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We discuss correlations between the neutrino-mass-embedded Standard Model CP phase
8 and the phases that originate from new physics which cause neutrino-sector unitarity vi-
olation (UV) at low energies. This study aims to provide one of the building blocks for
machinery to diagnose non-unitarity, our ultimate goal. We extend the perturbation the-
ory of neutrino oscillation in matter proposed by Denton et al. (DMP) to include the
UV effect expressed by the @ parametrization. By analyzing the DMP-UV perturbation
theory to first order, we are able to draw a complete picture of the §—UV phase corre-
lations in the whole kinematical region covered by terrestrial neutrino experiments. Two
regions exist with characteristically different patterns of the correlations: (i) the chiral-
type [e P aye, € Paye, ] (Particle Data Group convention) correlation in the entire high-
energy region [pE| 2 6 (g/cm3) GeV, and (ii) (blobs of the a parameters)—e** correlation
anywhere else. Some relevant aspects for the measurement of the UV parameters, such as
the necessity of determining all the ag, elements at once, are also pointed out. Subject
Index: B52, B54

1. Introduction

At more than forty years after the establishment of the Standard Model (SM) of electroweak
interactions [1-3] in the 1970s, people naturally sought physics beyond the SM. Despite that we
now know that neutrinos are massive and the lepton flavors mix [4,5], and we have compelling
evidence for dark matter in the universe [6,7], we do not yet have a conclusive bigger picture
of our fundamental world. Naturally, one asks the question: If we interpret the above open
windows as suggestions for the right places to look for new physics beyond the SM, what should
we do?

In neutrino physics the possibility of the existence of SM-singlet states, or sterile neutrinos,
is widely discussed, as reviewed, e.g., in Refs. [8—10] and the references cited therein. A version
of this, sterile leptons with eV-scale masses, might already have been seen at the LSND [11] and
MiniBooNE [12] experiments. However, the very recent MicroBooNE data seem to disfavor
both the v, [13] and photon [14] origins of the low-energy excess of MiniBooNE.! On the other
hand, IceCube sees a closed contour at 90% confidence level in the mixing angle—Am? space,
which is interpreted as a “systematic effect,” not a fluke [16]. Thus, the chance of definitively
settling the tantalizing question of the existence of eV-scale sterile neutrino(s) is left for the
ongoing and upcoming searches, which are to be joined by those in Refs. [17,18]. In more generic
contexts, searches for deviation from the SM expectation are performed in the frameworks

For a different interpretation of the same data, see Ref. [15].
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of so-called “non-standard interactions” (NSIs) [19] and/or non-unitarity [20,21].> See, e.g.,
Refs. [25-28] for reviews of NSI, Refs. [29-31] for constraints on NSI, and Refs. [20-24,32-44]
for a limited list of articles on non-unitarity.

In this paper we address the non-unitarity approach. Let us imagine the environment in which
non-unitarity will be studied. If the eV-scale sterile neutrino is the cause of non-unitarity, it
is likely that its presence and properties will be found by the advanced searches such as in
Refs. [16-18] in the very near future, unless their mixing to the active sector is extremely small.
With positive evidence for accessible low-mass sterile(s), one can just go to the experimental
data to dig out the correct shape of the sterile lepton model.

Suppose, however, that this does not happen, but nonetheless the results of various preci-
sion measurements continue to report small but robust deviations from the vSM, a shorthand
notation for the neutrino-mass-embedded SM. Then, the obvious question must be: what is de-
tected? A possible suspect would be non-unitarity in a more generic sense. [t may be described
by relatively model-independent frameworks, such as the one for physics at high scales [20], £
> myy, or at low scales [23,32], E < my. If we lack the obvious candidates for such an anomaly,
we need to identify the nature of the physics behind non-unitarity either by phenomenological
methods or, preferably, via experiment.

In this paper we investigate correlations between the vSM CP phase and the phases that
originate from new physics existing at some scale, which is recognized as unitarity violation
(UV)? at low energies. Using the UV-extended version of Denton et al.’s framework [45], we
aim at establishing a unified view of such correlations valid in the whole kinematical region
covered by terrestrial neutrino experiments, the “terrestrial region” for short. Typically this
is the region of Super-Kamiokande’s observation of atmospheric neutrinos, 0.1 GeV < E <
10 GeV, as reported in Ref. [46, Fig. 3]. A rough sketch of the equiprobability contour of P(v,,
— v,) in this region is drawn in Ref. [47, Fig. 1]. Our treatment of the phase correlations in
this paper surpasses those of the previous works [24,33], which apply only to the two local
regions of atmospheric- and solar-scale enhanced oscillations, roughly speaking the resonances
[19,48-50].

The ultimate goal in our approach is to diagnose non-unitarity that may originate in new
physics beyond the vSM. It is conceivable that the effect of non-unitarity starts to be seen in
the interference term S7q,;Suv, where Syy denotes the UV amplitude. See Appendix A for the
more concrete form of Syy. In this approach, what should be reached at the end is to extract
the physical properties of Syy by analyzing experimental data that include its effect in the form
of Sty Suv, diagnosing non-unitarity.

Toward this goal, we attempt here a theoretical investigation of the vSM ¢*°—~UYV phase cor-
relation involved in the interference term S*g,,;Suv. Notice that e*? is the unique phase factor
in the vSM oscillation amplitude which is written by the fundamental physical parameter of
the vSM, the lepton Kobayashi—-Maskawa phase & [51]. Therefore, its correlation with the UV
phase factor must contain the key information on the relationship between vSM and UV new

+i6

2Given the feature of generic NSI with 9 x 3 = 27 parameters, non-unitarity in matter can be regarded
as a “constrained NSI” with only 9 parameters, in which the production and detection NSI elements are
determined by the propagation NSI. See the discussions in Refs. [22-24].

3We are aware that in the physics literature UV usually means “ultraviolet.” In this paper, however, UV
is used as an abbreviation for “unitarity violation” or “unitarity violating.”

2/35

2202 J2quianoN g uo Jasn yoa ] elulbiiA | seuelqi Ausieaun Aq | /8¥859/£09£90/9/220z/a101e/de1d/woo dno-ojwepeoe//:sdiy wolj papeojumoq



PTEP 2022, 063B03 H. Minakata

physics. We will return to the issue of the possible relevance of our investigation of vSM-UV
phase correlations to the entire program of diagnosing non-unitarity in Sects. 6 and 7.

This strategy of diagnosing non-unitarity through interference between the vSM and UV-
driving new physics presumes that such correlation exists at a detectable level even in the case
that the new physics scale is much higher than m . Though it may sound unlikely, it is not totally
obvious if we can conclude it impossible. We all know that physics must exist at a much higher
energy scale like 1/4/Gy ~ 10'° GeV, but almost massless particles around us are allowed to
exist. As far as the formulation of high-scale UV is correct in deriving the non-unitary flavor-
mixing matrix, the vSM and UV-driving new physics should interfere.* We also add that if
CP violation has a group-theoretical origin related to strings [52], the correlations between the
phases should exist, carrying crucially important information, in such a system.

Despite a slight overlap possibly existing between our descriptions in this paper and those in
Refs. [24,33], we will try to make this paper self-contained as far as possible.

2. vSM-UY phase correlations: Now and the next step

To discuss the YSM-UYV phase correlations in an unambiguous way, we must first decide how
the UV effect is parametrized. We use the so-called the o parametrization [21] in which the
non-unitary flavor-mixing matrix N is defined by multiplication of the o matrix with the usual
unitary vSM mixing matrix U = Upyns [53] in the Particle Data Group (PDG) convention [54],
see Eq. (5), as

e 0 0
Nepg =1 —a)Uppg = 1 — [ape oy O UppG- (1)
Ure Oy Og

The o parametrization originates in Refs. [55,56]. The o matrix has nine degrees of freedom
due to the three real diagonal and the three complex off-diagonal entries.

The problem of correlation between the CP phase factor e*” in the vSM and the one in the
UV amplitude was investigated in previous papers [24,33] using the o parametrization. These
references used UV extensions of the frameworks given in Refs. [57], for the region around the
atmospheric resonance, and [58], for the region around the solar resonance. Interestingly, very
different types of phase correlation are observed in these two regions. A charming “chiral”-type
correlation [e ®a,,, € ®a,, ar,] (PDG convention) was found in the former [24], whereas in
the latter a less transparent (blobs of the o parameters)—e®” correlation [33]is seen. It is good to
know that part of the chiral-type correlation, e ®«,,,, in the atmospheric region was observed
in the foregoing analyses [21,59,60].

2.1 Toward vSM-UYV phase correlations in the whole terrestrial region

Thus, to our current knowledge the picture of vSM-UYV phase correlation jumps from a local
region to another, from the chiral-type correlation in the atmospheric resonance region to the
8—a g, -blobs correlation in the solar resonance region. Obviously, we need a better treatment
of the phase correlations to allow us to draw a global picture of the phase correlation in the
whole terrestrial region, i.e. the region covered by the terrestrial neutrino experiments.

4If this or the possible other reasonings fail, low-scale UV might be a more natural scenario in which
to expect the vYSM—-UYV correlations.
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To our knowledge the right theoretical framework for this purpose is one based on the Jacobi
method, Denton et al. (DMP) perturbation theory [45] and Agarwalla et al. (AKT) perturba-
tion theory [61] with full coverage of the whole terrestrial region. For a pedagogical introduc-
tion to the Jacobi method, see Ref. [61].° See Ref. [65, Appendix A] for another favorable feature
of the globally valid frameworks, albeit a much less familiar one.

We base our formalism on the DMP perturbation theory and extend it to incorporate the
UV effect parametrized by the @ parameters, the framework dubbed hereafter as “DMP-UV
perturbation theory.” This is because DMP is easier to handle, and has a transparent relation
to a particular version [57] of the atmospheric-resonance perturbation theory as “half-way”
to DMP. In fact, it has been shown analytically [66] that the DMP theory approaches this
atmospheric-resonance perturbation theory and the solar-resonance perturbation theory [58]
in the appropriate limit. In this way, we can discuss the relationship between our results in this
paper and those previously obtained using the atmospheric- and solar-resonance perturbation
theories valid in these local regions [24,33].

2.2 Non-unitarity vs. sterile neutrinos

It may be worth clarifying what we mean by the non-unitarity approach and its relation to
the sterile neutrino hypothesis, both mentioned in the introduction. The existence of sterile
neutrinos is a perfect model for non-unitarity, and their separate treatment merely reflects our
preferred analysis strategy for physics beyond the vSM. Of course, systems with non-unitarity
have a much wider variety, as first raised in Ref. [20] and further studied in many references
cited in Sect. 1.

Sterile neutrino states with eV-scale masses can be searched for by LSND-MiniBooNE-
type experiments, for example; see, e.g., Ref. [8] for other options. Alternatively, it produces
a resonance-like enhancement in P(v, — v,) and P(v, — v,) at energy E ~ 1TeV [67,68].
As examined in detail by many authors (see the list, e.g., in Ref. [69]) it would allow detection
in atmospheric neutrino observations as pursued by IceCube [16]. Once one (or a few) sterile
neutrino state(s) have been identified, “diagnosing non-unitarity” is no longer necessary: one
can just examine the data to create the model of sterile state(s).

Thus, our non-unitarity approach when applied to sterile neutrinos is meant to treat cases
with more elusive sterile states. Let us take the three-active-plus-N; sterile neutrino model with
eV-MeV sterile masses to make more concrete statements. We have argued that such a model
can provide a generic model for low-scale UV with the vSM-like three-active-neutrino oscil-
lation probability modified by the non-unitary mixing matrix [23,32]. The condition by which
we remain in such a “diagnostics needed” regime is worked out to be |pE| < 100 (g/em’) GeV
[23, Sect. 3.5]. At energies higher than this by a factor of ~50 we meet the O(1) TeV resonance,
and the model moves into the “no need for diagnostics” regime with this unmistakable signa-
ture. Therefore, while we aim for the validity of our discussion in this paper in the “terrestrial
region,” in fact it can extend to [pE| < 100 (g/cm?) GeV.

3It has been shown that these Jacobi-method-based approximation schemes provide numerically ac-
curate probability expressions [62]. For further studies of the Jacobi method in neutrino oscillation, see
Refs. [63,64].
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3. Three-active-neutrino system with non-unitary flavor-mixing matrix
To formulate the DMP-UV perturbation theory using the o parametrization, we follow the
method developed in Ref. [24]. We define the system below but defer presentation of a step-by-
step formulation of the DMP-UYV perturbation theory to Appendix A, where it will be done in
a pedagogical manner.

Studies for formulating the three-active-neutrino evolution in matter in the presence of non-
unitary flavor mixing appear to have converged on a framework that starts from the Schrodinger
equation in the vacuum mass eigenstate basis,

J . 0 0 0 a=-b 0 0
iaf) =510 A, 0 |+N'| 0 —b 0 [N} )
0 0 Am 0 0 —b

We just quote Refs. [22] and [23] for high-scale and low-scale UV, respectively, to support our
statement. In the latter it is a truncated system from the three-active-plus-N; sterile model.
In this paper we denote the vacuum mass eigenstate basis as the “check basis.” In Eq. (2), N
denotes the 3 x 3 non-unitary flavor-mixing matrix which relates the flavor neutrino states to
the vacuum mass eigenstates as

Vog = Nailji. (3)

Hereafter, the subscript Greek indices «, 8, or y run over e, u, and t, and the Latin indices i and
Jjrun over the mass eigenstate indices 1, 2, and 3. E is the neutrino energy and Amfl. = mf —m?.
The usual phase redefinition of the neutrino wave function is done to leave only the mass-
squared differences.

The functions a(x) and h(x) in Eq. (2) denote the Wolfenstein matter potential [19] due to

charged current (CC) and neutral current (NC) reactions, respectively:

Y, E
a(x) = 2V2GEN,E ~ 1.52 x 10~4 [ —~ eV2,
gem—3 ) \ GeV

1 /N,

b(x) = vV2GgN,E = = <—> a, (4)
2\ N,

where G is the Fermi constant. N, and N, are the electron and neutron number densities in

matter; p and Y, denote, respectively, the matter density and number of electrons per nucleon

in matter. These four quantities are, in principle, position dependent.

3.1 The three useful conventions of the lepton flavor-mixing matrix

We start from the most commonly used form, the PDG convention [54], of the Maki-
Nakagawa—Sakata (MNS) matrix,

1 0 0 C13 0 5’136’7[‘s C12 sz 0
Umpc=|0 3 23 0 1 0 s 2 0], (5)
0 —85723 23 —.5‘1361.‘S 0 C13 0 0 1

with the obvious notations s;; = sin 6, etc., and § being the CP-violating phase. Recently, we
have started to use the other two conventions, different only by phase redefinitions, called the

5135
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ATM (atmospheric) and SOL (solar) conventions:

1 0 0 10 0
Usvm=|0 1 0 |Umpc|0 1 0
0 0 e 0 0 e
_1 0 0 C13 0 513 C12 512 0
=10 23 S23€i8 0 1 0 —512 C12 0 y (6)
0 —S23€_i(S 23 —s13 0 3 0 0 1
10 0] 1 0 0
Usor= 1|0 e 0 Uppg | 0 et 0
0 0 e 0 e
_1 0 0 ] C13 0 513 C12 Slzei‘S 0
=10 €23 523 0 1 0 —S12€7i(S C12 0]. (7)
0 —3823 €23 —S513 0 C13 0 0 1

The reason for our terminology of Uxry and Usey in Eq. (7) is because the CP phase factor
e*” is attached to the “atmospheric angle” s»3 in Uarym, and to the “solar angle” 51, in Usor,
whereas in Uppg, 6 1s attached to s3.

Once the phase convention of the U matrix is changed from Uppg to Uarm, @ consistent

definition of Narwm requires the @ matrix to transform as in

1 0 O 1 0 O 1 0 O 1 0 O
NATM =10 1 0 NPDG 0 1 0 ={1-(0 1 0 a0 1 0 UATM
0 0 e® 0 0 ¢ 0 0 e® 0 0 ¢
= (1 - OlATM) Uat™m, (®)
and therefore the @ matrix is convention dependent. In the ATM convention it takes the form
(1 0 0 1 0 0
AMM=10 1 0 |af0 1 0
0 0 e 0 0 ¢
[ o 0 0 oSTM 0
=1 e Qup 0 | = aﬁeTM aﬁEM 0o 1. )
— e Py, gATM  ,ATM ATM
| TEe T TT TC T TT
Similarly, Nsor = (1 — &5°%) Usor, with
1 0 0 1 0 0
SOL=10 e® 0 |a|0 e 0
0 0 e 0 0 €°
[ e 0 0 e 0 0
=|ePa, auu 0 | = o 0|, (10)
e_isare Cry  Org &re &ru &rr

where we have introduced the simplified notation aggL = wy, for later convenience.
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Therefore, if we talk about the chiral-type correlation between the CP phases in the atmo-
spheric resonance region, it takes three different forms depending upon the U matrix conven-
tions: [e®aye, € Patre, ary] in the PDG convention, [e P ™, afM™, e®aT™] in the ATM
convention, and [@,, ;.. 0r,] in the SOL convention. That is, the phase correlation disap-
pears in the SOL convention. This happens by accident as the convention-dependent change
in the o parameters just absorbs the physical phase correlation that existed in the PDG and
ATM conventions [24]. Therefore, to our understanding, the phase correlation generically ex-
ists and represents the unique physical characteristics of the vSM and UV phases. No phase
convention of the U matrix exists which eliminates the phase correlations everywhere in the

whole kinematical phase space, as discussed in depth in Ref. [33].

3.2  Weuse the SOL convention
The vanishing e*®—~UV phase correlation in the atmospheric resonance region in the SOL con-
vention suggests that the phase correlation takes the simplest form in wider kinematical phase
space in this convention. Therefore, we use the SOL convention for our investigation of the CP
phase correlation in the DMP-UYV perturbation theory with the notation «5°" = & for simplic-
ity, as defined in Eq. (10). One must know that the oscillation probability computed using the
PDG, ATM, and SOL conventions is exactly identical, because neutrino-state phase redefini-
tion cannot alter physical observables. To transform the probability P(vg — v,) using the SOL
convention to the one in the PDG or ATM conventions, however, one must transform the oy,
parameters to ag, defined in Eq. (1), or ap™, respectively, following the translation rules in
Egs. (10) and (9).

The SOL convention is used in Ref. [33] to demonstrate physical nature of the CP phase cor-
relations. It is also used in a much more crucial way in Ref. [70] for the transparent formulation

of “Symmetry Finder,” a powerful tool for symmetry hunting in neutrino oscillations in matter.

4. Computation of the probability P(v, — v.)

To focus on the physics discussions of the features of vSM-UV phase correlations in the
main text, we postpone our compact formulation of the DMP-UYV perturbation theory to Ap-
pendix A. In this paper, for simplicity and clarity, we compute the probability to first order in
the DMP-UYV expansion, and will work with the uniform matter density approximation.

4.1  Preface to presenting the first-order UV corrections and notations
The DMP-UYV perturbation theory has two kinds of expansion parameters, € and the UV &
parameters. € in the vSM part is defined as
Am3
€= 2L Anm?

A m%en ren

where Am?2, is the “renormalized” atmospheric Am? used in Ref. [57].5In DMP the vacuum
mixing angles are elevated to the matter-dressed one, 0, — ¥ and 6,3 — ¢, but 6,3 and §

are as they are in vacuum [45]. In the expressions of the oscillation probability, we use various

%The same quantity is known as the effective Am2, in the v, — v, channel in vacuum [71]. While
we prefer to use Am,, in the context of the present paper, the question of which symbol should be

appropriate here is under debate [57].
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simplified notations as follows:

A Am? a b
h; = _t’ Aren = ———, Ay =, Ap = ——, 12
2E 2E 2E "= OF (12)

where h; (i = 1, 2, 3) denote the eigenvalues of the unperturbed Hamiltonian, the diagonal
entries of H,sm in Egs. (A15) or (A21), and « and b are the Wolfenstein matter potentials
defined in Eq. (4). We also use J,,,, = 023s23c§)s¢c¢s,/, as the Jarlskog factor [72] in matter.

4.2 Structure of the S matrix and the probability in DM P-UYV perturbation theory

We decompose the flavor-basis S matrix into the vSM part, S,sm = S(SM + S‘()IS)M and the part
dependent on the UV « parameter. The latter terms are all first order by definition and consist
of the two terms SS\), and SS\), The subscripts “EV” and “UV” respectively imply the o pa-
rameter dependent but unitary evolution part and the genuine non-unitary contribution. The
latter comes from non-unitary projections at the production and detection points, and the non-
unitarity arises solely from it [24]. One can show that

1) 0) ©0) ~
SUV - SVSM SVSM Tv (13)

see Eq. (A36), Therefore, the flavor basis S matrix can be written to first order as
Stavor = SS?M + Sils)M + S(l) - otS(vOs)M - Sios)M& (14)

We are now ready to calculate the expressions of the oscillation probability to first order in
the expansion parameters. Following Ref. [24], we categorize P(vg — v,) into the three types

of terms:

P(vg — vy) = P(vg — va)fjosﬁ) + P(vg — va)(é)V + P(vg — va)%)v, (15)

where

P(vg — ve) oy = ‘(SS%)M> ﬂr +2Re |:<S1(JOS)M)*}3 <S1(JIS)M)aﬁ:| ’
P(vs — v,)l), =2Re [(sg(gM)*ﬂ (S(ﬁ:)v) } :

P(vg — v\, = —2Re [(SQM)M (@S9 + Siovd! )aﬂ] . (16)

At the end of Appendix A we obtain the zeroth- and first-order expressions of the flavor-basis
S'matrix. The vSM part of the oscillation probability P(vg — vo,)(o+ ) to first order in € is fully
calculated in Ref. [45], and therefore we do not repeat it here. The accuracy of the first-order
formulas P(vg — vo,)fjosﬁ) is verified in Ref. [62]. For the explicit expressions of the vSM part of
the probabilities, we refer to the arXiv v3 version of Ref. [66] for the formulas in all the relevant
channels. Since our interest in this paper is in the YSSM—UV phase correlations, we focus on
P(vg — vo)y and P(vg — v,))y hereafter.”

In this paper we only compute the probability in the v, — v, channel for relative simplicity.
In fact, all the & parameters show up in P(v,, — v,)!). From our experience in Refs. [24,33], we

’One may ask why we do not include the second-order UV effect. We assume, as the objective of our
investigation, “small but robust” evidence for departure from the vSM as mentioned in the introduction.
In diagnosing non-unitarity via S’,;Suv, the leading-order effect is from the first-order terms of Syy. If
we assume a ~1% level non-unitarity, the second-order corrections must be negligible. If the UV effect
turns out to be at ~10% level it would be a suggestion for revising the zeroth-order paradigm.
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are confident that this channel is sufficient to extract the qualitative features of the vYSM-UV
phase correlations; more comments on this follow in Sect. 6. To back this statement up, we
provide the & parameter dependent part of the flavor basis S matrix in the v, — v, channel in
Appendix D, which indeed supports the above statement. Of course, if any demand exists, it is
straightforward to compute the probabilities P(v,, — v,) or P(v,, — v.) using the formulas we
provide in this paper.

The probability expressions contain the K matrix elements Kj; (for the definition, see
Eq. (A11)), which can be written using the & parameters as

~ A ~ ~ ~
Kit = 2€3ec (1 — A—:) + 255 [ 3300 + 33er + c23523Re (@) |

— 2¢g5pRe (52300 + 230 ) .
Kz = ¢y (Czﬁze - 523&:}) — S [2023323(5uu — Q7)) + Ciﬁw - s%ﬁju]
= (Kn)",
Kiz = 2¢45 [& (1 — i—z) — (833G + c§3&rr)i|
+ C?, (530, + c3},) — S%,s (5230 1e + €230re) — 2¢3523¢959Re (@7,
= (K31)",
K = 2[338, + 53800 — cxssnRe (@),
Koz = 54 (23000 — $2387e) + Cp [2023823(@pup — Urr) + c%ﬁju — $33ey ]
= (K3)",

~ A ~ ~ ~
K3z = 2550, (1 — A_Z> + 205 [958 + 330 + C2as3Re (@) |

+ 2c¢s¢Re (S23aue + C23afe) . (17)

4.3 The probability P(v, — v.): Unitary evolution part
For convenience, we decompose the unitary evolution part of the probability into the three
pieces,

1 1 1 1
Py, — ve)g\), =P(v, — ve)g\), (2s%) + P(v, — ve);:\), Koo + P(v, — vg)EE\), Kisny’ (18)

depending upon the form of the kinematical factors (A,x) or /’leTbh] etc., and on the K matrix
elements involved. Here, we note that x denotes the detection point of neutrinos measured from
the production point x = 0, so that x implies the baseline.
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The first term in Eq. (18) is given by

1

P(v, — Ve)EV (Ap)

= 2(Abx)[{cos 21ﬂ (K22 — K11) + sin 210 (ei5K21 + e—i6K12)}

. . o (hh—=h
X [céclzpslz// (033 - sésé) + Jour 08 8 08 2] sin(/y — hy)x + 2, 8in 8 sin’ u}

- {(sszn + cf,,Kzz — K33) + cysy (P Koy + e P Kpp)

X [sécésés?/j — Jyr €08 8] sin(/3 — hy)x + 2J,,8in 8 sin’ M

— {(clszll + Sfszz — K33) — cysy (ei(usl + 671'51(12)}

X [s%céséczw + Jor c0s 8] sin(hs — hy)x — 2J,,, sin 8 sin’ M ] (19)

We should note here that ¢”® K»; + e ® K}, is a real number. The second term in Eq. (18) reads

(1)
EVIKii 122

P(v, — v.)
= 2[sin 2923C§5S¢ {cos8Re (¢ K») — sindIm (e Ky») }
— 553¢555 sin 2y {sin 2y (K1 — K) + cos 2y (¢ Koy + € P K1)}
+ 2J, c0s 8 {cos 2 (Kiy — Kap) — sin 2y (€ Koy + e‘iaKlz)}:|

A hs —h hy —h
Xhz_bhl {—SiHZ( 3 . DX 2 U . 1)X}

+ 2|:2cz3 {cé (c23 in 29 + s2354 cOs 21 cos §) Re (e 7 K5)

- s23cés¢ cos 2y sin §Im (e K5) }
+ C%Ci sin’ 29 {COS 29 (Ki1 — Ky) — sin 2y (eiaKn + e_iaKlz)}
— S%3CiSé cos 24 sin 2 {SiIl 29 (Kj1 — Ky ) + cos 2y (€i8K21 + €_i8K12)}

Ay Gin? (hy — hy)x
hy — I 2

+ 2er cosé {COS 41ﬁ (Kll — K22) — sin 41,0 (ei5K21 + e_iaKlz)}:|
— 4|:sin 2023cés¢ {sinsRe (e7®K12) + cos §Im (e_"‘sKlz)}

+ 2er sin § {COS 2¢ (K]] — Kzz) — sin 210 (€iaK21 + €_i6K12)}i|

Ap . (hs—h)x . (hh—hmh)x . (h3—h)x
sin sin .

20
Xhz—hl S 2 2 2 (20)
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In the last line we used the trigonometric identity

[sin(f3 — hy)x — sin(hy — hy)x + sin(hy — hy)x]
(hs —h)x . (hy—h)x . (hs —hy)x
sin sin .

=4sin

2

2

Here, we need to make a remark about how the § dependencies are organized in the above
formula and its relevance for our later discussion. We are talking about the first line in Eq. (20),
the term inside { - - - }, which originates from K, = ¢(e *K,), through which an artificial
8 dependence may have been created. Later we will encounter the same situation for K3, =

e® (e K). The K5 term exists in a term in (S5 )*S%,.

{C23C¢C¢,S¢€_i8 (eihzx _ eihlx) + $23CpS¢ [eihgx . (CZweihlx + S%”eihzx)]}

Ab {e—ihzx

—ihx
hy — hy }

X6‘23C¢K12 —e

A;, ) (hz - hl)x

=432 cysy (ePK sin
23¢'/f‘/f( lz)l’lz—hl

hy —

.o (h3—h .
+ sm2¥ + cos 2y sin

+ i[sin(hy — hy)x — sin(hz — hy)x + sin(h; — h])x]:|

2 (hy — hl)x}
2

5 (i A S (ls—h
+ casmchsge” (e Kp) [2{ iz o =)

(21)

The last two lines of Eq. (21) lead to several terms in Eq. (20) with explicit cosd and sin§
dependencies: in the first and fifth lines, and in the third line from the bottom. Though it may
look artificial, we believe that this organization is natural. If one goes through the results of
P(v, — ve)g\), in Eq. (20), the (e® K> + e ®Kj,) = 2Re(e " Kj,) structure is everywhere, and
therefore the 6—UV correlation of the type (e Kj,) is unmistakable. Notice that since § lives
in the vSM unperturbed part of the DMP perturbation theory, as can be seen in Eq. (A39),
8 can sneak into every part of the first-order corrections. However, we must note that in the
limit for the atmospheric resonance region the term under discussion survives as one of the

d-independent terms, as will be seen in Sect. 5.
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For bookkeeping purpose we divide the last (third) term in Eq. (18) into two pieces, one

proportional to , and the other to e AI’ :

h

Ap
(1) ‘ Ta—hy
EVIKi32;

P, — v)
=4dcazcpcy sy [—cz3s¢sze (C¢K31 — swe_"‘sKn)
+ 52308 8 {cbee (CéKB — SéKy) — cysyRe (céeiaKzg — sée’i5K32)}

=+ 523 sin § {cilm (CéKlg. — SiK31) — Cl/,SIpIIIl (CéeiaKB — Sée_i(slﬁz)}]

A hy —h hy —h hy —h
Xh3_bh1 {—sinZ( 3 . DX 2 U . DX | gp2 (2 . 1)X}

+ 4S23C¢S¢ |:—623S¢S¢ {COS SRe (CwK31 — S¢€7[8K32) — sin 8Im (C¢K31 — Sweii(Sng)}

+ 523 {ciRe (ciKB S¢K31) — cysyRe (c¢e"sK23 - s¢ K32)}:|

v —h)x 5 o (hl3—h)x 5 . 5 (hh—M)x
{(l-l—cw)sm T+swsm T—swsm —

Ap
X
hy — I

+38 |:cz3c¢s¢szw {sz3s¢,s¢ sin 8Re (cy K31 — sye °Kz)

+ (—c23cy + 523845y cos 8) Im (¢y K31 — swe‘i5K32)}

— €238523C¢Cy Sy SIN G {csze (céKB — séKg,]) — cysyRe (céei5K23 — sée‘i‘sK32)}
+ 523¢¢ (—s23s¢s2]/, + €23y 8y COS 6) {clzplm (céKB — sé[@l)

— cysylm (céei‘usg — sée‘i5K32) }i|

Ab . (h3 — hl)x sin (hz — hl)x sin (h3 — hz)x

sin , 22
s —h 2 2 2 (22)
1 b
P, — ve (E\)/ K13_23‘]3 "

= 4CQ3C¢C¢,S¢, |:623S¢C¢Re (SI/,K31 + Cwe_ialﬁz)
+ 573 C0S§ {S Re (C¢K13 S¢K31) + C¢S¢R€ (C¢ 18K23 Sée_iaKn)}

+ 523 sin 8 {S Im (C¢K13 S¢K31) + C¢S¢Im (C¢ 16K23 _iang)}]

h2 (h3 hz)x 4 sin? (3 —Zhl)x _sin? (hy —2h1)x}

+ ds23¢454 |:023s¢c¢ cos8Re (sy K31 + cpe K3) — sin 8Im (sy K31 + cpe K3o) )
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+ 523 s> Re CZKB — S2K31 + cy sy Re CzeiaKB — S2€_i8K32
v ¢ ¢ voy é ¢

Ap
hy — hy

X

o —h)x 5 S (ha—h)x 5 . 5 (hh—h)x
{(1+sw)sm T-ﬁ—cwsm T—cv,sm —

+ 8| c23¢p55¢2 L s2355¢y sinSRe (54, K31 + cpe P Ky
¢ v oty v ¥

+ (c238y + $2354¢y c0s 8) Im (s, K3 + cwe_f5K32)}
. 2 2 2 2 s 2 —is
— €23823C¢Cy Sy SIN S {sze (C¢K13 — S¢K31) + ¢y sy Re (c¢e K>3 — g€ ng)}

+ $23¢¢ (S23S¢6’12// + €23y 8y COS 6) {sfplm (ciKB — SéK31)

+ cysyIm (céei5K23 — sie‘i‘sng) }]

" Ay sin (hs — hy)x sin (hy — hy)x sin (hs — hy)x
hs — hy 2 2 2 '

In deriving Eqgs. (22) and (23) we encountered the similar issue of using K3, or (e *K3,),
which is exactly parallel to the K|, vs. e® (e~ K},) issue mentioned after Eq. (20). We prefer to
make explicit the (e~ K3,) correlation for the same reason as for the (e Kj5) case.

(23)

4.4 The probability P(v,, — v.): Non-unitary part
The non-unitary part of the probability P(v,, — v,) is defined in Eq. (16), and it takes the form

*
P(vu — UC’)([lI)V = —2Re I:(Sgi) {(aee + Otlm) Sg(;) + a;esf(,’g)}]

= ~2(@e + FuISE) — 2Re |l S5 (24)
It can be calculated as
P(v, — v"’)([lj)v = —2(Tee + Ty
hs —h .y (hy—h
[rtsinag [ sme LI g e B o)
hy —h
+ ¢ sin” 2y (¢33 — 53357 sin’ (2 = h)x 5 X
hy —h Iy — h Iy — h
+ 4er cosd {Sil’l2 M — Sin2 % + cos 2,¢/ sin2 ( 2 5 ])X}
- - —h
— 8J,,,sin 8 sin (hs — h)x sin (7 — hi)x sin (hs — ho)x
2 2 P
~ hy — h hy — h
+ 2¢23¢4 sin 29 Re (,,0€”) |:s§) {sin2 (s =1 5 X sin? (hs s 1)x}
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+ cé €os 2 sin

2 (hy — hl)X:|
2

+ 2304 sin 2y Im (@,0€°) {sé [sin(h3 — hy)x — sin(h3 — hy)x] — ¢ sin(hy — hl)x}

+ 523 5in 2¢ {cos §Re (&€ ) + sin 8Im (&)}

Iy —h Iy —h I — h
5502 {50 8Ro (&) — cos31m (@)} [6 il — b+ 5 i ]
(25)

In finishing up the computation of the probability in the v, — v, channel, we remark that
the qualitative feature of the YSSM—UYV phase correlations in P(v, — ve)g\), (see Egs. (19), (20),
(22), and (23)) is between the K;; blobs of & parameters and e*?, which is akin to that observed
at around the solar-scale enhanced oscillation [33], whereas the one in P(v, — ve)gz, in Eq. (25)
is a “chiral type” but with the SOL-convention @ parameters. Though it may look like the one
found in Ref. [24], that was under the PDG or ATM conventions of the U matrix.

We also remark, repeating what was said in Sect. 3.2, that if one wants to obtain the expres-
sions for P(v, — ve)g\), and P(v, — ve)gi, in the PDG (ATM) convention, the replacement of
the &g, parameters by o, (oe?; M) through the translation rule in Eq. (10) (Eq. (9)) suffices.

5. Taking the limit for the atmospheric resonance region

The careful reader must be anxious about the apparent contradiction between our expressions
for P(v, — v, )g\), given in Egs. (19), (20), (22), and (23), and the results obtained in our previous
paper, Ref. [24], briefly summarized in Sect. 2. In Ref. [24], we claimed that no correlation exists
+% and the complex UV & parameters in the SOL convention, which is in apparent
contradiction to the feature we have seen in Sect. 4. We should be able to resolve this puzzle,
but a miracle seems to be needed.

To clear this point up, we examine the limit of the DMP-UV perturbation theory for the
region of the atmospheric-scale enhanced oscillations. In fact, such a limit has already been
studied [66] for the vSM DMP perturbation theory, and the analysis should apply to our case
as the UV effect is treated as perturbation. The suitable limit to approach for the atmospheric-
resonance perturbation theory is to take the operational limit € <« 1, keeping 03 and ¢ finite,

between e

and

I'q

a A, Ajg
= ~ 1 +s5,— ) ~O(). 26

For convenience, we call this limit the “ATM limit.”®The key parameter which describes the
theory under the ATM limit is the mixing angle ¥, the matter-dressed 61,. It behaves under the

$The nature of the ATM limit is “operational”in the sense thate = Am3, /A, as defined in Eq. (11)is
the parameter fixed by nature, and not to vary. But, apparently such a limit is necessary to turn the whole
DMP theory [45] into the atmospheric-resonance perturbation theory [57], whose region of validity is
restricted to the one around the enhanced atmospheric-scale oscillations. For example, the high-energy
limit pE/Amz,, > 1, where p is the matter density, inevitably sends the angle ¢ to the asymptotic region,
sin2¢p « 1, and hence it cannot be the correct limit for the atmospheric-resonance perturbation theory.
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limit as
+2¢ sin 29126(17)—913)
[1 + 1y —/T+12=2r, 0052913]

sin 2y ~ + O(€?), cos2y ~ F1 + O(?), (27)

where the upper sign is for the normal mass ordering (NMO), and the lower for the inverted
mass ordering (IMO); ¢(y—g,,) = cos(¢ — 613).

The UV amplitude Syy is already first order in the UV parameter, and therefore the sin 2y
terms in it are of order €2, which means that they can be ignored. Therefore, in taking the ATM
limit we can set sin 2y, = 0 (which also implies J,,,» = 0) and cos 2y = 1. This means that ¢,
=0 and sy = 1 for the NMO, and ¢, = 1 and sy, = 0 for the IMO. We discuss below the ATM

limit for the IMO case.’
Let us start from the non-unitary part of the probability P(v, — vé‘)(LIJ)V , which has a much

simpler expression than P(v, — ve)(]l:)V . The ¢*?-UV & parameter correlation originates from

the second term of Eq. (24), —2Re [&M(Sgg) )*SEIO)]. In the ATM limit the relevant part tends
to

eSS
= Uy [cz3c¢ sin 2y e” [sé {— sin’ 7(113 _2h2)x + sin’ 7(113 —2h1 )x} — cé cos 2y sin’ 7(}!2 —2h1)x]
+ icx3cpcy sy e® {sé [sin(h3 — hy)x — sin(hs — hy)x] — ci sin(f, — hl)x}
— $p3 8in 2¢p cos 2¢ {czw sin’ M + Sf,, sin? (;13_2/12))6}
+ 523¢359 sin” 29 sin’ M — is23¢4Sg [y, sin(hs — hy)x + s, sin(hs — hz)x]]
—ATM
= &ye {—323 sin 2¢ cos 2¢ sin’ M — i523CySy sin(h — hl)x} . (28)

Therefore, the terms with the e*? UV & parameter correlation ¢°d,,, vanish, and only the term

with @, remains without §. In fact, under the ATM limit, P(v, — ve)gz, becomes

2 (hs — hy)x
2

— 573 8in 2¢pIm (&“,w) sin(hy — hyp)x, (29)

P(v, — 1)) = 2553 sin 2¢{cos 2¢Re (@ye) — 523 SIn 2(Xee + &W)} sin

which reproduces Eq. (50) in Ref. [24] under the identifications (see Egs. (10) and (9))

~ —is ATM ~ ATM ~ is ATM
Aye =€ "o , Ore = 0Opp s Uy = €ay, . (30)

9The simplest interpretation of the probability formulas in Ref. [24] is that the atmospheric resonance
level crossing is between the 1-3 states, which implies the IMO according to the state labeling in DMP.
The formulas in Ref. [24] are valid for the NMO if we interpret the “A;—A3 crossing” as “A_—X, crossing,”
as in the original reference [57]. In the DMP language it corresponds to the “A,—A3 crossing” in NMO.
For more details see Ref. [66].
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We now turn to the unitary evolution part P(v, — ve)g\),. In the ATM limit all the terms with
e ® K} or e® Ky; type correlations disappear, and P(v, — ve)g\), approaches the form

1
Py, — vl,);:\),

= _23530;55;(Abx) (K11 — K33)sin(hs — hy)x
al {— sin’ (s — ho)x + sin® (hs —h)x . 5 (h— hl)x}

2sin 2003¢5 55 Re (K
+ 2sin 20x3¢54Re (Ki2) = . ; - - din :
' By foas—h)x 5 (s—h)x o (h—h)x
2sin 26 2Re (K- (hs—h)x (s — )
+ 2sin 203¢45,Re (K32) In—In {sm 5 + sin ; i g
A ha — h
+ 4s§3 sin 2¢ cos 2¢Re (Ki3) b gin? (N3 1)x
h3 - 1’11 2
— 25in 2653 sin 2¢cyIm (Ki2) W _bhl sin( 3 . 1)x sin( ) . )X sin( 5 : )

A hy—h hy—h hy —h
+ 25in 26053 sin 2¢s,Im (K32) i " sin (s DX sin (B = I)x sin (s Z)X.
s —

hy 2 2 2 (31)

This is dramatically simplified, from a total of 41 lines to only 6 lines as in Eq. (31) under the
ATM limit. Notice that the K;; contain only the & parameters but no §, see Eq. (17). There-
fore, the §—& correlation disappears in P(v, — ve)g\), under the ATM limit. The expressions
for P(v, — ve)g\), with explicit usage of the o parameters are given in Eq. (C1) in Appendix C,

which reproduces precisely P(v, — ve)g\), in Ref. [24, Eq. (49)].

Thus, we were able to resolve the apparent puzzle. Our results for P(v, — ve)g\), and P(v, —

ve)gz, given in Sects. 4.3 and 4.4 are miraculously fully consistent with Ref. [24].

5.1  Another miracle?

The next question we must answer is how wide is the region in which the chiral-type correlation
e ®aye, e Par,., ar,](PDG convention) exists. As we have learnt in the foregoing treatment
in this section, taking the limit to the region sin ¢ >~ ¢ (IMO) and siny >~ 1 (NMO) in DMP
guarantees the chiral-type correlation. In view of Ref. [45, Fig. 1], sin2y is small, >~ 2¢ (¢
is close to £7/2 or 0), in the entire high-energy region |Y,pE| > 3 (g/em®) GeV. Since ¥ is a
monotonically increasing function of Y,pFE there is no other region where sin 2y is small. Or,
in other words, the (blobs of the o parameters)—e®® correlation can exist only in the region
|Y.pE| <3 (g/lem’) GeV, where v undergoes a sharp change from the negative to positive re-
gions of Y,pFE, i.e. the near-vacuum regime.

Now we must ask the final question: Is there any possibility that some other limiting proce-
dures bring us to features of the vYSM—-UYV CP phase correlations quite different from what we
already know? We believe that such another miracle is very unlikely to occur. In pursuing such
a possibility, we look for a special region of ¢ where it jumps or becomes small. But ¢ is also a
monotonically increasing (decreasing) function of Y, pE for the NMO (IMO). Then, our target
is practically the regions of small sin2¢ ~ 2¢. In Ref. [45, Fig. 1], such a region does exist in
|Y.pE| Z 40 (g/em®) GeV, but it is inside the small sin 2y region where the chiral-type corre-
lation lives. That is, no new feature of phase correlation is expected. We note that this is the
region where all the vSM oscillation modes die away due to the strong matter effect. Nothing
interesting happens there for the vSM oscillations and hence the region does not appear to fit
our purpose of diagnosing non-unitarity through interference. We note that our treatment is
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valid in the energy region [pE| < 100 (g/em®) GeV,, as discussed in Sect. 2.2, which is not so far
from the region where ¢ =~ € starts.

Therefore, we believe that no qualitatively new feature of the vYSM—-UV CP phase correlations
is expected beyond the two characteristic patterns that we have already seen. They are the chiral-
type correlation in the atmospheric resonance region, and (blobs of the UV « parameters)—§
correlations anywhere else.

6. A completed picture of vYSM-UV CP phase correlations
We are now able to draw a complete picture of the e¥?—~UV phase correlations in the whole
region of the terrestrial neutrino experiments. There are two regions in which the characteris-
tically different patterns of the correlations reside:
» e*Pqy, chiral-type correlations in the region of atmospheric-scale enhanced oscillations,
which extends to higher energies, [pE| = 6 g/em’® GeV.

¢ K; (blobs of the UV « parameters)-e** correlations everywhere else.

Let us summarize the features of the correlation in the latter region, as the former region
is discussed in detail in Sect. 5. The characteristic features of vYSM-UV phase correlations in
P, — ve)g\), can be extracted as the three combinations of the vSM phase e factor and the
K;; blobs of the & parameters, e ®K,, K;3 (no correlation with §), and ¢ K»3. We recall that
the Kj; blobs are free from 6 and the explicit expressions of these correlated variables are, using

Eq. (17):
e_i‘sKlz —e {C¢, (623667;6 — 52362):6) — Sy [2C23523(&uu - &rr) + C§3arlt - 553’&;{“] }’

~ A ~ ~
K13 = 2¢454 |:a€€ (1 — A—Z) — (330 + c§3a”):|

+ Ci (5230, + c23@7,) — Si (523000 + €2307e) — 2023523455 Re (@7,)
ei8K23 = 6’1.(S {qu (023aue - S23azre) + ¢y [2623523(&uu - &Tf) + 6%35:,1 - 533&t/4] } . (32)

Notice that the (blobs of the o parameters)-e*” correlation in P(v, — ve)g\), has been seen in
the region of the solar-scale enhanced oscillation [33]; we have shown that its region of validity
extends to a much wider region satisfying |pE| < 6 glem® GeV.

The vSM-UYV phase correlations in P(v, — ve)gi, involve only . by definition in Eq. (24).
Then, the question is whether this feature is consistent with the above (blobs of the «
parameters)-e*® correlation. The answer is yes, in the sense that the same @, correlation
as in Eq. (25) is buried in the blob-type correlation in P(v, — ve)g\),,
fore, everything is consistent as far as the (blobs of the UV « parameters)—¢
concerned.

In the alternative region [pE| 2 6 glem® GeV there is no correlation between e** and the &
parameters in the SOL convention, or the chiral-type [e %« e e B, oy ] correlation lives in
the PDG convention. This picture applies to both P(v, — ve)g\), and P(v, — Ue)ﬂ{/-

The fact that the above picture of the vYSM—UYV phase correlations comes only from the v,
— v, channel may trigger an obvious question if the correlation features are the same in the
other channels. In fact, there is ample supporting evidence for this in our previous exercises

[24,33]. In addition to these comments it may be worthwhile to add a remark about the v, —

as seen in Eq. (32). There-

+i8 correlations are
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v, channel. As the expression of P(v, — v;) is lengthy, we just write down the flavor basis S
matrix of the v, — v, channel in Appendix D. From Eq. (D1), it is clear that the features of
the vYSM-UYV phase correlations discussed above prevail in the v,, — v, channel.

6.1 Obtaining the a parameters in region of the blob correlation

Outside the atmospheric resonance region, we measure the K; parameters.'” In this case, one
can invert Eq. (17) for the @ parameters as 4 = Uy F' UZE = UpU;3(9)K UIT3 (¢)U2T3, where the
A matrix is defined immediately below Eq. (A2). The explicit forms of the inverted expressions
are given by

~ 1 A\
Gee = 5 (1 - A—Z) {CiKu +S§,K33 + ¢y (K31 +K13)},

- 1
Ay = E{C%3K22 + 553 [SéKll + CéK33 — Cy5¢ (K31 + KIS)]

— 3523 [8g (K12 + Ka1) — ¢4 (Kaz + K3)] }

- 1
Urr = E{Sﬁngz + 3 [Sﬁ,Kn + CiKaa — 489 (K31 + K13)]

+ 23503 [ 8¢ (K12 + Ka1) — ¢ (Kaz + K3)] }
Aye = 23 (coKar + 59 Kn3) + 523 [ 4 Kar — 53 K13 + co5 (K33 — Ki1)]
Tre = —523 (¢ Ko + 54K23) + €23 [CéKn - S¢2)K13 + ¢y (K33 — K11)]
Gop = S (523K — 33K12) + ¢4 (33K — 533K23)
+ 23503 [S5 K11 + ¢ K33 — Kap — c454 (Ka1 + Ki3)] . (33)

Therefore, by assuming measurement with sufficient precision we can determine all the g, , in
principle, in the whole region of the terrestrial experiments.

6.2 Some remarks about measurement of the a parameters
Probably the most salient feature of the probability P(v,, — ve)g\), computed in Sect. 4, as well
as the flavor basis S matrix of the v, — v, channel in Appendix D, is that all the Kj;, and hence
the g, (B, y = e, u, ) parameters with all possible flavor indices, come into the expressions.
According to our experience [24,33], this feature holds in the other channels as well, and is
even true in P(v, — v.)"). This means that a one-by-one strategy, measuring one parameter
in one channel and another in another channel, does not work, which implies that we need
extremely high-precision measurement of the probability to determine, or constrain, all the
g, parameters simultaneously.

To determine practically nine degrees of freedom of the & parameters at the same time, one
must combine all the available channels by utilizing the LBL accelerator, atmospheric, reactor,
and solar neutrino observations, hopefully with both neutrino and antineutrino channels if

available. We are aware that these requirements are extremely demanding experimentally. In

10Tt may be interesting to note that the form of [e=? K}, K3, € K»3] correlation is somewhat reminiscent
of the chiral correlation [e™®a ., 1., €°ay,], despite the latter being in the ATM convention of the U
matrix. This suggests an interesting picture that either the o parameters or the K parameters are the
basic elements of the YSM—UYV phase correlations, the a- and K-parameter duality, which exists in a way
bridging between the different U-matrix conventions.
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foreseeing such measurement, it may be worthwhile to examine the &g, dependencies of all the
probabilities P(vg — v, ) in all the channels. Such an attempt was partially made in Ref. [33],
but it must be extended to all the channels.

7. Concluding remarks
After the summary in Sect. 6 of what we have learnt about the vYSM-UYV phase correlation in
this work, only a few remarks are needed to conclude.

The most salient feature of the 6—UV phase correlation we have observed is that it simplifies
at high energies, |pE| 2 6 g/cm3 GeV. The UV terms are relatively large in this region because
it is proportional to the Wolfenstein matter potentials. But, it is highly nontrivial to see that
the enhanced UV effect manifests itself in the behavior of the 5—UV phase correlation such
a striking manner, altering the (blobs of the o parameters)—*? correlation to the much sim-
pler “chiral-type” correlations [e % a,,, e ay,., a;,] (PDG convention) [24]. In the remaining
region of |pE|, however, we have found that the (blobs of the a parameters)—e*?
dominates. The globally valid feature may suggest that the K;; parameters are more natural
variables to describe the features of the UV at low energies. This feature, as well as the possible
«- and K-parameter duality, leaves us with the question of whether the o or the Kj; parameters
could appear naturally in some UV models.

An obviously promising strategy for exploring the characteristic features of the —UV phase
correlation would be to sweep over the energy region E = 0.1-10 GeV, where the key variable
Y which controls the phase correlations has a dramatic change, as shown in Ref. [45, Fig. 1].
This would require super-precise measurement throughout the region covered by ESSnuSB
[73], T2K-T2HK [74,75], NOvA-DUNE [76,77], and T2KK!! [78]. If wide-energy-coverage
atmospheric neutrino measurement has a promising feature for improving precision, Super-
[46] and Hyper-Kamiokande [75], and DUNE [77], as well as IceCube [80] and KM3NeT [81],
would become strong candidates. In the realm of natural Kj; variables, experimental search for
UV may also be pursued in a low-energy LBL set up with the solar-scale enhancement. The
possible physics potential in this region was explored in earlier studies [§2—84] and revisited in
more recent ones [47,58,73,85,86].

We started describing our interest in vSM—UYV phase correlations by saying that ultimately
we want to construct machinery to diagnose non-unitarity. A natural question would then be
in what way knowledge of the vYSM-UYV phase correlations can help the diagnostic capability.
From an experimentalist’s view our work may be regarded as a piece for creating “theorists’
analysis code” in preparation for the real measurement. By knowing the 6—UV phase correla-
tions we would have a better view of the “migration matrix” which describes variable (and their
error) correlations in the § row. Since the “determination of all ag,, at once” strategy is required
for the o parameters, as discussed in Sect. 6.2, the migration matrix is large and therefore any
knowledge of its structure should help.

Thus, even assuming that our discussions in this paper are in the right direction, our phe-
nomenological study may be regarded as just a starting step from one particular side. It is likely
that one should approach the nature of UV from various sides, for example by examining illu-
minating models of neutrino mass, e.g. in Refs. [87,88], and fully consistent models of sterile

correlation

"TA possible acronym used in Ref. [79], but for now the updated name is “Tokai-to-Kamioka
observatory-Korea neutrino observatory.”
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neutrinos, such as in Refs. [8,89], which may reveal what the o or the K parameters imply in
more physical contexts.
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Appendix A. Formulating the DMP perturbation theory with unitarity violation

We present the formulation of the DMP-UYV perturbation theory in the SOL convention to
make this paper self-contained. It has some overlaps with Refs. [24,45,57], but the full formu-
lation is worth presenting because inclusion of the UV effect drastically changes the structure
of the perturbation theory.

Al. Tilde-basis Hamiltonian

In line with our statement made in Sect. 3 we start from the Schrodinger equation in the vacuum
mass eigenstate basis, Eq. (2). In the “tilde basis,” which is related to the vacuum mass eigenstate
basis v as v = (Uj3U)»)v, the Hamiltonian in Eq. (2) defined in the check basis is given using
the SOL convention & matrix as

FI = (U13 Ulz)ﬁ(UIB U12)]L

2 si; 0 cnsis si, 0 0
A’/nren 2
= — 0 0 0 +e€|l 0 ¢, O
2E 0 2 0 0 2
C13513 13 S12
0 c13ei‘s 0
+ ec1a812 6136_1.‘S 0 —5136_i‘S
0 —S136’i‘S 0
Qe 5[;6 ar, A, — Ay 0 0
+ U2|3 1-]10 a,, aju 0 —Ayp 0
0 0 Orr 0 0 —Ap
Qe 0 0
Xx{1—|@&, au 0 Uas
&re &tu &tr
= Hyac + Hmay. (Al)

The DMP expansion parameter € in Eq. (A1) is defined in Eq. (11), together with Am2. . A,

ren’

and A, are defined in Eq. (12). In the DMP-UYV perturbation theory we use € and the six ag,
as the expansion parameters.

~

H,,. in Eq. (A1) can de decomposed into zeroth- and first-order terms. We regard the first

two terms in ﬁvac as ﬁv(;’g [57], and the third term as ﬁé;g ﬁmatt in Eq. (A1) can be written as
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Hoport = H® +H %)V + H® . where

matt uv >
Ae—Ay 0 0
HY = 0 —Ay 0 |,
0 0 —A
2&ee 1 - %Z) &Zé &?e
HY) =AU F e 2, ar, | Un =M,
azre &tu Zazrt

~. ~y o~

~) Ay ~ 12 5 12 * vt e
@2, (1= ) + @0l + 1@l @+ Tolon Tollen

72 _ T ~ ~ ~ ~ ~> ~ 2 ~ o~

HUV - AbU23 Oty + area:/i o + |aru| (xjﬂarr Uns. (A2)
~ ~ ~ ~ ~
Orellrr Orpler (O 2

We have defined the F matrix in Eq. (A2). In the same line, we define the matrix removing the
2-3 rotation from F, just full of the o parameters as A = U3 F U2T3. This is for convenience, for
use in Sect. 6.2.

A2. Unperturbed and perturbed Hamiltonian in the tilde basis

To formulate the DMP-UYV perturbation theory, we decompose the tilde-basis Hamiltonian
into zeroth- and first-order terms as H = H©® + H®. The unperturbed (zeroth-order) Hamil-
tonian is given by H® = H{) + H? . We make the phase redefinition

matt*
P =exp |:i / dx/Ab(x’)i|3’, (A3)

which is valid even for non-uniform matter density, to get rid of the NC potential term from

H®)  Then, the unperturbed part of the Hamiltonian (H©Y is given by
Aa’(;%:n + 8%3 0 c13813 S%z 0 0
(H?Y = Apen 0 0 0 |+e|l 0 ¢, 0]¢. (A4)
13813 0 0 0 s

Hereafter, we omit the prime symbol and use Eq. (A4) as the unperturbed part of the Hamil-
tonian. This is nothing but the zeroth-order Hamiltonian used in Ref. [57].
The perturbed Hamiltonian is then given by

HY = HQ) + Hyy + HY (AS)
where FI‘SQ is the third term in the first line in Eq. (Al), and H %)V and H (S)v are defined
in Eq. (A2). In the following computation we drop the second-order term (the last term) in
Eq. (A5) because we confine ourselves to the zeroth- and first-order terms in the vSM and the
UV parameters in this paper.

A3. Uys(¢ ) rotation to the hat basis
We diagonalize the 1-3 sector of HO® by doing the U3(¢) rotation, where

Co 0 S¢ Co 0 —S¢
Us@=|0 1 0f, Us@'={0 1 0 [. (A6)
—S¢ 0 C¢ S¢ 0 C¢

After this rotation the neutrino basis becomes the hat basis,

19) = UL(@)ID) = UL(¢)U); (3)Iv), (A7)
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and the vSM part of the Hamiltonian is given in the SOL convention by

Hysm = UJ5(¢) Husm Us(¢)

1 A0 0
=—10 X O
2F
0 0 i
0 cos(¢ — 613)e” 0
+ €c12512Aten COS(¢ - 913)6’_1.(S 0 sin(¢ — 013)6’_i6 . (A8)
0 Sil’l(¢ — 0913)€i8 0

In Eq. (A8), the first term A is the unperturbed term with the eigenvalues

1T ) 2 i
A= 5 (Am%en + CZ) - SIgn(Amfen)\/(Am%en - Cl) + 4S%3aAm%en + EAm?enS%b

2 2
Ay = C], € Am

ren’?

Ay == [ (Amp, +a) + sign(Amfen)\/(Am2 - a)2 +4s2,aAml, | + eAmy s, (A9)

2 ren ren ren

and the second term is the first-order perturbation. The diagonalization determines ¢ as

2 Am?, cos20;3 —a 082013 — 1,
cos2¢p = = i
Ay — A V14712 —2r,co820;;
. Amfen sin 2913 sin 2913
Sin 2¢ = Ay = JT+12—=2r,c0820p3 (A10)
a a 13
So far, this is the vSM treatment given in Ref. [57].
The UV part of the Hamiltonian is
A = UL H', Uis(¢) = Ul (@) AF Uis(¢) = ApK, (A1)
where we have defined the K matrix as
Ky K K
K= U1T3(¢)FU13(¢) =| Ky Kn K3
Ky K Ks;
CéFll + SéF33 —cos¢ (B3 + 1) cpFio — s CéFB - 535F31 + cpsy (F11 — F33)
= oo — s¢f23 ) Sp b1 + cyp b3
CéFsl - SéFB + cpsy (F11 — F33)  s¢Fo + cp P32 SéFn + CéFss + cpsp (F13 + F1)

(A12)

The F matrix is defined in Eq. (A2). The explicit expressions of the elements Kj; are given in
Eq. (17).

A4. Uy, () rotation to the bar (energy eigenstate) basis
Since A_ and A cross at the solar resonance, a ~ eAmfen cos 261,/ cos” 63, to describe the

physics near this degeneracy we need to diagonalize the (1-2) submatrix of H,gy using Uy»(¥):

cy slpe"‘S 0 cy —swe,”"3 0
Un(¥)= | —sye ™ ¢, 0], Un(¥) = | spe® ¢y 0. (Al13)
0 0 1 0 0 1
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The new neutrino basis is
[9) = ULW)ID) = UL, U ($)U5(023)Iv), (Al4)
and the vSM part of the Hamiltonian is
i A 1 A 0 —swAS.
Hysm = Un(W) HsmUn(¥) = A b cyAse™ (AI5)
—syds ¢y Ase® A3
where A¢ and Ag characterize the first-order correction effects, and are given by
Ac = eclzslzc¢_gl3Amfen, As = eclzslzs¢_@13Amfen. (A16)
The eigenvalues are given by A3 = A, and
A= % (chh— + s3,ho — 20y Sp€ciasincy—p, Ay, ,
Ay = i (50— + €0 + 2¢y8y€ciasincy_o, Ay, . (A17)
Finally, the UV part of the first-order bar-basis Hamiltonian is given by
Hyy = Un() Hy) Un(¥) = ApUn(¥) KUn(¥) = G, (A18)
where A, = % and we have defined the G matrix as
G G G
G=Un(W)'KUn(¥)= |Gy Gn Gz (A19)
Gy Gxn Gy
The expressions for the G matrix elements in terms of the Kj; are:
G = C%pKll + Sfszz — cysy (€ Koy + e PKyo),
Giy = €° [cysy (Kiy — Kn) + (e " Kiz — 53,6° K1) | = (Gu)*
Go = 53 K11 + €3, Koy + ¢y sy (€° Ko + e P Kyp)
Gi3 = ¢y Ki3 — 54" Koy = (G31)*,
G = e (syKi3 + ¢y’ Knz) = (Gn)*,
G33 = Kss. (A20)

Notice that Kj; = K}’

s and the Kj; are real.

A4.1 The bar-basis Hamiltonian in the SOL convention: Summary To summarize, the unper-
turbed and perturbed parts of the bar-basis Hamiltonian can be written as H = H® + A1,

where

M0 0
ao— L 0 x» O
2F ’
0 0 X3

0 0 —Sv,

H(l)=€C12S12S(¢_913)Aren 0 0 c¢e_i5 +A[,G,
—sy  cye® 0

With Apen = 2252 defined in Eq. (12).
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AS5. Calculation of the bar-basis S matrix
To calculate the S matrix we define €(x) as
Q(x) = 7" S (x). (A22)
Using i4£. S = A (x)S, Q(x) obeys the evolution equation
.d
i—Q(x) = H;Q(x), (A23)
dx
where
Hy = 1% (0 ifi O (A24)
Then, 2(x) can be computed perturbatively as
x X X
Qx)=1+ (—i)/ dx'H\(x") + (—i)zf dx'H, (x’)/ dxX"H\(x")+---, (A25)
0 0 0
and the S matrix is given by
S(x) = e T Q(x). (A26)
To simplify the expressions we use the notation
A
hi = —, A27
= (A27)
which leads to
e:l:ihlx 0 0
eiiﬁ(O)x — 0 pEilx 0 (A28)
0 0 eiih;x
H can be given as the sum of vSM and UV terms, H, = Hl“SM + HIUV, where
0 0 _Swe—i(h3—/11)x
HleM — E’Aren O . O Cwe—itse—i(h3—h2)x
—sy et(h3 —hy)x cy €18 el(h;*/’lz )x 0
Gll e—i(hz—hl))cG12 e—i(/13—h1)xG13
HV = Ay | eemx Gy, Gx» eTih=h)xGyy |
ei(h;—/’ll )x G31 ei(h;—hz)x G32 (;33
where we have defined € as
E = 6012512S(¢,9]3). (A29)
Then, the first-order terms in €(x) and subsequently S!) can be obtained as
) 0 0 _Sw'h?iely;l {efih?x _ efih'lx}
S(l) =c 0 4 ' 0 ' C‘/feﬂahf%/r;z {eflhy\‘ _ e*lhzx}
—sy h?fz] {e—thgx _ e—thlx} c elrS th:e;;’ {e—rh3x _ e—zhzx} 0
ey G (e —e ] Gngp e e
+| Gy {"_l_ e ) G (=iApx)e™™* Gyt fe ™ — e’ >} 1. (A30)
G31 /13A_h]1| {e—llz3x _ e—l/‘l]X} G32 h3A_[7/12 {e—zhgx _ e—zhzx} G}}(_l-Abx)e—zlux
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To summarize, the bar-basis S matrix to first order in € and @, is given by

) e~ ihx 0 0 S:vgil) 5512) S%)
S=| 0 e Qh + gill; 5%12; % , (A31)
0 0 il s¢ s s

where the S() matrix elements are given in Eq. (A30). By using the expressions of the G ma-
trix elements in Eq. (A20), they can be written by using the K matrix elements. The resulting
expressions for the S() elements to first order in the UV @ parameters are as follows:

Sgll) = [CzllfK“ + SlzﬁKZZ — CySy (eiéKzl + e_iéKu)] (—iApx)e ™M,
S50 = [s3, K + & Kox + cysy (€°Kar + e Ki) ] (—iAgx)e™ ™%,

Sgg) = K33(—Z'Abx)€7ih3x,

5512) = ei(S [cwsv, (K]] — Kzz) + (Czwe_iaKlg — SzweiaKgl)] Bb {e—ihzx — e_ihlx} s
hy — Iy
S = e [cysy (Kii — Kan) + (¢}, Koy — 53,67 K1) | A [emex — gmilx}
hy — Iy
Sg) = [(Cz//KB — S¢€i8K23) Ab — gsx/fAren] —h ! 7 {eiilhx — eil’h]x} ,
33—
S‘gll) = [(C¢K31 — s,/,e_i‘sK32) Ap — gSwAren] n 1 n {e_””x — e_ih'x} ,
S%) = e_i‘s [(SI/,KB + Cv,eiaKB) Ab + EC‘/, Aren] h ! /’l {e‘””x — e‘"’zx} s
3 — 12
Sglz) =" [(S¢K31 + C¢€_i8K32) Ap + gcw Aren] —h3 ihz {e_ih3x — e_ihzx} . (A32)

A6. The relations between various bases
A clarifying note on the relations between the various bases may help. Using the definitions of
the tilde and hat bases,

H = (UnUp)H(Up3Up)', H = Ul (9)HU;5(¢)

the relationship between the bar-basis Hamiltonian A and the vacuum mass eigenstate check-
basis Hamiltonian H is given by

A = Up(y) HU(y) = UL()U (@) Ui U HUL UL Uis () Unn(9),
H = ULULUs @) Un(W)HULW)U (¢)Ui3 Us. (A33)

The bar H basis is the basis in which H is diagonalized, and therefore the perturbation theory
is formulated using the bar basis. In Eq. (A33) and hereafter, Uj,, U3, etc. with no specified
arguments assume the vacuum angles 65, 613, etc., respectively, as arguments.
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In our discussion with UV, the non-unitary transformation is involved in the relation between
the flavor and the vacuum mass eigenstate (check) basis as

Vo = NoiVi = {(1 — @)U}, V. (A34)

Then, the relationship between the flavor-basis Hamiltonian Hyayor and the bar-basis one A
becomes

Hﬂavor = {(1 - C()U}FI {(1 - a)U}T
= (1 — @) UnUp3 () Unn(¥)HU,(¥) U () ULy (1 — ). (A35)

Then, the flavor-basis S matrix is related to the S matrix as

Stavor = (1 = @)U Up3 () Unn(¥)SUL () UL (9) U (1 — ). (A36)

Notice that the structure of the Sqao, matrix in Eq. (A36) is very similar to that in the solar-
resonance perturbation theory, Ref. [33, Eq. (51)]. That is why we will see similar expressions of
the various quantities as functions of the K and G matrices. But, we must note that the similarity
is superficial because the energy eigenstate bases in matter by which the perturbation theory is
formulated, the bar basis here and the hat basis in Ref. [33], are different from each other. Using
the notation ¢ for 6, in matter, it is given by H= U1T2(<p)Ulzl:I Ufz Ui2(p) in Ref. [33], which is
very different from Eq. (A33) in our case.

A7. Calculation of the flavor-basis S matrix

Given the expression of the bar-basis S matrix in the zeroth and first orders in Eqs. (A31)
and (A32), respectively, it is straightforward to compute the flavor-basis S matrix elements using
Eq. (A36).

First, we calculate the first-order terms using the S matrix. In this calculation we can dis-
regard the (1 — o) and (I — «)' factors because we are interested in up to the first order of the
Sfavor matrix. Then, what we should do is the three rotations in the 1-2, 1-3, and 2-3 spaces
as in Eq. (A36). For the reader’s convenience we give an intermediate step, the tilde-basis S
matrix,

S = Us(9)SDUSL(8) = Uns(d)Unn()SUL, () U/ (). (A37)

The computed results for the SM matrix elements are given in Appendix B.
Using the S matrix elements, the flavor-basis SV matrix is obtained as
s — UZ3§(1)U2T3
5 o+ 505 e
= | enS onSY A B e (59 +SW) 38 - 3,8 + e (S - 51)
ey AT - A cann (- 50) S+ S —caen (54 52)

(A38)
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Notice that the first-order S'!) matrix is necessary to obtain the EV part of the first-order prob-
ability as defined in Eq. (16). For the UV part, the S’ matrix elements suffice.

For the zeroth-order flavor-basis S matrix S, we repeat the same calculation using the S
matrix, the first term in Eq. (A31):

S(O) — C¢ (c%befih]x + S2 efihzx) + S2 efihgx’

S(O) —C23 (S2¢e lh1x+c e thzx) +S23 [Sé (cv/e th1x+s e zhpc) —I—C e zhgx]
( —iyx e—zhl Y)
)
(

— sin 26354¢y. 5y cOS S (e

S(O) _ S23 (S e—thlx + C e—lhz‘C + 023 [S¢ (CZI/j —ihx L e—zhzx) + Cée—ilnx]

+ 8iNn 2609355y 5y cos 8 (e — "’“x),
S(O) _ cz3c¢ei‘sc¢s¢ (7% — M) 4 gyscysy [e7% — (62¢e—1h1x e e—ihzx)] ’
S(O) = ca3cpe Py sy (e’ihzx — ’h‘x) + $23¢450 [ —ihsx _ (czwe”h‘x + s2 ”hzx)] ,
S( ) — —sz3c¢e‘ c,,,s,,, (e—ihzx _ thlx) + C3ces54 [ [ —ih3x _ (C%pefihlx +s e*ihzx)]’
SW = —smcpe Peysy (€7 = emMY) - enzegsy [ — (cp e ™Y 4 e ™))
SLOT) = (c§3e_i5 — s§3ei‘s) S¢Cyr Sy (e_’hzx — e_’h'x)

+ ¢23823 [(sﬁ,sz,/, - c%/, Ye x4 (sicw — 5y 2)e x4 6’2 _’/“x] ,

SE(L) = — (33" — 533¢7) spcysy (7™ — oY)

+ 3503 (5357, — €)™ + (5505, — 53)e” MY + cgem ™. (A39)

Notice that the generalized T invariance, Sl( /.) (c— ") = Sg.?)(c), holds, where ¢ denotes the

all complex numbers involved.

ij
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Appendix B. Tilde-basis SO matrix: Summary
The first-order tilde basis S(!) matrix is defined in Eq. (A37) for the expression of the bar-basis
S matrix given in Eq. (A32). The S matrix elements obtained are:

s = —iAbx){céKn (s e + ¢ e™) + Gy 55, Kap (€77 + &™) + 5] Kaze™ ™

+ cécwsw (¢°Ko1 + e Kyy) (sfbe_””x — czwe_ih‘x)}

Ap
hy — I

+ céc¢s¢ [Sil’l 21# (K11 — ng) + cos 21# (ei‘sKZI + e_i‘sKlz)] {e—ihzx i e_ihlx}

+ CpSpCy {C¢ (K31 + Ki3) Ap — Sy (€i8K23 + e_i8K32) Ay

1
hy — hy

— 2ES¢, Aren} {e_ihSX —ih1X}

—e

+ CpSpSy {S]/, (K31 + K13) Ap + Cy (€i8K23 + €_i8K32) Ay

- 1 . >
+ 2ec¢Aren}—h3 s {e thsx _ o ’hzx} ,

§§12) = (—iAbx){clz/,s%/,K“ (e7™% 4 &7 ™Y) 4 Knp (e + s, e ™)

+ c‘pslﬁ (ei8K21 + eiiSKlz) (Czwefihlx _ Szweihlx)}

Ap
hy — Iy

— CySy [Sil’l 2¢ (K11 — K») + cos 2y (ei8K21 + e_iéKlz)] {e—ihzx — e—ih]x} s
S;%) = (—iAbx){séK“ (sfpe”'hzx + cfbe’fll‘x) + séczwsszzz (e’””x + e”'h‘x)

+ Sécws‘/f (eiaKZI + e_iaKlz) (Szwe_ihZX _ Czwe—ih]x) + C2K33e_ih3x}

Ay
hy — Iy

+ sécwsw [sin 29 (K1 — Ka) + cos 2y (ei5K21 + e‘i5K12)] {e—ihzx _ e—ihlx}

— CpSpCy {C¢ (K3 + K31) Ap — Sy (6[8K23 + 67[8K32) Ap

1

—ih3x
s — I e

—ihlx}

— 2€sy, Aren} —e

— CpSpSy {Sv, (K3 + K31) Ap + Cy (€i5K23 + e_i8K32) Ay

1
hy — hy

— e

+ 2€cy Aren } {e_"h”

—ihzx}

’
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S _
S12 -

o) _
S =

P |:c¢c¢s¢(—iAbx){K11 (s%pe_ihzx — czwe_ihlx) + K» (czwe_ihz" — slzl,e_ihlx)
i5 —i8 —ihrx —ihx
+ cysy (€K + e °Kip) (e +e )}

+ C¢{e_i8K12 + C¢S,/,[COS 29 (Kj1 — Ky»)

Ay

- - { —iyx e—ihlx}
2 — H

— sin 2y (eiaKzl + €_i8K12) ]}

— S48y {(C¢K31 — sv,e_"‘sKn) Ap — €Sy Aren} {e‘ih3x — e_””x}

hy — hy

+ S Cy {(S¢K31 + Cwe_i5K32) Ap + ZC,# Aren} }B—ihz {e—ih3x _ e—ihzx}]’

e |:C¢C¢S¢(—ZA1,X){K11 ( —ilyx w lhlx) + K» ( —ihyx Siefilnx)
+cysy (eiaK21 4 e—iaKlz) (e—ihzx i e—ihlx)}

+ C¢{€i8K21 + C¢S¢|:COS 21// (K]] — Kzz)

Ap
hy — Iy

— sin2y (eiaK21 + e_iSKlz) ]} {e—ihzx _ e—z’hlx}

1
hy —

1 —ih3x __ ,—ilx
h3—h2{e S 2}]

— sp5y { (cy Kis — 54 €°Ka3) Ay — €5y Aren} [emtsx — gmimx}

+ S Cyr {(S,/,KB + c]/,ei‘sK23) Ab + gcw//Aren}

_ —(—lAbX)C¢S¢{K11 ( —ihyx 4 e—lhlx) + C;/,S;/,KZ ( —ihyx + e—ihlx) _ K33e—ih3x

+ CySyr (ei‘usl +e K]z) (ST/fe ihhx C2we—ihlx)}

. ) _ A 4 -
— CpS¢pCy Sy [Sln 2y (Kll — K22) + cos 2y (el‘sKﬂ —+ e_18K12)] Z bh {e—lhzx _ e—l/ux}
2 — ]
+ {Czw (CéKIZ» - SiKsl) — CySy (c¢e Ky — s¢ “BK3) Ay
~ 1 . o
— COSQ.(]&C’,/,ESwAren}m { ih3x e 1/1@}

+ {321// (c3Kis = 55K31) Ap + cysy (5 Koy — sge " Ka) Ay
1

—ih3x
hs — Iy e

—i/‘lgx}

e

’

+ oS 205y €Cy Aren }
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S _
S =

—(—iAbX)C¢S¢{K11 (Silbefihzx + c4¢efih1x) + Cfbsv,zb[(22 (efihzx + efih]x) _ K33efih3x

+ Cy Sy (eiSKzl + e_i‘SKlz) (S%ﬂe—ihzx _ CZwe—ihlx)}

Ay
hy — Iy

— CpSpCy Sy [sin 21//‘ (K]] — Kzz) + cos 21& (eiSKZI + €_i8K12)]

+ {Czw (CéKg] — SéKn) Ap + Cy Sy (SéeiaKB — Céeiiang) Ay
1

h h {e—i/’l3x _ e—ihlx}
33— 1

— c0o82¢cyEsy Aren}

+ 152 (K31 — s2K13) Ap — cysy (s5e° Koz — cze_i3K32) Ay
¥\~ ¢ ¢ ¢

1
hy — hy

+ cos 2¢S¢ch/ Aren} {e—ihgx o e—ihzx}

9’

{e—ihgx _ e—i/’l])c}

S'g) = |:—(—iAbx)s¢c¢s¢ {Kn (szwefihzx — clzz,ef"h‘x) + K> (clzpe*"hzx — szwe*"h‘x)

~

(1) _
Sy =

+ CySy (eiSKZI + e_iSKlz) (e—illzx + e—ih]x)}

— S¢{ei5K21 + CI/,SI/,I:COS 29 (Kj1 — Kp)

Ap
hy — Iy

— sin 2y (ei‘SKz] + €7i8K12) ]} —e

{efl'/’lzx 7[/’!1)6}
1
hy — Iy

1 —ih3x —ihyx
hy — hy te Mo }]’

— CoSy {(C¢K13 - SWeiSKm) Ap — gJsl//Aren} {e_ih3x — e_ihlx}

+ cpCy {(S¢K13 + CweiSKB) Ap + ’Evchren}

e |:—(—iAbx)s¢c¢s¢ {K11 (szwe_””x — czwe_"h‘x) + K> (czwe_”’zx — sz,ﬁe_ih‘x

+ C‘/’S‘/’ (ei8K21 + e_i(SKlz) (e_ih2x + e—ih]x)}

— S¢{€i5K12 + CwaI:COS 21// (Kll — Kzz)

Ap
hy — hy

— sin2y (" Ky + ¢ Ky) ]} femh — ey

1
hy —
1

— CpSy {(C¢K31 — Sll,eiiaKy) Ay — gswAren} {efl'/13x _ efihlx}

+ CyCy {(S¢K31 + cwe_i3K32) Ab + fEVCw Aren}

—ih3x __ —ilx
h3—h2{€ W —e 2}]

€ is defined in Eq. (A29). As in the zeroth-order SO matrix, the generalized T invariance holds

as well.
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Appendix C. First-order unitary evolution part P(v, — ve)(}lz)V in the atmospheric

resonance region

The probability P(v, — ve)g\), in Eq. (31) using the & parameters is given by

y _ O\ (<D
P(v, — ve)py = 2Re |:(Sm> (SEV>eu]
2 il ~ Ay 2~ 2~ ~
= 55, 8in” 2¢ [cos 2¢{—ozee (1 — A_) + [$330 + €530 + c23523Re (“ru)]}
b
+ sin2¢ [s23Re (@) + c23Re (&,e)]](Abx) sin(hz — hy)x

+ sin 26,3 sin 2¢{c§) [c23Re (@) — s23Re (@) ]

— CpS¢ [Sin 2023(6[## — arf) -+ cos 2923R€ (&ru)] }

Ab {_ sin2 (hg — /’lz)x 4 Sil’lz (h3 — hl)x 4 ) (/’lz — h])x}

X - 7 sin 5

+ sin 2023 sin 2(]5{5(21) [CQ3R€ (&W) — S23R€ (&re)]

+ CpS¢ [$IN 2603(A )1y — &z ) 4 cOs 26023Re (ar7,) | }

Ap [ o2 U —o)x + sin? (hs —h)x .o (o — h)x
hy — hy 2 2 2

X

. . ~ A ~ ~ ~
+ 4535 cos 2¢ sin 2¢{s1n 2¢ |:Olee (1 — A—”) — (330 + 330rc) — c23523Re (ozm)]
b

Ap .2 (h3 — hy)x
n

+ cos2¢ [s3Re (@ye) + c23Re (&re)]}h3 I St 2

+ 25in 26,3 sin 2¢{c§) [e23Im (@e) — $23Im (@7 )] + ¢459Im (&}M)}

8 Ay sin (hs — hy)x sin (hy — hy)x sin (h3 — hy)x
hy — hy 2 2 2

— 25in 2653 sin 2¢{s§) [e23Im (@) — $23Im (@ )] — ¢g59Im (&“w)}

8 Ay sin (hs — hy)x sin (hy — hy)x sin (h3 — hy)x
hy — hy 2 2 2 ’

(CI)

which reproduces Ref. [24, Eq. (49)].
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Appendix D. Flavor-basis S matrix in the v, — v, channel

The flavor-basis S matrix in the v, — v, channel is given in the first order in the & parameters
(ignoring the first-order vSM part) as

St} = A8 — 350 + s (S - 51)
= —S4CySy (C%3€i5 — s§3e_i5) (—iAbx){Ku (s%/,e_"hzx — czwe_”“x) + K> (czwe_il’zx - szwe_ih‘x)
+ sy (€7 Kar + e P Kp) (efihzx 4 eihlx)}
+ 623S23(—iAbx){ [s3, Kit + ¢, Ko + ¢y 5y (€ Kot + € P Kip) | (5385, — ¢, )e ™™
+ [cszn + slzl,Kzz — Cy Sy (ei‘sK21 + e_i‘sKlz)] (séclzl, — slzl,)e_"hl" + ciKgge_ih3x}

— Sg |:cos 203 {cos 8Re (¢ °Kj5) — sin8Im (e K;») |

Ap
hy — Iy

+ i{sin8Re (e °Ki2) + cos 8Im (e Ki») }] [eiler _ giliv)

— (336" — s33¢77) S¢Cwsw[005 2y (K11 — K2)

sin 24/ (¢ Ko + ¢ Ki2) | A”h fein _ gmin)
2 — "

Ap
hy — Iy

e

+ 23823 Sin 2 [sin 29 (Kj1 — Ky) + cos 2y (ei8K21 + eiiaKlz)] {eiihzx —

71'/11X}

CoSy |:COS 2013 {COS 6Re (C¢K31 — Swe_isKn) —sindlm (CT/,K31 — Swe_i5K32)}

Ap

+ i{sin8Re (cy K31 — sye " K3) + cos $Im (cy K3 — sweiSng)}i| s {e’””x — e’”“x}
+ cycy |:cos 263 {cos 8Re (s Ka1 + cpe " Kzp) — sin 8Im (sy K31 + ey K3))}
+ i {sin8Re (sy K31 + cye”K3) + cos $Im (s K31 + c¢e_i3K32)}i| A A—bhz {emhsx — milx)
— (238523CpS4Cy [clﬂ (K13 +K31) — 5y (ei5K23 + e7i5K32)] ; Abh {efz'h_zx _ efihlx}
3—h
— 23523CpSpSy [sy (Kis + Ka1) + ¢y (e"us3 + 6_18K32)] 7 bh {e_lh3x — €_lh2x} . (DI)
3—h
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