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(ABSTRACT)

Rigidizable/Inflatable space structures have been the focus of renewed interest in recent years
due to efficient packaging for transport. In this work, we examine new mathematical systems
used to model small-scale joint dynamics for inflatable space truss structures. We investigate
the regularity and asymptotic behavior of systems resulting from various damping models,
including Kelvin-Voigt, Boltzmann, and thermoelastic damping. Approximation schemes
will also be introduced. Finally, we look at optimal control for the Kelvin-Voigt model using

a linear feedback regulator.
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Chapter 1

Background

1.1 Introduction and Overview

In this paper, we analyze and approximate the dynamic behavior of joint-beam systems
with various inherent damping mechanisms. The importance of the joint-beam system lies
in the need for a better understanding of the dynamics of large inflatable space structures.
Inflatable-rigidizable truss structures composed of advanced materials are of particular in-
terest due to the advantages they offer in packaging and storage (see [12]). These advanced
materials require more precise mathematical models in order to capture essential response
characteristics.

The joint structure which we use in this paper is taken from [2] and consists of two rigid
legs rotating about a joint mass. It allows us to include both the translational and rotational
dynamics of the joint. The beam networks considered in [13] allow kinetic energy due to
translational motion to be stored in the joint, but rotational energy is not included.

We begin, in Chapter 2, by examining the transversal motions of a single beam with a
tip mass and memory damping. The dynamics of the tip mass provide a gentle introduction
to the more complex joint structure considered in later chapters. Chapters 3 through 5 deal
with the joint-beam system. In Chapter 3, we look at the case of Kelvin-Voigt damping
which was considered in [2]. In Chapter 4, we apply the memory damping considered in
Chapter 2 to both beams of the joint-beam system. Chapter 5 sees the introduction of
thermal effects into the system, including solar radiation, conduction, and internal friction.
The triangular joint-beam structure is then presented and analyzed in Chapter 6. The ar-
guments and techniques used to establish well-posedness and exponential stability of the

systems described in Chapters 2 through 6 are based upon the techniques used in [15] for
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similar systems.

Approximation schemes for the various systems are produced in Chapters 7 and 8. Chap-
ter 7 deals with the single beam from Chapter 2, while Chapter 8 gives approximation
schemes for the Kelvin-Voigt and thermoelastic joint-beam systems. Approximation of the
triangular structure is also briefly mentioned in the closing of Chapter 8. In Chapter 9, we
look at the problem of optimal control for the joint-beam system with Kelvin-Voigt damping.

We present a simple numerical example involving a single actuator placed in the joint.

1.2 Four Theorems

Throughout this work, the following four theorems will be repeatedly used to establish well-

posedness and exponential stability for the various systems considered:

Theorem 1.2.1 Let A be a linear operator with dense domain D(A) in a Hilbert space H.
If A is dissipative and 0 € p(A), then A is the infinitesimal generator of a Cy-semigroup of

contractions on H.

Theorem 1.2.2 Let S(t) be a Cy-semigroup of contractions generated by A on a Hilbert
space. S(t) is exponentially stable if and only if

iRNo(A) =0 (1.2.1)

and
wl‘im (i —A)7 <00 BER. (1.2.2)

Theorem 1.2.3 For any function uw € H'(a,b), where (a,b) is a bounded real interval, we

have:

1 1
[u(s)] < CllulZ oy Il 2o
where C'is a positive constant independent of u.

Theorem 1.2.4 For any function v € H*(R), we have
/ "z 3
[l 2 < Cllu”||Z2lull 7

where C'is a positive constant independent of u.
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Theorem 1.2.1 is a corollary to the Lumer-Phillips Theorem and can be found in [15]. The-
orem 1.2.2 is the primary tool we will use to prove exponential stability and is found in
[22]. Theorem 1.2.3 is a special case of Theorem 1.4.4 from [15]. It will be used to provide
boundary estimates in the proofs for exponential stability. Theorem 1.2.4 is a special case of
the Gagliardo-Nirenberg interpolation inequality found in [17] and will be used in the proofs

for exponential stability.



Chapter 2
Single Beam with a Tip Mass

Before we analyze the joint-beam system, we shall begin by looking at transversal motions
of a single, cantilevered beam with a tip mass attached to the free end. The tip mass
construction contributes to the system dynamics in a sense roughly similar to that of the
joint-leg construction considered in later chapters. We assume a stress-strain relationship of
the form o(t) = ae(t)+ fo €(t—C)d(, where o represents stress and e denotes strain. This
type of relatlonshlp is known as viscoelastic memory damping, or Boltzmann-type damping.
The presentation in this chapter follows closely that given in [15] for a clamped-clamped
beam. A description of the axial motions of a shaft with tip mass and memory damping can
be found in [16].

2.1 Constitutive Equations

The equation of transversal motion for a beam with tip mass and Boltzmann-type memory

damping is the following:

A u(;)gi,s) B 552 {Ela giz;,s) +/0“g(z)%dz}, (2.1.1)
v [ ) | _g| N ] (2.1.2)
de* | o(t) M(t)
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for time t > 0 and spatial variable s € [0, L], where

M:[m mh], é:[ Lo ] (2.1.3)
0 Iy ho—1

The notations used in the above system are listed below:

- w - transversal displacement of the beam

-y - transversal displacement of the beam tip

- @ - rotation angle of the tip mass

- p, A, L, E - mass density, cross section area, length, Young’s modulus of the beam
- m - mass of the tip

- Ipr - moment of inertia of the tip mass about its center of mass

- h - horizontal distance between mass-beam connection and the center of mass for the
tip

. N(t :E]aB—g” t, L)+ [ g(z 8313“ t—z, L)dz - shear force of the beam at the end s = L
ds 0 s

L M@t) = EI%QTZ’(IS, L)+ fo""g(z)?%(t — z,L)dz - bending moment of the beam at the

Os?
end s =L

For later calculations, it is convenient to write (2.1.2) as

| yt) | N(t)
M@ [ o(t) Cc| . (0 ] (2.1.4)
where
M:[m mh ] C:[1 O]. (2.1.5)
mh IM + th 0 —1

It is assumed that the kernel function ¢ satisfies the following conditions:

(g1) g € C?*(0,4+00) N C[0, +x), g € L(0, +00);

(92) g(s) > 0,9(s) <0,4(s) > 0 on (0,+00);
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(93) o= EI+ [ §(z)dz > 0;

(g4) §(s)+3dg(s) > 0on (0,400) for some constant 6 > 0, and there exist positive constants
s1, K such that for s > s1,G(s) < Klg(s)|.

In the above, condition (¢g3) gives assurance that even if the beam has been held steady in a
deformed position for a long period of time, a constraining force is still needed to maintain
the deformation for the future. Condition (¢2) tells us that the recent strain history is
weighted more than the earlier strain history. Condition (g4) will be used as a technical aid
for the analysis proofs later in this chapter.

The beam is clamped at the end s = 0. Thus the boundary condition at that end is

w(t,0) = %—‘:(t,m ~ 0. (2.1.6)

At the other end of the beam, we have the geometric compatibility conditions
t) =w(t, L
w

Now that a description of the system has been given, we need to answer questions regard-
ing well-posedness. Does a unique solution exist? Is it continuously dependent upon initial
conditions? To answer these questions, we will set up our system in a state space framework

and utilize semigroup theory.

2.2 Semigroup Setting

Let
H = H*(0,L) x L*(0,L) x £ x R? (2.2.1)
where
H}(0,L) = {f € H'(0,L) : f(0) = f'(0) = --- = fU=1(0) = 0}, (2:2.2)
and
Sy = L3(0,+00; HZ(0, L)). (2.2.3)

In the above, L3(0,+oc; H?(0,L)) is the Hilbert space of all HZ(0, L)-valued, square
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integrable functions defined on the measure space ((0,400),|g|ds). The prime (') character

shall be used to denote the spatial derivative.

We define the inner product in these spaces by

<w’ ,]>H% _ a(w”,j”)
<777 k>L2 = pA<T], k)
(r W, = [ QN0 b0 e,
((4.0), (z,w))gz = (y,0)M(z,w)", (2.2.4)
where (-, -) denotes the usual L? inner product of functions on [0, L], and r(¢) = D,(r(¢)).

From (2.1.5), it is obvious that M is strictly positive definite. Thus the inner product on R?

is well defined. Note that with the above notation, the induced norm on ¥, is given by

Irll%, = /OOO 19O (€)"[I*dC. (2.2.5)

Now, we define the variables

ow dy do

7]257 q_%a W—%,
T(ta C7S> - UJ(t,S) - w(t - Ca S)a

and

z = (w,n,ra)"

where a(t) = (¢(t),w(t))” € R% The Hilbert space H is equipped with the norm induced

from the inner products in (2.2.4), i.e.,
12117, = allw”|* + pAllnl® + 7[5, + aMa" (2.2.6)

where || - || denotes the usual L? norm.

For the new set of state variables, the compatibility conditions are written

[ n(L) ] - [ 1 ] . (2.2.7)
n'(L) w
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The joint-beam system then can be rewritten as a first order evolution equation

d
d—’i = Az (2.2.8)
on the state space 'H with
n
1 /B ol ey
AZ — pA (Oéw 77]‘0 5i<)r(C> C) , (229)
- ¢

M-'C(N, M)T

and
w,n € HZ, aw” — [ ¢(¢)r(¢)"d¢ € H?,
D(A) =<K zeH: DC’I" € X, ’I“(O) =0, . (2210)
compatibility condition (2.2.7)

Theorem 2.2.1 The operator A generates a Cy semigroup, S(t), of contractions on H.

Proof: The proof we will present is given in [15] for clamped boundary conditions and is
repeated here with modifications for the tip mass conditions. It is based on Theorem 1.2.1.

By a straightforward calculation,
Re(Az, 2)y = —(D¢r,1)s, < 0. (2.2.11)

The last inequality in the above follows from Lemma 3.3.2 of [15], wherein it is seen that

1

(Dervrs, =5 [ O P (2212

Hence, A is dissipative. The major work is to show 0 € p(A). Let

Consider the equation
Az =3, (2.2.13)
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ie.,
n = we H?, (2.2.14)
~aw’ = [0y dcy = pane L2 (2.2.15)
0
n—Der = T €, (2.2.16)
MIC(N,M)T = (§,&)" e R (2.2.17)
The solution to (2.2.16), which also satisfies the condition 7(0) = 0, is given by
¢
r(() = (i — / F(r)dr. (2.2.18)
0

From this, we have D¢r € ¥5. We must now show r € ¥,. Let T' > € > 0 be given. By the
kernel function property (g4),

JRSIESER

S A GRS
1- 12 12 2 T~ " "
= STV = FaOlr T =5 [ a0 (Der(©))g
< —§g<e>nr<e>"u2+§ [ 1atolrerpac
a5 [ 181D () P (2219)

This gives

/rg@)rnr( O IPdC < —2a(lr(e)? + /|g ONDer Q) Pde. (2.2.20)

Now, the proof of Lemma 3.3.1 in [15] shows that as € — 0,

——g( )ir(e)'|* — 0. (2.2.21)
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Therefore, if we let T'— oo, and € — 0, then we see that

4 oo
resa Il < 5 [ ONDer )P
0
< K (|Fl3, + llo|?) (2.2.22)

for some K > 0.
A solution to equation (2.2.15), satisfying the conditions w(0) = w’(0) = 0, has the form

~ ~

wle) = —galls =)+ g+ o [T aOnCs)ic

——// //pAn T1)dT1dTodT3dTY, (2.2.23)

with
w(s) = _ﬁ<2LS_S)+ﬁS+1/°° () 5r(,5)d¢
2 / / / pAfi(m1)drdradrs. (2.2.24)
It is clear that .
w € H?, aw"—/o g(Q)r(¢)"d¢ € H?. (2.2.25)

Note that the solution w is unique if N , M are unique. But, from (2.2.17), we have

N
M

This implies that (N M ) can be solved for uniquely in terms of (¢,w). Therefore, w is

:ClM[‘f

w

=CM

ﬂj ] . (2.2.26)

w

uniquely determined.

Finally, from our compatibility condition and (2.2.14), we have the equality

[Z ] - [;@Eg ] . (2.2.27)

In summary, we have thus far obtained a unique solution z € D(.A) of equation (2.2.13).
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By the expression of z in terms of Z, it is clear that

[l < Kx([[@" | + [l + (7], + (@) lw2)
(g, w)llre < Kafl@"]]

Il < K@,

75, < Ka(llo"[] + [17]ls,),

for some constants Ky, Ky, K3, K, > 0, which leads to
12l < K| Azl

for some constant K independent of z. Therefore, 0 € p(A), A~! is bounded and A is closed.
It follows that the range R(A — A) = H for some A > 0. By Theorem 4.6 in [18], D(A) is

dense in ‘H. The conclusion of this theorem now follows from Theorem 1.2.1.

The semigroup S(t) generated by A is crucial to solving the abstract Cauchy problem
(2.2.8). Indeed, if 2(0) = 2y € D(A) is the initial condition, then S(t)z, defines a unique
classical solution to (2.2.8). Note that we are requiring certain smoothness properties of the
initial condition in order to guarantee S(t)z is a classical solution. In general, if z(0) =
2o € D(A), then the Cauchy problem has no classical solution. S(t)z is called a generalized

solution in this case.

2.3 Exponential Stability

In the previous section, we established well-posedness for the single beam system with tip-
mass provided the initial state lies in the domain of the generator A. We will now look at

the asymptotic behavior of solutions of the abstract Cauchy problem.
Theorem 2.3.1 S(t) is exponentially stable.

Proof: The proof of this theorem is similar to that given in [15] for the case of clamped
boundary conditions. However, several modifications have to be made to account for the tip
mass conditions.

We shall verify the frequency domain conditions (1.2.1) and (1.2.2) from Theorem 1.2.2

via a contradiction argument. If the first condition is false, then there exists a sequence

Zn = (wnﬂ?m T'n, %wwn) S D<A>
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with ||z, |lx = 1, and a sequence 3, € R with 3, — b, |b| > ||[A7}|| 7}, such that
lim [|(26,1 — A)z,||l% = 0. (2.3.1)

For the simplicity of notation, we omit the subscript n in the rest of our proof. From (2.3.1)
and (2.2.11), we obtain

lim Re((¢6I — A)z, 2)p = lim = / Ollr(¢)"|I?d¢ = o. (2.3.2)

With condition (g4), this implies
7], — 0. (2.3.3)

Our goal is to get a contradiction by showing ||z||zy — 0. The componentwise version of
(2.3.1) is

ifw” —n" — 0in L*(0, L), (2.3.4)
16n + piA(aw” — /0 g(Q)r(¢)"d¢)" — 0in L*(0, L), (2.3.5)
ipr —(n—D¢r) — 0in 3o, (2.3.6)
iﬁ[ 1 ] M IC(N, AT — 0in R (2.3.7)
w

Using conditions (g1) — (g4), it can be deduced that for each kernel function ¢(¢), both
¢?g(¢) and ¢?§(¢) belong to L'(0,400). It is also easily seen that %7 € Y. Divide (2.3.6)

by 3 and take its inner product with %7 in Ys. Since r — 0 in X5, we get

77” 2 - . l > . r " 77_" N
”F” /0 <|g(<)|d<—ﬁ/0 CHO(Der(€))", ﬁ>d<’ 0. (2.3.8)
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The goal is now to show that the second term of (2.3.8) converges to zero. To do this,

we can first use the Cauchy-Schwartz inequality to get

a0 (o )]

1

< gl Q)" %
< C|g( >|<H ( )//H2+ ‘%ﬂ 2) =0 (239)

as ¢ — 0. The convergence in (2.3.9) is assured by Lemma 3.3.1 of [2]. We can use the
Cauchy-Schwartz inequality again to get

a0 (o )

2

" /’7
< NS
< Lol + XTI (23.10)

as ¢ — oo. The convergence in (2.3.10) is given by Lemma 3.3.2 of [2]. Using (2.3.9) and

(2.3.10), we can integrate by parts to establish the following convergence result as N — oo:

'_/OOO CQ(C)((DCr(g))H,%”MC’
/OOOCQ(C) <r( )’ 775>dc+/0009(0 <r(g)~,%">dc‘
J e L e ([ atcnac)”

(/OWQ(OHT(O”W);( /Ooomoczdgf i’
s, ([ aolac) ||

g
n
because of (2.3.2) and the fact that r — 0 in ¥5. Therefore we have that the second term in

,',]//

IA

IN

e (2.3.11)

(2.3.8) converges to zero. This implies that the first term must also converge to zero. Thus,
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we have
17" — 0. (2.3.12)
Since 7 is an element of HZ, this implies
17'1l, [Imll — 0. (2.3.13)
Plugging (2.3.12) into (2.3.4), we get
[w"|| — 0 (2.3.14)
which results in
[w'|[, [[w] — 0. (2.3.15)

Regarding the boundary terms, we can use Theorem 1.2.3 and (2.3.12)-(2.3.13) to show
In(L)], [n'(L)] — 0. (2.3.16)

Plugging equation (2.3.16) into equation (2.2.7) yields
(¢,w) =0 (2.3.17)

in R?>. From equations (2.3.13),(2.3.14),(2.3.16), and (2.3.17), we have our contradiction
that ||z||;x — 0. Therefore, condition (1.2.1) holds.

Now, suppose condition (1.2.2) does not hold. This implies the existence of another
sequence

Zn = (wn777m Tn, Qn7wn) S D(~A)

with ||z,]lx = 1, and another sequence 3, € R with |f3,,| — oo, such that
lim ||(¢6,1 — A)z,||x = 0. (2.3.18)

Our goal will be to once again demonstrate a contradiction by showing that ||z||zy — 0. If
we omit the subscript n in future calculations, (2.3.18) gives the same component equations
(i.e., (2.3.4) - (2.3.7) ) as before with the notable difference that 3 is no longer bounded.
Notice also that we can still use (2.3.2) to get

|||, — O. (2.3.19)
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With (2.3.19), we can repeat the same procedure we used above to get
1/

T = o. 3.
HﬂH 0 (2.3.20)

From this, (2.3.4) gives
|w”|| = 0. (2.3.21)

At this point, however, differences in proving conditions (1.2.1) and (1.2.2) begin to appear.
Earlier, we were able to multiply (2.3.20) by 5 to get n — 0. Now, since 3 is unbounded, we

cannot do so. Therefore, let us proceed in a different manner.

The key to showing that ||z|lz — 0 lies in the boundary terms N, and M. By repeated
use of Theorem 1.2.3 and the Gagliardo-Nirenberg Inequality, we have the following:

(v = [ atmierac) (o)

< af (aw = [“acrrac) || (aw - ["acrcrac) |,
< Callau = [ arierac| ow = [~ stcrierac Jow - [~ stcrierac;,
=l = [T ariera| fow - [~ stcrrierac] (2322

Regarding the last term in (2.3.22), we can again use the Gagliardo-Nirenberg Inequality to

get
Jow = [ atortcrac),
< (Haw”— /O (]| + &l - /0009<<>’"<<>”d<HH (aw"‘/owg“)’"wdC) H
+| (aw" - /0 wg(cmo"dc) " )
S .

"

c (Haw"— /0 o] + | (aw"— /0 mg<c>r<<)”d<> H) (2.3.23)
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Now, from (2.3.5) we have that

| (aw = 2 g(Q)r(cyac)”
E

< Cs.

Therefore, since w” — 0 in L? and r — 0 in 35, we have that

aw” = J3 g()r(¢)dc]
E

H2 < .

This implies that R
N " > . "
Bl<eraw - [ s0rterac
0

Again, we use the convergence of w” and r to get

1
1

IS

g

With regard to the other boundary term M, we have

= [~ a(Orcr o)

2

IN

o= [~ stcrmerac] o - [ atortcrac

Hy

2

IN

o= [~ atcrterac]Jaw - [ atcrtcrac

Using the same techniques as we did for N , we see that

Plugging (2.3.27) and (2.3.29) into (2.3.7), we get

q,w — 0.

"2

16

(2.3.24)

(2.3.25)

(2.3.26)

(2.3.27)

(2.3.28)

(2.3.29)

(2.3.30)
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Now, let us take the L? inner product of both sides of (2.3.5) with 1 to get

. 1 % 9 "o . "o n
Bl + 5 (Vo= Mo+ afwsr’) = [~ 3OO a0a) —0. (2331

If we divide (2.3.31) by 3, we see that our previous results give

][> — o. (2.3.32)

This is the final result we need for the contradiction ||z|lyy — 0. Therefore, condition (1.2.2)

holds and our semigroup is exponentially stable.



Chapter 3

Joint-Beam System (Kelvin-Voigt
Damping)

We now introduce the joint-beam system, which consists of two flexible beams and a joint
(see Figure 3.0.1). The joint configuration consists of a mass and two rigid legs, each of
which is connected to the end of a beam. The opposite end of each beam is clamped to a
fixed structure. The beam-leg connections are assumed to be "slope-preserving” in the sense
that the cross-section of the beam at the connection is parallel to the cross section of the
leg.

In this chapter, Kelvin-Voigt damping is assumed to be present in the beams, while no
damping occurs in the joint. This system was examined in [2] wherein it was described
by an abstract second order differential equation on a Hilbert space H. The state at time ¢

could then be written formally as (X (1), X (t)) . The current presentation will take a slightly
different approach, though the idea is due to the authors of [2].

3.1 Constitutive Equations

The equations of motion for a coupled joint-beam system with Kelvin-Voigt type of damping

have been derived in [2] as the following:

qui t, S; 0 Guz t, S; 62’&7; t, Si
piAi% - 0s; [EiAi 8(32- ) Hi as(iat )] ’ (3-1.1)
02wi(t, Si) 82 82wi (t, Si) 83wi (t, 81)
P T o [E] 02 i a0 ] ’ (3.1.2)

18



Brian Fulton Chapter 3. Joint-Beam System (Kelvin-Voigt Damping)

Leg1l
Joint

Leg 2

Fi(t)
(1) Ni(t)
M & |y | c | 20
dt* | 6,(t) Na(t)
(1) M (1)

Mo(t) |

for time ¢ > 0 and spatial variable s; € [0, L;], where

m 0 —mydy cos p1  Mady COS ¢
M — 0 m —I—m1d1 sin ¢1 mgdg sin qbg
—m1d1 COS ¢1 m1d1 sin ¢1 ]13 + mld% 0

m2d2 COS ¢2 m2d2 sin ¢2 0 IQ@ + m2d%

)

19

(3.1.3)

(3.1.4)
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singy —cos¢; singy cosgpy 0 O

C_ cos¢; sing; —cos¢gy singy 0 0 (3.1.5)
0 0 0 0 10
0 0 0 b 01

The notations used in the above system are listed below:

- u;, w; - longitudinal and transversal displacement of the beam 4
- x,y - planar displacement of the joint

- 0; - rotation angle of the leg i

- pi, Ai, Ly, B, I; - mass density, cross section area, length, Young’s modulus, moment of

inertia of the beam ¢
- i, y; - damping coefficients
- my, d;, Ui, I;p - mass, center of mass, length, moment of inertia of leg ¢
- m, - mass of the joint, m = my +mqo +m,
- ¢ - initial angle of leg 1 with positive y axis

- ¢ - initial angle of leg 2 with negative y axis

- Fi(t) = EiAig—;‘:'(t, L;) + g;%’t (t, L;) - extensional force of beam i at the end s; = L;

- N;(t) = E;I O (t,L;) + vi%(t, L;) - shear force of beam i at the end s; = L;

t 85?

- M;(t) = Ei[i%“%”(t, L)+ fyi%(t, L;) - bending moment of beam ¢ at the end s; = L;.

The beams are clamped at the end s; = 0. Thus the boundary conditions are

wit, 0) = wi(t, 0) = %(t, 0) = 0. (3.1.6)
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At the other end of the beam, we have the geometric compatibility condition

[ 2(t) = —sin ¢uq (¢, Ly) — cos prws (t, Ly) — £y cos gy (t, Ly)

y(t) = — cos Ppyuy(t, L1) + sin pywq (¢, Ly) + €1 sin pyw(t, Lq) (3.1.7)
01(t) = —wi(t, L),
x(t) = —sin gaus(t, Lo) + cos pows(t, Lo) + lo cos powh(t, Lo)
y(t) = cos poua(t, L1) + sin pows(t, Lo) + lo sin powh(t, Ls) (3.1.8)
[ 0a(t) = —wh(t, L),

which is equivalent to

—uq (t, Ly) x(t) sin ¢y + y(t) cos ¢y
wi(t, L) —x(t) cos ¢1 + y(t) sin ¢y + £164(1) x(t)

—us(t, Ls) _ x(t) sin ¢pg — y(t) COS (g _ T y(t) | (3.1.9)
wa(t, Lo) x(t) cos pg + y(t) sin ¢y + l205(t) 01(t)

—wy(t, L) 01(t) 02(t)

—wy(t, La) | 05(t)

)

)
(I-c'(cch)'o) ; = 0. (3.1.10)
)
)

3.2 Semigroup Setting

As in the case with the single beam, our goal will be to set up the joint-beam system as an
abstract Cauchy problem on a given state space. We will then utilize semigroup theory to
establish well-posedness.
Let
H =Hi x Hy x R (3.2.1)
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where

H; = HN0, L) x H2(0, L) x [L*(0,L,)]*,  i=1,2 (3.2.2)

and
H)(0,L;) = {f € H/(0, ;) : f(0) = f'(0) =--- = f9=D(0) = 0}. (3.2.3)

We shall use prime to denote the spatial derivative for both H; and H,. Considering the

energy of the system, we define the inner product in these spaces by
<(U, w, v, 77)7 (fa g, ha k)>Hl = EiAi<u,> f/> + Ei[i<w”7 g”> + pzAz(<'Ua h’> + <777 k>)7 (324)

<(u7 w, v, 77)7 (f7 g,h, k)>]R4 = (f7 g,h, ]{Z)M(U, w, v, TZ)T7 (325)

where (-,-) denotes the usual L? inner product. From (3.1.4), it can be verified that M is
strictly positive definite. Thus the inner product on R* is well defined.

We introduce the new variables

ou; ow; dx dy do;

Vi = —= i T T, = = Wi = ——,
ot "o Po a1 dt

and

T
Z = (u17w1;v17n17u27w271}27772ap7 q,thUQ) .

The Hilbert space H is equipped with the energy norm induced from these inner products
in (3.24) - (3.2.5), i.e.,

2
2117, = 2B(t) = Y [EAufl|* + EL|[w/||* + piAi([lvill” + |mi*)] + aMa”  (3.2.6)

=1

where a = (p, ¢, wy,ws) and || - || denotes the usual L? norm.

For the new set of state variables, the compatibility conditions become

—vy(Lq) psin ¢, + q cos ¢y
n(Ly) —pcos ¢y + gsin ¢y + ljwq P
—va(L) | _ psin ¢y —.qCOS ?2 _cr| ¢ (3.2.7)
n2(L2) P Cos g + gsin g + lows w1
—n1(L1) W W
(L) || Ws ]
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with projection form

(L1)
(L1)
(I-c’(cch)'c) _”QELQ; —0. (3.2.8)
(L1)
(L)

We now identify our state space as
H, = {z € H | compatibility condition (3.1.10)}.

For simplicity, we will denote our state space H, by H again. The joint-beam system then

can be rewritten as a first order evolution equation

dz
—=Az (3.2.9)

on the Hilbert space ‘H with

01
m
m—lAl(ElAlu’l + pyvy)
(B Loy + )
Az = v , (3.2.10)
2
oy (B2 Asuy + povs)’
— iy (BeLywy + yom3)”
| MIC(Fy, Ny, Fo, No, My, Ms)" |

U, v € H'| EAu, + pp) € HY, w;,n € H? (3.2.11)
 EiLw! +~m! € H?, compatibility condition (3.2.7) [ o

Theorem 3.2.1 The operator A generates a Cy semigroup, S(t), of contractions on 'H.

Proof: As in the establishment of well-posedness for the single beam, we will again base our



Brian Fulton Chapter 3. Joint-Beam System (Kelvin-Voigt Damping) 24

proof upon Theorem 1.2.1.

By a straightforward calculation,

2
dz
Re(Az. e = Rel(gr 2= © g = = Sl el 0. (3212)
Hence, A is dissipative. The major work is to show 0 € p(A). Let
zZ= (ab UN}I: 617 ﬁlv {L27 w?? 1727 ﬁ271§7 67 (:}1, @2) S H
Consider the equation
Az =3, (3.2.13)
ie.,
v, = U; € H}, 3.2.14

(B + pv}) = pidiv; € L7,
—(BiLw! +~yml)" = piAi € L?,
M 'C(Fy, Ny, Fo, No, My, M)" = (p,G,01,02)" € R

3.2.16
3.2.17
3.2.18

A~~~ I~ —~ —~
~— ~— ~— ~— ~—

A solution to (3.2.16), which also satisfies the condition u;(0) = 0, has the form

(50 = s = oo = o [7 [ pryana (32.19)
Uilsi) = EiAz'Sl EiAiuz i EiAi Jo Jr probRT AT o

It is clear that

u; € HY, E; A+ ) € H'. (3.2.20)

A solution to equation (3.2.17), satisfying the conditions w;(0) = w;(0) = 0, has the form

N; M. Yi
i(si) = —=—=—(3L;s7 — s> L S )
w;(s;) 6EI( s; S)+2E11 EI e
EI pz iMi(T1)dTdTodT3dTy, (3.2.21)
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N; M i
(s) = ———0t 2L i — 82 —;(s;
E [ pz 1771 7_1 dTldTQdTS
w; € H,  EjLw! +~m! € H?.

25

(3.2.22)

(3.2.23)

If we can show (Fj, N;, M;) are uniquely determined, then we will have uniqueness of the
solutions u; and w;. With this in mind, let s; = L; in (3.2.19), (3.2.21) and (3.2.22). The

matrix form of the resulting equations is

where

=S

—up(Ly) F
wy(Ly) M
—uy(Lo) _B F, LF
wa(Ls) Ny
—wj (L) M,
| —wy(Lo) | | M, |

E2A2712(L2) + Eids J, PzA2?12 7'1)d71d7'2

02 (L) — — g / / Asfin(11)drdradrsd
- w - 72 (11 )dmidTedT3dTy
E2I2 2 2 EzIZ 0 0 7_3 2 2712 1 1 2 3
" o, 1 1 1

L A dridrod

E1[1 ( 1)+E1[zA /7_3 /72 P1 771<7'1) T1aT2aT3

2 i)+ [ paaii(m)dridrad
Bl a( 2)+Eiji/0 /73 /T2 paAaiia(11)dT1dTodT3,

(3.2.24)
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and -~ -
—54- 0 0 0 0 0
0 o 3151? I 0 0 25{1 0
0 0 -4 0 3 0 0
0 02 0 o 31522 Iy 0 2522 Iy
0 2ELllIl 0 0 N EL1111 0
| 0 0 0 2EL§12 0 o % J

After proper row and column exchanging, it is easy to see that

(L1Lg)°

detB = .
144(E1Ey)3(1115)? (A1 Ag)

Hence B is invertible. This leads to

b —uy(Ly)
Ny wi(Ly)
Bl g mwll) | g (3.2.25)
Ny wy(Ly)
M, —wj (L)
| Mo | I —wh(Lo) |
Substituting (3.2.25) into equation (3.2.18), we get
—u1(Ly)
wi(Ly) p
mop | e | T yiep (3.2.26)
wsy(Ls) i
—wi (L) Dy
| —wy(Lo) |

Note that (3.2.26) consists of four linearly independent equations of six variables. However,
our compatibility conditions (3.1.10) in the state space provide two more equations linearly
independent of the four equations in (3.2.26). Thus, (u;(L;), w;(L;), w(L;)) can be solved
uniquely as linear combinations of (p, ¢, @1, @) and F. Furthermore, (F;, N;, M;) can also
be solved uniquely as linear combinations of (j,§,&1,@;) and F. In view of (3.2.19) and
(3.2.21), we have obtained unique solution (u;(s;), w;(s;). Finally, from (3.2.14)-(3.2.15), we
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can solve the equations

—v1(Ly) —i1(Ly)
m(L1) w1(L1)
cr| 4| 2| Tl | J | Tl (3.2.27)
w1 n2(L2) Wy (Lo)
W —1y(L1) —wy(L1)
| —ma(Le) | | —wa(Lle) |

to get (p, ¢, w1, wsz) uniquely as linear combination of (@;(L;), w;(L;),w.(L;)).

In summary, we have thus far obtained a unique solution z € D(A) of equation (3.2.13).

By the expression of z in terms of z, it is clear that

2 - ~ - - e e~
el + W) < Fea 2y (Nl + 0 |+ 5l + ) + 1 @1, ) e )

2 ~ -
(0, @ wr wa)llge < K2 320 (1@l + o7
il + [lmill < Ks (@) + [y ),

for some constants Ky, Ky, K3 > 0, which leads to
12l < K| Azl

for some constant K independent of z. Therefore, 0 € p(A), A~! is bounded and A is closed.
It follows that the range R(A — A) = H for some A > 0. By Theorem 4.6 in [18], D(A) is
dense in ‘H. The proof is completed by an application of Theorem 1.2.1.

3.3 Analyticity and Exponential Stability

Using the results of the previous section, we see that S(t)z, is a classical solution of the
abstract Cauchy problem (3.2.9) for any initial condition z(0) = 2y € D(.A). In this section,
we shall prove that the semigroup S(t) is also analytic. Therefore, S(t)zy is a classical
solution not only for 29 € D(A), but also for any z; € H. Exponential stability, which is

important for control design, will be shown as well.

Theorem 3.3.1 S(t) is analytic and exponentially stable.
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Proof: The following frequency domain conditions, which we shall verify using a contradiction

argument, are known (Theorem 1.3.3 of [15]) to guarantee analyticity for a Cy semigroup:

iRNo(A) =0, (3.3.1)
T 1365 — 4) < oo, (3:32)

If the second condition is false, then there exists a sequence
Zn = (ulna Win, Vin, Mn, U2n, Wan, V2n, 1120, Pns Gny, Win, an) S D(A)
with ||z, |l» = 1, and a sequence f3,, € R with 3, — oo such that
. . 1
lim ||(2] — 5_A)Zn”H =0. (3.3.3)

For the simplicity of notation, we omit the subscript n in the rest of our proof. It should
be noted that, for the remainder of this chapter, the convergence results occur as n — oo.
From (3.3.3) and (3.2.12), we obtain

[\

. 1 . 1
Jim Re((i7 = ZA)z 2)p = lim 3 5 (uallofl” +llnfIP) = 0. (3.3.4)
=1
which implies that
v; n;
‘ 7| ‘ || O (3.3.5)

Our goal is to get a contradiction by showing ||z|lx — 0. The componentwise version of
(3.3.3) is

tu; — %v; — 0, (3.3.6)

i — %ngf ~ 0, (3.3.7)

1p; Aiv; — %(EzAlu; + pvy) — 0, (3.3.8)
1p; A L (E;Lw! +~n)" — 0, (3.3.9)

*3
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p
1
i| 1| = SMTIC(FL, Ny, Fy, No, My, Ma)T — 0 (3.3.10)
w1 6
%)

in R*. Combining equations (3.3.5)-(3.3.7), we have

[zl [[wi]] — 0. (3.3.11)

The inner product of (3.3.8) and v; yields

. 1 , , _
ipiAillvill* — B(EiAiui + ;) (L) vi(Ls) +

1

We use Theorem 1.2.3 and the Gagliardo-Nirenberg inequality to show that the boundary

term in (3.3.12) converges to zero. More specifically,

and

IN

IN

1
ﬁ3/4|(EA i + pv7) (L) |
63/4 HEA u +IUZ'U ||2 HEA U —|—[le HHl
B A, + i) ||? EAu+m’2 (Ei A, + pvl)' ||?
Cl|l——————""" el B Y |
ﬁ1/2 ﬁ
0, (3.3.13)
1 ' o2
Wh&( )l < CHUZH /61/2 O||U’L||2 /61/2 - 0 (3314)

due to (3.3.5), (3.3.8), (3.3.11) and the fact that v; is bounded. Clearly, the last term in
(3.3.12) also converges to zero due to (3.3.5) and (3.3.11). Therefore,

l[i]| — 0. (3.3.15)
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Similarly, we take the inner product of (3.3.9) with n; in L?*(0, L;) to get

1
1>+ B(Ez’fiwﬁl + ing ) (Ls)7;( Ls)
1 _
—B(Ez'fiwil + i (L) (Ls) +

We again use Theorem 1.4.4 from [15] and the Gagliardo-Nirenberg inequality to show that

i Ag|[7;

1
B<Eiliw£/ + i, nl) — 0. (3.3.16)

the boundary terms in (3.3.16) converge to zero. In fact, we have

57/8 s (Bl + yimg ) (L)
< 57/8||(Efw"+% ) (B! + v )||H1
1
C 1 3
< B7/8 ”El[lw:/ + %'77” 1 HEzjzw;/ + ’Yinzl',”;}z
3
o o Bt v | (|| Bt i ||| Bl + ) |
— 0, (3.3.17)
1 O 1 1 3 171 i 3 ,'71{/ 1
—ﬁl/glm(LiN < mHmII?HmHél < Cllmills ‘ 5| < Cllmill* ‘ s 0 (3.3.18)
and
55/8 |(Eilywi + ;) (L)
c 1" my L " "%
< ﬁ5/8 ”Elllwz + in; H 2 “El[lwz + i, HHl
1
= 55/8 | Es L] + yim; H%HEiIiw;/ +7in; | 2
- o HE ! + i E ! + vl || || B L ) i
— 0, (3.3.19)
1 1 1 77// 3
63/8 |nz( )| — 63/8 ||nz|| ||77'L||H1 S CHU@H 61/2 CHWH“ ﬁl/z - O (3320)
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due to (3.3.5), (3.3.9), (3.3.11), and the fact that n; is bounded. Clearly, the last term in
(3.3.16) also converges to zero due to (3.3.5) and (3.3.11). Therefore,

]| — 0. (3.3.21)

It is useful to point out here that estimates (3.3.13), (3.3.17), and (3.3.19) imply that

1 1 1
3/4Fi’ 7/8 Ni, 5/8
15 B B

M; — 0. (3.3.22)

From this, we can take the inner product of equation (3.3.10) with the vector a = (p, ¢, w1, ws)
in R* to get
|a||gs = aMa® — 0. (3.3.23)

Combining (3.3.11), (3.3.15), (3.3.21), and (3.3.23), we have arrived at a contradiction.
Hence, condition (3.3.2) holds.

To verify the condition (3.3.1) we again use a contradiction argument. Assuming ¢ €
o (A), then there exists a sequence z, € D(A) with ||z,||» = 1 for all n such that

lim || (481 — A) za||2 = 0.

Since 0 ¢ o(A) is already known, we can divide [ through the above equation. This will
result in equation (3.3.4) with 3, equal to § for all n. An exact repetition of the above
argument will then give the contradiction and, hence, analyticity is proven. Finally, the
exponential stability is a by-product of conditions (3.3.1) and (3.3.2) since we have the
boundedness of ||(z81 — .A)7L].



Chapter 4

Joint-Beam System (Boltzmann

Damping)

In this chapter, we return to the Boltzmann damping used in Chapter 2 and apply it to
the joint-beam system. In the case of the single beam with tip mass, the abstract Cauchy
problem resulting from the system was seen to be well-posed. Also, the memory damping
produced exponential stability of solutions to the initial value problem. We will show that
memory damping in the beams, with no damping in the joint, produces the same results for

the joint-beam system.

4.1 Constitutive Equations

The equations of motion for a coupled joint-beam system with viscoelastic damping are the

following;:
0u;(t, s;) 0 Ou;(t, s;) b Ou;(t — z,s;)
e T [EAa— -/ gw@a—sid% ALy
D?w;(t, s;) B 0? 0%w;(t, s;) . O?w;(t — z, s;)
piAiT = _8812 |:E7,-[za—812 +/0 gwi(z)a—sgd’z} , (4.1.2)

32
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F1 (t)
(1) N (%)
|y | Fy(t)
M%Ef%ﬂ ~-C ) (4.1.3)
M,y
M,

for time ¢ > 0 and spatial variable s; € [0, L;|, where M and C are as given in (3.1.4) and
(3.1.5).

The kernel functions g¢,, and g, are assumed to satisfy the conditions (g1) - (¢g4) given

in Chapter 2, with the following modification for condition (¢3):
(g3")  au, = EiA; +/ Gu;(2)dz > 0, and a, = E;I; +/ Guw; (2)dz > 0.
0 0

The beams are clamped at the end s; = 0. Thus the boundary conditions are

8’(1)1‘
331»

At the other end of the beam, we have the same geometric compatibility conditions as those
given for the Kelvin-Voigt system, namely (3.1.7) - (3.1.10).

The notations used in the above system are identical to those given in Chapter 3, with
the exception of F;, N;, and M;. For beam 7, these still represent the extensional force, shear

force, and bending moment at the end s; = L;, but they are now given by:

Oui Ou;

F(t) = EA—(t L g — 2 L
() = BAGEL)+ [ a5 -2 Ly
6311}1' o . 83wi
2,0, o0 240
88? 0 ! 0 12

4.2 Semigroup Setting

Let
H = Hi x Hy x R (4.2.1)
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where
H; = H(0, L;) x H2(0, L;) x [L2(0,L,-)}2 X X1, X By, i=1,2 (4.2.2)
HI(0,L;) = {f € H(0, Li) : f(0) = f'(0) = --- = fU=D(0) = 0}, (4.2.3)
¥y, = L, (0,+00; H'(0, L)), (4.2.4)
and
¥, = L (0,400; H2(0, L;)). (4.2.5)

In the above, LZ(0,+00; H;(0,L;)) is the Hilbert space of all H(0, L;)-valued, square
integrable functions defined on the measure space ((0, +00), |g|ds).

We shall use prime to denote the spatial derivative for both H; and Hs. The inner

products in these spaces are defined as

<(U’7 w,v,1,0, T)7 (fa ja ha ka q, b)>7‘[1 = Qy; <u/7 f/> + Oéwi<w//, j//> + piAi<<U7 h> + <777 k>)
+/0 19, () {o (€)' a(¢)")d¢ +/O 19w, () (r(¢)", b(¢)")d¢ (4.2.6)

<(uv w, v, 77)7 (fa g,h, k)>]R4 = (f7 g,h, k)M(u7 w, v, 77)T7 (427)

where (-, -) denotes the usual L? inner product of functions on [0, L;], and 0;(¢)’ = D, (04(¢)).

We now define the variables

ou; ow; dx dy db;

’Uz‘:E, m:ﬁ, Pzaa q:%, Wi:%,

oi(t; ¢, 8:) = u(t, s;) — ui(t — ¢, 8:),
ri(t; ¢, 8:) = wi(t, s;) — wi(t — C, 84),

and

T
Z = (ulawlaUla7717O-laT17u27w27v27772a0-27r27pa Q7w17w2) .

The Hilbert space H is equipped with the norm induced from the inner products (4.2.6)-
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(4.2.7), i.c.,
2
21 = D e 17 + et ] 1+ psAsCllval® + [lml|?) + o, + 17115, ] + aMa” (4.2.8)
i=1
where a = (p, q,w;,ws) € R* and || - || denotes the usual L? norm.

For the new set of state variables, the compatibility conditions become

—vy(Ly) psin ¢p + q cos ¢y
m (L) —pcos @1 + gsin ¢y + liw; p
—vy(Ls) _ psin ¢y —‘qcos 103 _ T q (12.9)
n2(Ls) P COS P + ¢ Sin Py + lowsy w1
=11 (L) w1 Wy
o || o _
with projection form ) )
—U1 (Ll)
m(L1)
—vs(L
(1-crceryic) | ) | g (4.2.10)
n2(L2)
= (L1)
| —m5(L2) |

We now take our state space to be
H, = {z € H | compatibility condition (3.1.10)}.

and denote it by H again. The joint-beam system then can be rewritten as a first order
evolution equation

dz
E —AZ
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on the Hilbert space ‘H with

U1
m
o (g =[5 g (Qor (€)' dC)
plAl(awlwl fo Gur (Q)r1(€)"dC)"
vy — Deoy
m — De¢ry
Az = Vg , (4.2.11)
Uy
i (Quatty = [ guy (C)o (€)' dC)’
— oy (s — [ Gus (O)p2(€)"dC)"
vy — De¢oy
— De¢rg
M~C(Fy, Ny, Fy, No, My, My)T

and

ui,v; € HY, ozuz y fo Gu, (C dﬁ e H!
5 € H?, ou, - ¢)'d¢ € H?,
D)= Jzep: Wom €MDl =" gu(Orc)dC S (21)
Deo; € ¥y, Dgn € 221.,0'@(0) = O,TZ(O) =0,

compatibility condition (4.2.9)
Theorem 4.2.1 The operator A generates a Cy semigroup, S(t), of contractions on H.

Proof: The proof is based on Theorem 1.2.1 and is very similar to the corresponding proof

for the single beam system from Chapter 2. Dissipativeness is seen from the inequality

2
Re(Az, 2)y = — Z(Dgai, oi)s,, + (Deriyri)s, < 0. (4.2.13)

i=1
This inequality follows from Lemma 3.3.2 of [15], wherein it is seen that

1

(Deoioisy, =5 [ OllncY

1 o
Derirdss, =5 [ Ol (4214
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We now need to show 0 € p(A). Let

z = (Ul,wl,Ul,77170'1,7"1,’&2,’(1)2,1)2,7]2,]9, 0-27T27q7w17w2> cH.

Consider the equation

Az = 2, (4.2.15)
ie.,
v, = U; € H, (4.2.16)
no o= w; € H, (4.2.17)
(ay, z_/ 9u, (€ yd¢) = piAv; € L7, (4.2.18)
0
— (o, W / 9w (Ori(0)"dQ)" = piAsii € L?, (4.2.19)
0
Dcai = 61‘621” (4220)
ni—Deri = 13 € Yg, (4.2.21)
M 'C(Fy, Ny, Fy, No, My, My)" = (p,G,a0,00)" € RY (4.2.22)

The solution to (4.2.20), which also satisfies the condition ¢;(0) = 0, is given by

¢
01(¢) = Cvi — /Oaz-mdr (12.23)

From this, we have

We must now show o; € ¥y,. To do this, we will duplicate the steps (2.2.19) - (2.2.22) from
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Chapter 2. Let T" > ¢ > 0 be given. Using the kernel function property (g4), we have

/ 9 (Ollos(C) 12

< 3 hulOloter P
= ST = 5@ = 3 [ 3060 (D))
< @1+ 5 [l P
+2 [ D (elac (1229
This gives

| 10l < =S o + 55 [ QD@ IP.  (4226)

Now, the proof of Lemma 3.3.1 in [15] shows that as € — 0,

1,
—50u()llos(e)|I* = 0. (4.2.27)
Therefore, if we let T'— oo, and € — 0, then we see that
2 4 [ "2
sie i, o, <5 [ 1Ol D) P (42.28)
0
We can solve (4.2.21) similarly to get
¢
rl(C) = an - / fi(T)dTa 7"1(0) =0, nr€ 221'7
0
4 (>
I, < 5 | 19w OINDer(O) e (42.20)
0

A solution to (4.2.18), which also satisfies the condition u;(0) = 0, has the form

UZ(SZ) =

Fi 1 o0 1 En L; .
S; + — / guz(g)g(g Sz)dC - / / piAiUi(Tl)dTldTg. (4230)
Ay, Ay, Jo oy, Jo .
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It is clear that -~
u; € HY, oy uf — / G, (Q)os(¢)d¢ € H'. (4.2.31)
0

A solution to equation (4.2.19), satisfying the conditions w;(0) = w}(0) = 0, has the form

N;
wi(s;) = 6aw (3L;s? — st )+ —i——/ Guw,; (C)r(C, s:)dC
/ / / / pi Aimi (1) dT dTodTsdry, (4.2.32)
awl
with
N; M;
wils) = —ga=(@Lisi =)+ os o [ (O

— / / / pi Aifi(T1)dmdTodTs. (4.2.33)

Again, it is clear that
€ H? AN e (O)"d¢ € H? 4.2.34
wz 6 r awi 1 gwi (C)T’L(C) g 6 . ( e )
0

As in the Kelvin-Voigt case, we would like to show that (F;, N;, M;) are uniquely deter-
mined. We will then have uniqueness of the solutions u; and w;. Proceeding toward this
goal, let s; = L; in (4.2.30), (4.2.32) and (4.2.33). The matrix form of the resulting equations

is

- B +F (4.2.35)
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where
C 1 [ 1 L T
o gu1<<)U(C7L1>dC + o P1A1U1 T1 d7'1d7'2
) u1l O% 1 u1l O . .
o / Gun (Q)r(C, L) / / / / p1 A7 (T1)dmdrodTsdry
w1 Jo 0 0
1 [e’e) . Lo
. o / Gu (C)o (¢, Lo)dC + —/ / p2Aala(T1)dT1dTy
F — 1 u2 O% 1 T2 Ly Ly
o / Gur (Q)7r(C, La) / / / / p2Aate(T1)dTdTodTsdTy
wzl o ; 01 0 Loyl
T / 9w2(od8 7(¢, L1)d¢ + 5 / / / p1 A7 (T1)dTdTodTs
w1 JO [ w1 JO
1 > d
- / ng(O@T(QLQ) / / / p2Aate(T1)dTidTodTs,
| wa JO [ 0 -
and _ -
-0 0 0 0 0
! L3 L?
0 _3%11 0 0 2ai,1 0
0 0 X 0 0 0
— uQ
S T T R B
L% w L1 w
0 S, 0 02 o 0
0 0 0 2 0 L
L wo wp -
With a little work, we find that
LL5)°
detB = (L1Lo) .
144av,, oo, 02, 02

Hence, B is invertible and we can follow the same line of reasoning from Chapter 3 to solve
for (F;, N;, M;) uniquely in terms of (p, ¢, &1, @s).
Finally, from (4.2.16)-(4.2.17) and the geometric compatibility conditions, we can solve
~/

for (p,q, w1, ws) uniquely in terms of (@;(L;), w;(L;),w.(L;)). Drawing everything together,

7

we have obtained a unique solution z € D(A) of equation (4.2.15). By the expression of z
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in terms of Z, we see that

gl + llwi | < K22 <||ﬂ2|| @ |+ N0l 173l + ol + 17l + /(D) 4, cbl,@z)Hw)

17 gv 01, 0) e < Ko 32 (3] + 1)
lill + [lmill < Ks(llall + 1711,
loillsy, + Irills,, < Ka(ll@]] + @7 || + [|Gills,, + [I7lls,, ),

for some constants Ky, Ky, K3, K4 > 0, which leads to
12]l3 < K[ Azl

for some constant K independent of z. Therefore, 0 € p(A), A~! is bounded and A is closed.
It follows that the range R(A — A) = H for some A > 0. By Theorem 4.6 in [18], D(A) is

dense in ‘H. We can now apply Theorem 1.2.1 and the proof is complete.

4.3 Exponential Stability

As a result of Theorem 4.2.1, we know that the joint-beam system with Boltzmann damping
is well-posed, provided that the initial state lies in the domain of A. We now look at the

asymptotic behavior of the system.
Theorem 4.3.1 S(t) is exponentially stable.

Proof: As in the case of Theorem 4.2.1, this proof is similar to the corresponding proof of
the single beam system in Chapter 2. We shall use a contradiction argument to verify the

two conditions from Theorem 1.2.2:

iR No(A) =0, (4.3.1)

lﬁl|im (i3 —A) 7| <oo BeR. (4.3.2)

If the first condition is false, then there exists a sequence

Zn = (u1n7 Win, Vin, Mny O1n,s T'in, U2n, Wan, V2n, 11205 O2n; 720, Pns Gny Win, w2n) € D<A)
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with ||z,]/ = 1, and a sequence S, € R with 8, — b, [b] > [ A7, such that
lim ||(¢6,] — A)z,|l% = 0. (4.3.3)

For the simplicity of notation, we omit the subscript n in the rest of our proof. Unless
otherwise stated, convergence results for the remainder of the proof are understood to occur
as n — oo. From (4.3.3) and (4.2.13), we obtain

lim Re{(i67 — A)z, 2)r = lim Z / G (O[5 + G (O)IFs(C)|PAC = 0. (4.3.4)

n—oo

With condition (g4), this implies

||O—i”21i7 'HZQ,L- - O (435)

Our goal is to get a contradiction by showing [|z|7y — 0. The componentwise version of
(4.3.3) is

ifu, —v, — 0, (4.3.6)
ipw; —n! — 0, (4.3.7)
1 (0.)
PiAi 0
1 o0
i+ (awel ~ [ gu(QnQa" — o (139
Pisli 0
in L2(0, Lz)v
i0r; — (n; — Deri) — 0 (4.3.11)
in ¥,, and X, respectively. Also,
p
g | 1| —MTIC(R, Ny, By, Noy My, My)T — 0 (4.3.12)
w1

%)
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in R*. Using conditions (g1) — (g4), it can be deduced that for each kernel function g(¢),
both ¢?¢(¢) and ¢?§({) belong to L'(0,+00). It is also easily seen that % € ¥;,. Divide

(4.3.10) by ( and take its inner product with Cgi in ¥;,. Since 0; — 0 in 3, we get

/
) v

2 [ ot~ 5 [ a0 (oaor.

U—é d¢ — 0. 3.
3 >C 0 (4.3.13)

The goal is now to show that the second term of (4.3.13) converges to zero. To do this,
we employ the Cauchy-Schwartz inequality to obtain

v/

< C’gu¢(<>|HO—i<C)/HHé”
< _C!gué»(é)\ (H(n(c)’u%r ’% ) 0 (4.3.14)

as ¢ — 0. The convergence in (4.3.14) is assured by Lemma 3.3.1 of [15]. We can use the
Cauchy-Schwartz inequality again to get

/

1€, () (0:(C)', %)!
< Clgu (Ollo: ()] E
1 2| . 712
< Slan@llotey P + oA (43.15)

as ( — o0o. The convergence in (4.3.15) is given by Lemma 3.3.2 of [15]. Using (4.3.14) and
(4.3.15), and integration by parts, we have
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- [ a0 (Do) ad
[ cinto) (aer Gy ac [ i) <az-<<>',%‘>dc\

Ol % a + 1o ([ tgworac) |2
< / G LUV c‘g 0+ ol (/ \gm<<>|dc) BH
o e © e V|
< ( / 5 (Ol (0] dc) (/ 5 (0)C dc) .
ol ( / |guz.<<>|dc)2 ull (43.16)
0

where the convergence follows from (4.3.4) and the fact that o; — 0 in X;,. Therefore we
have that the second term in (4.3.13) converges to zero. This implies that the first term

must also converge to zero. Thus, we have
lui]| — 0. (4.3.17)

Since v; is an element of H! this implies

vl — 0. (4.3.18)
Plugging (4.3.17) into (4.3.6), we get

[zl — 0 (4.3.19)
which results in

[[ui] — 0. (4.3.20)

Now, if we repeat the same argument using the fact that ||r;|| — 0 in X,,, the similar

results will be
malls (111 Mg Wl sl il Ty || — 0. (4.3.21)

Regarding the boundary terms, we can use Theorem 1.2.3 and (4.3.17) — (4.3.18) to show

1 1
v (L;)| < Cllvil| 2 ||vil| 30 — 0. (4.3.22)
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Using equation (4.3.21), we can do the same to the other boundary terms to find
ni(L;),ni(L;) — 0. (4.3.23)
Plugging equations (4.3.22) — (4.3.23) into equation (4.2.9) yields
(p, ¢, w1,w2) — 0 (4.3.24)

in R*. From equations (4.3.18), (4.3.19), (4.3.21), and (4.3.24), we have our contradiction
that ||z||2¢ — 0. Therefore, condition (4.3.1) holds.
Now, suppose condition (4.3.2) does not hold. This implies the existence of another

sequence

Zn = (ulna W1ins Vins Mns O1ns Tins U2n, Won, V2ny M2ny 020y T2ny Py Qny Win, w2n) S D(A>

with ||z,]| = 1, and a sequence 5 € R with ||5]| — oo, such that
lim ||(¢6,1 — A)z,||2 = 0. (4.3.25)

Our goal will be to once again demonstrate a contradiction by showing that ||z, — 0.
If we omit the subscript n in future calculations, (4.3.15) gives the same component equations
(i.e., (4.3.6) — (4.3.12)) as before with the notable difference that § is no longer bounded.
Notice also that we can still use (4.3.4) to get

[7ill,, — 0. (4.3.26)

||Uz‘||21ia
With (4.3.26), we can repeat the same procedure we used before to get
vl
=, [|-%] — 0. (4.3.27
150151 )
From this, (4.3.6) and (4.3.7) respectively give
lwill, flwf ]l = 0. (4.3.28)

Again, as noted in Theorem 2.3, differences in proving conditions (4.3.1) and (4.3.2) begin to

appear at this point. The unboundedness of 3 forces us to proceed in an alternate manner.
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The key to showing that ||z|| — 0 lies in the boundary terms NN;, M;, and F;. By repeated
use of Theorem 1.2.3 and the Gagliardo-Nirenberg Inequality, we have the following for N;:

[ (wt = [ gutmicrac)
& (ot - | mgwxon-(o”dc),(f(( (st = [ Oog'wi«:)n(o”dc)'

witl = [ g0 ac] Jowat = [ (e ac]! ot
- [ dtcmtorac
= oot - | wgwmn 07| Jowut = [~ g0t

IA

IA

Cy

(4.3.29)

Regarding the last term in (4.3.29), we can again use the Gagliardo-Nirenberg Inequality
to get

Jowt = [ dmimtcrac],
(H% ‘- / G (Ori(¢)dc]|
awtt = [ gutneyac]| (amat = [~ amiorcrac) |
< 04<Hawz (= [ duonorac] +| (awz-wé’— / m?fwAOMO”dC)”H)-

(4.3.30)

IN

+ (s

[t = [~ gutntoracy

Now, from (4.3.9), we have that

|t — 5 9;1 (")’ <c.. (4.3.31)
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Therefore, since w — 0 in L? and r; — 0 in ¥5,, we have that

ot - 7
B

< Cs.

This implies that
| V3]

g

Again, we use the convergence of w and r; to get

< it = [ 300

[

B — 0.

With regard to the term M;, we have

[ (awt = [ auontorac)
ot = [ @t ot = [ tm

< Cllawt = [ g0 ac] ot = [ (e

Using the same techniques as we did for N;, we see that

| M;| 0
B

For the last boundary term F;, we have

\(%M—AW%KMKMQUW

%w—As%@MG

Q%M—A G (O (€)' dC

|
*W%M—Am%@m«mof>.

auiu; - /0 guz(<)01<g)/

N|=

2

Hy

oo 2
i~ [ 4u Q) (¢ydl|
0

H1

47

(4.3.32)

(4.3.33)

(4.3.34)

(4.3.35)

(4.3.36)

(4.3.37)
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Now, we know from (4.3.8) that

| (w2 g Qautcyac) |
E

< Oy (4.3.38)

Therefore, since u; — 0 in L? and o; — 0 in X;,, we can divide (4.3.37) by 3 to get

FA
L. 4.3.39

Plugging (4.3.34), (4.3.36), and (4.3.39) into (4.3.12), we get that
b,q,wr1,ws — 0. (4340)

Thus far, we have each component of z converging to zero except for v; and n;. If we

take the inner product in L? of (4.3.9) with 7;, then we have

. 1 / " " > . " "
i8I + 3 (Mo 20) = ML)+ o) = [ Q) r0)" dC) — 0. (4341)

Divide (4.3.41) by  and use (4.2.9) along with our previously proved convergences to get
n; — 0. (4.3.42)

By taking the inner product in L? of (4.3.8) with v;, we can repeat the same procedure to
get
v — 0, (4.3.43)

Putting everything together, we have the contradiction z — 0. Therefore, condition (4.3.2)

holds and our semigroup is exponentially stable.



Chapter 5

Joint-Beam System (Thermoelastic

Damping)

We now remove all structural damping from the joint-beam system, and instead we will
introduce thermal effects. This is especially relevant since solar radiation has critical impact
on space structures. The thermoelastic joint-beam system results from considering the total
strain to be the sum of the mechanical strain and the thermal strain. Stress therefore takes
the form o = k(e — aT'), where T denotes the deviation from the reference temperature 7.
Conduction, radiation, and internal friction are included in the modelling of the thermal
equations. These equations are derived in [5] and are based upon a modification of an

approximation technique found in [20].

5.1 Constitutive Equations

In order to describe a coupled Joint-Beam system with thermoelastic damping, let 7% =
T'(t, s;, ¢;) be the variation of the temperature of beam 4 with respect to a reference tem-
perature 7%, where s; and ¢; are coordinates representing axial location and circumferential

angle. Let us now approximate 7% by
Tz(t, Si, ¢Z) = Tz(t, Si) + Tm’i(t, Sz)g(gbz) (511)

where
cos(¢;) — %7 for ¢, € [—%, %]

_1 for ¢; € [-m, —%) U (3, 7).

)

9(¢z‘) =

49
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The function g was chosen for the purpose of approximating solar radiation on a cylindrical
beam surface. The addition of the constant _71 gives g a "zero average,” i.e. ffﬂ g(p)de = 0.

Now define T(t, s;) = T'(t, s;) — (T* — T¢), where T* and T} are constants to be defined
later. Using the variables T% and 7", the thermal and mechanical equations for a coupled
Joint-Beam system with solar radiation and thermoelastic damping have been derived in [5]

as the following:

@2’&1‘ (t, Si) . 0 auz (t, Si) ~
82wi (t, Si) . 0? a2wi (ta Si) Xi i
oTi(ts) L PT(ts) doa(Ti+ T (- R
e e 3 (T (t,5) + T —TO—TS>
iﬁzui(t, Si)
OT™(t, s;) B JOPT™ (¢, s;) kim? 4oe;(Th + T1)? i
T ¢ T R— (e, i)
OézEzLjTé 83wi (t, Si) Oéi S,L
- 1.
_ F1<t) -
() Ni(?)
2
d_2 y(t) —C F2(t) (516)
dt® | 0,(t) No(t)
0x(t) M (t)
| Maft) |

where M and C are as given in (3.1.4)-(3.1.5). The mechanical boundary conditions of the
beams are given by (3.1.6)-(3.1.10). The thermal variables are assumed to satisfy Robin
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boundary conditions, i.e.

aZ'T"(t,Li) = —\.T(t, L) (5.1.7)
d i i i
aSiT(t,O) = N.T'(t,0) (5.1.8)
8Z'Tm’i(t,Li) = —\LT™(t, L) (5.1.9)
aiTm’i(t,o) = AN T™(t,0). (5.1.10)

Many of the notations in the above system are already defined in Chapter 3. New variables

and constants are given below:

6,0l kK - surface emissivity, surface absorbtivity, axial thermal conductivity, cir-

s ar Ve

cumferential thermal conductivity of beam ¢
- Ty - undeformed reference temperature for beam 4

- T - steady-state constant temperature increment produced by solar flux in relation to

beam 1

- ¢, a4, Ry, hy - specific heat, thermal expansion coefficient, radius, wall thickness of beam

7
- S; - solar flux in relation to beam ¢

- 0 - Stefan-Boltzmann’s constant

- T* - temperature of the surrounding medium.

The extensional forces, shear forces, and bending moments of the beams at the ends

s; = L; are given by

0 ale’ Q; .
N, — E.I ! 4 it ~ 1.12
() sy ( Ds? (t,5i) + 2R; (t Sl)) si=L; (5 )
8211)1‘ Q; ;
M; = Bl | — )+ =T ; . 1.1
l<t) o ( 883 (t’ Sl) * 2Ri <t781)> si=L; (5 3)
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5.2 Semigroup Setting

Let
H = Hy x Hy x R (5.2.1)

where
M, = HN0, L) x H2(0, L) x [L*(0,L)]",  i=1,2 (5.2.2)

We define the inner products in these spaces to be

<(u7 w,v,1, Ta Tm)a (f7 g, h7 k? r, S)>Hi = EiAi<u,7 f,> + Ei[i<w”7 g”> + pZAZ (<U, h> + <777 k>)

+ _Pi;j‘;i (@, r) + (Tm,5>) (5.2.3)
<(u>wvvvn)> (fvgv hv k)>]R4 = (fvgv hv k’)M(%w»Uﬂ?)Ta (524)

where (-, -) denotes the usual L? inner product. As in Chapter 3, define the variables

ou; ow; dx dy db;

Vi="gr =g P 4T g YT g

and

m,1

1 2 m,2 T
Z = (Ul,wl,vl,nhT 7T 7u27w27v277727T 7T ,p7q,u)1,w2) .

The Hilbert space H is equipped with the norm induced from the inner products of its

component spaces, i.e.,

2
piCiAi i m.i
=3 =" [Ez-AiHu;n? o+ Eilillwf 2 + pi s (sl + l12) + 2= (U7 + M +aMa”
=1 0
(5.2.5)
where a = (p, ¢, w1, ws) and || - || denotes the usual L? norm.

Our state space is now defined to be

HT = {z € H | compatibility condition (3.1.10)}.

Again, we will denote this space by H. Let us also define the space

H3 (0, Li) = {f € H* | f/(0) = ALf(0), f'(Li) = —Apf(Li)}- (5.2.6)
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Making the substitutions p; = % and v; =

kim?
pici RZ (w2 —4) +
now rewrite the thermoelastic joint-beam system as a first order evolution equation

doe; (TE+TE)3
picih;

, We can

dz
—=Az+1B
dt
on the Hilbert space ‘H with
_ o _ ] ]
0 0
1
E1A / 71 ! 0
1A1 _
A (ul o T ) 0
"
Eq T " a ,1
4 (1 ) :
ko 1" 1 a BTy — (T* T3 —T})
kLl pre ., i pl% I T11 p%g
_Ra gm,1 m,1 oyriidyidyg gy Q501
PlclT ’le + 2p1c1R1 AL n p1c1hi
Az = vy . B= 0 L 52T
Uy 0
/
E> A / 712
Lt (uh — 0T 0
FEolo " [P m,2 " O
 pady <w2 + ET 7 > —pa(T*=T3-T2)
k2 2" 9 asExT2 paca
2 p2c2 " B MZT a pQEQ i 11}122 agsz
ki m,2 m,2 g blodly gy p2c2h2
p2c2 e + 2p2caRo Az 12 0
| M_IC(F17N17F25N27M17M2)T ] - -
and
’UiEHl, ui€H2, mEHQ, w¢€H4,
DA) =zeH: ' . (5.2.8)
“) { T!,T™" € H?, compatibility condition (3.2.7)

Theorem 5.2.1 The operator A generates a Cy semigroup, S(t), of contractions on H.

Proof:

Using the geometric constraints (3.2.7), which elements z € D(A) must satisfy, we see
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that
2 kiAo .
Re(Az,z)y = — ) ;‘FZ.Z(AZRTl(Li)Q+>\ZLT1(0)2+)\§%Tm’z(Li)2+/\ZLTm”(O)2
i=1 0
=i m, i’ piciA; = myi
T 4+ 1T 12) P (pl T+ il T »H?)]
0
< 0. (5.2.9)

Hence, A is dissipative. To show 0 € p(A), let
z= (ah U~)1, 1717 ﬁh flu 5-17127 'U~}2, 627 7727 f?a 6-27137 (j? @17&}2) e H.

Consider the equation

Az =Z, (5.2.10)
which is given in component form by

v; = 1U; € H}, (5.2.11)
n = w; € HY, (5.2.12)
_Ez]z(w;/ + %Tm’i)” = pzz4z’f~]z € L2, (5214)
kziﬂﬂ — pZCZMle — OélEZTSU; == pzczﬁ S L27 (5215)

i ;" i iEiIiTi .
kZTm’Z — piCi’yiTm’Z -+ O;R—MZO,’];/ =  pP;C;0; € L2 (5216)
M™'C(Fy, Ny, Fy, Noy My, Mo)" = (PG, &1, a»)" € R™. (5.2.17)

Sturm-Liouville theory [19] tells us that we can find unique solutions 7% and 7™ to
equations (5.2.15) and (5.2.16), respectively. Also, we have the existence of constants ki, ko
such that

170 < ko (gl + 70
7™ < ke (1l + &) - (5.2.18)

The solutions to (5.2.13) and (5.2.14), which also satisfy ;(0) = 0, w;(0) = 0, and
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w;(0) = 0, have the form

F

i Si . 1 S; Li
UZ(Sz) = msz + Ozi/o Tz(T)dT - EIAZ /0 /7:2 piAif)Z'(Tl)dTldTg,
and
N;
wilsi) = —gg 1Bk si =)+ 2E] 5§~ R, / / (m)dndr,
E 7 pZ i (T1)dmdTodT3dTy,

respectively. Note that u; and w; satisfy

u; € H' N H?, w; € H> N H*.

55

(5.2.19)

(5.2.20)

(5.2.21)

It is now necessary to prove that (F;, N;, M;) are uniquely defined. We do this by following

the same reasoning as given in Chapters 3 and 4. Letting s; = L; in (5.2.19) and (5.2.20),

we see that _ - _ .
—Ul(Ll) F1
U)1<L1) N1
_ L F ~
UQ( 2) _B 2 L
U)Q(Lg) N2
—U)ll(Ll) M1
i —’w;(LQ) i i M2 i
where

Ly
—lel/ Tl( )d7+ A / / plAlvl(Tl)dTlde
1411
2R1/ / T 7'1 dTldTg EI
Lo
_a2/ T2( )d7‘+ T / / ,OQAQUQ 7'1 dTldTQ
2 2

Lo
2R2/ / Tm 7'1 dTldTQ

=5H
I

L rla
Tm )d A )dTdTod
2R1 (11) T1+E1]1/ /T3 /T2 p1 A1 (11)dTidTodTs
s ) Lo plLo fLo
— Tm d A YdTdTed
| 2R, (11)dm + E212/ / / p2 Ao (11 )dmdTadTs

plAlT]l 7'1 d7'1d7'2d7'3d7'4

Lo Lo Lo
EZIZ / / / / pQAQT]Q 7'1 d71d72d73d7'4

(5.2.22)
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and .
- 0 0 0 0 0
0 - 3151? IR 0 0 25{1 0
B_ 0 0 —5% oL 3 0 L()2
0 02 0 - 31522 I 0 21522 I
0 2ELllIl 0 02 B EL1111 0
|0 0 0 Ty 0 -2
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After proper row and column exchanging, we find that

(L1Lg)°

detB = .
144(E1Ey)3(1115)? (A1 Ag)

Hence B is invertible and we can repeat the exact argument given for the Kelvin-Voigt
system to solve for (F;, N;, M;) uniquely in terms of (p, ¢, @1, ws). Similarly, from (5.2.11)-
(5.2.12) and the geometric compatibility conditions, we can get (p,q,w;,ws) uniquely as a
linear combination of (a;(L;), w;(L;),w.(L;)).

We therefore have a unique solution z € D(.A) of equation (5.2.12), which satisfies

[l +Nlwf' | < K (]| o |+ l[oall + 1] + 1G5, ¢ @1, @2)[|re)
1(p, g, w1, wa) llrs < £ ([|ag]] + [|@7[])

Joill + llmall < K ([[@]] + [|@7]])

T+ 1T < K (gl + il + 170+ llaal)

for some constants K, Ko, K3, K, > 0. This leads to
12l < K[| Azl

for some constant K independent of z. Therefore, 0 € p(A), A~! is bounded and A is closed.
It follows that the range R(A — A) = H for some A > 0. By Theorem 4.6 in [18], D(A) is
dense in H. An application of Theorem 1.2.1 completes the proof.

5.3 Exponential Stability

The following theorem is found, in a slightly modified form, in [5].

Theorem 5.3.1 The semigroup S(t), generated by A, is exponentially stable.
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Proof: Just as in the Kelvin-Voigt case, we verify the following conditions:

iRNo(A) =10, (5.3.1)
ﬁlim (I8 — A) 7| < oo. (5.3.2)

First, assume (5.3.1) is true and suppose (5.3.2) is false. This implies the existence of a

sequence
' 72 2
Zn = (Uln, W1in,y Vin, Mn, T7:7I:7 T’r’fln,17 Uon, Wan, U2n, 120, Tn7 Ty’fln, s Pns Qns Win, w2n) S D(A)
with ||z,]lx = 1, and a sequence 3, € R with 3, — oo such that

T [[§8,T — Azl =0, (5.3.3)

Throughout the remainder of this proof, the n subscript will be suppressed for simplicity.
Unless otherwise stated, the convergence results in this proof are understood to occur as
n — oo. We will show that (5.3.3) implies ||z||% — 0, a contradiction.

By taking the inner product of both sides of (5.3.3) with z, we see that

Re((2f — A)z, z)y = (Az, 2)1 — 0. (5.3.4)
Now from (5.2.9), this implies that

I g, T o, T IS O), W (L)L W™ (L) | = 0. (5.3.5)
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Looking at the component version of (5.3.3), we have
iBu; —v; — 0in HY(0,L;),  (5.3.6)
ifw; —n; — 0in H*(0,L;),  (5.3.7)

/
ifv; — (fyllu; — ff”) — 0in L*(0, L;), (5.3.8)

"
iBn; — (ﬁ’wg’ + ﬁTm»i) — 0in L*(0,L;),  (5.3.9)
iBT — 2(TY + 5T + 47v) — 0in L*(0,L;),  (5.3.10)
iBT™ — A3 (T™ + AP T™ — 4% 0in L*(0,L;), (5.3.11)
iﬁ(]% Q7W1,W2)T - M_IC(Fh Ny, Fa, No, My, Mz)T — 0 (5-3-12)

l

where, for simplicity, the yg' denote the appropriate coefficients. Notice that (5.3.5) allows
us to rewrite (5.3.10) and (5.3.11) as

—(TY + o) — 0in L*(0, L) (5.3.13)
G B
and
v ' 7 T2
——(T™"" — 1" — 0 in L*(0, L;). (5.3.14)
p p
We now show that the mechanical components of the system converge to 0 in norm.
e Part 1:  |Ju}|| — 0
Replace v} in (5.3.13) by #6u and take the L? inner product of both sides with u} to
get
5 ~ . ~ . ~ .
2 (T L) - T OO - () ) 4Tl 0. (5319
From (5.3.8), we know that %/ is bounded. Using this fact, along with the inequality
1
|ui(0)] |ui(Ls)] o il i
AA N < Clfuf|2 HE2HE 5.3.16
3 3 ] 3 ( )

we know |u/(s)|/3 is bounded on the boundary. Therefore, since T* satisfies the Robin
boundary conditions, (5.3.5) tells us that (5.3.15) reduces to

iy |[uf||* — 0. (5.3.17)
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Hence, we have
u; — 0 in H'. (5.3.18)

e Part 2: |u]| — 0
Take the L? inner product of (5.3.8) with u;, and then replace iBu; by v;. Since T" — 0

and u; — 0, this gives us
o = o (L2 ~ 0w (0)) — . (5:3.19)

Now, we can use the inequality

Mg\ 2
itomie) < el (M) i isult ~ oo s =0z G320

to see that ||v;|| — 0.

e Part 3: ||w/| —0
Replace 1/ in (5.3.14) by 43w/ and take the L? inner product of both sides with w! to
get

—i;flwi|I* = % ((Tm’i)’(Li)wé’(Li) — (T (0)w! (0) — ((T™"Y, w;”>) — 0. (5.3.21)

From (5.3.7) and (5.3.14), we know that (Tn;i)” is bounded. Therefore, from (5.3.9)

we have that ||w§4) /3] is bounded. By using the Gagliardo-Nirenberg interpolation

inequalities, we can deduce that ||w!|| 1 /32 is also bounded. Thus, using (5.3.5), we

have g
%’((TW)’, w”y — 0. (5.3.22)
Now, use the inequality
1
" "2
[ () < Cllwl||2 (A for s =0, L, (5.3.23)

g
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to get the boundedness of |w/(s)|/# on the boundary. Using the Robin boundary

conditions, this implies that

%((Tm) (Lw!(L;) — (T™Y (O)w;’(0)> —0. (5.3.24)
Plugging (5.3.22) and (5.3.24) into (5.3.21), we have

lw”|| — 0. (5.3.25)

e Part 4: |n;|| = 0
We know that || Sw;|| is bounded from (5.3.7). We also know that ||(7*)"|| /3 converges
to zero from (5.3.7), (5.3.14), and (5.3.25). Thus, we have

(1™ w) — 0. (5.3.26)

Now, take the L? inner product of (5.3.9) with w;, and replace i3w; by n;. Using
(5.3.26), this gives

|2 = ﬁ@wam@»wMQmmw+wmm)eo (5.3.27)

Regarding the boundary terms, we can once again use the Gagliardo-Nirenberg inter-

polation inequalities to get
182 wi]| < Cllwf||2 ]| Bwil* — o. (5.3.28)

Using (5.3.28), we have

and
" H

w 1 1 1
(Lo < il (1550) natugb s, — o (5330
Plugging (5.3.25), (5.3.29), and (5.3.30) into (5.3.27), we get

[[3]| — 0. (5.3.31)
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e Part 5: (p,q,wi,wz) — 0

Using interpolation inequalities and the arguments in Part 3, we have

|wi"(Li)] Co oyt myh
—5 = Gl lEle
II%
W || 4o
< Cluwl| il %HH — 0. (5.3.32)

The Robin boundary conditions, together with (5.3.5) and (5.3.32), imply that

Ni _ yiw(Li) | 5 (™)' (L)

— + — 0. 5.3.33
RN ; (9:3:33)
Since [|w!|| — 0, we see from (5.3.23) that
"
/(L
Jwi (Bl (5.3.34)
g
Therefore,
M; — yjw!(Li) | 2T™ (L)
—_— =22 + = — 0. 5.3.35
CE 7 (5:3:39)
Now, since [|u}|| — 0, (5.3.16) tells us that
/
(L
L)l (5.3.36)
B
and hence ) .
F, AM(L)  A2T(Li
B B 6

Combining (5.3.33), (5.3.33), (5.3.35), and (5.3.12), we see that

(p, ¢, w1, w2) — 0. (5.3.38)

Putting together Parts 1 through 5, we have ||z|l3y — 0, a contradiction. Thus, if condition
(5.3.1) is true, then condition (5.3.2) is also true.
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If we assume condition (5.3.1) is false, then there exists a real sequence 3, — 3 # 0 and
a sequence z, € D(A) with ||z,]|% = 1 such that

lim ||(431 — A) 2]l = 0. (5.3.39)

Now, since the only assumption used above in proving condition (5.3.2) was the fact that 3,
was bounded away from 0, an exact repetition of the arguments suffices to prove condition
(5.3.1). Therefore, the semigroup S(t) generated by A is exponentially stable, and the

theorem is proven.



Chapter 6

Triple Joint System

6.1 Introduction

In this chapter, we will consider a triangular configuration of three beams connected by three
joints. Such a system is a common subcomponent of space trusses. Kelvin-Voigt damping
is assumed to be present in each of the three beams. Our model also supposes the presence
of two viscously damped springs at each joint which restrain planar motions. These springs
serve to counteract rigid body motions. In an actual space truss, this function is performed
by the flexural rigidity of other beams outside the triangular system. The rotations of the
legs about the joint masses are constrained, with respect to each other, by viscously damped
springs. Torsional springs are assumed to affect the averaged rotations of the two legs at

each joint.

6.1.1 Equations

The equations of motion for a triangular joint-beam system with Kelvin-Voigt type of damp-

ing and viscous springs at the joints are given by the following:

OPuy(t,s;)) O Ou(t, s;) 0?u(t, s;)
g Nt Si) g4 205 O WG S 1.1
Pisti 0%t 831- |: e aSi + Hi 681015 :| ’ (6 )
82wi(t, Si) 82 82’11)1' (t, Si) 83wi (t, Si)
P = g [Ef o7 T agn ] 7 (6.1.2)
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Fas(t)
333(75) NQQ(t) I3 (t) $3(t)
d? t Fy(t t d t
S Ol O I O IS EON
dt? | 0y(t) N3y (t) O (1) dt | Oy(t)
051 (t) Moo (t) 031 (¢) 031 (t)
| Ma(t) |
where
my 0 —myidyr sin g1 —mgadss Sin @3
M 0 mq m11d11 COS gbl]. m32d32 COS ¢32
1= . )
—ma1dirsin gy mardyy €os d1y [(}21 0
—M3ads2 SIN Q32 M3adszz COS P3a 0 I
cos ¢y —singy; cospzy —singsy 0 0
C singy;  cos¢y;  Singgy  cosgzy 0 0
' 0 In 0 o -10]’
0 0 0 l39 0 1
—]{311 0 0 0 _511 0 0 0
0 —k 0 0 0 -
K, = 12 ) ) D, - Bz 0 0
0 0 k-9 kh-% 0 0 =6 B
0 0 1 — 012_1 ki — dQ—l 0 0 51 _ﬁl
mo 0 —mizdiz Sin @12 —ma1dzy Sin ¢o;
0 mo m12d12 COS (Z512 m21d21 COS ¢21
M2 = )

: 12
—mi2di2SIn @12 Miadis COS P1a I 0

: 21
—Ma1da1 SIN Qo1 Ma1dz COS P21 0 15

65

(6.1.6)

(6.1.7)

(6.1.8)

(6.1.9)
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COS g —sSingry COSPyy —singy 0
C, — singiy  COSpia SN cospy 0 | (6.1.10)
0 lio 0 0 1
0 0 0 o1 0 —1
—kyy 0O 0 0 B2 0 0 0
0 —k 0 0 0 — 0 0
K, — 22 ) ) D, = Ba2 7
0 0 —k—-F k-3 0 0 =B 0B
0 0 k-%2 —kh-% 0 0 B —5
(6.1.11)
ms 0 —Moaday SiN o —mMiz1d3y Sin P34
d 22 d
M, — 0 | m3 M2 222CQOS¢ mg1ds; COS P31  (61.12)
—Mazdaz SIN Qo2 Maadaz COS P2o 15 0
—ma1dz1 sin ¢31 ma31dss oS P31 0 13
COS poy  —SiN hoy COS 3 —sings 0
C, — Sin oy COS(hyy  Singz;  cosgz; 0 ’ (6.1.13)
0 loo 0 0 1
0 0 0 31 0 —1
and
—k31 O 0 0 —Bs1 0 0 0
0 —k 0 0 0 — 0 0
K, — 32 ) § D= B32
0 0 —ks—=F k-7 0 0 =0 DB
0 0 k3 — dz—3 —K3 — dz_3 0 0 Bz =B

(6.1.14)
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6.1.2 Compatibility Conditions
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At each of the joints, we also have geometric compatibility conditions. These assure conti-

nuity of the structure, as well as smoothness at the beam-leg attachments.

6.1.3 First Joint

_yl —
wy(Ls) =

which is equivalent to

6.1.4 Second Joint

_Z'Q —
wi(Ly) =

—Up (0) COS (bll — W (0) sin ¢11 + w/1 (0)[11 sin ¢11
—u1(0) sin ¢11 + wy(0) cos 11 — wi(0)l1; cos ¢y

_911

us(Ls) cos d3z + w3 (L) sin ¢z + wh(L3)lsz sin @z

U3(L3) sin ¢32 - U}3(L3) COS ¢32 — ’wé(Lg)lgg COS ¢32

_932

u1(L1) cos g1 + wq (L) sin ¢ra + wi(L1)l12 sin @12
Ul(Ll) sin ¢ — wl(L1) oS P12 — wll(Ll)lm COS P12

_012

(6.1.15)
(6.1.16)
T (t)
yi(?)
0 (1) (6.1.17)
0932(t)
(6.1.18)
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—Xy = —UQ(O) COS ¢21 - UJQ(O) sin ¢21 + wé(O)lgl sin ¢21
—y2 = —uz(0)sindg1 + wy(0) cos g1 — wy(0)la1 cos o1
wy(0) = —0y (6.1.19)

which is equivalent to

—uq(t, Ly)
w1 (ta Ll) xQ(t)
us(t, 0) 7| ve(t)
=C 6.1.20
—ws(t,0) 21 61(0) ( )
—wi (t, Ll) 921 (t)
wy(t,0) |
6.1.5 Third Joint
—x3 = ug(La)cos Pag + wa(La) sin ¢rgg + wh(La)lag Sin doo
Y3 = Uz(Lz) Sin ¢ — wz(L2) COS (p — w;(L2)l22 COS Q22

—Tr3 = —U3(0) COS ¢31 - W3(0) sin ¢31 + wé(0>l31 sin ¢31
—Y3 = —Ug(O) sin ¢31 + U}g(O) COS ¢31 - wlg(O)l:ﬂ Ccos ¢31
wy(0) = —05 (6.1.22)
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which is equivalent to

—us(t, Ls)
ws(t, Lo) x3(t)
us(t,0) | or | us(0) (6.1.23)
—ws(t, 0) 0o (t)
—wh(t, Ls) 051 (t)
wy(t,0)

6.1.6 Notations

The notations used in the above system are listed below:

- u;, w; - longitudinal and transversal displacement of the beam 4
- x;,1; - horizontal and vertical displacement of joint ¢
- 0;; - perturbed rotation angle of leg ij with respect to the positive x axis

- pi, Ai, L, B, I; - mass density, cross section area, length, Young’s modulus, moment of

inertia of the beam i
- i, y; - damping coefficients
- Mz, dij, Uij, Ig - mass, center of mass, length, moment of inertia of leg ij
- m; - mass of joint-leg combination at joint ¢
- ¢i; - nominal angle of leg ¢j with respect to the positive z axis

- kij, Bi; - spring constants and damping coefficients for the linear springs affecting planar

motions of joint ¢

- ki, B; - spring constant and damping coefficient for the spring describing the internal

torque exerted by the two legs upon each other at joint ¢

- d; - spring constant of the torsional spring affecting averaged rotations of the two legs

at joint ¢



Brian Fulton Chapter 6. Triple Joint System 70

At the beam-leg interfaces, we denote the bending moment, shear, and extensional forces

as

B,
e [0

e [ I YA

{E[a <t Yi 2&] = Na()

B 502()”@@2&],(“ — Nalt)

[EiAiag;(f) + W 88:;;?} (0) = Fal(t)

[EA 8ul( ) +M'82ui(t)} (Lz) _ Eg(t).

0s; " Os;0t

Once again, our goal is to place this system in a state space setting and establish well-
posedness. The procedure is similar to that given in the previous chapters, though the
presence of three joints adds some variety to the analysis. Once well-posedness is proven, we

will examine the asymptotic behavior and regularity of the system.

6.2 Semigroup Setting

Let
H:H1XH2XH3Xg1ngxgg (621)
where
M, = H'(0,L;) x H*(0, L;) x [L*(0, L,)]*, (6.2.2)
and

G =R'xR" (6.2.3)



Brian Fulton Chapter 6. Triple Joint System 71

We shall use prime to denote the spatial derivative in the following. We define the inner

product in these spaces by
<(U, w, v, 77)7 (fa g, h‘a k)>'Hl = EiAi<u/7 f,> + Ei[i<w”7 g”> + p’LAz(<Ua h> + <777 k>)7 (624>

(@, 8), (4,0)g, = aKiy" + BM;67, (6.2.5)
where (-, ) denotes the usual L? inner product and

K = —-K. (6.2.6)

It can be verified that M and K; are strictly positive definite. Thus the inner product on G;
is well defined.

We introduce the variables

Vi = =, i — "o, i — T, i — T, Wij = )
T T e P BT Y dt
and

z = (thl,Ul,771,UQ,w27U277]2,U37w3,U3,T]3,(11,bl,ag,bQ,(lg,bg})T,
where

ap = (6.2.7
bi = (p1,q1, w1, ws2) (6.2.8

(z1, 91,011, 032) )
( )
as = (x2,Yy2,012,091) (6.2.9)
( )
( )
( )

by = (p2,q2, w12, wa1) (6.2.10

ag = (3,y3,02,03) (6.2.11

bs = (ps,qs, w2, ws1). (6.2.12

The Hilbert space H is equipped with the norm induced from the inner products (6.2.4)
- (6.2.5), ie.,
2
12013 = 2B(t) = > _[EiAillui || + ELllw! || + piAs([[oill* + m:]|*)] + aMa”  (6.2.13)

i=1

where a = (p, ¢, w1, ws) and || - || denotes the usual L? norm.
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For the new set of state variables, the compatibility conditions become

v1(¢,0)
—m(t,0) pi(t)
~oalliLa) | o | @) (6.2.14)
ns(t, L) wii(t) |
1 (t,0) wsa(t)
_né(taLfi) i
[ —vy(t, Ly) ]
m(t, L) pa(t)
b0 o) el | (6.2.15)
—n2(t, 0) wia(t)
—m (¢, L) w1 (t)
| m(t0)
[ —0s(t, Ly) |
n2(t, L) pa(t)
w00 o | el (6.2.16)
—ns3(t, 0) was ()
—15(t, L) ws1(t)
n5(t,0) |

We now take our state space to be
H; = {z € H | compatibility conditions (6.1.17), (6.1.20),(6.1.23)}.

Let us again denote this space by H. The triple joint system then can be written as the first

order evolution equation

dz
a = Az
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on the Hilbert space ‘H with

U1
m
ﬁ(ElAlu’l + ,uﬂ)i)/
— oo (Enhowt + )"
V2
2

iy (B2 Aguly + povs)’
— ooy (Balywy + 7am3)”
U3
N3
—; (EsAguy + pzvs)’
— o (B lywy + yanf)”
P1

q1
w11

Ws2

73

M;! (Cl(Flh Nu1, Fio, Nag, My, Mso)™ + Ky (21,91, 011, 052)" + D1 (p1, ¢, w11,w32)T)

D2

q2
W12

Wa1

M; " (Ca(Fia, Nia, For, Ny, Mz, Moy)™ + Ko (22, Y2, 612, 021)" + Da(p2, g2, wia, war ) ")

b3
q3
Wa2

%31

M§1 (C3(F227 Nag, F31, N31, Mo, M31)T + K3($3, Y3, U2, 6’31)T + D3(P37 qs, w22,w31)T) ]

cH Ui, Vi € Hrl, ElAZU; + ,U,ﬂjg € Hl, w;, n; € Hz
2 : :
E;Lw! +~vn! € H?, compatibility conditions (6.2.14)-(6.2.16)

(6.2.17)

(6.2.18)
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6.3 Well-Posedness

Theorem 6.3.1 The operator A generates a Cy semigroup, S(t), of contractions on H.

Proof: By a straightforward calculation,
dE(t) >
Re{Az, z)w = Re(—, 2)n = — = = — > (all vl + vl |17 + b/ Dibi) < 0. (6.3.1)
i=1
Hence, A is dissipative. The major work is to show 0 € p(A). Let
z = (i, Wy, By, 71, Tia, Wa, T, i, Gis, W3, Vs, 73, a1, by, iz, b, s, bs) "

Consider the equation

Az = Z, (6.3.2)
ie.,
v; = 1; € H, (6.3.3)
n o= w; € H?, (6.3.4)
(B A, + p)) = piAst; € L, (6.3.5)
—(Eidw! + )" = pidii; € L, (6.3.6)
(p1, 1, w11, w32) = @y (6.3.7)
M; ! (Ci(Fir, Nit, o, Nao, Miy, Map)" + Kyaf +Dib}) = b (6.3.8)
(P2, G2, w1z, wo1) = ag (6.3.9)
M, ! (Ca(Fig, Niz, For, Noy, Mig, Mor)" + Koal +Dobl) = by (6.3.10)
(p3, G5, woa,w31) = ag (6.3.11)
M; " (Cs(Faa, Nag, 1, Nai, Mg, M31)" + Kaal +Dgbl) = by (6.3.12)

Using (6.3.3) - (6.3.6), we can solve for Fj;, M,;, N;; in terms of u;(0), w;(L;), w;(0),

w;(L;), wi(0), wi(L;) and Z using the same procedure as given in the previous chapters. But

then we can use the compatibility conditions to solve for u;(0), u;(L;), w;(0), w;(L;), wi(0),
;- Therefore, we have Fj;, M,;,
6;;, and Z. Using this substitution in (6.3.8), (6.3.10), and (6.3.12), we get twelve equations

involving the twelve unknowns x;,y;, 6;; and the given 2.

wi(L;) and Z in terms of z;, y;, 0

; and N;; in terms of z;, y;,
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The resulting matrix contains more than thirty physical constants. In general, these
constants can be chosen to make the matrix singular. However, if restrictions are placed upon
the comparative magnitudes of the constants, invertibility can be deduced. For example, if

we take as restrictions the following:

- By, By, B3, ki, kij, d; are of comparable magnitude
RS L

10

ALK L

then invertibility is not difficult to show. Likewise, one can show nonsingularity with other

combinations of restrictions.

We shall assume in the following that the physical constants are such that the matrix is
invertible. Then we can solve for aq, as, and ag in terms of Z. From this, we can determine
Fi;, Nij, M;;. This leads to the solution of

/
Ui, Wi, Wy

in terms of Z. This implies that we have a unique solution z € D(A) of equation (6.3.2).

Furthermore, it can be shown that
12]l2 < K| Az]lx

for some constant K independent of z. Therefore, 0 € p(A), A~! is bounded and A is closed.
It follows that the range R(A — A) = H for some A > 0. By Theorem 4.6 in [18], D(A) is

dense in H. The conditions of Theorem 1.2.1 are satisfied and the proof is complete.

6.4 Analyticity and Exponential Stability

In Chapter 3, it was shown that the joint-beam system with Kelvin-Voigt damping resulted
in a C semigroup which was analytic and exponentially stable. In this section, we will show

the triangular system produces the same results.

Theorem 6.4.1 S(t) is analytic and exponentially stable.
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Proof: We will prove the two conditions given for analyticity in Chapter 3:

iRNa(A) =0, (6.4.1)
‘ﬁ1|im 1838 — A < oo. (6.4.2)

Suppose that the first condition is true and the second condition is false. Then there exists

a sequence

Zn = (u1n7 Winy Vin, Mins U2n, Won, V2, 120, Usn, W3n, U3n, M3n; A1n, bln7 A2p, b2n7 A3n, bSn) S D(A)

with ||z,]lx = 1, and a sequence 3, € R with (3, — oo such that

lim || (3] — —A)zn |l = 0. (6.4.3)

n—oo ﬁn

For the simplicity of notation, we omit the subscript n in the rest of our proof. The con-
vergence results in this proof are understood to occur as n — oo, unless otherwise stated.
From (6.4.3) and (6.3.1), we obtain

2

1 1
lim Re((i] — BA>Z, 2y = lim B(,angw + yill!|12 4 b Dyb;) = 0, (6.4.4)
i=1
which implies that
Vi U
‘ || ‘ 3172 — 0. (6.4.5)

Our goal is to get a contradiction by showing ||z|[y — 0. The componentwise version of
(6.3.11) is

tu; — %v; — 0, (6.4.6)

w) — %ng’ — 0, (6.4.7)

1piAv; — %(EZA’LU/; + pivl) — 0, (6.4.8)
1p; A + l(Ei]iw;’ +yn)" — 0, (6.4.9)

g
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in L*(0, L;), and

. 1
"/al_B(pla(hawllaw?Q) — 0 (6.4.10)

: I
zbl—BMll(Cl(Fn,Nu,ng,N:sQ,Mn,M32)T+K1G1T+D1b1T) — 0 (6.4.11)

. 1
a9 — B(p2’ q2,w12,w21) — 0 (6412)
) 1.
,Lb2 - BMQ ! (CQ(FIQa N127 F21a N217 M127 MZI)T + K2ag + Dng) — 0 (6413)
. 1
taz — B(p?n g3, w2, ws1) — 0 (6.4.14)

. [
bz — BMg ' (Cs(Faa, Nag, F1, N3y, Myp, M3y)" + Ksay +Dsby) — 0. (6.4.15)

Combining equations (6.4.5)-(6.4.7), we have
[zl lwi | = 0. (6.4.16)
The inner product of (6.4.8) and v; yields

1
[ — (B Auj+piv;, vf) — 0.

g
(6.4.17)
We use Theorem 1.2.3 and the Gagliardo-Nirenberg inequality to show that the L; endpoint

g 1 / ! — 1 / ! —_—
i Ail|vil|* — = (B Asug 4 piv;) (Li )0i (L) + 3 (EiAsui+pv;) (0)05(0) +

g

boundary term in (6.4.17) converges to zero as N — oo. Indeed,

|(Ei A + pivi) (La)|

53/4
S 63/4 HEA u —F/Ll’l) H HEA u +/f%v HHl
< C“EiAiU§+HiU§ : (|| Bidid + o) %Jr (EcAnd, + o) |12
- 61/2 6
— 0, (6.4.18)
1 1 2 1 v V] 2
sl < otk | 5| < e (|5 tgi]) =< a9

due to (6.4.5), (6.4.8), (6.4.16) and the fact that v; is bounded. Likewise, we have that the
0 endpoint boundary term in (6.4.17) converges to zero. Clearly, the last term in (6.4.17)
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also converges to zero due to (6.4.5) and (6.4.16). Therefore,
lvs]] — 0. (6.4.20)

Similarly, we take the inner product of (6.4.9) with n; in L?(0, L;) to get

i Ai||mill® + = (B Lw! + vin!) (L), (L) — = (B Lw! + vin!) (0)77,(0)

=
QIH

(Eilyw; 4 vini ) (La)i;(Li) 4+ = (Eiliw; + ;) (0)7;(0)

QIH

1
B
+B<Ei]z‘w;‘/ + !, 'y — 0. (6.4.21)

We again use Theorem 1.2.3 and the Gagliardo-Nirenberg inequality to show that the L;

endpoint boundary terms in (6.4.21) converge to zero as N — oo. In fact, we have

57/8 ((EiLiw; + i) (L)
< @7/8H<E[w"+% Y |12 ]| (L + i, )HH1
< 78H(E1w”+% N2 (N(Eidiw!! + v || + | Bediw!! + v |])?
37/
C C 1
= ﬁ7/8||(E1w"+% )||+ﬁ7/8||(EIW”+% Y |2 || (B! + yen!)" |2
C
< 3 (||Eifiw§'+% N2 NELw! +vn!)" |7 + || BiLsw! + i, ||>
C 3 )
+W (HEz'fiwé’Jr% N2 Eiw) + yin!)"||7 + || By +vim, H) | (Ei Ly +~vin))" |2
E; 1 w”+'yml v (B Lw! 4 yin!) EiLw! 4 vin!!
< (n B s B
B 3%
1
”Ei]z‘wél-i—%m/”%”(Eilz-wg’—i—%ng’)” v EiLwl + i N (Bdaw] + i) 1
3172 3 1z + | o )l 3 |

— 0, (6.4.22)
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1
m!m(Liﬂ

C 1 %
< sl nd &
1 1 1
<l (Ul + 12
1
< Wt (1 + (a1 + )
1 1 1 1 1
snmwomw+wm4mw+wmﬁ
S 61/8 H + an /81/2 H7
< T < o0, (6.4.23)
55/8 |(EiLiw] + i ) (L)
WHEJM' + i |2 || BT, + ] |
B! 4 | (BT + |+ | (Belo! + 1)
" C " iyt " N
WHEi[iwi +ymll + =5 BEE i L 4 ~yimg |2 | (EaLiwy’ + yarri)) "2

+| B Liw] + vin] |

C
BWJEIw”+%

Ll + v

0,

N

| ELw! + v ||?

rwywwam¢+%wﬁM&mw+%wwﬁ
C EiLw! + vl s (Eilw]! +vnf)" 1
i+ CI= ===

(6.4.24)
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and

1
WW(LM

IA

C 1 1
—ﬁg/gnngnznnzngl
63/8||m|| ¢ (il + 1)
— o (El+ I 1)

IN

IN

[33/8

1
2 1
(1lll2 1 % -+ ] ) ||m||2)

Cllgeall?l T+ sl + Cld ] 51/2”“
< T<oo (6.4.25)

C
—(Hmll I 1% + [l

IA

due to (6.4.5), (6.4.9), (6.4.16), and the fact that »; is bounded. Likewise, we have that the
0 endpoint boundary terms in (6.4.21) converge to zero. Clearly, the last term in (6.4.21)
also converges to zero due to (6.4.5) and (6.4.16). Therefore,

]| — 0. (6.4.26)

It is useful to point out here that the previous estimates are equivalent to the following:

1 1 1
53/4Fij7 ﬁ?/SNij? ﬁ5/8Mij — 0. (6427)

Now, since z € D(A), we know that by = (p1, ¢1, w11, ws2) must satisfy the compatibility

condition - .
U1 (t, 0)
—m(t,0) pi(t)
ot Ls) | or | anl®) (6.4.28)
n3(t, L3) wi (1)
7 (t,0) waa(t)
—n5(t, Ls) |
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Dividing each side of (6.4.28) by 3, our previous analysis gives that the left hand side

goes to zero. Therefore, we must also have that

et § 0. (6.4.29)

- =2 . (6.4.30)

Plugging (6.4.30) into (6.4.10), we get
a; — 0. (6.4.31)
This, in turn, can be plugged into equation (6.4.11) to give
by — 0. (6.4.32)
With similar reasoning, we can show that for each i, we have
a;,b; — 0. (6.4.33)

Combining (6.4.16), (6.4.20), (6.4.26), and (6.4.33), we have arrived at a contradiction.
Hence, condition (6.4.2) holds as long as (6.4.1) holds.

To verify the (6.4.1), we again use a contradiction argument. If the condition is false,
then there exist sequences z, € D(A), 8, € R, and a real number (5 such that

HanH:17 ﬁnﬁﬁa ’6’ >07

and

lim || (88 — A) 2|3 = 0. (6.4.34)
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Since f3,, is bounded away from 0 for large n, we can divide f3,, through equation (6.4.34).
This will result in equation (6.4.4) with (3, bounded. But nowhere in the verification of
condition (6.4.2) did we use the fact that |3, — oo. Therefore, an exact repetition of
the above argument will give the contradiction which proves condition (6.4.1). Thus, the
semigroup S(t) is analytic. Finally, the exponential stability is a by-product of conditions
(6.4.1) and (6.4.2) since we have the boundedness of ||(¢3,1 —.A)7!|.



Chapter 7
Single Beam Approximation

The numerical scheme in this chapter is for simulation of the transversal motion of a single,
cantilevered beam with a tip mass and Boltzmann damping. It is presented here with-
out proof. For convergence proofs of numerical schemes involving viscoelastic beams with

memory, see [7] and [16].

7.1 Finite Dimensional Approximation

For the spatial discretization, given a length L and a positive integer N, we construct a

uniform mesh

G(L,N) = {sj - N%L\j =1, N} .

Now, let S = {bﬂj =—1,..., N} be the standard set of cubic splines with b]G centered
at s;. Since we wish to approximate H2(0, L) with these functions, we must replace b¢ with
—20%, + b5 — 20§ to reflect the clamped condition at s = 0. Note that b$; corresponds to the
cubic spline centered at the ”phantom” node sy. The spline functions will be used directly

to approximate the w and 7 components of the state space:

To approximate the r component, we also need a discretization of the time history. To

83
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this end, we construct a non-uniform mesh based on the mass of the kernel function §. Let

M be given and define the sequence {tj}j]\il satisfying
tit+1 ) 1 [e%s) )
n=0. [ a0dc=5; [ o
t; 0
If we define the characteristic functions E; = x4, ,,,], then we can approximate r first by
M

=1

But, remember that r(t;) € H2. So now we approximate " by

M
PV =N Y () = o ()b (s).
i=1 j=1
We also approximate D¢r by
M
D¥MPNA = N1y — 1) Y () — Y (1)
i=1

Note that in order to specify 7™M as just given, it is necessary to give N x M unknowns.
However, according to the dynamics of our system, r(0) is always zero. Therefore, it is
necessary to determine N x (M — 1) unknowns since ¢j(t;) = 0 for j = 1,...,N. If we
consider that for each t;, rV(¢;) lies in the span of S§, then we see that V' lies in the span
of

St @Syt @@ S5

where S5 = S§ is used to represent the space in which rV (t;,) lies.

Putting the w™,n" and ™™ components together with the ¢ and w components, it is seen

that they lie in the span of

S=5{0S805" 5w 085 T ge ®e,
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which is an NM + N + 2 dimensional subspace of the space
H, = H2(0,L) x H*(0,L) x ... x H2(0,L) x R”.

But we must also account for the geometric constraint (2.1.7). The five basis vectors in

S that do not satisfy this constraint are

0 0 0
b5 s b1 b
&1 = 0 &2 = 0 =1 0 | &= |, &=
: : : 0 0
0 0 0 € €2

Define the operator C' : H — R? by

o ! _ | (L) _[q].
(L) w
q

We seek linear combinations of the & that are in the null space of C. From

5 5
COY k) = > axC(&) =0 € R?
s

k=1

we see that the coefficient vector a € R” is needed. It is apparent that o must lie in the null

space of the matrix C,, each of whose columns is an image of C(&),

C, =

14 1 -1 0
b 0 =b 0 -1

where b = (b5 _,)'(L). Using a CAS, we see that three linearly independent vectors in the

null space of C, are

1 1 —1
1,——,1 -,0,1 -, — 1).
( ) 27 7070)7 (074’07 70)7 (b’ 4b7070’ )
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Therefore, the linear combinations that satisfy (2.1.7) are

- . . 0 0 ]
e o — LG G ib%—l %b%—Q o ﬁb%—l
~ N-2 2YN—1 N ~ 0 ~ O
&1 = 0 o = : , and &3 =
' 0 0
0
- - | (S5} ] L €9 ]

We next choose a basis S = by, ..., byxin C H that satisfies our compatibility condi-

tion:
b&
0
b’L: . b Z:]‘)' 7N7

0

_ . _

béG

by = 0 , 1=1,...,N =3,

0

b2N72 = éla bZNfl = 527 b2N = 537

bonyi = ., i=1,...,N,
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bMN+i: 5 221,,]\[

Leaving aside our basis functions for the moment, let us examine our system after a

discretization of the time history. Thus our system becomes

T ] )
" n
o o = S5 g (b))
2 _
a | ity n— (ta —t1) " 'r(ta)
MIE _ = n— (ts —ta) N (r(ts) — r(t2)) (7.1.1)
r(t '
() n— (tar —tar—1) " (r(tar) — r(tay-1))
q C(Nt’ Mt)T
- w - - -
where
1 0 0 0
0 pA 0 0 test % |
M, = . k= / HOC k<M, gy = / §(C)dc,
0 0 I 0 tr ty
0 0 0 M
and
) M—1 A M—1
N =Jow” =Y gen(r(te))), M =ow” =" g (r(tes))”
k=1 k=1

are approximations to Nt and M ¢ respectively.

Taking the inner product of (7.1.1) with ¢ = (¢!, ¢?,..., M ¢/)T € H, in L*(0,L) x
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.x L2(0, L) x R?, we get

(re(tr), 6" + (M(q, @), ¢")pe

NE

<wt7 ¢1> + /)A<77t7 ¢2> +

i

2

=(n, ¢') = {ow”" - X_j g1 (r(tes1))”, (0°)") + ...
(= (tar = tar—1) " (r(tar) = r(tan)), @) + (=N MYT, Co) (7.1.2)

If we now write our finite-dimensional system as

MN+N
rNM o = E z:(t)b.(s
—

q J

and use the same basis functions to approximate the test functions ¢, then the last term in

(7.1.2) is zero from the construction of the b;. The result is the equation

MYNEN(t) = AN (1), (7.1.3)
where
M+1
MPY, = (b}, b}) + pA(b?, b%) + (Mb/, bf)p2 + Z (b¥, bk)
M-1
AR = (b, b7) — (b} =Y gk (b)) 4 (bf, b7 — (8, — 1) "'b) +
k=1

+(bMH b? — (tar — tM,l)*l(béw“ - bJM).>

7.2 Numerical Results

We can now use (7.1.3) to examine the effects of memory damping on our cantilevered beam.

Let us momentarily ignore the tip mass and set m = [,,, = h = 0. The beam parameters are
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Test Position 1

Deflection
o
|

Beam Length

Figure 7.2.1: Initial Position for Experiments 1 and 2

given by EI =100, p =1, A= 1, and L = 1. For the memory kernel function, we will use

e~

9(¢) 50 \/(C) (7.2.1)
We should point out that these parameter values combined with the chosen kernel function
result in a system with very strong memory damping.

Our first experiment is to give the beam the initial displacement shown in Figure 7.2.1.
We assume that the beam has been occupying this position for almost no time at all, and
was at the neutral position prior to being displaced. The resulting motion is shown in Figure
7.2.2. Note how quickly the deflection magnitudes decay. This is due to the strong memory
damping.

For the second experiment, we also displace the beam according to Figure 7.2.1. Only
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Deflection
o
L

Finish

Beam Length

Figure 7.2.2: Deflection Evolution for Experiment 1

Deflection
o
L
\

Finish \/0

Beam Length

Figure 7.2.3: Deflection Evolution for Experiment 2
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Test Position 2

Deflection

Beam Length

Figure 7.2.4: Initial Position for Experiments 3 and 4

this time, we assume that the beam has been held in this position for an infinitely long
period of time. The resulting motion, shown in Figure 7.2.3, is quite different from that of
the first experiment. The beam does not completely return to the resting position before it
rises up once again. The beam will gradually converge to zero deflection, but it will never
have negative deflection at any point in time after it is released.

For the third and fourth experiments, we repeat the processes of the first two experiments
using a different initial displacement (see Figure 7.2.4). The results are given in Figures 7.2.5
and 7.2.6.

We now consider the effect of the tip mass on our cantilevered beam. We assume the
beam has been at rest in the neutral position for an infinitely long period of time when,
suddenly, an initial velocity is imparted to a small area of the beam. Such a situation could
arise if the beam is struck with a hammer, for instance. For a beam with no tip mass, the
resulting motion is shown in Figure 7.2.7. Note the deflections at the end s = L. Now,

assume a small tip mass (m = .1, I,, = .1, h = .1) is attached to the free end and the
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Figure 7.2.5: Deflection Evolution for Experiment 3
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Figure 7.2.6: Deflection Evolution for Experiment 4
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x 107

N

Deflection

Finish

Beam Length
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Figure 7.2.7: Deflection Evolution for Initial Velocity and No Tip Mass

experiment is repeated (see Figure 7.2.8). The deflections at the end s = L are somewhat
more subdued than in the free end case. Finally, suppose we have a large tip mass attached
to the end (m = 10, I, = 10, h = .1). The resulting motions, shown in Figure 7.2.9, reveal

almost no deflection at the end s = L.
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Figure 7.2.8: Deflection Evolution for Initial Velocity and Small Tip Mass
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Figure 7.2.9: Deflection Evolution for Initial Velocity and Large Tip Mass
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Chapter 8
Joint-Beam Approximation

In this chapter, we will focus on approximating the joint-beam systems considered in Chap-
ters 3 and 5. We will start out by proving convergence of the approximations for the system
with Kelvin-Voigt damping. This result will be used in Chapter 9 when we consider the opti-
mal control problem. Numerical schemes and results are then produced for the Kelvin-Voigt
system and the thermoelastic system. We will conclude the chapter with some statements

about approximation of the triangular system considered in Chapter 6.

8.1 Finite Dimensional State Space

Let UYN, W/ be finite dimensional subspaces of H!(0, L;), H2(0, L;) respectively, such that
the following hold:

1. PNu; — w; strongly, where P : HY(0,L;) — U} is the orthogonal projection of u;
onto UY w.r.t. the H!(0, L;) inner product.

2. P w; — w; strongly, where P§ : H2(0, L;) — W} is the orthogonal projection of w;
onto W w.r.t. the H?(0, L;) inner product.

3. For ul¥ € UV, lim (ul)'(s) exists.

s—L;

4. For w) € WX,

lim (w;")"(s)

and

lim (w¥)"(s)

95
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exist.

Let ZN = ZNXZNX]R4 where ZN UNXWNXUNXWN For each N, we now define

our finite dimensional state space as
HY = {2V € ZV|z"satisfies the geometric constraints}. (8.1.1)

Let PN : H — H" be defined as the orthogonal projection onto H” with respect to the
inner product inherited from the space H, x Hy x R* where H; = H}(0, L;) x H?(0, L;) x
L*(0, L;) x L*(0, L;). Tt can be shown that PNz — 2 for z € H.

Before we define our approximation to the operator A, let us first define the finite di-
mensional operators DY : UN — UN and K : WY — W}/ by

)

(DNu,v) = —(u',v') + lim o/ (L;)v(L;) u,v e UN

s—L;

(K w,m) = (w”,n") = lim w"(Lo)n'(Lq) + lim w”(La)n(Li)  w,n € WY

S—)Li S—>L1
Now we can define the operator A" : HY — HY by

ul oY
wi' m
vy plAlDN(ElAl% + pavy)
ny 1,41 KN (B Lwy +mnyY)
AV W | = vl : (8.1.2)
wy' '
vy p AQDN(EQAQUQ + pavd)
né\f pQAQKN(E212w2 +72772 )
[ a | L MO, NY EY N MY, MyY)T
where
FY = lim (BAw + piv)) (s)

s—1L;

NY = lim (BT + i) (5)

S—>7,

MY = T (BiLwd + i) (5).

SH,L
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Lemma 8.1.1 For each N, AN generates a Cy semigroup, TN (t), on HY such that AN €
g(1,0).

Proof: It is sufficient to prove that A" is dissipative. But from a straightforward calculation,

we have
2

Re(AV2N, 2V = =3 (uall ) 1P + 7l ()" 1%) < 0. (8.1.3)

=1

Therefore AV is dissipative.
Lemma 8.1.2 Forallz € H, (I — AN)'PVz — (I — A)"'z as N — cc.
Proof: Given z, let r¥ = (I — AY)"'PVz and r = (I — A)~'2, then we have
(I - AN =PNz — 2= (1 - A)r. (8.1.4)

Since (I — AY)~! is uniformly bounded, we have that the sequence r is also bounded.

N N N N)T

If we denote the components of 7V and r by (u,wd, vV, nN, ud, wl, v} 0l a and

(u1,wy, v1, M1, U, Wa, Vo, Mo, a)T ) Tespectively, then the component version of (8.1.4) can be

written as
ul =0 = wi—w (8.1.5)
w =0 = wi—n (8.1.6)
1 1
v = piAinwEiAiUzN + ) = - piAi(EiAz‘U; + ;) (8.1.7)
1 1
N N N N " VAV
me 4 o K (Bl i) = e (B £ i) (8.1.8)
and
M IC(FN, NN FY, NS, MY, MY — M™'C(Fy, Ny, Fy, No, My, My)™. (8.1.9)
Now, let 2z € H" be a sequence such that ||2V|| = 1, and denote the components of z¥

by (24, 2oy Zays 20 20 2y a5 %> Za)- We have suppressed the N dependence of the components

of 2. Taking the inner product of 2V with (I — AY)r" and (I — A)r and using (8.1.4), we
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see that
> (Y = @) )+ @) = @Y ) + ol 28+ (BAl) + (o)) L)
Y 24) + B () + ), ()" + () Mz,
= D7 (fuh = o ) G = () o ) B+ g ()

1 28) + (Eslia] + 5, (24)")) + a" Mz, (8.1.10)

Note that the (FN, NN MN) and the (F;, N;, M;) terms are not present in (8.1.10). This
is because 2V € HY and therefore, due to the geometric constraints on zV, the boundary
terms have cancelled out. Now, if we suppose that the sequence zV with ||z = 1 is such

that (2%, 27, 2% zn) — 0 in the respective component spaces (this is possible in spite of the

geometric constraints on z™), then one can readily see that we have
(a™M) "Mz, — a"Mz,.

Since this is true for all 2V satisfying the above conditions, we have

a" —aeR" (8.1.11)

Therefore, taking into account the geometric constraints of r™ and r, (8.1.11) gives us
UN(Li), wN(Li), (wN)/(Li> — vi(Ls), wi(Ls), wi(Ls). (8.1.12)

Attacking from another angle, let us consider an element z "€ UN. Take the inner product

in L*(0, L;) of both sides of (8.1.7) with 2z}’ to get

pidiv;" zy) + (EiAi(u ) + pa(0)) (20))) — FY 2 (L) —

z7fu Vi

piddilvs, =)+ (B + vty (1)) — FizlY (L) (8.1.13)

Taking the inner product in H}'(0, L;) of both sides of (8.1.5) with 2’ gives

EA{(ulY — ()Y, (X)) — B Al — ), 2! ). (8.1.14)

(%3 27 V4
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Subtracting (8.1.14) from (8.1.13), we get

pidi(vi’, z0)) + (Bidi + pa) (0], (22))) = F 2 (La)
= pidi{vi, z)) + (Bidi + pa) (v, (23))) = Fizy) (La). (8.1.15)

From the fact that " is bounded, we can use (8.1.5) to deduce that v} is uniformly bounded
in H!(0, L;). Therefore, since (8.1.15) holds for all z)) € U}¥, we have that F}" is uniformly
bounded. Let us rewrite (8.1.15) as

pidi(v; —vi,zy) + (BiAs + ) ((0) =i, (2,)) = (B = Fy)zy (L) = 0. (8.1.16)

v i V4

Also, let us define a new inner product on H}(0, L;) by

(f,9)2 = pidilf, 9) + (E:A; + w){f', ') (8.1.17)

Note that the norm on H}(0, L;) induced by this inner product is equivalent to the usual
norm. Define PV to be the orthogonal projection operator from H(0, L;) to UN with respect
to the new inner product. Now, if we choose 2z} to be PN (N —v;) = vN — PN(v;), then we
have 2} (L;) — 0 by (8.1.12). Therefore, since FZ-N is uniformly bounded, (8.1.16) becomes

piAi(v)Y — vy, PN (0] = 0;)) + (B A; + ) {(0)) = v}, BN (0] — v;)') — 0 (8.1.18)
which is the same as
(N — s, PN (0N —v;))y — 0. (8.1.19)

But this implies that PN (v —v;) = v — PN(v;) — 0 in H'(0, L;). Due to the assumptions
we know that PJY(v;) — v; in H}(0, L;).

Because of the equivalence of the norms, this implies that PN (v;) — P (v;). Therefore,

made about the approximating subspaces U™

7

vl — Pl (v;) — v in H'(0,L;). (8.1.20)
Plugging (8.1.20) into (8.1.5), we have

uN — in H'(0,L;). (8.1.21)
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A repetition of arguments similar to those given above results in the convergences
szaThN — Wi, N in H2(0, Ly). (8.1.22)
Combining (8.1.11), and (8.1.20) - (8.1.22), we have ¥ — r and the Lemma is proven.

Theorem 8.1.1 For all z € HY, we have TN (t)PN(z) — T(t)z as N — oo, and the

convergence is uniform on bounded intervals of t.

Proof: Using Lemmas 8.1.1 and 8.1.2, the theorem follows immediately by an application of
the Trotter-Kato Theorem.

8.2 Kelvin-Voigt Numerical Scheme

Let l](-i)(sz-), j =2,---,N and bg-i)(si), j = 1,---,N be the standard, uniformly-spaced
linear and cubic splines on [0, L;] satisfying the Dirichlet, clamped boundary conditions at
s; = 0, and Neumann, free boundary conditions at s; = L; respectively. Make the following

definitions

UN = spanfl(s)}, W = Span{b?(s:)},
ZN = UN x WN x UN x W x R

We see that H is a finite-dimensional subspace of
Zy=H (0, L) x HX0,L1) x H}(0, Lz) x HZ(0, Ls) x R".

Also note that U, W} satisfy conditions one through four listed at the beginning of Section
1 in this chapter. However, due to the geometric constraint, Z~ must be modified in order
to be used in the approximation of the state space H. The geometric constraint (3.2.10)

affects the following twelve basis elements of Z:
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[ 0 ]| [ lg\}) 1 [0 ]
0 0 0
51': 0 ) 2:17' 747 55: 0 ) 56: lg\?) )
0 0 0
| e | L 0 | 0
_ 0 _ _ 0 -
(1)
by 9-s) 0
& = 0 . i=17,8,9, &= 0 . i=10,11,12.
(2)
0 bN_(12—s)
Define C : ZY — R® by ) i
] —u1 (L)
wl wi(Ly)
1
—us(L
¢l | =] ") | _arq (8.2.1)
w wz(Lg)
1 ~w} (L)
- | —wh(Le) |

where d” = (z,y,6,,60,) and C is given by (3.1.5). The goal is now to construct linear

combinations of the &; that satisfy the geometric constraint

12 12
i=1 i=1
We see that the coefficient vector v € R' must lie in the null space of the matrix
[ _sing;, —cos¢y O O —-1 0 0O 0O 0 0 0]
cos¢p; —sing; —¢; 0 0 0 1 41 0 00
— si 0 0 o -1 0 0 0 0 00
C,= | TSnez cose (8.2.3)

—coS¢y —sing, 0 —l, 0 O O 0 0 1 4 1

0 0 -1 0 0 —bp 0 by 0 0 O

0 0 0O -1 0 0 0 0 —=by 0 by
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where b; = (bg\i,)_Q)’ (L;). Using a computer algebra system, we can obtain the following six

linear independent vectors in Null(C,),
(00OO0OO0OO0DO0O0ODO0DO0 —-21 —2),

(000000 —-21-2000),
(0000100000 3(—p+6) 0 (% +L0)),
(001000 5(=5+0) 0 35(3-+0) 00 0),

(001 0 0 —cosgy —cospy 3sing; 0 ising; ssing, 0 3sings ),

( 1 0 0 0 —sing; —sing, —%cos@ 0 —%cos¢1 %COS¢2 0 %cos@ )
Therefore, we have obtained basis vectors of Null(Cy) :
(

—2&10 + &1 — 2612

(=55 +€2)610 + (5 + £2)&12] + &
(=5 + )& + (5 +0)&] + &
— €08 P15 + €08 Pae + [sin @1 &7 + sin @&y + sin @a€ig + sin Ga&ia] + &
[ —sin¢1&s — sin o + 51— €08 9187 — cos ¢1€g + o8 Pabig + COS Pa&ia] + &1

(8.2.4)

Let ZY denote the subspace of ZY which satisfies the geometric constraint. Using the

modified vectors (8.2.4), we can now set up a basis for Z¥ as follows:

o o O O

0
(1
BN72~H’: 0 , =1, N =3,
0
0
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0
a2
bon_4 = 0 ;
0
L 0 .
] . _
(=& + )by 5 + (5 + £)by)
bon_3 = 0 3
0
L €3 ]
o
0
bovoapi= | 1P |, i=2, N-1,
0
L O .
SN
0
bsysi=| 0 |, i=1,---,N—=3,
oY
L O .
] . ]
0
b7 = 0 :
—2Y, + o, — 260
L 0 .
] . _
0
l~)4N—6 = 0 )

(=2 + )7, + (£ + )07

€y
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b4N75 =

and

b4N74 =

— cos (bll](\})

. 1 1
Lsin gy (b5, + Y 5)
cos gbglﬁ)

. 2 2
Lsin o (b5 + bo)

€2

—sin gbll%)
—1cos ¢>1(b§§lz + 6%12)
—sin ¢2l1(\27)

3 cos 6a(b 5 + 03 5)

€

104

Now, let H" be the 8N — 8 dimensional space Z~ x ZY and define

¢

0

[ | bj—anta

We can write 2V € HY as

o
J] j=1,...,4N —4
0

] j=4N —3,..,8N — 8.

(8.2.5)

(8.2.6)

Note that HY is not a subspace of the state space H because of the additional d compo-
nent. Define HY to be the space obtained by deleting the d component of HN. A basis for

HY is similarly obtained from the basis for H" by deleting the d component of each basis
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element. Note that the dimension of HY is still 8N — 8 and we can write 2V € HY as

HN=| N | = ‘ r;(t)b;(s) (8.2.7)

where it is understood that the b; have had the d component deleted. The reason for
working with H" instead of H is so that the numerical scheme will fit more clearly with
the convergence results given earlier in this chapter. It should be mentioned, however, that
the actual implementation is unchanged whether we choose to work with H" or HY. Each
will result in an equivalent first order system.

Let G denote U x W and set GV = GY¥ x GY. Using the definition of A" as given

in (8.1.2), we can now write the finite dimensional system dynamics as

vy

ny
vy
n
MV = ANV = DN (E Ayl + pqolN) (8.2.8)
— K\ (ExLiwy + )
DY (EyAqud) + pipvd)
— K3 (EyLywy” + vyamy)
| C(FY, NN Y NG, MY, MY)T

where
Ion

PlAlIG{V

MY = (8.2.9)

p2Aal gy
M
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Taking the inner product of both sides of (8.2.8) with ¢ = (¢1, @2, ¢3, G4, P, D6, O7, O3, P ;) €

HY, we have

() 1) + (s 62) + (e 63 + 403N 6) + pr A ()0 05) + (s )

s ({(03)0, 67) + ()i, @) ) + M

= (7, 1) + (', d2) + (3, 03) + (1, ba) — ((ErAvy + oy ), 65)
—((BxLwy + )", ¢6) — (BaAguy| + povy) ), 65) = (Balowy” + ~amy’ )", 65)
—(F,C)Rs (8.2.10)

where F = (FN, NN, FN, NN, MY, MY). Replacing ¢ by b;, we see that the last term in
(8.2.10) is zero by the construction of the basis functions. If we use the representation (8.2.7)

and let ¢ range over the basis functions by, then the coefficient vector r(t) = (r;(t))%Y,

j=1
satisfies the first order system
MYi(t) = ANe(t). (8.2.11)
If we let b? denote the k& component of b;, then the matrices M and A are given by
4
MYy = 3 (D5 BE)) 4 pr i (b3, b7) + (B, b)) + pa s (b7, b])
k=1
+(b%, bf)) + (b%)" Mb? (8.2.12)

and

4
Ay = 20 (b)) — {(Erdib] 4+ b)) (b)) — (b +b5) () )
k=1
—((B2A5b% + b7, (b)) — ((EaLob} +72b%)", (b5)"). (8.2.13)

We assume the beam material parameters are as given in Table 8.2.1. If we let N = 32,
i = 10, and v; = .1, the eigenvalues of the approximating system are shown in Figure 8.2.1.
It is interesting to note how these values are affected by the damping parameters. This is
shown for axial damping in Figure 8.2.2 and for transversal damping in Figure 8.2.3. A

complete examination of the eigenvalues, including convergence, is given in [3].
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Figure 8.2.1: Eigenvalues for the Joint-Beam System with N=32, u; = 10, 3, = .1
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Table 8.2.1: Material Parameter Values

parameter value parameter value
L 2 1.0 x 1076
r .064 L 1
h .0003 , 1
P 1320 c 903
E 0.9 x 10"t 14 2
€ 0.4 d 1
Ol 0.4 m 8% of beam mass
kq 5.75 my 20% of beam mass
k. 2.34 o1 45°
T 280 02 45°
Eigenvalues for the Joint-Beam System
150 T T T T T
100
50+ *
*
g’ 0 * * * * * * * kK
*
-50+ *;
-100
-150 : : : : : : :
800 -700 -600 -500 -400 -300 -200 -100 O

Real
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Figure 8.2.2: Effects of Axial Damping for N=32, and ~; fixed at .1

Figure 8.2.3: Effects of Transversal Damping for N=32, and p; fixed at .1
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8.3 Thermoelastic Numerical Scheme

The same spaces and basis functions defined in the previous section can be used to approx-
imate the mechanical motions of the thermoelastic system. In order to approximate the
thermal flow, however, new spaces must be defined which account for the Robin boundary

conditions. We begin by recalling these conditions as given in Chapter 5:

o - .
3 T'(t,L;)) = —AgT'(t, L) (8.3.1)
S;
o - L
T'(t,0) = N, T'(t,0) (8.3.2)
881‘
0 ) ) )
3 T™(t, L) = —AgT™'(t, L;) (8.3.3)
Si
0 ) . )
T (t,0) = X, T™(t,0). (8.3.4)
082‘
Let ly)(si), j =1,--- N be the standard, uniformly-spaced linear "hat” splines on [0, L;]
such that
10y =1, Q@) =1 (8.3.5)

Note that lgi),léi),léi), and lff) do not satisfy the Robin boundary conditions. We must
therefore modify the splines before we can use them as basis functions for the thermal

components. Define

where

UZ-N satisfies the Robin boundary conditions and is therefore suitable for use in approximating

the axial and transversal thermal components of each beam. Recalling the space H” defined
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in the previous section, we can now define the space
N2 N2
H?:HNXQW)X(@ﬂ. (8.3.6)

The first 8N — 8 basis functions of HY can be identified with the basis functions from the
Kelvin-Voigt approximation:

=3
<7

j=1,..8N —8. (8.3.7)

o O o O

For the remaining 4N — 8 basis functions which must cover the final four components, we
have:

b8N78+j = ] - 1, ,N - 2

b9N710+j = ll ] = 17"'7N -2

bioy_1245=1| 0 j=1.,N-2
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and

biin_144j =

j=1,..,N—2.

o O o O

o~

S

Using these basis functions, we can represent any vector ¥ € HY as

T 12N—16

2N = vy = Z r;(t)b;(s). (8.3.8)

N j=1

(T~

(Tm,l)N

(7)™
| (Tm,2)N

Letting S¥ = UN x UM and using the notations DY and K from Section 8.1, the

dynamics for the homogenous (no solar flux) finite-dimensional thermoelastic system can be
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written as

ElAl (D{VU{V - al(TlN),>
—E L (K{Vw{V + %D{V(Tm’l)]v)
MV N — qN N Es Ay (Dévuév - OKI(TQN)/) (8.3.9)
—Ex 1y <Kévwév + %Dév(Tm’2)N>
C(FfV,NfﬁFéV,NéV,M{V,MN)T

DY (Bu () = BT = bz (o7)’
(521 (7™ N) ﬂ22 Tml + P23 (771 )//
DY (Boa(T2)Y) = BTN — s (v])’

(541 (T™2) N) Baa( Tm2 + Baz (ndY )”

where -

Al
priatay (8.3.10)

prcilgy

pacalsy |

and the 3, are the appropriate constants as given in Chapter 5. Take the inner product of
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both sides of (8.3.9) with ¢ € HY to get

(s 91) + (s D) + {05 s D) + (1w s 60) + 1A ({01 )e, 85) + (1))
022 ({03 )0, 67) + () ) 05) ) + aiM6s + pres (T, 60) + (TR, 610))
pacs ({2, o11) + (Tia, 612))

= (0, 1) + (', d2) + (03, 03) + (0}, da) — (E1 A, <(UJ1V)/ - 041T1N) , )

s (W) ST ) o) — (Bt () - o) )
IR, L2

—Bia((v]), do) — ARTY (L1)bo(L1) — AL T (0)0(0) — B ((Tn1)'s Plo)

— B2 (T 1, P10) + Bas((m")"'s dr0) = AgTom 1 (L1)dr0(La) — AL Ty 1(0)610(0)

—Bs1((13"), ¢11) — Baal Ty, d11) — Bas((v3)', d11) — ARTy (La) i (Lo)

— AT (0)$11(0) — Bar (T o), @ha) — BualTR 5, d12) + Bas((5)”, dr2)

_)‘?%Tn]\zf,z(L2)¢12(L2) - A%Tr]rXQ(O)QSlQ(O) - <Fvc¢>]R6' (8-3-11)

(B, ((wéV)" o2 g ) B0 — Bl (VY. 65) — Bl T, 60)

As in the previous section, if we replace ¢ by b;, we see that the last term in (8.3.11) is

zero by the construction of the basis functions. If we use the representation (8.3.8) and let
12N 16

¢ range over the basis functions b;, then the coefficient vector r(t) = (r;(¢)),Z,  satisfies
the first order system
MYi(t) = ANr(t) (8.3.12)
where
4
MY, = 37 (b5 b)) + prds (B, b2) + (b8, bE) ) + pa s (B, b])
k=1
(53,15 ) + prer (b2, B) + (b1, B1%)) + pocs (b1, b1) + (b2, b))

+ (b2)" Mb2 (8.3.13)
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Table 8.3.2: Real Parts of Eigenvalues Closest to the Imaginary Axis

N | a=10"° a=107"° a=10"1
8 | -1.6544e-9 -1.6555e-7 -1.9017e-5
16 | -1.5494e-9 -1.5513e-7 -1.7641e-5
32 | -1.1704e-9 -1.1712e-7 -1.2573e-5
64 | -1.0764e-9 -1.0767e-7 -1.1171e-5
128 | -1.0825e-9 -1.0827e-7 -1.1028e-5

and

4
Ay, = ZXb““f)—wﬂmww—mw%wWwwah0wv+§§ﬂ)Aww

k=1

~{Baa (65 = 0ob) (01 = (Balo (05 + 2032 (b0)')

— B (b)), (b)) — Bra (b}, b)) — Bis((b3)', b7)

—Agb}(L1)b} (L1) — ALb}(0)b7(0) — Bar{(b°)", (b))

—B22(b}, b;%) + Baa((B})", ;%) — Apbi(L1)b;°(L1) — Apb;°(0)b;°(0)

—Ba1((bj')', (b)) = Baa(bj', bi') = Bas((b])', bi') — ARbj (La)by! (Lo)

—A7b; (0)bi'(0) — Bur{(bj?)', (b)) — Baa(bj2,bi?) + Bas((b])", b;?)
—AEbi?(La)b;?(Ly) — A7 bj?(0)b;?(0). (8.3.14)

Unless otherwise stated, we assume the values of the material parameters are given in
Table 8.3.2. The eigenvalues for the isolated thermoelastic system are highly dependent
upon «, the coefficient of thermal expansion. In Table 8.3.2 we have computed the real parts
of the eigenvalues closest to the imaginary axis for varying values of N and «. The larger
a values allow mechanical energy to be transformed into thermal energy more easily. Since
energy is only dissipated in the form of thermal energy, larger a values give faster energy
deccay for vibrations.

This decay can be seen quite clearly from Figure 8.3.1, where we have subjected our
system to an initial axial vibration in Beam 1. Note that the energy decay is very slow for
both values of . If, on the other hand, we give Beam 1 an initial thermal distribution, the
energy decay is much faster (see Figure 8.3.2).

Thus far, our thermoelastic simulations have dealt with the isolated system. It is inter-
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Figure 8.3.1: Energy Dissipation from an Initial Mechanical Vibration

esting to view the response when our system is subjected to solar radiation. Initially, we
assume that both beams have the material parameters given in Table 8.2.1. Suppose solar
radiation is hitting Beam 1 orthogonally so that the top of the beam (the side in the direction
of positive wy) is heated. For this case, the deflections after a short period of time are shown
for the positional components w; and uy in Figure 8.3.3. Note that, although the radiation
tries to bend Beam 1 downward, the pressure is not enough to overcome the axial stiffness
of Beam 2. There is some compression of Beam 2, but not much. We should mention here
that when this simulation is continued for a longer period of time, constant radiation results
in a temperature gradient in Beam 1 which is strong enough to force the beam downward in
spite of Beam 2’s stiffness.

In order to illustrate the case further, let the modulus of Beam 2 be weakened to
Ey = .9€9. Then, as seen in Figure 8.3.4, the transversal bending of Beam 1 almost im-

mediately overwhelms the axial stiffness of Beam 2.
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0.77
0 21.92
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Figure 8.3.2: Energy Dissipation from an Initial Thermal Distribution

Before closing this chapter, we would like to briefly mention the approximation of a
triangular joint-beam system. The process of modifying the basis functions to account for
joint dynamics is identical to that for the Kelvin-Voigt joint-beam system. However, the
complexity is greatly magnified by the fact that eighteen modified basis functions are needed
instead of just six, as in the case for the single joint. Using 30 elements for each beam and
material parameters similar to those listed for the thermoelastic system, the eigenvalues for
the triangular system are shown in Figure 8.3.5. It also interesting to look at the evolution
in time of the strain distribution. For example, suppose that Beam 1 is given an initial
transversal velocity in a small area near the center of the beam. Assume that the velocity
is directed outward from the center of the triangle. Figures 8.3.6 - 8.3.8 then show how the
disturbance is propagated throughout the triangle.
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Figure 8.3.3: Deflections of Equally Stiff Beams after .006576 Seconds of Solar Radiation -
Axes are in the Length Scale of 1 = .0453 meters
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Figure 8.3.4: Deflections of Unequally Stiff Beams after .006576 Seconds of Solar Radiation
- Axes are in the Length Scale of 1 = .0453 meters



Brian Fulton Chapter 8. Joint-Beam Approximation 118

N =230 (Full View) N =30 (Close View)
T T

Imag
o
*

0 r *k kK Kk ok ok ok ok ok

1251

!

125

-5000
Real

Real

Figure 8.3.5: Eigenvalues for the Triple-Joint System N=30
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Figure 8.3.6: Strain Distribution after 4 microseconds



Brian Fulton Chapter 8. Joint-Beam Approximation

Extension
Meutral
LN A W] Compressien

Figure 8.3.7: Strain Distribution after 15 microseconds
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Figure 8.3.8: Strain Distribution after 187 microseconds
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Chapter 9

Joint-Beam (Kelvin-Voigt Damping)

Control

9.1 The Linear Quadratic Regulator Problem

In this chapter, we look at the issue of optimal control for the joint-beam system with Kelvin-
Voigt damping. Let A be as given in (3.2.10) and let B : U — 'H be a bounded operator from
the finite-dimensional Hilbert space U to the state space. Let ) be a bounded, nonnegative,
self-adjoint operator on H. Also, let R be a bounded operator on U such that R is self-adjoint
and strictly positive. For u € L?(0, 00; U), define the functional

(20, 1) = /0 h ((Qz(t), 2(1) + (Ru(t), u(t)})dt (9.1.1)
where z satisfies
dz_(tt) = Az(t) + Bu(t), 2(0) = 2. (9.1.2)

The problem is to find a control w,,;, € L*(0,c0; U) such that
J (20, Umin) < J(z0,u), Yu € L*0,00;U).

Since A has been shown to generate an exponentially stable semigroup (3.3.1), [6] tells

us that a unique optimal control does exist and can be written as

Unin(t) = =R B*TL2(t), (9.1.3)

120
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where II is the unique self-adjoint, nonnegative solution of the algebraic Ricatti equation
ITA+ AT - TIBR'B*II + Q = 0. (9.1.4)

Rather than trying to solve (9.1.4) directly, we will first approximate the infinite-dimensional
control problem with a finite-dimensional version, and then prove convergence of the approx-
imate solutions to the true solution. For each N, let H™, PV AN and TV(t) be as given
in Chapter 8. Also, let BN : U — HY and QV : HY — H be linear operators such that
QV is self-adjoint and nonnegative. The finite-dimensional optimization problem is to find
ulN. € L?(0,00; U) that minimizes

IV (20, 1) = /0 h (< NN (), 2V (1) + <Ru(t),u(t)>>dt (9.1.5)

where 2V satisfies

dzN (1)

G =AW+ BYu), 2N(0) = P (9.1.6)

Now from (8.1.1), we know that each A" generates a Cj semigroup of contractions for
each N. In Section 2 of this chapter, it will be shown that each of the semigroups T (t)
are exponentially stable. Therefore, [6] again assures us of the existence of a unique optimal
control U, € L*(0,00;U) given by

ul. (t) = —R7Y(BN)*TIV 2V (1). (9.1.7)
Here, ITV is the unique self-adjoint, nonnegative solution of the finite-dimensional algebraic

Ricatti equation
HN.AN + (AN)*HN . HNBNRfl(BN)*HN + QN =0. (918)

In general, the optimal controls found in (9.1.7) may not produce acceptable results

when applied to the infinite-dimensional system (9.1.2). Therefore, certain conditions must
N

be met in order to guarantee that, for large IV, the controls u,,;, will achieve near-optimal

performance when applied to the original system. In [10] and [9] we find that the following
N .

min*

conditions are more than sufficient to assure acceptable performance of the u

1. Q¥PNz — Qz, Bu — Bu, (BY)*PNz — B*z, as N — oo for all z € H and all
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2. TN#)PNz = T(t)z, (TN)*(t)PNz — T*(t)z, as N — oo for all z € H.

3. There exist positive constants M, « independent of N such that | TV (¢)|| < Me™* for

all N.

The convergence of the approximating semigroups 7V (¢) was shown in Chapter 8. Sec-

tions 2 and 3 of this chapter will show that the adjoint convergence and uniform exponential

stability conditions are also satisfied. Section 4 will consider an example of a simple control

scheme satisfying Condition (1) and some numerical results will be presented in the final

section.

9.2 Approximation of the Adjoint Semigroup

In this section, we will characterize the adjoints A*, (A™)* of the operators A and A", respec-

tively. We will then be able to see the strong convergence of the semigroups (77V)*(¢t) PN —

T*(t) generated by these adjoints.

9.2.1 Adjoint Operator A*

Define the operator K : D(K) — H as

Uy
w1y
%1
m
Uz
Wa
V2
2
a

p1A1
1
p1A1

p2 A2
1
p2Aa

-

L (=B Ayl + puvy)

(=B Liw! +ynf)”

_772

L (— By Aguly + p1ov})’

(= EaLywy + yamy)"”

| M_lc(F17N17F27N27M17M2>T |

, (9.2.1)

D(K) = {z€Hv; € H!,n € H,(—E; A, + pv}) € H',

(B L;w! — vin!') € H? geometric conditions are satisfied}

(9.2.2)
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where

!

= lim (= E 1 Aju) + pyvy)(s)

s—L;

= lim (=B Lw! +nn?) (s)

s—L;

2
s
|

.

M; = lim (—FEiLw! +yn))(s).

SHLI‘

Theorem 9.2.1 The adjoint A* of the infinitesimal generator A is given by the operator K
defined above.

Proof: Suppose z; € D(A*). This implies that, for all z € D(.A), we have
(Az, z1) = (2, A 21). (9.2.3)

— — (F71 AT D4 Pa Tle e Te Pe O * —
Let z = (U1,7~U1,01,771,U2,w2702,772,a)7 £ = (Ul,w1701,771,U2,w2702,772,a), and A"z =

(f1, 91, h1, J1, f2, g2, ha, j2,b). Computing the inner products in (9.2.3), we have

S (Ez’Ai@Q,ﬂ;) + E L (! @]y + (B + o)), 6 — (BiLw! + yin!)” ﬁi))

T
+|:C(F17N17F27N2aM17M2)T a

= Y7, <E1A7,<u;7fz/> + Eili{wi, g7) + piAi(vi, hi) + Pi&(%]&)) +a’ Mb. (9.2.4)
Now, since z is arbitrary in D(.A), we can consider the effects of restricting z in the

following ways:

e Case 1: u; € H2(0,L;)
Using (9.2.4), we see that we have
(uf, i) — (uj, fi) =0 (9.2.5)

79

which can be written in integral form as

L;
/ w;v; — u fids = 0. (9.2.6)
0
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Since this is true for all w; € HZ(0, L;), the Fundamental Lemma of the Calculus of

Variations (FLCV) gives the existence of constants [3; such that

0
Therefore, 0; € H*(0, L;), and 0, = — f/.
e Case 2: w; € Hj(0,L;)
This assumption results in the integral form
L;
/ w!g! +w!"nids = 0. (9.2.8)
0
Integration by parts followed by an application of the FLCV gives us

i € H2<07 Li)aﬁgl = —92/- (9.2.9)

e Case 3: v; € H2(0,L;)
By considering the integral form and then using the FLCV as above, we get
1

h; = v (— B Ayt + 1;0}) . (9.2.10)

e Case 4: n; € H5(0,L;)

Proceeding as in the previous cases, we have

1

oA (=B} + )" (9.2.11)

ji=—
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Now, if we plug the results of these cases into (9.2.4) and integrate by parts, we have
S <E1A1<v;,ﬂ;) + Eili(n],w)) — (EiAw + pivy, 07) — (BiLw] + im0

+Fi0i(L;) — F{9;(0) — Ny (Li) + N;m;(0) + My (L) — Mfﬁé@))

T

n [C (Fl,Nl,FQ,NQ,Ml,MQ)T} i (9.2.12)
= 37, (Ez'AMU;, —0;) + EiLi(wy, —7;) — (vi, —E; Aty + p505) — (i, —Ei ] 4 7))

where

o= (BAug+ pav)'(0)

(2

N = (ELw! + ;) (0)

(2

M = (ELw! +vn!)(0).

()

If we cancel out the identical terms on each side of (9.2.13), the result is

i (Fm(LZ-) — F{0,(0) = Nidji(Li) + N773i(0) + Midji (Li) — M?ﬁi-@))
T T ~
+ [C (R, Ny, B N, My, M)

- 2, (Evi(Li) — Nini(Ls) + Mm;.(Li)> + aTMb. (9.2.14)

Let us now consider the result of one more case:

e Case 5: (F;,N;,M;,F{, N, M) =0
This assumption implies that the left hand side of the equality (9.2.14) is zero. Using
the geometric constraints on elements in D(.A), we see that (9.2.14) becomes

N s I
0= {_c (Fl,Nl,FQ,NQ,Ml,MQ) } a+ b"Ma. (9.2.15)
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Therefore, we have
. . . . . T
b=M"'C (Fl,Nl,FQ,NQ,Ml,MQ) . (9.2.16)

Now, using the result of Case 5, (9.2.14) becomes

i (Fi@i(Li) — F70:(0) = Nifii(Lq) + Ni73:(0) + My (L) — M7, (0)>

+ [C (F1>N1,F2,N27M1>M2

i
= Y7, (Evi(Li)—Nmi( )
T

+{C (FI,NI,FQ,NQ,Ml,M2> } a. (9.2.17)

But, again because of the geometric constraints, the right hand side of (9.2.17) is zero. If we

let @ = (a1, ag, ds,aq)” and perform the matrix multiplication, then (9.2.17) becomes
—Fy91(0) + Ni771(0) — My, (0) — F399(0) + N3ija(0) — M37j5(0)
+F1 <1~)1(L1) + C~L1 sin gbl + &2 COS ¢1> + N1< — 771([/1) — C~L1 COS ¢1 + CNLQ sin ¢1 + d3€1>
o) (62(L2) + Gy sin ¢y — Gy COS ¢2) n N2< — in(La) + @y cOS ¢y -+ s Sin by + a4£2)

M, (ﬁ;(Ll) + ag) + M, (ﬁ;(LQ) + a4) — 0. (9.2.18)

Since F;, N;, M;, F*, N}, M} are arbitrary, their coefficients in (9.2.18) must be zero. This
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gives us

Therefore, z; satisfies the geometric
Case 1 - Case 5, we see that D(A*) = D(K) and A*z = Kz for z € D(A*).

Theorem is proven.

—aq Sin ¢ — ag cos ¢y

a1 COS 1 — Qg sin ¢y — agly
—aq Sin g + Ay oS Pg

—Q1 COS (g — Qg SIN g — ayls

127

(9.2.19)
(9.2.20)
(9.2.21)
(9.2.22)
(9.2.23)
(9.2.24)
(9.2.25)
(9.2.26)
(9.2.27)

constraints. Putting this together with the results of
Thus, the

Theorem 9.2.2 The operator A* generates a Cy semigroup of contractions T*(t) on H.

Proof: It is easily shown that A* is dissipative. Therefore, since both A and A* are dissipa-

tive, the theorem is proven.

9.2.2 Approximate Adjoint Operators A"

Given N, define the operator KV : HY — HN by

[ MO, MY B NG MY, MY

—U{V ]
-y
p:AID{V(—ElAW{V + poy)

— o K (= EdLwy + i)
N

—ny
1y D2 (= B2 Aguy) + povy)

— o K (= B lowd + yam3’)

(9.2.28)
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where

EN = lim (~EAuw + ol (s)
NN = lim (=EiLwl +m)"(s)
MY =l (=Bl + i) (s).

Theorem 9.2.3 For any given N, the adjoint operator (AN)* is equal to the operator K™ .

Also, (AN)* generates a Cy semigroup of contractions (T™N)*(t) on H".

Proof: Routine calculations show that
(ANZY, 200) = (27, KV 2)) (9.2.29)

for all 21V, 25 € HY. Also, we have

2

(AN 2Ny = = (ull ) 1P+l o)) < o (9.2.30)

i=1
Therefore, both assertions of the theorem follow.

Theorem 9.2.4 (T™N)*(t)PNz — T*(t)z on H with uniform convergence on bounded inter-
vals of t.

Proof: The proof is identical to the proof for the convergence of TV (t)PNz — T(t)z.

9.3 Uniform Exponential Stability

The problem in this section is to show the existence of positive constants M; and M, inde-
pendent of N such that |77 (¢)|| < Mye 2! for all N. Gibson, in [10], solved this problem
for a similar system using Lyapunov functionals. We will follow the argument in [10] with
slight modification.

Define the spaces

Q = (L*0,L1))" x (L*(0,Ly))* x RY,
T = HX0,Ly) x H*0,L;) x H}0, Ly) x H?(0, Ly) (9.3.1)
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with the respective inner products

o I
(8% 52
N 3 _ prAi{aa, B1) + prAi(ae, B2) + p2As(as, Bs) (9.3.2)
. + p2As(au, Bi) + ol MBs ’

Oy Ba Q

L &5 | L Bs i
651 ﬂl
« ﬁ % TP v "o 1% Y 7 oA

< 2 ) ’ > = ?1<Q1761>+31<0427 2)“‘72(043753)"’?2(0‘4’ 4>-(9-3-3)

ag 53 T

L Oy 1 L @1 ]

Now, for each N, let 2V denote (ul,wi, vl nN ud, wl v n¥ ™7 € HN. Let bV
denote (z,y,01,02), where z,y,0;, and 6, are determined by the L; boundary values of

u;, w;, and w; as in (3.1.9). Define the functional

T w
N/_Ny _ N _N N ]1\/' w{V w{V
V() = Ky 9.3.4
0 2 2 T

u u
' wy N N
CLN bN Wy Wy
If TN(t) is the semigroup generated by A%, then define
. 1
VN(N) = hl;n\ionf i [VN (TN(t)zN> — VN (ZN)] : (9.3.5)
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Using (8.1.2), we have

PlAl DN <E1A1U1 + H1U7 > - u{v -
p1A1 KY (Bl + ) || )
VN(ZN) - <AN N7 ZN)HN + < p2A2 DN <E2A2u2 + ILL2U2 ) ’ uév >
N Q
P2A2 KN <E2]2w2 + 2 ) o
N
fN L b .
ol | [ el ] N N
N N Chl uy
m Ui N N
N Ui wy
+ vy || wy +2 VN I (9.3.6)
N N Q Y2 2 T
Up: Up; N N
CLN CLN Ub) Wy

T
where FV = M*1C<FfV,N1N,F2N,N2N,M1N,M2N> Routine calculation, along with the

geometric compatibility conditions (3.1.9) and (3.2.7), yields

V() 2K (AN 2N, 2N — <(E1A1uf[ + #10{\[)/ : (Uiv),> - <(E1]1wfv + 71775)1/ ; (wiv)//>

_ <(E2A2uév +,U2Uév),,(

2

=1

uév)/> - <(E2[2wév + 72779[)” ; (wév)”>

N N
N N Uy Uy
m m 7]N U)N
1 1
+ o || wd +2 N | N
v (7
N N Q 2 2 T
Uy Up) N N
CLN CLN 2 Wg

—200 Y (mll @Y1+ 3l 0)12) = D (Bl Y 12 + Bl (Y1)

=1

+ prAd[or |2+ prAdlind [P + paAal|vg |1 + pa Azl |I* + (™) Ma™. (9.3.7)

The fact that V¥ is a Lyapunov function follows immediately. Note that the compatibility

condition (3.2.7) guarantees the existence of a; > 0 such that

o™ e < @ (oIl + In 11+ o3| + 1)) (9.3.8)

It should also be remarked that a; is independent of N and 2V € HY. Thus, we have the
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existence of as > 0 such that, for K; large enough and for all N,
VVGEN) < —an|l2V])2, 2N e HY. (9.3.9)

Now, looking back at V¥ in (9.3.4), we also have the existence of as > 0 such that, for K,
large enough and for all N,

VNN > as||2Y))?, N e HY. (9.3.10)

Let us fix the value of K; so that both (9.3.9) and (9.3.10) are satisfied. This implies the

existence of oy > 0 such that for all N
VVEY) < —agVV(EY), 2N enN. (9.3.11)
Therefore, we can use Theorem IV.1.1 from [21] to get
vy <TN(t)zN> <exp M VN (), N eHN (9.3.12)
for all N. Using this result with (9.3.10), we have
1TV (1) 2N]|? < asexp™ @t VNV (), N eHN (9.3.13)

for some a5 > 0 and for all N. Now, from (9.3.4) we also have the existence of ag > 0 such
that
VNCENY < agll2V))?, 0 2N eHY (9.3.14)

for all N. Plugging this into (9.3.13), we obtain
ITN ()N < arexp™ 20 ||2Y), 2N eHN (9.3.15)

for some a7 > 0 and for all N. Therefore the approximation systems preserve exponential

stability uniformly in V.



Brian Fulton ~ Chapter 9. Joint-Beam (Kelvin-Voigt Damping) Control 132

9.4 Joint Actuator Example

The previous two sections have shown that the approximating semigroups 177 (t) satisfy
Conditions (2) and (3) of Section 9.1. In this section, we will look at a specific control
problem such that Condition (1) is also satisfied.

Let us consider the joint-beam system with a single actuator present within the joint.
This actuator is assumed to provide an internal moment which affects the rotational velocities

of the two rigid legs. The system can be written as

dz(t)
dt

= Az(t) + Bu(t), =(0) =z (9.4.1)
where A is defined in (3.2.10) and B : R — H is given by
T
Bu = [0,0,0,0,0,0,0,0, 0,0, u, —u]T} . (9.4.2)

Letting @ = Iy and R = 1in (9.1.1), our goal is to find uy,;,, € L*(0, 00; R) that minimizes

Teow) = [ (I, + (o))t (9.4.3)
o )

where z satisfies (9.4.1). If we define Q¥ = PNQ|HN = I;yv and BY = PN B, then it follows

that Condition (1) of Section 9.1 is satisfied. Therefore, we can effectively approximate i,

by u%in where

Upin (t) = =R (BY) TV (t) = —(BY) TV 2" (1) (9.4.4)
and 2V satisfies

dzN(t)

= ANV () + BNu%in(t), 2N(0) = PN, (9.4.5)

On the surface, the control problem appears to be solved. However, it should be noted
N

min’
need the matrix forms of the operators involved. Hence, we also need the matrix form of

that (9.4.4) is the operator form of the solution. In order to numerically solve for u we

the finite-dimensional Ricatti equation (9.1.8). This will be done by following the approach
given in [10]. It should be noted that we are using the functions (b;)}®, defined in Section
8.2, as the basis for HY. Also, we use the notation [K] to denote the matrix form of any

finite-dimensional operator K.
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By straightforward calculation, we have

[R—

>*] _ [BN TVVN7
[(AYY] = M)A W,
QY] = (WM)"1Q,

where WV and OV are the matrices whose 171

entries are given by (b;, b;)x~x and (b;, QVb;)xw,
respectively. Thus we see that the Riccati operator equation (9.1.8) is equivalent to the ma-

trix equation

(WN)A [AN}TWN [HN]+[HN] [AN]_[HN} [BN}TRA [BN]T wh [HN]_F(WN)AQN —0.

(9.4.6)
If we make the substitution IIN = W [II"] and multiply both sides of (9.4.6) on the left
by W, we have

[AN] TV 4 TV [AN] = T1Y [BY]T RV [BN]T TV 4+ QN = 0. (9.4.7)
Using our specific choices of R and QV, (9.4.7) becomes the matrix Riccati equation
[AN] TN TV [AN] — 11V [BY]" [BN]T TN + W =0, (9.4.8)

which can be solved numerically.
Since our control space is defined to be U = IR, we have only one functional gain which

can be written as

N
f= Zﬁz‘bi- (9.4.9)
i=1
From [10], we see that the [3; coefficients are given by
5
= | =wNIN [BY| R = (W)Y [BY]. (9.4.10)
On

In order to show the gain converges in H"¥ as N — oo, we must have convergence in all
eight functional components as well as the R* component. This convergence for p; = ; = 1

can be seen in Figures 9.4.1, 9.4.2, and Table 9.4.1. The effects of adding a joint actuator
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Figure 9.4.1: Positional Components of Functional Gain
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to the original Kelvin-Voigt system can be seen in the time evolution of the system energy.

In Figure 9.4.3, we have subjected one of the beams to an axial velocity impulse starting

near the fixed end of the beam and traveling toward the joint. The uncontrolled system

steadily dissipates energy as expected from the theory in Chapter 3. The controlled system

briefly mirrors the uncontrolled system, then adds energy as the controller acts to counter

the motions of the beam. As the two motions cancel each other, energy is quickly dissipated

until the controlled system contains less energy than the uncontrolled system. It should be

noted that N = 32, y; = 7; = 1 in this example.
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Figure 9.4.2: Velocity Components of Functional Gain

Table 9.4.1: Joint Components of Functional Gain

N=16 N=32 N=64 N=128
p 7845 8833 9126  .9202
q .0000 .0000 .0000  .0000
wp 1880 .2045  .2095  .2108
wy -.1880 -.2045 -.2095 -.2108
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Energy Dissipation of Controlled System vs. Uncontrolled System

uncontrolled
controlled
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Figure 9.4.3: Effects of Control on System Energy
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