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(ABSTRACT)

The propagation of optical plane waves through a one-dimensional Gaussian phase
screen and a two-dimensional Gaussian extended medium are simulated numer-
ically, and wave statistics are calculated from the data obtained by the numerical
simulation. For instantaneous realization of a random medium, a simplified version
of the random-motion model [77] is used, and for wave-propagation calculation the
wave-kinetic numerical method and/or the angular-spectral representation of the
Huygens-Fresnel diffraction formula are used. For the wave-kinetic numerical
method, several different levels of approximations are introduced, and the region of
validity of those approximations is studied by single-realization calculations. Simu-
lation results from the wave-kinetic numerical method are compared, either with
those from the existing analytical expressions for the phase-screen problem, or with
those from the Huygens-Fresnel diffraction formula for the extended-medium prob-
lem. Excellent agreement has been observed. Extension to two-dimensional media
with the power-law spectrum or three-dimensional problems is straight-forward. We
may also deal with space-time correlations using, for example, Taylor’s frozen-in hy-

pothesis.
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1. Introduction

When a wave field propagates through a medium with random fluctuations of
refractive index, the wavefront and thus the resulting field or irradiance also undergo

random fluctuations. Here, we restrict our discussion to continuous random media.

The twinkling of starlight in the turbulent atmosphere and the scintillation of cosmic
radio sources due to electron density irregularities in the ionosphere or the inter-
planetary medium have been of great concern to astronomers. To communication
engineers, theoretical prediction concerning the scintillation of radio signals (fading)
by the ionosphere is important for the design of communication links between satel-
lites and earth stations. These types of problems can be modeled by means of a
phase screen. With the advent of the laser, people have become interested in
optical-communication or laser-fusion systems. Thus, optical wave propagation
through atmospheric turbulence has also been of great scientific interest since the

early 1960s.

A great deal of progress has been made in the last two decades on theoretical
studies of wave statistics through a random phase screen [1-28] and an extended
medium [29-42], yet the behavior of electromagnetic waves in random media is not
fully understood. Much effort has gone into finding analytical solutions of the prob-

lems.
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The phase screen problem may be formulated rather easily, using the Huygens-
Fresnel diffraction formula [43-45]. For lower-order statistical moments of the electric
field, the resulting integral representations can be calculated either analytically [1-22]
or numerically [23-28]. For higher-order moments, however, there are some difficul-

ties.

In extended media, scalar wave fields are governed by the reduced wave equation
(or parabolic equation in the small-angle approximation regime) [See, for example,
32-34]. Several methods have been proposed to solve this problem analytically.
They are largely based on two techniques : perturbation theoretical methods (e. g.
Born approximation, Rytov method, diagram method) and moment-equation methods.
For strong fluctuations, diagram methods and moment-equation methods have been
widely used [32-34]. We note that in this analytical approach, to obtain moments or
moment equations we need a decoupling assumption for mixed correlations between
the refractive index fluctuation and the corresponding wave field. For example, the
moment equation for I',,,, in the small-angle approximation regime with the delta cor-

relation assumption (Markov approximation) is given by [32, 34] :
9 _ i A) - (A R PRLS r, =
{E—E}_[(A1+"'+ = ( 1+'"+Am)]+—2'onm} nm =0

where Q,., is related to the transverse correlation function of the refractive index, and

Com = < U(py, 2) ... u(p,, 2)u’(py, 2) ... U'(p,’> 2) > .

In general, it is difficult to find analytical and even numerical solutions for higher-
order moments. For lower-order moments, for example,
I, = < u(p,, 2)u(py 2)u"(py, 2)U'(p, Z) > , asymptotic solutions are available in the limit
of weak or strong fluctuations. There have also been many efforts to compute inte-
gral representations for moments, or to solve moment equations, numerically. The

fourth-order moment of the field has been computed successfully [46-50], and the
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differential equation for the coherence function or the Fourier transform of it (the
second-order moment) has been solved either by the Monte Carlo method or by the

finite-difference method [51-59].

In addition to I, (e. g. [, covariance of irradiance), another important statistical
quantity is the probability distribution of irradiance p(/) , which we need to describe
random irradiance fluctuations completely. It would be very difficult to predict p(/)
with the analytical approach mentioned above, since for a non-gaussian random
process I(p) all the higher-order moments , that is, </">,n=1,2, ..., are needed.
We note that several probability functions, based on phenomenological models, have
been proposed [60-76]. These are not well established, except in the weak fluctuation
region where the scintillation index, e =<(/—</>)*>[</>?, is much smaller

than 1, and in the saturation region where o? is close to 1.

Due to the limitations of the analytical approach, people began to seek solutions by
numerical experiments, using fast modern computers. In a numerical experiment,
we simulate wave propagation through a random medium by instantaneous realiza-
tions of the medium (or by instantaneous realizations of the random phase in case
of the phase screen problem), and compute wave statistics a posteriori. Once a suf-
ficient data base for random irradiance fluctuations is obtained, any statistical quan-
tity can be calculated in principle. Two things are crucial for the numerical simulation
: (i) a model for realizing a random medium; (ii) a method of computing wave propa-

gation through the medium.

The random media we are interested in are usually assumed to be statistically ho-
mogeneous Gaussian random processes. In such media, the statistical properties
of the media are completely described by the correlation function (or the spectrum)
of the fluctuating part of the refractive index, 6n=n—<n> . At least one model for

realizing én(r) with an arbitrary spectrum exists. In the random-motion model intro-
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duced by de Wolf [77], a random medium can be represented as a weighted sum of
Gaussians the centers of which are moving around randomly. The number density
of the Gaussian eddies for each scale size can be calculated analytically for a given

spectrum.” This model can also be used to generate a random phase ¢(r) .

Note that linear-systems methods are also available for generating random phase
fluctuations. The key ideas are as follows. First, we generate Gaussian white noise,
and then introduce arbitrary correlations appropriately, for example by using linear
system theory [78-84]. Such methods may be useful for one-dimensional random

processes, but extension to higher-dimensional problems would not be easy.

Numerical studies of the one-dimensional phase screen exist [85-88]. The
electromagnetic field behind a random phase screen can be represented by the
Huygens-Fresnel formula with the corresponding initial random phase. (Note that for
a very thick phase screen we have to use less well-understood techniques for ex-
tended media.) In preceding studies, the random phase ¢(x) is generated appropri-
ately (Franke et al. use the random-motion model [88], and Knepp and Rino et al.
utilize the linear-system theory [86-87]), and the diffraction integral (or the angular-

spectral representation of it) is computed using a fast Fourier transform algorithm.

At the completion of the present project, our attention was directed towards several
numerical simulations in the area of underwater acoustics, which concern the fluctu-
ations of acoustic signals due to random variations in the sound-speed field (internal
waves) [89-90]. DeFerrari used a simplified model for sound-speed fluctuation éc/c ,
and computed the propagation of the acoustic field by the ray theory. Flatte et al.
generated éc/c for each predetermined rectangular mesh using a somewhat sophis-
ticated algorithm, and then solved the corresponding parabolic equation of the

acoustic field by the split-step-Fourier algorithm [91] which is equivalent to one of our
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simulation schemes, i. e. the method utilizing the angular-spectral representation of

the Huygens-Fesnel formula.

In this thesis, we present new simulation schemes and numerical results for both
phase screen and extended medium. We are primarily interested in optical wave
propagation in almost transparent refractive-index media with a large scale such that
the smallest scale size of the medium is much larger than the wave length (e. g. at-
mosphere). The medium will also be assumed to be statistically homogeneous and

Gaussian.

The methods and models used for simulation are discussed in Chap. 2. We choose
the random-motion model mentioned before [77] to realize a random medium, since
our preliminary work has indicated that it is more efficient than the method utilizing
the linear-system theory [78-84]. (It should be mentioned here that initially we used
the latter method to generate one-dimensional random angle fluctuations which re-
sult from a random Gaussian phase function.) We will neglect space-time corre-
lations which can be incorporated in the random-motion model in its most general
form, and thus different realizations are independent of each other. This general
model is still complicated, numerically, and to reduce the computing time, we have
to simplify it. In the simplified model, the entire volume of a medium is divided into
thin slabs, and each slab is squeezed in such a way that all the Gaussian eddies in

the slab are contained in a single transverse layer.

To compute irradiance for each realization of the medium we use the wave-kinetic
numerical method [110-112] and/or the angular-spectral representation of the
Huygens-Fresnel diffraction formula [43, 85]). There were specific reasons for using
both methods. At first, the simulations involved only the wave-kinetic numerical
method, since the usefulness of the Huygens-Fresnel formula for extended media

appeared to be limited. Later, we found that the latter could be applied to extended
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media with the simplified model mentioned above. (We notice in retrospect that this
turns out to be equivalent to the split-step-Fourier algorithm applied directly to the
parabolic equation [90,91].) This gives us a means of comparing usefulness (or effi-

ciency) of-both methods to each other.

The wave-kinetic theory has been introduced by Besieris and Tappert [93-100]. Re-
lated studies can be found elsewhere [101-108]. In the wave-kinetic theory, we de-
scribe the propagation of a wave in configuration space as the evolution of the Wigner
distribution function (WDF) [92] in phase space (joint configuration-wavenumber

space), which is governed by a wave-kinetic equation (or a transport equation).

In general, it is not possible to solve the kinetic equation for an arbitrary inhomoge-
neous media analytically. A method for numerical implementation of the wave kinetic
theory (which we call the wave-kinetic numerical method) has been developed and
tested for simple canonical problems by de Wolf and Pack [109-112]. The essential
points are the following. The initial WDF which corresponds to an input beam or a
plane wave is discretized into a sum of elementary Gaussian beamlets. If each
beamlet is narrow enough, then the calculation of beamlet propagation may be sim-
plified. Finally in the observation plane, all beamlets are put together again to yield

the output WDF.

The Liouville approximation facilitates the calculation of beamlet propagation, even
though it has a certain limited region of validity. In the Liouville approximation, the
traje.ctory of each beamiet is governed by the classical G. O. (Geometrical Optics)
trajectory equations [44-45], and the WDF is conserved along the ray trajectories. It
follows that a closed-form expression for the output WDF (as a weighted sum of the
elementary beamlets) can be found easily. The advantage of the wave kinetic ap-
proach over the conventional G. O. method, is that even for this lowest-order ap-

proximation some of the diffraction effects are incorporated. We wish to apply the
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lower-order approximations, whenever applicable, especially, the Liouville approxi-
mation. Its regime of validity is somewhat limited, however, it is the simplest, and it
is applicable to any configuration of inhomogeneities. A third or higher-order ap-

proximation ¢an be made if necessary.

As we mentioned before, the well-known Huygens-Fresnel diffraction formula is very
useful for a phase screen problem [1-28], since simulations for this problem can be
done in various ways, simply by generating the random phase ¢(p) . In this research,
the angular-spectrum approach will be used, instead of direct application of the for-
mula. We note that for a one-dimensional phase screen we need two Fourier trans-
form operations, which can be done by the fast Fourier transform. The
angular-spectral representation allows more efficient computation, especially for a
plane wave, since the angular spectrum of a plane wave is very narrow. This may
also applied to extended media by proper rearrangement of the Gaussian eddies,
namely, by using the simplified model. This method is a good simulation algorithm

in itself, and it can also be used as a check for the wave-kinetic numerical method.

We have applied the simulation schemes to plane-wave propagation through a one-
dimensional Gaussian phase screen and a two-dimensional Gaussian extended me-
dium. The numerical results and discussions are presented in Chap. 3 and Chap. 4,
respectively. To obtain data for wave statistics, we put receivers across the obser-
vation plane, and store the data from each receiver for many realizations (approxi-
mately 1000 realizations). To compute statistical quantities, we will use standard
estimators for the quantities [114]. Sometimes, there appear extraordinary samples,
so called outliers, for some realizations. If that happens, then those outliers may be

removed by techniques generally used for statistical estimations.

We note that the Gaussian correlation function (or spectrum) is not physical. A

power-law spectrum is generally accepted as a more realistic model for atmospheric
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turbulence. For the Kolmogorov spectrum, it is proportional to K-"* (or K-%3 for the
two-dimens-ional problem). For the Gaussian spectrum, however, there is only one
scale size, which permits simple formulations and a reduction in computation time.
In addition, for the Gaussian phase screen an analytical expression for the covariance
of irradiance C(x) which can be integrated numerically without any difficulty is avail-
able [26]. Thus, the results from the numerical simulation may be compared easily
to a known analytical result. The numerical simulation for the power-law spectrum
can be done similarly, because it may also be represented as a weighted sum of

Gaussians.

The simplified modvel mentioned above has certain advantages. It allows easier cor-
rections to the lower-order approximations for the wave-kinetic numerical method,
and application of the Huygens-Fresnel formula to extended media. In addition, the
model (together with the linear interpolation scheme used for phase and angle cal-
culations) reduces computing time considerably, and thus it permits the numerical

simulation for extended media within a reasonable time.
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2. Methods and Models for Simulation

In this chapter, methods and models for simulation will be discussed in their general
context. The detailed discussions and calculations for specific applications will be

presented in subsequent chapters.

As mentioned in the introduction, we choose the random-motion model and use a
simplified version, to simulate refractive-index fluctuations numerically. To compute
a wave field or irradiance for each realization, the wave-kinetic numerical method and
the Huygens-Fresnel diffraction formula will be used. The usefulness of both meth-

ods will be compared to each other later.

2.1 Assumptions for Refractive-Index Fluctuations

Consider a wave propagating through a continuous random medium. The behavior
of the wave field in this type of medium is entirely determined by refractive-index

fluctuations. Let us define the fluctuating part of the refractive index as
on(r)=n(r)—<n(r)> (2.1)

We assume that én(r) is a statistically homogeneous Gaussian random function. The
statistical properties of such a medium are adequately described by the correlation

function of én(r) ,
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Bor)=<én(r +7 )én(r )> , (2.2)

or more conveniently by the corresponding spectrum,

P KT
O, (K) = = J_ wd% e 7B, (r) . (2.3)

Further, we assume that the smallest scale size ¢ of the medium is much larger than
the wavelength 1, and that the fluctuation is weak, |6n] << 1. In such a medium,
an input wave scatters predominantly in the forward direction and the (backward)
reflections are negligible, so that a small angle approximation (or a quasi-optical ap-

proximation) will hold.

The electric field of a monochromatic optical wave satisfies the vector wave equation

[33],
V2E + k°n% +2V(E-VInn)=0 , (2.4)

where the convention, e-™ | is used for time dependence, and the medium is as-
sumed to be isotropic. With the aforementioned assumption, ¢ >> 1, one may
neglect the depolarization term, i. e. , the last term in (2.4). Since the resulting
equation may be decomposed into three scalar equations, the wave equation reduces

to the Helmholtz equation

VE +Kk*n’E=0 . (2.5)
For a wave propagating in the positive z- direction, it is convenient to let

E()=u(p, 2)e"* . (2.6)

Substitution of (2.6) and (2.1) with < n(r) > =1 in (2.5) leads to
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2 2 2
-a—‘;-+2ik—ai+Au+2k26nu=0, (A=L2-+—a—2-), (2.7)
0z 0z ax* oy

where the candition, |6n] << 1, is used.

If the spectral content of the refractive-index fluctuation, ®,(K) , is contained well
within the wavenumber &, i. e., ¢ >> A, then u(p, 2) is a slowly varying function of
z, and one can assume that |0%u/dz?| << 2k |0u/dz| . It follows that the scalar wave

equation becomes a parabolic wave equation [32-34, 116]:

| L -4 v—iinG, 2| v, =0, (2.8)

with an initial condition u(p, z=0)= y,(p) . This is our starting equation.

2.2 Random-Motion Model

In the random-motion model [77], a random medium can be simulated with a

weighted sum of Gaussian eddies:

M N R
6n(F. 0= > aqyA(E)e™" R, (2.9)

=1 i=1

where g; = £ 1 in a random fashion, A(¢)) is a weight for each eddy with size ¢,, and
R,(t) are eddy centers which are moving around randomly [cf. Fig. 2.1]. We note that
¢; may be continuous. In the following, we will neglect space-time correlations, and

thus different realizations are independent of each other.

To calculate statistics of the medium, it is more convenient to write (2.9) at any fixed

time t as:
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Figure 21 Random-motion model.
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N

5n(F)=) quiF =R, ¢) . (2.10)
: i=1
where
U, ¢)=A o= (2.11)

Here, the weight for each Gaussian eddy, A(¢) , is assumed to be constant. For
convenience, we let A2= < én?*> in the following. Using this expression, one may

show that [77]:

<én(r)>=0, (2.12)
and

B,,(F)=(2n)3z ivf K YK, £)12e*T | (2.13)

! 00

where V is the volume to which the Gaussian eddies are confined, and ‘I",.(R, ¢)) is the

Fourier transform of y(r, ¢, , which is defined as

U —R, ¢)= J K Y(K, ¢)e™ TR (2.14)

00

We now assume that the scale lengths ¢, =s are continuous, with s being the corre-
sponding size parameter. Let n(s)ds be the number density of eddies (per unit vol-

ume), the size of which lies between s and s + ds. It follows then that

B,,(F)=J K D K)ok (2.15)
with
@, (K) = (2n)° J “ds n(s) |[W(K, s)]? . (2.16)
0
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In (2.16), Y(K, s) is the Fourier transform of Y(F, s) = < 6n2 >"2 =232 ;

YK, )= (@2Jn) 0 < 6n? 51122 e KT 2.17)

Let us now define p=K?and { = %sz . Equation (2.16) then becomes

otp) = [ "t Fy e @2.18)

where G(p) and F({) are related to ®,(K) and n(s), respectively, by G(p = K?) = ®,(K)
and F(¢ =%s’) =2%<én*>s°n(s). Thus, for a given spectrum ®,(K) we may com-

pute F({), and therefore n(s), by the inverse Laplace transform of G(p).

For a two-dimensional problem, this can be done similarly. We define a two-

dimensional spectrum as

®, oK) = j T K, O K) . R= (K Ky - (2.19)

—00

Let Y,(r, s) =< dn?>"e-"¥ as in the three-dimensional case, where r = (x, z). Fol-

lowing the same procedure, we can show that

O, ,(K) = (2n)? fooods n(s) 'W,(x, s)I?, (2.20)

where Y (K, s)=(2\/n)? <8n?>"2s2 e~ . As in the three-dimensional case, this

may also be rewritten as the inverse Laplace transform relation,

G,(p) = J-:odi,' Fy(8) CRal (2.21)
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where G,(p = k?) =D, (k) and F({ = —;— ) =22<n*> s’ n(s).

We are interested mainly in two spectral models: the Kolmogorov spectrum and the
Gaussian. spectrum. Atmospheric turbulence is usually described by the Kolmogorov

spectrum [32-34]:
O (K)=aCik™"? for 2n/Ly << K << 2nm/¢y , (2.22)

where a ~0.033 , and ¢, L, are the inner- and the outer-scale of turbulence, re-
spectively. The structure constant C? is related to the variance of refractive-index

fluctuations < dn? > by [34]:

C2~1.91 <dn?> 132, (2.23)

Since the Kolmogorov spectrum is valid only for the so called inertial subrange, an-
other mathematical model, i. e., the von Karman spectrum, which is valid for all K, is

often used [33, 34]:
2,2
O K)=a C2 (K> + L5Y) "0 =Kk | (2.24)

where k, =5.92/¢, . We note that this reduces to the Kolmogorov spectrum in the
inertial subrange, but is mathematically more convenient in a number of relevent in-

tegrals.

Although the Gaussian spectrum has little physical significance, it is often used due

to its mathematical simplicity. It is given by
2
D (K) = (27 )22 < én?> o= KEI* (2.25)

which is obtained by taking the Fourier transform [cf. Eq. (2.3)] of the Gaussian cor-

relation function,
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B(r)=<én?> o= "€ (2.26)

The corresponding two-dimensional spectra can be calculated using the relation
given by (2.19) [cf. Appendix A2.1]. The two-dimensional von Karman spectrum is

then given by

2,,2
D oK) = == o C3 (k° + L5 )P o™ | (2.27)

Jr T(4/3)
rae

for k << k., , and the two-dimensional Gaussian spectrum becomes
2
D 5(k) = @) 2 2 <on’> e C 1 (2.26)

By taking the inverse Laplace transforms properly, we can calculate the number
densities of the eddies per unit volume (per unit area in case of two-dimensional
problems) per unit scale length, n(s) , for the spectrums given above [cf. Appendix
A2.2]). For the three-dimensional von Karman spectrum, we obtain

2'3/% o C2

2 2
n(s) = —— (2035 e I for 25002 | (2.29)
I'(11/6) <dén® >

where ¢, = 1/k, . We note that n(s) = 0 for s? < 2¢%, . Substituting the values for « and

C?, we get

2 2
n(s) =03 LR sTP[1 -2t fs)? P e 1?0  for s> 2¢%, (2.30)
where the term e~ /b’ is neglected since £, << L, .

For the two-dimensional von Karman spectrum, similar calculations lead to
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2’8 /7 o C2? 2 2
n(s) = 2" (s2—2¢2)' s 3~ 2012l
r(11/6) < 6n° > (2.31)

2 2
~0.377 Ly 2R s TR [1 = 2(¢,/s)? 1 P e 1?0 for s?=2¢7

and n(s) =0 for s? < 2¢2.

The calculations for Gaussian spectra are straightforward:

n(s) = —7!?8/2— 25— ¢1J2) (2.32)

for the three-dimensional Gaussian spectrum, and

n(s)=—2¢25(s—¢1\2) (2.33)
for the two-dimensional Gaussian spectrum, where 4(s) is the Dirac delta function.

Notice that there is only one scale size, (/\/E , for the Gaussian spectrum. The cor-
responding number density per unit volume (or per unit area in case of two-
dimensional problems) can be calculated by integrating n(s) with respect to the scale

size s:

Ny = Jown(s) ds . (2.34)

For the von Karman spectrum (or for the Kolmogorov spectrum), however, the scale
sizes are continuously distributed, the dependence on s being s~'? (or s7/* for the
two-dimensional spectrum) in the inertial subrange. To implement this, one may
discretize the scale size s, linearly with a spacing As (or in logarithmic scale) [cf. Eq.

(2.9)]:

s; +4s/2
NV,j = J. n(S) dS ’ (235)
S,

; —As[2
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where ;= S,,+ (= 1/2)As, (=1, 2,.... M), With 5,,,=/2 £, and s, = s, + As/2
~0(Ly) .

We can easily implement this general model directly. However, it is still complicated,
numerically. To reduce the computing time, we have to simplify it. In the simplified
model, we treat a phase screen as a thin slab if possible (if it exceeds a critical
thickness, then it has to be treated as an extended medium), and for an extended
medium we divide the entire volume of the medium into thin slabs. All the eddies in
each slab are projected into a single transverse plane (or a line in case of two-
dimensional problems), as shown in Fig. 2.2. Here it is assumed that the refractive-
index fluctuation is weak enough, i. e., |6n| << 1, so that the above simplification
is valid. If not, we have to use the general form of the random-motion model (with the
detailed calculations for refractive effects), for which vastly more computing time

would be required.

2.3 Wave-Kinetic Numerical Method

2.31 Kinetic Equation for the Wigner Distribution Function

In the wave-kinetic theory [93-100], we describe the wave propagation in configura-
tion space as the evolution of the Wigner distribution function (WDF) [92] in phase

space [See below]. Here we define the WDF as
had - -

J dQS e—/ko-s U(5+
—00

where the parameter 5 is related to the corresponding wavevector K by K= k5 (i. e,

*

» 2) U (

(2.36)

l\)|"’l
=)}
|
l\)l"’l
N

-~ = 1
, 0;2)=
F(p, 6;2) s

0 really corresponds to an angle in the small-angle approximation regime mentioned

in Sec. 2.1). In the following, we will thus use wavevector and angle interchangeably.
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Two important properties of the WDF are:

_kJ. d%0 F(p, 6:2) = |u(p, 2)12=1(p, 2) , (2.37)
and
J d%p F(p, 8;2) = — - lu@, 2)1% , (2.38)
3 (27)

where /(p, z) represents irradiance at z and U(é, z) is the Fourier transform of
u(p, z) . In other words, wavenumber (or angle) integration of the WDF yields
irradiance, and coordinate integration gives rise to power spectral density. We note

that equations (2.37) and (2.38) may be combined to yield Parseval’s theorem, i. e.,

J d’p |u(p, z)|2=—(;k)—2f d%0|u(@, 2)|2
T

—oo - - (2.39)
=kj dsz d’0 F(p, 6;2) .

—00 —00

The kinetic equation of the WDF, which describe the evolution of F(p, 5; Z) in the
four-dimensional ,5—5 phase space, can be found from the parabolic wave equation
(2.8). Substituting (2.8) in the definition of the WDF given by (2.36) and using the re-

lation

e

d ruE s Ao Ges
LG +5. D G+5. 2]

i : X . (2.40)

=-§-Vp- (u_Vou, —u,V,u ) +ik(dn, —én_)uyu_ ,
we obtain
aF _ i 1 P _ .
= Dk @) VPJ' dse (u_V,yup —u,V,u)
o (2.41)
+ik— > d’s e (6n, —én_)u,u_ ,
(2n)
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-

where u,,=u([>+-S§-, 2), u(p - -§2- z), én,=6bn(p+ % z), and én_=
én(p —%, z). After some manipulation, we find [112]:

{ai“L 8.9, — ik [On(p e Yy 2) = 605 ~ -V, z)]} F(p, 8:2)=0. (2.42)

This equation can be written symbolically as

J 2 - .18 3 - N :
[ 32 +0-V,+ 2k én(p, z) sin( P V, Vg )] F(p, 8;2)=0, (2.43)
where 6,, = J/dp operates only to the left and %/, = 6/65 operates only to the right.
The sine operator is merely a shorthand notation for a series expansion of the oper-
ator —21;-6,, -67, . To obtain irradiance, we solve the above kinetic equation for F with

an initial condition, F(p, 0;z = 0) = Fy(p, 5) , and perform the wavenumber integration

given by (2.37).

It is interesing to note that the ensemble average of the WDF is the Fourier transform
of the field coherence function. Let us introduce ILZ([), s; 2)=

u(p +—= 2 , ) u(p— 2 , 2). The coherence function is usually defined as [',(p, s; 2) =

< I'z(p, s; z)> . From the definition, we have

<F(3, 0:2)>= (21 7 J d’s e Iyp, 5; 2) . (2.44)
4

The equation for fz, which is equivalent to (2.42), can be shown to be [See, for ex-

ample, Refs. 121 and 122]:

mlml

{—(%-—7’;-Vp-vs—ik [5n("p‘ +—32— z)—én(p — )]} L5, §: 2)=0. (245)

The kinetic equation derived above is valid only in the parabolic approximation re-

gime. More general forms of kinetic equations can be found elsewhere [93-104].
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2.3.2 Liouville Approximation

In general, the kinetic equation of the WDF given by (2.42) or (2.43) is difficult to solve.
Expanding the sine operator in the Taylor series, we may rewrite (2.43) as
9L 9.V +2kn( z)[—1—§ Vy — e (%, )+ ] F=0.(2.46)
0z P ' 2k P8 31 Y2k Tp T8 e

In the Liouville approximation, we take only the first term of the series expansion,

which results in

oF = -
rra +0-V,F+V,on(p, 2)-VoF =0 . (2.47)

This equation is exact only for inhomogeneities whose spatial dependence is linear
or quadratic, since in (2.46) the third and the higher-order derivatives of dn vanishes.
However, for general higher-order inhomogeneities, say, cubic or exponential inho-
mogeneities, it is only an approximate equation. The validity of the Liouville approx-

imation will be discussed in the next chapter.

The kinetic equation (2.47) can be solved easily using the method of characteristic

equations [119]. The characteristic equations are given by

%(zz-)—=5(z) , (2.48)
46 .
diz) = V,8np(2), 2] , (2.49)

and the WDF is conserved along the characteristics, i. e.,

FIp(2). 8(2); z1=Fo[p(0), 6(0); 0] . (2.50)
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For notatic_m'al convenience, we will use the following notations in what follows:
0, 9, po and 50 for p(2), 5(2), p(0) and 5(0); x,y,0, and 6, for x(2), y(z), 6,(z) and 6,(2);

Xo Yor 0,0 @and 6,4 for x(0), y(0), 6,(0) and 6,(0).

In optics, the conservation of the WDF F along ray trajectories is often referred to as
the Liouville theorem, which states, alternatively, that phase space volume is con-
served along the direction of propagation z [44]. In other words, the Jacobian deter-

minant, which is related to phase space volume by

—_
—

op 08 - =

0po €0

dp d8 = J(

becomes unity in the Liouville approximation. This, in turn, may be viewed as the

conservation of energy.

We note that the characteristic equations (2.48) and (2.49) are the geometrical-optics
(G.0.) ray equations. They are, however, different from the classical G.O. approxi-
mation in two respects. The WDF and other quantities concerned (e. g. irradiances,
etc.) can be computed through caustics or ray crossings, and some diffraction effects
are included in the Liouville approximation. The WDF F(p, 5; Z) is not a fully
geometrical-optical quantity, and the second term in (2.47) [or (2.43)] represents

diffraction.

As a simple example, consider a Gaussian beam propagating in free space [99]. For

an input beam-wave with beam width W,
- — oYWl
u(pg) = e~ 7™ (2.52)

the input WDF can be calculated from its definition (2.36):
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2

- T = W - 2 2 _ 2,42 p2
FolPor 8g) = — @~ i/t o= W fl2 (2.53)
In free space, dn =0 and the trajectory equations become linear:
0 =0, =const. , (2.54)
p=po+6pz . (2.55)
Thus, the output WDF is given by [cf. Eq. (2.50)]:
F(p. 8:2) = Fo(p — 82, 0)
2 R 2.56
_W o= 26 - 0271w}~ KW} 62 (2:56)
2n )
After some manipulation, we find
- = Wo _, 2w — kWY - BIR)2
F(o, 0;z)=—2-n— e” P o p , (2.57)
where
w2 = W2 1+ 42%K*wg]
(2.58)

R = (22 + 4K°Wg)/z .

The evolution of the WDF described by (2.57) is plotted in Fig. 2.3. The r.m.s.
spreading of ray angles is 1/k*W?, which indicates diffraction effects. Notice that it
goes to zero as kK — oo in the classical G.O. approximation (which fails to include

diffraction effects).

Up to now, we have discussed three-dimensional problems. For two-dimensional

problems, all the formulations remain the same except that p, 5 are replaced by
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Figure 2.3 Evolution of WDF in phase space: beam wave propagation in free space.
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x, 6, , and the corresponding operations (e. g. differentiation or integration) should

be modified appropriately. The details will be shown in the relevant chapters.

2.3.3 Wave Propagation Calculation with Gaussians

In order to obtain the output WDF from (2.50), we need to integrate the characteristic
equations, (2.48) and (2.49), from 0 to z. If they can be integrated analytically, then

we obtain the characteristic curves:

5 = fp(—b.O’ 90) ’
9 =

L = (2.59)
folpo, o) -
If f, and f, are invertible functions to give
Po=1,"(p. 6) ,
- fo o (2.60)
o=fé— (p, 0) ,

then F(p, 5; Z) can be easily obtained from Fy(p,, 50) as in the free-space case dis-
cussed before. In inhomogeneous media, however, f, and f, are nonlinear functions
of p, and éu, and hence they can not be inverted in general. We may overcome this

difficulty by a method that includes Gaussian decomposition of the input WDF.

The first step of the wave-kinetic numerical method is to discretize Fy(p,, 5,,) into a
sum of Gaussians, utilizing the Poisson sum formula for a Gaussian function [78,

112}

o0

2 2 = 2
Ax N emtemaiE_q L) oMM cos2nmaAx) . (2.61)
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If Ax<s, then we may drop the summation term in the right-hand side with error less
than 10-%. By multiplying both sides of the resulting equation by an arbitrary function

f(x) ,-we obtain

2 2
0~ —25— " fnax) e C" | (Ax < 5 (2.62)

- Jrs 5

This discretization formula (or Gaussian interpolation) turns out to work very well for
a smooth function f(x) , if Ax is sufficiently small. We may choose different values for

s and Ax, but our experience indicates that the choice Ax = s is optimal[112].

After discretization with Gaussians, an input WDF Fy(p,, 5,,) can be formally repres-

ented as

4

— ; _ , ,

Fok) =D A exp| = D im0 = Xno)Xno — Xio) | (2.63)
i m,n=1

where X = (X0 Xo00 Xs00 Xeo) = (X0 Yoo Oror 0,,) represents the four-vector at z=0 in

the four-dimensional phase space, and X§ = (Xio, Xi» Xio» Xia) = (X3, Yb, 0l 6'5) corre-

spond to Gaussian centers.

Now, let us introduce new variables for difference coordinates, 6ﬁxg=§;—§3,- and
Sxt=x—x , where ¥*=(x, y, 0, 6,) represents the four-vector at z=L and
xt=(x, y', 0, i) are Gaussian centers. Since x, and xi, (m = 1, 4) satisfy the same
trajectory equations, (2.48) and (2.49), Sx* can be found as a function of éAxg , @ non-
linear relationship in general. If for each Gaussian beamlet, o), (m, n=1, 4) are
sufficiently large, then the beamlet is confined within a very small patch in four-
dimensional space around its center, and an inhomogeneous medium can be ap-
proximated as a locally homogeneous one within the corresponding region along the

trajectory (of the Gaussian center in configuration space). Under this condition, 6ax3

transforms linearly into 6—.x‘ as each beamlet moves along a ray trajectory, I. e.,
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ox* =P oxt | (2.64)

where P' is a constant-coefficient matrix which will be referred to as a propagation
matrix for convenience. Since energy is conserved in the Liouville approximation,
|Pi| =J(6x/6x8) =1, and thus P’ has its inverse. Let us introduce a transformation

matrix which is defined as T'=(P)-'. It follows that
Sxe =T ox* . (2.65)

Substitution of this into the discretized input WDF (2.63) results in the desired output
WDF:

4
FR) =D A expl = D &y (tm = Xi)xn = x0) | (2.66)
i m,n=1
where &, = [(T)-' A/ T'],., with A'=[a,.], and the Gaussian centers, x*, can be cal-

culated (either analytically or numerically) from the trajectory equations.

Once F,(x*) is obtained, the expression for irradiance at z=L can be found analyt-
ically by wavenumber integration of F,(x*) as in (2.37). The result will express that the
irradiance /,(p) as a weighted sum of Gaussians in configuration space, which can be

computed numerically without any difficulty.

Errors introduced by the discretization and the linearization (i. e., approximations for
linear propagation matrices T' ) will tend towards zero as Ax — 0 . [Note that we
chose Ax =s in the discretization formula (2.62).] As will be seen in the following
chapters, Ax can be made relatively large for moderate accuracy. More importantly,
errors involved in the Liouville approximation ( which will be referred to as the first-
order approximation in what follows) become significant as the refraction effects get

large. When (r.m.s.) ray bending due to refraction (usually represented by r.m.s.
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refractive a_ngle fluctuation multiplied by distance) is large, we need higher-order
approximations. Discussions concerning higher-order approximations and the valid-

ity of the first-order approximation will be presented in the following chapters.

2.4 Huygens-Fresnel Diffraction Formula

Let us consider a plane wave incident normally on an infinite screen at z=0, which
has a plane aperture. The field at z can be found from a diffraction integral. Scalar
diffraction theory was first developed by Huygens and Fresnel. A more rigorous
mathematical approach was made by Kirchhoff with two crucial assumptions about
boundary conditions, which turned out to be inconsistent [43-45, 120]. The math-
ematical inconsistencies were removed by Rayleigh and Sommerfeld by making use
of a proper Green’s function for the scalar Helmholtz wave equation (2.5). The re-

sulting expression takes the form of [43-45, 120]:

. K . "R : -,
E(r)=;,;fd2p S+ ) EB ) (2.67)
SI

where R=|r —p’|, 7 =(p, z), and S’ represents the aperture plane. Assuming that

R >> A(i.e.,z >> 1)and E(p’) =0 outside of the aperture, we may write (2.67) as

- k > 2 "R _ o
Er)=57| 990 —gElp’) - (2.68)

—00

-Now consider a random phase screen (or a thin slab of random inhomogeneities). In
the thin-screen approximation, only the random phase fluctuations through the
screen are considered, with neglect of other scattering (e. g. refraction) effects. We
may then apply the diffraction integral to the phase-screen problem with E,(p) =

e®), where ¢(p) is the random phase fluctuation at z =0 introduced by the screen
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of thickness D. In this case, S’ in (2.67) corresponds to the output plane of the phase
screen. (If the above approximation does not hold, then we have to treat the thin slab

as an extended medium.)

If the smallest scale size ¢ of a phase screen (or the minimum aperture size of a
conventional diffraction problem) is much less than the distance z, then R in the de-
nominator of the integrand of the diffraction integral (2.68) may be replaced by z. The

phase factor kR can be expanded as

==, -0 (-5
kR=k\/22+(p_p )2 ~ kz + 57 - 823 +

If the third and higher terms are negligible compared to unity (i. e., k£*/z* << 1), then
we may keep only the first two terms (the Fresnel approximation). Using the defi-
nition for u(p, z) given by (2.6), i. e., u(p, z2) =E(r) e-* , we obtain the Huygens-

Fresnel diffraction formula:

- * 2 N
u(p, 2)= J d’p’ "¢ PV ), (2.69)

-—00

2niz

where u,(p) = e*® with ¢(p) being the random phase fluctuation introduced by a
phase screen. Here we note the following. First, this expression is a formal solution
of the parabolic wave equation with dn = 0 [cf. Eq. (2.8)] for an initial condition u,(p) ,
i. e., this can be obtained directly from the corresponding Green’s function. Sec-
ondly, if k¢?/z << 1, then this Huygens-Fresnel diffraction formula reduces to the

Fraunhofer diffraction formula.

Let us now reformulate scalar diffraction theory using the angular-spectral represen-

tation. We define a two-dimensional Fourier transform as
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Up(@) = f o*p uyp)e™” (2.70)

(2n)?

which is called the angular spectrum of the field yy(p) . It is noted that angular spec-
trum is usually represented by direction cosines («, B, y) such that g = (ka, kf) and
y=m, where g, « and f are equivalent to R, 6, and 6, defined in the
previous section. (For small-angle diffraction, the direction cosines a, f become
angles.) We now want to represent the field at z, E(p, z), as a superposition of plane

waves propagating in different directions,

E(p, z)=j d%q E(3, 2)e9° . (2.71)

Since E must satisfy the scalar Helmholtz equation (2.5), E must also satisfy the cor-

responding differential equation

2 . N
-aizz—E + (K =—g)E=0. 2.72)

A unit-amplitude plane wave travelling with direction cosines (a, 8, y) is then simply

given by

olMeax+By+y2) _ Li@p+ /K =a" 2) (2.73)

If we choose

~ - . 2 _ 2
E(@, 2)=Uyq)e'V 9 %

, (2.74)
then E satisfies the differential equation (2.72). Substitution of (2.74) in (2.71) results
in

- * i i 2 2 -
E(p, z)=J‘ d’q 9P N  TT 2y Q) . (2.75)

—00
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For small-angle diffraction, g << k? (or a?+ f* << 1 ). We note here that if
o« + f2>1 , then the components of the angular spectrum becomes evanescent
waves. By taking only the first two terms in the binomial expansion of the term,
m , we obtain the angular-spectral representation of the Huygens-Fresnel

diffraction integral:

- > -..-. - 2 -—
ulp, z) = J d’q 9P ™ 1 yyq) . (2.76)
This expression can also be obtained directly from the Huygens-Fresnel formula
(2.69), by applying the convolution theorem for the two-dimensional Fourier transform
to the diffraction integral, which is in the form of the convolution integral. The above

derivation, however, gives us more physical insight.

For the two-dimensional problem, this can be done similarly [See, for example, Ref.
85]. In the small-angle approximation regime, the Huygens-Fresnel diffraction for-

mula and its angular-spectral representation are given by:

oo N2
u(x, 2) =~/ 27’;_2 _[ dx’ e XV 122y (xy | (2.77)
—o0

and
o0 . 2
ux, 2= [~ og ™ e™ P yyq) | (2.78)
—oo
where the one-dimensional Fourier transform is defined as

Ug(g) = 5 f  dx 0 yy(x) . (2.79)

—0o

Methods and Models for Simulation 32



In our numerical simulation, the angular-spectral representation will be used. The
reason is that it allows more efficient computation than the direct application of the
diffraction integral [cf. Eq. (2.69) or (2.77)], since the chosen input spectrum U, (which
is the Fourier transform of e for a phase screen problem) will be band limited. To
compute u(p, z) [or u(x, z)] for a given u, using the angular-spectral representation
(2.76) [or (2.78)], we need two Fourier transform operations. We note that the
Huygens-Fresnel formula may also be applied to an extended medium, by using the
simplified model where an extended medium is approximated by many equally-
spaced phase screens. More details for implementation (with a fast Fourier trans-

form) and application to extended media will be discussed in the following chapters.
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Appendix A2.1 Calculation of Two-Dimensional Spectra

For the von Karman spectrum, we have from (2.19) and (2.24):
[oe] 2 2,,,2
D, 5(k) = f dK, a C2 (kK2 + Ly + K2y e g™ &+ K)lkn (A2.1)
—00

After some manipulation, this may be rewritten as

2,2 oo 2
D, 5(K) =a C2 (K + Lg2) P g™ I¥m j dt 121+ FY (A2.2)
0

where f2 = (k? + L3?)/k% . Using the integral representation for the Kummer function

[cf. 13.2.5 in Ref. 117], we obtain
1 1 - —
O, o) =1 «Ch (5, ==, )+ 157 e (A2.3)

For small § (i. e., k << k,, ), this may be simplified as

J7 T(4/3)
—_—

2,2 —2\—4/3_— 1K}
e 46 (k2 + Ly )P , (A2.4)

(Dn, a(K) ~

where the asymptotic expansion of the Kummer function is used:

[(b-—1) 1

Y(a, b, 2)~ 0

as |z| »0. (A2.5)

For the Gaussian spectrum, equations (2.19) and (2.25) lead to the expression

O, o(k) = f°° dK, (27 )22 <n?> e~ & HINI (A2.6)
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A trivial integration of the Gaussian function results in

- xzfz 14

D, K)=(@2r) 2 <on’> e (A2.7)

Appendix A2.2 Calculation of Number Densities of the Gaussian Eddies

von Karman spectrum (3-D):

By replacing K in (2.24) by \/p , we obtain
G(p) = C2(p + L) "B g=Plm | (A2.8)

where ¢,, = 1/k,, . The inverse Laplace transform is given by the following Bromwich

integral [118]:

B+ioco
F(C)=$ dp G(p)e™ , (A2.9)

P—ico

where f is a real number such that § > —L;?. We note that p =— L;? is the only
branch point (or singularity) in G(p). Let z=—(p + L3?). Substituting (A2.8) in (A2.9)
and changing the integration variable to z in the resulting expression, we can show

that

z .
F() = C2 o™ /L —2—’n—f dz (—2) 8o M (A2.10)
CI

where the contour C’ runs from f’ —ico to f’ + ico with 7 <0. Now we may deform
the contour C’ to the Hankel contour C, which starts at + co on the real axis, circles
the origin in the counterclockwise direction and returns to the starting point [cf. 6.1.4

in Ref. 117]. It follows then that F({) becomes
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ch__(c_fz)swe—«—fi)/d (>
FQ =] T(11/8) " T (A2.11)

0 . <

Using the relation,

F(¢ = —;— 52) =272 <n’>5° n(s) , (A2.12)
we obtain
o136, o2 , .
"2 s?— 26’?,,)5/6 s 6 22 . s2> 2/?,,
n(s)=| [(11/6)<dn > (A2.13)
0 . sP<2p? .

von Karman spectrum (2-D):

From (2.27), we have

Jr T(4/3)

G2(P) = ~Fr17g) aC2(p + L3P o=Ptm | (A2.14)

The same procedure as in the three-dimensional case leads to [cf. Eq. (2.21)]:

Jr L@, — -y _i f —4[3 _~2(~ )
F)(8) = —I:W xCpe o ’dZ (-2) e . (A2.15)
After deforming the contour C’ to the Hankel contour C , we obtain
Jrach N IR
R =| T Cém e » $2m (A2.16)
0 , (< é’f,, .
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Using the relation,
R = —‘,12— sz) =272 <én’*>s3n(s) ,

we obtain

2P Jr « C5

2 2
: $2_ 25,211)1/3 36 —2£2) /218
n(s)=| I'(11/6) <don®>

0 '

Gaussian spectrum (3-D):

For ®,(K) given by (2.25), we have
Gp) =2 /m) 2 P <on?> e P4
From the relation (2.18), one can see easily that
FO)=@J/rn) 2 <on®> 5(0—¢%4) .
Using (A2.12), we obtain

8/2 2o(s—212) .

n(s) = >

Gaussian spectrum (2-D):

For @, ,(x) given by (2.28), we have
Gyp) = (27 )2 < bn?> o~ 14

The relation (2.21) gives rise to

Methods and Models for Simulation

2
s* =20,

s’ < 2{’; .

(A2.17)

(A2.18)

(A2.19)

(A2.20)

(A2.21)

(A2.22)
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F0) = (Jr) 2 <8n®> 60— £214) .
From (A2.17), we obtain

n(s) == r26(s—¢12) .
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(A2.23)

(A2.24)
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3. One-Dimensional Gaussian Phase Screen

The simulation schemes discussed in the previous chapter are applied to the prob-
lem of a one-dimensional Gaussian phase screen with a (unit amplitude) plane-wave
input. The simulation model and the wave propagation calculations with the wave-
kinetic numerical method and the Huygens-Fresnel diffraction formula for this specific
problem are discussed in detail. An available analytical expression for the
covariance of irradiance is also presented, and the results are compared with those

from numerical simulations.

In this and following chapters, we will normalize all the length parameters with re-
spect to the scale size ¢ [See Sec. 3.1 for its definition], whenever convenient, and
denote them by putting bars on top of the original variables, for example, k =k¢,

X =x|¢, Z (or L) = z|¢ (or L|?).

3.1 Simulation Model

Let us consider a plane wave propagating through a one-dimensional phase screen

with a Gaussian correlation function given by

2 2
By(x, 2)=n2e™ @+ 3.9)

where #? is the variance of the refractive index, i. e., 3= <dn?*>, and ¢ is the cor-

relation length or scale size. (Note that there is only one scale size, //\/2—, in this
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case as was shown in Sec. 2.1.) The geometry for this problem is sketched in Fig.
3.1. Using the results from Sec. 2.1 [cf. Egs. (2.10), (2.33), and (2.34)], the fluctuating

part of the refractive-index fluctuation én(x, z) can be modeled by

Ne
c\2 c\2
on(x, z) = ’IOZ Am 9—2[("— x5l +(z- 22)11€ , (3.2)

m=1
where g, =+ 1, and eddy centers, (x5, z5), are uniformly distributed over the rec-
tangular region of thickness D and width W. (Later in this chapter, we will discuss
criteria for choosing the values of these parameters D and W in our simulation.) The
number density of Gaussian eddies (with the scale size (/\/—2_ ) per unit area can be

found from (2.33):
Ng = 4/nt? . (3.3)

It follows then that the total nhumber of eddies N; in (3.2) is given by

NE=NXNZ , NX= _V}- ’ Nz= \/— % ’ (3‘4)
4
where N, and N, represent the average number of eddies along the x- and the z- axis,

respectively.

For a phase screen problem, we usually assume a thin-screen approximation, i. e.
that through a layer of thickness D with random inhomogeneities all other scattering
effects except phase fluctuations are negligible [cf. Sec. 2.4]. The phase screen

problem is then simply described by a phase correlation function,

- let’z

B,(x) = ¢5 e (3.5)
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Figure 3.1 Geometry for numerical simulation of one-dimensional Gaussian phase

screen.
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where ¢, is the r.m.s. phase fluctuations in the layer of thickness D at z=0. With the

thin-screen approximation, the expression for ¢(x) may be found from,
- o
¢(x)=kj dz én(x, z) . (3.6)
-D

Provided that D >> ¢, we obtain

Ne
d(x) ~ ¢OEZ gy, 0 2 IE 3.7)
m=1

with

Poe =/ '72r— kéng (3.8)

Using this expression, we can generate a Gaussian random phase with an arbitrary

bo.

The relationship between the correlation functions, B,(x) and B,(x), can be found from

(3.6):

B,(x) = k2D I “ dz B,(x, 2) . (3.9)

—00

From this equation or directly from (3.7), we can show that the phase correlation
function from this model results in the expression (3.5), with the variance of phase
fluctuations at z = 0 being given by

$6= doe Ny = /n k¢Dr . (3.10)
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Since we are interested only in the resulting phase fluctuations at z=0, én(x, 2)

given by (3.2) may be simplified as

. Ne
o c\2 2
én(x, z)=n, E Gy @ 2L Xm) +2 e (3.11)

m=1

which would be valid if the displacement of eddy centers Az < D/2 does not change
results at z= L appreciably, i. e. D << k¢? (If the condition does not hold, then we
have to treat the phase screen as an extended medium.) This leads to the simplified
model for the phase screen, which is shown in Fig. 3.1. This simplified model will
be used in our numerical simulation. The continuous random variable x¢, is generated
by a continuous uniform random number generator. The discrete random variable
g. (=t 1) can be generated either by a discrete random number number generator
or by a continuous random number generator. [When we use a continuous random
number generator, we assign + 1 if the generated number is greater than 0.5 and
— 1 otherwise.] We note that this simplified model reduces computing time consid-
erably, since we have only a single layer of Gaussian eddies. If the observation dis-
tance L is much larger than ¢, then this simplified model will give rise to the same
results as the original model given by (3.2), asymptotically. In keeping with this

notion, equation (3.11) may be simplified further:

Ne
6nx, 2)= [Z 1ot ) G e ~20= 1 505y (3.12)

m=1

This will be referred to as an impulse approximation: an impulse in phase or angle
is introduced at z=0 [See Sec. 3.2 for similar treatment, i. e., equivalent approxi-
mation, for trajectory calculations in the wave-kinetic numerical method]. Note that
this approximation is consistent with the thin-screen approximation mentioned be-

fore.
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Another important quantity is a random angle which results from a random phase
fluctuation ¢(x) . Previously [cf. definitions for the WDF and the trajectory equations:
Egs.-(2.36), (2.48), and (2.49)], we have defined 6 at a_given point (x, z), as 8 = k,/k,
where k, is the x-component of the wavevector k = (k. k;) . In the small-angle ap-
proximation regime such that k, << k, this quantity is approximately an angle in

radians, as well as a tangent of the angle. From the relation k, = d¢/dx, we obtain

6(x) =— . (3.13)

1 d
By(x) = — 7(2—;)(—2 By(x) . (3.14)

Substituting (3.5) in (3.14), we find

—lee’z

By(x)=93(1 —2x*/) e (3.15)
where 8 is the variance of angle fluctuations at z=0,
93 = 20307 K% . (3.16)

Let us now introduce several important parameters which are very convenient for

describing phase screen (or extended medium) problems. We define

Y=L’:/L ’
{=L/f=2¢oly ,

(3.17)

where L, = k£? is the distance at which diffraction effects become significant (it is of-
ten referred to as the Fresnel distance), and f = L./2¢, represents the focal length

of a Gaussian phase lens [3, 85]. Note that any two of the three parameters,
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v, {, and ¢,, describe a phase screen problem completely [See the analytical ex-
pression for C(x) in Sec. 3.5]. The parameter y is a measure of diffraction. Diffraction
effects are negligible (G.O. region) when y >> 1. In the Fraunhofer region, where
diffraction” effects are important, this parameter is much less than 1 (y << 1). Next,
the parameter { is a measure of refraction. When { ~ 1, we are in the random fo-
cusing region, and irradiance fluctuations are dominated by random spikes. In the
limit of { << 1, rays do not cross each other, and thus interference effects due to
refraction becomes small, which results in weak irradiance fluctuations. When

{ > 1, we are in a highly-saturated Rayleigh-statistics regime.

The effects of { (with y or ¢, fixed) on the scintillation index o? [cf. see Eq. (3.87) for
its definition] are shown in Fig. 3.2. The curves are obtained by numerical integration
of the analytical expression for ¢?, which will be discussed in Sec. 3.5. The curves for
o? reach at their maxima (due to focusing effects) in the region, 0.5 < { < 1.0, for given
values of y and ¢, , which are greater than certain lower limits. As y or ¢, increases,
random focusing effects appear at the values of { close to 0.5. We are interested in
the random focusing region, since the wave statistics in the two limiting cases,
{ << 1 (weak fluctuation regime, where o2 << 1) and { >> 1 (saturation region,
where ¢? ~ 1), are rather well understood. Thus, in our numerical simulation, it is
convenient to choose y = 13.856 (G.O. region), and the values for { will be chosen

between 0.0 and 1.0.

Even though y and ¢, (or {) determine a phase screen completely, we will assume
some specific values for the physical parameters, k and ¢, throughout this and the
following chapter. We let k = 1.0472x 107 (which corresponds to the wavelength of the
He-Ne laser, A =0.6 um), and £=102m . (Notice that in ground-level atmospheric

turbulence, typical values for the inner- and the outer-scale of turbulence are given
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Figure 3.2 The effects of { on o with y (or z) fixed; with ¢, fixed [see Eq. (3.87) for

the definition of the scintillation index ¢? ].
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respectively by /,=10"*m and L,=10m.) It follows that £ >> 1 and the small-angle

approximation can be applied.

3.2 Wave-Kinetic Numerical Method

Consider an input beam wave,

2,2
= Xo/Wo

ug(xg) = € , (3.18)

where W, is the beam width, and for a plane wave we let W, — co . As before, we use
the following shorthand notations for 6(z) and x(z): § = 6(L) and x = x(L); 6, = 6(0) and

X, = x(0). For two-dimensional problems, we have [cf. Eqs. (2.36) and (2.37)]:

= gy |7 = —ikés - S P A

F(x, 6;2)= o= I-wds e u(x + > Z)u (x > z), (3.19)
and

%, 2)=k j “ 40 E(%, 6:7) (3.20)

where the bar notations are used for the dimensionless parameters k, X, Z, and §,
as mentioned before, and F = F/¢ . From this definition, the input WDF is given by

_ W —2,—2 2= 2, 2
Fo(X, 60) = L g 0 W o=k Wo60[2 (3.21)

Jax

Now we wish to compute the output WDF F,(X, 6) and the irradiance /,(x) at Z = L for

a given realization of the screen [cf. Fig. 3.1], using the wave-kinetic numerical
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method. We will discuss the Liouville approximation first, and then the third- and

higher-order approximations.

3.2.1 Liouville Approximation
We first discretize the input WDF given by (3.21) with Gaussian beamlets to obtain

N,

—_ . : = Aol inAul T2y 2 2
FoRo, B0)= ) A, e~ Fomn8012AX =i 00712 (3.22)
n=1
where we let the beamlet spacing Ax and the r.m.s. spread of each beamlet s be the
same [cf. Eq. (2.62)]. The constant coefficient A, is given by

W otn Ao\ 2
A,,=—°e 2(n Ax)?| W,

o . (3.23)

and N, represents the number of rays. Here, F, is discretized only for X,, since we are
interested in a plane wave for which W, — co and the term e-%*%2 is already
sharply peaked around 6,=0. The trajectory equations for this two-dimensional

problem are given by [cf. Eqgs. (2.48) and (2.49)]:

d x(2)
dz
d0(z)
dz

)

(z
F (3.24)
0x

on[x(z), z] .

First we consider a single Gaussian eddy centered at (x., z.) so that dn(x, z) =
o 8P+ a-22¢8 | For weak refractive-index fluctuations (5, < 10-%, typical in the
atmosphere), we may integrate the trajectory equations by an iteration-perturbation

method [111, 112]:
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6 =65+ A(L)

L
x=Xxg+ 0y L+ f dz A(z) , (3.25)
: 0
where
P4
, 0 '
A(2) =J dz ax [én(x, 2")], - X0 +28, ° (3.26)

0

We note that A(L) is very small compared to unity. For a beam wave with
W,=>¢~0(102m), we have 8 ~ 1/kW, << 1 since k is of O(10’ m~") in optics. Thus,

for L—2z, > ¢, we obtain [111, 112]:

0 = 80 + A
(3.27)
x=xg+6,L+(L—-2)A,
where
— -
A=—-2/2nn,d e , (3.28)

with d = [x(z.) = x.]/¢ = (x, + 2.8, — x.)]¢ . We now assume that the expressions for
6 and x given above hold for z>z, and 6 =0, , x=x, for z<z,. This will be called
the impulse approximation [cf. Eq. (3.12)], i. e., we assume that impulses in phase or
angle are introduced at z=2z_. This approximation does not describe accurately what
happens to a ray within a few lengths ¢ of the eddy center (x., z.), but it is
asymptotically accurate (within the validity of the approximations made for trajectory

calculations).

Now, consider the Gaussian eddies lined up along the x-axis as shown in Fig. 3.3, so
that dn(x, z) can be represented by (3.11). Using results for a single Gaussian eddy

and the bar notations, we obtain (with the impulse approximation):
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Figure 3.3 Two-dimensional Gaussian eddies lined up along the x-axis. Parame-

ters for wave-kinetic numerical method are shown.
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0=00_+A

o (3.29)
X=Xo+290+Z-A '
where
Ne
— prrd —_
A=-2/2nn5 ) Gndne ™", (dm=%o—Xn) . (3.30)
m=1
_ 1 do(x,) .
We note here that A(x,) = -E— AR Similarly for the center of the n-th beamlet, we
0
have
0,, = 0,,0 + An
(3.31)
7n=)?n0+29n0+z_An ’
where A, = A(x, = X, i. €.,
Ne
- —= -
Ap=—2/2n 1, Z Gm 9nm g2 v (dpm=1Xpo— ;fn . (3.32)
m=1

Let us introduce new variables for difference coordinates in two-dimensional phase
Space: 0x, =X, — X, 00, =0,—06, : OX=X—X,, 606 =0—0, . It follows then from

(3.29) and (3.31) that

Ne
—_ oy 4 — prr 4
56 = 665 — 2215 ) G (G 072 = Ty 0™2) . (3.33)
m=1

By expanding the first exponential in a Taylor series around d,, = d,, , we obtain
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Ne
oy - —
00 ~ 600 —22n Mo Z Am (1 - 45,2,,") e—w’m (dm - dnm)

— (3.34)
= 660 + An' 5;0 ,
where A, is the derivative of the angle impulse for the n-th ray, i. e.,
Ay == ARz -5 3.35
n dfo 0/ xg=Xpg ° ( . )
Similarly for 5x, we obtain
x=(1+LA,)0x,+ L 66, . (3.36)

Equations (3.34) and (3.36) may be combined in a convenient matrix form:

bx =P 5, (3.37)
50 "6, '

14+LA, L
P,= , : (3.38)
A, 1

with

Note the similarity between the propagation matrix 7, and the ABCD matrix in
Gaussian optics. We note that |T,| =1 as mentioned before, which indicates that
energy is conserved in the Liouville approximation. Now the initial coordinates 50

and 66, can be related to the final coordinates éx and 80:

-7 , (3.39)
56, 50

with

P (3.40)
"M Ay 1+0A '
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Substituting (3.39) in (3.22), where x, — n-A—x—=50 and 6, =66, (since X,,=n Ax and

0., =0 in this case), we obtain the output WDF:

. N,
A T2 A T A 2
F,(%, 0) = Z A, o [Bx 0" =234 8x 80+39 6] (3.41)

n=1
where

&x =0y + 0y A,,’2
&=, L +oayA, (14+LA,) (3.42)

&0 = ax E2 + ao (1 + L—An,)z
with

a,=1/20x% , op=k'Wy?/2 . (3.43)

Finally, the expression for the irradiance at z = L can be obtained by the wavenumber

integration given by (3.20):

N,
Aol > o\ ryrent
1,(%) = 1 Z 1 o 2MBX) [ Wo® = X = X)'[25,8x" (3.44)
2n n=1 ISnI

where

2= _L_ 2+c?, (3.45)

kWoAx

with

C,=1+A,L, (3.46)

and the ray center X, is given by (with 6,,=0):
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Xp=Xo+A,L , (Xo=nAx) . (3.47)

Notice that C? in (3.45) is not the structure constant defined in Sec. 2.1. The ex-
pression for A, and A, are given by (3.32) and (3.35), respectively. Now for a plane
wave, W, = oo and thus S, in (3.44) may be replaced by C,. It follows that (3.44) be-

comes

N,
— 1 1 - (% = X,)}j2ciaxt
I, (x) ~ e nl 1€ CE (3.48)
Jan ; |C, |

which is the final expression for the irradiance at z=L from the Liouville approxi-
mation (or the first-order approximation). In the following section, the third- and
higher-order approximations will be introduced, and the region of validity of the

lower-order approximations will be discussed.

3.2.2 Higher-Order Approximations

First, we wish to re-derive the result of the previous section in a slightly different way.
Using the idea of the thin-screen approximation, we let u(x, z=0*) = e*® where
¢(x) is given by (3.7), as in the Huygens-Fresnel diffraction integral formulation [cf.
Secs. 2.3 and 3.3]. It follows then from the definition that the WDF at z = 0* for a plane

wave input can be represented as [cf. Fig. 3.4]:

_ o P S
Fo (%o, 00)=21—n J d5 e~ gPo+ =90 =] (3.49)
—00

The phase difference in the above equation can be expanded in the Taylor series:
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Figure 3.4  Validity of lower-order approximations.
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[oeed

- — _ A(2m) = ) _ -
_¢(70+%)—¢(70——;—)=2km=0 (,‘,m—ff),(—‘;f-)? A (3.50)
where A®™(X,) = d?"A/dx¥" with
Jb(s
A(Rp) = —;—- ﬁ%‘)) : (3.51)

If we take only the first term in the series expansion of the phase difference and apply

the discretization scheme, using the approximate equation (with error < 10-7),

= = 2 aA 02 —
Z e® =% 28 (g nAX) (3.52)

1
N

1~

then (3.49) becomes

=, — 1 1 X = —ikS[0y —A(Kg)] .~ (Ko — Xn0)2 /20X
Fo (%o, 00) ~ =—— J das e 0Tl gm K0T . (3.53)
o Xo Yo 21 Jon Zn: .
Since each Gaussian beamlet is sharply peaked around X, A(X,) = A, + A, (Xo — Xn0),
where A, = A(X,,) and A, = A’(x,,) are given by (3.32) and (3.35). With this approxi-

mation, we obtain

_ o0 - B T hyew
FH %o, 05) ~ 11 z J o5 K00 = 8,5%) o= 5xg/2Bx" (3.54)
T n —00

27r\/2—_

where 60, = 6,— A, and 6x, = X, — X,, as before.

The coordinate transformation in free space is described by [cf. Eq. (3.39)]:
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P _‘T, 3x .
s6,| "o’ (3.55)

e [1 -L
n=|:0 1]- (3.56)

Combination of (3.54) and (3.55) results in

with

F.(%, 0)= % \/_1__ Z J’ * o5 o-KS80- 8, @Ex—L o)) j- Bx — L s0/28x" (3.57)
27! n —00

Now the irradiance can be calculated from the wavenumber integration of (3.57) as in

(3.20). After a simple manipulation, it is given by

(%) =5 ;n Zj_m ds j_w ot [o7h¥] [o"0w &0 o= @-02S"] | (355)
n Y—oo oo
where y = k/L = k¢?/L [cf. Eq. (3.17)]. We note that the inner integral is in the form
of a convolution integral. (Here we should mention the following. In this specific
case, i. e., in the first-order approximation, it would be easier to do s-integration first,
which will yield the expression (3.48) in the previous section. In the higher-order
approximations which will be discussed in this and the next chapters, however, the
resulting expressions for /(x) [cf. (A3.3), (3.68) and (A4.9)] can not be integrated with
respect to s first. Since all the expressions include the same convolution integrals
in their inner integrals, we utilize the convolution theorem which leads directly to
closed form expressions for the irradiance spectrum II(Q) [see below]. Thus, we use
the convolution theorem even in this first-order approximation to find an expression
for I:(Q), which will be compared with those from the higher-order approximations.)

Let us define the Fourier transform of a function g(x) as
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g(Q) =-217 J " 4% o™ g(¥) . (3.59)

(We put the factor ?17;- here to be consistent with the usual definition for the Fourier

transform in the theory of random wave propagation [cf. Defs. (2.3), (2.36), (2.70), and

(3.19)].) By replacing the terms in the brackets by their Fourier transforms, we obtain

—_ Ax o QE-%) | = =, Q
L(xX)=5=— f dQ e "j ds 6(5+=-)
en Zn: oo o Y (3.60)

TURA 15—l
xo~ M85 Q2

After the integration with respect to s, this becomes

W=~ o0 @) | (3.61)
with
Q) =-‘;—7’§ Z o~ o= X'Cia2 (3.62)
n

Here, C, and X, are given by (3.46) and (3.47), respectively. We note that this ex-
pression for /,(x) reduces to (3.48) in the previous section. Thus, the Liouville ap-

proximation is equivalent to the first-order approximation in the phase difference.

Similarly, we can show that if we take the first two terms (the third-order approxi-
mation) in the series expansion of the phase difference, (3.50), then the spectrum of

irradiance TL(Q) is given by [cf. Appendix A3.1]:

One-Dimensional Gaussian Phase Screen 58



7L(Q) =% Z I:e""’?"Q e'azc’fgzn] [e_,ﬁggam] ) (3.63)
- n

where
B = (kA P12y = [6®(%,0)1" %12y . (3.64)

It is interesting to note that this expression can also be obtained by applying the
two-scale expansion (which is introduced by Frankenthal et al. [121]) to our problem
with the discretization scheme [Appendix A3.2]. Notice that the third-order approxi-
mation has the correction factor e-#3"2, Since 3~ ¢./y* ~ {/y?, for a given y = k/L
this reduces to the first-order approximation if { is sufficiently small. We can see this

more clearly from Fig. 3.4. The irradiance at Z =L results from the field components

S
2

with r.m.s. angle fluctuation 9,, §,, ~ 29,L (~¢) as shown in Fig. 3.4. Thus, in order

u(x, £ =) at z=0 [cf. Egs. (3.49) and (3.50)], where § < 5,,. For a given phase screen
for the lower-order approximations (in the phase difference) to be valid, we need
{ << 1 (or beamwidth must be small if the beamwidth is smaller than s,,) [cf. Eq.
(3.50)]. Numerical results, which are presented in Sec. 3.6, indicate that the first-
order approximation is valid for { < 0.2 . Since we are interested in the random fo-
cusing region where { ~ 1 [cf. Sec. 3.1], we need a more accurate expression for

I(x), i. e., a higher-order approximation, which is valid for all { (or at least for { < 1).

Now, we wish to introduce approximations of higher order than third. Rewrite the

phase difference given by (3.50) as:
6%+ 5 ) — 9% — 3 ) = KAGKS + (%o, §) (3.65)

where

One-Dimensional Gaussian Phase Screen 59



h(%y §)=2k

m=1

@m) = -
A (XO) <_;_)2m+1 ) (3.66)

2m + 1)!

Following the same procedure as in the first-order approximation [cf. Egs.

(3.53)-(3.57)], we can show that

Eoc o1 1 = ihy(5) —ikS[66— A,'(6x — L 60)]

— (6x — L 66)%2Ax*

X e

where h,(S) = h(X, = X,,, S). As before [cf. Eq. (3.58)], the wavenumber integration of

F.(X, 0) leads to:

Y
I(x)= o

3 'hn(s)f d —iysg K58y (6x =}
=2 e [ a8 ¢ [e*][e

oo oo (3.68)
e—(éx —£)2128x ] .

The inner integral is again in the form of the convolution integral. After the same

manipulations as in the first-order approximation, we obtain

’L(Q) _Ax Z [ —-iX,Q —Ax 2ckq? /2][ —ihy (5 —Q/y)] (3.69)

where the oddness of the function h,(S) is used, and x, and C, are given by (3.47) and
(3.46), respectively. Compare this with the expression (3.62) from the first-order ap-
proximation. The second term in the square bracket, =2/, is the correction term.
Using the fact that X,=X,+ L A,, we may rewrite the above equation as [cf. Eq.

(3.65)]:
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~ Ax = 7 L = Q772242
IL(Q)='2_: Y. 7 g o+ 2y )m# 0= g NG (3.70)

where the random phase ¢(x) is given by (3.7). For the purpose of numerical calcu-

lation, we compute only the scattered part of the spectrum, i. e,

Q) = F(1(%) - 1}

___%_:_ Z R {e”’[¢(;ﬁ°+%)"”(;"°“%)] o BX°CIO%2 _ e-&’a’;z}' (3.71)
where F represents the Fourier transform operation. Numerical results for various
diffent values of y (or ¢,) indicate that Q,,,~ y. (We note that x,,~ O(1), C2~ 1, and
thus 1,,(Q) ~ {e- ¢ — 1} e-2%%2 §(Q) = 0 for Qfy >> 1, where 5(Q) repres-
ents the Dirac delta function.) Notice that the Gaussian terms e-2%39%2 and g- »%a%?2
may be replaced by unity for sufficiently small Ax such that Ax << 1/y . Once the
spectrum of irradiance is computed, irradiance /(x) can be calculated by taking the

inverse Fourier transform of E,(Q) using a fast Fourier transform algorithm [cf. Eq.

(3.61)].

To check the validity of the higher-order approximation (3.70) [or (3.71)], we now wish
to find the analytical expression for /~L(Q) , starting off with the initial WDF I-T,,+ given by

(3.49). Using the coordinate transformation in free space [cf. (3.55)]:

[2] ) [; _f] [Z] ’ (3.72)

we obtain

_ o0 05 IF — [oe S )(F — [0 £
F(X, e)=—21; f ds e K0S gl#x — Lo+ 3 )=¢ ~LO=77)] (3.73)
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The wavenumber integration of the output WDF (i. e., integration with respect to k6)

leads to

N oo oo m_nE s S
;L(;)=?Vn_ j 5 J dE e~ 7E =D GIoG+ 3 -0¢- 5] (3.74)

from which we find

~ oo T =, S - s

Q) =—= j 65 F{e™7*} Fx{e’f¢<‘+"z‘>-¢<x"z‘)]} . (3.75)
(2n)° Y-

where F, is the Fourier transform operator for the variable X. After performing the

Fourier transforms with respect to x [See Eq. (3.59) for its definition], we obtain

2n

—0O0

~ . ) - s, Q - Q
Q) == J dx e @ g e+, )mek =501 (3.76)

For sufficiently small Ax, the Gaussian term in (3.70), e-&%4a%2, becomes unity, and
the higher-order approximation (3.70) is essentially the trapezoidal-rule integration
(or Riemann sum) of the analytical expression (3.76), which is exact within the validity
of the thin-screen approximation, uy(x) = e*® [cf. Eqs. (3.49) and (2.69)]. Thus, the
higher-order approximation in the wave-kinetic numerical method is equivalent to the

Huygens-Fresnel diffraction integral formulation.

3.3 Huygens-Fresnel Diffraction Formula

For a one-dimensional phase screen, by introducing the bar notations in the
angular-spectral representation of the Huygens-Fresnel diffraction integral (2.78), we

have
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- > iax _—iq%|2
u(x) = J dg e e™ ¥ Uyq) , (3.77)

—00

where y = k/L = k¢#?/L, and

U 1 | -  —igk _ipx)
o(q) = o dx e e . (3.78)
—oc0

Here, ¢(X) is given by (3.7) with x/¢ and x,/¢ being replaced by X and Xx,, respectively.
The irradiance at Z = L is then calculated from /,(X) = | u(x) |2 [cf. Eq. (2.37)]. Note that
for the spatial angular frequency g the bar notation is not used since this would not
cause any confusion in the following. Thus, g in the above equations is a
dimensionless quantity. In the expression (3.77), two Fourier transform operations
are involved. A little manipulation facilitates a direct application of an existing fast
Fourier transform algorithm (i. e., it allows us to avoid operations involved in an FFT
like shift and flip around the (-%l- + 1)-th data point, where N is the number of discrete

data points for FFT) [85].
We may introduce the following discrete data points:
)?,,=(n—-1——/;L)Kx—. qm=(m—1——l;L)Aq, (3.79)

where Ag = 2z/N Ax. It follows then that
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)

’qun "'IQmIZY x Z I¢k —iq'”x—k
=Aq Z e o 2 e

m=1 =1
N N N 2 N
- % Z 2 (M=1= 5 )n=1= )N o=i(AQ)" (m=1= )2y (3.80)

m=1
N

‘ N N
x Z 0!k =27 (M=1= 7" Yk=1=5")IN ‘
=1

where u, = u(x =X,) and ¢, = ¢(X =X,). Let m’=m — N/2. Then (3.80) becomes

’ . 2 ’ 2
Un=% <Z+ Z > (e2nl(m =1Xn=NIN o=i(8q)° (m'=1)"[2y Om) ' (3.81)

N
_ Z g~ 2m (M'=D(k=1IN ity (3.82)
k=1

We note that U,,,. is periodic in m’ with period N, i. e., l.},,,.m = U,,,, and similarly so for
the first exponential term in (3.81). Thus, by shifting the summation index m’ in the

second summation term in (3.81) by N, we obtain:

N
: ; 2,,2
u, = % Z g2 (M=1)n=1)IN =i(Aq)’ M*[2y Om ' (3.83)
m=1
where
m-1, m < N[2
M = (3.84)
N+1-m, m>N|2.

This expression can be written more compactly as
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. 2,,2 i
°, = F; {e—:(Aq) M2y Fk[ e'¢“]} ’ (3.85)

where F, and F;' represent a forward FFT with respect to index k and an inverse FFT

with respect to index m, respectively.

3.4 Calculation of Statistics

To compute wave statistics from many realizations, we put a number of receivers
across the observation plane, which are equally spaced with a distance As [cf. Fig.
3.1]. (In fact, the number of receivers is equal to the number of irradiance points for
each realization.) In our numerical simulation, we put 11 receivers separated by
As ~0.1¢ [cf. Sec. 3.6].) The data from each receiver (for many realizations) are
stored, and the statistics are computed a posteriori. Let us denote the number of
receivers and the number of realizations by N, and N, respectively. For each re-
ceiver, we have N, sample data. In this section, we denote the irradiance at z = L by

I(x) (which was denoted by /,(x) in the preceding).

First, we wish to define the statistical quantities of interest. The normalized

covariance of irradiance is defined as

<[F)-<I>IX+X)—<I>]>
<1>2

C(X) = , (3.86)

where the bar notations are used, and < /> is the mean of irradiance fluctuation,
which is set to be unity in our numerical simulation. The normalized variance of

irradiance, which is usually referred to as the scintillation index, is then given by

<[l—</>]2>

of = C(0) = (3.87)

<|>?
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It is more convenient to use a differently normalized covariance, instead of the nor-

malized covariance (3.86). We define the normalized covariance as
c(X) = C(X)la} . (3.88)

The statistical quantities given above can be computed using the following estima-

tors.

Since we have a discrete set of data, we denote the covariance C,(k KE) simply by

C/(k) . We use an estimator for C,(k) defined as

Nl . T . T
é\l(k) _ %I Z U4 () = L]0 g (D) — L] ' (3.89)
i=1

()2

where

N

- |

=37 > heal) o k=012, Ng=1) . (3.90)
=1

In the above equation, we used I-,,,,1 just for convenience. We may replace I-,‘+1 by 7,,
Ng-1 _ _ -
or we may use - > s forlyand /,,. Since </>=1.0in our case, for large N, (
s k=0
=1000), we may simply set /, = I,,, ~ 1.0 as well. Using this estimator, the scintillation

index and the normalized covariance can be computed [cf. Eqgs. (3.87) and (3.88)]:
A2 A Ao A A2
5 =C(0), &) =C®/s] . (3.91)

Here, we need to mention the problem of outliers briefly. In numerical simulation,
sometimes there appear unusually large or small samples for some realizations,
which are often referred to as outliers. There are often statistical reasons for re-

moving those outliers. More details will be discussed in Sec. 3.6.
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To obtain error bounds of the estimators, we need analytical expressions for the
variances of the estimators. The standard error of an estimator, which is used as a
convenient measure for error bounds, can be calculated from the corresponding
variance by taking its square root. To compute the variances of the estimators ex-
actly, we have to know the probability distribution (of irradiance), which is of course
unknown (except a few limiting cases). Thus, to get crude error bounds, which seem
to be sufficient for our purpose, we assume that /(x) is a homogeneous Gaussian
random function with a variance ¢?. We note here that /(x) is homogeneous, but not
Gaussian, in general. (Several probability distribution functions for irradiance have
been proposed, which include log-normal, Rayleigh, Rice-Nakagami, K, I-K, etc. [cf.

Refs. 60-76].) Under the assumption, one can show that [114]

Var(l) = a?/N, , (3.92)

2(N,— 1) ot ~ _2_04
ng ) )

Var(c?) = N
I

(3.93)

To get some idea of error bounds for ¢(k), let us now consider a standard type of

(normalized) covariance estimator,

A AA
rk=Rk/Ro ’ (3.94)
with
Ny —k
N 1 - -
Re=- > Uh=Dl=D . k=0,12,..) (3.95)
S j=1
where I, j=1, ..., N,, correspond to irradiance samples for a single realization. The

covariance estimator IQ,, is different from é,(k). However, if ergodicity holds (and N,
for ﬁ’k and N, for é,(k) are large enough), then iﬁ,, becomes equivalent to é,(k) [78, 114,

123]. We could then use iﬁ,{ with large N, (or take an average of ﬁk for a relatively large
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number of realizations), but our preliminary numerical study indicates that it is more
efficient to use é,(k) (with small N, and large N)). In other words, it turns out that
simulations with small number of sample points and many realizations are preferable
to simulations with more sample points and fewer realizations. According to Box et
al. [123], the variance of r, for large N, is given by (with the same assumptions for

I(x) as mentioned before):

o0

Var(r —1\11— Z r,, ok Py — 4y My +2 r2 r,f} . (3.96)

This can be used as a crude estimate for the variance of ¢(k) . To see the behavior
of Var(r,), consider an exponential covariance function, r, = e* ', One can show that

[123]:

2 2k
Var(F,) ~ —N% [ a ”j )—(1/?2_ﬂ ) _ o 32“] . (B=eT%. (3.97)

It is informative to note that the standard error of the normalized covariance estimator

is zero at k=0, it becomes maximum at k ~ 1/(1 — ?) (i. e., a corresponding integer

value), and it approaches J(1 + BY)IN, (1 — ) as k goes to infinity. (We can see this
behavior from the simulation results in Sec. 3.6, i. e., the errors become maximum

around X for which ¢(x) is close to zero.)

We note that the covariance estimator F;’,, (equivalently é,(k) ) is a biased estimator,
but the variance of f%k is much smaller than the variance of the corresponding unbi-

ased estimator R, [ = RN,/(N, — k)] for k > 0 [114].
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3.5 Analytical Expression for Covariance of Irradiance

From the Huygens-Fresnel formula (2.77), we have

/ oo : 2
u(x, Z) = 27/;2 J dXA‘ el¢(X1) elk(x— X1) /22 y (3.98)

where ¢(x) is a random phase fluctuation at z=0 [cf. Eq. (3.7)]. Thus, irradiance at

z=1L is given by

] oo . ; 2 2
I(x,2) = _Z:_LJ‘ dx, J‘ dx, o' [Px)=0()] ik [(x=x))" = (x=xp)"][2L (3.99)

—00
The correlation of irradiance can be found from this expression, i. e.,

B(x) = <I(x/2) I — x[2)>

) 00 oo )
=J dX1J dX2I dX3J dX4 r40(X1, X9y Xa, X4) (3'100)
—oco —o0 —oco

—00

9 ei(?k‘_—)[(—’zi—x,)z—(%-—xz)2+(-;-+xs)z-(%+x4)z] ’

where

(1= b2+ b3 = 80 5,

Caolx1, X X3 Xg)=<e , (3.101)

with ¢, = ¢(x).

Since ¢(x) is a Gaussian random function with zero mean, I',, can be represented as

1 2
Tao(X1 Xon Xg Xg) =@ 2 @17 92+ ds=007>

. (3.102)
=e" 200 +< P1 P2 >+< P3P >+<P1 Py >+< P $3 >—< P P3>—-< 4>

with < ¢, ¢, > = @3 e~ %~%¢ [cf. Eq. (3.5)]. Let us introduce new variables:
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X = 'l— [(X1 + X3) + (x2 + XA)]
§=(x1+ X3) = (X3 + X4

¢y = ’;— [(X1 — X3) + (x2 - x)] (3.103)

£ = [ —x) = (= x9)] -

We note that dx, dx, dx, dx, = dX d¢ d¢, d¢,. For a statistically homogeneous medium,

I, is independent of X. Since the exponential term in (3.100) becomes

o (Tealh —04ex] (3.104)

with the new variables, we obtain, after performing integration with respect to X:

k o ., [ k
8= (5o )2 "ot [T [ o [2rs(L8) | riters & £=0
00 Y—oo  Y=oo (3.105)
« oL Veeer =0
From (3.103), we have, for (=0 : x,—x,=—(x,— %)=&, X, — X=X, — X, =¢,
X, —x, =&+ &, and x,— x, = &, — &,. It follows then that
k_ [ * -3 &) () & (&)

BI(X)=_2—7-I_L—J dC1J dé, e T S gl 1A , (3.106)

where
2 2 2 2
M€y, E)=2—20 1 _p 8l L =G+ 81E 4 o= Gi=8)'10 (3.107)

We may rewrite B(x) as
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—o0 ¢ 3

i) =oAr [ I R N A R 2

(3.108)
° ~f — B 8 () 8 Gy
‘+J. dﬁzj dé, |e” Tor S et L IR T
—oo )
By letting &," = — £, and &, = — £, in the second and the fourth term, respectively, and

by using the fact that f(¢,, &,) = f(&,, &)= f(—¢&, &)= (¢, —¢&,), we obtain, after a

simple manipulation for trigonometric functions:

n

[o%e) §1 2
B/(X)=—2’Z L dé, L dé, 6~ %o :;)[ cos( ka€1 )+ cos( kaég )]
(3.109)

X cos(—k%).

If we let u=¢,/¢, v={¢,/¢, and X = x/{, then the correlation of irradiance becomes

A2 [ [, i v = =
B(X)=— J du_[ dv e~ "% [ cos(yxu) + cos(yxv)] cos(yuv), (3.110)
0 0
where
-u? T L S (o
flu, v)=2-2e " —26 " +e +e . (3.111)

For numerical calculation, it is more convenient to rewrite this as

B/(X) = — = ! — ¢4 R, v) X
(X)=— | du] dve {2 cos(yxu) cos(yuv) (3.112)
0 0 .

+ cos[yv(u + X)] + cos[yv(u — X)]} .
The covariance of irradiance and the scintillation index can be calculated from

C(X)=B(X)—1.0, o2=C/(0) . (3.113)
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We notice that when ¢2 >> 1 (good even for ¢3 2 6 ), f(u, v) can be approximated as

~ (2 2 2
flu, v) ~ 5 ( 07 >v=ov 2B v°, (3.114)
where

pu)=1—(1 -2 . (3.115)

To compute the integral given by (3.112), we use an adaptive quadrature (a truncated
Chebyshev series) algorithm useful for integrals with strongly oscillating integrand,
introduced by Piessens et al. [113]. Using this algorithm, we can compute one or both

of the integrals,

S(w)| [? sin(wt)
[C(w)] - L 4w [cos(wt)] ' (3.116)

to within a user-specified absolute tolerance ¢,, or relative tolerance ¢,.

3.6 Numerical Simulation

We first discuss some important input parameters for numerical simulation. The in-
put parameters are defined, and general criteria for choosing the values of those pa-
rameters are discussed, in Sec. 3.6.1. The implementations of the wave-kinetic
numerical method and the Huygens-Fresnel diffraction formula are studied by
single-realization calculations, and results for single realizations from both methods
are compared to each other, in Sec. 3.6.2. Finally in Sec. 3.6.3, we present simulation

results for ¢ and c(X) from the wave-kinetic numerical method. The results are
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compared with those obtained from analytical expressions given by Egs. (3.112) and

(3.113).

3.6.1 Important Input Parameters for Numerical Simulation

As shown in Fig. 3.5, in numerical simulation the width of the screen W must be finite,
which can cause edge effects.

First, we wish to discuss the edge effects in view of the wave-kinetic numerical
method. Let the width of the region occupied by the receivers at z=L be W,. Let

us also introduce the spread parameter L, such that
Le=3%,L . (3.117)

Since we are realizing a medium with Gaussian eddies, although the eddy centers
are confined within the region of width W (and thickness D, or along the x,-axis in
case of the simplified model), the numerically generated inhomogeneity is rather
smooth (not very sharp) around both edges at x, = + W/2, but statistically it is highly
inhomogeneous in the region within a scale size ¢ from the edges. It follows that
irradiance data within several L, ‘s (=3 L,) from the edges in the observation plane (
x =+ W/2), where rays from the edge regions arrive, include errors. From prelimi-

nary numerical simulations, we found the following rule of thumb:
wW-wsz10L, . (3.118)

Using the relations for 9, and { given by (3.16) and (3.17), this also may be written

as
W-w,25/2¢, " (3.119)

where the bar notations are used (i. e., W = W/¢, W, = W,/?).
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Figure 3.5 Geometry for numerical simulation, which explains edge effects. Rele-

vant parameters are indicated.
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In the Huygens-Fresnel diffraction integral formulation, edge effects may be explained
in terms of edge diffraction. Suppose now that the edges are very sharp, for con-
venience. Using the Huygens-Fresnel formula, we can derive (more systematically)
a similar criterion for the margin of the screen width, W — W,. Substituting the
angular-spectral representation for uy(x) given by (2.78) in the Huygens-Fresnel for-

mula (2.76), we obtain [cf. Appendix A3.3 or Ref. 85]:

_ oo - 2.7 —
u(x, L) = J dg e e 9 y(g9)G(x, L, q) , (3.120)

—00

with

(3.121)

Here, the bar notations are used, and the function g, represents the Fresnel integral,

defined as

g(®) =Lxdé ™12, (3.122)

Since the scale of y(X) [ = e#®] is of order 1/¢, for ¢, > 1 [85], most of the spectrum
of Uy(q) is contained within |g| <2r¢,. Now, compare (3.120) with the angular-
spectral representation for an infinite phase screen, (3.77). It follows that G must be
close to unity within the bandwidth (BW). Since g.(x) =~ \/I/—Z for x > 2, using the BW

given above, we obtain the condition

W—W,220, Lyp=2 '%*24”0%" (3.123)
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Using the parameters y and { [cf. Eq. (3.17)], this may be written as
W—Wszm/% +2nt . (3.124)

In our numerical simulation, y =13.856 >> 1 and 0<{ < 1, since we are interested
in the random focusing region [See the discussions following (3.17) in Sec. 3.1].

Hence it is certainly true that
W-w,zonl. (3.125)

We will therefore use (3.119) [or (3.118)] as the condition for the margin of the screen

width W, which is required for avoiding edge effects.

For a given M—/, (in our numerical simulation, we put 11 receivers separated by ap-
proximately 0.1 ¢ so that W, ~ 1.0 [cf. Sec. 3.4]), we have to choose a W which satis-
fies the relation (3.119). As mentioned before, the two important parameters, by
which a phase screen problem is completely determined, are y (= k¢?/L = k/L) and
¢, [cf. analytical expression for C(x), Eq. (3.112)]. For these two, the parameter { is
determined by the relation, { =2 ¢,/y. Thus, we have three important parameters, y,
¢, and W, assuming that W, and k are fixed (W, ~ 1.0, and k = 1.0472x10° [cf. Secs.

3.4 and 3.1)).

For a given ¢,, we are free to choose the number of eddies, i. e., the average number
of eddies along the z-axis, N, , or thickness of the screen D [cf. Egs. (3.4) and (3.10)].
In other words, if we change D (= D/¢) for a given ¢, then the number of eddies
changes and thus the r.m.s. value of refractive-index fluctuations, #,, also changes for
agiven k. A large Dis required for enough randomness for each realization. The
results for numerical simulation of random phase fluctuations [Eq. (3.7) is used to
simulate a Gaussian random phase with the correlation function given by (3.5)],

showed that D > 100 seems to be enough.
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Figure 3.6 Variance of phase vs receiver location: ¢2= 1.0. The receiver sepa-

ration is 0.1, and the number of receivers are 21.
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Figure 3.7 Normalized covariance of phase vs receiver separation: ¢, = 1.0.
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Simulation results for ¢z = 1.0 with W =5.0 and D =200 are shown in Figs. 3.6 and
3.7, where the data are obtained for M_/, = 2.0 with 21 sample points which are sepa-
rated by 0.1. We note that for N,= 1000, the simulation result for the normalized
covariance of ¢(x) (normalized with respect to the sample variance at x = — 1.0) is in
good agreement with the desired one, e-*, and the sample variances <2>§ at 21 sample
points are well within the range, 1.0-_tSE(<2>5), where SE($§)= \/W= 0.045 (More

accurately, Ag ise(é)g) include the desired variance ¢ = 1.0).

There are several other parameters related to implementation of the wave-kinetic
numerical method and the Huygens-Fresnel diffraction formula. First, for the wave-
kinetic numerical method [cf. Egs. (3.48), (3.61), and (3.71)], the ray spacing Ax must
be small enough so that errors involved in the discretization and the linearization for
the wave-kinetic numerical method [cf. Secs. 2.3.3 and 3.2.1] become negligible.
We note that to implement the higher-order approximation given by (3.71), where we
first compute the spectrum of irradiance 7(0.), we need an inverse FFT [cf. Eq. (3.61)]
to compute irradiance /,(x). [For the Liouville approximation, we use the direct sum-
mation formula (3.48). We may use the spectral representation (3.62), in which case
an inverse FFT is also needed.] We denote the sampling interval in the spatial fre-
quency domain by Af, which is related to AQ by Af= AQ/2r . Discussions regarding

the choice of Af will be given in the next section.

Next, to implement the Huygens-Fresnel diffraction integral [cf. Eq. (3.83)], we need
two Fourier transform operations. The sampling interval for a FFT will also be de-
noted by Ax, which is related to Af by Ax = 1/N;Af, where N, is the number of
sampling points. The interval in the spatial angular frequency domain, Ag, in (3.79)
and (3.83) is related to Af by Ag =2rAf . [Note that in the wave-kinetic numerical
method, the ray spacing Ax is not directly related to Af.] For the Huygens-Fresnel

formula, Ax must satisfy the Nyquist criterion, i. e., Ax < 1/2f .. » Wheref,, , is such
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that |uy(g)| ~0for |gql 2 2af,,. ., . It turns out from single-realization calculations [cf.
Sec. 3.6.2] that Ax for the wave-kinetic numerical method can be chosen to be ap-
proximately one half of that for the Huygens-Fresnel formula. This may be explained
as follows. In the wave-kinetic numerical method, we compute the spectrum of
irradiance T(Q) [or I(x) in case of the Liouville approximation], whereas in the
Huygens-Fresnel diffraction integral formulation we compute u(Q) [U(q) in the previ-
ous notation]. Since T(Q) is the autocorrelation of u(Q) , the BW of I~(Q) is twice as
wide as u(Q) [U(q) in the previous notation for H-F], and thus the corresponding factor

for Ax seems to follow.

Finally, we wish to mention a linear interpolation scheme briefly. In numerical sim-
ulation, much computing time is spent in calculating the random phase ¢(x) or the
random angle A(X) (= ¢'(X)/k). Thus, if we first compute and store discrete data ¢,
and A, with a certain interval KE for each realization, and then compute intermediate
values, whenever necessary, by a linear interpolation, then we may reduce comput-
ing time by making A_p as large as possible. Numerical calculations indicate that for
the Huygens-Fresnel formula [cf. Egs. (3.83) and (3.85)], we do not need the linear
interpolation scheme, since we need to compute only discrete phases,
$,=d(X = nAx) , in this case, and for Ap larger than Ax, the linear interpolation in-
troduces significant errors. On the other hand, for the wave-kinetic numerical method

(especially for the higher-order approximation given by (3.70) or (3.71)), we have to
2n
Y
requires the data d),,,,,=d>(n5127nmAf) and A, =A(n Z—x). [For the Liouville ap-

compute discrete spectral values T(nﬁi mAf), (n, m=0, *1,...), which in turn
proximation given by (3.48) or (3.62), we need to compute only A,.] Thus, we will use
a linear interpolation scheme for the higher-order approximation. It turns out that the
interpolation interval ZE can be made as large as Ax for the Huygens-Fresnel formula.

[Thus, the interpolation scheme will also be useful for the Liouville approximation,

One-Dimensional Gaussian Phase Screen 80



since (5),,,:2(5)%( .] Numerical calculations show that this works very well and

reduces computation time considerably.

In our current research, we are not interested in the optimization of the simulation
algorithms, i. e., choosing the values of the input parameters in such a way that
computing time is minimized for moderate accuracy. We are rather interested in the
accuracy of the simulation schemes discussed before. Since we do not want any
unexpected errors due to a marginal choice of the values of the input parameters,
we will allow enough of a margin for those parameters, and thus the values of the
input parameters used for numerical calculations in the following sections will be

somewhat different from those discussed in this section.

3.6.2 Single-Realization Calculations

In this section, the implementations of the wave-kinetic numerical method and the
Huygens-Fresnel formula with specifically chosen values of the input parameters are
discussed, and the results for single realizations from both methods are compared to
each other. In this and the subsequent section, we will use the following abbrevi-
ations for convenience. We denote the wave-kinetic numerical method with the
Liouville approximation by W-K(LV). The wave-kinetic numerical method with
higher-order correction to the Liouville approximation (which we called the higher-
order approximation before) will be denoted simply by W-K. The angular-spectral
representation of the Huygens-Fresnel diffraction formula will be abbreviated by H-F.
We noticed before that W-K is equivalent to H-F, within the validity of the thin-screen

approximation [cf. Sec. 3.2].

The phase-screen parameters for numerical calculations in this and the subsequent
section are: y = 13.856, 1.0 < ¢, < 10.0 . We first discuss a criterion for choosing the

value of the parameter Af for a FFT (for W-K, we need an inverse FFT to compute
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I(x) and for H-F we need a forward and an inverse FFT to compute u(x)). In single-
realization calculations, we have computed /(X) for |X| < W,,/2, where W,, (> W) is
large enough so that all the scattering effects from a finite screen with width W are
included within the region, i. e., for |x| > W,,/2 , I(X) = 1.0, which is the irradiance
from the input plane wave with a unit amplitude. Numerical results [cf. Figs. 3.9 and
3.10] indicate that for y = 13.856 and ¢, < 10.0, W,,,s 8.0 . Thus, to avoid the aliasing
effects, which may be introduced by an inverse FFT operation, we need Af S 1/W,, .

Assuming that W,,~ 10.0 (for W < 7.0 and the values of y and ¢, given above), we

choose Af~ 0.1 in our numerical calculations.

Throughout this section, we choose y = 13.865, W = 5.0, and D = 1000.0. The values
for Ax used to implement W-K and H-F are (A_x)WK=O.04 and (E)HF=0.08 . For
W-K(LV), we set Ax = 0.005 , which is considerably smaller than (E)w,( , Since we are
interested only in the errors inherent in the Liouville approximation and we wish to
avoid errors due to discretization. The interpolation interval A_p is chosen to be 0.08.
For both W-K and H-F, we choose N, = 128 and Af = 0.09766[ = 1/(0.08x128)] . The
number of sampling points for a FFT is chosen in such a way that N, =~ W,,,/E .
Similarly, for a given Ax and W.,, the number of rays (i. e., the number of the Gaussian
beamlets) is given by N, ~ V\—/,,,/Z; for the wave-kinetic numerical method. Notice that
the entire spectral content of 7(f) [= I~(Q = 2nf)] is contained within f<f,, =
Nerx Af[2 = 6.25, which is shown in Fig. 3.8. It follows that for a given Af, Nq for W-K
is large enough. We also note that (E)HF=O.08 is small enough for H-F, since

1/2 fmcx.u = 1/fmax,l 2 016

The irradiance data /(x) for |X| < 4.0 from single realizations are plotted in Figs. 3.9
and 3.10. The results from W-K(LV) and H-F are presented in Fig. 3.9, which indicates
that W-K(LV) is accurate for ¢,=1.0 [{ =0.144], but introduces some errors for

¢, =2.0 [{ =0.289]. More detailed numerical calculations for a single Gaussian eddy

One-Dimensional Gaussian Phase Screen 82



1.0

1 T 1 1 1
$3=1.0

81 _
T —
5
@
O
5 -
(73] o

8 I 1 1 L !

o T i 1 T !

0.00 1.00 2.00 3.00 4.00 5.00 6.00

F
§ 1 1 | | 1
| ¢3 = 9.0

81 i
h -
5
4
—
g
a -
(73] o

8, 1 l ! 1 L

o I i i R T

0.00 1.00 2.00 3.00 4.00 5.00 6.00
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indicate that W-K(LV) is valid for { $0.2 . If we include all the higher-order terms
(W-K), then the results become accurate, which is shown in Fig. 3.10. It is interesting
to note that for { = 0.2, the Liouville approximation introduces extra peaks in the place
where irradiance peaks appear. This seems to be due to ray crossings which occur
in those places. Thus, we can say that the Liouville approximation is good for smaller

{ for which the ray crossings do not occur.

Finally, we note that computing times for W-K and H-F are comparable. In the array
processor FPS 164 (manufactured by Floating Point System, Inc.), the CPU time for

the data in Fig. 3.10 from W-K and H-F are 5.50 secs. and 4.66 secs., respectively.

3.6.3 Computation of Statistics from Many Realizations

In this section, the statistical quantities ¢? and c(x) for one-dimensional Gaussian
phase screens are computed by numerical simulation. For wave propagation calcu-
lations, W-K(LV) and W-K are used. The simulation results are compared with those
obtained from numerical integration of the corresponding analytical expressions,
(3.112) and (3.113). The values for the phase-screen parameters are y = 13.856 and
$2=1.0, 12.0 ({ =0.144, 0.5). For the parameters W and D, we choose W = 5.0,
D = 1000.0 for ¢z = 1.0; W = 7.0, D = 4000.0 for ¢z = 12.0.

First, we wish to discuss the results from W-K(LV). To implement this, we let
Ax = 0.005. The corresponding number of rays are N, = W,,/Ax, where we let W,, =
10.0 [cf. Sec. 3.6.2]. We put 11 receivers separated by 0.1 ¢ so that W,=1.0 in this

case.

Irradiance fluctuations for ¢3 = 1.0 at the receiver at x = — 0.5 are plotted in Fig. 3.11,
which shows that there are some unusually large samples. (Note that for irradiance,

we do not have smaller outliers since irradiance is always positive and its average
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is 1.0 in our case.) To see this more clearly, we computed p(/) (i. e., histogram from
the data with an interval A/ =0.005). This is plotted in Fig. 3.12. The outliers are
usually classified into two groups: mi/d outliers and extreme outliers. For small N,,
or even for large N, [~ O(1000)], the effects of a few extreme outliers are significant,
especially for small scintillation index o? It appears that we have to remove the
outliers, to obtain a good convergence of the estimators as N, increases. The effects

of the outliers on variance are shown in Fig. 3.13.

For this problem (¢3 = 1.0), we have ¢? = 0.066 from the analytical calculation [cf. Eq.

(3.112) or Fig. 3.2]. Thus, we define outliers as I > 1,,, , with

lo=<1>+70,=28,

and we neglect the data for a specific realization, if any of the irradiance data from
11 receivers is larger than 2.8. We note here that this procedure for removing outliers
creates some difficulties in the general case for which ¢? is unknown. More system-
atic approaches used in statistics, especially in the area of EDA (Exploratory Data
Analysis), are recommended in that case. In EDA, the outliers are usually defined as
samples larger than Q, + 3s or smaller than Q, — 3s , where Q, and Q, are lower and
upper quartiles, and s is a sample standard deviation. In this way, we may define and

remove outliers from stored irradiance data, even when ¢? is unknown.

The simulation results for ¢3 = 1.0 [with the outliers ( > 2.8 ) removed] are shown in
Fig. 3.14, together with the result computed from the analytical expressions (3.112)
and (3.113). We observe that ¢(x) from numerical simulation and analytical calcu-
lation are in good agreement. We notice also that the scintillation index from simu-
lation, 62 = 0.068 is fairly close to ¢ =0.066 . Since the number of realizations N, is
1500 in this case, from (3.93) the standard error for o7 is given by

Si(6?) = a2 J2/N, = 0.0024 . Thus, we observe that 62 is within the range, o7 + S.(d?) .
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For the data in Fig. 3.14, we chose a rather large W, i.e., W=5.0, as mentioned be-
fore. The rule of thumb given by (3.119) [or (3.118)] says that for W,=1.0 and
{ =0.144, we need W = 2.0. The results for W =2.0 (all the other parameters are the
same and.-N, = 1950) are plotted in Fig. 3.15, which confirms the rule of thumb for edge

effects.

Next, the simulation results for ¢2 = 12.0 from W-K(LV) are shown in Fig. 3.16. Since
o? = 0.962 in this case, outliers larger than 8.0 (= </> + 7 o,) have been removed.
The number of realizations is 900. As expected, since W-K(LV) is not valid for
{ =0.5, the normalized covariance and the scintillation index from simulation are

quite different from those calculated from the analytical expressions.

Up to now, we have discussed the results from W-K(LV). We will now discuss the
results from W-K for the same phase screens (i. e., y=13.856 and ¢} = 1.0, 12.0).
As discussed in Sec. 3.6.2, we choose Ax=0.04 and ZE= 0.08. Also, we let
Af=0.09766 (=1/0.08x128) for ¢2=1.0 and Af=0.08224 (= 1/0.095x128) for
¢%=12.0. The number of sampling points for the inverse FFT, Ne, is 128. The values
for W and D are the same as before. We note that for the values of Af given above,
the receiver separations ( = 1/N.,Af) are 0.08 and 0.095 for ¢ = 1.0 and 12.0, respec-

tively.

Irradiance fluctuations for ¢2 = 12.0 at two receivers separated by 0.095 (¢) are plotted
in Fig. 3.17, and their magnified versions are shown in Fig. 3.18. We observe some
correlations between the data from the two receivers. Outliers also appear in the
irradiance data from W-K. Simulation results obtained without removing any outliers
[cf. Figs. 3.19 and 3.20], however, indicate that the effects of the outliers are insig-
nificant. It turns out that outliers in this case are mild (i. e., the outliers are not ex-
cessively larger than /,,). On the other hand, the outliers in case of W-K(LV) are

extreme ( >> /). We can explain this as follows. For each realization, eddy centers

One-Dimensional Gaussian Phase Screen 91



1.0
6> = 0.066 (anal)
0.068 (sim.)
0.5
0.0
— Aml.
O N-K W
_0.5 L 1 1 l
0 0.2 0.4 0.6 0.8 t

X/L

Figure 3.14 Normalized covariance of irradiance vs receiver separation: y = 13.856,

$3 = 1.0 ({ = 0.144); W-K(LV).
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Figure 3.15 Normalized covariance of irradiance vs receiver separation: y = 13.856,
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(including random signs, + 1, for the eddies) are distributed in a different fashion.
For any specific realization, eddy centers can be unusually grouped (possibly with
unusual distribution of random signs), which is common in numerical simulation,
which utilizes a random number generator. In the region, where the unusual local
grouping occurs, effective local ¢} (or {) would be very large compared to an average
value, and thus outliers appear. It follows that even for a phase écreen with smalli
{( £ 0.2), effective local values of { can be larger than 0.2, and thus, in those regions,
W-K(LV) introduces extra spikes [cf. Figs. 3.9 and 3.10], which results in extreme

outliers.

The simulation results for ¢ = 1.0 and 12.0 (without removing outliers) are shown in
Fig. 3.19 and Fig. 3.20, respectively. The number of realizations are 1500 for ¢% = 1.0
and 2495 for ¢z = 12.0. The results for ¢(x) from numerical simulation and analytical
calculation are in good agreement. We note that ¢(x) has larger errors around X =0
as we mentioned in Sec. 3.4. The scintillation index for ¢%= 1.0 from both methods
are fairly close to each other, i. e., 6?=0.067 lies well within o? + S,(s?), where
02 =0.066 and S.(o?)= 0.0024. For ¢3=12.0, o2 =0.840 is quite different from
o? = 0.962. Our experience shows that for strong phase fluctuations it is not easy to
obtain accurate results for 62 by numerical simulation, even though the normalized
covariance of irradiance c(x) comes out correctly. The standard error for N, = 2495
and o? = 0.962 is 0.027. It follows that 62~ a2 — 4.5S,(a?). [Notice that if we remove
the mild outliers mentioned above, then 62 becomes slightly smaller than this, and
¢,(X) remains almost the same.] It appears that it is more difficult to simulate o7 than

¢(x), in general.
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Figure 3.19 Normalized covariance of irradiance vs receiver separation: y = 13.856,
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Appendix A3.1 The Third-Order Approximation in the Phase Difference

If we take the first two terms in the Taylor series expansion of the phase difference,

bR +2) = $(%, — ). given by (3.50), then

I\)IVJI

B0+ 3) - 0o —5) = K| AR + 55 45| - (43.1)

Substituting this in (3.49) and following the same procedure as in the first-order ap-

proximation, we obtain

1
2n

95 -n?s'[ao- A,'(6x — L 66)) el-zT 8, s

EL(;’ 0 =

(A3.2)
—(6x —L 60) /2sz

X e

where we let A(x,) ~ A, + A, (X, — X,,) and A”'(x;) > A,’”’ for each beamlet. It follows

that the irradiance /,(x) is given by

o0 K o =300 -
/L(;)=% ! Zj ds e/ 24 4 SJ d¢ [e7*]

Ver 7 Y—oo —o0 (A3.3)
=, T \aAs?
x [e/ksA,., 6x =§) e-(éx—{) [2Ax ] )

Since the inner integral is in the form of the convolution integral, after replacing the
terms in the brackets by their Fourier transforms and performing integration of the

resulting expression with respect to the variable s, we obtain
oo N~
(%) = _[ dQ " 1,(Q) , (A3.4)
—oo

where
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~ Av - ——2.242 [ kAL 3
1(Q) = %’ Z [e_'X"Q g~ X GG /2][9"( >Q ] . (A3.5)
n

4,
24)'3

In the above equation, all the parameters are the same as in Sec. 3.2.1.

Appendix A3.2 Two-Scale Expansion

From (2.45), we have (using the bar notations):

B i 8 sz 5 I | - pepp—
{ -1 —/k[an(x +5)—snw -3 )]} [,% & 2)=0, (A3.6)
where

0, 5 )= u()?+-s;—, z‘)u'(f—%, 7). (A3.7)

Including the first two terms in the series expansion of 6n(7+—z—) - 6n(7—%) , we

obtain

53
x>

A

5n(7)] T,(%, §; 2)=0, (A3.8)

a . & A _d A3
[ FrA Yy, is =% on(x) — >4 (es)

where ¢ = k-4 = (k£)-, § = ks, and [,(X, § =kS; Z)=[,(X, 5; Z). Here, we notice

that there are two scales, s and ¢s. Thus, we rewrite (A3.6) as

2 3/2 3/2 ~ A
{3‘32.-_ i-é;(_a—ag—— i~ [5n(§+-§—2—§) - 6n(i—8—2—§)]} L%, 8 2)=0,  (A3.9)

and solve the equation for [, [with the initial condition [,(X, & 0)= In(X, §)=

I'y(%, §=23§/k) ], using a perturbation-series expansion with two scales § =$ and
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A

s, =¢s. After somewhat lengthy manipulations [See, for example, Ref. 121], the ¢&°

terms in the perturbation-series expansion yield:

(Lot L) FFo Kp, 05 8 2)=0, (A3.10)
where
-9 0 Mgy 0
Zq P + 6, A +6n""(Xp) 30, ‘ (A3.11)
L=y 2 4 5097 8, L~ L 5nO(x) &2 (A3.12)
c 1 a§1 0/ =1 691 24 0/ %1 » .

and F is related to ['(X, §; Z) = [,(X, $ =kS; Z) by

PR o5 o= oo ik | o =ik | *° ik6yS
oX, §; Z)__Z_n- dkg e dxg e dbye
) —o0 —o00 (A3.13)

x’é()?o, K4y = EKq, 60, §1=8/?§; Z-)=0 N

In (A3.11) and (A3.12), n“™(x,) =—(%ﬂ-;m—5n(5€°). Note that in this section, X, and 8, rep-
resent x,(Z) and 0,(z), not x(0) and 6(0) as defined in Sec. 3.2. From (A3.13), we can
see that if F is not a function of K, and §,, then it becomes the same as the WDF de-
fined as (3.19). If we neglect the correction term, %., then the resulting kinetic
equation is the same as that from the Liouville approximation. We denote the sol-
ution for the equation by F (X, 8, Z). Since F is not a function of Kk, and s, at z =0,
the initial condition is given by ﬁ()?o, Ky, O Sy 0)= Fy(x, 6, 0) . From (A3.11), the

trajectory equations for X, and 6, are given by

dx, db, F _
o =%, = —a)_(.—o on(xy) , (A3.14)
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which are the classical G.O. trajectory equations. It follows that F, can be calculated
as before [cf. Eq. (3.41)]. Now, we let F=H F,. It can be shown that F defined in this

way is the solution of (A3.10), provided that H satisfies the equation,

(%, + LIH=0, (A3.15)

with the initial condition H(X,, k,, 8, S,; 0) = H, = 1. Using the expressions for Z,and

Z., we can show that H can be obtained from the equation,
d i a3 3), =
—5 (InH)=—=5 on9F) . (He=1) . (A3.16)

The characteristic equations for k, and s, are

A
I W 3 50, (A3.17)
gz " Tz S o) » :

where X, in turn, satisfies (A3.14).

It is difficult to solve the characteristic equations for s,(Z) and x,(Z) in the forward di-

rection. To compute the irradiance, we need fz(i. §=0; 2),i.e.,

I(%; 2) =X, §=0; 2)

=_2_17—r-,[ dkg g j dxg o~ o J. dby ﬁ/(’-‘.o- Ko 90 2)

—00 —00

(A3.18)

where fé,()?,,, Ko O z_)=i3()7°, K,=¢tKg 0, S,=0; Z) . Thus, we can compute H by
tracing 8, and k, backwards with the conditions, $,(Z=_L)=0and k,(Z =L) = ¢k, . Let
us introduce a new variable { = L —Z. We replace Z in X, 8,, §,, ,, H by L —{, divide
the resulting expressions for s, and «, by ek, , and denote the results by X, By, Sy, K1,

and Ff, respectively. We also introduce

B = [3i/(ex0)] IN[H(O)/H(D)] . (A3.19)
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It follows then that characteristic equations given by (A3.14), (A3.16), and (A3.17)

becomes:
d;O . ~ dEo 0 ~
—=—0,, ——=-——=20n(X) ;
o 0 @ T gy,
ds. - dx - ~
RN N P oz
S
d ~
LT

where the corresponding initial conditions are x,(0) = X,, 5D(O)=G)°, 5,(0)=0, and
B((=0)=0. Note that X, =xX,(Z=L), ©®, = 6,(Z=L). Since X, is only a function of X,
and @, i. e., X, = X(Xs, Oy (), so are §,and f. Let B(X,, O {=L)=B,(X,, ©,). Us-

ing the fact that H({ = 0)= H(Z =L) and H{{ =L) = H,= 1, from (A3.19) we obtain:
— RV P
H(Z — L) — 6_( 3 Nexo) Bs(Xor 60) . (A321)

from which F = HF, (and thus IE,) can be calculated. Substituting the resulting ex-

pressions for ﬁ, in (A3.18), one can show that

I(X) =Ty%, §=0;Z=L)

1 [ o _ [ Xo—X _ (A3.22)
=5 d®, dXo — 5 Al v Fo(Xor ©p)
—oo s s

where Ai(x) is the Airy function defined as

oo 3
(3a)~" Ai[(3a)"" x] =21—n J dt o' @D (A3.23)

For a one-dimensional Gaussian phase screen, we can calculate §, without any diffi-
culty, using the impulse approximation. After straight-forward but tedious calcu-

lations, we obtain
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Bs(Xor ©p) = (kj2y)* A" (Xo— LOy) . (A3.24)

The expression for F,()To, ®,) are given by (3.41), with X and 6 being replaced by X,
and ©,. Substituting the expressions for f, and F, in (A3.22) and assuming that each

beamlet is sharply peaked around (x,, 8,) [cf. Eq. (3.41)], we obtain

@ Do [ (B[ e m ] s

where 8, =¢ 13X, =X,, ®,=6,) , and X, and C, are the same as in Sec. 3.2.2 [cf. Egs.
(3.46) and (3.47)]. Using X, =nAx=Xx,—L0,, (8,=A,) [cf. Eq. (3.55)], we can show

that

Bn=(k 8,")"12y . (A3.26)

Note that (A3.25) is the convolution integral. The Fourier transform [defined as (3.59)]
of (am)Ai( — ax) is given by -%—e-"’“’“ . Replacing the terms in the square brackets

by their Fourier transforms, we obtain

1(%) = J' “dQ T () , (A3.27)
where

~ Av - —2.2~2 233

Q) = -‘;—;t‘- Y. [o7%a om0 ] [e=P2F] (A3.28)

n

which is reproduced as (3.63) in the text. It is interesting to compare the complexity

involved in the above derivation with that in Appendix A3.1, which is much simpler.
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Appendix A3.3 Edge Diffraction

For a screen with width W, we have from (2.76) and (2.78) (with the bar notations):

k JWl? eu?(f —x"2l

u(x, L) = — dx’
2ril J_gpn

u(X') (A3.29)

where u,(x’) can be represented as the inverse Fourier transform,

u(X') = f dg ™ Uyq) . (A3.30)

Substituting (A3.30) in (A3.29), we obtain

— p oo w2 - g
uX, D)= [—*= J dq Uy(q) I _dxt o' ML (A3.31)
2ril  J_ —Wp

Let us change the integration variable: t=x" — x . After a simple manipulation, this

becomes
- oo L= T 2T -
u(, [)= j dg e 7% y(q)G(x, L, q) , (A3.32)
where

klll‘l

>, (A3.33)

_ - W[2-x k-
G(x, L,q)=.] k_ J dt ' 7t ™
2nil _W/z_;

Define the Fresnel integral as
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gr(%) =f:dé o F 12 (A3.34)

Let ¢ = /—l-(E— (t+—i:q> . It follows then that G can be represented as
Uy

(A3.35)

which is reproduced as (3.121) in the text.
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4. Two-Dimensional Gaussian Extended Medium

In this chapter, the simulation schemes discussed in Chap. 2 are applied to a two-
dimensional Gaussian extended medium. The input is assumed to be a plane wave
with unit amplitude. The covariance of irradiance, for which no analytical expression
is available in this case, is computed by numerical simulation. The simplified model
is used for realization of an extended medium, and for wave propagation calculations
the wave-kinetic numerical method and the Huygens-Fresnel diffraction formula are
used. The results from both methods are compared to each other. As in the previous

chapter, we will use the bar notations, whenever convenient.

4.1 Simulation Model

Let us now consider a plane wave propagating in a two-dimensional extended me-
dium with a Gaussian correlation function given by (3.1). The geometry for this
problem is sketched in Fig. 4.1, where L represents observation distance. As in the
one-dimensional phase-screen problem in Chap. 3, the fluctuating part of the
refractive-index fluctuation, dn(x, z), can be modeled as a sum of weighted two-
dimensional Gaussian eddies, the centers of which are uniformly distributed over the
rectangular region of thickness L and width W. For convenience, we reproduce (3.2)

here:
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Figure 4.1 Geometry for numerical simulation of two-dimensional Gaussian ex-

tended medium.
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Ne
c\2 c\2

m=1

where n,=<én?>"?, q, =+ 1, and (x5, z5) represent eddy centers. The number
density of Gaussian eddies per unit area is given by (3.3), i. e., N, =4/r¢?, and the
total number of eddies N; is the same as in (3.4), except that now we have to replace

D in (3.4) by L:

w L
Ne=N, N, , N, = ak N, = 7 (4.2)

Jr

In the simplified model as shown in Fig. 2.2 or 4.1, the medium is divided into thin
slabs, and all the eddies in each slab are projected into a single transverse line. We
denote the number of layers and the thickness of each layer, respectively, by N and

Z so that
Z=LIN . (4.3)

It follows then that the general model described by (4.1) becomes [cf. Fig. (3.11)]:

N Ne

c\2 c,\2
on(x, z) = Mo Z Z Ami 9_2 (= xm)" + @— 25D )¢
=1 m=1 (4.4)

N
= Zén,(x, 2),
=1

where N, is the number of eddies for each layer, i. e.,
Nig=NeIN (4.5)

and (x5, z5,) represent eddy centers for the I-th layer with
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zm=2Z(0-1), (=12...N). (4.6)

With the impulse approximation, which is equivalent to the thin-screen approximation
for each layer as discussed in Sec. 3.1 [cf. Eq. (3.12) and discussions following the

equation], equation (4.4) may be simplified further as:

N Ne

c\2
6nix, 2)= [Znot Y. ame 2T IsE 28 4.7)

=1 m=1

We assume that |dn| << 1 and Z is small enough (or N is large enough for a given
L), so that the thin-screen approximation holds for each layer. As in the phase-screen
problem, the phase fluctuation from each layer becomes an important quantity. We
denote the phase fluctuation introduced by the I-th layer by ¢,(x), which is related to

on(x, z) by

z0 +2/2
¢,(x)=kj dz én(x, 2) . (4.8)
27, =22

From (4.8) and (4.4) [or (4.7)], we find [cf. Egs. (3.6)~(3.8)]:

Nee
- S~ 2[2
B0 = bog ) G0 21 (4.9)
m=1
where

¢os=\/_12z‘kf’70 . (4.10)

We note that to describe an extended-medium problem completely we need three

parameters [cf. Eq. (2.7)]. (In the parabolic approximation regime, we need only two
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parameters as in the phase-screen problem, i. e., an electric field u(X, L) or moments
of the field I',, can be determined completely by two parameters [cf. Egs. (2.8) or
(1.1)], which will be discussed in detail later in this section. In our numerical simu-
lation, hoWever, we need three parameters since we have to realize an extended-
medium.) A convenient choice of the parameters would be 7%, l? and L. To be
consistent with the phase-screen problem in Chap. 3, however, we will use the pa-
rameters k, ¢, and y (or {) to describe an extended-medium problem. [Notice that
for the phase-screen problem the parameters ¢, and y (or {) have been used.] Using

the bar notations, we define y and { as before [cf. Eq. (3.17)]:

y=kIL , {=2dy . (4.11)
For convenience, we also introduce a parameter y, such that

y=klZ=yN . (4.12)

For physical implications of the parameters y (or y,) and {, similar arguments as in the
previous chapter [cf. discussions following equation (3.17)] will hold. The parameter

¢, represents the (total) r.m.s. phase fluctuation at z = L.

Now for ¢, we note that the following. For an extended-medium problem, in general,
it is not easy to find an expression for ¢(x) (and thus an expression for ¢,) for a given
on(x, z), where ¢(x) represents the phase fluctuation at z= L. One may therefore say
that ¢, is not a proper parameter in this case. In this thesis, however, we are inter-
ested in the random focusing region as mentioned in Sec. 3.1. Since random focus-
ing effects occur at {~1 and y > 1, we choose y=13.856 and 0<{ < 1.0 in our
numerical simulation. It follows that we are in the G.O. region (y > 1) and ¢(x) is

given by [cf. Egs. (3.6) and (3.7)]:
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L
d)(x)'sz‘0 dz én(x, z) . (4.13)

From this equation and (4.1), we find [cf. Egs. (3.5), (3.9) and (3.10)]:
o= doeNe=/n K L5 . (4.14)

The corresponding angle 6(x) is related to ¢(x) by (3.13), and the relationship between
8, and ¢, is given by (3.16). [If the equation (4.13) does not hold, then it would be

better to use a different set of parameters, for example, 5, k and L.]

As in the phase-screen problem, we let k = 1.0472x10” (1 =0.6 um) and ¢ =10"2m
throughout this chapter, so that the small-angle approximation (or the parabolic wave
equation) can be applied. As mentioned before, to determine an electric field
u(x, L) or moments of the field I',, we need only two parameters in the parabolic
approximation regime (but for numerical simulation three parameters are required
even in this case). Just for reference, possible choices of the two parameters will

be discussed briefly. In the moment equation (1.1), Q,,, is given by

n n n m
Qum = Z Z; AG—7) - Z; Z [AG — ) + A, — p))]
o - (4.15)

+ D D AGI =)

i=1 j=1

with

A(R) = J " dz B,p. 2) . (4.16)
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For a two-dimensional extended medium, we have to replace p, p, p/, A, and A/ in
(1.1), (4.15), and (4.16) by x, x, x/, 9%/0x}, and 0%/0x/? respectively, and B,(x, z) is
given by (3.1). One can therefore see from (1.1) that the parameters y and C such that

[see, for example, Ref. 50]:
=Lk (=1 . (=Jn k(=3 (4.17)

would suffice to determine [, completely. [Or equivalently, any two of the parame-
ters y, { and ¢, will do.] If one is interested in a field itself, u(X, L), then one may

choose k/L and n,&, instead of § and { [cf. Eq. (2.8)].

4.2 Wave-Kinetic Numerical Method

In our numerical simulation, we approximate an extended medium by N layers of
eddies, as discussed in the previous section. In this section, the irradiance at z = L
for a given realization of the extended medium will be computed, using the wave-
kinetic numerical method. For convenience, we introduce different variables for
transverse coordinate X(Z), angle 6(Z), and the WDF F(X, 8;Z), for each layer. The
transverse coordinate for the I-th layer, X[Z = (/ — 1)Z], will be denoted by X,_,, which
is shown in Fig. 4.2.

The variable 6,_, represents the angle just before passing through the I-th layer, and
6, represents the angle right after passing through the I-th layer. (Note that the im-
pulse approximation will be used in wave propagation calculations.) The corre-
sponding variables for the n-th ray center will be denoted by Xx,,,, 6,,,, and 6,,
respectively. For the WDF’s just in front of and behind the I-th layer, the notations
F(X_., 0,..) and F:,(X_,0,) will be used, respectively. In the observation plane,
Z=NZ =L, we denote Xy, Oy, X 0. and Fy(X,, Sy) simply by X, 6, X,, 6,, and

I?L(x, ), to be consistent with the notations used in the previous chapter.
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Figure 4.2 Simulation model which shows relevant variables for wave-kinetic nu-

merical method.
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The input WDF is given by [cf. Eq. (3.21)]:

- _ W, S T B Y
Fo(Xo 60) = \/59‘ o i eT IR (4.18)
T

where we let W;—oo for a plane wave. To compute the output WDF F(X, 0) and thus
the irradiance /,(x), we will first use the Liouville approximation. Next, the idea of the
higher-order approximations in the phase-screen problem will be extended to this

extended-medium problem, to obtain a more accurate expression for /,(x).

4.21 Liouville Approximation

Let us first introduce new variables for difference coordinates in two-dimensional
phase space: 5, =X, —X,, 00,=0,—0, . As before, we denote a discretization inter-
val and the number of rays by Ax and N,, respectively. With these notations, the

discretized input WDF can be represented as [cf. Egs. (3.22) and (3.23)]:

N,

— et 17yt 4 I ivrd 2

FoXo, 60) = Z A, e~ P02 g KW 8012 (4.19)
n=1

where 6x, =X, — X, With X g = nAx, 60, = 0y — 6,, with 8,,= 0 in this case, and

Wo ot/
A, = 2—: oA AN [Ws (4.20)

For calculation of ray trajectories, we utilize the impulse approximation for each

layer, as in the single-layer problem (i. e., the phase-screen problem). It follows that
. , -1 do(X)

the I-th layer introduces an angle impulse A(x) =— =

k
pulse for the n-th ray center becomes A, = A(X =X, ,_,) [cf. Egs. (3.29)-(3.32)]. Using

and thus the angle im-

the expression (4.9) for ¢,(x), we find
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Nie

Apy=—2{2r ng Z Grmi nmy o2 % v (Gpmy = Xpimt = X)) - (4.21)

m=1
Here we have assumed that the thickness of each slab, Z, is large enough, i. e.,
Z > 1. [Note that Z is also assumed to be sufficiently small, in order that the sim-
plified model and the thin-screen approximation for each slab may be valid. For a
specific value of Z used in numerical simulation, see Sec. 4.4.]. From the results of
Sec. 3.2.1 [cf. Egs. (3.39) and (3.40)], the coordinate transformation for the I-th layer

is then given by

5%, =T & 4.22
=Ty , (4.22)
66,_1 59,

where
a, b 1 -Z
Tw= [ ' '] = R I (4.23)
C/ d/ —An/ 1 +Z An/
with
, 1 dA(x)
Ay =7 ax l—=5‘.n,/-1
Nee (4.24)
_ -2
=—2/2rnng Z Gmi (1 _4a§m,l) g2 %mi
m=1

Since angle impulses and (transverse) ray bendings are added up for each layer, X,

and 6,, in the above equation [cf. 6x,= X, — X,,, 66, =60,— 8, ] are given by

/
;n/= 7!70 + 4 Z Bnp
p=1

/
onl = 9no + Z Anp ’
p=1

(4.25)
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where X,, = nAx and 8,,= 0 in our case.

Let us now introduce transformation matrices 7~',,,, (/=1, 2,...,N), such that

~ _|A B
Ty =
C, D (4.26)

= Tnl Tn,l+1 ves TnN .

It follows then that initial coordinates transform into final coordinates by

5% =T ox 4.27
86, ™|s6|’ (427)

where the simplified notations (i.e., x=Xx,, 6 =0,, x,=Xx,,and 8,=0,, ) are used, and
X=X—X,60=0—86,. We note that |T,,| = AD,— B,C,=1 for all /, since energy is
conserved in the Liouville approximation, i. e., |T, | =1 [cf. Eq. (4.23)]. Substituting

(4.27) into (4.19), we obtain

N,
A T2 A T A 2
F,(%, 6) =Z A, o [5x 8" =28, 8x 86+ 35 86°] (4.28)

n=1
where

Qx=axA$+a9C12
dyg = — (xx A1By + ag C4Dy) (4.29)

A 2 2
a0=axB1 +a0D1 ’

with o, = 1/2Ax2 , «, = K*WZ/2..

The irradiance at Z =L can be calculated by the wavenumber integration of F,(x, 6)
[cf. Eg. (3.20)]. Using the fact that |T,,| = AD, — B,C, = 1, after straight-forward cal-

culations we obtain

Two-Dimensional Gaussian Extended Medium 118



~\2, 772 - =2 Foreet 4
1,(%) = 1 1 02BN | Wy o= (X = %)°[25,8x ' (4.30)
2n =1 IS,

where

§2=( =—=t— P+c2, (4.31)

k WoAx

with

C,=D, . (4.32)

In the above equation, the n-th ray center at Z =L is given by

%o=Fn+Z ) 6y, (Rro=nhx) . (4.33)

1=1
As in the phase-screen problem, we let W, — oo for a plane wave, and thus S, in (4.30)
may be replaced by C,. It follows that the final expression for /,(x) from the Liouville

approximation (or the first-order approximation) becomes

= =2, T2
(%) = J— Z | cI - Ry (4.34)
7t

n=1

Compare this with the corresponding expression (3.48) for a phase-screen problem.
Only the expressions for C, and x, are different [cf. Egs. (4.32), (4.33), (3.46), and
(3.47)]. For a single layer (N =1) with Z replaced by L, fn, in (4.26) becomes T, in

(3.39), and C, and X, given above reduce to those for a phase-screen problem.
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For later comparison with the results from higher-order approximations, we wish to
find an expression for the spectrum of irradiance fL(Q) [cf. Egs. (3.61) and (3.62)]. In-

troducing a Fourier transform as before, i. e.,

1,(%) = J dQ "1 (Q) , (4.35)
we find
N,
~ - Ao2~2A2
Q) =g— Y oA gm a2 (4.36)
n

Notice the formal similarity between this and (3.62).

4.2.2 Higher-Order Approximations

In this section, we will extend the idea in Sec. 3.2.2 to an extended-medium problem
[cf. Fig. 4.2]. Let us denote the electric fields at Z = Z; and Zt, where Z,= (/ — 1)Z, by

u,_,(x._,) and u(x._,), respectively. It follows then from the impulse approximation that
UFiy) = Uy_y(%i_y) @D (4.37)

where ¢(x) is given by (4.9) with (x — x5,)/¢ being replaced by x — x¢,. From the de-
finition of the WDF (3.19), the WDF at Z = Z; is given by

Fi iy 8) =5 j g5 o M [/ DTy 5:27)] (4.38)
where
56Ty, )= b(Fy +5/2) — %y — §/2) (4.39)
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and

ooy, §:2)7) = Uy(Riny + 5/2)ui4(Kig — §/2) -

Using the relationship between fz(2_1, S; Z7) and the WDF at z = Z;,

A —[°° T S —
Co(x_s, §;Z,‘)=kj do,_, g% Fiy(X_1o 624)

—00

we obtain
F,t1()'(',_1, 6)= %J‘ ds e O gl 9¢AXi1 S)
oo .;9— - _ _
X [J df,_y "7 Fi_y(Xis, 9/-1)] .

(4.40)

(4.41)

(4.42)

The phase difference é¢, in the above equation can be expanded in the Taylor series

[cf. Egs. (3.65) and (3.66)]:

3 (Xiqs §) =k A(Xi_q) § + h(Xiy, §)

with
— _< A52m)()7/_1) S \2m+1
h(x,_4, §) =2k m(;) ,
d armA
where A(X) = 71‘ (Z'g) [cf. Eq. (4.21)] and AP™(X) = —gxq'- .

Now for the first layer, we have

— oo _irn.< - -
Ff (R 60) =5 f d5, e 00 gl ile )
~—0o0
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which is obtained by substituting u,(X;) = 1 in (4.36). Application of the discretization

scheme [cf. Eq. (3.52)] to the above equation feads to

Fo (o 01) =7 Z f 5 0% g/ D Gz %) (4.46)

where X,, = nAx, and

=2:a a2
G(X) = —— e~ < 128%" (4.47)

N

Using the series expansion of d¢,, which is given by (4.43), we obtain

(o o]

FO Xo» 1)=_2_1_ZJ d5, e”’1(xo- So) —'k50[91 Ay(x5)] G(RXy— Xyo) - (4.48)
n —0Q0

Since G(x, — X,,) is sharply peaked around X, =X, (i. €., |X — X! ~ Ax, and Ax can

be made arbitrarily small so that Ax << 1), we may let

Aq(Xg) = Bpy + Ay (X — Xno)

hy(Xa» 8g) = hpy(So) + hny' (S0) (Xo — Xp0) » (4.49)

where A,,=A(X,,) and A, =—ag_-A (5('(,)|,;ﬂ=;"o [cf. Egs. (4.21) and (4.24))];
hai(So) = hy(Xa00 So) @nd h,,'(5p) = h «(Xor so)lxﬁ;"o . Note that for a single-layer prob-

lem we have let A(X,) ~ A, + A, (xo — X,0) and h(x,, S) == h,(5) [cf. Egs. (3.54) and (3.67)],
which is accurate enough for a sufficiently small Ax. For a multiple-layer problem,
however, even the more accurate approximations given above introduce some er-
rors, since small errors from each layer are accumulated. In addition, for the layers
other than the first one (i. e., for the layers such that 2 </ < N ), we need another kind

of approximation to obtain a closed-form solution. This also introduce errors. Details
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will be discussed later in this section. Substituting (4.49) in (4.48) and using the no-

tations, -5—x° = X, — X,, and 60, =6, — 0, with 6,,=A,,, we obtain

,Eg'(yo' 6,) ~ _zjn_ Z J d5, e"’m(s-o) ei"n1'(§o) 6xq e'i"go(591 = Bpy’ 6x)) G(EO) ) (4.50)
n Y=o

For free-space propagation (of distance Z), we have [cf. Eq. (3.55)]:

| [T 2] | o I=1,2..,N 4.51
591__1_0 1 50/»(—,,...,). ()

Substitution of (4.51) in (4.50) gives rise to the WDF at Z = Z- :

(x1, 1)—2 Far(Xy, 64)
_l_ZJ dS e m(so) 1'(3-0)(51‘2591) (452)
T n

% e—ik§0[601 = Bpy’ (6xy — Z 664)] G(51 -7 86,) ,
where X,, and 6,, (which are included in 6x, and 86,) are given by (4.25).

Next for the second layer, we have from (4.42), (4.43) and (4.52):

= k o in T = - -
Fi®, 0 =2 J o5, oM 5) g KE02 = A4
n —00

. (4.53)
(o]
where Fi(X,, 0,) is the WDF at Z=2Z*. The Gaussian function G is given by
R —_ = = 5 20 Avl
G(Oxy — Z 80,) = —— o~ T T —Z 800285 (4.54)

Jon
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which is now sharply peaked around X,=X,+Z 860, i. e, |x,—Xx,—Z 86,| ~
Ax << 1. It follows that to use the same level of approximation as in (4.49) we have

to let

Do(%y) = By(Rny + Z 864) + By (Xoy + Z 884) (X3 — Xy — Z 667)

Y e e R S (4.55
hy(Xy, §1) = hy(Xpy + Z 664, §y) + hy'(xpy + Z 664, §) (X3 — Xy — Z 664) , )

which is valid if Ax << 1. This approximation, however, does not allow a closed

form expression for /(x) . In order to obtain one, we need further approximations.

Note that
NN _ _ S AR
AT = ) = (Z 66, + (5, — Z 80,) ) —2— (Z 66,
p! p!
1 s a ' "y <.
=By = 7 Brg" (286, = 1+ [ + Ar"(Z56,) + -+ 16xy
dPA,(X,) - N - = .
where A9 - l,;‘=,;"1 . A similar approximation holds for h,(x,, 5,). Since A9
. &%, 5) | |
and h@)(s,) = T I;1=;n1 have the same order of magnitude for all p, assuming
1

that |Z 60, ~ Z9, << 1 (where &, is the r.m.s. angle fluctuation at Z=_L ) we may

simplify (4.85) further:

Ay(Xy) = Apy + Apy’ (X4 — Xpy)

hy(Xys §1) & hpa(83) + hng'(5y) (Ky — Xq) - (4.57)

Notice that for the N-th layer (i. e., at Z = Z;, where Z, = (N — 1)Z ), the exponent of the
Gaussian function G becomes (8xy_, +ZNIZ_; 80,2/2Ax? [cf. Eq. (A4.3)] and IZ_N;’>;:1 56, ~
(N=1)Z8,~ LS, . Thus, to apply the above approximation to all the remaining
(N — 2) layers, L9, ~ { must be small enough even for a sufficiently small Ax. Incor-

porating the approximation (4.57) in (4.53), we obtain
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— I o . - N T\ Fx.  _iksS _ By
F1+(X1. 0,) ~ ';TZI J5, e:h,,z(s1)em,,2 (5y) 6%, e ik$4(805 — App’ 6X3)
n Y—oo

oo — (4.58)
x [ oo, T E (5, 0
where we used the fact that [cf. Eq. (4.25)]:
60[ - 66/_1 = 0/ - 0/_1 - Anl . (4.59)

After free-space propagation (of distance Z) described by (4.51), the WDF at Z = Z; (

Z, = 2Z) becomes
Fy(Xp 0,)=F(0x,=0xy,—Z 66,, 0,) . (4.60)

See Appendix A4.1 for details.

We repeat the above procedure for the remaining (N — 2) layers to obtain F,(X, ). In
the final expression for /,(X), which results from the wavenumber (k) integration of

F.(X, 6), all 8, integrals decouple and we obtain [cf. Appendix A4.1]:

N
~ Ax - - =) Pl =afQ
Q) = % Z { o~ %0 e-sztm 9,,(9)]2/2} {e ';h/[s £ )]} ’ (4.62)
n
with

N

9 Q) = ) 56bn/[5 = ()] . (4.63)
=1

where the Fourier transform is defined as (4.35), and «,(Q) satisfies the recursive re-

lation,
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N
- 4.64
a,=a,+1+[Q+Zéd),,p'(s=ap)]/y,_, (/I=N=-1,N=-2,..,1). (4.64)
p=I+1

In the above equations,

0Pn(S) =6¢(X_4 = 7n,/—1v §)

. d = =
8¢/ (3) = T 27 G| P (4.65)

h8) = Xy = Xp _1, §) = 0¢,(5) — k&S

and X, is given by (4.33). [For d¢(x,_,, S) and h(x.,, S), see Eqgs. (4.39), (4.43) and

(4.44).] Representing h,, in terms of d¢,, we may rewrite (4.62) as:

N N
~ Av —i[%Q=y ) o] _ T2 2, =) SBnha)
/L(Q)=—§§ Z e ‘; T g AXTO+ 6 @12 ,21 ", (4.66)

which is more convenient for numerical calculation. The equation (4.62) [or (4.66)] is
the least limited closed-form expression for I-L(Q) we can find using the wave-kinetic
numerical method. In what follows, we will denote the wave-kinetic numerical
method with the approximation (4.57) [which leads to the above expressions for
I~,(Q), (4.62) or (4.66)] by W-K(Ill), and the wave-kinetic numerical method with the
Liouville aproximation [cf. Eq. (4.34) or (4.36)] by W-K(LV). In the above derivation,
we have assumed that L9, ~ { is not large (and Ax << 1.) Numerical calculations in
Sec. 4.4.2 indicate that W-K(lll) is valid for { < 1.2, which seems to be sufficient for
our purpose. (Note that we are interested in the random focusing region,

0.5 £ { < 1.0, where wave statistics are not well understood.)

The irradiance spectrum Il(Q) from W-K(lll) looks somewhat complicated, and is not

easily expressed as the product of the expression (4.36) from W-K(LV) with a cor-
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rection factor. However, further simplified expressions can be obtained. First, let us
neglect h,’ in 8¢,/ , i. e., let §¢,/(5) = kA,'S + h,/(3) ~ kA,'S [cf. Eq. (4.65)], and de-
note the resulting «, by ( 2 )a, . Note that a, is now a constant, not a function of Q
[see below]. This simplification is equivalent to the approximation, say for the second

layer [cf. Eq. (4.57)]:

Ax(Xy) = Bpy + Apy' (X4 — X4)

ho(%yr §1) = ho(5) (4.67)

which is the same approximation as in the phase-screen problem [cf. Sec. 3.2.2].
Replacing 6¢,,/(5) in (4.63) and (4.64) by kA,,'S, after some manipulations we obtain
[cf. Appendix A4.2]:

Q)= Z [ %8 o AxCSZ/2] [ —:Z nn,(a/an)] , (4.69)

where X, and C, =D, are the same as in the Liouville approximation [cf. Egs. (4.32)

and (4.33)], and

=B/(-2)
\ _ A A 4.69
b+ (142 ) Al . (Gy=1) . (4.69)

=/+1

For numerical implementation, it is more convenient to use the recursive relations for
D, and g, [cf. Eq. (A4.34)] which allows the simultaneous calculation of &, and D, (and

thus D, =C,):

ay="1, Dy=dy=1+Z Ay
D, dl a, - a,+1 ) (dl =1+ Z— Anl') .
Equation (4.68) may also be rewritten as
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N N
~ Ay —;[;,,-Z(Zan)aja 222, =i ) b (aQy)
,L(Q)=ALZ o a Dl maxieialia o ; o

o (4.71)

The wave-kinetic numerical method with the approximation (4.67), which leads to the
expression (4.68) [or (4.71)], will be simply called W-K(lI). Note the similarity between
(4.68) and (3.69). For a single layer, a, = 1 and (4.68) reduces to (3.69). Comparing
(4.68) with (4.36) from W-K(LV), we now can see clearly the correction factor, i. e., the

former is a sum of products of IP(Q) = e~ e-5%%2 with correction factors

N A
-iZ h /vy)
e nfe /v .

The correction factor (in fact the parameter a,) in (4.68) can be simplied further.

Neglecting A,/ in the expression (4.69) for a, we may approximate &, as
G=N+1—-1. (4.72)

T' : wave-kinetic numerical method with this additional approximation will be called

W-K(l). The resulting irradiance spectrum is given by

N
~ Ay i _AT2r202 =i ) h{(N+1-NQ[y.]
Q) ~ A:: Z [e %Q - ax'cia /2] {e :Z‘, n} ' (4.73)

or

N
~ Ao _i5a —ciqte —!Q,6ba(N+1-DQ/y,]
’L(Q)z%zelx”ge Ax‘caQ’f2 o l; f L

n

: (4.74)

where we have used the fact that [cf. Egs. (4.71) and (4.33)]:
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(4.75)

In equation (4.73), which is the simplest expression with a higher-order correction to
W-K(LV), the term in the brace is the correction term. Notice that in the expression
(4.73), A,/ in C, =D, (or D) is not neglected. It is just for formal comparison with the
result from W-K(LV) [cf. Eq. (4.36)]. To be more consistent, we have to neglect A, in
C, (or D) as well. In that case, D,= 1 for all /, which can be seen easily from (A4.27),
and thus C,=1. In view of numerical calculations, however, it does not make any
difference since the Gaussian term, e-»%4%%2 can be neglected for a sufficiently

small Ax [see below].

Up to now, we have discussed several different levels of approximations in the
wave-kinetic numerical method, i. e., W-K(LV), W-K(l), W-K(ll), and W-K(lll). The cor-
responding expressions for irradiance or irradiance spectrum are given respectively
by (4.36) [or (4.34)], (4.73) [or (4.74)], (4.68) [or (4.71)], and (4.62) [or (4.66)]. The va-
lidity of those approximations will be discussed in Sec. 4.4.2. In numerical calcu-
lations, we compute only the scattered part of the spectrum as in the phase-screen

problem [cf. Eq. (3.71)], i. e.,

Q) = F{1(x) — 1)
~ Ay = = 4.76
~T@) - gx_n Z o~ o= DR (4.76)
n

where F represents the Fourier transform operation defined by (4.35). Finally, we
note the following. Since Q...~7 |C.l~1, and |Q+g,(Q)| ~ |C,.2] S v, the

Gaussian terms, e-%%2, o-&%3%2 and o-3a+9,@12 in the various different ex-
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pressions given above can be neglected for a sufficiently small Ax (<< 1[y), as in

the phase-screen problem.

4.3 Huygens-Fresnel Diffraction Formula

Consider the simplified model for an extended medium, which represents an ex-
tended medium by N layers of Gaussian eddies as shown in Fig. 4.2. The idea for a
single-layer problem in Sec. 3.3 can be easily extended to a multiple-layer problem.
Let us denote the electric field at Z = Z; by u,_,(X), where Z,=(/ — 1)Z. It follows then
that u(x) represents the field behind the I-th layer, and u,(X) is the field in the obser-
vation plane, Z=L. Applying the result from the single-layer problem to each layer

repeatedly, we obtain

00 = 2 A
u(x) = j dg e e Py _(q), (=1, 2..,N), (4.77)

with

A 1 o0 - —inx . -
Urr(@) =5~ j dx o™ [u_y(x) ™ ] , (4.78)

where v (X) =1, y, =k/Z = k¢£?|Z, and ¢,(X) is given by (4.9). We may represent this

symbolically as:

Ug(x) = 1

U/()?) = F’;1{e—lqz/2h FX[U,_1(;) el¢l(;)]} , (I =1, 2, ... ,N) ' (4_79)

which indicates that two Fourier transform operations are required for each layer.

From (3.83) and (3.82), we have
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Neer

. _ 2 ,,2 A

Unl=%' Z @27 (M=10n=1)|Neer o —AQ)" M /2y, iy (4.80)

m=1
with

Neer

A i (e ke ;

O s =Z oI M=KD oI (4.81)
k=1

where U, = u(X =X,), ¢ = d(X =X,), X, = (1 — 1 — Nor/2)Ax, and Ag = 27/N.-Ax . The
expression for M is given by (3.84). Now, an existing algorithm can be applied di-

rectly to (4.80) and (4.81).

As we mentioned briefly in Chap. 1, the expression (4.79) is equivalent to the split-
step-Fourier algorithm applied directly to the parabolic wave equation (2.8) (with the
simplified model for 6n) [90, 91]. The resulting expression from the split-step-Fourier

algorithm is given by [cf. Appendix A4.3]:
—_ B et = = =TT
F{u(R, 7 +Az)} = o7 22/ Fx{u(k'. 7) o' 9. "“Z} , (4.82)

which is valid for Az << 1 due to the approximate integration involved in (A4.38), i.

e.,

EI

j dz’ én(x, Z')
z

) Az .

(4.83)
~k én

NI

In principle, this algorithm may be applied to the general model for dn(x, Z) [cf. Eq.
(4.1)], but it would take excessively large amount of computing, since Az << 1 and

the two-dimensional function én(x, Z) has to be computed. On the other hand, in the
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expression (4.79) the interval Z can be made relatively large (since we use the ana-
lytical expression for the integral J, i. e., ¢,(X) [cf. Eq. (4.8) or discussions given be-
low]), and the random phase ¢,(x) is a one-dimensional function. [Numerical resulits
in Sec. 4.4.3 indicate that Z~ 80 >> 1 for the given values of the extended-medium
parameters.] Now, if we use the simplified model for n(x, z) [cf. Eq. (4.4) or (4.7)] in
(4.83) or (A4.38) with the corresponding notational changes’, i. e, Az—>2Z,
Z,—7Z,=(/—1)Z, and én(X, ') = én(X, Z'), then the integral J can be calculated ana-

lytically (i. e., J = ¢(x) [cf. Eq. (4.9)]), and (4.82) becomes

Fu(®, Z,}=e™" " Fu, 2)e®®} (4.84)

which is the same as (4.79) where u(x) = u(x, Z,,) .

4.4 Numerical Simulation

Some important input parameters for numerical simulation are discussed briefly in
Sec. 4.4.1. The implementations of the wave-kinetic numerical method and the
Huygens-Fresnel diffraction formula are studied by single-realization calculations, in
Sec. 3.6.2. The validity of the various different levels of approximations involved in
the wave-kinetic numerical method, i. e., W-K(LV), W-K(l), W-K(Il), and W-K(lIl), is also
discussed, by comparing the results for single realizations with those from the
Huygens-Fresnel dffraction formula (which will be simply referred to as H-F in what
follows). (Here we assume that results from H-F are accurate enough for a suffi-
ciently small Z [cf. Sec. 3.6.2].) Finally in Sec. 3.6.3, we present simulation results for

a? and ¢,(x) from W-K(I) and H-F.
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4.41 Important Input Parameters for Numerical Simulation

As in the phase-screen problem, let us denote the width of an extended medium and
the region occupied by receivers, respectively, by W and W,. Similar edge effects
occur in this case, and from the result in Sec. 3.6.1 we have the criterion for the

margin of the screen width:

W-W,25/2¢. (4.85)

In our numerical simulation, we put 11 receivers separated by approximately 0.1 ¢ so
that W, ~ 1.0, and W must be chosen by the above criterion. It follows that regarding
an extended medium we have five important parameters: k (which is actually fixed
as 1.0472x10% ), y (or L), ¢,, W and N_ [cf. Sec. 4.1]. (Note that the parameter { is
determined by { = 2¢,/y, once ¢, and y are given.) The parameter N, represents the
number of layers, which is denoted simply by N in the preceding. For a given L, N,
must be large enough so that the numerical results converge to certain values. For
this, we perform a convergence test for given values of the parameters &, y, ¢, (and

w).

For parameters related to the implementation of the methods for wave-propagation
calculation, the same notations as in the phase-screen problem will be used, i. e.,
Ax, Af (= Aq/2n or AQ[2r), Ap, N,, Ny and N,. The parameters N,, N and N, repre-
sent the number of rays (in the wave-kinetic numerical method), the number of sam-
pling points for a FFT, and the number of realizations, respectively. The parameter
Af denotes the sampling interval in the spatial frequency domain for a FFT, and Ax
stands for the ray spacing in the wave-kinetic numerical method, or the sampling in-
terval for a FFT in the Huygens-Fresnel formula (i. e., Ax = 1/NgeAf ) [cf. Sec. 3.6.1].
Finally, the parameter ZE represents the interval of discrete data points (¢, or A,) for

the linear interpolation scheme used for the wave-kinetic numerical method [cf. Sec.

Two-Dimensional Gaussian Extended Medium 133



3.6.1]. The criteria for choosing the values of the parameters are discussed in detail

in Secs. 3.6.1 and 3.6.2.

4.4.2 Single-Realization Calculations

In this section, we first discuss the implementation of the methods for wave-
propagation calculation, briefly. Next, the results from the several different levels of
approximations in the wave-kinetic numerical method are compared with those from
H-F. The region of validity of W-K(LV), W-K(l), W-K(II) and W-K(lll) is also discussed.
The expressions used for numerical calculations are as follows: (4.34), (4.74), (4.71)
and (4.66), respectively for W-K(LV), W-K(I), W-K(ll) and W-K(lll); (4.80) and (4.81) for
H-F. [Notice that for W-K(l), (I1) and (lll) the corresponding expressions are actually

used together with (4.76) as mentioned in Sec. (4.4.4).]

The values of the extended-medium parameters in this section are: L = 2560 = (or
y = 13.021 with k = 1.0472x10°), 1.0 < ¢, < 10.0, W = 5.0, and N, = 100. To determine
the value of N, we have performed a convergence test. For the given values of the
extended-medium parameters, N, = 100 seems to be large enough [cf. Fig. 4.3]. In
single-realization calculations, we compute /,(X) for |X| <W,,/2 (where W,,> W is
such that /,(x) =/,(X) —1.0=0for | x| > W,,/2) to see all the scattering effects from
an extended medium with width W, and thus we need Af < 1/W,, to avoid the aliasing
effects for an inverse FFT, as in the phase-screen problem. Numerical results indi-
cate that for the above values of the parameters, W,, < 8.0 [cf. Figs. 4.5 - 4.9]. Al-
lowing for some margin, we let W, = 10,0 (but the irradiance data /,(X) are plotted

only for |X| <4.0), and thus we choose Af~ 1.0 in our numerical calculations.

The values of the parameters for wave-propagation calculations are the following.
We choose (E)WK =0.04 and (B),,,= 0.08 for W-K(1), (Il), (Ill) and H-F, respectively.

For W-K(LV), we set Ax =0.005. The reasons for choosing different values of Ax are
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Figure 4.3 Convergence test for the layer thickness.
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Figure 4.4 Spectrum of irradiance for a specific realization: H-F (f = q/2n).
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Figure 4.5 Instantaneous realization of irradiance at z/¢ =2560= (y =13.0) : ¢, =

5.0 ({ = 0.768) ; W-K(LV), W-K(I), W-K(Il), W-K(IIl) and H-F.
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Figure 4.6 Instantaneous realization of irradiance at z/¢ =2560n (y = 13.0) : ¢, =

1.0 ({ = 0.154) (top), ¢, = 2.0 ({ = 0.307) (bottom); W-K(LV) and H-F.
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Figure 4.7 Instantaneous realization of irradiance at z/¢ =2560n (y = 13.0) : ¢, =

2.0 ({ =0.307) (top), ¢, = 4.0 ({ = 0.614) (bottom); W-K(I) and H-F.
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discussed in Secs. 3.6.1 and 3.6.2. The interpolation interval K;:; is chosen as 0.08.
For W-K(1), (), (llI) and H-F, we choose N, = 128 and Af = 0.09766 [= 1/(0.08x128)],
where N is chosen such that N ~ W,,/Ax with W,,=10.0 . For the given Ax and
W.,, the number of rays [for W-K(LV), W-K(1), (II), (ll)] is determined by N, ~ VT/,,,/&.
The irradiance spectra TL(f) for ¢, =5.0 and 10.0 are plotted in Fig. 4.4. The entire
spectral content of I~L(f) is contained well within fSf,,, = N xAf[2 = 6.25, which in-
dicates that the N, for W-K is large enough for the given Af . It also indicates that

(Ax)y = 0.08 is small enough for H-F, since 1/2f,., , =~ 1/f,.., 2 0.16 .

The irradiance data for ¢,=5.0 from W-K(LV), W-K(l), (), (lIl), together with those
from H-F, are plotted in Fig. 4.5, which shows the errors involved in the different lev-
els of approximations in the wave-kinetic numerical method. We note that errors (i.
e., extra peaks) occur in the place where irradiance peaks appear, as in the phase-
screen problems. More detailed numerical calculations [cf. Fig. 4.6 - 4.9] indicate that
W-K(LV), (1), (II) and (lll) are valid for { < 0.2, 0.5, 0.9, and 1.2, respectively. As we
mentioned before [cf. Secs. 3.1 and 4.2.2], W-K(lll) is sufficient for our purpose, since
we are interested in the random focusing region (0.5 < { < 1.0), where wave statistics
are not well understood. Note that wave statistics in the two limiting cases, i. e., in
the weak-fluctuation region ( { << 1, ¢! << 1 ) and the saturation region (

{ > 1, 6!~ 1) are reasonably well understood.

Finally, we wish to mention computing times, briefly. In the array processor FPS 164,
the CPU times for the data in Figs. 4.5 - 4.9 from W-K(l), (Il), (Ill), and H-F are 49.57,
59.05, 66.31, and 35.59 secs, respectively. Notice that for N.,=256 (with
Af =0.09766), the corresponding CPU times are 59.19, 69.68, 91.84, and 70.56, re-

spectively. The data indicate that computing times are comparable.
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4.4.3 Computation of Statistics from Many Realizations

In this section, the normalized variance of irradiance ¢} and the normalized
covariance of irradiance c¢(x) (which are defined in Sec. 3.4) are computed by nu-
merical simulation. For wave-propagation calculations, W-K(l) and H-F are used, and
the simulation results are compared to each other. The values of the extended-
medium parameters are y = 13.856, ¢2=1.0, 5.0 ({=0.144, 0.323), W =5.0, and
N, =100 . The values of the parameters for wave-propagation calculations are the

same as in the previous section.

Irradiance fluctuations for ¢2 = 5.0 at three receivers separated by 0.08 (¢) are plotted
in Fig. 4.10, and their enlarged versions are shown in Fig. 4.11. Some correlations
among the three data sets are observed. Let us define outliers as before, i. e,,
12 1,,=<I1>+70 with</>=1.0. Since ¢? is unknown in this case, we may use
o? obtained from numerical simulation. If we use &2 from W-K(l), i. e., 62=0.128
(g, ~ 0.358) [cf. Fig. 4.13), then /,,,=3.5. The irradiance data in Fig. 4.10 indicate that
there appear outliers, but they are mild outliers (i. e., not excessively larger than /,,)

[cf. discussions in Sec. 3.6.3].

The simulation results for ¢2= 1.0 and 5.0 (obtained without removing outliers) are
shown in Fig. 4.12 and Fig. 4.13, respectively. The number of realizations are 1500 for
both cases. The results from W-K(l) and H-F are in good agreement, which confirms
the region of validity of W-K(l) ({ £0.5). The scintillation index from W-K(l) and H-F
are fairly close to each other: for ¢2=1.0, 62 =0.0213 and 0.0215, respectively; for
$2=>5.0, 2= 0.128 and 0.123, respectively. The standard error of a? is given by
Se(0?) = a,’\/?/I_V,— [cf. Eq. (3.98)]. Since ¢? is unknown, we may use o2, instead, i. e.,
Se(6?) ~ 8,2\/m . For N, = 1500, Si(o?) is approximately 3.7 % of the corresponding

values of o2 .
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Figure 4.12 Normalized covariance of irradiance vs receiver separation: y = 13.856,

@3 = 1.0 ({ = 0.144); W-K(l) and H-F.
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Figure 4.13 Normalized covariance of irradiance vs receiver separation: y = 13.856,

¢ = 5.0 ({ = 0.323); W-K(l) and H-F.
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Appendix A4.1 Higher-Order Approximation: W-K(lll)

When the number of layers becomes large (say, N = 5), the resulting expressions for
I(X) or F(X, 8) can not be manipulated easily. Thus, we first calculate /,(x) for three

layers, and then generalize the result to N layers.

For convenience, we introduce h,, and h,’ such that

hoi(3) = huG)IK b (5) = ho/ B)/K (A4.1)
where
Pof) = MF = Fpyo1s 5) o bl (§) = (. D)5z, - (A4.2)

and h(X, §) is defined by (4.44) [or (4.43)]. From Egs. (4.60), (4.58) and (4.52) in the

text, we have for the second layer [i. e., at Z = Z; = (2Z)" |:

,'.:2()’('2, 02 _QL% Zj s 'k" z(&)f d§0 eikhn1(§n)

—00

—ik {5, 60, [Bng'Sy + Pog' (36X, = Z 660,)
X em ) ) }A L (A4.3)
« J 00, o580 {7 801 = U805+ Auy GILGR, = Z 809~ 7 6611}

x G[(6x,—Z 66,) — Z 66,] ,

where A,/ is given by (4.24) and 5,=)?,—7,,,. 66,=0,-6,, [for x,, and 6,, see Eq.
(4.25)]. Now for the third layer, we can find F,(X,, 6,) by following exactly the same
procedure as for the second layer. The result for Fi(X,, 6,) will not be presented here,
since it is too complicated. For simplicity, we use the notations defined by (4.23), i.

e.,

c=—A4,, d=1+ZA,/=1+bc,, (b=-2). (A4.4)
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Performing wavenumber (k6,) integration of Fy(X,, 6;), we obtain

— o0 ‘_.A - feve) .—A _ 00 ‘-A _
1,(x3) = (;_n >SZJ ds, e/khna(sz)J ds, e/kh,,z(&)f ds, K Pmi(50)

n —00 00 —00
N en?SE,p,J“ 40, e-liao,ﬂ,J.“ a0, e-u?aozpzjw a6, o1k 90, 8, (A4.5)
—00 —00 —00

X G[6x3 + b (605 + 86, + 66,)] ,

where the Gaussian function G(x) is given by (4.47), and

B1(Sor §1) = (dy So— §1) — b hpy'(So)
Ba(So §1, 85) = (bcy So+ dy §4 — §y) ~ b [hpy'(50) + hpy'(54)]

o i L (A48)
Ba(Sgr S1, 83) = (b €y Sg+ b ¢y Sy + dy §y) — b [hpy'(5p) + hpy(51) + hpa'(5,)]

=~ - - pg - - A =~ A 1~ N =~
Ba(Sor 51, 55) = — (€4 59+ €3 51 + €3 55) + [h51"(So) + hno'(51) + hpa'(52)] -

Introducing a new integration variable ¢ = — b(66, + 66, + 66,) for 6, and using the fact

that g, = (5, — B,)/b , after a simple manipulation we may rewrite (A4.5) as:

o0 —A - o0 - oo A _
IL(73)=Z J' 05, & hni .[ o5, oFhni® J‘ o5, &I
n ~—00

oo —oo (A4.7)
X Jydyds
where
J1(5 51, 52)=-2"7 J dg, e~ =P (A4.8)
R _
o5, .«:2)=-2§77 J do, e ¥ PPy (A4.9)
and
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s = = = i1 °° —iy5¢
Ja(Xa, So. S4, 32)=_—J d¢ [9 ‘ ]
2n ,/27‘[ —o0

(A4.10)
« [ o/ *Ba X =8) 5= B —¢>’/2E’] ’
with y, = k/Z = k¢?/Z. Substitution of (A4.6) in (A4.8) and (4.9) gives rise to
Jy = 0[5y — dy 5 — dy 5, + b hry!(51) + b hos'(5)] (A4.11)
and
Jy=06[5 —(1+03) 5, +bhy'(5)] (A4.12)

where 4(S) represents the Dirac delta function. We note that J, is in the form of a
convolution integral. Compare this with (3.58). Applying the convolution theorem to

(A4.10) as in Chap. 3 [cf. Eq. (3.60)], we obtain

Ao oo = = et 2
'J3 = %7)—;- J‘ dQ elQ(xl % 6(8_2 + VEL.) e ax khs -y 12 . (A413)
—o0

We now substitute (A4.11)-(A4.13) in (A4.7). The resulting equation contains three
delta functions, and thus after the integration with respect to s, s, and §,, the param-
eters 5., (/=1, 2, 3), are replaced by the corresponding expressions determined
from the three delta functions. Let us denote the resulting expressions for §_, by

— a,. It follows then that

1,(x3) = J “ Qo0 Q) . (A4.14)

with
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3
T Ax —ix, —ax? 2 =i ) hafa)
IL(Q) - % Z N iXp3Q e Ax[Q+ g,(Q)]°/2 e /; J , (A4_15)
where
gn(Q) = = ﬂ4(§0 =- a1i 8_1 = - ag, §2 = - as)
3
k[c5 h "5 (A4.16)
== Z k [e524 — hn/(524)]
=1
and
ay=Qfy,
az = (1 + ds)a3 - b h,.,1'(a3) (A4,17)

N N
g =0y 0y + dy a3 — b hpy'(ap) — b hpy' ()

In the derivation of the above equations, we have used the oddness of f;,,,(§)
[ = h,(5)/k] and /;,,,’(E) [cf. Eq. (A4.1)] and (A4.2)]. Replacing b and d, in (A4.17) by
b=—Z=—kly and d, =1+ bc,=1—kc/y, [cf. Egs. (4.12) and (A4.4)], and using the
definition of 5¢,,,’(§)=—a%-6¢(7, §)I;=;n,l—1 [cf. Egs. (4.43), (A4.1) and (A4.4)], i. e,

6¢./(5) =kA,'S + h,/(8) = — k[cS — h,/(5)], we may rewrite (A4.16) and (A4.17) as:

N
9@ = 66u(a) | (A4.18)
=1
and
ay=Qfy,
ay = o3 + [Q + 6¢p3"(3)]/7, (A4.19)

g = 0y + [Q + 6¢n2'(a2) + 6¢n3'(a3)]/7L *
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Now, we generalize this result to the N-layer problem. With the

X = x, and x, = X,,, we obtain

W =" o0 i)

with

N
~ —ix - Al 2 —i hnl(a)
1(Q) = Ax Z o~ o= A+ 9,2 ; !

n

where

N
G Q) = ) b/ () »
I=1

and the recursive relation for ¢, is given by

ay =Q/y,

N
=0, +[Q+ Z 6¢,,p’(ap)] [y, -

p=1+1

simplified notations,

(A4.20)

(A4.21)

(A4.22)

(A4.23)

[Calculations for N =4 have been carried out, and the resulting expression is con-

sistent with the generalized ones given above.]

Appendix A4.2 Higher-Order Approximation: W-K(ll)

For convenience, the definitions for matrices T, and 7~',,, given respectively by (4.23)

and (4.26) in the text will be reproduced here:
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ro=|® P 1 -2 (A4.24)
"“le d| |-4A, 1+ZA, ] '

and

~ [A 8
"“1c, b (A4.25)

= Tnl Tn,l+1 “ee TnN .

We note a few important properties of T, and T,,. First, | T, | =ad,— bc,= 1, and thus

IT,| =1. Next, from the definition, i. e.,

&)
C, D, ¢ d| |Cut Dipq ]’

where we simply let a,=1 and b,= b (= — Z), one can show easily that
N—1 N
Dy=Dy+ ) ¢,B,=1+ ¢,B, . (A4.27)

and the recursive relations for B, and D,

BN=b, D~=dN

BI = BI+1 +b Dl+1 (A428)

1
D= s (d)B;—Byy1) -

Now, let &¢,/(5) = KA,'S +h,/(5) ~ KA,'S (=kc3) and o= (%)&, in (4.64) and

(4.63). It follows then that

oy = 1
N
A4.29
&I=&I+1+(1+bz Cp&p)’ ( )
p=i+1

and
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N
W@ =) c8)Q . (A4.30)
=1

After a simple manipulation, we find
=B[b=8/(-2Z), (A4.31)
and
gn(Q)=0Dy—-1)Q=(C,-1)Q, (A4.32)

where (A4.27), (A4.28) and the definition of C,, i. e., C, = D, [cf. Eq. (4.32)], are used.
To find an expression for fL(Q), we substitute (A4.32) and aQ/y,, respectively, for

g.(Q) and «, in (4.62). The result is that

/L(Q)—--— Z [e70 o= 8X'C0%12] [ -'Z Mm/m] , (A4.33)

where X, is given by (4.33), and C, ( = D,) and &, can be calculated from the recursive

relations for D, and «, [cf. Eqs. (A4.27) and (A4.31)]:

&N = 1 , DN = dN
0 =04y + Dy (A4.34)
D,=d,&,—&,+1 , (dl=1 +Z_An,') .

Appendix A4.3 Split-Step-Fourier Algorithm

The parabolic wave equation for a two-dimensional problem is given by [cf. Eq.

(2.8)]:
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a - P
E.—u(x, E)=[??;2—+/k on(x, z)] ulx, 2) , (A4.35)

where the bar notations are used. Using the operator notations A and B8 such that

1 - =
A=—-2—  B=kénx 2), , A4.36
K (%, 2) ( )

we may rewrite (A4.35) as

du _ .
5 —i(A+B)u. (A4.37)

We use the split-step algorithm to solve the above equation, i. e.,

T+a1
I /J (A+B)az’
ux,Z+Az)=e ‘i

i AZ (A+B)

u(x, 2) (A4.38)

~e u(x,z) ,

which would be valid for a sufficiently small Az. If we now take the Fourier transform
[cf. definition (3.78), (4.78) or (4.35)] of the above equation with respect to x, then the

operator A can be replaced by — g¥/2k and the result becomes
— B e P C = R
Flux, Z +Az)} =792 F iy, 7)o Dozl A4.39
X X

which is called the split-step-Fourier algorithm [90, 91].
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5. Concluding Remarks

The propagation of optical plane waves through a one-dimensional Gaussian phase
screen and a two-dimensional Gaussian extended medium has been simulated nu-
merically, and wave statistics, i. e., the normalized variance of irradiance ¢? and the
normalized covariance of irradiance ¢(x), have been calculated from the data ob-
tained by the numerical simulation. To realize a random medium instantaneously,
we have used a simplified version of the random-motion model [77], and to compute
irradiance for each realization of the medium we have used the wave-kinetic numer-
ical method and/or the angular-spectral representation of the Huygens-Fresnel

diffraction formula.

Several different levels of approximations are used for the wave-kinetic numerical
method. The region of validity of those approximations has been studied by single-
realization calculations. The Liouville approximation (the first order approximation)
[W-K(LV)] is the simplest and is applicable to any configuration of inhomogeneities,
but its region of validity is somewhat limited. It turns out that it is valid for { < 0.2,
where { = 2¢,/y [see (3.17)]. We are able to introduce higher-order corrections to the
first-order approximation. For a phase-screen problem, we can include all the
higher-order terms in the phase difference [cf. Egs. (3.50) and (4.43)], and the result-
ing expression (W-K) becomes equivalent to the Huygens-Fresnel formulation (H-F),
which is exact within the validity of the thin-screen approximation. For an extended

medium, however, there is an extra limitation, since we need to introduce an addi-
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tional approximation to obtain a closed-form expression for irradiance (or irradiance
spectrum). We have derived three different expressions of higher-order approxi-
mations, W-K(I), W-K(Il) and W-K(Ill), which have different forms (or levels) of cor-
rection factors to the first-order approximation. The higher-order approximations can
extend the region of validity about 2~6 times (compared to the Liouville
approximation): { < 0.5, 0.9 and 1.2 for W-K(l), (1) and (lll), respectively. This exten-

sion suffices to include strong refractive focusing effects.

For the Gaussian phase-screen problem, the statistical quantities ¢,(x) and o? obtained
by numerical simulation [with W-K for wave-propagation calculations] show excellent
agreement with those from the existing analytical expressions [26] which can be in-
tegrated numerically without any difficulty. For the Gaussian extended-medium
problem, there exists no analytical solution. However, Tur [50] has computed the
fourth-order moment of the field, I',, for several values of the extended-medium pa-
rameters, but these are different from the values used in our numerical simulation.
The results from the wave-kinetic numerical method [W-K(l)] and the Huygens-
Fresnel diffraction formula are compared to each other. Good agreements between

the two have been observed.

Computing times for the expressions from the wave-kinetic numerical method and the
Huygens-Fresnel formula are comparable. Finally, we note that the simplified model
(together with the linear interpolation scheme for phase and angle calculations) re-
duces computing time considerably. It also allows simpler corrections to the lower-
order approximations for the wave-kinetic numerical method, and application of the
angular spectral representation of the Huygens-Fresnel diffraction formula to ex-
tended media, which turns out to be equivalent to the split-step-Fourier algorithm

applied directly to the parabolic wave equation (with the simplified model for én).
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High computational costs force us to limit computation of wave statistics only to o?
and ¢(x). In principle, we can predict the probability distribution of irradiance for
various different values of the random-medium parameters, if sufficient data sets are
available. The Gaussian spectrum of refractive-index used in this thesis has little
physical significance. It has computational and analytical advantages because it im-
plies the existence of only one scale size of irregularities and because manipulations
with Gaussian functions are often analytically tractable. In general, physical irreg-
ularities require other spectral models, e. g. various power-law spectra within certain
limiting wavenumbers. These imply a continuum of scale sizes, but the analysis may
be simplified because such spectra can be approximated well by a weighted sum of
Gaussians. Obviously, the number of numerical computations will increase, and this
extension is not covered in the present thesis. Likewise, extensions to three-
dimensional situations are relatively straight-forward analytically but represent ap-
preciable complications in obtaining useful approximations for numerical
computation as well as sizable increases in computer time. Finally, the treatment in
this thesis can be extended to space-time correlations for some idealized situations,

e. g. when Taylor’s frozen-in hypothesis is valid.
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