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I. INTRODUCTION

This dissertation is concerned with the estimation of
error variances in an unreplicated two-way classification.
The results are of interest in a wide class of applications.
In general, the procedures may be used in checking the as-
sumption of homogeneous error variances in randomized block
designs under certain conditions and the estimators derived
may be used in the measurement and comparison of the con-
sistencies of Judges in subjective experimentation and of
the precisions of analytical methods in quantitative exper-
imentation.

There are many experiments in which it is necessary for
a group of individuals to give subjective scores to test
items such as in judging the quality of food, the appearance
of a uniform, or the ease of operation of equipment. The
scores given by the judges are usually based on a discrete
numerical scale where the numbers on the scale refer to dif-
ferent descriptive definitions such that the lower end of
the scale indicates the qualities which are not desired and
the upper end of the scale indicates desired qualities. The
Jjudge examines the item to be graded and then assigns the
grade or score which in his judgment corresponds to the ap-
propriate descriptive definition.
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In some of these experiments, it is possible to test a
Judge's ability to give "good" subjective scores by some
quantitative process. For example, in the Jjudging of the
wear-resistance of a uniform, standard-wear uniforms are
used in the training and testing of the judges. Another
such method of testing the reliability of a judge in certain
taste testing panels is to have him taste different solu-
tions in which know amounts of a given reagent has been
added to see if he can discriminate accurately between the
different dilutions.

In other experiments no standards exist such as noted
above but it is possible to obtain an estimate of a Judget's
ability by replication of the experiment. In order that an
experiment can be repeated statistically, successive obser-
vations or grades must be independent. Although the above
two classes of experiments give different types of estimates,
these estimates still provide a criterion for determining
if a judge can give good subjective scores.

There is yet a third type of experiment in which nei-
ther of the above methods is possible for obtaining esti-
mates of the abilities of the judges. For example, no stand-
ard may be satisfactory for Jjudging the "ease of operation®
of a vehicle and it may be impossible to repeat such an ex-
periment, since a judge may remember the grade previously

given an item.
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Therefore, a method is needed which assesses the abil-
ity of an individual to give %"good" subjective scores to
items for this third type of experiment; this research proe
poses such a method.

The criterion used in the proposed method to determine
the rating ability of a panel member is that of whether he
"gxpresses the opinion of all the members®. This criterion
is necessitated by the restrictions already given that the
experiment cannot be repeated and there exists no practical
quantitative measurement with which to compare the scores.
The estimators proposed here measure the abilities of the
‘members of a panel to give subjective scores which express
the composite opinion of all the members of the panel. These
estimators were obtained by the use of

i. the principle of maximum likelihood
and

ii. a general quadratic form.
Although estimators were obtained by the first method only
for a three-member panel grading any number of items, these
estimators are shown to be identical to those obtained by
the second method for which there are no restrictions on the
number of members of the panel or on the number of items
graded.

In addition to the derivations of the estimators, two
different tests of significance are given. One test provides



a method to determine if a particular Jjudge is significantly
worse (or significantly better) than the average when it is
assumed that all tho other judges are equally goods This.
test is applicable for three or more judges as well as for
two or more items, When there are only three judges and
two or more items, the other test provides a method to de-
termine if the three judges are equally good.

Although the above discussion has mentioned only the
testing of the ability of a panel member to give good sub-
Jective scores, the method is applicable to any quantitative
process which fits the model. For example, suppose that it
is desired to estimate the variability of several light
meters by the use of flashbulbs. In an example such as this,
it is impossible to repeat the experiment. Another example
is that of estimating the variabilities of several chemical
processes where it is too expensive to obtain more than one
sample from each process at one time.

For the benefit of those readers who are interested in
applications only, it is suggested that they read Chapter Il
on the mathematical model in addition to Chapter VI. where~
in numerical examples are discussed.

The discussion of available literature has been delayed
to Chapter VII, Review of Literature, in order that the re-
sults of this research can be compared with those in the lit-

erature.
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II. MODEL

Statistical analysis of data assumes that there is some
underlying mathematical model which expresses in mathematical
symbols as nearly as possible the behavior of the physical
process being observed. Thus, for this problem, it is neges-
sary to state the assumed composition of the observation x j
in a two-way classifications In line with the introductory
comments, x4 y may represent the grade given the 1%0 jtem by
the j‘h Judge, the amount of a given chemical in the iR com.
pound as determined by the j'P analytical method, or some
similar specification in a host of possible applications.

We shall discuss the problem in terms of the grading of items
remembering that many other applications are possible.

Firstly, we postulate that each item being graded has
a true mean, say nj, where i = 1, 2, +es, n and identifies
the item being graded. Secondly, we recognize that the judge
may be biasedj that is, one judge may be easily pleased and
thus give consistently high scores while another individual
may be more conservative and give lower scores. This bias
is represented symbolically by BJ, where J = 1, 2, seep I
and identifies each of the r judgess Lastly, we recognisze
the fact that the judges are not perfect; thus the grades of
each may have some error which is attributed to the individ-
ual judge. This error is represented by &40 where i and j



a’nga

are as defined before. Now since the error term is attrib-
uted to the individual judge, variability in thia error is
taken as a measure or the gonaiatency of the Judgg. We then
take the variance of &, 4 to be aa We can write down the

mathomatical model

2.1 xij ny + ﬁJ + iij; is= 1,23;00,!1

J = 1,2,000,r,
where x4 = grade given the ith jtem by the JtB panel member
wy = true mean of i%h item
By = bias of the J*! judge
€44 = random error, distributed normally with mean zero
and variance o%. '

Now

2.2 Blxgg) =py + By
and

2.3 | V(&;u’ = o,

The model given by 2.1 embodies the concepts discuassed above
and represents them in mathematical form. We assume that,
when we discuss the use of a scoring scale, the resultant
scores are conjiatcnz with the assumptions of ﬁhe model.
Less difficulty will be experienced when X4 4 rﬂprcscﬁts a
qnantitativo measurement.

The mngnitudc of the errar variance, aﬁ, is a measure
of the ability of the j‘h panel member to express the opinion
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of the panel and this is the quantity which is to be esti~

mated.
Since it is necessary to use matrix notation later on

in deriving the estimators of ag,:lat us now consider the
mathematical representation of the experimental situation
in matrix notation. Let X be an nr by one matrix* of the

observed scores; thus for X* we have

2*’0& Xt = HX{ q (23] K§ 'YL X; ”g

where X3 is itself an one by n row matrix given by
'

240 IJ = “le ij ene xij 'Y xﬂj” .

if

245 B' = “111 By eee Py see Iln By Bg eee 33 see 5;.” ’

a one by (n+r) matrix, then it is possible to write

206 E(X) = A B,
where .
2+7a A' = l,Ai Ai 12X A?j (2 Y] A:, “

is an (n+r) by nr matrix with matrix elements,

® The dimension of a matrix is denoted by the number of rows
followed by the number of columns and primes are used to
denote the transpose of a matrix.



[ 1 O (XX} 0 0 0 XX} 0 1 0 e e o
’ f O 1 ¢e06 0 O 0 400 0 1 0 o6 O
‘2'7b C AJ = : ,:,ytw : : : Y : : : e :
, . o * e+ e « o e .
O Oeeel O O seO 1 0 4ee©O ’

an n by n+r matrix with the unit elements occurring in the
(n+3)®h column, o

If we let e,y be the error by the 458 judge on the ith
item, and ’6' be a row vector of nr such elements correspond-
ing to the row vector X', then the column vector of observa-
tions may be expressed in terms of the model 2,1 by equating

2*8 x'wABQ—ﬁ.
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III. MAXIMUM LIKELIHOOD ESTIMATORS

3.1

The main purpose of thil mcamh is to obtain estima-
tors of the variances, oy defined in the discussion of the
model in Chapter II., When suitable estimators have been ob-
u:.md, we shall consider the inferences that can be based
bn them and related to specified tests of hypotheses. The
method of maximum likelihood is a general method that often
‘yields good estimators (=] and we mn first consider this
approach to the problem, In this chapter we shall see that
we can use this method successfully to obtain estimators for
three judges only, r = 3, and when n 22,

The method of obtaining maximum likelihood estimators
may usually be applied most easily by taking the logarithm
of the joint density function of the observations and
t'hcn equating the partial derivatives of this logarithm with
respect to each of the parameters to be estimated to sero.
Thus, conditions are provided for maximizing the function
with respect to the set of ﬁramcﬁm to be estimated.

The joint density funetion of the obaorvntiénl required
is

341 f(xllpxz]_’ cee *‘u'ﬁz*ﬁz"““xnz' “en ,xlrgz.“,. "o ;xnr,"'

-% By, o3 2D (xygomyey)®
R R
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4n view of the statement of the model in Chapter II, The
gset of equations, with some mm:smm. abninad when
the above steps are followed is ‘

3.2a § s .a *ﬁ’ “‘ 0, 1= 1..2.";.3-'
 3u2h & (xg y-By=By) =0, 3 = Lo2y000yr,

o n (x, oR,-BL )R B R fﬁff”'
I’ﬁ ‘ f -—u#—*— L] J’; J - l,a,.;,,:‘!’

‘The estimates obtained for the variances. say 32: 18 |

i3 i
Mﬁ

J= l;jg”itttjulbjrc

8515250000y |

nj - % 1&1 x":j

Aluhough no txplicit. MWSZM Wwas abwmd ter 9‘ | a
;immtian pmun was used in an a%cm 'ee mluau &g in

’Wl numerical omplnm The . Anitial nﬁmﬁa of each |
Manu for this iteratidn promn was ebuimé by ntaw

s

ERIR A "m‘}rf",_Ei_f“‘xﬁﬂm%wm‘i R LITINLE

‘where
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X, " %,,JE,_ g4

.1.. n !"
oo =R tL

~ and x_4 18 as defined following 3.3, These first approxi-
mations to 0f wers substituted in the right-hand member of
343 and a new second estimate was obtained for each 9§,
This process was then repeated. After several iterations,
#ha smallest initial variance estimate, say 9; of all the
estimates, 8f, t = 1,2,...,r approached serc, The effect
of thiqw;l that

r x, r x o
z ﬁ - Z i
. = "
345 a&»‘o F = Xip = X o1 lsp<r,
3"1}’ E

- thus ylelding, as estimates

3,& a: % & ‘ﬂt”*ga““ipm p) ’ t = 1,2)00er
But if we re-examine 3.2a, 3.2b and 3.2¢, we find that, if
" any 9 1s taken to be sero, the other variance estimates
have the form 3.6 and the equations are catisfied. The
method of maximum likelihood mlom here cannot then be
considered successful.



In this section we mtll use the principle of maximum
likelihood estimation but a density function for certain
linear functions of the observations is used instead of the
Joint density function of all of the observations. The pure
pose of gelecting linear functions of the observations is
to obtain a new set of variables, which are indopcadmt of
the parameters ny and By A set of (n-1) (r=1) linear con-
trasts may be selected in many ways so that the resultant ‘
linear functions are linearly independent, We now turn our
attention to obtaining such a set of contrasts.

Let us define C! as a row vector of nr elements such
that
347 B(C'X) = GYE(X) = G*AB = 0
uhers X; A, and B are defined in 2.4a, 2.5 and 2,7a respec-
tively, G'AB = O must be an :.mmy in the B matrix, thus
‘wWe require ‘that ,

3.8 G1A = 0,
Bquation 3.8 is a homogeneous equation in nr unknown c's
and the rank of A is n+r-l, thus, equation 348 has

are(aveel) = (nel) (r-1) lineariy indepandont solutions, m

us call these solutions Cf; Ci) sesy Qtn‘,l) (re1) and define
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9

c
, 3:9 C = ’5

.
%—-J.I(wn
~ functions of the observation such that

3:10 z - GX
and
3.1 B(3) = 0, '

0f the many possible matrices C with which we can de-
fine contrasts like those of Z, we choose
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C =

3flﬂl

-l

0 0 0 o6 0
0 0 0O

. % @

0
0

.60

L 0

0 l«1 O e
0 1 0«1

she

LA

re Y

> o8

«1 0 1

*88

¢« 0 0O 0O +ee O
0 0 0O

. .

L2 0 0 0 0 see 0
0 0 0 0 0

=1 1 0
|=1 0 1

**d

L B

e

»4e

e

l«1 0
1 0=l

*« » @

0
0

ese O 0 0O 0O ses
0O 0 0 O

«<1 1 O
«1 0 1

0

LA R J

L N 2

LA R

ans

@ 0 0

see =l

1 00

L B

ase O

1 0 00

e

an (nei)(r-l) by nr matrix. This may be rewritten as

LER

«0 D 0 O

(2 X

<0 0 D O

LR

«0 0 0 D

TR -

L XX ]
L2 2

- o QO
- e 0O
.- 80

. s s

'_3112b

‘an (r-l) by r matrix, where



t
ot
L
$

1 «1 0 0 0 +ee O

| , 1 0 «1 0 0 446 O
3,13 D= [ 0 O «1 0 449 O
‘ . . S RT O » * ] : .
£ & & 8 & ses »

* . - » 2 . .

1 0 0 0 0 ses =1

an m-l by n matrix. . v -A
It is easily proved mﬁ ¢ satiaties the imposed cone
ditions (1) CA = O and (11) the functions formed from CX =
© are linearly independent., The first condition is equivalent
to g -
=D(Ag-hy) 0§ Fhy J3h = 12000,

ose O 1 O sese O «wl 0O 440
L . see O 1 0 see O el O 4o
&J - Ah - Al E I . » ¢
i G e - #os & 3 & #e5 5 & & %&s
] . # s [ N I
ses O 1 0 see 0wl O 4ou

 where the positive ones are in the n+j%R ¢olumn and the neg-
~ ative ones are in the n+i®h colum. Each element of the

product - D(A J"‘h\’ is clearly sero. The second condition
impliss that the rank of C must be {m-l){ml) which can be
seen by inspection of C and Ds
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In prder for us to express the joint density function
of these new variables, the elements of Z, we must obtain
the variances and covariances of these variables. The ele- .
ments of Z are linear functions of the original observations
which, for the model used in this research, were assumed to
be independently and normally distributed with the variance
- of X4 4 equal to aﬁ.' Thus, by the theorem, if W' is a vector
of n random variables with variance-covariance matrix X, and
if Y = KW, then the variance-covariance matrix Z,is given by

Zy = K12k,

3elh Zg = CY5,0

where
070 4000 0 0 ¢ss0 4000 0O 4ee 0
O a; *ee 0 Q 0 2ee 0 LE A 0 0 see 0
. @ : * s @ , » . » ‘.
: : see : : : L3 3 : see z : *e e :
0 0 oee 030 0 4000 4000 0 40s 0
O O +ee¢ O Gg O ¢80 e6a O 0 400 O

3615 zx hd 0 O 4440 O Gg ses O ee0a O 0O 4ee O
. » . & & . . e .
g & ees 2 2 s see s ese e 3 eee o
O O «e0 O 0O O qun 02 ese O 0 440 O
* L ] » » L ] * » [ ] L]
$ § eee 3 2 3 esw s wee 3 ¢ ses 3
0 O eee0 O 0 o000 4es 020 40s O
O O «ee 0 0O 0O 4040 0 oeae© ﬂg'aao 0
L L » - - » * L 4 .
H H *ee 2 ; : LR 2 : "o $ } e -
O O 2060 0O O 4e¢ 0O 000 O O 4ue Gﬁ

an nr square matrix, and C is as defined in 3.12a. Then we
obtain |



Zg =

3416

..mvl :Wloo%ﬁ.._ 2@3 3000%30006 ﬁc-.&l

gw.Jw; A
e
N
* . & - . & = ® o s o @
. s @ o L3 *« €& ® & . & o
* e e @ . . e e » = s & @
—
o ac BELE L .
Jv 9? Otinw + woe tciamu 9&1.!::9?
ﬁla@l c@l N

gmB gmB
.Mwl Dmle ooorl .wl omvlo onam.lo c-a»m/wl mﬂ& ees

TELE g, R o Y

+ see 4

T Y

2
l*ag sse 2(0’1

enn
LA B J
*n e
L 2 J
LR 2 J

. 2
.
-

62402 ues

i3 w ceeBleest? ,wl...ﬁl

a"

foof 2lefiep) oo

see $ ﬂl ﬁli Qdaﬁ»lo Qtawl ﬁ.— i‘anrl
a@l

2(c3+0f)

LA 2

an (n=l)(r-l) square matrix.
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We can simplify 3.16 to
3417 Zg = DD?*H,
where D is as defined in 3.13; thus, DD' is

2 1 1 ess 1
. , ; "1 : 2 i v ggv‘ 1"
3;18 ’ DD?Y = 1 1 2 .eee l ?

e . * o .

L. » . onw ™

. - * : .

| -l 1 1 P 2

an (n-1) square matrix, and -

_‘:cg’ﬂg 0% Ceee 6{

: o2 o2+g2 L., o2

3,19 H = N i
. . Ty .
.‘ . 5 ; o

an (r-l) square matrii; The notation used in 3.17 implies
that each olomcnt in H acta as a scalar multiplying DD and
yields a matrix uhieh 18 a scalar times DDt to replace each
element of H. We shall define this operation as the "dot
product" of two matrices .+ Thus, the joint density
function of the linear functions of the observations which
weshall use to obtain the maximum likelihood estimators is

320 £ 81y 825 eeey %(n-1) (r-1) ’n
,.(gﬂ)ui.(n-l) (r«vl)l ' axp «ﬁ Z0s ...1
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where Z is defined in 3.10, 2;1 is the inverse of Iz and

2;1 is the determinant of 2;1-

The inverse of Iy defined in 3,17 is

1 = (op1)=L o g1

where
n-l -l -l Ty -1l
-l Nl -1 e T
320 (op0)t a2 A ml e A,
-]'. —i 0-;. see n-;.
and
(caE»o?) -o§ . -og
o %% %%
' %273 °3 3°r
o2 -o? o2ag?
1 1 veo foor-07)
| e T :
where
r
2 - 0'2 pA .
3423 ¢ =l 3z -333

(0D?)~} follows simply from the definition of (DD') and is
easily verified, H~! requires more algebraic derivation
but that 3.22 is correct is again easily verified by showing
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-1

HH = = I, We shall need the result that
324 IHI “ﬂ:ﬁ o2,
The logarithm of the function in 3,20 is
- T
3.25 Lek+din |55t -2 2057

where k is a constant independent of the elements of 2;1;
Following the method outlined at the beginning of this chap-
ter, the right-hand member of 3.25 is partially differenti-
sted with respect to the r different variances oj (which are
the only parameters in 3.25). Actually, instead of par-
tially differentiating 3.25 with respect to cﬁ, we partially
differentiated with respect to wg where

3426 0y = ao o J = 1,25000,r;

and |H| is the determinant of H in 3.24, This is permissi-
ble by the theoren, 11;3 is the vector of maximum-likelihood
estimators for the elements of é, and if u(@) is any vector
of the function of 9, such that a unique solution for @ may
be obtained from u(Q) = ¢, ¢ a vector of constants, then
u(0) is the maximum-likelihood estimator for u(9).

Thus
- -l
3427 ""j' 2'% -ﬁé‘%,ﬁz' 3“’3 z .

Let
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d
3.28 ‘ ?;E:’ ;'II fj'u ’ s,u = 1,2,...,(n~1)(r~1),
where
P Y- e
3‘29 fjau aﬂw‘
and
0®% = the element in the s°! row and uP column
of 2;10 |

Thus, the last expression on the right of 3.27 is simplified

to -1 o |
3430 A -3—-:‘;;—- Z =32 l’,jsu“z =% Z 2 SgByfjeu

To complete the reduction of the right-hand member of 3.27,
we need only note, using the usual rule for differentiating
a determinant, that

3.31 é"‘""!"’ = § § cﬂ) (cofactor of a‘“)

w )‘ﬂj

Jsu %su

u
since TEJ“T [cofactor of %) = Ogy and r g—‘?—- by defi-
%

nition., The results of 3.30 and 3.32 are suhatitutad in
3.27 and then these results equated to zero to obtain

3e33a § E fjsu (Gi“ - l‘ln’ = 0
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or
3433b | er[Fy(z, - 220)] =0,

where tr indicates the trace which is defined as the sum of
the principal diagonal terms,
and FJ ”llfjau I8

It is to be noted that the solution of 3.33a or 3.33b
yields the maximumelikelihood estimators of the a§ and they
will be dcaignatad by aj

Since 2, is & dot product of (DD*)™%, a matrix which
does not contain the parameters, and H"l, a matrix involving
sﬁ, then we need only to differentiate H L with ra:poat to
w43 then multiple by (DD*)~1 to obtain Fy.

Although 3.33a and 3.33b yiald naximum-likelihood esti-
mators for n 22, r 23, we have been unable to solve these
equations for %j except for r = 3, The inherent difficulty
in the problem is illustrated by examination of the equations
for r = 4 and n = 3 now written:

3e3ka 6(338'2*3382*03333 - (k.z*k +k )62 + (kl*k -rk
+ (k *kzﬂgé)é@

B30 (813001105 = (iy i )0 < 03 vkl
343ke 6(%63*836?6;6@ (k1+k3-:-k§)'&* +k3er§ *klaz
3300 (8534676346385 = (i ieyekg)] iy iy



where

= gl 2
kl '1 :132 + 82

2 2
2 83 ’32h + Sh

=gl _ 2
k3 85 ’5’6_+ 86

k, = -253:5 + BqyZg + “b’5"2’h’6
k5 = -2:135 + 8.8, ¢+ 8235-21236
kg = -2:133 * 83 + ssz-Zzzna
Inspection of these equations revelas that one trivial solu-

tion is‘0§ = 0 for all J, j = 1,2,3,4, but this is not help-
fule In general, the degree of the terms on the left in 3.34a-
3e34d 18 (r-2) in 3§ and on the right, (r-3). We now turn

to the special case wherein solution is possible.

343 Maximum-Likelihood E

1

could
be factored into a dot product of (DD')"l and H-1 and that

It was observed in the previous section that I

(HD')'1 does not involve any of the parameters, °§‘ Thus,

in order to obtﬁin the maximum-likelihood estimators of °§

for the three judges and with n items, n 2 2, we need only

differentiate H™L with respect to wd where Wy is defined in
3¢26 and then multiply by (0p*)~L to obtain FJ which is de-
fined in 3,33b.

For three judges, r = 3,



o?+02
3435 H"l--%- 1 3 1
-} ool
-1 -
336 BH,:" 1 1 ’
sl (k1 1
-~ °H
3437 H;z'l"' 0 0 ’
3;§ 0 1
and
-1
3,38 311%;; = © .
== ||O 0

F1» F and F3 are obtained by dot multiplying 3436, 3437 and
3,38 by (DD?)~! and the required equations are obtained
through evaluation of 3.33b which results in

3439 n(n-l)(3;+3§) = 2'F. 2,
3440 n(n-1>(9§+6§) = 'F,2Z,
and

3e41 n(n-1) (Giég) = 27,2,

These are solve simultaneously to give
A
3eb2 2n(n-1)c; = Z¢ (F2+F3-Fl)z,

A
3ek3 zn(n-l)ag = Zt (r1+r3-1?2)z,
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and
3k 2n(n~1)ﬂ§ = Z'(F1+F2~F3)Z,
where .

L Fo+F ,=F 0 (DD')~1
3eh5 +F - -

37271l (ppr)-L o |

o B AP 2(ppt)~1  ~(pp?)=1
3 Hoamlio =l
and

A F. +F_ -F 0 ~{op*)=
347 +F,-F =

) 17273 |{-(ope)=t  2(ppe)-l

We shall not solve these equations, 3.38; 3.39 and 3.40,
explicitly for 6?, J=1,2,3 in terms of the original obser-
vations until later, since we shall obtain estimators by
another method in Chapter IV with which we shall compare
the estimators obtained in this section.
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IVe QUADRATIC FORM ESTIMATORS

: Form

In the previous chapter we obtained, with limited suce
cess, estimators by the principle of maximum likelihood.

In this chapter we shall use a general quadratic form on
which certain desirable conditions are imposeds The se-
lection of the restrictions follows somewhat naturally from
the properties desired for good estimators.

We shall first define Q to be a quadratic form in the
original observations and then impose our restrictions
which will permit determination of the coefficients of the
quadratic forms In line with this method of procedure we
can write the general quadratic

n r n r
hola 9T 5 m Mk May Y
where the x's are the observations and the m's are the con-
stants to be determined by the conditions to be imposed.

There are three reasonable and obvious conditions that
the quadratic form, Q, must satisfy in order to yield a
good estimator. These condtions are? ‘

i. The quadratic form must be invariant when the items

are interchanged.
ii. The estimator obtained from the quadratic form must
be free of the nuisance parameters ny and BJ.
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iii. The quadratic form must provide an unbiased esti-
mate of of 0§, t=1,2,ees,r, vhen of is the

paramter being estimated, that is E(Qy) = of.

Let us consider the first of these conditions by interw
changing the abh item with the pWlitem, It is possible to
expand L.la to give

n r n r

Lelb Q= 2 2Z 2Z Z X +
. 191 j=1 k=1 hey LOER 43
1,k # a,B
r r ‘ r r

g1 ney "eden Fag Fan T %) %) "syen Xpy Fpn ¥

R o r r ,

351 hfl Bajph *aj *pn * jil h§1 mﬁdah'xﬁdvxnh .
Let Q' be the quadratic form when the %P item is inter-
changed with the a®l' item, that is,

n r n r

Le2 =3I I I I ma. X +
) §=) =1 kel hey idkh *1j kh
i,k # a,p
r r | r r
so1 noy "BIeh Fay ¥an * % %) Majon *py ¥pn *
r r r r

521 noy Padbh ¥py Fan T Z %) "pjan %oy ¥pn

For the quadratic form to be invariant with respect to an

interchange of the items, then
Le3 Q=QY .
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When L+lb is equated to k.2, the resultant equation is an
jdentity in the x's, and the corresponding coefficients must
be equale Thus

Ll m = m a,p = 1,25¢00n1
ajah = "BIBh Jsh = 12,000,

and

t{-¢5 nadah - mBJah G,B - 1’2,0'0'!‘

J,h bl l,2,...,r .
In order to understand what this means, consider M a

a symmetric nr by nr matrix such that

My My eee My oeee My
Myy Myy  ees My eee Mo

. . .
. . e . o

4.6 M = . L ] L]
HJl HJz e Mjh e MJ!‘

. . see . see .
) . .

My My eee My oeee Mg ,

and r square matrix in terms of n square matrices M, , where

) y1h g2k *** M1jkh *** P1lgnh
majih M232h *** M2jkh *** "2jnh

* L . e L ¥ o L ]
L7 M= . : . M ; h=l,2)e0e,r
Jn” |imggyp ®ygan *** Bijkh *** ™ijnh g:k';l,z,’.:..:n:
[ 3 [ ] L ] L ]
3 L ] «ees & a0 ®
* -

Bpg1h Png2h *** Pajkh *** “ngnhj,



Equation 4.4 states that the terms along the principal di-
agonal of any Mjh are equal and 4.5 states that Mjh is sym-
metric.

To impose the condition that the estimator obtained
from the quadratic form is independent of y, and Bys we
need only to make use of the transformation we use in Chap-
ter III where we obtained certain linear functions of the
original observations. The set of linear functions, Z, de-
fined in 3,10 is independent of i3 and ﬁd’ thus, one way
of proceeding is to write our quadratic form as

l;..B QT = Z'PZ,

where P is an (n-l)(r-l) square matrix and Q" is now a quad~
ratic function which is independent of n4 and Bye

Equation 3.10 is substituted in the right-hand member
of 4.8 to obtain ’

L9 Q" = X'CYPCX,

In order to see what effect this has on Q as defined in
Lela, which is matrix notation is

II—QlO Q i X‘MX,

where M is as defined in 446, the right~hand members of 4.9
and 4.10 are equated to obtain
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Lell X'MX = X*CYPCX,
The identity of 4.1l is equivalent to the matrix equation,
hel2 o M = CYPC,
If 4.12 is post multiplied by A, defined in 2.7a,
413 MA = O

since CA = O, We can expand 4.13 in terms of submatrices
to give

r
Lell Z MhJAj =

r
=1 2 n A5 =0

J
where My, is defined in L4e7 and O is an nr by (n+r) matrix
whose elements are sero, Equation 4.1, may be written in
- terms of its elements as

ajll ‘le see ajl’n*j soe a.’l’n*r
ajzl ldzz e ajz,n*j ose &jz'a¢r
L * * L

|

L4e15 AJ =
. . LR » aee [ ]
o 3 L] . L
| adnl ajnz .o aJn’n‘,J con ‘jn'n*r
vhere ,
Lelb ajip = 1 when p = i or n+j, P = 1,2,se0, 041,

= 0 otherwise.
Upon expanding 4.14 in terms of products of the elements of



Mjh and AJ, we find that the elements of the matrix of 4.14

are
I 3 0 k=1,

Le17 z m a = ],2500000
121 gy Tkbig Bg1p = O h = 1,2)0e0sTs

P = 125000 040,
Yhen we let 1 = p in 4.17, we obtain
r V
bl JE) Mg 7 O kep = Lozpmmesn,
since ajpp = 1 for these terms and zero for all the others

by 4.16e If we let § = p=n, p > n, in 4.17, we obtain

n
419 1::]_ mkhi,p-n = 0, k=1,2,0009n
or
n 0 k=1,2
- = eoeylly
i"l khij ! hed = 1:2:.«;.)!‘0

Equation 4.18 states that the sum of the corresponding
elements from each My, (or th) in any column or row of M
is zero and 4.19 states that the sum of any row (or column)
of Myy is zero. | |

We now consider the unbiasedness of the quadratic form
to be obtained for each of the estimators that. are required
with the form of Q. The nxpe&tad value ot:Q before any of
the conditions are applied is

L+20 E(Q) § + n § n r
) 15y 4o "3 3 125 521 ko) noy Tidkn 7

(nink+niﬁh*ukﬁj*ﬂjﬁh) "
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When equations 4.18 and 4.19 are substituted in 4.20 above,

n
Le21 E(Q) = =
. & Z uygig
is obtained. If the quadratic form is to be unbiased, then,

vhen of, t = 1,2,s04,r, i8 being estimated, we should have

Lae22 E(Qﬂ) = gf
Thus
n
423 =1lwhen q =t
) 4% Maiq 1= %

= 0 otherwise,
q = 1,2 000y

To recapitulate, then
(1) for invariance under interchange of items,

hodha Wihij = Mkhkjs ik = 1,2,...,::,
| h#J = 1320000y
and
lea2hb "inkj = Pknij?
(11) for independence of pj and Bj,
r
Y - S R
and
5
he25b. . (%, mhi;= O3
and

- {111) for unbiasedness wﬁenreatimaﬁing d%;
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n .
Le26a 1}21 Dygit © 1, t = 1,25000,1
and

; n
L+26b 121 ﬁiqiq = 0, qfﬁ,q - 1,2,...,r.

Let us consider the quadratic form for estimating of,
If we substitute equation 4.24a in 4.26a, we obtain

#ﬁz'?a , mygit = l/ﬂ 1 =1,2,000n.
When 4e24a is substituted in L.26b,

Le270 ‘ miqiq = 0, m’q = 1,25000

Equation L.27a states that the elements of the péinaipal
diagonal of Mgy are each 1/n and 4.27b states that the ele-
ments pn,th; principal diagonal of Mygs P # t, are each zero.
If we substitute 4.27a in L.25a wherein we take k =i,
h=t, and q = J,
. ,
Le28 qzl Mit;ﬁ.q = wl/n i= 112»«-?.’“.

| aft
This states that the sum of the corresponding elements of
the principal diagonal of each Myg, qft, is = 1/n.
In a similar manner, after substituting L.27% in 4.25b,

n
Le29 21 gyt & = l/n 1 =1,2,00eyn,
= ‘

v
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is obtained. This states that the sum of the elements off
the prineipal diagonal of any row (or any column, since My,
s symetric) of My, is = 1/n,
~ If the additional assumption that certain elements of

M are equal is made, then the determination of M is unique.
To elaborate on this statement, consider M as composed of
- @lements which dﬂmﬁm weights given to the products of
the observations; that is, myyc 48 the wWeight given xi fxcne
Ve are estimating the .= gmitiu of the judges to give
good subjective scores and, a priori, we do not know the
nature of any possible differencesin the judges' abilities.
Thus, rather than use unknown weights which should in fact |
depend on the 03 themselves, we assume that it is reasonable |
‘to give equal weights to all the other judges when of is
being estimated. Thus, we should have certain of the ele~
 ments of M equal,

When we estimate of, we set

- e My = Mgy Psa £ t3 Prd = Li2pe0esrs

ile Myq = My PAA WAy PriaVEGs PaQsusV™li2peeesle
CAdde Myp - ?‘qqs Psd F ts Psq = L42j000,1 ' |
ive mg4xh = Bfigh P58, £,80319k"102000p0,

$50=1 32,4047

These restrictions define the equal weighting system dis-
 cussed.
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Let us consider the determination of My, first, The
elements along the prineipal diagomal have already been ob-
tained (he27a)e When we make the assumptions that certain
sets of elemants of M are equal, then, using 4.29

’”” - -"m “» lfﬂ‘m} %! hk*lgz..n,a, s
mts ﬂmlmmmnmmmwa“

| | Va wl/ntn-n j <i/n(ne1)|
Lo.'ll x“ ~l/n(u-1) | 3/& v wl/nind)

t ee

‘1/“?“*1) -i/&(nn-:t) ‘¢..‘  " /a e

M we consider u‘qp gni,z.m..m Qe
~The elements along the prineipa
| .m by 4e27bs  When 4y26b and ﬁhﬁ ‘assumption that certain

,ﬂmuum equal muﬁ; thqn

5433 | ﬂqkq - 0 n ifk, 1,k*1,2,600 00
- Thus for !qum we have |

T 8

33 | g
o Maq

Tl

Q‘éﬂt"ul’n
7 T

il
Os*e O O
O*r*2 0 O
o e o o

-~

il

m:em«)l«m '
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When we consider Myy, Qft, We again use the assumption
az‘ ‘esquality of certain elements of lst and 4.28, From these
we obtain _
| b3k Ng,qj_g - *3./&{%1’, ma “%gﬁituaﬂ»

- PPTPES PO

| Mmmk.aﬁb; w&. tnﬁm‘mn umuenafmuw
af gertain thﬁ to bbtain

b35 g s Vallie, g o mmm o

see0yBe

; ’m: completes "tq to ziw

ox/u(z'-—l} l/n(ml%w&) - llufml}(wl

5 | : 3”36 - 1/n (Ml) (2'01 ) *&/& ‘WK) he )./a{mi.) (re1

. oy es . |
L/‘a(&{) {wl) Vﬁ(ﬁa&i, (Wl) P *1/#?!‘*1) ’ |
g.;%:gt&iﬁ#f‘i o

The last matrix in M to be obtained is Moqr PPy Py
qfte Equation 434 is substituted in 4.25a and then ap-
plying 4e2ha as well as equality of certain elements of N,
we have
he37 Byqip * 1/*:‘1”4*13 ‘Mh 1"1#3»0‘!“:3:

, : Prq=ls2p00es7y
t : PFqe
,man we use the equality of cwwn elements of M, 4.25b,

and he37 to obtain
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be38 myqrp */n(ne1) (re1) (rv2) yLisenerny
| P13%1s2,004,7)
o
Thus A

39 'T"ﬂ*r-n TR TR
m T':’n:-:'rr m

qﬁg-l.z.n.,r.

, To. tilplify the nmtim lot uas ob“ill the quadratic |
form for (n)(nel)(rel)(re2) Qy and let the coefficients of
that quadratic form be denoted by ult), Thus

heb0 ' nae1) (1) (r2)qy = xemit)x
where o F
N‘g R{;’ | »ew "{:’

v s) o le)

Chada ul®) o 2 Y22 “él‘ , t=1,2,...
wi$) ,,l(_;) oo u®)
o (n=1) (re1) (re2) -»&r-l) (r=2) o0 =(rel)(r-2)
B AALY -(:‘-—1)(»2) (n-l)(wl)(wﬁ) ses  w{rel) (re2)
M(s’a ® & she :

tt

— e -

;—.(r.-.a,;(r;.z) «(rel) (re2) "~ (ml)f:-?:l)(r»z) ’

' Ty

*




. bl -

belle ' _ '
=(n=1) (r=2) ‘?‘2’} “on (re2)

(t)uy(t)n (r-2) oila;;l)(wz).,.g (re2) |
H*P !nét : : oo : F'“ﬂ’t'

- » IS
(re2) (r=2) oue «(nel) (r=2)il ,

| 0.0 1 0
i - 0 0 «ss O

helbld uit)a . T ¢ PFY
’: - p’ L ] , - &0& »
- L L
0 O e O

(n-1) *1 “ae 2

bebte mtlagela [ h (e e .
e qu @ : : e N ' )pgg‘é’

N A0 d ae @
and where X is defined in 2.4a.

This “lpl.“‘tl the actual derivation of the quadratic
f.m estimators, We shall leave the estimators in the form
as expressed in L4.40 since this is a form with which it is
convenient to compare those estimators obtained in Chapter
IIX.

#630

cimun T{kstihood Uatinators Jor e 2 AR I =
In Section 3.3 we obtained maximum likelihood estima~
“tors of the variances for n > 2 and r = 3 by using linear
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funetions of the original observations and we defined these
estimators as Of, t=1,2,3. In Section ksl we derived, by
the use of a quadratic form, estimators Q,, t=1,2,ss¢)ry for
n>2and r> 3, We shall show in this section that the
two estimators, 9f and Q,, are identical for n> 2 and r = 3,

We shall show only that the two mmtors are idente
i¢al for t=1 and the proofs for $=2 and 3 follow in the
same way. If we substitute r=3 and t=1 in 4.40, bekld,
Leblec and hehle, we can write

hek2 2n(n-1)Q, = xm(i)x

vwhere X is defined in 2.ia and

» e
2M -M
bob3 Ml | X o
. ot
M M
with
nel -1l see 1]
«l nel see el
ho“& R - L ] _ .
* L 4 s e [
. — - »
S -l Y nel

an n-square matrix. The form of M(1) as now defined is
slightly different by algebraically equivalent to that
defined in hella. ,



In order for of and Q; to be equal, the right.hand meme
 bers of 3.42 and 4.42 must be equal, that is

hobs 20 (P, o751, )2 = Tty

or, if we substitute 3,10 in the left~hand member of L5,
P o - 1)

bhok6 X101 (F, +F, -F, )CX xemillx

is obtained. The 1d¢a$i§y hel6 i3 equivalent to the re-
quirement that

ok O* (P, +F P, )C = nfl)*

When the multiplication in the left-hand member of 447 is
effected, we obtain ’
hobh8  CY (FpeP3oFy)C =

2nD? (DD*)=1D  —nD*(DD?)*1D  nDe(DD?)*1D

-nD* (DD )1 0 nD* (DD? )~1p

-nD? (DD*)*1D  nD*(DD*)~ip 0

where D is defined in 3,13 and (ﬁﬂ')”l is shown in 3.21,
Inspection of L.48 and 4.43 reveals that in order for
heh7 o be true, we need only show

i o . w‘*(nn’)""*n - M,

A form equivalent to 449 may be obtained by poste-multiplying



Loth sides of the equation by DY. This allows us to write
,4359 (;";RI)B' = 0,

where I is an n by n identity matrix and this is the rela-
tiatﬁip to be proved. But we can see by referring to L.kk

that -
o 1»1 " “1 W "1
“l =1  see =l

heS) (MenI)= & o »
, . » e .
»

o .
| @l «l  eee =l
~ &n n-square matrix, and this when post-multiplied by D?
\ﬁbviwsly yields a null matrix, This completes the proof
that $f - Q fork =3, n>2

The proof of the identity of the athnr pairs of esti-

mators is similarly obtained, Thus, forn > 2 and 4 = 3,
the estimators obtained by the two different mthm are
~identical.

ko3 Redustion of the Estimator Gy.
 We have derived estimators for the variances by two
_methods; however, we have skmm that the corresponding es-

timators are identical for r = 3 and n > 2., Singe the esti- N

"mrs obtained in Section k.1 are applicable for n > 2

 amdr > 3, and hence more generally useful than the maximus

 1ikelihood estimators, we shall in this section reduce their
~ matrix expressions to more simple quadratic forms dependent
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on the observations. The resultant forms will then be re-
duced by means of a linear transformation of the observa-
tions to a function of two functionally independent sum of

It is observed by inspection

gquares,
and h.bhle that
‘__,,;é” ¥ -

n-1 “l  eee
-) 2N e
. S
. suee
»

, -] R

of Lelld, b._bla, 5;‘&14

an n square matrix, is a common factor of each subma
Hég,t h.J-ng,.u,r, of H(V.’;* Therefore,

see

*ee

LA 8

T eee

[ X 2 J

e

T osew

~(re2)H (r1) (re2)it = (r-2)

ses

* o s e e

o

e » ¢ & e

f(kM)‘ft |
“(w2)i

.
*

»(xwz)fﬁ

L.
~{re2)M
L ]

»
.

4(:-«2)& |

e *3 . e He

e o5 s O

L L2

o eee

sov

T

»

T

L2 2

e

e -

a— ) v
O = & W 2 Wee o s Wa e
b

=
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an r square matrix of n square submatrices. It is observed
that the submatrices in the t'h row and t*R golumn of M(t)
contain matrix elements eruﬁ)ﬁ aexcept in the d&ngannl
position where the matrix is (vul)(r»a)§*

Let us suppose that M{t) 1s made up of the sealar ele-
vaiazs'qkhij where i1,k=l,seepnty hyJ=l,ees,re We shall re-
quire a specification of these elements in any column of
,Miﬁ’. Their values are apparent from 453 but the follow-
ing listing will be helpfuls We take i and J to be fixed
and to identify a column uhen jft, we obtain

Bigyq ™ -(rbﬁlfnpllx
.m,’ = ("‘2)' m! k"l;u"n.

Mpiy ™ (n=1), hl‘jl”- h=l,eveyry i

Sl Bkhig = =ly hES383 h=lyeen,ry KL=, 000m,y ~ : 
y,;ﬁ#é< o : fi :i;" : | 4 :

. ( megey =0 . k=1, 0 0sBe

| Mheies, ve have :

u?ig.fv » nigig (r»l)(r»z)(nml)g"

Mty = ~(rel) (0e2),  KAJ k=lyeeesny

o mypge = -(r-2) (n~1), e h=l,eee,r,

mengy = (r-2), LT ED PR R R P
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Now from 4.40, n(n-1)(r-1){r-2)Qy = X*M(t)X and reduc-
tion of Q¢ to a quadratic fam is to be effected. We first
consider xmu where My i3 the (i,d)‘h golumn vector of
u(t) with elements myyy as defined in 47, FProm matrix
- multipliecation, ‘

ke53
My g = -(r*z)(n»l)x“ﬂvma) %*(mm x zth”kfl hflxkh
» | kl‘i hﬁﬁ kFL h)‘it

- w(wz)(ua-l)xm*[n(mm y(wﬁ}x“]*[(ml)u,,,«-twl)xi P
i *(n-'l)xiﬂ*tm..*ﬂi. tﬁ““mﬁdm‘bﬂ‘ij]

| | = m{xi‘wx ) - 3{315"* j} - 3{3"‘1’ (xig"x’g): 3)‘%)

¥ B % iﬁl "15*

* 7’% z§1 .m x”

smux-ly, when J-t. ws obw,a

#&5’& 1"‘13 = nr({re2) (H‘E"’x g} - nr{r-2) (xi‘e-x Je

’ m k.53 and 4.5k define the elements in the (1j)%h eoluin

of X*K“) and cons tqaonur it follows at onge that
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xn(t)x « 1§1 3‘1‘; [m(x,_ -x Jma(xu-x*:)m(wl} (xgg=x, gilxu
+ 3 lorlee) (xyyx gdone (2l x, )V Jxgy

BT =i P e it L ‘{x“‘fx*‘.’v]‘-x*f‘ X

+ 5 [nr(wl)(x“sxw)wﬁfiwﬂ {xi’ux‘v_iil(x“@’th S

~ The additional terms in the second faetor of the two prod-
uets in 4.55 have simply bean added for mvmim«o and
they do not comtribute to the sung, mw.pueamn of the
products yields -

| _g,_,,;s xm(t)x = .n z z
i=1 4=l

+ nx'(#'—l) 3 (xﬁ»xm};! §

final reduction lets us ume

fz...ﬁ? o | L
{m)(mnmm = 1 xoltly = r{wl) x ixw«xi - ﬂ: b g

 the desired mpnmd form for %.
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We shall now show that

(n=1) (r-1)
-3

5.58 (nel) (r-) (r=2)Q, = 2

u=l

n-l( re2 Y - ) 2
+ - - - 7i E j i §
!“(l‘ 1)p§1 &El y(ﬁvz) (n—l)*P qaiol a* a* ) ’

t=1,2,¢0e,r,

where, when t-l>r-2, the last term in the parentheses has
no meaning: and is defined to be zero. We shall see that
yl""’r(n-l)(rul) are linear functions of Xy1sevesXpe

Let us consider an orthogonal transformation F on the
observations such that
Le59 Y =FX
where Y is an nr by one golumn vector, X is an nr by one
column vector of the observations as defined in 2.4a, and F
is an nr-square orthogonal Helmert-type transformation dis-
cussed in more detail below. In terms of the usual theory
or analysis of variance the new variables will be arranged
so that the first (n-l)(r-l) of them are error contrasts,
the next (r-l1) measure the effects of judges (or blocks),
the next (n-l) measure the effects of items (or treatments),
and the remaining new variable estimates the grand mean,
To reduce the form of Qp in 4«57, we shall need the inverse

transformation,

Ib¢60 X = F'YQ
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While it is cumbersome to attempt to show the complete
matrix F', we can write down the (1,J)%% row of F*, The
elements in this row are
L |
ti;:u(ml)*p =0, i"l,ntuni 3"‘13:0;(&13}

1*(3*1)t¢*~#§¥3333 P’18*~'!‘1*a)i

v "‘fi;diq(nﬂi)f? - [p(pi»l) {Q‘!}(‘*S’ ]"&‘1*1;0.«;&33*1;0&‘; {2‘“1’3
‘ #‘(3~l3tﬁa~t(Yhﬁ)fﬁ'itt‘in(Bﬂlig

J=lsevep(rel),
~ £1533{J;39‘“;1)‘P zqgf, ’,1~ingtvia$ J=25000y78
o ’ M#tﬁfpfi#ﬁ), i
‘wm-aun.:.m . U T, tedyeeesms

, J*2yevesTi P=lyeesy(n-l),
fiuu-aun-w(w - (41){31) pa-) 3 (3 R,

v' : = iﬂﬁy¢«ayns J"2yse0y7y
fx,j;(r.u (gq.},)d-q = 0, ’»"‘Mu*:n} 3*3,:“"1’} q*l;.m(,j.»z).

':'Er?-sjztwl) (n-1)+q = - laleeninl?, 151,000sm3 J=1p0esy(rel)}

| . ~ QJpeeeslrel)y
13,45 (rel) (med)+{g-1) = ~($-2) [3(3-2)n1-2, 151, 000,
| | 3"2y000y2}

gg +33 (r=1)n+p =0, 12300023 J=l 00037} P*Llysee,(i=2),

“t,

| ““%



3’1,”(,;1}3..? - [p(P"lh’]“‘ 1"’1;*&&;‘%1,] J"lseee,r
_ ~ Peens(oel)y
fi,dl(wl)m(hl) = "‘“’l) [i(i*l}t]“i 1%2,4009n,
1, 0ane1)ep = O 1=1,000sm} J%35000,7}
: q=0pe9ey (3“3’3 "1’!0‘&)(‘*1”
t$ 2Jprn (m‘)‘i 1"‘1;&;;@3 J=lyesasre

In the definition of the ilmu of F* we have m a
double subscript notation, ::.,.,, o m the rows and a
:inxh (third) subseript so define the colum, The rows
run in the same way as the elements of X, that is,
i=l,s0ssn with J=1, down 80 i=l,ss4sn with Jwr,

To further illustrate the definitions of the last two.
paragraphs, P! for nwh and r=3 is given in Table 4els The
numbers in the last row of the table are the divisors for
the corresponding elements in the rows above,
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F* for n=l and r=3
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G Tomms%mﬁmefmslwdnﬁnm
_expand the second member on the right of #aS? to obtain
}“’63

zz

B -, - *ux o 3 -
'ﬂiﬂl Jﬂl uid . xvjﬁx =1 ;5 xg r ﬂsfixfs+nnx‘

 Sinee F s orthogonal,

m.hcr relations required follow fmm 4461 and they may be

~ easily verified by inspection of Table !ul when n=} and re3, e

These relations are!
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™ = * . . wow . ®
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er | ﬁ‘ v }‘ ol ]
fm M&o, owing to the orthogonality of the nhtieuhip
Mﬁ}, |

;& addition, a form limilar 0 465 vields

o G A Y * T

{ gubstitution from bs63 bebhy he66, and 4e67 1n he62 allows
&n ﬁo write

DR ﬁ?z: § "‘13“"1. J*z )**E.yg-ni Ta(rel)+p
e // T L 1 - 1
LA ‘ v-l ] (ne1) (r1)

ﬂn-l)(r-l)'bﬁ = Ve * ﬁa;-i A

1"‘1




- 54 -

Reduction of the first sum of squares in the right-hand
member of 457 is more difficult but may be accomplished
with considerable algebraic reduction, We first require

L469
; .“‘"1] "“"’:!
(xit-xionxot*xo’) /t‘tﬂ-l) [/1(1_1) y(&-Z)(n.]_)*(j_-l)

n-l re2

+ I , + I Py
pei J(t=2)(n-1)4p] ~ q=t-1 S(a+1) (q+2)

/p(p+l

- (1-1) . nzl Yq(n=1)+p|
JI(I-1) “a(n-1)+(i-1) ~ p=1 P L

where the second term in both square brackets is taken to
be zero when i=n and the second member of the right-~hand
side of 4.69 is zero when t=rs This result depends on 4.6l
and can readily be verified in the special case illustrated
by Table L.l. Note that 4.69 depends at most on the first
(n=1) (r-1) of the y's.

We must evaluate igl(xig»xa,~x,t*x,.)3 and this can
most easily be done through use of Table 4.2 which essen-
tially lists the results of 4.69. We now refer to Table
~Le2 vhere we have only the y's involved in (xyy-X; <x ¢+x ),

i=l,eeeyne The heading of each main column shows the y's
involved for q=t-2, t=l, esey r~le The values of p=1l,2,se4,
n-l, are shown in the second heading of each main column.
The coefficients of the y's are obtained from the main body
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- 56 - C
By 4 : ¢
gt

of the table for i=1,2,.ss,ne The number at the bottom of
a column is the divisor for each y in that column,

It should be noted that if t=1, then the first main
set of columns of Table 4.2 has no meaning, this column
would be omitted and the first set of columns would be
Y(6-1) (n-1)+p°

121(x1t“xi.'x.t+x..)z is the sum of squares of the
linear functions defined in Tnblo‘Q.z. In the addition,
the sum of the coefficients for the cross-products of any
two y's in the same main column of Table 4.2 vanish as does
the sum of the coefficients for the cross-products of any
two y*s in different main columns of Table 4.2 except for
those cases where both values of y have a common value of
Ps The following results can be verified:

(1) The terms in the sum invoiving squares of the y's
in the first main column of Table 4.2 are

p§1 t y?t-zl(npl)+p *

(i1) The corresponding tormslfor the remiining y's are

n-l r-2 ya n-l
pR1 qet-1 (9+1) (q+2)

(i11) The cross-product terms involving the y's in the
first main column are
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nel “E -1) r~2 _Ya(n=1)+p
-2 p§l y(t*g) (n‘*l)"'P q't-»l/zqcti”q+§)

(iv) Finally, the remaining areaawpraduet tarma may be

" written as

2 I P Z

o q<q
It now follows that
m Bl (6.1)
4,70 151 (xit xil xat*xot) p§1 £ ya(t"z) ‘5"1)"?

"5 [ ne2 |
=2 g Y (6=2) (ne1)4p quu-:t ﬂ IH 57
n-l | r-2 2 =2 rmz
Y2 (- Ya(n=1)+p Yot (n-1)+p _
* p§l [qa%-llqﬂ_,’q*z, q-%-d. qh't /Tq+1) (q+2) (q¥+1) (q* 55]

The term in square brackets in the right-hand member of
4«70 reduces to

r-2 y 2
ast-1 /r“rrr‘é‘r
and finally we have

n

, R PR 2 =
b7l (3 (xipexs x.px,.)% = o)
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Equations 4.68 and 4.7l are now used to substitute in
4.57 and thus we obtain

Le72 (nel) (r-1) (M)Qg -

n-l r-2 (n=1)(r-l1)
- y ol -
r(rwllpfl(ligz ¥ (t-2) (n=1)+p qvi“l o uil yﬁa

where t=1,2,..s,r and uhen‘tvr, the second term in the paren~
theses is defined to be zero.

When t=r,
473

- n=1 (n-1) (r-2)
(a1} (r-1) (2208 = £(r-2) 2 Y3 ) (neyup -

u=}l

Yap

which is a linear difference of two sums of aquares.
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V. DISTRIBUTICN THEORY AND TESTS OF SIGNIFICANCE

5¢1 Distribution of -Q-% Assuning Homogeneous Variances.
We have just shown that the estimator Q. that we have

proposed is a linear function of two sums of squares of y's.
The y's in 4,73 are, for the model used in this research,
normally distributed with means zero and variance-covariance
matrix given by the first (n;l)(r§1) square principal minor
of Zy where

5.1 2y = Ft _F

by the theorem of Section 3.2 and in view of the transfor-
mation 4.59, The transformation F is such that y,,

u=1y2 000y (n=1) (r-1l),are independent and have variances o2
if all the judges have eéua} ability, that is, if c{ = og
= 4ee = 02 w02, Therefore, when both sides of 4,73 are
divided by 02, we have

542 (n=1)(r-1)(r-2) c% = r(r-2) XF 4y = *0l1) (re2)

under the assumption that cg = 02, jm=l,,..,r and where
Xn-1) 9 *{ne1) (re2)
variates with (n-l) and (n-l)({r-2) degrees of freedom re-
spectively, While 5.2 indicates the form of the distribu-
tion of Qn./0%, it is clear from the symmetry of the prob-
lem that Q, may be replaced by Qpy t=l,sessr, in 5.2 and
the result still holds,

are independent central chi square
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The difference of two independent chi square variates
has been studied both by Pachares [6] and Gurland [3].
Pachares has shown that an indefinite quadratic form such
as that in 5.23 has a density function that can be expressed
in terms of Bessel functions, Gurland expressed the dens-
ity function of an indefinite quadratic form as finite
series of LaGuerre polynomials. The computation for com~
piling the necessary tables for the distribution of Q./c?
based on either of the above results seems impractical. W

Thus a new approach was sought.

In Section 4.3 we showed that an estimator, Qgs could
be expressed as a weighted difference of two suus of squares,
while the result was demonstrated for Q., & similar result
is possible for any Q. by redefining F in 4.59. We now re-
peat that
5¢3
(n=1) (r1) (r-2)Q, = r(r~2) z y?ruz)(n,l)*p (n~1ié:~2)y§,

t=lyeees,
for use in this section,

We shall, in this section, obtain a statistic based
upon 5.3 with which we can test the null hypothesis,

546 Hyt 0§ = o®
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against any one of the alternative hypotheses,
| Halg oé < o,

‘ 2 2

H&3= cig ¥ o2,

under the assumption that cgnca, Ity I=lyeeayrs
- We may rewrite 5.3 as
o n-1 (n-1) (r-1)
n-l)(r-
(n-1)(r-1)(r-2)q, = “"‘1’2;11”?1»;2)(n.1)+p - N vz,
Now instead of using the statistic Q,/c? for the test pro-
cedures, we use a studentized form by replacing 2 by an
estimator of 02, Under H, and given the assumptions of the
test situations, we are in fact assuming the usual model of
analysis of variance in the sense that we are postulating
homogeneity of variances, Then the error mean séuara of the
analysis of variance ylelds an estimator of o2, We actually
work with the erfor sum of aéuares which we shall designate
by E and it follows that

IS ERY n-1 (n-1)(r-2)

# v=1 Yy " pil y?r~2)(n-1)*P - wel U’

Similar algebra based on 5,8 and 5.9 yields



- 62 -

5010 ‘ i (n-l%(r-z ’yz ) "’l
(n«l)(r~l)(rv2)§§ = (r-1)2 [1 4 — L : - 1.
p
L p,,lﬁr-ﬂ (n-1)+p-
(n-1) (r-2)
pX

Let us consider the ratio =T u=l : e If we
| pily?r~2)(n~l)+P |

assume that 03-03, J=lsseeyry; then by the ﬁransformatibn
used in 4.59, the y's in the numerator are independent of
those in the denominator of this ratio and all of the y's
are normally distributed with variances o%®, Therefore, if
we divide both the numeraﬁor and dénominacof of this fra¢-
tion by o2, a ratio of two independent chi square variates
is obtained. If we multiply and divide these two chi
square variates by their respective degrees of freedom, we

obtain a F-variate., Thus, we can write

| 12
5.11 (n—l)(r~1)(r-2)%§ = IFTF:?TFE%ﬁEi;(ruz),(n.l)] -1

where (n-l1)(r-2) are the degrees of freedom for the numera-
tor of the F-variate and (n-l) are the degrees of the de~
nominator. Under the stated conditions and H,,

F[(ne1) (r=2),n-1] has the usual central F-distribution of
the analysis of variancs.




Equation 5.11 shows that 2&, t=l,e0e,r, i3 a monotone
function of F. Therefore, we can use the F-variate to test
Hot of=0® against any one of the alternative in 5.7, as-
suming 0?'“‘: JFty J=lssee,re

If we solve 5.11 for F, we obtain

TE - (n-1) (r-1)
L(a-1) (r2), (1)1 " T ¥ (a-1) (r-1) (r=2)Qg

since F decreases as Qﬁ increases, to test

5012

| Hys of = o®
against
Hyt of ¢ o?
assuming aﬁ-aa; J=l,eeesr; JFt, we reject H, in favor of
Hy 1f
513
ri-n(n-1) (r-1)

F[(n»l)(r-2).(h~l)]t e+(n-1) (r-1) (r-2)Q, 2¥q, [(n=1) (r-2)0-1)]
where a« I8 the signilidande level f the oné-sided test and
Fa,[@n-}){r-z);(rml)] is the appropriate tabular value of
the F-distribution.
~ To test the stated null hypcthesis H, againut

Hgt of > o® “
with the usual assumptions of this section, we must use the
lower tail of the F#distributiong To obtain the lower tail
of the F-distribution, one obtains the tabulated value of
F at significance level ¢ with the degrees of freedom



- 61&*

reversed and then takes the reciprocal of the tabulated
value. The critical region for this second one-sided test
is given by

5e¢1h
ri- (n«-l) (r-»l )Q-g;~

Fal(n-1)a-2(r-2D.*

Then if F in the left-hand member of 5.1k is exceeded by
1/? in the right-hand member, we reject H, and accept H_
with a as the risk of a Type I error.

We use both 5.13 and 5.1, to test the stated nnll hyb
pothesis against the two-sided alternative by replacing awith
~§ in those inequalities in order to obtain a two-sided,
equal tails test at siznificance level a. ,

The procedures as outlined provide valid teaes of sig-
nificance for a particular variance, say of ifs

(i) The particular variance that is to be tested is

selected before an examination is made of the
data

fine1) (re2), (n-1)7"

and
(11) It is assumed that all of the other variance ag,
J=1,eeesr} JFt are equal, |
The firat statement above is not sov limiting as it may ap-
pear, since quite often it is desired to determine if the
variability of a particular judge or proceas is different
from that of the other judges or processes. Also in the



- 65 -

next section, a test of significance is proposed, based upon
large sample theory, which will provide a method to deter-
mine if three variances are homogeneous.

To conclude this section, we note that to apply the
tests proposed we must compute F[(n-l).(r-Z),(nJ)] and this
can be most easily done from results in Section L.3. We re-
quire basically two quantities,

2 F 2
Aok B=ya g BRgrmeoxgrx, )%
the error sum of squares from the analysis of variance of
the two-way classification f(which will usually be available),
and
‘ n

= O o 2

5.16 J ii]_ (xit xiy xvt“xoo)
which is more difficult to compute but is obtained most
easily through direct calculation of the residuals
(xit-éxi'-x.t-ﬁx.‘_). (It is hacom:big more common for state
isticilans to examine residuals from analyses of variance

and, if this has been done, computation of 5,16 follows
eagily.) Now L4.57 becomes

5,17 (n-1) (r-1) (r=2)Qy = »(r-1)J - E

and 5,12 becomes

) ) - - (r<l)E ~ rJ
5418 F[(n.l)(r-z),(nnl)] r(r-2)d °
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53 Likelihood Ratio Test of Homogemeity of Variances for
* n E i al'ia = P

We have shown that the estimators obtained by a method
of maximum likelihood and through the use of a quadratic
form are the same when r=3, Therefore, in this special case
a test of homogeneity of variances is possible using the
likelihood-ratio criterion [5],

Briefly, the l.ikelihood;ratio test consists of obté.:ln-

ing .

Y
where L(Q) is the maximum of the likelihood function de-
fined in 3,20 obtained with raspect to cf_, 6; and cr; while
L{®) 1s a similar maximum obtained with respect to o2 on
the assumption that 03-63, 3=1,2,3.

Under certain general conditions [5], -2 1n M is ap-
proximately distributed as a chi square variate with k;v
degrees of freedom for large samples when a null hypothe-
sis is true and where k is the number of parameters esti-
mated under the alternative hypothesis and v is the number
of parameters estimated under the null hypothesis,

Using the procedure as just outlined, we can test the
null hypothesis,

5,19 Byt o = o2 = o2 = oF,

against the alternative hypothesis



Hy$ a§ = 0% for at least one J, J=1,2,3.

In order to perform this test we must first determine
L(@) and L(3) using the joint density function
5420

-éz'zglz
= == = TR
-~ (2m) |24 | -

(”. 3.20) ™
Given Hy, of=03=0%=0® and then

2 1‘
1 2

5421 Zg = o*(DD?) [

from 3&17’ 3013, and 3919’

. n-l
50,22 |%g] = a“(“"l3|nnv|3.l§ %l w oh{n-llpagn-1

by the definition of the determinant of:a "dot product" [4]
and since |DD'{ = n while ¢® in 5.21 is a scalar, and

|-

y . 2 -1
523 Z; = :‘3‘%5 fDD'} . "-’ 2

4

*

ile alternmatively write

Sozllv 2“'1 = .-J:.-. G
2 303
where '
2 e
5425 G = (DDv)-1, ” ! .
-1 2

Equations 5.22 and 5.24 are used to substitute in the right-
hand member of 5,20 and the logarithm of the resulting
function is then differentiated with respect to ¢®, Upon
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equating that derivative to séro, we obtain the vélue of o
leading to the maximm L(Z) to be

‘ VA1 VA
5426 R = g-(ﬁ)‘

It can be shown that

. n r .
Lary - < - - 2

5427 210z 3 1i1 j:l (xij.xia xoj*xoo)

or

5.28 %'GZ = 3E

where E is defined in 5,15, The procedure for obtaining
5.27 is first to replace Z by CX and Z' by X'C' where X and
C are defined in 2.4a and 3,12, We obtain
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5429
2(n-l) -2 ... =2
-2 2(n-1) up. =2
. . see e
2 =2 .. 2(0e1)
-(n-1) 1 ee 1
1 1 «(n-l) ese 1

CGC = = . ¢ .
' n . . “oe .
i i niu'“{ﬁ’l)

L
i i e ~(;—l)
’(n'l’ 1 o0 1l ~(n~1) 1 sen 1
1l *(Bﬂl) T 1 1l “(n=1) .ee 1
. . . . . .
. . e . . . see .
i i 'S X 1 ”(n;l) i i 'S X ] "(nll)
2(nﬁl) -2 s -2 '(nPl) 1l ese 1l
-2 z(nﬂl) sae -2 1 ‘(n'l) see 1l
L . » “ . .
. . sve ™ » . Y .
. [] . * [ ]
-2 -2 eve 2(3’1, 1l 1 see =~(n=1)

'(nﬁl) 1 ees 1 Z(n‘l) "2 een *2
1 -(n—l) e 1 -2 2(n=1) ..o -2

(X 2 J L » » s *

L *
i i see '(n;l) -é '2 & e Z(nll)
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a 3ne-square matrix. When C'GC in 5,29 is premultiplied by
X*, the first n elements of the resulting row vector ars

3[2‘111"3.3:’ - (112;2‘3} "‘ ‘&13;-8‘3)]: 1%1,25400 0
The next n olum are ) ]

n[o(xu«-x 1) + 3‘!1,' 3) - (31301‘3’ Jo 31=1,2,404,0,
and the last n elements are

nle(xgyexq) - ‘W,g§ *ﬁ(x,_rx 3” p 4%),2,000400
The row vector of these elements is now pontaumltipilod by

the column vegtor X to 7&&14
5.30

xior0cx = fanfix o ) - mm Flegugmxgmgty)
+ 2n® ‘x"lx.x‘!ﬁ ~ 3&.21‘3’ - h‘(a. "%’a"‘%’}}

- which can be reduced hy‘addins and subtracting the appro-
priate terms to '

5.31 10G100X = 3 %‘%W.‘M‘M”
or -
5.32 - X10YQCX = 3E

where B is as defined in 5,15,
This last result is substitubed in 5.26 to obtain

5.32 ® n’r&r
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where 02 is the estimator required under Hye The maximum
of the likelihood function under H, for r=3 is then

: n-l T -({n-l
5,33 L(5) -(1%) -—% o (1)

(E) 3 n
where 2 is as defined in 5.32.

The above process 1s repeated except that now we have
three parameters, ci, Og, and dg, to estimate in order to
obtain L(?l) + We have already obtaluaed the required estima-
tors in Chapter ITI (or Chapter IV when re3), Under the
alternative hypothesis, we require jz,]. 2y 18 defined in
3,17 in terms of "dot product” multiplication of matrices
(DD*) and H, Tt follows that

’

5434 2 | = por P o g

where h is the order of |H| and d is the order of |DD*|,
We can substitute n for |DD*|, 2 for the order of |H| and
n-1 for the order of |DD'| to obtain

5435 [24] = 0 mrt

When we substitute the values of the estimators of 6§ and
the value of Z, in 5,35, in 5.20 we obtain
" A 1 n-1 e-’-"n-l)
5436 | L(a) = >~ TEL ¢
n|H| 2



|H| 48 a funetion of the 33 and we take lﬁl to be the sane
function of the 03‘

The ratio of the right-hand members of 5.33 and 5,36
is now obtained to give |

537 | A= &‘%—L&L

It now follows that
5438
—zlnk--(n-l)[lnb +2 1n (nel) *12! lnl-a).nx 1:3]

where we use 1n to nprum & natural logarithm.

Since 1n |H| would have no meaning if || < 0, 1% is
necessary to show that lﬁl > 0s In order to prove that
| > 0 we shall use the forms Q1, Q2 and Q3 as equivalent
to &f, 68, and f and as defined in 4.72, When re3, we
¢an take ‘.
5439
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5¢b1

L ) )

2{n-1)

L 4

Observe that ) |

5.42 B = (33+35)(5F+a9) - 3 ,

when r=3 and this follows from the definition of H in 3.19.
Now from 5.39, 5.40, mﬁ Sebly

n . 2(ne1)
.5,""3 ’;* i”—(;éﬂ' u§1 Ya »

: A . n-l s
Sbh of e ""2'-!';}17 =z by *ﬁym,lw '

and

Seb5 ﬂﬁn( u* /5 ’- YuTusnel ))

>

>

Snbautution 1n 5,42 ylelds :

L | B e
, | n-l _ n=-l o S
Beb6 Iﬂl " in-ﬂs L‘El Ta wmt ﬁ*na:.‘ = (ﬁ 7u’u~m-1)]"
rhmfm for |[R| > 0, we require :
o | nel _n=l ne=l : .
5o k7 Z - Z et > 2 -
5, - 7 wl Yansl (u-l Yuyuml) '
which is Cauchy's inequality and ia true for all values
of the kur:‘lab.l“ exgapt when the quotient y“/;u,n.l for

all u is a com. This latter exeception is, of wm&; .
an eavant that ogcurs with probability sero.
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~ 8ince we estimate three parameters under the alterna-
tive hypothesis and one under the null hypothesis, -2 ln A
as given in 5,38 is approximately distributed as a chi
square variate with two degrees of freedom for large
values of n, For comp_utatimal purposes we use the form-
5.8 -2 1In A = =(n-1) [2 In(n-1) +
| 1n(Q1Q,+Q1Q3+Q203) - 2 1n E + In 4/3]

‘ .
where we have substituted for |H| in terms of the estima-
tors obtained, A modified form of 5,48 may be preferred
by some readers and it is written

e . L(n-1)2 Q3
5049 =2 In A\ = --(n-l)[ln % + In {l - ‘13!""'1]] "

9E?
This form results from 5,48 when it is noted that, when
=3,
E= 3(n—1) g Q4
3 J=1

and this is obvious from 4,57, Now 5,49 basically depends

on E? and :)%1 Q§ and a statistic based on these quantities
¢ J

is also considered in the next section,

The test of signiricanee proposed in the last section
is only applicable for r=3 and n > 2 and, in fact, is at
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best only approximate for finite n, Thus, it is desired
to obtain an exact, smallesample test for any r and n,
That is, we would like to have a teat of significance for
testing the homogeneity of any mumber of variance-estima~
tors. In this section, although we obtained mo signifi-
cant results, we shall propose a test statistic which
could be used for sush a test of houogtntity and examine
the possibilities of dsﬁnwm&niag its small sample distri-
bution.

The statistic we propose is |

r -
z (Qj ——— 1 : )z
5.50 pedrlls (mel)(r-l) /-
Ea

where E is defined in 5,15, It should be noted that if

 o§=o?, J=1,...,r, the expected value of Qg mud (n*-l?(*‘*“ |

are the same, namely ot, Alzo, 3 1 9 = (n~1§1 1)

s !l..n by uumning ‘the values Qt in &+57 and the definition
“ot E in 5.15. Thus, the last term inside the paronthcne:* 
4n 5.50 48 the average of the n’ciutort. Note also that
“r; is monotonically related to 3 Q;/E* as was the case of

| 3=
-2 1nh. in 5.49 when we had r=3,

" We shall attempt to find the small-sample distribu-
tion of T when r=3 and n=3 with a view to considering the
feasibility of generalisation, The test statistic for



n,r=3 is

Qj P
5.51 T.j—l—rgorn—vu Eﬁ

The estimators for n,r=3, obtained by the use of 4.58, are

5452 Q = 2(yf+y3) *‘52 (y17347,7,) »
5453 Qz = 2(y2+y?) ...[52 (v17547,7,) »
and

5e5k O = - Fr33) + 25w}

and the joint density function for the y's assuming that
all the variances are equal is

1 1 -30? (yf*'yg*yz "’Yg )
5455 f‘YJ_OyZUY3’yI‘,) = (2")8 (g)l& >

Briefly, the transformations used are

(i) ‘J = z;' » J=1,2,3,4. 0 <g< ®
(11) p 8in O = 5,

p cos @ = 35, 0 <psyp?'<

ptsin § = 33, 0 <9,8 < 2n

preos f§ = g,,

(111) p* = 8 sin a, 0 <8 <00
p =3 cos a, 0 <a <w/2



(Iv) v =p-9 0 <y < 2m Y <n<hrery
'ﬂa¢+9 <y <0 ”"S“ﬁ#ﬂ'*?
(v) B = 20, 0<p<m

to obtain the marginal elements of probability,

5056 eupe(Byr) = LY sin p dpdy, 0<B<n/2

| 0O<y <an
on which the distribution of T depends in view of 5.57
belowe. It should be noted due to the symmetry obtained dur-
ing some of the transformations that we are permitted to
have the intervals of P and y different than those specified
in (v) and (iv) respectively. We also obtained, by the use
of the transformations just given,

5457 T = 3/8[ 1 ~ 8in® B sin® y] .

Considerable difficulty results when one attempts to
work from 5,56 and 5.57 to actually obtain the density funce
tion of T, It turné out that it is necessary to subdivide
the domain of T, which has the limits, O and 3/8 in this
case (the limits could be made O and 1 with a slight mode-
ficiation of the definition of T in 5.50), and to use dif-
ferent expressions for the density function over the result-
ing interyals and even then these expressions cannot be

given in closed forms It is somewhat easier to consider
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the distribution function, P(T < %) for 0 < ¢t < 3/8 and we
now note the form to which P(T < t) may be reduced:

where

5459 e =1-%¢
and |
5.60 a =tt/(1-t1),

Now the integrals in 5.58 could be evaluated by ex-
panding parts of their integrands in series followed by
term by term integration or by methods of numerical inte-
gration. Either possibility is somewhat formidable and
the results would be too limited for practical use for we
have not been able to get integrals approaching the sim-
plicity of those in 5.58 for larger values of r and ne Ac=-
cordingly, we have included this section to indicate the
difficulties that have been encountered and to forstall any
suggestion that a direct approach to the sampling distribu-
tion to T should be straight-forward and obvious. It is
hoped that further study may be more successful than the



attempt shown here and the author hopes to have an oppor-
tunity of attempting such study.
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VI, COMPUTATIONAL TECHNIQUES AND NUMERICAL EXAMPLES

We have derived estimators for the individual vari-
ance in an unreplicated two-way classification and have
proposed two different tests of significance. In this
ohaptef we show the computation of the estimates and dem-
onstrate the use of the two tests of significance.

The observed data would appear as given algebraically
in Table 6.1l. The meaning of the symbols as used in the
table are

xyj = observation on the i} item by the j*B judge

(process),
r
%, = 3-2-1 X4 4
n
Xy = 2 My
and
n r

X = 3 2 x
*e 1.1 J-l 13'



Table 6.1
Algebraic Form of Observed Data
Judges (Processes) ]

Item 1 i&ﬂﬁ_'.. 3 v T TotalJ.

1l xll 112 . eee Xl J see xlr Il.

2 121 ng ane xzj see xér Xz.

. [ ] [ ] * * L ]

[ ] L[] L] L X X ] . [ X X 3 L .

- . » ¢ » * L ]

i xﬂ_ xj_g PR xij ase Xir x.il

L ] » ] - . L]

. * ® ase » see - »

. e . . - .

n Xnl Xn2  ees  Xp4  eee  Xpn >
Totals x'l x,?. ces X.j Py z.l‘ x‘.

For computational purposes, a new table, such as

Table 6.2, is constructed.

obtained by formulas

g =rxy4 - X4,
n
IR T
A Z xa2

= 3
I
n.].'.. X ‘2
By =mtHlyt .

Cj = (r\—l:(AJ-Bj),

The values in Table 6.2 are
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rE = r times the error sum of squares as
shown in Table 6.3, Analysis of Variance,
p’ - GJ - By

F

Y * T

r = number of judges (processes),
and n -« number of items.
Table 6.2 provides a convenient swmmary for the computations
as well as a systematic way of doing the numerical work,
The final column simply yields a cheek on the computation
of xh,a. A further chnk depends on the fact that in the
last row of the table f Qg should equal rE/(nel) (r-1).
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Table 6.2
Computation of the Estimates
't em Judge (Process) . Totall

2 3 i
1l Xil ' eer xij see xir 0
v oxr . ' . x? 0

2 321 xézi . ij . er
. » . . . .
. . . wee . eve » .
D le ; A

' xt . .

Ch e e e e
. * . Y . ces . N
. . . . . .
n 2£1 x%ﬁ see x;j s x;r ]
E‘ot‘al Xil ‘ I:‘a a’fu” x;j *ne X;!. G

Al Az e Ad the A’r

Bl 32 ses BJ see Br

01 ca aen cj s Gr

rE ri ses rE “nse rE

Fl yz aes Fj see FI‘

Ql Qﬁ P Qj cow Qr
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Table 6,3
Analysis of Variance
Source of , o
Variation | _ _ Sum of Squares _ |
: 2
1 oy L.

Judges $ jzl I‘ 1 e

Ttems 2 5 xg - E.u. :

' v r i=l nr

Error Total - (Jﬁdgoa and Items)

We now consider a numerical example of data obta.ined
by Sir Hubert Wilkens of the Quartermaster Research and Be—-
velopment Center, United States Army, Natick, Massachusetts,
The data are part of some obtained by having service men
grade different tropical combat boots. )

In this example, the data are shown for mem, ty, t,,
and t3 grading a tropical combat boot as to fit and eﬁmw
fort for
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1. Length of foot

2. Width of foot

3. Arch of foot

L. Toe area

5. Instep

6, Ankle

7. Heel area

8, Leg area
for the wearer, Each of the men wore a sample boot and then
gave it a subjective grade on each characteristic. The
grade on each characterisgtic depended upon the individualts
Judgment, independently of the grades given by the other
men, and was based on the scoring scale in Table 6.&.
Table 6.4
Definition of Scale

Hleaning
extremely unsatisfactory

vewry unsatisfactory
moderately unsatisfactory
slightly unsatisfactory
indifferent

slightly satisfactory
moderately satisfactory
very satisfactory
extremely satisfactory

\DQQO\WPW&HE
o
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It is now desired to test if the three men have the
same ability to give good subjective grades. Thus, we want
to test the null hypothesis,

2 2 2
Hyt o =03 ™ o3 m &

against the alternative
Hyt o® # 02 for at least one J,

J=1, 2 3.
The pertinent data from the experiment are shown in Table
645,
8 Table 6,5
Observed Data for Three Men
{Sir Hubert Wilkens' Data)
ttgnd comlort [~ H% — Total
ength of foot 9 9 7 25
[idth of oot 9 9 8 26
of foot 9 8’ 8 25
[:::‘ area 9 9 7 25
Instep 9 6 7 22
le 9 9 8 26
eél area 9 9 8 26
g area 9 9 6 2l
Fotal 72 68 59 | 199
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In order to perform this test, we cbtain the necessary
values to substitute in:
6.1 |
-2 1n % = -(a-1)[2 In (me1)#1n(Q;Q,*QyQ;4Q,Q;)-2 1n E+0,2877]

where 0,2877 is 1n L/3 as required in view of 5,48, The
computation of these values is given in Table 6,6 which
corresponds to the algebraic form in Table 6,2,

Table 6,6
Calculation of the Estimates for Three Men
Boot ; Men '
lcmwgriﬁig! I~ = 5) Totald
1 2 2 -l 0
2 1 1l -2 0
3 2 1 -1 0
I 2 2 -k 0
5 b -l -1 0
6 1 1l -2 0
7 1 1 - 0
8 3 3 - 0
Totals 17 5 -22 0
A L9 37 82
cJ 25,75 6775 43,00
rE 220?5 22Q75 22075
FJ 3.00 45,00 20,25
31 - 0,07 1,07 0.48 1.62
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By the use of Table 6.6 we obtain

6.2 QQ,*Q;Q;*Q,Q; = (0.07)(1,07) + (0,07)(0.48)
+ (1.07)(0.48)

‘ = 0,62,

6.3 . E= 32‘;,‘25 = 7,58,

Analysis of variance as in Table 6.3 was used as a check on

the value of E but is not shown here,

Therefore
A m(‘qiqz*qlqa*%%) = 1n 0,62 = -0.478,
6‘5 InE=1n 7*53 = 3;026’
and |
6.6 ln(n-li = In(ﬁ«-li =In 7 = 109‘&&!

When these values are substituted in 6,1, we have

6.7 =2 1nn = ~7[2(1.946) - 0,478 - 2(2,026) + 0,288]
= ~7[3.892 - 0,478 - 4,052 + 0,288]
= -7({-0.350)
= 2.45.

The value of 2,45 is compared with that of the t.a!m-:
lated chi square variate with two degrees of freedom, The
tabulated value of the chi square varlate at the 107
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significance level is 4,61, Thus, we would not reject the
nuol hypothesis that there is no differance in the variances
of the three judgea,

To illustrate the test of significance developed in
Section 5.2, let us use an additional judge from Sir Hubert
Wilkens! experiment and comsider his ability to give good
subjective scores in camparison with the abilities of the
original three Jjudges, In order to make this -type of tse#t
we must assume that the other three men are equally good in
giving subjective scores, The mull hypothesis for this

test is
Hys cz = g2
against one of the alternstives of Section 5.2,
Hat of > o®
under the assumption that 61 = 63 - c§ = 03
The data used for this example arc the same as before
except that the scores of the i‘aurt.h man have been included.
The data are as gifm in Table VI and the computed values

for the estimators are givem in Table 6,6,
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Table 6,6
QObserved Data for Four Men

1Z';:t::r‘gﬁml comfort ’ Man Total
Length of foot 9 9 7 7 32
Width of foot 9 9 8 1 27
Arch of foot 9 8 8 1 26
[Toe area 9 9 7 7 32
Instep 9 6 7 1 23
Ankle 9 9 8 6 32
Heel area 9 9 8 7 33
Leg area 9 9 6 7 31
Total 72 68 59 37 236

Although it is only necessary to compute Qs we have
shown the computed valuaes for all four estimators, Also
the computational tachaiq’ue is the same for this test as
it was for the previous test, It is to be observed that
negative estimates are possible and are very likely for a
small number of mem (judges),
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Table 6.7
Computation of the Estimates for Four Men
. Men
Ttenm 2; jg t;, T Total
1 L L ~ly -l 0
2 9 g 5 -23 0
3 10 6 -22 0
L & g -l -l 0
5 3 5 -19 0
6 L 4 0 -8 0
7 3 3 -1 -5 0
8 5 5 -7 -3 0
Irotal | 52 36 0o 88| o

Ay W32 200 165 150
B, P3¢ 162 o 968
Cy |282 11, 504 1608
rE 209 209 209 209
Py |73 =95 295 1399 | .
s 057 176 sar | s

These values are substitubed in the inequality

E + (a-1) (r-1) (r2)q

Y T e 2 el () (-2

a restatement of 5&1&-5 where
E = error sum of squares,
r = number of men on the panel, ineluding the one
heing tested,
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n = number of characteristics (or items) graded,
Fu[(n«-l),(n-l)(r;a)] = the value found in the F-
table at the ol level of probability with (n-l)
and (nel)(r-2) degrees of freedom respestively,
and Q, = estimate of the ability of t%h man to give good
subjective scores. |
If the computed value of the left-hand side is greater
than the tabled value of the Pevariate with (n-l) and
(nel) (r-2) degrees of freedom respectively and at the a
level of significance, then the man who is being tested is
said to have comparatively poor ability to give ms«x:m
sgores. Thus for our mmple we compute
E+ (n«-mm);{r-»z)% 52425 + (7)(3)(2)(8.3274)

$10 R T Tl (1lay | k152.25) - (7)(3)(8.3274)

‘using the data of Table 6,7 and taking t=4. This calculated
" value is now compared with the tabled value for F at the a
level of significance with 7 and 14 degrees of freedom re-
spectively. The tabled value of F at the 5% level with the .'
above degrees of freedom is 2,75 and for F at the 0,057
level, the tabled valus is 8.11. Since 11.78 is even
greater than the tabled value of F at the 0.05% level, then
this fourth man's ability ias very poor indeed. It fon.ém
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that the null hypothesis is rejected and the alternative
hypothesis, that the zamn man is a poor Judge in oém-u
parison with the first three, is mmtodt

The procedure for testing the mll hypothui.c

H 3 ag = gR
against either of the alternatives
Hyt of < o®
or ; '
: H‘; gg F ot

is similar and the reader is referred to Section 5.2 where

z.h: eritical regions are defined. Although we have given

aa).y examplgs for subjective data, it should be remembered

that the method suggested in this research is even more

| likely to bég spﬁli.ub&ﬁ to ﬁmﬁtmhi data for we have
dasumed HOPeALITY OF The bAS1G GBaesvVATIOHE: %
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VII, REVIEW OF LITERATURE

As stated in the introduction, the discussion of the
literature was delayed in order that the results of this
research could more easily be compared with those in the
literature, | | |

Estimators of the individual error variances for non-
replicated two-way classifications have been proposed by
Grubbs [2] and Ehrenberg [1]. We shall disouss the estima-
tors proposed by Grubbs first. .

Grubbs was interested in the problem of estimating two
different variances simultaneously using the model

7ol Xy =W Yy | 1512, 000y05 J"152p0000Ty

where x4y = observations on the 1¥3 item by the sth mw |

#, = true mean of she 1% item,

€44 = error in measurement of the 1%h item by the

% ingtrument, |

and both ny and £44 are assumed normally distributed with
means 1 and sero and with variance of and ’%3 respectively,
He also assumed Bf&gﬁ&h) - E{eg g)Blegn)s hFJ and Elngeyg)
= Blng)E(¢g4)e The type of problem he was studying was
that of measuring the burning time of a powder train fuse
by, say three,timing instruments attached to one rifle. He
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wanted an estimate of the variability of the powder as well
as an estimate of the variability of the instrument measurw
ing the powdoﬁe _vmhhwmn Thus, in terms of his model,
he wanted an estimate of 0{{, the powder variance, m.‘m
estimate of of , the measuring instrument varisbility simul-
taneously. He could, by comparing these two estimates, de-
termine if the uwm::x ingtrument had less variabilisy
than that of the powder being measured. 5

One of his methods for obtaining estimators of 03‘3,
t=1,2,s00)7, which corresponds to the variance, o3, which
we estimated in this research, is by the formula

o ri ;
712 est(oy,) = shy - FX gj% Sxvey xse;

r r
irwliwi h;l mez X oheX*on
_ h,m f %
vhere, in terms of m mmm ahmum,

'xﬂj {m«m J’z

, 22.
s ~§ B ,_em,uw.h».

His other method of ebkin!.ng the identical ntimtcn, m
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by ramn'g' rTiFT colums of differences of the r instru-
ments taken two at a time and using the formula

743 ut(o‘.t) -;&

where
| OJ*Qh « golumn wam:&“ between the jﬂ‘ 3.m:rmg
and the hth instrument for the ith 1ten,
1*1.23.;..,&,

2 ‘ l n = .. ' W‘g 2
"3“‘1, "n ":él E’J“"h; * m)]
S Tw g tegTomle

These estimators can be shown #e be 1mm1 and mubn
notes that they have mm&au , :

7.y Var(est. @:t} "m :ér a:g *

When his model is compared with the one we used, it is
observed that our model is the same as his if we let p; = O |
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in our model. Of course, his model still differs from that
which we used in ghat he used what is a form of ‘model II of
the analysis of variance while we used model I. However,
in 80 far as estimating cj in our notation and of in his :
notations, the difference in the two models of analysis of

; variance being used has no effect on the problem and it can
"~ be shown by simple but cumbersome algebra that his mm-

_ tors are identical to those that we derived. (It also fol.»

~ lows that his variance formula 7.4 for his estimators ap-
aples to those developed in this dissertation and hence we
have not included them previouslys) |

It would appear that one of the methods that Grubbs

used in obtaining his estimators may be rationalised as fole
~ lows and we limit this Qismaim for simplieity to the -
case of three measuring instruments, that is, to r=3. He
first obtained the »;.m differences

‘il - 012; ‘11 - ‘13' and ‘12 - ‘13p

i=1,2,00000
Since Thefeesatis
ob o2 - g -+ "
Teb ‘J“h ‘3 ‘h » thﬂ
J,h’lpzyQOCQBQ

under the assumption that "J‘h = 0, he set

T4 «ﬁw‘.l) - '21:"‘2 - eént(d*.z)
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7.7 oﬁ(c' ) = '31-'* - ost (0}

and

7.8 ‘“( ) " .2“3 QW(’: )

and, when 7.6, ?.7 and 7.8 were solved simultaneously, say

for 0!‘(0%1)3 _ | ‘ |
ST el - m‘ - " ‘31"‘3 '22""3} g

- was obtained.

In\ this form, 7'% h&a estimators can unily b‘ am
to be unbiased since o

7210 gf.¢(«=.1)3 - a(egl o3, vOh v, -, - %
«g? ,
o

‘It appears also from a M&Mﬁ» that Grubbs has in

his summary that one may use the statistic,

3 “ 2(n-1) ’m(ﬁ:t) .
| e

‘ " with o as the variance one would obtain if egd = g%, Jft,
1 3"1s2y0eepry B test if 0F, is greater than o, For this

~ test 8 would be compared with the chi square variate with

’; zmgu degrees of freedoms Now what grubbs has actually

~ done is to approximste to the distribution that we have obe
‘tained in 5.2 for Qp/o® through the use of a ehi square
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distribution with first and second moments equated to those
of the linear function of chi square variates that we ob-
tained. While Grubbs does not give complete details of |
these procedures, we have presented what we believe to be

an aceurate interpretation of his comments.

In his gonclusion Grubbs suggests gthor rought test pro-

cedures but he did not recognise that the exact F tiatlﬁhat
we have developed for the situation above was possible. He

_: d4id, however, recognise that correlations between his estima-
 tors (and our estimators) introduce difficulties in formu-

:.aunc test methods.

, Ehrenberg usad the same model as we used from which he
proposed three estimators of the variances. We shall dﬂo
fine them as ng. l§ and lj“, J=X,2,404)r, and discuss them

& turn,

, His apymach to the sm:'élm was also similar to sh&t
which we und. He first ohtam»d oqmtiom similar to
those in 3.2:; 3+2b and 3,21& by ut of the prina&plc
maximum 1ikelihood and proposed % x (xg goxy =x y*x )% as
an cpproxiuu solution to these cqxationu. However, he

i ﬂcagnind 'qhat his estimates were ‘biased and when he -
g ‘corrected for the bias he cbtained 83 ddentical to Qg. He
“also gives as the variance of his estimators the result
- stated by Grubbs and noted in 7+k.
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Ehrenberg next considered a general quadratic form and
noted the values of the coefficients required to obtain
33=QJ. 3*1,2,000sr¢ He did not, however, derive Qg on the
basis of reasonable assumptions from a general quadratic
form in the manner discussed in this dissertation.

The second estimator Ehrenberg proposed is
711

"' - -lr z (xg 4-x,4)? = FrcTy [* él"‘i-”"-'-"

i=1

n r x )3
=1 m x““ oJ }'

‘Although this estimator is unbiased, its variance is a
function of the;n,. His third estimator ss‘ is based upon
the use of ranges. However, he noted that the efficiencies
of the last two estimators are less than the efficiency of
53; | |

Ehrenberg states in his paptr that 'goi large values

., of n, it seems reasonable to assume that the diattibution

of sf tends to a X* form", It is believed that this state-
‘ment should be for large r and not 1arza n ainso

7.12 1"13??:!7 151 (g gy =x g4 )%
. n r - é |
"“51%3331?151 JEl ‘xijfzi‘qx.j+$é¢) s
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and he gives

7413 Var(sfl—> Aot .
Loy OO

’ (n-1)s® | \
This suggests that ——a-i has a chi square distribution

with (n-l) degrees of freedom as I 00, |

The work of Grubbs and Ehrenberg seems to be the only
published work on this problem. With this review of those
papers it will now be c¢lear uhm our @ouﬁribm«m# lies
It is also evident that there is more work to be done,
particularly on distribution theory related to our estima~
tors, and that the problems to be solved wiil be difficult.
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VIII. SUMMARY

The problem of obtaining estimators for the individual
error variances in an unreplicated twoeway c¢lassification
is studied for the model

Xyqmy ¢ gj + aij,kAw 1'152""’3’ Jflszocvt##t

where x4y = observation on the iR treatment of the
3k plock,
B4 = true mean of the 1%k treatment,
By = bias 6! the Jﬁh block,
&4 " random error, distributed normally with
means 3ero and«vuxiaae¢~¢§,
and E‘xij’ =“ny + By
Such a model - is taken to be appropriate both

for quantitative data as well as subjective data such as
is discussed in this research, Also, by letting Pj be sero

” - a model is obtained where there ars no block effects, which

- 1s applicable to problems such as those discussed by Grubbs
Rl ) - | o
Estimators of the variances, ¢j, are obtained for r=3
- and n >2, by applying the principle of maximum likelihood
to the joint density function of a set of new variables ob-

tained from the (n-1)(r1) contrasts usually aseribed to
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error. Also, equations are derived for the maximum likeliw
hood eatimatora for n > 2 and r > 3 but solutions were ﬁ&ﬁ |
obtained. | ; |
Four reasonable and practical assumptions are used to
obtain estimators;, Qus $=1;2,+e¢4¢yr; by the use of a general
quadratic form. The uaaﬁmp%igus are!
(4) The estimator should be invariant when the ard&r
of the items is changed. E
(41) The estimator should be free of the nuisance
- parameters ny and Pj.
(111) The estimator should be unbiased,

(iv) Certain coefficients of the quadratic form should
be equal.
The first three of these assumptions are obvious assump-

'jg;{  tions that one would impose to obtain good estimators and
' the reader is referred to Section k.l for the discussion

of the last assumption.
The unbiased estimators derived for the variances ag, -
21,2, 000, are :

8.1

TR E Gt

ﬁ r

- 2
(n»l)(réETYvwzf" aﬂl 3,1(313 B A A 3




where :
1 3
i
xtJ n iil xi{”
ke 32
n> 2,
and r >3

& is shown to be the same as the estimator obtained by the
 use of the maximum likelihood procedure when re3 and n > 2,
Also the expected value of Qg is shown to be o2, if vsae“,
o 3m),25000p0 0000y It 18 also noted ﬁm’. the estimate may
" be negative and is quite often when r is small,

When an orthogonal Helmeri-type transformation is used v

%0 transform the original nr variables,it :Ls shown that

g2 Q- m I ﬂm}.}trwz)*p

3 | (n&l) (re2)
" T o n

in terms of tho new nmbltu rw the uodnl. ugsed and

f‘i ‘ ormation applied, »ﬁ' yta are aemllr “stributtd

- and 1f cg-«‘, J”l;ﬂnuﬂ‘; m ’&M y's are indcpmdmtly



- 105 -

distributed with variances ¢2, Therefore, if both members
of 8.2 are divided by o¢?

843 %" E D] Xaen) (n—l)(réﬂ(r‘»ﬂ *la-1) -2)

is obtained. This is a linear difference of two independent
chi square variates with (nél) and (a;l)(ruz) degrees of
freedom, The density function of such an indefinite quad-
ratic form has been discussed by Gurland [3] and Pachares

(6]
If both members of 8.1 are divided by E, where

84
n r (ne1)(r-1)
| E = (’n..l%(rgl) | 151 J%}' ‘xij"‘xi .‘“mgj““xg . )2 ] v-El yg

it is shown that
8.5

v 12 : ,
7 [ﬂ?’m‘u [ (-1) (re2) 1) ] 3 / [a-1)(r-1) (-2

where F is the nentral Fevariate with (nel)(r-2) degrees of

freedom in the numerator and (n-l) degrees of freedom in
denominator. Thus, 1{, gince it is a monotone function of
the F.variate, may be used to test.

857. Bg: 0'% = °£

against any one of the three alternatives
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H‘lt of > oy .
8.8 ﬂ%:‘ a% < e?n
«“’-f‘ o

" ‘, _ assuming that ’3 o, J*lsgbttn:r: 3*“0

Another test is ymom asing the likelihood ratic

eriterion for n 2 2 and x* ® 3 %0 test
89 ' H, : ‘{ ﬁ‘“ G’a = gR
' against the alternative -

8,10 a,;eg;wa for at least oas J,
| 3=142,3. |
The test statistic

8.1 ~21a N = «-(m.)[a :mtmz; + m(qlqzw,ﬁ;mza,)
- 21n E + 1n /3]

is apprm:usﬁy utm.mm fm' m«s values ef nasa
contral eht square with two damﬂ of mw. A
A.mthar test statistic for n > 2 and r > 3 iﬁ p#opeud

and tha use of this test m&mm is Mum«d‘ L

| Two numerical examples are diseussed using mjocuvt
data M ﬂmam% the applications of thc Ms ot .am.t
- icances and eulmlnum of the estimates, . However, the re-
‘sults obtained in this research are twuubu %o utmtw
»wariances and the testing a.t‘ hmmoﬂy of these wmnm

4
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of e-i-t.ain data irrespective of whether the data is quanti~
tative or subjective. :

In final summary, estimators are derived for estimating
the individual error variance in a nonreplicated two-way
¢lassification and certain testa of significances are pro-
posell for testing the hmmaity of variances. However,

- is ﬁ.a felt that some of t»m dﬁ.amms.on theory related to
the dtrind utiutora mma %st investigated further, and
the author plazu %o continue with such investigationms. |
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Abstract

THOMAS SOLON RUSSELL. Estimation of Individual Variations
in an Unreplicated Two-way Classification (under the direc-
tion of Ralph Allan Bradley) |

Estimators for the individual error variances were
derived in a nonreplicated ﬁw@#uay c¢lassification by the
use of the model R

313 b 'ﬁvi + ﬁij’* &‘ij‘ 121,25000903 J®1,25004,7,
vhere

Xy 4 = observation on the 1th treatment of the

| I8 vloek, .

By = true mean of the 1%’ treatment,

By = bias of the j*B block,

LS8 random error, distributed namlly with
means sero and variance o%,

and 5{’13; “ny + By . |
The estimator cﬁ, for «%, Mga..?,...,r. was eimvrcé for
n>2and r =3, by applyins the prineiple of maximum
1ikelihood to a set of (n-1)(r-l) transformed variables

usually ascribed to error. Eqmtiem were derived .t‘ar the
maximum likelihood estimators for n > 2 and » > 3. A

general quadratic form was used and when fouwr reasonable
 assumptions were applied, estimators of the variances were



THOMAS SOLON mssm§ Abstract (continued) 2
obtained in for form of

[(n=1)(rel)(r~2) 7
where x; , x ; and x  are the means of i%P troatmems, J%h
~ block and grand mean respectively. ©Of and Q, were shown to
~ be identical when of was being qmﬁad for the case n > 2,
r = 3+ It dasnoted that the derived estimator Q; is equal
to the utmtou proposed by Grubbs W Vols 43 fo'
(1948)] and Enrenberg (Biometrika, Vol 37.(1950)1. It was |
i vshmm that o

, Qb/v’ - [(l‘ﬂl)ﬂx?u’_l’wn n»"’(rﬁﬁjj/ “"’1“1‘“}-)‘&‘033, a line-

ear wrcnnm of two mdapmdant Mnﬁm ahi square
variates. The statistic Q/E was derived such that

Q/E = [IP(‘:%)? g /[(n«l)(t-l)(r»zﬂ with F, a central

© F-statistic with (wl) (~-2) and (n-1) degrees of freedom
in the numerator and denominator respectively and
E = m(z“axi' o3 m )" It was noted that this statistic

nayh.undac%utazc* e‘amuamata z >¢*}
Hy ! ¢§<e’3}an¢ 3! d%;‘«“aumnga}"a",

3Fe, J*l,xﬂu{,n A ﬁ.ml test was of homogeneity of
variances when r » 3 and was based on
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-21an =~ (n-1)(2 In (a-1) + 1n(Q;Q,%Q,Q,+Q,Q;)

- 21nE + 1n 4/3],
where N is a likelihood ratio and - 2 1ln )\ is approximately
distributed as X? with 2 degrees of freedom for large n. 4
more general sﬁaﬁiu&ia for testing homogeneity of variances
for r » 3 was proposed and its distribution discussed in a
special case,
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