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(ABSTRACT)

In this thesis a numerical technique is developed determining the propagation constant
in waveguides and transmission lines. The technique accounts for both dielectric and conductor
losses in a guide having an arbitrary cross section and uses a full-wave solution process. A set of
coupled, vector integral equations which characterize the system are derived. The equations
enforce the necessary boundary conditions on the tangential electric and magnetic fields at the

boundaries separating the conductors and dielectrics.

The method of moments (MOM) technique is used to cast the equations into a
numerically solvable form. Computed results for various waveguide structures are compared to
known or perturbed results for three well-known structures. However, the program is more
general and may be applied to other cross-sections. Finally, possible future extensions of the

work is presented.
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Chapter 1

Introduction

Wave propagation in microwave guiding structures has long been a subject of interest.
Since the advent of the digital computer, the propagation effects due to cross—sectional
geometry and material properties have been widely studied. The computer has allowed the
study of waveguides having unusual cross-sections, multi-layered dielectrics, and multi-conductor
paths. However, the effects of non-ideal conductors is an area that has not reccived such wide-

spread attention.

" The most important effect of non-ideal conductors is signal loss. To quantify the loss,
mbst researchers have used a perturbation approach [1,73). With this approach the ficlds and
propagation constant are first determined for the lossless case and the loss is then approximated
by using the lossless fields at the conducting surfaces. Naturally, this technique is limited to
low-loss situations. In addition to creating loss, non-ideal conductors also modify the phase of
the signal. With the perturbation approach described above, this effect is completely ignored.

To fully account for the conductor effects, a more complete analysis is needed.

The analysis developed in this thesis determines the propagation constant in microwave
guiding structures. The resulting technique, a full-field analysis, allows the structure to have a
general cross-section and accounts for both conductor and dielectric loss. The full-field analysis
uses the vector potential representations of the fields and the equivalence principle [1,106] to

express the fields as integrals over the media boundaries in the structure (e.g. the




dielectric/conductor boundary). A set of coupled integral equations, which may be solved for
the structure’propagation constant, is obtained by matching the field components across these
boundaries. These integral equations are solved by using a popular numerical technique — the
method of moments (MOM). The MOM technique reduces the set of coupled integral equations
to a set of simultaneous linear equations, which may be solved by a number of well-known

techniques (e.g. LU decomposition — lower/upper triangularization).

The remainder of this thesis is divided into five chapters and three appendicies.
Chapter 2 develops the vector potential representations of electromagnetic fields. Chapter 3
derives the coupled integral equations for both waveguides and coaxial transmission lines, with
special emphasis given to the waveguide problem. In chapter 4 the integral equations for the
waveguide problem equations are cast into a numerically solvable form, and chapter 5 presents
computer derived results for several waveguide structures. Chapter 6 summarizes the main
topics of the thésis and discusses the primary conclusions. The three appendicics contain details

of the derivations in chapters four and five.



Chapter 2

Preliminary Topics: Vector Potential
Representation of Electromagnetic Fields

2.1 Introduction

In this chapter we ”lay the groundwork” for the upcoming analytical development.
The vector potential representations of electromagentic fields are presented, with a special
emphasis on two-dimensional fields. In addition, terminology, definitions, and coordinate

systems are introduced.

2.2 Vector Potential Representations of
Two-Dimensional Electromagnetic Fields in a
Homogeneous and Isotropic Region

Consider a homogeneous isotropic media characterized by a complex permittivity ¢* and
complex permeability pu*. Furthermore, let electric currents J and magnetic currents M exist in
the region. From the results of Appendix A, the electromagnetic fields may be expressed in

terms of the magnetic vector potential A and electric vector potential F as

E(r) = —VxF(r)+ ]—“-)16—,(‘7 (V-A(r)) + L-'-’A(r)) 2.1

H(r) = VxA(r)+ =L (V(V-F(r)) + L-’“’F(r)) , (2.2)

Jwp’




with

V2A(r) + B A(r) = ~I(r) (2.3)
V2F(r) + ¥ F(r) = —M(r) (2.4)

where r is the 3-dimensional position vector locating a point in space and k* = w? pret.

The del operator V may be conveniently defined as

= 290
V_V"+26z

. . . A . .
where V,, is the two-dimensional (transverse to z) operator. We now consider solutions to

(2.5)

equations (2.1) through (2.4) which exhibit wave propagation in the % direction (two-

dimensional solutions). Specifically, we desire solutions where the z variation in all quantities is

given by ¢ %
E(r) = E(p) ¢ ke » H(r) = H(p) eIk (2.6a)
I(r) = 3(p) ke . M(r) = M(p) eIk (2.6b)
A =A™ R = E(p) T | (2.6¢)

where p represents the transverse to 2 component of the position vector r. The geometry
dependent parameter k; is an unknown quantity which must be determined. Only the values of
k; which satisfy Maxwell’s equations and the boundary conditions are valid; the purpose of this

thesis is to find the allowed k. values for waveguide and transmission line problems.

The electric field E(p) may be expressed in terms of a Z component and transverse
components as E(p) = E,, + E.% (unless explicitly denoted otherwise, the implied argument
p will be dropped in the text that folléws). If we substitute (2.6) into (2.1) through (2.5) and

perform some elementary vector manipulations, we obtain

£o= =(VuxBu)de gha((B-r s (vons)) e




and
E, =jk:2xF, — V, F:x % +
]a}c (Vtr (Vtr Atr) —7k: Vi A: + kgAzr) ) (2.7b)
with
VZA(p) + (K — k2)A(p) = —I(p) (2.8)
ViF(p) + (K — k?)F(p) = —M(p). (2.9)

The equations for the magnetic field H(p) are similar to (2.7) and may be obtained via duality

[1,98].

2.3 Helmholtz Integral Solutions for
Two-Dimensional Electromagnetic Fields

Suppose we have two-dimesional sources acting in a homogeneous, isotropic, and
unbounded media (Fig. 2.1). The source coordinates are denoted by p’ and the field coordinates
by p. The surface S denotes the area over which the sources act. For this case possible

solutions to (2.8) and (2.9) are given by the two-dimesional Helmholtz integrals [1,228]

A(p) = ]i4 ”J(p’) Hf,z)( ky|p—=p'|) ds' (2.10)
S
= 1%1 SJM o) Hf’z)("o lo—p'|) ds" (2.11)

where
Hf,-)(-) is the zeroth order Hankel function of the second kind
kp E sz - kzz

ds' is an element of area perpendicular to 2.




Source Point

Observation
Point

X

Figure 21 Coordinate system for 2-Dimensional field problems.




For the case where only surface currents exist on the boundary of the surface S (denoted by the

contour ¢ — Fig. 2.1) then (2.10) and (2.11) become

A(p) = ;1; { 36 Ho (ks lp—¢'|) a¢’ (2.12)
¢

F(p) = ]%, { M(p") ng)( ko lo—p'|) dt/ (2.13)
¢

where d€' is an elemental length of the contour ¢ and { represents an integral over the

closed contour €.




Chapter 3

Analytical Development

3.1 Integral Representations of the Electric Field via the
Equivalence Principle

Consider the infinitely long (no variation with respect to z) source-free waveguide shown
in Fig. 3.1. Both the conductor and dielectric regions are assumed to be isotropic and
homogeneous. The dielectric, characterized by a corr;plex permittivity €5 and permeability ug,
supports the fields (Ed,Hd), while the conductor contains the fields (E€,HI®) and is characterized
by an equivalent per'mit.tivit.y et! and permeability pc. To simplify the development we will
model the conductor as being infinitely thick. Tﬁe mode] imposes no serious limitations provided
the actual conductor is at least several skin depths thick (this is case in most practical metallic

walled guides) {1,53] .

To formulate the problem the equivalence principle [1,106] is used. We shall find that
the fields in the dielectric and/or the conductor regions may be expressed in terms of Helmholtz
integrals with equivalent sources on the interface between the two media. The required integral

equations are then obtained by matching the field components at the interface. In the

1Typically, conductors are characterized by a finite conductivity. The definition of e
implicitly includes the effects of the conductivity. For example, if the conductor has a

conductivity o and a permitivity ¢, then the equivalent permitivity would be

cEEco(l—jw%é).



~— Conductor Region
(€, 12)

Dielectric Region

(€6, )

Figure 3.1. Cross-section of waveguide.
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derivation that follows, we concentrate on the electric field in the dielectric region. Instead of
repeating laborious derivations, we use the duality principle [1,98] and analogy to easily obtain

the representations of all other fields.

The electric field in the dielectric region may be found using the following form of the
equivalence principle (see Fig. 3.2). Internal to the boundary ¢ (in the dielectric region) we
propose the original fields (Ed,Hd), and external to ¢ (in the conductor region) we propose null
fields (0,0). With this assumption, we may replace the conductor media by the dielectric media.
To satisfy the boundary conditions [1,34], surface currents must exist on the boundary separting
the two regions. If we seek two-dimensional solutions (z variation given by e_jk‘.z) then the

equivalent surface currents are given by

1= +4'xmd, (3.1)

M= —d'xEq, (3.2)

where Edle and Hdle represent the fields on the dielectric side of the boundary ¢, and '
represents the unit normal (to ¢€) directed into the dielectric region. The equivalent sources now
act in a homogeneous, isotropic, and unbounded region — the conditions required to use the
results of sections 2.2 and 2.3. Using the notation introduced with (2.7), the dielectric electric

field (Ed) may now be expressed as

d

B = — (Vi xF, )4+ w%((kf—k:")m ~ike (Ver -A,,)) (3.32)

and

E?’. =jkzng“. bl V".Fz X’z\

+ ]w%d (vt,(v" “Ayp) =ik Vo As + kg2 A,,> , (3.3b)



Figure 3.2. Equivalent problem for computing dielectric fields.




where

kdz = W? Hyeg »
A=A,+A4:2= f 390" GYp,p") d’ ,
[}

F=F,+F8= fM"(p’) GYp.p") dt
[

(2)
GYp,p") = }4 Ho (Ko—p')),
M= k2 k2.

Let us define two local coordinate systems (Fig. 3.3) —. one at the observation point
(located by p) and the other at the source location (located by p'). Th_e‘c.oordinatc system at
th; observation point has the ordered triple~<n,t,z>, while ‘the coordinate system ét the source
location has the ordered triple <n’,t';z’>. For example, the electric field would be given by

EY=ES + E9% = B8 + E.f + E.2 (3.9a)

and the electric current source by
¥ =39 4 A48 =58+ 0 (3.9b)
(the absence of a normal component in 3.9b is a consequence of 3.1). We should also note that
our particular choice of coordinates implies d¢' = dt/. Equations (3.3a) and (3.3b) may now be

A_A
expressed as (note 2 =2')

ky2— k2
B = v,,xfc.d Mt'dd )8+ f 4Gl dl
: Jweg

- jk,V,,.-{ 1_gd 5,1 af
Jwey




1

/- Observation Point
N/ 4

Figure 3.3. Local coordinate systems.




B = 9% + E94 =jk,’z‘xfcd Mt dl +5x v,,fcd M, at
¢ [

A .
+ v,,(v,,- f }'Z.,le_;,Gd J,t! dt')-— ks V,,f ije;,Gd J.dt
¢ ¢

+ f jid:a Gd s, t'at .

We shall later see that our devlopment will require that the fields be evaluated at the
boundary ¢, posing a “slight” complication. When the observation point is brought to thé
boundary, a point exists where the argument of the Green’s function G9 will vanish (see Egs.
3.5-3.7). At tl}iS point the Green’s function contains a logarithmic singularity. For example, if

we let ]p—p'] =P, then as P—0 the Green’s function behaves as [1,203]

(2) " . k, P
G(kPlp_,o = ]._{11{,, (ka)qu ~ ’%I} -j2 (c + mf’T)] (3.12)
where C is Euler’s constant (C=0.57721566...). At the singular point special care must be
taken when manipulating the integral representations (equations 3.10 and 3.11). We address

this issue in the next two sections.

3.2 Equivalent Integral Representations

In order to simplify the representations given by (3.10) and (3.11), we desire to
interchange the order of integration and differentiation in some terms. For this operation to be
valid, the Green’s function must exist and have continuous first order partial derivatives

[11,552] . These conditions exist if the observation point is not on the boundary ¢. To allow




the interchange, the observation point is assumed to lie in the dielectric region a small distance

6 away from ¢. In Section 3.3 we investigate the case where the observation point approachs

the surface (6— 0).

Consider the first term of (3.10),

- (V.,x fe"(p,p') M,(,,')e'a').e =- { 5. (v"x (G"(p,p’)’t")) M(p) dt. (3.13)
[ ¢

A
Since V,. does not operate on the primed coordinates, the term V,,x(Gdt') reduces to

(v,,Gd)x't" . The right hand side of (3.13) now becomes

A
§ (2-(v,,G°(p,p'))x t')M:(p’) dt' . (3.14)
) .
Since Gd(p,p') is a function of |p-p’| (see 3.7), V,,Gd(h,p') is~eqﬁi§/alent to

Vir Gd(Pap') = '—vir Gd(P,P’) (3.15)

where V!, operates on the primed (source) coordinates [6,497]. Using our local coordinate

system (Fig. 3.3),
Ioades Yo M)A aG9ar . 9GI% ) 41 | A aGd
- (V,,. G (p,p))xt ‘2z =—|{ <Xn +_it xt -z=—-a—n,-. (3.16)

Equation (3.13) now becomes

d !
- ( Vi X de(p,p') M)t af ) = { 3—(3—6%——,’") Mphdt'. (3.17)
¢ ¢
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For an expression similar to the third term in (3.10) we have

A A
Vf GUpp") 1 (o) T af = —} [( Vi.GY(p.0") )-t')] Ji(p") dt' . (3.18)
¢ ¢

But,

I ~d n_ ac; 9 d a49J,
(74 6% V] ey = 2,857 = 9(,6%) - a2

so (3.18) becomes

Lad N ] d\ 4! d0Jy
v, ic (o) . (o)) 8! dt = iat,(J,G )dt+£c 2 at. (3.19)

/
Since’ the current and the Green’s functlons are single valued functxons, the first term on the

right hand side of (3.19) evaluates to zero. Thus, (3 19) becomes

aJ
Vi § 6o 2 () ¥ af = § G300 20D (3.20)
¢ (4

Using (3.17) and (3.20) we may write equation (3.10) as

d k2—k,?
=49 paf 444" gd g, af
on’' Jwegy

—j 3.21
ks f jweg ot (3.21)
¢

From matching the tangential field components at the interface, we note only the 2

and t components of the fields are required in our development. By taking the dot product of
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. A . 3 . . ) . . 3 3
(3.11) with t and using the concepts of this section, the following equation is easily derived:

Jwegy ot €q
ks® a Ap ANy '
+fmc J,(t -t)dt . (3.22)

3.3 Integral Evaluation at Singular Points

The forms of (3.21) and (3.22) are still not the surface fields needed for the boundary
_condit,ions. The observation point must be brought to the surface, where the integrals contain a
s_illgulafity, making numierical - evaluatio;l difficult (if not impossible). = To solve this
complicati;)n, we separate each integral into the sum of two integrals. If we let 2e bé a small

section of € centered on the singularity, then our integrals may be written as

f(-)dt's J(-)dt'-i—Jj(-)dt’, (3.23)

0—2¢

(Y

where ( - ) denotes the integrand of interest. The topic of this section is the evaluation of the
second integral on the right hand side of (3.23). The remaining integral of (3.23) does not
contain a singular point in its interval of integration and may be evaluated using numerical

techniques.

To evaluate the singular integral, the following technique is used. As shown in Fig. 3.4,
the observation point is located within the dielectric region, centered in the small interval 2e,

and displaced a small distance § away from the boundary ¢. If § and ¢ are sufficiently




Diefectric Region
Observation Pomf —,—

—?

CondUc for Req/on
2€

Figure 3.4. Geometry for Singular Point Evaluation.
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small, then the singular integrals may be approximated by using small argument expansions of
the Green’s function and currents. Once the integrals are evaluated, the fields are forced to the
surface by imposing the condition §— 0 . Finally, the integral contribution is made exact by
letting the patch size 2¢ approach zero, providing a resultant Cauchy principle value form of

integration.

The integrals of interest are (see equations 3.7, 3.21, and 3.22)

sliﬂno ali—'»no It: I(p') % Hf’z)( kg IP—P,l) dt! (3.24)

Jim Jim, | 1) f Rl o (3.9

| Jim, 5'“—790. K: ') % 6_013—' ng)( lo—p']) af ' _ (3-26)
[Jim, fim, % Jt: ') % Hf’2)( kglp"/”l) dt (3.27)

where I(p') is either a surface current or a surface derivative of the current. In Appendix B the

above integrals are evaluated, allowing equations (3.21) and (3.22) to be written as ,

d k2= k?
E?:%--i—f%GTM:di"F}—dw%Gd']‘dt,
2 n d
(4

- jk,f 1_gd Q-J; dt! (3.28)
) juea ot



2
+ ][ K ga g (’t".ﬁ) ' . (3.29)
¢

The symbol § signifies that the integral is to exclude the singular point in a Cauchy limiting
sense. In the remainder of this thesis (and in the above two equations) the observation point is

assumed to be infinitesimally close the boundary ¢ .

To. complete our development, we need the representations of the fields in the
conductor. If a little care is exercisgc-l, these representations may be obtained ‘directly; from
(3.28) and (3.29). The derivation involves using the equivalence principle for a new problem

_ (Fig. 3.5) which has the actual fields (ES,H®) in the conductor region and null fields (0,0) in
the dielectric region. Also, the dielectric medium is replaced by the conducting medium. To
support the postulated field distribution, surface currents must exist on the boundary. These

currents are given by

¢ = — ' xn9, (3.30)
M® = +4&'xE9,. (3.31)

Comparing the above relations with (3.1) and (3.2) we see an apparent minus sign

!

“discrepancy”. The minus sign is justified since the direction of the unit normal ' is pointed

awav [rom the conductor region [1,34). The currents given by (3.30) and (3.31) radiate into an
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Figure 3.5. Equivalent problem for computing the conductor fields.
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o

isotropic, unbounded, and homogeneous region — the same conditions leading to equations

(3.28) and (3.29). To obtain the conductor fields, equations (3.28) and (3.29) must be modified

to account for the different currents and media. Specifically, the following substitutions are

required:
M{—M,, Mi=M,, J§—1U,, J5—1U.
€c—€q, BBy » kc2—>kd2 , G¢—=aGd
where,

k2 = w?pget
(2)
G(p,p') = }4 H, (k5 lp—p'|)

- | K= chi’—k,? )

We now have,

and

2 n
[} [
9l _ 1 e dJ; r_ _6_} 1 _~c !
+ 0!][ Jweg Y4 dt — jk; ot weeG I3t

(3.32a)

(3.32b)

(3.32¢)

(3.32d)

(3.32¢)

(3.33)

(3.34)



We note that the terms (see 3.28 and 3.29)

5t and H: (3.35)
and the corresponding terms in (3.33) and (3.34) appear to have conflicting signs. Recall, the
above terms resulted from the integrals (3.25) and (3.26). In the calculation of (3.25) and
(3.26), the derivatives were calculated with the observation point approaching ¢ from within

the dielectric region. However, the conductor fields must be forced to approach the boundary

from within the conductor region. In this case the normal derivatives are taken on the opposite

side of ¢, creating the negative signs in question. The proof is straightfdrward with the
observation point located at n= —§ (see Fig. 3.4) and following the approach given in

Appendix B.

3.4 Integral Equation Solution to the Wavegwde
j Problem

Unless the conductors are perfect, the Q and 2 components of tl‘ié fields are éénﬁnuous
across the boundary [1,34). Thié condition requires
ES = S and EY = ES (3.36a)
and |

HS = H and HS = K. (3.36b)
Using (3.36) with (3.28), (3.29), (3.33), and (3.34) gives,

y d k22— k2
% + ][@%M‘dt’.*.f#gd I, df
= On Jwey

. aJ MS c
—szf]w G9 6t;dt, —T'+][Q-G—Mfdt’

+ { k kz Gc J(z: dt’- ]kz f_l_= c 6_’](': dt, (337)
Cc

Jwee
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and

¢
o[ 1 ~ddJ; : Q][La /

+at][]we;,G 67.1:' ik g5 e&G J: dt

ks® g, (™ ! M ¢ e (A1 AN 1
+J:jw—€aG J,(t t) df = 4 ]k,][G Mf(n t)dt

¢

8GS 1,0 1 ~cdF
+]£_<97M$dt+3i][1wé 57 &
— jk Q][-LGC Kt + ]("C—zc.c 5 (’t"-?) dt' (3.38)

*0t] jweg : Jwee ¢ : "

2

From the continuity requirement (3.36) and the equivalent source relations (3.1), (3.2), (3.30)

and (3.3i),\we find that 39 =J = —J° and M? = M = — M® ; which is equivalent to,
J: = —J‘,’-\, Jy=—J (3.39)
and
M,= M5, M,=—M. (3.40)

Using (3.39) and (3.40) and collecting like terms, (3.37) and (3.38) may be expressed as,

-jkzjt(—.-l—,Gddl'-l—_Gc)%di’:O (3.41)
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and

— ks ][(G"+G°)M, (a'-’t‘)dt’ + ]((‘%%ﬂaa%c)m dt'
¢ ¢

Al 1 gay 1 ge)de 4y
+ ot ][(jwcaG + jchG )6t’ dt
'}

— ik O 1l qady 1 ~c /
iks Bi][(jucaG +jweEG )J'dt
¢

ky? 2
+][(.L_G"+ ."C—_GC)J,(“'-'c‘)dt'=o . (3.42)
Jweg Jwee
[
Equations (3.41) and (3.42) contain four unknown functions—J., J,, M., and M, .
To completely specify the problem, two more independent equations are required. These
cquations are obtained by matching the t and 2 corhponents of the magnetic field at the
boundary. From the duality principle [1,98], the magneﬁc field equations are obtained by
using the following substitutions in (3.41) and (3.42): J,— M., J,—M,, M.— -7,

My— —J;, eg—pg, €c—pc, pg— €y, and pc — €. The resulting equations are

—jk,jt(.—l—;Gd-f-.L,Gc)a—M‘dt'zo (3.43)
e .



and

+jks ][(G"+G°)J, (8"-8)ar' - f(B_G_"Jra_G‘)JZ i
¢ ¢

ke 4 k2
+][(-.-9—_G°+ !’—chc) M,(i"-'t‘)dt':u . (3.44)
Jwhg JwWic

Our ultimate goal is to develop a numerical solution to the set of coupled integral
equations (3.41 through 3.44). Given the material parameters (€, Ky, €c, and pc), the
problem is to find the values of k; which satisfy (3.41) through (3.44). The reverse problem is
also of interé;t—iit k: is known (i.e. measured) then allowable values for the material
parameters are to be determined.\ In Chapter 4 the integral equations are cast into a numerical

form.

3.5 Extension of the Wavegquide Development to the
Transmission Line Problem

The analytical development for the transmission line problem (Fig. 3.6) follows directly
from the waveguide results of Section 3.4. In the waveguide problem we had four unknown
currents (Jy, J:, M, and, M.) flowing on a single conducting surface. Ilowever, in the
transmission line problem we have two conducting surfaces and we expect eight currents (four at
each conducting surface). We designate these currents as (J9, J2, M2, M%) and (J, J:, M},
and Aliz) where the superscripts o and i refer to the currents on the outer and inner conductors,

respectively.




Conductors
Dielectric

Figure 3.6. Transmission line.
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To obtain a solution to the transmission line problem we must obtain eight independent

. . . . . 3 A
equations. As in the waveguide problem, these equations are derived by matching the t and %
field components at the conducting surfaces. Specifically, the procedure involves matching E,,

H,, E:, and H; at the two boundaries €° and € (Fig. 3.6).

Using the equivalence principle, we find that the field equations within each conducting
region are the same as those given by equations (3.33) and (3.34). In the dielectric region the
equivalence principal must be applied at each conducting surface. For example, the actual fields
are postulated within the dielectric v;hile null fields are postulated within the inner and outer
conductors. To satisfy the boundary conditions (see section 3.1) surface currents must exist on
both boundaries. The vector potential representations of the fields (e.g. equation 3.3) are still
valid in the dielectric region; however, to account for the currents on both boundaries, the

Helmholtz integral solutions (3.5 and 3.6) are modified as follows:

A= {2°0) 6% ey it + §31(6) G orp") it (3.45)
° L

F= f MC(p") GY(p,p') df' + {M‘(p') G(p.p") d . (3.46)
° ¢

If we match the 2 components of the electric field at some point on the outer conductor

and proceed as in sections 3.1 through 3.4, we obtain the following integral equation:

f (22, a6 e e

0,0
2_ 1.2 2 2 !
+][ (-—"d N St GC) 72 (at')°
[

Jweg Jwe

Jweg Jwee ot

0,0
- it (-.1—.Gd+—1-Gc) ¢ 4ty



¢ ¢

— ks f ( 1 acd) ‘”" 2 (dt) =0 (3.47)

where the single superscript, o or i, represents the appropriate quantity at the outer or inner
surface, respectively. The double superscripts designate the surface at which the observation
point is located and the surface over which the source exists. For example, the double

superscript (o,i) implies the observation point is located at some point on the outer surface €°

. ) R
and the source exists on the inner surface ¢'. If we match the t components of the electric field
p

at some point on the outer surface, we obtain

0,0
_jk,][ (G4+Ge) " mp (87-8)°° (atye
e | :

()

0,0
2 Lgay 1 ge "o
+6t]((jweaG + o G) v 5 (at

Jweg Jwee

0,0
_jk,(%]((;.c +-1s GC) 22 (dt')°

0,0

2 2

+{ (-."-°'—.G"+ .’L.GC) 2 (%0 (ar')°
]de . Jweéc

_jk,f(c;d )°'iM‘,(ﬁ'.’£)°"(dt’)‘+ f("’a—‘f)“ M, (dt')
¢ ¢

oi .
B[ Lga) 8%ty
+5i {(jweaG ) ot (d£)



o,i
1 d WEPN
(EG) J'z(dl)'

)
—]ksz

el

k.2 o,i ) . )
+f(7‘;17:,cd) Jit ('t:' . 2)0,1 (dtl)l =0 . (3.48)

el

By simply switching the superscripts (0—i and i—o) in equations (3.47) and (3.48) we can
obtain two more independent equations. The resulting equations are equivalent to those
derived by matching the t and 2 components of the electric field at the inner conductor. The
final four equations are found by matching the ¢ and £ components of the magnetic field at the
two surfaces. Once again, these equations may be easily obtained by applying the duality

principle to the electric field equations.




Chapter 4

Numerical Implementation

4.1 Introduction

In this chapter we numerically solve the waveguide problem developed in the previous
chapter. Specifically, the four coupled integral equations derived in the last chapter are to be
solved with the well-known Method of Moments (MOM) technique [12]. We shall see that the
MOM technique reduces the coupled integral equations into a set of simultaneous linear

equations, which may be solved by a number of well-known techniques (e.g. LU decomposition).

4.2 Introduct‘io‘n to the Method of Moments

Consider an integral equation of the form

IK(u,u’)f(u’) du' = g(u) (4.1)
14
where the functions K(u,u') and g(u) are given and f{u') is some unknown function. An
integral equation of this form is called a Fredholm equation of the first kind. One approach to
solve such an equation is to expand fu') in a complete set (generally, an infinite number) of
known basis functions [16,50]. If we define ®n(u') as the n' basis function, then the

function f{u') may be expressed as

fie) =n§1 An®n(v) (4.2)
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where Ap is an unknown constant (complex amplitude). If n is restricted to a finite number
N, (4.2) is equivalent to finding the projection of fu’') onto a finite N dimensional space
represented by the N functions ®n(u') [16,50]. If we define the resulting error term as &(x')
then (4.2) may be expressed as,
/ N / '
flv) = El An®n(v') + 8(u) . (4.3)
n=

Upon substituting (4.3) into (4.1) we obtain

IK(u,u') 3 Ap®n(a') da’ + JK(u,u') 8(') du’ = g(u) (4.4)
e, ﬂ=1‘ e’
or,
N
> An J K(u,u') &n(u’) du' + JK(u,u') 8(u') du' = g(u) . (4.5)
n=1
o ¢

Equation (4.5) has N unknown amplitudes Ap. To generate a total of N
independent equations having N unknowns, we choose N’ independent functions Wy (u),
m=[1...N].  These functions, commonly called testing or weighting functions, are then

multiplied by both sides of (4.5) and integrated with respect to u to give,

3 An I W en(a) (J' K(u,a") &n(a') du') du = jwm(u) o(v)du , m=[L.. N] (4.6)
¢ .

n=1 e’ )

or,

N
3> AnJ Qn(u')'( J‘Wm(u) K(u,u) du) du’ = I'Wm(u)g(u) du , m=[1...N] 4.7
n=1
¢ [ ¢

where the projection of the error term onto the chosen N dimensional space has been forced to

zero. To reduce the significance of the error term, the basis function ®,(u') should be a

reasonable approximation of the unknown distribution.




Equation (4.7) may be cdmpactly written as

§1Zmn An = Vm , Im= [1. . .N] y (4.8)
n=
where
Zon = j o, (u') (Iwm(u) K(u,4') du) du' | (4.9)
¢ ¢
and
Vim = me(") g(u)du . (4.10)
¢
In matrix notation we have
(z]-[A]=[V] (4.11)

wixe;e ‘[Z], [A], "and [V] are NxN, Nx1, and Nx1 matrices respectively. Once the -
elements of -[Z] and [V] are obtained, the unknown coefficients [A] may be determined

by using an algorithm such as LU decomposition.

The choice of expansion and testing (weighting) functions is an important topic. In the
above discussion it was noted that the expansion function should reasonably approximate the
unknown function. The testing function should be chosen such that small variations in the
testing location (the testing function’s interval of integration) does not cause significant changes
in [A]. The particular choices should also represent a balance between accuracy and efficiency
(10,187]. In general, clear-cut rules on this topic do not exist. Some widely used expansion

functions include the pulse and triangular functions (see the next section and [10,188]), while

comonly used testing functions include the puise and Dirac delta functions.




4.3 Moment Method Solution of the Waveguide
Problem

The first step in numerically solving the problem of interest is to approximate the
boundary € by a discrete set of vaoints: t{,, n=[1,...,N] (Fig. 4.1). By connecting adjacent
points with a straight line we form N linear segments. The segments are referenced as Al,,
n={1,...,N] where phe nth segment is defined by the points 1, and th,1 . These segments,
having the lengths A,, n=[1,...,N], are characterized by a set of local coordinate systems

having constant tangential and normal vectors.

Next, we approximate the currents by defining basis functions along each segment.
From equations (3.41) through (3.44) we find that the current functions we must approximate
have the forms
Y] T
L), I(), and 3-’6‘5_,‘), C(4.12)

where I,(#) and It represent either an electric or magnetic current. For simplicity we
shall expand the currents represented by I,,(t') by a summation of pulse functions.

Specifically, we have

1 for ! in AC,

Lif) = 3 BPu(f), Po(f) ={ (4.13)
n=1

0 elsewhere

where the If's are complex amplitude coefficients. The pulse expansion of (4.13) is equivalent
to a “stair-step” approximation of I,(t' ) as shown in Fig. 4.2. Since we must approximate

I,(!) and its derivative, the pulse function expansion is not appropriate for this current. We

need an expansion function that gives a continuous approximation to the current. A relatively
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Segment Mn

Figure 4.1. Discretization of boundary.



Acfuo/ Current

th-1 t;\ t’nlvl
Segment A!n

Figure 4.2. Pulse function expansion.




simple expansion meeting these specifications is the series of overlapping triangle functions (Fig.

4.3)
N ! __
n=1 A
where,
1 for ¢ in Al,_, or AL
0 elsewhere
and,

A { Ap_y (length of segment Al,_;) for ¢ in AL,_,

Ap (length of segment Al,) for ¢ in AL,
The expansion of (4.14) is equivalent to a approximating I,(#') by a linear interpolation
between grid points (Fig. 4.4).

Upon substituting the current expansions (4.13) and (4.14) into the the integral ,

cquation (3.41), we obtain

p i N ! _ g
foss, asey $, M,‘,(l—lt A‘ﬂ')pz,,(t') a
e

2_ 2 2_p2 N
+J[(kd ey ks Gc) 3% 3 Pa(t)
n=1

Jweg Jjwee

_'k]( 1ogiy Lgeya &g, lf=al\, () d' =0 (4.15)
I\ e Tiwe ) adin" A )
;

where Mf, Ji, and J§ are the nth expansion coefficients for the currents M,(t'), J.(¢'), and




’ 4 > 1
tn tn+l

- ZLsegment A,
Segment AQH-VI

Figure 4.3. Overlapping triangle function expansion.




-0
’
tha

Figure 4.4. Linear approximation of current using the overlapping triangle function expansion.
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Jy(1'), respectively. In the discussion that follows, the observation point will be designated as t
(recall that this point is on the surface €). As explained in section 4.2, we use N independent
weighting (testing) functions to generate N independent equations. For simplicity, we let the

weighting function for (4.15) be given by
! _ Am
‘Wm(t)=6(t—-tm—T) , m=[1..N]. (4.16)
In words, (4.16) states that the weighting function for (4.15) is a delta function that is located
at the midpoint of the segment defined by the grid points t, and tl'.n +1 - Next, the product

of (4.16) and (4.15) is integrated with respect to ¢ If the segment of integration is the chosen

to be Aly,, we obtain

i | , ‘
Jm,“ (equation 4.15) 8(1— th—-5M) dr, m=[1...N] . (4.17)

Im

In Appendix C we show that (4.17) is equivalent to
N t d c
> Mg (Amn + Amn)
n=1

N k 2_k 2 k 2_k 2
z(d % pd X 2 ge
+n§1-]n( Jaeg Bmn + Foe Bmn

N
—_7 t -1 _cd ——‘:l ¢ = = .
jk: n§=1Jn (juea Chn + Foc Cmn) 0, m=[1..N] (4.18)

where the “constants” Adm(ﬁ). Bdm(:). c‘,’,,(,f), are defined in the appendix. By inspection, the



numerical form of the dual equation (3.43) is

—"§IJ|‘1 (Agnn + Afnn)

kd - k}
+ b~ gy Rk pe
z:-:l ( Jwpg mn Jwpe

N

—jk: Y M| 22 Cn + L5 C =0, m=[1l.N] . (4.19)
n=1 Jw I‘d ]

To enhance the accuracy of the results, pulse functions are used as the weighting

functions for the transverse field equations (3.42) and (3.44) [5,318]. These pulse functions,

which are centered at the grid point locations, may be stated mathematically as (see Fig. 4.5)

1for ty_. < t< tmy
Wm(t) = Pny(t) = =[1...N] (4.20)

0 elsewhere

where fy,_ is the midpoint of segment Al , and im+ is the midpoint of segment Aly,.
Using the current expansions (4.13 and 4.14) and the weighting function (4.20), the numerical

~

form of (3.42) may be written as (see Appendix C),

= ks 3% M (D + Ofin) + 35 M (Eshn +Efon)

n=1

By inspection, the numerical equivalent of (4.21) for the dual equaton (3.44) is given by




Figure 4.5. Weighting function for the transverse field equations.



the equation

+ 5k 3 34 (Do + D) = £ 35 (Edn + Ef)

n=1

n=1 WHy Jwpc
N k k.2
+ nz-:lM:‘ (]wd,u' gnn+mﬂfnn) =0, m=[1l.N]. (4.22)

From Appendix C we note that the various “constant” terms (A%, ASn, B%n, BSn,
Cdn, ete...) involve integrating a zeroth (or first) order Hankel function of the second kind.
These integrals are not ﬂabulated and must be cémputed via _m{nmrical integration. The
technique of choice is ’.Simpson’s approaJch {13,110]. This numerical jntegration “workhorse” is
easy to implement and reasona'.bly. efﬁcie;lt [13,110).  Naturally, to obtain an accurate
approximation of the integral, ; substantial number of integrand (Hankel functions) evaluations
are required. These evaluations are obtained by one of two techniques. If the magnitude of the
argument is less than 10.0, we use the power series form of the appropriate Hankel function
[2,959]; if the argument magnitude is greater than 10.0, we use the asymp.totic approximation

2,962].

Using matrix notation, equations (4.18), (4.19), (4.21), and (4.22) may be compactly

written as

-

2l . [l | W
7]
]
i |

=1[0] (4.23)

[Zad - [Z44] |




or, by definition,

Z-1=0 . (4.24)

In (4.23) each “element” [Zmpn] is an N xN matrix whose elements correspond to the
é.ppropriate terms in equations (4.18) - (4.19). Each current “element” in (4.23) represents an
Nx1 matrix whose elements are the unknown expansion coefficients of the corresponding

current (see Eqgs. 4.13 and 4.14).

To have a non-trivial solution to (4.23) we require that the determinant of the Z matrix
vanish. Because of the approximate nature of the numerical implementation, a true zero of |Z|
may not exist. Ratfxer, the “zeros” of |Z| may only be local minima. To search for the
minima we proceed as follows: given a particular waveguide geometry and the properties of the
dielectric and conductor,; we choose a value for the propagation constant k.. Next, the elements
of [Zmn] are computed, foiloﬁvedi by the computation of |Zl. We then vary k; in the
corﬁplex plane until a local mfnimum is found. The 2-dimensional search algorithm for &, is

based on the Powell’s n-dimensional minimization routine [13,294].

In Chapter 2 we stated that our goal was to develop a procedure which could (letgrxllixle
the allowed values of the propagation constant k. for a waveguide structure. We now have that
technique. Any k, satisfying Maxwell’s equations causes a minimum in |Z]. Finding all the
allowable propagation constants is usually not required. For any practical waveguide of
sufficient length, the behavior of a signal travelling along the guide is primarily influenced by
the “propagating modes”. These modes are characterized by a propagation constant having a
finite and positive real part (the other modes are generally characterized by a purely imaginary
propagation constant). Thus, we can instruct the search algorithm to minimize |Z| by varying

k: along the real axis. Once a minimum is found along the real axis, we locally vary &, in the

complex plane until a local minimum is found.
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4.4 Summary

In this chapter we introduced an approximate technique that may be used to solve
integral equations. This technique, 'ca.lled the Method of Moments (MOM), reduces the integral
equations to a set simultaneous linear equations, which may then be solved by a number of well-
known algorithms. Using this technique we developed a computer based algorithm to solve the

waveguide problem. In the next chapter we present results for various waveguides.




Chapter 5

Computer Program Results

5.1 Introduction

In this chapter we present the results of a computer program solution to the waveguide
problem developed in Chapters 3 and 4. We first present the results for lossless rectangular and
circular waveguides (Figs. 5.1 and 5.2). For these ideal cases, the propagation constant is
known exactly [1]. By comparing the results with the theoretical values, we may estimate the
validity and accuracy of the computer code. As an additionél verification, the results Afor a
ridged wavegﬁide'(Fig. 53) are compared with‘the. approximations given by other authors (an
exact solution is not known for the ridged waveguide). We conclude the chapter by presenting

results for a lossy rectangular waveguide. The results are evaluated by comparing them with the

estimations provided by perturbation theory.

5.2 Lossless Rectangular Waveguide

The first case we consider is the lossless 2 x 1 cm rectangular waveguide (Fig. 5.1). For
the cases studied in this section, we assume the dielectrics are air and the conductors are ideal.
In addition, all the materials are assumed to be nonmagnetic, uz = kg = po (we shall enforce
the nonmagnetic condition in all the remaining problems in the thesis). For future reference, we

define the propagation constant as

k. = 8 — ja (5.1)

46
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Figure 5.1. 2x1 cm rectangular waveguide.




Figure 5.2. lem circular waveguide.
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Figure 5.3. Ridged waveguide.




where @ is called the phase constant and « is called the attenuation constant.

In Chapter 4 we noted that allowable values of the propagation constant (k) cause
minima in the determinant of the matrix [Z]. This property is illustrated by in Fig. 5.4. The
data was obtained using‘ an operating frequency of 20 GHz, an attenuation constant of a =0,
and a twelve point (N=12) approximation of the waveguide boundary. The ideal conductors
were simulated by setting the conductivity to o =1 x 103° S/m, a huge value. In Table 5.1 we
compare the estimated values of &k, with the theoretical values for the TE,o, TEg;, TEyq,
TE,,, and TM;; modes [1,150] (the estimated values are those at the minimums in Fig. 5.4).
We note that the program accurately estimates the propagation constant for each mode.
However,j the minimum corresponding to the TE;; and TE,; modes (the second minimum in

Fig. 5.4) is not as sharp or deep as the other two. A possible explanation is discussed below.

As mentioned above, the waveguide boundary was approximated using twelve points
'(Fig, 5.5). Examiqiﬁg the current distrubutions for the TEQl—rﬁode, one finds that tl;e_progranl
is attempting to approximate aj half-sine wave with three points (the three points on either
side — Fig. 5.5). For the TE,q mode, we are attempting to approximate a full-sine wave with
the five points located on either the top or bottom (Fig. 5.5). We propose that the current
approximations are too coarse. To justify the explanation, the data was recomputed using two
additional points on each side. The effect of the two new points should be a more accurate
approximation to the TEy; currents. As expected, the minimum is now sharp and well defined

(Fig. 5.6).

Returning to the original problem (N =12), we change the operating frequency from

f=20GHz to f=5GHz. At the new frequency the modes listed in Table 5.1 are cut-off, and

the propagation constant becomes purely imaginary [1,384). The results given in




2x1cm Rectangular Waveguide, f=20 GHz
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Figure 5.4. Plot of |Z| versus phase constant in a lossless 2 x 1cm rectangular

waveguide with ey =¢7, 0 =1x 1030 S/m, f=20GHz, and N =12.




Table 5.1. 2x1 cm rectangular waveguide, f = 20 GHz
N=12,0=1x10%° S/m, eg= €,

Phase Constant 8 (rad/m)

Mode Program Theoretical % Difference
TE,o 387.8 | 388.6 0.2
TEg; » TE4q 274.5 277.5 1.1
232.8 228.7 1.8
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Figure 5.5. Discretization of rectangular waveguide for N = 12.



2x1 cm Rectangular Waveguide, f=20 GHz
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Figure 5.6. Plot of |Z| versus phase constant in a lossless 2 x 1cm rectangular

waveguide with ey =¢;, 0 =1x 103°S/m, f=20GHz, and N = 16.




Fig. 5.7 and Table 5.2 demonstrate this property. As explained above, the shallow minimum

shown in Fig. 5.7 corresponds to the TEy, and TE,q modes.

5.3 Lossless Circular Waveguide

Next, we consider the 1cm (radius) waveguide depicted in Fig. 5.2. For the first case
we let the boundary be approximated by N =12 points, and choose an operating frequency of
f=15GHz. At this frequency the modes TE,,, TMy; , and TE,, propagate. The variation of
|Z] versus the phase constant is shown in Fig. 5.8. From the Fig. and Table 5.3 we see that the
TE;; and TMg; modes are accurately predicted. However, the minimum in Fig. 5.8
corresponding to the TE,; mode is virtually unresolvable (the minimum should lie near
k: =T74.6 rad/m). Apparently, the number of points (12) is inadequate for this mode. If we
increase the number of points to N =24, we obtain the results given in Fig. 5.9 and Table 5.4.
From Fig. 5.9 we note the miﬁim‘um corresponding to the ’i‘Ezl mode is now clcariy ‘visible.
Howevelr, the broad, sha{low, apd erroneous location of this; minimum suggests that even
twenty-four points are insufficient. Predictably, the estimated propagation constant for the
TE;, and TMp; modes have also been improved. This example has demonstrated a not-too-
surprising result. Namely, by increasing the number of points, we increase the accuracy of the
program. The increased accuracy is a direct result of the moment method technique. In
Chapter 4 we noted, theoretically, that the method of moments solution becomes exact as thé
number of points approaches infinity (assuming a complete solution). However, if too many

points are used in a computer solution, round-off error may become significant.

In Appendix C we approximated the double integrals by assuming the argument of the

Hankel function was constant within the limits of the inner integral (see C.21 and C.22). We

now investigate the effect of this approximation. Consider the Hankel function argument given




2x1cm Rectangular Waveguide, f=5 GHz
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Figure 5.7. Plot of |Z| versus attenuatation constant in a 2 x 1cm rectangular

waveguide with €3 =¢;, 0 =1x 103°S/m, f=5GHz, and N = 12.




Table 5.2. 2x1 cm rectangular waveguide, f =5 GHz
N=12, 0 =1x10%° S/m, ¢} = ¢,

Attenuation Constant o (Np/m)

Mode Program Theoretical % Difference

TE,, 117.9 117.0 0.8
TEy; , TEqq 299.0 296.2 0.9
TE,, , TMy, 332.4 335.2 0.8




5o Tem Circular Waveguide, f=15 GHz
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Figure 5.8. Plot of |Z| versus phase constant in a lossless 1cm circular

waveguide with e¢3=¢5, 0 =1x 1030 S/m, f=15GHz, and N =12.




Table 5.3. 1 cm circular waveguide, f = 15GHz
N=12, ¢ =1x103° S/m, €q = €q,

Phase Constant 8 (rad/m)

Mode , Program Theoretical % Difference

TE,, 249.4 254.8 2.1
TM,, . 193.4 " 2025 4.5
TE,, ? ' 74.6 7




1 cm Circular Waveguide, f=15 GHz
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Figure 5.9. Plot of |Z| versus phase constant in a lossless 1c¢m circular

waveguide with ¢3=¢p, 0 =1x 103°S/m, f=15GHz, and N = 24.
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Table 5.4. 1 cm Circular Waveguide, f = 15GHz
N=24,0=1x10% S/m, = ¢,

Phase Constant 3 (rad/m)

Mode Program Theoretical % Dilfference

TE,, 254.0 254.8 0.3
TMq, -~ 200.5 . 202.5 1.0
TE,, 55 | 74.6 |- - 26.3




by equation (3.7),

argument = ,Ikd2 — k2 Ip - p'| . (5.2)

From (5.2) we have

O(argument)

ky? — k.2 (5.3)
8lp— o'l

As the frequency increases in a lossless waveguide, the propagation constant ( &, ) approaches the
medium’s intrinsic propagation constant (kg) [1,384]. The result is that (5.3) becomes smaller

and our approximations to the double integrals become better.

In Table 5.5 we demonstrate the effect of frequency on the program. The estimated
phase constants correspond to the TEu- mode in a lossless circular waveguide. From the table

we note the accuracy improves substantially with an increase in the operating frequency.

5.4 Lossless Ridged Waveguide

An additional verification of the program was obtained by considering the ridged
waveguide shown in Fig. 5.3. An exact expression for the phase constant in this waveguide is
not known. For this reason, we evaluate our results by comparing with approximations given

by other authors.

For the present case, we choose an operating frequency of f=15GHz and approximate
the boundary with N=20 points. The resulting plot is shown in Fig. 5.10. From the estimated
phase constants (minimum locations) we may compute the corresponding cut-off frequecies

[1,384]. In Table 5.6 the estimated cut-off frequencies are compared with those given by [7,583].




Table 5.5. 1 cm Circular Waveguide, TE,; mode
N=12, 0 =1x103° S/m, 3= ¢,

Phase Constant # (rad/m)

Frequency (GHz) Program Theoretical % Difference
10 85.4 100.2 14.8
15 2494 254.8 2.1
372.9 0.9

20

376.3
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Ridged Waveguide, f=15 GHz
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Figure 5.10. Plot of |Z| versus phase constant in a lossless ridged

waveguide with € =¢g, 0 =1x103°S/m, f=15GHz, and N = 20.
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Table 5.6. Ridged Waveguide (Fig. 5.3), f=15GHz
N=20, o =1x10%° S/m, ey = ¢,

Cut-off Frequency (GHz)

Mode Program Reference % Difference

TE®CdYd 5.31 5.38 1.3

TESVe™ ' 11.95 v 11.78 14




5.5 Lossy Rectangular Waveguide

In this section loss is introduced into the rectangular waveguide problem depicted in
Fig. 5.1. The loss may result from conductor and/or dielectric materials. In this section we
treat each type of loss separately, and concentrate only on the loss associated with the TE,,

mode.

The first problem we consider assumes the dielectric is air, the operating frequency is
f=10 GHz, and the boundary is approximated by N = 12 points. Three different conductivities
were used, ¢=1x10%°S/m, 6 =1x10” S/m, and o =1x10° S/m. Recall in section 5.2
we simulated the lossless case by setting the conductivity to o =1 x 103° S/m. We repeat this
case because in section 5.2 we were not looking for any loss, and only the real part of k; (3) was
used to minimize the determinant |Z|. We now desire to minimize |Z| using both the real and

imaginary parts of k;.

The resx‘ll‘t.s are shown in Table 5.7. For all thr;:e Aconductiyitics the estimated
attenuation constant grossly exceeds the values given by perturbation theory [1,71]. . If the’
attenuation constant of the “lossless” case (o =1x1030S/m) is subtracted from the “lossy”
cases (0 =1x 10" S/m , and o =1x 10° S/m}), the results become much more reas~onabje (see

the last column in Table 5.7). We now attempt to justify the subtraction scheme.

For a conductivity of o =1x103° S/m the program should provide a vanishing
attenuation constant. The predicted “loss® at this conductivity may be an inherent loss
associtated with the discretization of the problem. For example, the loss may be viewed as a
“radiation” through the finite grid used to approximate the boundary; Although, we do not

claim the inherent loss is a radiation phenomenon, the analogy is provided as a convenient way

to view the loss. For a sufficiently small “radiation” loss, the overall attenuation constant
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Table 5.7. 2x1 cm Rectangular Waveguide, f = 10 GHz
TEIO mode, N= 12, fa = €qy

Propagation Constant &, (m™!)
o (S/m) Program -Perturb. Theory *
1x 103 137.95—70.2155 138.74—30.0 137.95—350.0
1x107 . 137.95—30.2424 138.74—30.0393 137.95—;0.027
1x10° 138.00—30.3010 138.74—70.1240 | 138.00—;0.086

B * estimated k; obtained by extracting the
attenuation constant of the “lossless”
case, 0 =1x10%° S/m.




should be given by

a = or + Qgpper (5.4)
where a; is the attenuation constant due to the “radiation effect” and Qother 1S the
attenuation constant due to other effects (e.g. finite conductivity). The above concept is the

same technique where conductor and dielectric losses are added in a low-loss waveguide [1,74].

If we double the number of points in the current problem, we obtain the data given in
Table 5.8. As expected, the computed propagation constants were improved (see the second
column in Table 5.8). In particular, we note the attenuation constant corresponding to
o= 1x103%° S/m has been dramatically reduced. Since the grid is more closely spaced, we
expect a reduced “radiation” effect. By comparing Tables 5.7 and 5.8 we observe an interesting
feature — the “radiation-free” data (columns marked by *) are nearly the same in both cases.

This feature tends to validate the subtraction scheme (equation 5.4).

In section 5.3 we noted the performance of the program should improve as the frequency
is increased. We demonstrated this feature by ‘showing the iﬁprovement of the phase constant
in the circular waveguide. We now vdemonstrate the improvement in the attcnuatior—\ constant.
Consider the same problem used to generate Table 5.7. If the frequency is increased to
f =20 GHz, we obtain the data listed in Table 5.9. From the table we note the “radiation-free”

propagation constants are now very close to the predictions given by perturbation theory.

We conclude this section by investigating dielectric loss. The problem we consider has

the following parameters: N=12, f=10GHz, and o =1x103° S/m. The dielectric
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Table 5.8. 2x1 cm Rectangular Waveguide, f = 10 GHz
TEIO mode, N=24, Ca = €y

Propagation Constant k, (m™!)
o (S/m) Program Perturb. Theory *
1x103% 138.68 —70.0745 138.74—30.0 138.68—350.0
1x107 138.70—30.1010 138.74—30.0393 138.70—30.027
1x 108 138.75—30.1596 138.74—50.1240 - 138.00—30.085

* estimated k, obtained by extracting the
attenuation constant of the “lossless”
case, o =1x103° S/m.
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Table 5.9. 2x1 cm Rectangular Waveguide, f = 20 GHz
TE,o mode, N=12, €4 = €o»

Propagation Constant &, (m™!)
o (S/m) Program Perturb. Theory *
1x10%° 388.3—70.0766 388.6—0.0000 388.3—50.0000
1x 10’ 388.4—370.1050 388.6—70.0290 388.4—30.0284
1x10® 388,4—350.1675 388.6—350.0917 | 388.4—70.0909

* estimated k. obtained by extracting the
attenuation constant of the “lossless”
case, ¢ =1x10%° S/m.
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constant is chosen to be,

€g=¢€o(1 — jtan§) (5.5)

where tané is the loss tangent. In Table 5.10 we present TE,, loss data for several values of
tané. From the “radiation-free” data in Table 5.10 we note the program accuractely estimates

dielectric losses.

5.6 Summary

In this chapter computer program results were presented for three waveguides — the
rectangular, circular, and ridged waveguides. We initially verified the code by comparing the
computed results with the theqretical values fo; the lossless cases. Losses were then introduced
by considéring a rectanglar wa.veguid¢ having imperfect conductors and a lossy dielectric.
II;VeSti‘gatiOll of the data led to a couple of impoftant conclusions. - First, we noted the
program’s accuracy impro.ved~as the freq'uency increased. This fact is a direct result ;)f the
approximations used in Appendix C. Second, the program appeared to have an inherent losé
associated with the discretization of problem. Specifically, we found that the loss estimates were

accurate provided that the apparent loss of the “lossless case” was properly taken into account.
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Table 5.10. 2x1 em Rectangular Waveguide, f = 10 GHz
TE o mode, N=12, €3= ¢o(1~jtans), o =1x103"S/m

Propagation Constant , (m™!)

tané Program Theoretical *

0 137.95—50.216 138.74—350.0000 137.95—30.000
0.001 137.95—;0.375 138.74—350.1583 137.95—30.159
0.01 137.96 —;1.807 138.75—51.5830 137.96—51.591

0.1 138.83—;15.61 139.63—315.730 138.83~;15.39

.+ estimated k; obtained by extracting the

attenuation constant of the “lossless”
case, o =1x103° S/m.




Chapter 6

Summary and Conclusions

In this thesis a method has been presented which predicts the propagation constant in
“microwave guiding structures. The method is valid for guides having an arbitrary cross-section.

In addition, both conductor and dielectric losses are included in the development.

The problem was formulated using integral representations of the fields in terms of

vector potentials of the surface currents. The fields were evaluate at the boundaries separating

the various regions (e.g. the dieltric and .conduct,or regions). By imposing the continuity of

tangential field components at the boundary, a set of coupled integral equations was derived.

The method of moments was used to reduce the set of coupled integral equations to a

linear matrix equation. The resulting equation had the form

[z]-[1] =[0] (6.1)
where [I]  represented the amplitudes of the unknown currents and [Z] represented a

“constant” matrix which depended on the propagation constant k. (see Chapter 4).

To provide a nontrivial solution to (6.1), the propagation constant &, was varied (for a
given geometry) until a minimum of |Z| was found. The computations were carried out using
a computer program, and results were presented for three waveguide types — the rectangular,
circular, and ridged waveguides. The program’s ability to predict the propagation constant in

both lossless and lossy waveguides was demonstrated.




Analysis of the program data led to several interesting points.  First, not too
surprisingly, the estimated propagation constant improved when the number of boundary points
was increased. The method of moments directly predicts this result (see chapter 4). Second,
increasing the frequency improved the program’s accuracy. This feature was a result of certain
approximations used in Appendix C. Finally, an inherent “radiation” loss associated with the
discrete nature of the moment method was observed. Even under a simulated lossless condition
(0 =1x10%° S/m), the program predicted a finite attenuation constant. “When the coductivity
was set to reasonable values (e.g. 1x107 S/m), the program overestimated the loss. However,
once the “radiation loss” was extracted, the results were close to those given by perturbation

theory.

Presently, several extensions of the work are under consideration. First, an “impedance
boundary condition” type formulation is being considered. With this type of formulation, the
resulting comfmtations' and matricies are simpler. A second possiblity is extending the program
to allow for multi-layered dielectri¢/conductor geometries. Finally, inclusion of random, rough

conducting surfaces is being considered as a possible dissertation topic.
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Appehdix A

Derivation of Vector Potential Representations

Consider electromagnetic fields which exist in a homogeneous, isotropic region having a
cbmplex permitivity ¢*and a complex permeability u*. Since Maxwell’s equations are linear, the
electromagnetic fields may be expressed as the sum of two fields — one field due to the electric
sources J and the other field due to the magnetic sources M. If we define

E=E® + E™ (A.1)
H=H®+E™ ’ (A.2)

and let the e fields be due to J and the m fields be due M, then we have [1,99]

- VxE® = jup*H® B (A.3)

VxH® = jwe*E® + ] (A.4)

) —VXxE™ = juu*H™ + M (A.5)
VxH™ = jue*E™ . (A.6)

Taking the divergence of (A.3) and using the identity V-(V x C) =0, we have
—V-(VxE®) =0 = juu*(V-H®) _ (A7)
or,
V-H® =0. (A.8)
From the identity V-(V xC)=0, we may define an auxillary vector quantity, the magnetic
~ vector potential A, as H® = VxA . (A.9)
Using (A.9), equation (A.3) may now be expressed as

Vx(E®+jup*A)=0. (A.10)
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In view of the identity V x (V®) =0, we may define an auxillary scalar function ®® (the scalar

electric potential) in the following manner:
— V@ =E®+jwu" A. (A.11)

Upon substituting (A.9) into (A.4) and employing the identity

VxVxC=V(V-C) - V2C,
we obtain

V(V-A) — V?A = jwe'E® +1J . o (A02)
Using (A.11),

V(V-A) — V2A = jwe‘(— Ve —juu” A) +3. ‘ (A.13)

Since only the curl of A has been specified, we are free to chose its divergence. If we let

VA= —jwed®,  (A14)
- then (A.13) becomes

VA + BPA= -]
where £*= w?p’e”. Substituting (A.15) into (A.12) yields,

E® = -1 (V(V-A) + k2A). (A.16)

jwe*

The m equations, (A.5) and (A.6), are duals of the e equations. Proceding in an analogous

manner, we obtain

E™"= —VxF (A.17)

V2F + ¥F = - M (A.18)



A" = ﬁ(V(V-F) + kzF).

To summarize, equations (A.1) and (A.2) become

E=—VxF + -.-1—_(V(V-A) + K A)
. Jwe

— 1 ] 2
H=VxA + J.W.(V(v F) + & F)

with

VA + A= -]

V2F + F¥F=-M




Appendix B

Evaluation of Singular Integrals

In this appendix we evaluate the integrals developed in Chapter 3 at their singular
points. The first integral to be considered has the form
+€ (2)
. : n 1 dl._ 1 !
dim, Jim, {7 1) & 1. (o] af (8.1
If we assume the contour € (see figure B.1) is locally planar, the source location may be

expressed as

A

. (B.2)
The procedure in Chapter 3 also specified that the field point is to be placed at
p=+6n (B.3)

From figure B.1 we note that the argument of the Hankel function may be expressed as,

Blo—p'| = & {(n— ")+ (112

with

Thus, the integral (B.1) is equivalent to

o1 [ a2 a2 /
m, Jim — J_e i) Hy (k,,Ja +t )dt.

li
€—0
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Figure B.1. Local geometry in the vicinity of the singular point




Given a sufficiently small argument, the series representation of the Green’s function (see

(2,951]) may be compactly written as
H 2 i lo=p1) = =g {4 (1o
+ O(Ip—p'lzlnlp—p'l)} (B.6)

where C represents a constant term and O(Ip— p'l2 ln'p— p'l) represents terms bounded by
order of magnitude Ip—p'l2 lnlp-p'l . The current may be expanded in a Taylor series about

{' =0 giving [4,110]

= I 2]
1) = Ko) + t’§7v=o+% (t)? (g")2¢'-0+ . (B.7)

If we assume that the current is sufficiently smooth within the interval 2¢, then (B.7) is

equivalent to
Ity = K0) + o), (B.8)

and the integral (B.5) may be written as

€—0 6—0

limlim —-2-}7E:(1(0)+ O(t'))(c+1n(k‘;m)
+ 0{(62+t’2)ln {82+ 2 }) df! (B.9)

where the conditions n = +6, and n' = ¢ =0 have been enforced. Expanding the integrand

and using the O(-) notation, the integrand of (B.9) may be expressed as,

10)C + 1(0)1n(ng62+ #2 )+ O(z’)xn(k2J62+ 12 ) (B.10)




Obviously, the integral involving I(0)C approachs zero as ¢—0. For sufficiently small

arguments, the third term of (B.10) is bounded by
l o) in ({82 + £2 )I < | O(t')ln(lc‘,’,'lt’l)l.
As €—0 the right hand side of (B.11) behaves as
IO(c)ln(kgIt’l)l ~ lim leln(e)] = 0.

Therefore, (B.9) may be evaluated by simply considering an integral of the form

€—06—0 —€

+€
lim liin -1’(7?—)] 1n(ng62+t'2 )dt' ‘.

This integral may be directly integrated giving

+€

€—0 6§—0

lim lim ’—%(t' ln(k‘3J62+ {2 ) -2t + 26 tan™? (_61_') )

-€
or,

lim, -&(cln(lg lel) =2 ) =0 .

Therefore, the singular contribution of (B.1) is zero.

The next singular integral we need to consider is

. . N1 8 5Pdl !
im, Jim, [ 16") Jp 25 5 (Lo o')) et

€

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)




By using (B.4), (B.6) and (B.8), integral (B.16) may be expressed as,

S

+ o[((n- n')2 + (t’)2)ln( ln=n"2+ (¢ )] )dt'

n=+6,n'=0

which is equivalent to,
~ L 10) Jlim lim = 4
27 —=05=0])_¢ 5§+ ()

. li 2 I\2 /
+ lim lim J 0(6ln 824 (1) ))dt. (B.18)

" Obviously, the second integral of (B.IS) vanishes as 6 — 0 . Integrating the first term yields,

10) ‘ * 10
0 1, i, £ = 205 - (1))

Another integral that must be evaluated has the form,

. . +€ (2) d 1y g 9
Jtim Jim [ 06" & & (o= ) (5.20)
The difference between (B.20) and (B.16) is the variable which is differentiated. The only
consequence of the new derivative is a negative sign (see B.17). We conclude that (B.20)

reduces to

()
O
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The final integral we need to consider is

. . +€ (2)
Jdim, Jim, 2" 1) I 1 (Klo—p']) ot (8.22)

which, using (B.4), (B.6), and (B.8), is equivalent to

Jim lim — 5L %K: (1(0) + 0(t'))<C + 1n( K62+ (t—t')2)

(B.23)

+ 0{(62+ (t—t')2)ln {62+ (1=1)? }) dt’

t=0

Obviously, as e¢—0 , the term involving I(0)C contributes nothing to the integral.

Integrating the remaining terms yields,

- . (1
Jim  lim 1(0) % ((t-t’)ln(,|&2+(z—z’)2) + (t—1t') — §tan 1-(7)- +

O{télnm}) :t=o (B.24)
Evaluating (B.24) at the limits of integration and taking the derivative gives,
10 gin, i ( e (R 41
- = +(“f_€)2 - j_‘(";:_)i)z + In( {82+ (t+¢?)
—1 +?ﬁf+ O{tlnm}) . (B.25)

Once (B.25) is evaluated at ¢=0, the first eight terms cancel and the last term is zero. We

conclude that the integral given by (B.22) is zero.




Appendix C

Numerical Form Derivation

In Chapter 4 we found that our numerical formulation led to the following form of

equation (3.41) — see equation (4.17):

r:“;" c.r(é) 6(t—t:,, A"‘)dt—o m=[1..N] . (C.1)

tm

where,

}“"("E][(%G— 3 -2p> * "'( -"'—Zﬂ)%n(ﬂ it

~

ko’ = k? g k2= k2 N NpY
+ ——G% 4 2 G© JAPL(t) dt
]{( Jwey Jwéc ng—.:l APn(t)

S (Loats Loae) 2 g (1l =p, yar (C.2)
(et + o) G (115 et :
¢

The left hand side of (C.1) is equivalent to evaluating (C.2) with the field point located at the

middle of segment Alpy,. If we use this fact along with the fact that the current amplitudes,
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Ji, Jh, and M], are constants, then (C.1) may be written as

N d c -4
T f( 5%+ 5 (1 -4 ) Pon() df
=

N k22— k2 2_ 12
+ ZZJ.%][( 4~ 2 gy ke ks Gc)Pn(t') at
n=1

7 Jweg Jwee
. N t’ _ i,
—-) kznglulltl { (]_.WL-fa Gd+]—_‘l}€a GC) .a%(l -I < nl)P2n(i,) di': 0 (C.3)
ot

with m=[1...N]. Keep in mind that for a given m the field point is located at the midpoint

of segment Aly,.

Using the definition of P2n(t') (see equation 4.14), we may define the first integral in

(C.3) as,
Afn + Afan - (C.42)
where,
A‘,’nnsj, 0—‘3,-(1-_ =" )t
tn-l n n-1
tl d / /
+J"+‘3_G_,(1_’Z‘")dz' (C.4b)
t:\ n n
and
i )
AS Ejn 0G3(y _ =t )y
t:l-l Bn' An-l
1 pge =t
— — = . 4
+ L,’, 57 (l A, di (C.4c)

The subscript m in (C.4) reminds us that the observation point is located at the midpoint of
the segment Al . Since the observation point is fixed for a given m, Agm+l%fnn may be

evaluated via numerical integration. However, to numerically implement (C.4) in its present



form would require an approximation of the derivative terms (e.g. finite difference). Another
approach (the author’s choice) involves evaluating these derivates analytically. Consider the
vector which defines the observation point with respect to the source point location (p—p') —
Fig. C.1. If we define ¢ as the the angle between the vector (p—p’) and A’ (the normal at

the source location), then from [5,369 | we have

(2)(kg Ip—pll)

where,
(C.7)

In a similar manner,

14

ks (ﬁ Hiz)(kﬁ lo—o'|) - - (c8)

Now, consider the second integral of (C.3). From the definition of Pp(#) this integral is

equivalent to

¢ 2_ 2 2,2
In+1 (kd kz Gd+ kc .—‘ fz GC) dtl . (C-9)

t{, Jweg Jjwee

We define

Now, (C.9) may be written as




Observation Pojint

Figure C.1. Angles defining the relationship between the source and observation points.
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From the definition of Pzn(t’) the third integral of (C.3) becomes

th I _
J “Logdt-Lgo) 41—t
., \Jwea T we ot Ap-y

t'
+Jn+1 Logip Lge)afy_f=t)
# \Jweg~ gwec ) ot An

which is equivalent to

1 d 1 (c
jwfa Cmn + jUfE Cmn

where:
t . ' 1 -
cd, = J.'," : Al GY at J""' L gda -
., “r1 A n
and :
’ A ‘:1+1
C?.,,,EI TI—GC‘”’_J L gedal .
f., “n1 th n

Using (C.4), (C.12), and (C.14), equation (C.3) may be expressed as

3 M (Athn + A%n) + 3 < B + S B

mn
Jweg

N
—7 t_1 cd L_cs = =[1...N].
sznglJn(jwcacmn + jwcecm") 0, m=[1 ]

(C.13)

(C.14)

(6.15.a)

(C.15b)

(C.16)



If we substitute the current expansions (equations 4.13 and 4.14) into the integral

equation (3.42) we obtain

N ! __ 4
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(950082 ety o
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kd kC c I -t{ql oA A '
+J§(EG wacG ,,X_:J & | Pan() (1 1)dt'=0

Multiplying (C.17) by the weight function (4.20) and integrating yields,
!
Jm"; §() dt =0, m=[1.:.N]

tm-
where §(t) is defined as
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Recall that in Chapter 4 we defined th- and t:n + as the midpoints of segments Al and

Aly, respectively.

The first term of (C.18) is equivalent to

t t / /
_,L,EM,,{I"'J" Gd+G°)( "’A“)(ﬁ'-’t‘)dt’dt

im- -1 n-1

i / /
+Im+J'" (G"+G°)(1 tz—t)(ﬁ'-e)dt'dt

tn-l n-1
th (thei : J_ ¢ A
+J J (Gd+G°) 1- ) (a'.t)dd dt
et d, Bn
tl’h+ t:l+1 -4 A : '
+ GY+Ge)|1- n)(A'-t)dt de . (C.20)
A
th. 't n

Since t and i’ are constant within the limits of each double integral, the dot products may

-

be taken out.snde the mtegratwns Interchangmg the order of mtegratlon ylelds,

t AT
—jk: EMn{(nn-'tm-)Jn (1— ‘"")Jm (6%+6¢) dtar
/ An-l /
h-1 Im-
& ! _ g\ rt
+ (fih - tm)jn (1—"‘[‘)[ +(Gd+Gc)dtdt'
t n-1/ 14
n-1 m
t
+ (A -tm_)J ““( "‘")J"' (64+Ge) arat
An th-
A A i1 d— o\ (et d , ,
+ (A "m)J, 1~ ~x-° J, (G +G°)dtdt (C.21)

where the following dot product notation has been adopted: the subscripts n_ and m_ refer

to unit vectors at segment locations Al , and Al _;, respectively; the subscripts n and m




refer to the unit vectors located at segments A¢, and Ol respectively. To numerically
evaluate (C.21) in its present form requires four double integrations — a very time consuming
process. To remedy this problem, we approximate the inner integral. Specifically, we make the
course approximation that the integrand is relatively constant over the interval of integration.
This “constant” value is taken to be the integrand evaluated at the midpoint of the the limits of
integration. When the source point and field point are in the same segment (called the self-
patch segment), the integrand varies dramatically (in fact, the Hankel has a singularity in this
segment). However, since the dot product term is zero, our assumption is not invalidated. The

approximate form of (C.21) becomes

A i:, A, d ,
=J LJZ Mn{(nn-' tm-)J , (1— Rn-l —-T—l (G +G°¢ )m-/2 dt
1

-
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t ) '
A n ih—1 A
n-1 i

ar .t n+1 t';if'u Am.y d‘ c /
+ (np - m-)L',1 (l"——ﬁ T4 (G +G )m-/zdt

n

tm)J "“( t “") Er (694G )y dt’} (C.22)

where m+/2 (or m-/2) reminds us that the observation point is to located at midway
between the points ¢, and t:n+ (or midway between th. and thy. If we let ng+Dfnn

represent the terms inside the bracket, then (C.22) may be written as

N
~jk: 3 M (Dfn + Dfn ) - (C23)

n=1
The last term of (C.18) has the same form as the first term. If we follow the above procedure

and make the same approximations, this term may be written as

N 2
> 3h ( LYY T " - HE, ) (C.24)
N=

Jweg
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where

i 1
A4 n _th—=t \Amn.1(~d /
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n

The definition for Hfpn is the same as (C.25) with G€ substituted for G9.
The second term of (C.18) is equivalent to

N [ [ [ agd agey
ZM"{JJ (Go+ 55 ) it a

n=1 t:n- tr,'l

fmt (1 5o ' ‘

9G%, 9GS\ 9

+LI L (6n he )dt dt} . (C.26)
m “In

To reduce (C.26) to a single integral, we first reverse the order of integration and assume the

integrand is constant over the interval of integration. Again, we take the “constant” value to be

the integrand evaluated at the midpoint of the limits. This process gives

: n+1 8GY  aG© !
E Ma {J ( on * on )m'/2 at

n=1 tl,'\
i1 d c
0GY |, 4G ! ;
+II ( nt on )m+/2 dt } (€.27)

in

where the notation has been defined in (C.22). From (C.5) we have

d d
667 _ ]’°_;; os o B ’(kg lo—#'|) (C.28)
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where o is the angle between i and the vector from the observation point to the source point

(p'—p)—see Fig. C.1. Using the previous notation (see C.7), we have

d d )
%GT = —T"Z— ﬁ,ﬁ) Hiz (lcg Ip—p'l) . . (C.29)

The first order Hankel function exhibits a singularity in the self-patch segment. Again, the
singularity is nullified by a dot product (see C.29). We define the bracketed terms in (C.27) as

[E?nn + Efin giving

N
3 Mi(Efn + ESn ) - (C.30)

The third term in (C.18) has the form

t' t’ ) . ' .[ B : N
1 d - ‘
ZJ;J"‘-*_a_I"*“ KeLlcaly V.3 L A , (C.31)
n=t g, O, \deea” wet ) ot A ) | |

Once the inner integral of (C.31) is calculated, we are left with a function of . For
convenience, let this function be defined as f{t). Next, f() is differentiated and then
integrated from #h,. to t:.n + The above operations are equivalent to finding f{ th,) — Fi t,'“

Thus, (C.31) becomes,

]
by In J % (1 T A "l ]wlca ‘:( G¢ )m+ - (Gd )m-]
Jwe

i c _ c !
+ EE(G )t — (G )m.])dt (C.33)

where the notation m+ (or m—) signifies that the observation point is to be located at t,’“ +
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(or 1], 4. Carrying out the derivatives yields,
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th1
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J
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- LIH Aln [( G )y — (GE )m-] dt’)} ' (C.34)

We define the first two integrals in (C.34) as F3,, , and the remaining two are defined as

Ffn. Now, (C.34) may be written as

N .
t c : . ‘
nglJn (J“’f mn+ ]Ufc an) : (C.35)

The fourth term in (C.18) is equivalent to

¢
nH (.—1=Gd+ .—I—,GC) da dt . (C.36)
Jweg Jweg

N i
ik 33 [ gj

n=1 tm_

Following the same steps as above,
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If we define GY,, as the first integral in (C.37) and Gf,, as the second, then (C.37) can be

written as

n=1

_]kx 2 J‘ (J Gmn + Cc G?nn ) . (C.38)

Using (C.23), (C.24), (C.30), (C.35), and (C.38), equation (C.18) may be written as
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