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CHAPTER I
A NEED FOR RANDOM PARAMETER MODELS

1.1 Introduction

A great deal of data in economics, the natural sciences and the
social sciences is in the form of a time series where values of current
observations are strongly dependent upon preceding observations. Eco-
nomic behavior such as yearly gross national product, the monthly con-
sumer price index, daily stock market prices, monthly sales and price
figures, and data collection related to characteristics of the popula-
tion are often quantified in time series. There are many examples of
time series data in the natural sciences. Daily air temperature,
monthly ozone levels in the stratosphere, the daily water level of a
lake or stream,.hourly yields of a chemical process are all recorded
over time. The primary concern of a time series analysis is to study
the nature of the dependence among the observations. Often the objec-
tives of the study are to model the dependence strﬁcture of the time
series and to use the model to develop optimal forecasts ;f future
time series observations.

The ability to forecast optimally is of great practical importance.
Just as optimal sales forecasts are needed for business planning, op-
timal forecasts of other time series are required for all types of

scientific decision making. It should be emphasized though that the



precision of the forecast ultimately depends on the accuracy of the
model in describing the dependence structure of the observations.

This dissertation investigates a new approach to the important
problems of modeling and forecasting time series. A new class of
models is presented which has promise for better fitting some time
series with complicated dependence structures and for forecasting these
time series more accurately than is possible with the currently used
models from which the new class is derived. The theory and methodology
needed to implement the new class of models for time series analysis
and forecasting is investigated in depth. One particular model from
this new class of models is chosen to illustrate the theory. A detailed
description of an estimation and forecasting procedure for this specific
model is given, and an evaluation is made of the promised superiority
of this proposed model over standard models for time series analysis
and forecasting.

Before going into further detail, it is necessary to present some
basic definitions and important concepts for this study and to specify
some restrictions which more clearly‘define the problem actually in-
vestigated. This can be accomplished while presenting a summary of
current modeling and forecasting techniques. In section 1.2 a time
series is discussed as a realization of a stochastic process. Station-
arity and weak stationarity are defined with attention restricted to
weakly stationary time series. The major tool for modeling a time
series is the autocorrelation function when using the time domain ap-
proach to time series analysis. In section 1.3 the basic procedure

for this type of analysis is given as well as the standard linear



stochastic models used in the analysis. An optimal predictor is also

developed.

In section 1.4 a new random parameter model is motivated from a
discussion of the standard AR(1l) model and its characteristic behavior.
Suggestions for using the new random parameter model to fit a set of
data are discussed in section 1.5. Literature concerning this new model
is scarce, but a review of literature discussing more general random

parameter time series models is given in section 1.6.

1.2 Time Series and Stochastic Processes

A time series is a set of observations generated sequentially
through time. If the set of observations is continuous, the time series
is continuous; if the set of observations is discrete, the time series
is discrete. For the purposes of this dissertation only discrete time
series where observations are made at some fixed interval will be con-
sidered. One can number the equally spaced time intervals and denote
the observations in the time series by the sequence {yt|t€ 1} where
I=1{0,+1, +2, ...} is the set of all integers.  Discrete time series
usually arise by sampling a continuous time series or accumulating a
variable over a period of time.

In many situations a time-dependent phenomenon is due in part to
unknown factors and cannot be described by a completely deterministic
model which allows exact calculation of the future behavior of the
phenomenon. For these phenomena, it is often possible to derive a model
that can be used to calculate the probability of a future value lying

between two specified limits. Such a probability model or stochastic



process is used for phenomena where future values can be described only
in terms of a probability mechanism. An observed time series to be
analyzed may be regarded as one sample realization from an infinite
population of such time series that could have been generated by the
underlying probability mechanism, or stochastic process.

The notion of dependence among observations in the time series is
formalized by treating the observations as values taken on by the cor-
responding sequence of correlated random variables {Ytlt €I} which make
up a stochastic process. In particular, a finite set of observations
.{yt ’ ytz, ceos ytn} making up an equispaced time series can be described

1

by an n dimensional random variable ¥, Yt s cees Yt } from the col-
1 2 n

lection {Ytlt €I}. This n dimensional random variable has a joint prob-

t

ability distribution p(y, , ¥, 5 cces ¥, ).
tl t2 tn
A special class of stochastic processes, stationary stochastic

processes, is based on the assumption that the process exhibits a state
of statistical equilibrium about some constant mean level. A stochastic
process is said to be strictly stationary if its behavior is unaffected
by a change in time origin in the sense that the joint distribution of

variables ¥, , Y , ..., Y associated with the n observations y,_ ,
1 5 a 1
Y., s eees y. 1is the same as the joint distribution of variables Y s
t2 t t1+k
Yt2+k’ ceey Ytn+k associated with the n observations yt1+k’ yt2+k’ ey
ytn+k for all intervals k, all choices of indices t1s Eos eees tn and
all (¥, 5 ¥_ s s+ ¥, ) in the range of the random variable Y_. One
tl t2 tn t

should note that the indices t tz, ooy tn are not necessarily con-

l’

secutive. Thus for a discrete stochastic process to be strictly



stationary, the joint distribution of any set of observations must be
unaffected by shifting all the times of observation forward or backward
by any integer amount k.

Assume the mean and variance of these random variables exist. Then

stationarity implies that the mean values are constant over time:

Eyt = | Yt. (l.l)

N

Without loss of generality, assume U = 0 for this study. One can al-
ways subtract the mean from each observation in the set and obtain a
set of observations centered around zero. Also, stationarity implies
that the covariances depend upon the time displacement or lag k but are

independent of time t:
Cov(y,s Ypy) = Cov(yys v ) = C(k) Vt. (1.2)

If one only assumes that the random variables of the time series have

the property
Var(y,) = C(0) <=

and satisfy conditions (1.1) and (1.2) above, then the time series is
said to be weakly statiomary.

Most approaches to time series analysis only make the assumption
of weakly stationary time series. If a process does not satisfy these
conditions, it is nonstationary. It does not have an affinity for a
mean or its variance is not necessarily finite. But many nonstationary

processes can be transformed into weakly stationary ones and the usual




analysis done on the transformed observations. Therefore, for this
study attention is restricted to weakly stationary time series.

The relationship between observations Ve and Yotk from a weakly
stationary time series is measured by the correlation coefficient Pr

between the random variables Yt and Y , Where P is given by

t+k

) Ve

k  c(0) Var(y,) V.

p

A specification of the entire dependence structure in the time series

is given in terms of the autocorrelation function, the collection

{oklk €I}. Once the autocorrelation structure of a series is known or
has been estimated, a time series analysis proceeds to model this struc-

ture as accurately as possible.

1.3 Time Domain Approach to Time Series Analysis

The study of a stationary time series through the autocorrelation
function Pr is the time domain approach to time series analysis. A
basic procedure for the analysis is to

(1) estimate the autocorrelation function,

(ii) identify a model for the time series as accurately as possible
by matching the estimated autocorrelation function behavior
to the known characteristic autocorrelation function behavior
of specific models,

(iii) estimate the parameters of the model,
(iv) and usually develop optimal forecasts for future observations

of the time series using the chosen model.



One modern approach for modeling relies on the use of three classes

of linear stochastic models. The class of autoregressive models of
order p, denoted by AR(p), expresses the observation in the time series
at time t as a linear combination of the past p observations plus a

random disturbance ut:

Ve = %Y1 + N ) + ... + apyt_p + u, . (1.3)

10 e ap are fixed parameters, and the ut's are

often assumed to be independent identically distributed normal random

The coefficients o

variables with zero means and some common variance 02. The class of
moving average models of order q, denoted by MA(q), expresses v, as a

linear combination of present and past random disturbances:

yt = ut - lplut_l -~ see = lbqut_q. (1.4)

The coefficients *1’ ceey wq in the model are the fixed parameters. A
third class of mixed autoregressive, moving average models of order

P,q, denoted by ARMA(p,q), expresses Ve both in terms of past y's and in

terms of present and past random disturbances:

Ve = {Veqg Foeee aYep tul - U g T e wqyt_q. (1.5)

Note that models (1.3) and (1.4) are the special cases of (1.5) with
q = 0 and p = 0, respectively. All three classes of models are dis-
cussed in depth in Box and Jenkins [1976, Ch. III].

The ARMA(p,q) models may be used to represent a great variety of

autocorrelation structures. If one could include infinite order moving

average models, MA(»), then the correlation structure of every weakly



stationary time series (with continuous spectrum) could be exactly repre;
sented by a (possibly infinite order) moving average. This is discussed
in detail in Koopmans [1974, p. 214]. However, since the parameters in
the model must be estimated from the finite number of present and past
observations of the time series, only finite parameter models are feas-
ible; and a primary concern is in identifying a "parsimonious' model, a
model with as few unknown parameters as possible.

Once a parsimonious model has been identified and the unknown para-
meters in the model have been estimated, the model may be used to fore-
cast future time series observations. Consider the problem of forecast-

ing an observation 2 time units in the future, y based on a (pos-

t+2°
sibly infinite order) moving average model:

Spg T V1%erem1 Tttt T VU T VaBeer T oo

o

by linear combinations I
j=0

Ve =

wjut+£-j such that the expected mean squared

error,

2

Ely, (2) - y.,,] (1.6)

is minimized over all other forecasts that are linear functions of the
present and past random disturbances, or equivalently the present and
past observations, Yo Ypops oo The optimal forecast which minimizes

(1.6) conditional on the data, Veo ¥ is

=12 """
yt(l) = -¢¢ut - ¢2+lut_l - e (1~7)

which is the projection of Veis onto the linear space generated by the

present and past random variables Ui, U g5 oee The projection is



unique, neglecting zero probabilities, even with only a finite amount

of data. In practice the forecast §t(2) is computed by expressing the

unobserved disturbances u., u in terms of linear combinations

e-1®
of the observed time series Yes Yeope oo° and then substituting into
(1.7). It is true that the solution to the minimization problem is

also the conditional expectation of Vet relative to the present and

past observations Ve Yeopo *o-

Yt('q') = E[yt_*_llyts Yt_l, eee].

One may recall that projections have also been called wide sense condi-
tional expectations. This optimal forecast and its properties are dis-
cussed thoroughly in Doob [1953, Ch. XII].

Since attention is focused on the AR(1) model throughout the dis-
sertation, it is useful to consider its optimal predictor, or forecast.
For this special case it is much easier to take the conditional expecta-
tion of Vets in its autoregressive form rather than expressing it as a
(possibly infinite order) moving average. Thus, for example, the one-

step-ahead predictor from time t is

Ve (1) = Ely 3 [¥e> Yogs ---]

E[C"Yt + ut+1 lyt, yt_l’ "']
= ayt

since the expectation of the future random disturbance Ui at time t

is zero. Upon estimation of o, the estimate of the one-step-ahead pre-

dictor for the AR(1l) model is given by
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v (1) = ay,. (1.8)

Since it is assumed that the random disturbances follow a normal
distribution with zero mean and some common variance 02, then from Box
and Jenkins [1976, Ch. V] approximate 1l-€ probability limits §;+1 and

for the future observation one step ahead , are given by

~+
Te+l > Ve

ot ~
2
where U€ is the deviate exceeded by a proportion %-of the standard
2 ' )
normal distribution and s~ is an estimate, based on a reasonably sized
sample, of the random disturbance variance cz.

Again, it should be emphasized that the precision of the forecast
ultimately depends on the accuracy of the model, and the optimal prop-
erty of the forecast in (1.7) depends on the model exactly fitting the
time series. In the next section a new class of time series models is
motivated. This class has promise for parsimoniously fitting some time
series with complicated autocorrelation ‘structures and for forecasting

these time series more accurately than is possible with the present

models.

'1.4 A Random Parameter Model

It is suggested that a more general approach to modeling time
series is needed for which the coefficients do not remain fixed but
change over»time. This approach would include a wide range of possible
random parameter models. However, only one special class of random

parameter models is investigated in this study. This generalization of




standard time series models is motivated by considering the simple auto-

regressive model of order ome and some of its properties including its
characteristic behavior. An example is then given of a time series

' whose characteristic behavior cannot be modeled well with a fixed coef-
ficient model.

Consider the simple autoregressive model of order one,

yt= ayt_1+ut’ tel (1'9)

where o is a fixed constant such that |a| < 1 to ensure stationarity.
The ut's are independent identically normally distributed random dis-
turbances with zero means and some common variance 02. The autocorrela-

tion structure of this AR(1l) model is of the simple form

Thus the autocorrelation function is completely determined by the value
of a,

To illustrate the relationship between 0 and the corresponding
modeled time series behavior, take o = ,9, This large positive correla-
tion of Py = .9 between successive variables in the time series may be
interpreted to mean that '"larger than average' time series observations
tend strongly to be immediately followed by "larger than average' ob-
servations and "smaller than average' time series observations tend to
be immediately followed by "smaller than average' observations. With
Py = (.9)2 = .81, large (or small) observations tend to be again fol-

lowed after two time periods by large (or small) observations. Since
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Pr = alk' where alkl > 0 for all k, one has a similar interpretation
for the relationship between observations k time periods apart. This
interpretation indicates the smoofh, slowly changing time series be-
havior of Figure 1.1.

Now consider o = -.9. Now Py = -.9,and successive variables are
strongly negatively correlated. Variables two time units apart have
strong positive correlations of Py = (-.9)2 = ,81, then p3 = (-.9)3 =
-.729 is negative, Py = (-.9)4 = ,6561 is positive, ... . Intuitively,
this autocorrelation structure calls for "large' observations tending
strongly to be immediately followed by ''small" observations and then
by "large" observations after two time periods, and then by '"small" ob-
servations after three time periods, ... . This interpretation indicateé
a rapidly changing time series as exemplified by Figure 1.2.

The intuition used above may be pursued to argue that as o ranges
from +1 to -1, the behavior of the corresponding AR(1) model changes
from that of a slowly changing, smooth time series to that of a rapidly
changing time series.

Now consider the observations in Figure 1.3. It illustrates a more
complicated time series behavior that appears t6 ''randomly" combine
degrees of smooth and then rapidly changing behavior. The intuition
developed for the behavior of an AR(1l) model in (1.9) indicates its
inadequacy for modeling the complicated behavior exhibited in Figure 1.3.
Similar intuition for low order MA models would also indicate their in-
adequacy. It should be repeated that, in theory, stationary time series

behavior of the type exhibited in Figure 1.3 can be precisely modeled

by a (possibly infinite order) moving average. However, high order
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models are useless when the parameters must be estimated from a finite
number of observations; thus, parsimonious models are to be preferred.

Figures 1.1, 1.2, and 1.3 are now to be used to propose a new, par-
simonious generalized autoregressive model of order onme for the behavior
exhibited in Figure 1.3. Compare Figure 1.1 with the smooth part of the
time series in Figure 1.3 between t = 1 and t = 24. Intuition indicates
that, perhaps, an AR(1l) model with o near +1 might fit this initial
smooth behavior. However, from t = 25 to t = 40 the time series behavior
becomes more and more variable and exhibits the behavior of an AR(1)
model as @ moves from +1 toward -1 (heuristically speaking). Similarly,
behavior along different segments of the time series of Figure 1.3 re-
sembles that of various AR(1l) models with differing a values between +1
and 0 in this case.

These heuristic observations motivate a generalization of the AR(1)
model where the coefficient a itself changes stochastically with time.
The theory for these generalized AR(1l) models is developed in Chapter
II. To illustrate the theory, a specific model for the random coeffi-

cient is chosen in Chapter III. It is shown that the generalized AR(1l)

model is a weakly stationary stochastic process (with continuous spec-
trum) under certain conditions, and therefore has a (possibly infinite
order) moving average representation. The existence of this repre-
sentation is all that is needed to construct the optimal forecasts
given in (1.7). Té the extent that the new model is superior to the
existing AR(1l) model for describing a given time series, the corre-

sponding forecasts from the new model promise to be superior to fore-

casts constructed from the AR(1l) model.
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1.5 Identification

The approach for identifying standard ARMA models is to match the
estimated autocorrelation structure of a given time series to the known
characteristic structure of a particular model. In order to identify a
generalized AR(1) model as opposed to the usual AR(1) model, one might
take a similar approach. In the previous section it is indicated that
a time series which exhibits '"random" changes in autocorrelation struc-
ture, yet appears to remain stationary, is characteristic of the new
generalized AR(1l) model. This behavior would only be recognizable,
however, if the '"random" changes were fairly slow on the average.

One must realize that the usual AR(1l) model with fixed coefficient
is a special case of the generalized AR(1l) model! In fact, it is of
some interest to note that every set of data simulated in this study
from the specific generalized AR(1l) model to be discussed later would
be identified as an AR(1l) model by the procedures used in Box and
Jenkins [1976]. However, thisAis not meant to be a conclusive result.
It seems reasonable to try to fit a generalized AR(1l) model whenever
the usual procedures indicaté fitting an AR(1) model. The generalized
AR(1l) model defines a richer class of models from which to choose when
fitting a time series. It makes sense to try to obtain the best fit-

ting model from this richer class!

1.6 Literature Review
There are few references in the statistical literature concerning
linear stochastic time series models with random parameters. The few

references that exist, in general, are more concerned with methods of
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tracking values for the randomly varying parameters than with procedures
for modeling the underlying behavior including the dependence structure
of the random parameters. The proposed generalized AR(1l) model with
weakly stationary solution Ve investigated in this study appears to be
a new model not specifically discussed in the literature. One should
note that there is no interest in tracking the values the random param-
eter takes on in this study. Instead, the underlying probability
mechanism generating the random parameter is given a specific structure;
and a model is estimated for use in developing an optimal predictor for
future time series values.

There is a recent book entitled Dynamic Stochastic Models From Em-

pirical Data by Kashyap and Rao [1976] which briefly discusses some

random parameter time series models. In Chapter III types of dynamic
stochastic models are described. At the end mention is made of models
with time-varying coefficients. 1In papticular an AR(1l) model is present-
ed in which the time sequence of values assumed by the coefficient is it-
self random, obeying a dynamical system as described in Kalman [1963].
Consider the process Ve obeying the first-order time-varying AR model

given by
Y. = ao(t) + al(t)yt-l + W, (1.10)

where {ao(t), t=1, 2, ...} and {al(t), t=1, 2, ...} are sequences

obeying the constant coefficient AR models

ai(t) = bi(t) + cy»

b,(t) = y;b (t-1) + n;(t), 1i=0,1;¢t=1,2, ... (1.11)




where ¢

i = 0, 1 are constants and {ni(t), t=1, 2, ...} are the

i, Yi’

usual zero mean independent and identically distributed random se-

quences, independent of each other as well as of w Note that the

£
constants Y, are either less than one, which gives stationarity for
bi(t)’ or equal to one. Kashyap and Rao state that equations (1.10)
and (1.11) can be generalized to handle higher order AR models. They
also indicate that "very little work has been done on the analysis of
the process" Ve in (1.10) and (1.11) "for properties such as stability
and stationarity.”

Later in Chapter VI when discussing estimation techniques, Kashyap
and Rao propose an estimation procedure for systems with slowly varying
coefficients. They extend the earlier AR model to difference equations

with time-varying coefficients:

nl n1+n2

1

I,

t=1, 2, ..., are the usual

where aj, j=n1+l, cees n1+n2, are constants and aj(t), i=1, ..., n
are the time-varying coefficients. The LA
zero mean Gaussian disturbances with variance p. The time-varying co-

efficients are modeled as

aj(t) = bj(t) + c ij=1, .., n (1.13)

i’ 1

where ¢y =1, «cu, n,, are constants and'{bj(t), i=1, ..., nl} are
sequences of zero mean random variables which are independent of L for

all t and obey

by(£) = v,b (t-1) + n, (£, (1.14)



where {nj(t)} are independent and identically distributed sequences

with zero mean and variance qj. Again, it is mentioned that there has
been very little study on the properties of the system given in (1.12),
(1.13), and (1.14).

Kashyap and Rao then express the model in a standard form for the
application of Kalman theory and give an expression for the likelihood
function. However, it is stated that obtaining the maximum likelihood
estimates of all of the unknowns using the given observations is a
"formidable maximization problem in general", since one must maximize
the likelihood function not only with respect to the unknown constants
but also the random variables b.(t) for all j and all t. Two cases are

3

considered. First when v,, j =1, ..., n;, and qu-l are assumed known,

3
an elegant recursive solution is given in terms of the Kalman theory.
The bj(t)'s, cj'ﬁ, i=1, «.oy n;, and aj's, j= n; +1, ..., nl+n2,

are instantaneously estimated or "tracked' in time using a recursive
discrete Kalman filter algorithm. In the second case, Yj’ qj, and p

are unknown. In general only approximate solutions can be obtained.

One can approximate the estimate of p by estimating the corresponding
quantity in the corresponding constant coefficient system. Again Kalman
filtering is used to '"'track" estimates for the constants cj's and aj's
and the random variables bj(t)'s in a recursive manner. During the
tracking these estimates are assumed to be the actual values and used

to "track" estimates of the Yj(t)'s and the qj(t)'s at the same time.

Concerning properties of the estimates in the first case described

above, one can obtain a sequence that plays the same role as the



residual sequence in constant coefficient systems. Testing to see

whether this sequence is random noise is a check on the validity of the
model.

From the engineering literature in 'Recursive Approaches to Time
Series Analysis'", Young [1974] surveys recursive least squares analysis
in its various forms and discusses recent developments which have
particular relevance to the estimation of parameters characterizing
discrete and continuous time series models of stochastic dynamic sys-
tems. This includes Kalman's work on optimal state estimation and fil-
ter theory. Young states that in effect, Kalman utilizes 'the princi-
ple of orthogonal projection to evolve a more general form of the
recursive least squares equations for the case where the unknown param-
eters are no longer considered constant coefficients ... but are treated
as inherently time-variable states described by a general set of linear

' Time varying coefficients are assumed to

stochastic state equations.'
vary between sampling instants in a manner that can be described by a
stochastic difference equation. Hopefully the form of the equation is
available from a priori information. Often an AR(1l) model is assumed
with constant coefficient less than one in absolute value. If not, a
random walk model, which is nonstationary but seems to allow for smooth
changes in the parameter, is usually used.

In order to apply Kalman's algorithms, the problem is first ex-
pressed in a vector-matrix formulation from which recursive equations

can be derived. Initial estimates are needed. Then values for the

constant coefficients as well as time-varying coefficients are estimated



by "tracking" possible parametric variations over the observation in-

terval. This may require more than one run through the data where at
the end of each run initial estimates are updated. The algorithm not
only supplies the parameter estimates at each sampling instant, but

also provides an indication of the accuracy of these estimates by track-
ing an error covariance matrix. Often plots are made of the tracked
coefficients to check for constancy as well as plots made of the tracked
time-varying parameters.

In conclusion, Kalman's algorithms are best applied to estimation
problems where there is prior information on the internal structure of
the dynamic system, or some structure given to the time-varying param-
eters, which allows for a formulation of a state-space model of the
system. After applying the necessary algorithms which track the time-
varying parameters, one has only a sample realization of the time-
varying parameters. The most important point to be made is that there
is no attempt using Kalman filtering theory to model the underlying
probability mechanism that generates the time-varying coefficients using
the observed data.

Ledolter [1978] discusses recursive approaches to parameter esti-
mation in some time series models. He presents an algorithm for the
recursive estimation of parameters in ARIMA, autoregressive integrated
moving average, models. If the data represented by an ARIMA model is
differenced a necessary number of times, then the resulting stationary
differences of the original data can be represented by an ARMA model.
Thus the ARIMA model is nonlinear in the parameters. Ledolter argues

that if data is collected sequentially, one would prefer recursive
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estimation procedures which update‘the values of the parameters as each
new observation becomes available. Therefore he uses Extended Kalman
filtering to develop an algorithm that recursively linearizes the ARIMA
model and tracks the stochastically time-varying parameters in order to
update parameter estimates. An example is given which uses the proce-
dure for the MA(l) model with constant coefficient. Thus Ledolter makes
no attempt to model the underlying probability mechanism of the random
coefficient.

In summary, all of the references mentioned above give procedures
which use some form of Kalman filtering theory. Instantaneous estima-
tion of the stochastically time-varying parameters seems to be the main
concern. No interest is taken in modeling the underlying probability
mechanism of the random coefficients from. the observed data. Nor is
there interest in finding conditions that give weak stationarity for
a system of this type. The above procedures seem to assume nonsta-
tionarity of the entire process. There seems to be very little concern
for the properties of the system.

One more article in the engineering literature merits discussion.
Zadeh [1950] gives a theorem which states the relation between the co-
variance functions of the random disturbance input and the observed
output of a linear time-varying-parameter system. He works in the fre-
quency domain approach using spectral theory so all details will be
omitted here. Although he works with continuous time, his results can
be shown to be true for discrete time. Using spectral representations

Zadeh first gets a conditional expectation, conditional on the time-
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varying parameters a(t), for the product of the output VY for given

t+k

lag k as follows:

E(Y,Ypq la(t), a(tH).

By taking expectations again, Zadeh obtains the unconditional covariance
structure of the output as a function of the covariance structure of the
input. In effect, by conditioning on the time-varying coefficients one
is specifying one particular linear stochastic model with fixed coeffi-
cients for that instant of time. This is done for each instant of time.
Then information from all of these instantaneous models, one for each
point in time, is averaged to give the desired result, the unconditional
covariance function. Thus Zadeh's linear time-varying-parameter system
is a whole set of fixed coefficient models, one for each instant of
time. Note that some of the fixed coefficients may be the same, and
the model may be identical at several points in time. One should also
note that assuming the input is weakly stationary, the covariance func-
tion of the output is only a function of the lag k and independent of
time. Zadeh's results are general in the sense that they apply to
weakly stationary linear stochastic time series models where the coef-
ficients, random or deterministic functions of time, are not given any
specific model.

Koopmans [1974, Ch. IV] also mentions the models for which Zadeh's
result applies. He gives an example of a linear differential equation
with time-dependent coefficients. A number of physical situations can

be described by this type of equation. For example, consider a simple
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structure subjected to random vibrations. Its characteristics could
change due to fatique damage. Thus the response of the system would
be described by a differential equation where the time varying coeffi-
cients depend on the "stress history'" of the structure.

It is evident that very little work has been done in the area of
linear stochastic models with random coefficients. Little mention of
them is made in the statistical literature. A few informative refer-
ences from the engineering literature have been given. The reader
should note that this is not meant to be an extensive review of the

engineering literature.



CHAPTER II
THE EXISTENCE OF AN EXPLICIT SOLUTION

It is informative to consider a more general time series model
with random coefficients. Just as the fixed coefficient time series
model is a member of a larger class of stochastic linear difference
equation models, the time series model with random coefficients is a
member of a larger class of stochastic linear difference equation
models with random coefficients.

In section 2.1 stochastic linear difference equations are defined
on specific domains. What is meant by a solutidn to a stochastic
linear difference equation is discussed; and then given certain condi-
tions, the existence and uniqueness of such a solution is proved.
First, solutions are exhibited that depend on the starting point of
the time series. An explicit expression for such a solution condi-
tional on a starting point is constructed.

Under certain conditions one can obtain a solution that is not
conditioned on a specified starting point. In section 2.2 necessary
and sufficient conditions for the existence of an unconditional solu-
tion with finite second order moments are presented, and an explicit
form for such a solution is given. Finally, sufficient conditions on
the random coefficients are given to ensure an unconditional solution

that is weakly stationary.

26
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This chapter is based on the theory discussed in Chapters 1 and

4 of Linear Difference Equations by Kenneth S. Miller [1968]. The

coefficients in his equations are deterministic functions of time, and
constant in the special case. Considered here are equations involving
coefficients that are random functions of time, and deterministic in
the special case. Since much of the argument here parallels Miller's
presentation, similar format and notation is used for the reader's

comparison.

2.1 Stochastic Linear Difference Equations

For a sequence {yt|t=0, 1, 2, ...} the equation

y =w t =n, ntl, ...

Ve ¥ 0T T OVt OV T Ve

*n
where the a, are real constants, a # 0, and v, a real function of

time t is a '"linear difference equation of order n" with constant co-
efficients. By letting the coefficients, the ai's, be real functions
of time t one obtains a more general linear difference equation. If
wt is a random variable, a random function of time t, then one has a
"stochastic linear difference equation.'" These equations are discussed

in Miller's book. However, for the purposes of this dissertation, let

the coefficients, the ai's, be random functions of time. The equation
Ve + al(t)yt_l + mz(t:)yt__2 + ... + an(t)yt_n =w., t=n, n+l, ...

where the ai(t)'s are random functions of t and wt a random function

of t is a stochastic linear difference equation with random coeffi-

cients. Attention is restricted to a first order stochastic linear
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difference equation with one random coefficient, but the theory devel-
oped in this chapter can be generalized in a straightforward manner.
One should make note of the following additional restriction. In
a difference equation the argument t varies continously; whereas, in
fhe above equations the argument t takes on only (equally spaced) dis-
crete values, t = ..., =1, 0, 1, ... . Thus the theory presented in
this chapter is actually for the class of linear recurrence relations
which is a special class of linear difference equatioms.
let I =4{..., -1, 0, 1, ...} be the set of all integers. Let
Ia = {a, atl, at+2, ...} where a €I. Let a(t) and v, be defined for

all t sIa+ Let Ve have domain Ia. Consider the stochastic linear

lo

recurrence equation
= -+ .
y, = o)y, | +w, (2.1)

where the coefficient o(t) is a random function of time taking on a
nonzero real value. Let L be a member of a stochastic process
{wt]t EIa+1} taking on same real value. If the random variable

LA is not identically zero for t eIa+1, then (2.1) is called a "non-

homogeneous equation.'" The associated "homogeneous equation'" is

Y, = By, _q- 2.2)

A "solution of (2.1) for t eIa" is a stochastic process e with

the properties that n is some well-defined random variable and

n. = a(t) n._

. + L for t = a+l, at+2, ...

1



Theorem 2.1: Let a eI and let X be some well-defined random variable.

Then there exists one and only one stochastic process ¢(t) defined

for te Ia such that

X

¢(a)

and

¢(t) a(t) ¢(t-1) + LA

for all t > a.
Proof: Define ¢(a) as X and define ¢(a+l) as oa(a+l)X + LAV Then

recursively define ¢(atn) for n a positive integer. Then
$(a) = X

and for t > a

¢(a+l) = a(a+l)X + Vol 2.3)
and
t-1
o(t) = a(t)a(t-1) ... a(atl)X + I a(t)o(t-1) ... a(r+l)w_
r=a+l
+ Wes t =at+2, at3, ... .
Thus ¢(a) = X and o(t) = a(t)d(t-1) + W, for t > a.

Now to prove uniqueness suppose another stochastic process w(t),
defined for t €Ia, satisfies (2.1) for t > a and has the property that

¥(a) = X. Then ¥(a) = ¢(a) and from



p(t) =a(t)(t-1) +w

t

with t = a+l one obtains

v(at+tl) = a(a+l)yP(a) + Vo1
= g(atl)X + LAE
Thus ¥(a+l) = ¢(a+l). Now, using mathematical induction one can show
that yY(a+n) = ¢(a+n) for all non-negative integers n.

Before going further with the nonhomogeneous equation, it is in-
formative to look at the homogeneous equation and some properties of

its solution. Let y; be a solution of (2.2) for te I,. Then

'=
Y, X

for some well-defined random variable X and

1

= '
yt a(t)yt_l
for t > a.

Lemma 2.1: Let the stochastic process y; be a solution of (2.2) for
tel . Then either P[yé = 0] = 0 or P[yé = 0] =1 for te I.

Proof: By definition yé = a(t)yé_l. Thus
yi = [o(t)a(t-1) ... a(s+l)1yl,

> . € .
for t > s > a. But a(t) # 0 for all t I
One can interpret this lemma as either the stochastic process is

"never zero'" or else is identically zero almost everywhere for te Ia'
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Excluding the trivial solution where the stochastic process ¢(t)

is zero almost everywhere for te:Ia, let {¢(a) = X, ¢(t)}, where X is

some well-defined random variable, be the set of all stochastic proc-
esses which are solutions of (2.2) for te:Ia. Let ¢"(t) = {1, ¢(t)}
be the unique solution of (2.2) for te:Ia for which X is a variable

taking on only the value 1 at t = a. Clearly, by Lemma 2.1 ¢'(t) is

never zero almost everywhere on Ia' Then the following lemma gives

the relationship between any two solutions of (2.2) for t.eIa.

Lemma 2.2: Let the stochastic processes yé and z, be two solutions of

(2.2) for ts:Ia. Then yé and z, differ by a factor which is some well-
defined random variable.

Proof: Let ¢'(t) be the unique solution of (2.2) for te Ia introduced

above where ¢(a) = 1. Then by Theorem 2.1 one can recursively construct
Yé = ¢'(t)Y;, tza

and

zt = ¢'(t)zas t > a.

By Lemma 2.1 P[yé = (0] = 0 and P[zt = 0] = 0, since the trivial solu-

tion has been excluded; and, in particular, P[y; = 0] = 0 and P[za = 0]

=0. Thus
-1
| - 1
ve = 2.(z, 7y))
and
-1
= v'(v'
z, Yt(Ya za)-

Corollary 2.1: Let nt be any solution of (2.2) for ts:Ia. Let yé be
'a nontrivial solution of (2.2) for te;Ia. Then any solution can be

represented by the following:




n = y'y' "I
t t’a a’

An explicit expression for a solution to the nonhomogeneous equa-

tion (2.1) conditional on the starting point a can be constructed.

Theorem 2.2: Let a be an arbitrary integer in I. Let a(t) be defined

for ts:Ia+l where the coefficient a(t) is a random function of time
taking on a nonzero real value. Let the stochastic process wt
be defined for ts:Ia+1. Let yé be a nontrivial solution to the homo-

geneous equation
v, = oty

for te:Ia. Let X be some well-defined random variable. Then the sto-

chastic process ;t, where

Ca =X
t -1 -1
T, = Iyl v, tyy) X, t > a, (2.4)
s=a+l

is the unique solution to the nonhomogeneous equation
v, = oty _; v, tel,,

conditional on Ca = X.
Proof: Theorem 2.2 can be deduced directly from Theorem 2.1. Since

yé is a nontrivial solution to the homogeneous equation, one has
|- '
ve = e(®)y > tel,

where P(yé = 0) = 0 for all t. This implies that



-1
}'::Y; = a(t)a(t-1) ... a(s+l), sel. (2.5)

Thus substituting (2.5) into (2.3), one obtains the unique solution
;t to the nonhomogeneous equation conditional omn Ca = X at the starting

point a:

lws + yéy;-lx, for t = a+l, at+2, ... ,

.=t yly'”
t s=a+l t's

as given in (2.4).

2.2 An Unconditional Solution With Finite Second Order Moments
Before going further it is necessary to impose additional struc-
tural assumptions on the model. Consider the stochastic linear re-

currence relation
¥, = al®)y, _; +us tel, (2.6)

where the coefficient q(t) is a random function of time defined for
t €I which takes on a monzero real value. The random variable
u, is a member of a stochastic process {ut|t €I}. 1In particular, let

U t €I, have mean zero,

Eut = 0, Vt
and second order moments,
Eu u = 6 62’ Vtys

ts ts

where 02 < « and where Gts is defined:



Gts = Tif t=s

0 otherwise.

Equation (2.6) will be called a ''generalized autoregressive equation
due to the random coefficient a(t).

One would like to establish conditions under which the generalized
autoregressive equation of order one (2.6) determines a stochastic
process {yt} for all t €I, independent of the starting point a, such
that its first and second order moments are well-defined and finite.
The following theorem not only gives necessary and sufficient condi-
tions for the existence of such an unconditional solution, independent
of the starting point, but also gives an explicit expression for an

unconditional solution for all t eI.

Theorem 2.3 (The Existence Theorem): Let a(t), t €I, be the coefficient

of the generalized autoregressive equation of order omne

= +
Y, ot(t)yt_l us tel

where o(t) is a random function of time t taking on a nonzero real
value for all teI. Let the stochastic process {utlte I} be a
mean zero family of random variables with the covariance function
EutuS = 6tsdz where 02 is finite. Assume a(t) and u_ are independent
for all t and s. Let b be any integer in I such that b < t. Then

n

I [a(t)e(t-1l) ... a(t-r+l)]ut_r,
r=0

e



def

with [a(t)a(t-1) ... a(t-r+l)] 1 for the term where r = 0, converges

in mean square as n increases to a mean zero stochastic process with
finite second order moments if and only if

£ E[a?(t)a(t-1)

. a2 (t-b'+1)] < =
b'=1

for all t €I where b' = t-b. The limiting stochastic process, to be de-

noted by

-]

g = I [a®)e(e-1) ... o(t-r+l)]u _

r’ (2.7)
r=0

is a solution of the generalized autoregressive equation

Ve = a(t)yt_l + ., tel.

Proof: First look at the homogeneous equation

| - '
ye = 0yl 4

where yé is a nontrivial solution. Recursively, it can be shown that

!

= 1
Ye = *(B)y._;

' o - !
yo = «e)e(e-Dy, _,

yé = q(t)a(t-1) ... a(s+l)y;

so that yéy;- = a(t)a(t=-l) ... a(s+l), i.e. a product of the random

coefficients.

Now looking at the nonhomogeneous equation one can see that



y, = M)y, +u
y, = a(t)a(t‘l)yt-z + a(t)ut_l + u,
Ve = e(a(t-Da(t-2)y,_5 + a(t)alt-Du, _, + alt)u _, +u

For any a €I, Theorem 2.2 implies that the stochastic process Ct

defined for t eIa as

;a =0
t -1
L, = z yéy; u_, for all t > a (2.8)
s=a+l S

is a solution of (2.6) for t eIa. To emphasize the dependence of L. in

(2.8) on a starting point a one can write

t
géb) = Iy, for all t > a > b, (2.9)

s=b+1 s
which gives a sequence of all solutions conditional on starting points
b less than or equal to a where a must be less than t. Substituting

for yéy;-l-in (2.9) gives

®) _ &
gt = I a(t)e(t-1) ... a(s+l)u , t >a>b.
s=b+1 s

It must be shown that the sequence {Eéb)lb = a, a-1, ...} con-
verges in quadratic mean to some random variable as b decreases. This
will follow by the Cauchy criterion upon showing

lim E[iéb) - Eéc)]z =0 for all tel.
b,c > -



Now with v a negative integer,

t
z[g§b+V) - ggb)]z =E[ I a(®a(t-) ... alstDu,
A s=b+v+1
t 2
- I a(t)a(t-l) ... a(s+l)us]
s=b+1

b 2
= E[ z a(t)a(t=1l) ... a(s+l)u ]
s=bv+1 s

By hypothesis a(t) and u_ are independent for all t and s, and the ex-

pectation can be taken inside the summation since the sum is finite

giving
b
(e - géb)]z = r El?®ed(e)) ... ol (et IEu 7]
s=b+v+l
2 b ., 2
=g z Efa"(t)a"(t-1) ... a“(s+l)]. (2.10)
s=b+v+1

One must show that (2.10) may be made less than any preassigned € < 0
for -b sufficiently large and for all v < 0. By the Cauchy criterion
for convergence of series, this follows if and only if

el a2 2
I E[a“(t)a”(t-1) ... a“(stl)] < =, (2.11)
g=-

Making the change of variable b' = t-s in (2.11) gives this condi-

tion as presented in the statement of the theorem:

I E[e?()a®(t-1) ... a?(t=b'+1)] < =.
b'=1



;Ihus,{géb)} converges in mean square for all t€I to the limit-

ing stochastic process Et.

) _

N 0. And since

From (2.9) since Eut = 0, E&
(b) 2 (b) 2
[E(5,-E 1" < E[E,-E 17,

where E[&Eb)-itlz + 0 as b+ -®, one can conclude that Et has mean
zero.

One needs to show that Et defined in (2.7) satisfies (2.6). One
can write St as follows:

t

-1
= (]
gt L Ye¥s Ug*
Sﬂ—m
Now,
t -1 t-1 1
- = ! - 1 1
gea(0e S=Ew Ve¥g Ug ~ (0 S=Ew Te-17s Ys
-1 t-1 1
= v'v! ' ' (e
YoV ut E yg—e(e)y ;1 yg "ug
S==—00

where yéyé-l = 1. Since yé is a solution of the homogeneous equation,

yE = a(t)yé_l; thus, the above becomes

t-1 -1
- = 1
Et a(t)Et_l ut+ pX (O)yS u

SB—W

S

or

ge(®E = Y



Therefore, &t does satisfy the generalized autoregressive equation

(2.6):

Ve = a(t)yt_l +u, for all tel.

This completes the proof. Henceforth, a solution of this type will

be expressed as

Y. = r:‘o [a(t)a(t-1) ... a(t-rtl)]u__, (2.12)

with the infinite sum understood to be the mean square limit of

finite partial sums.

Theorem 2.3 gives the existence of a solution (2.12) to the
generalized autoregressive equation of order one (2.6) for all teI.
This solution is a stochastic process having mean zero and finite
second order moments and, in general, with no further restrictions is
a nonstationary stochastic process. It is of interest to investigate
the special class of solutions that are weakly stationary stochastic
processes. Before one can specify this special class of weakly sta-
tionary solutions, it is necessary to obtain explicit expressions for
the second order moments. Then one can determine sufficient conditions
such that these second order moments are independent of time giving
weakly stationary solutiomns.

First, one can express all of the finite second order moments of
the solution yt in (2.12), or the autocovariance structure for any lag

k where k €I, as follows:



r ©
EY Ve = E [[rzo a(t)a(t=1) ... alt-r+lu _ ]

. [r=zo a(t-k)a(t-k-1) ... a(t—k—ﬁl)ut_k_r]J-

For convenience, use the following transformation for the second

summation:
= = = - =
Let s r+k r s-k ut-k—r ut-k-s+k
r =0 =s=k =u
t-s

r = oo%sﬂoa

Then one has

-]

By Yex = E [rjo a(t)a(t-1) ... a(t—r+1)ut_r]

« [ £ oa(t-k)a(t-k-1) ... a(t-s+1)ut_s]].
s=k

This can be partitioned as follows:

k-1
EY Y,y = E [[rzo a(t)a(t-1) ... a(t-r+Du__]

e[ T o(t=-k)a(t-k-1) ... a(t-s+1)ut ]
s=k -8

+ [ Z a(t)o(e-1l) ... a(t-r+1)ut ]
r=k T
[ Z oa(t-k)o(t-k-1) ... a(t-s+l)u ]]
s=k t-s



k-1 o
=E| g v a(t) o(t=1) ... a(t-r+l)a(t-k)
r=0 s=k

¢« a(t-k-1) ... a(t-s+1)ut_rut_s

(-2}

+ T a(t)alt-1) ... a(t-k+l)a®(t-k)aZ(t-k-1) ...

=k
2 2 -
. Qa (t-r+l)ut_r (i.e. r=s)
+2 I T a(t)alt-1) ... a(t-k+1)a®(t-k) ... o> (t-r+l)

r=k s=r+l

r <s
‘ L]

a(t-r) ... a(t—s+1)ut__rut_s ; (2.13)

def
where, in the first summation a(t)oa(t-1l) ... a(t-r+l) = 1 for r=0
def
and o(t-k)a(t-k-1) ... a(t-s+l) = 1 for s=k, and in the second and
2 2 2 def

third summations o“(t-k)oa“(t-k-1) ... a“(t-r+l1) = 1 for r=k. Thus,
the second order moments can be partitioned into the expected value
of three infinite sums. One needs to impose some conditions in
order to interchange expectation and limit for each summation in

(2.13). This can be done by applying the following result stated in

Rao [1973, p. 111].

Lemma 2.3: If Xi’ i=1l, 2, ... is a sequence of random variables,

then

E( z X,) = 1 EX,
i=1 1 i=1 *



o =]

provided I E|X,| < =, which ensures the convergence of I X with
i i
i=1 i=1
probability one.
Lemma 2.3 implies that the following three conditions, one for
each summation in (2.13), respectively, are sufficient for one to in-

terchange expectation and limit for each summation in (2.13). For

each lag k, one must require that

(a) ; E|a(t) a(t-1) ... a(t-r+l)a(t-k)o(t-k-1) ... a(t-s+l)u <

t—rut—
s=k s
for fixed r =0, 1, 2, ..., k=1;

[>]

®) I Ela(t)a(t-1) ... o(e-k+1)a?(t-k)o?(t=k-1) ... Otz(t—r-l-l)ui_r|<°°;

r=k

and

(¢) = I E|a(e)a(t-1) ... a(t-k+l)o(t=k) ... oZ(t-r+l)
r=k s=r+l

- o(t-r) ... a(t=s+l)u < =,

t-rut-s ]

It has been assumed that a(t) and u, are independent for all t

and s, and therefore these conditions can be further simplified. It

is known that Elui_rl Eui_r = 02 for all t-r where 02 is assumed

finite. Thus Elut-rl m for all t-r where m is some finite constant.

Thus condition (a) becomes
£ E[]a(t)a(t-1) ... a(t-r+l)a(t-k)o(t-k-1) ...
s=k

« a(t-s+1) | |u ] <=

u
t-r t-s



and using the independence of o and u and the uncorrelatedness of the

u's, one obtains

[--]

£ Ela(t)a(t-1) ... a(t-r+l)a(t-k)a(t-k-1) ... a(t-s+l)[[E|ut_rl]2 <
s=k

or

m2 T E|a(t)a(t—l) ee. a(t-r+l)a(t-k)a(t-k-1) ... a(t—s+1)| < o,

s=k
Condition (a) simplifies to a condition just on the random coeffi-

cients a(t), t €I:

(@' I Ela(t)a(t-1) ... a(t-r+l)o(t-k)o(t-k-1) ... a(t-s+l)| < =
s=k

for fixed r =0, 1, 2, ..., k-1.

Similarly, condition (b) becomes

I E|a(e)a(e-1) ... a(t-k+1)o®(e-k) o (t-k-1) ... o’ (t-r+1) |E l“i-r| <
r=k

or

# I Ela(t)a(e-1) ... a(t-k+l)o?(t-k) o (t-k=1) ... o (t-r+l)| < =
r=k

and 0% <o by assumption. Condition (b) simplifies to a condition

just on the random coefficients o(t), t €I:

®)' I E|a(t)a(t-1) ... a(t-k+l)o?(t-k)oZ(t-k-1) ... @ (t-r+1)] < = .
=k

Similarly, condition (c) becomes



I Ela(t)a(t-1) ... a(t-k+1)a®(t-k) ... o (t-r+1)a(t-r) ...
r=k s=r+1

. a(t—s+l)|[Elut_r]]2 < w

or

@ £ I Ela(®)a(t-1) ... a(t-k+1)o(t=k) ... o (t-r+l)a(t-r) ...
r=k s=r+l

*a(t-stl)| < =,

Condition (c¢) simplifies to a condition just on the random coefficients

a(t), t el:

o] [

(c)! T z Ela(t)a(t-l) eee a(t-k+1)a2(t-k) e az(t-r+1)a(t-r) ces

.« a(t-s+l) | < =,

Therefore, if conditions (a)', (b)', and (c)' above are satisfied for
the random coefficients a(t), t €I, then one can interchange expecta-
tion and limit in (2.13) and obtain explicit expressions for the second
order moments of Yeo t €I, for each lag k.

Interchanging expectation and limit in (2.13) one obtains

k=1 =
Eytyt—k = I I E[a(t)a(t-1) ... o(t-r+l)a(t-k) a(t-k-1) ...
r=0 s=k
a(t-stlu,_ u ]

[+

+ I E[a(t)alt-1) ... a(t-k+l)oZ(t-k)a®(t=k-1) ...

r=k
L2, 2
o (t r+l)ut_r]
+2 5 ¢ E[a(t)o(t-1) ... alt-k+l)a?(t-k) ...
r=k s=r+1

r <s
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. a2 (t-r+1) a(t-1) ... a(t-s+l)u 1.

u
t-r t-s

Using the independence of o and u and the uncorrelatedness of the u's,
one obtains
k-1

Eytyt-k = E[ut-rut-s] rjo ka Ela(t)a(t-1) ... a(t-r+l)a(t-k)a(t-k-1)...

* a(t-s+l)]

+E[u2 1 I E[a(t)a(t-1) ... a(t-k+l)a’(t-k) o >(t-k-1) ...

t-r r=k
2
* o (t-r+l)]
+ ZE[ut-rut-s] T v Ela(t)a(t-1) ... a(t-k+l)(32(t-k)...
r=k s=r+l
r <s

* o2 (t-r+l)a(t-r) ... a(t-s+1)]
and since E[ut—rut-s] = 0 in the first and third pieces, one is left
with

2 2 2

Eytyt_k =¢° ¥ Ela(t)a(t-1) ... a(t-k+l)a " (t-k)o " (t-k-1) ...

r=k

- o (t-r41)]. (2.14)

Given that the conditions of Theorem 2.3, the existence theoremn,

are satisfied and a solution as expressed in equation (2.12) exists,

the following theorem states sufficient conditions for a solution to

be a weakly stationary stochastic process.
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Theorem 2.4: A solution

v, = r='z-0 [a(t)a(t-1) ... a(t-r+tl)]u

of the generalized autoregressive equation of order omne
= +
Vo = o(®)y, _; +u, tel

is a weakly stationary stochastic process if the set of random co-
efficients {a(i), ieI} form a strictly stationary stochastic process

for which the following conditions are satisfied for each lag k:

(a)' I E|a(t)a(t-1) ... a(t-r+l)a(t-k)a(t-k-1) ... a(t-s+l) | < =,
s=k

for fixed r=0, 1, 2, ..., k=1;

-]

b)' £ Ela(t)alt-1) ... a(t-k+1)a®(t-k)o? (t=k-1) ...o(t-r+l)< =;

r=k

and

(@' I % Ela(e)a(t-1) ... a(t-k+1)o?(t-k) ... o®(t-r+l)
r=k s=r+l1

« a(t-r) ... a(t—s+1)| < o,

Proof: Suppose that the set of random coefficients {a(i), i eI}
satisfy the three conditioms (a)', (b)', and (c)' sufficient to inter-
change expectation and limit in the general expression (2.13) for the
second order moments of Ves t €I. Then the second order moments of

y, can be expressed as in (2.14):
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Eyy . = o> 1 Ela(t)a(t-1) ... a(t-k+l)a®(t-k)a®(t-k-1) ...
tVe-k e

. az(t-r+l) 1,

for each lag k. Suppose also that the set of random coefficients
{a(i), 1 €I} form a strictly stationary stochastic process. Then all
moments of any order for {a(i), i eI} would be independent of time t.
Recall that E(yt) = 0 for all t, and thus the mean is the same
for all t, i.e. independent of time t. In expression (2.14) for the
finite second order moments of Vs it is assumed that 02 is finite and
it has been shown that the infinite sum is finite. Each term in the
sum is a moment of order 2r-k for {a(i), i eI} and is therefore in-
dependent of time t. Since the infinite sum is finite and each term
in the sum is independent of time t, then the sum must also be inde-
pendent of time t. Therefore, solution Ve is a weakly stationary sto-

chastic process.

Although the theory in this chapter applies to the general case
where o(t) is any random function of time satisfying the conditions
stated in Theorem 2.3 that are required for a solution of the general-
ized autoregressive equation of order one to exist, it is of interest
to consider specific model structures for the random coefficient that
may be useful in practical applications. This is done in the next

chapter.




CHAPTER III
A SPECIFIC MODEL FOR THE RANDOM COEFFICIENT

To illustrate the theofy of the generalized autoregressive equa-
tion model of order one and to develop a random parameter approach to
modeling and forecasting from this model, one must impose some struc-
ture on the random coefficient o(t). Suppose a(t) varies slowly with
time but only takes on discrete values. In particular, take the
simplest case where a(t) only takes on two different values. Let
a(t) be dependent on its previous values. One natural way of model-
ing this behavior is by using a two-state Markov chain. This random
parameter model, the generalized autoregressive equation model of
order one with random coefficient a(t) modeled as a two-state Markov
chain, is the special class of models investigated in this study.
Henceforth, this model is referred to as a two-state Markov chain
model.

In section 3.1 a two-state Markov chain model is described.
Based on Hoel, et al. [1972], a review of some basic definitions and
properties of Markov chains is given. These basic concepts are ap-
plied to the model of interest giving properties and necessary assump-
tions for this random parameter model to be a useful extension of the

fixed coefficient autoregressive model of order onmne.
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In section 3.2 it is shown that the two-state Markov chain model

satisfies Theorem 2.3 and thus has as a solution a mean zero stochastic
process with finite second order moments. Since it is assumed that

the two-state Markov chain for a(t) is strictly stationary and since
a(t) satisfies the other sufficient conditions given in Theorem 2.4,
the solution is a weakly stationary stochastic process. To complete
the chapter, a brief discussion is given for the generalization to an

n-state Markov chain model.

3.1 A Two-State Markov Chain Model: Its Properties and Assumptions
Consider the following generalized autoregressive equation of

order one

where the same assumptions are made as in Chapter II for the random
noise variable. Specifically, {ut]t €I} is a mean zero stochastic

process with covariance structure given by

= §
Eutus tsd

where the variance 02 is finite and 6ts is defined as

Gts = 1l for t =s

0 for t # s.

Thus {utlt €I} is a weakly stationary stochastic process. It is also

assumed that the u, follow a normal distribution, and therefore the

u_ are independent for all t. Since the normal distribution is



completely determined by its first and second order moments, {ut|t €1}

is now strictly stationary.

The random coefficient {a(t)|t eI} is modeled as a two-state
Markov chain having state space S = {el, ez} where 0 < ei < 1. Thus
a(t) takes on either the value 91 or 92 for all t. It is also assumed
that a(t) and u  are independent for all t and s.

Assume the two-state Markov chain for o(t) satisfies the Markov

property:

P(a(t+l) = la(O) = ags eees a(t) = a.) = P(a(t+l) =

%t+1 t Ly
a(t)= at) vt

where ai is an element of the state space S. Thus given the present
state, the past states have no influence on the future. The condition-

al probabilities, or transition probabilities,
P(a(t+l) = b|a(t) = a)

are assumed to be stationary, and thus independent of time t. The

transition function is defined as

P(a, b) = P(a(t+l) = b|a(t) = a) t >0
such that
P(a, b) >0 a, bes

ZP(a, b) =1 aceS.
b



51

Let P(q(t+l)

"
D
~

[

8yla(e) =8) =p P(a(t+l) = 8, |a(t) 1-p

6

]
(]
]
D
(]

P(a(t+l) ella(t) = q P(a(t+l) Gzla(t) 1-q

2)

where it is assumed that 0 < p <1 and 0 < q < 1. The numbers P(a, b)
are the one-step transition probabilities of the Markov chain. Thus

the one-step transition matrix is

where p + q > 0.
The m-step transition function Pm(a, b), which gives the prob-

ability of going from a to b in m steps, is defined by

m
P(a, b) = ...  P(a, b))P(by b)) ... P(b _,, b ,IP(b_ ., D)
b b
1 m-1
3.1)
1 ' 0
for m > 2, by P"(a, b) = P(a, b) and by P (a, b) = 1 a=b
0 elsewhere.
For Markov chains having a finite number of states, (3.1) allows one
to think of PT as the mth power of the matrix P. In general for the

two-state Markov chain

m__1 [q p 1-p-" (p -p
P p+q { q p } + Vm.

One can also show that



P(a(t+m) = bla(t) = a) = P"(a, b),

and
P, b) = 1 PY(a, ¢)P%(c, b).
c
The function wo(a), acS, defined by

no(a) = P(a(0) = a) acs$

is the initial distribution of the Markov chain. It has the follow-

ing properties:
wo(a)_z 0, a€S$S
z = 1.
Wo(a) 1

a

Thus for this two-state Markov chain model

where

P(a(0)

"0(91) 6.)
no(ez) =1- no(el) =P@(0) = 62)-

It is desirable to have the entire distribution of a(t) indepen-

dent of time t. The distribution of a(t) can be expressed as follows:

= =3 —p-q)© - 49
P(a(t) = ) = =+ (1-p-)© (1p(8) - =L



P(A(E) = 0,) = =B+ (1-p-q)"(my(6,) - 2B

One can choose no(el) and no(ez) such that P(a(t) = el) and P(a(t) =

62) are independent of time t. Suppose one chooses:

=49
no(el) P~

= P
no(ez) o+

Then the distribution of a(t) becomes

= =

P(a(t) = 8)) = =5 vt
= = 2

P(a(t) = 8,) = =2 ve,

and this is independent of t.

It can be shown that the distribution of o(t) is independent of
time t if and only if the initial distribution is a stationary dis-
tribution. If w(a), a €S, are nonnegative numbers summing to one,
and if

r m(a)P(a, b) = w(b) beS

a
then 7 is a stationary distribution. It turns out that for this two-
state Markov chain model the unique stationary distribution w is

determined by

=3 L
n(el) P—w and n(ez) o+q

such that



9 . P _PH_,

T * ey = St o T bR

Also, one can show for

=0_: =4 (1- 2
b= 0: TR, 0 + TR, 8)) = Sk (1-p) + 2o q

= . =9 L2 -
b 920 TT(el)P(elsez) + W(GZ)P(ezsez) p+q p+ p+q (1 CI)

= Patp-pq
ptq

=2 =
o+q n(ez).

It can also be shown that

lim Pt(a, b) = n(b), beS.

tow
Thus regardless of the initial distribution of the chain, the distribu-
tion of a(t) approaches m as t > ». In this case, m is a steady state
distribution.

The joint distribution of «(0), ..., a(t) can be expressed in

terms of the transition function and the initial distribution:

P(a(0) = ag, a(l) = @), ..., a(8) = 0 ) = T (AIP(A, B;) ...

1’
. P(at_l, at).

Also, with T, as the initial distribution,

0
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P(a(t) = b) = I 7,(a)P"(a, b)
a

or

[

L P(a(t) = a)P(a, b).
a

P(a(t+l) = b)

Let Pa( ) denote probabilities of various events defined in
terms of a Markov chain starting at state a. This notation will be
used in some of the discussion that follows.

A state c of a Markov chain is called an absorbing state if
P(c, ¢) = 1 or, equivalently, if P(c, b) = 0 for b # c¢c. For the two-
state Markov chain for a(t), it is assumed that p # 0, q # 0, and thus
neither of the two states is absorbing. Otherwise, it would be
natural to fit a fixed coefficient AR(1l) model to the observations
after the absorption had occurred, if this could be determined.

Let Ta’ the hitting time of a, be defined by

T = | min (£t > 0: a(t) = a)

o if a(t) # a vt > 0.

In other words, Ta is the first positive time the Markov chain is in,

or hits, state a. Observe that

Pa(Tb =t+l) = I P(a, C)Pc(Tb = t), t > 1.
c#b
Let Pap = Pa(Tb < ), Then b denotes the probability that a

Markov chain starting at a will be in state b at some positive time.

In particular, denotes the probability that a Markov chain

°bb
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starting at b will ever return to state b. A state b is "recurrent"
if Pop = 1 and "transient" if Pob < 1. Thus if b is a recurrent
state, a Markov chain starting at b returns to b with probability one;
but if b is a transient state, a Markov chain starting at b has

positive probability 1-P, . of never returning to b. For the two-

bb
state Markov chain for ¢%(t), both states el and 62 will be required
to be recurrent. Thus p =1 and p = 1.

6181 828

A nonempty set C of states is closed if no state inside of C

leads to any state outside of C, i.e. if
p. =0 a€C and b£C.

A closed set C is "irreducible" if a leads to b for all choices of a
and b in C. Let C' be a finite irreducible closed set of states.
Then every state in C' is recurrent. The two-state Markov chain for
a(t) is irreducible with both states recurrent.

Define the following:

Zb(c) = |1 c=b

E, (2, (@(£))) = B, (a(t) = b) = P(a, D).
Now set

t
N (b) = D) lb(a(m))
m=1

where Nt(b) denotes the number of visits of the Markov chain to b

during times m =1, ..., t; and set



t
m
Gt(a, b) = Z P (a, b) = Ea(Nt(b))
m=1

which is the expected number of such visits for the Markov chain
starting at a.

One can define m = Eb(Tb) as the mean return time to b for a
chain starting at b if this return time has finite expectation, and
otherwise m = ®, Thus once a chain reaches b, it returns to b "on
the average every o units of time". A recurrent state b is null re-
current if m, = o, Requiring mb < o implies that b is positive re-
current. If C is a finite irreducible closed set of states, then
every state in C is positive recurrent. Thus the state space S =

{ 9.}, which is finite, closed and irreducible, implies that both

8

1’ "2
states are positive recurrent; and the chain is positive recurrent.
An irreducible positive recurrent Markov chain has a unique sta-

tionary distribution m, given by

m(a) = s aeS.

Bll-'

a
It can also be shown that an irreducible Markov chain is positive re-
current if and only if it has a stationary distribution. Let a(t),

t > 0, be an irreducible positive recurrent Markov chain having sta-
tionary distribution m. Then with probability one

N (a)

1lim
t-m

= m(a), aesS.

Also, one can show that



t o Gt(a, b)
1im-€ I P (a, b) = 1lim ——— = 7w(b), a, be S.

1

t7>°  m=l tore t

One can define the period da by
d_ = g.c.d. {t>1: Pt(a, b) > 0}.

If P(a, a) > 0, then da = 1. It can be shown that the states in an
irreducible Markov chain have common period d. For the two-state
Markov chain for a(t), da = 1; and thus the chain is "aperiodic". Let
a(t), t > 0, be an irreducible positive recurrent Markov chain having

stationary distribution n. If the chain is aperiodic,

1im P%(a, b) = w(b), a, bes.

g
For details concerning these concepts and definitions and justi-
fication of some of the results, the reader is referred to Hoel, et al.
[1972].
Since a(t) is modeled as a strictly stationary, two-state Markov
chain with the above properties, one can develop the following moment

structure for a(t). Consider the distribution of a(t):

t) = |6, with probability ——
a(t) 1 probabi y o+

2.
62 with probability g

where 0 < p <1 and 0 < q < 1. Therefore,

qel + p62
ptq

E[a(t)] = Vt.

Also



2

o2(t) = |6.%2 with probability —&-

1 ptq

L2

2
¢ ith probabilit
w P y —w

Thus the variance of oa(t) can be expressed as:

E[a2(t)] - [Ea(t)]?

var[a(t)]

ptq pHq

2 2
qel + sz {qel + pGZJZ

2
_ pq(el-ez)

(p+q)?

vt.

Now consider the joint distribution of {a(t), a(t+k)} for k > O:

,

{a(B)a(t+k)} = 612 with probability —-—3—5 [q+p(1-p-q)k]

(p+q)

6.6
12 (p+q)

6 6
21 (p+q)

922 with probability —F—
| (p+q)

with probability -—BH-E [l-(l-P‘Q)k]
with probability —2d— [1-(1-p-q)*]

{p+q(1-p-q)k].

Thus the autocovariance structure of o (t) can be expressed as:

covla(t), al(t+k)] = E[a(t)a(t+k)] - E[a(t) JE[a(t+k)]

= —L— 1o, Palarp(1p-0) 1 + 2.0 ,pal1-(1-p-0)“]

(p+q)

+ ezzp[p+q(l-p-q)k] - (q61+p92)2]



pq(l-p-q)k(el—ez)2

= Vt.
(p+)

Therefore, the autocorrelation structure of a(t) is given by

0. = covla(t), alt+k)]
k var[a(t)]

k 2
pq(1-p-q) (61-62)

- (p+<1)2 :
pq(el-ez)

(p+q)2
Thus
= (l-p-q)k.

3.2 An Illustration of the General Theory

It is now shown that the two-state Markov chain model satisfies
the conditions of Theorem 2.3 and thus has as a solution a mean zero
stochastic process with finite second order moments. From Theorem
2.3, the existence theorem, one can express a solution V. as

follows:

-

y. = I a(t)al(t-1) ... al(t=r+l)u,_ _. (3.2)
t t-r
r=0
The condition for a solution‘with finite second order moments to

exist is:

£ Ele?(e)a(t=-1) ... a’(t-b+1)] < w.
b=1
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The random coefficient a(t) takes on either the value 6. or 6, for

1 2
all t. Recall that 0 < ei < 1l. Thus az(t) takes on either the wvalue
) 2 or 8 2 for all t such that 0 < 6 2 < 1. Now define 6 =

1 2 1 max
max{6., 6,}. Then 0 < 8 < 1, Thus
1 2 max
p Ele?(0)a?(e-1) ... al(eb+1] < I Efe_ 7P
b=1 b=1
- 2b
p=y max
<10 2b
p=g DaxX
= 1 2 < oo.
1-6
max

Note that emaxz # 1 since Si #1 for i = 1, 2. Since this condition
is satisfied by the two-state Markov chain model, (3.2) has finite
second order moments.

Theorem 2.3 guarantees that the stochastic process has mean zero;
however, this can also be shown directly. One can express the mean of
Y. as

-]
Ey, = E| I a(t)a(t-1) ... a(t-r+l)u . (3.3)
t t-r
r=0
To interchange expectation and limit, one can use the result stated
by Rao and given in Lemma 2.3 upon showing that

I Ela(t)a(t-1) ... a(t-r+l)u,__ | < =,
r=0 t-r
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Recall that it is assumed that a(t) and u_ are independent for all

t and s. This gives

 Ela(t)a(t-1) ... a(t-r+lu__
r=0 t

r

= I Ela(t)a(t-1) ... a(t-r-l-1)|E|ut__r|.
r=0

From properties of the folded normal distribution

| = /2 Vt-r.

E| -

Yer

This gives

I Ela(t)a(t-l) ces a(t—r+l)ut_r| = cv/%f z E]a(t)a(t-l) ces
r=0 . r=0

* a(t-r+l)|

oo
<0V@Z r E|6f ]
- T 0 max

>

o1ﬂg 5 of
™ max
r=0

since 0 is positive, and
max

= — < ®
-0 °
1 max

Note that o2 is finite and emax # 1 since ei # 1. Therefore, inter-

changing expectation and limit in (3.3) gives
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(o]

Z E[a(t)a(t-1) ... Ot(t-r+l)ut_r]
r=0

Eyt

o

Elu ]  E[o(t)a(t-1l) ... a(t-r+l)].
t-r
r=0

This summation is finite since

[~

I E[a(t)a(t-1) ... a(t-r+1)] < I E[6F ]
=0 =0 max

= — 8 )
l-emax , where max #1

Thus since E[ut-r] = 0 for all t-r and the summation is finite,

Eyt = 0 for all t.

In order to show that the solution to the two-state Markov chain
model is a weakly stationary stochastic process, one must show that
the sufficient conditions of Theorem 2.4 are satisfied. It is assumed
that the two-state Markov chain for the random coefficient a(t) is
strictly stationary. Thus one must show that the random coefficients
{a(t) |t e I} satisfy the following three conditions sufficient to in-
terchange expectation and limit in the general expression (2.13) for

the second order moments of Yer for each lag k:

(a)' Ela(t)a(t-l) eee a(t-r+D)a(t-k)a(t-k-1) ... a(t-s+1)| < @
s=k

for fixed r=0, 1, ..., k-1,

®)' I Ela()a(t-1) ... a(t-k+D)aZ(t-k)a?(t=k-1) ... a®(t-r+l)| < =,
r=k




-] ©

(@' I I Ela(t)a(t-1) ... alt-k+l)a>(t-k) ... a®(t-r+l)a(t-r) ...
r=k s=r+l1

© a(t=s+l)| < =,
One should note the following structure for condition (a)':

(a)' £ E|a(t)a(t-1) ... a(t-r+l)a(t-k)a(t-k-1) ... a(t-s+l)|
s=k

where there are s-k+r different a's to the first power.

Replacing each a(t) by emax for all t gives

I E|la(t)a(t-1) ... a(t-r+l)a(t-k)a(t-k-1) ... a(t=s+l)]|
s=k

-]

s=k+
< z -Elemx’]

s=k
- 5ok
s=k

since emax is positive. Make the following transformation:

Let t = s=k

k=2t=20 and s-k+r = t+r

then ]

L

s

This gives

[--} [--]
3 oSKIT . 5
S’k max



r
max

= ) < ™,
1 max

Note emax # 1 since Gi # 1. Thus condition (a)' is satisfied.
One should note the following structure for condition (b)’':
®)' I Ela(t)alt-1) ... a(t-kl)a®(e-k)aZ(t-k=1) ... a®(t-r+l)]|

r=k
where there are r total different a's with k a's to the first power

and r-k az's.

Again, replacing each a(t) by emx for all t gives

©

£ Ela(t)a(t-1) ... a(t-k+)a?(t=k)aZ(t-k-1) ... a?(t-r+1)|

r=k
< 1 gel(x¥
- max
r=k
= I eZ(r-k)+k (since @ is positive)
max max
r=k
=0k g g2(rk)
max max
r=k

Again make the following transformation:

Let t = r-k

then  r=k=>t=20

r=®t=°,

This gives

ko 2(r- ko

ok g o2UTR LGk o p gt

max __ max max max
=k t=0



Note emax # 1 since ei # 1. Thus condition (b)' is satisfied.

One should note the following structure for condition (c¢)':

(@' £ I E|a(e)a(t-1) ... a(t-k+l) a>(t-k) ... a?(t-r+l)
r=k s=r+l
r<s ‘a(t-r) ... a(t-s+l) |

where there are s total different g's with s-r+k o's to the

first power and r-k a2's.

Again,'replacing each a(t) by emax gives

$ I Ela(t)alt-1) ... a(t=kl)aZ(t-k) ... a>(t-r+Da(t-r) ...
r=k s=r+l
r <s
. a(t-s+l) ]|
<z 5 Elei;;—k)+s-r+k|
r=k s=r+l
s I z eZ(r-k)+s-r+k (since emax is positive)
r=k s=r+1 2&¥
=0k g 2Tk g gs7T
max __, =~ max gmps] DX

Make the following transformation for the second summation:

let t = s-r-1

then s=r+l =t =0 and s-r = t+l

s =®Ft=m,



This gives

@

(=] -] =)
k 5 e2(r-k) g s-r k 2(r-k) 5 et+l

Gl =0 z emax max
RaX g WAX s=r+l r=k

8

k+1 . e2(r--k) t

=0 z emax
max __, ~max £=0
gktl o
= —max  y  2(r-k)
1-86 :
max r=k
Make the following transformation:
Let t = r=-k
then r=k 2t=0
r=® Jt=mo,
This gives
gk+1 © k+1 »
max 2(r-k) Omax 2t
-emax r=k DX p=g DBX
ek+1
- max < ®

2
(1-8,, (162 )

Note that emax # 1 since 9i # 1. Thus condition (c)' is satisfied.
Therefore, thé solution Ve is a weakly stationary stochastic

process; and the second order moments of y, are independent of t and

a function only of the lag k. An explicit expression for the second

order moments of Ve in the general case is given in (2.14):



o2 T Efa(e)a(t-1) ... a(t-k+1)a®(t-k) ... a?(t-r+l)].
r=k

By B =

In the next chapter expressions for these second order moments of Ve
in terms of the parameters of the two-state Markov chain model are
developed. This autocovariance structure will then play the major
role in developing an estimation procedure for obtaining estimates
of the parameters in the two-state Markov chain model as well as

developing an optimal predictor for this model.

It is important to note that one could show that Theorem 2.3 is
satisfied in the general case where ®(t) is modeled as an n-state
Markov chain for any positive integer n where 0 < Gi <1 for i= 1, 2,
«vey n. This can be done by defining emax = max{el, 62, ey en} and
using the same techniques used for the two-state Markov chain model.
Thus a solution exists as a mean zero stochastic process with finite
second order moments. The sufficient conditions for Theorem 2 .4 can
be shown to be satisfied usipg the same techniques. Thus assuming
that the n-state Markov chain for a(t) is strictly stationary, then
Theorem 2.4 is satisfied and the solution is a weakly stationary sto-
chastic process.

Attention is restricted to the two-state Markov chain model in

this study.



CHAPTER IV

AN ESTIMATION AND PREDICTION TECHNIQUE

FOR THE MARKOV CHAIN MODEL

Let Ve be a weakly stationary solution to the generalized autore-
gressive model of order ome. The solution Ve has autocovariance func-

tion given by (2.14) as

0 ¢ 5 Ela(®a(t-1) ... alt-krDa®(t-k)a?(t-k-1)...a®(c-r1)]
r=k
tel. (4.1)
def 2 2
Recall that a(t)a(t=1) ... a(t=k+l) = 1 for k = 0 and o"(t-k)a"(t-k-1)

def
ces az(t-r+l) = 1 for r = k. In section 4.1 approximate expressions

are provided for (4.1) for lags k = 0, 1, 2 in the particular case
where the random coefficients a(t) are generated by a two-state Markov
chain.

These expressions are then used in section 4.2 to obtain estimates
of the parameters of this two-state Markov chain model by employing the
method of moments. A numerical procedure must be used. A detailed
description of the one used in this study is given in Appendix 4A.1 of
this chapter.

In section 4.3 a simulation study is used to compare the two-state
Markov chain model and the AR(1l) model with a fixed coefficient with
respect to adequacy of the estimated models and their prediction

ability. Some conclusions comparing the estimates of each model and
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comparing the optimal predictors for each model are made, but a need

for further evaluation and comparison is indicated.

4.1 The Autocovariance Structure of the Two-State Markov Chain Model
One needs to obtain expressions for moments of all orders for a(t)
in order to evaluate the infinite sum in expression (4.1) directly for
any specified lag k. In practice this cannot be done. It is shown in
Chapter II that this infinite sum converges, and thus it seems reason-
able to consider a finite truncation of the sum. Since the purpose of
this part of the study is to illustrate the theory, and in particular
the estimation theory for the two-state Markov chain model; a rather
short but reasonable truncation is used. Later it is shown that for
lags k = 0, 1, 2 this truncation gives reasonable estimates for the
parameters using the method of moments and thus must give reasonable
expressions for the autocovariances at lags k = 0, 1, 2. Remember, the
goal here is not extreme accuracy. These expressions only give approxi-
mations, but one can make the approximations as close as desirable to
the true autocovariances by using more terms in the truncated sums.
Consider the following finite truncation for the autocovariance at
each lag k, k €I, for the weakly stationary solution Ve of the two-

state Markov chain model:
* O2 6 2 2 2
Eytyt—k = I Efa(t)ae(t-1l) ... o(t-k+l)a“(t-k)a"(t-k-1) ... ¢ (t-r+l)]
r=k

tel. (4.2)

Evaluating this expression for the different values of k gives explicit-

ly this approximation for the autocovariance structure of Vee One



%
should note that using this particular approximation gives Eytyt-k =0

for k > 7 for all t.

For the values k = 0, 1, and 2 one obtains the approximations for
the variance and the first and second order autocovariances of the
process y,_ listed below. These are used later as part of the estimation

procedure. From (4.2) one has for k = O:
*
vars(y,) = By, > = {1 + Ele®(6)] + E[e®()a’(t-1)] + E[e® () (t-1)

. o2(t-2)] + E[a®(£)a® (t-1) o (t-2)a? (£-3) ]
+ E[a®(t)a?(t-1)o® (£-2) a® (t-3) o (t-4) ]
+ E[o?(t)o? (e-1) a2 (£-2) a2 (e-3) a® (t-4) o (£-5)1}.
For k = 1:
B3,y = S{Ela(t)] + Ela(te? (t=1)] + Ela(t)a’(t-1)a (t-2)]
+ E[a(t)a?(e-1)a? (£-2) a? (t-3) ] + E[a(t)o(t-1)o? (t=2) o (£-3)
. o2 (t-4)1 + E[a(t)a®(t-1) o2 (t-2) o? (£-3) a® (t-4) a® (£-5)1}.
For k = 2:
By,y,_, = o (Ela(t)a(t-D] + Ela(t)a(t-1)a*(t-2)] + E[a(t) a(t-1) o* (£-2)
© o2(t=3)] + E[a(t) a(t-1) o (£-2) o> (t-3) o (t-4) ]

+ E[a(t) a(t-1) o® (t-2) o2 (t-3) o> (t=4) o® (£=5)1 }.

Recall that the joint distribution of a set of a's, say a(s), ...,

a(t) can be expressed in terms of the transition function



8., 6.) =

|
o

P(el, el) = l‘P

P(GZQ el) =q P(629 62) = l-q

and the initial distribution

= =
no(el) —%a-and no(ez) ;EE
as

P(a(s) = s a(s+l) = G p1r e a(t) = at) = wo(aS)P(aS, as+1) vee

« P( ).

o o
t-1’ 't

Using this probability structure one can evaluate each of the indicated
moments in the summations above in terms of the parameters 61, 62, p and
q. This gives the following expressions for the variance and the first
and second order autocovariances of the process Ve in terms of the
parameters 02, 61, 62, p and q. For k = 0:

2

o _

ptq

2

2 2 4 2
var*(yt) = {ptq + [61 q+ 9, pl + [e; q(1-p) + 6,76," * 2pq

4 2, 4

4 6 2 2
+ 6, p(1-q)] + [8; "q(1-p)" + 6,70,7pq(2(1~p)+q) + 6,76, 'pq

6, 2

C e+ 20-0) + 8,171 + [0, %a-p)’ + 0%,

+ 2pq(1-p) (1-p+a) + 0,8, pq[2(1-p) (1-9) + 2pq + q(1-0)

24 6

+ p(1-p)] + 91 o * 2pa(1-9) (L+p-q) + 928p(1-q)3]

8,2
1 9 pa(1-p)(2-2p+3q) + 616924pq[(1-p)2



4g

zepq[(l~q)2(2-2p+q)

* (2+p-2q) + 2q(1-p)(1-q) + pq(4-4p+q)] + 6,

+ 2p(1-p) (1-q) + palatp-4a)] + 8 %8, %pq(1-9)%(2+3p-29)

1 10, 2
+ 0,1%-0)%1 + 16, %q-p° + 0,7%,% + 2pq(1-p)>(1-p+20)

+ 8,80 *pq(1-p) [(1-p) *(24p-20) + 3q(1-p) (1+2p-0) + 3pq’]

6, 6

+6,76," + 2pq [(1-p)(1-q) (1-p-q+5pq) + (1-p-q+2pq) [q(1-q)

+p(-p)] + p2a%1 + 8,*0,%q(1-0) [(1-0)% (2-2p+q) + 3p(1-0)

2.10 1
+ (1-p+2q) + 3p2q] + 91 92 . 2pq(1-q)3(1+2p-q) + 92 2p(l-q)S]}.

For k = 1:

2
* g 3 2 2 3
=9 + -p) + 6.0, pq + 6_6 + 6 -
EY Ye-1 = prq (1019 F 81 + [6;7a(1-p) + 9,70)pq +9,9,7pq + F,7p(1 1

4 3g 2

5 2 24 3
- 0 - 6_“6 - ¥
+ [6,7a(1-p)" + ©, "0,pq(1l-p) + ©,79,"pq(l+p-q) + °;7%,"pq

*(1-p+q) + 92491pq(l-q) + ezsp(l-q)zl + [917q(1-p)3

6 32 4 656 2 1oy o 4
+ 8, 8,pq(1-p)” + 8,76, "pq(l-p) (1-p+2q) + ¥, "¥,7pq

* [(1-p) (1+p-q)+pq] + 913924pq[(1-q) (1-p+q)+pq] + elzezqu

© (1-) (142p-0) + 6, 0,%pq(1-9)% + 8,"p(1-0)°] + [ *q(1-p)*

8

3 7
+ el ezpq(l-p) + el

2 2 6
8,°pa(1-p)* (1-p+30) + ©,°8,%pq(1-p)

5

© [(-p) (1m1) + p(1-p+20)] + 8”0, pq[ (1-p) (1-0) (1-p+29)

+ pq(2-2p+q) ] + 914925pq [(1-p) (1-q) (1+2p-q) + pq(2+p-2q)]



For k = 2:

*
By Yeo =

3

6,78, pq(l q) [q(1+2p-q¢) + (1-p)(1-Q)] + 912 2 pq(l-q)

8 3 11
+ (1#3p-q) + 6,8,%pa(1-0)” + 0,%p(1-0)*1 + 6, Ma(1-p)°

10 9 8
+8.% pa(1-p)* + 8,%6, %pa(1-p) > (1-prsq) + ¢, %6, %pq(1-p)?

+ [(1-p) (1+p=a) + 3pa] + 8,70, “pq(1-p) [(1-p) (1-0) (1-p+3Q)
+ 3pa(-pra) 1 + 0%, °pal (1-p) 2(1-0) (1+2p-0) + 2pq(1-p)
+ (24p-29) + pPa%1 + 0,”0, pal (1-p) (1-0) > (1-p+29) + 2pq

© (1-q) (2-2p+9) + p°a’] + o, %0, pa(1-9) [(1-p) (1-0) (1+3p-q)

+ 3pq(l+p-q)] + 613628pq(l-q)2 [(1-q) (1-p+q) + 3pq]

12 8, Pq(1-q) (l+4p-q) + 61621 pq(1- q) + 62 p(l-q) 13.

2

S ([0, %a@-p) + 0,0, + 2pa + 8,"p(L-0)] + [0} ‘a(1-p)”

3, 2,
+ 6,78,pq(l-p+q) + 8,76, ?pa(2-p-q) + 8,8, >pa(1+p-q)

+ 0 *p(1-9)21 + 10,°a1-p)? + 6,°8,pa(1p) (1-p+0)
4, 2 3, 3

+ 6, 70,7pq(1-p) (2-p) + 6;76,7pq[2pq+q(1-q) + p(1-p)]
2 5 6 3
6 9 “pq(1-q) (2-q) + ®,8,7Pq(1-q) (1+p-q) + 6,7p(1-q)7]

+ 10,%q-p)* + 8,7 0,pa(1-p) 2 (1-p+a) + 0,°0,%pa(1-p)’

* (2-ptq) + 915623pq[3pq(1—p)+q(1-p)(l—q) + pq2 + p(l-p)zl
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+ el4ez4pq[2(l-p)(l—q) + pq(2-p-q)] + 913925pq[3pq(1-q)
+ q(-0)? + pPq + p(1-p) (1-9)1 + 8,20, %pq(1-9)% (24p-q)

+0,0,"pa(1-0)(Hp-a) + 8,%p(1-0)*1 + [0, 0q(1-p)°

9 3 8, 2 3 7.3
+ 0,76,pq(1-p) "(1-p+q) + 6 92 pq(1-p) “(2-p+2q) + 91 92 Pq

(1-p) [a(1-p) (1+p-q) + 2pa” + p(1-p)?] + ©, %8 “pq(1-p)

* [(1-p) (1-q) (2+a) + 2pq(2-p-a) + pq’] + 6 °8 %pq

* [(1-p-q+3pq) [q(1-q) + p(1-p)] + 2p2q2 + 4pq(1-p) (1-q) ]

914926pq(1-q)[(1—p)(l-q)(2+p)+2pq(2-p-q) + plq]

+ 0,6 Tpq(1-q) [p(1-q) (1-p+ha)+a(1-q) *+2p%q] + 9.0, %pq
© -0 (22 + e1629P‘1(1‘Q)3<1+P-q) + ezlop(l-q)sl}.

In many practical situations, it is reasonable to assume that the
random coefficient a(t) jumps between the two states of the Markov chain
at the same rate, or with the same probability. Thus p = q for this
special case. Since the main purpose of this part of the study is to
illustrate the theory associated with the random coefficient models,
this special class of two-state Markov chain models with p = q will be
studied in detail. With p = q one has the following expressions for
the variance and the first and second order autocovariances of the

process y, in terms of the parameters 02, 6,, 6,, and p. For k = 0:
t 12



o2 2 2
Var*(yt) = E—-{z + el + 62 + el + e2 - p(e1

- 8,52 + a-p?

6 26 2

6 2
+ 62 ) + p(2-p)e1 2 (el

8

© (o, + 0,5 + @p (e, + 0,0)

4

+ 2p(1-po, 20,70 " + 0,y + 2p(1-prpDe Yo, + (1-p*

10

. (6l + 6210) + p(l-p)2(2+p)912922

6

(e1 + 026) + p(2-3p+4p2

2, .2 12, 1
-2p%0, %0, (0, + 0,7 + (-0’ (0,'% + 0,'%) + 20(1-p)°

- o, 28,20, % + 0,%) + p(1-p) [(1-p) 2 (2-p) + 3p]

4

4. . 4
. 61 8

6
2 (8

+ 924) + 2p[(1-p)(l-p+3p2-p3) + pl']elee2 }.

(4.3)

For k = 1:

2
* _ o 3 3 _ 3 3 _
By Yo_q =5 18] t 8, + 8,7 + 06,7 - p(e;” + 0, 8165(87 * 65))

2
+ (1—p)2(915 + 925) + p(l-p)elez(el3 + 623) + pelze2 (e1 + 92)

2
+ (l-p)3(el7 + 927) + p(l-p)zelez(el5 + 925) + p(1-p )

2 2, 3 3 2, 3 3 4
0,78, (el + 0, ) + p(1-ptp )el 8, (el +9,) + (1-p)

9

9 3 7 7 2
(8,7 + 8,7) + p(1-p)76,6,(6;" + 6,") + p(1-p)"(1+2p)

2 2,5 3, 3 3
8,78, (el

5 2y, 3
+6,7) + p(1-p) (1-p+2p)6,76,7(8;” + 6,7)

1 1
+ p-prp?e, %0, (o) + 0)) + (-2 (0, + 0, + pa-p)*

2.2, 7

7
c6y0,00,% + 0,%) + p-p) 43p)0, %0, % (e, + 8,7 + p(1-p)?



3
5 )

2.0 343,45 5 3yn b b4,. 3
(1-p+3p7)8,76,7(8; + 8,7) + p(1-p) (1+2p7) 0,70, "(8,7 + &

+ pL(1-p)? (1#p) + 202(1-p) (2-p) + p*10,78,7 (8 + 8))}. (4.4)

For k = 2:

2
: 2 2 2 2,,. 4 4
{el + 62 - p(el 62) + (1-p) (el + 92 ) + p9192

qu

*
By Yeo =

2
1

6

- (6 9 )

2 24 2 3,4 6
+6,%) + 2p(1-p)8 “0,% + (1-p)”(8," + ©

4 4 2, 2,,2 2
+ p(l-p)9192(9l + 92 ) + p(1-p)(2-p) 6 92 (el + ez )

25 34 3

4,. 8 8 2 6
+ 2p 61 2 + (1-p) (91 + 62 ) + p(1-p) 0162(61 + 0

4 3g 35 2 2

2.2, 2 4 2
+ 2p(1-p) 91 92 (9l + 92 ) +p (2-p)9l 2

4

+ 2p(1-p) A-prpD 0 %0, + @-p)°(0, 10 + 6,"% + p1p)?

2,..6

8 8 3 2 2
6162(61 + 62 ) + p(1-p) (2+p)9l 62 (el

+ 626) + 2p
+@-pre %83t + 0% + p-p) [(1-p)(24p) + 40P (1-p)
+ p3]914924(912 + 922) + 2p2(l-p+p2)915925}. (4.5)

4.2 Estimation Using the Method of Moments

Since the variance and first and second order autocovariances of
the solution y, are functions of the parameters 02,61, 62, and p, one
can use one of the simplest methods of estimation for the parameters,
the method of moments.

In general, suppose one is interested in estimating some parameter

8 such that
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8 = h(ml, Dys eees mk), (4.6)

where h is some known function of the m,'s and m, is the jth—order

J 3

moment of the population distribution known to exist for 1 < j <k.

The method of moments consists in estimating © by the statistic

n n n
1 1 2 1 k
T(X,5 X9s eeey X ) =h(= Z X,,= % X.°, ..., = L X0, 4.7)
1 2 n oo i’ n i=1 i noq i

where {Xi|i=l, 2, ..., n} is a set of observations. T is a statistic
if one assumes that h:Rk + R is a Borel-measurable function. One can

n
extend the method to the estimation of joint moments by using %- r X,Y

i“i
i=1
to estimate E(XY), etc. If one estimates parameters of the type 6 de-
fined in (4.6) where h is some continuous function, the estimates

T(X . Xn) defined in (4.7) are consistent for 6. Under some

1° XZ’ .o
mild conditions on h given in Cramér [1946], the estimate T is also
asymptotically normal. Also, to avoid ambiguity one takes the estimate
involving the lowest-order sample moments. This discussion of the
method of moments is based on a brief description given in Rohatgi [1976,
p. 373].

The following estimation procedure uses the method of moments to
obtain estimates for the parameters of the two-state Markov chain model
with p = q. First, one should note that using expression (4.3) the
variance 02 of the random noise process can be expressed as an explicit
function of the other three parameters: 91, 92, and p, and the theor-
etical variance of the y, process. It is shown later that once one ob-

tains estimates for © 62, and p and an estimate for the variance of

l,



79

. 2 2 .
y.» one can calculate an estimate for 0 . Therefore, 0 is estimated
last.

One should also note that if 6. = 92 then no matter what value p

1
takes on, the two-state Markov chain model reduces to the usual AR(1)
model. Each value of p defines a richer class of models which includes
the linear stochastic AR(1l) model with a fixed coefficient as a special
case. For this study a value of p is chosen and a model is selected
from the class defined by p. The selection of p is not addressed in
depth; however, the following discussion suggests three different
methods for the selection of p.

Recall that p is the probability of going to state 8, in ome step

3

conditional on being in the other state Gk in the two-state Markov
chain with state space S ='{61, 92} for the random coefficient a(t).
Note that at a given point in time to, a(to) takes on a specific value,
either 61 or 62. For a fixed coefficient AR(1l) model the coefficient

o is also the first order autocorrelation P, of the process. Thus for

1
the random coefficient model one is actually modeling a set of observa-
tions where the autocorrelation structure changes randomly between two
possible values in a stationary manner. The rate of change in the auto-
correlation structure is actually what the value of p indicates. One
may have a priori knowledge of this rate of change in autocorrelation
structure and select p accordingly. A second approach is to select a
value for p based on an examination of the data. The changes in auto-
correlation structure can often be detected by observing a plot of the

entire set of observations if the changes occur at a fairly slow rate,

such as once every 10 observations on the average, once every 20



observations on the average, once every 50 observations on the average,

etc. A third approach is to use the method of moments to estimate p
along with el and 62. This would require obtaining an expression for
Eytyt_3, the third order autocovariance, in order to have as many equa-
tions as unknowns for the method of moments.

Given a value for p, one can obtain estimates for the two states
91 and 62 in the following manner using the method of moments and a

numerical approximation technique. The first and second order

autocorrelations
E*
5 YeVe-1
1 Var*(yt)
E*
YeVe-2
2 Var*(yt)

*
where Var*(yt) is the approximation in (4.3), Eytyt-l is the approxima-

*
tion in (4.4), and Eyty is the approximation in (4.5), are functions

t-2

of 6 62, and p. From the data one can calculate an estimate of the

l’

autocorrelation for each lag k:

~ _ G
Ok ~
c(0)
where
A 1 ok - —
ck) == I (yt-y)(yt+k-y) k=0,1,2, ... .
t=1

In particular, one has

1 ® -, = _1
o) == @ -~NE.-y) =={1 y° -
n £=1 t t n £=1 t
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A 1 n-1 — -
¢ =2 21 AR INCAR )
t=

n-2
A 1 — —
C2) =2 I (37,9477
t=1

where

n
Iy,
t=1 °©

=N

y =

Thus estimates for the first and second order autocorrelations are given

by
5. = L)
1 ¢co)
and
5 = c(2)
2 @)

Using the method of moments one can equate these sample autocorrela-

tions to the theoretical expressions for the (approximate)

autocorrelations
Ey y
Ved e
6. = —tt-1 (4.8)
1 Var*(yt)
E*
~ Y. V. _
L (4.9)

Py = Var*(yt)

and have two equations in the two unknowns 61 and 62, since a value for
p has been determined. Note that the expression for each autocorrela-
tion is a ratio which does not involve the parameter 02. However, the

two equations (4.8) and (4.9) are nonlinear and apparently cannot be



solved directly to obtain closed form expressions for the estimates of

either state, 91 or 92. A numerical procedure is therefore used. A

detailed description of the procedure is given in Appendix A.1l of this

chapter.

A A

Now, using the moment estimates 91, 92, and the chosen p one can

estimate the random noise variance as follows:

~2 2 22 A2 . a4  2bh A2 A22 ~2.256
= ) ) 8 8% _56.c -0 - )
g 23y {2+l+,2+1+2 p(%; )T+ (1-p)7 (5
~ 6 A aa 222,42 A2 ~3,~8 ., 28 aa
+ 62 ) + p(2-p)91 62 (el + 62 ) + (1-p) (el + 62 ) + 2p(1-p)
222204 A b n oa A2 n ba h ~ 4,210 , 210
8, 0, (91 + 62 ) + 2p(1-ptp )91 62 + (1-p) (91 + 92 )
AL A2, A 220226 46 ~ ~oA A3 a b boa 2,802
+ p(1-p)"(2+p)8,70,7(8," + 8,7) + p(2-3p+4p”-2p7) 0, 70, (él +6,%)
5,8 12 A 12 A A3, A A242,28 28
+ (1-5)°(8 7 + 8,7) + 2p(1-p) (L4p) 8, 76,°(8,° + 8,°)
IS PN ~ 2 PN A_A 44\ 4 A ~ 4 ~ ~
+pa-pI-pZ@-p) + 391848 - B + 8% + 2w10-p)
a2 A3, . sbosbs 6, L
« (1-p+3p~-p7) +p ]e1 6, }
where
(zy,)?
o 2 _ I
s2 - yt n
Yy n

is the estimated variance of Ve This estimate is the moment estimate.

Once 32, el, 62, and p are obtained the estimated model is com-

pletely specified for a given set of observations.
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4.3 A Simulation Study: Comparison to the AR(1) Model

It is desirable to evaluate the performance of a two-state Markov
chain model with respect to adequacy of fit and prediction ability for
a set of observed data as compared to existing models, and in particular
the AR(1) model. The following simulation study is done using 25 in-
dependent sets of 1000 observations generated from the two-state Markov

chain model with the specific set of parameters:
c =1.2 8, = .2 8, = .8 Pp=.1.

Thus, conditionally on 6, the generated weakly stationary process Ve
jumps randomly back and forth between observations having a relatively
low positive autocorrelation of .2 to observations having a high posi-
tive autocorrelation of .8 at a rate of once every ten observations on
the average. Each of the 25 sets of observations is modeled with a two-
state Markov chain model using the method of moments estimation proce-
dure described in section 4.2; and each set of observations is modeled
with an AR(1l) model having fixed coefficient a using the techniques
exemplified in Box and Jenkins [1976], which give conditional maximum
likelihood estimates. Table 4.1 lists both sets of estimates for each
of the 25 éets of observatioms.

From Table 4.1 one can make the following observations concerning
the estimates. First consider the random disturbance variance 02. The
value used for gemerating the data is 02 = 1.2. In all 25 cases Box
and Jenkins overestimate the random disturbance variance. Their esti-
mates range from about 1.27 to 1.51. However, the simple method of

moments estimation procedure for the two-state Markov chain model



Table 4.1.

Simulation

Study:

Estimation.

Data generated from:

o = 1.200 .200 .800 .1
Estimates:
AR(1) 6% = 1.395 & = .564
MC &% = 1.167 6, = .09 6, = .807 b= .1
AR(1) 62 = 1.270 & = .612
MC &% = 1.146 6, =.288 &, =.798 p=.1
AR(1) 6% = 1.420 & = .630
MC 6% = 1.315 6,=.379 6§, =.787 p=.1
AR(1) &% = 1.420 & = .660
MC §% = 1.075 6,=.123 6, = .908 5= .1
AR(l) &% = 1.297 & = .623
MC 5% = 1.168 §,= .30 8, = .807 5=.1
AR(1) &% = 1.507 & = .661
MC 5% = 1.077 6, = .062 6, =.927 p=.1
AR(1) &% = 1.425 & = .532
MC 62 = 1.272 8, = .169 8§, =.745 p=.1
AR(1) 6% = 1.359 & = .557
MC 6% = 1.294 8, = .347 8, =701 p=.1
AR(1) 6% = 1.483 & = .567
MC 6% = 1.233 6,=.100 8,=.810 p=.1
AR(1) 62 = 1.442 & = .574
MC 6% = 1.277 6,=.210 §8,=.780 p=.1
AR(L) 62 = 1.446 & = .566
MC 62 = 1.242 6, = .146 0, = .793 p=.1
AR(1) 62 = 1.280 & = .607

6% = 1.117 6. = .229 B, = .813 p=.1

MC g

=



Table 4.1.

Continued.
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Data generated from:

2

o = 1.200 6, = .200 9, = .800 p=.1
Run # Estimates:

13 AR(1) &% = 1.382 & = .630
MC &% = 1.294 6,=.389 §,=.782 p=.1

14 AR(1) &% = 1.449 & = .597
MC &% = 1.169 6, = .09 6, = .843 p=.1

15 AR(1) 6% = 1.409 & = .629
MC 6% = 1.297 6, = .32 6§, = .800 p=.1

16 AR(1) &% = 1.424 & = .661
MC 6% = 1.300 6,=.30 6,=.824 p=.1

17 AR(1) &% = 1.374 & = .633
MC 5% = 1.198 6,=.266 §,=.832 p=.1

18 AR(1) 62 = 1.455 & = .649
MC 5% = 1.314 6,=.351 6,=.823 p=.1

19 AR(1) &% = 1.302 & = .539
MC 6% = 1.172 6,=.196 6, = .74 5=.1

20 AR(L) &% = 1.275 & = .557
MC 5% = .980 %, = -.010 6, = .835 p=.1

21 AR(1) 6% = 1.393 & = .551
MC 6% = 1.138 6,=.058 8,=.807 p=.1

22 AR(1) % = 1.271 & = .605
MC $% = 1.020 6,=.100 §,=.81 p=.1

23 AR(L) &% =1.500 & = .607
MC 5% = 1.191 §,=.095 8,=.855 p=.1

%24 AR(1) 6% = 1.464 & = .599
MC 6% = 1.0 %8, =-.051 §,=.891 p=.1



Table 4.1. Continued.

Data generated from:
2

o2 = 1.200 6, = .200 6, = .800 p=.1
Run # Estimates:
25 AR(1) &% = 1.351 & = .628
MC 6% = 1.037 6,=.08 8,=.882 p=.1

*The initial estimates of 61 were on the border of the initial grid

of values used and the grid had to be extended to include negative
values for further estimation.
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underestimates the random disturbance variance in 15 cases, or 60% of
the time, and overestimates it in 10 cases, or 40% of the time. The
estimates range from about .98 to 1.31. It is important that in 21
cases, or 84% of the time, the new model's estimates are closer to the
generation value for 02 than Box and Jenkins' estimates and in all 25
cases are smaller than Box and Jenkins' estimates. Thus whenever the
Box and Jenkins estimate is closer to the generating value of 1.2, the
new model's estimation procedure underestimates 02. Some summary sta-
tistics for the estimates of 02 are given in Table 4.2. One can observe
that on the average the estimates for the two-state Markov chain model
are closer to the generating value of 1.2 but are more variable. The
increased variability is due to the fact that the estimation procedure
is based on the method of moments whereas Box and Jenkins use maximum

likelihood estimation.

Table 4.2.

Mean Variance
AR(1) &2 1.39176 .0054692
MG o2 1.18108 .0104829

Consider the other estimated parameters. One should note that
upon observation in most cases the method of moments gives fairly close

estimates for the generating values of 91 and 92. The estimates are

more often too low for el but more often too high for 92. Table 4.3

gives some summary statistics for the estimates of «a, 91, and 62. Note

that on the average 61 and 6, closely approximate the generating values

2



88

of 8 = .2 and 62 = ,8., Note again the increased variability of the

estimates for the two-state Markov chain model.

Table 4.3.

Mean Variance
AR(l) « .601496 .0015534
MC él .190480 .0170844
MC 62 .817800 .0026262

One should note that these observations concerning the estimates
of the parameters are based on only the 25 sets of data in this simula-
tion study. It would be desirable to run a more extensive simulation
study as well as investigate other tendencies or characteristics of the

parameters. It would be of interest to study different pairs of‘{el, 8.}

2

as well as a range of values for 02 given a fixed pair {61, 62}. These
topics are left for further research.

Given the estimated models, how can one effectively compare the
adequacy of fit of the two-state Markov chain model with the adequacy
of fit of the AR(1) model? Usual checks for adequacy of the model in-
volve looking at the residuals. However, residuals cannot be calculated
for the two-state Markov chain model since the random coefficients
{a(t)} are not known at each time of observation. Recall that one of
our major goals is to forecast future time series observations. There-
fore, a better method of comparison of the adequacy of the two models
is to compare them with respect to their prediction ability.

Consider comparing the one-step-ahead predictions from the AR(1)

model with those from the two-state Markov chain model. From Chapter I



recall that the optimal predictor for a weakly stationary time series

is just the conditional expectation of the future value to be predict-
ed, conditional on the given observations. In particular, the one-step-

ahead predictor for the AR(1) model is given by
v (1 = E[yt,,_,llyt, Vegs o]
= ay,.

Upon estimation of the fixed coefficient o, one has as an estimate of

the one-step-ahead predictor
y.(1) = ay, (4.10)

as given in (1.8). Now, the one-step—ahead predictor for the new model,
the two-state Markov chain model, is again the conditional expectation

of Vesl given the observed data and is given by the following Lemma.

Lemma 4,1: The optimal linear one-step-ahead predictor for the two-

state Markov chain model is given by

frt(‘l). = v Ela(t+D) [y, Yoy «oo] (4.11)

Proof: Recall that the optimal linear one-step—~ahead predictor is the

conditional expectation of yt+l given the observed data:
= E[a(j:+l)yt +u

t+llyt’ Tem10 *° -]

= Ela(t+l)y |y vo_qs ---]
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since the expectation of the future random disturbance Ui at time

t is zero. Since Ve is given, one has
v, (1) = ytE[a(t+l)lyt, Veops o+l

It is important to note that the one-step-ahead prediction coeffi-
cient for the AR(1l) model is a fixed constant whereas the one-step-ahead
prediction coefficient for the two-state Markov chain model may be a
function of time that depends on the observed time series up through
time t. Therefore, it is evident that the two models give different
predictions for the future observation one step ahead, neglecting zero
probabilities.

One could use expression (4.11) directly to obtain the optimal
linear predictor §t(1) if the conditional expectation E[a(t+1)|yt,

...] were known. However, since E[a(t+1)|yt, y .] is

Te-1° t-1°
unknown for this model, the following indirect procedure for approxi-
mating §t(l) is to be used. In practice, for this model one can ex-

press §t(1) as a linear combination of the observed time series and get

the following estimate of the optimal linear predictor:

=l W

k=0
where the dk(l) are obtained from the function
t-1 i
D,(M) = I § B
k=0

defined in the frequency (A) domain approach to time series analysis.

Thus the predictor can be viewed as a time series in t. Expression
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(4.12) is obtained from linear prediction theory which is developed in
detail in Koopmans [1974, Ch. VII]. An outline of the linear predic-
tion theory and the numerical techniques used in this study is given in
Appendix A.2 of this chapter.

In the simulation study estimates of the prediction coefficient &
for the AR(1l) model and thev{&k(l)[k =0,1, ..., 20} for the two-state
Markov chain model are obtained and then used to predict the future
observation one-step-ahead, Y1001° from expressions (4.10) and (4.12),
respectively. Information concerning the predictions from both models
for each of the 25 sets of observations in the simulation study is sum-
marized in Table 4.4. TFor each model a prediction coefficient is given

along with the last observation, The product of these gives the

Y1000°
one-step—ahead prediction §1000(l). Then the generated value Y1001 is
given and the difference ledl - §1000(l) is given. This difference in-
dicates the error in the prediction.

One should note that in 22 cases for the two-state Markov chain
model ao(l)
other coefficientsA{ak(l)]k =1, 2, ..., 20} have negligible values.

is listed as the prediction coefficient since all of the

However for Run #5 the optimal predictor is expressed as a linear com—
bination of most of the past twenty observations and Runs #8 and 22 have

optimal predictors based on Y. and y These predictors are listed

t-10°
at the end of the table.

How do the two models compare with respect to prediction ability?
For each casein Table 4.4 where the prediction from the two-state

Markov chain model is closer, a star is given in the right margin. One

should note that the two-state Markov chain model gives a closer



Table 4.4.

Simulation Study:

Prediction Information.

One-Step-Ahead

Run # Eﬁi‘iiiﬁiﬁﬁt Y1000 P?"“Ei‘)’“ Y1001 ylgggi]l_,ggg:l)
1000
PRl s -2.279 A 191 I 3ks
S S e -1.415 T ha 2.7% 193
Ry 122 ors 844 e
Yo lew - T 247 502
W P ~2.490 T3ae -1.523 ot
© R e -3.154 T3 203 -2.865 g%
Tow s T+ - a1 606
RS 4 491 277 237 Tl
- -1.503 N L2490

Z6




Table 4.4. Continued.
Run # Coetriciont Y1000 Onggzgiz;igﬁad Y1001 71001 71000
leOO(l) Difference

e 046 ‘024 - 756 Do

T -0 T 253 (357

B 1 611 463 1.0 372
Pk leos 1.382 ‘836 1.764 '928
e Lo D 866 127
o e 3.0% 1875 3.245 11370
Lo 800 514 s T
v 5+ 1611 1077 -.ms T
Yok e 1716 Tioe Loz g

€6



Table 4.4. Continued.
One-Step-Ahead ~
Prediction y -y (1)
Run # CoefFicient Y1000 Prediction Y1001 1001 71000
y (1) Difference
1001
19 AR(1) .539 ] - .016 2.202
MC .500 -030 - .015 2.186 2.201
20 AR(1) .557 .468 .768
MC .480 -840 .403 1.236 .833
21 AR(1) .551 .822 .695
MC .488 1.490 .727 1.517 .790
22 AR(1) .605 _ - .537 1.215
MC P -888 - 466 -678 1.144
23 AR(1) .607 _ -1.220 ) -1.980
MC .546 2.012 -1.098 3.200 -2.103
24 AR(1) .599 .732 .204
MC .504 1.222 .616 -936 .320
25 AR(1) .628 .282 ) - 450
MC .566 -448 . 254 -169 - 423
Run #
k% = - - -
5 V1000 = +999¥99 + 0027505 — 001yggs - -005y,., + .0L3ygg = .002yg,,
- .003ygy, = +007ygg) ~ Ohbygeo + 091y g — .005ygg - .Ollygg, = -028yggs
- .371y984 + .621y983 + .004y982 - .001y980
*kk g = -
8 Y1000 = +539¥1999 ~ +009¥g9,
k%% o = -
* 22 y9000{) = -332y1500 = -007yg4,

%6



prediction in 11 cases, or 447 of the time; and the AR(1) model gives a

closer prediction in 14 cases, or 567 of the time. One criterion for

comparison is mean square prediction error, which is given by
MSPE = Ely_,, - 5, (117
t+l t

for the one-step-ahead predictor. The optimal predictor should minimize
the mean square prediction error. For the simulation study the estimates

of the mean square prediction error for the two models are

AR(1) MSPE = 1.1597018

MC MSPE = 1.2195594

Note that the two estimates are fairly close. It is apparent that no
conclusive results can be drawn concerning the superiority of either
model with respect to prediction ability for data of the type generated
for this one simulation study. Both models appear to do equally well.

A more extensive simulation study is needed.



Appendix 4A.1. A Numerical Procedure for Estimation by the Method

of Moments.

The two estimating equations

*
Ey y

VeV

P1 " Var*(y ) (4A.1.1)
and

E*
Y.V,

S i (4A.1.2)

Pg = Var*(y,)

are functions of the two unknown states 61 and 62. Recall that in this

study 6, and 62 may take on values between 0 and 1. For the numerical

1
estimation procedure a grid of values for 61 and 92 are used to cal-
culate the righthand sides of equations (4A.1.1) and (4A.1.2), and these
values are compared to the sample autocorrelations 51 and 52 on the
lefthand side of equations (4A.1.1) and (4A.1.2). Due to the natural
symmetry of the Markov chain's structure and therefore the symmetry of
the righthand sides of equations (4A.1.1) and (4A.1.2), it is assumed
that 6

<6 Since it is required that 6, # 0 and 6, # 1 for i =1, 2;

1 2°
in the grid each state ei is allowed to take on values between .02 and
.98 at intervals of .0l. The first criterion that must be met in this
grid procedure is that the absolute differences in the two sides of each
equation must be simultaneously smaller than some specified amount. The

value .007 is specified in this study. For the subset of pairs'{el, 62}

where the above indicated absolute differences satisfy this criterionm,

96



the values of 61 and 62 are listed along with the two absolute differ-

ences, each absolute difference as a percentage of its corresponding
sample autocorrelation (the lefthand side of the equation), and a
statistic which gives the total of these two‘percentages. The pair of
estimates'{el*, 62*} are chosen as the pair {61, 62} that gives the
minimum total percent difference, or total percent error, for the two
absolute differences. A second finer grid with intervals of .001 for

each 6., i = 1, 2 is used for the neighborhood of pairs about {6_*%, 62*}

1°
to obtain even more accurate estimates. The same procedure is used with
the specified amount as the criterion to be satisfied by the absolute
differences generally smaller. In thi; study the value specified is
.005. In most cases two iterations are adequate. Again, the final esti-

mates {6 62} are chosen as the pair that gives the minimum total per-

l’

cent error for the two absolute differences. A Fortran computer program

is used to facilitate calculations.



Appendix 4A.2. Outline of Prediction Theory and Numerical Techniques

Used.

In many cases if is possible to express the y-step-ahead predictor
?t(y) as an explicit linear combination of the random variables Y(s),

s < t:
I
¢ = 1 4 Vv,
k=0
where the dk(Y) are obtained from the function
DY) = z dk(Y)e-i}‘k (4A.2.1)
k=0
defined in the frequency (A) domain approach to time series analysis.

A general outline of the methodology needed to obtain this optimal
linear predictor is given first. Then a numerical procedure is out-
lined for calculating an approximation for the predictor based on a
finite set of observations. Finally details specific to the numerical
procedure used to approximate the one-step-ahead predictor for the two-
state Markov chain model are given.

For a zero mean, weakly stationary time series'{Yt|t= 0, +1,

+ 2, ...}, one has autocovariance structure given by {C(k) |-¢= < k < =},
In the frequency domain approach to time series analysis one can define

the spectral density f£()\) as

-]

£QA) = %F C(k)efikk for -m <A < W (4A.2.2)
ki

=2 =00

98



for a discrete time series. If the process Yt has a continuous spectrum

and if

/T log £Q)dA > =,
-

then Yt has an infinite one-sided moving average representation given

by

Ve = I au . with a, = 1 (4A.2.3)
k=0
2 )
where ¢.° > 0 and where a < .
u k=0 :
Now the spectral density f£()) given in (4A.2.2) can also be ex-

pressed in the following factored form:

02 2
£(2) =5 [BO)|
where
BO) = 1 be M, b =1,amd 1 b’ <w. (4A.2.4)
k=0 k=0

Usually a class of functions satisfy these conditions. Consider the

sequence'{ak|k > 0} given by the function

A = 1 a 2", |z| <1 (4A.2.5)
k=0
where A(z) is analytic in the region D = {z:|z| < 1} for z complex
valued. If AQ)) = A(efik) satisfies the conditions of 4A.2.4 such that
A(z) is analytic in the region D = {z:|z| < 1}, i.e. A(z) can be extend-
ed to the boundary of D, then one can obtain the one-sided Fourier series

expansion of A()\) and obtain the necessary coefficients for the one-sided

moving average representation of Ve given in 4A.2.3. Remember that the



existence of this representation is all that is needed to obtain the op-

timal linear predictor. This will be shown later. First one must ob-
tain the ak's and construct A()\).

One can construct A(z) in the following manner and then extend it
to the boundary of D in such a way that (4A.2.5) remains valid. The
constantsv{ak} satisfy and are uniquely determined by the conditions

2 ©

-ik, 2
£QA) =Z=| & ae "F
2r | 2o %k

and those listed in (4A.2.4) and can be calculated using

[

log £(A) ~ 2 ckei)‘k
k=—eo
where
1l r -izk
e = o f—w log £f(AM)e "7 dx
and the fact that ®
k
z ckz
c -1 k=—o
f(z) = e 0 A(2)A(z ™) = e .
which gives -
k
I ¢z
®  k_ kel ¥
A(z) = I az =e for ]zl < 1. (4A.2.6)
k=0

Now it is necessary to extend A(z) to the boundary of D so that A(z)
is analytic for |z| < 1 and z may take on the value e on the unit

circle. Consider (4A.2.6) and make the following transformation. Let

y = 1.1z -> zZ = 1L1 for IY| < 1.1.



Substituting gives

T e (Iok
Dk gkl e KTT
UL T

or

z

- K
AG) = 1 —E _ ¥ - k=1 (1.1)
k=0 (1.1)

% x
y

for |y| < 1.1.

Note that the region {y:|y| < 1.1} covers the unit circle. Now sub-
. -iA
stituting y = e one has
© c -
5 k e ik

k
A ek=l (1.1)

AQ) = A(e” M = )

One can calculate the Fourier coefficients S as follows:

Akd

¢ = %;-Ii“ log f(l)e-i dA

and then calculate

.k
RPN

in order to obtain A(A). To get the coefficients a,, ome can use the

expansion

AQA) = = —-fEL—-e'iAk.

k=0 (1.1)

Thus, % are Fourier coefficients and can be obtained by

(1.1)
* 3 LT, onetkg

a (l.l)k 2T -

Then



(l.l)ka;: vk

"

with aj = 1. Thus one has the necessary coefficients for the one-sided
moving average representation given in (4A.2.3).

Now the function Dy(A) can be expressed as

A (D)
AR ¢y
where
AYy()) = AN akea--i)‘k
k=y
and
AQ) = I akefikk.

k=0
Thus given the ak's one can obtain the function Dy(A), and from the
Fourier series expansion given in (4A.2.1) one can calculate the ne-

cessary prediction coefficients dk(Y) from

g, =T pyyeMan,

In practice one only has a finite set of observations and there-
fore only a truncated set of autocovariancesA{C(k)|-M <k <M} for M
finite. One should choose M so that {C(k)||k| > M} are negligibly
small. Note that C(-k) = C(k) and C(k) where k > 0 is theoretically a
monotonically decreasing function. One can calculate an approximation
for the optimal linear predictor using the following numerical proce-
dure. First express the spectral density as a real function. Express

the complex function e-ilk as the sum



-iAk
e N

= cos(-Ak) + i sin(-Ak).

One can then represent the spectral density as a sum of a real and an

imaginary part. The imaginary part integrates to zero leaving the real

function
A~ 1 M
£Q) =3 [c(0) +2 & C(k) cos(Ak)].
T k=1

Then using standard integration procedures ome can obtain the Fourier

coefficients‘{aj} by

M

s - 2,7 log [3-1c(0) + 2 I €09 cos Q0 TIcos O
and calculate
~ % cj '
c., = Vi.
I a.nd

One can then express A(A) as a real function and integrate to obtain

the coefficientsv{éi} by

M o,
z ¥ cos(Aj)

* a2z MTe cos(Ak - T c* sin(Aj))dA
™ 0 h i
j=1
and calculate
5 = .k Vi

where again a, = 1. One can then express Dy(A) as a real function and

(Y)}.

integrate to obtain the {&k In particular, upon expressing Dl(A)

as a real function and integrating one obtains the following expression

for the Fourier coefficients'{ak(l)}:
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W =27 lcosr(g-1)) -

J
M M
cos (A(§-1)) (I+ £ a cos(Ak)) + sin(A(§-1)) E aksin(xk))]
T k=l - m k’i dA.
[1+ Z cos(Ak)]" + [ & sin(Ak)] J
k=1 & k=1 &

Thus an approximation for the optimal linear one-step-ahead predictor

is given by

M
S = E &P yeeo.

For the simulation study for the two-state Markov chain model M
is chosen to be 20 since some experimentation showed that a larger value
gave little change in the coefficients. A Fortran program is used to
facilitate the calculations. The program uses an IMSL (International
Mathematical & Statistical Libraries) function called DCADRE in order
to numerically evaluate the necessary integrals. The function DCADRE
integrates a function f£(x) from a to b using cautious adaptive Romberg
extrapolation.

One should also note that since there is no closed form expression
for the autocovariance at each lag k for k=0, 1, ..., 20, a large
sample of 100,000 observations is generated from the estimated model in

each case and the autocovariances estimated empirically.



CHAPTER V
CONCLUSIONS AND FURTHER RESEARCH

5.1 Summary and Conclusions

It should be emphasized that the purpose of this study is to in-
vestigate anew approach to modeling and forecasting time series. Al-
though this study concentrates on developing the new approach for the
AR(1) model, the results look promising for extension to other linear
stochastic models from the class of ARMA(p,q) models. In this study
a richer class of models, the generalized AR(1l) model, is developed
which includes the possibility of coefficients slowly varying over
time in a stochastic manner, thus not remaining constant over the ob-
servation interval for a given time series. Necessary and sufficient
conditions are given to obtain a solution for the model, and suffi-
cien; conditions are given to ensure weak stationarity of the solution.

To illustrate the theory of this study the random coefficient a(t)
is specifically modeled as a two-state Markov chain, although it is
shown that the results can be extended to any n-state Markov chain for
n finite. The solution for this specific generalized AR(1) model, the
two-state Markov chain model, is shown to be weakly stationary. Prop-
erties of the weakly stationary solution as well as its autocovariance
structure are developed in detail. Then using the autocovariance struc-

ture, an estimation procedure based on the method of moments is given

105
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for estimating a model. This model is used to develop optimal fore-
casts for future observations.

One simulation study is run to compare the adequacy of the new
two-state Markov chain model and the AR(1l) model with respect to pre-
diction ability. However, due to the limited size of the study, no
conclusive results can be drawn concerning the superiority of either
model with respect to prediction ability for data of the type generat-
ed for this simulation study.

One must conclude that further research is needed to investigate
the promise of the new approach to modeling and forecasting time series
for better fitting some time series with complicated dependence struc-
tures and for forecasting these time series more accurately than is

possible with the currently used linear stochastic models.

5.2 Further Research

There are many directions one could take for further research. One
direction is to further investigate the specific generalized AR(1) model
considered in this study. A more extensive simulation study using more
sets of observations may lead to more conclusive results. It is also
desirable to look at different pairs of'{el, 62} for the two states with
different distances |61-62| between the states. It is of interest to
see what effect changing the random disturbance variance 02 has on the
properties of the model. As mentioned earlier in the study, it is de-
sirable to investigate procedures for selecting p, or perhaps estimat-

ing p along with the other parameters.
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Recall from the motivation of the new generalized AR(1l) model that
the random coefficient a(t) intuitively represents the randomly changing
first order autocorrelation of an AR(1l) model. Thus it is of interest
to extend the range of possible values for the states 91 and 92 from 0
to 1 to the range -1 to 1 and allow for negative autocorrelations in
the randomly changing process. Recall that in this study the special
case where a(t) is modeled as a two-state Markov chain with equal tran-
sition probabilities p = q is investigated. One could relax this as-

sumption and let the probabilities p and q take on different values.

However, it is desirable to ensure that p + q < 1 so that the autocor-

relation function for the two-state Markov chain given by
k
=@ -p-q vk

remains positive. One main concern of this entirely new approach to
modeling and forecasting is to allow for slowly varying random coeffi-
cients so that the variation can be detected and modeled in a suitable
manner.

It would also be of some interest to get forecasts of future ob-
servations more than one step ahead to see how fast the prediction

limits spread out as compared to the AR(1l) model.

One important area of furthef research fo£ this particular two-
state Markov ch;in model is a better estimation procedure. It would
be desirable to develop the likelihood function for observations having
this structure and.use maximizing procedures to get the maximum like-

lihood estimates of the parameters. It is of interest to develop the
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distributional properties of the weakly stationary solution Y, repre-
sented by the two-state Markov chain model. Asymptotic properties
should also be investigated.

Further research could be done in the area of modeling the random
coefficient a(t). The Markov chain used in this study is only oné ap-
plication of the general theory. Other models that satisfy the general
theory could be developed for a(t). Perhaps a model employing the con-
tinuous Beta distribution with range from O to 1 and yet allowing for
the dependence of the random coefficients could be used,

Finally, the general theory of this new approach to modeling and
forecasting could be extended to higher order AR models as well as
other linear stochastic models from the class of ARMA models, or per-
haps ARIMA models which represent some forms of nonstationary behavior.
Other extensions of the theory might include relaxing some of the as—
sumptions made in this study, such as the independence of the random
coefficient a(t) and the random disturbanée. It may be true that the
randqm noise input has a part in randomly changing the cor?elation
structure of the AR(1l) model. Another random parameter model may con-
sider the variance of the random disturbances as changing stochastically
over time. This leads to the topic of nonstationary models with random

parameters which will not be pursued here.

In conclusion, it appears that more research should be done con-
cerning the new approach to modeling and forecasting that employs

models with slowly varying random parameters.
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A RANDOM PARAMETER APPROACH TO MODELING
AND FORECASTING TIME SERIES
by

Deborah A. Guyton
(ABSTRACT)

The dependehce structure of a stationary time series can be
described by its autocorrelation function pk. Consider the simple
autoregressive model of order 1: Ve = 0¥ q + u, wherea e (-1, 1) is a
fixed constant and the ut's are i.i.d. N(O,oz). Here pk = a|k|,
k=0,+1, +2, ... . It can be argued that as a ranges from 1 to -1,
the behavior of the corresponding AR(1) model changes from that of a
slowly changing, smooth time series to that of a rapidly changing
time series. This motivates a generalized AR(1) modgl where the coef-
ficient itself changes stochastically with time: Ve = a(t)yt_1 + u,
where a(t) is a random function of time. This dissertation gives
necessary and sufficient conditions for the existence of a mean zero
stochastic process with finite second order moments which is a solution
to the generalized AR(1l) model and gives sufficient conditions for the
existence of a weakly stationary solution. The theory is illustrated
with a specific model structure imposed on the random coefficient a(t);

a(t) is modeled as a strictly stationary, two-state Markov chain with

states taking on values between O and 1. The resulting generalized



AR(1) process is shown to be weakly stationary. Techniques are provided

for estimating the parameters of this specific model and for obtaining

the optimal predictor from the estimated model.
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