust and blast loads:
L
OWe = [ (p:(y,t)0wo(y. t) + my(y,1)0¢(y, 1)) dy (3.18)
0

In equation (3.18), the total lift density p.(y,t) = L4 + Ly + Lyand total twist moment
density my(y,t) = T, + T, + Tp. It should be noted here that the conjugate pairs
(0ss,€s5) and (0gn,Vsn) do not contribute to the total strain energy V', hence do not
appear in equation (3.18). In order to study the aeroelastic problems featuring bending-
twist cross-coupling, a beam featuring circumferentially asymmetric stiffness (CAS) lay-up
configuration [21, 25, 27] and characterized by a biconvex cross-section is considered. As
demonstrated in [13, 27], this type of beam features two separate sets of elastic couplings,
vertical bending/twist /vertical transverse shear (wy, ¢, 8,) and extension/lateral bending/
lateral transverse shear (ug, vg,,). Moreover, the aerodynamic loads and the inertia forces
of the beam are completely split into the above two groups, hence the total equations of
motion and the boundary conditions are completely decoupled. Therefore, the second

group in the above mentioned sets can be safely discarded.

In terms of the basic unknowns, the governing equations that account for warping inhi-
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bition and transverse shear are:

511)0 . a55(w6' + 49;) + (156¢”/ + Lae + Lg + Lb - blwo =0 (319&)

8¢+ agrty + ard” — aze(wy +06) — a66¢(n/) +Toe + T, — (bs + b5)€5 + (byo + bls)éf;” =0

(3.19b)
(Wx . aggeg + CL37(Z§// — CL55(U}6 + ez) — a56gz§" — (b4 + b14)¢§z =0 (319C)
Boundary conditions:
Aty=0, wy=0, ¢=0, ¢ =0 6,=0 (3.20a)
Aty=1,
5’LUO . ass ("LU6 + ‘995) + a56¢” = 0,
5§b . —CL56(U}6/ + 0;) - CL66¢W + a370; + a77gb' = _(bIO + blg)él, (320b)
(qu/ . —CL56(U)6 -+ 0m> — CL66§Z5// = O7
5(996 : Clggelx + 6137(# =0

In the above equations, the terms underscored by double solid lines are associated with
the warping inhibition effect, whereas the term underscored by a single solid line identifies

the rotatory inertia effect [13, 18, 26, 27].

For the unshearable beam model, the governing equations reduce to:

611)0 . —agg’w(()lv) + Cl37(l§”/ —+ Lae + Lg =+ Lb — bl’wo + (b4 + 614)'11}6/ = O (321&)
5¢ : —a37w6” -+ 077(25// — a66¢(lv) —+ Tae —+ Tg — (b4 —+ b5)¢ -+ (blg + blg)(ﬁ” =0 (321b)

and the boundary conditions are:

Aty=0; wy=0; wy=0; ¢=0; ¢ =0; (3.22a)
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Aty=1L

5100 . aggwg/ — a37gb” — (b4 + 514)11)6 = O;
dwy  —agzw, + agrd’ = 0;
5¢ : a66¢m + a37w6’ - a77¢>/ - (510 + bls)é/ =0; (3~22b)

5¢/ : CL66¢”:0

3.4.2 State Space Solution

In conjunction with the extended Galerkin’s method (EGM) [11, 19], we cast the approx-

imated solution of the aeroelastic system into the following state space form:

0m><1
. M !
{(Dh-[on R {2 )| 290 iavar o
I DQI\_/I;Ll |
or in a more compact form, as
{X} = [Al{X} + [B.J{Q,} + [B.J{Qs} (3.24)

where X, and X, are 2m x 1, Im x 1 vectors, which describing the motion of the wing and
unsteady aerodynamic loads on the wing, respectively. Q, and Q, are the generalized
gust and blast loads, respectively. The details of the matrices and vectors in equations
(3.23, 3.24) are listed in Appendix B. For an analytical description of the gust and blast
loads, see e.g. [3, 12, 15]. Notice that for blast loads, we assume that they are uniform

throughout the wing.

3.5 Validation

In order to validate the accuracy of the model developed so far, Goland’s wing [5] is

used. The flutter result in incompressible flow by using the transient method [22] is
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calculated, which is compared against the exact one [5]. Notice that in the above transient
method, Jones’ quasi-polynomial approximation of Wagner’s function is used. It can be
seen in Table 3.1 that the correlation is excellent and the offfset of flutter speed and
flutter frequency by the transient method is well within the approximation accuracy of
Wagner’s function. Followed by the first step, compressibility effect on Goland’s wing is
investigated and the comparison results are also displayed in Table 3.1. It can be seen that
the compressibility only causes about 5.0% decrease of the flutter speed and 2.2% decrease
of the flutter frequency compared with the predictions by the incompressible model. This
is consistent with the well-known fact that at the lower range of the compressible subsonic

speeds, the effect of compressibility on flutter is quite small.

3.6 Numerical Results and Discussion

In this section, the effect of the flow compressibility on flutter instability of advanced
aircraft wings modeled as anisotropic thin-walled beams is first investigated. This will
be followed by the investigation of the influences of ply orientation, sweep angle, and
aspect ratio on the dynamic aeroelastic response of aircraft wings exposed to selected
gust and blast loads. The implication of warping restraint and transverse shear effects
on the response is also investigated. The geometric and material specifications of the
beams with CAS lay-up configuration are listed in Table 3.2, and 3.3. Notice that in the
actual implementation, the first 5 structural modes and 3 aerodynamic lag terms for each
indicial function (see equations (3.14a-d)) are used, i.e., m = 5, [ = 3, all the response
components (bending, twist and transverse) are measured at the beam tip (n = 1), and

the gust intensity is specified to be Vi = 15m/s for the all test cases.

Figures 3.6, 3.7, 3.8, 3.9 display the flutter results by using the incompressible and com-
pressible unsteady aerodynamic models, respectively. Notice that Jones’ quasi-polynomial
approximation of Wagner’s function is used in the incompressible model while Leish-

man’s indicial functions are used in the compressible model. The related parameters
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are: [105¢] lay-up,& = 12, A, = 0°. From these figures, it results Mpype, = 1.18 and
friutter = 18.89H 2z for the incompressible aerodynamic model while Mg .- = 0.69 and
friutter = 10.57THz for the compressible aerodynamic model. The big difference of the
flutter results (41.8% drop of the flutter speed and 44.1% drop of the flutter frequency
compared with the incompressible results) between these two models reveals the signifi-
cant role played by the compressibility on the flutter. Paralleling the explanation in [9]
of the transonic dip, it can be conjectured that also in this case, the same mechanism
yielding the big drop both in the flutter speed and flutter frequency can be invoked.
Another interesting phenomenon from figures 3.7 and 3.8 is that the frequency coales-
cence featuring the flutter onset predicted by the incompressible model almost vanishes
in the compressible case, implying the possible dramatic change of flutter type induced

by compressibility.

Figures 3.10 displays the influence of sweep angle on the response of a selected wing to
a sharp-edged gust. The related parameters are: [120¢] lay-up, & = 12,Mpjgn = 0.5,
7, = 40. It is noted that the sweep angle can be effectively used to reduce the deflection

amplitude.

Figure 3.11 displays the sensitivity of the wing response to subsonic flight speeds. The
related parameters are: [120g] lay-up, & = 12, A, = 0°. Notice that the unsteadiness of

the subsonic aerodynamic loads played a significant role on the response behavior.

Figure 3.12 displays the influence of ply orientation on the dynamic aeroelastic response
to a sharp-edged gust. The related parameters are: [0g] lay-up, & = 12, A = 0°, Mpjign: =
0.7. Two interesting observations can be reached: 1) ply orientation can be effectively
used to postpone the occurrence of the flutter instability; 2) this postponement of flutter
instability may be at the cost of introducing large amplitudes of the dynamic aeroelastic
response, implying the complex influences by elastic tailoring on the aeroelastic behavior

and optimization techniques may become a necessity.

Figures 3.13, 3.14 display the effect of warping restraint and transverse shear on the
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dynamic aeroelastic response subject to a sharp-edged gust. The related parameters are:
756] lay-up, A = 30°, Mpygne = 0.7, & = 10 in figure 3.13 and & = 8 in figure 3.14.
It can be seen that the warping restraint has significant influence on the response even
for large aspect ratio wings. In contrast, transverse shear has a negligible influence on
the response of the large aspect ratio wings. Figure 3.15 displays the shape of the wing
predicted by warping restraint, free warping and unshearable models at the fixed time
7 = 1000. It can be seen that the maximum amplitudes of the response occur at the wing
tip.

Figure 3.16 displays one remarkable result related to warping restraint, i.e., warping
restraint model may yield larger amplitudes of the response than the free warping model
counterpart. The related parameters are: [1356] lay-up, A = 0°, R = 12 and Mpygp =
0.7. This is due to the complex interaction of warping restraint effect and the elastic
coupling: warping restraint tends to increase the twist stiffness, which is outweighed by

the decrease of the twist stiffness induced by elastic coupling for [1354] lay-up.

3.7 Conclusion

The problems of flutter and dynamic aeroelastic response of advanced aircraft wings
modeled as anisotropic composite thin-walled beams in subsonic flow and exposed to
selected gust and blast loads are approached in a unified framework. Based on the model
developed herein, the effect of aecrodynamic compressibility on flutter and the implications
of ply orientation, sweep angle, aspect ratio, warping restraint, and transverse shear on
the dynamic aeroelastic response are investigated. For the wings selected in the test
cases, the non-uniformity of the contour-wise shear stiffness becomes immaterial. The

major conclusions are:

e Compressibility at high subsonic speeds has a significant influence on flutter of the

advanced aircraft wings: the compressibility can yield a drop of the flutter speed and
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flutter frequency by about 41% as compared to the incompressible counterpart. In

addition, the mechanism of flutter may be dramatically changed by compressibility.

e Elastic tailoring can be effectively used to suppress the onset of flutter. However,

this may be achieved at the cost of dramatically increasing the response intensity.

e Warping restraint has a significant influence on the dynamic response on the se-
lected wings in subsonic flow, even for large aspect ratio wings. Therefore, warping
restraint effect has to be considered in the structural model. Compared with the
warping restraint effect on the response, the influence of transverse shear is much

smaller.

e The interaction of warping restraint effect and the elastic coupling complicates the

aeroelastic response behavior.

3.8 Time-Domain Unsteady Aerodynamic Loads in
Supersonic-Hypersonic Flows

As formerly mentioned, within linear theory, the indicial function based aerodynamic
model provides a general and convenient approach to describe the compressible unsteady
flows. For the case of compressible subsonic flow, a set of empirical 2-D indicial functions
are adopted in conjunction with the aerodynamic strip theory; for the case of supersonic
or hypersonic flow, a set of exact Lomax’s indicial functions (2-D, Ref. [3], pp. 371-372) are
adopted in conjunction with the strip theory. The approximation of these exact indicial
functions by quasi-polynomials and the conversion to state-space form is similar to the
case of subsonic flow. Comparisons of the approximation against the exact solution are
displayed in Fig. 3.5. Tables 3.4, 3.5, 3.6, and 3.7 list the coefficients of each unsteady

aerodynamic indicial function for the selected Mach numbers.
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Appendix A

Listed below are the global stiffness quantities a;;(= aj;) related to the problem addressed

in this paper:

dx dx dx
a3z = %C [2;2K11 + 2,7;%}(14 + (@)2K44]d8 ag7 = fc [ZK13 + EKB]CZS
dz dr o dz dz
(55 = %C [(%)2-[(22 + (%)21444@9 as6 = — fC[ngKm + G(S)EK%MS
age = j[ [F2K1 + 2F,a(s) K14+ a(s)? Kulds  ar = f (s) Kasds
c c
where Ay = Ay — i—i“;. K;; are the reduced stiffness coefficient defined as:
A? A A A A
K= Agp— =22 Ko = Agg — Lk Ko Kiz = (A — - 16)¢<5)
All AH All
ApB A2 A
K14 = BQQ — lelz = K41 KQQ = A66 - A—if K23 = (AGG - A—i)lb(s)
AB B, A B?
Koy = Byg — —"2 — Ky Ky3 = (Bas — - 16)¢(5) Ky = Dy — —=*
A Ay An
BigA BigA BigA
Ks = By — 164112 Ksy = Bag — 164116 Ksy = (Bgs — 16 16)w<8)
Ay A An
BB
Kt = Dag = — ==

The inertial coefficients in the Eqgs. (3.19, 3.20, 3.21, 3.22) are defined as:

d
by = f mods (by, bs) :7{ (22, 2%)mods by = ]{ mg(—x)2ds
c c c ds

dz s = ¢ (moF2(s), maa®(s))ds
s = (s (o, b = f (maFE(e). mac(9)d

in which

L [l )
(Mo, m2) = Z/ Py (1, n”)dn
k=1
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Appendix B

Matrices in equations (3.23, 3.24) are defined as:

. As Bs . o 0'rn><rn Imea .
[A.] — [ BdA_S A_a +BaB8 :| 9 [As}2m><2m - |: _M;lKn _M;lcn ] )
Om><4lm v TN
Bsm m — T— c c ;Mn:(-)Msga
[ ]2 xl |: ﬁMnl[_AlIme e AquIme]mX4lm :|
_ 1 _ _ _ 1 -
C,=-—0'C,0; K,=0"kK,+-—K,|O;
8#0 8;“/0
_6fIm><m
[Aa]4lm><4lm - e ;
_ﬁlCMquXm
[ Lo | ]
| DR{ DRy |
L mxm d Imxm
mxm
| DR DRy .,
Im m
[Ba]4lm><2m = r ) 7 tmxm
mxm
[ DRY DRM ]
L Im><m d Iimxm
Im><m
[ Dr{M DRM]
L Imxm d Imxm
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4tan A,

Dsz@ﬁ[ / v, 97dn0e, —2/ 7 \I’¢dn®4
T e =T c T 4tanA IT
DR; =40, v, dn®,; DRY=0, \Il VT dn®y| ;
0
cq T e =T . M T 4tanA /T
DR, =40, i \Pw\Il¢dn®¢, DSY :®q5 _ \I'¢\I! dn®,, — 2 \If¢\Il¢dn®¢

1
DSM = 407 / \iz¢\i:5dn®w;
0

cMgq T 4tanAe ' =T cMgq T ' T
DS =0, yr W, dn0,| ; DR, =40, W, W, dn©;
0 0
| v, et 0 0
M= [0 dbwli bl o |dn
0 0 0 P20, UT
] et 2 i1 W, T 29!, g7
KS = / %ullua\ilg)\i’;gzw + ,ulclg\il;)\il;fr /L1014\ilg‘ilt£ + ,ulclg\il;\ilpr d77
0 —_— - X A~ A~ A
symm (' W' T+ Wl

Q, = n U2{ b@T/ U, L,( )dn+@T/ W, T, (7)dn};

Q= 207 [ wuri@an+ 6] [ b mi(rany
1%n 0 0

in which, the gust loads L,(7) and T,(7) are defined as

Ly(r) = 2mpabU? / " walm) 0Yeea(r = m0)

" 0 Un 87—
T,(7) = 2mpc (26°)U; /O “’GU(TO) (‘”CM)‘gj( ir,
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Non-dimensional parameters used in the above equations are:

_ by _ _Gs3 _ 6 . o (by + b1a) |
Ho 7Tp<2b)2’ H1 (155.[/2’ H2 (133<2b)2’ b1L2 )
Qa7 asg > (by+Dbs) - (b +big)
€13 = —; Cla = —; It—727 w = Toro1N27
ass ass3 (2b) b1 L (2[)) bl
5 bR,
o 2b U
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Table 3.1: Comparison of the calculated flutter results of Goland’s Wing

Method Description Flutter speed  Flutter frequency
( Mach# ) (Hz)
Exact 2-D incompressible flow Mpiter = 040 friupter = 11.25

EGM® N =17, 2-D incompressible flow, Mpgiiter = 0.40  friuser = 11.15
transient method?

EGM N =7, 2-D compressible flow,  Mpgjier = 0.38  friueter = 10.90
transient method®

*Extended Galerkin’s method
b Jones” approximation of Wagner’s function is used [3]
°Leishman’s indicial functions are used [10]

Table 3.2: Material properties of the test thin-walled beams

E11 = 206.8 X 109 N/m2 E22 = E33 =5.17 X 109 N/m2
G13 = G23 = 2.55 x 109 N/m2 G12 =3.10 x 109 N/m2
Hi2 = H13 = M23 = 0.25 P = 1.528 x ]_03 Kg/m3

Table 3.3: Geometric specifications of the test wings

Parameters Values
Width (26 : m) 0.757
Depth (2d* : m) 0.0997
Wall thickness (h: m) 0.0203
Number of layers 6
Layer thisckness (: m) 0.0034
Lay-up of the walls [06]

#the length is measured on the contour line
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Table 3.4: Approximation of the 2-D indicial function (®.)o(7) at a set of selected Mach#

D, )o(T) = AG + ASe P + ASe P57 + ASe 5T
0 1 2 3

Mach# A5~ A A Aj B B B

1.2 0.960 2.254 1.809 -4.479 0.470 0.468 0.411
1.3 0.766 1.218 1.389 -2.866 0.648 0.644 0.553
1.5 0.569 0.554 0.808 -1.501 0.874 0.868 0.733
2.0 0.368 0.592 0.374 -1.012 1.104 1.100 1.000
3.0 0.225 21.300 -42.441 21.131 0.857 0.838 0.820
4.0 0.164 0.179 0.450 -0.633 1.330 1.330 1.305

Table 3.5: Approximation of the 2-D indicial function (®.,)o(7) at a set of selected Mach#

(Peg)o(7) = A + AT 4 Afle=B'r 4 AglePs'

Machzt Ay’ Ay Ay Ay v ! 5

1.2 0.480 1.459 1.026 2.703 0.596 0.595 0.550
1.3 0.383 0.743 -0.910 0.029 0.794 0.646 0.271
1.5 0.285 2.596 -3.549 0.883 0.882 0.808 0.679
2.0 0.184 7.188 -13.771 6.560 1.043 1.001 0.961
3.0 0.113 -0.881 1.951 -1.076 2.769 2.530 2.327
4.0 0.082 0.578 -0.927 0.347 1.247 1.189 1.109
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Table 3.6: Approximation of the 2-D indicial function (®.pr)o(7) at a set of selected
Mach#

(Perr)o(r) = AGM + AfMe_ﬁfMT + AgMe_ﬁgMT + A:C;Me—ﬂ?,MT

Mach# AV A A A7 o o M
12 0480 0579  -1.104  1.880 0463 0455  0.362
13 -0383  -2191  -0875 3183 0577 0575  0.522
15 -0285  -1494 0839 0708  0.799  6.707  6.704
20 0184  -1201 0434 1651 1015 1014 0971
3.0 0113  -16.897  32.098 -15.197  0.785  0.768  0.751
40 0082 4020 7569  -3.548  0.825  0.802  0.778

Table 3.7: Approximation of the 2-D indicial function (®.pzq)0(7) at a set of selected
Mach#

M M __pcMgq M __pcMgq M. __pcMq
(Perrg)o(T) = Ay T+ AT e P T 4 AT e P2 T 4 AT ePs T

Machgt AGTT AT AR AT g g
1.2 -0.320  -1.821 0.965 0.999 0.568  0.522 0.522
1.3 -0.255  -2.711 1.342 1.458 0.770  0.736 0.736
1.5 -0.190 2.545 -5.217 2.720 1.627 1.458 2.720
2.0 -0.123  -3.698 6.676 -2.963 0985  0.937 0.887
3.0 -0.075  -4.218 7.720 -3.499 1.094 1.067 1.037
4.0 -0.055  -0.331 0.962 -0.630 1.176 1.094 1.058
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Figure 3.1: Geometric configuration of the aircraft wing modeled as a thin-walled beam

model.
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Figure 3.2: Displacement field for the beam model.
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Figure 3.3: Geometric specification of the normal cross-section.
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Figure 3.5: Nonlinear curve fitting of the unsteady 2-D supersonic/hypersonic aerodyan-

mic indicial functions.
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Figure 3.6: Flutter analysis of a wing ([105¢], & = 12, A, = 0°) by the transient method
(A —~ Plot), incompressible aerodynamic model (Jones’ approximation of Wagner’s func-
tion is used).
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Figure 3.7: Flutter analysis of a wing ([105¢], & = 12, A, = 0°) by the transient method
(A= Plot), incompressible aerodynamic model (Jones’ approximation of Wagner’s func-
tion is used).
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Figure 3.8: Flutter analysis of a wing ([105¢], & = 12, A, = 0°) by the transient method
(A — v Plot), compressible aerodynamic model (Leishman’s indicial functions are used).
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Figure 3.9: Flutter analysis of a wing ([105¢], & = 12, A, = 0°) by the transient method
(A — Q Plot), compressible aerodynamic model (Leishman’s indicial functions are used).
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Figure 3.10: Influence of sweep angle on the dynamic aeroelastic response (deflection) of

a wing to a sharp-edged gust ([1206], & :1142f Mpiighy = 0.5).
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Figure 3.15: Influence of warping restraint and transverse shear on the dynmaic aeroelastic
response of a wing subject to a sharp-edged gust at the fixed time 7 = 1000 ([75¢], & = 10,
Ay =30 Mpyign: = 0.7).
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Chapter 4

Minimax Aeroelastic Control of
Smart Aircraft Wings Exposed to
Gust /Blast Loads

Abstract

A worst case control design based on the game theory aimed at augmenting the flutter
envelope and enhancing the dynamic aeroelastic response of a smart aircraft wing sub-
ject to gust/balst loads is formulated. The smart aircraft wing is modeled as anisotropic
thin-walled beam featuring circumferentially asymmetric stiffness (CAS) lay-up and a
number of non-classical effects such as transverse shear, warping restraint and 3-D strain
effects. Adaptive materials technology is used for implementing the active control via
the boundary bending moment feedback mechanism. The unsteady aerodynamic loads in
subsonic compressible flows are based on 2-D indicial functions considered in conjunction
with aerodynamic strip theory extended to 3-D wing model. The capability of the con-
trol on flutter suppression and dynamic response enhancement are investigated, and the

corresponding applied voltage requirement and power consumption are addressed.
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4.1 Introduction

The emergence of the new composite materials and their incorporation in the design of
advanced space vehicle structures has generated not only new hopes, but also many chal-
lenges to the aeroelasticity discipline. In this sense, a new technology, known as the
aeroelastic tailoring (see e.g., [1]) and its unique advantages have been demonstrated,
among others, by the successful construction and test of the Grumman’s X-29 swept-
forward wing aircraft. In the last decade, due to their inherent, material-level coupling
between mechanical and electrical properties, piezoelectric materials (see [2] for a compre-
hensive review of its application), especially piezoceramic materials have been extended
to address problems of the flutter suppression and dynamic aeroelastic response enhance-
ment (see, e.g., [3-7]). At the same time, due to the increased importance of composite
materials in the design of aerospace vehicles, the concept of thin-walled anisotropic beam
model has reached special prominence in the last years (see, e.g., [8]). In this context,
a comprehensive review [9] provides the state-of-the-art of the problem and several non-
classical effects have been identified to have non-negligible influence on the accuracy and
validity of the various theories of this type of structures. The major non-classical effects
concern among others, transverse shear, warping restraint, 3-D strain effect, contour-wise
non-uniform distribution of transverse shear stiffness and the exotic elastic/structural cou-
plings induced by the anisotropy and stacking sequence of the structure. It is emphasized
here that due to complex influence of these non-classical effects, thin-walled beam models

should be carefully validated, especially against experimental evidence.

The objective of this chapter is to study the active control effect on flutter suppression
and dynamic aeroelastic response enhancement of a smart aircraft wing modeled as thin-
walled beams. The major features of this article include: (1)The integrated aeroelastic
model is rigorously and consistently derived from a thin-walled beam model, which has
been validated [10]; (2)An indicial function based unsteady subsonic aerodynamic model

that is valid for medium to large aspect ratio wings is proposed; (3)Due to the poten-
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tial catastrophic outcome of flutter, the worst case control design paradigm is adopted
for the investigation of flutter suppression. The capability of the designed control laws
towards the dynamic enhancement of aeroelastic response is also investigated and the

voltage/power requirements addressed.

Throughout this article, variational principles provide a uniform tool to derive not only
the mechanical /electrical governing system, but also the control laws. Due to the fact that
the augmented states (related to the unsteady aerodynamic loads) are initially prescribed
and the integrated aeroelastic system are not totally controllable, the existing minimax
control theories ( see, e.g., [11]) are not suitable for the control design. Therefore, a new
worst case control design is proposed, in which, the constraints on the initial conditions

and on the disturbance can be separately treated.

4.2 Structural modeling
4.2.1 Basic Assumptions and Kinematics

The wing is modeled as a single-cell, closed cross-section, fiber-reinforced composite thin-
walled beam. Its geometric configuration and specification are shown in Figs. 4.1 and 4.2.
The major difference of the basic assumptions adopted in this article [12] from those used
in [8, 13, 14] is that the 3-D strain effect of the cross section is consistently accounted for
on both the host structure and active layers, namely, 0,, = 0, Ny, = 0, Ny, = 0 while

in [8, 13], it is assumed that &,,, = 0, vs, = 0, Ngs = 0.

Based on the basic assumptions, and consistent with the wing geometry as depicted in

Fig. 4.1, the following representation of the 3-D displacement quantities is postulated:

u(:z:,y,z,t) = U’O(y?t) +Z¢(y7t>; w(x7y727t> = w0<y7t) _*Tgb(y’t); (41&)
oy 20) = vy, 2) + [e(s) = 0100, 6) + [2(5) + 05 T0ulust) = [Fuls) + ma(s))6/ (5, )
(4.1b)
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where
0:(y: 1) = Y= (y, 1) — wo(y, 1); 0-(y, 1) = Yay(y, 1) —ug(y, t);a(s) = —(2— +2—-) (4.2)

In the above expressions, 0,(y,t), 0,(y,t) and ¢(y,t) denote the rotations of the cross-
section about the axes x,z and the twist about the y axis, respectively, v,.(y,t) and

Yay(y, t) denote the transverse shear strain measures.

The warping function in Eq.(4.1b) is expressed as
Fus) = [ Tras) = w(s)lds (4.3
0

in which the torsional function ¥ (s) and the quantity r,(s) are expressed as

$o7n(5)d5 dx dz
W(s) = — Ta(s) =20 —r— (4.4)
h(s)Gsy(8) e mmem ds  ds
where Gy, (s) is the effective membrane shear stiffness, which is defined as [12]:
N,
Goy(s) = ——=—— 4.5
AURNTORAE )

Notice that for the thin-walled beam theory considered herein, the six kinematic variables,
ie., up(y,t), voly,t), wo(y,t), O.(y,t), 0.(y,t), ¢(y,t), which represent 1-D displacement
measures, constitute the basic unknowns of the problem. When the transverse shear effect
is discarded, Eq. (4.2) degenerates to 0, = —wyj, 0, = —uy, and as a result, the number of
basic unknown quantities reduces to four. Such a case leads to the classical, unshearable

beam model.
The strains contributing to the potential energy are:

Spanwise strain:

Syy(na S7yat) = 52y(3»yyt) + TLSZy(S,y,t) (46&)
where
52y(3> Y, t) = Uﬂl(ya t ) + ez/(yv t)x(y7 t) - ¢/,<y7 t)Fw(S) (46b)
n dz g de "
ey (89, 1) = =0+ 0.y, 1) = — a(s)d" (y, 1) (4.6¢)
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are the axial strain components associated with the primary and secondary warping,

respectively.

Tangential shear strain:

Yoy (5,4,1) = 75, (s,4,1) + ()¢ (y, 1) (4.7a)
dx dz dx dz
0 / /
_ &t > - - 4.
where v, (8,9, 1) = Yay 7 + Yy 7 [ug + 0] 7 + [wy + 0.] P (4.7b)
Transverse shear strain measure:

B dz dr , dz , dz

Vny(sa 3/7t) = _'ny% + ’YyZE = _[uo + GZ]E + [’LUO + 996]% (4'8>

4.2.2 Constitutive Equations

The host structure of the smart aircraft wing is assumed to consist of mg layers of
(Graphite/ Epoxy) laminates and on the upper and lower surfaces of the host structure 2
piezoceramic patches each with m, layers symmetrically are mounted (see Figs. 4.1, 4.2).
For piezoelectric materials and within linear theory, considering the strain S; (i = 1, 6)
(in Voigt contract notation) and electric field intensity E, (r =1, 3) as the independent

unknowns, we get the following constitutive equations:

=C[S; — eniBy; D, =e;S;+eE.  (i,j=1,6; rl=1,3) (4.9)

where the first expression describes the converse piezoelectric effect, and the second one
describes the direct piezoelectric effect. o; are the Cauchy stress components( [15], pp. 30),
and D, electric displacements. C’g are the elastic moduli measured in condition of con-
stant, preferably zero electric intensity field; efj are the electric permittivity coefficients,
measured under a constant, preferably zero strain field; and e;; are piezoelectric coupling

= ¢, and [CF] > 0, [e5] > 0

coefficients. Due to physical constraints, C}; = CJ, € o

jio rl
(from the first law of thermodynamics). To facilitate the following derivation, we also

assume that the poling direction is along the normal of the mounted surface, i.e., along n
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(thickness) direction (see Fig. 4.1). Since piezoceramic materials (transversely isotropic)
is a special case of othotropic materials, the stress-strain relation for both the host struc-

ture and piezoelectric layers can be written in a unified way as (in the principal material

coordinates)
( 011 Y [ Ciy Cip Ci3 0 0 01 ( €11 Y ® ( €31 )
092 Cia Cyp Ty 0 0 0 €92 €31
033 _ | Cizs Gy C33 0 0 0 €33 ) ess (k)
023 o 0 0 0 044 0 0 €923 0 E3R (8’y7n)
013 0 0 0 0 055 0 €13 0
L 0192 ) L 0 0 0 0 0 066 1\ €12 ) L 0 )

(4.10)

For the piezoceramic patches, since the isotropic plane is the 1-2 plane, we further have

Oy =Ch1; Cy=0C3; Css=Cu; Ces = (C11 — Cr2)/2 (4.11)

Transforming from the principal material coordinates to the local coordinates (s, y, n) of
the wing, we get the constitutive relations between (0gs, 0yy, Tnn, Tyn, Tsns Osy) and (Egs,
Eyys Enns Eyns Esn, Esy), Which are not listed in this chapter. In the following derivation,
C,; is denoted as the corresponding transformed elastic moduli. Since the direction of
the n axis remains invariant during the transformation and the plane of isotropy of the
piezo. patches is s —y plane (perpendicular to n axis), es;, 3o remain the same during the

transformation. For brevity of notations, e3; and ey are still used for the corresponding

transformed quantities.

Define the stress resultant and stress couples as:

{Nss> Nyy> Nsy7 Nnya NSTm Lyya Nsy} =

st

Mty " (4.12)
E {0887 Uny Usyv Unya Usn7 Uyyna O-syn} dn
k=1 “hw

Invoking the basic assumptions [10, 12], the stress resultants and stress couples are reduced

153



to:

Nyy Ky Ko K3 Ky £y, Ny,
Ny _ Ky Kap Ky Koy Yy L) O (4.13)
Ly, Kz Kz Ksz Kiys ¢ Ly, '
Lgy K51 K5 Kz Ksa €y 0
and
Al
Nuy = [Asa = 7=y (4.14)
55
In Eq. 4.13,
Ms+mp (k)
Ap / { Cis }
Ng = |1 ——— e31 — =—es3|E3R(s,y,n dn 4.15a
vy [ An] Z " [e31 Cis 33 E3R(s,y,n) ( )
ms+myp (k)
Chs 1 B
Ly, = k; {[631 - C—;633]E3R(Syy)[nk+ - nkf][§(ni+ —np) — A—i]} (4.15Db)
and
RW(s,y) = [H(y—y) = H(y —y)] - [Hy — yp) = H(y — ye+)]
(H(s — sp-) — H(s — sp+)]; (4.16a)
R®(s,y,n) = [H(n—np-) = H(n —ng)) - [Hy =y ) — H(y — yo)]
H(y —ye-) — H(y —yu+)] - [H(s — si-) — H(s — sp+)]; (4.16D)
R®(y) = [H(y—yw)— H(y —ye+)]. (4.16¢)

where R*)(.) is the spatial Heaviside function.

In Egs. (4.13, 4.14, and 4.15a, b), K;; are the reduced stiffness coeflicients, A;;, B;; are

R

the stretching, stretching-bending coupling coefficients, respectively.

4.3 Subsonic Aerodynamic Loads, an Indicial Func-
tion Approach

Compared with the mature oscillatory compressible unsteady aerodynamic models, the

indicial function based aerodynamic models provide a very efficient approach to describe
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the compressible unsteady flow. This is mainly due to the fact that once the proper
indicial functions are available, which can be obtained via the aid of experiments and
computational fluid dynamics (CFD) (see e.g., [16]), the linearized unsteady aerodynamic

loads to arbitrary small motion can be derived through Duhamel’s convolution.

However, even in 2-D domain, in contrast to the incompressible case, the indicial functions
in subsonic compressible flow are not analytic, except for very limited durations of time
[17]. Therefore, in this article, in conjunction with the aerodynamic strip theory, a set of
empirical 2-D indicial functions developed in [18] are adopted on the aeroelastic analysis
of 3-D advanced wings. As to the basic elements and validation of 2-D subsonic indicial

functions, the reader is referred to [16-19].

The downwash velocity can be expressed in a non-dimensional form as

: ~ 2 0u A 1 06 2
we(#,1,7) = Un{[zwo ! Eaino tan A,] — &[¢ + Ea_j tan Ae]} 2 U {idar — idap)}
(4.17a)
where we define:
) s, 200 : 2106
waT(ﬁv T) = Un[2w0 - ¢ Eaino tan Ae]; ¢aP(77; 7') = [gb + Ea—i tan Ae] (417b)

Denote (®.)o(7), (Pear)o(7) as the indicial lift and moment functions (about the leading
edge) due to the unit step change of the vertical translation velocity at the leading edge.
As a result, the indicial lift and aerodynamic moment about the mid-chord (taken as the

reference axis, see Fig. 4.1) are:
Ly (n,7) = —mpocUy (2b)

{mm 0) 4 dur(n O)(Bo)(r) + [ AP LB ) a)da}

(4.18a)
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Tip(n,7) = —7pscUS (20)

{[waT (0.0) 4 dur(, Ol Benrlo(7) + /OT A(war(n, a)a;r bar(n,0)) (@orr)o(r — 0) da}

+bL3(n,T)

(4.18b)

where the ratio (®ear)o(7)/(Pe)o(7) measures the location of the aerodynamic center
(fraction of the whole chord length from the leading edge). Upon denoting (®,.)o(7),
(®earg)o(7) as the indicial lift and moment functions (about the leading edge) due to the
unit step change of the pitching rate at the leading edge, the corresponding indicial lift

and aerodynamic moment about the mid-chord are:

Li(n,7) = 27rpooU5(2b){[$ap(n,o>](d>cq)o<r) + /0 ' aqﬁ%ﬁ?"’)(%)o(f - a)da} (4.19a)

73, (0,7) = 2wme5<2b>2{$ap<n, 0@ lor) + [ 22 o a>da}

+bLy(n,7)
(4.19b)

Similarly, the ratio (®carq)o(7)/(Peq)o(7) measures the location of the aerodynamic center

(fraction of the whole chord length from the leading edge).

Therefore, the total unsteady aerodynamic lift L,. (positive upwards) and moment about

the mid-chord T,. (positive nose-up) are:
Lae(na T) = L;(na T) + LZ(% T)

= 22 (1, 00@tr) + [P @) 1t - o)}

' (4.20a)
+ mmUz(zb){aéap(n, 0)@a)epr) + [ XD ) a)da}
Tae(n, ) = Tyr(n, 7) + Tgy (1, 7)
= O s 0. 0)@ar)onlr) + [ PR @) o

+ 22D {a*sap<n, 0) (o )oa(r) + [ %ﬁ")@cmmmda}
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where

1

(@c)es2(T) = (Pe)o(T); (Perr)es2(T) = (Pear)o(T) + 5(@0)0(7); (4.21a)
(CI)CMQ)C/2<T) = (Perrg)o(T) — %(¢CM)O(T) + %(q)cq)o(7'> - i(q)c)()(T); (4.21b)
(Bug)epa(r) = (@eg)o(r) = 5 (®)o(r). (1.21¢)

In order to cast the aeroelastic system into state-space form, the analytical indicial func-

tions (see [18]) are approximated by quasi-polynomials:

! !
(q)c)C/Q(T) = AS -+ Z Alc exp[—ﬁfﬂ; (®CM)C/2(T) — ASM + Z AZCM eXp[—ﬁfMﬂ;
=1 i=1

(4.22a)

! !
(Peg)esa(T) = AF + Y AT exp[=F77];  (Penrg)ea(r) = AGT+ Y AT exp[— ;7]

- - (4.22D)

Herein, three aerodynamic lag terms are used for each indicial function, i.e., totally 12

aerodynamic lag terms are needed to describe the 2-D unsteady aerodynamic loads in the

subsonic compressible flow. Notice that the above indicial functions are dependent on the

flight Mach number. The implementation of the approximation is based on the non-linear

curve fitting functions provided by Mathematica®. The comparison of the approximation

against the Leishman’s indicial functions [18] is displayed in Fig. 4.3.

4.4 Integrated Aeroelastic (Governing System in State-
Space Form

4.4.1 General Theory

Stemming from the analytical mechanics, variational principles provide a very powerful
approach in a particularly compact mathematical form [20] to conveniently derive the

governing system of complex systems, especially with high degree of coupling. In this
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section, the modified extended Hamilton’s principle [21, 22] is used to derive the governing
system of the aeroelastic system considered in this study. Here, the term extended implies
that the non-conservative forces can only be derived from the virtual work of external
forces, instead of the potential energy; while the term modified implies that the potential
functional adopted accounts for the piezoelectric effect. In the following section,another
variational principle is used to derive the worst case optimal control which is based on

the game theory.

The modified extended Hamilton’s principle states that the true path of motion renders
the following variational form stationary:

to
/[H—M%@WMhm (4.23)

t1
with 5’&0 = 51)0 = 5’[110 = 593[; = 59z = (qu =0 at t= tl, tz.

where T denotes the system’s kinetic energy; H denotes the thermodynamic potential (or
the electric enthalpy density); 6V denotes the virtual work due to external forces; and
t1, ty as two arbitrary instances of time. It should be reminded that other variational
principles [23, 24] can be used to derive the governing system, provided that the strong
form of the governing system can be reduced from the corresponding variational form.

The terms in Eq. 4.23 are defined as:

1 L ms+myp 9 9 9 ) . ,
iE Y e ot 5 4.24
2/0 i{ ; /h(k)p [{3t} +{8t} +{8t} dnds p dy (4.24a)
ﬂ;/{%@_la&}mww (4.24D)
o2 2
L
W:/ {(Lae+Lg+Lb+Lc)5w0+ (Ta€+Tg+TC)59x} dy (424C)
0

where L., T, are unsteady aerodynamic lift and moment,respectively; L,, L; are aero-
dynamic lift due to gust and blast; Ty, T3 are acrodynamic moment due to gust and blast;
and L., T, are the control force and control moment. It is straightforward to verify that

the strong form of the governing system can exactly be derived from the above variational
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form. Define the following generalized beam forces:

T, = jf Ny, ds & T, — T¢ (4.25a)
C
~ dz A a
M, = ¢ [xN,, — Ly,—]ds & M, — M (4.25b)
C dS
~ dx A
M, = ¢ [Ny, + Ly,—]ds = M, — M7 (4.25¢)
C ds
~ dx dz
.= @ [N,— — N,,—]ds £ Q, 4.25d
Q \%C[ yds de] S Q ( )
~ dz dx
0. = ]{[Nsyg + Nny%] ds £ Q. (4.25e)
C
B = — j’{ (Fu(s)N,y +a(s)Ly,] ds 2 By — B° (4.25f)
C
M, = 7{ [Noy¥0(s)] ds = M, (4.25g)
C

On the right hand side of each equation in Egs. (4.25a, b, ¢, f, g), the first term corresponds
to the forces contributed from the host structure, while the second term corresponds to
the forces from piezo-actuators. Then the governing system in the most general form can
be expressed in terms of the above generalized forces. However, for CAS lay-ups [25, 26]
and for the case of fully-spanned piezo-actuators, i.e., extending from the wing root to its
tip and the electric field intensity is distributed such that F3(x, —z) = —FEs(x, z) (out-of
phase actuation, see [27, 28]), we get T (y,t) =0, M{(y,t) =0, By (y,t) =0 and

d
Mo(y, 1) = 7{ N? 4 L0 P ds £ () (4.26)
C

Y s

As a result, from the governing equations (not displayed in this article), the piezoelectric

effect is present only in the boundary condition:

80, My(L,t) = My(L,t) — M%L,t) =0 (4.27)

The implementation of the control based on the above formulation is referred to as the

boundary (bending) moment control [28-30)].
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Based on Eqs.( 4.26 and 4.27), M2(t) has the following form:

M8 = (Gp1 + Gpo)(V (7)) 2 G,V (7) (4.284)

where
Gy = {1 - j—ﬂ {egl - C%;ﬂ Ab,(22)V (1) (4.28b)
G — {egl - Og’;?’ﬂ [A;P - iﬂ (200,) V() (4.28¢)

in which, Ah, is the thickness of the piezoceramic patch, Ab, is the width of the piezoac-
tuator patch, and V(T) is the applied voltage. Notice that in the derivation of Eqs. (4.28a,
b, ¢), it is assumed that the piezo-actuator layers are materially uniform and the electric

field intensity is uniformly distributed within the piezo-actuator patch.

It should be noted that the introduction of piezoactuator patches in the above specified
way does not change the CAS elastic coupling mechanism, since the s — y plane is the

plane of isotropy.

4.4.2 State-Space Form

Define the following non-dimensional parameters:

n=y/L; T=Unt/b; R=L/b; o(n, 7)=wy/20b;

~ A

o(n, 7) = o6, 7); Ou(n, 7) = 0:(n, 7);  d()/dr = (b/Uy)d()/dt

and perform the spatial semi-discretization:

A

wo(n, 7) = WL(Maw(r);  o(n, ) = L )as(r);  Ou(n, 7) = BL(n)éu(r)

where W, (1), W4(n), ®.(n) are the N x 1 shape function vectors, which are required to

fulfill only the geometric boundary conditions, q,,(7), q,(7) and q,(7) are N-dimensional
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generalized displacement vectors, which, by the mode expansion theorem ( [31], pp. 171-

178), can be further expressed as:

qw(T) = Qwés(7_>; (§1¢(T) = ®¢€s(7—);

q.(7) =

©,&,(7) (4.29)

where, ©,,, O, and O, are N x m matrices consisting of the first m eigenmodes, é’s is

the modal coordinates ( [31], pp. 199). After casting the governing equations into state

space form, we get:

0

{Qy + Qv+ Qc}+B4(7)
| {

{&S}_[AS B, Hx} M;!
i [T | BoAs Ao+ BB, |\ % [T O
a -~ ~, Ba|: M_l
A R n

X

or in a more compact form as

% = A% + Bywy(7) + Beito(7) + BY(7)%(0)

The boundary conditions are:

where X,

(4.30)

(4.31a)

(4.31b)

N ;1Y T
{fST & } is a 2m x 1 vector related to the structural modes, X, is a 4lm x 1

vector related to the augmented state which describes the unsteady aerodynamic loads,

%4(0)

X4 (0)

and x = {XT )EaT}T is a (24 4l)m x 1 state vector. Q,, Q, and Q. are the generalized

forces of related gust, blast and control forces, respectively. By = Be, Wqg = Qg + Qp,

B. = G,/(4,U?)B, - ©F - W, (1), and 1.(7) = V(7). Due to the limited space, the details

in Eq. 4.30 are not listed in this chapter.

4.4.3 Electric Power Consumption

Starting with the direct piezoelectric effect in Eq. (4.9), and keeping in mind that the

poling direction is along the normal of the mounted surface, we get:

D3 = {es1655 + €328y + €330 + EggEg}R(S, y,n)
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At the upper surface z = hy/2 + Ah,,

A A A
Dy(t) = (1= 2)emey, — ey, = 2 ert(s)6
11 11
N 5 2 22 Ah, (4.33)
Ns A 12 33 31 E
-+ ( 9 -+ hp A11)€315 + [633 + 033 + AH ] 3R( )
where
€31 = €3 013 €33
1 =631 — =—
Ca3

In the derivation of Eq.(4.33), it is assumed that the electric intensity FEj is uniform

throughout the thickness of piezoelectric layers.

Hence, the quantity of charges outflowed across the upper electrode of the patch mounted

on the upper surface is:

am = [ Dy(s,y.t)ds (131
Upper electrode

Therefore, the rate of change of this quantity, i.e., the electric current is as follows:

L0 = () 00 (4.35)

and electric power supplied from the electric source is:

A

Papptiea(T) = V(r) I(r) (4.36)

4.5 Minimax Control Design

The worst case full-state control design paradigm based on the game theory is applied

towards the flutter suppression and dynamic aeroelastic response enhancement.
Define the following game strategy:

1
min max .J; = §XT<TJ¢)TX ) / {x"Zx+ 0 R.0.} dr (4.37a)

uc Wd

subject to / W Wqdr (4.37b)
70
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In Egs. (4.37a, b), %, 0, and w, fulfill Eq. (4.31) and the weight matrices fulfill 7% =
7 >0, RY =R, > 0. Wyis a measure of the intensity of the gust load. The weight
matrix Z is selected such that XTZX represents the sum of the total structural kinetic

and potential energy, namely,

C. 0 0
Z=|0 M, 0 (4.38)
0 0

O4lm><4lm

where g and M are m x m non-dimensional stiffness and mass matrices, which,due to
the space limitation, are not displayed in this article. Other zero matrices are dimension-

compatible entities.

By introducing the Lagrangian multipliers p and )\, we convert the above constrained

optimization problem to an unconditional one.

Constructing the following Lagrangian:

1 i
Jy = §§<T(7'f)’f§{(7f) + puWy + / HdT (4.39a)
70

where 'H s the Hamiltonian functional:

H == [KTZ%+ 0T R, — pWiwy] + AT[AK + Bow, + Bot, + Bi%o — x| (4.39b)

Following the rules of conventional variational operations, we get the necessary conditions

of the control strategy (Eq. 4.37a):

5% : A+ Z%+ ATA=0; (4.40a)
Wy Wy = isﬁ; (4.40D)
Sa, .= —R;'B.IA; (4.40¢)

SA Ax + Bywg + Boi, + BIxo; (4.40d)

S / T rad 7 (4.40¢)
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It then follows:

{

With boundary conditions:

o

} A —(BCRclBCT—%BdBdT) {
-z —AT

N J/
-~

system  matric

>
S R
—
+
—N
3
e} 5
(=)
—
S
I~
—_
£

Tx(15) = ;\(Tf); x(79) = Xo (4.41b)

Egs. (4.41a, b) constitute the solution of the worst case control design (Egs. 4.37a, b).
Due to the unique characteristics of the boundary conditions , problems corresponding to

Egs. (4.41a, b) is also referred to as two-point boundary value problem [32].

In Eq. 4.41a, the system matrix is also referred to as the Hamiltonian matrix, which plays
a pivoting role in the modern linear control theory and in the numerical implementation

of various types of Riccati equations [33, 34].

The solution of Eq. (4.41a) is:

X(1) | _ | Pulr—77) Qualr —74) x(y) " Pulr—0) | go 0)Xod o
S B il Sy L i B B i) L
(4.42)
Combined with the two-point boundary conditions (Eq. 4.41b), it follows:
X(7) = [Pu(r —7f) + Pro(T — 74)T|x(7y) + /T 11 (1 — 0)BY(0)do %, (4.43a)
A1) = S(r)x(r) —d(r) (4.43Db)
where
S(1) = [®oa(1T — 7f) + Poo(T — 1) TN @11 (7 — 75) + Pro(7 — 7)T]" (4.43¢)
d(r) = [S(7) / ®yy (1 — 0)BY(0)d o — / Doy (7 — 0)BY(0)d o)k (4.43d)
Thus, the optimal control input 4} is:
wy(r) = =R BIS(1)x(7) — d(7)] (4.44)
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and the worst case disturbance (gust or blast loads constrained by Eq. (4.37b)) is (sub-
stituting Eq. (4.43a) into Eq. (4.40b)):
1

walT) = ;BdT[S (1)x(7) —d(7)] (4.45)

which plays, in essence, a positive feedback influence. Notice that the solution in Eq. (4.43)
starts from x(7y), which is derived from Eqgs. (4.43a, and 4.41b). This yields:
70
)A((’Tf) = [@11(7'0 - Tf) + (1312(7'0 - Tf)T]il [I — / @11(7’ — U)Bg(o‘) do )A(() (446)
Ty
In the modern control theory, design of control laws is largely based on some form of

Riccati equations. In fact, it is straightforward to verify that the symmetric matrix S

fulfills the following Riccati equation:

A A

L8 = Z+AS+SA-SBRB - %BdBdT}S (4.47a)

N

S(ry) = T (4.47D)

while vector d fulfills:

~

d = —[A"-S(B.R'B.T - %BdBdT)]& + SBY(7)%0 (4.48a)

~

d(ry) = 0 (4.48b)
In connnection with Eqs. (4.47, 4.48), the following points should be outlined:

(a) Lagrangian multiplier x4 should be determined from Eqs. (4.40b, e). However, its
analytical determination does not constitute generally an easy task. In some special

case, the solution is formulated in the following.

(b) The influence of the disturbance may lead the matrix (B,R;'B." — leBdT) not to
fulfill the semi-positive definiteness condition. If this is the case, Eq.( 5.47) is referred
to as the non-standard Riccati equation [35] and properties, such as the existence,
uniqueness of its solution becomes critical to the success of a control design. As to

the properties of such Riccati equation, the readers is referred to [11]
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When 74 — o0, if we focus on the steady-state solution S of Eq. 4.47a, we get the following

algebraic Riccati equation:

Z+A'S+SA-S[BR'B.T — inBdT]S =0 (4.49)

In literature, control syntheses based on Eq.(4.49) are referred to as the sub-optimal control

design.

In the remaining part of this section, the worst-case i, J; and their upper bounds based

on the steady-state S will be derived.

For unsteady aerodynamic loads, since the coefficient matrix BY(7) decays much faster
than the response X(7), especially near the flutter boundary, the BY(7)-related terms can

be discarded. In this case, from Eq. (4.48a, b), and 74 — oo, we get: &(r) = 0. Therefore,

@ (r) = —RBISK(r):  Wi(r) = %Bgsxm (4.50)

1 - _
Denoting the worst-case closed-loop system matrix [ A+ —ByBIS — R1BIS| £ A., we
i
get
1 _
Wy = —%3 P.Xo (4.51)

where the (2 + 41)m x (2 + 41)m matrix P, is defined as:

B, — / AT [SBBYS] A Tdr > 0 (4.52)

0

Reminding that Pe”™ = ¢P 7P, V P, it is quite straightforward to verify that P, satisfies

the following Lyapunov equation:

AP, + PLA.+ SBBS =0 (4.53)

Denoting the norm X - %Xg = Wk,, and invoking the stationarity properties of Rayleigh’s
quotient ( [31], pp. 237-239, extended to arbitrary real symmetric matrices), we get the

upper bound of p:
Wy, X3 P,% Wy _

2 _ X0 0 /" p0 < X0 )\ 454
Wd }A{OT)ACO — Wd m(,P,U«) ( )

2
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where \,,,(P,) denotes the maximum eigenvalue of the corresponding matrix.

Similarly, in the worst case, the performance index satisfies:

1 [ 1o
=3 / {(x"Zx+ 0 Rt} dT = 5&572]1;20 (4.55)
0

where

Py = / A2+ SBRIIBES] eteTdr >0 (4.56)
0
Paralleling P,,, P, fulfills the following Lyapunov equation:

APy +Pr A+ [Z2+SBR,'BIS] =0 (4.57)

and the upper bound is:

1. xP;%x, 1 _
Jp = Wy 20270 < CT A\, 4.58

4.6 Numerical Illustrations and Discussion

Design of sub-optimal control laws based on Eq. 4.49 is adopted in this section. The
capabilities of the designed control laws for flutter suppression and dynamic aeroelastic
response enhancement are investigated for the case of a smart aircraft wing. Its material
and geometric properties (with biconvex cross section) are listed in Tables 4.1, 4.2. Notice
that in the actual simulation, the first 3 structural modes are incorporated into the model
and for each aerodynamic indicial function, 3 lag terms are used, i.e., m = 3, [ = 3.
All the response components (bending, twist and transverse shear) are measured at the
wing tip (i.e., 7 = 1). Denote the control gain matrix R, 'BX'S £ G., and weight matrix

R.=rl

Figures 4.4, 4.5 and 4.6 display the control capability on the flutter suppression. G, is
designed at (Mesign = 0.7, Ogesign = 105°, r. = 1077, 1 = 10'°). Compared with the open-

loop flutter instability (Fig. 4.4), the incorporation of the control law successfully stabilizes
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the aeroelastic system. Figure 4.5 also demonstrates that the sub-optimal control law can

stabilize the sharp-edged gust, although the sharp-edged gust does not fulfill Eq. 4.37b.

The required control voltage and power input for the case of sharp-edged gust are displayed
in Figs. 4.7, 4.8 and for the case of 1-COSINE gust, in Figs. 4.9 and 4.10. Noticeably,
the non-symmetric distribution of the power input amplitude in Fig. 4.8 reveals that the
controlled aeroelastic wing absorbs the electric energy (positive) to counteract the effect

of unsteady aerodynamic loads.

Table 4.3 reveals the relocation of structure-related eigenvalues of the aeroelastic system
via the active control. It is observed that, a), for all the three control laws, only the open-
loop unstable eigenvalue is shifted but the open-loop stable eigenvalues almost remain at
the same positions; b), in the case r, = 107, the control law maps the unstable eigenvalue
into its mirror position in terms of the imaginary axis in the s-plane, and c) for all the
three cases, lower weight r., hence cheaper control effort, shifts the eigenvalues farther to

the left. This is consistent with the intuition.

Table 4.4 displays the influence of parameter variation on the stability of controlled aeroe-
lastic system. G. is designed at (Mgesign = 0.75, Ogesign = 105°, r. = 1071 1 = 101°).
Since for the investigated aircraft wing, ply angle 0ygn: and flight speed Mygn and
hence aerodynamic compressibility, are among the major parameters, they are used for

the flutter robustness investigation.

It should be remarked that although the control law displays robustness over a relatively
large range of the parameter variations, other issues, such as the allowable voltage lim-
itation of the piezo-actuator, concerns for power consumption, may become a serious
constraint on the actual implementation of the control, as displayed in Figs. 4.11 and
4.12. In this case, the required voltage is far beyond the physical allowable voltage of
the piezoceramic actuator. Furthermore, the electric power consumption may become a

serious concern.

Figures 4.13, 4.14 and 4.15 demonstrate the enhancement of control on the subcritical
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aeroelastic response to a blast load. G, is still designed at (Mgesign = 0.75, Ogesign =
105°, 7. = 1071% u = 10'%) but applied at My = 0.6. Two observations should be
provided: (a), all the three controlled vibration components (bending, twist, transverse
shear-related quantity) are damped out in a rather shorter time as compared to the
uncontrolled counterparts, implying that the boundary bending moment feedback control
is a viable control mechanism for the vibration control of the aeroelastic system; (b), the
maximum peak value of wo(n = 1,7) is reduced by 35% and the maximum peak value
of éw(n = 1,7) is reduced by 21%, however, for the twist vibration component, only a
slight reduction is achieved. This implies that the boundary bending moment feedback
control is more suitable for bending vibration control. Figs. 4.16 and 4.17 display the
required voltage input and power consumption. The big jumps of applied voltage and

electric power are due to the sudden loading of the blast on the wing.

4.7 Concluding Remarks

A new minimax aeroelastic control on a smart aircraft wing is proposed and its capability
on the flutter suppression and enhancement of dynamic aeroelastic response via the bound-
ary bending moment feedback control is investigated. At high subsonic flight speed, the
designed control law not only displays promising capability to augment the flutter speed,
reduce the dynamic aeroelastic response amplitudes, but also demonstrates robustness
over a relatively large range of variations of the major parameters. However, other issues
such as the limitation of allowable voltage on the piezoelectric actuators, electric power
consumption may become serious constraints towards the actual implementation of the

control laws.
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Table 4.1: Material properties of piezoelectric(PZT4) and Graphite/Epoxy composite

Parameter Piezoelectric Graphite/Epoxy

Elastic constant, Gpa

Ch 139.0¢ 207.7
Cio 77.8¢ 1.73
Ci3 74.3% 1.73
Ca 139.0 5.53
Cos 74.3 1.39
Cs3 115.0¢ 5.93
Cyy 25.64 2.55
Css 25.6 2.55
Ces 30.6 3.1
Density, Kg/m? 7495 1528

Piezoelectric coupling
constant, N/(m - V')

€31 — €32 -5.20 -

ess 15.1 -

€15 = €24 12.7 -
Dielectric constant, F/m x 10°

€7 6.75 -

€S 6.75 -

e 5.87 -

2Independent parameters of the piezoceramic material, see Eqs. (4.10, 4.11)
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Table 4.2: Geometric specification of the smart aircraft wing and the piezoceramic patches

Wing parameter Value Piezo. patch Value
parameter

Chord length 2b, m 0.757 Width Ab,, m 0.252
Depth 2d, m 0.0997 Thickness Ah,, m 2.03x1073
Wall thickness hg, m 0.0203
Number of layers 6 Number of layers 1
Lay-up [0s], CAS
Aspect ratio &, 12 Length, m 4.54
Geometric sweep angle

Ay, deg. 0
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Table 4.3: Essence of the minimax control (4 = 10'°, Myesign = 0.7, Ogesign = 105°) on
the integrated aeroelastic system (M pgne = 0.7, 0590 = 105°)

Control strategy Structure-related eigenvalues
1st 2nd 3rd
OL 0.00149 +£0.1005  —0.0156 +0.3225 —0.0121 4+ 0.4905

CL, r.=10"% —0.00150 4+ 0.1005 —0.0156 4 0.3225  —0.0122 4 0.490;
CL, r.=10"1% —0.00161 +0.1005 —0.0160 +0.3225  —0.0123 £ 0.490;
CL, r. =107 —0.00242 +0.1005 —0.0189 +0.3225  —0.0141 + 0.490;

Table 4.4: Parameter variations on the stability of controlled acorelastic system (r, =
10_10, on = ]-0107 Mdesign - 07; Hdesign = 1050)

Parameter variation AO(Ogiignt) - [deg]
AM pigne(Mpigre)  0(105)  15(120)  30(135)  45(150)  -5(100)

0.02(0.77) v v v v xb

0.00(0.75) v v v v X

—0.05(0.7) v v v v X

—0.15(0.6) v v v v v

—0.25(0.5) X v v v v
2y": Closed-loop stable bx: Closed-loop unstable
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mid-chord line
& reference axis

Figure 4.1: Geometry of the smart aircraft wing modeled as a thin-walled beam.
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Figure 4.2: Geometric specification of the normal cross-section of the host wing and the
piezoceramic patch.
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Figure 4.4: Open-loop aeroelastic response(deflection) to a sharp-edged gust (Vg =
10m/3, Mfligh/t == 07, Hflight == 1050)
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Figure 4.5: Closed-loop acroelastic response(deflection) to a sharp-edged gust (Vo =
10m/3, Mflight = Mdesign = 077 eflight = edesign = 1050> Te = 10797 n = 1010)'
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Figure 4.6: Closed-loop acroelastic response(deflection) to a 1-COSINE gust (Vi =
15m/3, Tp = 507 Mflight = Mdesign = 07, 6)flight = 6)desz‘gn = 10507 Te = 10797 n = 1010)'
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Figure 4.7: Applied voltage for a closed-loop aeroelastic system to a sharp-edged gust
(VG = 10m/87 Mflight = Mdesign = 077 Qflight = Qdesign = 10507 Te = 10797 H = 1010)'
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Figure 4.8: Electric power input for a closed-loop aeroelastic system to a sharp-edged
gUSt (VG = 10m/87 Mflight = Mdesign = 077 Qflight = Qdesign = 10507 Te = 10797 H = 1010)'
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Figure 4.9: Applied voltage for a closed-loop aeroelastic system to a 1-COSINE gust
(VG = 15m/57 Tp = 50; Mflight = Mdesign = 077 eflight = edesign = 10507 Te = 10_97
= 10).
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Figure 4.10: Electric power input for a closed-loop aeroelastic system to a 1-COSINE
gust (VG = 15m/57 Tp = 507 Mflight = Mdesign = 077 eflight = edesign = 10507 Te = 10_97
= 10).
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Figure 4.11: Applied voltage for the closed-loop aeroelastic system (Vg = 10m/s, 7, = 50,
Mflight = 0777 Qflight = 1350) Mdesign = 0757 edesign = 1050> Te = 107107 M= 1010)'
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Figure 4.12: Electric power input for the closed-loop aeroelastic system (Vi = 10m/s,
Tp = 507 Mflight = 0777 eflight = 13507 Mdesign = 0757 edesign = 10507 Te = 10_107
= 10).
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Figure 4.13: Comparison of controlled vs. uncontrolled aeroelastic responses to a blast

load (Pm = 10_3, T = 25, Mflight = 06, Mdesz’gn = 075, Gfl,-ght = Hdesign = 1050,
r. = 10719 p = 10%).
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Figure 4.14: Comparison of controlled vs. uncontrolled aeroelastic responses to a blast

~

load (Pm = 10_3, T = 25, Mflight = 06, Mdesz’gn = 075, Gfl,-ght = Hdesign = 1050,
r. = 10719 p = 10%).
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Figure 4.15: Comparison of controlled vs. uncontrolled aeroelastic responses to a blast

~

load (Pm = 10_3, T = 25, Mflight = 06, Mdesz’gn = 075, Gfl,-ght = Hdesign = 1050,
r. = 10719 p = 10%).
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Figure 4.16: Applied voltage for the controlled aeroelastic system to a blast load (P, =
10_37 Tp = 257 Mflight = 067 Mdesign - 075, eflight = edesign = 1050, Te = 10_10,
= 10).

192



5000 | K] 1]
I ;| 7
2o | b I k
= é . HMMAHUAVWVAVHUMVM“ PV
: 4 I
33000 - § 1
c 8 -2f
= m
— -3
8_2000 i 0 100 200 3%0 400 500 600 |
(&)
5 P
21000 m T -
o I p
0 | V./\V*Av_-‘
0 100 200 300 400 500 600

Figure 4.17: Electric power input for the controlled aeroelastic system to a blast load
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= 10).
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Chapter 5

Investigation of Shunt Damping on

the Aeroelastic Behavior of an
Advanced Aircraft Wing

Abstract

Piezoelectric shunt circuits are incorporated into an anisotropic composite aircraft wing
and the role of the damping thereby induced is investigated in the context of aeroelastic
tailoring. It is revealed that the anisotropy of the host structure has a fundamental
influence on the efficiency of the shunt damping. Improper configuration of the shunt
circuit may render the otherwise aeroelastic stable system unstable. Due to the potential
catastrophic outcomes by flutter, it is advised that special attention should be given to

passive damping of aeroelastic systems via shunt circuits.

5.1 Introduction

Damping augmentation via piezoelectric shunt circuit (shunt damping) has been exten-
sively explored towards vibration reduction and control [1, 6-8, 10, 18-21]. It has also
been extended to control the aeroelastic response [2, 13, 14]. Unfortunately, as revealed in

this chapter, damping augmentation is no longer a conservative approach for aeroelastic
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control, since aeroelastic systems can absorb energy from the ambient flow. Improper

configuration of the shunt circuit may induce aeroelastic instability.

5.2 Modeling
5.2.1 Governing Equations in State-Space Form

A single-cell, closed cross-section thin-walled beam model is adopted towards modeling
the aircraft wing. The circumferentially asymmetric stiffness (CAS) lay-up [11] is used
to generate the preferred bending-twist elastic coupling. A pair of piezoceramic (PZT4)
patches are symmetrically mounted on the lower and upper surfaces of the host wing. It
is assumed that the poling direction is along the normal of the mounted surface. Parallel
RC and parallel RL circuits are introduced to dissipate the converted strain energy. It is
assumed that the piezo. patch mounted on the upper surface of the thin-walled beam is
connected to a circuit with the same configuration as that of the patch mounted on the
lower surface. The geometry of the wing and upper piezoceramic patch are displayed in
Figs. 5.1 and 5.2. Notice the introduction of the piezo. patch pair specified as above does
not change the CAS elastic coupling characteristics, since the the plane of isotropy of the

patch is in s — y plane (see Fig. 5.1).

From the piezoelectric constitutive equations, we get the expressions of the electric charge

Qc and current I, that pass across the electrode of the upper patch:

Qf = Abx+C V" (5.1a)
~ U, X
IF=Afx+ 701,1/5 (5.1b)

in which, Af is a 1 x (2 4 {)m matrix, C, is the reduced capacity of the electrode pair
connected to the upper patch. For the piezoceramic patch mounted on the lower surface,
similar results can be derived, except the superscript ”*” is replaced by ”~”. If we further

explore the fact that for CAS layup and the symmetric mounting of the patch pair and the
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same configuration of shunt circuits for each patch, we get: A, = —Ag, A; = —Af, then
the following analog follows: V% « —V.= I « —I- i.., whenever the voltage induced
on the shunt circuit for the upper patch is VC, the corresponding voltage induced on the
shunt circuit of the lower patch is —V, (provided that V;*(0) = —V,~(0)). Therefore, in
the following derivation, only the quantities realted to the upper patch will be referred

to.

We start from the state-space form of the aeroelastic governing equations (see Eqs. 4.31a,
b):
x = A, X + Bywy + BV, + BY(7)x(0) (5.2a)

With initial conditions:

%(0) = %, (5.2b)

where x is a (2 + [)m X 1 state vector, A, BY are (2 + [)m x (2 + [)m matrices, By is a
(24 1)m x m matrix, w, is a m x 1 the generalized disturbance vector, B, is a (241)m x 1
vector, V. is the induced voltage on the piezoceramic patch mounted on the upper surface

of the host wing. The details of these quantities have been provided in Eq. 4.30.

When the RC circuit displayed in Fig. 5.3 is introduced, by applying the Kirchhoft’s
current law (Ref. [17], pp. 14), we get:

V. U, » s
"R Cc?VC = 1. (5.3)
Combining Egs. (5.1b, 5.3), we get:
X —1 1 ~
5 [Ce+ Gyl - [elCe + Gl
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Similarly, when the RL circuit displayed in Fig. 5.4 is introduced, we get:

X 0 1 ’ O1x240)m
S . R T
c (U,/0)C, /b) PP LeUa/b) (UaJb)CyR. c (U./b)C,
(1)1><m OIT(M)

+ - Wy + Xo
Toj0)C, P T, B

(5.5)

Combining Eqgs. 5.2a and 5.4 or 5.2a and 5.5, we get the shunted aeroelastic governing
equations corresponding to the RC' or RL circuits. In a generic form, they can be written

as

y = Ay + B,wy + Byyo (5.6)

where state vector y consists of x, V. or x, V., V..

5.2.2 Initial Conditions of Vc and VC

The initial conditions \7(; and ‘A/c need to be determined from the initial conditions of the
electrode when the shunt circuit is connected to it. Specifically, if X is set when the
electrode is in open-circuit condition, i.e., Q.(0) = 0 (see Ref. [16]), I,(0) = 0, from
Egs. 5.1a and 5.1b, we get:

V(0) = —— Agx(0);  Vi(0) = (U, /bl)

c, Arx(0) (5.7)

if X is set when the electrode is in short-circuit condition, by definition, we get V,(0) =

0, V,(0) = 0.

5.3 Numerical Simulations and Discussion

The capability of shunt-damping on the aeroelastic behavior of an anisotropic composite

aircraft wing is investigated in this section. Material specifications of the host structure
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(Graphite/Epoxy composite) and the piezoceramic patch are listed in Table 5.1; geometric
specifications of the wing is in Table 5.2. In the numerical simulation, the biconvex cross
section is adopted. For unsteady subsonic aerodynamic loads, the indicial function based
approach [4, 9, 12] is adopted and for each of the 4 indicial function, 3 aerodynamic
lag terms are used, i.e., [ = 3. The first 3 structural modes are actually used in the
simulation, i.e., m = 3. Notice that due to large amplitudes of the coefficient matrices
mfll and WAIAZ, the system matrix fly is not well-conditioned. In
order to overcome numerical accuracy problem, Schur decomposition (Ref. [5], pp. 219-
210) provided by Mathematica® is used for the matrix inversion. Discrete-time transition

matrix based scheme (Ref. [15], pp. 41) is adopted for the temporal discretization of

Eq. 5.6. In the actual simulation, it is assumed X = 0.

Figures 5.5, 5.6 and 5.7, 5.8, 5.9 display the effect of shunt-damping by a RC circuit
on enhancing the dynamic aeroelastic response subject to a 1-COSINE gust and a sonic
boom, respectively. Figs. 5.10 and 5.11 display the voltage induced on the piezo. patch,
while Figs. 5.12 and 5.13 display the energy relation between the electric energy converted
from strain energy and the electric energy actually dissipated (in form of heat) by the
resistor. Three observations should be noted: (1)In the case § = 180° (or 0°), shunt-
damping is quite efficient to reduce the transient response intensity and the transient
duration. In Fig. 5.5, the maximum peak amplitude of vibration is reduced by about
17%, while in Fig. 5.6, the peak amplitude of acceleration is reduced by about 29% and in
all the cases, the transient duration is much less than the counterpart in which the piezo.
effect is not accounted for. (2)The energy conversion between strain energy and electric
energy is unidirectional (in the presence of the inherent capacity of the electrode and the
capacitor in the shunt circuit), this is due to pelectm'c<7-) <0, forall 7 > 0. (3)Almost all

the electric energy converted from the strain energy is dissipated by the resistor.

However, the efficiency of shunt damping on enhancing the aeroelastic behavior may be
significantly changed by the alteration of ply orientation, as displayed in Table 5.3. It is

observed that in the case # = 180°, the damping is the most efficient, while in the case
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0 = 105°, the damping almost has no effect. To be even worse, in the case § = 120°,
R, =900, and C, = 107 F, the aeroelastic becomes unstable (onset of flutter occurs).
Figs. 5.14, 5.15 and 5.16 display the simulation results for this case. It is remarkable
to notice that pelect'ric is still negative, implying that the strain energy is unidirectionally
converted to the electric energy and almost all the converted electric energy is dissipated by
the resistor in the form of heat. From the first principle of thermodynamics, the ultimate
energy is provided by the ambient flow. It is interesting to note that analogous to the effect
of shunt damping on the aeroelastic response in the context of aeroelastic tailoring, Ref. [3]
points out that the nominal open-loop damping can significantly influence the closed-loop
response and that poor damping model may cause the nominally stable system actually

unstable.

5.4 Conclusion

The shunt damping on the dynamic aeroelastic behavior of an anisotropic composite wing
is investigated. The numerical simulations reveal that ply orientation has a fundamental
influence on the efficiency of the damping. Damping augmentation no longer constitutes
a conservative approach towards vibration control of the aeroelastic system and improper
configuration of the shunt circuit may render the otherwise aeroelastic stable system

unstable.
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Table 5.1: Material properties of piezoelectric and graphite/epoxy composite

Parameter Piezoelectric Graphite/Epoxy

Elastic constant, Gpa

Ch 139.0 207.7
Cia 7.8 1.73
Ci3 74.3 1.73
Coo 139.0 5.53
Chs 74.3 1.39
Cs3 115.0 5.93
Cy 25.6 2.55
Css 25.6 2.55
Cés 30.6 3.1
Density, Kg/m? 7495 1528

Piezoelectric coupling
constant, N/(m - V)

€31 = €39 -5.20 -

€33 15.1 -

€15 = €94 12.7 -
Dielectric constant, F//m x 10°

€9, 6.75 -

€35y 6.75 -

€35 5.87 -
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Table 5.2: Geometric specification of the bare aircraft wing and the piezoceramic patches

Wing parameter Value Piezo. patch Value
parameter

Chord length 2b, m 0.757 Width Ab,, m 0.252
Depth 2d, m 0.0997 Thickness Ah,, m 2.03 x 1073
Wall thickness hg, m 0.0203
Number of layers 6 Number of layers 1
Lay-up [6s], CAS
Aspect ratio &, 6 Length, m 2.27
Geometric sweep angle

Ay, deg. 0
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Table 5.3: Influence of the shunt-damping on the integrated aeroelastic system (M pgnt =
0.6, unit-R.: Q; C.: F; L.: H)

Circuit config. Structure-related eigenvalues
15t 2nd 3rd

0 = 180°, RC/RL

w /o piezo effect —0.0124 £ 0.08267 —0.00711 £ 0.493; —0.0136 £ 0.4977
C.:107% R.:10%7 —0.0258 & 0.0914; —0.0136 £ 0.4985 —0.0223 £ 0.544;5
C.:107% R.:10*" —0.0223 & 0.0922; —0.0137 £+ 0.4985 —0.0149 £+ 0.5307
C.:107% R.:10* —0.0156 & 0.0827; —0.0134 £ 0.4985 —0.0340 £+ 0.507y
L.:107%7 R.:10° —0.0124 £ 0.0826; —0.00732 4+ 0.4915 —0.0134 £ 0.4975
L.:107%7 R, :10%°—0.0124 £ 0.0826; —0.00755 £ 0.4915 —0.0134 £ 0.4975
L.:1071 g , R.:10%%—0.0124 + 0.0826; —0.00713 4 0.493y —0.0135 £ 0.4975
0= 1200 RC/RL

w/o piezo effect —0.00573 + 0.1765 —0.00910 4 0.8545 —0.00925 + 1.215
C,:107% R.:10%7 —0.00527 £ 0.175 —0.00609 £ 0.8367 —0.0115 £ 1.23j
C.:107% R.:10®> —0.00554 4 0.1765 —1.00x 107> 4 0.8435 —0.0178 £ 1.22j

C,:107% R.:900 —0.00556 +0.1765 |8.20 x 107° 4+0.8445| —0.0182 4 1.22j
L.:107%7 R, :10*>°—0.00573 £0.1765  —0.00847 £0.856;  —0.0113 £ 0.120;
L.:107Y7 R, :10*>5—0.00573 £0.176;  —0.00910 £ 0.8545  —0.00926 % 1.21;
L.:107" d , R.:10° —0.00573 £0.1765  —0.00891 + 0.856 —0.010 £ 1.205
6 = 105°, RC/RL

w/o piezo effect —0.00676 +0.2925  —0.00997 4+ 0.9585  —0.00902 4 1.72;
C,:107% R.:10%7 —0.00664 £0.2925  —0.00914 £0.952j  —0.00969 + 1.72;
C,:107%, R.: 107 —0.00669 £ 0.2925  —0.0095540.9535  —0.00937 + 1.72j
C.:107% R.:10® —0.006654 0.2925  —0.00720 & 0.954; —0.0119 £+ 1.725
L.:107%7 R, :10*°—0.00676 £ 0.2925  —0.00968 + 0.958; —0.0120 £ 1.715
L.:107Y7 R, : 10%>° —0.00676 & 0.29; —0.00997 +0.9585  —0.00904 4 1.72;
L.:107%7 R.:10% —0.00676 £0.292;  —0.00988 + 0.958; —0.0107 £ 1.715
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Figure 5.1: Geometry of the anisotropic composite aircraft wing modeled as a thin-walled

beam.
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Figure 5.2: Geometric specification of the normal cross-section of the host wing and the
piezoceramic patch.
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Figure 5.3: Configuration of RC circuit connected to the piezoceramic patch.
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Figure 5.4: Configuration of RL circuit connected to the piezoceramic patch.
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Figure 5.5: Effect of shunt-damping on the dynamic aeroelastic response to a 1-COSINE
gust (Vg =5m/s, Mpigne = 0.6, 8 = 180°, 7, = 50, C. = 107° F, R. = 1037 Q).
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Figure 5.6: Effect of shunt-damping on the dynamic aeroelastic response to a 1-COSINE
gust (acceleration) (Vg = bm/s, Mpugn = 0.6, 6 = 180°, 7, = 50, C. = 107° F, R, =
10379, g is the gravitational acceleration).
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Figure 5.7: Effect of shunt-damping on the dynamic aeroelastic response wo(n =1,7) to
a sonic boom (P, = 0.001, Mjgne = 0.6, 0 = 180°, 7, = 2.5, C. = 107? F, R. = 10>" Q).
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Figure 5.8: Effect of shunt-damping on the dynamic aeroelastic response qz@(n =1,7)toa
sonic boom (P, = 0.001, Mg = 0.6, 0 = 180°, 7, = 2.5, C. = 107° F, R. = 1037 Q).
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Figure 5.9: Effect of shunt-damping on the dynamic aeroelastic response 92,;(77 =1,7) to
a sonic boom (P, = 0.001, Mjgn = 0.6, 0 = 180", 7, = 2.5, C. = 107 F, R. = 10>" Q).
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Figure 5.10: Elelctric voltage induced on the piezo. patch by the aeorelastic system
subject to a 1-COSINE gust (Vg = 5m/s, Mg = 0.6, 6 = 180°, 7, =50, C. = 1077 F,
R.=10%7Q).
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Figure 5.11: Elelctric voltage induced on the piezo. patch by aeorelastic system subject to
a sonic boom (P, = 0.001, Mjgn; = 0.6, 0 = 180°, 7, = 2.5, C. = 107 F, R. = 1037 Q).
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Figure 5.12: Comparison of the total energy converted and the energy dissipated when the
aeroelastic system is subject to a 1-COSINE gust (Vi = 5m/s, Mpgn = 0.6, 6 = 180°,
7, =50, C. =107 F, R. = 1037 Q).
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Figure 5.13: Comparison of the total energy converted and the energy dissipated when
the aeroelastic system is subject to a sonic boom (F,, = 0.001, Mgz = 0.6, 0 = 180°,
7, =25, C.=10"°F, R.=1037Q).
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Figure 5.14: Shunt-damped aeroelastic response subject to a sharp-edged gust and featur-
ing the onset of flutter induced by the shunt circuit (§ = 120°, C. = 107 F, R. = 900 Q,
Mflight = 067 VG = 10m/s)
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Figure 5.15: Induced voltage on the piezo. patch by the aeroelastic system in flutter
(0 = 1200, C.= 1079 F, R.=900%, Mflight =0.6, Vg = 10m/s)
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Figure 5.16: Comparison of total energy converted and the energy dissipated when the
aeroelastic system is in flutter ( = 120°, C. = 1072 F, R, = 9009, M ¢ighe = 0.6,
Ve = 10m/s).
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Chapter 6

Conclusions and Recommendations

6.1 Summary

An efficient and comprehensive aeroelastic model based on an analytical anisotropic thin-
walled beam model and the concept of indicial functions towards modeling unsteady aero-
dynamics has been proposed and formulated. The treatment of aeroelasticity of lifting
surfaces modeled as anisotropic thin-walled beams appears, to the best of our knowl-
edge, to be addressed for the first time in literature. The approach developed in this
work facilitates the systematic investigation of aeroelastic static instability (divergence),
dynamic instability (flutter), quality of dynamic aeroelastic response, active/passive con-
trols within the aeroelastic tailoring environment and/or smart wing environment. It is
also for the first time in literature that the investigation has broadly covered in a unified
aerodynamic context of cases of incompressible, compressible subsonic, supersonic and

hypersonic flight speeds.
Specifically, the major conclusions of this thesis include:
e In the structural part, a refined thin-walled beam model based on an existing thin-
walled beam model has been developed and validated. It is clearly demonstrated

that, by incorporating 3-D strain effect and the effect of non-uniformity of shear

stiffness, the existing thin-walled beam model is capable of providing good and
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consistent correlation with the experimental results and the predictions by other
models; It is the first study where this class of thin-walled beam model that has
been extensively used towards the study of dynamic response, static aeroelasticity
and structural control has been validated against the experimental and theoretical

results obtained by other researchers.

e The significant influence of tailoring on the aeroelastic stability boundaries and

response has been highlighted. To efficiently use tailoring may need optimization.

e Compressibility at high subsonic speeds has a significant influence on flutter and
dynamic aeroelastic response of advanced aircraft wings, hence rendering the aeroe-

lastic design of lifting surfaces and control system more intricate.

e Active control used in conjunction with elastic tailoring demonstrates promising
capability towards augmenting the flutter speed, reducing the dynamic aeroelastic
response intensity, it also demonstrates robustness over a relatively large range of
variations (uncertainty) of major parameters. However, towards the actual imple-
mentation of control laws designed thereby, such issues as the limitation of allowable
voltage on the piezoelectric actuators, electric power consumption may become se-

rious constraints.

e Within the environment of aeroelastic tailoring, ply orientation has a fundamental
influence on efficiency of the shunt damping (passive control). Damping augmenta-
tion via shunt circuit does not constitute a conservative approach towards vibration
control on the aeroelastic system. Improper configuration of the shunt circuit may

render the otherwise stable aeroelastic system unstable.

6.2 Recommendations for Future Work

The emergence of new composite materials and new structural concepts generates many

significant challenges to the aeroelastic discipline. To solve the aeroelastic problems in this
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new environment will certainly have a profound influence on the safe aeroelastic design
of flight vehicles. Listed in the following are only several issues that the author wish to

address within a suitable thin-walled beam model in the near future:

e Modeling of damage in the composite aircraft wings and its influence on the aeroe-

lastic instability and response;

e Efficient, yet robust control mechanism towards the aeroelastic vibration control
that can address such important issues as: control input saturation, power con-

sumption;

e Implication of geometric and material non-linearities on the characteristics of post-

critical behavior of advanced aircraft wings.
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