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(ABSTRACT)

f cowmprehensive and general analysis of the electro-
magnetic fields, power dissipation, and energy storage
within transforwmer windings is presented. Emphasis is
placed on applications in switched-wmode power conversion.
One-dimensional radial variation of the field quantities is
assumed.

The first phase of the investigation is for sinusoidal
excitation; solutions for the current density and wmagnetic
field intensity are derived and studied in order to develop
a fundamental understanding of the basic phenomena.
Expressions for the power dissipation and energy storage in
both single- and multi-layer windings are then derived
which, upon investigation, yield a technique for minimizing

the power dissipation by choosing an optimum conductor



thickness. Several levels of accuracy, ranging from exact
solutions to very simple and physically meaningful series
approximations, are defined and examined to determine their
usefulness and range of validity.

The tiwme-harmonic treatment is generalized to arbitrary
periodic excitation by wmeans of Fourier analysis, resulting
in a powerful extension of its applicability to any possible
converter topology. Results for several representative
wvaveshapes are presented from which a fundamental dependence
on the waveform bandwidth is discovered.

Practical application of the theoretical analysis is
considered by developing wmodels for several common winding
types: single and multi-filar round wire, litz wire, and
sheet conductors. Experimental results are presented and
compared with the theoretical results for each of these
cases. Finally, a design procedure is outlined for
switched-mode power transformers which is based on this

work.
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CHAPTER 1

INTRODUCTION

R fundamental design goal of all power conversion
processes is the maximization of the conversion efficiency.
Ideally, there should be no losses experienced during the
conversion process. This goal must usually be pursued in
the presence of wmany other system requirements and
constraints; consequently, it is common for design scenarios
to involve tradeoffs between the efficiency and these other
factors. Virtually all usable power in the world today is
converted and processed into a form for a specific purpose.
Therefore, any increase in conversion efficiency which can
be accomplished without negative repercussions is
potentially of great benefit to society.

The stringent requirements of the space program in the
United States spurred new emphasis on the desire to increase
the efficiency and to reduce the size and weight of
electrical power oconversion systewms. The development of
switched-mode power conversion techniques is one of the most
important results of this renewed interest. Swi tched-mode
power conversion involves the controlled systematic
switching of electrical energy from which the desired

conversion process is accomplished by means of an
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appropriate circuit topolagy. Regulation of the conversion
process is generally implemented through control of the
switching device(s). In addition to solid-state switching
devices, transformers and energy storage reactive elements
typically perform important functions in these processes.
Recent technological advances in these devices, especially
switching devices, have rcsuliod in higher efficiencies than
were previously attainable using conventional power
conversion techniques. A further development made possible
by recent advances is the capability of switohing at higher
rates. The benefits of increased switching frequencies
manifest themselves in the form of reduced size and weight
as a direct result of frequency scaling reactive components
and transforwers.

State-of-the-art switched mode power conversion
technology continues to be driven by the space program and
also by the wmilitary. For example, one of the most
formidable tasks associated with the newly proposed
strategic defense initiative is the efficient generation,
conversion, and processing of the vast amounts of required
power. As the cowponents of these systems become wore
producible and cost effective, newer technology gradually
finds its niche in an incoreasing number of applications in
the private sector. Today, the switched-mode power

conversion industry is in the wmidst of rapid technolagical
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change and expansion into the private sector. In wmany
instances, the private sector is beginning to participate in
much of the basic research, providing yet another source for
the advancewent of the technology.

Within the switched-mode power conversion industry,
there is a oontinuing effort to increase switching rates.
The advantages of increasing operating frequencies are
well-known and have already been mentioned. The primary
advantage is a reduction in the size and weight of the
reactive components and transformers which comprise a large
percentage of wost oconverters. In addition, higher
operating frequencies can also lead to faster dynamic
response if properly iwplemesnted. There are, however,
several factors which inhibit the progress toward higher
frequencies. One wajor factor of practical importance is
the development and availability of cost effective
components which will effectively and reliably perform their
indicated functions at high frequencies. Other important
factors include the technical level of understanding and the
ability to design in an incoreasingly hostile environment of
what used to be second order, but are now dominant,
parasitic effects associated with high frequency operation.
Both of these examples are to a large degree the result of
being a relatively new technolagy. As the technology

matures they should begin to play a lesser role.
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Furthermore, the progress toward higher operating
frequencies has a more fundawmental limitation. Namely, as
one increases the operating frequency for the purpose of
reducing size and weight, there usually results a
requirement for a corresponding increase in efficiency.
This is easily understood from basic thermal considerations.
Two naturally occurring processes for removing heat from a
material body which is dissipating power are free air
convection and radiation. Under these conditions, the
temperature rise of a body above the ambient temperature of
the surrounding medium is directly proportional to the power
dissipated within the body and inversely proportional to the
surface area of the body. Consequently, .to operate a
component at a given tewperature as its size decreases,
there wust be a corresponding reduction in the power
dissipation within the cowmponent. This in turn implies a
higher system efficiency. Although other methods of heat
removal are possible, they are limited in value. For
example, heat may be removed via conduction through heat
sinks, or by forced air convection with fans. However, both
of these wmethods increase the size of the systewm, therefore
cancelling size reductions obtained by inoreasing the
operating frequency. Another alternative is to develop
components which will operate at higher levels of

temperature stress. This is possible to a certain degree
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but limitations are frequently reached due to technological
obstacles, increased cost, and reliability problems.

The importance of increasing system efficiencies through
the reduction of internal losses is ewmphasized by the
preceding discussion. There are certainly limitations (100%
efficiency is neither possible nor practical) to this
approach also; however, it is the most promising at present.
There are many opportunities for improving the performance
of components used in this relatively new technology. Two
very important cowponents, solid-state power switching
devices and power transformers, are good candidates for
improvements in efficiency since they contribute a major
portion of the losses in a switched-mode power converter.
Much ewmphasis has been placed on power switching devices
which have recently undergone orders of magnitude in
improvement leading to increased switching rates,
efficiency, and power handling capability. Recent
developments in wmetal oxide field effect transistors
(MOSFET's) are a good example of this.

Corresponding advances in the design of power
transforwmers have not occurred on the same scale. Although
new materials and techniques are being introduced, they are
not widely understood and often wmisapplied. Few techniques
based on minimizing losses and size are available, and they

are usually based on cgversimplifications. A wmajor objective
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of the work in this dissertation is to help alleviate these
deficiencies. A wmore detailed description of this work will
follow after a brief introductory discussion of power
transformers within the context of switched-mode power
conversion.

Two important functions of power transformers in
switched-mode power conversion are electrical isclation and
the transformation of voltage and current levels. Although
they are not necessarily required in all applications, they
are typically found in a large majority of them. Losses in
power transformers occur in both the core material and the
conductors which make up the windings. Ferromagnetic
oxides, or ferrites, are the predominant materials used in
cores. There are three basic contributions to the losses in
ferrites: hysteresis, eddy currents, and residual losses.
Even though core losses are important, the treatment in this
dissertation is limited to losses which are generated within
winding conductors. The designer usually has a large degree
of flexibility and control over the arrangement and choice
of conductors used in transformer windings. It will be seen
that this can lead to optimization techniques which minimize
the power dissipation in the conductors.

Power dissipation in a conducting medium may be divided
into two subsets. The first is normally referred to as the

DC power dissipation or loss. It is generated by steady
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currents which flow uniformly through the cross section of a
conductor. DC losses are a function of the conductivity,
the cross-sectional area, and the length of the conductor.
The second type of power dissipation is sometimes referred
to as AC loss, and is due to eddy currents. Eddy currents
are definaed as those currents which are produced as a result
of voltages induced by time-varying magnetic fields.

Eddy currents may be further classified into those due
to the skin effect and those due to the proximity effect.
Skin effect is the phenomenon of non-uniform current
distribution over a conductor cross section caused by the
time variation of the magnetic fields within the conductor
itself. According to Hax'\nll's equations, these magnetic
fields coexist with longitudinal currents that teand to add
vectorially near the surface and cancel in the center of the
conductor. Proximity effect is similar, except that the
non-uniform current distribution is induced by the time
variation of externally produced wmagnetic fields such as
those from another conductor in close proximity. Actually,
the classification of eddy currents into those caused by the
skin and proximity effects is one of convenience which is
helpful in visualizing the complexity of the phenomenon. In
reality, Maxwell’'s equations apply to an overall system of
conductors, so that all wmutual interactions are accounted

for. When this is done, there results a unique current
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density distribution in each conductor. There are many ways
of separating these distributions into various components
which aid in developing a better physical understanding of
the phsnomena. The aforementioned separation is probably
one of the most popular.

A non-uniform current distribution follows by definition
from the presence of eddy currents. This necessarily
results in greater loss than the ideal case of uniform
current distribution. The extent of the increased loss is
related to the degree of nonunifoi-mity which is in turn
related to the frequency of wvariation of the magnetic
fields. s the frequency increases, the eddy currents
become wmore localized. The unit of measure for this
localization is the skin depth. In light of the earlier
discussions concerning the recent trends toward higher
frequencies, and the relationship between frequency and
efficiency; the importance of accurately determining current
distributions and their associated losses becomes clear.
This need is further accentuated by the usual requirement of
tight coupling between windinq.s in a transformer which leads
to an exaggerated proximity effect.

The purpose of this diisntation is first to acocurately
model and analyze the aforementioned phenowmena in power
transformer windings with emphasis on applications in

switch-mode power conversion. Results from this analysis
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are then studied in order to develop a fundamental
anderstanding of these phenomena. Based on this
understanding, techniques for improving and optimizing the
design for wminimum conductor loss are derived. An
additional benefit of the analysis is the capability of
determining the energy stored in the magnetic fields within
the windings. These fields are usually referred to as
leakage fields, and the energy stored in them can be used to
determine the leakage inductance. The leakage inductance is
a parasitic element which accounts for components of
magnetic flux which do not link both the primary and
secondary. It appears in the equivalent circuit model of a
transformer, and is a very important element in numerous

types of switched-mode power converters.
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HISTORICAL PERSPECTIVE

Very 1little work has been done toward accurately
deterwmining and winimizing the power dissipation in
transformer windings with ewphasis on applications in
switched-mode power oconversion. This chapter is therefore
devoted to chronologically presenting some of the major
contributions which are related and have led to this topiec.
It begins with some of the first work involved with the
discovery of the skin effect in long cylindrical wires. It
then highlights the wmajor developments u? to some of the
more recent work which is wmore directly applicable to the
subject matter of this dissertation. For convenience, the
references are also listed chronologically. An attewmpt is
made in this chapter to put the contributions of this
dissertation research into perspective. Thus, original
contributions contained herein are wentioned wvhere they
relate to earlier work. For these reasons it may be wore
meaningful to read this chapter again after cowmpleting the

rest of the material.
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2.1 THE EARLY YEARS

It was Maxwell [1] who first considered the effect of
introducing time-varying quantities on the current
distribution in a long coylindrical wire of circular cross
section. He showed that the current density and other field
quantities were in general a function of the radial distance
from the center of the oconductor. He derived expressions
for the effective resistance and induotance by first
expanding the field quantities into a power series in the
radial ocoordinate and allowing the coefficients to be a
funotion of time. The resulting series contained tiwme
derivatives of the current; hence, the solution was very
general. Although this work established the important
concept that the distribution of current is modified by
introducing time variations, it is believed that Maxwell did
not pursue this subject to the point of developing an
understanding of the skin effect as it exists today.

Maxwell'’s work prompted several prominent scientists
such as Rayleigh, Kelvin, and Heaviside to continue research
efforts in this area in the years to follow. Lord Rayleigh
[2, 3, 4] first considered the time-harmonic ocase by
introducing quantities that wvaried sinusoidally in tiwme.
Using the results of Maxwell, he derived series expressions
in the radial coordinate for the effective resistance and

inductance of a long cylindrical wire. Evenr though his
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series converged slowly and only for low frequencies, Lord
Rayleigh was able to draw sowme very important fundawmental
conclusions. For low frequencies, he found that the current
donsity approaches a uniform distribution which leads to
minimum resistance and maximum self inductance. At high
frequencies, he also concluded that the current density
becomes highly nonuniform and concentrates near the surface.
Consequently, he reasoned that the effective resistance
increases without limit, and also that the self inductance
approaches a minimum value as the frequency inoreases.

Prof. D.E. Hughes [3] performed some key experiments
during the same tiwme period which helped to demonstrate and
confirm these phenomena. Some important new conclusions‘
were also reached during these experiments, such as the
advantages of using stranded conductors to reduce eddy
currents.

KEelvin and Heaviside provided more important theoretical
and experimental results during the ensuing years which
continued and expanded on Rayleigh’s work. Eelvin, in his
inaugural address to the IEE [6), spoke at length about the
far-reaching iwmplications of the frequency depéndence of
current distributions. He presented an enlightening analogy
with the wotion of a viscous. fluid in a longitudinally
vibrating tube. In those days, mechanical analogies such as
this were very helpful in visualizing the more abstract

concepts of electricity and wagnetiswm.
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Although unable to locate the specific references, the
author has also encountered descriptions of contributions
made by M. Wien [7] and A. Sommerfeld in 1904 [8]. They
both considered the effect on the current distribution when
a conductor is wound into a solenoidal coil. UWien derived
series solutions for the effective resistance and inductance
which were valid only for low frequencies, and whose terms
were difficult and laborious to calculate. Sommerfeld was
able to find solutions which were valid over the entire

frequency range.

2.2 APPLICATIONS INX POUWER GEMERATIOR AND TRANSHMISSION

In 1905, A.B. Field [9] first considered the effects of
eddy currents in slot-wound conductors such as those found
in the armatures of direct current machines or the stators
of induction wmotors and alternators. The conductors in
these machines were typically located in slots surrounded on
three sides by a high permeability material such as iron.
The magnetic field intensity was assumed to vary as a
function of the slot depth only and to be directed
transversely across the slot. This geowmetry is very similar
to the one used in this dissertation for the transforwer,
except for the fact that no radius of curvature is accounted
for. Consequently, Field’s results are analogous to the

thin-layer approximation derived in Chapter 4. He found

Chapter 2 13



that the current concentrates in the upper portion (open
end) of the slot and showed that many of the existing
designs at that time produced excessive losses. He
suggested several techniques for reducing the losses, such
as using stranded conductors and interleaving layers of
conductors in configurations which would encourage a wmore
uniform flux distribution. Although Field’s results and
conclusions are iwmportant and informative, they are not
suitable for use here for several reasons. First of all,
the notation is somewhat cutdated and designed specifically
for application to slot-wound conductors. Secondly, there
is no provision for including the radius of curvature in
transformer windings. And lastly, Field does not take
advantage of the simplified mathematics of time-harmonic
analysis. His solutions are therefore very cumbersome by
present day standards.

M.B. Field, A.B. Field’s brother, continued and extended
the work of his brother in 1906 [101]. He introduced the
term idle currents to denote currents which consume energy
but do not perform any useful work. This terminology was
subsequently oriticized by several people and has since been
discarded. M.B. Field wade several new contributions.
Probably the wmost important was the discovery of the
existence of coritical conductor depths which resulted in

minimum losses. He also mentioned the possibility of using
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Fourier analysis to handle the near square-wave currents in
the conductors of direct current wachines. This was not
pursued, however, presumably because the series converged
rather slowly and also because the prospect of performing
the necessary calculations without a computer was too
overwvhelming.

Iin the years that followed, many others made
contributions toward improving the theory and developing a
wide variety of techniques to reduce losses in slot-wound
conductors. W.V. Lyon {16, 22, 231 simplified the
mathematics considerably by introducing hyperbolic functions
with complex arguments. He also considered stranded
conductors and several methods of interleaving conductors to
reduce losses. Similar contributions were made by H.W.
Taylor [18], R.E. Gilman [19, 27], and I.H. Summers [30].

In 1907, 1. Cohen [11] extended the earlier work on
solenoidal coils by Wien and Sommerfeld in 1904. He was
discouraged by the previous lack of agreement with
experimental measurewments, and therefore set out to improve
the theory by allowing longitudinal variation in the fields
and currents. This treatment is analogous to the
two-dimensional tranformer problem which is defined, but not
solved, in Section 3.3. Cohen considers a long single-layer
coil in air for which he derives expressions for the power

dissipation, effective resistance, and effective inductance.
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Although his results show marked iwmprovewent in accuracy,
their application is limited to long single layer coils
which are carrying a sinusoidal current. Furthermore, he
does not consider techniques for wminimizing the conductor
losses. Several years later, S. Butterworth [21, 281 also
considered eddy current losses in solenoidal coils. His
approach, quite different than Cohen’s, was applicable to
short coils with relatively wide wire spacings. He also
considered the effects of stranded wire and multi-layer
coils, and briefly addressed the issue of minimizing the
power dissipation.

During the time period from 1909 to 1940, there was much
research activity in the investigation o{ the high-frequency
effects of eddy currents for various conductor shapes and
conf igurations. Most of these contributions are not
directly applicable or easily adaptable to the solenoidal
transformer geometry used here. However, many of the results
are fundamental in nature and therefore useful in achieving
a thorough understanding of the phenomena associated with
eddy currents. Several of the major contributors along with
their publications are summarized in the following areas:
solid wires, tubular conductors, and coaxial cables - Af.
Russell ([12], H.B. Dwight (135, 24, 23, 261, H.L. Curtis
{201, A.H.M. Arnold [33, 34]1; stranded conductors - G.VW.0.

Howe [14]; rectanqular conductors - J.D. Cockroft (311, W.
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Jackson [32], A.H.M. Arnold [35]; and general works
involving several geometries - G.W.0. Howe ([17], C. Snow
[291]. .One of the wmost iwmportant and comprehensive
experimental researches conducted on skin effect during this
time period was by Kennelly, Laws, and Pierce [13]. Most of
the aforsementioned theoretical analyses are compared with

these experimental results to exawmine their validity.

2.3 RECENT CONTRIBUTIONS

There were at least two siqnificant contributions in the
1940’s for which the primary intended application was
transformers. The first was by E. Bennett and S.C. Larson
[361. In it they presented a comprehensive and
straightforward analysis for the effective resistance of
malti-layer coils in transformers carrying sinusoidal
currents. Although this analysis resembled earlier
treatments on slot-wound conductors, the authors were
unawvare of that work when they submitted their manuscript.
They subsequently demonstrated the similarities between the
two applications. The rectangular coordinate system was
used; consequently, there was no way to determine the effect
of the radius of curvature in a cylindrical winding. Their
results are therefore equivalent to the thin-layer
approximation derived in this dissertation. Bennett and

Larson presented several curves for the current density and
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magnetic field intensity within the conductors. They also
plotted the relative power dissipation in the conductors
versus the conductor thickness expressed in skin depths.
From this they discovered the existence of an optimum
conductor thickness which yielded wminimum power dissipation
at a given frequency. When the appropriate parameters are
properly related, the thin-layer approximation contained
herein for the case of sinusoidal excitation is in agreement
with the results of Bennett and Larson.

Five years later, with no apparent knowledge of the work
of Bennett and Larson, T.H. Long [37] presented a similar
analysis for the effective resistance of multi-layer
windings. AAlthough not as comprehensive in coverage, many
of the sawme conclusions were drawn. However, Long did make
two new contributions. He found the optimum conductor
thickness for a multi-layer winding with identical layers
and he derived an approximation to include end effects.

No further work of significance appeared until 1966 when
P.L. Dowell [39] expanded the earlier analysis so that it
could be conveniently applied to modern transformers. In
the process he derived expressions for the leakage
inductance as well as the effective resistance. A further
important attribute of his work is its ability to handle
sectionalized windings. Dowell]l does not, however, give any

consideration to methods for miniwmizing the losses.
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There was also a renewed interest in the 1960's on
applications involving slot-wound conductors in rotating
machinery, primarily by P. Silvester [40-45]. Most of the
techniques used by Silvester involve numerical wethods
which became possible with the advent of wmore powerful
computers. flthough these techniques are very general and
capable of analyzing complex geometries, their usefulness in
the transformer application does not presently appear to
justify their added complexity. Moreover, these techniques
tend to be less revealing on the fundamental nature of the
solutions.

Two books written in the 1960'’s are also useful as
general references. Eddy Currents by Lammeraner and Stafl
[38] is a valuble treatise on methods and applications for
eddy currents. Soft Ferrites: Properties and ABpplicalians
by E.C. Snelling [46] provides an equally useful reference
on ferrites and their applications. Of particular interest
for the work here are his discussions on power transformers
and the properties of windings in Chapters 9 and 11,
respectively.

The next important contribution was by M.P. Perry in
1979 (471, and later in 1981 [49] in an extension of the
former. Like Dowell, his work served mainly to wodernize

the theory and its applicability. But unlike Dowell, he

stressed the concept of designing windings for mimimum
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losses. Perry’s wmodel was still one-dimensional and only
for sinusoidally time-varying ocurrents. filthough the
rectangular coordinate system was the primary setting for
his analysis and results, Perry did introduce the notion of
using the cylindrical coordinate system to take into account
the effect of the radius of curvature. But he did not carry
this treatment through to any extent. filso in 1979, T.H.
Putman £481 considered eddy-current losses in large
eloctfical reactors. The theoretical content of this paper
was very limited and primitive. His wmajor contribution
involved devising a therwmodynamic based method for
experimentally measuring the losses in large reactors.

As far as the author has been able to determine, the
first and only treatment of transforwmers for switched-mode
power conversion was by P.S. Venkatramam in 1984 [350]. His
most important contribution was to directly apply the work
of Dowell [391 to extend the application to rectangular wave
currents by using Fourier analysis. He derived expressions
and plotted curves for both the effective resistance and
leakage inductance of a transformer winding carrying
rectangular wave currents.

Venkatraman’s work is a valuable contribution to modern
switched-mode power conversion. It clearly establishes the
influence of the current waveshape on determining losses in
transformer windings. There are many limitations to its

application, however, and there is much roowm for improvement
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and extension. First of all, only rectangular wave currents
were oconsidered. A wide variety of current waveforwms are
encountered in wodern switched-mode power conversion, and it
appears that the number will continue to grow as wmore and
more circuit topologies are discovered. Certainly,
techniques employing Fourier analysis are capable of
providing a weans for habdlinq arbitrary waveforwms.
Venkatraman also does not consider the very important
concept of wminiwmizing the winding coanductor losses.
Presumably, since an arbitrary waveform can be expressed as
a sum of sinusoids, the minimization problem should be
solvable just as it is for the case of a pure sinusoid. The
resulting solution should be expected to be a complicated
function of the harwmonic content of the waveform. fa
challenging task would therefore be to cast the solution
into a forwm which relates to fundamental characteristics of
the waveform. The accowplishment of this task would be of
considerable value in leading to a better understanding of
the phenowmena. Two other liwmitations of Venkatraman’s work
which could be addressed are: the exact solution of the
one-dimensional problewm in the cylindrical coordinate system
in order to include the effects of the radius of curvature;
and the generalization of the notation so that individual
layers and sectionalized windings within complicated

transformers can be conveniently analyzed.
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2.4 CONTRIBUTIONS OF THIS EFFORT

The primary objective of this dissertation is to provide
a comprehensive, general treatment of the theory and design
of switched-wmode power transforwers for wminimum conductor
loss, The author’'s philosophical approach to accomplishing
this goal follows. First, the wmost general mathematical
model is defined and discussed (Chapter 3). This model is
then specialized to facilitate a methodical development and
complete study of the time-harmonic sinusoidal analysis
(Chapters 3, 4, 5, and 6). An attempt is made to encompass
all of the previcus work in a generalized treatment which
also serves to introduce new and expanded solutions. The
flow of the analysis begins with exact solutions and
proceeds with several successively less lccurat..
approximations. Each approximation is studied in detail to
deterwmine the conditions under which it is wvalid. The
sinusoidal analysis is then generalized to arbitrary
periodic waveforms through the use of Fourier techniques
(Chapter 7). fill of the same approximations are then
-roconsid.rod, the last of which leads to an interesting and
enlightening physical interpretation. Finally, the analysis
is applied to several popular conductor arrangements and
some experimental measurements are presented and compared
with the theoretical predictions (Chapter 8). Based on both

the experimental and theoretical results, conclusions are
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drawn and a design procedure for minimizing the power
dissipation in transformer windings is outlined (Chapter 9).
In addition, several possibilities for future work are
discussed which could lead to increased accuracy or broader

application.
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CHAPTER 3

FORMULATION

Any engineering effort should be well-defined wvhether it
involves research, design, or experimental work. The intent
of this chapter is to provide a complete and clearly stated
formmlation of the problewm considered here, This includes
discussions of the problem constraints, its range of
application, and the preliminary assumptions of the
analysis. In the process of achieving this goal, most of
the introductory theoretical analysis is also presented.

First, the physical geowmetry is considered. The
cylindrical coordinate system is chosen as the setting for
the mathematical description, and physical quantities are
introduced within this context. Possible limitations which
may arise as a result of the chosen geometry are discussed.
Next, the electromagnetic field equations which
mathematically model the problem are presented. General
equations are introduced first, and are then methodically
specialized for the work here. A general two-diwmensional
model is initially described. Conditions are then specified
which allow simplification to a one-diwmensional model. a1l
subsequent work in this dissertation uses the

one~-dimensional wmodel.
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3.1 GEOMETRY

A perspective sketch of a typical high frequency power
transformer for a wmodern switched-mode power converter is
shown in Figure 3.1.1. The core geometry in this particular
example is known as a PQ-core. The center leg of the core
is circular in cross section as is the bobbin upon which the
solencoidal-shaped windings are wound. Thus, except for the
outer portion of the core and possible winding
imperfections, the geowmetry of the transformer is axially
symmetrio. For these reasons, the oyliandrical coordinate
system is the natural choice for describing and analyzing
these transformers. Many other core geometries and
corresponding bobbins are available. The majority of them
are very similar and can also be adequately represented in
this wmanner. For example, EE-cores have center legs with a
square cross saeaction. This does not present a significant
problem in practice, since after the first few layers, the
windings begin to take on a circular shape. The current
trend, however, is away from this type of core and toward
those with circular oross section. The only major core
geometry which is not represented well in the cylindrical
coordinate system is the toroid. But even for this shape,
if the radius is large enough, it may be treated as if it

were cut and straightened into a long solenoid.
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Figure 3.1.1. Perspective sketch of a typical high
frequency power transforwmer (PQ-core) for a wmodern
switched-mode power converter.
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Figure 3.1.2 ‘shows the cross section of a typical
transformer. This illustration is designed to represent the
most important aspects of transformer construction for the
analysis here and to introduce some of the quantities and
symbols to be used. It is not intended to be dimensionally
accurate. The main features of this geometry along with
some assumptions which_ are based on them are listed below.
Some of these have already been mentioned, but are repeated

here for completeness:

0 The coylindrical coordinate system is used for the
mathematical representation. Its orientation with
respect to the transformer is indicated in both
Figures 3.1.1 and 3..1.2.

» Axial  symmetry about the z-axis is assumed;
consequently, no quantities can exhibit
é¢-dependence. Because of this symmetry, only half of
the cross-sectional view is shown in Figure 3.1.2.

] A core of ferrite material surrounds the winding
portion of the transformer.

® The length of the winding area in the axial
direction is denoted as 1.

° f general transformer winding contains X alternating

layers of conductor and insulator.
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Figure 3.1.2. Cross-sectional view of a typical high
frequency power transformer for a wmodern switched-mode
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. The anth conductor layer is bounded by the inner and
i

outer radii, P

and p:, respectively. The
arrangement of conductors within the conducting
layers is not defined at this point.

) The layers of insulating material are automatically
defined to be bounded by the adjacent conductor
layers.

(] Other windings to the interior and exterior wmay be

present and are modelled in a similar manner.

The macroscopic electrical properties of the materials in
the transformer are described by their constitutive
parameters. These parameters are shown in Figure 3.1.2 and

summarized here for convenience:

. The ferrite core material is assumed to be lossless
with real permeability )Y iy, free-space
permittivity £,, and zero conductivity o.

] The insulating material is assumed to be a lossless,
non-magnetic diclectric with real relative
permittivity L free-space perwmeability u,, and
zero conductivity o.A

. The conducting material is assumed to be a good
conductor with high conductivity o. It has both

free-space permittivity s, and permeability u,.
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While the above characteristics describe the conducting
material accurately, both the ferrite and insulating
material could, in general, be more complex. Since the main
interest here is to analyze phenomena within the conducting
regions, only those characteristics of the surrounding
regions which have a significant ianfluence in acconplishing
this are included. fAictually, the above wmodel for the
insulating material is general enough for any construction
that the author is aware of. On the other hand, if one were
interested in determining the losses in the !'ex"rite, its
model would need to be generalized to include nonlinear
hysteresis effects, complex permeability, and finite
conductivity. Further discussion of these topics is
included in the next section in relation to Maxwell's
equations and in the following chapter when determining

boundary conditions.

3.2 ELECTROMAGNETIC FIELD EQUATIONS

The scope of the treatwment in this dissertation is
limited to the winding portion of the transformer.
Describing, understanding, and optimizing performance based
on phenomena within the winding region involves the
determination and manipulation of quantities such as the
electromagnetic fields, current density, power dissipation,

and stored energy.

Chapter 3 30



Within the winding region, the insulating material has
been defined such that it is lossless. In practice, the
losses there are so small when compared to those in the
conductors that the validity of this assumption is beyond
reasonable doubt. Electromagnetic fields will, however, be
present in these regions, and they will contribute to the
en?rqy stored in the winding. It will be seen later that
the insulation layers will also play a role in determining
the houndary conditions for the conductor layers. For these
reasons, the insulating material is only of secondary
importance. Its effects are simple and can be incorporated
as needed in the process of anélyzing the conductor layers.
With ¢this in wmind, this effort will now focus on the
analysis of the conductor layers.

The conducting regions are assumed to be isotropic,
linear, and nonmagnetic; their macroscopic properties are

described through the constitutive parameters:

§, = free-space permittivity = 8.854x10"'? [F/ml (3.2.1a)
M4y = free-space permeability = anxi0”’ [H/m]l (3.2.1h)
o = conductivity of copper = s.7x10’ [S/m]l (3.2.1c)
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The conductivity for copper has been chosen because 62 its
universal use in transformers of the type considered here.
Other good conductors can be treated by simply substituting
the appropriate value for the conducti?ity. The
time-harmonic Maxwell's equations for the conducting regions

are given by

VXXH= jeD + J, (3.2.2b)

where the o"“t convention has been used in defining the
phasor field quantities in boldface. The equation of

continuity is

V J = o (3-2-3)
since there can be no permanent distribution of free charge
(p = @) in regions with finite conductivity. The divergence
relations

vV-B=2=20 (3.2.4a)

V+.-D=20 (3.2.4h)
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are also wvalid in the conductors. These equations are not
independent of the curl and continuity equations, however,
since they way be derived from them through the use of
vector identities. The wmacroscopic properties in equations
(3.2.1) for the conducting layers give rise to the following

constitutive relationships:

D= £,E _ (3.2.5a)
B = uH (3.2.5b)
J = oK. (3.2.5¢e)

Using these relationships, Maxwell’s curl equations may be
rewritten explicitly in terms of the magnetic field

intensity H and current density J,

VXJ = -jeu,cH (3.2.6a)
VXH=2(1+ j%")l. (3.2.6b)

These equations can now be solved for J and H from which K,
D, and B can be determined from the simple linear
relationships in equations (3.2.5). The corresponding

divergence relations become

Chapter 3 33



vV -H=20 (3.2.7a)
V . J = o. (3-2-7b)

The latter equation gives the same result as the equation of
continuity which will therefore not be repeated. Further
simplification of Maxwell’s equations is still possible.
Consider the second term on the right-hand side of equation
(3.2.6b). This term is called the displacement current (it
is perhaps wore recognizable when written in terms of D or
E), and it is widely known that it can usually be neglected
in conducting regions. Mathematically, this condition is
expressed by the requirement that

LF
‘—c' (( 1. (3-2-8)

The only unknown quantity in this expression is frequency.
So, rearranging and substituting the numerical values for
the permittivity and conductivity given in equations

(3.2.1a) and (3.2.1¢c) yields

o 5.7 x 10’ - 1s

27 x 8.854 x 10”12
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This frequency lies in the lower portion of the X-ray band

”n or 3 A.

and corresponds to a wavelength of 3 X 10~
Presently, the range of fundamental frequencies used in
switched-wmode power conversion technology ranges frowm the
upper end of the audio band, about 20 kHBz, to a few Mhz.
While the current trend is toward higher switching
frequencies, values approach‘ing X-ray frequencies would not
occur for years and would require a completely new
technology. Obviously, transformers like those described
here would be useless. Thus, it is seen that neglecting the
displacement current is certainly valid for any application
which could possibly use one of these transformers.
Maxwell's curl and divergence equations have now been

simplified as far as possible for the conducting regions

under consideration and are summarized for convenience:

VX J = -jeu,ol (3.2.10a)
VXHa=J (3.2.10b)
V- -H=0 (3.2.10c)
v-.-Ja=0. (3.2.10d)
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It is instructive for two reasons to pause at this point
and derive the conservation of power equation, or Poynting’s
theorem. The first reason is because it takes on a somewhat
unfamiliar and specfic form in a source-free conducting
region. Secondly, several quantities which will be used
extensively can be introduced in the process. Following the
usual technique, scalar multiply equation (3.2.10a) by B*
and the conjugate of equation (3.2.10b) by J, and subtract

these results to give
Voo T x BY) + j2equ, |H|? ¢ 23] = 0. (3.2.11)

This is the point form of the conservation of power
equation. The first term is the divergence of the complex

Poynting vector

. 1 #* 2
8 = fE(J X H) [W/m”1] (3.2.12a)

which represents the volume density of complex power leaving
a point. This quantity is more commonly expressed in terms
of E rather than J since that is its more general
definition. The second terwm is j2¢ times the time-averaged

magnetioc energy density

.1 2 3
o= Ey,lnl {J/m1 (3.2.12b)
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which in the time domain corresponds to the time rate of
change of the wmagnetic energy density. Notice that the
similar terwm involving the electric energy density is absent
from the equation, a result of neglecting the displacement
current. The last term is directly recognizable as the

time-averaged power dissipation density
. 2 3
Py = IE'J| [(W/wm'1. (3.2.12¢)

Substituting the definitions in equations (3.2.12) into

Poynting’s theorem results in the more concise form

The regional form of Poynting's theorem for a volume v
bounded by a closed surface s is obtained by integrating
equation (3.2.13) over the volume v and applying the

divergence theorem to the first term. The result is

J:l;S - ds + j2wm + Pd = 0, (3.2.14)

where the first terwm is the complex power flowing out

through the closed surface s,
wo= L e im|?ar o2 (3.2.15a)
m 2 w2 ° i i
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is the time-averaged stored magnetic energy within the

volume v, and

. 1 1 2
Pd = IJ..”.,;IJI dv (48] (3.2.15b)

is the time-averaged power dissipated within the volume v.
fis the final step in manipulating Maxwell’'s equations,
it would be desirable to uncouple them such that each
involves only a single quantity. Returning to equations
(3.2.10), take the curl of equation (3.2.10b) and substitute

equation (3.2.10a) into the right-hand side to obtain

Reversing the roles of the same two equations and following

the same process yields
VXVXJd= -jeuol. (3.2.16b)

Thus, both the magnetic field intensity and the current
density (D, E, and B also) satisfy the same vector squation.
Only the boundary conditions will make e@ach solution unique.
Equations similar to those above are also derivable for
non-conducting matter, and they are referred to as vector

wvave equations or vector Helmholtz equations. These
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equations are of the same form except for one fundamental
difference: here, the right-hand side contains only a single
power of the frequency wvhersas the vector wave equation
contains the square of the frequency. Thus, only the first
derivative with respect to time appears in the equivalent
time~-domain equation while the second derivative appears in
the ocorresponding vector wave equation. The terminology
veclor diffusion equation is therefore wmore appropriate and
is adopted here in reference to equations (3.2.186). The
methods of solution for these two classes of equations are
identical for the tiwe-harmonic case since they differ only
by a complex constant. This difference, however, results in
a radically different behavior in the solutions. The
solutions of the vector diffusion equations (3.2.16) cannot
be wave-type solutions.

finticipating clearer interpretations of the solutions to
follow, the usual high conductivity approximation for skin

depth is introduced at this point,

6 = E— . (3-2-17)
J TR

The vector diffusion equations can now be rewritten to

include this parameter, vielding
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VXVXHSs= -33;8 (3.2.18a)
5

vXVYXT = -jZ;J. (3.2.18B)
5

Although the analogy is not exact, the skin depth appears in
the sawme place in the diffusion equation as the wavelength
does in the wave equation, and it may be loosely interpreted
in the same manner. Instead of being the length of the
period of a traveling wave, the skin depth provides a
measure of the rate of decay of the exponential type
solutions of the diffusion equation.

The diffusion equations, along with their appropriate
boundary conditions, ultimately govern the remainder of the
analysis to be performed. Once solved, their solutions
shall be studied and used to determine important
characteristics such as power dissipation and stored energy
in various types of transformer windings. Searches can then
be conducted for techniques to optimize the design with
respect to these characteristics. Expressions for other
useful quantities, such as effective resistance and leakage
inductance, will also be derived which will add to the
understanding of the results and simplify experimental

verification.
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3.3 GENERAL TWO-DINENSIONAL PROBLEM
The divergence and curl vector differential operators
expressed in cylindrical coordinates for a general vector

field B are

la(pﬂp) 168‘ Bﬂz
and
6&, BRP 6& -~
vxa. 37— az |P [62 ek

o

1[a(pa‘) 241
P

T . (303-1b)

In the previous section, the geometrical assumption of axial
symmetry was made. There can therefore be no ¢-dependence

and the above vector differential operators simplify to

apa)  2a_

Vv -« A(p,2) = ;—ap——- + 3z (3.3.2a)
[ F: R a8 a(Pﬂ Y
VX Alp,2) = - az—P + [ ]’ + —T—I (3.3.2h)

This assumption is the basis for the terminology
two-dimensional since all quantities are, in general, a

function of the two coordinates p and z.
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Also a result of axial symmetry (see Figure 3.1.2), note
that the conductor layers are solencoidally wound which

implies only a é#¢-component for the current density; hence,
~
J = J‘(p,z)f. (3.3.3)

Using this in equations (3.3.2) gives the following form of

the vector differential operators for the current density:

V. .d=v. J’(p,z); =0 | (3.3.4a)

vVXJI=9VX J,(p,z)?

= -2 v p,rlp + 12 ps (p,2) |2 (3.3.4b)
az , ’ PBP ' , a ®are

These results can now be cowpared to Maxwell’s equations
(3.2.10). The first result shows that the current density
satisfies the divergence equation solely as a result of the
geometrical assumptions, certainly an acceptable result.
The second result implies that the magnetic field intensity

has both radial and longitudinal components (from 3.2.10a),
B = RP(p,z); + B (p,2)3. (3.3.5)

The vector components and their functional dependence

for the current density and magnetic field intensity have
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now been determined for the general two-dimensional problem
and are given in equations (3.3.3) and (3.3.5).
Substituting these into equations (3.2.10) yields Maxwell's

equations specialized to the two-dimensional case:

- g;[J‘(p,z)]p + ég;[pl’(p,z)];

- - ji?lp(p,z)p - j:—:az(p,z)z (3.3.6a)

a >~ a -~ ~
sglap(p,z)]i - 3;[lz(p,z)]f = J‘(p,z)i (3.3.6b)

. [
ﬁg; pRP(p,z)] + 3= Rz(p,z)] = 0 (3.3.60)
‘&’g_; T,py2)| = 0. (3.3.6d)

The uncoupled vector diffusion equation for the current
density may be deterwined in a similar manner via equation
(3.2.18b), yielding

ats aJ a%s

L4 + % $_ [jz; + i;]}, +
op . P

- = o, (3.3.7)

ap oz

where the notation has been simplified by dropping the
independent variable arguments which are now understood from
the context of the two-dimentional problem. Similarly, the

vector diffusion equation (3.2.18a) for the magnetic field
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intensity reduces to two coupled equations for the radial

and longitudinal components,

L- _Z_-2p -0 (3.3.8a)
Jz 2z3dp s* P
a’xz alxn 08, oH 2
= - P4 2 _2_£2_ i=a, = o. (3.3.8b)
ap opdz Pap P az 5

This concludes the general statement of the
two-dimensional problem. Given the appropriate boundary
conditions, equations (3.3.7) and (3.3.8) can bhe solved and
the analysis can continue. filthough not pursued further
here, one approach to the solution might proceed as follows.
Use the separation of variables method to find the general
solution to equation (3.3.7) for the current density. This
solution will Dbe in the form of a summation of
- eigenfunctions which span the two-dimensional space. The
corresponding solutions for the radial and longitudinal
components of the magnetic field intensity can then be
determined from the simple derivatives in equation (3.3.6a).
Suitable boundary conditions must then be enforced to solve
for the arbitrary weighting constants in the summation and
the eigenvalues or separation constants.

The approach outlined above is certainly possible and

not overly difficult. The author has found, however,; that
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simplification to a one-diwensional model provides much more
insight while sacrificing little generality and accuracy for
the applications interested in here. It is the logical
first step in developing a fundamental understanding of the
basic phenomena. In addition, the one-dimensional
simplification makes the generalization to arbitrary
periodic waveforms (to be considered later) wuch more
tractable. Making that geperalization in the
two-dimensional problem would introduce Fourier analysis
into an already complicated and unrevealing solution.
Subsequent evaluations would therefore involve endless
studies of computer results, and there would be little hope
of visualizing and understanding the problewm in a
fundamental way from simple observation of the solutions.

Before abandoning the two-dimensional model, one further
conment is appropriate. It will be seen later that there
are indeed limitations of the one-dimensional model which
the two-dimensional wodel could possibly resolve. These
limitations are second order effects for wmost present
applications, but that may change in the future. The
abandonment is therefore tewmporary and further work is
planned in the future.

The one-dimensional wmodel is introduced in the next
section along with the assumptions necessary for its use.

The remainder of the work in this dissertation employs this
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work exclusively. As will be seen, even the solutions
resulting from this wmodel require extensive use of a
computer . There are, however, several approximations
possible which greatly simplify the solutions and enhance

the basic understanding of thewm.

3.4 ONE-DINENSIONAL SIMPLIFICATION

The one-dimensional simplification results from
longitudinal assumptions in addition to the axial symmetry
of the two-dimensional model. In particular, the insulation
and conductor layers are assumed to be wound uniformly in
the z-direction. Also, the solencidal coils formed by these
layers are assumed to be long enough to ignore end effects.
The result of these assumptions is that physical quantities
will no longer exhibit longitudinal variation.

Having a physically long winding is not the only
condition which contributes to this simplification. The
existence of the high permeability ferrite core surrounding
the winding enhances its validity also. The reason for this
is the tendency for the magnetic fields exterior to the
ferrite to be normal to its surface, resulting in a
predominantly longitudinally directed magnetic field. From
equation (3.3.6a) it is seen that longitudinal variation in
the current density cannot be supported without a radially

directed magnetic field. This effect is discussed further
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in the first section of the next chapter on boundary
conditions.

Paralleling the development in the previous section, the
divergence and curl vector differential operators for a
general vector field & under the one-dimensional assumptions

are given by

la(PBP)
v A(P) = F'__BP-_— (3.4.1a)
28,. ,8pA,).
vV X ilp) = - —a;, + E——BP——I, (3.4.1h)

where only the radial dependence remains. The current
density and wagnetic field intensity are now expressed

simply as

J = J’(p); (3.4.2a)

H = Ez(P)z. (3.4.2b)

Note that there is no longer a radial component of the
magnetic field intensity. Using these expressions in

equations (3.2.1Q) further simplifies Maxwell’'s equations to

19 [ -~ .2 -
-=—lpJ (p)lz = -j—f _(p)= (3.4.3a)
pap ¢ 5t 2
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2 A~ A~
- TP[EZ(P)]‘ = J,(P)‘ (3.4.3b)

a [ ]

E(m| =0 (3.4.30)
52 Z o j
;;g?-rl‘(p) = 0, (3.4.3d)

where both of the divergence relations are now satisfied as
a result of the geometrical assumptions. The vector
diffusion equations are found in a similar manner by using

the relations in (3.4.2) in equations (3.2.18),

pr—= + p—= - j2Pa_ =0 (3.4.4a)
ap 3p 6
2
S IL N P . P (3.4.4p)
P 2 P— J "? , - - ] 14b
ap ap 5

The radial dependence of these quantities is now understood
and has been eliminated to simplify the notation.
Completely uncoupled one-dimensional second order
differential equations have now been derived for the current
density and magnetic field intensity. They way both be
solved separately, or either one may be solved and equations
(3.4.3a) and (3.4.3b) used to find the undetermined

quantity.
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In order to put equations (3.4.3%) into a wmore

recognizable form, the independent variable substitution

x & J'Ig- (3.4.9)
is introduced, yielding
28’E2 axz 2
x < + x - Jx Rz = 0 (3.4.6a)
ox ox
zazii aJﬁ 2
x 2 + x - [jx + llJ, = 0. (3.4.6b)

ox

Both of these equations are examples of a special form of
Bessel’s differential equation due to Lord EKelvin. The

general solutions are given by

8 (x) = 8 (ber x + jbei x) + B (ker x + jkei x) (3.4.7a)
z ° ° ) o o °

J,(x) = & (ber x + jbei x) + B (ker x + jkei x). (3.4.7h)
¢ 1 1 1 1 1 1

These solutions are collectively referred to as EKelvin
functions. More specifically, ber and bei are Kelvin
functions of the first kind, and ker and kei are EKelvin

functions of the second kind. The subscripts indicate the
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order which for here is either zero or one. Bo, Bo’ R‘, and
B‘ are arbitrary complex coefficients which wmust be
determined from boundary conditions to give the particular
solutions. An appendix is provided, Appendix B, which deals
exclusively with Kelvin functions. If unfamiliar with them,
the reader is strongly urged to review this appendix. Many
properties of the Kelvin functions which will be used
extensively are included such as recurrence relations,
indefinite integrals, and large argument asymptotic
approximations.

Before continuing with the determination of the
particular solutions of equations (3.4.6), two very useful
relationships betwwen the arbitrary complex coefficients of
the two general solutions are derived. The procedure
involves substituting the general solutions in equations
(3.4.7) into equation (3.4.3b), ewploying the recurrence
relations (B.2.3), and reducing the result to
(1-j)

° (3.4.8a)

—A
8 (1-3)
= - __Bi—a . _ (3.4.8b)
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CHAPTER 4
SOLUTION OF THE SINGLE-LAYER PROBLEM

The particular solutions for the current density and
magnetic field intensity in a single conductor layer are
derived and examined in this chapter. The single-layer
problem is the wost basic one to be considered, upon which
the generalizations to multiple layer windings and arbitrary
periodic waveforms will be made.

The first section contains a general discussion of the
behavior of wagnetic fields at the boundary between a high
permeability ferrite and a nonmagnetic wedium. Boundary
conditions for a single conductor layer are derived and then
applied to the general solutions obtained in the previous
chapter. The resulting particular solutions are studied in
detail, and the effects of varying several different
parameters are examined. Two successive approximations are
then introduced: the large argument asymptotic approximation
and the thin-layer approximation. Both of these
approximations are alsoc examined thoroughly, and the

conditions under which each is valid are considered.
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4.1 BOUNDARY CONDITIONS

Consider the boundary between a high permeability
ferrite (yl > up) and a nonmagnetic mediam (”z = (y)
depicted in Figure 4.1.1. For the purposes of this
illuastration, the ferrite permeability is assumed to be real
and constant, and both media are assumed to have finite
conductivities. The subscript 1 denotes the ferrite region
for which Btl and Etl are the tangential fields, Bax and Enx
the normal fields, 8‘ and Rl the corresponding magnitudes,
and a the angle between the fields and a line normal to the

boundary. The subscript 2 denotes similarly defined

quantities in the nonmagnetic region: Btz’ Etz’ B8 , #®

n2 na2'

Bz’ Ez’ and a,- Boundary conditions for this type of

interface require continuity of both the tangential magnetic
field intensities and the normal magnetic flux densities,

which are mathematically expressed as

Et: = Etz {(4.1.1a)
an = an {(4.1.1b)
or, equivalently, as
# sina = R sina (4.1.2a)
1 3 2 2
B cosa = B cosa . (4.1.2b)
1 1 2 2
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Normal to boundary

Boundary

B or H
Fields

Figure 4.1.1. Boundary between a high permeability ferrite
and a nonmagnetic medium.
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From these equations and the constitutive relationships

B, = u B = ppR (4.1.3a)

Bz = ”znz = p,ﬂz, (4.1.3b)

the following expression relating the angles of incidence of

the fields is easily derived:
tanal = yrtancz. (4.1.4)

Fr is the relative permeability of the ferrite. A typical
value for this quantity for ferrites used in switched-mode
power converters is about 3000. Used in the above equation,
this large value suggests a tendency for either a, to be
near m/2 or ‘: to be near zero, or both. For example, if
a, = 899, then a, = 1.09¢°, Even for an almost grazing
incidence in the ferrite of al = 89.99, the fields in the
nonmagnetic medium are nearly normal to the boundary with
a, = 19.89°, Another useful relationship may easily be
derived from equations (4.1.1), (4.1.2), and (4.1.3) which

relates the unqnitudns.of magnetic field intensity in the

two regions:

2 2
Rz = BlJll + (”r 1)cos a = Rlprcosal, (4.1.3)
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where the latter approximation is valid for B ¥ 1. Using
the same nuanrs as in the examples above; Rz = 52.43‘ when
« = 899, and B’ = 5.38l when a = 89.99, So, the general
tendency is for the magnetic field intensity to emerge from
a high permeability ferrite into a nonmagnetic region normal
to the boundary and larger in wmagnitude. This behavior
becomes wmore pronounced as the permeability of thé ferrite
increases. The following discussion of boundary conditions
for the single-layer case uses the results of this behavior.

Consider now the single-layer problem as shown in Figure
4.1.2, This is a wagnified view of the nth layer of a
winding corresponding to the cross-sectional representation
in Figure 3.1.2. In addition to the geometrical assumptions

made in the last chapter, the following are also made with

respect to the single-layer problewm and Figure 4.1.2:

(] The magnetic field intensity within the ferrite core
is assumed to be uniform with magnitude Bf and
oriented as shown in Figure 4.1.2.

(] The relative permeability of the ferrite is assumed
to be large enough so that the behavior wmentioned
above is displayed at the ferrite-to-nonmagnetic
(both insulating and conducting regions of the
winding) boundaries. Namely, it emerges normal to

the ferrite and higher in magnitude.
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. The length ! of the winding is assumed to be large
compared to the radial thickness of the insulating
and conducting layers.

) The wagnetic field intensity in the insulating
layers is assumed to be uniform and referenced as

shown in Figure 4.1.2.

It should now be evident why the presence of the ferrite
enhances the conditions necessary for the one-dimensional
approximation.

Following the notation in Figqures 3.1.2 and 4.1.2, the
magnetic field intensity. at the boundary of the nath
conductor layer and within the nth insulation layer is

Ba=g3x p2<ps Pr, i o= 0,1,2,...,1, (4.1.6)
where E. corrnspoqu to the inner boundary of the total
winding as well as the first layer. Note that the fields
are uniform in the insulation layers. This is the result of
assuming that the insulation layers have zero conductivity;
consequently, only displacement currents exist which are
wmuch smnlior in magnitude than the conduction currents in
the conductor layers. fAilso, the wavelength in the
insﬁlation layers is many orders of magnitude larger than

the radial thickness of the layers.
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The boundary conditions may now be related to the total
current in the conductor layers through the use of Ampere’s

law around the closed path ABCDA surrounding the nth layer
§ H - dl = In' (4.1.7)

where In is the total positive é#-directed current in the nth
conductor layer passing through the surface defined by the
closed path ABCDA. In terms of the current density, In may

be expressed by the simple integral

+1/2 o
Fe]
I = Jj;J . ds = J dz JPiJ'n(p)dp (4.1.8)
-1/2 P
or, alternatively, as
o
. Pa
1, = zJ i.rm(pmp = 1K, (4.1.9)
Pn

wvhere xn is defined as current per unit axial length in the
ath conductor layer. Turning now to the left side of
equation (4.1.7), the closed path integral can be expanded

and simplified as follows:
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o i
a t/72 a +1/2
§ H . dl = 1x£dP + Rndz - olfdp + Rn_ldz
+1/2 =172

P

® l(ﬂn_l - Hn) ’ (4.1.10)

where Tn is defined to be the thickness of the nth conductor

layer
. 0 _ i
T, = P, Par (4.1.11)

The terms resulting from the line integrals within the
ferrite may be neglected because of the assumption of a long
solenoid and the fact that the magnetic field intensity is
much larger in the winding region. The latter is especially
true for transformers which are nearly ideal since they have
a very large magnetizing inductance and correspondingly
small wagnetizing current relative to the load current.
Under these conditions, the fields in the ferrite core are
determined by the magnetizing current, and those in the
winding regions are determined by the wmuch larger load
currents. For an inductor, which can also usually be
treated by the analysis here, the situation is somewhat
different. The wmagnetizing and load current are one and the

same; consequently, the magnetic field intensity in the
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winding region will be of the same order of magnitude as it
is in the ferrite. Thus, the assumption of a long solenoid
becomes wore important in the simplification of equation
{(4.1.19) for an inductor. It is worth noting that the
situation just described for an inductor does not contradict
the discussion at the beginning of this section concerning
the behavior of the magnetic field intensity at a ferrite-to
nonmagnetic boundary. The smaller differences in magnitude
can be resolved through appropriate angles of incidence or a
lower permeability which is typically the case for
inductors.

The simplifications obtained in equations (4.1.9) and
(4.1.19) may be substituted back into Ampere’s law (4.1.7)

to yield

8 - R = -k = -—, (4.1.12)

It is important to rewmember that the magnetic field
intensity is referenced to the positive ;-direction and that
the current density is referenced to the positive
;-direotion. Thus, if the magnetic field intensity at the
outer boundary Rn is more positive than that at the inner

boundary #& then the net current flow will be in the

n-1?

negative ¢-direction.
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4.2 PARTICULAR SOLUTIONS

First, the particular solution for the magnetic field
intensity in the nth conductor layer is considered since the
necessary boundary conditions have already been determined.
The general soluation under the one-dimensional
simplification is given in equation (3.4.7a) and is repeated

.

here,

Rzn(x) = Bon(berox + jbeiox) + B.n(kerox + jkoiox); (4.2.1)
where the subscript n has been added to denote the nth
conductor layer, and the independent variable x is defined

as in equation (3.4.9)
x = JIE, (4.2.2)

and the skin depth 8§ by equation (3.2.17). Note that x is a
unitless quantity. Boundary conditions from equations
(4.1.6) for the single-layer problem can also be written in

this form:

an(X;) = Bn-‘; I = 1,2,0-.,' (4-2.3‘)
'zn“:’ =B 3 on=1,2,...,0 (4.2.3b)
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where the transforwed inner and outer boundary radii satisfy
equation (4.2.2) also. Applying these boundary conditions
to the general solution produces a system of two equations
which must be solved for the two arbitrary constants aon and
B . The resulting particular solution for the ath

on
conductor layer is

B_(x) = A (ber x + jbei x) + B _(ker _x + jkei x);
zZn on o (] on 0 0

Iu S 4 s xn; n = 1,2’:..,”’ (4-2-5)

where

Rn(kerox; + jkei.x;) - En_‘(ker.xg + jkei.xz)
A _ = (4.2.5a)
on o o i
[(ber x + jbei x ){ker x
e n o n e n

+ jkoinx;)

- (ber x' + Jbei xi)(ker x2 4 Jjkei xo)]
e n e n o' n o n

B = 2 B (4.2.35b)
on

B (ber x? + jbei x%) - B (ber x' + jhei x')
1 o n on n e n

o . . _0 i . . i
(bcroxn + Jbexoxn)(kcr°xn + Jkoxoxn)

i . . i o . . _O
- (ber.xn + Jbox.xa)(kuroxn + Jkox.xn)]

These solutions are easily verified by checking to see that

the boundary conditions are satisfied.
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The particular solution for the current density in the
nth conductor layer can now be found by employing Maxwell’s
curl equation (3.4.3b) for the one-dimensional case. This
tedious work has already been done, however, and it resulted
in the simple relationships between arbitrary oconstants

given in equations (3.4.8). The solution is therefore

simply

J”‘(x) = Bln(ber!x + "b."x” + Bln(kor‘x + Jkexlx);

X < x £ xz; n = 1,2,...,4, (4.2.6)

where

_ =)
ﬁln = 3 ﬁ.n {(4.2.7a)
=)
Bln = B.nt (4-2-7b)

The particular solutions for the wmagnetic field
intensity and current density in a single layer have now
been determined. They are exact within the context of the
one-dimensional problem, For reasons that will become more
apparent later, it is appropriate to rearrange these
splutions slightly in order to introduce normalized,
unitless quantities. This will facilitate the presentation

of graphical results as well as wmake the results more
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universally applicable. Let ; denote the unitless radial

Qoordinate normalized to a skin depth:
P & §- (4.2.8)

The tilde notation is used throughout this dissertation for
normalized, unitless quantities. In all cases when
distances are involved, the tilde represents the same
quantity except normalized to a skin depth. The previously

defined variable x can therefore be written as
x = Jip. (4.2.9)

Normalization is also convenient for the magnetic field
intensity; let

B n(x) = (En-Bn

2 _(x) = -R B (x). (4.2.10)
r4 1 2n n n

The normalized magnetic field intensity ﬁzn(x) is also
unitless. It is normalized with respect to the current per
unit length (or linear current density) which flows in the
conductor layer. The negative sign is a result of the
reference directions chosen for the fields and currents.
Comparing equation (4.2.10) and equations (4.2.4) and

(4.2.3), and introducing the definition for the ratio of

boundary conditions
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—&8-1 (4.2.11)

yields the following final form for the normalized magnetic

field intensity:

e 1 ~~ . . R R
Rzn(x) = T:T;[B.n(her.x + Jbex.x) + 3.n(ker.x + Jkex.x)],

i o
xn £ x £ xn; a=1,2,...,%, (4.2.12)
where
(ker xi + jkei ki - I'_(ker x° + Jkei x2)
= L L n LI 2 (4.2.13a)
on o o i . i
[(beroxn + jboi.xn)(ker°xn + Jkei.xn)
i i o 2. _0O
- (ber.xn + jbei.xn)(ker.xn + Jkex.xn)]
o . _O i . i
I (ber x_ + jbei x ) - (ber x_ + jbhei x )
on = n n n L oz (4.2.13b)

[(bor.xz + jbai.xg)(kcr.x; + jk.i’x;)
- (hcr.x; + jb.i.xi)(ker.x: + jkoiox:)]
A siwmilar procedure can be followed for the currant
density. In this case, the normalization is with respect to
a uniform current density which is determined as if the

radial thickness were one skin depth:
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(B_-R ) K

. . n n-1 _ _n =
TyntX? = ——-;-—-— 7,n(x) = -;- J,n(x). (4.2.14)

Comparing this with equations (4.2.6) and (4.2.7), and using
the results just obtained during the normalization process

of the magnetic field intensity yields

~ 1 -~ I = ix
J‘n(x) = T_v.;[ﬂln(ber‘x + Jbe.llx) + an(ker‘x + Jkexlx)],

x; € x g x;; B = 1,2,...,0, (4.2.1%)

where
.ﬁln = -(1-J)§°n (4.2.16a)
§1n = —(1-j)§°n. (4.2.16a)

A detailed study of the magnetic field intensity and
current density is now possible. Formulas from [33]1 have
been employed for the EKelvin functions in a computer program
which calculates the normalized gquantities defined above.
The results will be plotted versus the normalized radial
coordinate ; There are three parameters which may be
varied: ;;, 3:, and I . Remember that the corresponding
boundary radii in the expressions appear in terwms of x which

is related to ; by the proportionality constant /2. For the
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purpose of these numerical studies, it is much easier to
understand the results if the normalized inner and outer

boundary radii ;; and ;: are transformed into the equivalent

pair
T AL (4.2.17a)
7 s P2 - Zi. (4.2.17D)
; is siwmply the wmean normalized radius of the nth layer,

n
i.e. the radial distance from the z-axis to the center of

the layer. L is the normalized radial thickness of the nth
conductor layer. Reversing this transformation results in

the equivalent relations

-i ~r
2 =5 + i, (4.2.18b)
n n 3n t L.

Similar formulas for the actual distances are obtained by
simply removing the tildes frowm the equations above.

Figures 4.2.1 thrdugh 4.2.12 present the results of the
computations for the current density and wmagnetic field
intensity in the single-layer case. Normalized quantities

are used throughout these results. The independent
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Figure 4.2.1. Magnitude of the normalized current density
vs., the normalized radial distance in the nth conductor
layer with the normalized conductor thickness varied as
a parameter.
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Figure 4.2.2. Phase of the normalized current density vs.
the normmlized radial distance in the nth conductor
layer with the normalized conductor thickness varied as
a parameter.
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Figure 4.2.3. Magnitude of the normalized magnetic field
intensity vs, the normalized radial distance in the nth
conductor layer with the normalized conductor thickness
varied as a parameter. ’
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Figure 4.2.4. Phase of the normalized wagnetic field

intensity vs. the normalized radial distance in the nth
conductor layer with the normalized conductor thickness

varied as a parameter.
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Figure 4.2.3a. Magnitude of the normalized current density
vs. the normalized radial distance in the nth conductor
layer with the boundary condition ratio varied as a
parameter for values less than unity.
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Figure 4.2.3b. Magnitude of the normalized current density
vs., the normalized radial distance in the nth conductor
layer with the boundary condition ratio varied as a
paremeter for values greater than unity.
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Figure 4.2.6. Phase of the normalized current density vs,
the normalized radial distance in the nath conductor
layer with the boundary condition ratio varied as a
parameter for values less than unity (solid lines) and
greater than unity (dashed lines).
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Figure 4.2.7. Magnitude of the normalized wagnetic field
intensity vs., the normalized radial distance in the nth
conductor layer with the boundary condition ratio varied
as a parameter.
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Figure 4.2.8. Phase of the normmlized wagnetic field

intensity vs. the normalized radial distance in the ath
conductor layer with the boundary condition ratioc varied
as a parameter.
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Figure 4.2.9. Magnitude of the normalized current density
vs., the normalized radial distance in the nth conductor
layer with the normalized conductor mean radius varied

as a parameter.

Chapter 4 77



2n

be -
3m/2 L -

n

/2 L. -
o -
5 T, = 2, I'n = 0 i
o B 1 Iy 3 l & 2 3 1 l 1 2 . 1 l 4 'l ' 'l
pn-‘rn/Z pn-'rn/4 Pn pn+‘rn/4 pn+1'n/2
-

Figure 4.2.10. Phase of the normalized current density vs.
the normalized radial distance in the ath conductor
layer with the normalized conductor mean radius varied
as a parameter.
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Figure 4.2.11. Magnitude of the normalized magnetic field
intensity vs, the normalized radial distance in the nth
conductor layer with the normalized conductor mean
radius varied as a parameter,
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Figure 4.2.12. Phase of the normalized wmagnetic field

intensity vs. the normalized radial distance in the nth
conductor layer with the normalized conductor wmean
radius varied as a parameter,
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variable, used for the abscissa in each case, is the
normalized radial coordinate ; which ranges from the inner
boundary to the ocuter boundary of the nth conductor layer.
The three parameters ;n’ rn, and ;n are in turn varied so
that the effects of each on the results can b!vstudied. The
parameter ;n is varied in Figures 4.2.1 through 4.2.4%§, rn in
Figures 4.2.5 through 4.2.8, and ;n in Figures 4;2.9 through
4,2.12. The common set of values from which the parameters
are varied is given by: ;n =2, T =9, and ;n = 20. ;n = 2

represents a conductor thickness of two skin depths. rn = @
corresponds to zero magnetic field intensity at the inner
boundary. This important case always occurs at the first
layer of the first winding in a transformer. It will be
seen later that this is a favorable condition for several
reasons, and designs should strive to include it in as many
layers as possible. Finally, ;n = 2@ is chosen because it
represents a prac£ical minimum wvalue for most current
applications. It corresponds to a minimum frequency of 20
kHz (frequencies below this generally cause audible noise
problems) and a miniwmum radius of approximately .37 in or
9.4 wm.

First, consider the effects of varying the conductor
thickness. Figures 4.2.1 and 4.2.2 show the magnitude and
phase of the current density, respectively. For small

values of T, the wmagnitude increases and approaches a
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uniform distribution, and the phase is nearly constant.
This corresponds to the low frequency or DC case. As the
conductor thickness increases, the current begins to crowd
near the outer boundary and phase variation appears across
the layer indicating a presence of circulating currents.
This corresponds to increasing the frequency (for constant
thickness), and the well-known skin effect is apparent. In
general, the current will tend to migrate to the boundary
with the largest magnetic field intensity. This is commonly
referred to as the proximity effect since these boundary
conditions are determined partially by the presence of
currents in nearby layérs. The rn parameter study which
follows reveals this effect in more detail. Figures 4.2.3
and 4.2.4 show curves for the magnitude and phase of the
magnetic field intensity using the same values of normalized
conductor thickness. For low values the wmagnitude wvaries
linearly with rqdial distance, and the phase is constant.
This is in agreement with the corresponding uniform current
distribution. As the thickness increases, the high
frequency effects are once again noticed. Note that the
boundary conditions are satisfied: namely, zero magnitude at
the inn;r boundary and zero phase at both boundaries. The
unity magnitude at the outer boundary is the result of the

normalization process.
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Next, consider the variation of the boundary condition
ratio rn displayed in Figures 4.2.3 through 4.2.8. The
magnitude of the current density is showm in Figure 4.2.3
which is split into two sets of ourvos,‘a and b. For values
less than unity in Figure 4.2.5a, the magnetic field
intensity is greater at the outer boundary, and the current
migrates in that direction. This migration is wmore
pronounced as the ratio approaches zero which corresponds to
a greater relative difference in the boundary values. Also,
the current crowding is, in general, wmore pronounced as the
ratio approaches unity. This is because the magnetic field
intensity in the whole region is effectively biased to
values which are increasingly greater than zero. It is
helpful to remember that the total current (which is
proportional to the difference in the magnetic field
intensity boundary values) in the conductor layer is held
constant throughout these variations as a result of the
normalization process. Thus, the effects of varying rn are
the sole result of the location of the nth layer in relation
to other layers. This is another example of the proximity
effect in which the current crowding and circulating
currents increase dramatically when the conductor is located
in regions with high external wmagnetic fields. Figure
4.2.5b shows a similar set of curves for values of rn

greater than unity. In particular, the values chosen are
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the reciprocals of those in Figure 4.2.5a. The boundary
conditions are therefore reversed, and the curves are
approximate mirror images of sach other about the center of
the layer. This would be exactly true if the radius was
infinite, in which case the results should approach those of
a flat plate. The phase of the current density under the
same conditions is shown in Figure 4.2.6. These curves are
combined into one plot with dashed lines used to distinguish
between the two sets of wmagnitude plots. .Tho phase
variations confirm the presence of higher circulating
currents as rn approaches unity. Because of the symmetrical
nature of the problewm for reciprocal values of the boundary
condition ratio, and because this nature is already very
mach evident at the minimum normalized mean radius of 20;
only values between 2zero and unity will be considered
henceforth. The only practical difference between the two
cases is the relative direction of the net and circulating
currents. The wmagnitude and phase of the magnetic field
intensity using the same values of the boundary condition
ratio are presented in Figures 4.2.7 and 4.2.8. The results
agree with those for the current density as Maxwell’'s
equations dictate they should. Interpreting the results,
however, is somewhat wore abstract since it is more common
to think in terms of currents in conductors. Note that in

Figure 4.2.7 the difference in the boundary conditions
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remains constant at unity because the enclosed net current
has bocp factored out during the normalization process.
Consequently, higher values of rn correspond to higher
external magnetic fields as mentioned earlier. A final
curious observation is evident from both the wagnitude and
phase curves of the magnetic field intensity. Both become
more symmetrical as rn increases as should be expected, but
the magnitude curves begin to bow downward and the phase
variations become slightly less pronounced. Perhaps this
can be explained in conjunction with the effects that were
noticed on the current density. In particular, the
circulating currents nearer the boundaries become much
greater relative to the net current flow in the center which
suggests a diminishing of the magnetic fields in the center
of the layer.

Lastly, consider the effects of varying the normalized
radial distance ;n to the center of the layer which is
summarized in Figures 4.2.9 through 4.2.12. Only three
values are needed to demonstrate these effects which turn
out to be second order compared to those already considered.
The value ;n = 2 is used as a lower limit, and it
corresponds to a solenocid which is approaching a solid
cylinder. This is currently of little practical use in
light of the minimum value of 20 previously discussed. But

it may become more important in future constructions which
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take advantage of -‘extremely high frequency operation. The
other two values considered are ;n = 20 and ;n = o which
bound most current applications. As can be seen in all four
sets of curves, there is almost no difference in the results
for these two cases. This suggests asymptotic behavior for
large values of ; which may lead to possible simplification
of the formulas thus far obtained. This is the topic of the

next section.

4.3 LARGE ARGUMENT ASYMPTOTIC APPROXINATION

The expressions derived in the previous section are
complicated, offer 1little insight to the problewm, and
involve numerous computations of first and second order
KEelvin functions. In the pr;cess of studying the effects of
parameter variations, large argument asymptotic behavior of
the solutions was discovered. Indeed, it turns out that
there are large argument asymptotic expressions for all of
the Kelvin functions which can be used confidently under
most conditions. These expressions are summarized in
fippendix B wbicli deals exclusively with Kelvin functions. A
practical wminimum value for ; for present day applications
was found to be 20 which, according to equation (4.2.9),
corresponds to a value of x = 28.3 for the argument of the

Kelvin functions. Figures in Appendix B indicate that the

accuracy of the large arqgument asymptotic approximation is
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better than 1% for zero order Kelvin functions and 2% for
first order ones. Remembering that these are worst-case
conditions, one can proceed to use the asywmptotic formulas
with reasonable confidence that they will yield practical
and usable results. Also, there is the additional incentive
that simpler and wore revealing expressions may result.

This is indeed the case. Substituting the asymptotic
expressions in equations (B.4.2) and (B.4.3) into equations
(4.2.12) and (4.2.13) for the normalized ath layer magnetic

field intensity gives, after considerable manipulation,

- |
~ ~ Pr13
Rzn(P) - 1ir [ ~n]: : P
n P sinh[(1+j)7n]
~ 1 ne ~ 1 ~
1"nl7 ~ ~ Tn 1Tnl7 ~w o~ Tn
1+z3—{"sinh(1+j) jp-p +—]| - T {1-2—|"sinh(1+j) |p-p_——]};
2~ n n 2~ n o,
Pn Pn
Pn-—2' S P S Pn+—2; n = 1,2..-.,”- (4-3.1’

The parameters rn, Fn,-and ;n wmaterialize naturally in the
developwmwent of this expression and are incorporated
exclusively. This  is the major reason for defining these
quantities earlier along with the fact that, in hindsight,
they are also wmore appropriate for investigating the

results. These three parameters were originally defined in
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equations (4.2.11) and (4.2.17). The "asymptotically equal
to™ symbol ~ is introduced in this expression, and will be
used henceforth to indicate large argument asywmptotic
approximations. This expression is still not a simple one,
but in the least its functional character is more
recognizable. The complex-valued arguments for the
hyperbolic trigonometric functions suggest thé presence of
exponentially damped sinusoids. Note that these arguments
are no longer dominated by the presence of the mean radius
which has been assumed to be large. Instead, the mean
radius is effectively subtracted out of the argument which
is now on the order of the conductor thickness. The effects
of the mean radius are therefore minor and limited to the
proportionality constants in the magnitude. This agrees
with the results of the parameter study at the end of the
previous section which led to this approximation in the
first place. Fiﬂally, it is encouraging to see that the
asymptotic expression satisfies the boundary conditions
identically. This is easily verified by evaluating it at
the inner and cuter boundaries, and remembering the defining
equation (4.2.10) for the normalized magnetic field
intensity. '
A similar procedure may be followed for the normalized

current density given by equations (4.2.15) and (4.2.16),

giving
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L 1
1 [ Pn]? 1
“nilp sinht(1+j)?nl

7’n(p) -~ - {14j)

17al7 -~ Tn 17n]7 -~ T
{I1+i——] oosh(1+j)[p-p +-—] - T [1-2——] cosh(1+j)[p—p -—2]};
~ n n -~ n

P , 2 Py 2
Pn-— s P S Pn+—; n = 1’2'---"- (‘-3.2)
2 2

This expression is almost identical in appearance to the one
obtained for the normalized magnetic field intensity. The
only differences are the addition of the complex constant
(1+j) and the chanqq from hyperbolic sines to hyperbolic
cosines.

To verify the validity of the large argument asywptotic
approximations, equations (4.3.1) and (4.3.2) have been
programmed and evaluated for some representative examples.
The quantity of interest is the norwalized mean radius ;n;
consequently, .the parameter study in Figures 4.2.9 through
4.2.12 is duplicated in Figures 4.3.1 through 4.3.4 with
additional curves for the asymptotic expressions. The exact
results using the Kelvin functions are repeated as solid
lines, and the new large argument asymptotic approximations

are added as the dashed lines. The P, = ™ case is

eliminated for clarity since it differs little from the
;n = 20 case. Also, for ;n = w, the exact and asymptotic

solutions will be identical by definition. The figures show
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Figure 4.3.1. Magnitude of the normalized current density
vs, the normalized radial distance in the nth conductor
layer with the normalized conductor mean radius varied
as a parameter.
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Figure 4.3.3. Magnitude of the norwalized wmagnetic field
intensity vs. the normalized radial distance in the nath
conductor layer with the normalized conductor mean
radius varied as a parameter,.
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Figure 4.3.4. Phase of the normalized maqn.tic' field

intensity vs., the normalized radial distance in the nth
conductor layer with the normalized conductor wean
radius varied as a parameter.
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that, for both quantities, the magnitude and phase of the
exact and approximate curves are indistinguishable at
;n = 20. Thus, as expected, the large argument asymptotic
approximation is quite adequate. for most present
applications. The curves for ;n = 2 are alsoc shown for
possible future need and academic interest, The agreement
at such a small value is somewhat surprising, especially for
the magnetic field intensity. The approximations for the
current density are not quite as good, but still very
respectable. This is because the current density involves
first order EKelvin functions for which the large argument
asymptotic approximations are not as accurate as for the
zero order ones.

The impressive results of the large argument asymptotic
approximations encourage still further investigation for

simplification which follows in the next section.

4.4 THRIN-LAYER APPROXIMATION

Thus far, the only approximation made has resulted from
the assumption that the mean radius of the conductor layer
is large in cowparison with the skin depth. That
approximation proved to be quite good for a wide range of
radial distances. The parameter study of the normalized
thickness ;n presented in Figures 4.2.1 through 4.2.4

suggests another possible simplification. There, it is
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evident that as the conductor layer thickness increases
above one skin depth, several undesirable phenomena come
into play. Current migrates to the boundaries of the
conductor, and phase variation appears across the layer,
indicating the presence of circulating currents. The
conductor will therefore become inefficiently utilized, and
an increase in power dissipation will result. These effects
will be examined in detail ‘in the next chapter, and an
optimization procedure based on them will be developed.

For now, however, the above discussion along with the
previous parameter studies suggest that for a well-designed
transformer which makes efficient use of its conductors, the
layer thicknesses should not be significantly greater than a
skin depth. Coupled with the previous large argument

asymptotic approximation, the thin-layer approximation

G 13 0 = 1,2,...,0 (a.4.1)

follows. Thus, thin-layer means thin when compared to the
mean radius of the layer, and not when compared to a skin
depth. Note that this condition can be expressed in terwms
of the normalized quantities as shown or, equivalently, in
terms of the actual distances. The resulting normalized

magnetic field intensity and current density follow almost
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trivially by wusing the above condition to eliminate

appropriate terms from equations (4.3.1) and (4.3.2); hence,

1
n sinh£(1+j)#n1

izn(p) z

T T
{sinh[(1+j)(p-p +-5)] -r sinh[(1+j)(F-; -—2)]};
n 2 n n 2

p -2 <cpcp+ln=1,2,...,1 (4.4.2)
2

and

1 1
i-r

7’n(§) z -(1+j) —
n sinh[(1+j)7n]

T T
{cosh{(1+j)(;-;n+—£)] - rncosh[(1+3)<;-;n-—ﬂ)]1;
2 2
N 2
S P S Pn+'_; n = 1,2,-.-,&, (4.4-3)
2

Pn~

v |n

where the "approxiwately equal to” symbol » has been adopted
to set apart this result from the asymptotic approximation.
It is important to realize that only the wmagnitude terms
have been simplified. It is not wvalid to ignore the last
term in the hyperbolic function arquments. This would

result in a large error in the total arqument which is on
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the order of the layer thickness. The situation here is
somewhat analogous to the far-field approximation which is
frequently used to simplify the analysis of antenna
radiation and electromagnetic propagation problewms. To
facilitate this understanding, it is perhaps useful to

define the displaced radial coordinate

p’ = p - ;n (4.4.4)
so that equations (4.4.2) and (4.4.3) become
B, () = L I
n sinh[(1+j)fn]
{sinh[(1+j)(p’+——)] - rnsinh1(1+j)(p’-——)}};
2 2
;n -~ ;n
——s P, $ + —; n = 1,2,--.,‘ (4-4.5)
2 2
and
1 . 1

T, (p’) = - (1+j) — —
¢$n 1-F, Sinhl(1+j)7 ]

T T
{cosh[(1+j)($'+-ﬂ>] -r cosh[(1+3)(;'--5>]};
2 n 2
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s ;’ _(_ + ; n = 1,2,-:-,”: (4-4-6)

'
n s

It is immediately apparent from these expressions why the
arguments cannot be simplified.

The next step is to perform some calculations to
determine the range of validity of the thin-layer
approximation. fictually, this has already been done.
Curves for ;n = o appear in the parameter study of the
normalized mean radius in Figures 4.2.9 through 4.2.12. The
thin-layer approximations in equations (4.4.2) and (4.4.3)
were actually used to compute these curves. Thus, for
conductor thicknesses up to two skin depths, the thin-layer
approxiwmation is very good. It will be shown in the next
chapter that designs optimized for minimum power dissipation
will never result in thicknesses greater than this.

Before proceeding to optimization considerations, it is
convenient to pause now and examine the behavior of the
solutions in some limiting cases. This will help to provide
an intuitive understanding and also some confidence in the
validity of the solutions. The thin-layer approximation
furnishes a simplified framework for these investigations.
First, consider the low-frequency case. As the frequency
approaches zero (DC), the skin depth increases without bound

and the normalized distance quantities will therefore also
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approach zero. Under these conditions, equations (4.4.5)

and (4.4.6) becoms

% 1 1+rn P’
(p’) =z 5 s—p ¢ — (4.4.7a)
zZn £ 21 ?n ~
n
YatP?) = - (4.4.71)
£50 T
n
or, in terms of the actual unnormalized gquantities,
B (p) z g+ )+ a-g B (4.4.8a)
zn 22 'n n-i n n-1'7 ==
£-0 n
J, (p’) = - (R -B_ ) i fa (4.4.8b)
én £0 n  n-i Tn Th

The current density is uniform, and the corresponding
magnetic field intensity wvaries linearly from the inner
boundary value to the outer boundary value. These are the
expected DC results. For high frequencies, the same

quantities take on the form

- ~ .n' - _u' ‘
en ! _ . ‘l*j’fn’zle*‘l*J’P + r e 1t ] (4.4.9a)

(P’) & —m
£ -0 s rn

~ - 3 - Pt Sl
7. (P’ = _i:% e (1+J)Tn/2['+(1+J)P o

- iyp
on e (1tile } (4.4.9b)
£ o0 n

n
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or

-, . o=C14§)T_/2 +(1+§)p”
B_(p’) =z n 'n. + xn-n

- ivp?
en o L1tide ] (4.4.8a)
£ 00

Jﬁn(;’) - - 1+§ .-(1+j)7n/2
£ -0

iye” - ive”’

[Bne+(1+J)P - g _ e 1tDe ], (4.4.101)
Examination of these expressions reveals the crowling
tendencies near the boundaries and the proportionality of
them to the boundary conditions. Also evident is the fact
that the fields and currents vanish in the limit at the
center of the layer.

As a final confidence builder for the thin-layer

approximations, it is encouraging to find that they satisfy

both Maxwell's equations and the boundary conditions.
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OPTINRIZATION OF THE SINGLE-LAYER WINDING

In the last chapter the particular solutions for the
magnetic field intensity and current density were determined
for the single-layer problemn. These solutions were studied
in detail, and approximations were introduced to simplify
the expressions and provide insight to the problem. During
this process some interesting properties of the solutions
were discovered which lead into the topic for this chapter,
optimization. Before any optimization can take place, an
appropriate quantity or quantities must be selected for
optimization. Again, the results of the last chapter
suggest a starting point. The power dissipation in the ath
conductor layer is considered first. Next, the energy
stored in the magnetic field within the nth conductor layer
is determined. Both of these are studied at the three
previously defined levels of accuracy: exact, large argument
asymptotic approximation, and thin-layer approximation. As
a consequence of these studies, an optimization technique
based on them is developed at each of these three levels.
Finally, a fourth and final level, the two-term series
approximation, is introduced which provides a particularly

simple and useful result in closed form.
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5.1 POUER DISSIPATION

The time-averaged power dissipated in the nth conductor
layer is determined in a straightforward wmanner by
perforwming the integration in equation (3.2.15b) over the
conducting region. First, the exact one-dimensional
solutions for the current density are substituted. This
will, of course, yield an exact expression for the power
dissipation which can then be used to determine the validity
of the various approximations. Employing the definitions in
equations (4.2.8), (4.2.14), and (4.2.17); the integration

initially proceeds as follows:

A %J]];%|J|’dv

T +1/2 o
1 n 2
= 5= d;J dzJP_IJ,n(p)] pdp

i
) 12 Ya
~0
= Thix |2 nl? (pr|2pap = Zia |k |%F ;
o' n -i én o' ni®n n’
Pn
n = 1.2,---;“, (5-1-1)

wvhere ?n is defined as the normalized power dissipated in

the nth conductor layer and is given by
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~0
n

ot
]

lj‘n(;)l:;d;; n = 1,2,.--,'- (5-1-2)

~1
Pn

-
bll
B -

The subscript d has been dropped (dissipation now understood
from context) in these expressions and replaced by the
subscript n to indicate the nth layer. The normalization is
such that the new gquantity ?n is unitless. The factored out
portion Eé;nlxnlz represents the power dissipated in a one
skin depth thick conductor layer carrying a uniform current
density. 95 before, the reason for this normalization
choice will become more apparent later when the approximate
expressions are derived.

Substituting the exact solution from equations (4.2.15)
and (4.2.16) into equation (5.1.2) above, and changing the

variable of integration to x gives

o

P = ——1 |V, (x)] xdx
2y vl i
n" “Vx
n
o
vZ, 1 2 S 2 .2
= Tl {13,,17| (berix + beilx)xdx
n n i
a

o
o ]l
+ 2Re & B {ber xker x + bei xkei x)xdx
[TonTenf| | 1 1 1 1
x

n
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n
- 21m|3 B* ]J“ (bei xker x - ber xkei x)xdx
i
x

ea en
n
o
2 B 2 2
en i 1 1
x
n

where the arbitrary complex constants §°n and §on are given
by equations (4.2.13). The four intergrals above involving
first order EKelvin functions have been evaluated and are
summarized in equations (B.3.2) and (B.3.3) of Appendix B.
Performing the integrations and substituting for the
constants yields the exact solution which turns out to be
very lengthy and tedious. It is included here for

completeness and future reference:

vZ, 1 2.
n = -x—n!ﬁl Irln + T:n + T;n + Tl‘n]’ n = 1.2,--.,”,(5-1-4)

where the four new terms are defined as

Tint® _:i__?

i .2 i i o . i . _©O
x +ke;°xn] 2Re(rn)[kcroxnkeroxn+kexoxnk¢1oxn]

{[ker

1

i
- 2Im(r ){kei x'ker x%-ker x’kei x°] + Ir ;’[ker’x°+kei x ]}
n on on o n o n n o n ]
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X
n o o o, . O . o o o, . o
{——{ber‘xnber.xn berlxnbex.xn+bezlxnberoxn+heilxnbez.xn]

x . . . . . . . .
_ n i i_ i i . | i i i
-—[bor‘xnber x berlxuboi.xnfbexlxnber.xn+blilxnbli.xn]}

o n
(3.1.4a)
Ton * ~ _—L-_;
{lher xiker x1+bei xlkei xll - Re(r )[her xoker x1
o' n o' n o' n o' n n o' n e n
+bhei xokei x1+ber xlher x°+bei xlkei x°] - Im(l )
e n e n o n o' n o n e n n

o i . _O i . | o_ i . o
Iheroxnkeioxn bexnxnkeroxn+bexoxnkeroxn beroxnkexoxn]

+ IP |* |ber oX ker x +be1 x ke; x°
° ° o n

x
{—Elbei xoker x°+bei xokei xo-ker xobei x°+ker xober xo
1 n o'n 1 ' n o' n 1 n o'n 1n o n

o
-ber x ke; x +ber x ker x +ke; x ber x +ke1 x hex x
1 e n 3 n 1 n 1 o' n
i
*n i i i i i i i i
- — i r x +bei x kei x -ker x bhei x +ker x her x
[hexxxnke o n b 1 n o n i n o' n 1 n o n

i, . i i i N 1 i S T 1
-ber x _kei x +her x ker x +kei x ber x +kei x bhei x
1 n o n 1 n on 1'n o' a 1 n o n

(3.1.4b)

TSB = 151 lz
on

i . i . i i o . i
{[beroxnkexoxn bexoxnkeroxn] Re(rn)[beroxnkexﬂxn
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o i i . _O i o
bei.xnkar.xn*her.xnkex.xn bei.xnker.xn] Im(rn)

[—bor xnkor xl-boi xokei x1+bei x‘kci x°+bor xlkor xol
e n e n s n on s n o n o n o n

.x:ker x°]}

+ |r |’[ber xkei_x%-bei
n on en ® o n

o

x
{—glkor x°ber x%+ker x%bei x%-ber x%ker x%-ber x%kei x
1T e’ n 1T n o' n 1 n o' n 1’ n o' n

. _O o . .0 o . 0, . O . .0 o
+kei x bei x -kei x ber x -bei x kei x +bhei x ker x
1 n o n 1T n o n 1°n et n 1°n

o' n
i
nl i i i i i i i i
- ——|ker x ber x +her x bei x -ber x " ker x -ber x kei x
Jfl 1’ n o n 1 n o n it n o'n 1’ n o n
. i . i . i i . i . i . i i
+hex‘xnbexoxn kexlxnberoxn bexlxnkezoxn+bexlxnkeroxn]}
(5.1.4¢)
T ® "L"'?
{[her’x1+bei’x1] - 2Re(rTl ){ber xlber x°+bei xlbei x°]
o n o n n o' n o' n o' n e n

- 2Im(r )[hei xlber xo-ber xlhei xol + ]f Izlber2x°+beizx°]}
n o n s n on e n n' o n 0 nj

x
n o o o, . _O . O o . O, . _O
—iker x ker x -ker x kei x +kei x ker x +kei x kei x

1’ n o' n 1 n o n 1 n o' n 1 n o n

v2
i

x . . . . . . . .
n i i i, . i . | i A S 1

- —ijker x ker x -ker x kei x +kei x ker x +kei x kei x
JT{ 1T n o n 1’ n o n 1 n e n 1 n o njj’

(3.1.4d)

and 5on is defined to be the denominator of the arbitrary

constants in equations (4.2.13), namely,
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bon & (beroxn + Jbexﬁxn)(heroxn + Jkexoxn)

i PR § o . o
- (her.xn + Jbex.xn)(ler.xn + Jkel'xn). (3.1.3)

Note that rn has been treated as a complex quantity in
general. In practice, this rarely occurs. This quantity
was defined in equation (4.2.11) as the ratio of the
magnetic field intensity at the inner boundary to that at
the outer boundary. While the boundary values themselves
are complex in general, the ratio of them will usually be
real because currents in adjacent layers are assumed to be
in phase, Remember that the boundary conditions are
determined successively from the enclosed current in each
layer (see equation (4.1.12)). Thus, the boundary condition
ratio will always be real within a single winding which by
definition carries the same current, and the only condition
under which it will become complex is at the interface
between two windings carrying currents which are out of
phase. Since the main interest at this point is restricted
to a single layer, and then to a multi-layer winding;
examples will include only real values for rn. Most of the
equations resulting from the analysis will be kept general,
however, so that later wmore global problems can bhe
considered such as how to order several different windings.

The evaluation of equation (5.1.4) is a formidable task

to say the least. But it is one about which a computer will
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offer no complaints (not necessarily the case for the
prograwmmer, though). From this equation, it is evident that
the normalized power dissipated in the nth layer is a

function of three independent variables: x;, x°

s and I'_ or
n n

equivalently: T ;n’ and rn. For the following graphical

a’
results, the normalized conductor thickness ;n is chosen as
the abscissa. The normalized wean radius ;n and the
boundary condition ratio rn will be varied as parameters.
Figure 3.1.1 shows the normalized power dissipated vs.
the conductor thickness for several values of the boundary
condition ratio between zero and unity. Values greater than
unity are not shown since they produce essentially the same
results as their reciprocal wvalues. The normalized
conductor mean radius is held constant at 20. The behavior
of these curves is quite interesting. The power dissipation
actually pasins through a wminimum with respect to the
conductor layer thickness. For swmall wvalues of the
normalized conductor thickness, the current density is
nearly uniform, and the solutions exhibit typical DC
behavior. This was first noticed in the previous chapter
{(see Figures 4.2.1 through 4.2.4). The dissipated power is
therefore inversely proportional to the conductor thickness
because as the thickness increases the current density

decreases causing a corresponding decrease in the power

dissipation. fis the thickness approaches one skin depth,
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Figure 3.1.1. Normalized power dissipation in the nth layer

vs. normalized conductor thickness with the boundary
condition ratio varied as a parameter.
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Figure 3.1.2. Normalized power dissipation in the nth layer
vs. norwalized conductor thickness with the normalized
conductor mean radius varied as a parameter.
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Figure 5.1.3. Normmlized power dissipation in the anth layer
vs. normalized conductor thickness with the normalized
conductor mean radius varied as a parameter.
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proximity effects begin to come into play. It was seen in
the previous chapter that this causes current crowling and
circulating currents. One would therefore expect the power
dissipation to increase as a result. Thus, instead of
continuing to asymptotically approach zero, the curves pass
through a minimum and begin to increase again. The location
and the sharpn.;s of this winimum vary dramatically as a
function of the boundary condition ratio rn. This results
because of the presence of external magnetic fields which
influence the behavior within the conductor layer (the
proximity effect). This behavior was demonstrated quite
well in Figures 4.2.5 through 4.2.8, where it was evident
that a boundary condition ratio approaching unity was
equivalent to increasing the level of the external fields
while keeping the enclosed current constant. Although it is
difficult to see from the curve for rn = @® in Figure 5.1.1,
it does have a broad minimum centered near one and a half
skin depths. Finally, after passing through a minimum and
then increasing again, the power dissipation begins to level
off and asymptotically approaches a constant value for large
conductor thicknesses. This is because increasing the
conductor thickness beyond a certain point results in
increasing only the unused portion of the conductor, since

the currents are confined to a region near the boundaries.
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Figure 5.1.2 presents another family of curves, where
the normalized conductor center radius is varied, and the
boundary condition ratio is fixed at rn = 8.5. As before,
there is very little difference in the ocurves from the
practical minimum value of ;n = 20 all the way to ;n = o,
Even for the small value of ;n = 2, the difference is not
great especially in the critical region near the minimum.

So once again there is motivation to pursue a large
argument asymptotic approximation. This is particularly
true in light of the lengthy expressions in equations
(5.1.4). There are two possible paths to follow which
could, in general, lead to different results. The first and
more exact one is +to substitute the {arqe argument
asymptotic approximations of the Kelvin functions into
equations (35.1.4) and simplify. The second alternative
approach is to substitute the large argument asymptotic
approximation already obtained for the current density in
equation (4.3.2) into equation (5.1.1), and then perform the
integration and simplify. The author has followed both

paths and found that they lead to the same result:

? - I 1 |3 1
n l-ln cosh27 - cos27
n n
{[(l + 570 ¢+ (1 - i;—)]?ﬂl ][sxnh21n + sxn27n]
Pn n
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et 1
T

- ane(rn)lx - (%:5)’);[oosh;nsin;n + cos;nsiuh;n]};
Pn

n = 1,2,---,”. (5-1.6)

Although both paths are very tedious and lengthy, the second
one is easier. Figure 3.1.3 presents a comparison of the
large argument asywptotic approximation and the exact
solutions for Pn = 0.3. The approximation is very good at
P = 20; and, although not shown, the curves match exactly
when ;n <+ o as they must. The agreement is not nearly as
good at ;n = 2, and care should be exercised if future
applications approach this range. The normalized conductor
thickness which results in wminimum power dissipation is
approximated well, but the power dissipation itself is
significantly higher than it should be.

Continuing on to the thin-layer approximation defined by

equation (4.4.1) allows the ;n/;n terms to be neglected,

yvielding

2 1 2 1 2 ~ R e
P =z |+—=—| — - {[1 + |r_| ][sianr + sin27 ]
n n cosh2rn - ooszrn n n n

- QRa(rn){coshrnsinfn + cosrnsinhrn]};

n = 1,2,--.,‘. (5-1.7’
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The normalized conductor mean radius is now totally
eliminated from the expression, which corresponds to letting
;n - <o, This expression for the thin-layer approximation
was actually used to compute the ;n = @ gurve in Figure
95.1.2. Once again, the practical range [20, «] for ;n is
seen have nearly the sawme result; and the power dissipation
is represented well by the thin-layer approximation.

Before continuing to consider the energy stored, the low
and high frequency limiting conditions for the normalized
power in equation (5.1.7) are summarized. They are simple

and useful formulas which help to confirm the work thus far:

1 - 2Re(r ) + | |* 1
~ n n
P, = n (5.1.8a)
£0 It -1l

2

1+ jr|?
n % B - - (S.1.9a)
fam |1 -1 |

which, for real rn, become

1
B oz — (5.1.8b)
£ T
2
_ 1 +r?
z_ (5.1.9b)
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Equation (5.1.8b) - gives the expected DC result when
substituted back into the defining equation (5.1.1).
Equation (5.1.9b) gives the constant values which the curves
in Figure 5.1.1 asymptotically approach as the conductor

thickness increases.

5.2 ENERGY STORAGE

Following exactly the sawme procedure as in the previous
section, the time-averaged enerqgy stored in the ath
conductor layer is now derived and studied. Using the
definitions in equations (4.2.8), (4.2.10), and (4.2.17) in

the integration of equation (3.2.15a) gives

s %J]];%ﬂolﬂlzdv

T p+l/2 ;

1 2

= F#o diJ dzJP_IRzn(p)l pdp
o -1/2 p;
~0
np,lb np,l&

— iz, |? IRzn<P>l pdp = ———;—-P & 1%8@;

p
n = 1,2,---,1’, (5-2-1)

where ﬁn is defined as the normalized energy stored in the

nth conductor layer and is given by
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a = L’ li (;)Iz;d;; n = 1,2,--.,”. (5-2-2)
n i n
Pn

L
-]

The subscript m has been dropped (magnetic now understood
from context) from these expressions and replaced by the
subscript n to indicate the nth layer. The normalization is
such that the new quantity ﬁn is unitless. The factored out
portion in equation (5.2.1) is proportional to the energy
stored in a one skin depth thick conductor layer carrying a
uniform current density.

Substituting the exact solution from equations (4.2.12)
and (4.2.13) into equation (5.2.2) above, and changing the

variable of integration to x gives

o .
v = if |, (x) | *xdx
n
x
n
o
V2, 1 2], 2 ® 2 N |
= == 18,1 _(ber x + bei x)xdx
n n <t
n

+ 2Re [am on]Jl (ber xker x + bei xkei x)xdx

- 21m[8 ]r (bei xker x - ber xkex x)xdx
on on
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n
+ |§.n|3 -(knr:x + k.i:x)xdx}; n=1,2,..., (5.2.3)
i

*n
The four integrals in this expression are summarized in
equations (B.3.2) and (B.3.3) of Appendix B. Using those
formulas and substituting equations (4.2.13) for the
arbitrary constants ﬁon and §on yvyields the exact solution
(which is very similar in form to the corresponding result

for the normalized power):

= xﬁl'ffl-?‘"[r;n + T, 4T+ r.'m}; n=1,2,...,0,(5.2.4)

where the four new primed terwms are defined as

Tip & =
2, 1
2 i 2 i i o . i . 0O
{[keroxn+kex°xn] ZRe(rn){keroxnkeroxn+kezoxnkexoxn]

- 2Im(T )[kei x'ker x%-ker x'kei xol + |r lz{ker’x°+kei2x°]}
o n e n o' n o n n o' n o'
xn o o o o o o o
{——[-beroxnbcr‘xn+her.xnbex‘xn-boxoxnber‘xn—buxoxnbex‘xn]
- ——{—ber x bcrlxn+ber x bexxxi-bex x ber x —bex x bex xL]}

(35.2.43)
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T’/ & - -1
an Iz l!
en

i i . i, . i o i
{[h.r.xnknr.xn+bez.xnkox.xn] Re(rn)[bcr.xnheroxn

P - MO i o A SR - |
+bax.xnkex.xn+ber.xnhar.xn+bex.xnkexoxn] Im(rn)
[hcr x%kei xi—bci xker xi+bei xiker x-ber xlkei x°]
o n o n o n e n o n o n o' n o n

2 o o . .0, . _O
+ lrnl [beroxnker.xn+be1°xnkexoxn]}
x°
{—gl-boi xoker xo-bei xokei x°+her xobei xo—kar xober xo
o n 1''n on TR on 1n o n 1 n

vz

+ber x kex x -ber x ker x -kex x ber x -kex x bex x ]
° n n () 1 n 1 n

i
. i i . i . i i . i i i
-2 -bei xlker xl-bcx x kei x +ker x bei x -ker xlber x1
o n 1 e n 1n e n 1T n o n 1 n

+bher x kex x -ber x Rer x -ke; x her x -kex x be1 x ]}
0 n 1 [ 1 n (] 1 n

(5.2.4b)
1

T/ =

{[ber x kex x -be1 x ker x ] - Rel(Trl )lber xokei x?
) o n n e n e n

-bei xoker x1+ber xlhei xo-boi xlker xO] - ImdTI )
o n o n o n o n o n on n

o
[ bor.x keroxn bex.x kexoxn+be1°x kexoxn+b¢r°x keroxn]

+ |r ]2[bcr x°kei x°-bei xker xn]}
n o' n o n e n o n
X
{—ﬂl-ker x ber x -ker x bex x +ber x ker x +ber x kex x
o n i n n n 1 n

/3 ] 1

. o - o . o o . o . o - o o
-kei x bei x_+kei x ber x +hei x kei x -hei x ker x
e n 1T o' n 1T n o n 1T n o n 1T n
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- al_ i i_ i i i i i I §
—-[ ker.xnherlxn ker.xnheilxn+her’xnker‘xn+ber.xnkex‘xn

-kei x bon x +k¢x x b.r x +b¢1 x kex x -bo; xnker xi]}

o 1 n 8 i o i n s 1 n
(3.2.4c)
1
T’/ & —
an e 2
3, |
1[ber +b¢1111] - 2Rel(r )[ber x ber x +be1 x be1 xO]
o n n 0 o' n e o n

s o o i, . .o 2 2_0
- 21m(rn)lhez.xnber.xn-beroxnbexoxn] + lrnl [her. +hei xn]}
xn o o o o o o o
{——[-k.r.xnkorxxp+ker°xnke1xxn—kexexnkerlxn-kexoxnkexlxn]

- —gl-kor xiker xi+ker xihei xi-kei xiker xi-kei xikei xi]},

o n 1 n o n 1T o n 1T n o n 1 n
(5.2.4d)
and ﬁon is given by equation (5.1.3). The corresponding

large argument asymptotic approximation is determined as

before, yielding

Uy ~ I=rl

n cosh2r - cos27t
n n

1'n 1'n 2} ]
{[(1 t 30 ¢+ (1 - -——)IF | [51nh21 - sxn21
- ]
Pn Pn
T 2 .
1 n 2]2 ~ - o e
+ 4Re(Tr )Il - {(z—) ] [coshr sint_ - cosT_sinhT };
n 2~ n n n n|
Pn
n = 1,2,...,4. - ¢(5.2.5)
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Likewise, the thin-layer approximation is

- 1 2 1 2 ~ ~
v, =z |ly=p| — — {[1 + |r_{ ][sinh2r - sin27 ]
B n cosh2T - cos2T, . n n n

+ 4Re!(T )[cosh; sinT_ - cosT_sinhT ]};
n n n n n

n = 1,2,--.,”- (5.2-6)

Both of these expressions are functionally similar in
appearance to their counterparts for the dissipated power.
There are key sign changes, however, which result in major
differences in the characteristics of the solutions.

Figures 35.2.1 through 35.2.3 present the graphical
results for the normalized energy stored in the nth
conductor layer. They correspond to the same conditions
under which the normalized power dissipation was presented
in Figures 3.%:.1 through 5.1.3. All of the curves for the
stored energy begin at zero for zero conductor thickness and
increase almost linearly for small thicknesses. This
behavior continues until the thickness reaches approximately
two skin depths, at which time it passes through a slight
maximum and then approaches a constant value for large
values of thickness. The curves shift upward dramatically
as the houndary condition ratio increases, This is easily
understood since it corresponds to increasing the level of

the wmagnetic field intensity wvia the boundary conditions
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Figure 3.2.1. Normalized energy stored in the nth layer vs.
normalized conductor thickness with the boundary
condition ratio varied as a parameter.
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Figure 3.2.2. Norwmalized energy stored in the nth layer vs,.
normalized conductor thickness with the normalized
conductor mean radius varied as a parameter.
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Figure 3.2.3. Norwmalized energy stored in the ath layer vs.
normalized conductor thickness with the normalized
conductor mean radius varied as a parameter.
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which are influenced by external conductors (see Figure
4.2.7). The effect of the normalized mean radius is once
again seen to be wminor in the range [20, ol. As ;n
decreases below this range, the curve shifts upward
especially for large thicknesses. It is interesting to note
that the wminima of the normalized power curves occur roughly
in the wmiddle of the linear region of the stored enerqy
curves. fis before, both the large argumept asymptotic and
the thin-layer approximations are very good for conditions
of current practical interest. In fact, the approximations
here are somewhat better than those for the normalized power
dissipation. This goes back to the difference in the
accuracy of large argument asymptotic approximations of zero
order Kelvin functions as compared to first order ones.
Finally, the low and high frequency limiting forms for
the thin—layer approximation of equation (5.2.6) are derived

and summarized:

2
1 + Redr ) + |rn|

2~
tH z =T (5.2.7a)

i 1+ | |*
v, = 3 (5.2.8a)
Fam |1 - I‘nl
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which, for real fn, become

2
1+ rn + T

e n 2~
b = 23 (5.2.7D)
Bed (1 -r)r 3nm
n
. TR
5 = . (5.2.8b)

B g (1 -T2
2

Equations (5.2.7) verify the linear dependence and reduce to
the correct DC result when substituted into the defining
equation (5.2.1). Equations (5.2.8) give simple expressions
for the constant values which the curves in Figure 5.2.1
asymptotically approach as the conductor thickness

increases.

9.3 HIRINIM POVER OPTINIZATION

Both the power dissipated and energy stored in the nth
layer of a winding have now been determined. How can
performance be optimized based on these quantities?
Obviously, it is desirable to minimize the power dissipation
since this will result in a higher overall converter
efficiency. It also lowers the operating tewmperature of the
transformer, which results in either reduced stress or a
possible size reduction. The stored energy represents

energy stored in the leakage fields of the transformer which
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gives rise to what is commonly referred to as the leakage
inductance. In most applications the leakage inductance is
a parasitic element that one would like to eliminate. In a
few limited applications it can be used in a beneficial way.
But even for these cases it is not necessarily desirable to
increase or decrease the leakage inductance but to simply
know what it i}. So, in summary, it is generally desirable
to winiwmize both the power dissipation and the energy
storage with emphasis on the the former.

The exact solutions and their large argument asymptotic
approximations are functions of three independent variables:
the normalized wmean radius ;n’ the normalized conductor
thickness ;n’ and the boundary condition ratio Tn.

The effect of the mean radius thus far has been minor
especially in the practical range [20, ®»1. Below this range
both the normalized power dissipation and energy storage
increase only slightly. Optimization with respect to the
mean radius is therefore not very useful. In fact, most
designs do not offer wuch floxibility in this respect since
the frequency and throughput power roughly determine the
overall transformer size. There are two possible options
available to the designer with respect to the mean radius
which may reduce the power dissipation and energy stored in
the leakage fields. The first is to keep the absolute mean

radius as small as possible (see equations (5.1.1) and
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(3.2.1)). Secondly, it way be desirable to keep the
normalized mean radius large (see Figures 5.1.2 and 5.2.2).
Both of these can be accomplished simultanecusly if the
operating frequency is increased enough.

A similar situation exists for the boundary condition
ratio. It is evident frow Figures 5.1.1 and 5.2.1 that this
ratio should be kept as small as possible. The boundary
conditions of any given conductor layer are determined by
its position relative to the other layers in the
transformer, and also by the currents in those layers. It
is therefore desirable to arrange the windings in such a vay
to minimize the boundary condition ratio for as many layers
as possible. Thus, optimization with 'respect to the
boundary condition x;atio is a global consideration which
cannot be exploited within the single-layer problem. Global
topics will be considered in more detail later. For now,
the boundary condition ratio is considered to be a given
quantity which cannot be changed.

The third and final parameter available in the
single-layer problem is the normalized conductor thickness
;n' Fortunately, this parameter provides an excellent basis
for optimization. This is immediately evident from the
normalized power dissipation curves in Figures 3.1.1 through

5.1.3. All of these curves exhibit a unique minimam at a

certain normalized conductor thickness. These points will
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be designated as the normalized optimum thicknesses ;:pt and
the corresponding normalized power dissipation minima ;:ﬁn-
A similar examination of Figures 5.2.1 through 5.2.3 does
not reveal any optimization possibilities with respect to
the stored energy other than the obvious one of reducing the
thickness to zero which is certainly not practical. It is
encouraging to note that the minima of the normalized power
curves occur at thicknesses which result in stored energies
that are somewhat below their maxima. The single-layer
optimization is therefore chosen to be based on wminimizing
the power dissipation, with the possibility of adjusting the
stored energy if the application demands it.

Miniwmizing the power dissipation with respect to the
conductor thickness is a straightforward procedure and

involves solving the equation

—2 .0 (5.3.1)
or

for the optimum thickness ;:pt and checking to see that the
resulting power is the desired minimum ?:in. Even though
the procedure is straightfoward, the possibility of applying
it to the exact solution in equations (5.1.4) is somewhat
intimidating. The author has pursued this exercise to the

point where it was realized that analytical
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simplification was no longer apparent. The obvious
alternative is to use a computer. An algorithm based on a
discrete form of Newton’'s method is employed to find the
minimam of the normalized power dissipation. Convergence to
an apcoptablc accuracy is obtained after only two to five
iterations depending on parameter values and the accuracy of
the initial guess. Results are presented in Figures 5.3.1
through 5.3.3. The optimized quantities ;:pt and ?:in are
both functions of two parameters. The first and most
important is the boundary condition ratio rn which is chosen
as the abscissa. The second is the normalized mean radius
;n which only slightly affects the results. Figure 5.3.1
gives the results for the optimum conductor layer thickness.
Notice that the optimum thickness lies in the approximate
range @ to 1.57 skin depths. This is an iwportant result,
one which provides a very useful and handy rule of thumb.
Note alsc that the optimum thickness decreases as the
boundary condition ratio increases toward unity, a result
that was also evident in the previously obtained curves for
the normalized power dissipation. Figure 35.3.2 shows the
corresponding minimum values of the normalized power
dissipation. Even under optimum conditions the power
dissipation increases, first slowly, then wore rapidly as
the boundary condition ratio approaches unity. Similar and

even more exaggerated _ behavior is exhibited by
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Figure 3.3.1. Normmlized optimum conductor thickness of
the nth layer vs. boundary condition ratio with the
normalized conductor mean radius varied as a parameter,
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Figure 3.3.2. Miniwmom normalized power dissipation (at

optimum conductor thickness) in the nth layer wvs.
boundary condition ratic with the normalized conductor

mean radius varied as a parameter.
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Figure 5.3.3. Normalized energy stored (at optimum
conductor thickness) in the nath layer wvs. boundary
condition ratio with the normalized conductor wmean
radius varied as a parameter.
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the stored energy in Figure 5.3.3. In conclusion, it is
interesting to note that the optimized solutions seem to
exhibit less dependency on the conductor mean radius than
the solutions in general. This is because major differences
which occur for very small wean radii do not appear until
above the optimum thickness (see Figures 5.1.2 and 5.2.2).
In keeping with previous work, the logical next step is
to perform the minimization on the large argument asymptotic
approximation in equation (5.1.6). This is wmuch more
tractable than using the exact solutions, and results in the

transcendental equation

2 ~ ~ 1 ;n t - 'rn’:
(1 + |r_|")coshTt_cost {1 s — —
n n n 2 ~ 2

Pt + |7,

(sinh2T + sin2T _)(cosh2T - cos2T )
[1 _ n n n n ]} -

47 sinh27 sin27
n n n
T : T -1 7
1 nr. 22 2~ 2 1 n 2 1 ' n,. 2
Re(rn)[l—(i:—) J (cosh™r_ + cos Tn){l + [1 (53272 ] (5
Pr Pn Pn

[(coshfnsinrn + cosrnsinhrn)(cosh21n - cosZrn)]} (5.3.2)
~ R - . -~ 1“' 2"’ * * .
47n51nhrnsxn1n(cosh rn + cos Tn)

Further simplification of this expression does not seem

possible, and again one must turn to the resources of a
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computer. There are two main choices, the first of which is
to solve the above equation numerically. The second one is
to employ the same algorithm that was used on the exact
solutions, the only change being that the large argumemt
asymptotic approximation from equation (5.1.6) replaces the
exact solution. The latter alternative is chosen since the
algorithm has already been developed. Actually, the two
methods are essentially equivalent; the only difference
being that the derivative is computed numerically by the
computer in the latter. Optimization results for the large
argument asymptotic approximation are very close to the
exact results. So close, in fact, that the curves nearly
match and plotting theu{ would only clutter the existing
graphs. Referring back to the comparisons in Figures 5.1.3
and 5.2.3 shows that the large argument asymptotic
approximation is extremely good for normalized mean radii
greater than 20. Even for a small value of two the optimum
thickness is predicted well, and the only appreciable error
is in the power dissipation itself which is overestimated.
In light of these facts, results for the large argument
asymptotic approximation will not be graphically presented
here or in the remainder of the dissertation. Its main
purpose will be to provide an intermediate result in the
determination of the thin-layer approximation. The

necessary sof tware for this approximation has been

developed, however, if needed for a particular application.
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Continuing on to the thin-layer approximation, there are
again two possible routes to follow. The first is to begin
with the thin-layer approximation for the normalized power
dissipation, take the derivative with respect to the
normalized conductor thickness, and set the result equal to
zerao. The second approach takes advantage of the fact that
this process has already been performed on the large
argument asymptotic approximation, and it resulted in
equation (3.3.2). The thin-layer approximation as defined
by equation (4.4.1) can therefore be directly applied to

this expression, resulting in considerable simplification:
(1 + |rn| )eash7 cos7 = Re(l )(cosh'7_ + cos'7 ) (5.3.3a)
which, for real rn. becomes

coshT cosT
2, B .1 .r. (5.3.3b)
~ ~e r n
COST cosh7t n
n n

It should be wmentioned that exactly the same result is
reached if the first approach described above is followed.
Careful wmanipulation of this expression results in the

following alternative representation for equation (5.3.3b):

cosT ' ;@<r_ <1
—2 = n n . (5.3.4)
cosh‘rn llfn; 1 < I‘n £ o
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where the symbol = has been carried through to indicate that
this result arises from the thin-layer approximation. The
equivalence of the solutions for reciprocal values of the
boundary condition ratio is immediately evident from this
represaentation. The left side of equation (5.3.4) is equal
to one at ;n = @. Afis ;n increases the numerator decreases
and the denominator increases, so that the ratio of the two
decreases. This continues until the the ratio becomes zero
at ;n = a/2. It is clear from this discussion that the
range [@, n/2] for the normalized conductor thickness
provides the physically meaningful solutions to the
optimization problem. This range spans all possible
boundary condition ratios and confirms earlier
interpretations of the graphical results.

The transcendental equation (5.3.4) is easy to solve on
a computer. The results correspond to the ;n = © curves
presented along with the exact solutions in Figures 5.3.1
through 5.3.3. The accuracy of this approximation is once

again seen to be very good and almost indistinguishable from

the ;n = 20 results.
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3.4 TWO-TERH SERIES APPROXINATION

The third and final level of approximation will now be
considered. Motivation is again provided by the encouraging
results obtained thus far, and also by the desire to find
closed form solutions for the optimization problem.
Although the thin-layer approximation is fairly simple, a
solution in closed form might provide wmore insight. Also,
further simplification will prove to be very useful later in
the generalizations to multi-layer windings and arbitrary
periodic current waveforms.

The most important observation made so far, which leads
into the possibility for further simplification, is the fact
that the optimization process has led t? normalized
conductor thicknesses that are restricted to the range
[0, m/2]. This suggests a series expansion about zero which
would be valid for swmall values of ;n' Beginning with the
thin-layer approximation for the normalized power
dissipation given in equation (5.1.7), and substituting the
first few terms of the Maclaurin series for each

trigonometric and hyperbolic function yields, af ter

considerable manipulation, the very siwmple result

. ' Ta[ 401417, 1" + 7Re(r )
T 45 It - r_|
n n
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which, for real rn, becomes

.
'l'.n

1 + 2
45 (1 -T)
f ¢

z (3.4.1b)

{ Tap 4UL4T) + T ]}-
Enough terms (three to be specific) have been included for
each function to give the first two terms in the overall
expression. These are actually the first two terms in the
Laurent expansion (hence the terminology two-term series
approximation) of the normalized power dissipation in the
nth conductor layer. The first term represents the well
known DC result and contains the singularity at zero
thickness. The secaond term provides the first correction to
the DC results and will hopefully provide good accuracy
throughout the optimization region. Figure 5.4.1 shows the
resulting curves for this two-term series approximation and
compares them with the thin-layer approximation for two
different boundary condition ratios. The agreement is
indeed quite good throughout the minimum region but begins
to diverge for larger thicknesses. Incidently, prbgress is
being made toward obtaining the third term in the Laurent
expansion which is proportional to ;;. It ig not really
needed here in the sinusoidal analysis, but it may prove

useful in the extemnsion to arbitrary periodic waveforms (see

Chapter 7).
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The same procedure can be followed for the normalized
energy stored in the nth conductor layer given in equation

(5.2.6), yielding

N

2
1+ |7,1" + Re(r )

A

2
TN

T r1601+|r_|*) + 31Re(r )
(-2l =]}

(5.4.2a)

2
630 1+ |r |* + Retr)

which, for real rn, becomes

9. 1+ TH ¢ Tnf T, [16(1 + I2) + 31r_
Un z 3T, 2 11 - { n ]}. (5.4.2b)
(1 -71) 630! 1+ +r
n n n

The first term again represents the DC result, and the
second term provides a correction. Figure 3.4.2 presents
the corresponding graphical results along with the
thin-layer approximation. The accuracy here is also very
good throughout the region [0, n/2].

The two-term series approximations derived above provide
extremely simple expressions for use in the optimization
process. Performing the differentiation according to
equation (35.3.1) on equation (5.4.1a) yields a solution in

closed form; namely,
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. it -r_|?
r;’t = {15[ =2 ]} . (5.4.3)
4(1+|rn| ) + 7Re(Tl)

And substituting this result back into equation (5.4.1bh)

gives the corresponding minimum power dissipation

801+]r |?) + 7Re(r ),,1
{ ‘[ n B ]}‘. (5.4.4)
j1 -r_|
n

These two equations are plotted in Figures 5.4.3 and 5.4.4
along with the results arrived at earlier for the thin-layer

approximation. Specifically, equation (5.3.4) is solved

numerically for ?;Pt which is in turn substituted into
equation (5.1.7) to calculate 5:1n. The agreement is

impressive especially for the minimum power dissipation.
Some error in the optimum conductor thickness does arise for
small boundary condition ratios. It was pointed out earlier
that small boundary condition ratios are desirable. The
worst-case error occurs for fn = @&, where the two-term
series approximation gives ;gpt ~ 1,39 which is about 11.4%
below the thin-layer approximation result of /2. The error
in the corresponding winimum power is less than 4.5%.
Finally, the optimum thickness can also be substituted into
equation (5.4.2b) to evaluate the two-term series

approximation of the stored energy under optiwmum conditions.

Chapter 3 141



19

L J v LJ  J l ¥ L | J ¥ l L I 1 L 1} ' L3 1 ] ] 1
i - — — Two-term series ‘
5 approximation / o
I Thin-layer ! ’
8 |- approximation ! -
6 |-
3
n 5
] L.
2 .
) g g 2 2 1 g 9 g ' | 2 ) 2 2 1 2 N 2 3
o 1 2 3 ]
T
n

Figure 3.4.1. Normalized power dissipation in the nth layer
vs. normalized conductor thickness with the boundary
condition ratio varied as a parameter.
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Figure 3.4.2. Normalized energy stored in the nth layer vs.
normalized conductor thickness with the boundary
condition ratio varied as a parameter.
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Figure 3.4.3. Optimum normalized conductor thickness (for
minimum power dissipation) of the nth layer vs. boundary

condition ratio.
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Figure 3.4.4. Minimum normalized power dissipation (at
optimum oconductor thickness) in the nth layer vus.
boundary condition ratio.
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Figure 3.4.3. Normalized energy stored (at the optimum
conductor thickness) in the ath layer vs. boundary
condition ratio.
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The results are plotted in Figure 5.4.5 along with the
corresponding thin-layer approximation. The accuracy is
seen to be cowparable to that for the power dissipation.
Before continuing to the wmulti-layer winding, it is
perhaps worthwhile to summarize the approximations that have
been defined and their associated limitations. The exact
solutions for the one-dimensional problem have been
determined and, of course, can be used if needed. They are
complex expressions which involve Kelvin functions, require
extensive use of a computer, and offer little insight into
the problem. The computational results of the exact
solutions prompted the large argument asymptotic
approximation which resulted in considerable simplification
of the exact expressions. The accuracy was very good except
for very small arguments. But these small values were shown
to lie outside the range of wmost practical designs. f
simple extension of the large argument asymptotic
approximation evolved from the additional requirement that
the conductor thickness be wuch smaller than the conductor
mean radius. The new expressions were called the thin-layer
approximations, and they were also found to be very accurate
under most practical conditions. 1In fact, if one adheres to
optimized designs for minimum power dissipation, the

resulting optimum normalized conductor thicknesses are

restricted to the range [®, n/2] which guarentees that the
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thin-lay.r approximation will be reasonably good at the very
least. Finally, the two-term series approximation has just
been introduced, and it is also quite accurate for this
range. It is very attractive because it produces closed
form solutions to the optimization problem. It is very
important, however, to limit its use to this range. This
cannot be overemphasized. Blind application of the two-terwm
series approximation to determine power dissipation and
stored energy could result in very large errors (see Figures

3.4.1 and 5.4.2).
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CHOPTER 6
MILTI-LAYER WINDINGS

The solution to the single-layer winding was presented
in Chapter 5. In that derivation all results were expressed
in terms of the general nth layer within a winding. At the
time that was unnecessary, but the reasons for doing so will
become clear in this chapger which is concerned with
extending these solutions to the case of an N-layer winding.
A large part of this effort will involve summing several
single-layer solutions, a process which will take advantage
of the general notation just Qiscussed.

First, some new definitions are introduced, and some
practical assumptions are made associated with the
multi-layer winding. The power dissipation and energy
stored are then determined. The total power dissipation in
the winding can be minimized using the same techniques as
those for the single-layer problem. RAll previously defined
levels of approximations are derived, and several graphical
results are presented. Finally, two additional technigues
for reducing the power dissipatiom in a multi-layer winding
are presented via illustrative examples. One involves
individual-layer optimization, and the other splitting the

winding into sections.
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6.1 PRACTICAL MILTI-LAYER ASSUMPTIONS

The wost important assumptions to be made result from
realizing that individual layers within most windings are
identical in several ways. Figures 3.1.2 and 4.1.2 may be
useful supplewments to this discussion. First, the

thicknesses of the individual conductor layers are assumed

to be equal:

n= 1,2"..," (6.1‘1)

A
[}
S

This equation also holds for the unnormalized thicknesses.
Similarly, the total current and therefore the current per

unit axial length for each layer is assumed to be identical:

Kn =K 3 n=1,2,...,0M. , (6.1.2)
Since the radial distances must now be described for a total
winding, some definitions need to be introduced to account
for the insulation layers. Each conductor layer is assumed
to have associated with it an insulation layer located
radially adjacent to it and to the exterior. The thickness

of this nth insulation layer is defined as

J = Pn'}‘ - P; ; T = 1’2'---’3 (6-1-33)
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or, in normalized quantities,

d = p - P 3 n=1,2,...,H. (6.1.3b)

For a practical multi-layer winding, the insulation

thicknesses are also assumed to be identical:

d ; n=1,2,...,1. (6.1.4)

al
"

Using all of the above definitions and assumptions along
with the established ones for the conductor layers allows
the following simple formulas for the boundary radii to be

derived:

;; a ;f + (a-1)F + (n-1)T §; m = 1,2,...,8 (6.1.5a)

;: = ;: +(a-1)d + nT ; n=1,2,...,0. (6.1.5b)

The wmean radius of the nth conductor layer is therefore

simply

Py = Pi + (n-1)T + (n-%); ; mo=1,2,...,0 (6.1.6)

by equation (4.2.17a). figain, note that these expressions

can also be written in terms of the unnormalized quantities.
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It is now possible to determine the magnetic field
intensity boundary conditions for the entire winding. Using
the assumption of identical currents per unit axial length
from equation (6.1.2) and successively applying equation
(4.1.12) which relates these currents to the boundary

conditions results in the relation
B =HH -nk; n=1,2,...,18, {(6.1.7)

where Eo is defined to be the magnetic field intensity at
the inner boundary of the total winding and wmust be
determined from the currents in other windings to the
interior. Remember that the currents are referenced in the
positive ;-direction so that a negative value for X produces
a positively increasing magnetic field (referenced in the
;-direction) as one travels radially outward. In addition
to acting as the boundary conditions for the individual
conductor layers, the values defined above are assumed to
exist throughout the insulation layers. Let the owverall

boundary condition ratio of the winding be defined as

r =2 - LA (6.1.8)

where the last step follows directly from equation (6.1.7).
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The boundary condition ratio for each individual layer was

defined in equation (4.2.11), and can also be written as

Rn_‘ Bo - (n-1)X
r = . (6.1.9)
- § 2 - nX

These two boundary condition ratios can be related by
solving equation (6.1.8) for either Ho or X, substituting
the result into equation (6.1.9), and simplifying. The

resulting relationship is

r{f-n+1) + (n-1)

This important result shows that the boundary condition
ratio for each individual conductor layer within a winding
can be determined solely in terwms of the ratio for the total
winding. This is a direct consequence of assuming equal
currents in each layer.

The assumptions made in this section are practical in
the sense that most transformer windings are wound as an
entity, using the same conductor and insulation throughout.
On? possible condition that is not covered is when only a
fraction of the final layer is used. Fractional layers can
be handled in a straightforward manner based on the existing
work. They are not included here because it results in
cluttered notation without introducing anything conceptually
new.
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6.2 POUER DISSIPATION
The total power dissipated in an #N-layer winding is
simply the sum of the powers dissipated in the individual

layers:

X i
. wl 2 ~
n=1 n=1

This result has been written in terms of the normalized nth
layer power dissipation in which was defined in equations
(5.1.1) and (5.1.2). The assumption of identical currents
from equation (6.1.1) has also been used in this result. It
is now appropriate to introduce a new quantity, the winding
mean radius, which will prove to b; useful in the ensuing
manipulations. The winding mean radius is defined as the

average of the mean radii of the individual conductor

layers:

X
.1 i N-1 .4
Py * F 2 Pn = P, + (—5—)4 + (5)1 (6.2.2a)
n=1
or, in normalized form,
N
~ 1 L ~i N-1 R
Po = ¥ z Pn = P, + (—5—)d + (5)7, (6.2.,2b)
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where equation (6.1.6) has been substituted and the
summation performed to obtain the final expressions.
Equations (6.1.6) and (6.2.2b) can be combined to eliminate

the winding inner radius ;:, so that

Py =P

nel], -
w {n —5—|(T + d). (6.2.3)

This is an important expression because it relates the
quantities which are most useful for evaluating the
expressions and understanding the results of the multi-layer

problem. Equation (6.2.1) is now rearranged into the form

N
i 2 e o al 2 v o
P = —olxl EPnf'n = —G—IKI RP"P, {(6.2,.4a)
n=1
where
H _~e
B =iz 25 . (6.2.4b)
N ~ n
n=1 Pw

? represents the normalized power dissipation per layer in
an ¥-layer winding. It has been defined in this way so that
the results are more directly comparable to the single-layer
case. In other words, B is a measure of the power

dissipation in an individual layer (in an averaged sense)
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within an ¥-layer winding, while 5‘3 is a measure of the
power dissipation in a single-layer by itself. Obviously
the two should agree for X = |, and this is indeed the case
as evidenced from equations (6.2.3), (6.2.4b), and (5.1.1).
This special case will also provide a useful and convenient
check for the numerical results.

The procedure for determining the normalized power
dissipation per layer in an H-layer winding is
straightforward. The results from the single-layer problem
are simply substituted into equation (6.2.4b), ‘and the
practical multi-layer assumptions from equations (6.1.1) and
(6.1.3b) are invoked. There were a total of four levels of
results obtained in the previocus chapter for the normalized
power dissipated in the ath conductor layer: exact, large
argument asymptotic approximation, thin-layer approximation,
and the two-term series approximation. The corresponding
mathematical expressions are given in equations (5.1.4),
(5.1.6), (5.1.7), and (5.4.1), respectively.

The exact solution of the multi-layer winding does not
offer analytical simplification, so it will not be repeated.
One must simply make the indicated substitutions, evaluate
the expressions, and sum the results. This systematic
process is easily incorporated into the computer programs
for the single-layer case, thereby extending their

applicability to the multi-layer case.
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Some simplification does result in the large argument
asymptotic approximation by substituting equation (3.1.6)
into (6.2.4b), mostly in the form of factoring certain parts
of the expression outside the summation. The result, after
incorporating the practical multi-layer assumptions

discussed in Section 6.1, is

. ~ s a N~ 2 ~ 2
5.1 (] sinh27 + sin2Tt ] 2 _2[ o+ ]Fnl . !:_ 1 lrnl ]
Ny ~ _ ~ ~ - 2 2~ - 2
cosh27 - cos2r | & p ! |1 r | P, It r i
coshTsinT + cosTsinhT A T 1 Re(r.)
9] |2 22l - a Pl
L o [ ~ 2
cosh27 - cos2z =1 Py Pn It -r_|
{(6.2.3)

Evaluation of the two summations in this expression is very
involved when one considers that equations (6.1.19) and
(6.2.3) must he used to replace rn and ;“, respegtively. It
is possible to analytically perform the first summation, bhut
the process is very lengthy and the result is not
particularly useful. It is not useful because the second
summation cannot bhe simplified in a similar way due to the
presence of the square root. The form given above in
equation (6.2.3) is therefore the wmost consistent and
convenient form for programming.

The thin-layer approximation is defined by the condition
in equation (4.4.!1) which, for equal conductor thicknesses,

becomes
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T
T’(( 1 ; n = 1.2,-.-,“- (6-2-6)

Pr

Thus, the conductor thickness is assumed to be much smaller
than the mean radius of any layer. If, in addition, it is
assumaed that the insulation thickness is much smaller than

the mean radii:
—'<( 1 ; n = 1,2,.:-,”; (6-2:7)

then one might conclude from equation (6.2.3) that

;nz;w; n=1,2,...,4. (6.2.8)
This is true only if the number of layers is not great
enough to make the total thickness of the winding on the
order of the winding mean radiums. What has really happened
here is that the thin-layer approximation has been extended
to imply a thin-winding approximation, which can bhe stated

mathematically as

21
+
al

It (¢ 1. (6.2.9)

L
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For the sake of avoiding a new nawe, the terminclogy
thin-layer approximation will continue to be used in the
malti-layer case, with the understanding that thin means
fhin enough that condition (6.2.9) is satisfied. The
derivation of the thin-layer approxiwmation of the normalized
power dissipated per layer begins by substituting equation
(3.1.7) into equation (6.2.4b). The same result is reached
if the thin-layer approximation conditions frqm {(6.2.68) and
(6.2.8) above are used to simplify the large argument

approximation in equation (6.2.5), namely,

Pz

) {[ sinh27 + sin27 ] § { 1+ |rnl’1

cosh2T - cos2T

coshTsin? + cosTsinh? | X Re(r )
- 4 |2 |

cosh2T - cos2T

Both summations in this expression can now be evaluated when
equation (6.1.10) is used to replace rn. Af ter considerable

algebraic manipulation, the result is

sinh27T + sin27T ‘
][(R +

- 2, 1 ;2 2 2 2
Pz E'Tff' {[ 5)(1+]r| ) + (» —1)ne(r)]

cosh2r - cos2T

coshTsinT + cosTsinh7 . 2 R
- 2[ — — ]l(ﬂ -1)(1+]F| ) + (X +2)Re(r)}}.
cosh2r - cos2T

(6.2.11)
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This result can be compared with the corresponding
single-layer expression in equation (5.1.7). They are
similar except for the additional appearance of N in the
above expression. is a matter of fact, for large X the
expression as a whole becomes proportional to . f
dramatic increase in the power dissipation should therefore
be expected as the number of layers is increased. Remember
that one factor of X has already been factored out, so that
this is a per layer result.

Before presenting the graphical results of the
thin-layer approximation, the two-term series approximation
is derived. Again, there are two approaches which lead to
the same result. ~ The first is to substitute the
single-layer two-term approximation from equation (5.4.1a)
into equation (6.2.4b), and simplify. filternatively, the
series approximations for the transcendental functions could
be introduced into the thin-layer approximation in equation

(6.2.11) above. The result is

s . 1 {1 R al (se’-na+rl*) + (sE*+2)Re ()
T

Pz n ”, (6.2.12)
45 |t - rj

where the presence of the #* factor is again noticed. But
it appears only in the second term of the series, suggesting

that it will not come into play until after the low

frequency region of the curves,
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It is worthwhile to pause here and note that the three
approximations derived here for the wmulti-layer winding
(equations (6.2.5), (6.2.11), and (6.2.12)) all reduce to
their single-layer counterparts (equations (5.1.6), (3.1.7),
and (3.4.1)) when X = 1.

The single-layer graphical results revealed that the
additional accuracy afforded by the‘exact solutions and the
large argument approximations was unnecessary for values of
the normalized mean radii greater than 20 (see Figures 5.1.2
and 5.1.3). One would expect similar behavior in the
multi-layer solutions since they are essentially summations
of single-layer solutions. This is indeed the case, and for
that reason they will not be graphically presented here. If
smaller radii are encountered, the author has developed the
necessary software to handle it. Focusing then on the
thin-layer and two-term series approximations, Figures 6.2.1
and 6.2.2 show a comparison of these for several values 2X.
As expected, the two-term series approximation is accurate
up through the minimum region but then begins to diverge
rapidly. All of these curves are for a winding boundary
condition ratio of zero. As the number of layers increases,
the curves shift upward and their minima become wmuch
sharper. It is interesting to note that this is similar to
the behavior of the single-layer solutions as fn approaches

one. This is because, in the multi-layer case, the boundary
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Figure 6.2.1. Normalized power dissipation per layer in an
¥-layer winding vs. normalized conductor thickness with
the number of layers varied as a parameter for some low
values.
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Figure 6.2.2. Normalized power dissipation per layer in an
X-layer winding vs. normalized conductor thickness with
the number of layers varied as a parameter for some
higher values. _
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condition ratio of the individual layers approach unity with
increasing radius (see equation (6.1.10)). For these same
reasons, the curves for the multi-layer winding will exhibit
even more exaggerated behavior in this respect as the
overall winding boundary condition ratio approaches unity.
This is an undesirable situwation which can usually be
avoided by judiciously choosing the winding order or by
splitting the windings. The latter is the topic of the last

section in this chapter.

6.3 ENERGY STORAGE

The derivation of the energy stored in a multi-layer
winding is similar to the derivation of the power
dissipation for the single-layer problem except for one very
important difference. The insulation layers are ignored
(other than accounting for their thickness when determining
boundary radii) when deriving the power dissipation because
they are assumed to be a dielectric with zero conductivity.
There can therefore be no losses in the insulation layers.
The insulation layers cannot be neglected, however, in the
determination of the energy storage. The magnetic field
intensity has been assumed to be constant within the
individual insulation layers. Consequently, they will
contribute significantly to the total energy stored in a

winding as will be shown shortly.
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Each conductor layer has an insulation layer associated
with it which is radially adjacent and to the exterior. See
Figure 3.1.2. The magnetic field intensities in the
insulation layers are given generally in equation (4.1.6),
and then specifically under the practical wulti-layer
assumptions in equation (6.1.7). In order to derive the
energy stored in the nth insulation layer, these values must
be substituted into equation (3.2.15a), and the integration
performed over the insulation layer volume. The notation U;
is introduced, where the superscript i distinguishes it as
being associated with an insulation layer. The integration

proceeds as follows:

wl - %J]];%ﬂ,lnl’dv

n +1/2
1 n+1 1
- ol as| @zl 1E |%de

Jo -1/2 pg
w 28’ ~i+1 4 IE’
Bia b PREYT LY I S it P
2 n n ~o s nl"n n'’
Pn
n = 1,2,:.-,“, (6-3:1)

where familiar normalized quantities have bheen introduced so

that the results can be conveniently combined with previous
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ones. The last step defines the normalized energy stored in

the nth insulation layer as

~ji

n = ~—l§n| PdP 3 n = 1,2,-.-,'- (6-3.2)
Py =0
n

This integration is a simple one which can be rearranged
into the following form using equations (4,2.10), (4.2.18),

and (6.1.3):

. (6.3.3)

Introducing the practical multi-layer assumptions from

equations (6.1.1) and (6.1.4) into this expression gives

v, = |yl 2&{1 + 53— ] (6.3.4)
n Pn

The derivation of the total energy stored in an t-layer
winding now proceeds exactly as the derivation of the power
dissipation did with the addition of the contributions from
the insulation layers just determined. Thus, summing

equations (J3.2.1) and (6.3.1) gives
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uﬂolﬁ’ R 2 ~ =i - nn,l&’ 2 - =
W= ]xl 2 pn( n + Un) & ———-——IKI Epw W (6.3.3a)
4 4
n=1
wvhere

R ~

W= E-z :—(Un + Un) {(6.3.5b)
n=1 Pw

represents the normalized energy storage per layer in an
f-layer winding. This definition is analogous to the
normalized power definition in equations (6.2.4) except for
the addition of the insulation layer terms. The term per
layer now refers to the combination of both the nth
conductor and insulation layers. The results are therefore
directly comparable to the single-layer results only if the
insulation thickness is taken to be zZero, thereby
eliminating its contribution. Equation (6.3.Sh) can be
evaluated for each of the four previously defined levels of
solutions by substituting the corresponding single-layer
solutions for ﬁn from equations (5.2.4), (5.2.%), (5.2.6),
or (5.4.2), and invoking the practical multi-layer
assumptions. Details of these evaluations will not be given
since they are the same as those associated with determining
the power dissipation. The results are simply stated, and

discussion is delayed until the graphical presentation.
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Once again, no analytical simplification is possible for
the exact solutions; one wmust simply evaluate equations
(5.2.4) and (6.3.4), and sum the results. Considerable
simplification is achieved in the large argument asymptotic

approximation which is given by

.
=~ 1 n n; 1 2 it + d
-1 {Zd 2 ekt [r e 32 ]
n=1 Py Pn
. ~e " ~ " e 2 fnd 2
. { sinh2T - sin2r ! 2 —5[ 1+ |r | . 21_ 1 ir_ | }
~ ne ~ 2 24\1 2
cosh2r - cos2t ' & p b |1 - r i P, 11 - 1|
coshTsinT - cosTsinh7 L T ,5 Relr )
+ |2 22 - a2
cosh2r - cos2Tt as1 Py Py it - r_|
(6.3.6)

The usual terms are neglected for the thin-layer

approximation, resulting in the expression

e 2, 1 ,2(~ 2.1 2 2 3 2
b s 21 2p {d{(l HP AT & P-DRe + Jac-ir)h |

sinh27 - sin2T 2 1 2 2 ]
+ [ ][(R +§)(1+IF| ) +# (N —I)Re(r)]

cosh2T - cos2T

coshTsinT - cosTsinhT . . .
+ 2[ — — “(z =D+ |r}ty + +2)Re(1‘)]}.
cosh2r - cos2T

(6.3.7)
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Finally, the two-term series approximation is given by

~ 2; 1 ,2 2.1 2 2 3 2
¥z gyl [d{(l +x) 1+ %) + (X°-1)Re(T) + F1-|r| )}

ey
+${n’[1+na(r)+|r|’] - 1;-(213’-5)(1+|r]’)+(213’+1o)ne(r)}}]
630

(6.3.8)

f11 of these results reduce to their single-layer forms
derived in the previous chapter when X = | and & = O. Note
that for large X the two-term approximation indicates that
the total energy storage per layer will be proportionél to
X, This is in contrast to the result for the power
dissipation, where the n? proportionality came into play
only for larger normalized thicknesses, The low frequency
regions of those curves were unchanged. The undesirable
effects of increasing the number of layers are therefore
expected to be more widespread for the stored energy than
the power dissipation. Even so, the resulting increase in
leakage inductance may not be as critical as the increase in
power dissipation. This tradeoff will depend on the
particlar application.

The graphical results are again be restricted to the
thin-layer and two-term series approximations. Figures
6.3.1 and 6.3.2 show the energy stored in an X-layer winding

for several values of 2. The conditions for these curves
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are the same as those in Figures 6.2.1 and 6.2.2 for the
power dissipation. The behavior of the curves as 2
increases is again similar to the behavior of the
single-layer results as the boundary ocondition ratio
approaches unity (see Figures 5.2.1 and 5.4.2). This follows
from the fact that as X increases more individual layers
within the winding experience increased boundary condition
ratios, thereby influencing the total winding summation.
Also note that the two-term approximation is again wvalid up
through the optimization region for minimum power, and that
it diverges very rapidly thereafter. The author wishes to
reemphasize the extreme care which is required when
utilizing the two-term approximation. It is a very
attractive solution because of its analytical simplicity,
and for that reason it is easy to be overcome and forget to
insure that the necessary conditions for its use are met.
The primary advantage of the two-term approximation is that
it provides an excellent forum for analytically
investigating behavior near the minimum power optimum points
because it leads to closed form solutions. Any involved
design procedures based on the results in this dissertation
would benefit greatly from and are well-suited for the use
of a cowmputer. It is highly recommended that one of the
higher level sclutions be used when developing computer

sof tware. Finally, the effect of the insulation thickness
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Figure 6.3.1. Normalized energy stored per layer in an

X-layer winding vs. normalized conductor thickness with
the number of layers varied as a parameter for some low
values.
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Figure 6.3.3. Normalized energy stored per layer in an
X-layer winding vs. normalized conductor thickness with
the insulation thickness varied as a parameter. all
curves are computed using the thin-layer approximation.
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is studied in Figure 6.3.3 for a two-layer winding. Note
that the curves siwmply shift upward, and that this shift is
significant even for thicknesses which are a small fraction
of a skin depth. This behavoir is also evident in the
corresponding term in equations (6.3.7) and (6.3.8). That
term is independent of the normalized conductor thickness 71
and difectlyv proportional to the normalized insulation
thickness d. The frequency is held constant while the

thicknesses are varied.

6.4 MININUM POUER OPTIMIZATION

The power dissipated in an N;layer winding can be
minimized with respect to the conductor thickness in the
same manner as it was for the single-layer case. Since the
conductor thicknesses are assumed to be equal, the equation

that must be solved is

(6.4.1)

R
4a|m!
" :
S

This corresponds to equation (5.3.1) for the single-layer
case and reduces to it for X = 1, The optimization
procedure for the multi-layer winding is to solve equation
(6.4.1) ahove for the optimum normalized conductor thickness

;opt’ and use the result to find the corresponding minimum

power dissipation pmn,
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It is iwpractical to analytically solve equation (6.4.1)
using either the exact expression for P or its large
argument asymptotic approximation. The same computer
algorithm which was developed for the single-layer éase can
be used here to find the optiwum conductor thickness. The
wmain difference is that the number of computations, and
therefore the computation time, increases by a factor of 2.
Sof tware for this multi-layer optimization  has been
developed and tested by the author. As bhefore, the accuracy
of these results is necessary only if the normalized mean
radii ;n are significantly less than 20. The results under
those conditions are similar to those for the single-layer
case (see Figures 5.1.3 and 5.2.3) and will therefore not be
repeated here. Such low values for the normalized radii are
typically impractical anyway since they would leave little
space for core material in the center of the windings.

Consider next the thin-layer approximation for 7 given
in equation (6.2.11). Taking the derivative according to
equation (6.4.1) leads to the following transcendental

equation:

2.1 2 2
~ - (B +2)(1+|r|7) + (X" -1)Ret D)
SOsAT . S95T. 5 2— 2 - n . (6.4.2)
cosT coshr (B°-1)C1+ |7 |7) + (A" +2)Ret )
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This expression is very similar to the corresponding
single-layer result in equations (5.3.3). The left-hand
side is identical. The right-hand side is slightly more
complex because the effect of the number of layers comes
into play. Incidently, this equation reduces to the
single-layer result in equations (5.3.3) for ¥ = 1. The
method of solution of equation (6.4.2) is the same as for
the single-layer case, since the right-hand side is still
just a constant with respect to 7. One simply evaluates
this constant for a particular application, and then
numerically solves the equation as hefore.

Consider next the pursuit of a closed form solution via
the two-term series approximation. Taking the derivative of
equation (6.2.12) with respect to T is a trivial exercise,

and leads to the simple result

Hlm

2
FOPt {15[ - l‘z Tl - ]} (6.4.3)
(SE -1)C1+]r | + (SA*+2)Re(/ |

which also reduces to its single-layer counterpart in
equation (5.4.3) for N = 1. Substituting this optimum
conductor thickness back into equation (6.2.12) gives the

corresponding minimized power

1
2 2 2 1
1 4{ 1[(53 -0 1+r)* + (sn +2)Re(r)]}g(6_4_4,

15 ]1 _r!!
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Two special cases of the two-term approximation are
important engugh to warrant further attention. First,
consider a zero boundary condition ratio. This case is the
most desirable because it results in the lowest power
dissipation and energy storage. For this case, equations

(6.2.12), (6.3.8), (6.4.3), and (6.4.4) become

~d
oz 1 [1 + 1-(55’-1)] (6.4.5a)
r-=e 1 4s
~ 2 (e[ 2 3 1 ~f .2 T 2
b o= 5{4[3 « 304 5] + r[n - T _(21x -5)]} (6.4.5b)
r=o 630
1
FOPt [——ig—-—]‘ (6.4.5¢)
r=0  sa*-1
2 ]
pmin %[—25—21-]? (6.4.5d)
r-o 15

The latter two equations are especially useful and simple
formulas for the optimum thickness and minimum power

dissipation. For large X the above equations become even

simpler:

P2 1 [1 + %«’?‘] (6.4.6a)
r=0 v
N
o = g«*{a + :[1 - %"]} (6.4.6b)
r=e
N0
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Fort "?'W' (6.4.6c)
r=0 a
N
. 172
pmin g”’“ . (6.4.6d)
r=0 3
N0

fictually, X does not have to be very large for these
approximations to be quite good. X = | results in only 35.7%
error in the optimization equations and at ¥ = 2 the error
is practically negligible at 1.3%. Although this degree of
simplification is certainly not necessary, it provides a
very fundamental result. Namely, the minimum power
dissipation is directly proportional to the square root of
the number of layers, and the corresponding optimum
conductor thickness is inversely proportional to the same.
Also, the stored energy is directly proportional to the
square of the number of layers. These are more good rules
of thumb which come in handy when committed to memory.
Figures 6.4.1 through 6.4.3 show the graphical results
of the minimum power optimization for windings with various
numbers of layers., The properties discussed above in the
special cases can be observed at I' = &, and it appears that
these properties are preserved as I' increases. Figure 6.4.1
shows the optimum normalized conductor thickness vus, r, and
Figures 6.4.2 and 6.4.3 give the corresponding normalized

minimum power dissipation and energy storage per layer.
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Figure 6.4.1. Optimum normalized conductor thickness for an
H~-layer winding vs. boundary condition ratio with the
number of layers varied as a parameter.
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Chapter 6 180



100 L g ¥ L J " L4 L § Lo
~ — Two-term series
approximation

- Thin-layer
approximation

80 -
- d = @

60

=

10

20
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Both the thin-layer and the two-term series approximations
are presented in these graphs. The accuracy of the two-term
approximation is extremely good, verifying its validity in
the optimization region. In fact, the curves for these two
approximations of the power dissipation and the energy
storage are indistinguishable. The accuracy for the optimum
thickness is only slightly worse, and it improves as the
number of layers increases. The worst case is for a single
layer at zero boundary condition ratio. Although this is a
very important case, it was found in the single-layer

results that the error was still a reasonable 11.4%.

6.5 IIPIVIDUDL LAYER OPTINIZATION

Two techniques for reducing the power dissipation in
multi-layer windings are considered in this and the next
section. They are both global techniques in the sense that
they address the overall strategy of arranging and designing
windings on a transforwmer. Simple and revealing analytical
investigations of these techniques are possible because of
the accuracy of the two-term series approximations near the
optimum conductor thickness, and the fact that they are in
closed form. Split windings are discussed in the following
section, and individual layer optimization is the topic of

this section.
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At the beginning of this chapter, certain practical
assumptions were made concerning multi-layer windings. The
purpose here is to investigate the possibiliy of relaxing
one of these assumptions in an attempt to reduce the power
dissipation further. The assumption of interest is given by
equation (6.1.1). It states that the thicknesses of all of
the conductor layers within a winding are equal. While this
is wusually the case for practical reasons, it is a
constraint which ultimately results in increased power
dissipation. Since the boundary condition ratio varies from
layer to layer, one would expect that optimizing the
thickness of each individual layer would result in lower
power dissipation. The purpose here is to determine the
extent of this reduction, so that it can be compared with
the added complexity and cost of construction.

The comparison between the individual layer optimization
which allows unequal layer thicknesses and the wore
practical equal thickness optimization will be made by
evaluating the minimum normalized power dissipation per
layer ﬁmin. The result for the equal thickness optimization
has already been determined; it is given in equation
{6.4.4). It is repeated here with the addition of the

subscript e to indicate equal conductor layer thicknesses:
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. 1

=min _ 4f t[(s2’-1)c1+]r|* + (sa’+2)Re(rr])a

P % == . (6-5-1)
e 31135 |1 - rl:

One must return to the results of the single-layer analysis
to derive the corresponding expression for individual layer
optiwmization. The minimum normalized power dissipation in
the nth layer is given in equation (5.4.4). This result
must be summed over the N layers, and then divided by N to
get the per-layer dissipation which is directly comparable

to the abhove result:

B |

. (6.3.2)

W

it 2

z i{_i act+|r |7 + 7Re(rn)]}
2

& it - rn[

15
The subscript u indicates unequal conductor layer
thicknesses. The nth layer boundary condition ratio rn was
determined in equation (6.1.10) in terms of the overall
winding boundary condition ratio . Substituting that

relation into equation (6.5.2) and simplifying the summand

yields

X o
ﬁmxn - l 2 _i 3 + ls[r(ﬂ-n+1)+(n-1)ltr(l-n)+nl ? (6.5.3)
u ¥ ] 3|15 ]1 - rl:

n=1

This summation cannot be simplified because of the

fractional power in the summand. The ratio of the
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normalized power dissipations is now formed in order to
determine the percentage reduction obtained from individual

layer optimization:

;m;n 2 * 1
2 [glx-rj + I5II(X-n+1)+(n-1)1LT(A-n)+n] ];(s 5.a)

(58*-1)(1+|r|*) + (58*+2)Re (D)

5llln ngl

This expression is rather complex in appearance but it can
be easily programmed on a computer or programmable
calculater. However, it is instructive to first consider
the important case of T = O, for which the expression

simplifies considerably to

5uu.n R 1
i § [4 + 15n(n-1)]u. (6.5.5)
5mxn N 1

As R - the n2 terms dominate the numerator and

consequently the summation, so that

illl:l.n

N
x lim 3'/Y % 2 [—2- 2 (6.5.6a)

11m min
? I'=® R

This expression is recognized as the limiting form of a

definite integral, namely,
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5min X 1 1

lim 2 = 3”‘11:2 [——" ]’-‘- - 3”"Jl /Xdx = ©.877.(6.5.6b)
min X N

Bao B2°0 =0 B O o

This snrprisinqu simple result shows that, for a =zero
winding boundary condition ratio, one can expect to gain at
most a 12.3% reduction in power dissipation by individually
optimizing the thickness of each conductor layer. For
smaller wvalues of A, evaluation of equation (6.5.5)
indicates that the reduction is slightly less. A summary of
these results is presented in Table 6.5.1a. The ratio is
equal to unity for = 1 since there is no difference in the
two methods. The percentage reduction spans the narrow
range of 8.3Z to 12.3Z for all other possible values of XA
from 2 to . This conclusion leads to yet another important
and useful rule of thumb: that one can expect roughly a 10%
reduction in power dissipation by individually optimizing
the thicknesses of the conductor layers. This is certainly
not an overwhelming improvement, and in wmost cases it
probably would not be worth the added complexity in the
construction.

The results just presented were for a winding boundary
condition ratio of zero. It turns out that the reductions
in the power dissipation are largest for this case. As the
boundary condition ratio increases toward wunity, the

improvement diminishes. In order to show this, equation
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Table 6.3.1la. Ratio of the normalized power dissipation
resulting from individual layer optimization to that
from equal thickness optimization for an N-layer winding
when the winding boundary condition ratioc is zero.

Table 6.3.1b. Ratio of the normalized power dissipation
resulting from individual layer optimization to that
from equal thickness optimization for varying wvalues of
the boundary condition ratio I' as X - o,

ﬁmin
r lim min

N P

(-]
0.0 ?.877
0.2 } ®.946
2.4 ' ' 2.977
* 2.6 1 2.992

2.8 ©.998 1!

1.0 1.000
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(6.5.4) must be evaluated for nonzero values of T. The
trend of the results can be determined by letting X - o in
equation (6.5.4), and following the same procedure as
equations (6.5.6) to find the corresponding integrai
representation. The numerical results of this process are

listed in Table 6.5.1b.

6.6 SPLIT WINDINGS

Consider the simple case of a transformer with one
primary and one secondary, each with X layers. Let the
primary and secondary be wound in separate regions as
depicted Figure 6.6.1a. Admittedly, this arrangement is
somewhat oversimplified, but it is general enough to
demonstrate the advantages of split windings. For this
arrangement the wagnitude of the magnetic field intensity
begins at zero at the outer boundary of the primary,
increases to the peak value Emax = XX at the
primary/secondary interface, and then reduces back to zero
at the outer boundary of the secondary. This wvariation is
depicted linearly in the figure for convenience, even though
it cannot be truly linear unless the current density is
uniform. Under optimized conditions, the two-term series
approximation of the normalized power dissipated per layer

in either the primary or secondary is given by equation

(6.4.5d) since the boundary condition ratio is zero:
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Figure 6.6.1.
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Sketches of successive stages of sectional-

ization of a simple transformer with an X¥-layer primary

and secondary.
shown, and s denotes the number of sections

winding is split into.
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b
. 2 -
pmin 4[ 3 -1 }“. (6.6.1)

f of z -
' rae 3l g5

The subscript 1 indicates that each of the windings are in
one unsplit section. Now consider the arrangements in
Figures 6.6.1b, c, and d; where both primary and sacondary
are syilt into 2, 3, and X identical sections, respectively.
The corresponding number of layers in each section and the
peak wmagnetic field intensity decrease as shown. If s
‘denotes the number of sections that the winding has been
split into, then N/s is the number of layers in each section
(strictly speaking, values which lead to fractional layers
are not covered by this siwmplified analysis). Each section
can therefore be individually optimized. And since they are
all identical and have zero boundary condition ratios, then
the normalized power dissipation per layer is given by
equation (6.6.1) with N replaced by A/s:

!

L

. 2
ﬁmxn ~ % S(X/s) -1 . (6.6.2)

5 r=oe 15

The subscript s has been added to represent the number of
sections that the winding has been split into. The ratio of
equations (6.6.2) and (6.6.1) is now formed in order to
determine the percentage reduction in power dissipation that

results from splitting the windings:
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~min 2 1
=— 5 (22 ] ]" x —. (6.6.3)
P r=0 58 -1 N J5

The last step is a good approximation even for sﬁall values
of X, and it shows that the power dissipation in a winding
is inversely proportional to the square root of the number
of sections that it is split into. Several examples of this
ratio are computed and listed in Table 6.6.1a. Note that
the reductions in power dissipation are very significant.
Splitting a winding only once into two sections results in a
30/ reduction. Splitting again into three sections gives an
additional 137Z reduction. The improvements continue, but
diminish in magnitude, as the winding is split into more and
more sections.

Similar reductions occur for the energy storage when the
windings are split and optimized for winimum power
dissipation. The ratic of the energy stored per layer in a
winding split into s sections to that in an unsplit winding

is derived from equations (6.4.5b) and (6.4.5c) as

¥
._.5 ~
ﬁ‘ ;=;°pt Ir'=0
;{(g)ug(g)%l . { ] { R [21(1:/5) 5]}
t 5(8/s)2-1 5(8/s5)%-11

(6.6.4a?

~ 3..1
d[ﬂ +§ﬂ+§} {

Jife-a )
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Table 6.6.1a. Ratio of the normalized power dissipation in
an optimized 2X-layer winding which is split into s
sections to that in an unsplit winding (see Fiqure
6.6.1). Results for several combinations of ¥ and s are

listed.
. {
;mxn !
"5 ] ]
=min X =2 =95 X =10 F A
P
1
— e o el
s =1 * 1,000 1.000 1.000 1.000
|
s =5 { - 0.424
s = 10 Jﬁ_ — -

Table 6.6.1b. Ratio of the normalized energy stored in an
optimized N-layer winding which is split into s sections
to that in an unsplit winding (see Figure 6.6.1).
Results for several combinations of X and s are listed.
The insulation thickness is taken to be zero.

e = T T R
X =95 X =10 R - oo !
1.000 1.000 1.000
9.351 ®.353 @.354 l
9.086 2.088 ©.089 i

— ?.030 2.032
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which, for large X, becomes

ﬁs dnssrt + 3 Y (nss)?’?
—- -0 t ~ '3 (6.6.4”)
U |7=7 P T'=0 ~_ 2 174372

1 o ax” + 3 X

The energy stored in the insulation layers is inversely
proportional to s’, and the energy stored in the conductor
layers. is inversely proportional to s2’*, Thus, the
reduction in the stored energy is even more dramatic than
the reduction in the power dissipation. Some numerical
results are listed in Table 6.6.1b for the same examples in
Table 6.6.1la for the power dissipation. For consistency,
the insulation thickness is taken to be zero, so that the
results reflect the behavior in the conductors.

As a final practical note, it should be pointed out that
splitting the winding results in larger optimum conductor
thicknesses. In fact, the increase in thickness is in the
same proportion as the decrease in the power dissipation,
which is immediately evident from equations (6.4.5c) and
(6.4.3d). The improvements in the form of reduced power
dissipation and energy storage must therefore be weighed
against the increased size and complexity of split windings.

Several very simple and useful results have been derived
in this section with respect to split windings. They
provide more valuable rules of thumb for designing

transformers.
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CHAPTER 7

GENERALIZATIOR TO ARBITRARY PERIODIC EXCITATION

Up to this point all of the analysis has been for
monochromatic sinusoidal excitation. The waveforwms
associated with switched-mode power converters vary widely
from one topology to another. There are two general
characteristics which all of these waveforms share. The
first is that they are all periodic in time. And the second
is that the majority of the waveforms are far from being
pure sinusoids. In fact, many of the waveforms in present
designs are very high in harwonic content. For instance,
the transition times in square and triangular waves are
becoming shorter and shorter as switching devices iwprove.

The obvious technique for extending the time-harmonic
sinusoidal analysis to the case of an arbitrary periodic
waveform is Fourier analysis. This technique allows the
many existing different types of waveforms and also_ those
encountered in the future to be analyzed uniformly with
straightforwvard and well-known wethods. The waveforms are
first decomposed into their sinusoidal harwmonic components;
each may then be handled by the existing time-harmonic
analysis. These results may then be appropriately combined

to yield the desired solution.
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7.1 POWER DISSIPATION

The analysis for the more restricted single-layer case
is omitted in this chapter. Instead, it begins with the
more general wmualti-layer case. If desired, the single-layer
formulas can be derived by simply letting X = 1 and wmaking
the appropriate changes in notation to obtain the form for
the general ath layer.

The power dissipated in an HN-layer winding using the
practical multi-layer assumptions in section 6.1 is obtained
by generalizing equations (6.2.4) to arbitrary periodic
excitation. The current per unit axial length is expanded
into a Fourier series, which leads to the following series
for the power dissipation since contributions from the cross

product terms vanish:

o S
P
nl__2"w wl o~ 2
P = P. + zrk = z—oﬂxo—‘r + —Q'HPWI 23,{ ;‘( {(?7.1.1a)
k=1 k=1
R =~
~ 1 nk =
n=1 wa
where
P

e
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?k - _;'_ (7.1.20)
k

7 o« 9 (7.1.2d)

S *

GR = I—MT&—- (7.1.2e)

All of the distances which formerly were normalized with
respect to the skin depth are now a function of the kth
harmonic frequency. The subscript &k is used to denote
values ‘at the kth harmonic for which k¥ = 1 corresponds to

the fundamental frequency

® B —— (7-1-3)

where I is defined to be the period of the waveform. Kk;
k =9,1,2,..., are the amplitude Fourier coefficients of
the current per unit axial length in the conductor layers.
Please refer to equations (C.1.5) in Appendix C on Fourier
analysis for the definition of these coefficients and how
they are related to the standard trigonometric and complex
forms of the Fourier coefficients. Appendix C also contains

other useful formulas associated with Fourier analysis which
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are defined for the purposes of the work here. ‘o is the DC
component; it is treated separately since the integration
for the power dissipation is trivial and leads to the extra
factor of two. The only terms in equations (7.1.1) which
have not been identified and discussed are the normalised
power dissipations ;nk and }k' The former represent the
power dissipated in the nth conductor layer at the kth
harmonic frequency. They are determined by replacing the
normalized distance quantities in the equations for 5n with
the new frequency dependent quantities defined in equations
(7.2.2). In particular, the equations of interest are
(5.1.4), (5.1.6), (5.1.7), and (5.4.1) which give the exact
solution, large argument asymptotic approximation,
thin-layer approximation, and two-term series approximation
for ?n’ respectively. The latter quantities 5& represent
the normalized power dissipation per layer in an ¥-layer
winding at the kth harmonic frequency. These quantities are
a weighted average of the corresponding individual layer
terms as evidenced by equation (7.1.1b). Except for the
exact solution, the summation over the ¥ layers simplifies
in varying degrees. The resulting expressions for 7 have
been derived previously for the sinuscidal case; they are
given in equations (6.2.5), (6.2.11), and (6.2.12) for the
large argument asymptotic approximation, thin-layer

approximation, and two-term series approximation,
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respectively. Thus, the ;k terms are deterwmined by
substituting the frequency dependent quantities defined in
equations (7.2.2) into the aforementioned equations for 3.

The expressions resulting from the preceeding discussion
are nowv summarized for oconvenience. Since the exact
solution does not simplify, it will not be repeated. One
must simply make the indicated substitutions and evaluate
the expressions. The earlier computer programs are easily
modified to accomplish this task. The nuwber of
computations, and therefore the cowmputation tiwme, will
increase by another factor of kmax which denotes the maxiwum
number of harmonics included.

The large argument asymptotic approximation is obtained
by substituting the frequency dependent quantities from

equations (7.1.2) into equation (6.2.5) which is then

substituted into equation (7.1.1a). The result is

o "wie~ o
H k=1
e L4 2
" {[sinhl"rk + sinz-r ] 2 pm.‘[ 1+]r, i ;'rk 1-jr 1 ]
ne ~e 2
cash2t, 00921& el P& 14°T, |? Po 11-T_1I
~ . 1
_ 4{ coshrksxnfk + cosr sznhf ] 2 pnkll (- ]; Rn(fn) }
~ 2
cosh2r, - cos2r s |1-rn|
(7.1.4)
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The ochange to normalized quantities in the DC term is
permissible since both the numerator and denominator are
changed in such a way that cancellation ccours. For reasons
that will become apparent later, this result is now
rearranged into the slightly different form

P ~ 2%‘:--.:";3' (7.1.5)

vhere 3 represents the normalized power dissipated per layer

in an ¥-layer winding:

2 0 2
KX 4
e R
x? - 2 N &?
rms . k=1 rms
~ . L] R ~ 2 ~~ 2
{[ sinh27, + sin27, 2 iﬁ[ 1+|r_ | . ;:_ t-ir, | l
~ ~ ~ 2 ~ 2
cosh2t, - cos2r, ‘' o p ! |1-r | Pp I1-T_|
coshT sinT_, + cosT,sinhT r - T ! Re(r)
- 4[ k k k k ] 2 _2[1_(;_):]: n }
-~ ~ ~ 2~ 2 .
cosh2t, - cos2r, a1 Py Py lx-rnl
(7.1.86)

Many of the normalized distanmce quantities (and ratios
involving them) have been simplified in this expression by

noticing from equations (7.1.2) that

Pnk = ﬁ;n, Pw = ﬁ;w’ ‘l'k = ﬁ;' Zk = m. (7.1-7’
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flso, the subsoript 1 corresponding to the fundamental
frequency has been dropped. It is now understood that
normalised distance quantities without a harmonic subsoript
are normalized to the skin depth at the fundamental
frequency. ‘:ns denotes the root-mean-squared value of the
current per unit axial length. The defining equation
(7.1.5) is analogous to equations (6§.2.4) for the sinusoidal
case. The only difference here is that two times the
vaveform’s rms-squared value is factored out instead of the
square of the amplitude of the sinusoid. Consequently, the
more general case considered here reduces to the previous
results for sinusoid excitation. One final point is
important concerning the derivation of equation (7.1.6).
The boundary condition ratios have been assumed to be
independent of the kth harmonic frequency. This will be
true when the windings on a transformer carry currents which
have the same shape and are proportional to each other,
since the corresponding harmonic cowmponents will also be
proportional. The boundary condition ratios will also be
real if the ocurrents are in phise (see equations (6.1.7)
through (6.1.10) and the accompanying discussion). These
conditions are usually true ih most applications. However,
if they are not, then the boundary condition rltio will vary

as a funotion of the kth harmonic and must be computed for

each cowmponent (under these conditions the subscript &k
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should be added to the boundary condition ratio in equation
(7.1.6)).

The thin-laynr approximation may be derived in a siwmilar
manner or by simply neglecting the appropriate terwms in
equation (7.1.6) acoording to equations (6.2.6) through

(6.2.8); both methods lead to the expression

2 © 2
F 4 X
y 3 °l+iizm“
xz - 2 1 x:
rms k=1 rms

{[ sinh27, + sin27, } z [ 1+|r, | ]

coshz:& - cosZr j1-r_ |?

coshr_ sinT, + cosr sxnhT Re(r )
== IEI :}
cosh2;k - cost |1-T *

(7.1.8)

The inner summations in equation (7.1.8) have already been
evaluated (see equations (6.2.10) and (6.2.11)). Therefore,
the final and siwplest analytical form for the thin-layer

approximation is

5. %o 11,1 2f[,4r.t 2 2
r=5 =" slr=rl {[(R +3)01+|7 %) + < -1)ne(r>]
rms

Q. K rsinh27, + =in27, . . .
EJE [ - ] - 2[(3 -D+|r]%) + (x +2)Re(f)]
X

2 ~
k=1 Xrms coshzrk cos21k
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oD 2 ~ . ~ - -
2 ‘k [ ooshr&sxnfk + cosrksxnhrk ]}

‘/E’ — —
1 ers cosh27k - cos27k

(7.1.9)

k

The last approximation to be considered, the two-term
series approximation, requires special attemtion. Before,
in the time-harmonic sinusoidal analysis, the optimam
norializnd conductor thicknesses were found to be restricted
to the range [@, #/2]. This allowed a series approximation
of the terms corresponding to the two summands in equation
(7.1.9). The first two terms of the Laurent series were
found to provide excellent accuracy throughout the
optimization region. Now, | however, the normalized
thicknesses are frequency dependent, and the preceding
argument is valid only for the fundamental component. The
normalized conductor thicknesses will increase according to
equation (7.1.7) for the higher frequency components.
Consequently, the series approximation will become less
accurate for the higher harmonics. One might conclude from
this reasoning that the two-terwm series approximation has
been rendered useless, but there is some promise. The
amplitude Fourigr coefficients xk of practical waveforms
decrease as k inoreases. Therefore, depending on the degree
of these reductions, the summations in equation (7.1.9) may
be weighted such that the inaccuracy of the higher order

terms is de-emphasized. There is no coanvenient way to
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evaluate the overall accuracy of the two-term series
approximation other than to test it for several types of
vaveforms. To this end, the summands in equation (7.1.9)
are approximated as before, and equations .(7.1.7) are
employed to yield the two-term series approximation of the

normalized power dissipation per layer:

oo
- 1 1 2 1 2
Felitfee}3a]
rms k=1
- oo
[ (sa*-1)1+|r*) + (S +2)Re(r) 1 1 1,2
+ k™R .
1§ 2 2 {2 k
It - r| Krms
k=1

(7.1.10)

This expression can be further simplified using results from
Appendix C. The terms in the first set of square brackets
are equal to x:m’ by Parseval'’s identity. Similarly, the
summation in the last set of square brackets is equal to

;;s/a’, where x;;s is defined as the rws-squared value of

the derivative of X (see eqs. (C.2.2) and (C.2.4)). Hence,

the final form of the two-term series approximation is

~r o 2 2 2
3 - é {1 o T g:[ (SE°-1)C1+]r]") + :sx +2)Re(Tl) ]}'(7_1_113)
T |1 - rj
where
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. (7.1.11D)

The quantity B is given the name normalized power bandwidth;
it is discussed in detail in Section C.3 of Appendix C.
Briefly, it provides measure of the bandwidth of the current
waveform and is therefore an indication of the extent of the
harmonic content. It is normalized such that it becomes
unity for a sinusoid. Comparison of equation (7.1.11a) with
its sinusoidal counterpart in equation (6.2.12) reveals that
the only difference between the two is the appearance of B’
in second term of the former. The change in the non-DC
portion of the power dissipation is therefore proportional
to the square of thq power bandwidth. This is an amazingly
simple and insightful result which provides a meaningful
physical interpretation. It remains to be seen how accurate
this approximation is and the extent of its validity.
Figures 7.1.1 through 7.1.4 present the graphical
results for both the thin-layer approximation in equation
(7.1.9) and the two-terwm series approximation in equations
(7.1.11) for several different types of waveforms. The
wvaveforms chosen for this evaluation are classified and

defined in Appendix D. Their names are: I - sinusoid,
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I1 - unidirectional fractional sinusaid, III -unidirectional
rectangular wave, and IV - unidirectional triangular wave.
Many of the properties of these waveforms are also
summarized in Appendix D including the average value,
rwms value, Fourier coefficients, and the normalized power
bandwidth. Curves of the normalized power bandwidth are
included in Section C.3 of Appendix C which deals with that
quantity. A fifth classification, V - arbitrary periodic
vaveform, is also defined to conveniently refer to the
general treatment of a waveform using a piecewise linear
approximation. This treatwent is defined and develaped in
Section C.4 of Appendix C. It is a simple but powerful
generalization that provides a weans by which the results
contained herein can be applied to any switched-mode power
transformer, present or future. Its accuracy can be
adjusted to a desired level by choosing enough 1linear
segments to model the waveform.

Figure 7.1.1 shows the graphical results for fractional
sinusoids with various duty cycles D. The boundary condition
ratio is taken to be zero, and the number of layers to be
three for this waveform and the remaining ones considered in
this section. Notice that the accuracy of the two-term
approximation is only slightly worse than for a pure
sinusoid (see Figure 6.2.1), corroborating the relatively

narrow bandwidth of a fractional sinusoaid. Also notice that
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the power dissipation increases significantly as the
wvaveform duty cycle decreases, which reflects the
corresponding increase in bandwidth. It should be pointed
out that the rws value is effectively held constant as the
duty cycle is varied for these curves. This is a
consequence of the normalization defined by equation
{(7.1.5). Similar curves are‘presented in Figures 7.1.2 and
7.1.3 for the unidirectional rectangular and triangular
waveforms. A new parameter, the rise-time duty cycle Dr’ is
introduced to describe these waveforwms. It is the ratio of
the transition time to the period, and a typical value for
present technology is about 0.01 (17Z). The characteristics
of the curves for these waveform types are similar to the
ones for the fractional sinusoid except for the following.
The validity of the two-term series approximation is much
more restricted. Accuracy is not bad for rise times greater
than 107 but becomes much worse for values near or below 1%.
Also, the power dissipation itself increases as the rise
time is reduced. These effects are once again supported by
the related increase in bandwidth.

Finally, the normalized power dissipations caused by
each of four waveform types considered thus far are compared
in Figure 7.1.4 under typical conditions. Where applicable,
the waveforwm duty cycle is taken as 50%Z, and the rise-time

duty cycle as 1%. The curves cross in several places and
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Figure 7.1.2a. Normmlized power dissipation per layer in an
N-layer winding vs. normalized conductor thickness for a
unidirectional rectangular wave current (Appendix D -
Type 1I11). The waveform duty cycle is varied as a

parameter.
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Figure 7.1.3b. Normalized power dissipation per layer in an
R-layer winding vs. normalized conductor thickness for a
unidirectional triangular wave current (Appendix D -
Type 1IV). The rise-time duty cycle is varied as a
parameter.
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four different waveform types (see Appendix D). The
thin-layer approximation was used for all curves.
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the ranking from least to greatest varies as a function of
thickness. At the important optimum point of minimum power
dissipation, the fractional sinusoid produces the least
power. But it is only slightly less than the pure sinusoid.
The next highest is for the rectangular wvave, and the
triangular wave is the worst producing about 60% greater
losses than the fractional sinusoid. Notice that the power
dissipation for the triangular wave is always greater than
for the rectangular wave. figain, remember that the rwms
value of these waveforms is effectively held constant during
these comparisons.

The two-term series approximation has proven to be
inadequate for computational purposes for some important
waveform types and conditions. In general, the accuracy
diminishes as the bandwidth ofvthe wvaveform increases. Even
so, the power and insight gained from its analytical
simplicity is tremendously useful. Even when it becomes
inaccurate, it is always in the direction of predicting
greater than actual power dissipation thereby acting as a

worst-case estimate.

7.2 ENERGY STORAGE
The energy stored in an N-layer winding under arbitrary
periodic exitation is determined in the same wanner as the

power dissipation was in the previous section, except for
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the addition of the ocontributions from the insulation
layers. The first step is to generalize equations (6.3.5)
by expanding the current per unit axial length into a

Fourier series; this leads to

k=1 k=1
i u,uot&’_' m.lz-i "”“zoz~ mlzn-
= U° + _;—“P' F‘k Uk + U° + —qllpw 2 Exk Uk,(7.2.1a)
k=1 k=i
wvhere
N ; .
~i . 1 nk ~i
u, = 32 — 0 (7.2.1b)
n=i Pv
N o~
e 1 nk ~
uk & 3-2 — Y. (7.2.1¢)
n=1 Pw

and the frequency dependent normalized distance quantities
are given in equations (7.1.2). Notice the appearance of
the extra 1i/& faotor inside the summations in equation
(7.2.1a). It is left over from factoring out the square of
the skin depth at the fundamental frequency. See equation
(7.1.2e) and remember that the absence of the k subscript

implies a value of one, i.e. the fundamental frequency.
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Consider first the two initial terms in equation (7.2.1a)
due to the insulating layers. Under the practical
malti-layer assuwmptions defined by equations (6.1.1),
(6.1.2), and (6.1.4), the normalized energy ﬁ; stored in the
nth insulating layer is given by equation (6.3.4) for
sinuscoidal excitation. The ocorresponding kth harmonic terms
ﬁ;k are obtained by replacing the normalized distance
quantities with their frequency dependent definitions
according to equations (7.1.2). Careful examination of the
resulting expression after using the relations in equation
(7.1.7) reveals that the terms due toc the insulation layers
are frequency independent. This is because the 1/k factor
in equation (7.2.1a) is cancelled by the two /&
contributions from ;nk in equation (7.2.1b) and ;k in
equation (6.3.4). This result also follows directly from
the assumptions that the magnetic field intensity is uniform
and that the conductivity is zero in the insulating layers.
The suwmmation over k for the insulation layer terwms
therefore reduces to a summation of the amplitude squared
Fourier coefficients which, when combined with the DC term,
yields the rms-squared value of the waveform. Equation

{7.2.1a) thus becowmes

nu 152 X 2 P
-} e ~e
v=2—x% x 24-‘-2 —“{1 . “*"] 1
a rms 'w X ; 2 ; II-F 'z
n=1 'w n n
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15* e
+ U+ Zf:___a' 1 x2 5 ?
4 P' z k k’ ( -2:2)
k=1

wvhere ﬁk is given by equation (7.2.1c). The evaluation of
the DC energy storage term U. is not as trivial as the DC
power dissipation P' was. This is because the DC magnetio
field intensity varies linearly within the conductor layers,
and also because it has different values at each of the
insulation layers. In contrast, the integration for the DC
power dissipation was much simpler since the current density
is uniform and assumed to be the same for each layer.
Details of the integration for U° will not be given here;
however, the results are included in the following
expression which has been rearranged in order to define the

normalized energy stored per layer  in an R-layer winding:

oau,tld . - -
vz 22— Xp W (7.2.3a)
a rms ' w
X ~ < xz
~l n 1t+ 1 0 2 ~
= 2132 f-[l + 3 AT
n=l 'w n n rms
- 2 n ~ §
{252 1+|I'n| . ;:_ 1 'I'nl ] zfg 1-(;.';”]; Re(l‘n)}
~e 2 - 2 Lnd ~ 2
n-lpw ll r ' Pn ll rnl n-le Pn ll rnl
o 2
+ L1 " ) (7.2.3b)
2 3 x? ' s
k=1 rms
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The exact sxpression is obtained as usual by
substituting previously derived results from the sinusoidal
analysis. In particular, equations (5.2.4) must be
substituted into equation (7.2.1c) which is in turn
substituted into equations (7.2.3). Rewmember that all
frequency dependent quantities must be replaced by their
k-subscripted definitions in equations (7.1.2).

The large argument asymptotic approximation once again
results in tremendous simplification. The summation
analogous to equation (7.2.1¢) above was reduced to the form
in equation (6.3.6) for the large argument asymptotic
approximation in the sinusoidal analysis. Substituting the
portion of this result pertaining to the conductor layers

directly into equation (7.2.3b) yields the large argument

asymptotic approximation

R~ - x?
§ ~ 2dl By o 11d 1 + -2 2
R ~ 2 ~ II-I‘ !2 xl 3n
n=1 Pw Pn n rms
{Ep_n 141, | ;r_ 1-ir | ] . Ei'-’- 1_({_),], ne(rn)}
o~ 2 2o 2 - ~ 2
n-ng Il-r ' Pn ll-r l n-va Pn 'l_rnl
) 2
L 11 2 1 %
1) 45
k=1 rms
sinh27, - sin2%¥, & B 4+|r | F 1-|r_)?
{[ k k ] E n[ n 1 n ]
cosh2r, - cos27, - & p lj1-r | P, It-r |
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. ‘[ cosh‘rksin‘rk cosrtsxnhfk ] 2 P

- - L 4 -y - ’
cosh27, cos27, a=1 Py P, |1 rnl

(7.2.4)

where the relations in equation (7.1.7) have been ewmployed
to write the normalized distance quantities as vk times
their fundamental component.

The usual terms are neglected according to equations

(6.2.6) through (6.2.8) to give the thin-layer approximation

x* 2 y4ir 1 ¥ Retr)
¥ = 2dy + =2 271 = ,§ ___n
¥ |1 -r |* I 1-r_|? j1-r_|?

n=1 rms n=1 n n=1 n

L 2 . ~ . F 2

. % % z . K {[ sinh27, - sin2T ] 2 t+|r_|

2 ~ ~ 2
=y ¥/ ms cosh27, cos27, ! & |1-rn|

coshT sinT,k - CDST sxnhf Re(r )
v o] —rt ]2

}l (7'2.5)

cosh27, - cos2T, l1-r |?

n=1
All of the summations over n ;ppearing in this expression
were also encountered in the sinusoidal analysis. See
equations (6.2.10), (6.2.11), (6.3.6), and (6.3.7). These
summations are siwmplified by replacing rn with the relation
in equation (6.1.10), and algebraically manipulating them
until they can performed analytically. The resulting final

form for the thin-layer approximation is
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0 2 élTéTJ’{2§[(3’+;)(1+|r|’)+(x’-1)n.(r)+§a(1-|r|’)]

0
+ - 2?1’[1+|r|’+n-¢r)] + [(3’+§)(1+|r|’>+(x’-1)n.(r)] 2
.‘r-s kal
X2 . sinh2T, - sin27
=k [ _k _k ] + 2[(1’-1)(1+|r|’)+(n’+z)ne(r)]
JE X ms cosh27k - cosZrk
o0 no - ne ~r
coshr,sinrt, - cost_sinhr
E 1 [ k& _a— ]}. (7.2.6)
Pt JT oosh27k - cos2T,

Finally, the two-term series approximation is derived by
approximating the remaining summands jin equation (7.2.6)
with the first two terms of their_Laurent expansion, and
using equation (7.1.7) to replace ;& with VET. After some
algebraic manipulation, the resulting expression becomes

- 1, 1 ;2= 2.1 2 2 3 2
vz 3=l {21[(1 +3)(1+|r | T+ ~1)Re(r)+zi(1-|r] )]
2 [
+ 2 2¥a’lx+|r|’+ne(r>] + ?u’[1+|r|’+ne(r)] 2
rms k=1
;5 2 2 2 < 2 82
- (2187 -5)(1+ | |T)+(212° +10)Re () k . (72.2.7)
830 x?

k=i rms

The second and third terms may be combined using Parseval’s
identity from equation (C.2.2). The normalized power

bandwidth A defined in equation (7.1.11bh) may also be
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introduced into the last term, thereby yielding the final
form of the two-term series approximation of the normalized

energy stored per layer in an N-layer winding:

-~ 2, 1 ;2 2.1 2 2 3 2
U= §1T=T| [3{(1 +7)(1+|r| (R -1)ne(r)+in(1—|r| )}

+ ?{x’[1+;r|’+ne<r)]

ay
- xR czxz’-s)(1+[r|’;+(213’+1o)n.(r)]}]. (7.2.8)

Note that this result reduces to equation (6.3.8) for the
sinusoidal case whnn‘ﬁ = 1. The situation here is analogous
to that in the previous section for the power dissipation
except for the addition of the contribution from the
insulation layers. Rlso, the sign of the last term which
contains the normalized power bandwidth is negative. One
would therefope expect a reduction in the stored energy for
current waveforms with larger bandwidths. The opposite was
found to be true for the power dissipation (see equation
(7.1.11a) and Figures 7.1.1 through 7.1.4). Because of the
similarity of the results here with those in the previous
s.ction, the accuracy of the two-term series approximation
is expected to be very limited.

Figures 7.2.1 through 7.2.4 present the graphical

results for the normalized energy stored per layer in an
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Figure 7.2.1. Normalized energy stored per layer in an
H-layer winding vs. normalized conduotor thickness for a
unidireotional fractional sinusoid current (Appendix D -
Type 11). The waveform duty cycle is varied as a
parameter.
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Figure 7.2.2a. Normalized energy stored per layer in an
NA-layer winding vs. normalized conductor thickness for a
unidirectional rectangular wave current (Appendix D -
Type 1I11). The waveform duty oyocle is varied as a
parameter.,
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Figure 7.2.2b. Normalized energy stored per layer in an
A-layer winding vs. normalized conductor thickness for a
unidirectional rectangular wave current (Appendix D -
Type 111). The rise-~time duty cycle is varied as a
parameter.
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Figure 7.2.3a. Normalized energy stored per layer in an
N-layer winding vs. normalized conductor thickness for a
unidirectional triangular wave current (Appendix D -~
Type 1V). The wmveform duty cycle is varied as a
parameter,
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Figure 7.2.3b. Normslized energy stored per layer in an
A-layer winding vs. normalized conductor thickness for a
unidirectional triangular wave current (Appendix D -
Type 1IV). The rise-time duty oyocle is varied as a
parameter,
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four different waveform types (see Appendix D), The
thin-layer approximation is used for all curves.
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X-layer winding under the same conditions as Figures 7.1.1
through 7.1.4 for the normalized power dissipation. Notice
that the stored energy decreases for both smaller waveform
and rise-time duty cycles. Figures C.3.1 through C.3.3 from
Appendix C show that these conditions correspond to an
increase in the normalized power bandwidth. It is curious
to observe that the influence of the rise-time duty cycle is
exaggerated by the two-term series approximation much more
so than the waveforwm duty cycle. The influence of the rise
time is relatively insignificant as evidenced from the solid
curves in Figures 7.2.2b and 7.2.3b. A comparison of the
different waveform types under typical conditions is shown
in Figure 7.2.4. It is evident from this figure and the
other figures in this section that the waveform type and
characteristics do not appreciably affect the stored energy
in the important optimum regions where the power dissipation
is near its minimum. In fact, the stored energy varies
almost linearly with the normalized conductor thickness in
these regions. This is easily verified by comparing like
figures from the previous section with those from this
section. Further evidence of this effect is demonstrated in
the following section which specifically addresses the

optimization problem.
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7.3 HINIMUN POWER OPTINIZATION

The procedure for minimizing the power dissipation in an
#-layer winding under arbitrary periodic excitation is
identical to the one for sinusoidal excitation. The
applicable equation is (6.4.1), where the differentation is
now understood to be with respect to the conductor thickness
normalized to a skin depth at the fumdamental frequency.

Once again, it is impraqtical to analytically solve the
minimization equation for either the exact solution or the
large argument asymptotic approximation given by equation
(7.1.6). The previously developed computer algorithms have
been generalized for the arbitrary periodic waveform
analysis. The number of required computations now increases

by another factor of % s where kmax is the number of

max
harmonic components included in the Fourier analysis. The
number of components necessary to accurately represent a
given waveform varies with the bandwidth and can be quite
large for wideband currents. Finding the optimum conductor
thickness for a winding carrying rectangular wave currents
with 1/ transition times wmay take several minutes on a
moderately fast personal computer if the exact solutions are
used. Fortunately, the exact solutions and their large

argument asymptotic approximations are only needed if the

normalized mean radii ;n become significantly less than 20.
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Because of the added complexity of the generalization to
arbitrary periodic waveforms, even the thin-layer
approximation in equation (7.1.9) is difficult to minimize
with respect to the normalized conductor thickness. The
resulting equation contains summations over % whick cannot
be simplified; consequently, the number of required
computations does not reduce. The easiest approach is
therefore to simply extend the application of the existing
algorithm. fls mentioned earlier, this algorithm is based on
2a numerical implewentation of Newton’s wmethod and it
therefore involves several iterative evaluations of the
expressions for 3.

Finally, consider the two-term series approximation of ?
in equations (7.1.11). The only difference between this
expression and the corresponding one for sinusoidal
excitation, equation (6.2.12), is the addition of the factor
p’ which is the square of the normalized power bandwidth.
The minimization process is therefore essentially unchanged,
and the results may be determined immediately by
appropriately adding the p’ factor to equations (6.4.3) and

(6.4.4):

I SR

2
FOPt o { i%[ - "’ r| - ]} (7.3.1)
B USE -1)(1+|r]|7) + (SA"+2)Re(lI)
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gmin _ 4 g’ (32*-1)1+]r|?) + (sa*+2)Re(r) )%
= «(7.3.2)

In addition, the two iwmportant special cases for zero
boundary condition ratio and large X are easily derived from
the above equations, or by adding the factor p’ to the
sinusoidal excitation results in equations (6.4.5) and

(6.4.6):

P = [1 +—p (sn? 1)] (7.3.3a)

~ o4
B = 213 + 20+ L]+ 7|a? - T_52210%-5) (7.3.3b)
3 2 * 3 70

)
gopt . L —1-5—]" (7.3.30)
r'=0 /5 i
1
prmin ;45[ 3 ]" (7.3.3d)
I'=0 13
and
I é[l + %n’p’?‘] (7.3.4a)
I'=® T
N0
O = 2a*ld + 7|1 - L g3 (7.3.4b)
z it 0 -3.
r=9
N
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;opt g1/

s 3 (7.3.4¢c)
r=0 J/px
N0

pmin ;L—f?-‘— (7.3.4d)
r=0 3 3
M0

The acouracy of the two-term series approximation in
determining the optimum conductor thickness, along with the
associated winimum power dissipation and energy storage,
will now be examined. For brevity, only results for the
unidirectional rectangular wave (Type I111) will be
graphically presented. All of the important characteristics
of the solutions can be observed by varying the parameters
of this waveform type. The graphical results are presented
in Figures 7.3.1 through 7.3.3. The abscissa is taken to be
the boundary condition ratio, and the remaining parameters
are set equal to the values used previously in this chapter.
The points on the ordinate (r = @) should therefore
correspond to the earlier results, There are several
interesting characteristics revealed in these figures.
First, consider the curves for the optimum conductor
thickness in Figures 7.3.1a and 7.3.1bh; where the waveform
duty cycle and the rise-time duty cycle are varied,
respectively. It is also helpful to refer to Figure C.3.2
in fppendix C which shows curves of the normalized power

bandwidth for the Type IIl1 waveform. Notice that the

Chapter 7 231



optimam thiokness decreases for conditions which produce
larger bandwidths such as small waveform or rise-time duty
cycles. The two-term series approximation is slightly wmore
accurate for small waveform duty cycles and is significantly
more accurate for large rise-time duty oycles. In all cases
the acocuracy improves as the boundary condition ratio
approaches unity. Siwmilar trends are evident in Figures
7.3.2a and 7.3.2b for the corresponding wminimum power
dissipation and in Figures 7.3.3a and 7.3.3b for the energy
storage. In general, the accuracy of the two-term series
approximation of the power dissipation and energy storage is
somewhat better than for the optimum conductor thickness.
Some concluding remarks concerning the two-term series
approximation are appropriate. Its accuracy throughout the
sinusoidal analysis in Chapters 4, 5, and 6 was found to be
excellent in the regions below and near minimum power
dissipation. This accuracy deteriorated rapidly, however,
as the conductor thickness increased above its optimum
value. Extending the application of this approximation to
the general case using Fourier analysis was questionable to
say the least. But the possibilities for analytical
simplification and a closed-form solution which could
provide physical insight certainly wvarranted an
investigation. As suspected, considerable simplification

did lead to a physically meaningful closed-form solution via
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Figure 7.3.1a. Optimum normmlized conductor thickness vs.
boundary condition ratio for a unidirectional
rectangular wave current (Appendix D - Type II1). The
waveform duty oyocle is varied as a parameter.
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Figure 7.3.1b. Optimuwm normalized conductor thickness vs.
boundary condition ratio for a unidirectional
rectangular wave current (Appendix D - Type III). The
rise-time duty cycle is varied as a parameter.

Chapter 7 234



S D =001, X =3,d=0

Thin-layer approximation

s — — — Two-term series approximation
/] [ S SN 1 1 2 2 2 1 S 2 | P S Y 1 I [
o 9.2 0.4 @.6 9.8 1.0
r

Figure 7.3.2a. Minimum normalized power dissipation (at the
optimum oconductor thickness) vs. boundary ocondition
ratio for a unidirectional rectangular wave current
(Appendix D - Type 1I111). The waveform duty oycle is
varied as a paramster.
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Figure 7.3.2b. Minimum normalized power dissipation (at the
optimum conduotor thiokness) vs. boundary ocondition
ratio for a unidirectional rectangular wave current
(Appendix D - Type 1I11). The rise-time duty oyocle is
varied as a parameter.
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Figure 7.3.3a. RNormalized energy stored (at the optimum
conductor thiokness) vs. boundary condition ratio for a
unidirectional rectangular wave current (Appendix D -
Type 1I11)., The waveform duty cycle is varied as a
parameter. ’
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Figure 7.3.3b. Rormalized energy stored (at the optimum
conductor thickness) vs. boundary condition ratio for a
unidirectional rectangular wave current (Appendix D -
Type 111). The rise-time duty cycle is varied as a

parameter.
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the normalized power bandwidth 8. Although the accuracy of
this approximation way certainly be inadequate for many
typical conditions and applications, all of the important
features and trends of the solutions are evident in it. For
that reason, the two-term series approximation is a very
important asset in understanding the fundamental nature of
the problem and its solution. In additionm, it provides very
simple formulas which can be easily evaluated on a hand
calculator for preliminary design considerations. Another
important use is as an initial estimate from which the
numerical algorithms using the more accurate solutions can
begin. Finally, it is evident from Figures 7.3.1 through
7.3.3 that the two-term series approximation provides either
an upper or lower limit, depending on the quantity of
interest. In particular, it provides a lower limit of the
optimum conductor thickness and energy storage, and an upper
limit of the power dissipation. The latter can therefore be

interpreted as a worst-case estimate.
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CHAPTER 8
PRACTICAL APPLICATIONS AND EXPERIMENTAL RESULTS

The analysis thus far has focused primarily on the
determination of the power dissipation and energy storage
within transformer windings. The former is the most
important in the wmajority of applications, and it offers
excellent opportunities for optimizing the design. The
amount of power dissipation in a transformer will determine
its operating temperature which in turn affects its
performance, reliability, and lifetime. Very often, the
amount of power dissipation is the dominating factor upon
which a design is ultimately evaluated. Another useful
design tool which is of interest to the circuit designer is
the equivalent circuit model of the transformer. The first
task in this chapter is to relate the power dissipation and
energy storage in a transformer winding to elements in its
equivalent circuit, namely, the effective winding
resistances and leakage inductances. The results of this
analysis provide a oconvenient basis for experimental
verification of the theory which is the topic for the
remainder of the chapter. Several typical conductor types
and arrangements are evaluated. Details on how to apply the

theoretical results are given in each case.
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8.1 DETERMINATION OF EQUIVALENT CIRCUIT ELEMENTS

a popular equivalent circuit for a single
primary/single secondary transformer is shown in Figure
8.1.1. Rp and Rs represent the effective winding
resistances of the primary and secondary, respectively.
Likewise, Lp and Ls represent the corresponding winding
leakage inductances. Lm is the magnetizing inductance, and
@ is the turns ratio of the ideal transformer which now
appears as an element of the overall nonideal transformer.

The effective winding resistances must account for the
loss in the conductors of the windings. They may be
determined therefore by equating the power dissipation
within the winding (see equation (7.1.5)) to the power

dissipated in the effective winding resistance:

ml_2 ~ 2
P = 2 s IR = Roeelrms? (8.1.1)

e

where Reff denotes the effective winding resistance of a

given winding in general. For instance, in Figure 8.1.1 it
may represent either Rp or Rs. The total rws-current

flowing through the winding is Ir sy 50 that the current per

unit length in a conductor layer can be expressed as

R, I

X = L rms (8.1.2)
rms
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Figure 8.1.1. Equivalent circuit for basic single
primary/single secondary transformer.
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where ﬂz is the number of conductor turns per layer. This
definition is merely an extension of equations (6.1.2) and
(4.1.12), where I represented the total current in the
layer. I is now replaced by al’rms' Replacing xrms in

equation (8.1.1) with the relation in equation (8.1.2) and

solving for Reff gives

o ,2,~ =
Reff = ZTER!prf. {(8.1.3)
But the DC resistance is given by
T .2, w
Rdc = ZT;HIHE— (8.1.4)

which, upon substitution into equation (8.1.3), leads to

off _ 33 (8.1.5a)
3
de
or
R
P -1 _eff (8.1.5b)
TR
r dc

Thus, it is seen that the ratio of the effective resistance
to the DC resistance is very simply related to the

normalized power dissipation and the normalized conductor
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thickness. For pure sinusoidal time-harmonic variation the
effective resistance is often referred to as the AC
resistance which is usually denoted as Rac' Under these

conditions equations (8.1.5) become

R
ii‘i = TP _ (8.1.6a)
de
- 1 Rac
P = = —, (8.1.6h)
~ R
T dc

It is quite easy to measure both the DC resistance and the
AC resistance at a given frequency with modern impedance
analyzers. This capability provides, in the following
sections of this chapter, the basis for experimentally
verifying the previously derived expressions for the
normalized power dissipation B.

A similar‘ relationship can be derived between the
normalized energy stored ¥ in the leakage fields and the
effective leakage inductance Let‘f by equating (7.2.3a) to

the energy stored in the inductance:

u”"zsz 2 o ne 1 2 ]
W= 2—4—-Krm1!pwn = s irms® (8.1.7)

Incorporating into this result the relationships in

equations (3.2.17), (8.1.2), and (8.1.4) leads to
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‘3=££ = 70 (8.1.8a)
dec
&l
B.z =L (8.1.8b)
T dc

which relates the normalized stored energy to the ratio of
the effective leakage reactance to DC resistance. For
sinusoidal time-harwmonic variation, the effective leakage
inductance is generally referred to as the AC leakage

inductance, so that the above expressions may be written as

uLac —
= 70 (8.1.9a)
R
dec
oL
B a2 (8.1.9b)
T dc

Once again, the involved quantities are easily measurable,
thereby providing a convenient means of experimental
verification.

As a final manipulation, it is interesting to relate the
complex power dissipation to the quantities defined above
through the use of Poynting’s theorem in equation (3.2.14).

Using equations (8.1.1) and (8.1.7), the result is
2, .
Ijss - ds = Irms‘neff + JﬂLeff) = Irmszeff (8.1.10)
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which simply states that the complex power dissipated in the
winding must equal the net complex power flowing into a
region s enclosing the winding. An equivalent expression is
derived upon substitution froml equations (8.1.5) and

(8.1.8), namely,

F 4 ~ ~ .
-j];s + ds = IrmsﬂdcT(P + jel). (8.1.11)

Finally, a relationship between the complex impedance ratio
and the normalized cowmplex power can be derived by equating

equations (8.1.10) and (8.1.11), yielding

2

eff - (P + juin (8.1.12a)
R
dc
z
P+ jub = L _off (8.1.128)
~ B .
T de

8.2 SINGLE AND MULTIFILAR ROUND WIRE WINMDINGS

Round copper magnet wire is by far the most popular
conductor type used in switched-mode power transformers. It
is low in cost, easy to use, and widely available in many
sizes. See Figure 8.2.1a for a pictorial representation of
a layer of round wire along with its associated notation.

Rl is the number of turns in the layer, ! is the axial
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length of the layer, dw is the diameter of the copper in the
wire, and Irms is the rms-current flowing in each turn.

The arrangement of conductors within a conductor layer
was left undefined in the geometrical assumptions of Section
3.1. However, the mathematical treatment proceeded as if
the layer were a solid conductor. The task now is to model
the layer of round wire within the context of that
treatment. The model proposed by the author is presented in
Figure 8.2.1b. One simply replaces the layer of round wire
with a solid conductor of the same cross-sectional area and
length 1. From these requirements, the following
relationship between the solid conductor thickness T and the

copper diameter dw is easily derived:

T = Edw' (8.2.1)

The only remaining quantity to be determined is the current
per unit axial length. Since there is no longitudinal
variation allowed, this is simply the total current in the
layer “ljrms divided by the winding length ! (see equation
(8.1.2)).

A transformer has been constructed to test the validity

of this wmodel. The details of its construction are as

follows:
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X - 11’1'!!5 T = %d'
rms {
(b)

Figure 8.2.1. (a) Pictorial répresentntion of a layer of
round wire conductor and (b) its equivalent theoretical
model.
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) Thompson-CSF ETD-49 ocore and CAR-49164 bobbin
(equivalent to Ferroxcube ETD-49 core and PC1-49H
bobbin).

[ Ten layers, 57 turns each, of 24 AWG copper magnet
wire separated by 90.005 inch wmylar insulation.

] Leads were brought out for each layer to allow
connections for various configurations of layers and

windings.

Results of the experimental measurements are presented in
Figures 8.2.2 and 8.2.3. The ratio of the mean winding
radius to the conductor layer thickness is approximately 30,
so that the thin-layer approximation in equation (6.2.11)
was used for the theoretical curves. The individual layers
were connected such that both the primary and secondary had
the same number of layers, and also such that no conductor
layers were present in the space between the primary and
secondary (see Figure 6.6.1, for example). The input
impedance of the priwary with the secondary shorted was
measured vs. frequency with an impedance analyzer which was
set to read directly the series resistive and inductive
components of the impedance. From the equivalent circuit in
Figure 8.1.1, this is seen to be a direct measurement of the
primary and secondary winding impedances in series if the

impedance presented by the magnetizing inductance is
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comparatively much larger. This is true because the high
permeability of the ferrite core gives rise to a very large
magnetizing inductance. The measurements were then
converted to the normalized power dissipation and energy
storage by using equations {8.1.6b) and {(8.1.9b),
respectively. Notice that varying the frequency has the
effect of chaﬁginq the normalized conductor thickness
without changing the actual thickness itself. This provides
a convenient weans of evaluating several points on the
curves using a single transformer.

Experimental wmeasurements were performed for three
different winding configurations: single layer, three
layers, and five layers. The agreement of these
measurements with the theoretical curves is seen to be very
good for the normalized power dissipation in Figure 8.2.2.
Good agreement for the normalized energy storage, although
not quite to the same degree, is also apparent from Figure
8.2.3. The experimental measurements begin to depart from
the theoretical curves as the normalized conductor thickness
increases, which here corresponds to increasing the
frequency of measurement. The severity of this departure
becomes greater as the number of layers increases. There
are several possible explanations for this behavior. First

of all, the core does not completely surround the winding as

the axial symmetry of the model suggests. Consequently,
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Figure 8.2.2. Normalized power dissipation per layer in an
R-layer winding vs. normalized conductor thickness with
the number of layers varied as a parameter. The
measurements were performed on a transformer with
windings of round copper magnet wire,
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Figure 8.2.3. Normalized energy storage per layer in an
E-layer winding vs. normmlized conducotor thickness with
the number of layers varied as a parameter. The
ssasurements were performed on a transformer with
windings of round copper magnet wire,
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there are certainly present stray leakage fieids which are
not accounted for by the wodel. It also seems that this
effect would become exaggerated as the frequency increases.
Another possible explanation is that impedance contributions
from the interwinding or self capacitances of the
transformer are beginning to come into play in the
measurements at higher frequencies. Despite the noted
differences, it is encouraging to point out that the
accuracy is extremely good in the important region near the
minimum in power dissipation.

One further point concerning the measurements for Figure
8.2.3 should be brought out. For purposes of convenient
presentation, the theoretical curves have begn computed for
zero insulation thickness (d = @). Since there |is
insulation in the transformer, these contributions have been
subtracted out of the leakage inductance measurements
according to the thin-layer approximation. This, in effect,
causes the error in the normalized stored energy curves to
appear greater (as a percentage of the plotted curves) than
if these contributions were included.

Suppose that the total rms-current requirement exceeds
the capability of the round wire size that corresponds to
minimom power dissipation. This is certainly possible since
the optimization with respect to the conductor thickness is

independent of the magnitude of the total current. In order
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to increase the current handling capability without changing
the thiokness, one can simply parallel the required number
of round wire conductors as depicted in Figure 8.2.4a. This
technique is often referred to as multifilar winding, and it
is becoming increasingly popular in modern switched-mode
power transformers. The dotted lines in Figure 8.2.4a
indicate the number of wires that are connected in parallel.
This particular example shows a trifilar winding which is
three wires in parallel.

Multifilar windings provide a practical means of
increasing the current handling capability over that of a
single round wire. Aflthough it is theoretically possible to
parallel as many conductors as negded, the process starts to
become impractical from a manufacturability standpoint for
more than four conductors.

The theoretical model adopted for multifilar windings is
depicted in Figure 8.2.4b; it is essentially the same as
that of the single round wire. The only differences are
that Irms now represents the total current in the paralleled
multifilar conductor (still the winding current) and Rz is
the number of turns of the same. With these definitions,
equations (8.1.2) and (8.2.1) still apply. The
one-dimensional wmodel used throughout this dissertation does

not allow any longitudinal wvariation in the current.

Therefore, under the conditions imposed by this model, the
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Figure 8.2.4. (a) Piotorial representation of a multifilar
wound (trifilar here) layer of round wire conductor and

(b) its equivalent theoretioal model.
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total ocurrent must divide evenly among the individual
strands that make up the multifilar conductor. The
resulting normalized power dissipation and energy storage
should then be the same as for the single-wire case if the
number of layers X and the boundary condition ratio I do not
change. The only difference is that now both the DC and
effective resistances will decrease by a common factor
which, in effect, increases the current handling capability
of the winding.

A second transformer has been constructed to test and
verify the model for multifilar windings. It is exactly the
same as the single round wire transformer previously
described except that now three of the individual strands
are paralleled to form a trifilar winding. The experimental
measurements are presented in Figures 8.2.5 and 8.2.6 along
with the predicted results from the thin-layer approximation
of the theory. Again, there is good agreement throughout
the minimum power region and a gradual divergence as the
normalized conductor thickness increases. Comparison of
these results with those for the single wire case in Figures
8.2.2 and 8.2.3 reveals that the behavior is indeed similar.
An explanation for the slight differences is not immediately
apparent to the author other than possible variations in the
measurements. The previously discussed effects of parasitic

capacitances may also account for some of the differences

Chapter 8 256



23 y—

Theoretical thin-layer approximation
4 A 4 Experimental measurements 9

2'-» I'=0 - -

L1

Figure 8.2.3. Normmlized power dissipation per layer in an
N-layer winding vs. normalized conductor thickness with
the nuwmber of layers varied as a parameter, The
measurements were performed on a transformer with
windings of trifilar wound, round copper magnet wire,
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Figure 8.2.6. Normalized energy storage per layer in an
A-layer winding vs. normmlized conductor thickness with
the number of layers varied as a parameter. The
measurements were performed on a transformer with
windings of trifilar wound, round copper magnet wire.
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between the two cases, especially at the higher frequencies.
No attempt has been made here to account for these effects
which are quite complex and would involve an extensive

amount of additional analysis.

8.3 LITZ VIRE WINDINRGS

Suppose that multifilar windings still do not yield the
necessary current handling capacity. f popular technique
for extending the capacity further is to use litz wire as
shown in Figure 8.3.1a. Litz wire is a conductor composed
of a number of fine, separately insulated strands, usually
fabricated in such a way that each strand assumes, to
substantially the same extent, the different possible
positions in the cross section of the conductor. Ideally,
because of this transposition of the individually insulated
strands, circulating eddy currents are prevented and the net
current in each strand is identical. In Figure 8.3.1a; dw
is the overall diameter of the litz wire, R: the number of
turns per layer of litz wire, Irms the winding current, ds
the diameter of the strands, Rs the number of strands in the
litz wire, and ! the winding length. The termi#oloqy,
RS/strand AWG, is often used to refer to litz wire with as
strands of a given wire size (AWG). For example, 100/33

litz means 100 strands of 33 AWG round copper wire. The
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Figure 8.3.1. (a) Piotorial representation of a layer of

litz wire conductor and (b) its equivalent theoretical
model .
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type of litz wire depicted in Figure 8.3.l1a is the simplest
possible. It represents strands which are bunched togetheb
and twisted into a circular shape. There are numerous other
techniques for bunching and twisting the strands which yield
a wmore ideal {equal) transposition of the strands.
Generally, there is a cost vs. performance tradeoff for the
more sophisticated litz types.

The theoretical model proposed by the author for a layer
of litz wire is shown in Figure 8.3.1b. This model is based
on two basic assumptions. First, the transposition is
assumad to be'ideal such that the total current is divided

evenly among the individual strands:

v = I (8.3.1)

where primed quantities will be used in describing the
theoretical model of the litz wire. Second, the conductor

thickness is based on the strand diameter:
7/ = %d . (8.3.2)

The latter assumption is made because one would still expect
to see skin and proximity effects within the individual
strands if they were large enough. Within the context of

these assumptions, the theoretical mndel is constructed by
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arranging the strands into individual layers until they are
used dp as shown in Figure 8.3.1b. Since litz wire is not
1007 space efficient, there will be space left over from the
actual overall thickness of the layer dw' This space is
treated as insulation and divided evenly between the
conductor layers of the theoretical model as shown. Other
quantities associated with the theoretical model are easily

derived based on the foregoing assumptions and discussion:

H; = é— (8.3.3)
s
”if;ms Irms
’ms = =¥ {8.3.4)
r i S 5
alds
”’ = IfT—. (8.3.3)

f third transformer has been constructed to test and
verify the wmodel for a litz wire winding. The details of

its construction are as follows:

] Thompson-CSF ETD-49 core and CAR-4916A bobbin
(equivalent to Ferroxcube ETD-49 core and PC1-49H
bobbin).

’ Six layers, 23 turns each, of 26/33 litz wire

separated by @.005 inch mylar insulation.
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] Leads were brought out from each layer to allow
connections for various configurations of layers and

windings.

This is the same core and bobbin type as that used in the
experimental round wire transformers already considered.
The results of the experimental measureménts are presented
in Figures 8.3.2 and 8.3.3. The individual layers were

connected such that both the primary and secondary had the

same number of layers. Three cases were measured: X 1,
2, and 3. Using the definitions of the primed quantities in
equations (8.3.1) through (8.3.5), the corresponding numbers
of layers in the theoretical model are X/ = 4, 8, and 12,
respectively. Figure 8.3.2 shows the experimental results
for the normalized power dissipation along with the
corresponding theoretical curves using the thin-layer
approximatiox;. The same measurement techniques were used as
for the round wire transformers in the previous section.
The experimental measurements are slightly less than the
predictions of the theory, but the accuracy is actually
quite good considering the assumptions involved. The
accuracy is especially good in the important regions near

the minima. Therefore, the theory should predict very well

the optimum strand size for 1litz wire and the resulting
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Figure 8.3.2. Normalized power dissipation per layer in an
R-layer winding vs. normalized conductor thickness with
the number of layers varied as a parameter, The
measurements were performed on a transformer with
windings of litz wire,
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Figure 8.3.3. Normalized energy storage per layer in an
X-layer winding vs. normalized conductor thickness with
the number of layers varied as a parameter. The
measurements were performed on a transformer with
windings of litz wire.
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power dissipation. Results for the normalized energy stored
under the sawme conditions are presented in Figure 8.3.3.
The accuracy is cowparable to that obtained for the power
dissipation.

The model used here for a litz wire winding is certainly
not the only possibility; however, it is the most accurate
of the ones thought of by the author. It is perhaps
significant that the predictions exceed the measurements.
One might expect the opposite of this behavior since the
model assumes the ideal condition of equal strand currents.
Accuracy would improve if either the layer thickness 7’ was
taken to be sliéhtly larger or the equivalent number of
layers X’ slightly smaller. But neither of these
alternatives appear to be physically justifiable in light of

the earlier results on the round wire windings.

8.4 SHEET CONDUCTOR WINDINGS

Sheet conductor windings, also referred to as foil
windings, offer the most efficient utilization of winding
space (assuming that there is no longitudinal variation in
the current density). They are, however, limited in their
application since if one operates at the optimum thickness,
then the ocurrent handling capability is fixed. Even so,
there are wmany cases of low wvoltage, high current
secondaries (computer power, for instance) where sheet

copper windings are the most attractive alternative.
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Sheet conductor windings require no adjustments in the
original geometrical assumptions and Figure 3.1.2 applies
with the conductor layers as solid copper. There can only
be one turn per layer, so thaf the number of layers must
equal the number of turns in a winding. Since it is
desirable to keep the number of layers low, this is another
reason why sheet conductor windings are best suited for low
voltage windings with few turns.

f fourth and final experimental transformer has been
constructed in order to deterwmine the validity of the theory
when applied fo sheet conductor windings. The details of

the construction follow:

] Thompson-CSF ETD-49 core and CAR-4916A bobbin
(equivalent to Ferroxcube ETD-49 core and PC1-49H
bobbin).

) A single primary and a single secondary, ten turns
each, of ©.205 inch sheet copper separated by 0.003
inch mylar insulation.

] Only one set of leads were connected to each of the

two windings.
This is the same core and bobbin type as those used in the

other three experimental transformers already considered.

Notice that extra sets of leads were not brought out to
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investigate different numbers of layers. The reason for
this is the very low resistance values of the sheet copper
windings. Extra lead length adds a significant amount of
resistance to the windings which in turn produces large
errors in the wmeasurements. Care was taken when
constructing this transformer to keep the lead resistance
less than 67 of the total winding resistance.

Figures @8.4.1 and 8.4.2 present the experimental
measurements for the normalized power dissipation and energy
storage, respectively. Deviation of the theoretical results
from wmeasurement in the former is the greatest of the
winding types considered thus far. Ironically, one might be
led to expect the best agreement for sheet conductor
windings since théy' are modelled exactly by the assumed
geometry. This would indeed be the case if the
on--dimnnsional model were truly valid. Unlike the
previously considered winding types, the continuous copper
permits a gradual longitudinal wvariation in the current
density. For exawmple, the current density in a layer of
round wire is forced to be nearly uniform in the
longitudinal direction, since esach turn must carry the same
total current. Only small local variations in each turn
would be possible in that case, and their effect appears to
be negligble when the wire size is optimized using the

one-dimensional wmodel. If there is actually longitudinal
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Figure 8.4.1. Normalized power dissipation per layer in a
10-layer winding vs. normalized oconductor thickness.
The weasurements were performed on a transforwmer with
windings of sheet copper.
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Figure 8.4.2. Normmlised energy storage per layer in a
10-layer winding vs. normalized conductor thickness.
The wmeasurements were performed on a transforwmer with
windings of sheet copper.
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variation of the current density in sheet conductor windings
in addition to the assumed radial variation, then the
measurements in Figure 8.4.1 would be expected to indicate
greater power dissipation than the theoretical results of
the one-dimensional model. This is the case, but only up to
a certain conductor thickness, above which, the opposite is
true. In retrospect, this seemingly contradicting situation
may actually be possible if the one-dimensional model is
truly inadequate. The only way to confirm this is to solve
the two-diwmensional problem defined in Section 3.3 and see
if the results are in better agreement with the
measurements. This topic will not be considered further
here; however, the author is presently working on a
two-dimensional solution.

In summary, the agreement between the one-dimensional
theoretical and the measured normalized power dissipation in
sheet conductor windings is marginally acceptable. It does
appear to predict a reasonably good optimum thickness, but
th corresponding power dissipation is underestimated by a
significant percentage. Some of the difference may be
attributed to the difficulties associated with low impedance
measurements. More likely, though, is the possibility that

the one-dimensional model is becoming less valid.
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Finally, it is interesting to note from Figure 8.4.2
that the agreement between theory and measurement for the
normalized stored energy is very good, much better than for
the normalized power dissipation. This situation may still
be compatible with the foreqoing discussion. It is
certainly possible that the energy storage is less
susceptible to the inadequacies of the one-dimensional
model. Once again, the two-dimensional solution must be

derived and studied to find out for sure.
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CHAPTER 9
CORCLUSIORS AMD FUTURE WORK

A summary of the work in this dissertation is presented
in the first section of this chapter, and it follows the
developments in the same order. Important conclusions are
highlighted in this summary at points where they relate to
the subject matter. i design procedure for switched-mode
power transformers is outlined at the end of the section.

The second and last section contains a discussion of
related topics for future work which the author feels would
contribute further to the understanding of phenomena
associated ' with conductor 1loss in switched-mode power
transformers. Most of this work is currently under

consideration by the author.
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9.1 CORCLUSIONS

It is important to remember that all conclusions are
drawn from the analysis of the one-dimensional problem
defined in Seoction 3.4. Some of the wmore important
characteristics of the one-dimensional wmodel are now
reviewed.

The cylindrical coordinate system was chosen for the
mathematical representation, and axial symmetry assumed for
all gquantities (no #¢-dependence). The corresponding
geometry and notation for a general transformer winding is
given in Figure 3.1.2 and the accompanying discussion. The
final assumption, the one which leads directly to the
one-dimensional wmodel, is thgt none of the quantities
exhibit longitudinal variation (no z-dependence). This key
assumption is based on several possible conditions, each of
which contribute to its validity. First, if the length of
the winding is long compared to the diameter, then end
effects can generally be neglected. To the same end, the
presence of high permeability ferrite surrounding the
windings also enhances the one-dimensional properties of the
fields (see Section 4.1). Finally, most winding types which
involve several turns of conductor per layer, all carrying
the same total current, inherently support a uniform current
distribution in the z-direction. Small local turn-to-turn

variations wmay exist; however, their effect appears
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negligible if the conductor size is optimized according to
the one-dimensional analysis (see Chapter 8).

The analysis begins with time-harmonic Maxwell'’s
equations in a conducting region (Section 3.2). These
equations are simplified immediately by observing that the
displacement current is negligible in the applications of
interest. Further simplifications occur in Maxwell's
equations under the assumptions of the one-dimensional model
(Section 3.4). The current density has only a ;-component
and the magnetic field intensity is ;-directed. Both
exhibit variations in the radial coordinate p only. As a
result, the wvector diffusion equations (3.2.18) reduce to
the one-dimensional scalar differential equations (3.4.4).
The general solutions of these equations are recognized as
Kelvin functions, a special class of Bessel functions.

Particular solutions are derived for a single conductor
layer in Chapter 4 by applying boundary conditions at the
radial boundaries of the conductor layers. These boundary
conditions are derived from a simple application of Ampere’s
law (Section 4.1). The first important conclusions are
drawn from the study of these particular solutions. Both
the current density and the magnetic field intensity in the
ath conductor layer were found to be a function of three
parameters: the normalized conductor thickness ;n’ the

boundary condition ratio T and the normalized wmean

n’
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radius ;n' Each of these parameters was studied by
observing their effects on the radial distribution of both
the ocurrent density and the magnetic field intensity
(Section 4.2).

For conductor thicknesses which are small compared to a
skin depth, the current density increases and approaches a
uniform distribution. The corresponding magnetic field
intensity varies linearly between its boundary conditions.
As the conductor thickness increases, the magnitude of the
current concentrates near the radial boundaries, and the
phase varies across the layer indicating the presence of
circulating currents (the skin effect). Similar behavior is
noticed in the magnetic field intensity.

The extent of the concentration at each of the
boundaries depends on the boundary condition ratio rn. The
current tends to concentrate at the boundary with the
highest wmagnetic field intensity (the proximity effect).
For most‘ practical values of the normalized wean radius
(p, 2 20), the ocurrent and magnetic field distributions
displayed no preference to either the inner or outer
boundary based on the geometry alone. Consequently, these
distributions are approximate mirror images about the c;nter
of the conductor for reciprocal values of the boundary

candition ratio. In the limit, as the radius of curvature

becomes infinite, a flat plate results and the symmetry just
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discussed is perfect. On the other hand, if the norwmalized
radius is very small, then the distributions favor slightly
the inner boundary. But the wmean radius must be reduced to
approximately two skin depths to notice this effect, and
even then it is not very significant.

The aforementioned studies suggested the possibility of
an approximation which would be valid for large values of
the normalized wmean radius. Indeed, large argument
asymptotic approximations exist for Kelvin functions; when
substituted into the exact solutions, there raesults
considerable simplification (Section 4.3). A study of these
new approximations reveals that they are practically
indistinguishable from the exact solutions when the
normalized wmean radius is greater than 20. Even for the
small value of ;n = 2, the agreement is quite good.

Such encouraging results prompted the developement of a
further approximation, the thin-layer approximation (Section
4.4). The essence of this approximation is +that the
conductor layer thickness is assumed to be much smaller than
the mean radius to the center of the layer. This is a good
practical assumption for two reasons. First, most practical
values for the normalized mean radius are greater than
twenty skin depths. Second, effective utilization of the

conductor deteriorates for thicknesses significantly greater

than one skin depth due to the skin and proximity effects.
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Specifically, the thin-layer approximation involves
neglecting the ratio ;n/;n as compared to unity. figain,
there results considerable simplification of the solution.
In fact, dependence on the normalized mean radius is
completely removed from the solutions just as if the
condition ;n - © was enforced. A study of the thin-layer
approximations reveals very little difference between the
two cases ;n - o and ;n = 20.

In an attempt to develop techniques for optimizing the
design of transformer windings, the power dissipation and
energy storage for a single conductor layer were considered
next {(Chapter 5). Expressions corresponding to the exact
solutions of the current density and wmagnetic field
intensity, along with their large argument asymptotic and
thin-layer approximations, were.derived and studied.

It was found that, for a given boundary condition ratio
and normalized mean radius, the power dissipation
experienced a unique minimum value at a particular conductor
thickness. This behavior provides the basis for the
optimization of the transformer windings for wminimum
conductor loss. The resulting thickness is referred to as
the optimuﬁ conductor thickness. The effect of the
normalized mean radius on the optimum values was found to be
negligible; so that, as before, the thin-layer approximation

proved to be adequate under most conditions. The effect of
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the boundary condition ratio is quite dramatic, however. fis
the boundary condition ratio approaches unity, the minimum
in the power dissipation becomes wuch sharper and occurs at
a smaller conductor thickness. fllso, the magnitude of the
minimum power dissipation at the optimum conductor thickness
increases significantly.

The behavior of the energy storage was studied in a
similar manner, but no further optimization techniques based
on it were discovered. The energy stored in the winding
portion of a transformer represenfs flux which is not linked
by both the primary and secondary, i.e. leakage flux or
energy. This energy increases almost linearly throughout
the region of nearly optimum conductor thickness, and then
asymptotically approaches a constant value for large
thicknesses. Thus, depending on the importance of the
leakage energy in the overall design, it may be adjusted
either up or down at the expense of an increase in the power.
dissipation. In most designs the power dissipation is the
most important quantity, although it is often helpful to
know the leakage energy and its associated inductance.

After discovering that there exists an optimum qonductor
thickness which yields a minimum power dissipation, an
analytical investigation proceeded (Section 5.3). It

(\Sggiiiigi)of taking the derivative of the normalized power
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dissipation with respect to the normalized conductor
thickness, setting the result equal to zero, and solving for
the optiwmum normalized conductor thickness. This optiwmum
value wvas then be used to evaluate the corresponding minimum
power dissipation. This procedure does not yield practical
results for either the exact solution or its large argument
asymptotic approximation because of their complexity.
Computer implewented algorithms are used to find the optimum
solution for these cases. R reasonably simple
transcendental equation results from the thin-layer
approximation, however. Its solution reveals that the
optimum conductor thickness always lies between zero and n/2L57
skin depths; this is a very important fundamental result.
Because of this rather limited range of optimum
conductor thicknesses, another approximation was developed:
the two-term series approximation (Section 5.4). Just as
the name suggests, this approximation involves the
determination of the first two terms of the Laurent
expansion (about a conductor thickness of zero) of the power
dissipation and the energy storage. The form of this
approximation is very simple, and the optiwmization process
yields a closed-form solution. In general, the accuracy of
the two-term series approximation is very good up through
the near optimum region, but it then diverges rapidly.

Consequently, the accuracy of the closed-form expression for
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the optimum conductor thickness is very good. The
worst-case error occurs for Fn =@ and is 11.4%. The
corresponding error in the minimum power dissipation is only
4.5%. fAiccuracy iwmproves asAthe boundary condition ratio
increases.

The next step in the analysis was to extend the solution
to the case of a multi-layer winding (Chapter &). Some
practical assumptions are introduced at the outset of this
analysis. Namely, the layers within a single winding are
assumed to be identical in three ways: equal conductor layer
thicknesses, equal insulation layer thicknesses, and equal
current per unit length in each layer. New expressions were
derived (including the exact solutions and all of the
previously derived approximations) by summing the results
from the individual layers (Sections 6.2 and 6.3). Only the
thin-layer and two-term series approximations were studied
in detail.

The curves for the normalized power dissipation exhibit
the same properties as the single-layer solution. The
minima become sharper and increase in magnitude since all
but one of the layers in a multi-layer winding has a nonzero
boundary condition ratio. A large increase in the energy
storage occurs also. Therefore, it is desirable to keep the
number of conductor layers in a winding as low as possible.

The ideal case is a single layer with =zero boundary
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condition ratio. The two-term series approximation again
yields closed-form solutions to the optimization problem in
the multi-layer case (Section §.4). Most of the foregoing
discussion of the behavior of the solutions are directly
evident from these solutions. For instance, the optimum
conductor thickness is inversely proportional to the square
root of the number of layers. The corresponding minimum
power dissipation is directly proportion_al to the same. The
energy storage is directly proportional to the square of the
number of turns. The accuracy of the two-term series
approximation for the multi-layer winding is comparable to
the single-layer ocase. It is perhaps even better in many
cases since several of the layers have higher boundary
condition ratios.

Two important techniques for reducing further the power
di_ssipation and energy storage are possible. The first
technique is to allow the layer thicknesses to be unequal,
and then optimize each individual layer separately (Section
6.3). The power dissipation is reduced by approximately 10%
for most cases of individual layer optimization. The
maximum possible reduction is 12.37Z which occurs for a large
number of layers and zero boundary condition ratio. The
second technique is to split and interleave primary and
secondary windings (Section 6.6). This process results in

windings with fewer layers and lower magnetic field
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intensities at the boundaries, both of which reduce the
power dissipation and energy storage. Specifically, the
power dissipation is inversely proportional to the square
root of the number of equal sections that a winding is split
into. Thus, splitting a winding only once into two sections
results in a 30/ reduction in the power dissipation. The
reductions in the energy storage are even more dramatic.
The energy storage in the insulation layers is inversely
proportional to the square of the number of split sections,
and the energy stored in the conducting layers is inversely
proportional to the number of split sections to the
three-halves power.

The final and most important extension of the theory for
switched-mode power transformers is the generalization to
arbitrary periodic vaveforms (Chapter 7). This
generalization is accomplished by incorporating the
previously derived results for sinusoidal time-harmonic
excitation into a general Fourier analysis. The procedure
is straightforward, but the resulting solutions are
complicated and unrevealing. Only the two-term series
approximation yields a solution whose appearance is
physically meaningful. All of the other approximations and
the exact solutions must be evaluated on the basis of

computed results.
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The two-term series approximation yields a very
interesting and revealing solution. Through the use of
several properties of Fourier analysis (Appendix C), a term
is identified in the solution which relates to the bandwidth
of the winding current. The power dissipation increases for
currents with larger bandwidths. This is not a surprising
result, sinéo the higher harmonics would be expected to
cause higher losses. Curiously, the energy storage is not
affected to the same extent, and it actually decreases
slightly as the bandwidth increases.

Unfortunately, the simplicity and insight gained from
the two-term series approximation for arbitrary periodic
excitation is often overshadowed by its inaccuracy. This
approximation becomes less accurate as the bandwidth of the
current increases. The reason for this is that the two-term
series approximation becomes less valid for the higher
harmonic terms, since the resulting normalized conductor
thickness increases when evaluated at higher frequencies
{skin depth decresases). The qverall accuracy depends
therefore on the severity of this inaccuracy in relation to
the corresponding magnitude of the Fourier coefficients.

Several basic waveform types encountered in
switched-mode power converters were studied to determine
their inf luence on - winding power dissipation:

unidirectional fractional sinusoid, unidirectional
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rectangular wave, and unidirectional triangular wave (see
Appendix D for definitions of these waveforms). Both the
duty cycle and the rise times were varied. The power
dissipation caused by a unidirectional fractional sinusoid
increases significantly as the duty cycle decreases. The
accuracy of the two-term series approximation is reasonably
good for this waveform type. Similar behavior is observed
for both the unidirectional square and triangular waves;
however, the accuracy of the two-term series approximation
reduces significantly for practical values of the rise time.
In general, the power dissipation increases for shorter rise
times, but not to the extent caused by a decrease in the
duty cycle. All of these trends are noticed in the stored
energy also except that they are much less severe; and where
the power dissipation increases, the energy storage
decreases slightly.

Finally, when the different waveform types are compared
under siwmilar conditions, several interesting conclusions
can be drawn. The curves for the power dissipation and
energy storage vs. the normalized conductor thickness
intersect in several places. Consequently, evaluation is
complicated since different waveforms perform better for
different ranges of conductor thickness. At the important
optimum point, the fractional sinusoid produces the least
power dissipation; but it is only slightly less than a pure

sinusoid. The next highest power is produced by the
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rectangular wave; and the triangular wave is the worst,
producing about 6@/ more loss than the fractional sinusoid.
In all cases the power dissipation of a triangular wave is
greater than that of a rectangular wave under the same
conditions. All of the aforementioned waveform comparisons
are made while keeping the rms-value of the waveforms
constant.

The optimization problem is also analytically
investigated for the case of arbitrary periodic excitation
(Section 7.3). Only the two-term series approximation
yvields a closed-form solution which is physically
meaningful. This solution is identical to the corresponding
one for sinuscidal excitatian.except for the addition of the
bandwidth factor. The optimum conductor thickness is
inversely proportional to the square root of the bandwidth,
and the corresponding minimum power dissipation is directly
proportional to the same. This is a useful and informative
result; however, it should be remembered that it becomes
less accurate for large bandwidths. Other more accurate
forms of the solution should be used for actual design
computations.

Specific applications of the theory to various types of
windings are considered in Chapter 8. Several experimental
transformers were constructed to evaluate the validity of

the theory for each of the winding types considered. First,
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the normalized powsr dissipation and energy storage are
related to the effective resistance and leakage inductance
of the winding, respectively (Section 8.1). These elements
appear in the equivalent circuit of a transformer and are
easily weasured with modern impedance analyzers.

The model for the most common winding type, layers of
round wire conductors, is considered in Section 8.2. The
conductor layer thickness for the model is determined by
using the actual winding length, and then forcing the
cross-sectional areas to bhe equal. Agreement between the
theory and the experimental measurements was very good for
this winding type. Some differences occur for large values
of the normalized conductor thickness <{(corresponding to
measurements at high frequencies), but it is not advisable
to operate there because of the increased loss. Similarly
encouraging agreement between theory and experiment was
obtained for multifilar round wire windings. Multifilar
windings provide a convenient wmeans of increasing the
current handling capacity over the case of a single round
wire. The same theoretical model is used for wmultifilar
windings as for the single wire case, verifying that the
current divides evenly between the paralled strands.

Next, windings of layered litz wire were considered
{Section 8.3). Litz wire windings are popular for

applications which require a further increase in the current
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handling ocapacity. The theoretical model is based on the
ideal assumption that the current divides equally between
the individual strands. The strands are then arranged into
layers of round wire in order to determine the equivalent
number of layers and the conductor layer thickness.
Experimental measurements are again in good agreement with
the theoretical wmodel, especially in the near optimum
regions. The theory, in most cases, seemed to slightly
overestimate the actual measurements for both the power
dissipation and the energy storage.

The last winding type to be considered, sheet or foil
conductors, is the one which is actually modelled the most
naturally by the geometry assumed in the theoretical wmodel.
Ironically, the agreement between theory and experiment was
the worst for this case. The agreement is marginal, in
general. In some regions the power dissipation is
underestimated, and in others the opposite is true. It has
been conjectured by the author that this is due to the
inadequacies of the one-dimensional model. In sheet
conductors there is nothing physically preventing a gradual
longitudinal variation of the current density. In order to
determine for sure where the problems lie, the
two-dimensional problem defined in Section 3.3 must be

solved to see if it yields better accuracy. This is beyond
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‘the scope of this dissertation. However, it is an important
topic for future consideration.

Based on the work in this dissertation, a design
procedure for switched-mode power transformers has been
developed by the author. It is assumed that the number of
turns and the current waveforwms in each winding have already
been determined from external circuit design considerations.
Furthermore, it is assumed that a preliminary core and
bobbin have been chosen based on the throughput power and
other conventional techniques. An outline of the design

procedure from this point follows:

(1) Compute the rws-current flowing in each winding.

{2) Cnmpuge the skin depth at the fundamental frequency.

(3) Compute the normalized radius of the bobbin. If it is
greater than twenty, the thin-layer approximation may be
safely used. If it is less than twenty, then either the
exact solution or the large argument asymptotic
approximation should be considered.

(4) Choose an appropriate winding order based on physical
requirements and electrical considerations. It is
desirable to keep the magnetic field intensities small,
and also to have near zero boundary condition ratios

wherever possible.

{3) Determine the boundary condition ratio for each winding.
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(6) Based on an initial estimate of one skin depth For the
conductor thickness, determine the number of layers
required in each winding if using a single round wire.

(7) Use the methods developed in this dissertation to
determine the optimum conductor layer thickness for each
winding. Use the values determined above for the
boundary condition ratio and number of layers.

(8) Check to see if the corresponding optimum wire size
results in the same number of layers as predicted in
step (6). If not, repeat step (7) using the new value.

(9) Check to see if the optimum wire size is appropriate for

the rws-current in the winding. If so, continue to
(19). If the wire size is larger than needed, then use
simple DC calculations to reduce the size. If the

optimum wire size is not large enough to handle the
current, then consider multifilar windings. If this is
still inadequate, then consider either 1litz wire or
sheet conductor windings. Repeat steps (6) - (8) Ffor
these new winding types until an acceptable optimized
design is reached for each winding.

(10)Using the results of the optimized designs, compute the
power dissipation and energy storage for each winding.
If the results are acceptable, then the design is

complete. If further reductions are required, then
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return to step (4) and try to choose a better winding
order. Or consider more sophisticated techniques such

as individual layer optiwmization or split windings.

With a little practice and experience using this design
procedure, the iterative procedures can be eliminated.
Consequently, an optimized design ican be reached very
quickly.

The author is hopeful that the efforts of this
dissertation will help to provide a thorough understanding
of the phenomena associated with conductor loss in
switched-mode power transformers. An attewmpt has been made
to keep the treatment general so that it is widely
applicable. But at the same time, efforts have been made to
derive simple approximations which are physically meaningful

and provide insight.

9.2 FUTURE WORK

As is wusual the case with research programs, many
unexpected topics have emerged. Some have been included in
this dissertation. Others have not, either because of the
lack of time or because they would logically fit into a new
effort with a slightly different emphasis. Those topics
which are believed to be important enough for future

consideration are now summarized. The author is either
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currently involved, or plans to be in the near future, with
efforts in all of these areas.

The fir;t group of topics is concerned primarily with
improvements on the one-dimensional wmodel wused in this
dissertation. Although the two-term series approximation
vielded a very simple and meaningful solution for the case
of arbitrary periodic excitation, its accuracy was
disappointing for waveforms with large but typical
bandwidths. It would be desirable to find a solution with
extended accuracy, but at the same time retaining a level
ofsimplicity which would allow physically meaningful
interpretatiéns. Another improvement that could be made
involves the wmore complicated solutions which must be
evaluated on a computer. For arbitrary periodic excitation,
this includes all but the two-term series approximation.
The current wmethod for finding the optimum conductor
thickness is relatively primitive. More sophisticated
numerical techniques could perhaps reduce the computing time
significantly.

There are many types of switched-mode converters for
which the waveforwms in the various windings of the power
transformer are either different in shape or shifted in
phase. Most of the theory in this dissertation has been
kept general enough to handle these situations; however, no

studies were made. It would be useful to define and execute
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some theoretical and experimental investigations which would
demonstrate the effects of these conditions.

Finally, there appears to be room for some improvements
in the wmodels for certaiﬁ types of conductors. The
one-dimensional model has proven to be very accurate in
describing round wire windings, both single and multifilar.
Litz wire has also been successfully modelled under the
one-dimensional assumptions. For this case, however, the
experimental measurements were consistently slightly belaow
the theoretical predictions. It would be worthwhile to
perform another set of experimental measurements designed to
confirm these results, If the confirmation is positive,
then perhaps further investigation would yield minor
modifications in the model which would account for the
slight differences. Much more serious differences occurred
between the experimental measurements and the theoretical
predictions of the one-dimensional model for sheet
conductors. Again, it would be wise to construct another
transformer and perform another set of experimental
measurements designed to either confirm or refute these
results. This is particularly important for the case of
sheet conductors because of the difficulties experienced in
the low impedance measurements, If the results of the
previous measurements are confirmed, then a solution of the

two-dimensional problem is probably necessary so that
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longitudinal wvariations in the current density can be
accounted for. Care should be taken to clearly define when

it is necessary to use this more complicated solution.
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APPERDIX A
IOMENCLATURE

The nomenclature used in this dissertation is summarized
in this appendix. It is provided as a convenience to the
reader. Where possible, the applicable ANSI1/IEEE standards
[51, 32, 53, 541 have been adhered to concerning units and
letter sywmbols. The International System of Units
(abbreviated SI) is used. The quantities, along with their
SI units and symbols, are listed in Table A.1. They are
listed in approximately the same order as their first

appearance in this dissertation.
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Table .1. Letter symbols and SI units for
quantities used in this dissertation.

cylindrical coordinate system -
radial coordinate

oylindrical coordinate system -
angular coordinate

cylindrical coordinate system -
longitudinal coordinate

length of winding in axial direction

index indicating the ath layer

number of layers in a winding

inner radius of nth conductor layer

outer radius of nth conductor layer

magnetic field intensity at outer
boundary of the nth conductor layer

permeability

permeability of vacuum

relative permeability

conductivity

permittivity

permittivity of vacuum

] relative permittivity

angular frequency

electric flux density
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Table f.1. Letter symbols and SI units for quantities
used in this dissertation, continued.

f electric field intensity

magnetic flux density

magnetic field intensity

current density

frequency

poynting vector

magnetic energy density

dissipated power density

magnetioc energy

dissipated power

skin depth

unit vector in the radial direction

unit vector in the angular direction

unit vector in the longitudinal
direction

i axial component of two-dimensional

current density

radial component of two-dimensional

| magnetic field intensity
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Table A.1. Lestter symbols and 8I units for quantities
used in this dissertation, continued.

longitudinal cowmponent of two-
dimensional magnetic field intensity

current density

axial component of one-dimensional

longitudinal component of one-
dimensional wagnetic field intensity

transformation of

radial coordinate

Eelvuin function

first kind, order

Eelvin function

first kind, order

Kelvin function

second iind,ord.r

Eelvin function

second kind,order

arbitrary constants

magnetic field intensity in ferrite

total current in nth conductor layer

current per unit axial length in the

nth conductor layer

axial component of current density

in nth conductor layer

| e S

longitudinal component of magnetic

field in nth conductor layer
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Table A.1. L.ttir symbols and SI units for quantities
used in this dissertation, continued.

thickness of the nth conductor layer

mean radius of nth conductor layer

arbitrary constants for the nth

conductor layer

normalized radial coordinate

normalized axial component of current§
density in the nth conductor layer

normalized longitudinal component of
magnetic field in nth conductor layer

normalized arbitrary constants for

nth conductor layer

boundary condition ratio for the
nth conductor layer

normalized inner radius of nth

conductor layer

normalized outer radius of nth
conductor layer

normalized mean radius of nth

conductor layer
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Table A.i. Letter symbols and SI units for quantities
used in this dissertation, continued.

normalized conductor thickness

i of the nth layer

: power dissipated in the nth
| conductor layer

| normalized power dissipated in the

i nth conductor layer

snergy stored in the nth

conductor layer

normalized energy stored in the
nth conductor layer

optimum conductor thickness for the
nth layer

optimuom normalized conductor thick-

ness for the nth layer

minimum power dissipation in the

nth conductor layer

minimom normalized power dissipation

in the nth conductor layer

conductor thickness in a winding
with equal layer thicknesses

normalized conductor thickness in a
winding with equal layer thicknesses
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Table A.1. Letter symbols and SI units for quantities
used in this dissertation, continued.

| Quantity

current per unit axial length in a

winding with equal layer thicknesses

insulation thickness in a winding
with equal layer thicknesses

normalized insulation thickness in a
i winding with equal layer thicknesses

insulation thickness of nth layer

normalized insulation thickness

of the nth layer

winding boundary condition ratio

power dissipated per layer in an
X-layer winding

‘.nornnlizod power dissipated per
{ layer in an X-layer winding

mean radius of an ¥-layer winding

normalized mean radius of an

X-layer winding

{ energy stored in the nth insulation
layer

normal ized energy stored in the nth

insulation layer

energy stored in an X-layer winding
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Table R.1. Letter sywmbols and SI units for quantities
used in this dissertation, continued.

e ;
Quantity !

normalized energy stored in an
f-layer winding

optimum conductor thickness for a
winding with equal layer thicknesses

optimum normalized conductor thick-

ness for a winding with equal layer
thicknesses

: winimum power dissipated per layer
in an X-layer winding

minimum normalized power dissipated
per layer in an X-layer winding

index indicating the kth harwonic

current per unit axial length at
the kth harmonic

normalized mean radius of the ath
conductor layer at the kth harmonic

normalized wmean radius of an R-layer
winding at the kth harmonic

skin depth at the kth harmonic

normal ized conductor thickness in a
winding with equal layer thicknesses
at the kth harmonic

: normalized conductor thickness in

the nth layer at the kth harwmonic
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Table A.1. Letter symbols and SI units for quantities
used in this dissertation, continued.

winding with equal layer thicknesses
at the kth harmonic

normalized insulation thickness in
the nth layer at the kth harmonic

power dissipated in the nth conductor

layer at the kth harmonic

power dissipated per layer in an
f-layer winding at the kth harwmonic

normalized power dissipated in the
nth conductor layer at the kth

"har-onio

normalized power dissipated per laynrf
in an X-layer winding at the kth
harmonic

fundamental frequency

fundamental angular frequency

period

normalized power bandwidth

energy stored in the nth conductor

layer at the kth harmonic

energy stored per conductor layer in

an X-layer winding at kth harwmonic
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Table A.1. Letter symbols and Si units for quantities
used in this dissertation, continued.

. normalized energy stored in the
: nth conductor layer at the kth

harmonic

| normalized enerqy stored per
conductor layer in an X-layer
winding at the kth harwmonic

energy stored in the nth insulation
layer at the kth harwonic

energy stored per insulation layer in}
an X-layer winding at kth harwmonic

i normalized energy stored in the
ath insulation layer at the kth

harwmonic

normal ized energy stored per
insulation layer in an X-layer
winding at the kth harmonic

effective resistance of a winding

AC resistance of a winding

DC resistance of a winding

number of turns per layer

effective leakage inductance of a

winding
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Table f.1. Letter sywmbols and SI units for quantities
used in this dissertation, continued.

; i {
| T o it |
! , i

AC leakage inductance of a winding

effective iwmpedance of a winding

wire diameter

number of strands in litz wire

diameter of strands in litz wire

time

Fourier coefficients - complex

Fourier coefficients - cosine

Fourier coefficients - sine

Fourier coefficients - amplitude

£(t) - average value

£(t) - rooct-mean-square value

£’(t) - average value

£’(t) - root-mean-square value

Fourier transform of £(2)

£(t) on the interval (0, T]

|
|
r
|
|
t
]
|
]
I
|
!
I
|
I
1
!
|
4
|
f
|
1
{
|
j Fourier coefficients - phase
!
i
r
l
!
1 £’(t) on the interval [0, T]
{
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Table f.1. Letter symbols and SI units for quantities
used in this dissertation, continued.

}
i

% Fourier transforwm of tr(t)

Fourier transforwm of t;(t)

Dirac delta or unit impulse function

normalized power bandwidth

normalized variance of the power

spectrum

duty cycle of waveform pulse

] duty ocycle of rise time

time at mth sample point of f(t)

value of f(l) at tn

index indicating mth time interval

number of time intervals on [0, T

£(t) on the mth interval [tn-l’ tal

unit step function

sampling function

duty cyocle of mth time interval

time duration of waveform pulse

time duration of rise time

amplitude of waveform
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APPENDIX B

KELVIN FUNCTIONS

Kelvin functions are named in honor of Professor William
Thomson (later Lord EKelvin). They are also sometimes
referred to as Thaomson functions. Several properties of
these functions which are used throughout this dissertation
are summarized in this appendix for convenience. All of
this information has been taken from the readily available
references [(355] and [56] of which the former is recommended
for more detail. Watson’s treatise [57] may also be useful,

although it is noticeably incomplete with respect to EKelvin

functions.
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B.1 DEFIRITIONS
The logical starting point in defining Kelvin functions

ls the well-known differential equation due to Bessel,

224 £, J4f (z? - vYh)r

2 iz o, (B.1.1)

in which the independent variable z and the order v ére
both, in. general, complex. The wmost common general
solutions of this equation are the Bessel functions of the
first and second kind, Jv(Z) and Yv(z); and the Hankel

(1)

functions of the first and second kind, HD (23

(z) and Hv {z).
In many applications the argument is purely imaginary, and
for these the modified Bessel functions of the first and
second kind, Iv(z) and K“(z), have been defined., Similarly,
there are many applications in which the phase of the
argument turns out to be x/4 and n/2 mzltiples thereof. It
is for applications such as these that the special clase of
Bessel functions known as EKelvin functions have been
def ined.

The form of Bessel's differential equation leading to

solutions of Kelvin functions, Relvin's differential

squation, is given by

xzd £ + xgﬂ - (,jx2 Y
2 dx
dx

o, (B.1.2)
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where the independent wvariable x and the order v are now

hoth real. The general solutions are

f (x) = ber x + jhei x {(B.1.3a)
1 v v

£ (x) = ker x + jkei x {B.1.3b)
2 v v

in which the functions ber“x and beivx are collectivelyv
referred to as Kelvin functions of the first kind, and ker”x
and kei”x as Kelvin functions of the second kind. Note that
these solutions are divided into their real and imaginary
parts so that the Eelvin functions themselves are real. The
following relations complete the definition of the Relvin

functions:

ber x + jbei x = J (xe33u/4)
v v v ,
= ejvu/21v(xean/4) (B.1.43a)
ker x + jkei x = jfﬂ"’(xeasnlq)
v v 27w

= e‘““”’zxvter“’4>. (B.1.4b)

The functions bervx and beiux are bounded as x =+ @ and
unbounded as x - oo, In contrast, the functions kerux and
keiux are unbounded as x » @ and bhounded as x - oo, Only

Eelvin functions of integer order, namely, the zero and

fAppendix B 309



first orders are encountered in this dissertation. Plots of
these functions along with their large argument asymptotic
approximations are given in Figures B.4.1 through B.3.4.
Further discussion of these plots is delayed until Section

B.4 on large argument asymptotic approximations.

B.2 RECURRENCE RELATIONS
For the purposes of this section and the next, let tv

and 7, be any of the following pairs of Kelvin functions:

f = herux, g, = beiox {B.2.1a)

f = kervx, q keiox {B.2.1b)

v

£ = beivx, g, = - berux {B.2.1¢c)

£ = keivx, g - kerux. {B.2.1d)

Each of these four pairs satisfy the recurrence relations

£0+1 + f»_‘ = - —;—(f” -g) (B.2.2a)
1
£/ = —A(f + g - f - g ) (B.2.2h)
v 2/ ! vl v-1 v-1
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v 1

X v /i- U+l V+1
v 1
—f = - —A{f + Qg )
X v ‘/2— v-1 V-1

(B.2.20)

(B.2.2d)

wvhere the prime denotes derivative with respect to x.

Special cases of these recurrence relations. involving

only Eelvin functions of zero and first order are given by

Appendix B

her;x

bei;x

ker’x

kei;x =

ber

bei

ker

kei

‘X = —i4her x + bei x)
° 1 1

‘X = —l(bei x - ber x)
° 1 1

vz

;x = —i(ker x + keilx)

/2— 1

;x = —L(kei x - kerlx)

ﬁ 1

éberlx - —i(berox + beiox)

1 . 1 .

;b.xlx - —-(boxox - ber°x)
/2

i 1 .

—her x - —(ker x + kei x)

x 3 Sz ° °

1 . i .

— kei x - —{kei x - ker x).

x /2 ° °

{(B.2.3a)

(B.2.3b)

(B.2.3¢c)

(B.2.3d)

(B.2.4a)

{B.2.4Db)

(B.2.4c)

{(B.2.4d)
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Finally, for the special case when the order v is an
integer n, the following relations for negative order are

satisfied:

ber_nx = (-l)nbernx (B.2.5a)
bei__x = (—l)nbeinx (B.2.5b)
ker_ x = (-1)7ker x (B.2.5c)
kei_ x = (-1)%kei x. (B.2.5d)

B.3 INDEFINITE INTEGRALS
Several indefinite integrals of various combinations of

Eelvin functions are summarized below. Let fu’ g. bhe any

v
one of the pairs of EKelvin functions given by equations
(B.2.1), and let Fu’ E; be either the same pair or any other

pair. Then

149 _x - e oGltV, , v

J; fvdx = v (q"’l t»") = X (qv ;gv) {B.3.1a)
1-v x!-? 1-v v
- - = - ’ . -

J; fvdx = v (t‘”_l qu_l) x (q” + ;q") (B.3.1b)

1 2
J;fuqux = zX (2£“qv £ q £ g ) {(B.3.1¢c)
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2 2 , _ ’
J;(fv + qv)dx = x(tvqu togv)

1
= ;;"quv*l £V£V§l T0f v T0Tv41!
1
= —x( tqu-n + fo'v-: + gva_l + qvq”_l) (B.3.1d)

2 2 1 2 2 2
_["“u - g dx = g F - F  f . -g tg, g, ) (B.3.1le)
= 1 2 - -
J;(foqv + qufu)dx = 3 (2£qu fv-lqv+x
= £ a1y Y, C 9 FL m 9, F,.,)  (B.3.D)

= - - i ’ - y 4  re - gy ]
J;(qu" qvf;)dx = 2x(£»fv £E v+ g'g - g3
1 - -
= zﬁX{f"(f"’l + q\’#l) q\’(f“’l - gu*l)

S EE L YT e F - qo+1)}

1 - - -
-__x{fv(f§-1 + g ) g (F g )

2‘/5 v-1 v -1 v-1
- f»(t‘,_l + qv_!) + qv(f\’_l - q“_‘)}. (B.3.1g)

Two of these integrals, (B.3.id) and (B.3.1g), are used
extensively in this dissertation for the determination of
the power dissipated and energy stored in winding conductor

layers. Special cases of (B.3.1d) which apply are given by

J;(hcrzx + boi’x)dx = -ix(ber xbei x - ber xber x
° ° ° 1 ° 1

- beioxberlx - heioxbeilx) {(B.3.2a)
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J;(hor’x + kci’x)dx = -1a(k¢r xkei x - ker xker x
. s [ 1 ° 1
- kex'xkerlx - kei.xheilx) {B.3.2bh)

J;(bcr’x + bei’x)dx = -ix(— ber xbei x + ber xber x
1 1 /3 1 ° 1 °

+ beilxber.x + beiixbeiox) (B.3.2c)

J;(ler:x + kei:x)dx = —ix(- ker‘xkeiox + kerlxkerox

+ kei xker x + kei xkei x), (B.3.2d)
1 o 1 °
and special cases of (B.3.1g) which apply are given by

J;(bei xkei x + ber xker x)dx
o ¢ ° 0
= —i—x{h.r x(beixx - berlx) - keiox(beilx + berlx)

2/2
- bei.x(kerlx + keilx) - bernx(kerlx - keilx)} {B.3.3a)

J;(her xbei x - kei xber x)dx
0 ' 0 )
a —i—x{her x{ker x + kei x) - bei x(ker ¥ - kei x)
° 1 1 [ 1 1

2/2

- herox(ber.x + beixx) + kei.x(herlx - bei‘x)} (B.3.3h)

j;(boilxkoilx + b-rlxker‘x)dx
= —i—x{hei x{ker x + kei x) + ber x{(ker x -~ kei x)
1 o o 1 o °

2/2

- kerlx(bei.x - berox) + kax‘x(bexox + ber.x)} {B.3.3c)
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J;(kor‘xbnixx - k.ilxborlx)dx

= —i—x{ker x{ber x + hei x) - kei x(ber x - bei x)
1 [ ° 1 0 [

2/2
- ber x(ker x + kei x) + hei x(ker x - kei x)}. {B.3.3d)
1 ° . 1 . o

B.4 LARGE ARGUMENT ASYMPTOTIC APPROXINATIONS

Much more elaborate asymptotic approximations than shown
here are given in [3551]. 1f desired, accuracy can be
improved by including additional terms given in those
expressions. For the purposes of this dissertation, it will
be seen that the argument x is sufficiently large so that
only the dominant term of the approximation is needed to
provide results which are quite accurate,. In practice, if
accuracy needs to be increased, the author has found that it
is practical to use the more accurate polynomial
approximations in [35] rather than including additional
terms of the asymptotic approximations.

For the general order v, the dominant term of the large
argument asymptotic approximation of each of the EKelvin

functions is given by

bcr;x ~ 5%; .x"i cos[;% + g» - %] (B.4.1a)
. I 1 x/V/2 . l x w ul

bei x ~ e sinj— ¢+ =v - = (B.4.1b)
v iltx ﬁ 2 8
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torvx ~ g '—xlﬁ cos[—x .+ gu + g—] {(B.4.1c)

kei x ~ -I;g:-"’J! sinl;% + Fo g]. (B.4.1d)

Examination of these expressions reveals that,
asymptotically, Kelvin functions of the first kind are
exponentially increasing sinusoids while those of the second
kind are exponentially decreasing sinusoids. Also evident
is the fact that the real and imaginary parts are in phase
quadrature.

Special cases of the large argument asymptotic

approximations for orders zero and one are summarized below:

ber x ~ I . EXIJ! cos[—£ -z (B.4.2a)

Q m ﬁ 8]

bei x ~ 55; eX/V2 sin[;% - g] (B.4.2b)
n _-x/J/2 x T

ker.x ~ J;; e cos{;; + gl (B.4.2c)

kni.x ~ —J;g e-XIJi sin[;% + g] (B.4.2d)
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and

l 1 x/J/Z x 3
berlx ~ m [ -] COSs [—2' + —Q- {(B.4.3a)
. l 1 x//2 x 3
b.llx L m— [ sin[— + —5- {(B.4.3b)
ker x =~ —E-e_x,'z cos[—i + E% (B.4.3c)
1 2x /2
kei x ~ 'lll o X/V2 sin[—l + ig- . (B.4.3d)
! x Vi3

Plots of the EHelvin functions for orders zeroc and one
are presented in Figures B.4.! through B.4.4. The solid
curves were obtained using the polynomial approximations in
[55] whose accuracy is better than 0.0001%. Throughout this
dissertation results using these formulas are considered to
be exact. The dashed curves represent the corresponding
large argument asywptotic approximations in equations
(B.4.2) and (B.4.3). It was indicated in Section§ 4.2 and
4.3 that a practical lower limit for the argument x in
present power conversion technology is about' 28. This
figure corresponds to a minimum frequency of 20 KHz and a
minimum winding radius of 9.4 mm (=23/8 in). The curves

presented here do not extend beyond x = 8 mainly because of
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the resulting loss of resolution. Even so, the excellent
accuracy of the large argument asymptotic approximation is
evident in this range, and it improves further as x
inocreases. Table B.4.1 provides some supplemental accuracy
figures which are difficult to infer from the curves. They
wvere obtained from numerical data and are based on an
examination of the envelopes of the exponentially increasing
and decreasing sinusoids which these functions approximate.
From these figures it is seen that the worst-case accuracy
can be expected to be better than 27. Present trends in the
power conversion industry indicate higher frequencies for
the future. As a consequence, sizes will decrease in an
offsetting manner leaving the accuracy of the large argument
asfmptotic approximation at roughly the same level.
Finally, note that the accuracy of the =zero order
approximations is somewhat better than those {or the first
order functions. Thus, one would expect wmore accurate
results for the magnetic field intensity and stored enery

than for the current density and power dissipation.
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Table B.4.1. Minimum values of argument x for zero and
first order Eelvin functions corresponding to a given
accuracy level expressed as a percentage error.

ficcuracy Level Zero Order First Order
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Fig. B.4.1. Zero order Kelvin functions of the first kind
and their large arguwment asymptotic approximations.
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.Fig. B.4.2. Zero order Kelvin functions of the second kind
and their large argument asymptotio approximations.
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Fig. B.4.3. First order Kelvin functions of the first kind
and their large argument asymptotic approximations.
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Fig. B.4.4. First order Xelvin functions of the second kind
and their large argument asymptotic approximations.
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APPENDIX C

FOURIER ANALYSIS

A conocise summary of those aspects of Fourier analysis
which are used within this dissertation is presented in this
appendix. First, the Fourier series is defined in terms of
its three wmost common forms: complex, trigonometric, and
phasor. The relations between these forms along with
several other useful formulas are then given. Next, an
important quantity which has been given the name normalized
power bandwidlh and the symbol B is introduced and defined
for the purposes of this dissertation. Several
interpretations of this quantity are discussed, and results
for the waveform classifications in Appendix D are
presented. Also defined for use here is a piecewise linear
approximation to the Fourier series. This approximation is
appropriate for many of the waveforms encountered in
switched-mode power converters.

Many books which contain the basics of Fourier analysis
may be used to supplement this material. For example, the
author has used Papoulis [58]1 and Wylie [591, primarily

because of his familiarity with them.
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C.1 DEFINITIORS

Let the function f(i) satisfy the Dirichlet conditions:

[ f(t) is bounded and single-valued everywhere.

) £(t) is periodic with period T.

. £(L) has a finite number of finite
discontinuities in any one period.

) £{(t) has a finite nuwmber of local maxiwma and

minima in any one period.

Then the function f(i) wmay be represented by a Fourier
series which will converge to f(t) at points of continuity
and to the average of the right- and left-hand limits at
points of discontinuity. The Dirichlet conditions are
sufficient but not necessary, i.e. if the conditions are
satisfied then convergence is guaranteed. However, if they
are not satisfied the series may or may not converge. There
are at present no known necessary and sufficient conditions
for convergence of Fourier series.

All waveforms encountered here satisfy the Dirichlet
conditions. Indeed, any voltage or current waveform which
can actually be produced must satisfy these conditions. All
vaveform derivatives are also assumed to satisfy the
Dirichlet conditions. Under the above conditions, the

Fourier series wmay be both term-by-term integrated and

differentiated.
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The wmost concise form of the Fourier series is the

complex Fourier series

(C.1.1a)

N8

dt, (C.1.1b)

and

. 1
f°=?

s, &g = 2nf, rad/s (C.1.2)
is the fundamental frequency along with its corresponding
radian frequency. The limits of integration in equation
(C.1.1b) wmay, in general, be over any given period. For
simplicity, and without loss of generality, all waveforms

are referenced to the time ¢ = 0,
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Another ocommon form of the Fourier series is the

trigonometric form

F(t) & —2 & (a coske t + b

% sinkuot), (C.1.3a)

F 4

N
N
NN~ 8

whose coefficients are

a, = 2] f(t)coske t dt (C.1.3b)
k al ® 0

b, = 2| £(t)sinks t di. (C.1.3c)
k T 2 0

Simple algebraic wanipulation of these definitions yields

the following relationships between the coefficients:

a = 2c¢ (C.1.4a)
1] 4]

a, =e, +to . (C.1.4b)
by = jle, - e ) (C.1.4¢c)
o, = Xa, - jb,) (C.1.4d)

k= 7% k
c . = Xa, + jb,) (C.1.4e)
-k = 7% k- -1
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A third and final form of the Fourier series is the
amplitude and phase trigonometric form, and it will be
referred to as simply the phasor form. Again, simple

algebraic manipulation yields
o0
£F(t) = ﬁo + E akcos(kant - ’k)' (C.1.%9a)
k=1

where

A =c¢c = —; (C.1.5b)

I 2 2 I
ﬂk Sl P bk = 2 €L 1 (C.1.3¢)

b c, - ¢
$, = tan ‘[1_"‘_] =tan‘[,§ c"+c" } (C.1.5d)
k k -k

The coefficients_ﬁk will be referred to as the amplitude

Fourier coefficients, and ‘k the phase Fourier coefficients.
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C.2 SONE USEFUL FORMULAS

Several useful formulas are summarized in this section.
Each is written in the three forms already defined: complex,
trigonometric, and phasor. Remember that all waveform
functions and their derivatives are assumed to satisfy the
Dirichlet conditions; consequently, their Fourier series
representations may be both integrated and differentiated
term-by-term. All functions are also assumed to be real.

By substituting the Fourier series representations into
the integral definitions of the average wvalue and the
rms-squared value of f(t) and performing the integrations,

the following formulas may be derived:

a
f =il sty dt 2o =-2-2a (C.2.1)
av T ° 0 2 °
o .. ]
2 .1 2 S
frms = TJ:I (t) dt = 2 CrC g = %, ¢ 22 €% g
k=~ k=1
e} o0
1 2 1 2 2 2 1 2
= an + 7} (ak + bk) = ﬁo + EE ﬂk. {(C.2.2)
k=1 k=1

The latter e=xpression is Parseval's identity. It is also
referred to as the average power of the function, although a
general function itself has no units attached to it. When
used in a physical application, however, the function

represents quantities with units such as voltage and
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current. The term average power attains its significance in
such applications. For instance, if #£(i) represents the
current through a one ohm resistor, then ’:‘ms is the power
dissipated in that resistor.

Similar formulas can be derived for the derivative of
the function £°{(?). Term-by-term differentiation is used to
determine the Fourier series of f’(t), and after performing

the integrations, one obtains

fa’w ] ;.—J:t"(t) dt = 0 (C.2.3)
]
o0 o]
2 o1 ’ 2 o .2 2 _ 2 2
frms 2 f_[:[t (t)]° dit = 602 k G0 _p = 20“2 k €rC_p
k=—-co k=1
o0 o0
1 2 2, 2 2 1 2 2,2
= 5002 k (ak + bk) = f“oz k ﬂk. (C.2.4)
k=i k=1

The Fourier transform is also employed in the next
section, hence its definition along with some formulas
similar to those above are summarized here, The Fourier

integral transform and its inversion formula are defined as

Fla) & r Fitre 99t 4, (C.2.5a)
- 00
1 jat
-00
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and will often be represented by the notation
£L) — Flw). {C.2.6)

Now let fr(t) and té(t) be defined as the truncated

function and its derivative, respectively:

£{(t) ; @ <t < T
fr(t) = (C.2.7a)

@ ; elsewhere

£/(t) ; @<t s
ff(t) = ’ (C.2.7h)

@ ; elsewhere

with corresponding Fourier transforms

fr(t) L Fr(a) (C.2.8a)
£L(E) — Fl(0) = joF_ (a). (C.2.8h)

r T r

Then, using these definitions and Parseval’s theorem, the
following formulas which correspond to equations (C.2.1)

through (C.2.4) can be easily derived:

1 1
fav = fjj;fr(t) dt = TIT(O) (C.2.9)

2 1 2 1 2
£ = ?’J:fr(“ dt = mfm[tr(a)] de (C.2.10)
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‘tl
rms

It is
coefficients

transform of

’_1 ' _'l‘l -
tav = r]j;fr(t) dt = TIT(O) =0 (C.2.11)

1 ’ 2 1 ’ 2
= (£¢(2)1° dt = |Flta)]|” de
7’-«. T 2aT I_m T

= ﬁ%r o' |Fote)|? de. (C.2.12)
-

sometimes useful to relate the Fourier
of a periodic function £(t) to the Fourier

the truncated function fr(t). This relation is

easily obtained by inspection of equation (C.1.1b), yielding

In addition,

1
Cr = Tfr(kﬂo). (C.2.13)

the Fourier transform of the periodic function

£f(t) may be expressed discretely as

Flaw)

(-] o0
2n
= 2u§ okS(a-kuo) =~ Fr(kuo)S(u-kuo) (C.2.13)

k=-00 k=—o0

which is easily obtained from equation (C.1.1a) and the

Fourier transform pair

ed®et | 2ub(w-0 ), (C.2.15)

where 8 denotes the Dirac delta function.
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C.3 THE RORMALIZED POUER BANDWIDTH

The ratio which has been given the name normalized power
banduidth has been identified as an important parameter
which relates certain characteristics of a given ocurrent
vaveform to the power it causes to be dissipated in a
winding. This ratio is examined in this section in order to
provide a wore thorough understanding of its properties.

The first occurrence of the normalized power bandwidth
appears in the analysis for the two-term series
approximation of the power dissipated in a winding with
arbitrary periodic exitation (see equations (7.1.11)).
There, it originates as an expression involving the Fourier
coefficients of the current waveform. It is repeated here in
terms of the three alternate forms summarized in the

previous section:

0 o0
2 2
E k Cu & 22 k €L s
2 k=—o k=1
p = 0 = Py
2
2 CLC & c, * 22 CL°
k=-c k=1
(- -]
1 2,._ 2 2 1 2.2
52 k (Bk + bk) -2- k ﬂk
- &=l - k=1 (C.3.1)
1l 2 1 2 2 2 1 2
=, " 22 ta, + B? g + ‘i‘z 8,
k=1 k=1

fippendix C 333



The significance of these expressions is not immediately
evident at first glance. 1f, however, one recognizes these
summations as those obtained for the average power of a
wvaveform, then a considerable siwmplification results.
Specifically, using equations (C.2.2) and (C.2.4) yields the

simple relationship

1 1.,
_z;- (F/()1tde —frms
2 “o "] ﬂo
p = = » (c-3-2)
12 £2
=| £2ct) at rms
Tlo

This is recognized at once as being proportional to the
ratio of the average power of the waveform derivative to
that of the waveform itself. In most cases this expression
also represents a more efficient method for computing B than
the infinite series formulation of equation (C.3.1). The
proportionality constant 1/0: serves to normalize the time
derivatives in the numerator. Therefore, the units of the
numerator and denominator are identical, so that the ratio 8
is unitless.

A further interpretation of the ratio 8 becomes possible
if Parseval's theorem is employed. Using equations (C.2.10)

and (€.2.12) yields
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1 2 2
-;ro Z7pt0) | de
@ -0

]
17 (e)|* de
[

where the subscript T denotes the truncated functions

(C.3.3)

defined in equations (C.2.7) and (C.2.8). This is the
corresponding frequency domain expression. It may also be

written in the wmore recognizable form

. (C.3.4a)

where

o = (C.3.4b)
@

is the normalized variance of the power spectrum. It is the
variance as well as the second moment because the mean is
Zero as a consequence of the symmetry of the power spectrum
about @ = ®. The normalization is with respect to the total
energy of the truncated function. The motivation for the
term normalized power Bandwidth should now be evident. The

variance is a measure of the bandwidth of the power spectrum
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about zero frequency, and the normalization is with respect
to the fundamsntal frequency @ .

Before continuing, it would be desirable to compute and
examine properties of the normalized power bandwidth for
some representative examples. Appendix D provides the basis
for the waveform classifications considered here. Most
vaveforms in power conversion can be represented by one of
these fundamental waveform types or a combination of them.
First, consider the Type I periodic sinusoidal waveform
Bsina°t, since it is the simplest and provides a very good
reference result upon which others can be cowmpared and

evaluated. The computation is quite trivial:

1 .,2 1 2:4°
“:‘rms 2 0 2
2 ° °
ﬁ = = - 1, (c.3-5a)
T T T E
2

where the subscript notation is wused to identify the
waveform types defined in Appendix D. This basic result
provides one confirmation of the formulas obtained in thé
arbitrary periodic waveforwm analysis, since it reduces them
to those derived in the sinusoidal analysis. Results for
the next three wvaveform types ({II - unidirectional
fractional sinusoid, III - unidirectional rectangular wave,
and IV - unidirectional triangular wave) are also easily

derived from the application of equation (C.3.2):
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By = =g (C.3.5b)
Bu.. = J 1 (C.3.3¢c)
111 = : T -3.
200 (0 - 30 )
g = | —3 (C.3.5d)
1v an’pp_

In each of these expressions 7 represents the duty cycle of
the waveform pulse, and Dr represents the duty cycle of the
rise times in the square and triangular waves. BRefer to
Appendix D for the complete definition of these waveforms.
Curves for these expressions are presented in Figure
€C.3.1 as a function of the duty cycle D which may vary from
97 to 1007.. A typical value of 1% is used for the rise-time
duty cycle of waveform types III and 1IV. A wide variation
of A with respect to both the waveform type and the duty
cycle is evident. ficcording to the two-term series
approximation given in equation (7.1.11a), this translates
into a corresponding variation in the power dissipation in a
transformer winding. In addition, from equations (7.3.1)
and (?7.3.2), it is seen that the optimum conductor layer
thickness is inversely proportional to the square root of 2.
The resulting mwminimmm power dissipation is directly
proportional to it. Thus, in general; the power dissipation

increases and the optimum conductor layer thickness
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III. Dr = 0-01

S b aED aEp I E AP D T aO - - b aD T aEp Gl T T T o

Figure C.3.1. Normalized power bandwidth vs. duty cycle for
the following waveforwm classifications in Appendix D:
I - sinusoid, II - unidirectional fractional sincsoid,
I11 - unidireotional rectangular wave, and Iv -
unidirectional triangular wave.
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decreases for smaller duty cycles. Note also the variation
with respect to the waveform type. The sinusoidal case is
shown by the dashed line; in most cases it results in the
least power dissipation. The only exception is a fractional
sinusoid whose duty cycle is greater than 3507. Both of the
nonsinusoidal waveform types have larger values of B8, with
the triangular waveform the largest.

. The preceeding discussion can be conceptually summarized
in a general manner as follows. More rapidly wvarying
periodic waveforms, characterized by larger bandwidths and
increased energy levels in the higher harmonics, produce
more nonuniform currents which result in greater conductor
power dissipation. The normalized power bandwidth B
provides the quantitative definition of this rapidness of
variation or bandwidth. The nature of these results should
not be of great surprise and should be easily remembered
since they are in agreement with fundamental concepts such
as skin effect and tiwe-bandwidth product. As a further
illustration of these concepts, Figures €.3.2 and C.3.3 are
provided. These two figures show curves of B for wvarious
values of the rise-time duty cycle Dr for the rectangular
and triangular waves, respectively. The reference value of
unity for a sinusoid is included as the dashed line. Naote
that in some cases for large values of 0 and Dr it is

possible for B to be less than one. In fact, for a pure DC
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I - sinusoid

] i L e 1 i 1 A | A
® 9.2 o.4 @.6 e.8 1.0

Figure C.3.2. Normalized power bandwidth vs. duty cycle for
the unidirectional rectangular wave (Type IIl) with the
duty cycle of the rise time varied as a parameter.
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B---‘—-—----——M
I - sinusoid

Figure C.3.3. Normalized power bandwidth vs. duty cycle for
the unidirectional triangular wave (Type IV) with the
duty cycle of the rise time varied as a paramster.
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wvaveform, a = 9, In general, however, present trends in
power conversion technology are emphasizing shorter rise
times in order to reduce switching losses. Ironically,
there results a corresponding increase in winding losses.
Ultimately, these offsetting effects should be evaluated
for each application. Decisions on topics such as operating
frequency, circuit topology, and transformeé construction
should include these evaluations.

No graphical results are presented here for the last
wvaveform classification, Type V, which is for an arbitrary
periodic vaveform represented by a piecewise linear
approximation. This topic is the subject of the next
section, and an expression for the normalized power

bandwidth will be derived there.

C.4 PIECEWISE LINEAR APPROXINMATION

Many waveforms encountered in switched-mode power
conversion are made up of straight line segments. For those
cases, the piecewise linear approximation (PLA) given here
is actually an exact analysis, making it a natural choice.
Other waveforms may be approximated as accurately as desired
by choosing a sufficient number of intervals.

Please refer to Figure C.4.1 for the pictorial

representation of the following description of the PLA:

Appendix C 342



£(t)

Figure C.4.1. Pictorial representation of the PLA.
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) £(l) satisfies the Dirichlet conditions.

) the PLA is defined on the interval [@, T1, but it is
valid everywhere according to the periodicity of f.

® ##+1 point pairs [tn,fn]; m =0,1,2,...,1 are defined
on the interval [0, T1. fn represents the function
value f(tm) at time tm'

. the point pairs are joined in numerical order by
straight line segments to form the PLA of £(2).

] there are a total of i tiwme intervals, for which the

mth interval is defined to be [tm_l,tml.

A convenient way to mathematically express the PLA is to
define trapezoidal functions Fm(t) which are wvalid on the

mth time interval, namely,

£ -f
tm(t)=M‘-(t-t Y+ £ it stgE . (C.4.1)

t -t
m m-3

Thus, the truncated function fr(t) defined by equation

(C.2.7a) may bevwritten as the simple summation

i
fa(t) = E fn(t). (C.4.2)
o=

m=l

Now these equations can be substituted into the defining

integrals for the average value and average power given in
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equations (C.2.1) through (C.2.4). Ignoring the Fourier
analysis for the time being and performing the time

integrations gives

1 fm+£m-x
tav = ?2 ————-———Jtm-tm_l) (C.4.3)
2
m=1
2 1" £;+£m£m- £ -1
£ = —§ u i (t -t ) {C.4.4)
rms T m m-1
3
m=1
rd
Fav = 0 (C.4.9)
2 1“ (fm_[m )1
f’ = = = s (C-Q-G)
rms TL o2 -t )
m=1 ] -1

The next task is to determine the Fourier coefficients
using the PLA. The obvious approach is to substitute the
expressions in equations (C.4.1) and {(C.4.2) into the
defining integral of equation (C.1.1b). This approach
certainly will produce the correct results; however, it is a
lengthy and uninteresting endeavor. A wmore attractive
approach which yields quickly the desired results uses both
the time differentation property of the Fourier transform
and the Dirac delta function. Beginning with equations

(€C.4.1) and (C.4.2), and taking two time derivatives gives
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(t-t ) + £ (C.4.7a)

¢ _r
. - m m-1 _ _ _
£24(t) 2«————————[u(t t, ) - ult-t )1  (C.4.7B)

m=l ®m» nm-1
L o P
£;(t) = 2-————————[6(t-t ) - 8¢ttt 1], (C.4,7¢c)
t ‘t L mn

Using the Fourier transform pair

Jote

Blt-t ) —— e (C.4.8)
and the time differentiation property
£ —— (ja)F(a) (C.4.9)

then results in

"
fmntm-x ~-jot -jot
Ffite) = 2 —n B lie m-1 - e %'n  (C.a.10a)
t -t
m=1 m m-1
Tdet, - eTdetL, (c.a.10m)

1” fm-f -1
F;‘“) = ,_2 —_— (e
Jo
t -2
m=1l m “m-1
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n-x,e-Jet

1 : fn-f
Fr(o) = 2 m-1 -
(jar 26 @ -3
m=1 m m-1

e-J“tm). (C.4.10¢c)

The complex Fourier coefficients can now be written by

inspection by using equation (C.2.13):

olm-1 - e 988, T, (c.a.11a)

c

n
tm"m-x,e-jku t
k 2 : - b

1
T(Jiuo)m=1 a tm-x

which is easily simplified to

- .kﬂo
)]e A B ML TR

n
c, = e—i—E (f_-f )Sa‘sﬂi(t -t s (C.4.11D)
Jamk m m-1

k { 2 ®m @m-1
n=1

where

Sa(x) = ii§£ (C.4.12)

is the sawmpling function which arises frequently in
communication theory. If desired, the trigonometric and
phasor forms of the Fourier coefficients can easily be found
via the relationships in equations (C.1.4) and (C.1.5).

In conclusion of this section on the piecewise linear
approximation, consider the computation of the normalized
power bandwidth. The simplest approach is to substitute

equations (C.4.4) and (C.4.6) into (C.3.2), which gives
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4 .
z L (£2-2r £ £ )
: -2 m mom-1 m-1
2 3 m=1 m m-1
ﬁv = ;; % {C.4.13a)
° 2 2
2 (t- tn-x)(’n+fm£m-x+£n-1’
m=1
or
Fe d
2—1—“‘2-2!‘ £ +£2 )
m m m-1  m-1
2 3 m=1 Dm
pv = 2 u N (C-Q- 13b)
An 2 2
2 D (£7+Ff F +f )
n mom m- m-1
n=1
where
tm- m-1
Dm 2 ——— (C.4.14)
r

is defined as the duty cycle of the mth time interval. Note
also that an alternate expression for the normalized power
bandwidth in terms of the Fourier coefficients can be
derived by substituting equation (C.4.11b) into (C.3.1).
This result, however, has the disadvantages of being both
more complicated and also of containing infinite series

instead of the finite ones in the above expression.
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APPENDIX D

WAVEFORM CLASSIFICATIONS

The waveform types defined in this appendix are used in
the examples of Chapter 7 and Appendix C. They are chosen
to provide representative examples of how the properties of
wvaveforms affect the power dissipation and energy storage in
transformer windings. They are also typical of the
waveforms encountered in switched-mode power converters.
The waveform types are defined in Figure D.)i, where the

waveform duty cycle and the rise-time duty cycle are defined

as
¢
p =9 (D. 1)
T
and
t!‘
Dr = —y ’ (D-2)
T

respectively. For convenience, several proberties are also
summarized in Table D.1. Note that Type V is used to refer
to an arbitrary periodic waveform which is modelled using

the piecewise linear approximation in Appendix C.
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(a) Type 1 - Sinusoid.

]
'
'
b Ye  +2
N d

n
I r—>
tr td r

{c) Type 111 - Unidirectional
fraotional rectangular
wave.

Figure D.1.
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(b) Type 11 - Unidirectional
fractional sinusoid.

1

r
—>» ¢
¢ T

(d) Type IV - Unidirectional
fractional triangular
ave.

Waveforwm classifications.,
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Table'D.

1. Properties of Waveform Classifications

f —
2 ,2 }
Type : fau frms frms B i
— T J
1, 2 1.2 2
1 { ] iﬂ -2-8 ﬂo 1 E
| 11 ! 2 80 ;-a’p[-“—r = |
i . 4 2 td 401
i
| ap atp-ip ) 23’11"- 1
§Dr 2 2 k] -
¢ 2z°p_(B-xD ) |
r r r }
+
v | lasens | Latwen | a2l -3 l
1 2 r 3 r T hzwr
i
v J (C.4.3) (C.4.4) (C.4.6) (C.4.13)
e s J==.=======¥!
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£11
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£41
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61
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