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Model order reduction of linear time-periodic dynamical systems

Caleb C. Magruder

(ABSTRACT)

Few model reduction techniques exist for dynamical systems whose parameters vary with
time. We have particular interest here in linear time-periodic dynamical systems; we seek a
structure-preserving algorithm for model reduction of linear time-periodic (LTP) dynamical
systems of large scale that generalizes from the linear time-invariant (LTI) model reduction
problem.

We extend the familiar LTI system theory to analogous concepts in the LTP setting. First,
we represent the LTP system as a convolution operator of a bivariate periodic kernel func-
tion. The kernel suggests a representation of the system as a frequency operator, called the
Harmonic Transfer Function. Second, we exploit the Hilbert space structure of the family of
LTP systems to develop necessary conditions for optimal approximations.

Additionally, we show an a posteriori error bound written in terms of the H2 norm of related
LTI multiple input/multiple output system. This bound inspires an algorithm to construct
approximations of reduced order.

To verify the efficacy of this algorithm we apply it to three models: (1) fluid flow around a
cylinder by a finite element discretization of the Navier-Stokes equations, (2) thermal diffu-
sion through a plate modeled by the heat equation, and (3) structural model of component
1r of the Russian service module of the International Space Station.
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Chapter 1

Introduction

1.1 Problem Formulation

We consider the single input / single output (SISO) linear dynamical systems described by
a state space representation,

G :

{

ẋ(t) = A(t)x(t) + b(t)u(t)

y(t) = cT (t)x(t)
(1.1)

where A(t) ∈ Rn×n and b(t), c(t) ∈ Rn×1 with no feed through (d(t) ≡ 0). We choose the
state space parameters to be periodic, A(t) = A(t+ T ), b(t) = b(t+ T ) and c(t) + c(t+ T )
for some period T > 0. Further, we consider input functions u(t) defined on the entire
real line with bounded energy:

∫∞

−∞
|u(t)|2dt <∞. We assume that sufficient conditions for

stability over all u ∈ L2 are satisfied.

We call A(t), b(t) and c(t) the state space parameters of the system G. For convenience, we
can order the parameters in the following way to write the system as

G =

[

A(t) b(t)
cT (t) 0

]

. (1.2)

Our goal is to find, for any order r ≪ n, a reduced-order model represented as

G̃ :

{

˙̃x(t) = Ã(t)x̃(t) + b̃T (t)u(t)

ỹ(t) = c̃T (t)x̃(t)
(1.3)

where Ã(t) ∈ Rr×r and b̃(t), c̃(t) ∈ Rr×1 are also T -periodic and such that ỹ(t) ≈ y(t) for a
variety of inputs u(t).

1
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1.2 Previous Work

A considerable amount of literature has been written to discuss this problem in the linear
time-invariant (LTI) setting. For an introduction to the topic of model reduction, see the
seminal work, Approximation of Large-Scale Dynamical Systems, Antoulas (2009), [2]. Dis-
cussion of continuous-time LTP systems, however, is lacking in the model reduction commu-
nity. Existing literature on LTP systems focuses on control, spectral analysis, and harmonic
response.

Major contributions include:

• Wereley and Hall - Expand state-space systems with periodic matrices and exponen-
tially modulated periodic inputs into Fourier series and harmonics are equated. This
is labeled the harmonic balance method and yields the Harmonic Transfer Function, a
generalization of the frequency response operator. The operator is infinite-dimensional
but consists of a countable number of time-invariant LTI components. [19, 21, 22, 23]

• Sandberg - Expand the impulse response using Fourier analysis. The frequency re-
sponse of the system is understood as a countable collection of infinite-dimensional
LTI transfer functions. Sandberg coins the term Floquet-Fourier representation, an
equivalent realization of the state-space parameters that make analytic expressions of
frequency responses considerably easier to represent.

Develop an algorithm to approximate these infinite-dimensional LTI transfer functions
by a truncation of power series centered at z = ∞. To the writer’s knowledge, this
is the only existing method for LTP model approximation that exploits the harmonic
nature of LTP system dynamics. [16, 17, 18]

• Zhou and Hagiwara - Address dynamical system norm computation using truncations
of the Harmonic Transfer Function. Truncation error is addressed and convergence
of the truncations is proven. Additionally, Zhou and Hagiwara discuss the spectral
characteristics of LTP systems as input/output operator. [24, 25, 26, 27, 28]

• Mollerstedt - Applied LTP system theory to the following problems: (1) power distribu-
tion networks with nonlinear and switching dynamics, (2) diode converter locomotive
dynamics, specifically linearization around a nominal solution from numerical simula-
tion, and (3) power converter modeling, applied to a micro-turbine line side converter.
[12, 17, 18]

This list is not exhaustive, but summarizes some relevant work that served as a primer for
the creation of this thesis. This list constitutes a collection of references frequently cited
throughout the following chapters.
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1.3 Thesis Organization and Contribution

This project was initiated with the goal of developing a model reduction approach in the
LTP setting. Chapters 6 and 7 focus primarily on the author’s solution to the original
question. In the process of tackling this problem, numerous connections between existing
LTP system analysis frameworks have been made. These results have been distributed
throughout chapters 3, 4, and 5 to provide the reader with a narrative of the essential
concepts within LTP system theory. Proofs when provided are the original work of the
author unless otherwise noted.

• Chapter 2 reviews background LTI system theory. In particular, we discuss the H2

dynamical system norm and best approximation. We discuss necessary conditions for
best approximations in the H2 sense and a fixed-point algorithm that converges to best
approximations, called the Iterated Rational Krylov Algorithm (IRKA).

• Chapter 3 reviews background LTP system theory. We develop a preliminary under-
standing of the steady-state response as a frequency operator. Additionally, we review
the Floquet and Toeplitz transformations, necessary for discussions in future chapters.

• Chapter 4 introduces the Harmonic Transfer Function from Wereley and Hall’s seminal
paper, [22]. The harmonic balancing method is implemented and dynamical system
norms are written in term of the Harmonic Transfer Function.

• Chapter 5 analyzes the input/output system as a convolution operator whose kernel
is the time-periodic impulse response. A Fourier expansion of the impulse response
enables us to work with each harmonic response individually. Finally, the family of LTP
system is shown to exist within a Hilbert space and an inner product and corresponding
norm is developed.

• Chapter 6 proposes a projection-based algorithm for structure-preserving approxima-
tion. We show an a posteriori error bound exists that can be written in terms of theH2

norm of related LTI multiple input/multiple output system. Additionally, we develop
necessary conditions for optimal approximations that generalize from the LTI setting
by exploiting structured orthogonality conditions of the underlying Hilbert space.

• Chapter 7 tests the efficacy of the proposed algorithm by reducing three LTP dynamical
systems: (1) fluid flow around a cylinder by a finite element discretization of Navier-
Stokes, (2) thermal diffusion through a plate modeled by the heat equation, and (3)
structural model of component 1r (Russian service module) of the International Space
Station.



Chapter 2

Linear Time-Invariant Model
Reduction

Define continuous time linear time-invariant (LTI) dynamical systems as any system of the
form of (1.1) such that A(t), b(t) and c(t) are time-invariant. That is, (1.1) reduces to

G :

{

ẋ(t) = Ax(t) + bu(t)

y(t) = cTx(t)
(2.1)

and the reduced order approximation we seek is of the form

G̃ :

{

˙̃x(t) = Ãx̃(t) + b̃Tu(t)

ỹ(t) = c̃T x̃(t)
(2.2)

with x(t) ∈ R
n, x̃ ∈ R

r, r ≪ n and ỹ(t) ≈ y(t) for a variety of bounded energy inputs
u(t). We define the dynamical system G to be asymptotically stable if the state space
parameter A is Hurwitz, that is if its eigenvalues are in the open left-half plane.

2.1 Transfer Function

Define the impulse response of a system to be the output of the system driven with the
impulse function, δ(t). Denote ŷ(s) = L{y(t)}, û(s) = L{u(t)} as the Laplace transforms
of y(t) and u(t) respectively. Then we can write the input/output mapping G : û 7→ ŷ as
ŷ(s) = G(s)û(s) = cT [sI −A]−1bû(s), where G(s) is the Laplace transform of the impulse
response, g(t).

We define G(s) = cT [sI −A]−1b to be the transfer function of the dynamical system G.
As the system is finite dimensional, it is easy to see that G : C→ C forms a proper rational
meromorphic function with poles at the eigenvalues of A.

4
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2.2 Projection-Based Model Reduction

Let V andW be r-dimensional subspaces of Rn such that V ⋂W⊥ = {0}. (No vector in V is
orthogonal to any vector in W except the trivial 0 vector.) Choose matrices V,W ∈ Rn×r

so that V = Ran(V) and W = Ran(W). Then we know WTV is nonsingular. Without
loss of generality we assume WTV = I. We can approximate the state space x(t) ∈ Rn

with an r-dimensional state, x̃(t) ∈ Rr such that x(t) ≈ Vx̃(t). If we set the error V ˙̃x(t)−
AVx̃(t)−bu(t) to be perpendicular to the W space we have constructed a Petrov-Galerkin
approximation to the linear dynamical system. Then

WT (V ˙̃x(t)−AVx̃(t)− bu(t)) = 0 (2.3)

ỹ(t) = cTV ˙̃x(t). (2.4)

Then our reduced model state-state parameters become Ã = WTAV, b̃ = WTb, and
c̃ = cTV. Clearly our choice of V and W determine the accuracy of our reduced order

approximation, G̃ =

[

Ã b̃
c̃

]

.

2.3 Multiple input/multiple output systems

We now consider a system with an input vector u(t) ∈ Rm and output vector y(t) ∈ Rp, so
that B ∈ Rn×m and C ∈ Rp×n for some m, p ≥ 1. We write the dynamical system,

G :

{

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)
=⇒ G(s) = C(sI−A)−1B. (2.5)

The transfer function here becomes matrix valued, G(s) ∈ C
p×m. Approximations to G

should share input/output dimensions. Indeed, if W,V ∈ Rn×r with WTV = I we can
define a (matrix-valued) reduced order transfer function

G̃(s) = CV(sI−WTAV)−1WTB. (2.6)

Then the reduced order matrix-valued transfer function G̃(s) ∈ Rp×m is of the same dimen-
sion as the full order system, G(s).

2.4 The H2 Hilbert Space

Let H2 denote the Hardy space defined on the open right-half plane. That is, H2 is the set of
functions, f(s), that are analytic for s in the open right-half plane, Re(s) > 0, and such that
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for each fixed Re(s) = x > 0, f(x+ ıy) is square integrable as a function of y ∈ (−∞,∞) in
such a way that

sup
x>0

∫ ∞

−∞

|f(x+ ıy)|2dy <∞. (2.7)

For a discussion of the following results, see Gugercin et al. (2008), [9]. The H2 space holds
our interest because transfer functions of stable SISO finite-dimensional dynamical systems,
G(s) = cT [sI −A]−1b, are elements of H2. If G(s) and H(s) are in H2 then we define the
inner product to be

〈G,H〉H2 :=
1

2π

∫ ∞

−∞

G(ıω)H(ıω)dω =
1

2π

∫ ∞

−∞

G(−ıω)H(ıω)dω (2.8)

and hence with a norm

‖G‖H2 =

(

1

2π

∫ ∞

−∞

|G(ıω)|2dω
)1/2

. (2.9)

The H2 norm is of particular interest to because it bounds the the dynamical system output
for bounded energy inputs, u(t):

‖y‖L∞
≤ ‖G‖H2‖u‖L2. (2.10)

Additionally, we can view the ‖G‖H2 as a measure of the energy of the impulse response,
g(t):

‖G‖H2 =

∫ ∞

0

g(t)g(t)dt. (2.11)

Both of these results utilize Parseval’s theorem which states that the Fourier transformation
is an isometry between square-integrable time-domain and frequency-domain functions. A
discussion of these results can be found in Gugercin et al. (2008), [9].

MIMO Dynamical System Norms

In the case that G and H are MIMO and of the same input/output dimensions, p×m, we
generalize the inner product and norm equations above to

〈G,H〉H2 =
1

2π

∫ ∞

−∞

trace
(

G(ıω)HT (ıω)
)

dω (2.12)

=
1

2π

∫ ∞

−∞

trace
(

G(−ıω)HT (ıω)
)

dω (2.13)
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and

‖G‖H2 =

(

1

2π

∫ ∞

−∞

‖G(ıω)‖2Fdω
)1/2

(2.14)

=

∫ ∞

0

trace(g∗(t)g(t))dt (2.15)

where g(t) ∈ Rp×m is the matrix-valued impulse response of the MIMO dynamical system,
G.

2.5 H2 Pole-Residue Formulation

Suppose G(s) and H(s) are transfer functions of stable, SISO systems. The next result is
used frequently throughout this paper as an alternative representation of the inner product
which follows from residue calculus.

Theorem 2.5.1 (Gugercin et al. (2008), [9]) Suppose that G(s) has poles at λ1, λ2 . . . , λn

and H(s) has poles µ1, µ2, . . . , µm both sets contained in the open left-half plane. Then

〈G,H〉H2 =

m
∑

k=1

Res[G(−s)H(s), µk] =

n
∑

k=1

Res[H(−s)G(s), λk] (2.16)

In particular,

• if µk is a simple pole of H(s), then

Res[G(−s)H(s), µk] = G(−µk)Res[H(s), µk]

• if µk is a double pole of H(s), then

Res[G(−s)H(s), µk] = G(−µk)Res[H(s), µk]−G′(−µk) · h0(µk)

where h0(µk) = lims→µk
((s− µk)

2H(s)).

2.6 Optimal H2 Model Reduction

In this paper, we concern ourselves with the H2 dynamical system norm for two reasons:

• 〈·, ·〉H2 forms a Hilbert space, providing convenient necessary conditions for optimal
approximations.
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• The system output y(t) is bounded by the H2 system norm,

max |y(t)− ỹ(t)| ≤ ‖G− G̃‖H2‖u(t)‖L2

The optimal H2 model reduction problem is stated as follows: we seek G̃ that minimizes

‖G− G̃‖H2 = min
dim(H̃)=r

H̃ : stable

‖G− H̃‖H2 . (2.17)

Define a rational function to be proper if its denominator is of a greater order than its
numerator. We will have occasion to use the following theorems exploiting the Hilbert space
structure of H2:

Theorem 2.6.1 (Gugercin et al. (2008), [9]) Structured Orthogonality Conditions

Let µ1, µ2, . . . , µr ⊂ C be distint points int he open left-half plane and defineM(µ) to be the
set of all proper rational functions that have simple poles exactly at µ1, µ2, . . . , µr. Then

• H ∈ M(µ) implies that H is the transfer function of a stable dynamical system with
dim(H) = r;

• M(µ) is an (r − 1)-dimensional subspace of H2;

• G̃ ∈ M(µ) solves

‖G− G̃‖H2 = min
H̃∈M(µ)

‖G− H̃‖H2 (2.18)

if and only if

〈G− G̃,H〉H2 = 0 for all H ∈M(µ). (2.19)

Furthermore the solution, G̃, to (2.18) exists and is unique.

Theorem 2.6.2 (Meier and Luenberger (1967), [11]) Interpolation-based optimal-

ity conditions. Given a stable SISO system G(s) = cT [sI−A]−1b, let G̃(s) = c̃T [sI−Ã]−1b̃
be a local minimizer of dimension r for the optimal H2 model reduction problem, (2.17), and
suppose that G̃(s) has simple poles at λ̃i, i = 1, . . . , r. Then G̃(s) interpolates both G(s) and
its first derivative at −λi, i = 1, . . . , r:

G̃(−λ̃i) = G(−λ̃i) and G̃′(−λ̃i) = G′(−λ̃i) for i = 1, . . . , r. (2.20)

Optimal model reduction then can be achieved via algorithms that search within the can-
didate space of low rank dynamical systems, G̃, that satisfy the interpolation conditions
above. One such algorithm, Iterated Rational Krylov Algorithm (IRKA), was published in
Gugercin et al. (2008), [9].
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Theorem 2.6.3 (Gugercin et al. (2008), [9]) Assume that G̃(s) is an optimal MIMO
reduced order model minimizing ‖G − G̃‖H2 and suppose further that G̃ has simple poles

λ̃i with G̃(s) =
n

∑

k=1

1

s− λ̃k

c̃kb̃
T
k and the residue of G̃(s) at λ̃k is matrix valued and rank

one: Res[G̃(s), λ̃k] = c̃kb̃
T
k . Then necessary conditions for the MIMO optimal H2 reduction

problem are:

G(−λ̃k)b̃k = G̃(−λ̃k)b̃k (2.21)

c̃TkG(−λ̃k) = c̃Tk G̃(−λ̃k) (2.22)

c̃TkG
′(−λ̃k)b̃k = c̃Tk G̃

′(−λ̃k)b̃k (2.23)
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2.7 The Iterative Rational Krylov Algorithm

Algorithm: MIMO H2 Optimal Tangential Interpolation Method
(Antoulas et al. (2010), [3])

1. Make an initial r-fold shift selection: {σ1, . . . , σr} that is closed under conjugation and
initial tangent directions b̂1, . . . , b̂r and ĉ1, . . . , ĉr, also closed under conjugation.

2. Choose V and W so that Ran(V) = span
{

(σ1I−A)−1Bb̂1 · · · (σrI−A)−1Bb̂r

}

,

Ran(W) = span
{

(σ1I−AT )−1CT ĉ1 · · · (σrI−AT )−1CT ĉr
}

, and WTV = I.

3. while (not converged)

(a) Ã = WTAV, B̃ = WTB and C̃ = CV

(b) Compute Y∗ÃX = diag(λ̃i) and Y∗X = I where Y∗ and X are the left and right
eigenvectors of λI− Ã.

(c) σi ← −λi(Ã) for i = 1, . . . , r, b̂∗
i ← eTi Y

∗B̃ and ĉi ← C̃Xe.

(d) ChooseV andW so that Ran(V) = span
{

(σ1I−A)−1Bb̂1 · · · (σrI−A)−1Bb̂r

}

,

Ran(W) = span
{

(σ1I−AT )−1CT ĉ1 · · · (σrI−AT )−1CT ĉr
}

, and WTV = I.

4. Ã = WTAV, B̃ = WTB and C̃ = CV

Upon convergence, the reduced order system, G̃ =

[

Ã B̃

C̃

]

will satisfy the necessary con-

ditions according to Theorem 2.6.3.

This algorithm is also known as the Iterative Rational Krylov Algorithm (IRKA). Introduced
in Gugercin et al. (2008), [9], the process converges to locally optimal approximations in the
H2 sense very rapidly. Since it only requires large-scale linear solves and eigendecomposi-
tions of (r × r)-dimensional matrices, this algorithm is appealing in large-scale settings. Its
primary competitor in the LTI model reduction community, Balanced Truncation, requires
solutions to large-scale Lypanov equations, an operation that scales very poorly.

This paper seeks to develop analogous theory for a broader class of dynamical systems, those
with linear time-periodic coefficients in particular.



Chapter 3

Linear Time-Periodic Dynamical
Systems

We return to considering the family of linear time-periodic (LTP) dynamical systems with
finite-dimensional state-space realization:

G :

{

ẋ(t) = A(t)x(t) + b(t)u(t)

y(t) = cT (t)x(t)
(3.1)

We make a set of assumptions about the linear operator G : L2 → L2 that serves as a map
from input signals u ∈ L2 to output signals y ∈ L2.

(a) G is bounded

(b) G has a finite-dimensional state-space realization (3.1), whose parameters A(t),
b(t), and c(t) are all T -periodic.

(c) G has a time-domain representation

y(t) = Gu =

∫ t

−∞

g(t, τ)u(τ)dτ (3.2)

where g(t, τ) is the impulse response of the system excited by the input δ(t− τ).

(d) G is causal. Explicitly,

g(t, τ) = 0, for all t < τ (3.3)

(e) g has uniform exponential decay. That is, there exist positive constants κ1, κ2

such that,

|g(t, τ)| ≤ κ1 · e−κ2(t−τ), for all t > τ (3.4)

11
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For a discussion of the class of systems that satisfy these constraints, see Sandberg et al.
(2004), [17] and Sandberg (2006), [16].

Remark In the case that G is linear-time invariant, the impulse response satisfies

g(t, τ) = g(t− τ, 0), for all t > τ (3.5)

Like the time-invariant case, the system G represents an input-output map via a kernel
convolution of the system’s impulse response.

Remark Since the state-space parameters are T -periodic, so is the impulse response:

g(t+ T, τ + T ) = g(t, τ), forall t ≥ τ. (3.6)

Remark The impulse response of the system G is given by

g(t, τ) = cT (t)ΦA(t, τ)b(τ), t > τ (3.7)

where ΦA(t, τ) is the transition matrix for ẋ(t) = A(t)x(t).

3.1 Exponentially Modulated Periodic Signals

Definition u(t) is an exponentially modulated periodic (EMP) signal if it can be written in
the form

u(t) = est
∞
∑

n=−∞

une
ınω0t =

∞
∑

n=−∞

une
snt, t ≥ 0 (3.8)

with sn = s+ ınω0 and s ∈ C.

Here, the real part of s, Re(s) determines the exponential decay/growth of u. Clearly the
series representation of u(t) is not unique.

Theorem 3.1.1 (Wereley (1991), [21]) (LTP System Response to EMP Signals).

Given G =

[

A(t) B(t)
C(t)

]

, there exists a similarity transformation (Floquet) such that

G =

[

Q B(t)

C(t)

]

. Denote yss and ytr to be the steady state and transient responses
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respectively of an EMP input u(t) and initial condition ξ0. Then,

yss(t) =

∞
∑

n=−∞

{

∞
∑

ℓ,m=−∞

Cn−ℓ(sℓI−Q)−1Bℓ−mum

}

esnt (3.9)

ytr(t) = C(t)Φ(t, 0)

{

ξ0 −
∞
∑

ℓ,m=−∞

(sℓI−Q)−1Bℓ−mum

}

(3.10)

Additionally, ytr(t)→ 0 if the above system Σ is stable.

Remark It’s important to realize here that the steady state response, yss(t) is also a EMP
signal. Hence, we can write

yss(t) =
∞
∑

n=−∞

yne
snt where yn =

∞
∑

ℓ,m=−∞

Cn−ℓ(sℓI−Q)−1Bℓ−mum (3.11)

This is explained in Wereley’s thesis, [21],

The fundamental result shown above is that when an EMP test signal is injected
into an LTP system with a time periodic dynamics matrix, the steady state
output response is also an EMP signal. Thus, the steady state output response
leads to the concept of a transfer function for LTP systems because the input
and output signal spaces are equal. Hence, the LTP frequence response can
be stated: in steady state, an LTP system maps an EMP input signal, to an
EMP output signal of the same frequency, but with possibly different amplitude
and phase (as long as s is not in Q). The LTP frequency response notion is
completely analogous to the LTI frequency response notion.

3.2 Frequency Coupling

An important characteristic of stable LTI systems is that their steady state response to
a single-frequency sinusoid is another sinusoid of the same frequency. That is, if G(s) =
cT [sI−A]−1b is the transfer function of the LTI system, G, then

u(t) = sin(ωt)
y=Gu
=⇒ y(t)→ |G(ıω)| sin[ωt+ arg(G(ıω))] (3.12)

Note that we write y(t) → to describe the steady-state behavior or y(t) after the transient
response has decayed.
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LTP systems however, produce a countable number of harmonics of the input frequency,

ω + ℓω0 for integer ℓ where ω0 =
2π

T
is the fundamental frequency of the system G.

u(t) = sin(ωt)
y=Gu
=⇒ y(t)→

∑

ℓ

|gℓ(ıω)| sin[(ω + ℓω0)t+ arg(gℓ(ıω))] (3.13)

Therefore for a single frequency input, an LTP system will have output frequencies {ωℓ =
ω + ℓω0}. [Sandberg, 10]
We call these {gℓ} the subsystems of G, and define them by a Fourier expansion on the
impulse response g(t, τ). Let r = t − τ . Since g(t, t − r) is T-periodic in t, the impulse
response can be expanded into a Fourier series for r:

g(t, t− r) =
∞
∑

ℓ=−∞

gℓ(r)e
ıℓω0t (3.14)

gℓ(r) =
1

T

∫ T

0

e−ıℓω0tg(t, t− r)dt (3.15)

These subsystems are discussed at length in chapter 5.

3.3 Floquet Transformation

The Floquet transformation is a change of variable that transforms the time-periodic differ-
ential equation

ẋ = A(t)x, A(t) = A(t+ T ) (3.16)

to an equation of constant coefficients, ż = Qz(t) via a periodic change of variables,
z(t) = P−1(t)x(t).

To accomplish this, first note that if X(t) is a fundamental matrix solution for (3.16), then
so is X(t+ T ) and there exists a constant R such that X(t+ T ) = X(t)R for all t. (This is
stated as a theorem in most ODE texts. For a proof see Grimshaw (1993), [8]). We compute
R by solving R = X−1(0)X(T ).



3.3. FLOQUET TRANSFORMATION 15

We define the eigenvalues of R, ρ1, . . . , ρn, to be the Floquet multipliers of (3.16) and
the Floquet exponents {µ1, . . . , µn} defined by ρi = eµiT . The Floquet multipliers and
exponents are also called the characteristic multipliers and exponents respectively.

Note that µi are not unique (if µi is a characteristic exponent, then so is µi + 2πık/T ).
Note also that the multipliers do not depend on our choice of X(t). Additionally, from
Gantmacher (1959), [7], we know that a Q exists such that,

R = eQT . (3.17)

Q becomes important in the Floquet’s existence theorem below which can be found in
Grimshaw (1993), [8].

Theorem 3.3.1 (Floquet’s Theorem) In the system

ẋ = A(t)x (3.18)

let A(t) be a continuous n× n matrix for −∞ < t <∞ which is periodic of period T

A(t+ T ) = A(t). (3.19)

Then any fundamental matrix X(t) of (3.18), has a representation of the form

X(t) = P(t)eQt, where P(t+ T ) = P(t) (3.20)

and Q is a constant matrix (and P(t), Q are n× n matrices).

Unfortunately, the Floquet transformation is intractable for large order systems. Computa-
tional methods have been developed recently to make these transformations more affordable.
The reader is encouraged to see Moore (2005), [14] and Cai et al. (2001), [6] for a discussion
of these methods as they are outside the scope of this paper.

Utilizing the above theorem, we can determine an alternate realization of LTP systems:

Corollary 3.3.2 Given a LTP system, G, a Floquet transformation can be performed so
that system parameter A(t) = Q becomes time-invariant via the periodic change of variable:
z(t) = P−1(t)x(t).

G :

{

ẋ(t) = A(t)x(t) + b(t)u(t)

y(t) = cT (t)x(t)
=⇒

{

ż(t) = Qz(t) +P−1(t)b(t)u(t)

y(t) = cT (t)P(t)z(t)
(3.21)

where Q = P−1(t)[A(t)P(t)− Ṗ(t)].
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Proof From Floquet’s theorem, we know X(t) = P(t)eQt where P(t) is a T -periodic matrix
and Q satisfies eQt = X(T ).

Ẋ(t) = A(t)X(t) = A(t)P(t)eQt (3.22)

=
d

dt
{P(t)eQt} = Ṗ(t)eQt +P(t)QeQt. (3.23)

This gives us the equality

Ṗ(t) +P(t)Q = A(t)P(t). (3.24)

By the change of variable x(t) = P(t)z(t),

ẋ(t) = A(t)x(t) + b(t)u(t) (3.25)

Ṗ(t)z(t) +P(t)ż(t) = A(t)P(t)z(t) + b(t)u(t) (3.26)

ż(t) = P−1(t)[A(t)P(t)− Ṗ(t)]z(t) +P−1(t)b(t)u(t) (3.27)

ż(t) = Qz(t) +P−1(t)b(t)u(t). (3.28)

✷

3.4 Toeplitz Transform

Here we define Toeplitz transformations on matrix-valued symbols, A(t). These block
Toeplitz matrices prove important in harmonic analysis later in the paper.

We denote the Fourier coefficients of A(t) by {An}

A(t) =

∞
∑

n=−∞

Ane
ınω0t An =

1

T

∫ T

0

A(t)e−ınω0tdt (3.29)

where ω0 =
2π

T
is the fundamental frequency of the underlying system, i.e., A(t+T ) = A(t).

Theorem 3.4.1 (Wereley (1991), [21]) Let A(t) ∈ Ln×n
2 [0, T ] be piecewise smooth, that

is, A(t) is continuous and its first derivative is piecewise continuous. Also, assume that
A(0) = A(T ). Then the convergence of the complex Fourier series

A(t) =

∞
∑

n=−∞

Ane
ınω0t (3.30)

to A(t) on the fundamental interval is absolute and uniform with respect to t on the funda-
mental interval.



3.4. TOEPLITZ TRANSFORM 17

The Toeplitz transform of A(t), denoted by T {A(t)}, maps the set of complex Fourier
coefficients, {An}, into a doubly infinite block Toeplitz matrix, A, of the form

T {A(t)} = A =



















. . .
. . .

. . .
. . . A0 A−1 A−2

. . . A1 A0 A−1
. . .

A2 A1 A0
. . .

. . .
. . .

. . .



















(3.31)

Theorem 3.4.2 (Wereley (1991), [21]) The Toeplitz transform exhibits the following prop-
erties:

1. T {A(t)B(t)} = T {A(t)}T {B(t)} = AB

2. T {A(t) +B(t)} = T {A(t)}+ T {B(t)} = A+ B

3. Suppose Ṗ(t) ∈ Ln×n
2 [0, T ]. Then

T {Ṗ(t)} = NP − PN = NP + PN ∗ (3.32)

where N = blkdiag{ınω0I}



Chapter 4

Harmonic Transfer Function

The transfer function is an essential tool in dynamical systems theory in the linear time-
invariant case. In particular, we construct linear spaces of dynamical systems whose norms
are defined by the systems’ respective transfer functions. Further, we interpret the trans-
fer function as a frequency operator mapping sinusoidal inputs to sinusoidal steady-state
responses according to transfer function evaluations along the imaginary axis:

u(t) = sin(ωt)
y=Gu
=⇒ y(t)→ |G(ıω)| sin[ωt+ arg(G(ıω))] (4.1)

Transfer functions are so essential to the analysis of LTI systems that we seek an analogous
tool for LTP systems. Harmonic transfer functions (HTF) were introduced by Wereley
(1991), [21] and Wereley and Hall (1990), [22] who applied harmonic analysis to state-space
systems with EMP inputs.

Definition G(s) is called the harmonic transfer function of dynamical system

G =

[

A(t) b(t)
cT (t)

]

if G(s) is of the form

G(s) = C[sI − (A−N )]−1B, (4.2)

where A, B, and C are the Toeplitz transformations of A(t), b(t), and cT (t), respectively,
i.e.

A =



















. . .
. . .

. . .
. . . A0 A−1 A−2

. . . A1 A0 A−1
. . .

A2 A1 A0
. . .

. . .
. . .

. . .



















18
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and N is the block diagonal matrix N = [. . . ,−ı1ω0I, ı0ω0I, ı1ω0I, . . .].

4.1 Harmonic Balancing Method

To understand the construction of the HTF, G(s) = C[sI − (A−N )]−1B, consider the har-
monic balancing method below:

For simplicity we assume the system is SISO. Define U = [. . . , u−1, u0, u1, . . .]
T ,

Y = [. . . , y−1, y0, y1, . . .]
T , and X = [. . . ,x−1,x0,x1, . . .]

T to be the ordered Fourier coeffi-
cients of u(t), y(t) and x(t) respectively. Given a finite-dimensional linear continuous-time
periodic system

G :

{

ẋ(t) = A(t)x(t) + b(t)u(t)

y(t) = cT (t)x(t),
(4.3)

perform a Fourier expansion of each term and simplify. We introduce sn = s + ınω0 to
simplify notation.

∑

n∈Z

snxne
snt =

∑

m∈Z

Ame
ımω0t

∑

n∈Z

xne
snt +

∑

m∈Z

bme
ımω0t

∑

n∈Z

une
snt (4.4)

=
∑

n∈Z

∑

m∈Z

An−me
ı(n−m)ω0txme

smt +
∑

n∈Z

∑

m∈Z

bn−me
ı(n−m)ω0tume

smt (4.5)

=
∑

n∈Z

∑

m∈Z

An−mxme
snt +

∑

n∈Z

∑

m∈Z

bn−mume
snt (4.6)

∑

n∈Z

yne
snt =

∑

m∈Z

cTme
ımω0t

∑

n∈Z

xne
snt (4.7)

=
∑

n∈Z

∑

m∈Z

cTn−me
ı(n−m)ω0txme

smt (4.8)

=
∑

n∈Z

∑

m∈Z

cTn−mxme
snt. (4.9)

The second equality is a Cauchy product. Then:
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0 =
∑

n∈Z

{

snxn −
∑

m∈Z

An−mxm −
∑

m∈Z

bn−mum

}

esnt (4.10)

0 =
∑

n∈Z

{

yn −
∑

m∈Z

cTn−mxm

}

esnt (4.11)

Since {eınω0t} forms a complete orthogonal basis then each of the inside terms must be zero:

snxn =
∑

m∈Z

An−mxm +
∑

m∈Z

bn−mum (4.12)

yn =
∑

m∈Z

cTn−mxm. (4.13)

A more concise representation of the above harmonic transfer function is

sX = (A−N )X + BU (4.14)

Y = CX . (4.15)

Let gm,n(s) denote the (m,n)th element of the harmonic transfer function. That is, gm,n(s) =
[G(s)]m,n. To calculate the elements of the harmonic transfer function, we are required
to either solve the (m,n)th matrix block of the inverse infinite-dimensional matrix [sI −
(A−N )]−1 or perform a Floquet similarity transformation. The first option is intractable;
therefore, we explore the latter despite it’s computational cost.

Remark If the dynamical system G has a Floquet-transformed representation

G =

[

Q b(t)
cT (t) 0

]

(4.16)

then we can represent elements of the transfer function, G(s):

gm,n(s) = [G(s)]m,n =
∑

ℓ∈Z

cTm−ℓ[sℓI−Q]−1bℓ−n. (4.17)

For a discussion of this result, see Wereley and Hall (1990), [22].
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Note here that elements along the diagonal of the HTF are equal up to a purely imaginary
shift ıkω0.

gm+k,n+k(s) = gm,n(s+ ıkω0). (4.18)

This can be shown using the a change of variable ℓ̂ = ℓ− k.

Remark What’s remarkable here is that each element of the HTF is a linear time-invariant
system. Thus we can treat the LTP system as a collection of LTI system for which analysis
is considerably more familiar. We view the infinite-dimemsional size of this new operator as
the cost of removing the time dependency of the system response.

4.2 The HTF as an ℓ2 Operator

We can think of an LTP system as an operator on the space of EMP signals. Then the HTF
is an explicit representation of the mapping y = Gu as an infinite-dimensional matrix-vector
multiplication:

Given harmonic transfer function, G(s) and EMP input u(t) =

∞
∑

n=−∞

une
snt with sn = s +

ınω0, we can express the mapping y = Gu as

Y = G(s)U (4.19)

where U = [. . . , u−1, u0, u1, . . .]
T and Y = [. . . , y−1, y0, y1, . . .]

T are the ordered Fourier coef-
ficients of u(t) and y(t) respectively.

Definition We say a system G is unstable if there exists s ∈ C in the open right half-plane
for which the ℓ2 operator G(s) is unbounded. Otherwise the system is stable.

In Zhou et al. (2004), [28], it is shown that the harmonic transfer function is a closed, densely
defined Fredholm operator on the Hilbert space ℓ2, and its spectrum contains only a finite
number of elements in any bounded neighborhood of the origin.

4.3 H2-Norm

Definition We define the the H2 norm of a LTP system, G,

‖G‖2H2
=

1

T

∫ T

0

∫ +∞

−∞

g(t, τ)g(t, τ)dtdτ (4.20)

where g(t, τ) is the impulse response of the system when the impulse occurs at time t = τ .
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Remark Note that this definition is a generalization of the LTI case. If G is LTI, then
g(t, τ) = g(t− τ, 0) and the above equation generalizes (2.11),

‖G‖2H2
=

∫ ∞

0

g∗(t, 0)g(t, 0)dt. (4.21)

We can express ‖G‖H2 in terms of the HTF under certain conditions:

Theorem 4.3.1 (Zhou and Hagiwara (2002), [24]) If A(t) is piecewise continuous and
differentiable at a.e. t ∈ [0, T ] and that b(t) and c(t) are continuous and the Fourier series
expansion are absolutely convergent, then

‖G‖2H2
=

1

2π

∫

ω0
2

−
ω0
2

trace[G(ıϕ)∗G(ıϕ)]dϕ. (4.22)

Remark Note that in the case that G is SISO and LTI, G =

[

A b
cT 0

]

:

1

2π

∫

ω0
2

−
ω0
2

trace[G(ıϕ)∗G(ıϕ)]dϕ =
1

2π

∫

ω0
2

−
ω0
2

∑

k

|gk,k(ıϕ)|2dϕ (4.23)

=
1

2π

∫ ∞

−∞

|cT [ıϕI−A]−1b|2dϕ (4.24)

= ‖G‖2H2
. (4.25)

Thus (4.22) generalizes our definition for the H2 norm for LTI dynamical systems, (2.11).

4.4 Computation of H2 Norm

In a paper by Zhou and Hagiwara (2002), [24], a method for computing the H2 norm of a
Floquet-transformed LTP system is developed using truncations of the Fourier summations of
the symbols b(t) and c(t). Their paper also discusses a method for computing the H∞-norm
but is outside the scope of this paper. Below is an abbreviated version of their discussion in
their paper.

4.4.1 Skew Truncation

Consider the Floquet-transformed HTF for (4.3),

G(s) = C[sI − (Q−N )]−1B. (4.26)
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Definition Define GN to be the skew truncation of G

GN :

{

ẋ(t) = Qx(t) + b̂(t)u(t)

y(t) = ĉT (t)x(t)
(4.27)

with b̂(t) =

N
∑

m=−N

bme
ımω0t, ĉ(t) =

N
∑

m=−N

cme
ımω0t where {bm}, {cm} are the Fourier coeffi-

cients of b(t) and c(t). Write GN as the HTF of GN . Then

GN (s) = CN [sI − (Q−N )]−1BN (4.28)

where BN := T
{

N
∑

m=−N

bme
ımω0t

}

and CN := T
{

N
∑

m=−N

cme
ımω0t

}

, each of which are banded

block-Toeplitz infinite-dimensional matrices.

Definition Define the LTI system GN =

[

AN BN

CN 0

]

where

CN :=



































cT−N 0
...

. . .

cT0 cT−N
...

. . .
...

. . .

cTN · · · cT0 · · · cT−N
. . .

...
. . .

...
cTN cT0

. . .
...

0 cTN



































BN =























b−N
...

b−1

b0

b1
...

bN























(4.29)

AN =







Q− ıNω0

. . .

Q + ıNω0






. (4.30)

4.4.2 Computing the H2-Norm of a Skew Truncated System

Theorem 4.4.1 (Zhou and Hagiwara (2002), [24])

• ‖G − GN‖H2 → 0 as N →∞
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• ‖GN‖H2 = ‖GN‖H2

• lim
N→∞

trace(B∗
NVNBN ) = lim

N→∞
trace(CNWNC

∗
N ) = ‖G‖22

where VN and WN are, respectively, the solutions of the finite-dimensional Lyapunov
equations

A∗
NVN + VNAN + CNC

∗
N = 0 (4.31)

ANWN +WNA
∗
N +BNB

∗
N = 0. (4.32)

The method proposed by Zhou and Hagiwara for computation of H2 norm for LTP systems
is then:

1. Construct the Floquet transformed dynamical HTF G(s) = C[sI − (Q−N )]−1B

2. Truncate Fourier expansions of symbols b(t) and c(t).

3. Construct associated LTI dynamical system GN .

4. Compute ‖GN‖H2 via large-scale Lyapunov solvers as an approximation to ‖G‖H2 .



Chapter 5

Kernel Representation

An essential tool to LTI dynamical system theory is the ability to treat the family of LTI
stable systems as a Hilbert space whose associated transfer functions form a subspace in H2.
See theorem 2.6.2. Two major consequences of this result are:

1. we can represent the H2 inner product in terms of the poles and residues of the respec-
tive systems,

2. we can apply structured orthogonality conditions to determine candidates for optimal
approximations.

We seek a generalization of the Hilbert space structure to the family of dynamical systems
with time-periodic coefficients.

We return to the convolution representation of the input-output operator G via a Fourier
decomposition on the kernel, g(t, τ), i.e.

y(t) = Gu =

∫ t

−∞

g(t, τ)u(τ)dτ. (5.1)

In chapter 3 we understand LTP systems to be a frequency operator mapping sinusoidal
inputs to a steady-state output consisting of a countable number of harmonics of the input
frequency:

u(t) = sin(ωt)
y=Gu
=⇒ y(t)→

∑

ℓ

|gℓ(ıω)| sin[(ω + ℓω0)t + ∠gℓ(ıω)]. (5.2)

25
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The harmonics then occur at frequencies ω + ℓω0 for integer ℓ where ω0 =
2π

T
is the funda-

mental frequency of the system G.

Definition We define these {gℓ(r)} to be the subsystems of G, and define them via a
Fourier expansion on the impulse response g(t, t − r) where r = t − τ . Since g(t, t − r) is
T -periodic in t, the impulse response can be expanded into a Fourier series for r:

g(t, t− r) =

∞
∑

ℓ=−∞

gℓ(r)e
ıℓω0t where gℓ(r) =

1

T

∫ T

0

e−ıℓω0tg(t, t− r)dt. (5.3)

Frequently we will work with the Laplace transform of the subsystems. We write these as
{ĝℓ(s)} where ĝℓ(s) = L{gℓ(t)} where L denotes the Laplace transform.

5.1 Kernel Subsystems and the Harmonic Transfer Func-

tion

The subsystems defined above indeed are elements of the HTF. To prove this, we first need
the following theorem:

Theorem 5.1.1 (Convergence of Skew Truncations, Sandberg et al. (2005), [18])

Let gN(t, t−r) =
N
∑

k=−N

gk(t−r)eıkω0t denote the truncation of g(t, t−r) =
∞
∑

k=−∞

gk(t−r)eıkω0t

and let GN be the associated system. Define y = Gu and yN = GNu. Assume that a periodic
system G has impulse response that is uniformly exponentially stable,

|g(t, τ)| ≤ κ1e
−κ2(t−τ).

Then for all inputs u ∈ L∞(R), the output yN(t) converges, uniformly in t, to y(t) as
N →∞.

Theorem 5.1.2 Assume that a system, G, is both causal and ‖G‖2H2
< ∞. Additionally,

assume that the impulse response of G, g(t, τ), is uniformly exponentially stable. If {gk(t)}
and G(s) are, respectively, the associated subsystems and harmonic transfer function and
u(t) ∈ L2 is an EMP signal, then

gk(t) = L−1{gk,0(s)} where gm,n(s) = [G(s)]m,n (5.4)
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Proof Define g[N ](t, t− r) =

N
∑

k=−N

gk(t− r)eıkω0t to be the truncated Fourier expansion of

g(t, t− r) =

∞
∑

k=−∞

gk(t− r)eıkω0t and let GN be the associated dynamical system. Indeed, it

happens that GN is the skew truncated system from Chapter 4, but we need the next several
theorems in this chapter to prove it.

Suppose u(t) is an EMP signal. Then we write u(t) = est
∑

m

ume
ımω0t =

∑

m

ume
smt.

y(t) =

∫ t

−∞

g(t, τ)u(τ)dτ (5.5)

=

∫ t

−∞

∑

k

gk(t− τ)eıkω0tu(τ)dτ (5.6)

We can interchange the summation and integral because GNu→ Gu uniformly by Theorem
5.1.1.

y(t) =
∑

k

eıkω0t

∫ t

−∞

gk(t− τ)u(τ)dτ (5.7)

=
∑

k

eıkω0t[gk(t) ∗ u(t)] (5.8)

=
∑

k

eıkω0t[gk(t) ∗
∑

m

ume
smt] (5.9)

=
∑

k

eıkω0t
∑

m

um[gk(t) ∗ esmt] (5.10)

Define ĝk(s) = L{gk(t)}. Then
y(t) =

∑

k

eıkω0t
∑

m

umĝk(sm)e
smt (5.11)

=
∑

k

eıkω0t
∑

m

umgk,0(sm)e
smt (5.12)

=
∑

k

∑

m

umgk+m,m(s)e
sm+kt (5.13)

=
∑

k

[

∑

m

gk,m(s)um

]

eskt (5.14)

=
∑

k

[GU ]keskt (5.15)
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where yk =
∑

m gk,m(s)um = [Y ]k = [GU ]k. ✷

Remark We can write

G(s) =



















. . .
. . .

. . .
. . . g−1,−1(s) g−1,0(s) g−1,1(s)
. . . g0,−1(s) g0,0(s) g0,1(s)

. . .

g1,−1(s) g1,0(s) g1,1(s)
. . .

. . .
. . .

. . .



















(5.16)

=



















. . .
. . .

. . .
. . . ĝ0(s− ıω0) ĝ−1(s) ĝ−2(s+ ıω0)
. . . ĝ1(s− ıω0) ĝ0(s) ĝ−1(s+ ıω0)

. . .

ĝ2(s− ıω0) ĝ1(s) ĝ0(s+ ıω0)
. . .

. . .
. . .

. . .



















(5.17)

5.2 The Family of LTP Systems as a Hilbert Space

The major result in this section is that the family of LTP systems form a subspace of the
Hilbert space, H =

⊕∞
ℓ=−∞H2. Define

〈G,H〉H =
∞
∑

ℓ=−∞

〈ĝℓ(·), ĥℓ(·)〉H2 (5.18)

That is, the family of LTP systems that have a Floquet-transformed representation of the
form,

G :

{

ẋ(t) = Qx(t) + b(t)u(t)

y(t) = cT (t)x(t)
(5.19)

with b(t) and c(t) piecewise continuous form a subspace of H. Additionally, we can express
the H2 norm of the infinite dimensional subsystems in terms of their poles and residues.
That is,

〈ĝℓ(·), ĥℓ(·)〉2H2
=

∞
∑

k=−∞

n
∑

j=1

ĝℓ(−λ(k)
j )Res[ĥℓ(s), λ

(k)
j ] (5.20)

where λ
(k)
j = λj − ıkω0 with {λj}rj=1 = λ(Q).
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We begin by introducing several lemmas and conclude by proving equations (5.18) and (5.20).
In a standard abuse of notation, we write 〈·, ·〉H = 〈·, ·〉H2 to be understood as the LTP H2

norm.

Lemma 5.2.1 (Borwein and Kratz (2005), [5]) Let a ∈ ℓ1 and yn = (a∗x)n =
∑

an−kxk =
∑

akxn−k be a discrete convolution. Then

• ‖y‖2 ≤ ‖a‖1‖x‖2 for every x ∈ ℓ2

• ‖y‖1 ≤ ‖a‖1‖x‖1 for every x ∈ ℓ1

Lemma 5.2.2 Let x(t) be piecewise smooth and T -periodic. Then if x(t) =
∑

k∈Z xke
jkω0t

is its Fourier series, then {xk} ∈ ℓ1, i.e.
∑

k∈Z

‖xk‖2 <∞.

Proof This proof follows Bob Rogers’ manuscript, Rogers (2012), [15], with differing nota-
tion.

Without loss of generality assume ω0 = 1. Then x(t) =
∑

k∈Z xke
jkt, xk = 2

T

∫ T

0
x(t)e−jktdt.

Define yk = 2
T

∫ T

0
ẋ(t)e−jktdt. Then via Bessel’s inequality,

∑

k∈Z

‖yk‖22 ≤
2

T

∫ T

0

|ẋ(t)|dx <∞.

Since ‖yk‖2 = |k|‖xk‖2. Then
N
∑

k=−N
k 6=0

‖xk‖2 =
N
∑

k=−N
k 6=0

1

|k|‖yk‖2 (5.21)

≤

√

√

√

√

√

N
∑

k=−N
k 6=0

1

|k|2

√

√

√

√

√

N
∑

k=−N
k 6=0

‖yk‖22 (5.22)

Both factors on the right converge as N →∞. Therefore
∑

k∈Z

‖xk‖2 <∞. ✷

5.2.1 The H2 Inner Product

Theorem 5.2.3

〈G,H〉2H2
=

∑

ℓ∈Z

〈ĝℓ(s), ĥℓ(s)〉H2 (5.23)
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where ĝn(s) = L{gn(t)} and ĥn(s) = L{hn(t)} where ĝn and ĥn are the subsystems of G and
H respectively.

Proof Using equation (4.18) and theorem 5.1.2 we can express elements of the harmonic
transfer functions in terms of the subsystems,

gm,n(s) = [G(s)]m,n =
∑

ℓ∈Z

cTm−ℓ[sℓI−Q]−1bℓ−n = ĝm−n(s− ınω0) (5.24)

Next if sn = s+ ınω0, note that

[G(s)∗H(s)]n,n =
∑

k∈Z

[G∗]n,k[H]k,n (5.25)

=
∑

k∈Z

gk,n(s)hk,n(s) (5.26)

=
∑

k∈Z

ĝk−n(s−n)ĥk−n(s−n) (5.27)

=
∑

k̂∈Z

ĝk̂(s−n)ĥk̂(s−n) (5.28)

〈G,H〉H2 =
1

2π

∫
ω0
2

−
ω0
2

trace[G(ıϕ)∗H(ıϕ)]dϕ (5.29)

=
1

2π

∫

ω0
2

−
ω0
2

∑

n∈Z

∑

k∈Z

ĝk(ıϕ− ınω0)ĥk(ıϕ− ınω0)dϕ (5.30)

=
∑

k∈Z

1

2π

∫ +∞

−∞

ĝk(ıϕ)ĥk(ıϕ)dϕ (5.31)

=
∑

k∈Z

〈ĝk, ĥk〉H2 (5.32)

✷

5.2.2 The H2 Space

From theorem 5.2.3, it follows that the dynamical system norm is written,

‖G‖2H2
=

∑

ℓ∈Z

‖ĝℓ‖2H2
(5.33)

In case where b(t) and cT (t) have finite dimensional Fourier series expansions, there exist a
finite number of nontrivial subsystems, each of which have only finite spectra.
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Theorem 5.2.4 Given system G =

[

A(t) B(t)
C(t)

]

with A(t), B(t) and C(t) T-periodic

and piecewise smooth. If the Floquet-transformed state space matrix Q is Hurwitz, then

‖G‖H2 <∞ (5.34)

Proof Without loss of generality, assume G is in the Floquet form. Write ‖G‖2H2
=

∑

ℓ∈Z

‖ĝℓ‖2H2
with ĝℓ =

∑

k∈Z c
T
ℓ−k[skI−Q]−1bk.

First, show that ‖ĝℓ‖H2 <∞:

‖ĝℓ‖H2 ≤
∑

k∈Z

‖cTℓ−k[skI−Q]−1bk‖H2 (5.35)

≤
∑

k∈Z

‖cℓ−k‖2‖bk‖2‖[skI−Q]−1‖H2 (5.36)

= ‖[sI−Q]−1‖H2

∑

k∈Z

‖cℓ−k‖2‖bk‖2 (5.37)

Note that {‖ck‖2}, {‖bk‖2} ∈ ℓ1 by lemma 5.2.2. Using lemma 5.2.1 we see that the sequence

{

∑

k∈Z

‖cℓ−k‖2‖bk‖2
}∞

ℓ=−∞

= {‖cℓ‖2}∞ℓ=−∞ ∗ {‖bℓ‖2}∞ℓ=−∞ ∈ ℓ1. (5.38)

Since Q is Hurwitz, then ‖[sI − Q]−1‖H2 < ∞. Therefore {‖ĝℓ‖2H2
} forms a ℓ1 sequence

indexed in ℓ. Since ℓ1 ⊂ ℓ2, ‖G‖2H2
=

∑

ℓ∈Z

‖ĝℓ‖2H2
<∞. ✷

5.2.3 Pole-Residue Inner Product

Theorem 5.2.5

〈ĝℓ, ĥℓ〉H2 =
∑

k∈Z

n
∑

j=1

ĝℓ(−λ(k)
j )Res[ĥℓ(s), λ

(k)
j ] (5.39)

Proof The following proof shows

‖ĝℓ‖2H2
=

∑

k∈Z

n
∑

j=1

ĝℓ(−λ(k)
j )Res[ĝℓ(s), λ

(k)
j ]. (5.40)

The proof naturally extends however to show (5.39).



5.2. THE FAMILY OF LTP SYSTEMS AS A HILBERT SPACE 32

Fix ℓ and set f = ĝℓ. Then without loss of generality assume n = 1, Q = −1, ω0 = 1. Then

λk = −1 + kı and rk = cℓ−kbk. So f(s) =
∑

k∈Z

rk
s− (−1 + kı)

with {rk} ∈ ℓ1.

Consider the rectangular contour, ΓN , defined by vertices (0, N+ 1
2
), (0,−N− 1

2
), (−N,−N−

1
2
), (−N,N + 1

2
) for integer N ≥ 2. Define Γ

(2)
N , Γ

(2)
N , Γ

(3)
N , γN to represent the the top, left,

bottom, and right contours of the rectangle respectively. (See Figure 5.1). Finally, write

ΓN = Γ
(2)
N + Γ

(2)
N + Γ

(3)
N + γN to represent the entire contour.

Figure 5.1: Contour integration path, ΓN

+

+

+

+

+

+

+

+

+(−N,N + 1
2
) Γ

(1)
N

(−N,−N − 1
2
) Γ

(3)
N

Γ
(2)
N

γN

(0, N + 1
2
)

(0,−N − 1
2
)

Then from Residue Calculus we know

∫

ΓN

f(s)f(−s)ds =
N
∑

k=−N

f(−λ(k))Res[f(s), λ(k)]

• We first show that
∫

Γ
(2)
N

f(s)f(−s)ds→ 0 as N →∞:
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Γ
(2)
N = {z = −N + ıy : −N − 1

2
≤ y ≤ N + 1

2
}. Then

|f(−N + ıy)f(N − ıy)| =
∣

∣

∣

∣

∣

∑

k∈Z

rk
−N + 1 + ı(y − k)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

k∈Z

rk
N + 1 + i(−y − k)

∣

∣

∣

∣

∣

(5.41)

≤ 1

N2 − 1

∣

∣

∣

∣

∣

∑

k∈Z

rk

∣

∣

∣

∣

∣

2

. (5.42)

Further, length(Γ
(2)
N ) = 2N+1. Therefore using the usual estimate,

∣

∣

∣

∣

∣

∫

Γ
(2)
N

f(s)f(−s)ds
∣

∣

∣

∣

∣

≤

2N + 1

N2 − 1

∣

∣

∣

∣

∣

∑

k∈Z

rk

∣

∣

∣

∣

∣

2

→ 0 as N →∞.

• Next, we show that
∫

Γ
(1)
N

f(−s)f(s)ds→ 0 as N →∞:

Γ
(1)
N = {z = x + ı(N + 1

2
) : −N ≤ x ≤ 0}. Note that length(Γ

(1)
N = N . Then for

s ∈ Γ
(1)
N ,

|f(s)f(−s)| = |f(x+ ı(N + 1/2))f(−x− ı(N + 1/2))| (5.43)

=

∣

∣

∣

∣

∣

∑

k∈Z

rk
x+ 1 + ı(N + 1

2
− k)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

m∈Z

rm
−x+ 1 + ı(−N − 1

2
− k)

∣

∣

∣

∣

∣

(5.44)

≤
∑

k∈Z

|rk|
|N + 1

2
− k|

∑

m∈Z

|rm|
|N + 1

2
+m| (5.45)

=
∑

k∈Z

|rk|
|N + 1

2
− k|

∑

m∈Z

|r−m|
|N + 1

2
−m| (5.46)

Define

ak =
1

|k + 1
2
| ∈ ℓ2 (5.47)

cN =
∑

k∈Z

|rk|
|N + 1

2
− k| =

∑

k∈Z

|rk|aN−k = |rk| ∗ ak (5.48)

dN =
∑

m∈Z

|r−m|
|N + 1

2
−m| =

∑

m∈Z

|r−m|aN−m = |r−k| ∗ ak (5.49)

Since {|rk|}, {|r−k|} ∈ ℓ1 and {ak} ∈ ℓ2, then ck = |rk| ∗ ak, dk = |r−k| ∗ ak ∈ ℓ2.

Therefore on s ∈ Γ
(1)
N , |f(s)f(−s)| ≤ cNdN . Note that {cNdN} ∈ ℓ1. Finally,
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using ML-estimate,

∣

∣

∣

∣

∣

∫

Γ
(1)
N

f(−s)f(s)ds
∣

∣

∣

∣

∣

≤ NcNdN → 0 as N →∞

To conclude the proof we can write

‖f‖2H2
=

∫ ∞

−∞

f(ıω)f(−ıω)dω (5.50)

= lim
N→∞

∫

γN

f(s)f(−s)ds+
∫

Γ
(1)
N

+Γ
(2)
N

+Γ
(3)
N

f(s)f(−s)ds (5.51)

= lim
N→∞

∫

ΓN

f(s)f(−s)ds (5.52)

= lim
N→∞

N
∑

k=−N

f(−λ(k))Res[f(s), λ(k)] (5.53)

=
∑

k∈Z

f(−λ(k))Res[f(s), λ(k)] (5.54)

✷

With the necessary inner product space framework setup, we are ready to begin discussing
the problem of approximating LTP system.



Chapter 6

Model Reduction

We seek a low-dimensional approximation to the large-scale LTP system G. Let G and G̃
be n-dimensional and r-dimensional systems respectively with r ≪ n.

G :

{

ẋ(t) = A(t)x(t) + b(t)u(t)

y(t) = cT (t)x(t)
=⇒ G̃ :

{

˙̃x(t) = Ã(t)x̃(t) + b̃T (t)u(t)

ỹ(t) = c̃T (t)x̃(t)
(6.1)

with A(t) ∈ R
n×n, b(t), c(t),x(t) ∈ R

n and Ã(t) ∈ R
r×r, b̃(t), c̃(t), x̃(t) ∈ R

r.

We can express both systems in the concise forms:

G =

[

A(t) b(t)
cT (t)

]

=⇒ G̃ =

[

Ã(t) b̃(t)
c̃T (t)

]

(6.2)

The following methods discussed assume the availability of a Floquet-transformed equivalent
system. Since we know such a transformation exists, without loss of generality, we assume
A(t) = Q in this chapter.

6.1 An Example of the Floquet-Fourier Representation

and its Structure

As an illustration, consider a n-dimensional dynamical system G that has a Floquet-transformed

representation G =

[

Q b(t)
cT (t) 0

]

with Q ∈ Rn×n and symbols b(t) =
∑1

−1 bke
ıkω0t ∈ Rn

and c(t) =
∑1

−1 cke
ıkω0t ∈ R

n. with three non-zero terms each. Then G has 5 non-trivial
subsystems, {ĝi}2i=−2, can be written in terms of the Fourier coefficients of b(t) and c(t):

35
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ĝ2(s) = cT1 [s1I−Q]−1b1 (6.3)

ĝ1(s) = cT1 [sI−Q]−1b0 + cT0 [s1I−Q]−1b1

ĝ0(s) = cT1 [s−1I−Q]−1b−1 + cT0 [sI−Q]−1b0 + cT−1[s1I−Q]−1b1

ĝ−1(s) = cT0 [s−1I−Q]−1b−1 + cT−1[sI−Q]−1b0

ĝ−2(s) = cT−1[s−1I−Q]−1b−1

Each subsystem then, is a finite summation of n-dimensional LTI terms. We can write the
dynamical system norm

‖G‖2H2
=

2
∑

ℓ=−2

‖ĝℓ‖2H2
(6.4)

and the harmonic transfer function, G(s):

G(s) =































. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . . ĝ0(s− 2ıω0) ĝ−1(s− ıω0) ĝ−2(s) 0 0

. . .
. . . ĝ1(s− 2ıω0) ĝ0(s− ıω0) ĝ−1(s) ĝ−2(s+ ıω0) 0

. . .
. . . ĝ2(s− 2ıω0) ĝ1(s− ıω0) ĝ0(s) ĝ−1(s+ ıω0) ĝ−2(s+ 2ıω0)

. . .
. . . 0 ĝ2(s− ıω0) ĝ1(s) ĝ0(s+ ıω0) g−1(s + ıω0)

. . .
. . . 0 0 ĝ2(s) ĝ1(s+ ıω0) ĝ0(s+ 2ıω0)

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .































(6.5)

Note here that the HTF is banded doubly infinite-dimensional with translated subsystems
repeating themselves along the diagonals.

6.2 Structured Orthogonality Conditions

Theorem 6.2.1 Suppose G̃ solves the minimization problem, min
dim(G̃)=r

‖G − G̃‖H2. Write

G =

[

Λ b(t)
cT (t) 0

]

and G̃ =

[

Λ̃ b̃(t)
c̃T (t) 0

]

(the diagonalized equivalent form of the

Floquet-transformed systems G and G̃ respectively) where b(t), b̃(t), c(t) and c̃(t) all have
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finite Fourier expansions (that is, b(t) =
∑N

−N bke
ıkω0t, etc.). Define ĝℓ(s) and ˜̂gℓ(s) to be

the subsystems of G and G̃ respectively. Then the following equations hold for −N ≤ k̂ ≤ N
and −N ≤ m̂ ≤ N :

•
∑

ℓ∈Z

[

ĝℓ(−λj + ık̂ω0)− ˜̂gℓ(−λj + ık̂ω0)
]

[c̃ℓ−k̂]j = 0

•
∑

ℓ∈Z

[

ĝℓ(−λj + ı(ℓ− m̂)ω0)− ˜̂gℓ(−λj + ı(ℓ− m̂)ω0)
]

[b̃ℓ−m̂]j = 0

We label these as the necessary conditions for optimal LTP approximations in the H2 sense.

Proof DenoteMb =

{

H =

[

Λ̃ b(t)
c̃T (t) 0

]

, b(t) =

N
∑

−N

bke
ıkω0t, Λ̃, c̃(t) fixed

}

as a fi-

nite dimensional subspace of
⊕

ℓ∈ZH2 where G̃ ∈ Mb. By the Hilbert space structure, for
all H ∈Mb we know

0 = 〈G− G̃,H〉 =
∑

ℓ∈Z

〈ĝℓ − ˜̂gℓ, ĥℓ〉 (6.6)

Choose H =

[

Λ̃ b(t)
c̃T (t) 0

]

such that bk =

{

ej, k = k̂

0 otherwise
. Then

ĥℓ(s) =

N
∑

−N

r
∑

j=1

[c̃ℓ−k]j[bk]j
s− λj + ıkω0

=
[c̃ℓ−k̂]j

s− λj + ık̂ω0

(6.7)

Therefore,

0 =
∑

ℓ∈Z

〈ĝℓ − ˜̂gℓ, ĥℓ〉 (6.8)

=
∑

ℓ∈Z

∑

k∈Z

r
∑

j=1

[

ĝℓ(−λj + ıkω0)− ˜̂gℓ(−λj + ıkω0)
]

Res[ĥℓ(s), λj − ıkω0] (6.9)

=
∑

ℓ∈Z

[

ĝℓ(−λj + ık̂ω0)− ˜̂gℓ(−λj + ık̂ω0)
]

[c̃ℓ−k̂]j (6.10)

for each integer k̂ ∈ [−N,N ].

We have a similar proof for the second condition. Define

Mc =

{

H =

[

Λ̃ b̃(t)
cT (t) 0

]

, c(t) =
N
∑

−N

cke
ıkω0t, Λ̃, b̃(t) fixed

}
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and cm =

{

ej , m = m̂

0, otherwise
where −N ≤ m̂ ≤ N . Then

ĥℓ(s) =
ℓ+N
∑

k=ℓ−N

r
∑

j=1

[bℓ−k]j [b̃k]j
s− λj + ıkω0

=
[b̃k̂]j

s− λj + ık̂ω0

=
[b̃ℓ−m̂]j

s− λj + ı(ℓ− m̂)ω0

(6.11)

where ℓ− k̂ = m̂. Then

0 =
∑

ℓ∈Z

〈ĝℓ − ˜̂gℓ, ĥℓ〉H2 (6.12)

=
∑

ℓ∈Z

[

ĝℓ(−λj + ı(ℓ− m̂)ω0)− ˜̂gℓ(−λj + ı(ℓ− m̂)ω0)
]

[b̃ℓ−m̂]j (6.13)

for integers m̂ ∈ [−N,N ]. ✷

Remark We can represent these necessary conditions as a linear system of equations:

[

[c̃N ]j · · · [c̃
−N ]j

]

















· · · ĝ0(−λj + ıNω0) · · · ĝ
−N (−λj) · · · ĝ

−2N(−λj − ıNω0) · · ·
...

...
...

· · · ĝN(−λj + ıNω0) · · · ĝ0(−λj) · · · ĝ
−N (−λj − ıNω0) · · ·

...
...

...
· · · ĝ2N (−λj + ıNω0) · · · ĝN (−λj) · · · ĝ0(−λj − ıNω0) · · ·

















=
[

[c̃N ]j · · · [c̃
−N ]j

]

















· · · ˜̂g0(−λj + ıNω0) · · · ˜̂g
−N (−λj) · · · ˜̂g

−2N(−λj − ıNω0) · · ·
...

...
...

· · · ˜̂gN(−λj + ıNω0) · · · ˜̂g0(−λj) · · · ˜̂g
−N (−λj − ıNω0) · · ·

...
...

...

· · · ˜̂g2N (−λj + ıNω0) · · · ˜̂gN (−λj) · · · ˜̂g0(−λj − ıNω0) · · ·

















(6.14)
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



























...
...

...
ĝ0(−λj + ıNω0) · · · ĝ

−N(−λj) · · · ĝ
−2N(−λj − ıNω0)

...
...

...
ĝN(−λj + ıNω0) · · · ĝ0(−λj) · · · ĝ

−N (−λj − ıNω0)
...

...
...

ĝ2N (−λj + ıNω0) · · · ĝN(−λj) · · · ĝ0(−λj − ıNω0)
...

...
...







































[

b̃N

]

j

...
[

b̃
−N

]

j











=































...
...

...
˜̂g0(−λj + ıNω0) · · · ˜̂g

−N(−λj) · · · ˜̂g
−2N(−λj − ıNω0)

...
...

...
˜̂gN(−λj + ıNω0) · · · ˜̂g0(−λj) · · · ˜̂g

−N (−λj − ıNω0)
...

...
...

˜̂g2N (−λj + ıNω0) · · · ˜̂gN(−λj) · · · ˜̂g0(−λj − ıNω0)
...

...
...









































[

b̃N

]

j

...
[

b̃
−N

]

j











(6.15)

6.3 LTP Connection to MIMO Systems

Theorem 6.3.1 Let G =

[

Q b(t)
cT (t) 0

]

be a LTP system such that b(t) and c(t) have

finite Fourier expansions written

c(t) =

N
∑

ℓ=−N

ce−ıℓω0t (6.16)

b(t) =
N
∑

ℓ=−N

be−ıℓω0t (6.17)

We define an associated LTI MIMO system

H =











Q [b−N , . . . ,bN ]






cT−N
...
cTN






0











(6.18)

This system has 2N +1 inputs formed by the Fourier coefficients of b(t) and 2N +1 outputs
formed by the Fourier coefficients of c(t). Then the H2 norm of the LTP dynamical system
G can be bounded in terms of the H2 norm of the LTI dynamical system H, namely

‖G‖H2 ≤
√
2N + 1 ‖H‖H2 (6.19)
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Proof The above system, G, has subsystems that can be written

ĝn(s) =

N+ℓ
∑

ℓ=−N+ℓ

cTn−ℓ[sℓI−Q]−1bℓ (6.20)

Each of these terms are finite-dimensional LTI systems.

‖G‖2H2
=

2N
∑

ℓ=−2N

‖ĝℓ(s)‖2H2
(6.21)

=
2N
∑

ℓ=−2N

∥

∥

∥

∥

∥

N+ℓ
∑

ℓ=−N+ℓ

cTn−ℓ[sℓI−Q]−1bℓ

∥

∥

∥

∥

∥

2

H2

(6.22)

Now we use that ‖a1+ . . .+an‖2 ≤ n
2
(‖a1‖2+ . . . ‖an‖2) (application of the triangle inequality

and the property, 2ab ≤ a2 + b2 for a, b ∈ R) to show

∥

∥

∥

∥

∥

N+ℓ
∑

n=−N+ℓ

cTn−ℓ[sℓI−Q]−1bℓ

∥

∥

∥

∥

∥

2

H2

≤ (2N + 1)
N+ℓ
∑

n=−N+ℓ

‖cTn−ℓ[sℓI−Q]−1bℓ‖2H2
(6.23)

Then we have

‖G‖2H2
= (2N + 1)

2N
∑

ℓ=−2N

N+ℓ
∑

n=−N+ℓ

‖cTn−ℓ[sℓI−Q]−1bℓ‖2H2
(6.24)

= (2N + 1)

N
∑

i,j=−N

‖cTi [sjI−Q]−1bj‖2H2
(6.25)

After rearranging indices and dropping trivial terms. If

H =











Q [b−N , . . . ,bN ]






cT−N
...
cTN






0











(6.26)

Then

‖G‖2H2
= (2N + 1)

∫ ∞

−∞

trace(H(jω)H(jω)∗)dω = (2N + 1)‖H‖2H2
(6.27)

✷

This result inspires a model order reduction algorithm for LTP systems outlined in the next
section.
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6.4 A Model Reduction Method for LTP Systems

Theorem 6.4.1 Given G =

[

Q b(t)
cT (t) 0

]

where b(t) and cT (t) have finite Fourier expan-

sions written b(t) =
∑N

−N bke
ıkω0t and c(t) =

∑N
−N cke

ıkω0t. Let V,W ∈ R
n×r be projection

matrices such that WTV = I and define the reduced system,

G̃ =

[

WTQV WTb(t)
cT (t)V 0

]

=

[

Q̃ b̃(t)
c̃T (t) 0

]

(6.28)

Then

‖G− G̃‖H2 ≤
√
2N + 1‖H − H̃‖H2 (6.29)

where

H =











Q [b−N , . . . ,bN ]






cT−N
...
cTN






0











H̃ =











Q̃ [b̃−N , . . . , b̃N ]






c̃T−N
...
c̃TN






0











(6.30)

Proof Suppose that systems G and G̃ have dimensions n and r respectively. Then we can
write the error system Gerr = G− G̃ can be written as an n + r-dimensional LTP system,

Gerr = G− G̃ =





[

Q

Q̃

] [

b(t)

−b̃(t)

]

[

cT (t) c̃T (t)
]

0



 (6.31)

Then the associated MIMO system, Herr is written

Herr =















[

Q

Q̃

] [

b−N · · · bN

−b̃−N · · · −b̃N

]







cT−N c̃T−N
...

...
cTN c̃TN






0















(6.32)

Then

‖G− G̃‖H2 = ‖Gerr‖H2 ≤
√
2N + 1‖Herr‖H2 =

√
2N + 1‖H − H̃‖H2 (6.33)

✷
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Algorithm: Model Reduction of an LTP System

Given dynamical system G =

[

A(t) b̂(t)
ĉT (t) 0

]

1. Perform a Floquet-transformation so what we have a realization G =

[

Q b(t)
cT (t) 0

]

2. Truncate Fourier seriers b(t) ≈∑N
k=−N bke

ıkω0t and c(t) ≈∑N
k=−N cke

ıkω0t. Define

G[N ] =













Q
N
∑

k=−N

bke
ıkω0t

N
∑

k=−N

cTk e
ıkω0t 0













(6.34)

3. Construct the associated MIMO system,

H[N ] =











Q [b−N , . . . ,bN ]






cT−N
...
cTN






0











(6.35)

from the Fourier coefficients of G[N ].

4. Find projection matrices, V with W, WTV = I, that minimize ‖H[N ] − H̃[N ]‖H2 for
r-dimensional

H̃[N ] =











WTQV WT [b−N , . . . ,bN ]






cT−N
...
cTN






V 0











=











Q̃ [b̃−N , . . . , b̃N ]






c̃T−N
...
c̃TN






0











.

(6.36)

5. Construct approximating LTP system G̃ from the coefficients of H̃[N ]

G̃ =













Q̃

N
∑

k=−N

b̃ke
ıkω0t

N
∑

k=−N

c̃Tk e
ıkω0t 0













(6.37)
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Then the dynamical system error, ‖G− G̃‖H2 is bounded by

‖G− G̃‖H2 ≤ ‖G−G[N ]‖H2 + ‖G[N ] − G̃‖H2 (6.38)

≤ ‖G−G[N ]‖H2 +
√
2N + 1‖H[N ] − H̃[N ]‖H2 (6.39)

Notice here that there is a trade-off in our choice of N . The error from truncation

‖G−G[N ]‖H2 → 0 as N →∞.

Meanwhile, the error from our low-rank approximation

√
2N + 1‖H[N ] − H̃[N ]‖H2 →∞ as N →∞.

Various model reduction methods can be applied here such as Proper Orthogonal Decom-
position, Balanced Truncation, Iterative Rational Krylov Algorithm (IRKA), etc. Since
IRKA produces locally optimal approximations in the H2 sense, it is a natural candidate for
producing H̃[N ] to minimize ‖H[N ] − H̃[N ]‖H2 .



Chapter 7

Results

We apply the algorithm above to three models: (1) a fluid mechanical model describing
fluid flow around a cylinder formulated as a finite element solution to Navier-Stokes, (2)
a structural model of the component of the International Space Station, and (3) a heat
diffusion model of a plate described by the heat equation. To learn more about either of
these models, see Antoulas et al. (2001), [1].

7.1 Fluid Mechanical Model

We model two-dimensional fluid flows around a square cylinder with a finite element solution
to the Navier-Stokes equation. For information about how this model was constructed, see
Hay et al. (2009), [10].

This model forms a quadratic ODE

ẋ = F (x) (7.1)

where F (x), written element-wise is

eTi [F (x)] = eTi b+ eTi Rx+ [xTBix] (7.2)

where b is a diffusive term of mean flow, {Bi} is the nonlinear convection term of the fluc-
tuation around the mean, and A represents all linear terms acting convection and diffusion
of the fluctuation.

The solution to the quadratic model, (7.2), is periodic. Suppose x(t) is a T -periodic solution
to the ODE and consider a perturbation of the solution, b 7→ b + bǫu(t) where ‖bǫu(t)‖ is
small. Define the perturbed solution x(t) + xǫ(t) and linearize around x(t):

44
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eTi [ẋ(t) + ẋǫ(t)] = eTi [b+ bǫu(t) +R(x(t) + xǫ(t))] + [x(t) + xǫ(t)]
TBi[x(t) + xǫ(t)] (7.3)

Removing higher-order terms and the nominal solution we get a LTP ODE:

ẋǫ(t) = Rxǫ(t) +







x(t)T (B1 +BT
1 )

...
x(t)T (Bn +BT

n )






xǫ(t) + bǫu(t) (7.4)

We construct an output by averaging the average rate of flow across all states of the system,

cT = [ 1
n
, . . . , 1

n
] where n is the dimension of system. Define A(t) = R+







x(t)T (B1 +BT
1 )

...
x(t)T (Bn +BT

n )







as the T -periodic state-space matrix. Then we can write the LTP dynamical system,

G :

{

ẋǫ(t) = A(t)xǫ(t) + bǫu(t)

y(t) = cT (t)xǫ(t)
(7.5)

For the following simulations, we ran our algorithm on a system of order n = 12 constructed
by a POD based approximation to a n = 22, 600 order system. For more information about
this model, see Hay et al. (2009), [10]. First we perform a Floquet transformation on the
ODE and truncate the number of Fourier coefficients at N = 3. Then the Floquet-Fourier
transformed system has 4N + 1 = 13 subsystems.

To evaluate our algorithm’s efficacy, we begin with a system, G, of the form (7.5), with
dimension n = 12. After a Floquet transformation, we construct reduced order models of
dimensions r = 7, 8, 9, 10 and compare their respective error system H2 norms: ‖G− G̃‖H2 .
See figure 7.2.

For the order r = 10 system we have run simulations of the full and reduced order output
as well as generated bode plots for the full, reduced and error systems. See figures 7.1 and
7.3 respectively.
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Figure 7.1: Time simulation of the system in Figure 7.4 of full (n = 270) and reduced
(r = 30) systems fed with sinusoidal input, u(t) = sin(19.2875t)
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Figure 7.2: Dynamical system error for various sizes of reduced systems
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Figure 7.3: LTP Bode plots: full, reduced, and error systems, r = 10
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7.2 Structural Model

The structural model has 270 states, 3 inputs and 3 outputs. We make this model LTP
by placing modulators on inputs 2 and 3. We do the same for outputs 2 and 3. Define

B =
[

b0 b1 b2

]

to be the original input vector and C =





cT0
cT1
cT2



 to be the original

output vector. Then we construct a SISO system by feeding the input, u(t), into two
modulators with local oscillator (LO) frequencies of ω0 and 2ω0 respectively.

G =

[

Q b0 + b1 cos(ω0t) + b2 cos(2ω0t)
c0 + c1 cos(ω0t) + c2 cos(2ω0t) 0

]

(7.6)

To see this abstracted into a diagram see Figure 7.4

Figure 7.4: Structural Model of Component 1r(Russian service module) of the International
Space Station with inputs and outputs modulated by local oscillator frequencies ω0 and 2ω0
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We construct the associated MIMO system,

H =

















Q [1
2
b2

1
2
b1 b0

1
2
b1

1
2
b2]













1
2
cT2

1
2
cT1
c0
1
2
cT1

1
2
cT2













0

















(7.7)

We compute an optimal approximation H̃ , to the MIMO model, H , by IRKA. We construct
our low dimensional approximation, G̃, from the same projection matrices V and W that
we used to construct H̃ :
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G̃ =

[

WTQV WTb0 + b1 cos(ω0t) + b2 cos(2ω0t)
c0 + c1 cos(ω0t) + c2 cos(2ω0t)V 0

]

(7.8)

=

[

Q̃ b̃0 + b̃1 cos(ω0t) + b̃2 cos(2ω0t)
c̃0 + c̃1 cos(ω0t) + c̃2 cos(2ω0t) 0

]

. (7.9)

The system G is already in the Floquet-Fourier form of dimension n = 270 and N = 2 since
the Fourier expansions of b(t) and c(t) have 5 nontrivial terms. We construct reduced order
models of dimensions r = 4 to r = 80 and compare their respective error system H2 norms:
‖G− G̃‖H2 . See figure 7.6.

For the order r = 30 system we have run simulations of the full and reduced order output
as well as generated bode plots for the full, reduced and error systems. See figures 7.5 and
7.7 respectively.

Figure 7.5: Time simulation of the system in Figure 7.4 of full (n = 270) and reduced
(r = 30) systems fed with sinusoidal input, u(t) = sin(19.2875t)
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For comparison, we tried to reduce the model by Proper Othogonal Decomposion (POD),
with a test function of u(t) = sin(19.2875t) but each reduced model was unstable. As a
result we omitted POD from these comparisons.



7.2. STRUCTURAL MODEL 50

Figure 7.6: Dynamical system error for various sizes of reduced systems

0 10 20 30 40 50 60 70 80
10

−4

10
−3

10
−2

10
−1

10
0

10
1

order of reduced system, r

 

 
IRKA
IRKA Error Bound

Figure 7.7: LTP Bode plots for Figure 7.4: full, reduced, and error systems, r = 30
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7.3 Heat Model

We begin with a two input, two output model describing the heat diffusion on a plate with
two heat sources and two points of measurements. It is described by the heat equation. A
model of order 197 is obtained by spatial discretization. Define B =

[

b0 b1

]

to be the

original input vector and C =

[

cT0
cT1

]

to be the original output vector.

We construct a SISO system by feeding the input, u(t) through a modulator with local
oscillator frequency of ω0 into the second input and output.

G =

[

Q b0 + b1 cos(ω0t)
c0 + c1 cos(ω0) 0

]

(7.10)

We construct the associate MIMO system,

H =









Q [1
2
b1 b0

1
2
b1]





1
2
cT1
c0
1
2
cT1



 0









(7.11)

Figure 7.8: Heat model of a plate with inputs and outputs modulated by local oscillator
frequency ω0

Heat Modelu(t) cos(ω0t)

+

b
cos(ω0t)

+

+ y(t)

The system G is already in the Floquet-Fourier form of dimension n = 197 and N = 1 since
the Fourier expansions of b(t) and c(t) have 3 nontrivial terms. We construct reduced order
models of dimensions r = 2 to r = 20 and compare their respective error system H2 norms:
‖G− G̃‖H2 . See figure 7.10.

For the order r = 6 system we have run simulations of the full and reduced order output as
well as generated bode plots for the full, reduced and error systems. See figures 7.9 and 7.11
respectively.
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Figure 7.9: Time simulation of the system in Figure 7.8 of full (n = 197) and reduced (r = 6)
systems fed with sinusoidal input, u(t) = sin(10t)
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For comparison, we construct an additional reduced order model to compare by proper
orthogonalization decomposition (POD) on the full order system, G. As a ”test function”
we chose u(t) = sin(10t) from Figure 7.9. The reduced model works very well in Figure 7.9
when fed with the test function but poorly for other inputs. Hence, POD underperforms our
algorithm in the H2 sense. See Figure 7.10.

Figure 7.10: Dynamical system error for various sizes of reduced systems by MIMO IRKA
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Figure 7.11: LTP Bode plots for Figure 7.8: full, reduced, and error systems, r = 6
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(b) Reduced order
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In conclusion, while our algorithm is not optimal, it performs very well for only the cost of
reduction of a MIMO system.



Chapter 8

Conclusion

We conclude this paper with a summary of it’s contributions to the LTP system theory and
model reduction of LTP systems.

• Theorem 5.1.2: Connection between subsystems (Fourier coefficients of the impulse
response) and the elements of the HTF written in the Floquet-Fourier form is demon-
strated.

• Theorem 5.2.3: Dynamical system H2-norm and inner product are formulated in terms
of the subsystems instead of in term of the Harmonic Transfer Function.

• Theorem 5.2.5: The H2 inner product for infinite-dimensional transfer functions is
formulated in terms of poles and residues. This generalizes the familiar inner product
calculation in the finite-dimensional setting.

• Theorem 6.2.1: Necessary conditions are developed for best approximations by exploit-
ing the structured orthogonality conditions of the underlying Hilbert space. These are
written in terms of tangential interpolation conditions of the full and reduced systems
respectively.

• Theorem 6.3.1: We bound our H2 dynamical system norm by the familiar H2 norm of
a MIMO system.

In summary, we have extended LTI system theory to the LTP setting, including necessary
conditions for best approximations, dynamical system H2-norm and inner product, and the
conceptualization of the system as a frequency response operator. Finally, we proposed an
algorithm that we apply to three models to verify the efficacy of our approach.
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