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Thia di•••rta•ioa i• oonc...._.d Vi\h th• •••imation of 
erTOr nriancea in an tmHPliO.'&tcl •wo-war claaaitiq\ioa. 

·. Th• r•nl•• are ot in... in a Wi4e claaa ot appl:t.oa•ioU• 
Ia ga9l'al, th• prooHvu _,. 'M U.. in cbecJcS.1.11 \he aa-
llllllP•ioa ot hoaopaeou Ul'Or YU'illat•• in na4old.ae4 block 
cleaigu under certain coacU.•iou ud. \be •dima\ora 4trivecl 
may be uaed in \he .... _._., an4 compui.aon ot \he toa-
slatead.ta ot .:fw:l&•• in a\d>JecUve aper.l.aeaktioa aa4 of 
'the preoiaiona ot aul.rliul afthocla ta .-.•1-.•t:n up_.. 
1Mnu•1on. 

There are any uper!Ma•• in which 1\ i• •••••rr tor 
a group of incU:Y14uala •o liv• aub.1•"1v• aoorea to •••' 

1\W auch •• in :Judging *8 qual.1\7 ot food, the appean ... 
of a as.ton, op the •• ot operaUoa ot ecauipmea\. !be 
acona giTen by th• J1ICIO• are uully baaed oa a diacre\t 
-•rieal aeale whwe \.h• alllbwa oa '11• •cal• ntv •o dU• 
terent deacrip•ive cl.tinitlou auoh *' th• lower encl ot 
the aw• in4ioat•• \he fl'llli\iea wb1u ar• nol cleaind u4 
1;h.a \lpper encl ot \ht aaltindJ.•tea claairecl cpali•i•• !lie. 
Jll41&• mm nea the 1\• te be gra4*d. ad \hen aaatgna '11• 

grade or aoore which ta Id.a j\14p.- ooneapoacla • '11• .,.. 

propria•• deacript.iw ctetbi•ion. 



.. ; -
In eome of •h••• ~' 1• ia poaaibl• 'o , •• , a 

judge•• abili\7 \o Si•• •1ooc1• aubJ..-iye acorea b7 aoae 
••n\itatin proceaa. For •'111•, in th• jwt&1q ot '11• 

wear.reain.-1• of a uitoa, ~....war 'WdtOftl an · 
ued in '11• \raining u4 \eniag ~ '1l• ,jv.dg••• Aao'1l•r 
nch. ••'hod ot.te8'iq Vt• "l1abil1t1 ot a J1lcl&• ill oen& 
taae testing pan•l• ia '8 have h1a tan. cU.ftereat. aol•· 
\iou in which know amou•a ot a ~Ye ftal•t baa bHD. 

ad.ded to ••• it be an cU.ammi•t.• ....... ,.1,. Hhea \h• 
d.Utenn\ dil•tiou. 

la other experianU • ........... wn. nth al aoted. 

above lntt it 1• poatibl• to obaia aa •blate ot a .1"4&•'• 
ability by repllaUoa ot the ~· Ia ona th&\ an 
experilaed oan be npeatH 8'&'1ati..U11 auseHiY• obaer-

va,1ou oi- &ncl•• •ut "in4.,_.•·• Al'bo.P '11• aboY• 
'two elaaaea of experiMa\t CiYe ditt...n \JP .. ~ U\imai•1 
th.••• •nillat•a IUll proYld• a cri.\erloa tor 4damin1ng 
U a judge can &1•• goocl nh.1•diY• acorea. 

ftl•z-e 1• ,.., a Wn •n• ot apviment 1a wbiu au-
•har of the abo•• a8'hod.1 11 poatibl• tor obtaialac ea\1• 
male• ot \he abillti•• ot the Judc••• ror example, no 'a\a.ll6-

an .. , b• aa•iatattol"J' t• ..1wtc:f.nl '1l• ..... Of openti~• 
ot a Yehiol• ancl 1• ma7 be impoaribl• to repeat nlh aa ~ 
periuat, ab.oe a J'dl• .., r-.mbw th• grade pNYioulr 

d••n aa 1••• 



... 6 -

Thenton_, a .nho<l f.1 aeNe4 whtoh •••••••• \he abil.• 
1 t7 ot an indi Yidual Uo gift "good• lhlbJ•o•t•• aoorea 10 · 

ii•• tor thi• \h1J'd \JP• ot ~· thi• re-rob pz-o-, 
poaea nch a M\hod. 

Th• criterion ued ta ~· p.ropoMCl aettb.o4,,\o 4nermiaa 
the n\tn,c abili'-1" ot a .:pu&tl .-.,. ia tha\. ot wllnher h• 
•-.preana \he opbd..on of aU ffh• ••Mftl• • Thi• Vl\ericm 
11 aeoeaaiu••d by ~· Ndftc•ton• al.Nady ciY• *' tht 
aperiaen\ cannot b• npeaUd and lb._. exi.na no praniou 
quaa•1M.•1ve aeanremea• With Wbich •• compare '1le acorea. 
'lh• ea\ima\ora proposed ltll't ... 8'U'e \he abili\1•• ot \he 

·-b•r• ot a panel 1'o liY• au.bjeniv• aoor•• which a.preaa 
the compoai\e opinion ot aJ,l the mem'Mra ot •h• ,Uel. Th•M 
aniru\on VW..' Obuiaed. by '11• use ot 

1. •h• principle of maxi._ likelihood 

ii. a gnenl flUdr&Ue toa. 
Although e8'ima\ora ..,... obt4iaM by ..a. t:tra\ M'tho4 only 
tor a 'three-aembv panel gnc:U.q u7 aat>er of iMu, th•M 
eatima,ora are ahowa \o be id.a.ti.cal tu> those o'btun-4. by 

the aecaond mnhod tor whioh th.-e u. no reatri•ioaa on '1l• 

nuaber of aemben ot \he peael or • \he maber ot 1'HU 
graded. 

In addition to \he derift•iona of the uU..•on, \wo 

ditferent teat• of 1lgnitit1Jl•• an p:nn. Oil•"'' prori.4ea 
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a 11e'thod. •o clet.el"lliu it a paftioular .judge 1• 1tpitioaa•l1 
won• (or 11gn1t1oot17 '-••> thu th• ayerqe whu. i\ 1a 
auaed •bat all tho other .1u.d.a•• an equally gooc1. . Thia·. 

,._. 11 applicable· for~ or m.ort ~t&dgea aa well aa tor 
two or mon · 1•••• When then an Olll.7 ~· jlldpa and 
two or aon it_., th• o-.itw tee\ provi.d.e•·• ~od •o d.e-

tWllin• it the thrM Jv.clpa an 9e1.ull7 goocl. 
Although \he aboYe·dieoueioa haa mention.Id oaly '-he 

\Ut.ilag ot '-be ab:ll1•y ot a pene.1 •l!lbw to &1•• good au.b-

jeotiYe acon1, the •nhod. 1• applioabl• to uy fl\1UU.tdive 
prooeaa which ti\a .iie moclel.. ror U'411lPle, IUppoae that it 
ia deaired •o eatima'• ~· var:labil:l•y of ••••ral light 
aetera by the••• of tl.Uh'bulb1. la Ill example auch aa th11, 
it 11 impoaa:lbl• to repen''th• experi.aent. Ano~w aampl• 
ia that ot ea\imiltiq '11• "8l'f.abiliU• ot HYW&l chaioal 

prroeeaaea·where it la.._ 4tXJ'aaive to ob\&U aon \haa oae 
aaaple troa eaeh prooua at •• ttiH. 

For the benefit ot V.OH nadtn who are laMnQ-4 ill 
applioat:lona only, t• 1• ..,..ned. that they nad. Ohap\er XX 
oa '11• math-tioal aodel la addition \o Chapter n:- wheft-

ia ••erlal example• aft.Unused. 
The diaoua:loa of aYdlable li\entve ha• baa dela1H 

'° Ohapter VII, Mri.n ot ti\..a•ure, in oner \ha\ the re-
aul:ta ot Qia NlfG'eh .a b8 oOlllp&ftd wt.a \Roa• u '11• Ut-

emve. 
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II. MODEL 

Statistical analysis ot data aeS\Uds that tihere is aome 
underlying mathematical model which upreseea in mathematical 
symbols as nearly as possible the behavior ot the physical 
proceea being obae:rved. !hu, tor i;bia problem, it. is neeea-
sary to state th•, ;aaaaed eompoaition at the observation Xij 

in a two•way clasaiticat;ion. In line with the ia\l'Odunoey 

oOJllDtenta, x1j may represent the grads given the ith item by 
the jth judge, the amount of a give chetd.cal ill the 1th com-
pound aa determined by \he jth anal1'1cal methot.\1 or some 
similar specificat.S:on in a host of possible applications. 
We shall diacusa the probltll in terma ot the grading of items 
remembering that many other applications are poaaible. 

Firstly, ·we poatulate that each item being graded baa 
a true mean, say 'P-1• where i = 11 21 •••i n an4 identities 
the ita being graded. Seeondly, we ncopiae tha1t the jwlge 

may be biased.I that. ia, one jqe •:r be eaeily pleased an.4 
thut give conaiattntly hilb scores while another indiYidual 
may be more conservative •d give lmf•r acorea,. fhla biaa 
ia npreaen\ed. •Jllbollaally by ~j' when j • 11 2, ••• , r 
and iden\if1ea each of the r judges. Lanly, we recognise 
the tact that the judges are not perteatJ thus th• grades of 
each may have some error Which is attributed to the ind.iri.d-

ual judge. This error is repr,1aisent.ed. by t.1_,, where 1 and j 



are •• detinecl 'before. lo'W·.U.• the wror ,.,. i• •'Vi-. 
ded to the iadlri4ul Jwlp, YU'ialtlli•7 1a 1mia enor 11 
-.ken •• a uanre ot th• touintn.01 ot \he Jl&dp. We .aen. 
kit•. •• Yariuc• ot "1J ~ 'b• '1· •• tan wn'• ··-\b• 
•th-•ioal aocl•l 

. " 
s. •.1,a, ••• ,. J • 1,1., ••• ,,., 

•.-. ·xtJ •· pacle Ii•• •n•·i.a it• 117 th• J'lth paH1 ..-

"1 • '"• aeu ot :I.~ 1\tat 
I j • btaa ot '11• j'1t j_... 
1.1J • nncloa enor, 4ldr1"-'td. ....U:.7 1d.~ - llft 

ucl ~ -1· 

th• ll04•1 &iY•n 1>1 a.1 -.U.• \he 10...,u u1ouaM4 abcma 
aac1 npreaeata th•.ill ma\h•a'tltal tom. We •-that, 
when w dJ.aouaa \he ue ot a aeorire aoale, th• nAlua' . 
•oona are couiaua wi'1a ·.·\he ••.,.1•• ot 'lh• aodel. 
L•a cU.tfinl.t7 lfill be u.peritaoe4 wha XiJ nprueata a 
.-ns.utiT• .. ......-. 

The -~'wt• of the ...0.·'fVtaaee, ~'·,.a.__... 
ot the abilitt ot th• ~th pend ,..\Mat \o e&pNS•.tlh• opia1on 

' . ' 
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ot th• panel and tbia.la '11• ._.,,,which ia •o li>e eni•· ...... 
Since i\ ia ••••UU7 w UM ••rix aou\ioa la\v on 

la deri Ying th• enllla•on ot -3•, ln. ua now coaaicler •h• 
•'8-•ioal npn-ta'lioa ot tlut apeftllen'-1 a1•••1oa 
ill •Vix noia\ion.. Ln 1 b• aa _. by •• ........... of th• 

• ' ' • I 

lt4a It • j f 1{ 4 • • • Xl * • • X:. If ' 
where Ij ia i'••lt aa 011t hr • row mat.rix gj:na b7 

2.~ x~ • 11 si_, XaJ •• • Si3 ••• XnJ II • 
It 

a.' . B • • ti '1. f'a • •• '1 • • • "a '1 'a • • .. 'J • • • ,,. 11 • 
a OU 'b7 (a .. ) •Vix, Uaen l\ ia pouit.le \0 wt•e 

2t6 B(I) • 4 B, 

where 

2•'1• A' • 11 A! 41 •• • Al •', ~· 11 
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l 0 ••• 0 o· 0 ••• 0 l 0 • •• 0 .. 
0 1 ••• 0 0 0 ••• 0 l 0 • •• 0 

· l·?b '.1 • • • • • • • • • • • '•,., .. • • • • •• • • ••••• • • • • t • • • • • • 0 0 ••• 1' 0 0 ••• 0 1 0 • •• 0 ., 
P a b7 a+r •triX vt.ia • -1• el_.• ••........._ ia \he . ' . . 

(n•.1)\ti 101 ... 

It we.le\ •1.t lie \Ile error b7 *•3th . .,_.. oa''1lt 1'11 
1'91 a.S ~.• ·b• a row .,..~ .ot nr Roll •l•ed8 corn~ 
tag \o,\Jle row veot.or x•, th.a '11• ••l- veO\or ot ob••,..,.._ 
\loaa •1' " expnaMCl la ..... ~ .. aod.•1 2.1 .,, ecauaUq 



.·- .. 

ft• maili ,...,... ot .... ~ 11 .... 1ttaj,a ... u.-
··-- ot tll• ftriuMa1 .; f.tttaM JA .aie cliHUaia ot \be 
ll04t1 ta CJaap•a II. llha ad.•ble ........... la&._ ..... ob-

. . 

ttJ1"it W aball ooulder - tafv .... 'Illa\ ..a M ttaa .. 
'.,'.'\'I 

oi'1l• aacl relatM w Q•liti .. .._. ot llno•••••• ft• 
aftllod ot mu1aD likelilloo4 ii a 1..-.1 anho4 .U\ oftta 

· Jtel••· 1ooct .. enS...to:r1 [s] U4 watsall ftn\ _., .. W• 
........ •o '11• nol>l•· law. ........ all - 'Ula• 
w ..... wa llnllod ••dAtullr·-. dta1a •.U.Mn to'# .•· 

-....'~•din only, :r • J, au whD a :z L 
!he lldh~ ot o})tai•i8111Ui~· li-.iihoo4 •.U.•on 

• wll1 'b• applied •• ...U1 ._,. taldas '11• lo...S.'1m 
.. of tta• Jola •-1•1 tadiOa ot \bt ot....,.tiou MAI ·. 

. ~ ' ·- ,~ . 

aa eta'1111 V.e panial a.i.nt• ot Wa l....,_._ 1dtll 

s-upen '° •oh ot •b• pa1W1n•• u M edtll&W '° -... 
· thu, oolldlUou an pron ... lo• _.im1 Ille tans.on 
•• re.,.n to '11• Ht ot ,....... le N ..U..Mt. 

!Ile JolU cteut.•1 hatUoa et tb• ol>Mrn•lou "'1liN4 
11· ,.1 t <Xii •Xz1' ••• ·x.i. •*l.a•-U••• •. .._., ••• •si:r•-... ••• •x.r>• 



·I• ri• ot Ute nal..at tt.:*M m4ttl ta. Gila,._ n. !De 
·M of ..,_,ioq, 1d.'1l _.. dapl.W.ca\ioa, olttalMd. wba 
)._ •boft "'" .n· ton~· l•: ... · ·r 

.,._ ·· I ·<!'J.~~-l, ·.; o. · · 1. i..a, ... ,., 
'.1·1·' ' ' ' •.: .. 

.fin· 
.t· -··'.' 

' . ' : . ·:. ·~ 

, , 1l .· ' A , 
Z (L .....Q_,..,,, .. 01 

i•l -• ..,.,........ " ···, 

. ,, ; ' 

J • i ••••••••• 
'' ' . • ·I 

,···. ,, 
- ' . 

".J •: t•'t~1 -s,, ' • 1,1, ••• ,......... < I 

' . ··,. 

ii.h~ ao aJU•i . .,..._ \faa ·.\t~ to• at~ ·.n (1,,· · \ 
. . . , : ,. , . . I : .. f.::.' . 

· ':~-oa P"•~• *•~ 1IMI ·~ AR ,4~~ ~o ~--~'it' 1a · 11 •• -'.1 11 
·: ' :, ' ''.,• ' ; • ' ' • '• ' II -·••·1N1 wertw ...,in.·.~> !be-iWUll. J~8'illaM ~ .•• . . . ,.. . ,., ... ' . ,. '. ; 

}fdiut• tor Wa t•erat1M ~- •• ~ 1'1 •••"- ,, , , . 
Jiii!<: 

,... &!t1> • 'ta-1ti 1!~1(~).w,_._,....l! ••••••. ,, • ,,. •• ~ ...... 

' I (• 

Ji' 



. • 1' . 
Jl .i Z % L.t, • • ... 1•1 ·i.-i .. ...... ~' 

- •.j i• aa Wtu4 ftU..as J•)• tMle tint .,,...m. .. 
....... \0 it WM Mftlt ... U *M ........... •Hklr ot 
J•J aa4 a uw .. ._. •nt.... ... ...._. tor tltJa tf • 
Di• ,... .. , •• '11• n,..14. Aft• ..,...1 1teaU.ou, 
• ..ii.a tldu.1 . .,..._ _._ .. , .,. e; o1 au • 
.......... "' ' • 1,1, •••••• ,,........ .... .. .,, ... 

11;.>.:· 

... 1,1,........ ' .·' 
.. . 

. II.I U •• N•,..iat J•lat J.a ai1 Jaht • tlnd. Qat1 iU 
·· ...• ._, ..... _ ........ ; ................. ....... 

.• ...,. .a.. ton '•' aa4 .- ... u .. _. tnitflM• •• 
...... ot .... _ ~ ..,,..,.. -...... th• lie 

.......... ••••attul· 

: ~ . 

·. ; 
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Ia *1a ••nioa ..,. l\Ul uH the prialipl• ot ..a.-
likelihood eatiraatioa blll a 4-1'7 ha.Uoa tor ~ 
lUl•i- tn.ouoae ot \he ol!J.•tna•1ou 11 ue4 1.-... of th• 
Jo!at clnai\7 fa.Aton of .U ot ik• obHJ'Ya\iou. Th• p~ 
,. .. ot aelM&UI ltuar tua.Uou o.t \he ob1_._\lou ia 
'- ol>tain a an an ot ....,..olN:1 whi-8 U'fi i.Up.Ua\ ot 
th• puue\va l\t. amt '4j• A • ot (-.1) (.,_1) Uaur eo_. 

. tftltl may 'be 1elenl4 ta .. , tlaf8 ao. tha• the Hlul.'8llt 

lbar haotiou an 1111._,17 We,-'•• Wt aow tV'll ov 
a\te.tioa •o ob\aild.ng n6 a an Gt to•n••• 

L•t u detiu c• •• a l'OW venor of ar el-. ncdl ·-· . . .. · .··. . l(C•X) • C•l(l) • c•u • 0 
Wh•n I; A, aacl I ar.e tle.tiacN ta l•Mt l.J ud a.,. nfpeo. 

• tJ.w11. O'AB .• o .ai b• a t•ast,r ia \he B -~ \hu 
. W9 NC(\d.n \ha\ 

• · '•' CfA • o,. 
llfl•tlon )18 ia a hoao1....- ..-U• ta ar· .icaoa •'• 
and. \he rank ot A ia a~l, tnu1 ..-•10 '•' ha• 
~(n+r-1) • (a-;t) (r-1) 11.a._1, b4~\ aoluUoaa. Lri 

U Gll ttb.eae aoldiOU Oft G!1 t11fl•t 01.:.1)(...-l) ud. 4lttlie 
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.... , c • 

• 11 ... 1)(.-1) 

....... - cldia• 1, tile - et·~ ......... u ..... 
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In oi-der for ua to express th• joint. density h.n.ction 
o:l theee new var:lablea, the element• ot Z1 we Dl\18t ob'U:ln 
the variances and covariances of these variables. The ele-
ment• of Z are linear tunctiou ot the original observations 
which, tor the model used in Ws re1eareh, w•re aa8Wlled to 
be independently and ~ormally dit.rtl"ibuted With the variu.ce 
ol Xi;J equal to o~. Thu, by the th•(lnm, it Wt ia a vector 
of n random variable• with variance-cc.nrat"iance matrix ·~ and 
if T • ~, then the variance...,..ovarianc:e matrix x, ia given by 
'!.y • K•l:JC, 
:;.14 
•here 

o• 1 0 ••• 0 0 0 ••• 0 • •• 0 0 

0 ~ ••• 0 0 0 ••• 0 ••• 0 0 
• • • • • • • • • • • • 0 0 

••• • • • • •• i • •• : • 
~ • • • 

••• 0 0 ••• 0 • •• 0 0 l 
0 0 ••• 0 rs," 2 0 ••• 0 ••• 0 0 

3.15 I • x 0 0 ••• 0 0 a" 2 ••• 0 ••• 0 0 
• • • • • • 0 0 

• • • • • • • •• • • : ··~ ~ ••• • • • • • • ••• 0 0 0 ••• • •• 0 0 2 • • • • • • • • I ' 0 0 
••• : I I ••• : • •• I I 
••• 0 0 0 ••• 0 ••• ;,:. 0 

0 0 ••• 0 0 0 ••• 0 ••• 0 ~ • • • • • • 
• • • • • • ••• • • ; ••• • • •• : : • • • 0 0 ••• 0 0 0 ••• 0 • •• 0 0 

an nr aquare matrix, and O 11 a.a defined in 3.124. 
obtain 

• •• 0 

• •• 0 
• ••• • • • •• 0 

• •• 0 

• •• 0 
• ••• • • ••• 0 
• • •• I 

• •• 0 

• •• 0 
• • •• : 

• •• 
fb.:ea we 



- 20 -

3.16 x, • 
2(ctf+c1> a.l+o! l 2 ••• <1+'1 2af ~ • •• ·of 

cr1+o'! 2(of+~) ••• af •1 ~ 2af • ••• of .. 
i. 2 • • • • • • • • •• • • 

~ 
• •• . . • • . . • 20f <ff~ of·~ ••• 2(of+oj) <1 • •• 

2crf of ••• aa 1 2(<Jf+~) aI·~ • •• af +'1 
~ 2of ••• ~ ot+aj 2(<1+f1~) ••• af~ • • • • • • • • ••• • • • ••• • 
~ ;., • . . of!oj • ••• 2of o!+1 • •• 2(o'f+aJ> 1 l • • • • • • 
I : ••• ' • !. ••• • • ~ 2of of ••• Of 2df • •• l 1 1 

t1f 20'f ••• of af 2"f • •• df 
• • • • • • • • • •• • • • ••• • 
~ • • ~ • • af ••• 20'f a! • •• 2ctf l 

••• 21 of • •• of .. ,. 1 21 • •• 1 • i • • •• ••• • • ••• • ' ' .. . ... ' . 
••• 1 1 • •• 21 

; . ; 

••• 21 ,,a • •• t1• 1 l 

••• al .2~ ., .. .al 
.l • 1 ·l ·• ••• • • • •• • 

• • • • • 
•••• 1 1 • •• . 20'~ 

• • • ••• • • • •• • ' ... • • 
••• 2(of+~) of +a~ ••• '1+o: r 

••• of~ 2(af+O:>••• ~+tr l r • r • .. ••• • • ••• • . ' . •• • 
••• <Jf •CS: of~ ••• 2(<1f+c:) ' 

an (n•l) (r-1) aq,uare matrix. 



..... lillplifJ' J.16 '° 
3tl7 %_s. • DD••B, 
\fbert Dia u·4efiaed in )•lJI thua, DDt 11 

. ·2 l 1. • •• 1 ' . 
. 

· · 1 · a i .. : . ~•· .l 
' . 

. DD• • 1: l a ••• 1 • . ••• • • • . :• •• . '; .... • •• ·• . ~ . • 'l l l ••• 2 

• l of •• .., 
II • at:~ ... ;· ~·~ . : .... ' 

' :. . ,. .. 
e I 

an cr;;.1) ..... -·~· th• .aouua ... ta J.l? iapli• 
~ ~ 

• I, t • . •· ~ ,. #: . • 

~ •oh ·91...,_ :la. B ...... a .aoalar ml.Uplj'lJtl ID'• ... 
. :. ~ ~ • t • .. ,, f "' 

Ji.el.di a •tr!x Whith ·11 a 1..iut •1- u• ..0 replac• 'taa 
~ )I •• ~ , • ' 

elaeM ot H. We uall Utiae W• .,_.uoa aa tile· •dft 
' ' . f.. , 

p~• ·of. '"° ~·- • fliu~ '11• ·Jota' 4al1•1' " 
t..U•• or '1l• .u•• '-"'°•.et th•·oa. • .,.,, ... *•· 
we1Mll ~ •o o~ \h~ .ammwi llladJ .• ~-imatorl. 11 .• \ ifi. : ., .. . ~ • . 
J.ao r •11 st• •.•.•• •ca-1) (._;.1) • 

C~) ... C""'1)(,...1)1zt1l: _, ~ ''~ 
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wh.er• Z 11 defined in J.10, r;1 is \he inYeree ot Zs and 

~l 1• the determinant ot Ei1 • 
The iaverae of Is defined. in 3.17 is 

lil • (DDt)•l • H-1 
uh ere 

).21 (DD•)•l • 

and 

lfh$ft 

n-1 

l -n 

(c~·1) 

oj 

' -1 
11 • 

-~ 1 

-1 
-l 
• • • -1 

-l -1 
n-l -1 

•l n-1 
• • • • • • 

-l -1 

3.23 e • ~ i *. l j•l . j 

••• 
••• 
••• 
• •• 
••• 

••• 

••• 

••• 

••• 

-1 

-1 
-1 
• • • 

a-1 

• 

(DD' r·l follows simply troa 'Gbe detinitic:n1 ot (DDt ) an4 ia 

eaailr varitied. r 1 reqmrea more algebraic derivauon 
but that 3.22 11 eorreot is a.gain easily yeritied. by ahold.q 
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We shall need the MSUlt that 
, r 

IHI • 0]:I1· 
fh• logarithm of th• tu•ion. in 3.20 i1 

L • k + i ln I x;1 j • i z• I;1z 
wh•N· k 11 a eon1tant indepud.tat,,ot th• element• ot .z;1. 
FoUOWiq the method ovslined a't; \he begina:J.q,of •hi• chap. 
tw, the ript-haU. member ot ).l; ia partially ditfennti'!"' 

' ' ' 
ated. Wi\h r••P•°' to the r Utfen~t variance•·"! (wAieh ai-tt 

the onl.r pariametera in J.2Sl. Actually, 11\0ead ot par-

tially differentiating 3.2s wi'h reeptot to -j1 we paniallr 
dittenntiated with , respect t,o et>j ~· 

~ 
3.26 •J • i;l, J • i,2, ••• ,r; 
and IHI i• the determiaaat of Hin 3.24. Thia ia peftil.aai• 
ble by th• theoNll, it.a i• the venor ot ~likelihood 
estimaor• tor the •l••nta ot e, t.nd it u(e) 1• any v...nor 
ot the tuno\ion of 91 auch tha• & wciu• aoluion tor, Q ma1 
be ob'tained from u(Q) • c, e a vector" of couun••• then 

A 
u(O) ii the maximum-likelihood utima,or for u(Q). 

'lhua 

' . 
Let 



.. ,.,. . 
••• • 1,a, ••• ,ca-1)(r-1> • 

... • •h• •l••• in \h• a•ll row.and •th eo1 .. 
ot i;1• 

!hU1 \h• lu' uprua:l.on oa •·~· ot 3.21 ia liapllt14'cl 
to 

To eoapl.9'• \h• ndaaioa ot .t;u n~ ..-r ot J.2;J, 
we nffd only no••• uing th• ··Ullal "*1• tor ditt..U.tina 
a clcrt.eninan, \ha\ 

d I x;~ l~ .,..) . . . · · · 
3.31 J .,j • ~ ~ ~·. (eotanor ot _.., 

;:;2 -r-l::r ?lsi • :t :t t •n •au 
Ir.~ ,, .. _, • • ,., 

aillce fix!t1)•ota._. or oh) • •n a t:il• .. ~ '(!. ·a,y 4et1-
~ • . . J. 

nition. Th• reaul.t• ot J.Jo u4 >•JI ue ... ,,, ... la . ' 

3.27 an.cl th• th••• nnlta ._, .. to svo '° oh1'&1a 
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or 

lfhtrt \r iaclioa\ea •he 'l'&C8 vbieh 18 .(eftucl. &8 the Ra Of 

\Keprineipal. 4ifllonal. lama, 

and , ~ • Jf t ;f1J111.1. '" . 
. · Z•· .f• ,. be .,,. .. *' •• •oludoa el J•Jla _., :J.JJb 

71.U.· '11• maxiaua-l,iJcelibood •1M•on ·of· '11• ~·and '11•7 

will l>4t cle1iplted. .l>T ~· . · · · 
~H.u• x;1 ia a dot ~· ot (.D.Dt r•1, a -~ whioh. 

dOU .... -ill th• ,.,_.._.., .u4 rl. a Mtrix iaTOlYiq '°'' ........... only to clitt~- rl ld.\h .....,.... •o 
wjl tha nl•lple' 'b7 (DDt)•1 k ob\aia 'J• . 

Al\hnch. J.)Ja aad. :t.JJ\l Jiel.4 lll:dma-likelilloocl eni• 
mat,on toz-·n z2, z- 2J, w MY• Ma un&l>le \o •ol•• '11 ... 
eq.af.oa1 tor ~ -.ep• ~or r • J• !he lnhereu ,clUtlnl.•1 
in, .. probl• ia·UIUV&\M.., GMl81"1oa ot •• .,.,1_ 
tor r • 4 and 11 • J now wri•t•• 
).34& • 6(&18J+il'l4J9%> • <1ca•k,•k4>ai + (lci•k,•k,)'J 

. + <ti·ica·~>'t 

,.,4b· 6<'f'J~'%+6J'f> • <i.:,•k,•k4>8f +· •,-&J -~s: 
3•34• 6C'i':~':~':l • (~ +1c3 •,>~ •tt,&; +t1tz 
3•'44 6C'f81~'J+f1SJ> • Cl;.•ta•k6JQf •katl •Jli'J 
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k • s1 - s a + a• l 1 l 2 2 

k2 • ·~ - •314 + •f 
t, · •; · •s•6 + ·~ 

k4' • - 2.•,•s • •3•6 • •i.•s - 214116 

k; • -2•1 •s + •1 •6 + •a•; ... 2-216 

k6 • • 211 •3 + •184 + •193 - 292144 
Inspection ot these equations revel.as that one trinal sol._. 
tion is ~ • O tor all j, j 1111 l,2,.)141 but thi• :la l').ot helP-
tul. In general, the d•P'$• of the t.erma on the left in 3. 3Li-a-

" 3.34.d ia (r-2) in aj and on th• right, (r-3). We now turn 
to the special oaae wh•r4111n soluticn is possible • 

.;. 3 Mi?d•Ym-LiUi&hood . llli.mlisu;a t..or.i .• n ~ i . yd E . • l • 
It was observed in the previous aeetion that ~;1 could. 

be factored into a dot p:rodun ot (DDt)•1 and r 1 and that 
(DD•)-1 doea no~ involve any of the peametera, oj• Thua, 
in order \0 ob~ the ~-likelihood estimators ot aj 
for 'he three judges and With n ilema, 11 z 2, we need only 
ditterentiate a-1 wi~h respect to wj where wj ia defined in 
3.26 and then multiply by (DD•)-1 ~ ob~ain Fj which ia de-
fined in .'.h.l3b. 

For three judges, r • 31 



, 

~r1. ~1 -~I ' 1 l ~H 

3.37 ~c1. 0 0 
a• I 

~..:& 0 l 
H 

and 

:>.3S 
d a•l l 0 • . a! • 
~ 0 0 

F1, Fa and F3 are obtained b7 dot mul.tipl7ing 3.361 3.37 and 

3.3s by (DD•)-1 and the required equa,ion1 are obtained 
through evaluation of ).))b which result• in 

n (n-1) (&:+&j) • ZIF 1 z, 

n(n-1)(9~+8j> • z•r2z, 

2n(n-l)~. Z•(Fa•F,-Fl)z, 

2n(n-l)~ • .zt(F1+F3-r2)z, 
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and 
3.44 2n(n-l)~ = Zt(F1+F~?'··li'3 )z, 

0 

(DDt)•l 

2(DD•)-l 

-·tnn• >-1 

(DDt)•l 
0 

-(DDt ).•l 

0 

-{DDt) ... l 
2(DD•)-l 

, 

' 

We ahall not solve these $quati~ns, 3.JS, J.39 and 3.40, 
explicitly tor ~, j•l,21 ) in terms of the original obser-
vations until later, since we shall obtain estimators by 

another method in Chapter IV with which we shall compare 
the estimators obtained in this section. 



4.1 Dl£iYft&on 9t 1ibl Q.u!la1iiS f...2D!1.IG&Mior1 
In the previoua chapter we obtained, with limited suo• 

ce11a, estrimatora b7 the principle ot maJWnum likelihood. 
In this chapter we shall use a g.meral quadratic torm on 
which certain desirable eon4itiou are imposed. 'l'he ae-
ledion ot the restrictions follows somewhat natvally from 
the properties desired to'tf good estimators. 

We shall firat define Q to be a quadl-atie torm in the 
original obsenationa au then impose ov reatricrtioa.a 
which will permit det.end.nation ot the coefficiats 'of the 
quadratic form. In line with thil method ot procedure we 
can write the general quadratic 

n r n r 
Q • i:l j!l ~l h:l ~jkh ~j xkh 

where the xta are the observationa and the mts are the con-
11\arlts to be determined by the conditiona to be imposed. 

There are three reasonable and obvious conditions that 
the quadratic torm, Q, mua1 satisfy in order to yield a 
good es1Simator. These oondtions anJ 

1. The quadratic form must be invuiant when the item.a 
are 1nterohange4. 

ii. The estimator obtained from the qudntic form must 
be tree of the ntd.san.ce parameters lLt and. flj• 



- ;o ..... 

iii. The quadratic torm nm.st provide an unbiaaed eati-
mate of·· 

paramter being enimated, that :la E("') • of. 

Let us consider the fird ot these conditions by inter~ 

changing the a.th item with the ~*·item. It is poasaible to 

expand 4.1a to give 

n r n r 
Q • I I I I mijl"'h .x,.j x •. h + i•l j•l k•1 h=l ..... --. .. -" ·. 

1,k ; e,&; 

r r r r 
j:l h:l •uj~h "a.~T xf;h + j!l h!l m~jah xlJJ . ~ah • 

Let Qt be the quadratic form when the·1lth :Ltem ia inter-
ehanged with the uth item, t.hat is, 

r r r r 
I I m x x + l: :I m x .x • j•l h•l uj~h ~j ah j•l h=l 'j«h a.j ~h 

For the quadratic form to be invariant. With reapect: to an 
int.erchange of the items, then 

Q Ill Qt • 
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Wha J,.,lb 18 8flU\M to 4•21 \he Nn1'8D equ.a•loa ia aa· 
idat.i'J' in \he x•a, and ~ co...-.~ coettid.ttd• ..,. 
he equal. Thu 

•• , • 1,2, ••• ,. 
~.~ • i,2, •• ~,r 

.,,, • 1,2, ••••• J,h • i,2, •••••• 

Ia ordW' to ........ wha•. \hit uau, oouicler R a 

a .,....wt.a m- bJ' nr •VIX auh .._, 

1\1 Kia ••• 11.Lh • •• l\r 
~l Mza ••• . lfmi • •• Mar 
• • • • 
• • ••• • ~·· • 

4.6 •• • • • • 
• .11 •31 ••• •p. • •• . ..... 
• • • • 
• • • •• • • •• • 
• • • • 
JC,.1 JC,.2 ••• ~ • •• ~ ' 

and r ......-. maVlx ill ..- ot • • ..,_ ••rina •Jh' vhwe 

llJ.jlh m:Lj2h •• • "ljkh • • • 81.Jnh 
~jlh llz.12h ••• llzjkh • • • "aJah 
• • • • • • ••• • • ••• 

"'""· • • . • • •. • j k•1 2 ., _,_ "t~a lls.J2h •\•• •1Jldl _••• •13u 1.:_.1:2:::::.: 
• • • • • • ••• • ••• • • • • • "ujlh .__,2h ••• "aJkh ••• ~ • 



- 32 -

Eq\lation 4.4 states that the terms along the prineipal di-
agonal of any Mjh are equal and 4-5 atatea 'that Mjh is sym-

metric. 
To impose th• cond11doll that th• tUJ'birnator .ob\ained 

tram the quadratic tor1t ia independtmt of li-i axul '1j' we 
need only to make use ot 'Ut tra.naf'ormation we ue in Chap. 
ter III where we obtained o.enain linear tunntans ot tthe 
original observations. The sn ot lhear tunniona, z, 4e-
t1ned in ).lo is indepenct~ ot lli and ~J• thu.s, one way 
or proceedin& ia to writ,e oltl" quadratic tox-m a• 

., 

ratio f"Wtotion which 'it irulepende:nt ot ~ and ~j• 
lqution 3.10 ia. au.batitutt'ld in the right-hand aembe:r 

of 4.8 t.o obtain 

In order to see what eftect thia ha• on Q aa defined 1n 

lula 1 which ie matrix no~tion. is 

wh•re M ia as defined in '"'6, t,;he righ,-band aemb~s ot 4..9 
and lulO are equ\ed, to o~ia 



. '' . 

• • 0 

dno• CA • o, We cu expa1t4 4.13 ta \au of nbma\rlc•• 
to giYe 

wh_.. MJb ia 4et1ned 1a 4•7 ancl O 1• an nr b7 (n+r) •trix 
whote •1-na an aero. Equatioa 4.14 •1 1>t Wi'den ~ 

· , ... ot 1\a el__.1 •• 

4.15 

•jll •J12 ••• a;Jl,a•J 
•j2l •J22 ••• •32,n+J 

Aj • • • • •• • ••• • 
~· • • 
.Jill •.tn1 ••• aJa,a+J 

•jip • 1 wh•a p • i or a+J, 
• 0 otJlerwiff• 

••• •.11,n+r 
• •• 8 J21a+r • • •• • • ••• ·J•1•+r 

p • i,1, ••• ,.+r, 

Upon expandtag 4.U. ia ,.,.. ot P"Mluna ot \h• •1-•• ot 
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n r 
I I mkhij &jip = O, 

i•l j•l 
k • 1,2, ••• ,., 
h • 1,2, ••• ,r, 
p • 1,2, ••• ,n+r. 

\'illen we let i • p in 4.17; lie obtain 
r 
l-: l'llJchpj • o, 

j•l 
h • i,2, ••• ,r, 

k,p • 1,2, ••• ,n, 
since •jpp • l tor theae terms and aero tor all the others 
by lul6. It we let j • P-111 p > n, in 4.17, we ob1;ain 

or 

:n 
I m._.__. • O, i•l ·-KIU.,p•n 

n 
I llJchij • 01 

i•l 

k • 1,2, ••• ,n 

k • 1,2, ••• ,n, 
h;j • 1,2, ••• ,r. 

Equat.ion 4.18 state• that the St.ml ot the oonfHJponding 
elements trom each Kjh (or 1-Snj) iii auiy colllllm or row of .M 

is aero and 4.19 states that the sum of any l*OW (or oolunm} 
of ~j is sero. 

We now consider the Wlbiaaedneaa ot "11• q;qbatic torm 
. . 

to be obtained for each of the estimators that. are required 
~ ' ' 

with the form of Q. The expeated value ot Q before any ot 
the condi'tions are applied is 

n r n r n r 
l(Q) • I I m.. ~ + l: .Z I I ms. • 

. i•l j•l -~jij. - J i•l j•l k•l h•l jkh 

(lJ.iP.k~~l~ilj+~j~b) • 
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Whe equations 4.1a and 4.19 an au.l>ati•ated in 1 .. 20 abO"N1 

n r 
K(Q) • >: l: lltJij tJ! 

1•1 j•l 

ta ob'tained. It the quadratic ton ts •o be ab1aH4, .iia, 
•lum of, t • 1,2, ••• ,., ta beiq enlmft«l, we aoul4han 

4.22 ... 
•• 23 

'to noapi•ula••• ~ 
(1) tor inftrian•• ad.er inenhaqe of itm, .... 

"ihiJ • llkblc:J ,. 

u4 

4.24.b ~ • lltdujl 
(11) tor iadepacln.o• ot l'i and ~j• 
'. ' . 

'' ' ' 

1,1c • 1.2, ••• ,n, 
h,~ • 1,2, ••• , .. , 



n 
4.26b 1: 1 miqiq • o, 4ft,q • i,2, ••• ,r. 

Let us consider \he qu.adra1iie form tor eatirnati.ng O'f • 
It we nb1titute equation lt1124a 1n 4.26a, we obtain 

i • 1,2, ••• ,n. 

~qiq • o, 

Equation 4.21a states that the elements ot the principal 
diagonal of Mtt are •® 1/n utd lo27b Si;ates that \he ~le-

,.~ 

ments.on the principa:. diagonal ot Mqq.t p /' t, an eaeh ••~• 
It'we substitute i...21a in 4.,2;a wherein we t:ake k •i1 

h • t, and q • j, 

i • i,2, ••• ,n. 

This states that th• sum ot the corresponding el.-n•a of 
the principal diagonal ot each Mt;;q1 qft,, 1a - ')Jn. 

In a 1imilar maaner. after lllibst.i$uting 4.21;1 ta 4.2Sb1 

i ~ 112, ••.• ,n, 



.. ''. 
f.a eltlalMclt Ma ...... Od ta. - of tM .i .. ,, ott 

.. tile ...... tipal 41tapnal of ..,. NW .CW .. •1-1 If.Me lfat 
·.'y~ SJ•ttrte) ., X.t ia ; 1/a. · , ; '-~.;·:,\ . 

. . If •h• .W.U-1 ....,uea,•lha lelaia .i...tl ot ·. 
·•: .. tcpaa1 ....... , .................. ., • " ... .... ,. ........................................... ., 
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We shall now ahow \hat 

where, when t-l->r-2, the last term in the parentbeaea baa 
no maa~ and 1a de.tined to be aero,. We shall aee that 

y1 , ••• ,r(n-l)(r-l) are linear tunetiona of x11, ••• ,Xnr• 
Let us consider an orthogonal t.ranstormation F on the 

obstrYationa such that 
Y • FX 

where Y is an nr by one tolumn. vector, X is an nr by one 
column vector ot the observations as defined in a.i.a, and F 
is an nr-square orthogonal Helmert-type tranatormation dia-
cuaaed in more de'tail below. In terms of the uwtl i;heo,,-
or analysis of variance,the new variables will be arrangM 
so that the first (n-l)(l'-1) of them are error contrasts, 
\be next (r-l) measure \he fllftecta of judges (or blocks}, 
the next (n•l) measure the effecrts of items (or trea'11enta), 
and the remaining new variable es\imatea the grand IH!Wh 

To reduce the form of Qt in 4.,57, we shall need the inve:rae 
transformation, 



While it 1• .......... ff O\tllP' to DOW tilt• toapltt.• 

.atrix r•, we ua wrl\• don '1lt (11 .~ )~~ ·''"" et r•. fk• 

.i .. ata in W1 row a. 
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·~lJJJq(a-l)+p •· [p(~+l) (t•1f (t+i) J4,i•l, ••• ,aj.J•l1•••• (r.1)1 
' . ! 

. ,.,, .. 11, ••• ,cr-1>1•*'·····«--1>, . · 
t1,Jf(j•1) (a-l)+(i•l)'. ·(~1 [i(1•1)J(J+l) ]-•. l•1 •••• , •• 

J•1 •••• ,(r-1), 
,,,,,.(,;..') (a-l)+p ,I '~1. 1-1 •••••• , 4-a, ...... , 

, ..... ••·f tt.a.) f 
'1.,J1(3•2) (n-l)+t • •(J•l) [(.f-l)Jp(;p+l) r-1, 1•1, ••• ,., 

s-a., ••• ,r1 ,.1, •••• ca-.1), 

t{J1 (J~2> Cn-1)+(1.1> • u.-1JC.1-l) [t.(t-l)J(J•l)J .A, 
1-a, ••• ,., ~-a, ••• ,r, 

' ' 

.~t,Jl(~l) (~l}+ca, • o, i•l11••••J ~·J,, •• ,r1 q•l,.,..,(.j-Z), 

. t{,~Ufr-1) (n-l)+q • Eth1•1}aJ-i,. 1*11•••••• J•1, ••• ,(,...1>1 
-· q•~1•••1(N)1 

t1,J1<~1> (n~ll+fs-1> • :c,:.1) 4'fJ•l)aJ-l, t.•1, •••• ., 
~ ......... , 

! 
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lleduotion ot ihe tiJrn ID ot ....... in th• rilh•-hand 
member ot i..s1 ia more 41ttln11' l:na• •1' "- acaooapliahed 
w:L\h aonaiderabl• al.c•braio nd.u.-ion. We fir8' re.,.S.n 
4.69 
( ·. •. •X +z ) • • f':J.) [. •• (l-6~ 
zt.1'~. •' •• /t(t-1) ({1(1•1) '1 (WJ (n-1)+(1•1) 

Whm '11• aeeoncl , .. in botlk •Cl\lllH m••• ia tak•.• 
be ...., when 1-n ad '1l• •••u.4 membw '4 •h• riah'•b•ad 
licl• ot 4.69 ii aero wh• 11i-f.• fhi.8 N8ull depemla GJl 4.61 
anc1 oaa reaclily 'be Yeritied ill \he ap"1al -• il111Arated 
by faltle 4.1. Jfote that 4.69 depeada at mon on \la• tint 

(n-l)(r-1) ot '11• y'•• 
ll . 

We aun naluate 1i].<xt.i•X:&..-x,,+x •• )• and. tld.a Ian 

moa\ ea1il7 be done tnl"Oqh ue ot fal>l• 4-.2 wJU.ch ... .._ 
tiaUy lina ~e renlta ot Jw69. We ..,, ntw to fable 

.· 4•2 where W haTe Ollly '1le yta iuol'f'ecl Ua (Xj_t•zt..-x.t+x •• ), 
i•li•••••• The hea•iq of •oh .ain Ml.ma ahowa '11• rt• 
invo1Y9d tor q,9'-2, -...1, •••• ..-1. Tb• val•• ot ,-1,a, ••• , 
n-1, an lhown 1a 'h• ••••nd !l..Uag ot each Min tollDll• 
Th• eoettioia.ta of .ite y•e ... olataiaM from th• Mia 'body 
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of th• table for 1•1,2,.~"'n' The number at the bottom of 
a colwm 1• .the divisor tor each 1 in that oolwm. 

I• should be no'ted \hat if t•l, then the .t'irat main 
set of eolwnne of Table 4,2 baa no meaning1 thia colwm 
would be omitted aad the lint 1et of columns would be 

1(t•l) (n-l)+p• 
11 

:1.ii<xtt·:xi.·x.t+x.,)a 1• the awn of aqu.ana of the 
lin~ flUlotione defined in Table·4~2. In 1-h• addition, 
th• ftll of the ooetticienta tor the crosa-prod110.ta ot any 
two r'• in the aame main eolwmi of Table 1+.2 vantah u dou 
the •• ot the coatticienta for the erosa-prod\lcta ot aay· 

two7ta in different raain ool'tlllUla ot fable 4.2 except for 
those caaes where bothvaluea o.t y have a COPllOh valu.e of 
P• The following reaul'ta caa be YctrifiecU 

U.) The teraa in the aum inYolrtng aqwarea of '1le yta 

in the :f'irat main ool't.Dlm of !able 4.,2 are 

(ii) The correaponcliq terms tor the r.aining yta are 
a 

it-~ r-2 ~ q(.n;""l):!J? . • 
pl1 q.i-1 lt+l} (q+aj 

(111) The c=rosa-produot t•naa invol rlng the y• • in the. 
first main column. are 



n-1 /'¥1 r-l 71(rilt1 
- 2 p!1 7 (W)(a-l)+p t.f.l.{tf&+iJ (,+I) 

(iv) Finallr, '11• ftllaint~. ti'OU-pncbao\ ,.,.. mar b• 
1 wit\en aa 

I\ mw tollowa that 
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Bqu\iou 4.6' u4 lt.71 are now un to nbaU•a• ill 
4.,? aacl \hua we o'btata 

4.72 (n-l)(r-l)(r-1)~. 

n-l(JI;'!_ r-2 ,• (a-lJ!r..' l) _. .... 
r(..-1)t1 .,,- '<wJ(a-.l)+p·,~1.,...Mlliilllllll.,.,, .:1 ¥i· 

wheH ••1,2, ••• ,r and. whta ~, '1le •••••cl,.,. ill '11• pana-
•h•••• 1• de.tined "° 'be, a.-o. ......... 
4.73 

. .. ....1 (a-1) lr-2) . 
(a-1) (r-1) (r-2)~ • •(...Z) Z Y4N) (n-l)'"' • t ~, ,-1·( . ., ••l -

whith ii a lineu wt ...... d two - ~ ....... 



V. DISTRIBUTION Tffll)!Y JUm TESTS 01' SIGNIFICANCE 

;.1 ~!stdbut!on ot' ~ Ji~semu1 Vl£ipq•1· 
We have just shOWSl t~ the estimator ~ ~hat we have 

p~aed is a lbiear luania ct two sums ot squares ot yt s. 
1lle yt s in 4. 7l are, tor the model used ill this researoh, 
a~ly distributed with meas lel'O and variance-covariance 
.trix given by 'h• first (n-l)(:rwl.) square principal minor 
of Iy where 

5.1 

by the theorem ot Section J.2 ad ta view ot the transtor-

•t~mt 4. 59. The tran.af'orma:rd.m r ia such that Yul 

u-1.2, ••• ,{n-l)(r-l),ee independent and have variences aa 
it all the judges have e~ abill'ly1 that :ta, if' crf • a~ • ••• • a: • aa. Tluarefol'81 "1en both sides ot 1+.13 are 
divided by cr 2 , n have 

s.2 <a-1) (r-1) <r-2> ~ • z-(l"-l) "cn-1> • :cn-1) (r-2) 

'Ultder the assumption that aj • a8 1 j•l, ••• ,:r and whe~ 

Xfa-l) and. Xfn-l) (r-a) are U14ependent central chi squat'e 
variates with (n-1) and (n-l)(r-2) degrees ~ freedom re-
speetively. While s.2 indicates the form ot the distribu-

tU. ot ~aa, :lt 1• cl•~ tl*Olt 1Jlu1a '11J1Dletry ot the prob-
l• that Q;r may be replaced by· Q.e;1 t•l, ••• ,r, in ;~2 and 

the reau.lt still hold•• 
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The dif terence of two independo.t ehi square variates 
has been studied both by Paeharea [6] and Gurlan.d [3J. 
Pach.ares has shown that an lndet1ni\e quadra\ic torm such 
as that in s.23 ha• a density tminion that can be upres.a•d 
in term• of ·Beaeel fu.netiona. Ourlud expreseed the dens-
ity function of an indefinite quadratic tom as fiJlite 
aeries ot LaGuette polyn.OJl'liala. fhe oomputa•ion tor co-. 
piling the necessary \able• tor th• d11tribution of v,,a 
baaed on either ot the above i·e1\\l.ta aeema impraotioal. 
Thu a new approach was sought. 

In Section 4..l w ahowe4 tha1t an estimator, ~' Goul.d 
be expruaed as a w-1ahted ditt~o• of two au.ma ot squares, 
while the. result wu 4emowirt,..ted for~' a aimillr realtl.t 
ia posaibl• tor any ~ by redefining r 1a 4.;9. We now re. 
peat.that 

5.3 
· . n-1 (n-1) (r-2) 

(n-l) (r-1) (r-2)~ • r(r-2) .z. 7tfr-!) (n-l)+n - . X J!, 
p•l ' · ·r u•l 

tor uae in this ••ctio•• 
We shall, in thia aection, ob~n a aatiatic baaed 

upon s.3 with which we can t•at '1:l.o •u.11 hJPO\h•aia, 

5.6 H0 t P-f • "" 



ag,a,inst any one of the .alt~tive hypotheses, 

"· t a.a < crl .-'"&1 t I 

a., : C!ta ; cr2' 

Ul'Mle- the assumption that cr~ua, j;t,, j•l, ••• ,r. 

We may rewrite 5.J as 

5.8 
. .. . . . . n.-1 (n-1) {:r-l) 
(n-l)(r-1) (r-2)Qe • (r-1)2~1YCr~2) (n-l)+p - ~1 Y~· 

NOW' instead ot using the sta~isti~ Q,g/cr2 for the test pro-
()edures, . w. use a studentised £~ by replacing er a by an 
es&imator of a 2• Under H0 and ~:v• the assumptiolls ot the 
test situations, we are in .f'~ assw:ning the usual model ot 
aalyais o:t variance in the seas• that we are postulating 

n.ogeneity ot variances. fha the error mean equu-e ot the 
analysis ot variance yields an estimator ot aa. We actually 
'WOrk with the error swn of 1quares which we shall designate 

by I and it tollowa that 

1 • (n-1) (r-1) • ~1 rl _ (n.l) 1r-2) a 
5•9 v-1 r: . ~1 · (~l) (n-l)+p u•l Yu• 

Sil'd.l.ar algebra based on ;.a and ; .. i; yields 
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5.10 

(n•l)(r-l)(r-2)~ • (~l)f4 - 1. 

(n-1) (r-2) 
l: r: 

Let u con.aider the ratio , •. !'. . . ll~l · · • ll w .n- . 
· · ; 1 Yfr-2) (n-l)+p 

aanme that <1•ol, j•1,.,.,r, then by the \lnu1'ormation 
uaed in 4.59, the y•a in th• numera\or are i.D.d.epend.en• ot 
tho•• in the denomiaa'kr oE 'this %1:\tio and all of th• :r1 £3 

are. normally <U.at,ributed with variances o&. . ftu.1ref ore. if 

we divide both the naera'lor an<l denor.rd.nator ot ill• frt.(;• 

tion by o8, a ratio of two independent chi equare variates 
ia obtained. U we nmltiplf and di.ride these two fih1 

square variates by their respective degrees ot fnedom; we 
obtain a r-variate. Thu, we cu wit• 

s.11 <n-1)(r-1H~,!) • :i: ·r 2111 Jor-1>• . .. . - i 
.lS .+ r- .. [(n-l)(r-2),(n-l)] 

where (n-l) (r-2) .are the dfgreea ot freed.om for the numera-
tor ot the r-variaie and (n-l) A!"e ·'11• degnea of the de-
nominator. Under the e\atod eo.nditiona and. lfo, 
F[(n-l) (r-2),n-lJ baa the lPN&l oOn'"'l F-diatribu.Uon ot 
the analyaia ot varianC'.h 
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lquatioa s.11 ahowa 'ihat + t•l, ••• ,r, ia • aono•oa• 
tunnioa ot r. Therttore, we ou uae 'h• r-nria'• \o •••• 
Hol ot-oa again.A aar oae ot th• al•ena\iYe in S•7t aa-
1-.:!.ng 1 ... , jJ't,, j•l, •.•• , ... 

It we aoln J.11 tO'f/' r, wt o"'8.ia 

ll'B • (...,1) (...,1)~ 
'•12 , ~(n-1)(..-:e),(.:l)J • a+ 11

(
1.::1J cr-1}l~~ 

aiaee 1 ••---• aa "'. iainaa•; 'lo ten 
·.Hof -I• ·fiA 

Hat at< 0A 

••-la& o!•..a1 J•l1••••"*' J;t, • njen B0 ta faTOr ot 
a8 u 
s.13 · 

. . · • N r.s.n(a-l) <r:-11>211 I 

'[(u-1) (r-2), (ia-1) J .. ra;1J (r-11 {~>~ ~r •• [(a..l) (~J 
kJi61Ni " 11 fili .ilP!:llliilN ,i..'"\'& e fiti aa-..-Uil hit 1114 

'•• [ ln-ll (r ... 2ll (.r-1)] ii \he appropn.a-. ul>Wz-"nlu <d 
the r.:c11a•r1bution. 

To ten '11• at.atff. a\1.ll hJPQtrhtaa 11o agai11ijt 

Batol>_.. 
wt•h •h• unal ••••9'1.ou 0£ \hie Mnion.1 W. _. u. th• 
lOlMr \ail ot \he 1-di-1.ltU.ticm. To obuia.the lower kil 

ot the F-dinribU.\toa, •• ob'8.1a• '1\a tabwll.tff. value ot 
r ., •ianitioano• ln•l • wt•h '11• degn.. ot treecloa 
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NYW8ed and then, ... \he no1pit0W of.the 'IWLltula\ed . 

Yalu. 'lh• or1'14al Ngtoa. ror W.• aeooncl. one-aided "8\ 

i• pnn by 

,.14 ' 
t( ... u (r-a >. , ... 11 t Gi;!U~!!ii~trt<:l/J'. [( ... 1 >.c.-1)(1'-aJJ .• 
fhta it , in '11• 1~ ..... ol s.u. ta ....... by 

1/r• in th• rip\-hnd ....._., we n.:!•e\ Ho act aenpt Ha 
1d.~ • aa th• rl.ak of, a !ype l ~. 

· We ue bo'1l S~lJ u4 .s.14 to . ...- .u· 8'&"4 mall h~ 

poUheaia apinat *h•·~ided a1---•1Y• 111._rep:la'Q:.ing·a.with 

f 1D. \ho•• inequli\iu 1n order lo obuu a •wo-a148', 

•(tlA]. Ulla kn atl •SJ.od.tiouoe 1""1 a.. . 
The pl'Ooed._... u ntline4 pNT!da val.14 tons ot·•1'• 

nitiuno• tor • pa:rlitular vanuo•.- .. ,. cit. ill 
(1) Th• pani~ ftl'liDn that ia·te be,_. .. 1a 

•el••hd. Mfoft a audM\ion u Mtl• ot \M 
.... 

(11) It ii U.-...4 \ha\. all ot \he o_,,;,~ -!1 
.1•11•••1•1 JfG .artJ •ctualw , 

!he tirai eM.t_. aon ii not • limiUn& u :L• mar ap. 
pear, atnoe quiM oft• 1\. 1• d•l1ft4 to 4e...._ ~·th• 
ftrl.3hilJ.ty ot a pan.1~· j.tp or pro- ii clilf eftn'b 

troa Gha\ ot '11• o'1lv ~-- or PIO••••••• Aleo 1a '11• 



a.- . potion, a test ot si&*if!eaace is proposed, based upon 
~It• .ample theol."Y 1 which 1d.l1 pn•ide a method to deter-

trl.iae if' three varian.eea .:are homogeneous. 
To conclude this sectia, we note that to apply the 

i;e8's proposed we mus~ compu'te 'Cta-l)(r-2 ),{n~l.)J ad this, 
e• be most easily done troll reaults in Section 4.l. Ve re ... 

u - • 

quine basically two quantiiiiea, 

i;he error llW1t ot squares ~· the aaalys1a ot variance of' 
the. t;wo...way claasi.tication (Wh!Ch will usually be available), 

aad 
;.16 

Which ia more difficult to •~1e but is obtained moat 
ea.d.ly through direct ealculat1oa of' the residuals 

(Jttt;-xt,.-x. t•x ~.) • (It 11 b·•~I mOJ"e common tor stat-
isticians to examine residu.a\s from aal.ysea of' va:riuce 
ad, it this has bee done,. eompu.tation of' 5.16 follows 
f,1~~.ly.) Now luS7 b.OOllfiHS 
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We have shown that the e~imators obtained by a method 
ct ~ likelihood and through the use of a quadratic 
:tom. are the same when r-J. Theftt'ore, in thia apecia.l case 

a test ot homogeneity of v-'&lle•s is possible using the 

likelihood-ratio criterion [SJ. 
Brie.f'ly, the likelihooi~rat:Lo test consists ot obtain-

Ll~J 
fl. * t.tfi) 

~e L(C) is the Dlu1mUm of the 1.ikelihood function de-

fia..t in J.20 obtained with n.speeiJ to a~1 a: and crj while 
L(C) ts a dld.1u muim• obtain~ with napeet to cr2 on 

the assumption that crj-cr2, j.l.12,;. 
under certain gaeral ool'ld.itiona [;J, -2 1n r-.. is •P-

"·' ~ 

proldntately distributed u a ehi lf4\W'• variate with k-v 

degrees of treedom for large smples whe a null hypothe-

sis ta true and 11h.-e k is the number of pa.rametel"s esti-

mated Wider the alternative hr'Po-theais and v is the number 
ot parameters estimated under the aull hypothesis. 

Using the procedure as ju.st outlined, we can test the 

nta.1 hypothesis, 

;.19 Ho: of • 1 • of • aa, 



In order to pertol'tn this test we m\\St tirat d.e\erm.ine 
,.. /\ 

L(eiJ) and L(~) uaing the joint dentlitr .tuncttion 
;.20 
t J l ---1.__ •.. -i. z•~l.z 
. [•11•21•••t•(n•l) (r-1) • wC Ji..;llF!ll '1~2.-l . f 

{2tt} ·.. --

(••• 3.20). 

OiTU Ho, crf-oi--J¢~ Atld tbetn 

Ml ~ .. r<w·) II~ ~II 
from ).17, 3.18, an<l ).19, 

n .... 1 
j I ~ i;.,.4(n•l)n,a3n-1 

by the 4etinition ot the d:et;endmm\ 0£:.:ta •dot produc'i" [4] 

and since .j DD• ·f .!f n.wh.Ue aa in 5•21 is a soalar, and 

.... .-- ~ 

We alte"'8t1vely wri\e 

5.24 
where 
;.2; II-~.,.·. -.~. II · Q • (llD•) •l. ;J. A 

Equations S.22 and S.24 are U•ed ·t<J Wb8tit\t1Ul in. the right-
hand. mamber ot ;.ao and 'the logarithm.of \ha ~ul'\ing 
tunnion 1• the ditf~iat-1 'Witrh reepect to oa. Upon 



. . ..,._tq \ha derintin to nror w obtain the Yalu ot ·cra 
' A leati•c '° the maxbna L( w) to \le 

• r . -
lfQI • J i: · i: (L..-L •X j+x )& ' 1•1 'wl. -..., -.. • •• 

'•27 ta .t!m to nplao• 1 llr u am z• by x•c• ,._.. x anc1 
' > ' 

0 _.. cleft.ned in 2.4& -' J..U. W. -'>Wn 
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... a& ta'the enimll.Mr ~ ada H0 • The ma:lma 
..t a. likelihood ta.aeUGlt ._.. ~ tor- r-l 1• th• 

' 1A) 'l~n-1 • ·tzt···.· - .. · l~. •(a-1) 5.n L,w • • n1u-.,.,-& H • ' , 
' TT , . ' . 

. . . . ~~J . J I a . . 
wb1.. .a ·i• u cteft.ned 1a s.aa. 

· ·'file aboTe ,,.... ... ·U ....... ,>(( ... ,., ... w hi.Ye 
,, ' ' .. , ... : . 

tlltw ,.._..~, af ~ af~ .~ aJ• to •nlnta\e _:1.n wdw '° 
~ L(8). ·we have a1Na4J' ..,_tac th• ~ entma-

': t • • '1 "" • 

--. in au.ptw III f.• ..,._. D' wha r-J) • Dader the 
. . ' . I \ ' . ~ -• 

.,i ...... 1.,.. hJ'po~•-1;•1·~ ~ IL:al• L:1 1• deftaed. in 
J.17 in , ... ·~ •M ,........ .:t."1pUcd1oa et •\rioea 

• ~ l 

(Dlf) an4 B. ·1' f'oll .. ,... . . 

.... h ia ....... flt 111 ... b ... Ord .. ot IDD•t· 
' -· ..J •• : • ' ~ -· .. 

We .. nlJat1••• at• IDD'li I fw·~lut or.aw of fll ad 
• ..- ~· - • ~ " l 

a-1 Iv 'he order ~ f DD' I -.. •""atn 

- w aubaitute, ·tia• ~~ d \M ·enim&on .O:t, a3 ad 

tu Yalu.~~. ta JJ'• .... '·~ 1f:! o'btaia 
, "' ..,1 •Ca-1) 5J6 t(-G) .. .l. I I ' lt • 

: . trr . .111¥ 
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1•1 u • t.•S. •t .. at .... - Uk• IHI .. M Ill• ... 
tanlell ., ... .,.. -

Tile N'1e .t t.Jlt. ,....., .... IH 11 .. flt• J•JJ ... JJi . 
u ....... ect\e ... ·,. 

"'. .. · "-· ,.,, . ·. . . . .,. •. "*M= JIJ.: 
I ... •' \ ', ' ;' 

I•MWtfllowtllal s.,,. .. . 
... . . . . .• . -,. --. . ; .. : ·.... .' 

.a 1a ~· • •(a-l) ~la 4 • I 111 Cit.ii • la ,. , .. la •• la JJ 
1• ... 

.... .. - la ......... .-..i 1..a--. 
. " . ,,.. . .•.. · . . . -" . . ... 

l1Mf la 111 ..w ........... tt./:111 < o, it u 
. . . " . : . . 
· ...-., .. thow ..... Ill >· .•• Xa •ztder to PN'ff Uta\ 

·:··: . :·,A,f .. : . . .. . . . _.·.,,,-:,·; . , '; , 

1• 1 > ... tha.11 •• tile I' .. ,, .... ~--··- ....... """' ... 
• tf, fl,• d 8J at· II ....... ltl '•'*• . M 1111), w$ ,. . 

. j ' .. IJ ,.... ··.<iiilM .. a- • ~ ..... · ....... ~ ...... ~~---



s.i.1 

~ • c-.<rft1•·;·~*=•!. ,~ ~CtA+rL._•7••+rJ1a:il D: • 
. . .l(a-1) 

O'DNn• \ha\ 

5.41 

wkta r-J Ud \lda t~ i...'1l• clttiDllloa of. I la J+lt• 
l'o1f. '"*· .,.,,, '•"'°• ... s.u, 

. . 

. A. . ·· · · .. ·. ·r ... 1· .. ll•l · ·' 
J:t46 . ·: 11 I • ~. ". ·.. I .~.".·.·.:. ·.'··. f!+ft.!..,,. (a-1)& Pl •·• U.•l. • --4 .·~ (. ' 1JT~~.· ... )· .· .. · ... ~.•1·· ' • UP'~, ... · 

·_,_ .. 
-_ ...... ·' . 

Th...tOH•f• IBI > o,. """". 
s.41 .· . . X 1l t 11~1 :>,{~~ 1ur~1): 
Whith it ea • .,., ~'' -4 l\lt •ne tor an Ta1U8 
ot •• ftri&l• .... ~ Wh•, .~ ttl0t1•• · 1vlr-..n.1 ·.t•·· · 

' i ' ," - • • < - ' • -- ' ' ' ' 

all • 1• • ........ Ill!• i:..- ........ ,., •t .... . 
....... \Mt ..... With ,..bill\f .... . 



Since w estimate thre• :p~~t~s under the alterna-
tive hypothesis and •• u.ttcl.r the md1 hypothesia• .... 2 ln A. 

. ae given in ·;.;a is appr~tely distributed. as a chi 
square variate with 'two de,..ea at.freedom tor large 
valuea .flE n. For compu.tsatianat purposes we use the :f'om-

ula 
s •. 48 -2 ln .A. • -(u-1) ta ln(n-1) + 

la( Q1 Qa+QJ. Q,) +Qat!J) - 2 la J + ht 4/J l 
.;\ 

•~ we ha.n substituted fer I Hf ia terms ()f the eatima• 
. t~ obtained. A moditied .I'~. of S,4$ may be prelerred 

b1 .-e readers and· it 111 Wl'f."• · ) .. r~ . ~ 4(n-1)4 ..4 QaJ] 
S.49 -ll l.n ).. • -(n-1) Lln i. h. r - '' ~Ba :el J • 

Thi~ tom ntrulta from s.i.s ..... it is ftOted that, when 

3 
E • 3(n-1) . z Qj 

3 J~l 

ad th1s is obvious trom 4.J?. lfow· s.49 basically depends 
.} ·. . 

on ;m.a and I Q3 and a nat1stic based o• these ~ities 
j•l J 

is also considered in the nei:o sectiori. 

S.4 ft:i?HH:Z:~ l!~f'!d~ut!QI 8' .. -& .Pro121!i !tst 

'?he test of sigrdtice•• FOPO•d ill the last section. 
is only applicable for r-J -4 a ~ 2 and, in. fact, ia at 



'ben· onl.7 appru:i•'• forf'Ud.•• ••· fhu, it 1• ,.,incl 
•• ob•ain all..-. -11....,1• ••·tor uyr aacl a. 
!ha\ i•· .. wu.14 w. - haft .... et •ilrdf1taU• ,.. 
t••inc th• homcJpa4'1$7 •t .. ..... ot 'Nri.au ..... ~ 

.. , rualt1, ... ·lha.11 .,..,... .... .U•llU• wfd.tlt 
. _,_ ' . ' 

ao814 u ued trw· _. .• ltllt"-' ,_,_.,,au wa.Sat· 

'11• pf)lli'bil1U.a •t 4-~ ·s.tt -11 _,1. Uatlt•· 
bdi••· 

De ,_\lAit w ,..,_. t• 
r ( , .) ~ 

' .. :,, C.j .7 ~f,r..ii 
ia 

. . , 

where I 11 cletiae4 1a J.lJ• It aho111.cl be aohd 'that U 
' ' 

·. "!~• . .i•l_, ••• ,r, ... th•_,._.. Y~•• of Qj ad. (.;l..1ft~1J· 
are. th• ..... , wa.i,. -'• Al .. , j:1 QJ • (a-1f (r-11 8 .. ~·. •.·•.·. 
'-aeen.'bt. aaming ''It• -1••1 ~;,;ta ·1"57 ud.'11• 4.tin1\ioa 

' t .• ~ 

et I in, 5.1,. · Thu, •• l&•t ._. tuid• th• ,..-.,a.a.a· 
.. · '·" 

ill 5.$0 ta tile a.,...P-.r th•·•a\iaator1. ••••ala \hat· 
,' ' . ·.. . .,. . . . 

J.ltmo~'4>11ioal.lr "1.a*ed '°J:l qy11 •• wa• \h•· ••• ot 
-2 .a• .. ).. ia· S•49 wha • had ·rJ • 

. ·v•·na11 .,,.,.. .. ,_ tial··•b• -a1__,1 •. ti,.n11 ..... -.. 
tion of !when r•J .uula•J 'ldf,h a Ylw \o oouicleriq ~ 
teatibillty ot caaalU&\la. 'fhe tea\ 1u•i1tio tor 
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The •••ima\or1 tor •tr-3, ot.tai.Ud. b7 the •• ot 4.5at, are 

;.s2 ~ • iCrf+Ji> + '4 (1'1Ti'T2J'4) • 

'•'' Qz •. icr8.,.a> ·ti (z.i13..,.a74> ' 
and 

aad the joint 4eaa1\J' hnoUon for '11• 7•• a...U.C that 
all th• YUUnoea an ..-1 it 

l l -iol( 1+,;1 ....,1 .,,•) • 'Jl. f( ) . ~ • 71 2 ) 4 
~· ~ 1111'2173114 * (2rf }1 (O')lf> 

• Brietl.7, the tnuro..-1ou ued are 

(1) 

(11) 

(111) 

p 11.n.·,O. •11 

p ••••• •2· 
p•ain. - •• ,, , .•.• *. •41 

p• • a au ., 
p • g 008 ., 

0 < p,p•< a> 

o < a,, < 21r 

O<&<oo 
0 < .. < s/2 
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(iv) y·--Q 0<y<2't - - Y<t\<4n•Y 
11•-+Q •l'rt< T < 0 -r < 1l < 4.w + Y 

(v) ' • 2a., 0 < ~ <ff, 

to obtain th• marginal el.-nta·ot probabili\y1 

0 < J < ff/2 - -
0<y<2w 

on which tfbe·dinr1bn1on ot ! 4epea4• in Tiew ot '•'1 
below •. It aho\llcl be ao•.ed 4wt io \he .,.__.,,. o'btal~ dur-
ing aome ot th• tnu8f ol'Ut1onJ '11&• we are pumi\Ucl to 
have the iderval• ot it and. r d.Uf eHRt; th.aa thoH apeel.t:Led 
in (y) and (.1 Y) rel)>eftiYely. We al•o _ob'*1aecl, by t.he uae 
of· the \ftuatorma\iou .jlUJt,give.a, 

Conaiclerabl• 4itt1cvl.17 rta..i-. when one a••empta •o 
work hom s.s6 an( '•'7 '° aotullr obQill \he deutty func-
tion of T. It ttarrl• eut, 'ihat i' 1• 11ece•aarJ" •o 8'lbd1vide 
th• domain ot ! 1 whiohua the lhd.\a, O and J/d s.n'tlWs 
nae (the limit• coulc.l 'be •d• o ancl l with a alight llOd.e-

tioiaUon ot the clefiJd.'Uioa ot 'l 1a S•SO), ancl to ue ut-
f•nn\ upreaaiou tor \he 4-1\7 hnnion oTer •h• renl.1;-
ing intergala an.cl even \hill th••• expreaai~ oar.aaot be 
Ii•• in cloeed form. Xt ia aouwha• eaaier to couicler 
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the distribution tunn1on, P (T < ') tor O < ' < J/d and we 
now no\e the torm \o w~c.b P(T < t) aar be nd.ueedl 

S.Sll P('l' < t) • i -Jr t .a,•l i!!;'J lifil ~ 4v 
0 

when 
s.s9 
and 
s.6m 

.,. 1 

t• • l - ft 

low \he in••O'&l• in s.s• 00\lld be •Yal:ua'Hcl by ex-
pandiJ'c part• ot 'their 1n~•PD4• in •eri••·tollowed by 

tel'll by 'term in'tegriti• or by Mthod.a ot nuuncal ta, .... 
aration.. lither po-1tdlitt "ta ......mat tond.da'Dl• ancl 
the renlta wo'11.d b• '°" iWte4 tor pnc\ioal u• tor we 
ha•• no~ bffn. able to 14" inepala appl"O&ebiq the ata-

plioity ot \hoae :la J.54 tor larger val•• ot r and. n. Aa-
cordiqly, we han iatlwled We Hdioa \o bd.ia\e \be 

dittioul\iea \hat ha•• M-. eno_..ered ancl •o toratall an7 
•11&1••tion. that a ~ approath '° the umpllag cU.a\ribu-
tion to T ahovl.cl l>e f\~foiwrd. and olm.ou. It is 
hoped. that tvUter n\147 may be aoft aucnaat\11 than \he 
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attempt shown here and 'h• author hopes to haTe an oppor-
~uni ty ot attempting auoh nudy. 
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6.1 Q•n'dimJr :bal&IUI• 
•• ha•• derl:nd millawn tor th• inclin'-1 .....i-

ano• in an arepll•Md •wo-war olaHiticaUoa aacl ba••· 
propoHcl '"° clitt...n. ~"*• of dgaif:t.eann. Ia Wa 
obap\er we 1how •h• 1oapUU.Uoa d the •••1-••• ucl 4-. 
ou\n\e the ue ot '11• two '••• ol a:tgnitiou.••• 

The obaert'e4 data lffNl.4 apptar ••given &lget.ni..Uy 
in Table 6.1. The •tan~aa of .it• .,abola •• ued ia tb• 
•able are 

and 

XiJ • obaena,ioa oa *9·:1.\h 1'- by \he jth Judp 

(prooe•), 
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Table 6.1 
Algebraic Form of Olu1erved Da~ 

Item Jud.e:es (Proc.:easeJ} Total1 l 2 ••• J . ... r 

1 x11 Xl2 ••• Xlj • •• Xlr X1. ' 
2 X2l x22 ••• "aJ • •• Xar Xa· 
• • • • • • .. -• • ·- ••• • ••• • • • • • l • • • 1 letl x12 ··-·- ltj_j ... - Xii" It• 
• • • • • • • • • ••• • ••• • • • • • • • • 
l\l Xnl Xn2 ••• Xnj • •• Xnr X,.• 

'l'otale .I • 1 l. .2 ••• x.3 V' x ••• .... r •• 

For- compv.tational purpoaeu1 a new table, av.on aa 
Table 6.2, 1• constn<=ted. The values in Table 6.2 a" 
obtained by tot"mUlaa 

Xlj • ~j .. It. 1 

n 
x• j • i xt " , • i•l ., 

n 
A.a • ~ .xtl 

4' i•l ij I 

' \ 

' ' i 



.............. _., ........ 
... 1a fPl• ,.,, Aaa1P1• ol ,.._.., 

'J •OJ •l'lt 

Q.t • M~itlh1r~1 
r ...... ., . .,..... c,... .. _,, 

... •· •11•., ...... 
faltl• '·I pronua a .. ...-. _,,,. tor tilt coapma• 
•• wl.1 ••• .,.. ....... ,. of ...... tll• aa.ital ..... . 

!Ji• tiul col.a ••17' rt.._ a ..- • th• ...,... .... . 
ot -1.Jt•• A. ~ tbett U,•d• • '1l• tan Iha• ia ._ · 
lan "" ot .... '81• .1 Q .• ··....U ""'1 •1/( .. 1) c.-1). . . 4•1 • . 



[tent 

1 

2 
• 
• 
• 1 
ti 

• • • 
:rot·al 

!able 6.2 
Computat.ioa of. the Estimates 

luage (Process) 
1 a j ~~ 

x• ll xt 
11 ••• X].j ••• Xf r 

x;1 xt ••• x• ••• x• 22 2.1 2r • •• ti •· .. • .... • • •• • • • • • 
xl1 x• ... ii ,. ... xf j • •• x• :lr 
• • • • • • • •• • it •• • • • • • x' Dl xt .a ••• x~j • •• x• 

Dr 

x•, l!2 ••• I!i ••• X!.-
A1 la. ••• Aj ••• Az. 
B1 Bz ••• Bj • •• Br 
01 0 2 ••• cj ••• Cr 
rl rE ••• rl ••• rl 

F1 '2 ••• 'J • •• 'r 
Qi ~ ••• Qj • •• Qr 

Total 

0 

0 

• 
• 
• 0 
• • 
• 
0 

0 



Judges 

Itena 

Total 

fable 6.J 
Analysis flt VlU"iance 

6.,2 l!&rs1? Nm~r!@M~l!• 
We new co•aider a numerical example ot data obtained 

by Sir Hubert Wilkee d the Quarteru.sta:r Research ad Dew 
velopmat C~m:ber1 Un:t\.ei Sta.tea Amy, Natick, Musachuaftta. 
The data are part ot --.e o'b\aJ..aed by having semee ma 
grade dittereat tropieal 40mba" boots. 

Ia this example, the dat;a are shown :for nuea, t1, t~, 
and t 1• grading a t.rop!eal c•bat boot as to tit and ..... 

tort tor 



1. Length ot toou 
2. Width ot toot · 
J • Arch or toot 
~- ~· Toe area 

'· Ia.step 
6. Atlkle 

7. Hffl area 
a. Leg area 

tor the wearer. la.ch ot the •• wore a it.aple boot an4 th• 
gue it a eubjeotive gn,le a each cbaracteriatic,. 'l'he 

grade on each oha:Pactet'!stic, depended upon the iadirldua\•a 
judgmcmt, ild!P!Jl.4.ml.l •~ tht gt"ades giffll by the other· 
men, and was baaed cm. t>w eaoring scale in fable 6.z.. 

!fable 6.4 
hf'taitioa of Scale 

. 
2 Vtt~ uasatistactory 
j .teratel.y uuatistactory 
4 elightl.y un.aatisf'aeto:rr 

. s f.Ml:tt ... t 
6 '1,ightl7 sa:t!stactory 
7 moderately aa.tistactory 
8 T#ll!'f satis£actory 
9 at;"11lll.1 eatistactory 



It ia .. 44Nd.red w • ..,. it the three •• haft tu 
.... al»!.llty to give ..- d>3cotlve grad••• 'lhWI, n ,... 
to ten the aull hypo\ltn!a, 

against the alteraa'1ft 

Hat cr1 I a• fer at lean •• j 1 

j • 1, 2, l. 
The pez-tin.eat data ba \ha ~-- are ahow in To1• 
6,s. 

• fa'ble 6.s 
Ob .... ~ .... ~ .. ThN• ·-(Sh ·· ·. 11tlk••' Data) 

Total 

9' 9 7 25 
9 9 d 26 
9 8' a IS 
9 9 7 15 
9 6 7 u 
9 9 d 26 
9 9 s 26 

' 9 6 24 

12 68 . S9 199 



tn: order to pdfom. tbts test, we obtain the neceaary 
values to su.bstitute u 
6.1 
-2 ln A. • -Cn-1) [2 ln (•l}+ln(Q1~+<q~+Q2Q3 )-2 ln E+o.2877J 

where 0.2811 ii la 4/l a.a requt:red b. new ot 5.4a. Tlle 

computation ot these val.Ues is given in Table 6.6 'Which 
corresponds to the ~aic form ia Table 6.2. 

fa.bl~ 6.6 
Oalculatioa ot ti. lstimates tor '?hi-ee Men 

Tot 

l .4 2 -4 0 
2 l 1 -2 0 
j 2 l .... 1 0 
4 2 2 -4 0 g 5 -4 -l 0 

1 l -2 0 
7 1 l -2 0 
g 3 .) -6 0 

Totals l? 5 -22 0 
~ 

Aj 49 J1 a2 
}3 j aat.u; ).125 60.soo 
cj 25.75 61.1s 4J.oo 

rB 22.75 22.1s 22.7, 

':J ,;.oo 4.S.OO 20.2.s 

.~ 0.07 1.07 0.48 1.62 



. -'' -
6.2 ~~·~"~~ • (0.07)(1.07) + (0.07)(0.41!) 

+ (1~07)(0.48) 
.0.61, 

ad 
6 • .) .· 

JulJ'ds ot ,.~. u ta f&\1e 6.J waa uaed u a eheek • 
tu Yalue Gr I but ii - .,_ hantt 

'J.'hvet•• 
6.4 ln(~~~Q_,~ca,) • la 0.62 • -O.i4.7S1 

6.S ht I • 1n ?.Ji * 2.026, 
aacl ·-
6.6 h(a-1) • Ja(S..l) • Jn 1 • 1.946. 

Wha ti.ee Yal.uea .. _.sti\uted 1a 6.1, w h&Te 
·- . 

6.1 -2 in A. • -1t1(1.'46J .. 0.47tt - 2(2.026) + o.ztt] 
• •?tJ.'91 - 0.4111 .• 4.os2 • o.2•s1 
• •7(wo:)§O) ... ,..,. 

'l'h• Yalu• of a.45 ii...,... w.f.th tha of the tahu.-. . 

la'ed Ctb1 ....... Ta!.a• wt.ii .. agrees of freedom. TU 
~ 

ta'bulnecl Yalue et 1;he chL ..,_.. ~· a the 10% 



eignif:Lcame level ia.4.61. Thus, w would not reject the 
nuol hypothesis that th•n is no d:if'terence in the Vl.l"'~es 

of the three judges. 

6.J .§eeo~.l!!!l~ilt!~'}• 

to illustrate the ten ot eigniticaee derreloped m. 
Seotioa 5.2, let us us" a aQ.ditional judge .t:ram Sir Hubert 
Wilkens• exper1aea.t al:l4 (:ftaid.er bis ability to give good 

eu.bject1ve scores 1n e~son with the abilities ot the 
original thr•e judges. In order tto make this type ot tfflt 
we must assume that th• othe~ three men are equally good. in 

g1:ring subjective 9cona. The null hypothesis tor this 

ten is 
tt • <J~· • <J..a no• It 

against one or the alt~atives of Section 5.,2, 
n : <J~ > cr2 .. , 1-J-

under the assumption that crf • <Ji • crJ • <J2• 
TM data used £or tlds ~le are the same as before 

except that the scores o£ ih~ tourth man have been included. 
'?he dat.a are as given U1 Table VI ad the computed values 
tor the estimatozls are give ta table 6.6. 



ta'bl:e 6.6 
Obaarv~d Data tor Four Men 

'i'ot 

9 9 7 7 )2 

9 9 s 1 27 
.Aroh ot toot 9 8 s l 26 
Toe area 9 9 7 7 )2 
Instep 9 6 7 1 2J 
Ankle 9 9 8 6 J2 
Heel area 9 9 s 7 J) 
Leg a:rea 9 9 6 7 ll 

et al 72 68 59 l7 2)6 

Although it is onl7 necessary to corapute Qi.• we ban 
shown the ocm.putad values :to'I! all tour estimatora. Alao 

~ 

the eomputatioul t.cmt.!tue i.e the same for this teat u 
it waa tor the pr'e'Vioua 'test. It is to be obser'V'ed t~ 
negative eetixaates a.re· poaaible ad. u-e YfW'Y likely ft.JS! a 

amal l mn.ber of •• ( .fwlges). 
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'rable 6.7 
Computation c£ 'the. Estimates tor Pour Men 

Item Mexa Total ti '2 t1 ti.. 

1 i 4 -4 -4 0 
2 z g ... 23 0 
J 10 -22 0 
4 J t -4 -4 0 g 5 -19 0 

4 4 0 -S 0 

~ ' j -1 -5 0 s ; •7 -l 0 

f<r;tal 52 )6 0 -8~ 0 

Aj 4J2 200 168 1504 
Bj ).)$ 162 0 968 

cj 2$2 l.tlz. 504 16oa 
rE 209 209 209 209 

F .1 7'J -9S 295 lJ99 ' 
, .. .. 0.:41 "'>' ~.17 ·-, .. ~76····,·a;J)~· 9;9; Q j 

' 
,..,,_,.-

_m_•_· _<•_-_1_)(_:r--_1_>_<r-_ .. · ... _2_l'1t_> > 1 . . . . . . .. ·. , 
rE ... (n-l)(~ll~· - a((ra-l)~(n-l)(r-.2)] 

a renatera.ent or s.u.,, 1Jfbare 
E • error aunt ot ~~l'tlB, 

r • m.unber ot ma a the panel, ittcludb.g th• one 
bEtUg tested, 



a • ambeft ot thaftctVintoa (or i•••) padtd.1 

r a [ (n-1), (n-1) (r.aJ J • 'Ill• Yal•• toUllCI ta \Jae 1• 
\abl• a• ta• "'&h 1tvel ·Of probabilt•r With (a-l) 
and (a-l)(r-1) 48""88 ot f"940ll N.,.UiTel.71 

••cl ~· • ••1-•• ol IM abillt7 of ,.a man '° P.v• gooel · 
8'QjtotiYe ....... . 

It th• coapu•e4 ftltae of the 1et..._a4 Itel• ia _.'ler 
•ha 'h• '-bl.a Yal• ct the 1·YU'iai• with Ca-1) uct 
(a-1) {r-2) d•O'*•• ol freed•·· napeftivtly a4 a• 'th• • 

l•vtl of 1t.p111and1 ta• '11• -. who 11 b.U, '-•• it 
aa1d \0 have e0111pU&'1vttl.1 poor a8ili•T to ,._,.. RbJHli:re 
1oon•• Th•• tw •• -Pl• we ,..,.._ 

6.lO • + ·'~1 , '11>,~s)~ • ~f :2'" ~ t 1 ~!wH~·n.:.~.~ rl .. (a.1 ...,1 ·~ 4 sa.a.s • 7 .. J) (t.)214 

• •:Mt • 11.1s 
u:lq th• da\a of fable 6.1 u4 taldq •-4• rue Ul•tfl.Ated. 
val•• 1a now to~ wi\h. -.. 'i&bled. val•• tor 1 a\ ~··. • 

lw•l ot atpititand with ? Pel U. 4•creu ot tn-4• . .-.-
•P•••i v•lT • Th• ta-ltd Yalu ot 1 a\ the S;~ lt"1 wi~ the 

al)oft 4qn•• ot t"*4oa 1• a,,1; .1114 tor r at the o.oS~'& 

l•T•l, th• tabltcl Yalu ta t.11. Siao• 11.11 1• tven 
IN&1'V than \h• hbl. Vill•e et f a \he O.OJ51a leT•11 •hen. 

•hi• toUl"\h au.•1 al»il11'1 ia . .,,..,, ·paor 1Mlt4• It toUO\'lla 
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dinribu.tiou with tint aad aeead ---.ta equa••d. to t.hoH 

of \he linear tuneiioa of oh1 l(WAft Ta:ria••• that we ob-
hine4.. ·Whil• Gl'Oba cl.ot1 no\ O.v• comple\• cl...Ua of 
th••• pr'Oce4vea1 we bav• JJ"Ja\ri what w l>eliw• to 'I• 
o aeovat• iat.vpn\tf1oa of hi• .._.., •• 

In hi• lionolQloa ..._b• .UU•••• other roqh'I ted pro-
eeclUN• bu\ he did ao\ neognt1e ~ th• u:aft r 'teat that 
w• haY• 4eftloJM'd tor th• ti.tua\toa mve waa poaatbl•• I• 
414, howeYeJ:", reeopih ,.,. t~\i0na betwa Ida •dima• 

··ton (and ov enimaton) b\."4\1.o• 4Ufic\11'1ea 1a fora.-

. · la\U, •••• aetho4•• 
lhrnb•.._ ua4 \he , ... -4•1 aa we uect fra whiU. ·be 

p:topoae<I \hne eat1-ton ct •· 'f'U'&aM••• · Wt M&ll .... 

ti•• them•• •J• iJ w 93•~ J•1,a, ••• ,r, u.cldtacraea Ub.9. 
tn ,_..,. 

Its ·appl"Oach. u \ke pi1lQl1e wat alao ai.S.lar ··to·*h• 
whiu we uecl·• Ht tflta olJ'8J.AH •t'l&UOU did.la w 

· \hoat i• J.2•• J.a D4 1.ao by at. of th• priatipl• ot 
. . ' ·.· . ' 

~likelihood. ... 'l!iWA'ftOMCl ·a x .. ··.. (L' •.•Xi.~ ........ 1• •• . . . . . . r- -r . i.•1 ....-..i., ~... •., • • 

u •PP'9xima•• aol•tioa to *••• 9(U"1o••• IOWT•I'• ht 
ncoCni••cl '1l•• bis· •8'1-te• nn·.b.~•·• a.U wha· a•· 
·eorncdecl tor \ht,hta• u o~ •! 1ctp~iqal•o ~· I• 

alao, Ci••• aa '1l• · vuiann o~ At• ••U.ton \he realll• 
etate4 bf.Gnhba ad •dtA in·?t4• 
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lhnnber& am oould.ertfl a g-..1 qudrdio term u.4l 

noted •h• val••• ot •h• eoettid..na Hfluincl •• ob\ain 
•3•QJ' j•l,2, ••• ,,.. I• 414 no•, hoWvR, 4erive QJ oa '1lt 
ltaaia ot reaeonabl• auwmp•1oa1 froa a geaeftl qlll.4ratic 
torm in the manner 4ia..,.ae4 ta.Wt ti•••l'M•loa, 

fh.e aeoond eauma..,_. ~-I propoaed. 11 

taotioa of th•~""t • Sia .airi •nin*1tol' •j• 1• baaed •po8 · 

\be ue ot rue••• However, h• no••• $ha• '11• ettioi•nd.u 
ot the lan.two enimaton an 1 ... \han th•.ettio:leatf ~ 

·~· lhrenber& ••••• 1a hi• ,.P.r .. , •fo'I" lac• •al••• 
ot n1 1" ••- rea10Mll1ctto aa~ tha~ '11• 41-*ribtttlon. 
ot 8'· tacla to a x1 fol'tl• • I• 1• atline4 ih&J ild.1 atate-
aen lhould be tor large • aad. ao1l J.us• a aiue 

Ma •: • (a..11fAJ ~sl °'111'""1':t. 4 .t;+x •• J• · . 

. n r tL 
-i-tlu111:1 l:.i l~.-z.j+s:/.)'J • 
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and he give• 

Vu(af l-;> n!t -t • 
r >• 

(n-l)a* · 
fhia auggea\a t.ha\ .:::...;;:' baa a chi aquare Uat.:rnaioa 

with (n...:1) d•cn•• of mtdom a• 1' ··>co • 
The work ot Gnbbl ad lbnnbvg aeeu •o t.e lh• oJ:!ly 

pv.ltliabed work on '1d• p~l•• Wi'th •hi• nnew of \hon 
paper• it will now b• d....- when 01.tP ooa•rilnnlou 11•• 
x' i• alao evideal \ha• \hve it ..... work •o ... clone, 
putio111arl7 oa dinribu$ioa th•OJT nla•ed •o ._. u\1.-.. 
•or1, ud tha\ th• prol:Jle• \<> ~· MlY•d ~ be 41.tfioul.\.,. 



The prol>l• ot.o1*1iniag •9""''8H tor th• ladlvitelll 
en-or T&sdaeea la u ·..npli•ttl .,.._,. ''1.aatitiaUoa 
l• dacliecl ·to• th• mo4t1 

:XlJ • "'·. 'J ~. "iJ'. -.. i•l,,1, ••• ,., j•l,2, ••• , ... 

··· ·· ,..._.. Jts.'~ • o~aenaUoa • Ult'. $.'IA .v.-.. of' ._. · .. _ ·. ,.ia bloa, 

1li • '"' ... .,. ~· t• ......... 
. J3 • t>ias ot tM• .till t.lotk, 
«.tj • ftlld.oa..,,,..,diaWi ...... aol'Mllr w1'1l 

·-· .... ... 1Viu• .,, 
u.4 •<xt3J • "1,. 'J• . 

tor 4UIRi\atiYe data u·.U U IDJetUft data nth a• 
l• 4t.••••e4 ta 1;ht1 .......-. A1•1 ·-,. ltt•ua J J "• .... 

·.a aoclel. ia olJ-.iaM *'" tktrt ve ao blHk ett.n~•- ~Clll _ 
· · · - :11 applioaltl• •• ,...-.1- _._ ... tho• 41,..1414 - .._~: 

'\".·. '. 

. ' ; ' . : '~ 

.• . 

l••d.aa\ora ot tll•j~'. are•"-'•• tor ...... , 
Ul4 a >21- ~ appl,.._ lll• ~'1• .. W uidm Uklliltoo4._. · 

••ta.. •.fotn 4wl•r "9dt••f 1·• otaw YUialtl••-. 
k1M4 troa '11• (a-1t f~lJ ~-··....n:r u#ilte4 " 
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v.er. Alao, ..-uou IH 4-t?d. tor •h• Md.- liau-
llooct •"1Mtff• tw • > I a4 • > J n. 1old1eu ...-. *" 
ohuln.W.. 

rev naaou'll• • pNdital ... p'1ou an ue4 to 
•'1.U.. e.U.wr•1 '' \al1l1•••••• lt7 \h• ue et a a-lftl 

.,...,..,,. tea.~ ftt ··-""--.... 
' 'I . . •: ' 

Ct> Th•,...-, •• a..ic& •• ia'tVtad •• o.. • ..._ 
of '"1• 1\.., ii ........ 

(li) file tdia\of lhalcl M tNe ot Ille•-•• .......... "' ... ,, •. , 

(1111· fht. t.U.W. :a....U M -.W.184, 

(l•) OerMi• •etft .... '°' .... .-ctraU• t•• ahoultl 
b• ... 1. 

· · fh• tin\ '1utte ot th ... ,...,... .. _.. oHiou....,... 
Uou th&• •• woll14 ~ •ct .f\-.ta po4 .,.,_..n au 

· tJ&• Hacla i• Nttnl4 to .. _. 4•1 tor '1l• ti-It• . · · 
of ·\Ile 1an ••-ptioa. ' 
~ a\d.laed -~ Mn.•• ~or .it• ftl'iaalt• "f•. ·· ... 

.-1,1, ••• , ...... 
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. . 

~ it· ahown •o h• '11• .,. aa •h• .U..tor o1>'*1.M4 by ~ 
U. Of "11• MXill'WI llkeJJ.hoocl ,._.SM*8·wha.·r-) UlG ll >-I, 
A.110 \h• expene4 -1.u• ot '4' t.1 ahown to bt r, 1t 41...a,· 
3 ... 1,2, ••• ,r, ••• ,r. I• la al.Jo aolttl \ha' \he .. u.,. 1111 
'be nega\iv• ud ia t.Uw oft• wh• r ia IMll• 

When an orlh.opMl H•l••n...,sn• unuioaa'1oi i• ... 

to \nutorm the oriliall ar vari•b1•, i\ 1a a-. \ha'tf 
. • .. 1 ·. 

·;·2 ~ • fa-1f(~!,J p:1 '1a-1)(~2)+p 

• . . t ..•.. ·.· .. ·· .· ..... (a-lf(r-2) ~ 
la-1) (,.1J c~al ••l • 

in t•ru ot \he nw va•bl••• ror th• '104•1 'UN ad 

· traaatona\:lon applid.1 Jk• rft AN aonallt tinri'b9*e4 

·. aad. it '1..,a 1 j•l,.l, •••flt th• \he r' 1 an i:Mepend.a.\11 
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U9'ribnecl wi\h YariUHI ol. !hvdore, it bo\h Mllber• 
of tt.2 an divi4ecl by crl 

'·' 
is obuined. Thi• ia a linMr diftU'ellce o.£ '"° :l.adepeacl•a 

. -
chi aquare Tariat•• wtSh (n.l) anct (a-l)(:r-2) cla&n•• ot 
treedoa. The deui't:.y tac\:l.oa ot nth an incltl1alt• quad-

n,ic tona ha• bea diaft8aecl by t'hlrland [lJ u4 Paehana 
.[6J. 

It both ..Uera ot ••1 an 4iv14ed b1 .1, wAtre .... t a r . . .. (a-l)(r-J.) . 
I • l . J J; % ,._j_L ...,. j+x ,. • t r! 

n•l (z-..1. _ 1•1 J•l ""1.. --.. • •• .-1 "' 

it ia.ahown \hat 
.. a.s 

~ ·&;a~Jr[~::fl~~J:-l'n -~ / Un..11Cl'-1Jlr-a~ · 
where r i• \hfll ien,ru P•var1&\• wiu (n-l)(:r-2) desre•• ot 
!reed(''" .in the n.,...•or an.cl (a-1) degreQ of tnecloa ia 
d.eaold.na\or. Thu,, .)., aince 11' 11 a moao,one ~~tioa of 
\he F•nria\e, mar •• ut1d \o ten. 

1.7. •o• of • a8 
apl~ any one·ot ~• lhfte altenaUT•• 
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'*i.' -C > cr*t r 

a..·~·<' .. ,,, 
. ·····-:.; .. .-. 
. ' . .. . 

.. :.· ......... °" ., ~ .... .f*l•l•:•~.~ .. , ""~". 
Aaot!lv , .. it ...... Wd•sa. liblt1t10.t ftue 

triurloa·fop a> 1.-·.~f: 1•.J•,'IO \tit : . 
' ~.9 .. · . - '•~•\!If. 4. fJ ... : . . ' . . ..... /_, 

:•: . . · .. · qdaat O• allUUUft . · ' '(. · . 

· .•• 10 . .. • .., /.:tt' ~ ··~·--. J1 .. 
·;:~ ........ ,. 

,, 

th• ttft AIU.di•. 

• a 1a a + i-. It/> J \ . 

t• •nN'd•~r u-..'"*'4 lflll;. i-.. ~ ., • .a·.• 
~:61 .~ .. .t ..... -~·''of':~~.' . 

AaRhW .... naU.U• IW-a:>:t.Dfl.p.> ).la,., ....... . 
. ' • • • ' ' • • • • ., ~ • • . • : • ~ i' ' ' ' , · ' ~ ~ ' , :- • ' ' • \ • • • 

u4 '1l• - ot Wt , .. ·•.UIM.t :if Ut..,M• 
. • : ' I ' . - , . • , . .' , ;. , ; • :· • • . ; ii '• ' > f ;_ ,• : ~ • • 

.. two weritll·,··· ... ~ .............. , ..... . 
uta . ._ 111•.t. u.. Wu.au-.:er.~•:·:· ~~·-r· · ............ .ai..a.,1.a., ·--. .-w.·.,. ~ .... , .._ 

.. .. ,. 

.· .. · · ··alt• olJ•i•~ ia tld.a ,,.._,.:.aM . .,,li .. l>lti:W ~-· 
' . ' . " . ' .• J: " '< ' . . ~' '• " ' ; J : ';1 : ~ ' ' 

. "~~ ... , ........ ot ~, ., ·-·~ .··· 
t. 
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ot oe11tain tlda tnupeaiYt ot whelhV the data ia 4,\l&ll\i• 

tativ• or 10Jeo,1n:. 
In tiUl .......,., MUma•on a.· 4tr1YM tor eaimaUas 

\h• iad1d4ul. tft'Or vmaace 1» a;.'n.oareplitattd , .... , 
elautticatioa· ancl o~ ten• ot 1:to~.t1nuee an pro. 

· ~n tor ttatlnl the homo.-•t•r ot· -1ano••• ~, 
l\ 11 t•1' ,., •oat •I '1l•Uamw•1cm \heorr i-e1ate4 to 
idle flm-red ••.t.ton ehftl.4 bt: tn~t•d. .tvthw1 ··u4 
\he author plana to ooll\lmte w11'h noh'invenigatiou. 



.. 108 -

Th• auhor 1• ind.•b1f•d \<> tor h1a 
•counc.- and pi..__ clu..rina •h• prepan.•ioa ot \hi• 

dianna\ion and tor •h• priYilep of working u.Ur his 
dino'tioa. 

The author ia cn•.t.l '° tor hia 
oouael and hi• iasenR d.vlng •h• au\hor•a graclwat.e ••wlT• 

'l'h• aaaiatanoe and. a4•1ce ot 
, 

are appreoiaiu. 
Th• author appNeialea lhe aqgea•iona ot 

a1 well a1 hie ••ad.atanoe 1a preparing \hla 
•nUctrip\. 

, 

The author ia par1\1~1y appfteiatin ot the intwen 
'1lat ancl h11 ld.te, ,, 
t.ook·:ln preparing the final manu.aip\, H• &110 wiahea 'lo 

,, and 
tor \heir help in praepaJ'in& the final lllUUUICrip\• 
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