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ABSTRACT

Arch-shaped microelectromechanical systems (MEM&Ebeen used as mechanical memories,
micro-sensors, micro-actuators, and micro-valvesbiAtable structure, such as an arch, is
characterized by a multivalued load deflection eudere we study the symmetry breaking, the
snap-through instability, and the pull-in instatyilof bi-stable arch shaped MEMS under steady
and transient electric loads. We analyze trandiaiie electroelastodynamic deformations of
perfect electrically conducting clamped-clampedn®and arches suspended over a flat rigid
semi-infinite perfect conductor. The coupled nosdéin partial differential equations (PDES) for
mechanical deformations are solved numericallyngyfinite element method (FEM) and those
for the electrical problem by the boundary elenmeathod.

The coupled nonlinear PDE governing transient daeédions of the arch based on the Euler-
Bernoulli beam theory is solved numerically usihg Galerkin method, mode shapes for a beam
as basis functions, and integrated numerically wéigpect to time. For the static problem, the
displacement control and the pseudo-arc lengthirmeetion (PALC) methods are used to obtain
the bifurcation curve of arch’s deflection vershes tlectric potential. The displacement control
method fails to compute arch’s asymmetric deforamatithat are found by the PALC method.
For the dynamic problem, two distinct mechanismghefsnap-through instability are found. It is
shown that critical loads and geometric paramdtaranstabilities of an arch with and without
the consideration of mechanical inertia effects quige different. A phase diagram between a
critical load parameter and the arch height is tonted to delineate different regions of
instabilities.

The local water slamming refers to the impact g@aa of a ship hull on stationary water for a
short duration during which high local pressuresuocWe simulate slamming impact of rigid

and deformable hull bottom panels by using the @lpagrangian and Eulerian formulation in

the commercial FE software LS-DYNA. The Lagrangiammulation is used to describe plane-
strain deformations of the wedge and the Euleristdption of motion for deformations of the

water. A penalty contact algorithm couples the veedgth the water surface. Damage and
delamination induced, respectively, in a fiber feioed composite panel and a sandwich
composite panel and due to hydroelastic presserstadied.
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Chapter 1

Symmetry breaking, snap-through, and pull-in instabilities under
dynamic loading of microelectromechanical shallow arch

1.1. Introduction

Microelectromechanical systems (MEMS) having congmis of dimensions in the range of a
few to a hundred micrometers are used as radiodmry (RF) switches, varactors and inductors
[78], accelerometers [79], pressure sensors, déergofor micro-mirrors [96], micro-pumps
[10], and bio-MEMS [3]. A number of different actiem properties, such as piezoresistive,
piezoelectric, electrostatic, electromagnetic, riredr and optical have been exploited in MEMS.
Of these, the electric actuation is widely usedahbse of the low power consumption and
potential for integration in a standard integratéatuit environment. An electrically actuated
MEMS consists of a deformable electrode made obradactive material suspended above a
rigid conductive electrode with a dielectric medijugenerally air, between them. An electric
potential difference applied between the two etetds induces the Coulomb pressure on the
electrodes, which deflects the deformable electtoteards the rigid one. The elastic restoring
force induced in the deformed electrode restristsriotion. Electric charges redistribute on the
deformable electrode’s surface and the gap betwesmnl the rigid electrode decreases, which in
turn increases the Coulomb force and deforms tlermable electrode more until the elastic

restoring force is balanced by the Coulomb force.

1.1.1 The pull-in instability in MEMS

For electrically actuated MEMS, the applied elecgrotential has an upper limit, beyond which
the corresponding Coulomb force is not balancedhey elastic restoring force, resulting in
sudden collapse of the deformable electrode omigiet one. This phenomenon, called the pull-
in instability, was observed experimentally by Tay[92] and Nathanson et al. [62]. The

corresponding values of the potential differeacel the peak displacement of the deformable



electrode are called the pull-in voltage and thieipudisplacement, respectively; collectively the

two are called pull-in parameters.

Vacuume, external ta; Deformable electrod®;

Figure 1.Schematic sketch of the problem studied.

Accurate estimates of pull-in parameters are ctdoradesigning electrically actuated MEMS.
In switching applications [67], the pull-in instéty is necessary for the switch to operate.
However, for micro-mirrors [47] and micro-resonatdb4] the pull-in instability restricts the

range of operational displacement of the device.

1.1.2 The snap-through instability in an arch shkApEMS

In an arch shaped deformable electrode (e.g.,igaeefl), in addition to the pull-in instability,
the snap-through instability can occur under thel@uob pressure; these two instabilities have
been studied in [51, 49] with a one degree of foeedsystem. Figure 2 shows a bifurcation

diagram between the nondimensional peak displacemens /g, of an arch shaped MEM

electrode and the electric potential differenceapeeters defined ase bV ? /2Eig? . Hereeo is
the vacuum permittivityp the width, L the length,§, the initial gap,V the electric potential

difference between the two electrodd:%,Young’s modulus, and the second moment of the
cross-section of the deformable electrode abouhd¢ugral axis. The bifurcation diagram has two
stable branches AC and DF. Initially, with the mase ing, w increases gradually from point A
to point C, the arch maintains its initial curvdehpe, and the resultant elastic restoring force



balances the Coulomb force. At point C, the defbectincreases suddenly, and the arch is
inverted to a new equilibrium position correspomdito point E. This sudden jump in the
deflection is called the snap-through instabilégpd the corresponding voltage the snap-through
voltage. From point E to point F, the elastic rast force induced in the arch again balances
the Coulomb force. However, just after point F dedormable electrode collapses on to the rigid
one, and the pull-in happens. The portions CD aBdoF the curve are unstable. During the
loading process, the arch follows the path ACEFhd a follows the path FDBA during

unloading.

Advantages of the snap-through instability havenbegploited in actuators [97, 98, 80, 69],
microvalves [40], and transducers [53]. The snapttgh instability of an arch shaped MEMS
under slowly applied electric loads has been oleskrexperimentally and studied through
reduced order models in [105, 51, 52, 49].
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Figure 2. Bifurcation diagram for the snap-throagt the pull-in instabilities of arch shaped
MEMS (from [49]).

The snap-through instability of an arch is not gméeed. Various conditions such as the arch
rise h (see figure 1) for different arches (paraboliccuaiar or sinusoidal), arch thicknesgs

type of loads (step or ramp), and the gppbetween the electrodes determine whether or eot th

snap-through will occur. Pippard [73] and Patrietoal. [70] have presented a phase diagram
between the arch length and the initial arch amagléhe clamped end, showing conditions for
which the snap-through can occur due to a quasista¢chanical point load, which is not
dependent on arch deflection; they studied diffeegoh configurations either experimentally or
numerically and joined the points to get the phase Zhang et al. [105] and Krylov et al. [52]
have studied static problems involving the snapttgh and the pull-in instabilities in circular
and bell shaped arches, respectively. Krylov ef48l] have presented a phase diagram between
h andd showing conditions for which the snap-through oaaur in static deflections of a bell

shaped MEMS. Zhang et al. [105] explained thatdghap-through and the pull-in instabilities



can only be distinguished by the physical criteradrwhether or not the collision between the
deformable and the rigid electrodes occurs. Depgndn the arch shape and the load type the
following three scenarios arise: either only thdl-puinstability occurs, or the arch undergoes
the snap-through and then the pull-in instabilidy,the snap-through and the pull-in happen

simultaneously. In each case, the pull-in instigbdccurs.

1.1.3 The dynamic pull-in and snap-through insitibg

In dynamic loading, transient effects may triggéher the snap-through or the pull-in instability

first. The pull-in instability in a MEMS under aatisient electric load has been studied in [63,
74, 36, 30, 5, 50], and the snap-through of aremesshells during their transient deformations
under mechanical loads has been reported in [46,TB® snap-through of laminated composite
spherical caps during their transient deformationder mechanical loads has been studied in
[38, 41]. Identifying pull-in instability is easyebause of the physical phenomenon of the
deformable electrode touching the rigid one. Thgnamic snap-through” generally means a
large increase in response, resulting from a simaléase in a load parameter [46]. Simitses [84]

has proposed that for static deformations undeistiiltited mechanical load, the arch rise

parametereych =243n/d , must be greater than 5.0 for the snap-througfiallity to occur in a

shallow arch defined as one for whiatize{x;)/dx.)* < 0.05 wherezy(x,) is the shape of the

bottom surface of the arch; see figure 1. Howeegg, must be greater than 5.86 and 9.73,
respectively, for a step load described by a Hé&dikinction and an impulsive load given by a
Dirac delta function. Thus, conditions for the dyne snap-through to occur depend not only on
geometric parameters of the arch, but also onyihe of loads. As far as we can determine, the
combined snap-through and pull-in instabilitiegremsient deformations of arch shaped MEMS

have not been analyzed.

1.1.4 Modeling of electrically actuated MEMS

The modeling of electrically actuated MEMS has beeviewed in [16]. In most cases, the
Coulomb pressure on the electrodes has been cothpytasing the parallel plate approximation

(PPA) which assumes that the two electrodes arallyoparallel to each other. In order to



alleviate computational difficulties of a 3-D ansity a number of reduced order models
approximating the deformable electrode as a bedmn49104, 55, 14, 19] have been developed.
If the aspect ratio of the deformable electrodiige, approximation of the electrode as a plate
iS more appropriate [107, 64, 57, 99, 17, 18, 86,93, 28, 48]. Many MEMS devices, such as
micro-pumps made of thin glassy polymers, and ggatight valves comprised of stretched

ribbons can be approximated as membranes, e. §3&eel, 12, 72].

Reduced order models estimate global quantitied) as the natural frequency or the deflected
shape of the deformable electrode with reasonataleracy; they cannot predict accurately local
guantities such as the stress and the strain ikkl®electrode of arbitrary geometry. Therefore,
for analysis, design, optimization, and product elegment of MEMS devices, continuum

mechanics based simulations are necessary.

Nishiguchi and Sasaki [68] have presented a lagferahation theory for solids subjected to
electromagnetic loads but did not solve any enginggroblem. Gilbert et al. [39] developed
the software CoSolve-EM to solve 3-D quasi eleateehanical problems; it couples the FE
code ABAQUS and the BE code FASTCAP; the formeraioalyzing mechanical problems and
the latter for electrical problems. They did nolve a transient problem. The commercial
software COMSOL can be used to study MEMS problesiag the FEM with the Eulerian
description of motion for the electric field in tmeedium surrounding the electrodes and the
Lagrangian description of motion for deformationstioe electrode. It needs frequent re-
meshing of the region exterior to the MEM electder analyzing both static and transient
problems, which require considerable computatioesburces. Shapoorabadi and Andrew [82]
have compared three different methods availablehen commercial FE software ANSYS,
namely, (1) ESSOLV: a sequentially coupled eletttis and structural field tool, (2)
TRANS126: a directly coupled electrostatic and ttral field tool employing 1-D transducer
element, and (3) ROM144: a directly coupled elestatic and structural reduced order model.
They studied static infinitesimal deformations dbesional and a flexural-torsional micromirror,
and concluded that predictions from the ROM144 thekdESSOLV compare well with analytical

and experimental results. However, for problem®iving large deformations, the TRANS126



should be used instead of the ROM144 and the ESSOh¥y too did not consider transient

problems.

De and Aluru [32] used the coupled finite cloud @hd boundary cloud methods to convert
partial differential equations (PDESs) describing thalance of linear momentum and the charge
conservation to ordinary differential equation©3) in time and solved them using Newton’s
and the relaxation schemes. They employed the bggma description of motion, computed
exactly the Jacobian matrix in Newton’s method, aled the MEM electrodes as 2-D bodies,

and neglected effects of fringing fields and maiemonlinearities.

From the literature review given above, it can baatuded that transient deformations of arch
shaped MEMS considering both material and geometidinearities have not been studied.
Here, we describe a mathematical model for studgfiy problems, and develop the needed
software to analyze the mechanical problem by &l land the electrical problem by the BEM.

The two are coupled with information exchanged leetwthem after every time step. After
validating the mathematical model, we study thé-puind the snap-through instabilities in arch

shaped MEMS under time-dependent potential difiegen

Apart from the coupled FE-BE method, we also stikdg snap-through and the pull-in
instabilities using a reduced order model (ROM)easn the Euler-Bernoulli beam theory,
which takes into account the von Karman nonlingarithe ROM is computationally more
efficient than the coupled FE-BE method and effemftsa number of design parameter on
instabilities can be studied in less time using ROMrches under static and dynamic
displacement-independent mechanical loads have Iséaied using a ROM by various
researchers; e.g. see [46, 56, 44, 45 , 70, 78@\eder, only recently, the response of arch
shaped MEMS under a slowly varying electrostatispure is reported in [52, 105]. However,
neither a detailed analysis of symmetry breakinm, the response of arches under transient
electric loads has been reported. In the presemk,wsing a ROM, a detailed study of the
dynamic response including the symmetry breakifge snap-through, and the pull-in
instabilities of arches over a range of valueshef @arch height and the stretching parameter is

provided.



The rest of the chapter is organized as follows:tiSe 2 presents governing equations for
MEMS using continuum balance laws and Maxwell'sapns, and the numerical technique to
solve the system of governing equations. In Se@iaesults for flat and arch shaped MEMS are
described and discussed. Section 4 presents the BR@Vnumerical techniques to solve the
governing equation of the ROM. In Section 5, twffedent mechanisms of the snap-through
instability, namely the direct and the indirect githrough, are described. Effects of various
parameters such as arch height, damping, rate aifg, and different arch shapes (e.g.
parabolic, sinusoidal and bell shaped) on the nmigaparameters are studied using the ROM in

Section 5. We summarize conclusions from the pteserk in Section 6.
1.2. Mathematical model based on continuum mechanics

1.2.1. Balance laws for MEMS

A schematic sketch of the problem studied is showiigure 1 that also exhibits the rectangular
Cartesian coordinate axes used to describe defrmsadf the bodies. The deformable electrode

is modeled as a perfectly conductive solid bodyeugding finite deformations and the rigid

electrode as a semi-infinite plate in thexplane. LetQ, c R*andl; R? be regions occupied

by the deformable electrode and the rigid semnitdi electrode, respectivelf, = R is the
semi-infinite region surroundinQ; and situated above the electrdgeand is vacuuni’y is the

boundary ofQ; with disjoint partsI;, and I',. The kinematic and the traction boundary
conditions are prescribed, respectively,Ign andI;,. The reference configuratio¥ and;

are deformed into the current configurationsc R* and o, = %3 respectively;y; is the
boundary ofw; andy, the image of’; in the current configuration. We note that= vy, since
the bottom electrode is rigid. We denote positientars of a point with andx; (i = 1, 2, 3) in

the reference and in the current configurationspeetively.

The electric field vanishes in a perfect conducidws, no net charge is present inside the body.
The motion of the deformable electro@g is governed by the balance of mass, the balance of
linear momentum, and the balance of moment of maunergiven, respectively, by equations

(1), (2) and (3) in the referential description:



pI= P (1)

A~

. oTy .
PoVi 287"‘/00 fi InQy 2)

J
-I:ik Fy = fjk Fg in Q. 3)
The coupling between the mechanical and the etetteffects is through the Coulomb pressure
which acts as tractions on the surfdge of the electrode. Deformations bf influence the

electric field inQ;, sincel'; is also a boundary surface@4. In equations (1) — (3p, and O are

mass densities in the reference and the curreriigooations, respectivelyj the determinant of

the deformation gradiefy; =§%, v; the velocity field defined ag =X%,, a superimposed dot
i

denotes the material time derivativ‘f;-r,the first Piola-Kirchhoff stress tensdy the body force

per unit mass and a repeated index implies summater the range of the index. The first

Piola-Kirchhoff stress tensor is related to the @gustress tensdr,; by
A oX,

T, =020, @)
| axp P

1.2.2. Electrostatic approximations

The electric and the magnetic fields(d are governed by Maxwell’s equations [65]. Since th

characteristic time scale of mechanical deformatisrmuch larger than that of inertia effects in
Maxwell's equations, therefore we neglect time delemce of electric and magnetic fields there
by eliminating coupling between magnetic and eiedields. Henceforth we consider electric

fields only, and assume that a scalar potemifal,t) exists. The electric field = is given by

Elelec - _ %

| ox ()



1.2.3. Constitutive relations

Even though the problem formulation and the analyschnique are applicable to a general
material, for simplicity we presume that the defalie electrode is comprised of a neo-Hookean

material for which
T, = AE, 6, + 2uE; (6)

where) andp are elastic constants for the material of the HddyandE; is the AlImansi-Hamel

strain tensor defined as

E, Z%(@' ~(F)(F _1)1 ). (7)

Note that equation (7) considers all geometric imealrities, including the von Karman
nonlinearity. With the constitutive assumption (8)e balance of moment of momentum
equation (3) is identically satisfied; and only gesric nonlinearities are considered. Material
damping due to viscous effects can be incorporayadodifying the constitutive relation (6).

1.2.4. Simplified governing equations

Assuming that there are no free chargesdrthe electric potential distribution in the current
configuration is governed by the Laplace equation
o%¢
OX.0X,

=0 in 2. (8)

Therefore, equations (2) and (8) constitute goveymquations for the MEMS. Substitution for
E; from equation (7) into equation (6) and the resold equation (4) gives the first Piola-
Kirchhoff stress tensor in terms of displacemeeitfu; defined as

Ui(X,t)=x =X (X,1). 9)
Substitution from equations (6) and (9) into equat{4) and the result into equation (2) gives a
set of coupled nonlinear PDEs for the determinabbrihe displacement field. Knowing the

displacement field, the present mass density cdourel from equation (1).

10



1.2.5. Initial and boundary conditions

We assume that initially the deformable electrodeat rest, and occupies the reference

configuration at timé=0. That is

ui(%,0)=0 (10)
and
vi(%,0)=0. (11)
For equation (8)
¢ is specified as non-zero ¢n (12)
andg =0 ony,. (23)
For equation (2)
u(X, t) is specified o'y, for all t and
T;iN,= T%onTy for allt. (14)
HereN; is an outward unit normal vector b andT; is the electrostatic traction given by
2
Ti°=%J(F‘1),-iN,- (15)
Ogy = —gog—zni : (16)

In equations (15) and (163, is the charge density on the surface of the defdrelectrode and
n; is an outward unit normal vector 9. Note that the coupling between equations (2)(8nhas
through equations (14), (15) and (16)

1.2.6. Numerical solution of the initial-boundargte problem

We seek an approximate solution of the nonlinearpkam initial-boundary-value problem
defined by equations (2) and (8) - (16). The FEMemsployed to solve the linear momentum
equation (2), because previous research [11] hawrshhat, at least at the present time for
transient problems, the FEM is computationally meffecient than a meshless method. To solve
Laplace’s equation the BEM is used because it eaityeconsider the semi-infinite domain.
The FEM and the BEM are described in [108, 75].

11



We take the inner product of both sides of equa@rwith a test functiov; which vanishes on

"1y, and integrate both sides of the resulting eqoatieer the domaite; to obtain

J‘ iAiier f _dQ:Ip GV, do (17)
8X 0'i i o™i Vi .

Q j o

Using the chain rule of calculus, the divergenceotem, and the natural boundary condition
(14), we get

~ OV
UvdQ= (TVdr - || T, — - p,f.V. |[dQ. 18
ipo ivi f‘; i é‘;[ ji ax] pO i |J ( )

We express the test function and the trial disprees® in terms of basis functions, (X, , 8 =
1,2, ..asV, (X)) =Vay, (X)), u(X, )=y, (X,),ab=12, ..,

whereus is the value oli, at nodeb, and conclude from equation (18) the following

Mababi = Ifai ,1=1,2,3 (19)
where
Moy = Jpo‘//b‘ﬂadg (20)
Q
and
Ifai = jTiOl//adF - I '|:.i OVa _ po fiw, |dQ . (21)
Iy Q J axl

Note that Ifai depends orfij, which is related ta; through the constitutive relation (6) and the

strain displacement relation (7), aity, which depends on the charge distribution on théase

of the electrode through equations (15) and (16).

Using the identity
(M5 @)~ M=o @2)

eqguation (19) can be written in the matrix (or skete space) form as

12
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Equation (23) is integrated with respect to timeusyng the subroutine LSODE (Livermore
Solver for ODES) [77].

The salient feature of our FE formulation is thatassumption has been made with regard to the
constitutive relation, which relates the first Riddirchhoff stress tensor to the displacement
gradient and/or the velocity gradient. Thereforayide class of materials, such as linear and
nonlinear elastic, viscoelastic, and viscoplasti&n be considered for the MEM electrode of

arbitrary geometry.

The solution of equation (8) i is [75]
§(x) == [ B0,V SML 00+ 2 [O0I TG XK. (24)

wherex andxg are the field point and the source point respebtjw the external angle ap, v
the gradient operator with respect xp PV over the integration sign indicates the Cauchy

principal value of the integral, ar@{(x,xo) is Green’s function of the first kind.

When analyzing a plane strain problem inxheg - plane, we set,;=X, and solve the mechanical
problem foru; andus. For studying a plane stress problem inxhe - plane, we s€t,, = 0 in
equation (6), solve the resulting equation s, substitute folE,, in equations foil11, T3z and
T13, and solve the mechanical problem for displacemenandus. For both plane stress and
plane strain problems we solve the electrical gobin thex;xz — plane and use the following

Green’s function
1 1
G(x,x,) = ——In(r,.)+—In(r.™ 25
( O) 271_ (dIS) 271_ (dls) ( )

wherergs = K-Xo|, 1" =x-xo™| with Xo = (%%, x°) andxe™ = (x.°, -%°). The first term on the
right hand side of equation (25) is the free sgaeen’s function for the source poit and the
second term is Green'’s function for the source tpajfff which is the image of, with respect to
the planexs=0. Therefore,G(x, Xo) vanishes o', and satisfies boundary condition (13). The
boundary integral equation (24) holds onlyyen

13



In the aforementioned problem formulation, the dinenomentum equation is written in the
Lagrangian description of motion, and Laplace’samun for the electric field in the Eulerian
description of motion. De and Aluru [32] have weiit both equations in the Lagrangian
description of motion, employed Newton’s method simve ODEs arising from the weak
formulation of the problem, and computed analyljcéhe Jacobian matrix. This makes the
resulting numerical algorithm computationally lesgensive. However, one of our goals is to
keep the FE formulation general enough to includéde class of materials for the deformable
electrode that makes the analytical evaluation haf Jacobian matrix impractical. We use
LSODE with the Adam-Moulton method [77] to integrdhe coupled nonlinear ODEs (23) that
does not require the evaluation of the Jacobiamixpand adjusts the time step adaptively to
compute the solution within the prescribed absadung relative tolerances.

1.3. Results from continuum mechanics approach

Based on the formulation given above, we have dgesl a computer code to find an
approximate solution of the coupled nonlinear akiboundary-value problem. It uses 8-node
serendipity quadrilateral elements with 3 x 3 Gaumsts for studying 2-D structural problems
and uses 2-node line elements with one collocgimnt at the centroid of the element and 12

Gauss points for computing the electric flugx).Vg(x) on the boundary of the deformable

electrode. Since, the BE has only one collocatiomtp the electric flux is constant over the
element and is discontinuous across the inter elebmundary. Therefore, discontinuities in the
electric flux at sharp corners of the deformabkr&gbde can be easily captured, as the variation
of the electric flux over elements on both sides @brner need not be continuous at the corner.
Boundary elements with linear or quadratic variaid the electric flux need special treatment to
capture discontinuities at a corner [95, 60]; eae discontinuous elements and corner problems
in [20].

14
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Figure 3. Time histories of the displacemesof the centroid of the fixed-fixed beam under a
body forcef; = 150 kN/mnj.

The mass matrix is lumped by using the special ingpechnique. In LSODE, the relative and
the absolute tolerances are set equal b B@sults for each problem are computed with attlea
two meshes to assess the order of error in the mecehesolution. After every time step
coordinates of nodes for the BE mesh are updataddary integral equatiof24) is solved for

the electric flux n(x).Vg(x) along the boundary of the deformable electrode, smdace

tractions (15) due to the Coulomb pressure are abmdpand applied to surfaces of the
deformable electrode. The FE and the BE codedudlyeintegrated into one software and no

human intervention is needed.
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Figure 4. Variation of the Green-St. Venant st&imnand the Almansi-Hamel straify; along
the top and the bottom surfaces of the beam, atttkadisplacement; along the bottom surface
of the beam at= 0.0102us; results for only the left half of the beam arewh. Solid lines:
Present code, dashed lines: LS-DYNA.

1.3.1. Code verification

The code has been verified by comparing computedlte for three problems with those
obtained by numerically analyzing the same probleitis commercial codes. The first problem
studied is a 25%m long, 10um wide, and 0.5um thick fixed-fixed beam made of an isotropic
neo-Hookean material withy = 2231 kg/mi, 4 = 12.05 GPa and = 79.27 GPa. The magnitude
150 kN/mnf of the body force irx; direction is unusually high to induce large defations in
the beam so that effects of nonlinear strain-dapieent relation (7) can be delineated. The
computed results are compared with those derivedsiyy the commercial FE software LS-
DYNA by implementing in it the constitutive relatid6) through the user supplied subroutine

option. Deformations of one-half of the beam haeerbstudied due to the symmetry of the
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problem. The FE mesh for the plane strain problem 60 x 10 8-node serendipity elements
along half of the length and the thickness of tearh. The element dimension along the beam
length is varied gradually and the element lengtthe fixed end of the beam is 1/5 of that at the
mid-span. A similarly graded 120 x 20 4-node FE missemployed to solve the problem with
LS-DYNA. The FE mesh was successively refined tmiobconverged solutions and results with
only the finest mesh, described above, are given. s can be seen from results plotted in
figure 3, time histories of the centroidal defleaticomputed with our code agree very well with
that obtained by using LS-DYNA. The variation oeth;; component of the Almansi-Hamel
strain tensor, the;; component of the Green-St. Venant strain tensinekt by

§ = %(Fn Fy =9 ) (26)

and the displacement along the beam span at t = 0.0182re exhibited in figure 4. It is clear
that results computed with our code agree very wéh those obtained with LS-DYNA. At
points near the supporEs; ande;; exceed 0.2. However, along most of the beam dpaatial

strain is about 0.01. Results from the Euler-Belihdaeam theory will significantly under

estimate the axial strain at points near the clahguges.

Q H Q
D MG H G
Fixed-fixed beanf;
X3 A I B X3 E F
L E
X1 X2
Semi-infinite electrod&’; in the xx»-plane Semi-infinite
electrodd™»

() (b)

Figure 5. The long-section (a) and the cross-secbd of the deformable electrode suspended

over the rigid semi-infinite electrode.

The second problem analyzed is also a fixed-fix@@0km x 2.4pum x 30um (L x b x h) beam
(cf. figure 5) suspended 10dm above a rigid electrode but we now compute thal@ob

pressure distribution due to the electric poterdifference between the rigid electrode and the

17



beam. For the silicon beam we take= 2231 kg/m, A = 97.5 GPa ang = 65.0 GPa. The
domain Q, is considered as vacuum witly = 8.85410** F/m, and the electric potential
difference between the two electrodes equals 1Dh€é.boundary of the long section of the beam
is discretized using two different BE meshes, @Dand 3000 x 400 (elements along AB and CD
x elements along BC and DA). To model the extedomain(, in the FE commercial code
ANSYS we use PLANE121 and INFIN110 elements (sgeré 6). Values ofy andly in figure

6 were gradually increased and the FE mesh waserkfio obtain converged solutions. We
compare in figure 7 the Coulomb pressure on edd&sDIC and BC of the beam. As exhibited
in figures 7(a) and 7(b), the electrostatic pressiistribution along AB and DC from our code
agrees well with that from ANSYS except near thenecs, which could be due to the non-
uniqueness of the unit normal at the corners. Heweas shown in figure 7(c), mesh 1 failed to
compute the Coulomb pressure distribution alongetigee BC. Due to the very high aspect ratio
(AB/BC = 1000/2.4~ 417) a finer BE mesh is required to compute thell@uob pressure
distribution on sides BC and DA of the beam. Thagrthution of the electrostatic pressure on the
bottom surface AB and on the top surface CD oftidam is more important than that on edges
BC and AD since it induces the downward electrastatessure, which actuates the MEMS.
Therefore, the BE meshes used here should sufficernpute the pull-in and the snap-through

parameters of the MEMS.
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Figure 6. The mesh to study the electrostatic pressn edges of the cross-section EFGH of the
deformable electrode. PLANE121 elements in ANSY&uwmed to discretize the area (red)
around the deformable beam up to radg8eyond the radius INFIN110 elements (green) are
used up to a length &f to take into account the infinite extent of ther@dmn Q,; ro = 60 um and
lo = 60um are used. Similarlyp, = 2 mm andy = 2 mm are used in the analysis of the long
section ABCD of the beam.

Next, we compare in figure 8 the electrostatic gues distribution on the boundary of a cross-
section of the beam. The boundary of the crosSeseof the beam is discretized using BE
meshes consisting of 1000 elements along EF ana@HL00 elements along FG and HE. As
exhibited in figures 8(a), (b) and (c), the elestatic pressure distributions on EF, HG and FG
from our code agree well with those from ANSYS gtagear the corners which could be due to
the non-uniqueness of the unit normal at a cor@ae can see that the electrostatic pressure
along EF is not uniform because of the fringinddsedue to the finite width and the finite height
of the beam. The downward electrostatic pressgrger unit length of the beam can be
computed by integrating the pressure along EF aadTHhat is,

pq = Total Coulomb pressure along EF — Total Coul@réssure along HG &.151Pa (27)
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If we neglect the fringing fields then the pressal@ng the width EF of the beam is uniform and

the downward pressure per unit length of the bearording to the PPA is given by

A A

2
o, =2V =0.130 Pa (28)

A2

24,

which is 14 % less than the pressure obtained ftenBEM solution. Therefore, for this case

fringing fields cannot be neglected. The downwardspure/length according to the Mejis-
Fokkema formula [13, 49] gives
~n ~ AA_AA3/4 (At oy e
o, =2V [1+ 0.26{ o hzo(BX) W(X)j + 05{%\/ G * hzo(ax) WX B =0.157 (29)

%

which is about 3.7 % more than that from the BEisoh. Therefore, the beam problem can be
analyzed as a 2-D problem in thes - plane with acceptable errors if the electrostptessure

found from the PPA is corrected with the Mejis-Fekia formula.
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Figure 7. The Coulomb pressure distribution aloograaries AB, DC and BC of the beam (see
ABCD in figure 5(a)); due to symmetry the electeatst pressure distributions along BC and AD

are the same.
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Next, we study transient deformations of a fixecefl 80um x 0.5um x 10um silicon beam
suspended 0.dm above a flat rigid electrode due to a step ateptitential difference applied to
the two electrodes. This problem has been studi¢82] as a plane stress problem. However, as
the ratio of the width to the height of the bean2@s it should be considered as a plane strain

problem. Here, we analyze it as both plane stregs @ane strain problems to delineate
differences between the two sets of results. Siggb = 0.07 andd /b = 0.05, fringing fields

can be neglected [14]. To demonstrate the effethe nonlinearity in the strain displacement

relation (7), we also study the problem with thme&r strain displacement relation

(30)

Plane straifmesh 3

€

§ Plane straiimesh 2
8 Plane stresgmesh 1
©

% Plane stresgnesh 2
£

x Ref [32]

®

0]

o

Plane strain line:

Plane stress line

15
Time(us)

Figure 9. Time histories of the downward displacetwd the centroid of the bottom surface of
the fixed-fixed beam due to 2 V step potentialatiéihce between the rigid and the deformable

electrodes. Plots of peak displacements from treali and the nonlinear problems overlap.
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Two FE meshes, 30 x 4 and 60 x 8 (number of elesnaluing the length and the thickness
respectively), and 136 and 272 BEs, respectively,used to solve the 2-D problem. Figure 9
exhibits the time history of the downward displaeatof the centroid of the bottom surface of
the beam for an applied step electric potentidedthce of 2 V between the beam and the rigid
electrode; results from our code for the planesstigroblem agree well with those reported in
[32]. Results from the two different meshes oveskp on each other. The maximum transverse
displacement and the time period of oscillatiomsrfithe plane strain analysis are about 10% less
than those from the plane stress analysis. Thameatlty in the strain-displacement relation has
a negligible effect on both the amplitude and theetperiod of oscillations. Figure 10 shows the
variation of the Cauchy stre3s; along the span of the beam at f§s7 As the two meshes give
virtually the same results, for subsequent analysesise the first mesh. The magnitude of the
axial stress near the fixed edges of the beam re th@n twice of that at the midsection of the

beam.
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timet = 0.7us due to 2 V step potential difference between itje and the deformable
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Figure 11 depicts the downward displacement ofctr@roid of the bottom surface of the beam
versus time due to different applied step voltages.the plane strain problem with the nonlinear
strain displacement relation, the pull-in voltagebetween 16.75 V and 17.0 V, since for the
16.75 V potential difference the peak deflectioaystbounded but for the 17.0 V potential
difference it becomes unbounded. By solving theblera for several values of the potential
difference between 16.75 and 17.0 V, one can coanpudetter value of the pull-in voltage. For
the plane stress approximation with the nonlinéairs displacement relation the pull-in voltage
is found to be between 15.75 V and 16.00 V. Thé-ipwoltage for the plane stress problem
reported in [32] is 15.7 V. For the plane straiprximation with the linear strain-displacement
relation, the pull-in voltage is between 14.5 V dad75 V. The analysis with the linear strain-
displacement relation underestimates the pull-itage by 13.4%. For the plane strain problem,
the consideration of the nonlinear strain displaeetmelation increases the absolute maximum

displacement before the pull-in instability to 0.3® (= 0.55 §,) from 0.34um (= 0.48 §,)

obtained from the analysis of the linear problersing a spring-mass model the maximum pull-

in displacement for a statically loaded micro-besgoals 0.3§), [62]. The spring-mass model

accounts for neither the nonlinear strain-displaastmelation nor the actual distribution of the
Coulomb pressure. Tilmans and Legtenberg [94] adenlfor the actual deflection distribution
but neglected nonlinear mid-plane stretching of thero-beam and obtained a pull-in
displacement of 0.8, in a static problem. Using a reduced order modetlekRahman [4]

showed that the pull-in displacement equals § 3% a static problem if both the mid-plane

stretching and the actual distribution of the Caubopressure are considered.
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Figure 11 Time histories of the deflection of the centroidioé bottom surface of the fixed-fixed
beam for different step applied electric potentiedsn the nonlinear and the linear strain-

displacement relations.
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1.3.2. Fixed-fixed beam as MEMS

In order to compare the pull-in parameters of anbegth those of an arch in the next subsection,
we study transient deformations of a fixed-fixelicen beam of length = 1 mm, width = 3@n
and height = 2.4m, initial gap = 10..um. For a step potential difference of 90 V, thex3and

50 x 4 FE meshes (elements along the length andhibkeness directions, respectively) and
having 128 and 216 BEs gave maximum downward disptents of the centroid of the bottom
surface equal to 6.188 and 6.24m, respectively. The variation of the Cauchy stiegsalong
the span of the beam at time 15 us is exhibited in figure 12. It is clear that theotFE meshes
give virtually the same stresses, and for subsdcaraalyses, we use the first mesh. Whereas the
distribution of axial stres3;; on the midsurface of the beam is nearly uniforrd aguals ~
0.015 MPa, the magnitude ®f; at points on the top and the bottom surfacesaramnear the
clamped edges equal ~ 0.07 and ~ 0.04 MPa respgctiithermore, distributions @f;; on

the top and the bottom surface are not uniform.
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Figure 12. Variation of Cauchy strebg along the beam span at tine 15 us due to 90 V step
potential difference between the rigid and the duefble electrodes.

Krylov et al. [52] have studied static deformatioat this beam both experimentally and
numerically with a reduced order model, and thelugs of the pull-in voltage are 100.0 V and
118.5 V respectively. Figure 13 exhibits the peakvilward deflection of the centroid of the
beam bottom surface due to different step potentitierences. The pull-in voltage for the
dynamic problem is found to be between 99.0 V a@d.a. V since for the 99.0 V potential
difference the peak deflection stays bounded hbuthfe 100.0 V potential difference it becomes
unbounded. By solving the problem for several valagthe potential difference between 99.0
and 100.0 V, one can compute a better value opthiein voltage. We note that the presently

computed pull-in voltage is very close to Krylovat's [52] experimental value. The pull-in
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voltage is found to be between 49.0 V and 50.00vhfthe analysis of the linear problem, and is
nearly one-half of that for the nonlinear probleifhus, assumption of the linear strain
displacement relation gives the pull-in voltage @qto one-half of that obtained with the
nonlinear strain displacement relation. We note tiha difference in the pull-in voltage from the
linear and the nonlinear strain-displacement retegtiare problem specific; for the gt x 0.5
um x 10um beam studied above, the difference in the twéipuwoltages was only 12%. The
pull-in displacements for the 80m x 0.5um x 10pum and the 100Q@m x 2.4um x 30um beams

equal0.78d and3.25d respectively.

Peak displacernent (uIo)

Time (=)
Figure 13. Time histories of the deflection of testroid of the bottom surface of the fixed-

fixed beam for different values of the step elegotentials from analysis of the nonlinear

problem.
To delineate the effect of the rate of loading e pull-in parameters we increase the electric

potential difference between the beam and the gtgdtrode linearly with time. Figure 14 shows

the peak deflection of the centroid of the beansweithe applied voltage for different rates of
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increase of the applied voltage. Experimental datd the bifurcation curve derived with a
reduced order model [49] are also exhibited. Asmeanzed in Table 1, the pull-in voltage and
the pull-in deflection decrease with a decreasthénrate of increase of the potential difference.
The pull-in voltage increases by 2.7% with a telaHiocrease in the rate of increase of V from
0.06 Vs to 0.6 Vis. However, there is about 16% decrease in theipwbltage when the
applied potential difference is changed from lilhgaarying to a step load. The pull-in voltage
of 113 V for the slowest loading rate consideredlsut 13 % more than the experimental static
pull-in voltage and about 4.6 % less than the nusakstatic pull-in voltage reported in [13, 49]
with a reduced order model and the Coulomb presgiven by the PPA with the fringing field
correction. The present work finds the Coulomb fuwes from the charge distribution of the
electric field, and applies it along the normal ttee bounding surface in the deformed
configuration. For both step and linearly incregspotential difference, the use of the linear
strain displacement relation underestimates thé&ipuloltage by about 50% and the pull-in

deflection by as much as 70%.

33



:g -2
= I
% —
E* i — 40 ﬁ ) .
s B 0.24 s ]
& [ 0.17 I ]
el —0.12 T T
- — 006 T PP
.H..-L---'*"'
10k . . _-=|l--'."|"'.'--‘--'*'.:.:| .: L L e 1 H
0 20 40 &0 20 100 120

Potential difference (W)
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Table 1: Pull-in parametersfor the fixed-fixed beam for different rates of the applied
potential difference

Rate of applied Nonlinear problem Linear problem
potential difference e pull-in The pull-in The pull-in The pull-in
(V/ ps) voltage (V) displacementm) voltage (V) displacementum)
Step load 99.50 7.7 49.0 4.5
0.60 116.50 7.0 65.1 7.5
0.24 114.25 6.6 59.0 5.6
0.17 113.75 6.5 58.0 55
0.12 113.50 6.4 57.0 5.3
0.06 113.00 6.4 56.0 5.3
Experiment 100.00 5.0
ROM (static 118.50 6.5
problem)

! Reduced order model

1.3.3. Transient deformations of a bell shaped a&EMS

Referring to figure 1, we consider a bell shapédasi arch with base Iengtﬁ = 1 mm, widthb

= 30 um, thicknessd = 2.4 um, initial gap g, = 10.1um, the arch riseh = 3.0 um, and its

bottom-surface described By x) = h sirf(x >2/I:). Values assigned to material parameters are
the same as those for the beam of the last sedtfenanalyze it as a plane strain problem, and
consider the effect of fringing fields by increagithe tractionT® (cf. equation (15)) on the
bottom surface of the arch due to the electrostatae by a factor of

A A gan ag N34 ~ A T A
(Hol%{zo(xhgoéx)—w(x)j +05{% JZO(X)+QE(X)_W(X)D -

in accordance with the Mejis-Fokkema formula [19]. 4
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For a step potential difference of 60 V, the twox3® and 50 x 4 FE meshes (elements along the
length and elements along the thickness directimspectively) and having 128 and 216 BEs
gave maximum downward displacements of the cenwbithe bottom surface equal to 1.657
and 1.677um. The variations along the span of the arch ofGhachy stres$;; on the top, the
middle, and the bottom surfaces at tibne 20 ps are exhibited in figure 15. It is clear that the
two FE meshes give virtually the same stresses,f@andubsequent analyses, we use the first
mesh. As for the beam, the maximum valuesTgfl joccur at points near the clamped edges;
whereasl;; is essentially uniform on the midsurface of thehaaind equals ~ -3 MPa, that at the
edges equals ~ -16 MPa on the bottom surface and\PEOon the top surface. Because of the
curvature of the undeformed arch, maximum magnguwdfehe compressive and the tensile axial

stress are different.

5 ' —_ Bottom surface, mesh 1 I ]

10F, - Bottom surface, mesh 2 .

I —_ Top surface, mesh 1 ]
- Top surface, mesh 2

- — Ilid—plare, resh 1 .

St - Ilid—plane, mesh 2 .

atress 77 (WIPa)
_

0.0 0oz 04 08 0s 10

Distance frorn the left edze of the arch (o)
Figure 15. The Cauchy stregg along the span of the arch at the top, the bo#odithe mid-

plane at timé = 20 usdue to 60 V potential difference from the analygithe plane strain

nonlinear problem.
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applied potential difference. Black circles corrasg to data from static experiments [49] and
the black dashed line is the corresponding bifimoaturve reported in [49]. Solid and dashed

lines correspond, respectively, to analysis ofrtbelinear and the linear problems.

Figure 16 displays the peak displacement of théraehof the bottom surface of the arch versus
the applied voltage for different uniform ratesimérease of the electric potential. Results from
the analysis of the linear problem, experimentsh §49] and the bifurcation curve derived with
a reduced order model in [49] are also exhibitee Tirst sudden increase in the peak
displacement from the analysis of the nonlineabjam at the potential difference of ~ 75 V
corresponds to the snap-through instability ofdheh. For low to medium rates of increase of
the applied potential difference (i.€.0.4 V/us), the arch vibrates around the snapped through
shape till the applied potential difference readtespull-in voltage of ~ 102 V. For the loading
rates of 1.2 and 3.0 M$ the snap-through instability is not observed, anty the pull-in
instability occurs at ~ 105 V and ~ 129 V, respeagdtiv We have summarized in Table 2 the
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snap-through and the pull-in parameters for difierates of loading. As the rate of increase of
the potential difference is decreased the snapstfirovoltage gradually decreases to 73 V
monotonically, however the pull-in voltage approaxiill V non-monotonically. It is evident

that the response of the arch approaches thaedt#tically deformed arch as the rate of loading
is decreased. Krylov et al. [49] have studied stdéformations of the arch experimentally and
numerically by using a reduced order model. Thegegimental snap-through voltage of 62.3 V

differs by 5% from the presently numerically comgalivoltage of 65.7 V, and the corresponding
pull-in voltages are 106 V and 111 V. We note tin&t loading rate in experiments cannot be
accurately determined. Analyses with the lineaaistdisplacement relation fail to predict the

snap-through instability. Therefore, the nonlingam the strain displacement relation must be
considered for studying the snap-through instabilkor subsequent problems, results from
analyses with the nonlinear strain displacemeiatiogl are reported.

Table 2: The snap-through and the pull-in parametersfor the fixed-fixed bell shaped arch
for different rates of applied potential difference from the analysis of the nonlinear
problem.

Rate of applied potential The snap-through instability The pull-in instalyilit
difference(V/us)
Voltage Displacement  Voltage Displacement
V) (nm) V) (um)
Step load 65.0 2.6 92.0 11.0

3.000 - - 123.0 11.0

1.200 - - 100.0 6.0

0.400 77.5 2.0 1115 9.0

0.240 75.5 1.9 111.0 8.0

0.120 74.0 1.8 113.0 9.0

0.060 73.5 1.7 111.0 8.0

0.024 73.0 1.7 116.0 8.5
Experiment 62.3 106.0
ROM (static problem) 65.7 111.0
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Figure 17. Time histories of the downward displaeehof the centroid of the fixed-fixed bell

shaped arch for different applied step voltages.

Figure 17 shows time histories of the deflectionthed arch for different values of the applied
step potential difference. A significant differenicethe response of the arch occurs when the
applied potential difference is increased from 6%\66 V in that the amplitude and the time
period of oscillations increase noticeably. Thislden change in the response due to a small
change in the applied potential difference indisdbee snap-through instability. It should also be
evident from the plot of the peak displacement weithe applied step voltage shown by the red
curve in the figure 18. The pull-in voltage is fauto be 92 V, which is nearly 40% more than
the snap-through voltage. The snap-through andpthlein voltages due to step electric
potentials are lower by 15% and 20%, respectiviign those due to a linearly increasing
electric potential; we recall that the pull-in \aije for the beam studied above exhibits the same

trends.
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Figure 18. The maximum absolute displacement otémroid of the bottom surface of the

fixed-fixed bell shaped and parabolic arches ftfedent applied step voltages.

Since the rise parametex,.,, for the shallow arch is 4.33, according to thiéedon given in
[84], it should not experience a shap-through iniitga under a deflection-independent
distributed static or transient mechanical load.owlver, under the step electric potential
difference, which induces a deflection-dependestrithuted force, the arch experiences the
snap-through instability. Therefore, the critera®veloped with the assumption of displacement-

independent loads does not apply for displacemepésident (or follower type) loads.
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parabolic arch on the top, the bottom and the nadgdue to 110 V step potential difference.

1.3.4. Transient deformations of a parabolic arceMIS

The parabolic arch studied in this subsection diffeom the bell shaped arch analyzed above
primarily in the non-zero slopes of the parabolichaat the two fixed edges and zero slopes for
the bell shaped arch. The geometric and materiainpeters of the parabolic arch ate= 500
um, b =50um, d = 2.6um, h =2.9um, and §, = 6.4um (see figure 1)y = 2310 kg/m, 1 =
73.95 GPa and = 63.0 GPa. Since the average gap to the widid (a12+ §,)/b of 0.157 and

d/b of 0.052 are less than 0.5, effects of fringirejds can be neglected [14]. Even though, in
[14] an initially flat beam is considered, for theesent problem, the arch height is negligible as
compared to its width and length, neglecting finggfields should not introduce an appreciable
error in the pull-in parameters. We analyze it @saae strain problem. The 20 x 3 and the 40 x 4
FE meshes with 92 and 176 BEs gave the maximumadal deflections of 0.442 and 0.444
um for 110 V step potential difference. Variatioriglee Cauchy stresk;; along the span of the
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beam at time = 4 us are exhibited in figure 19. As results are viljuthe same from the two

meshes, for the subsequent analyses we use thenés$.
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Figure 20. For different rate of increase of thplegl potential differenced/us) the downward
displacement of the centroid of the bottom surfafcine fixed-fixed parabolic arch versus the

applied voltage.

Figure 20 evinces time histories of the peak dggteent of the centroid of the bottom surface of
the arch for different uniform rates of increaseld electric potential. A sudden increase in the
peak displacement, observed for a potential diffeeeof 210 V, signifies the pull-in instability.

The pull-in voltage depends weakly upon the ratenofease of the applied potential difference.
No snap-through instability is observed. Recallt #oa the bell-shaped arch both instabilities

were found.
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Figure 21. Time histories of the peak downward ldispment of the centroid of the fixed-fixed

parabolic arch for different applied step voltages.

For different step potential difference, figure 2ghibits the downward displacement of the
centroid of the bottom surface of the arch versoe.t Unlike for the bell shaped arch, the
amplitude of vibration increases gradually with therease in the applied step voltage till the
potential difference equals 206 V. A sudden chandke response occurs when the applied step
voltage is increased to 207 V; thus the dynamitipwoltage is between 206 V and 207 V. The
blue line in figure 18 shows the variation of treak displacement with the applied step potential
difference. Unlike the bell shaped arch, no suddeange in the peak displacement is seen other
than the one at the pull-in voltage. Therefore, gshap-through instability did not occur under
step loading also. We note that dimensions of thassidal and the bell-shaped arches are
different.
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Figure 22. Time histories of the peak downward ldispment of the centroid of the parabolic

arch for different values of the steady potentifiedence.

For the applied voltage increased linearly fromozier the desired value in 43 and then held
there, figure 22 shows time histories of the dowmdisplacement of the centroid of the bottom
surface of the arch for various values of the steantages A noticeable difference in responses
of the arch for applied steady potential differesnoé 206 V and 207 V is found. For 207 V the
arch oscillates with larger amplitude (see figudg @nd larger time period than those for 206 V.
This sudden change in the response of the archtadaesmall change in the applied potential
difference indicates the snap-through instabilithe pull-in voltage is found to be 210 V. We
recall that no snap-through instability occurredtfos arch under both a step potential difference

and a linearly increasing potential difference.
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Figure 23. The maximum displacement of the centobitthe bottom surface of the fixed-fixed

parabolic arch versus different applied ramp vatagwo jumps in the displacement are
observed. The first jump at 206 V corresponds éostiap-through instability and the second

jump at 209 V corresponds to the pull-in instapilit

1.3.5. Variation of the lowest natural frequencyaofh MEMS with applied voltage

The natural frequency of a MEMS device is an imgairfparameter as it indicates its stiffness,
and it affects the quality factor and the switchtimge. The lowest natural frequencies, 37.9
kHz and 136.8 kHz, of the bell shaped and the mdialarches, respectively, deformed by a
potential difference of 5 V are very close to the@tural frequenciesy,, 36.0 and 135.5 kHz
obtained from a converged modal analysis of theeforched arches with the commercial FE
code ANSYS. Figure 24 shows the variation of thedst natural frequencyo{w,) with the
applied step voltageV(V,i), whereV,; is the pull-in voltage from the analysis of the dgric
problem. With an increase in the deformation of #inehes due to an increase in the applied
potential difference, the lowest natural frequesaé the deformed arches decrease gradually.

45



This decrease in the lowest natural frequency @axplained with the Mises truss model [32,
52]. The nondimensional electrostatic force betwiendeformable and the rigid electrodes with
the PPA is given by [49]

o= (32)
Here,w is the ratio of the peak displacement of the deédile electrode to the initial gap, ghd
is the nondimensional potential difference parambttween the two electrodes. Ror< 1,

using the Binomial theorem, we get

10t -
E ozl Bell arch, step load |
3t — Faraholic arch, step load
E\. I — Parabolic arch, rarap load
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Figure 24. The lowest natural frequency versustietric potential difference for the fixed-

fixed parabolic and bell shaped arches.
F. :/3(1+2W+3w2+4w3+---) (33)

For relatively small voltages and hence small dispinents, the electrostatic pressée

depends only off; however, ag increasesw also increases, arkel depends onv andf. This
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makesF. a negative spring, which decreases the naturquémecy, and this effect is known as
the electrostatic softening [4]. However,/aBcreases, so doeg and the strain hardening due

to nonlinearities in the strain displacement relaitompensates for the electrostatic softening.

Level 1 2 3 4 5 6 7 8 g 10 11 12 13 14
MPS: -0.008 -0.007 -0.006 -0.005 -0.004 -0.003 -0.002 -0.001 0 0.001 0002 0003 0.004 0.005

MP= 0014 -0.01 -0.008 -0.004 0 0002 00068 0003 0.014

MPS: -0.02 -0.01 -0005 0 0005 0015 0025 0035 0.04
Figure 25. The maximum principal Green — St. Versartin (MPS in %) on the extreme

deformed shapes of the bell shaped arch for tlee thalues of the applied step potential
differences; top: 65 V, middle: 66 V, and bottorf:\2.
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Figure 26. The maximum principal Green — St. Versratin (MPS in %) on the extreme
deformed shapes of the parabolic arch for the thafees of the applied step potential
differences; top: 130 V, middle: 196 V, and bott&a5 V.
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Figure 27. The maximum principal Green — St. Versartin (MPS in %) on the extreme
deformed shapes of the parabolic arch for the taoes of the applied ramp potential

difference: top: 206 V, and bottom: 207 V
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An examination of values of the maximum Green-Snaht principal strainE™, plotted in
figures 25-27 on the deformed shapes of the arahd#ferent applied step potential differences
provides a qualitative explanation of the straimdeaing effect. For the bell shaped arch, as
indicated in figure 25, at the potential differerfes5 V (V/Vpi = 0.69),E” in an extreme shape
of the arch equals 0.008 % which is too small fonlmearities in the strain displacement
relation to have a noticeable effect. Therefore, ¢kectrostatic softening effect dominates the
strain hardening effect. The natural frequencyideslsharply at 66 V due to the snap-through
instability. Under a potential difference greatedirt 65 V, the arch oscillates wii" = 0.014 %
and 0.02 % at 66 V and 92 V, respectively. Hen@er dhe snap-through the lowest natural
frequency increases because hardening due to hstrgtof the arch compensates for the
electrostatic softening. However, the lowest natiresguency again suddenly falls to zero at the
pull-in voltage of 92 V when the softening and tfa@dening effects cancel each other.

& O

0 100 200 300 400 SO0 0 100 200 300 400 500
x1 (o) xy (o)

Figure 28. Two extreme and one intermediate shafée parabolic arch for the two values of
the potential difference; (a) 196 V, and (b) 205 V.

For the parabolic arch deformed by a step potediftdrence, the lowest natural frequency also
decreases initially. As the snap-through instabitibes not occur in this arch under a step
electric potential difference, the lowest naturagiency does not drop sharply; cf. figure 24.
Instead, as the arch oscillates with increasing litudle the strain hardening effect gradually
compensates the electrostatic softening and thedbwatural frequency starts to increase. The
EP for 130 V V/V,i = 0.62) step electric potential difference equaldb %, which increases to
0.04 % at 196 V\{/V,i= 0.96) (see figure 26). For higher potential défeces the arch gets
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inverted during its oscillations. By examining seapf the arch at 196 V (see figure 28(a)), we
found that the equilibrium shape of the arch isulbio invert, which means that the arch
oscillates in the inverted shape only during at ink@df of the vibration cycle. We define the
equilibrium shape of the arch as the one in whiehdownward velocity of the centroid is the
maximum. However, for a potential difference higltban 196 V (see figure 28(b)), the
equilibrium shape of the arch also inverts, whigtlicates that the arch is in the inverted shape
during more than half of the vibration cycle. Thtise arch experiences a higher level of strain
during most part of the cycle (see figure 26). Efae, during deformations of the arch for a
step potential difference between 196 V and 206thg strain hardening dominates the
electrostatic softening and the lowest natural fesgy increases. However, the lowest natural

frequency again suddenly falls to zero at the pulleltage of 207 V.

When the parabolic arch is loaded with the eleqgiotential varying linearly from zero to a
steady value in 4Qs, we observe the snap-through instability. In tase, the lowest natural
frequency of the arch decreases sharply at 207evtathe snap-through instability. As indicated
in figure 27 theE™ increases from 0.025 % before the snap-through.6% after the snap-
through. Hence, after the snap-through the lowasiral frequency increases because hardening
due to stretching of the arch exceeds softeningtduthe Coulomb pressure. However, the
lowest natural frequency again suddenly falls twzs the pull-in voltage when the structural
stiffness drops to zero.

The sharp drop in the lowest natural frequencyhefdrch at the snap-through and the pull-in
instabilities agrees with the observation that ltheest natural frequency of the arch becomes
zero at bifurcation points C and F in figure 2.

1.3.6. Discussion

Results for the fixed-fixed beam (cf. Section 1)3aRd the two arches (cf. Sections 1.3.3 and
1.3.4) indicate that for the step loading inerffe@s cannot be neglected. The pull-in voltage of
the fixed-fixed beam equals 99.5 V under the stguland 113.0 V for the slowest rate of
increase of the potential difference. The snaptiinoand the pull-in voltages of the bell shaped

arch equal 65 V and 92 V, respectively, under tee foad and 73 V and 116 V, respectively,
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for the slowest rate of increase of the poteniidience (cf. table 2). The pull-in voltages oéth
fixed-fixed parabolic arch equal 207 V and 215 ¥spectively, under the step load and the
slowest rate of increase of the potential diffeeerithe bell shaped arch experiences the snap-
through instability under both slowly and rapidlgpéied potential differences. However, the
parabolic arch exhibits the snap-through instabilinly when the potential difference is
increased linearly from zero to a steady valueGmgland subsequently held constant. Whether
or not an arch exhibits the snap-through instgbdgpends on a number of parameters, such as
the ratio of the arch thickness to the arch rigg,[the angle of the arch at the fixed end (foaof
circular and a parabolic arch) [70], the ratioloé &rch thickness to the maximum distance from
the flat rigid electrode, and the rate of increaée¢he applied potential difference. Finding a
phase diagram that shows values of parameters Hmhwhe snap-through instability occurs is
not easy.

We have neglected the effect of damping. The daghpioefficient of a MEMS device is
determined by several variables such as the peegstine surrounding fluid medium, and visco-
elastic/plastic behavior of the MEMS material. Masicon MEMS operate at atmospheric
pressure and the damping coefficient is dominatethb squeeze-film damping [6]. Ref. [56]
studied snap buckling of a shallow sinusoidal aroder a transient step mechanical pressure
load and considered viscous damping. It has beegortexl in [56] that the critical pressure for
the snap-through instability increased by aboutd% to a viscous damping coefficient of 1%
of the critical damping and the large-amplitude i@t after snap-through instability decay over

time and the structure tends to the static snappefiguration.

1.4. Thereduced order mode

The governing equation for a shallow micro-arch eman electrostatic load in terms of non-
dimensional variables is [49]

W+ o+ w" —afhz —V\/’)1 (Zh%W’ }j m,XE(Oﬂ). (34)

The boundary and initial conditions for a fixeddtkarch initially at rest are

w(0,t)=wWLt)=w(0,t)=w(Lt)= w(x,0)= Wx,0)=0. (35)
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In equations (34) and (35), a super-imposed dotaapdme denote derivative with respect to

timet and the space coordinaterespectively,s, = 8.854x10™*Fm™ the vacuum permittivity,

p the mass densityx=%/L,w=W/§, the transverse displacement,=d/g,, b =b/g,
h=h /g, «=gZbd/2l the stretching ratiopzéliz/\/[)&ff, C the damping coefficientz

the initial shape of the arch, arid- f\/iéfi/iﬁﬁa[“), f the dimensional time. As discussed in
[27] the damping provided by deformations of thel@@tween the two electrodes can also be

approximated by the terewv. We note that equation (34) wikl+0 is the well known governing
equation for the microbeam based MEMS [4, 14].
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We solve equation (34) using the Galerkin methoagyroximating the transverse displacement

w by the series

n

wix,t)~ > q(t) (x) (36)

i=1
where g, (t) are the generalized coordinates aftk) eigenmodes of an undamped fixed-fixed
straight beam [49]:

¢(x)—J Coq4 x) —Cosl{ x) B Sin(4 X) — Sin( 4, x)
T - siny)-Sint(2) - Cog4) - Costi4)

(37)

(a)

105}
1.04}
103}
iy}
101}
100}

b Ba

Potential difference paramter,

2 4 f &
Mumber of modes, n
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displacements for the snap-through (red curve)tbagull-in (blue curve) instabilities as a
function of the numben of terms in equation 36. A subscript 9 denotesv/tiiae corresponding

ton=09.

where/; is a solution of the frequency equation
Coq4)Cosh(4)-1=0. (38)

The normalization coefficieny is such tha‘rrona>§(¢5i (x))= 1, andn equals the number of modes

used in the approximation (36).

Substituting equation (36) into equation (34), npljing both sides of the resulting equation
with ¢, (x) integrating it over the domain (0, 1), integrgtioy parts terms involving!¥, z" and
w, and usings(0) = ¢(1) = ¢’ (0) = ¢' (1) = 0 we get

Mg +Cq+Bq + 2ah®z;qz, — ahq'Sqz,, — 2ahz;qSq + aq ' SqSq = BF (39)

where

M; = |4 ¢;dx (40)

O ey
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C, =cM, (41)

1] [

B, = f¢/’¢j”dx (42)
Zy = I Zy! dx (43)
§ = icfﬁ.’;ﬁf dx (44)
F = 2 dx. (45)

(1003 amac|

Equation (39) is nonlinear ig because '8 6" and 7' terms on its left-hand side are nonlinear in
g and the load vector on its right-hand side is -lmeear function ofj. Boundary conditions in
equation (35) are identically satisfied by the assd form (36) forw(x,t). Initial conditions in

equation (35) require tha(0) =0 and = 0. Non-dimensional variables c, h, # and the initial

shape of the arch affect the arch deformation.

In subsequent sections, unless stated otherwiseartth shape is described ay= sin’(zx) .

Thus, the initial slope of the arch at each clamgedlis zero.
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Figure 31.Time histories of the peak deflection of the miduspf the arch due to (a) 60 ¥ £
72) and 92 V£ = 170) step potential difference between the redettrode and the arch, and (b)
displacement-independent logkls 72 angs = 170.

1.5. Results from the reduced order model

We have developed a computer code to solve equ@®mumerically by first writing it in the
state space form, and using LSODE [77]. The retadind the absolute tolerances in LSODE are
set equal to 18 and the parameter MF = 22. When solving a spatiblem we neglect the time

dependence aj and the first and the second terms on the left-lsde of equation (39), and
then solve it using a displacement control appro@isplacement iteration pull-in extraction

(DIPIE) algorithm [24]) and the pseudo-arc-lengtintinuation (PALC) algorithm [33]. We

implement the DIPIE algorithm using the nonlinegua&tion solver FINDROOT integrated in
the commercial computer code MATHEMATICANd use the freely available software AUTO
[1] for the PALC algorithm.
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1.5.1. Validation and convergence study

The mathematical model described above has beeatated by comparing computed results for
four sample problems with those reported in therditure and obtained from the continuum
mechanics based approach described in Sectiorrits8. we consider static deformations of an
arch withh = 0.3 anda = 121.5. Figure 29 exhibits the bifurcation curve tfog arch found with
the DIPIE algorithm, the PALC algorithm, and th&bgation curve for a static problem reported
in [49]. Results from the present code agree wéh whose from [49]. Furthermore, results with
the PALC and the DIPIE algorithms coincide with leather, and for the DIPIE algorithm the
bifurcation curves computed by taking n = 5, 6 andin equation (36) are nearly
indistinguishable from each other. These resgiteavery well with those in [49] obtained with
the DIPIE algorithm. Figure 30 shows the effecttioé numbem of terms included in the
equation (36) upon critical values @fand of the peak displacements at the snap-thrandhhe
pull-in instabilities. Critical values gf and of the peak displacements converge mereases.
For n > 6, the change in the critical values gfand of the peak displacements at the two
instabilities is less than 1%. Unless noted otieywesults presented below are with 6 terms in

equation (36).

Referring to figure 1, we consider a bell shapdédmi arch with L=1 mm,f) =30um, d=2.4
um, g,= 10.1 um, h= 3.0 um, and its bottom-surface described Izy(fg):sinz(m“(l/li).
Values assigned to material parameters Erre 169 GPa and the Poisson’s rati= 0.3. We

analyze it as a plane strain problem by using ffeetve Young’'s modulus = E/(l— v?), and

consider the effect of fringing fields by increagithe Coulomb pressufg (cf. equation (29) on
the bottom surface of the arch according to theidvleépkkema formula [13, 49]:

(46)

!(1+hzo(x) w(x))2 Fodx

where
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F, - [1+ 0.26{14_ ZO(XS - W(X)j3/4 . 05{%\/1+ zO();) —wW(X) JJ (47)

For different number of terms in equation (36)ufig 31(a) shows the peak displaceme(tt.5,

t) versus timé for 60 V and 92 V step potential differences #maise reported in Section 1.3.
The time histories of the peak displacement fo&iep electric potential difference agree well
with the result reported in Section 1.3. However, 92 V potential difference, the maximum
peak displacement and the time period of oscillatice 8% and 20% lower, respectively, than
those reported in Section 1.3. In Section 1.3 pitoblem is analyzed using the coupled FE and
BE methods assuming that the arch is in a plaménsstate of deformation, the electric load is
computed after every time step accounting for deé&tions of the arch, and the electric load is
applied normal to the deformed surface of the argre the Coulomb pressure is found by using
the parallel plate approximation (PPA) [15] andats vertically downwards. The effect of the
arch curvature on the Coulomb pressure might iseres the arch comes close to the bottom
electrode. Thus, the peak deflection for the 92t&p potential difference differs from that in
Section 1.3. In Section 1.5.8, a detailed comparidaesults from the present method with those

from the continuum mechanics based approach igpied.

Next, we analyze an arch of same dimensions asealnder a displacement-independent load
1

il Frursaren

O

We get equation (48) by neglecting the te%qi (t)4, (x) on the right hand side of equation

i=1

(1+ hzo (x))2 “o

(45). We note that now the Coulomb pressure orathk in its initial configuration equals#;
and it does not depend on the arch deflection.rei@d(b) depicts the peak displaceme(@.5,

t) versus time for f = 72 and = 1700btainedfrom the present model and from the continuum
mechanics based approach described in SectionUhlke for the displacement-dependent
electric load, the time histories of peak displaeata for the displacement-independent load
agree well with those computed with the continuumchanics based approach. This further
evinces that the disparity in the peak displacenfmmthe 92 V step electric potential difference
from the present method and that reported in Sedtid is due to the PPA.
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As results for the dynamic and the static probléousd usingn = 5, 6, and 7 are virtually the
same, henceforth we take = 6. Results reported in [56] show no significant redes in
displacements and the critical load parametersi@reh under a step mechanical pressure when

nis increased from 2 to 5.

We now compare results for a dynamic snap-throogtability of a shallow arch with geometric

imperfection (shape of the arch, = (4—4x)x+ 001d ZQ(X)) under a mechanical pressure

i=2,4,6
load with those reported in [46]. Equation (39) @ms deformations of an arch under a
mechanical pressure load if the potential diffeeeparametef is replaced by a load parameter

1
Sm and the generalized forée (cf. equation (45)) bf, =j¢i dx. We useh in place ofg, to
0

non-dimensionalize the deflectioh and the arch thickneés A different non-dimensional load

parameterp, = g, /(d2(*6/R?ih) is used in [46]R is the radius of the circular arch.

60



=] E ;}‘D :D4D I'r": DED " ‘.,I:l. 1? r|.'|..I.|:|_ 165
Eﬂ 2.0 v ! r o
o [
g 1.5}
(i i
" [
= [
§. 1.[I_
o
B0 [
E III.5_
-1, [
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0°r
Titne, t

Figure 32.Time histories of the average response parameaténdccircular archi( = 1.0) for
different values ofy,= (&ZﬁZB/Fizfﬁ)po . Although, value of, is different frompg in the figure,

they represent the same load. Solid curves are ag@mafrom the present model and dashed

curves are from [46].

1 1
Figure 32 exhibits time histories of the averagmomse parametex(t)=_|.w(x,t)dx jzo(x)dx
0 0

for the archif = 1.0,a = 150) for different values gf,,. A large change in the response of the
arch is observed when the load paramgteis increased from 6144 = 0.159) to 615 =
0.160) (not shown in figure). Therefore, the critidahd S, for the snap-through instability
according to the present model is between 614 abd|6 [46], the critical load is reported to be
betweenp, = 0.160(S, = 615) andpy = 0.165(Sm = 633). However, the maximum value of the
average response parametefor pp = 0.165(fm = 633) from the present work is 21.5% lower
than that reported in [46]. In [46], equation (8®}ko0lved using an analog computer system with
servo-multipliers providing the nonlinear termseTdolutions of frequency equation (38) and the

mode shapes (cf. equation (37)) are approximatekl that values of different terms in equations

61



(40) to (45) are accurate only to three significaigits. Here we use the adaptive time
integration subroutine LSODE with the double precisarithmetic. We note that the presently
computed response of the arch agrees qualitatwighythat given in [46] and the two values of
the critical load parameter agree well with eadtent
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Figure 33.Time histories of the downward displacement ofrthid-span of the fixed-fixed bell

shaped archh(= 0.3) for different values of.

1.5.2. Direct snap-through instability

We consider a bell shaped silicon arch with 110, h = 0.3,2z(X) = sirf(z x). Figure 33 shows
time histories of the deflection of the arch foffelient values of the applied step potential
difference. A significant difference in the resperdef the arch occurs whehis increased from
108 to 109 in that the amplitude and the time kb oscillation increase noticeably. This
sudden change in the response due to a small climpgadicates the snap-through instability.

The critical value ofs is between 108 and 109. By solving the problemsteral values of
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between 108 and 109 (e.g. obtained by the biseatiethod), one can compute a better value of
S for the snap-through instability. The critical walofs for the pull-in instability is found to be
between 210 and 211, since for 210 the response of the arch remains bounded byt o
211 it becomes unbounded. By solving the problenséveral values gf between 210 and 211,

one can compute a better valuggdbr the pull-in instability.
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0.21

Figure 34.Snap shots of the displacement of the alch (.3) for (a)$ = 108 and (b)s = 109

Figure 34 shows, at different times, snap shothefvariation of the deflection along the arch
span fors =108 (before the snap-through) and 109 (after tla@-$hrough). It is clear that both
before and after the snap-through the arch defggmmsnetrically about the plane= 0.5. Figure
35 exhibits time histories of the generalized comtes forg = 108 and 109; these evince that
participations of the asymmetric modes with coeffitsq,, ¢, andgs are negligible as compared
to those of the symmetric modes with coefficieqis g3 and gs. Furthermore, a reasonably
accurate response of the arch can be computed rsidesing only the fundamental mode in

equation (36).

For several values of the arch height, figure 3@ias loci of the maximum deflection produced

by different step electric potentials with ineréfiects, and static bifurcation curves obtained by
using the DIPIE and the PALC algorithms. In eveage, the bifurcation curve obtained from the
DIPIE algorithm coincides with that obtained frohetPALC algorithm. We note that the snap-
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through due to a step electric potential differemoeurs when the locus of the maximum
deflection intersects the unstable branch of thgcsbifurcation curve (e.g., point D for= 0.3
and0.35in figures 36a and 36b). A similar observationgparted in [56] due to a displacement-
independent mechanical pressure load wherein the-#mough is called the ‘direct snap-
through’ because the external pressure directlydad snapping of the symmetric mode in
contrast to the ‘indirect snapping’ induced duéhi® parametric excitation of asymmetric modes
as reported in the next section.

We note that after the snap-through instabilitg.(gooint D) arch’s deformations are stable (e.g.,
point K) and the locus of the maximum displacenwnttinues along the path KL until it again
intersects the unstable branch of the static katimo curve (e.g., point L) when the pull-in
instability occurs.
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Figure 35.Time histories ofy;, ... gsfor f = 108 (blue curves) and = 109 (red curves).
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Figure 36 Bifurcation diagramsw(0.5)vs.p) of the arch for different arch heights for static
problems. Dashed curves and light solid curveseselts from the DIPIE and the PALC
algorithms, respectively. Dark solid curves areltioe of the maximum displacements

max(w(0s,t)) Under a step potential difference. Results froen@IPIE and the PALC algorithms

Ost<2

overlap each other. Figure 36(a) for 0.35clearly shows different curves.

Forh = 0.0, 0.2, there is no snap-through instability, &mellocus of the maximum deflection
continues until the pull-in instability ensues. Téfere, a minimum height is required for the
arch to undergo the snap-through instability. Irct®a 5.4, we report the minimum height
required for the snap-through instability to octwr different values of.. Forh = 0.4 no stable
configuration under a step electric potential ddfece is observed after the snap-through

instability as the pull-in instability occurs immiately.
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Figure 37 Potential energy(f) versus the potential difference paramgtdor h = 0.35for the

static problem (black curve), the locus of the miam potential energysin (U (8,t)) as a

function of the step potential difference for thadmic problem (red dots).

At the snap-through instability fon = 0.3 and the step potential difference, the potential
difference parametef is ~15% less and the peak displacemenis ~ 50% more than their
values for the corresponding static problem. At piod-in instability, p is ~22% less and the
peak displacement21% more than those for the static problem. Thus stiep-through and the
pull-in voltages for the dynamic problem are ldsantthose for the static problem, but the snap-
through and the pull-in deflections for the dynamroblem are greater than those for the static
problem.

Figure 37 exhibits the variation of the potentiakrgy versug for a static problem witt =

0.35 andz = 110. The non-dimensional potential enekgjis given by [49]
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1t h ©o dx
U=E£ dx+—{£( )j} —ﬂi—(“hz()_w). (49)
For a dynamic problem with a step function of timey andU are functions of time. In figure
37, we also plot as red dots the locus of the minmnvalues ofU for given step values ¢f.
Points A, B, D etc. in figure 37 are for the sanadues off as those in figure 36(a). For a static
problem, the potential energy decreases from pbitd point B as the value ¢f increases. At
point B, the arch experiences the snap-througlaliigly and the potential energy suddenly
drops from -160 corresponding to point B to -182gdoint B" (see figure 37(b)). After the snap-
through, the potential energy gradually decreasms £182 at point Bto -301 at point | when
the pull-in instability happens. For the dynamiolgem, the locus of the minimum potential
energy (red dots in figure 37) follows the curveJoversuss for the static problem from point A
to point D. At point D, with a small increasefinthe minimum potential energy drops from -130
at point D to -138 at point K, this indicates theag-through instability. After the snap-through
instability at point K, the locus of the minimumtpaotial energy follows the curve bf versuss

for the static problem from point K to point L wieethe pull-in instability happens (figure
37(a)).

1.5.3. Indirect snap-through instability

For arch heighh = 0.5, figure 38 shows time histories of the maxinaefiection of the arch for
different values of the step potential differengest f = 293 the arch undergoes several cycles
of moderate-amplitude oscillations before snappiftie pull-in instability occurs immediately
after the snap-through instability. The criticaluaof 5 is between 292 and 293. This behavior
is significantly different from that observed for= 0.3andh = 0.35 for which the snap-through

instability ensued without the arch undergoing kestibons.
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Figure 38 For different applied step voltages time histonéthe downward displacement of the
mid-span of the fixed-fixed bell shaped arch witk 0.5
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Figure 39.Snap shots of the displacement of the alch (.5) for (a) = 292 and (b)s = 293
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Figure 39 exhibits snap shots of the variationh& tleflection along the span of the arch at
different non-dimensional times f@r= 292 (before the snap-through) and 293 (after ttagp-sn
through). It is clear that the arch deforms symioally aboutx = 0.5 before the snap-through
instability but asymmetrically after the snap-thghuHowever, we observe that just before the
arch touches the bottom electrodd at2.63, its deflections are agasgmmetric abouk = 0.5.
Figure 40 exhibits time histories of the generaliz®ordinates fofp = 292 and 293. These
evince that the participation of the asymmetric B®,, ¢, andgs) grows considerably after=

2.2 when the snap-through instability occurs. Wagrealues ofy,, g, andde in figure 35 were

of the order of 18, those in figure 40 are of the order 0f’100? and 10’ respectively. These
suggest that the participation of mode 2 is mor@ntithat of modes 4 and 6 in making
deformations of the arch asymmetric abrut 0.5. Asymmetric modes starts to participate in
deformation of the arch fgt = 292 aftert = 2.2. However, the participations of the asymmoetr
modes remain bounded and do not cause either #petbrough or the pull-in instability. On the
other hand, fop = 293, the displacement of the arch becomes unbouadedout = 2.2 and

the pull-in instability occurs.
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Figure 41 Bifurcation diagramsw(0.5) vs.p) of the arch for different arch heights for static
problems. Dashed curves and light solid curve esalts from the DIPIE and the PALC
algorithms, respectively. Dark solid curves areltioe of the maximum displacements

max(w(05,t)) Under the step load. Results of the DIPIE andP®eC algorithms overlap only

when arch’s deformations are symmetric abost0.5.

The reason of the snap-through instability with nasyetric deformations is the parametric
excitation of the anti-symmetric modes arising thylo coupling terms such g, (withi=1

... N-1) in equation (39). These terms act as #actfe load whose magnitude increases as the
amplitude of the anti-symmetric motion grows unttex parametric excitation. If the amplitude
of anti-symmetric motion becomes sufficiently largecritical effective load is reached, and the
snap-through instability occurs. This second kihdr@apping is called ‘indirect snap-through’ or
‘parametrically induced snap-through’ in [56] wheseapping of a shallow arch under a
displacement-independent step pressure load isestudNote that for the electric loadirfg in
equation (39) also depends on deformations of thk, ainlike the displacement-independent
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pressure load wherg is independent ofj; thus, there are more coupled terms in the MEMS
problem than those in the mechanical problem aedlyz [56]. Results for a problem reported
in the next section show that under an electrid laa arch is more prone to snap through

asymmetrically than under displacement-indepenaethanical loads.

Figure 41 depicts loci of the maximum deflectiomguced by a step electric potential for the
transient problem, and bifurcation curves foristatoblems obtained with the DIPIE and the
PALC algorithms forh = 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0. In every case bifurcation curve for
symmetric deformations computed with the DIPIE &lfpon overlaps on that obtained with the
PALC algorithm (e.g., the curve ABMDEGHIJ far= 0.5in figure 41(a)). The DIPIE algorithm
does not give asymmetric solutions [12, 72] (élge,dashed curve MCEFH for= 0.5in figure
41(a)), which are obtained by the PALC algorithme Wbte that, for all values ¢f, the snap-
through due to the step load occurs when the lofube maximum deflection intersects the
unstable branch of the static bifurcation curvey.(epoint C forh = 0.5 in figure 41(a))
corresponding to the asymmetric solution. The puikstability happens immediately after the
snap-through instability. Values gfand the peak deflection at the snap-through instability
due to a step potential difference (e.g., poinbChf= 0.5 for the dynamic problem are ~20%
lower and ~25% higher, respectively, than thoseHercorresponding static problem (e.g., point
B for h = 0.5). Forh > 0.8 complex branches of the bifurcation diagram @poading to
unstable deformations of the arch are found froe BALC algorithm. A similar behavior,
known as the looping behavior of an arch, is regmbrin [37, 102] due to a displacement-
independent mechanical pressure load. Resultgyurefi4l(b) fors < 0 do not have physical
meaning sincgg cannot be less than zero in reality. For asymmeformations of the arch
corresponding to a point on the dashed curve BCEfHh = 0.5 in figure 41(a), the PALC

algorithm gives two solutions displayed in figuiz 4
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Figure 43 Bifurcation diagramsw(0.5) vs.) of the arch for different arch heights for static
problems i = 1.0¢ = 250).
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Figure 44 Deformationsat different points of the bifurcation diagram for 1.0anda = 110.

In [49], the symmetry breaking of arches underteletoads in static problems is studied using a
force control method and taking = 15 in equation (36). Figure 43 compares the presently
computed bifurcation curve for an arch with= 0.5 = 250 andn = 6 with that reported in
[49]. The bifurcation curve (ABEC from our codedaAFGEC from [49]) from the DIPIE
algorithm fails to show the asymmetric deformatiaisthe arch. Asymmetric deformations
(BDC) and the looping behavior are observed insthlation from the PALC algorithm. In [49],
the symmetry breaking is found with the force cohtnethod. The critical value ¢f at the
snap-through instability computed with our codel@&7% less than that reported in [49]. We
found that increasing from 6 to 10 does not change the results apprigcaata including mode
shapes fon > 10 increases numerical inaccuracies becaudarfpe/;, cog4iX) is very small as

compared to values sfnh(Zix) andcosHh/ix).

Figure 44 shows different unstable and one staidigisn for the arch corresponding to different
points on the bifurcation curve in figure 43. Def@tions corresponding to points C, H and | are
unstable, which means the arch may have thoseilegunh configurations under a static load of

S =~ 230, ~ 550 and ~ 700, respectively. However, allgperturbation will cause the arch to
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experience the pull-in instability. Points C andépresent multiple symmetric and asymmetric

deformations of the arch.
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Figure 45 Potential energl(f) versus the potential difference paramgtéor h = 0.5for the

static problem (red curve), the locus of the mimmpotential energyin (U (8,t)) as a function
0<t<2

of the step potential difference for the dynamiclppem (blue dots).

Figure 45 exhibits the variation of the non-dimensil potential energy (cf. equation (49))
versus the non-dimensional potential differencapeaters for a static problem with = 0.5 and

o = 110. In figure 45, we have also plotted for transigroblems the locus of the minimum
values ofU for step voltageg. Points A, B, C, etc. in figure 49 have the sameiesloff as
those in figure 41(a). For a static probldmgdecreases from 0 at point A to ~ -300 at point B as
S increases from 0 to 370. We note that there isther solution with lower values &f than
that at point B. At point B, the arch experiencé® tsnap-through instability followed
immediately by the pull-in instability and no sobrt exists for a value gf that is higher than

the value ofp at point B. We also note that for= 0.35(see figure 37)the value ofs at point |
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is higher than the value @fat point B,whereasor h = 0.5 (see figure 45)the value off at
point | is lower than that at point B. In figure (8% the total potential energy for an unstable
asymmetric solution corresponding to a point ondashed curve MH is lower than that for the
unstable symmetric solutions represented by thiel oirve BH. The locus of the minimum
potential energy for the dynamic problem denotedblioyg dots in figure 45 follows the curve of
U versusf for the static problem from point A to point C. gbint C, the snap-through

instability and the pull-in instability happen siltaneously for the dynamic problem.
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Figure 46 Critical values ofs for the snap-through (purple curve) and the puihstabilities
(blue curve) to occur for an arch with= 106.0 The red curve shows critical valuessdbr
which the snap-through and the pull-in instabiiteecur simultaneously. Solid and dashed
curves correspond, respectively, to results fordyreamic and the static problems. The dot

dashed curve represents results for the dynambidgarowith a displacement-independent load.
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1.5.4. Comparison of results for dynamic problenth #hose for static problems

The critical potential difference parameters foe thull-in instability (blue curve), the snap-
through instability (purple curve), and the snamtigh followed immediately by the pull-in
instability (red curve) are plotted as a functidrii@ arch height in figure 46 for= 106.0. Solid
curves correspond to results for dynamic problemns @ the application of the step electric
potential difference, and the dashed curves tdteefr static problems. Note that only value of
h andp are varied and other parameters for the MEMS epg knchanged. Fdrbetween0.0
and 0.8 the critical values off for dynamic problems are ‘substatic’ in the setis® they are
lower than those for the corresponding static @wois. The minimum heigiit® = 0.22 required
for the arch to experience the snap-through inktyaldor a static problem is less than the
corresponding value ¢k = 0.275 for the dynamic problem. However, the mum arch heights
at which the blue and the purple curves meet etedr are almost the same for the static and the
dynamic problems (e.gh’s = 0.4, hg, = 0.37). An arch with a height greater thiag will
experience the pull-in instability immediately aftdhe snap-through instability under a step
electric potential differenceh’s, is the corresponding value for the static probldie dot-
dashed purple curve shows critical valuessdbr the snap-through instability due to a step

displacement-independent mechanical load givermgatéon (48).
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Figure 47 Critical values ofs for the snap-through (purple curve) and the puihstabilities
(blue curve) to occur for an arch with ax 50.0and (b)x = 150.Q The red curve shows the
critical values ofs for which the snap-through and the pull-in instiéile$ occur simultaneously.
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The minimum arch heighh,, required for the snap-through instability to ocdor this
mechanical load is greater thanfor the displacement-dependent step electric |[daerefore,
arches under electric loads are more prone to nlap-through instability, and results from
studies of the response of an arch for a displansemdependent load cannot be directly

employed to predict the response of the same ardarwan electric load.

The curves of critical values gffor step electric loads divide the plot/®¥s.hin figure 46 into

three regions. An arch of heightunder a potential differengefrom regions A, B and C (light
red) will experience oscillations of relatively dinamplitude and time period without
experiencing a snap-through instability. On theeotiiand, an arch of heightunder a potential
differencep from region D (yellow) will experience oscillatiortd large amplitude and large
time period after undergoing the snap-through. H@amean arch under a potential differerfte
from region E (light blue) will not have any stalieotion; it will experience the pull-in

instability and will touch the bottom electrode.

Figure 47 exhibits plots gf vs. h for dynamic problems and two values, 50 and 130z.0
Results in figure 47 for the two values @fare quantitatively different but are qualitatively
similar to those fow: = 106 in figure 46. For different values @f table 3 lists values of the
minimum heightshs and hsp required for the snap-through and the combineg-sme@ugh and
pull-in instabilities, respectively. The value lof decreases with an increase in the value,of
however, that ohs, remains the same. The size of the yellow regioreimses with an increase in
the value ofa. For small values o#, this region will vanish. Figures 46 and 47 previd
gualitative idea of the phase diagram of a micahtaunder a step electric load and give
guantitative information for = 50.0, 110.0 andl50.0. Similarly, one can construct phase

diagrams for other values of the stretching paramet
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Table 3: For different values af, minimum values of the arch height for the snapugh and
the combined snap-through and pull-in instabilitesccur

o =50 a =110 « =150
hs 0.37 0.28 0.23
hs, 0.4 0.4 0.4

1.5.6. Effect of viscous damping

For viscous damping coefficiest= 1.0, and different values of the step potentialedénces
figure 48 evinces time histories of the peak disptaent at the mid-span of the arch withk 0.3
anda = 106. For each value @f the amplitude of oscillations of the arch decesasith time,
and the peak deflection of the arch approachesahtie statically deformed arch. Figure 49
exhibits the static bifurcation curve (black cureéthe archit = 0.3,a = 106) and for dynamic
problems and different values ofloci of the maximum displacement (colored curvasjler a
step electric potential difference. As increases, the response of the dynamic problem
approaches that of the static problem earliernretiHowever, the enhanced damping does not
suppress the two instabilities, and the ped.5, ) vs. f curves for different values af are
qualitatively similar to each other. Table 4 lighte snap-through and the pull-in parameters for
different values o€.
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Figure 48.Time histories of the downward displacement ofrthid-span of the fixed-fixed bell
shaped archh(= 0.3,a = 106) for different applied step voltages. Dashed lalnd dashed green
curves show the peak deflection for the staticdéiformed arch after and before the snap-

through instability.

Table 4: Critical values of for different values of the damping coefficient ¢
Critical valuesoff ¢=0 ¢c=1.0 ¢c=5.0 ¢c=10.0 Static

Snap-through 87 88 94 99 106
Pull-in 181 184 194 204 240
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Figure 49.The static bifurcation diagranw(0.5)vs.f, black curve) of the arclin(= 0.3 o =
106). For different values of the damping coefficiesdlored curves are the loci of the maximum

displacementy.w(os,t)) under a step electric potential difference.

Figure 50(a) exhibits the static bifurcation diagréblack curve) of the arcln(= 0.7, a = 110).
Colored curves are loci of the maximum deflectiorder a step electric potential difference
parameters for different values of the damping coefficieat Without damping, the arch
experiences the indirect snap-through at point Bretihe locus of the maximum deflection for
the dynamic problem intersects the unstable br&®lof the asymmetric solutions of the static
bifurcation curve. However, the introduction of daing suppresses the indirect snap-through
and the arch experiences the direct snap-througim\ilie locus of the maximum displacement
of the dynamic problem intersects the branch AGywhmetric solutions of the static problem.
For g = 597, which is more than the criticAlfor snap-through, figure 50(b) exhibits snap-shots
of the variation along the span of the deflectwdrthe arch. It is clear from these plots that the
arch deforms symmetrically aboxit= 0.5 Therefore, asymmetric deformations and the imtlire
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snap-through are observed only if the arch hegin¢latively large b > ~ 0.5for o = 110) and
there is no damping.
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Figure 50(a) The static bifurcation diagraw(0.5)vs. s, black curve) of the arcih(= 0.7, o =

110). Colored curves are the loci of the maximum dzi#ten . w(os,1)) Under a step potential

differencep for different values of the damping coefficiert) Gnap shots of the arch
displacements at different times for 0.7, « = 110, ¢ = 10 angb = 597.
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1.5.7. Snap-through and pull-in instabilities un@epotential difference linearly varying with
time

We study the effect of ramping up the electric pog¢ on the snap-through and the pull-in

parameters. First, we study the snap-through uttterdeflection-independent load given by

equation (48). For a bell shaped arch witi 1 mm, widthb = 30pm, d= 3.0um, §, = 12.85

um, h = 4.5um, E =169 GPa,5 = 2231 Kg/m, the nondimensional parameters are 110,

h =0.35 an(ﬂzf/\/(éf)/(ﬁﬁal:“) =1/753745 wheref is in second. Figure 51 displays the
peak displacement of the mid-span of the afth (0.35anda = 110) versusp for different

uniform rates of increase 8. The bifurcation curve ABGBfor the static problem derived with
the PALC algorithm is also exhibited in figure 3he bifurcation diagram shows only the snap-
through instability at point B. For dynamic problenthe first sudden increase in the peak
displacement g = ~ 240 corresponds to the snap-through instalwfithe arch. For every rate

of increase of the applied potential differencedhsh vibrates around the snapped through shape

after undergoing the snap-through instability.

Figure 52 evinces the peak displacement of the gpah of the archh(= 0.35anda = 110)
versus the potential difference paramgtdor different uniform rates of increase of theotfie
potential. Apart from the snap-through instabiléy point B, the static bifurcation curve
ABGB’IJ obtained from the PALC algorithm shows the pallinstability at point | and
branches BG and 1J corresponding to unstable sakitiFor dynamic problems, the first sudden
increase in the peak displacemengat ~ 180 (point B in figure 52) corresponds to thas
through instability of the arch. For low to mediuates of increase ¢f (i.e., < 25 V/unit non-
dimensional time), the arch vibrates around theged through shape until the pull-in occurs.
For loading rates of 75, 125, and 210 (V/unit nanahsional time) the snap-through instability
is not observed, and only the pull-in instabilitgcars atp = ~ 241, ~ 270, and ~ 330,
respectively. We have summarized in Table 5 theg¢hough and the pull-in parameters for
different rates of loading. As the rate of increa$eghe potential difference is decreased, the
snap-through voltage gradually decreases to 188dvtlae pull-in voltage approaches 215 V. It

is evident that the snap-through parameters oatble approach those of the statically deformed
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arch as the rate of loading is decreased. Howekierpull-in voltage for the slowest rate of

loading considered exceeds by ~ 20% the staticipwbltage.
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displacement of the mid-span of the arch vegsias displacement-independent load.

Figure 51 For different rates of increase of thle(unit V/unit non-dimensional timehe peak
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Figure 52 For different rates of increase of the applied ptiad difference Y/unit non-
dimensional timethe peak displacement of the mid-span of the aecbus the potential

difference parametep,

Table 5: The snap-through and the pull-in parameters foatish for different rates of applied potential éiince.

Rate of applied potential difference (V/  p at the snap-through S at the pull-in
unit time) instability instability

Static 180 260

15 183 215
12.5 191 215

25 197 227

75 - 241

125 - 270

250 - 330

Step 150 200
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Figure 53 exhibits the variation of the non-dimensil potential energy (cf. equation (49))

versuss for the transient problem with displacement-indegent loadV increasing linearly with

time. In figure 53, we have also plotted the vawiatof U for the static problem. The potential
energyU for the dynamic problem with linearly varyir}& follows the curve ofJ versuss for
the static problem from point A to point B for eyamate of increase oF. After point B, the

snap-through instability occurs at pointg C, and G for loading rates of 1.5, 12 and 15 (u\;ﬁt
/unit non-dimensional time), respectively. With therease in the rate of loading, the valug of
at the snap-through instability increases. Forilogdate> 75, the snap-through happens but the
jump in the deflection at the snap-through instgbis not pronounced. After the snap-through,
the arch vibrates around the new equilibrium positithe potential energy for the dynamic
problem is always more than that for the statidofmm (curve B in figure 53). The minimum

values ofU for dynamic problems are the same as valuebl dbr the corresponding static
problems. Therefore, the stable motion of the amutier a linearly varying7 is observed before

and after the snap-through instability for evenygraf increase o¥/ and the potential energy for
a dynamic problem is the total potential energy of the stable deforoveti(Bl) for the static

problem.
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Figure 53Total potential energy versyisor h = 0.35for the static problem (black curve), the

variation of the Total potential energy as a fumrctdf 5 for the dynamic problem whev

increasing linearly with time (colored curves).

Figure 54 exhibits the variation of the non-dimensil potential energy (cf. equation (48))
versus the non-dimensional potential differenceapeter for different uniform rates of
increase of the electric potential for displacendependent electric loads. In figure 54, we have
also plotted the variation df with S for static problemsU for the dynamic problem with
linearly varying potential difference follows tharge ofU versusg for the static problem from
point A to point B for every rate of increase oé thpplied potential difference. After point B,
the snap-through instability occurs at points G, and G for loading rates of 1.5, 12 and 15
(V/unit non-dimensional time), respectively. Aftiie snap-through the arch vibrates around the
new equilibrium position and the potential energy the dynamic problem always remains
higher than that for the static problem (curveiB figure 54(c)). With the increase in the rafe o
loading, the value of at the snap-through instability increases. For ilogdates> 75 V/unit

non-dimensional time, the curkg versusg intersects the curve 1J &f versusp for the static
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problem at point P. The curve IJ of the static peobcorresponds to unstable deformations of
the arch after the pull-in instability. For loadingtes> 75 (V/unit non-dimensional time), no
snap-through instability is observed. For the lagdiate of 75 (V/unit non-dimensional time),
the arch experiences the pull-in instability juleaits potential energy overshoots the curve 1J.
Therefore, the stable motion of the arch undemneaalily varying electric potential is observed
only when the potential energyzshe potential energy of stable deformation)(#r the static

problem, and the potential energy of unstable (1J) deformatiohthe static problem.

Table 6: Comparison of present results with those from thr@inuum mechanics approach

Pull-in Pull-in Snap-through  Peak displacement
voltage displacement voltage before the snap-
through
Present model Between 95 11.2 um Between 65 2.66 um
V and 96 V V and 66 V
Continuum Between 92 11.0 pm Between 65 2.60 pm
mechanics based V and 93V V and 66 V
analysis [31]
Difference 3.2% 1.8% 0 % 2.3 %
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Figure 54 Total potential energy versus the potential diffiees parametef for h = 0.35for the
static problem (black curve), the variation of tb&al potential energy as a function of the
potential difference parameter for the dynamic gwbwhen the electric potential is increasing

linearly with time (colored curves).

1.5.8. Comparison of results from the reduced-ordedel with those from a continuum
mechanics approach

We now compare results from the reduced-order m@i@M) with those from the continuum
mechanics approach reported in Section 1.3 whéeetefof damping were neglected. Table 6
compares results from the ROM with those repome8ection 1.3 for a step potential difference
between the two electrodes. It is clear that theVR@th six degrees of freedom gives results
very close to those reported in Section 1.3 withdrads of degrees of freedom (recall that the
problem in Section 1.3 was solved numerically withmerous nodes). For a complex shaped
MEMS for which mode shapes are not readily ava@labhe needs to either find mode shapes
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numerically or use the approach of Section 1.3. Sriagp-through instability reported in Section

1.3 follows the direct snap-through mechanism.
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Figure 55.Snap shots of the archtat 0 (red) and = 250s (blue).

In an attempt to compare asymmetric solutions ftbentwo approaches, we study deformations
of a bell shaped silicon arch with base Ienﬁthl mm, widthb = 30um, thicknessd = 3.0pum,
initial gap g, = 10.0um, the arch risd= 10.0pm, and its bottom-surface described Qyx = )

ﬁsinz(m“(/E) using the continuum mechanics approach describe®eaction 1.3. The arch

experiences the indirect snap-through under steqired potential difference. The critical value
of the potential difference for the snap-througstamility is between 244 V and 246 V from the
continuum mechanics analysis and between 258.00V288.2 V from the present model. The
difference of 5% between the two values attesthéoadequacy of the present reduced order
model. Figure 55 exhibits the arch configurationstveo different times obtained from the
continuum mechanics formulation of the problem. idt clear that the arch deformed
asymmetrically subsequent to the snap through. ,Tim@scontinuum mechanics approach also

predicts the indirect snap-through with deformagiohthe arch asymmetric about 0.5.
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Figure 56.Static bifurcation diagramsv(0.5)vs. ) of the arch for two different values of the
arch height. Solid curves are results from the PALC algorittidot-dashed solid curves are the

loci of the maximum displacemegt,(os,)) under the step load. The dashed portion of the

curve represents arch’s deformations asymmetriatabe 0.5computed from the PALC

algorithm.

1.5.9. Snap-through and pull-in instabilities irsiausoidal arch

Sinusoidal archesz(x =)sin(7zx)) studied in this subsection differ from the béleped arches

analyzed above primarily in the non-zero slopea sinusoidal arch at the two fixed edges and
zero slopes for a bell-shaped arch. Figure 56 teefwci of the maximum deflection (dot-dashed
curve) produced by different step potentials aradistifurcation curves (solid curves and a
dashed red curve) obtained using the PALC algorittmtwo different values of the arch height.
The dashed portion of the bifurcation curve for= 0.5 represents unstable deformations
asymmetric about = 0.5. It is clear that the response of a sinusadzth is qualitatively similar

to that of a bell-shaped arch (cf. figures 36(aj 4@(a)). Foth = 0.35, the direct snap-through
due to the step electric potential difference osauhen the locus of the maximum deflection
intersects at point A the unstable branch of tifer&ation curve. Similarly, the pull-in instability

occurs when the locus of the maximum deflectiorrsgcts again at point B the unstable branch

104



of the bifurcation curve. However, féor = 0.5, the arch experiences the indirect snap-through
when the locus of the maximum deflection interseaitgpoint | the unstable branch of the
bifurcation curve for asymmetric solutions and #rmap-through and the pull-in instabilities

ensue simultaneously.

1.5.10. Discussionf results obtained with the ROM

It is mentioned in [84] that methods for estimatorgical conditions for elastic structures due to
transient loads can be classified in three grodpsnethod from the first group seeks the
response of the structure under the transient hyagblving governing equations of the problem
[26]. A critical condition is reached if a smallaiige in a load parameter causes a large change
in the response of the structure. We have usecttitesion when solving numerically governing
equation (34) and estimating critical valuegdor the snap-through and the pull-in instabilities

by monitoring any large change in the peak disptead of the arch for a small changein

A method from the second group relates the critwcadition of a structure to the total energy-
phase plane of the problem [44, 45], and a methad the third group estimates the critical load
of a structure by analyzing variation of the poiEnénergy due to a change in a load parameter
[83]. The variations of the potential energy of teh with the electric potential difference
parameter for a step and a linearly increasingtmtepotential difference reported in the
previous sections 1.5.2-1.5.9 belong to this tghnalp of methods for analyzing instabilities.

In [84], the snap-through instability of a shallemusoidal arch under a transient displacement-
independent load is studied using a two-mode apmabon (i.e.n = 2 in equation (36)) of the
governing equation (34). A sinusoidal variationtbé pressure over the span-of the arch is
considered. These approximations enable one t@sghe governing equation in terms of two
non-dimensional parameters, the stiffness of tloh,aand the load. The lower and the upper
bounds of the critical values of the load paramfgethe snap-through instability are studied for
various loading conditions such as step and impellkads. Unlike a ramp load, which varies
linearly with time, a step and an impulsive load wmiat vary with time. The snap-through

instability under time varying loads is not studied84].
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1.6. Conclusions

Nonlinear governing equations (i.e. the continulalabce laws and Maxwell’'s equations) for an
electrically actuated MEMS device have been sunwedri These equations have been
numerically solved to study finite transient defatimans of a perfectly conductive body under
the Coulomb pressure by coupling the FEM and th&Btee former for the structural part of
the problem and the latter for the electrical fel@he snap-through and the pull-in instabilities
of micro-arches for different potential differende=tween the two electrodes have been studied.
Depending upon how the electrical load is appliediero-arch may experience either only the
pull-in instability or the pull-in and the snap-tlugh instabilities. It has also been found that the
pull-in displacement is more for a micro-arch thhat for a micro-beam of the same length,
width, thickness, and the initial gap as the miarch. The pull-in voltage obtained by analyzing
the beam problem with the linear strain displacemelation is nearly one-half of that for the

same problem studied with the nonlinear strainldment relation.

As a MEM electrode, micro-arches are advantageoes micro-beams because a micro-arch
can have a larger operational range without thé&ipuhstability than a corresponding micro-
beam of same thickness, width and length. Moredwechanging the rate of application of the
potential difference between the two electrodes dhap-through instability may be avoided.
This provides another means to control the respohseMEMS device. Also, in a micro-arch
under an electric load the softening effect maydbeninant before it experiences the snap-
through instability but the strain-hardening effeway initially exceed the softening due to
electric forces subsequent to the snap-througlabiigy. This can be exploited in designing

novel MEMS devices.

In addition to the coupled FE-BE method, the presardy investigates the snap-through and the
pull-in instabilities in an electrically actuatedam-arch modeled as a damped Euler-Bernoulli
beam incorporating the nonlinear mid-plane streighThe nonlinear time-dependent governing
partial differential equation is solved numericably using the Galerkin method and an adaptive
time integration scheme. For the static probleng thsplacement control method (DIPIE
algorithm) and the pseudo-arc length continuatioethod (PALC) are used to derive the

bifurcation curve of the peak arch deflection versiie non-dimensional step electric potential
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difference between the arch and the bottom riged @lectrode. Two distinct mechanisms,
namely the ‘direct’ and the ‘indirect’, snap-thréugstabilities are found. The relation of the
minimum potential energy of the MEMS for a dynarmroblem and the total potential energy of
the static problem is studied. It is found that BAd_C algorithm can compute multiple branches
in the bifurcation curve, which correspond to syrnuneand asymmetric deformations of the

arch. The DIPIE algorithm fails to compute asymmgetolutions.

The phase diagram between the critical load parmaetd the arch height showing stable and
unstable regions of arch's deformations will helglesigning arch-shaped MEMS. It is shown
that damping suppresses the indirect mechanismag-through and permits only the direct

snap-through.

Results, including the indirect snap through angresetric deformations subsequent to the snap
through instability from the reduced-order modetemgwell with those from the continuum

mechanics based approach.

Other conclusions are summarized below:

1. An undamped arch under a step electric load mpgreance either a direct or an indirect
snap-through instability.

2. For relatively small arch heights (e.g., the nomeisionalh < ~ 0.4 foro = 110), the
static problem has solutions with deformations swtrio about the mid-span of the arch
and the direct snap-through happens when the lottise maximum deflection of the
dynamic problem intersects the unstable branchhefhifurcation curve for the static
problem.

3. For relatively large arch heights (e.b.,> ~ 0.4 fora = 110), the static problem has
solutions with deformations symmetric and asymmedbout the mid-span of the arch.
The asymmetric deformed shape has lower potentiatgy than the corresponding
symmetric deformed shape.

4. The indirect snap-through happens when the locuh@fmaximum deflection of the
dynamic problem intersects the unstable branch haf bifurcation curve of the

asymmetric deformations for the static problem.
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. For a dynamic problem with the electric potentidfedence increasing linearly in time,
whether or not the arch experiences a snap-thringghability depends on the rate of
application of the electric potential.

. For a dynamic problem with the electric potentidfedence applied either as a step
function or as a linear function of time, the afths a stable motion only when its
minimum potential energy is the potential energy of the stable deformed sludpbe
static problem and < the potential energy of thetainle deformed shape of the static
problem.

. A phase diagram between the arch height and thiedpelectric potential has been
constructed to show regions of different instaietitfor static and dynamic problems.

. Responses of sinusoidal and bell-shaped archegiatigatively similar to each other.
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Chapter 2

L ocal water slamming impact on sandwich composite hulls

2.1. Introduction:

The local water slamming refers to the impact gbaat of a ship hull on water for a short
duration during which high peak pressure actingttms hull [35] can cause significant local
structural damage. Initial research focused onptisblem of a rigid body entering calm water
and finding pressures exerted on it by the fluid;, iat timet = 0, a rigid body touches the free
surface of the stationary fluid with a known vetgand fort > 0, the velocity of the fluid, the
pressure exerted by it on the rigid body, the waelémgth, and the position and the velocity of
the rigid body are to be determined (figure 57).

An early work on water entry of a rigid v-shapeddge with small deadrise angfeis due to
von Karman [100]. Wagner [43] also considered daped wedge of small deadrise angle and
generalized von Karman's solution by including #fect of water splash-up on the body;
however, the effect of the jet flow (figure 57) ohg the impact was not considered. According
to Wagner [43], the pressure distributimpnon the wedge-water interface is given by

p, = pV Cf—(t)i(cf (t)) for 0< x, < ¢ (t) (50)

Ve 7 —x dt

= Ofor x, > ¢, (t)

wherep is the mass density of watéfthe constant downward velocity of the wedgethe x;-
coordinate of the solid-fluid interface with respéc the rectangular Cartesian coordinate axes
fixed in space with the origin at the vertex of thedge at time t = 0, and

Vvt

¢ = 2tang

(51)

the wetted length.
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Figure 57.Schematic sketch of the problem studied depictiagnsing upon the bottom surface of a h@i) top: att=0, position of
the hull touching the free surface of the fluidiogg and bottom: fot>0, the deformed fluid and solid regions. The probdamain is
symmetric about the,x axes or the centerline.
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Since equation (50) implies tha, - «as x, — ¢, (t), Wagner proposed that the maximum
pressurep,,at x, =c, (t) be given by

1 (d ’
pm=§p[acf(t)j - (52)

The effect of the jet flow was included in the ais&d by Armand and Cointe [9]. Both Wagner
as well as Armand and Cointe assumed that a sragllop the body enters the water, in other
words, the depth of penetration of the rigid boaty ithe fluid region is small. Zhao et al. [106]
generalized Wagner's solution to wedges of arlyit@deadrise angles, solved the problem
numerically by using a boundary-integral equatiogthnd, and ignored effects of the jet flow.
The variation of the hydrodynamic pressure on tgi rull from Zhao et al.'s [106] solution

agrees well with that found experimentally suggestthereby that the jet flow does not
significantly affect the pressure variation ongidiwedge. By neglecting effects of the jet flow,
Mei et al. [59] analytically solved the general mep problems of cylinders and wedges of
arbitrary deadrise angles, and numerically solveablems by considering effects of the jet
flow. In figure 58 we have compared the variatioh the non-dimensional pressure

C,=2p,/pV? onawedge of deadrise anglé 1®m Wagner's and Mei et al.'s analyses. It is

clear thatC,decreases gradually to zero near c, (t) tan when the jet flow is considered.

In most slamming impact problems, the solid bodgeformable and its deformations affect the
motion of the fluid and the pressure on the sdlitdfinterface which is usually less than that
when the solid body is regarded as rigid [23]. $8A] has numerically analyzed, using the
boundary element method (BEM), the potential flawlgpem during slamming impact of a 2-D
rigid body of arbitrary geometry. Sun and Falting&®, 91, 88, 90] have considered hydroelastic
effects during their studies of deformations otuglar shells made of steel and aluminum, by
coupling analysis of the fluid deformations by BiEM with that of shells by the modal analysis.
Qin and Batra [76] have analyzed the slamming @mbby using the {3, 2}-order plate theory
for a sandwich wedge and modified Wagner's slamrnmmgact theory to account for wedge’s

infinitesimal elastic deformations. The plate theamncorporates the transverse shear and the
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transverse normal deformations of the core, buh sieformations of the face sheets are not

considered since they are modeled with the Kirchplate theory.

QO — T 7
| __ Meietal.'s solution without jet
60 flow
‘ Mei et al.'s solution with jet flow
& 40 | wagpner's solution
‘ Gradual
variation of
A7 = the Cp 1
-1.0 -0.5 0.0 0.5 1.0

X2/ Vit

Figure 58Variation of the pressure coefficient along theearatedge interface.

In the present study, a commercial finite eleméiit)(code, LS-DYNA, is used to study finite

transient deformations of an elastic fiber-reinbmracomposite panel due to slamming impact
with the water modeled as Navier-Stokes fluid. daenage the in composite panel is delineated
by using continuum damage mechanics approach. &bke af the Chapter is organized as
follows: Section 2.2 summarizes governing equatiamnd the numerical technique used to solve
the initial-boundary-value problem, Section 2.3 hemults, and main conclusions of the work are

summarized in Section 2.4.

2.2. Mathematical model

2.2.1. Balance laws for deformations of the hull

A schematic sketch of the problem studied is shimifigure 57 that also exhibits the rectangular

Cartesian coordinate axes used to describe figiterchations of the solid and the fluid bodies;
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the coordinate axes are fixed in space. At tinwe 0, let Q, c R°and Q, c R*be regions
occupied by the hull and the fluid, respectiveg = R* is the region surrounding; situated
above the fluid bod¥2,, and is modeled as vacuuin. ( I';) is the boundary of); (Q;) with
disjoint partd’,, (I',,) and I, (I',). After deformation, bodies occupying regidds(i = 1, 2
and 3) in the reference configuration occupy regianc R* in the deformed or present

configurations. I',, andT,, deformtoy,, andy,,, respectively;l;, andI’,, deform toy,
and y,, andy,,, wherey,, is thea priori unknown interface betwees andw,. The free water
surfacey ,, and the wetted surface,, vary with timet and are to be determined as a part of the

solution of the problem. We note thattat 0, I';, andI’,, are just about to touch each other,

therefore the interface,, between them is either a point or a line in theneice configuration.

We denote coordinates of a point Kyandx (i = 1, 2, 3) in the reference and the current
configurations, respectively.

The deformations of a continuous body (the hull #mel water in the present problem) are
governed by the balance of mass, the balanceedrdimomentum, and the balance of moment of
momentum, given respectively, by equations (53%) (&nd (55) written in the referential
description of motion:

P = psinQy (53)

o 0T,
PoVi = 872 +pofi Ny (54)
f.F, <1, F, i (55)

Herep: and p°are mass densities of the material of the hullhia teference and the current
. . . . . OX.
configurations, respectivelyd the determinant of the deformation gradléjnt:aT', v, the
i
velocity field defined as; =X, a superimposed dot denotes the material timeatere, fij the

first Piola-Kirchhoff stress tensok, the body force per unit mass and a repeated indphes
summation over the range of the index. The firaldKirchhoff stress tensor is related to the

Cauchy stress tensg; by
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- oX,
Ty = Jngj : (56)
p
The coupling between deformations of the hull ahd ftluid is through the hydrodynamic
pressure which acts as tractions pg, and is in turn affected by deformations of thd buince

fluid particles cannot penetrate through the hibr a viscous fluid, tractions and the velocity
must be continuous across the fluid-solid interfaoel for an ideal fluid the normal component
of velocity and the normal traction (i.e., the p@®) must be continuous across this interface,

and the tangential traction vanishes there.

2.2.2. Balance laws for deformations of the fluid

The motion of the fluid occupying the region in the present configuration is also governed by
the balance of mass, the balance of linear momerdanchthe balance of moment of momentum

given, respectively, by equations (57), (58) ard) {b the spatial description of motion:

op oV, op .
Py iv _0ine 57
o Pax T ax 2 ®7)

oV, oV, aTJ .
— 4 pov,—=—L 41 of N 58
P P T 2 (58)
T, =T, iNo2. (59)

2.2.3. Constitutive relations

We presume that the hull is comprised of an elastiterial for which

Ty =Cia & (60)
whereCjyq are elastic constants for the material, anthe Almansi-Hamel strain tensor defined
as

1 1
& :§(5ij _(Fjl Fn) ) (61)
Note that equation (61) considers all geometriclinearities, including the von Karman
nonlinearity. With the constitutive assumption (6e balance of moment of momentum given

by equation (55) is identically satisfied. Materidamping due to viscous effects can be
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incorporated by modifying the constitutive relati@®) but is not considered here. The number
of independent elastic constants equals 2, 5 aridr 9sotropic, transversely isotropic and
orthotropic materials, respectively. The valuesaie or all of these elasticities decrease with

an increase in the damage induced in the material.

We presume that water can be modeled as a Naw&esStluid for which
2
Tij = — p5“ _gﬂDkkéij + Z,UDIJ (62)
wherep is the pressure, the shear viscosity, arid); the strain rate tensor given by

1
D, ZE(V” +V,;). (63)

In equation (62), Stokes' hypothesis, &5 - (2/3 is used, wheré is the bulk viscosity of

water. We also assume that water is compressibte,

oo Cl[ﬁ . j (64)

Po
whereC; is the bulk modulus of water, apgd its mass density in the reference configuration.
For an inviscid fluidg = 0, and the state of stress in the fluid is tidtydrostatic pressure.

2.2.4. Initial and boundary conditions

We assume that initially the hull is at rest, andupies the reference configurati@a That is

ui(X,0)=0 (65)
wherey; is the displacement definedas x; - X and

vi(X,0)=0. (66)
For the boundary conditions, we take
vi(x, t) is specified onyy, for allt and T ;i n’; = 0 onyy, for allt. (67)

Heren’; is an outward unit normal vector enin the current configuration.
We assume that initially the fluid is at rest, aodupies the reference configurati@p at timet

= 0. Since the fluid problem is formulated in gpatial description of motion, we do not track

the motion of each fluid particle. Thus
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Vi(x,0)=0. (68)
Boundary conditions for the fluid are taken to be
Vi(x, t) = 0 onyy, for all t (69)
and
T;i n%= 0 onvyx for allt. (70)
Heren? is an outward unit normal vector ga in the present configuratiom is the free water
surface that is not contacting the hull and is ¢odetermined as a part of the solution of the
ptoblem. It is tacitly assumed in writing equati@i®) that surface tension effects are negligible

and air exerts null pressure on the fluid.

Fort > 0, the solid bodyw; is in contact with the fluid region, and the interface;, between
the two varies with timé We assume that following conditions holdyap
v —v/ =0 onys (71)
T,on =T,'n; onyip (72)
where superscriptsandf on a quantity denote, respectively, its valuether solid and the fluid
particles on the fluid-solid interfacg, and n; is an outward unit normal vector @i, in the

present configuration.

We note thatyx varies with time, isa priori unknown, is to be determined as a part of the

solution of the problem, ang; is given byF(t, X)) = 0 such that

DF 2. 73
So=vin (73)

Here DF/Dt denotes the material time derivativé-ofFor an inviscid fluid, equations (71) and
(72) are modified to enforce the continuity of otilg normal component of the velocity and the

normal component of the traction acrgggsee Appendix A).

2.2.5 Plane strain deformations

We assume that a plane strain state of deformatiewails in the xx.-plane, and accordingly

study a 2-dimensional problem.
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2.2.6. Numerical solution of the initial-boundarghve problem

The commercial code LS-DYNA is used to find an appnate solution of the nonlinear initial-
boundary-value problem defined by equations (5873). We use the FEM incorporated in
LSDYNA to solve the initial-boundary-value probleior the hull; the method is described in
several references, e.g., see [42, 108]. To steenitial-boundary-value problem for the fluid,

we use the split approach detailed in [8, 7, 22 2Pt implemented in LS-DYNA.

Figure 59(a) shows the rectangular Cartesian coatelisystem, and the FE mesh used to
analyze the slamming impact of a hull whose undeéat shape is like a V. To analyze
deformations in the;x,-plane, we use 8-node brick elements with one potegration rule and
with only one element in thes-direction to discretize the fluid, the solid ark tinitially void
region, and constrain all nodes from moving in Xgelirection. The software LS-DYNA rules
out spurious modes of deformation by using the {gdass control algorithm. Figure 59(b)
shows the hull whose material is transversely agitr with the axis of transverse isotropy along

the x -direction.

Due to symmetry of the problem geometry and of itiigal and the boundary conditions,

deformations of bodies occupying regions for which> 0 are analyzed (see figure 59 (a)). In

figure 59 (a), L and (Ls - L3) are the length and the depth of the fluid regi@spectively; L
and (Ls -L3) are at least five times the length of the hilhe depth kof the initially void region
above water is such that the void region enclase$tll. The fluid region (Lx L;) near the hull

is meshed with smaller elements; équals at least the length of the hull andat least five
times the anticipated depth of penetration of thi into the water. The FE mesh for the hull
overlaps that for the initially void region. As thell penetrates into water regions occupied by
the hull and the fluid change. On the hull/watgeifacey;, continuity conditions (71) and (72)
are satisfied using the penalty method [8, 7] @ependix A) by either explicitly stating the
value of the penalty stiffness parameigfsee equation A.4 in appendix A) or by prescrildimg
value of ky as a fractionP; (see equation A.5 in appendix A) of the bulk modubf the

compressible fluid. In LS-DYNA the penalty methodnoot be employed if the fluid is
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incompressible. The free water surface is trackddS-DYNA using the Simple Linear Interface
Calculation (SLIC) technique [101].

Appropriate values of the penalty parameter dementhe speed of impact, elastic moduli of the
hull material, hull shape, bulk modulus and vistosif water, size of FEs, and the deadrise
angle. Numerical studies with different paramestrgw that a low value of the penalty stiffness
poorly satisfies equations (71) and (72), thus waémetrates the hull-water interface. The water
pressure at the interface becomes oscillatoryhiga value of the penalty stiffness parameter is
used. Here, most problems are studied with at lbase values of the penalty parameter to

ascertain its appropriate value for the problem.
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Figure 59. (a)flhe FE mesh used to study the slamming problemyr{tieformed shape of the

hull made of a transversely isotropic material Wit axis of transverse isotropy along the

axis.
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2.2.7. Damage model for fiber reinforced polymemposite

We assume that the hull is made of transverselyogiz fiber reinforced composite laminas
with the axis of transverse isotropy along tkedirection; see figure 60. Continuum damage

mechanics approach is used to ascertain the psigeedamage induced in the laminas, and the
resulting degradation of elasticities of the conifgos We assume thalsz = 0, solve this

equation forkss, substitute foezs in equations foil1; andT,, and obtain [81, 58]

Ty (1_ D11t.c) )E11 (1_ D11t,¢) )(1— D2at,0) )V21E22 0 &
T, =D (1_ Dyt ) Xl_ Dot c) )V12E11 (1_ Dot c) )Ezz 0 &y (74)
T, 0 0 2D(1_ wlZ)Glz &2

S ) ™
T,, 0  2G;||&,3

where components are with respect to the matenakipal axes shown in figure 60. In
equations (74) and (75)D =1—(1- @,y N1~ @) V12Vs >0, E11, Ezp, and Gpo are,
respectively, Young's moduli in the longitudinaigtfiber) and the transverse (perpendicular to
the fiber) directions, and the shear modulus in #)ex, -plane; Gy3 is the transverse shear

modulus, and/,, andv,, are the major and the minor Poisson ratios, reésedy. Furthermore,

01100800 @4, ., are damage variables in the longitudinal and thasterse directions that

have different values in tensiom,() and in compressiong,.), ande,,is the damage variable
for shear deformations in the x,-plane. Equations (74) and (75) imply that therddgtion

due to damage of the transverse shear modgiiss neglected. Most composite laminas fail at
strains between 2% and 5%. For such small defaomgtthe three stress tensors, namely the
first Piola—Kirchhoff, the second Piola—Kirchho#find the Cauchy, are essentially equal to each

other, and so are the Almansi-Hamel and the Greeve®ant strain tensors.
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Figure 60. A fiber reinforced composite lamina dimel local rectangular Cartesian coordinate

axes used to describe deformations of the lamina.

The evolution laws for the damage parameters &entas follows [81]:

1
M(m]'" Bty

e | Truqe .
Oy =1-€ e if ‘511J <‘€f1:l(t,c) or ‘Tn‘ >‘a.l.:|(t,c)Tf1:I(t,c) (76)
=1 T it e >le d[T <|ayoT
= 1=y IT 811 = €11t ANA| 11 =Xyt o) r11t,0)
111
1
In ﬂZ(trc)[ Eg2622 ]'” ﬂz(‘,c)
€ T2t ¢ H
Oy =1-€ e if ‘522‘ <‘8f 22t,0)| OF ‘Tzz‘ >‘a22(t,c)Tf 221t.0) (77)
-1 Tf 22(t0) if > d ‘T 21 <la T
=1= Qs E ¢ I |<922| = ‘ngZ(t,c) and| lxg =%t 't 221.0)
22¢ 2
1
%[ 2Gypt1, J In Bya
e T .
o, =1-e " if “912‘ <‘8f12‘ or ‘T12‘ > ‘0‘1sz12‘ (78)

Tf 12 .
=1-a, if “912‘ 2 ‘51‘12‘ and ‘le‘ < ‘a12Tf12‘
15812

WhereT, 1 o Tiane @nd Ty, are strengths of the lamina in the longitudinakedion, the

transverse direction and for shear deformatiorthex;x,-plane, respectively. Subscriptandt

on T indicate its values for compressive and tensilesses, respectively, ;. & and
£, are strains at which the material attains streswtl), ., T;,,.., andT,,,, respectively, in
uniaxial deformations along the longitudinal ané thansverse directions, and in simple shear
deformations in the xxe-plane; 0<%, <1 are scale  factors,
:Bl(t,c) = €110 Ell/Tfll(t,c)’ ﬂz(t,c) = E1ot0) E22/Tf 22(t,c) B = 5f12612/Tf12 and e~ 2.7182¢ As

a damage component increases with an increaseeircdfresponding strain component, the
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corresponding elastic modulus decreases, therstoeagths,,, , T, and T, are less
thans . o Eis &1000E2r @Nd £¢,,G,,, respectively; in other words, ., 8,..,. 6., >1- The

evolution laws (74) - (78) are incorporated in LSNDA as material model number 58, namely
MAT_LAMINATED_COMPOSITE_FABRIC. We note thab; (i, j = 1, 2) depends only ag,
and the value of; does not change when the valuesipéither decreases or remains below its
previously reached maximum value. The material@h68 in LS-DYNA can only be used with

shell elements because the assumpligrs O is valid for thin shells.

It is assumed that when a scalar strain measgtiggven by

2 Entéx ’ 117 %2 ’ 2
gscl_ﬁ [/{ > j +( 5 j +(2512)J (79)

exceeds a predetermined failure straig, the element ceases to bear loads and is deleted f

the simulation.

With assumptionseiz = ¢e3 = 0 and e3 = - (11 + ¢&2) the effective strain

2 2 2 2
\/5 (5112 + &y, +E +28,, +26, +26,, ) takes the form

2 2
2 EqtE &,—& 2
E [{ 112 zzj +( 112 zzj +(812) J However, the assumptiosss = - (11 + &22) IS

inconsistent with the assumptieg; = 0 made to derive equation (74). The failureedon (79)
implies that the failure of a material point doest depend upon the transverse shear strains
there. Also in equation (79), engineering sheairst;, is used instead @f,. As stated on the
website [110] equation (79) is implemented in LSNDY. Due to the unavailability of the source

code for LS-DYNA we could not modify equation (79).

Figure 61 shows schematically a stress-strain cdorea uniaxial strain test along the

longitudinal direction indicating various paramster
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Figure 61. Schematic of a stress-strain curve famiaxial strain test along the longitudinal
direction indicating various parameters.

2.3. Results and discussion
2.3.1. Tension, compression and shear tests wétlldimage model

We analyze the damage model described in the prevsection by numerically simulating
tension, and compression tests using the boxedgtwafion shown in figure 62(a) so as to
prevent the structure from buckling under compreskiads. The boxed shaped structure and the
structure for the shear test (see figure 62(b))diseretized using, respectively, four (one for
each lamina) and one fully integrated (four in-gl&wauss points and eight through the thickness
Gauss points) [42, 34, 85] shell elements, respalgti Each 1 mm thick lamina is modeled by
only one shell element with node numbers shown igufé 62 and boundary conditions
prescribed at nodes listed in table 7. Note thiat transient problem the prescribed boundary

conditions need not rule out rigid body motion.
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(b) Structure for the
shear te:

2
(a) Structure for the tension and the compresssh t

Figure 62. Structure used in (a) the tension aaccttmpression tests, and (b) the shear test; and

the global rectangular Cartesian coordinate systesad to describe deformations of structures.

For the tension and the compression tests in tmgitladinal (transverse) direction, the
longitudinal directionX; (transverse directiorX, ) of the lamina is aligned along the globg
axis. For the shear test, the longitudinal andtthesverse directions of the lamina are aligned
with the globalx;- andx,-axes, respectively. Values of material paramdistsd in table 8 are
for a “typical’ fiber-reinforced composite, and values assignadbifrarily) to 1,220, @12,

Tia1,22)60) T2, &¢gronen @Nd g, are such that the stres§{ Tz, or Tiy) does not drop
suddenly after the strain:(, ¢,, Or &,,) reachese ;.81 OF €11, F€SPECtively; a sudden

drop in the stress causes numerical instabilifiét®e LS-DYNA keyword manual suggests the
value of 1.0 foraiic andazy: to avoid numerical instabilities; for these valube axial stress
remains constant in compression after the matéaal reached its ultimate strength. A value
between 0.05 to 0.1 is suggested dof, aox anda;, We note that a FE is deleted from the
simulation when equation (79) is satisfied irrespvecof values of stress, strain and damage
variables; thus a material point may fail and ark&y be deleted before any one of the damage
variable there equals its maximum value 1. Theetmstory of the prescribed velocity is

exhibited in figure 63.
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Table 7: Boundary conditions for the tension, tmpression, and the shear test

Node number X1 X2 X3

Tension and compression test

1 Fixed Fixed Fixed

2 Free Free Fixed

3 Free Free Prescribed velocity v
4 Free Free Prescribed velocity v
5 Free Free Fixed

6 Free Free Fixed

7 Free Free Prescribed velocity v
8 Free Free Prescribed velocity v

Shear test

1 Fixed Fixed Fixed

2 Fixed Fixed Fixed

3 Prescribed velocitypv Fixed Fixed

4 Prescribed velocitypv Fixed Fixed

125



Table 8: Material properties for the lamina; sulpgerll, 22 and 12 refer to material properties

along theX, -direction, theX, -direction and inX; X, - plane, respectively; these values have
been arbitrarily chosen, and may not corresporiddse for a composite material.

3)
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0.0
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Gio, Gz 7.1 GPa T2 0.09 GPa

11t 0.1 Ef11t 0.011
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Figure 63. Time history of the specified velootty.
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For the tension and the compression tests in thgitledinal and the transverse directions and for
the in-plane shear test, figures 64 through 68 sbamvputed stress-strain curves and variations
of damage variables using LS-DYNA. Stress—stramesiduring unloading and reloading of the
specimen differ from those during initial loadingedto the difference in the elastic moduli
caused by the damage developed during initial tepdduring unloading and reloading, damage
variables remain constant, since either the matsrianloading or strains induced in the material
are below their previously reached maximum valu€sus during repeated loading and
unloading under prescribed velocity of constant lgoge that does not cause failure of the
material during the first cycle, there will be ndd#tional damage developed, and according to
the present damage model the lamina has a rathealigtic infinite life. This does not affect
results presented below since for the short tintatthns considered material points of a hull do
not undergo many cycles of loading and unloading.

The material model with parameters reported inet&bpredicts a gradual decrease in the stress
with an increase in the corresponding strain after material reaches the ultimate strength in
tension and shear. In addition, it predicts that dltial stress remains constant in compression
after the material reaches its ultimate strengthrebults presented in figures 64(b), 65(b), 66(b),
67(b) and 68(b) damage parameters do not reaclua ¥aone because equation (79) is satisfied
before damage variables equal 1, and the FE idedeleldeally, at least one of the damage

variables should equal 1 when the material fails.
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Figure 64. The stress-strain curve (a) and thetian of the damage variable (b) in tension test

in the longitudinal direction.
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Figure 65. The stress-strain curve (a) and theatian of the damage variable (b) in compression

test in the longitudinal direction.
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Figure 66. The stress-strain curve (a) and thetian of the damage variable (b) in tension test
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2.3.2. Water slamming on rigid wedges moving watistant downward velocity

The problem studied is a rigid V-shaped wedge emgeralm water with a constant downward
velocity of 10 m/s, each arm of V 1 m long and hgvileadrise angles of 3@, 45 and 8?.
Because of symmetry, deformations of materialsh@ tegion x > 0 are studied with the
computer code LS-DYNA. The fluid domainy(k L) withLy=2m, L=2m,l=1m, Iy =
5m, Ls = 6 m and width in thes-direction = 0.25 m (figure 59 (a)) near the rigidll is
discretized by 100 x 100 x 1 8-node brick elemeifitse mesh covering the entire domain
(initially void and fluid domains, 4 x Ls) has 150 x 150 x 1 8-node brick elements, and the
wedge is discretized into 100 x 1 4-node shell eleism along the length and the width (alogg
direction) directions. All nodes of the fluid, theid and the solid structure are restrained from
motion in thexs-direction. The water is modeled as an invisciddflwith bulk modulus of 2.9
GPa andpg = 1000 kg/mi; thus the speed of volumetric equal ~ 1700 m/$wusTthe wave
reaches the right boundary at ~ 3 ms and the bo$toface at ~ 2.4 ms. The effect of waves
reflected from these boundaries will be felt by thedge at ~ 5 ms implying that pressures
computed at the wedge surface approximate thogsggamh the wedge striking an infinite body

of water only for times less than ~ 5 ms.
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(c) Deadrise angle = 4% = 65 ms
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Figure 69. Variations of the pressure coefficidohg the span of the hull for different values of

the contact stiffnedsg, (GPa).
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In order to find an appropriate valuelgfwe have plotted in figure 69 variations of thegstae

coefficient C along the length of the water-wedge interface Viarious explicitly specified

values ofky with the damping coefficierd = 0. The times when results are plotted in tharg

are different because the variationggfalong the span are shown when the water leveheehc
x; = 2co® m, which is the edge of the wedge. After haviognd the optimum value d4;,
present results are compared with those reportebidiyet al. [59]. It is evident from results
plotted in figure 69 (a) for the wedge of deadesgle 18 penetrating water at 10 m/s that fqr

= 0.125, 1.25, 12.5 and 125 GPa/m the maximum &anaels of oscillation oC, are 60, 10, 5
and 20, respectively. For very low valueskgfe.g.,ks = 0.0125 GPa/m), a noticeable amount of
water penetration through the fluid-structure ifgee occurs because continuity conditions at the
interface are not well satisfied, and tgr= 1.25 and 125.0 GPa/m the maximum amplitude of
oscillations in values dE, divided by its mean value is large. Only kgr= 12.5 the variation of
C, is relatively smooth along the span. Similarlpnf results plotted in figures 69(b), (c) and
(d), it is found that the variation @, is relatively smooth foky = 0.125 GPa/m, 0.125 GPa/m,
and 0.0125 GPa/m for deadrise angles &f 88, and 8%, respectively. Results exhibited in
figure 70 suggest that with an increase in the evalfithe contact stiffneds;, the amount of
water penetration through the wedge-water intertbeeases. The water level reaches the mid-
span of the wedge at 10 ms, 23 ms, 34 ms and 7#mis= 1¢, 3¢, 45 and 8%, respectively.

It is clear from the plots of figure 70(a) that fixe deadrise angle of 4Ghe water penetration
through the interface dat= 10 ms equals ~ 6 kg and 3 kg tqr= 0.0125 GPa/m and 0.125
GPa/m, respectively; further increase in the valtiky does not decrease the amount of water
penetration which saturates at ~ 1.7 kg. In comsparithe mass of the water displaced by the
wedge of deadrise angle®i® 10 ms equals 12 kg. The length of each arnh@fM-shaped hull

is 1 m and the width is 0.25 m; therefore, 2 kgenvgtenetration means the average penetration
distance of water through the fluid-structure ifdee is 8 mm for 100 mm penetration of the
wedge. For each one of the four values of the agadngle, table 9 lists valuesl@ffor which

the pressure profile is “smoother” than that fohestvalues ofky. Note that some of the
oscillations in the pressure on the interface maychused by waves reflected from the
boundaries. One can eliminate reflected waves ithereusing non-reflecting boundaries or

infinite elements at the bounding surfaces.
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Table 9: Optimum values of kg

Deadrise angle fo 30 45 87T

Optimum value oky (GPa/m) 12.5 0.125 0.125 0.0125

Table 10: Optimum values of P

Deadrise angle fo 30° 45 87°
Optimum value oPs 0.1 0.05 0.05 0.01
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(c) Deadrise angle = 45
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Figure 70. For different values of the contact stiffnéggGPa), time histories of the mass of

water penetration through the water-wedge interface
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(a) Deadrise angle = 1y = 12.5 GPa/m
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(c) Deadrise angle = 45¢ = 0.125 GPa/m
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Figure 71 Variations of the pressure coefficient along tharspf the hull for different values of
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For the four values of deadrise angles considdbedeaand the corresponding optimal values of
kq listed in table 9, we have plotted in figure 7tiaons of the pressure coefficiedf along the
span of the wedge for three values of the contastping factorc. It is evident that the value
assigned to the contact damping does not apprgcadfieict the value o€,

The effect of the mesh size on values of the pressaefficientC, is illustrated in figure 72
where results for two FE meshes are plotted; thenégh 2 is obtained from the FE mesh 1 by
subdividing each brick (shell) element in mesh tb #h equal brick (2 equal shell) elements. In
addition to FE meshes 1 and 2, the wedge with ismengle of 1Dis simulated with FE mesh 3
which has the same number of elements as mesh 8 buty 0.01 m long in th&s-direction.

For the four deadrise angles considered abovelanddrresponding optimal valueslgflisted

in table 9, results reported in figure 72 evincattthe variations o€, along the wedge-water
interface for the deadrise angles of 2td 48 are essentially independent of the mesh used.
However, for deadrise angles of’%hd 82, the peak value dE, computed using mesh 2 is ~20
% higher than that obtained with mesh 1. For dsadingle of 8% mesh 2 produces smoother
variation ofC, than that given by mesh 1. Results computed fré&hmfeshes 2 and 3 for the
wedge of 18 deadrise angle are virtually the same indicativag the length of the domain in the
xs-direction does not affect results as all nodescamstrained in thes-direction (see figure
72(a)). From results exhibited in figure 73 we dade that for each deadrise angle, the amount
of water penetration through the wedge-water iatafis less for mesh 2 than that that for mesh
1
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(a) Deadrise angle = 1y = 12.5 GPa/m
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(c) Deadrise angle = 45¢ = 0.125 GPa/m
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Figure 72 Variation of the pressure coefficient along therspathe hull for two FE meshes.

144



: Meazh 1
307, Mash 1

57 Mesh 1
Meash 1

Mesh 2

Water penetration (Kg)

Mesh 2

Mzzh 2

; Magh 2

100

Time (ms)

Figure 73. Time histories of the amount of watargigation through the hull-water interface for

different deadrise angles and the two FE meshes.

Figures 74 and 75 delineate the dependendg,a@ind the water penetration through the hull-
water interface for three valuesif (cf. equation (A.5)); figure 74 also exhibits Weriation of

C, computed using the optimal valueskgfgiven in table 9. It is clear from these resutist the
amount of water penetration does not change sagmifiy with an increase in the value Bf
and the maximum amplitude of the oscillationdgpis about 1, 0.5 and 0.35 f& = 0.1, 0.05
and 0.005, respectively. Thus the amplitude ofliegin in C, decreases a3; decreases. For
each one of the four deadrise angles, the optimalwmevofP; for which the variation oC;, is
smoother than that for other valuesPpfis listed in table 10.
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(c) Deadrise angle = 45
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Figure 74 Variation of the pressure coefficient along therspfthe wedge for different values
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Figure 75. Time history of the amount of water gtestion through the water-rigid wedge

interface for different values of the varialfle

149



Using the optimal values & andP; , we compare in figure 76 presently computed \sahfehe
pressure coefficient with those reported by Meale{59]. We note that the solution obtained
using LS-DYNA incorporates effects of the jet-flowhe maximum percentage difference
between the pressure coefficient computed with YNB and that reported by Mei et al. [59]
with consideration of the jet flow is listed in tall1. For the deadrise angle of 8ie pressure
coefficient near the keel computed with LS-DYNA da®t compare well with that reported by
Mei et al. [59] with the consideration of jet flowor 8 deadrise angle, the apex of the wedge
penetrating water is very sharp, a finer mesh elad to accurately compute the variation of the
pressure coefficient near the keel, which is thexanf the wedge. Due to limited computational
resources, computations with a finer mesh werepediormed. We note that in practice, hulls
have relatively small deadrise angles. In figurewf& have compared shapes of the deformed
water regions computed using LS-DYNA with thoseniraMei et al. [59] without the
consideration of the jet flow since they did nopod water levels computed with the
consideration of the jet flow. For deadrise angie8® and 45, a significant jet flow is found

in our numerical simulations. Except for the jetwil region, the water splash-up in the present
numerical solution compares well with that reportgdMei et al. [59]. Our assumption that
cavitation occurs when the tensile pressure atiid fyarticle exceeds 10 GPa [2] results in the
formation of water bubbles at the tip of the jeiwil depicted in figure 77. The formation of
water bubbles is affected by the limiting valuetbé tensile pressure; however, we did not
compute results with other values of the limitirengile pressure. Except for the bubbles
formed, the consideration of the jet flow does afb¢ct much the shape of the free surface of the

deformed water region.
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(c) Deadrise angle = 45
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Figure 76 Variation of the pressure coefficient along therspathe wedge.
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Table 11: Maximum difference in values of the pressure coefficient obtained from the
present solution and that reported by Mei et al. [59] with the consideration of the jet flow.

p =10 p=30° p=45 p =81
Specified 20% 9% 9% ~30% (foxx/Vt> 0.2)
Ka
Specified  15% (for Ox,/Vt<0.4) 15% 16% ~10% (for,/Vt> 0.2)
Ps 45% (forx,/Vt>0.4)

In results presented and discussed above, thdaotepressure or the slamming pressure on the
hull was calculated from forces in contact sprirfgee Appendix A) on the fluid-structure
interface used to enforce the continuity of thenmalrcomponent of velocity. Alternatively, we
can find this from values of the pressure at cedsrof elements in the fluid region. Figure 78
(a) shows the position of the hull and the deformeder region at = 10.0 ms, and in figure 78
(b) we compare the pressure coefficient computedhfthe two approaches. Pressures at
centroids of FEs marked with dark green color gufe 78(a) are plotted in figure 78(b) which
also shows the interface pressures computed frooegan springs used in the contact algorithm.
These two sets of results agree well with eachratkeept at points near the extremities of the
wetted region. Near the boundary of the wettedoregine pressure found from forces in springs
used in the contact algorithm is close (at leaslitpiively) to that reported by Mei et al.
However, the pressure on the interface determirmd pressures at centroids of fluid elements
is noticeably less than that from forces in thangs. A better estimate of the shape of the jet
flow region and hence of the pressure distributizgre requires using a very fine FE mesh in
that region which has not been done here. Foresuient analyses, the interface pressure is

computed from forces in springs used in the coralytrithm since they are readily available.
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Figure 77 Deformed shapes of the water region during the matey of rigid wedges; black

lines are water surfaces from Mei et al.'s solutidimout considering the jet flow [59].
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(a) Position of the rigid wedgg € 1¢, downward velocity = 10 m/s) and of the deformed
water body at t = 10 ms. The entire length of thiis not shown.
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(b) Comparison of the slamming pressure coefficommbputed from forces in springs used

in the contact algorithm and that at centroiddwtifelements adjoining the hull-water

interface.
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Figure 78. (a) Position of the hull and the wagly,Comparison of the pressure coefficients

computed using two different techniques.
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(a) Fringe plot of the speed of water (m/s)
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Figure 79. Att =4 ms, (a) rigid wedge and defadmater region, (b) variation of the velocity
of the wedge and the water particle at the wedgenwaterface versus the-coordinate of the

water particle, (c) percentage difference in themad velocities of the wedge and the water
particle at the wedge-water interface versus<b@ordinate of the water particle.

158



Figure 79(a) shows at 4 ms the position of thedrigiedge of deadrise angle ®3toving
vertically downwards at a velocity of 10 m/s, trefatmed water region, and fringe plots of the
speed of water particles. The normal and the tarajerlocities of a point on the wedge are -10
cos(30) = -8.66 m/s and -10 sin(30= -5.0 m/s, respectively. Figure 79(b) exhibisiations of
the normal and the tangential velocities of watatiples at the wedge-water interface, and also
of a point on the wedge. Water is assumed invidtidrefore only the normal component of
velocity should be continuous at the wedge-wattriace which is confirmed by results plotted
in figure 79(b) and (c) except at points in theioagA of the jet flow. Figure 79(c) shows that
the percentage difference between the normal wedeciof the wedge point and the
corresponding water particle touching it is abot% 8xcept in region A of the jet flow. The
tangential velocity of water particles on the wedgser interface is considerably higher than
that of the corresponding wedge particles indicashpping there. Also, there are noticeable
oscillations in the normal velocity of fluid pafés in region A of the jet flow. The tangential
velocity of the water at the interface increasesnfizero at the keel to about 8 m/s in the region
A of the jet flow. Within a small portion of the @p of the wedge (~ 0.2 m) in region A of the jet
flow, the tangential velocity of the water incres$®om 8 m/s to 50 m/s before decreasing to ~

42 m/s in region B of the jet flow.

2.3.3. Water slamming of rigid wedges freely fagllin water due to gravity

We study the local slamming of a rigid wedge impagat normal incidence the initially calm
water and consider effects of gravitational foreesing on the hull and the water; thus the
downward velocity of the wedge need not stay caristatime. This problem has been studied
both analytically and experimentally in [103] usitwgo different wedges each 1.2 m long and
1.2 m wide. Here we assume that deformationseflthd and the wedge are plane strain in the
X1Xo-plane. Referring to figure 59, we sgtl2 m, LL=1 m, Ly=1 m, L,=5 m and k=2 m; these
dimensions are the same as those in the experihsattap of [103]. We analyze the problem
using two FE meshes; for the first mesh, regions L, and L X Ls are discretized, respectively,
with 100 x 50 x 1 and 110 x 100 x 1 8-node brickneénts (see figure 59), and the rigid wedge,
modeled as a shell, by 60 x 1 elements. The seE@&ndhesh is constructed by dividing each
brick (shell) element of the first mesh into fotwg) equal elements and the two meshes have

only one element along the-direction. Two different values of the contactaaeters are used
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to ascertain their influence on the solution of fveblem. It has been found that results
computed using FE meshes 1 and 2 with eifher 0.025 orky = 0.01 GPa/m are virtually the
same. The FE mesh 2 wikh= 0.025 andt = 1 is used to compute results reported in fig8ks
81 and 82, and results shown in figures 83 andr84@amputed using the FE mesh 2 wkgh=
0.01 GPa/m and = 1. Att = 0 the downward velocity of the wedge equals 5% and the apex

of the wedge just touches the calm water surface.

For the wedge of mass 94 Kg and deadrise andlex@5have plotted in figure 80 the computed
time histories of the downward velocity of the wedge and that found experimentally in [103
It is clear that the velocity computed with LS-DYNAatches well with the experimental one.
Results plotted in figure 81 show that the peragm@ifference, 100F™- V%) / V**% , between
the velocityv®™, from the simulation and that from the experimé?i, is less than 4%. Figure
82 shows the time history of the total upward foeserted by the water on the rigid wedge

which is not reported by [103].

In order to demonstrate that results reportedguarés 81 and 82 are also valid for other wedges,
we analyzed the problem for another rigid wedge Whas also studied analytically in [103].
Figure 83 shows the time history of the total upiarceF,, exerted by the water on a rigid
wedge of mass 153 Kg and deadrise angfeoBtained analytically in [103] and that computed
with LS-DYNA. From results plotted in figure 84 ve®nclude that the maximum percentage
difference 100 K°",, - F*",)) / F*",, in the force from the numerical simulations ahé t
analytical solution [103] is ~ 17%. We note thasulés plotted in figures 81 and 83 are for
different wedges, and the computed velocities amepared with the experimental values and the
computed force with that derived from the analyt®alution; this was necessitated by results
given in [103].
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Figure 82. The time history of the total upwardc®on the rigid wedge.

The results reported in [103] are reproduced heoen ffigures provided in [103]. Explicit
expressions for the velocity of the wedge and tlesgure on the wedge exerted by water are not
provided in [103]; whereas it is possible to reprog results given in [103] by solving the initial-
boundary-value problem following the procedure awpd in [103] but it has not been done

here.
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Figure 85 shows variations of the analytically [J,G&perimentally [103], and computationally
obtained pressures along the span of the hulluatdidferent times for a wedge of mass 153 Kg
and deadrise angle of 36omputed using the FE meshkg= 0.1 GPa/m and = 1; values for
the analytical solution are taken from resultsteldin [103] and not from the analytical solution
of the problem provided by the author&lthough the analytical and the presently computed
values of the total force reported in figure 83 pamed well with each other, the pressure
variations are not close to each other. If we fardas under curves shown in figure 85 and
multiply them with the width 1.2 m of the hull armbg30°) we should get the total force
reported in figure 83. The total force at 14.7 28,7 ms, 35.5 ms, and 48.5 ms computed by
integrating numerical results of figure 85 (soledy blue, green and purple curves) differ by
1.8%, 2.7%, 3.2% and 3.4% , respectively, fromvthleles reported in figure 83. However, the
total forces computed by integrating results repmésd by dotted red, blue, green and purple
curves in figure 85 differ from the analytical tbfarce reported in figure 83 (purple curve) by
25.5%, 33.1%, 43.1% and 53.3% , respectively, #i7 Ins, 23.7 ms, 35.5 ms, and 48.5 ms.
Thus the total upward force reported in [103] d#fesignificantly from that obtained by
integrating over the wedge span the pressure prdpported in [103]. The presently computed

pressures differ from the experimental ones inditan figure 85 by solid circles.
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Figure 85. Variations of the pressure along theggdhe hull at four different times. Values of
time for different curves are: red, 14.7 ms; bR@&,7 ms; green, 35.5 ms; and purple, 48.5 ms.
Solid lines are from LS-DYNA simulations; dashetels are taken from plots of the analytical

results reported in [103]; solid circles are exmpemtal results from [103].

2.3.4. Water slamming of deformable hulls

We now study plane strain deformations in th-plane of 1 m long, 30 mm thick core
sandwich composite plate with 12 mm thick face shemd clamped at both ends. The
dimensions of the fluid and the vacuum domainsLare 1.5 m, L=1m, l5=05m, L =25

m, and ls = 2m. The material of the face sheets is tranglgrsotropic with the axis of
transverse isotropy along the lengi#y & axis, cf. figure 59(b)) of the hull, Young's nubas
along the lengttE; = 138 GPa, Young's modulus along the thickrigss 8.66 GPa, Poisson's
ratiovi, = 0.3, and the shear modul@g, = 7.1 GPa. The core material is isotropic with Mg's
moduluskE = 2.8 GPa and Poisson's ratic= 0.3. For results reported in this subsectioesm
stated otherwise, the deadrise angle and the dominvedocity of the plate equaf &nd 10 m/s,
respectively. Mass densities of the core and tice fheets are 150 kgfrand 31400 kg/rh
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respectively; the mass density of the face sheelsdes the non-structural dead weight. The
problem studied is the same as that analyzed byaQihBatra [76] and presently computed
results are compared with those reported in [7&qughe {3,2}-order plate and the modified
Wagner theories for finding the hydrodynamic presscting on the hull.

To analyze the structural response of the hullgi&i8-DYNA, we first study free and forced
vibrations of the plate, and compare frequencigsmaode shapes with those reported by Qin and
Batra [76]. The core is modeled with 8-node britdmeents, and the face sheets with 4-node
Belytschko-Tsay [2] shell elements. The fixed-tixeandwich hull is deformed by suddenly
applying a uniform pressure on its top surface, ariast Fourier transform is carried out of the
time history of the downward displacement of thd hantroid. Natural frequencies so found
and those reported [76] are summarized in tabléHE2¢corresponding mode shapes are depicted
in figure 86. Presently computed frequencies efftist three modes differ from those reported
by Qin and Batra [76] by using the {3,2}-order gaheory by13%, 11 % and 19 % , and by
11%, 8%, and 7% from those obtained using the cawialeFE code ABAQUS. The effect of
the FE mesh on the natural frequencies is alsedlist table 12. For analyses reported in this

subsection either FE mesh 2 or FE mesh 3 or afiivesh is used to discretize the hull.

166



(a) 1st mode shape

Figure 86. Mode shapes from free vibration analysiag mesh 2.
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Table 12: Summary of resultsof vibration analysis of the sandwich composite hull

1st natural
frequency from
forced vibration

Description of the mesh

Natural frequencies from
free vibration analysis (Hz)

analysis (Hz) 1st 2nd 3rd
Mesh 1: 30 uniform elements along 107.5 109.1 238.71 390.36
Solid the length, 6 along the
elements  thickness (2 in each face sheet
and 2 in the core), 1 element
along the ¥-direction
Mesh 2: 100 uniform elements along LS-DYNA 945 99.57 223.79 370.48
Solid the length, 6 along the
elements  thickness (2 in each face sheet'A"\LS’\gS 109.73 24062 394.74
and 2 in the core), 1 element p=0
along the ¥-direction AE_SS\SS 109.55 240.39 394.45
ANSYS 109.02 239.68 393.57
p=10
ANSYS 108.33 238.75 39241
p=14
Mesh 3: 30 uniform elements along 107.7
Shell the length, 1 element along
elements  the x-direction. 8 through the
thickness uniformly spaced
Gauss points (2 in each face
sheet, 4 in the core). *
Mesh 4: 100 uniform elements along 107.8
Shell the length, 5 elements along
elements the »-direction. 16 through
the thickness uniformly
spaced Gauss points (4 in
each face sheet, 8 in the core).
*
Qin and p=0° 114.4 252.8 417.9
Batra [76]
ABAQUS (reported by Qin and Batra) 112 244 400

* The parameter LAMSHT is set equal to 1 in theD¥NA keyword input card
CONTROL_SHELL. LAMSHT =1, and no shear correcti@re required when elastic moduli

of different layers of a shell are noticeably diffiet from one another [2].
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Figure 87 exhibits time histories of the slammimggsure at three different locations on the hull
for various values dfy with ¢ = 0, 100 uniform elements along the length oftihi, 6 along the
thickness (2 in each face sheet and 2 in the carg),regions Lx L, (see figure 59), 1.x Ls,
and Ly x Ls of the water, air and water domains, respectivieying 150 x 150, 150 x 65, and
165 x 230 elements, respectively. Henceforth wégdese this FE mesh as the coarse mesh. For
ks = 2.5 GPa/m, the maximum amplitude of oscillatiorihe pressure at = 0.24 m exceeds 6
MPa, and a significant amount of water penetrativaugh the hull-water interface is found (not
shown here). Foky = 1.25, 62.5 and 312.5 GPa/m, the maximum ampmguaf oscillation
during 2 ms < < 8 ms are, respectively, ~1 MPa, ~2 MPa and ~2.5. MRarefore, forky =
1.25 GPa/m, the time histories of the slammingqesare relatively smoother than thosekfor

= 62.5 and 312.5 GPa/m; similar observations cao lbé made from results reported in figures
87(b) and (c).
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Slararning pressure (IVIPa)
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Figure 87.Time histories of the pressure at three locatianthe hull-water interface for

different values of the contact stiffndgs
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Figure 88 exhibits deflection of the centroid ok thull for three different deadrise angles
computed using LS-DYNA and those reported in [7®Jalues assigned to penalty parameters
areky = 1.25 GPa/m¢ = 1, and two different FE meshes, namely the fivesh and the coarse
mesh, are used with the fine mesh constructed bgigding each brick element of the coarse
mesh, which is used to generate results showmumdi87, into four uniform brick elements, and
that of the shell into two equal elements but kegminly one element along tkedirection. For
deadrise angles of mnd 16, deflections computed using LS-DYNA with both FEEshes and
those reported by Qin and Batra [76] are closeatthether; however, for the deadrise angle of
14°, the maximum deviation of the deflection foundngsLS-DYNA and the fine FE mesh from
that given in [76] is 50%. Qin and Batra’s analy3i€] of the slamming pressure on the hull by
using Wagner’s theory modified to consider hulhifinitesimal elastic deformations is valid for
small deadrise angles. Using the fine FE mesh,fanthe hull deadrise angle of ,5ve have
compared in figure 89(a) variation along the spdnthe hull of the presently computed

deflection,wo-S"™xy), of the centerline of the hull with thate?"(x,), found by Qin and Batra

1m 05 1m 05
[76]. The relative k norm (I(wgS‘DYNA(xl)—wg*"”(xl))zJ /U(W(?m()(l))zj of the difference
0 0

between these two sets of results equals 0.26, 0.19, 0.15, and 0.11 fdr= 2.735, 3.247,
4.026, 5.471, and 6.018 ms, respectively. We nad¢ the L, norm does not compare local
deflections which may differ noticeably over a shhehgth even though the value of thegnorm
is small. The local deadrise angle of the hull iffecent times depicted in figure 89(b) varies
between 2.6and 6.8; it is computed by numerically differentiating tdeflected shape of the

hull shown in figure 89(a) and adding to the loslape the initial deadrise angle &f 5
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Figure 88.Time histories of the downward deflection of thatceid of the hull for three
different deadrise angles; fine and coarse inrketicorrespond to results computed from the

fine and the coarse FE meshes.
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(a) Deflection of the centerline of the hull
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(b) Local deadrise angle along the centerline
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Figure 89. (a) Deflections of the centerline of thi; red: t = 2.735 ms, blue: t = 3.247 ms,
green: t =4.026 ms, brown: t =5.471 ms, purpte6t018 ms; dashed line: results from Qin and
Batra [76], solid line: present solution using LS4BA. (b) Local slopes (deadrise angle) of the

centerline of the hull for an initial deadrise angf 5.
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In figures 90 and 91 we have compared the presentiyputed time histories of the slamming
pressure at three different locations on the spaheosandwich hull by takingy = 1.25 GPa/m
and eitherc = 0 (figure 90) orc = 1 (figure 91) with those reported in [76]. Aspected, the
non-zero value oftc suppresses oscillations in the time history of #i@&mming pressure;
however, it also reduces the peak pressure atrm froim ~ 10 MPa to ~ 6 MPa which is
undesirable. Whereas the present solution givete fvalues of the hydrodynamic pressure, Qin
and Batra’s solution, because of the singularityhe expression for the pressure, provides an
unrealistically high value of the pressure whenawraist reaches the point under consideration.

Except for these large initial differences, the seds of pressures are close to each other.

Results reported in figures 92 to 97 are compudgky = 1.25 GPa/m and = 1. The water
level reaches locationg = 0.24, 0.35 and 0.57 m, respectively, at 1.4, @ 2@ ms; the decay
with time of the slamming pressures»at= 0.24, 0.35 and 0.57 m compare well with those
reported by Qin and Batra [76]. At different tisnéhe distributions of the pressure on the hull
wetted surface from the two approaches plottedgaré 92 reveal that the two sets of results
agree only tillt = 3.2 ms; at subsequent times the two approacivessgynificantly different
pressure distributions on the wetted surface. &laiféerences could partly be due to the waves
reflected from the boundaries in the present amalyst not in Qin and Batra’s approach. Recall

that the two approaches give reasonably close meidishapes of the hull centerline.
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Figure 90.Time histories of the interface pressure at thoeations on the hull-water interface
for ky= 1.25 GPa/m and = 0.
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Figure 91.Time histories of the interface pressure at thoeations on the hull-water interface
for ky=1.25 GPa/m and = 1.

Pressure (MFPa)
L

] I ; L L L |L_ \ |-
0.0 0.2 04 0.6 03 1.0
xy (m})

Figure 92 Distribution of the slamming pressure along thd;radlid curves: solution using LS-

DYNA, dashed curves: results from [76].
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Figure 93. Att =5.471 ms, (a) deformable hull arater region, (b) variations of the velocity
components of the hull and the adjoining wateriglart(c) percentage difference between

normal velocities of the water particle and thd htithe hull-water interface versus the

coordinate of a point.
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Figure 94 Time history of the lengthy(t) of the wetted surface.
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Fort = 5.741 ms, we have plotted in figures 93(a) aB(bPdeformed position of the hull, the
water, fringe plots of the speed, and variationghef normal and the tangential velocities of
water and hull particles on the interface versusrtlky-coordinates. Since water has been
assumed to be inviscid, therefore, only the normnatponent of velocity should be continuous at
the hull-water interface which is verified by resushown in figure 93(c), which exhibits the
percentage difference in normal velocities of thédl land water particles on the hull-water
interface. Except in the jet flow, the percentagéerkence is less than 10. Oscillations in the
normal component of the water velocity at the jewfare possibly due to errors in estimating
the local slope of the hull-water interface. Thegential velocity of the water at the interface
increases from zero at the keel to ~ 30 m/s at atpwar the jet flow; in the jet flow the
tangential velocity of water rapidly increases tol80 m/s. We note that the maximum
tangential velocity of water in the jet flow of igid wedge of deadrise angle®3thpacting water
at 10 m/s was about 50 m/s (cf. Section 2.3.2). pitesently computed time history of the
wetted length agrees well with that reported in]j¢6. figure 94. For this problem, the wetted

length increases at the rate of 170 m/s.
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(c) Strain energy density att =2.735ms
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Figure 95.Strain energy density in the core and face shedts a) an early stage of slamming

whent = 2.735 ms; (b, d) an ending stage at6.018 ms. Results computed from LS-DYNA are

compared with those reported by Qin and Batra [76].
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Figures 95(a) and 95(b) exhibit distributions of ttrain energy density stored in the two face
sheets and the core at an early and at a ternizgeé ®f the slamming impact event computed
using two different FE meshes. We compute thersgaergy density of the face sheets using the
expressiorlwial = 0.5¢;Tjj, hereUiora IS the strain energy density and a repeated inuekes
summation over the range 1, 2 of the index. Thairstenergy densities due to the transverse
shear and the transverse normal strains in theazergiven, respectively, BYshear= €12712 and
Unormai = 0.5&227%.  The strairg; is obtained at the centroid (Gauss point) of ea€h7g is
computed using the constitutive relation (60) frgmandUiotal, Usheas aNdUnormal are integrated
through the thickness of either the face sheetheocore using the trapezoidal rule to obtain the
strain energy densities, which are exhibited imrfgg95. Note that the damage in the sandwich
composite panel is not consider&esults from the solution of the problem with theefmesh
differ from those from the solution of the problewith the coarse mesh only at points near the
fixed supports. In figures 95 (c) and (d) we hawenpared strain energy densities reported by
Qin and Batra [76] with those presently computethgighe fine FE mesh. Whereas the
variation of the strain energy stored in the falkeets at 2.735 ms computed from the present
solution agrees well with that found by Qin and rBgt76], values from the two approaches
differ noticeably at 6.028 ms. Whereas Qin anttdB#ound that strain energy in the core is
mainly due to transverse shear deformations, ptessults suggest that it is primarily due to the
transverse normal strains.  This difference cdwmdddue to the {3, 2}-order plate theory
employed by Qin and Batra whereas we have modatsigheets as thin shells and the core as a
homogeneous isotropic linear elastic material, #red significant differences in the slamming
pressure distributions reported in figure 92. Waither approach, deformations of the core

account for a significant portion of the work ddmethe slamming pressure.

Figures 96 and 97 exhibit fringe plots @b and &, in the hull att = 2.735 and 6.028 ms,
respectively. At t = 2.735 (6.028) ms, the magretade,, in the core varies between 4.52%10
and -3.66x13 (6.80 x 10°and -1.90 x 18), whereas the magnitude @f varies between 1.14 x
10° and -8.97 x 18 (6.34 x 10" and -1.47 x 18). This corroborates results exhibited in figure
95, i.e., the strain energy in the core is mainkg do the transverse normal strains. Note that

fringe plots display a range of values of the strather than its exact value.
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(a) Fringe plots of,; att = 2.745 ms
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Figure 96 Fringe plots of (a}22 and (b)e12 att = 2.745 ms.
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Figure 97 Fringe plots of (a322 and (b)e12 att = 6.018 ms.
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2.3.5. Damage in fiber reinforced composite duthlocal slamming

We assume that the hull is made of a transverselyapic 8 mm thick and 1 m long composite
plate with the axis of transverse isotropy along lemgth of the plate (figure 59(b)), sat+ 2
mL=2m,lg=1m,L=5m, s =6 m, width in thexs - direction = 0.25 m (figure 59(a)),
and use two different FE meshes to study planénstieformations of the hull and the fluid. In
the first FE mesh, the fluid domain(k L,) near the hull is discretized by 100 x 100 x 1d8k
brick elements, the FE mesh covering the entireador(initially void and fluid domains, 4.x

Ls) has 150 x 150 x 1 elements, and the hull is disd by 50 x 1 4-node shell elements along
the length and the width (the-direction). Each element of the fluid (shell) domof the first

FE mesh is divided into four (two) equal elementgét the second FE mesh, thus the FE mesh
covering the entire domain (initially void and filudomains, L x Ls) has 300 x 300 x 1
elements. The water is modeled as inviscid wittk buodulus = 2.9 GPa ang = 1000 kg/m
and the hull material as elastic using constituageations (74)-(78) when considering damage,
and with constitutive equation (60) when the degtiah of material properties due to
progressive damage is ignored. Values of matpaedmeters are listed in table 8, the lgftX

0) and the rightx = cog?) (deadrise angle =°bedges of the hull are restrained from motion in
the x;-direction, from all rotations, and the hull has@nstant velocity of -20 m/s in the-
direction. Impact speeds of 10 and 15 m/s were stistied, however, no significant damage in

the panel at those impact speeds occurred andgesalnot reported here.
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Figure 98. Time histories of the deflection of temtroid of the hull; red curve: without the
consideration of damage; blue curve: with the aersition of damage; solid: mesh 2; dashed:

mesh 1.

For the two FE meshes used, we have plotted indig8 time histories of the deflection of the
hull centroid for the two material models. It ident that the two FE meshes give nearly the
same value of the deflection, and the consideratibdamage has virtually no effect on the
deflection tillt = 2 ms. The left end of the hull fails at aboli7lms when damage induced in
the hull material is considered. Subsequent to fdilere of the hull at the left edge, the
deflection of the hull centroid is less than thhathe centroid of the undamaged hull. After the
separation of the hull from the left support, waten flow from the region below the hull to that
above it and the pressure distribution on the bbdnges. The hull deforms as a cantilever
“beam” rather than as a fixed-fixed “beam”. Resydtesented in the rest of this subsection are
with the FE mesh 2.

Figure 99(a) exhibits the deflected shape of thero&lal axis of the hull at= 1.57, 2.9 and 4
ms. After failure of the hull at the left suppohtill particles near this support undergo large
deflections; the % difference (figure 99(b)) betweentroidal deflections of hull points near the

left and the right supports computed with and withthe consideration of degradation of
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material properties due to damage are magnifiedusex of their very small values. Near the
midspan and the three-quarter span, the two setslefiections differ by 20 and 80%
respectively.

Figure 99(c) shows the locab-velocity of particles on the centerline of the IhlHor the

undamaged case, both the left and the right supgwmve downward velocities of 20 m/s,
whereas in the damaged case, at 2.9 and 4 msopweadird velocity of the left end of the panel
decreases to 16 m/s. Variations of the two sedoafnward velocities along the hull span are

significantly different.

The pressure distributions on the hull wetted surfat different times are exhibited in figure
100. The pressure profiles computed with and wathlbe consideration of the damage are quite
close to each other for= 0.74 ms. Just before£ 1.5 ms) and aftet € 2 ms) the failure of the
panel at the left support, peak pressures aretlligtduced by the consideration of the damage.
However, the three pressure profiles at 2.9, 3.5 and 4.1 ms are quite different. Fdixed
value of time (e.g., for 3.5 and 4.1 ms), the paadssure for the damaged panel is less than that
for the undamaged panel possibly because the ffomater through the opening created at the
left support relieves the pressure exerted on tiie At t = 2.9 ms, the peak pressurexat 0.45

m for the damaged panel is higher than that forutndamaged panel possibly because the local
(atx; = 0.45 m)x,-velocity of 8 m/s at = 2.9 ms without the consideration of damage isarg
(e.g., see the purple curve in figure 99(c)) asospd to equaling 2.5 m/s downward (see dashed

purple curve in figure 99(c)) when the damage issatered.

When the damage is not considered, the peak peessti= 2.9 ms is lower than that at other
times. It could be due to the local velocity o€ ghanel ak; = 0.45 m, where the pressure peak
occurs at 2.9 ms, is upwards and equals 8 m/s éegthe purple curve in figure 99(c)), whereas
att = 1.57 ms and 4.1 ms the local velocities are deavd and equal 1 m/s and 7.75 m/s (e.g.,
see the red and the blue curves in figure 99(e¥pectively, ak;= 0.25 m and 0.8 m where the
peak pressures occur. Table 13 lists local vekxibf the panel and the peak pressures; however,
there is no quantitative correlation between laggdact velocities and the peak pressures. Thus

factors other than the local impact velocity affée peak pressure.
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In this problem, the thickness of the panel is &nand the impact velocity is higher than those
studied in the other sections. The panel studigdis section undergoes large oscillations which
are not observed for the other problems. Pregmafdes computed for the thin panel may be

affected by these large oscillations, and thus dikgr from those for the other panels.

Table 13: Local velocity of the panel and the peak pressure on the pane with and without
the consider ation of damage.

Time With damage Without damage

(ms) x;-coordinate of the Local Peak xi;-coordinate of the Local Peak
location of the peak velocity pressure location of the peak velocity pressure

pressure (m/s) (MPa) pressure (m/s) (MPa)
(m) (m)

0.74 0.1 -10.0 5.05 0.1 -11.0 5.1

1.57 0.25 -0.8 3.2 0.25 -1.0 4.0

2.00 0.325 3.3 3.3 0.325 1.0 4.75

2.90 0.45 -2.5 5.0 0.45 8.0 2.5

3.50 0.5 0.8 1.2 0.55 -4.0 9.0

4.10 0.55 -3.25 1.3 0.8 -7.75 35.0

The time histories of the slamming pressure atetldiéferent locations of the hull with the
consideration of damage are exhibited in figure.10Lhese suggest that a material point
undergoes cyclic loading with diminishing amplituafethe load and the pressure usually staying
non-negative. The oscillations in the time histord pressure are possibly due the presence of
the contact springs (see Appendix A) and due ® dBcillation negative pressure is observed at
some places along the span (not shown in figur@8 ahd 101), however, no water separation

from the panel at those places is allowed.
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Figure 99. (a) Deflection of the centroidal axighod hull at three different times. Solid line:
without damage; dashed line: with damage; (b) dbfiee in deflections computed with and

without damage, (c}-velocity of particles on the centroidal axis oé thull at three different

times. Solid line: without damage; dashed linehvdamage.

192



St 74 ms 28ms () Interface pressure with the ]
consideration of damage

=
— T

2 ms
1.57 ms

Lad

(]

1.5 ms

Interface pressure (MPPa)

4.1 ms i

P

0.0 0.2 0.4 0.6 0.8 L0

X (m)

10

[ (b) Interface pressure without the - ™
consideration of damage

[+ 2]
—T—

=h
——

Interface pressure (MPPa)
=9

0.0 } ; ; ; 1.0
X (m)

Figure 100. Interface pressure variation over ganf the hull at different times.

193



15F ﬂ
X1 =0.93m

g X1 = 0.065 m
5 10} -
g L
E X1 =0.48 m
E X
S sl

0= — : M /\/\

0 1 2 3 4 5
Tirne (ms)

Figure 101. Time histories of the pressure at tp@ets on the hull.

Figure 102 exhibits variations ef; across the thickness at the mid span of the dasinpaeel.
We note that at = 0.52 and 1.02 ms, the straipy across the thickness is nearly uniform
implying that deformations of the hull are duenepiane stretching. However,tat 1.52, 2.02,
and 2.52 ms the axial strain; varies almost linearly across the thickness withiakcand
opposite values at the top and the bottom surfimeelying that deformations are due to bending.
Thus the deformation mode changes as the presstrédution on the hull span varies with

time.

In figures 103 (a) and (b) we have plotted timddries ofe;; andwi; atx; = 0.5 m on the
bottom and the top surfaces of the hull, respelstivéAt the point on the bottom surface;;
remains insignificant until 1.5 ms when it increma$e ~ 0.20 as;; increases to ~ 0.70 %. From
1.5 ms to 2.8 msg;; decreases and increases again, howeyeremains constant since the
absolute value of;; either decreases or is not large enough to caldiéamal damage. At ~ 3
ms, e11 and wq; increase to 1.25 % and 0.4, respectively. On tpe durface,w;; remains
insignificant until 1.15 ms. At 1.15 ms and 1.7 mg; increases slightly in discrete jumps to ~
0.03 and 0.05 as increases to ~ 0.37 % at 1.7 ms. From 1.7 ms36 &s,e11 decreases and
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increases again, howeveg; remains constant since the absolute valugadither decreases or

is not large enough to cause additional damagebAut 2.95 ms;;; decreases to -1 % and;
increases to 0.1. At any time, values of the danvage@ble are different at points on the top and
the bottom surfaces when (see figure 103) magrstadehe axial strain are the same because
the damage variable not only depends on the cuvedué of the strain but also on the previously
reached maximum value. If either the material i®ading or strains induced in the material are
below their previously reached maximum values, cbeesponding damage variables remain

constant.

Figures 104 (a) and (b) show, respectively, timgdnies ofe;; andwi; on the bottom and the
top surfaces of the sectionxat= 0.01m that is near the left support. On the bottomeas&jon;;
ande;; gradually increase to about 1 and 0.4% in 1.0 @sce the value ab;; becomes 1 at a
Gauss point, the elastic modulug, Becomes zero and for all practical purposes thenmahat
that Gauss point ceases to bear any load. HowavEE is not deleted until equation (79) is
satisfied at least at one of the Gauss pointsari-th. On the top surface;; increases to 0.2 and
€11 decreases to -0.17 % at 1 ms. From 1 ms to 1.5m&)creases, howeveni; remains
constant since the absolute valuesgfeither decreases or is not large enough to caidigéaamal
damage. At 1.5 msy11 andes; increase to 1 and 0.35%, respectively. At 1.57 tims,material

near the left support fails and elements adjacetitd left support are deleted.

Figure 105 shows fringe plots eofi; on the top surface of the plate at four differéntes.
Initially damage initiates at points about 0.1 magvrom the supports. The damage increases to
1 at 1.5 ms and the failure criterion (cf. equaff@®) is met at the left support at 1.57 ms. After
failure, the damage increasexat 0.7 m. However, at a cross-section, neithgrreaches 1 nor
failure criterion given by equation (79) is met bkt < 4. Figure 106 shows fringe plots @i

on the bottom surface of the plate at four differtames. Unlike on the top surface, damage
initiates at the supports. At the left support, dgmincreases to 1 and the failure criteria is met
at 1.5 ms. After failure, the damage increasgmatts near the mid-span and at points adjacent

to the right support of the plate.
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Figure 107 shows fringe plots ef; on the top surface of the plate at four differémntes.
Initially peak values of;; are observed at points about 0.1 m away from thp@ts. However,

at 1.5 msgy; attains the peak value of 0.35% at the left suppefore elements adjacent to the
left support fail. After failure, the peak valué &, is observed neaf; = 0.75. A correlation
between the peak valuesef in figure 107 and peak values®f; in figure 105 is apparent; i.e.,
w11 is high at points where; also has relatively large values. Figure 108 shiviuge plots of

€11 on the bottom surface of the plate at four différgmes. Unlike on the top surface, initially
high values ok1; can be seen at points near the left support. &fdft supportgs;increases to
1.4% before failure. After failureg;; increases on near the right support of the plate. A

correlation between the peak values:gfin figure 108 and peak values ®f; in figure 106 is

apparent.
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Figure 102. Variations af;; through of thickness of the panel at differentagnatx; = 0.5 m.
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Figure 105. Fringe plots of the damage variableon the top surface of the plate.
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Figure 106. Fringe plots of the damage variableon the bottom surface of the plate.
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206



Figure 109 (a) exhibits the deformed shape of thlednd the water and figure 109 (b) shows
variations of the normal and the tangential velesitof the water at the interface of the
deformable panel and water along #alirection at 1.57 ms; similar results at 3 ms glrewn

in figures 110 (a) and (b). The normal and the ¢atigl velocities of the panel at the interface
are also shown. Just after 1.57 ms, the hull fadar the keel. Water is assumed inviscid,
therefore only the normal component of the velositypuld be continuous at the panel-water
interface. Figures 109 (c) and 110 (c) show tha&t percentage difference in the normal
component of the velocity of the panel and the wate the interface is less than 10%
everywhere along the span of the panel excepteajethflow. The tangential component of the
velocity of the water and the panel are not saraegathe span of the panel indicating slipping of
water over the panel-water interface. We obsenadlaigons in the normal component of the

water velocity, which could be due to the approxemavaluation of the local slope of the

hull/lwater interface. The jet length is consideyabmaller than that found for simulations

reported in the previous sections. A very fine mesimeeded to resolve the normal and the
tangential component of velocities inside the jeivf and the sudden jump of the normal

component of the water velocity at the jet flowXat 0.25 m and 0.45 m for 1.5 ms and 3 ms,
respectively) is probably due to errors in the nuoa¢ solution. The tangential velocity of the

water at the interface increases from zero neakekéto about 60 m/s and 50 m/s in the jet flow

at 1.57 ms and 3.0 ms, respectively.

207



Fringe Levels
(a) Fringeplot of the speed (m/s) of watertat 1.57 ms 7.730e+01

6.95Te+01

0.26 m >

5.411e+01 _

60F ]
' (b)t=1.57 ms
:g 407 Tangential velocity of the hull i
?8’ [p— Tangential velocity of water o g
Hg . Normal velocity of the hull
g 0r ____ Normal velocity of water JUPTE L ' )
- P - |
-g D L #-'* ----- 'f_
8— N f’ -
_I‘D L L ] \ 1 ] 1 L ] L \ ] \ \ ] \ 1
0.00 0.05 0.10 0.15 0.20 0.25
X1 (M/s)

208



-]
th =
T 1 T 1
—~
(@)
~
1 1

velocities at theinterface
=

Per centage differencein normal

|
L¥ ]
—TT
1

| [}.i}i | T [}.Ill} | T [}.I15 l T [}.:‘![} |
X1 (M)
Figure 109. Att = 1.57 ms, (a) deformable panel deformed water region, (b) variation of the
velocity of the panel and the water particle atghael-water interface, (c) percentage difference
in the normal velocities of the panel and the watgticle at the panel-water interface versus the

x1-coordinate of the water particle.

209



(a) Fringeplot of the speed (m/s) of watertat 3.0 ms Fringe Levels

6.183e+01

< 0.53 m o 5

The hull failed here

Tangential velocity of the hull ,:
40F — — —Tangential velocity of water N
20 Normal velocity of the hull :' ]

g - — = = Normal velocity of water (b)t=3.0ms :

5 20l e
§ I-D- . Iii__._,.-- - ]
T | et T |
£ 10} L )
(] [ - 1
£ T L :
8 ob _....- s |
B_10] o~ s :
-20}

0.0 0.1 03 04 0.5

02
X1 (mM/s)

210



=

=
™
1

| (05

velocities at theinterface
= (=] Lk = LN
= = = = =

Per centage differencein normal
T |=| T

|
=
=
T
1

0.1 0.2 0.3 0.4
X1 (m)

Figure 110. At t = 3 ms, (a) deformable panel agibaned water region, (b) variation of the
velocity of the panel and the water particle atghael-water interface, (c) percentage difference
in the normal velocities of the panel and the watsticle at the panel-water interface versus the

X;-coordinate of the water patrticle.

211



2.3.6. Slamming of a rigid wedge and a sandwichpasite panel of deadrise angle®10

During the slamming of either a rigid panel or aposite sandwich panel of deadrise angf® 10
deformations of water will be non-symmetric wittspect to thex-axis (see figure 111); we
assume that a plane strain state of deformatiomagse Thus the focus here is to understand
how this asymmetry in deformations of water affdbis pressure distribution on the hull. We
assume that the 0.5 m long hull simply supportedb@th ends enters calm water with a
downward velocity of 3 m/s, and for a sandwich pattee 15 mm thick core is made of an
isotropic foam withp® = 130 Kg/ni, E = 110 MPay = 0.170 ands = E/(2(1+v)) = 47 MPa. The
two face sheets, each 2.5 mm thick, are made @fcaropic material with® = 1800 Kg/ni, E =
17.8 GPay = 0.156 ands = E/(2(1+v)) = 7.7 GPa. Computed results are compared wih te
findings of Allen and Battley [109] who designe@ithexperiments such that deformations could
be considered symmetric about the left edge ohtlle We note that the mass density of face
sheets does not account for the mass of the rig. fixXed end of the panel has constant

downward velocity of 3 m/s.

The water domain simulated is 3.5 m long and 1.Aigh, and the height of the initially void
domain above the water is 0.135 m. When studyiegptioblem for a rigid hull, the FE mesh for
water (the void) region has 700 and 480 (700 ajcuBdorm elements along the- and thex,-
directions, respectively; the FE mesh for the lnas 100 shell elements along its span. For
analyzing deformations of a sandwich panel, theem@toid) domain has 960 (500) and 500 (50)
elements along the- and thex,- directions; the core and each face sheet ardativinto 4 and

2 uniform elements in the thickness direction anelythave 170 uniform elements along the
span. We simulated this problem using three contioima of interface parameters to ascertain
their optimum values; however, results computedigiky = 2.4 GPa/m and = 1 are reported

here.
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curves: present symmetric deformations; blue cumgseriment results [109].
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Figure 111 shows the deformed water region anditfié hull at 14 ms; time histories of the
pressure at three locations on the rigid hull basedymmetric and asymmetric deformations
about the left edge are compared with the testteesufigure 112. Only the time history of the
pressure ax;=246.2 mm computed with the assumption of asymmeleformations about the
left edge agrees well with the test results; thenmated pressure at the other two locations
noticeably differs from that found experimentallit.is clear that boundary conditions imposed
at the left edge significantly influence the pressat the three locations on the hull. It is not
clear whether differences between the computedlantest results are due to the assumption of
the hull being rigid since no real body is rigidhe computed time histories of the pressure at
three locations on the sandwich hull are comparihl tlve corresponding experimental ones in
figure 113, and computed times for three wettedjttes (approximated ag-coordinate of the
edge of the wetted surface) of the rigid and thelgéch wedges are compared in tables 14 and
15 with the experimental ones. These comparisdes eeveal that the assumption of
asymmetric deformations gives results that areeclés test findings than those based on the

assumption of symmetric deformations.
Figure 114 shows the deformed water body and themed panel at 22 ms after impact. The

jet shape near the right edge of the sandwich pamglite different from those for a rigid wedge

and for a deformable wedge composed of a fibefagmed composite.
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Table 14: Timefor wetted length of therigid wedge

Wetted length (mm) Time (ms)
Symmetric Asymmetric Experiment
deformations deformations
34.5 15 15 15
246.2 8.7 9.8 10.0
457.9 16.2 18.4 18.8

Table 15: Timefor wetted length of the sandwich wedge

Wetted length (mm) Time (ms)
Symmetric Asymmetric Experiment
deformations deformations
34.5 15 15 15
246.2 10.0 10.9 11.6
457.9 19.0 20.5 20.7

2.3.7. Delamination of the foam core from face sheea sandwich composite plate

For the sandwich hull studied in Section 2.3.4, e@mine if delamination occurs at the
core/face sheet interface. The FE mesh used irsithalation is similar to the fine mesh
described in subsection 2.3.4 except that at tteefate between the core and the face sheets the
FE mesh for the core and the face sheets haveatepardes which are tied using the contact
algorithm CONTACT_TIED_SURFACE_TO_SURFACE_FAILURE LS-DYNA, and the tie

is released when the following condition is sagidfat a node.

[ Max (OO’ Tnomal )j + [Tshear j -1>0 (80)

F

normal shear

Here Thormar @nd Tshear are the normal and the tangential tractions abiatpn the interface
between the core and the face shégtma and Fspear are corresponding strengths of the
interface, and we have SEBfoma = 1.0 MPa andshear = 1.0 MPa. After the tie is released

between two overlapping nodes, the core and treedheet nodes can slide over each other as if
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the two contacting surfaces were smooth but noerpenetrating; the contact algorithm
CONTACT_AUTOMATIC_SURFACE_TO_SURFACE in LS-DYNA isised to accomplish
this.

The contact algorithm is checked by studying foreglorations of the hull as described in
subsection 2.3.4. For a very high value assignégid@a andFsnearto prevent delamination, the
lowest natural frequency of the plate is found ¢0ll07 Hz, which is the same as that computed
in subsection 2.3.4 without using the tie and thetact algorithms. Witlrorma= 1.0 MPa and
Fshear = 1.0 MPa, delamination occurred all along theerfaice during the forced vibration

analysis, and the lowest natural frequency of #ardinated plate decreased to 30 Hz.
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Figure 115. Time histories of the deflection of thel centroid with and without the

consideration of delamination.
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Figure 116. Deformed shapes of the hull and themattthree different times showing the

delamination (indicated by arrows). The boxed amdagure 116(c) is zoomed in figure 117.

Figure 117. Deformed shapes of a part of the hedk the chine (see the boxed area in figure
116(c)) showing the separation of the core frone fetteets due to the delamination att = 4.7 ms.

Results exhibited in figure 115 illustrate thateimistories of the deflection of the centroid o th
hull with and without the consideration of delanmiaa between the core and the face sheets are
quite different. At 6 ms, when the water level teethe chine, the difference in the two sets of
results is about 40%. Figure 116 shows the deformdicat three times, and arrows point to the
delaminated regions. A portion of the hull withaleinated face sheetstat 4.7 ms is exhibited

in figure 117.
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Figure 118(a) shows local slopésndy of the top face sheet and the core at poixtsxg) and
(y1, ¥2). Two points X1, X2) and {1, y2) on the top face sheet and the core, respectiaedy,
initially coincident (=Y and %=Y>) and are at the mid span of the panel, there¥re; Y1 =
0.5 m. At 1.5 ms the delamination occurs and twimtgsaseparate from each other. Until about
1.5 ms the two slopes are the same and equalitied ghope (deadrise angle) of 5 degree. After
1.5 ms, the local slopes of the face sheet anddfeedeviate from each other until about 3 ms, at
which time, the two slopes again become equal.5 Ats, the slopes again deviate from each
other. Figure 118(b) shows the components of keadisplacemenu, and u;, which are,
respectively, normal and tangential to the topaxefof the core ayy, y,) and are given by

Un = (X2-Y2) COSy - (X1-Y1) Siny (81)
and

U = (X2-Y2) Siny + (Xi-y1) co9y. (82)

Displacementss, and u; remain zero till 1.5 ms indicating no delaminatiéimom 1.5 ms till
about 3 msy, andu; increase and then decrease to zero. This implegstihe gap between the
two points increases initially from 1.5 ms to 218 before closing at about 3 ms. From 3 ms to
5.5 msu, remains almost zero while the absolute value aicreases indicating sliding between

the core and the face sheet at the interface thierlosure of the gap between them.

Figure 118(c)exhibits tangential (normal) velocitieg' (v,") andv? (v,%) of points &, x») and

(y1, y2), respectively. These velocities are given by

vt = vl cog + v sing (83)
Vot = - Vi sing + v, cog” (84)
V2 = V4 cogp + V5 siny (85)
ViZ = - VA1 sity + V%, oSy (86)

Here,v'; (V) andv?, (V%) are thexs- (%-) velocities of pointsx, o) and {1, V»), respectively.
After delamination at 1.5 ms tangential velocit@sthe two points deviate from each other.
Normal velocities of the two points deviate frontleather between 1.5 ms and 3 ms, at which

point, they become almost same before deviatinhagabout 5.5 ms.
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Figure 118 (a) Local slopésandy of the face sheet and the core at two initialycmient

points (%,x2) and (\,Y.) at the midspan of the panel; (b) the normal (¢stigl) relative
displacement, (u); (c) tangential (normal) velocitieg- andv? (vi,> andv,?) of points &,X)

and {5,y»), respectively.
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We have plotted in figure 119 variations of thestrenergy density in the core and the two face
sheets at = 2.735 ms both with and without the consideratbrdelamination; results for the
latter case are from subsection 2.3.4. The compawns$ these two sets of results shows that the
energy due to core deformations is insignificarteratielamination, and the work done by
external forces is used to deform the face shegtier delamination the core is either separated
from the face sheets or slides between them amé theno load transfer between the core and
the face sheets except when the two are in conthen only the normal traction can be
transferred from a face sheet to the cditee strain energy due to the transverse shearhend t
transverse normal strains in the core is negligillbereas, without the consideration of the
delamination, only the strain energy in the core tiuthe transverse shear strain is negligible but

that due to transverse normal strain is significant

Figure 120 exhibits fringe plots of the transvemsemal strain in the core and face sheets=at

2.735 ms with consideration of delamination, amgiifé 96(a) shows the similar result without
considering delamination. When the face sheetsalosved to separate from the core the
transverse normal strain in the core is signifigalaower than that in the core when delamination

is not allowed.

Figures 121 and 122 exhibit fringe plots of stramist = 4.7 ms with and without the

consideration of the delamination, respectivelybl&&al6 lists the maximum and the minimum
values of strains in the core and the two face tshatt = 4.7 ms. It is observed that the
transverse normal strain in the core is signifiahigher when delamination is not allowed than

that when delamination is allowed.
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Figure 119. Strain energy density in the core ae Eheets at= 2.735 ms.

Figure 120. Fringe plots of the transverse norrrairsin the core and the face sheets=at
2.735 ms.
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Figure 121. Fringe plots of the strain in the cand the face sheetstat 4.7 ms with the
consideration of the delamination.
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Table 16: Maximum and minimum strainsin the core and the two face sheets of the
sandwich composite panel at t = 4.7 ms.

Strain Delamination allowedDelamination not allowed
Face sheets Core Face sheets Core
Longitudinal normal strain Min -0.003 0.0000 -0.004 -0.0004

Max  +0.004 0.0000 +0.005 +0.0005

Transverse normal strain ~ Min 0.0000 -0.0025 0.000 0.007

Max 0.0000 0.0023 0.0001 +0.007
Transverse shear strain Min -0.005 0.0000 -0.004 00dm
Max 0.004 0.0000 +0.005 0.0000
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2.4. Conclusions

We have simulated the slamming impact of rigid aledormable hulls by using a coupled
Lagrangian and Eulerian formulation available ie tommercial finite element (FE) code LS-
DYNA, and approximating the deformations of thellauld the water as two dimensional (plane
strain). The Lagrangian (Eulerian) description adtion is used to describe deformations of the
wedge (water), and the penalty method is used tisfgacontinuity conditions between the
wedge and the water surface. Effects of differetie@s of parameters in the penalty method on
the pressure distribution at the interface andoéretration of water into the hull are delineated.
It is found that values of these parameters to mmire oscillations in the pressure and reduce
water penetration depend upon the deadrise amgld5E mesh, the initial velocity of the wedge,
and whether or not deformations of the hull mateaiee considered. Whenever possible,
computed results are compared with those availablihe literature. Effects of damage and
delamination induced, respectively, in a fiber feioed composite panel and a sandwich

composite panel due to the hydroelastic presserstadied.

Other conclusions are summarized below:

1. Fluid pressure at the solid-fluid interface and thedocity profile near the interface
depend significantly on values of parameters ingapalty method, (see Appendix A),
the FE mesh used, materials of the hull, and thkshdeadrise angle. We used at least
two different FE meshes to ascertain the likelpem the numerical solution.

2. For V-shaped rigid wedges entering initially calnater with a constant downward
velocity, and deformations assumed to be symmaetpiout the vertical axis passing
through the apex of the V, computed pressures affltid-hull interface are found to
agree reasonably well with those reported in therdture (e.g., see figures 81). For
deadrise angles of 3@nd 45, the interface pressure variation along the spath®
wedge is approximately uniform when the water lenedched the chine. For small
deadrise angles (e.g.%@he peak pressure occurs at the jet flow, andeiatively large
deadrise angles (e.g.$1the peak pressure occurs at the keel.

3. For rigid V-shaped hulls of deadrise angles dt&dd 48, the length of jet flow near the
chine is more than that for other deadrise andletiesd here (cf. figures 82).
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. For arigid V-shaped wedge the tangential compoaogtite water velocity at the wedge-
water interface increases from zero at the ke&héomaximum value in region A of the
jet flow (cf. figure 84(a)).

For V-shaped rigid wedges symmetrically fallingeisethrough initially calm water with
deformations symmetric about the vertical axis pasghrough the apex of the V, the
time history of the total upward force acting oe thull agreed well with that reported in
[103] but the computed pressure distribution on thed-wedge interface differed
noticeably from that reported in [103].

. The core material in a sandwich composite pangffisctive in absorbing the impact
energy due to water slamming. However, delaminakietween the core and the face
sheets significantly reduces the effectivenesti®ttbre material.

. For the fiber-reinforced composite hull studiedeheghe damage parametef;, which
characterizes damage in the longitudinal directdre to the local water slamming on a
fiber reinforced composite panel initiates at tleelkand propagates towards the chine.
This depends upon the damage evolution laws andcdihstitutive relations used to
degrade material elasticities.
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Chapter 3

Conclusions

Nonlinear governing equations (i.e., the continuosmlance laws and Maxwell's equations) for
an electrically actuated microelectromechanicatesys(MEMS) have been summarized, and
have been numerically solved to study finite transideformations of a perfectly conductive
body by coupling the finite element method andlibendary element method; the former for the
structural part of the problem and the latter tog electrical fields. The snap-through and the
pull-in instabilities of micro-arches for differepbtential differences between the two electrodes
have been studied. Depending upon how the electioea is applied a micro-arch may
experience either only the pull-in instability dretpull-in and the snap-through instabilities. It
has also been found that the pull-in displacem&mare for a micro-arch than that for a micro-
beam of the same length, width, thickness, andirtitial gap as the micro-arch. The pull-in
voltage obtained by analyzing the beam problem withlinear strain displacement relation is
nearly one-half of that for the same problem stidiéth the nonlinear strain displacement

relation.

The present work is of practical significance anovles results on the nonlinear behavior and
instabilities of a micro-arch under transient diggiment-dependent electric loads. As a MEM
electrode, micro-arches are advantageous over +he&ams because a micro-arch can have a
larger operational range without the pull-in ingigg than a corresponding micro-beam.
Moreover, by changing the rate of application o thotential difference between the two
electrodes the snap-through instability may be deai This provides another means to control
the response of a MEMS device. Also, in a micrdrarader an electric load the softening effect
may be dominant before it experiences the snapjfiranstability but the strain-hardening
effect may initially exceed the softening due tec#lic forces subsequent to the snap-through

instability. This can be exploited in designing eBbMEMS devices.

The present study also investigates the snap-thrand the pull-in instabilities in an electrically
actuated micro-arch modeled as a damped Euler-Biirrieam incorporating the nonlinear

mid-plane stretching. The nonlinear time-dependgnterning partial differential equation is
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solved numerically by using the Galerkin method andadaptive time integration scheme. For
the static problem, the displacement control me{{@IE algorithm) and the pseudo-arc length
continuation method (PALC) are used to derive tifigrcation curve of the peak arch deflection
versus the non-dimensional step electric potewliirence between the arch and the bottom
rigid flat electrode. Two distinct mechanisms, ngmihe ‘direct’ and the ‘indirect’, snap-
through instabilities are found. The relation bedwethe minimum potential energy of the
MEMS for a dynamic problem and the total potengiaérgy of the static problem is studied. It is
found that the PALC algorithm can compute multipfanches of the bifurcation curve, which
correspond to symmetric and asymmetric deformatidriee arch. The DIPIE algorithm fails to

compute asymmetric solutions.

The phase diagram between the critical load pammastd the arch height showing stable and
unstable regions of arch's deformations is providedalill help in designing arch-shaped MEMS.
Effects of damping on the instability parametergeheen studied. It is shown that damping
suppresses the indirect snap-through instabilitd @ermits only the direct snap-through
instability.

Results, including the indirect snap through angresetric deformations subsequent to the snap
through instability, from the reduced-order modgte® well with those from the continuum
mechanics based approach.

Other conclusions are summarized below:

1. An undamped arch under a step electric load magrexqce either a direct or an indirect
snap-through instability.

2. For relatively small arch heights, the static pewblhas solutions with deformations
symmetric about the mid-span of the arch and thectsnap-through happens when the
locus of the maximum deflection of the dynamic peob intersects the unstable branch
of the bifurcation curve for the static problem.

3. For relatively large arch heights, the static peoblhas solutions with deformations
symmetric and asymmetric about the mid-span ofatikh. The asymmetric solution has

lower potential energy than the corresponding sytmmsolution.
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4. The indirect snap-through happens when the locuh@fmaximum deflection of the
dynamic problem intersects the unstable branch haf bifurcation curve of the
asymmetric deformations for the static problem.

5. For a dynamic problem with the electric potentidfedence increasing linearly in time,
whether or not the arch experiences a snap-thringghability depends on the rate of
application of the electric potential.

6. For a dynamic problem with the electric potenti#fedence applied either as a step
function or as a linear function of time, the afths a stable motion only when its
minimum potential energy is the potential energy of the stable deformed sludpbe
static problem and < the potential energy of thetainle deformed shape of the static
problem.

7. A phase diagram between the arch height and thkedpglectric potential has been
constructed to show regions of different instaietitfor static and dynamic problems.

8. Responses of sinusoidal and bell-shaped archepialgatively similar to each other.

We have simulated plane strain deformations dueth® slamming impact of rigid and
deformable hulls by using a coupled Lagrangian Bmderian formulation available in the
commercial finite element code LS-DYNA. The Lagreamg(Eulerian) description of motion is
used to describe deformations of the wedge (waterpenalty contact algorithm is used to
enforce non-interpenetration of the water intotib# and vice versa. Effects of different values
of parameters in the penalty method on the satisfa®f the non-interpenetration condition
have been delineated, and results for each prolalesncomputed with two different finite
element meshes to quantify the error in the nuraksolution. Whenever feasible, computed
results are compared with those available in ttezdiure. Damage and delamination induced,
respectively, in a fiber reinforce composite paaetl in a sandwich composite panel due to

hydroelastic pressure have been studied. Condsisibthis work are summarized below.

1. Fluid pressure at the solid-fluid interface and tredocity profile near the interface
depend significantly on values of parameters ingéealty method, (see Appendix A),
the FE mesh used, materials of the hull, and thiéstdeadrise angle. We used at least

two different FE meshes to ascertain the likelpem the numerical solution.
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. For V-shaped rigid wedges entering initially calnater with a constant downward
velocity, and deformations assumed to be symmaetpiout the vertical axis passing
through the apex of the V, computed pressures affltid-hull interface are found to
agree reasonably well with those reported in therdture (e.g., see figures 81). For
deadrise angles of 3@&nd 45, the interface pressure variation along the spath®
wedge is approximately uniform when the water lexedched the chine. For small
deadrise angles (e.g. )Ghe peak pressure occurs at the jet flow; foathetly large
deadrise angles (e.g.B1the peak pressure occurs at the keel.

. For rigid V-shaped hulls of deadrise angles df &6d 45, the length of jet flow near the
chine is more than that for other deadrise angletiesd here (cf. figures 82).

. For arigid V-shaped wedge the tangential compoagttite water velocity at the wedge-
water interface increases from zero at the ke&héomaximum value in region A of the
jet flow (cf. figure 84(a)).

. For V-shaped rigid wedges symmetrically fallingeisethrough initially calm water with
deformations symmetric about the vertical axis passghrough the apex of the V, the
time history of the total upward force acting ore thull agreed well with found
experimentally but the two pressure distributiongtee fluid-wedge interface differed.

. The core material in a sandwich composite pandffisctive in absorbing the impact
energy due to water slamming. However, delaminabetween the core and the face
sheets significantly reduces the effectivenest®ttbre material

For the fiber-reinforced composite hull studiedehehe damage paramet®i;, which
characterizes damage in the longitudinal directdhre to the local water slamming on a
fiber reinforced composite panel initiates at tleelkand propagates towards the chine.
This depends upon the damage evolution laws andcdihstitutive relations used to

degrade material elasticities.
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Appendix A. The penalty based contact algorithm

On the interface;, between the solid and the fluid regions, equat{@i3 and (72) are satisfied
using the penalty method [8, 7]. The contact atbaricomputes the pressure at the interface
depending upon the relative displacemntvhered = us-u’, and the material time derivative of
d. These forces are applied to the fluid and thectitre nodes in contact to prevent penetration

of water inside the solid region.

In the contact algorithm, the surface of the sbludly is designated as a slave surface, and the
fluid surface in contact with the solid body as aster surface. The forces due to the coupling

affect nodes that are on the fluid-structure itegf For each node on slave surface, the
increment ind is computed at each time step, using the relatecity d = (vS —v' ) whereV®
is the velocity of the slave node, amis the velocity of a master particle of the fluiddy

initially coincident with the slave node on theidwstructure interface (figure A.1.). Note that the
master particle is not a FE node, but a particleffluid body, which should remain coincident

with the slave node, which is a FE node of thedsbtidy. v'is interpolated from the velocity at

FE nodes of the fluid region at the current time.

Attimet =t", d" is updated incrementally by using
d™ = d" + (Vo2 = v sz AL (A1)
where at is the time increment. The coupling force acts/ahpenetration occu*dnﬂ‘ >0. For

clarity, the superscript af has been omitted; we will usefor the relative displacement. Penalty

coupling behaves like a spring dashpot system andlty forces are calculated proportionally to

d andd. Figure A.1 illustrates the spring and the dashgitiched to the slave node and the

master particle within a fluid element that is neepted by the structure.
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Figure A.1. Penalty coupling between the meshHersolid region and the mesh for the fluid

region.

The coupling forcé- is given by

F =kd +cd (A.2)
wherek andc represent the spring stiffness and the dampinficieat respectively. In case of
an inviscid fluid,d is the displacement between the slave node andntster particle in the
direction normal to the surface of the solid boslych that the forcé = 0 when fluid moves
along the tangent to the surface of the solid bddwe forceF is applied to both the master
particle and the slave node in opposite directionsatisfy force equilibrium at the interface. At

the slave node, forcé = F is applied; whereas for the fluid, the couplingc®IF, is divided

among the FE nodes based on the shape fundiiofis= 1,..., 8 of the element on which the
master particle is situated.

F. =NF (A.3)
As the penalty stiffnes& approaches infinityd approaches zero, satisfying the interface
condition. However, the penalty method increasesotrerall stiffness of the system affecting its

dynamic behavior. The optimum valuelkoghould be such that it does not alter the dynawofics
the problem significantly and prevents relativepthsements between the two contacting bodies.
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In LS-DYNA the contact stiffness is formulated peiit area as
Ky, =— (A.4)

whereA is the area of the solid-fluid interface on a stusal element. The value kf can either
be specified through the LS-DYNA input file or che given in terms of the bulk modulGs of
the fluid, and the volum¥ of the fluid element that contains the mastedfloarticle.

C,A

v (A.5)

ky =P,

fe
The value ofP; , which is a scalar factor, can be specified tglothe LS-DYNA input file. Its
suggested value is between 0.0 and 0.1 [2]. Thienapt value ofky or Ps is problem specific.
Stenius et al.[86] have proposed a method to fired dptimum values oky and P; for water
slamming on a rigid wedge. With an increase invaileie ofky, the interface pressure becomes
oscillatory. In this paper, we compute the amourftuad penetration through the interface and
the pressure profile over the interface. For thenogd value ofky the pressure variation should
be smooth over the interface and the amount ofl fagnetration should be negligible, e.g., the
average value of the componentdoformal to the interface over the span of the slatluld be

at least one order of magnitude less than thenkgk of the hull.

The viscous dashpot with damping coefficiemtamps out high frequency oscillations due to the
contact stiffness. Again, to prevent damping folrcen altering the dynamics of the problem
severely an optimal value of damping should be usée equilibrium equation of the spring-

dashpot system can be written as

d? d
M—d+c—d+kd=0 (A.6)
dt dt
m, +m, .
whereM = [k , ms andmx equal lumped mass at the slave node and the mpestecle

mm;

respectively. Equation (A.6) can be rewritten inrte of the damping factof = \/:W and the

frequencyw = L
q y _"M
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—d+§a)%d+a)2d:0 (A.7)

The damping facto£ can be specified through the LS-DYNA input file.
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Appendix B. LS-DYNA input deck

LS-DYNA input deck for simulation of the local watdamming on a sandwich composite hull
of deadrise angle’&nd downward velocity of 10 m/s as reported iier2.3.4

* KEYWORD
*TI TLE
Wat er sl anmmi ng on hul |
$
* DATABASE _FORMVAT
0
* CONTROL_ALE
$ DCT NADV METH AFAC BFAC CFAC DFAC EFAC
1 1 2 -1.0
$ START END AAFAC VFACT PRI T EBC PREF  NSI DEBC
*SECTI ON_SOLI D
$ SECI D ELFORM AET
1 12
*SECTI ON_SOLI D
$ SECI D ELFORM AET
2 1
*SET_PART_LI ST
$
$ part set for the initial void (1) and the fluid (2) parts
$
$ SID DAl DA2 DA3 DA4
1 0.0 0.0 0.0 0.0
$ Pl D1 Pl D2 Pl D3 Pl D4 Pl D5 PI D6 PI D7 PI D8
1 2
*SET_PART_LI ST
$
$ part set for the sandwich conposite. Part 3: face sheets; part 4: core
$
$ SID DAl DA2 DA3 DA4
2 0.0 0.0 0.0 0.0
$ Pl D1 Pl D2 Pl D3 Pl D4 Pl D5 PI D6 PI D7 PI D8
3 4
* CONSTRAI NED_LAGRANGE | N_SOLI D
$ SLAVE MASTER SSTYP MSTYP NQUAD CTYPE DI REC MCOUP
2 1 0 0 3 4 2 1
$ START END PFAC FRI C FRCM N NORM PNORM DAMWP
-2 0.9
$ CcQ HM N HMAX | LEAK PLEAK LCI DPOR  NVENT | BLOCK
$ | BOXI D I PENCHK I NTFORC | ALESOF | ALESOF  LAGVIL PFACVM THKF
1
* DEFI NE_CURVE
$
$ curve for the contact stiffness
$
2 0 1. 000 1. 000 0. 000 0. 000
0. 000000000000E+00 0. 000000000000E+00
0. 100000000000E- 07 0. 025000000000E+03
*I NI TI AL_VELOCI TY_GENERATI ON
$ ID STYP OVEGA VX VY VZ
2 1 0.0 0.0 -10.0 0.0
$ XC YC ZC NX NY NZ PHASE

*I'NI TI AL_VO D_PART
$ PI D
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1

* MAT_NULL
$# md ro pc mu terod cerod ym pr
1 0. 100E+04- 0. 100E+12 0. 00
*EOS_LI NEAR_POLYNOM AL
$ ECSI D (e0] C1 c2 c3 (07} c5 C6
1 0. 000E+00 2. 500E+09 0. 000E+00 0. O0OOE+00 0.000000 0.000000 0.000000
$ EO VO
0. 000E+00 1. 000E+00
$
*MAT_ELASTI C
$# mid ro E poi sson
2 150. 0. 280E+10 0.300000 0.0 0.0 0.0
* MAT_ANI SOTROPI C_ELASTI C
$# m d ro cli cl2 c22 c13 c23 c33
3 31400. 000 9. 9548E+9 3. 0625E+9 9. 9548E+9 3. 9052E+9 3. 9052E+91. 4034E+11
$# cl4 c24 c34 c44 cl5 c25 c35 c45
0. 000 0. 000 0. 0001. 4200E+10
$# c55 cl6 c26 c36 c46 c56 c66 aopt
1. 4200E+10 0. 000 0. 000 0. 000 0. 000 0. 000 6.8923E+9 2.000000
$# Xp yp zp al a2 a3 macf
0. 000 0. 000 0. 000 -0.241922 0.970296 0. 000 1
$# vl v2 v3 di d2 d3 bet a ref
0. 000 0. 000 0. 000 0. 000 0. 000 1.000000
* PART
Initial void region
$# pid secid md eosid hgi d grav adpopt tmd
1 1 1 1 0 0 0
$
* PART
Fl uid region
$# pid secid md eosid hgi d grav adpopt tmd
2 1 1 1 0 0 0
$
* PART
Face sheets
$# pid secid md eosi d hgi d grav adpopt tmd
3 2 3 0 0 0 0
$
* PART
Core
$# pid secid md eosi d hgi d grav adpopt tmd
4 2 2 0 0 0 0
* NODE
1 0. 000000000E+00 0. 000000000E+00 0. 000000000E+00 0
$
$ rest of node definitions are renoved
$
*ELEMENT_SOLI D
1 2 1 3 302 153 751 752 23402 23401
$
$ rest of element definitions are renoved
$
* CONTROL_TI MESTEP
0. 0000 0. 9000 0 0.00 0.00
* CONTROL_TERM NATI ON
0. 200E- 01 0 0. 00000 0. 00000 0. 00000
$
* DATABASE_BI NARY_D3PLOT
0. 0500E- 03
$
* DATABASE_BI NARY_FSI FOR
0. 0500E- 03

246



$
* DATABASE_EXTENT_BI NARY

$ NEI PH NEI PS MAXI NT STRFLG SI GFLG EPSFLG
0 0 3 1 1 0
$ CVPFLG | EVERP BEAM P DCOWP SHGE STSSZ
1 0 4 0 0 0
* DATABASE_FS
$ DT
0. 0500E- 03
$ DBFSI _ID SID SI DTYPE SW D CONVI D
1 2 0
$
* DEFI NE_CURVE
1 0 1. 000 1. 000 0. 000 0. 000
0. 000000000000E+00 0. 000000000000E+00
2. 000000000000E-02 0. 000000000000E+00
$
* DEFI NE_CURVE
3 0 1. 000 1. 000 0. 000 0. 000
0. 000000000000E+00 - 1. 000000000000E+01
2. 000000000000E-02 -1. 000000000000E+01
*SET_NODE_LI ST
1 0. 000 0. 000 0. 000 0. 000
80013 80014 80015 80016 80017 80018
80170 80469 80619 80620 80919 80920
80923 80924 81223 81224 81523 81524
81527 81677 81827 81977
* BOUNDARY_PRESCRI BED_MOTI ON_SET
1 1 0 1 1. 000 0
* BOUNDARY_PRESCRI BED_MOTI ON_SET
1 2 0 3 1. 000 0
*SET_NODE_LI ST
2 0. 000 0. 000 0. 000 0. 000
1 2 3 4 5 6
$
$ rest of node set definition renoved
$
* BOUNDARY_SPC_SET
2 0 1 0 0 0
*SET_NODE_LI ST
3 0. 000 0. 000 0. 000 0. 000
303 304 305 306 307 308
$
$ rest of node set definition renoved
$
* BOUNDARY_SPC_SET
3 0 0 0 1 0
*SET_NODE_LI ST
4 0. 000 0. 000 0. 000 0. 000
68253 68268 68283 68284 68285 68286
$
$ rest of node set definition renoved
$
* BOUNDARY_SPC_SET
4 0 1 1 1 0
* END

RLTFLG
0
N3THDT
2

80019
80921
81525

0. 000

0. 000

309

68287

ENGFLG
0
| ALEMAT

80169
80922
81526

0. 000

0. 000

310

68288
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Appendix C. User guidefor the coupled FEM-BEM code for simulations of 2D
electrostatically actuated MEM S

Linux script files

run Complies program files to build an executabéefbr the FEM-BEM code
runpost Complies program files to build an execlatdite for the post processor code
runtime Complies program files to build an executablefillethe time history post processor

code

Program files

nonlinearfem2d1.f90 Contains the main program codel, the subroutingsigxroutine gaussb,
subroutine constirelation, subroutine prep, subneunvdet, subroutine
solve_spd, and subroutine solve_g

fem2d.f Contains subroutines to calculate FE shapetion and derivatives of the

shape function

Isode.f Contains subroutines for LSODE software
body 2d_fun5.f Contains subroutine body_2d_fun
gauss_leg.f Contains subroutine Gauss_Legendre
inversed.f Contains linpack subroutines

Description of subroutines

fex Subroutine called by LSODE, sets up FEA andatgslaccelerations
gaussb Sets Gauss points and weights for FEA

constirelation Constitutive relation

prep Preprocessor, reads input files

invdet Calculates the inverse of a matrix

solve_spd Solves a linear system of equations syitmetric positive definite matrix
solve_g Solves a linear system of equations

body 2d fun BEM code
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List of input files

Name of the file

input.dat
inputbem.dat
b2f.in

bcu.in

bcv.in

cbl.in
cb2.in
ch3.in
cb4.in
cntvtbem.in
cntvt.in
coordbem.in
coord.in
elemat.in
f2b.in

b2f.in

ic.dat
mat.dat
ne.in

voltnode.in

Simple files:

input.dat

Description

Inputs number of elements, and numbeodes for FE, etc.

Inputs number of elements, and nummbeodes for BE, etc.
Lists FE node number and corresponding Bé&enmmumber on the boundary
Specifieck; displacement on nodes on the boundary
Specifiedk, displacement on nodes on the boundary

FE element number and node number on thedzoy side 1

FE element number and node number on thedzoy side 2

FE element number and node number on thedzoy side 3

FE element number and node number on thedzoy side 4

Element connectivity for BEM code
Element connectivity for FEM code

Coordinates of nodes for BEM

Coordinates of nodes for FEM

Material number of the element
Lists BE node number and corresponding Fenmmumber on the boundary
Lists FE node number and corresponding Benmumber on the boundary
Initialx; andx, velocity

Material parameters

BE numbers attached to a BE node

Specified electric potential on BE nede

245 ! number of FE nodes

60 ! number of FE elements

30 ! number of FE node on the boundary side 1
2 ! number of FE node on the boundary side 2

30 ! number of FE node on the boundary side 3
2 ! number of FE node on the boundary side 4
8 !number of nodes in a FE
3 !'number of nodes in a one side of a FE
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9 !'number of gauss points in a FE
10 ! number of boundary nodes with specified values,afisplacement
10 ! number of boundary nodes with specified values;afisplacement
10000 ! total number of time step
0.1000000E-01! time step in time unit
0.0000000E+00! damping coefficient
1 lifsetto 1, finite strain is used, if set toiffinitesimal stain is used
1 lifsetto 1, lumped mass is used, if set to Giststent mass is used
3 lif setto 3, plane-strain problem, if set to Bne-stress problem
32 ! number of a node whosgandy; are written in fort.28 and fort.29
32 ! number of a node whosgandy; are written in fort.30 and fort.31
0.0000000E+00! unused card; set to zero
0.1010000E-01! gap between two electrodes
0.3000000E-01! width of the electrode
0.2400000E-02! height of the electode
0.0000000E+00! ramp time, if the electric potential is increagesm zero linearly
0.1000000E-01'! time at which electric potential is updated, aesimall value or zero

inputbem.dat

128
128

I number of BE nodes
I number of collocation points (same as apove

-0.101000000E-01 %, coordinate of the rigid electrode

12

b2f.in

OO WNPE

f2b.in

OO WNPE

bcu.in
128.
127.
126.

I number of Gauss points in a BE

I Sequentially lists the FE node numbershenttoundary

I corresponding to the BE node number. AsstimeBE node
I numbers are the line number. Add as marasli

I'as total number of BE nodes

I Sequentially lists the BE node numbers

I corresponding to the FE node number orbthendary. Assume that
I FE node numbers are line numbers. Add asyriaes as total

I number of FE nodes , set zero if FE nodmismterior node

0.0000000E+00 ! list the FE node numbertae specified value of
0.0000000E+00 x} displacement. Add as many line as need
0.0000000E+00

bcv.in is similar to bcu.in, but to specity displacements.
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cbl.in

30 60 2 61 I first row = number of FEmlent on side 1

29 58 60 59 1" to 4" row = node numbers of whose node of the FE element
28 56 58 57 I which are on the side 1

27 54 56 55 I Add as many lines as needed

26 52 54 53

25 50 52 51

24 48 50 49

cb2.in, cb3.in and cb4.in are similar to cbl.in tautside2, side3 and side4 respectively.

cntvtbem.in
1 3 I two node numbers of a BE element
3 4 I'add as many line as many BEs is éntlesh
4 5
5 6
6 7
cntvt.in
1 4 131 127 3 130 12p28 I eight node numbers of a FE element
4 6 135 131 5 134 13B30 I'add as many line as total number of FEs

6 8 139 135 7 138 13134
8 10 143 139 9 142 14138
10 12 147 143 11 146 14512
12 14 151 147 13 150 14816
14 16 155 151 15 154 13560
16 18 159 155 17 158 15/A4

coordbem.in and coord.in lists, respectively, tire¢ coordinates of a FE nodes and a BE nodes
in a line.

mat.dat
1 I Total number of different materials in the mbde
8.8419e-15 I Absolute permittivity
231e-2 I Density
8.8419e-15 I Permittivity of the material surroumglielectrodes
97.5 I Elastic constant lambda
65.0 I Elastic constant mu
I Repeat the above four lines as many time asatiaé tumber of materials
ic.dat
0.0d0  0.0dO I Initiak; andx, velocity at a FE node
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0.0d0  0.0dO
0.0d0  0.0dO

voltnode.in
10.0d0

10.0d0
10.0d0

ne.in
10 1

1 2
2 3

elemat.in
1

1
2

I'add as many lines as total nurnbEE nodes

I Specified electric potentail at a Bifle
I'add as many lines as total number oh8des

I number of BE which attached to a BE node
! line number is the BE node number

I'add as many line as total number ofnBHe

I Lists the material number of a FE
I line number is the FE number

I'add as many line as total number of FEs
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