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Filter Based Stabilization Methods for Reduced Order Models of
Convection-Dominated Systems

Ian R. Moore

(ABSTRACT)

In this thesis, I examine filtering based stabilization methods to design new regularized re-

duced order models (ROMs) for under-resolved simulations of unsteady, nonlinear, convection-

dominated systems. The new ROMs proposed are variable delta filtering applied to the

evolve-filter-relax ROM (V-EFR ROM), variable delta filtering applied to the Leray ROM,

and approximate deconvolution Leray ROM (ADL-ROM). They are tested in the numerical

setting of Burgers equation, a nonlinear, time dependent problem with one spatial dimension.

Regularization is considered for the low viscosity setting.



Filter Based Stabilization Methods for Reduced Order Models of
Convection-Dominated Systems

Ian R. Moore

(GENERAL AUDIENCE ABSTRACT)

Numerical solutions of partial differential equations may not be able to be efficiently com-

puted in a way that fully captures the true behavior of the underlying model, especially if

significant changes in the solution occur over a very small spatial area. In this case, non-

physical numerical artifacts may appear in the computed solution. We discuss methods of

treating these calculations with a goal of improving the fidelity of numerical solutions with

respect to the original model.
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Chapter 1

Introduction

In this thesis, we will consider a variety of techniques with the goal of creating new models

for the stabilization of under-resolved complex flow in a context of reduced order modeling.

Any numerical method for solving turbulent, multiscale flows will eventually run into the

problem of resolution. That is, small scales which cannot be fully captured by a mesh that

you can numerically afford have a significant impact on the quality of your solution. Reduced

order modeling, and in particular the Galerkin reduced order model (G-ROM) lean into this

issue by sacrificing the precise spatial resolution offered by the finite element method (FEM)

for computational speed. The speedup factor is desirable in order to solve complicated flow

patterns in real time, and may be necessary depending on the hardware available. For

example, methods of solving models of human blood flow [3, 4, 23] may require the model

to be operable on hospital available hardware due to time and privacy concerns, not state

of the art super-computers.

The techniques which will be considered in this thesis fall into the category of regulariza-

tion [32]. Regularized ROMs (Reg-ROMs) [47] are a type of ROM stabilization [5, 15]. ROM

stabilizations are methods which seek to treat the ill effects of under-resolved ROMs, where

the small scales (think of different sized vortices left behind by a paddle moving through wa-

ter) in the multiscale simulation are not fully captured by the model reduction process. The

loss of these small scales can have compounding effects on the accuracy of the computed

ROM solution, which often present as non-physical oscillations in the computed solution.

1



2 CHAPTER 1. INTRODUCTION

Regularization is a symptom-based process which seeks to smooth away these oscillations

which are often obscuring a reasonably accurate ROM solution. A common alternative to

ROM regularization, which still falls into the stabilization framework are ROM closures.

ROM closures seek to directly model the effects of what was left behind in creating a fast,

low-dimensional model by adding a correction term to account for the under-resolved nature

of the ROM. For more on closures, particularly for fluid flow, please see, e.g., [28, 42] and

the review in [2]. Additionally, a closure based approach using the same setting of Burgers

equation may be found in the following paper [1]. The advantages of regularization are that

they offer generally simple implementations into pre-existing programs and require limited

to no additional computation in the active solution stage.

Regardless of whether a regularization or closure based approach is taken, a typical goal

of ROM stabilizations is to add the right amount of dissipation into the system to match

the kinetic energy of the original system. In physical fluid flows, energy tends to dissipate

at the smallest scales, with frictional forces dissipating tiny eddies. If an under-resolved

reduced order model cannot resolve these small scales, then a standard G-ROM approach

will tend to hang on to excess energy. This phenomenon has been shown in the following

paper for the Navier-Stokes equations as justification for a filtering based regularization

approach [47]. For closure approaches, it has been shown that the correction term mentioned

above should dissipate energy from the system [11]. Following this, in closure models such

as eddy viscosity ROMs [1, 46], an explicit dissipation term is added to account for the extra

energy in the G-ROM. Alternatively, physical constraints might be added to a closure ROM,

as was done in the following paper [34], which also have the effect of dissipating energy

from the system. This thesis will follow a filtering based regularization approach, and takes

considerable inspiration from large eddy simulations.
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1.1 Why Galerkin Reduced Order Models?

In a computational landscape of ever-increasing capacity and big data growing ever bigger,

it is fair to ask why we go back to these old models. Neural networks and other machine

learning models have shown some promise in capturing complex dynamics [36], but there

is also evidence of weaknesses and inflexibility [13, 16]. The methods which we are using

are a clear evolution of numerical methods which date to the mid-20th century, and have

been used in their current form for decades. The reason for going back to this is two-fold:

firstly, in our ROM, data is used to formulate the model, not to run it. Once the model

is formulated, we rely on physics and tested numerical methods to generate our results.

Furthermore, there are things that can be proven about Galerkin ROMs that have yet to be

shown for machine learning ROMs. Consistency, stability, and convergence are all desirable

properties which can sometimes be observed in machine learning models, but without much

proof. Combining data with traditional numerical methods offers some hope that these

desirable properties might be proven.

This hybrid of data and physics is the core of the long-term future we hope to see with

Galerkin type ROMs. Recent work in the field has seen improvements to the standard

“black box” machine learning models by augmenting them with physics [39], and by hy-

bridizing traditional ROM methods based on fundamental equations with machine learning

on mathematically challenging nonlinear relationships [36]. The hope is that data-driven,

physics informed models such as the Galerkin ROM can meet a compromise between the

flexibility of fully data-driven machine learning models and the robustness of provably con-

vergent methods of solving partial differential equations for complicated flow patterns.
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1.2 The Numerical Setting

Our numerical experiments will be carried out in the setting of Burgers equation. This

equation gives rise to a nonlinear, time dependent problem given in 1D as follows:

ut − νuxx + u · ux = f(x), (1.1)

subject to boundary conditions and initial conditions. We will consider the unforced form

such that (x, t) ∈ [0, 1]× (0, 1], u(x, 0) = u0, and u(0, t) = u(1, t) = 0. Burgers equation can

display sharp boundary layers when ν is very small, and behaves similarly to a hyperbolic

partial differential equation. Because of these reasons, and because of its nonlinearity, Burg-

ers equation is a useful test case for stabilization of numerical methods, and is a relatively

common test case for new methods [1, 29, 30].

The problem also shares some key characteristics with the Navier-Stokes equations, with a

combination of convective terms (u · ux) and viscous terms (νuxx), where in particular we

think of the viscous terms as small. This setting is similar to the case of turbulent fluid

flows. In a numerical simulation of fluid flows, simulations are often tested in settings of

high Reynolds numbers, where the Reynolds number represents the ratio of inertial to viscous

forces present in a particular flow. Burgers equation is not properly simulating a physical

flow, so we do not have a Reynolds number for this problem, but the low viscosity setting we

are working with (small values of ν) aims to establish a correspondence with the turbulent

fluid flow environment we ultimately want to apply these models to.



Chapter 2

Overview of Methods

2.1 The Finite Element Method

A reduced order model (ROM) calculated through a Galerkin procedure is a data driven

model which takes high dimension full order model (FOM) data and represents it using a low

dimensional basis. This FOM can be data generated through finite elements, finite volumes,

finite differences, observational data, or other methods, but in this thesis it is important

that FOM refers to the finite element method (FEM). Sometimes the act of reduction can

under-resolve the ROM and cause oscillations. However, ROMs are also frequently used

when calculation of the underlying FEM is inherently difficult, and the underlying FEM

solution may not always be fully resolved. This can lead to spurious oscillations in the FEM,

particularly around sharp layers, which propagate into the ROM.

Returning to Burgers equation, we first use the finite element method to obtain a numerical

solution. First, define a finite element trial space for u: Uh ⊂ H1
0 (0, 1). Our objective now is

to describe a prospective solution as a linear combination of functions in this space Uh. In

particular, for all numerical experiments, we choose Uh to be the standard N -dimensional

Lagrangian linear basis with elements ϕi, i = 1, . . . , N . Then, the finite element solution

may be written,

uh(t, x) =
N∑
i=1

ci(t)ϕi(x).

5



6 CHAPTER 2. OVERVIEW OF METHODS

Choose the test space to be the same as the trial space, multiply by a test function v in the

test space, and integrate by parts to obtain the weak form, where (·, ·) refers to the L2 inner

product,

(ut, v)− ν(ux, vx) + (u · ux, v) = (f, v) ∀v ∈ Uh. (2.1)

The first and second terms correspond to the FE mass and stiffness matrices. The third,

tri-linear term, comprises the nonlinearity in the system. Then, replacing u with our finite

element solution uh and choosing our test functions to also be members of the linear basis,

i.e., our test functions are of the form ϕj, j = 1, . . . , N , the convective, tri-linear term

(u · ux, ϕj) takes the form,

(u · ux, ϕj) =
N∑
i=1

ci(t)
N∑
k=1

ck(t)(ϕi · ϕkx , ϕj), j = 1, . . . N.

This form results in a tensor, where each entry in the tensor is a matrix, with one matrix

for each particular basis function ϕj. The full assembly may be written as,

N∑
i=1

c′i(t)(ϕi, ϕj) + ν
N∑
i=1

ci(t)(ϕ
′
i, ϕ

′
j) +

N∑
i=1

ci(t)
N∑
k=1

ck(t)(ϕi · ϕkx , ϕj) = (f, ϕj), j = 1, . . . N,

which may be written as a dynamical system in the following manner:

Mhċ(t) + νShc(t) + c(t)TBhc(t) = F. (2.2)

In equation (2.2), the term Mh refers to the finite element mass matrix, Sh the stiffness

matrix, and Bh the finite element tensor, while c is the vector of spatially discretized coeffi-

cients which vary in time. The tensor product produces the required vector in the following

manner: the tensor Bh contains N matrices, which we may label as Bh
i, for i = 1, . . . , N .

To represent cTBhc as a vector b with N components, define bi = cTBh
ic for i = 1, . . . , N .
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The resulting system (2.2) tends to display stiff behavior, so it is useful to solve the system

implicitly. All subsequent numerical solutions are solved with a first order backward Euler

method to improve stability concerns with low viscosity and coarse discretization. Newton’s

method is used to solve the resulting nonlinear system.

2.2 The Galerkin ROM

2.2.1 G-ROM Overview

The Galerkin reduced order model (G-ROM) is a projection based method that attempts to

find the best low order representation of high-order input data. In particular, if the finite

element method generates data from an N -dimensional space, the G-ROM constructs the

best representation (see Section 2.2.2 for more context as to “best”) of this data in an R-

dimensional space, where R < N , ideally much less than N . This process will transform the

sparse N ×N -dimensional FEM operators into dense R×R-dimensional ROM operators, so

R must be minimized if this is to be of benefit. In particular, we consider our ROM solution

ur(x, t) to be a linear combination of R ROM basis functions:

ur(x, t) =
R∑
i=1

ai(t)φ
r
i (x).

The basis functions which are generated are global in nature, instead of local as in the finite

element method. Furthermore, if the snapshot data is generated from a FEM simulation,

then we can express the ROM basis functions as a linear combination of the FEM basis

functions, that is,

φri =
N∑
j=1

cijϕ
h
j , i = 1, . . . , R,
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where we define ci = (cij)
N
j=1 as the ith vector of ROM coefficients with N components. This

implies that our G-ROM solution is also a member of the original finite element space Uh.

One of the most important concepts in modeling and particularly in ROM for large parameter

spaces or lengthy time spans is the “offline” versus the “online” stage. The main interest

of this thesis is unsteady (time-dependent) problems, which requires two wholly separate

stages of (i) offline spatial discretization, which converts the PDE into an ODE, and (ii)

online time integration, which solves the ODE. In the offline stage, data is used to generate

a basis which is ideally flexible enough to be used outside of the exact conditions of the data

source, as well as to assemble operators that can be used in the online stage. The majority

of the ROM time savings are found in the online stage, as time integrating a low order model

is much faster than integrating a high order model.

2.2.2 Proper Orthogonal Decomposition

Proper orthogonal decomposition (POD) is a common method of obtaining such set of basis

functions φri (x) for i = 1, . . . , R, which we briefly discuss here. POD is a data-driven method

that uses snapshots Y = [u1,u2, . . . ,um] of spatial data of dimension N at m distinct times

to construct a low-dimensional orthogonal basis that best represents the data with respect

to a norm. There are several algorithms capable of generating a POD basis. For more detail,

consult [45]. We will compute the basis by solving the eigenvalue problem,

YTYvi = λivi. (2.3)
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Then, ROM basis coefficients chosen such that the ci, the ith vector of ROM basis coefficients

satisfies,

ci = λ
−1/2
i Yvi, i = 1, . . . , R,

can be shown to satisfy the minimization and orthogonality constraints we require to best

represent the data contain in our snapshot matrix [45]. In particular, the vectors ci satisfy

the minimization problem,

min
ψr
1 ,ψ

r
2 ,...,ψ

r
R,

m∑
j=1

∥yj −
R∑
i=1

⟨yj, ψri ⟩ψri ∥2RN ,

subject to ⟨ψri , ψrj ⟩RN = δij for every R dimensional set of mutually orthogonal vectors in

RN , where N is the FE dimension [45].

The eigenvalues of this system (2.3) are guaranteed to be non-negative because YTY is

symmetric semi-positive-definite, and can be ordered in decreasing order. In particular, this

method (which is called the method of snapshots in literature [41]) has a clear connection

to the SVD of the snapshot matrix Y, as singular values of Y are the square roots of the

eigenvalues of YTY. The SVD gives an ordered list of right singular vectors vectors which

represent the directions of maximum action of the data matrix Y.

The ROM basis functions associated with the larger eigenvalues are associated with the

more dominant structures contained in the underlying data, and in particular, the ROM is

constructed when we choose R≪ N , such that we use only the modes corresponding to the

highest energy share of the system.
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2.2.3 ROM Operators

Once the basis is assembled through POD, the G-ROM is solved at the same weak level as

the FEM solution, merely with different basis functions and a different dimension. That is,

N∑
i=1

a′i(t)(φi, φj) + ν

N∑
i=1

ai(t)(φ
′
i, φ

′
j) +

N∑
i=1

ai(t)
N∑
k=1

ak(t)(φi · φkx , φj) = (f, φj), j = 1, . . . R,

(2.4)

which assembles into a system as,

Mrȧ(t) + νSra(t) + a(t)TBra(t) = Fr. (2.5)

We note that because POD yields an orthonormal basis, Mr reduces to the (R×R) dimension

identity matrix. There is no such convenient property for the ROM stiffness matrix and

tensor, both of which will be dense, but the low dimension of these operators is enough to

reduce computation time significantly in the time-integrating ‘online’ stage of the ROM.

2.3 Differential Filter and Approximate Deconvolution

Several recent papers have considered filtering methods applied to reduced order modeling.

As the technique is very general, it can be applied in a wide variety of settings, such as evolve-

filter-relax methods [35, 43, 47], or Leray-type methods applied to a variety of scenarios such

as Galerkin ROMs in a convection context [26, 44], as we will be further considering in this

thesis, or other methods such as closure modeling [38, 42, 49] or the finite volume method [18].

The flexibility and adaptability of filtering based methods make them an attractive topic of

research for stabilizing issues that arise when modeling fluid flows. In general, the goal with
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differential filtering is to smooth out numerical oscillations and noise that is either present

in the data or generated by the model. Current research has investigated filter-based Leray

methods with constant radius at a ROM level [18, 47, 48], but to our knowledge not using

variable delta filtering which will be introduced later.

2.3.1 Constant Radius Filter

The constant radius delta filter that we will be using is a simple differential filter, given for

generic functions u, u ∈ L2(0, 1) and δ ∈ R as,

(I − δ2∆)u(x) = u(x), (2.6)

where I is the identity operator and ∆ is the Laplacian operator. This is a very common

filtering option for numerical methods, including simulation of fluids [37] as well as in a

ROM context for numerical analysis of EFR methods [12] and applied to the Navier-Stokes

equations [44, 47]. This filter enforces our requirement that our filtered function, u, is

a spatially smoother version of the unfiltered function u. Here, δ is a parameter which

regulates the strength of the filter [35]. If δ = 0, the filtered and unfiltered functions are the

same. As δ grows larger, the filtered function u becomes more and more smooth as compared

to the unfiltered function u. In our case, the particular filter described in Equation (2.6)

may be problematic, as we require that u(x, t) =
∑N

i=1 ci(t)ϕi(x), where ϕi(x) may be a

piecewise linear function, and in fact is for our numerical experiments. Instead of satisfying

this relationship, we satisfy a weak form.

Here, we stress that the filter is a general method, not a specific one restricted to one

type of problem or setting [14]. First, consider the case where uh, vh ∈ Uh to be the finite



12 CHAPTER 2. OVERVIEW OF METHODS

element trial and test functions originating from the same space (this is valid in the case of

homogeneous boundary conditions, as we are considering in this paper). Then, multiplying

our filter by a test function and integrating by parts, we look for a solution uh that satisfies,

(uh, vh) + δ2(u′h, v
′
h) = (u, vh) ∀vh ∈ Uh, uh(0) = uh(1) = 0. (2.7)

This is a typical 2-point BVP, where the left side can be shown to be coercive and continuous,

and the right side can be shown to be continuous, hence the weak form has a unique solution

in Uh by the Lax-Milgram theorem. See [31] pages 192-193 for a similar application of

the Lax-Milgram theorem. Additionally, this exact filter operator (2.7) with zero boundary

conditions has been shown to be self-adjoint in [49].

If we choose a standard Lagrangian space composed of functions ϕhj (x), j = 1, . . . , N , then

we are seeking a solution uh such that,

uh(t, x) =
N∑
i=1

ai(t)ϕ
h
i (x).

This is similar to the approach used by [47]. In keeping with our spatial discretization and

ODE solver in time, the constant is allowed to vary in time but the basis functions are not.

Returning to equation (2.7),

(uh, vh) + δ2(u′h, v
′
h) = (u, vh) ∀vh ∈ Uh,

(
N∑
i=1

ai(t)ϕ
h
i (x), ϕ

h
j (x)) + δ2(

N∑
i=1

ai(t)ϕ
′h
i (x), ϕ

′h
j (x)) = (

N∑
i=1

ciϕ
h
i (x), ϕ

h
j (x)) for j = 1, 2, . . . , N

(Mh + δ2Sh)a(t) =Mh · c(t).

That is, given a known solution, we can compute the filtered coefficients at any particular
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time by a linear solve with guaranteed existence and uniqueness.

This works in an identical manner at a ROM level through the secondary Galerkin projection

onto the low dimensional space. In this case, the standard ROM solution is of the form,

ur(x, t) =
R∑
i=1

ai(t)φ
r
i (x),

and we seek a filtered solution of the form,

ur =
R∑
i=1

ai(t)φ
r
i (x).

This is again similar to the formulation in [47]. The formulation for the numerical solve is

exactly the same as for the finite elements solve on a lower dimension:

(Mr + δ2Sr)a(t) =Mr · c(t). (2.8)

Even though this is a paper about ROM methods, not FEM methods, we have spent the

time establishing this filter at a FEM level because being able to use the filter at either level

is convenient depending on the application. For EFR methods, where the solution is filtered

potentially after each ODE time integration step, it is much more efficient to do this at a

low dimensional ROM level. For the Leray or ADL model, having access to this filter at a

finite element level allows one to pre-compute the filtered operators, shifting the cost into

the offline stage. Furthermore, the FEM filter allows us access to local spatial information

that is not present at a ROM level, which allows us to use the variable delta filter we will

introduce later.
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2.3.2 Pre-Assembly of Filtered Operators

We pause for a moment to give an example useful in computation and in understanding of

the filter behavior for complicated systems. The Burgers Leray model with 0 source term is

given by,

ut − νuxx + u · ux = 0. (2.9)

At a ROM level, one implementation choice is to compute the low-dimensional, nonlinear

convective operator at each time step. An alternative is to pre-assemble by using the fact

that the ROM basis functions are themselves members of the finite element trial space, and

can thus be filtered themselves. (This requires more care when boundary conditions are

non-homogeneous.)

Let us consider only the computation of the nonlinear filtered term at a ROM level. Then,

multiplying by a test functions φrk(x) and integrating over the domain,

(u · ux, φrk)→

(
r∑
i=1

ci(t)φri (x) ·
r∑
j=1

cj(t)φ
r
j(x)x, φ

r
k(x)

)
k = 1, . . . , r

=

(
r∑
i=1

ci(t)φri (x) ·
r∑
j=1

cj(t)φ
r
j(x)x, φ

r
k(x)

)
k = 1, . . . , r (2.10)

=
r∑
i=1

ci(t)
r∑
j=1

cj(t)
(
φri (x) · φrj(x)x, φrk(x)

)
k = 1, . . . , r (2.11)

= cr(t)T ·Br · cr(t).

The most important thing to keep in mind when following these calculations is that the filter

we are using is a linear, spatial filter, not time dependent. If you can separate parts of the

function you seek to filter as depending exlusively on t, you may safely pull them out of the

filter as you would any coefficient to a linear solve, as was done in equation (2.10).
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Equation (2.11) is the most instructive line for actually accomplishing the pre-assembly. The

matrix Br should be thought of as the representation of the full dimensional nonlinear tensor

Bh in the low dimensional ROM space using a combination of filtered and unfiltered basis

functions. This hybrid approach should ideally curb spurious oscillations in the full system,

while limiting the excessive smoothing that could easily happen if we computed the tensor

with only filtered basis functions.

2.3.3 Lavrentiev Regularized Approximate Deconvolution

Approximate deconvolution is a method which attempts to avoid the often ill-posed problem

of signal inversion. Our desired application here is to give a secondary lever of control

over the filtering process. It can be easy to over-smooth with differential filtering, and the

energy that we are looking to capture may be excessively diffused or spatially delayed by

the filtering process. Approximate deconvolution is a compromise between non-physically

noisy solutions and overly smoothed solutions, where approximate deconvolution is used

in our case to avoid the ill-conditioning of exact deconvolution. We will be solving linear

systems for our filtering, which are well-posed, but well-posed problems need not be well-

conditioned. Exact deconvolution is typically not well conditioned, being highly sensitive

to small perturbations [8]. Approximate deconvolution is a tested technique for general

modeling purposes [17], in particular LES modeling [6, 9, 24], and in a ROM context once

to our knowledge [49] for NSE flow past a cylinder with Re = 1,000. In that paper, the

authors filtered both terms of the convective part of the equation (in the context of Burgers

equation, filtering the term u · ux). We will apply this approximate deconvolution idea to a

Leray type model where only one component of the convective term is filtered.

We will now apply a particular form of approximate deconvolution based on the constant
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radius filter discussed in the previous sections.

Given some filtered signal,

u = Gu,

for known operator G, a standard image processing technique [8] that has been used in

ROMs previously [49] is to use approximate deconvolution to recover the original signal:

uAD = (G+ µI)−1u. (2.12)

This avoids the typically ill-conditioned problem of exact deconvolution. Lavrentiev regu-

larization is not the only form of approximate deconvolution, as Tikhonov or Van Cittert

methods may also be used at this stage.

First, recall that we are using filter described in Equation (2.6):

(I − δ2∆)u(x) = u(x)

u(x) = (I − δ2∆)−1u(x).

Then, using the Lavrentiev method (Equation (2.12)), we can identify that G is the operator

(I − δ2∆)−1 and determine how to solve for uAD(x):

uAD(x) = ((I − δ2∆)−1 + µI)−1u(x)

((I − δ2∆)−1 + µI)uAD(x) = u(x)

(I + µ(I − δ2∆))uAD(x) = (I − δ2∆)u(x)

(I + µI)uAD(x)− µ · δ2∆uAD(x) = (I − δ2∆)u(x). (2.13)
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At a numerical level, we take the inner product defining the finite element or Galerkin ROM

projection, multiply by a test function, integrate by parts, and satisfy the resulting weak

form of Equation (2.13) for every function in our test space.

As an example, suppose that we seek to calculate the filtered and AD versions of a particular

ROM basis function φri (x). These ROM basis functions live in the FE space, and so do the

solutions we seek. Then, write,

φri (x) =
N∑
j=1

cijϕj(x), AD(φri ) =
N∑
j=1

cADij ϕj(x). (2.14)

Substituting in φri (x) for u(x) and AD(φri ) for uAD(x) in Equation (2.13), we multiply by

each of our FE test functions and integrate by parts to obtain the following system:

(
(1 + µ)Mh + µ · δ2Sh

)
cAD =

(
Mh + δ2Sh

)
c, (2.15)

where c is a known vector of filtered basis coefficients. The entries are determined by cij

from Equation (2.14), and we solve for the vector of unknown AD coefficients.

This works in the same manner at a ROM level by replacing the FE matrices with ROM

matrices, though in this case the coefficients you find would be those determining the linear

combination of ROM basis functions, that is,

AD (ur(x, t)) =
R∑
i=1

aADi (t)φri (x).

Because most of our Leray type models will have pre-assembled operators that depend on

filtering of the ROM basis functions, let us compare the effects of filtering on a representative

basis function.
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Figure 2.1: Effects of filtering and approximate deconvolution.

With the above parameters, the constant radius filter strongly diffuses the basis functions,

while approximate deconvolution dials back this filtering to give us a smoother version of

the original basis function.

2.3.4 Variable Radius Differential Filter

One drawback of the filtering and pre-assembly methods which have so far been described is

that they filter global functions, such as the ROM basis functions or actual solution functions

in an equal manner across space. However, it may not be the case that these functions need

to be filtered everywhere. If our solution or some basis function is performing well in a

certain spatial area, it is detrimental to ROM performance to filter either of them. We will

accomplish spatial filtering by making an explicit connection between the FE model and
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the ROM model using the assumption that the ROM basis functions, and hence the ROM

solution, are themselves linear combination of FE basis functions. This is often a useful

assumption to make in the POD process, but a typical ROM does not have much use for the

FE data after the process of building the ROM.

First, let us consider a natural extension to the differential filter described in Equation (2.6)

to accept a continuous delta function:

(I − δ2(x)∆)u(x) = u(x). (2.16)

Unfortunately, there are reasons to believe this operator is not self-adjoint without significant

assumptions on the function δ(x). Following the procedure in [49] for the self-adjointness

of the constant radius filter described in Equation (2.6), which was also proved in [27], let

u, v ∈ L2(0, 1). We seek a filtered solution u ∈ L2(0, 1) satisfying Equation (2.16) such that

u(0) = u(1) = 0. Multiplying Equation (2.16) by v such that v(0) = v(1) = 0 and integrating

by parts, where ⟨·, ·⟩ here refers to the L2(0, 1) inner product for parenthetical clarity,

⟨u(x), v(x)⟩+ ⟨u′(x), 2δ(x)δ′(x)v(x) + δ2(x)v′(x)⟩ = ⟨u(x), v(x)⟩

⟨u(x), v(x)⟩+ ⟨u′(x), 2δ(x)δ′(x)v(x)⟩+ ⟨u′(x), δ2(x)v′(x)⟩ = ⟨u(x), v(x)⟩. (2.17)

In contrast, multiplying the filter

(I − δ2(x)∆)v(x) = v(x), v(0) = v(1) = 0,

by u and integrating by parts yields a similar form:

⟨v(x), u(x)⟩+ ⟨v′(x), 2δ(x)δ′(x)u(x)⟩+ ⟨v′(x), δ2(x)u′(x)⟩ = ⟨v(x), u(x)⟩. (2.18)
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In the context of the L2(0, 1) inner product, the problematic terms are the underlined pair in

equations (2.17) and (2.18), where the derivative we are taking is swapped between functions

v and u in the adjoint Equation (2.18) vs. the original filter in Equation (2.17). The simplest

way to alleviate this issue is to consider δ(x) to be a piecewise constant function with a finite

number of discontinuities. If δ(x) is such a function, then we can break up the integral over

the domain. That is, for p discontinuities 0 < x1, . . . , xp < 1 in the piecewise constant δ(x),

⟨v′(x), 2δ(x)δ′(x)u(x)⟩ =
∫ 1

0

v′(x) · 2δ(x)δ′(x)u(x)dx

=

∫ x1

0

v′(x) · 2δ(x)δ′(x)u(x)dx+ · · ·+
∫ 1

xp

v′(x) · 2δ(x)δ′(x)u(x)dx,

where δ′(x) = 0 on each sub-interval, eliminating this term. The remaining terms in equa-

tions (2.17) and (2.18) are the same by standard integral properties. This piecewise constant

requirement on δ(x) provides an idea of how to proceed for the particular problem of filtering

FE functions. However, note the above discussion is for motivational purposes, and applying

the variable filter from Equation (2.16) with suitably chosen δ(x) is an alternative method

to the approach used in this thesis.

To filter our FE functions, recall that we consider the ROM solution ur(x, t) to be a linear

combination of ROM basis functions:

u(x, t) =
R∑
i=1

ai(t)φ
r
i (x).

The ROM basis functions (φri ) are constructed as a linear combination of the FE basis

functions, (ϕhi ), through POD:

φri (x) =
N∑
j=1

cijϕ
h
j (x),

and we obtain the filtered ROM basis functions, (φri (x)), as a linear combination of filtered
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FE basis functions using the same coefficients cij, because the filter affects spatial functions

only:

φri (x) =
N∑
j=1

cijϕ
h

j (x).

The filtered FE basis functions are also a linear combination of the unfiltered FE basis

functions, i.e.,

ϕ
h

i (x) =
N∑
k=1

bkiϕ
h
k(x). (2.19)

It is at this point that we look approximate a variable level of piecewise constant filtering

as suggested in filter of Equation (2.16) by assigning each FE function an individual level of

filtering such that,

(I − δ2i∆)ϕ
h

i (x) = ϕhi (x), i = 1, . . . N. (2.20)

Now, δi is a constant which is allowed to discretely vary based on the index i. For any

particular i, the weak form of this operator is exactly the same as the weak form of the

constant radius filter in Equation (2.7), which implies that it is both self-adjoint [27, 49] and

has a unique solution in the FE space by the Lax-Milgram theorem as with the constant

radius filter.

Filtering at a FE level gives us access to the local FE functions, which allows us to specifically

target portions of our domain which are behaving poorly. Going from operator in Equation

(2.20) to the matrix form of the weak equation, we solve the system,

(
Mh + δ2i Sh

)
bi = Mh · ei, i = 1, . . . , N. (2.21)

Above, ei refers to the ith standard basis vector for RN , and bi is a vector of FE coefficients

satisfying Equation (2.19). Algorithm 1 provides a way to compute a filtered variable delta

ROM basis for the purpose of pre-assembling filtered operators, as discussed in Section 2.3.2.



22 CHAPTER 2. OVERVIEW OF METHODS

First, this algorithm assembles the finite dimensional representation of the filtered FEM

basis functions on a discrete level as ϕh, an N ×N matrix. Secondly, we assemble the finite

dimensional representation of the filtered ROM basis functions in the N × R matrix φr.

Recall that cj refers to the jth column of the N ×R matrix that contains the coefficients to

assemble the ROM basis functions. These filtered and unfiltered matrices allow us to move

between the ROM and FEM spaces. See Figure 3.2 for the effect this has on the ROM basis.

Note that bi is a list of coefficients, not a function. If some calculation requires the values

of the filtered functions in between node points, then it is necessary to return to the proper

interpretation of bi as FE coefficients.

Algorithm 1 could be made computationally more efficient by setting a tolerance ϵ for δi,

such that if δi < ϵ, no filtering is performed. The motivation for this choice is that, for very

small values of δi, the filtering is negligible, such that ϕhi ≈ ϕhi . This formulation could add

up to significant time savings for large values of N . However, for our test problems, we chose

problems that were simple enough to not require this additional efficiency. In particular, this

process could be automated by means of an appropriate indicator function that determines

whether or not filtering needs to be done [7, 32]. The most robust form of this variable

delta could use such an indicator function to change the filtered basis coefficients efficiently

in real time, though this would only be useful in a context where the filtered operators are

not pre-assembled, such as EFR. Some research has been done on indicator functions with

applications to ROMs [19], particularly in an EFR context, but this is not used here.

When doing computations for a variable delta filter, note particularly that we have converted

the strictly local FE basis functions into global basis functions. Care must be taken when

doing further computations which are usually done in an element by element way, such as

comparing error of the reconstructed ROM solution in an L2 sense.
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Algorithm 1 Computing ROM basis with Variable Delta Filtering
Define ϕh to be the matrix whose columns contain N × 1 vectors representing the filtered

FE basis functions at FE nodes. Let cj be the N × 1 vector with coefficients such that:

φrj(x) =
∑n

i=1 cijϕ
h
i (x).

i← 1

while i ≤ N do

δi ← δ(xi)

Solve (Mh + δ2i Sh)bi = Mhei ▷ ei is ith identity vector

ϕh ← [ϕh, bi]

i← i+ 1

end while

j ← 1

while j ≤ R do

φrj ← ϕh · cj

φr ← [φr, φrj ]

j ← j + 1

end while

2.4 Evolve-Filter-Relax ROM

The Evolve-Filter-Relax ROM (EFR ROM) is a three step process which may be applied

to either a constant filter ROM, which we will refer to as the constant radius EFR ROM

or, as introduced in this paper, a variable radius filter ROM, which we will refer to as the

V-EFR ROM. The process for constant radius filter is as follows: first, the problem is set up

as in the G-ROM in Section 2.2. The solution uROM(x, t) is evolved to a prospective solution
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wROM(x, τ) =
∑R

i=1w
r
i (τ)φ

r
i (x) for some time τ by the numerical method of choice. The

filtered quantity of interest is solved for in the ROM dimension as the solution to Equation

(2.8) but for constant δ, not discretely variable δi. This discretizes into the following system:

(Mr + δ2Sr)wr = Mrwr. (2.22)

This filtered solution can then be relaxed onto the original solution, such that,

uROM(x, τ) = (1− χ)wROM(x, τ) + χwROM(x, τ ). (2.23)

For more details on the constant radius EFR ROM, we direct the reader to [48].

For the V-EFR, evolve as normal, but determine the filtered wROM(x, τ) from the pre-

calculated filtering at the FEM level controlled by δi if Algorithm 1 was used. We then

reconstruct the solutions onto the FEM space, because the spatial component of the differ-

ential filter is more meaningful on the higher dimension space, and relax our solution as in

the constant radius EFR. Finally, we project our reconstructed solution back onto the ROM

space in order to advance in time on the low-dimensional space.

This process repeats for all future evolutions of the model in time. The filtering reduces

oscillations in our solution, while the relaxation prevents excessively diffusing our solution.

In practice, the parameters δi, i = 1, . . . , N and χ are highly dependent upon each other,

such that similar results can be generated from greatly different choices of δi and χ.
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Algorithm 2 Evolve-Filter-Relax With Variable Filter
i← 0

while i ≤ NT do ▷ NT is number of time steps

Evolve urt to wrt+1 ▷ Method does not depend on time integrator

wht+1 =
∑R

i=1w
r
i,t+1φ

r
i ▷ Reconstruction on finite element space

wht+1 =
∑R

i=1w
r
i,t+1φ

r
i ▷ Filtered Reconstruction, filtered basis computed in Alg. 1

uht+1 = (1− χ)wht+1 + χ · wht+1 ▷ Relaxation

urt+1 = projROMu
h
t+1 ▷ Projection of reconstructed sol. onto ROM space

i← i+ 1

end while

2.5 Approximate Deconvolution Leray ROM

In this section, we outline the construction of the approximate deconvolution Leray ROM

(ADL-ROM), which was recently introduced in [40]. The ADL-ROM applied to Burgers

equation finds a weak solution for the following problem in the ROM space:

ut − νuxx + AD(u) · ux = 0,

where AD(·) denotes applying the approximate deconvolution operator as described in Equa-

tion (2.13) to the function u. Because the filter and approximate decovolution are solely

spatial, this ROM can be entirely pre-assembled as in the discussion on pre-assembly of

filtered operators in Section 2.3.2. Instead of using the filtered basis φr
i , we require the AD

basis as computed in Equation (2.15) in order to assemble the filtered operator. Then, at
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every time step, we advance the system,

Mrȧ(t) + νSra(t) + a(t)TBAD
r a(t) = 0.

Algorithm 3 Approximate Deconvolution Leray Algorithm (ADL-ROM)
Define C ∈ RN×R to be the matrix whose ith column ci is the N × 1 vector containing the

coefficients cij such that φri (x) =
∑n

j=1 cijϕ
h
j (x). C is obtained through POD (Section 2.2.2).

⟨·, ·⟩ is the inner product defining the ROM projection.

i← 1

while i ≤ R do ▷ R is ROM dimension

Solve (Mh + δ2Sh)ci = Mhci ▷ Filtering pass

Solve ((1 + µ)Mh + µ · δ2Sh) cADi = (Mh + δ2Sh) ci ▷ AD step

i← i+ 1

end while

Define AD(φri (x)) =
∑n

j=1 c
AD
ij ϕhj (x), i = 1, . . . , R

Compute BAD
r = ⟨AD(φri (x)) · (φrj(x))′, φrk(x))⟩∀i, j, k ≤ R ▷ Pre-Assembly Sec. 2.3.2

Evolve Mrȧ(t) + νSra(t) + a(t)TBAD
r a(t) = 0.

2.6 Variable Delta Leray ROM

The variable delta Leray ROM (VL-ROM) is very similar to the ADL-ROM case. Instead

of computing the convective operator with the AD basis, we compute the operator with a

variably filtered basis, which can be generated by Algorithm 1. Then, since the variable

delta filter is still a spatial filter, we again use the techniques described in Section 2.3.2 to

generate the variable delta filtered convective operator and advance the resulting system in
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time.

Algorithm 4 Variable Delta Delta Leray (VL-ROM)
Define C ∈ RN×R to be the matrix whose ith column ci is the N × 1 vector containing the

coefficients cij such that φri (x) =
∑n

j=1 cijϕ
h
j (x). C is obtained through POD (Section 2.2.2).

⟨·, ·⟩ is the inner product defining the ROM projection.

Send C to Algorithm 1 to obtain a C variably filtered ROM basis φri , i = 1, . . . R.

Compute BVδ
r = ⟨φri(x)) · (φrj(x))′, φrk(x))⟩∀i, j, k ≤ R ▷ Pre-Assembly Sec. 2.3.2

Evolve Mrȧ(t) + νSra(t) + a(t)TBVδ
r a(t) = 0.
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Results

In this section, we present some results of applying the differential filter in a ROM set-

ting. We have several ROMs to work with, so we will present them in sequence, beginning

with the variable delta evolve-filter-relax ROM (V-EFR-ROM, presented in Section 2.4 with

algorithms 1 and 2), then the approximate deconvolution ROM (ADL-ROM, presented in

Section 2.5 with Algorithm 3), then the variable delta Leray ROM (VL-ROM, presented in

Section 2.6 with Algorithm 4). Each section will focus on the performance of the specific

ROM with respect to the G-ROM or immediately relevant comparisons. We will conclude

with a section on what comparisons can be made numerically between these three alternative

ROMs.

3.1 Variable Delta Evolve-Filter-Relax

3.1.1 FEM Computational Setting

The initial solution to the equation is solved at a finite element level using 100 elements,

linear basis functions, and 75 time steps. This is a case of under-resolved FEM data. In

28
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particular, the equation and boundary conditions that we solve are,

ut − νuxx + u · ux = 0, (x, t) ∈ [0, 1]× (0, 1],

u(0, t) = u(1, t) = 0 t ∈ [0, 1]

u(x, 0) =


0, x < 0.5

1, 0.5 ≤ x < 1.

For the purposes of a continuous Galerkin method, we assume the initial condition is contin-

uous, but that it is too steep to be captured outside of its extreme values by any mesh. The

full solution is plotted in Figure 3.1, and the black lines near x = 1 indicate the cascading

oscillations of the solution near the boundary layer due to an insufficient number of elements,

i.e., an under-resolved FEM simulation.

3.1.2 ROM Computational Setting

All versions of the ROM were also solved with a full spatial resolution of 100 mesh points,

75 time steps, and ν = 0.001. In principle, neither the number of time steps nor ν need to

remain the same between the FEM and ROM solutions, though the full spatial resolution

is fixed by the FEM. However, changing ν in particular leads to significant questions of fair

comparisons, so we have chosen to leave it the same. For the EFR algorithm, χ = 0.4 for

all simulations, while values of δ will be labeled when they vary. Furthermore, all ROM

solutions we show have been computed for dimension R = 5, that is five global ROM basis

functions, down from 101 theoretical FEM basis functions. Note that only 99 FEM basis

functions are used in practice due to the homogeneous Dirichlet boundary conditions.
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Figure 3.1: Under-resolved FE solution with 100 elements, 75 time steps

In Section 2.4, we discussed the computation of the filtered ROM basis functions for variable

δ through the filtered FEM basis functions. For this example, we use a priori information

about the boundary layer to tune δ to be large near the boundary and small away from it.

In particular, we defined δ(x) by centering the mean of a normal distribution at x = 99/100

with standard deviation σ = 0.05, and scaled the values of the distribution such that the

maximum value of δ = δM . Further figures, for the V-EFR have been generated with

δM = 0.01, following Algorithm 1. A value of δM = 0.01 was also used to generate Figure

3.2, which demonstrates the effect of this variable filtering on the first ROM basis function.
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Figure 3.2: Variable delta filter diffuses ROM basis functions only near x = 1.

3.1.3 Comparing Filter Performance

In this section, we will compare the standard G-ROM with the constant radius EFR and the

V-EFR. For details on generating the constant radius EFR using filtering at a ROM level,

we refer you to [47, 48]. The question of fair comparisons is always relevant in numerical

experiments, and we have decided to compare all of our ROMs against the filtered FEM,

that is,

uh(x, t) =
N∑
i=1

chi (t)ϕ
h

i (x), (3.1)

which is the FEM solution constructed from the original FEM coefficients but the filtered

FEM basis functions discussed in Section 2.4. Note that all of the ROMs under consideration
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are generated via the POD process on the original, unfiltered FEM solution, and in all cases,

the relaxation parameter χ = 0.4.

(a) G-ROM (b) Constant radius filter, δ = 0.005

(c) Constant radius filter, δ = 0.01 (d) V-EFR with max filtering δM = 0.01

Figure 3.3: Comparing ROMs with filtered FEM at t = 0.16.

For this problem, we demonstrate the ‘best case’ scenario for the constant filter in the

comparison between Figure 3.3(b) and (d). In Figure 3.3(b), the constant δ = 0.005 is half

of the maximum filtering of the V-EFR in Figure 3.3(d). Even in this best case scenario

for the constant radius filter in 3.3(b), the solution still oscillates much more significantly

away from the filtered FEM solution than does the V-EFR solution. In Figure 3.3(c), twice
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as much diffusion in the constant radius EFR ROM as opposed to Figure 3.3 does quell the

oscillations, but it completely destroys the solution. Only the variable radius filter, Figure

3.3(d), is able to bring the oscillations down to a level where they approximate the filtered

FEM solution.

3.1.4 Error

We will end our dedicated discussion on the V-EFR-ROM with a short comparison of errors.

We will use the Euclidean norm to define our error as,

||u⃗− v⃗||2 =

√√√√ N∑
i=1

(ui − vi)2. (3.2)

Below, all figures will present error of the form ||uh − uROM||2, that is the filtered FEM

solution compared with either the unfiltered G-ROM, constant filter EFR, or V-EFR as

indicated. The vector inputs to these norms are the coefficients of the indicated solution at

the discretized spatial mesh points.

(a) Constant Radius Error (b) V-EFR Error

Figure 3.4: Errors compared against Filtered FEM solution.
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The error at t = 0 is non-zero because the filtered FEM initial condition is not the same as

the unfiltered initial condition used to construct the ROMs.

In Figure 3.4, we plot the errors of the constant and variable radius EFR against the G-ROM

solution.

In this Euclidean definition of error, the V-EFR ROM is the only method that is consistently

better than the G-ROM at every time step, and it is also yields less error than even the best

constant radius ROM at all time steps. In our experience, if the the constant radius ROM

is computed with a δ < 0.005, it stops having much impact on the solution at all, and

converges to the G-ROM as δ → 0. On the other hand, the constant radius filter cannot

be as aggressive as the V-EFR, as we can see by the enormous error for δ = 0.01 in Figure

3.4(a), corresponding to excessive diffusion of the solution. For this problem setting, with

the very sharp boundary layer, the constant spatial radius ROM is not able to handle the

contradictory behavior wherein the G-ROM solution is working well for 90% or more of the

spatial domain, and extremely poorly for the last 10%.

3.1.5 Updating the Numerical Setting

The numerical setting as presented in Figure 3.1 displays the most extreme case of a boundary

layer, in which the computed FE solution behaves perfectly well at all timesteps except for

the very edge of our domain near x = 1. While this is the best case we were able to find

for the variable EFR model, there are some issues with this design. First, the case of the

immediate, static boundary layer strongly limits both the convective and unsteady portions

of Burgers equation.

More importantly, this immediate boundary layer eliminates the under-resolved nature of
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the ROM. Referring again to Figure 3.1, note that the solution has a very similar profile

throughout time. That is, very little spatial movement occurs across the time domain. This

means that a small number of ROM basis functions are needed to capture the behavior of

the FE solution. The problem with our ROM is not that the ROM is under-resolved, but

that the FE solution is under-resolved, and that under-resolved FE solution propagates into

the ROM solution. Recall also that we compared performance of these filtered ROMs in

Section 3.1.3 against the filtered FE solution, which we were able to do because the essential

problem was in the FE solution. The main result here should be interpreted as evidence

that Galerkin ROMs can, under certain conditions, be useful even when the input FE data

is known to be poor, which is often the case in practical computations (e.g., turbulent flow

simulations).

However, the main goal for these models is in application to the under-resolved ROM. For

this reason, future sections will test models in a setting where both convection and time

dependency are in full effect. We will also see the V-EFR model in this setting in Section

3.4. We will also take the opportunity to update our computation of error into a slightly

more standard form, which will be discussed at the beginning of Section 3.2 immediately

following this comment.

3.2 Approximate Deconvolution Leray ROM

Here, we present results for the Approximate Deconvolution Leray ROM (ADL-ROM) de-

scribed in Section 2.5. As a reminder, the PDE we seek to solve is of the form,

ut − νuxx + AD(u) · ux = 0,
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with homogeneous boundary conditions and a variety of initial conditions. We compute the

approximate deconvolution filtered operator and integrate in time as in a standard G-ROM.

We will present three cases for this model, starting with a completely resolved input of FE

data.

Comment on Error

Previously, Section 3.1 used a pointwise vector formulation of the error. Moving forward,

error refers to the L2 error across the spatial domain, that is,

L2(τ) =

√∫ 1

0

e(x, τ)2dx (3.3)

where e(x, τ) = uh(x, τ ) − ur(x, τ), the difference between the FE solution and the ROM

solution at some particular time τ . Calculations were carried out using a 2 point Gaussian

quadrature across each finite element node, as we are using piecewise linear polynomials as

our FE basis.

3.2.1 ADL For Well Resolved FEM Data

Using 350 elements, ν = 10−3, and an initial condition given as,

u0(x, 0) =


1, 0 < x < 0.5,

0, x = 0, 0.5 ≤ x ≤ 1,

we are able to completely resolve the FEM data. However, this is a thesis on under-resolved

ROMs for a challenging problem. Even if the input data is excellent, if we limit the number

of ROM basis functions then we will still have poor results using a standard ROM:
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(a) FEM Solution (b) G-ROM, 10 basis functions

Recalling Figure 2.1, which was pulled from this simulation, the reason is clear. The basis

functions themselves are oscillatory after the shock at x = 0.5 when using this initial condi-

tion, and these oscillations propagate through the ROM. We have investigated a variety of

AD parameters µ and δ, and present optimized ones below.
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Figure 3.6: ADL/G-ROM solutions at half-way time.

The above parameters (δ = 0.5, µ = 0.003) were found using MATLAB’s fmincon function

carried out over both δ and µ simultaneously to find minimized errors as compared against
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the input FEM data, averaged over all time steps. This is not a claim that these values are

the ideal parameters for every setting, but they do demonstrate a key difference with the

EFR case, that the ADL model is very robust to large values of δ. Note that fmincon likes

to minimize one parameter and maximize the other when there is any lack of identifiability

between two parameters in constrained optimization.
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(a) Leray with δ = 0.5
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Figure 3.7: Leray solutions at half-way time.

When we compare against the Leray model, the same value of δ as used in the ADL causes

an extremely poor solution in Figure 3.7(a). However, the Leray model is naturally less

robust to changes in δ than the ADL model. For that reason, we compare against a more

reasonable Leray delta value in Figure 3.7(b). Even in this case, excessive diffusion is still

added into the solution for this choice of δ. For this reason, even though the oscillations are

more smoothed in the Leray model, the model in Figure 3.6 will perform better in overall

L2 error.

Note that no diffusion is added into the solution using the Leray or ADL model, in contrast to

what happened with the EFR as shown in Figure 3.3. In this case, the convective movement

of the solution across the domain is severely delayed, which is the primary source of error in
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both models.

Errors for Well Resolved FE data
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Figure 3.8: ADL-ROM errors for well resolved FE data

Comparing the ADL-ROM and G-ROM performance in Figure 3.8, the ADL-ROM stabilizes

at around 20% reduction in relative error. This is a reasonable reduction for a process which

took exactly 10 extra N dimensional linear solves on the offline stage only, and is identical

in cost to the G-ROM in the online stage.

3.2.2 ADL for Poorly Resolved FEM Data

Since ADL is designed to produce a smoother basis than was present in the original G-ROM,

it seems reasonable to consider whether we could see much improvement over the modest

gains of Section 3.2.1 by making the original G-ROM produce a worse basis. To accomplish

this, we lowered ν by a factor of to 10−4, lowered the number of elements in the original FE



40 CHAPTER 3. RESULTS

solve to 150, and shifted the initial condition such that,

u0(x, 0) =


1, 0 < x < 0.75,

0, x = 0, 0.75 ≤ x ≤ 1.

These effects combine to create a strong boundary layer at x = 1 in the FE solution after

t = 0.5. The shock of the poorly resolved boundary condition propagates backwards in space

after the right edge of the wave profile reaches the poorly resolved boundary.

(a) FEM Solution
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Figure 3.9: Poorly resolved FE solution: ν = 10−4, 150 elements and filtering basis.

Additionally, the number of time steps between t = 0 and t = 1 was increased to 100 to

prevent serious stability concerns in the Newton solver.

When given this noisy data, the POD algorithm at the heart of the G-ROM produces an

extremely poor basis as expected. In Figure 3.9b(a), we can see the oscillations in the FE

data increasing as time progresses past t = 0.5 as indicated by the pattern of lines. In

particular, the G-ROM basis produced from this partially noisy data as shown in Figure

3.9b(b) demonstrates multiple scales of oscillations. A Leray filter chosen too large will wipe
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out most of the necessary information contained in the G-ROM basis, while AD is able to

easily recapture the important mean behavior in the G-ROM basis without the secondary

oscillations.
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Figure 3.10: Three ROM mid-time solutions, ν = 10−4

Similar things are happening here as occurred in the case with well-resolved FE data. The

Leray solution has smoothed much of the oscillations at the cost of delaying the convective

motion. This is especially impactful in an L2 error sense in the places where the G-ROM
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was already doing well, before x = 0.7. In contrast, the ADL solution is able to mimic

the performance of the G-ROM where it was performing well, while still smoothing the

oscillations.

The ADL also displays a capacity for improved multiscale filtering. The secondary smoothing

parameter µ = 0.05 in the ADL solution does a better job of filtering out the very small

scale oscillations seen in the Leray solution in Figure 3.6(b).

Errors in Poorly Resolved Case

For this problem, it does not make much sense to compare our final solutions against the

FEM input data, because one of the major problems we are trying to address is the corruption

of the basis by the under-resolved nature of the FE data. A large number of FE nodes is

needed in order to compute a well-resolved solution, but the 101 nodes that define the low-

resolution FE solution is perfectly adequate for actually describing a well-resolved solution,

if it has already been computed. For this reason, we use the same format of L2 errors as

in Equation (3.3), but compared against a much higher resolution FE solution. The high

resolution FE solution in question had 900 elements and took significantly longer to compute

than any other FE or ROM solution used in this thesis.

This jump in computation time speaks to a very important topic in ROM, but one which is

hard to make judgment on in a one-dimensional spatial setting, which is the fact that actually

computing a completely resolved solution either at a FE or ROM level may be prohibitively

expensive. If ROM performance can be trusted when run on poorly or even moderately well

resolved FEM data, a significant amount of time and energy (in a very literal sense) has the

potential to be saved on very large scale projects.



3.2. APPROXIMATE DECONVOLUTION LERAY ROM 43

0 10 20 30 40 50 60 70 80 90 100

Time Step

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

E
rr

o
r

L2 Errors, R = 10, Re = 10000,  = 0.498,  = 4.685955e-05

GROM

ADL

Low Res. FOM

(a) L2 Errors Per Time Step

0 10 20 30 40 50 60 70 80 90 100

Timestep

-35

-30

-25

-20

-15

-10

-5

0

5

10

%
 E

rr
o
r 

D
if
fe

re
n
c
e

Rel. % Error Decrease (ADL Vs. GROM)

(b) Relative Error Change

Figure 3.11: Errors for poorly resolved FE Data

In Figure 3.11, we are again using some optimized parameters that minimize the overall

error across all time steps at once. The line “Low Res. FOM” corresponds to calculating

the error in the FE input data we feed into the ROM vs the high resolution FE solution we

are comparing against. The FE solution performs well for the first 50 time steps, and poorly

thereafter. Going back to Figure 3.9b(a), time step 50 (at t = 0.5 for 100 time steps across

the domain [0, 1]) is the point at which the FE solution begins to present a sharp boundary

layer caused by the convection of the solution across the spatial domain towards the right

endpoint of x = 1. The G-ROM performs well in the time steps where the FE solution is

performing well, but quite poorly afterwards. In contrast, the ADL-ROM is able to match

the G-ROM for the time steps where it is performing well, and improve upon it significantly

for time steps the G-ROM is doing poorly. However, the results are no more impressive than

in the case of the well-resolved FE data.
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3.2.3 ADL for EFR-Stabilized FEM Data

Now, we will consider ADL as applied to an already stabilized FE solution. For this stabi-

lization, we will use the easy to implement stabilization EFR method as described previously

at a ROM level in Section 2.4, though it works the same at a FE level. In particular, using a

constant radius filter of δ = 2 ·h (where h = 1/150) and relaxation parameter χ = 0.5 corre-

sponding to mixing half of the filtered updated solution with half of the unfiltered updated

solution, we are able to significantly improve our FE input data.
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Figure 3.12: 3 ROM mid-time solutions with stabilized FE, ν = 10−4
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Our error computation will again be against the high resolution FE solution. The EFR FE

data was generated using the same conditions as Figure 3.11(a). In that case, the error

stabilized at an absolute value near 0.12, while in Figure 3.13(a), we can see that the low

resolution, EFR stabilized FE solution stabilizes at an absolute value of 0.06, which is around

a 50% decrease in error.
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Figure 3.13: Errors for EFR stabilized FE data

While the ADL ROM is no longer out-performing the stabilized FEM solution, it is a sig-

nificant improvement over both the G-ROM and Leray models for both parameters. In
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particular, the smaller µ value (less secondary smoothing) stabilizes at more than 30% rela-

tive decrease in error compared to the G-ROM. These are the best results we have seen, and

suggest that there may be something of a sweet spot to hit when looking to stabilize with

ADL. There is some evidence here that a basis which performs poorly, but not too poorly,

is the best fit for this kind of smoothing.

3.3 Variable Delta Leray

Recall that the VL-ROM was assembled by constructing a discretely variable ROM basis as

in Algorithm 1. In this section, as with the V-EFR, we define the filtering values δi to be

drawn from a normal distribution which has been normalized to have a specified maximum

frequency. For each FE basis function ϕhi (x) (which is 1 at a specific node xi), we specify

that it is filtered by an amount δi.
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Figure 3.14: Delta function and effect on ROM basis

We can see that the ROM basis function is an exact match for the unfiltered basis function

where low amounts of filtering are prescribed. It is important that neighboring values of δi
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are similar. If they are not, then filtering neighboring FE functions by significantly different

amount will introduce discontinuities into the solution.

3.3.1 VL-ROM For Well Resolved FE Data

This section corresponds to the similarly named section in the results for ADL-ROM in

Section 3.2 in terms of the numerical setting and initial conditions. For well-resolved FE

data, we will be using 350 elements, ν = 10−3, and 75 time steps between 0 and 1. In the

well-resolved case, the errors were generated by comparing the reconstructed ROM solution

against the original FE input data. No solution is plotted, as the VL-ROM in this case does

not differ much from the G-ROM.
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Figure 3.15: VL-ROM errors

Tthe value of δ = 0.009 corresponds to 3 · h, where h is the constant mesh size. It is applied

evenly in the case of the Leray model, and is set as the maximum height of the δ(x) function

in the VL-ROM. The results are inconclusive. It is difficult to optimize the result because

of the variety of parameters involved in a VL-ROM. Choosing δi depends on choosing a

continuous function, which in our case is the result of a 3-parameter distribution, described
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by a mean, standard deviation, and maximum value, each of which have an immense effect on

the resulting filtered basis independently. Choosing higher levels of δi seemed to excessively

delay the movement of the solution across the domain; choosing much lower levels of δi

seemed to have little to no effect on the solution.

The VL-ROM was also looked at for poorly resolved FE data, but similarly uninspiring

results were found. We will see the model again for a comparison in the stabilized FE case in

Section 3.4. The VL-ROM is challenging to optimize, because it depends on a parameterized

distribution in addition to our filtering parameters.

3.4 A Numerical Comparison

This section will be a test of all of the models so far presented on a single test case. The

case which seems the most representative of conditions to which we would like to apply

these models to is the poorly resolved FE data (with a boundary layer) in which the FE

solution has undergone semi-successful stabilization efforts. This is the same test considered

in Section 3.2.3, and the input FEM data looks similar to Figure 3.9a.

For parameters, we will be using the “best guess” approach. That is, there should be a

reason for choosing parameters as they are, but the goal is to test how these models perform

without a posteriori knowledge or optimized parameters.

For the constant radius Leray model, we choose δ = 3 · h = 0.02. For the Variable Delta

Leray model, we choose the maximum delta to be the same 3 · h, but it is only achieved

at the mean of a normal distribution centered on x = 0.9 with standard deviation σ = 0.2.

Small changes of nearby multiples of h were also tried, but presented no significant changes
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to overall error. A filtering radius dependent on h was chosen because the finite element

mesh size is the smallest scale we can hope to resolve.

For the Variable Delta EFR (VEFR), we choose the same normal distribution as for the

Variable Delta Leray model. This information was presented in Figure 3.14(a). Various

small multiples of h were tested but seemed to have no significant effect on the error. In the

following image, a maximum δ of h = 0.0067 was specified.

For the Approximate Deconvolution Leray (ADL) model, we choose δ = 0.2 and the sec-

ondary smooth parameter µ = 0.001. ADL is able to tolerate much larger values of δ, and

the oscillations away from the mean velocity profile of u = 1 deviate by a maximum distance

of 0.2 in the G-ROM, which is why this particular value of δ was chosen.
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Figure 3.16: Comparison of L2 errors against high resolution FE solution
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Each of the models are at least capable of surpassing G-ROM in the solution region where

the boundary layer exists (for time steps past 50). As expected, the constant radius Leray

model over-filters at first (time steps 0-15), but the Variable Radius Leray (VLROM) does

not seem to offer significant improvements over Leray elsewhere.

The Approximate Deconvolution ROM (ADL) and the Variable Radius EFR ROM (VEFR)

seem to stabilize their performance more so than either of the Leray ROMs. The ADL ROM

seems to offer more robust performance for non-optimally chosen parameters. There is a

certain lack of unique identifiability in the ADL parameters δ and µ, which is sometimes

useful when trying to choose parameters without prior knowledge.



Chapter 4

Discussion

4.1 Comments on Delta

The filtering parameter δ is of great importance to all of these models, and each of them use

this parameter in a slightly different way. For all of the non-ADL models (EFR, V-EFR,

Leray, V-Leray), we have found that a value of δ ≈ h, where h is the uniform FE mesh

size, is a good starting point. This is in keeping with standard practice for filter based

models [6]. A posteriori optimization may prefer more unusual parameter choices depending

on the setting, but that information is by its nature not available when making the initial

choice.

For ADL, there is considerable flexibility in the choice of δ because of the secondary smooth-

ing parameter µ. In this setting, the choice of δ is largely dependent on the quality of the

ROM basis functions. If an arbitrary ROM basis function, φri (x), is highly oscillatory, then a

large value of δ may be chosen. In this case, the approximate deconvolution will be applied

to an extremely smooth function, so very small amounts of secondary smoothing will be

needed, meaning µ may be chosen small.

In general, our results suggest that filtering should be chosen too light rather than too heavy

if the decision is made based on error compared to a more accurate solution. For each of

the models presented, it would have been simple to choose parameters resulting in a very
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smooth solution, but when using regularization it is important to remember that we are

treating symptoms, not causes, and we should not exchange one non-physical phenomenon

for another by trading excessive diffusion for oscillations.

4.2 Qualitative Comparison of Models

We have presented several models in this thesis. Some have been seen before in a ROM

context (Constant EFR, Leray, ADL) and some are new (Variable EFR and Variable Leray).

Here, we take stock of what has been presented, and make suggestions of the path to take

when deciding when to implement one model over another. The models we presented in

order were the EFR-ROM (with non-variable and variable filtering), the ADL-ROM, and

the VDL-ROM. This order tracks well the ease of implementation. A constant radius EFR

can be implemented in a handful of lines of code and in some cases may provide significant

improvements to stabilization, as we saw in this thesis going from Figure 3.11 to Figure

3.13, where the error in the low resolution FE solution dropped by 50%. All of this requires

only one additional linear solve at each time integration step with size corresponding to your

model (N for FEM, R for ROM).

Transitioning to a variable delta EFR in a ROM context requires the filtering of potentially

every single FE basis function. This could be significantly improved by indicator func-

tions [10, 19] that determine where filtering is and is not needed, but this is still potentially

up to N linear solves in the offline stage. Even though a ROM is usually optimized for the

online stage, the cost of the offline stage cannot be ignored.

One strong advantage of EFR methods is that filtering can be turned on or off at each

time step, given an appropriate indicator function. With a constant radius filter, the level
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of filtering may even be customized at each time step simply by changing the parameter

δ. For a variable radius filter, this is more challenging, however, all that is needed are the

coefficients associated with the filtered ROM basis function φri (x) =
∑N

k=1 bikϕ
h
i (x). If only

a few of the constituent FE basis functions need to be adjusted, an adaptive V-EFR model

could be accomplished with numerical efficiency. This is something that cannot be said for

any Leray type method - the requirement of constructing a nonlinear operator makes a time

step by time step recalibration of filtering levels impractical.

There are a few drawbacks to EFR: first, every EFR method inherently preserves numerical

artifacts in its solution by the nature of the relaxation process. How serious those issues

are determines the viability of the EFR method. Secondly, the diffusion added by the EFR

method requires a very light touch to get right. Because we are inserting this diffusion

directly into the solution, we have to be extremely careful in choosing our filtering levels.

For the ADL method, all of the work is offline. For the pre-assembly method of Section 2.3.2,

we compute R linear solves to construct the filtered basis and R linear solves to construct

the AD basis. Once that is done and the operators are assembled, the online stage has

identical cost and operation compared to the G-ROM. Assembling nonlinear operators can

be complicated and numerically expensive, however, so an efficient program to assemble

these operators is necessary.

One of the main advantages of Leray type models is that no diffusion is added directly

into the solution. All of the filtering is concentrated in the typically problematic convective

term, so the movement of the solution across the spatial domain is slowed, but there is no

additional diffusion of the solution as occurs in EFR. This means that things like the kinetic

energy of the G-ROM are more likely to be preserved in a Leray or ADL type solution as

opposed to an EFR solution. If you have a velocity profile of a certain magnitude, it does
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not matter where that profile is located to recover the G-ROM’s kinetic energy. In fairness

to the EFR, it has been shown [48] that the G-ROM tends to hang onto excess energy in

Navier-Stokes fluid simulations, so siphoning some of this excess energy is not unreasonable.

The variable delta Leray model is most similar to the ADL model, with the additional

requirement of up to N linear solves in the offline stage to construct the variably filtered

basis. No additional work is required in the online stage. However, as seen in the results,

the behavior of the constructed nonlinear operator is not necessarily obvious. Additionally,

as with V-EFR, determining a suitable continuous distribution or function to draw values

of δi is challenging.

4.2.1 Tabular Comparison

ROM Model: Constant EFR Variable EFR Leray V-Leray ADL

Ease of Implementation

Spatial Flexibility

Temporal Flexibility

Parameter Flexibility

Low Online Cost

Low Offline Cost

Accuracy

The meaning of Spatial Flexibility is to what degree our filtering methods can permit different

effects on the solution based on what part of the domain we are considering. For constant

delta Leray and EFR, the single pass of filtering gives very little flexibility across the domain,

whereas the two stage filter for ADL does have somewhat different effects across the domain.

That is, if the original G-ROM basis functions are performing well in a certain location, ADL
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does not alter them much, but if the basis functions are performing poorly elsewhere in the

domain, the same AD parameters will provide significant smoothing. See Figure 3.9b for an

example of this behavior.

Temporal Flexibility refers to whether or not filtering can be controlled in the online time

integration stage. For the models in which we pre-assemble an operator, time alterations are

not feasible. For the Constant EFR model, filtering levels can be prescribed at will in the

online stage, though a suitable indicator function is needed. For Variable EFR, more work

would be needed, but since no operator is pre-computed such filtering could be feasible. This

approach was not considered in this thesis.

Parameter Flexibility refers mainly to the ability to choose δ and µ freely. For the models in

which we rely on the single smoothing parameter δ (all models except ADL), all of the tests

in the results section required a dependency on h, the FE mesh size, in order to optimize

errors. Only with ADL were we able to escape this requirement.

The Accuracy row refers mainly to Section 3.4, the numerical comparison between all exam-

ined models. In that comparison with non-optimized parameters, ADL performed the most

consistently across all time steps. Additionally, ADL was the most amenable to optimiza-

tion and demonstrated the best error reduction we were able to present in Section 3.2.3. It

must be stressed that this is a test in a particular shock solution setting for a particular

problem with one spatial dimension. This may not be the case for all problems, but in this

under-resolved ROM setting it proved effective.



Chapter 5

Conclusions and Future Work

This thesis has presented an overview of older, recent, and new models for differential filtering

applied to Galerkin ROMs in an under-resolved setting, with attempts to be partly a user

guide for which and why a certain ROM might be chosen and how to go about implementing

it. However, this has primarily been an investigation into models with limited testing at a

ROM level, and as such much work remains to be done.

An example of where these techniques might be used could be in stochastic processes.

In particular, because approximate deconvolution is an image processing technique, it is

naturally suited to handling noisy data. This could take the form of random input data,

e.g., [20, 21, 22, 25, 33], where the concern is that certain inputs may produce poorly be-

having solutions, or perhaps in a control style problem driven by sensors subject to random

noise.

On an implementation level, incorporation of indicator functions [10, 19] could significantly

help the performance of variable delta models. Filtering exactly the problematic basis func-

tions while leaving the rest untouched could lead to significant cost savings, which is one of

the main problems with a naive implementation of a variable delta level which filters every

FE basis function. For EFR models which filter at each time step, indicator functions could

be used to determine whether filtering is needed at all at a given time step, and if so, at

what level.

56



57

An additional level of spatial flexibility is available in the ADL and constant Leray models

in that different ROM basis functions can easily be filtered by differing amounts. This has

not been done in this thesis, but the reason for mentioning this is that a Galerkin ROM

procedure generates modes which resolve smaller and smaller scale information. This has

a tendency to create oscillations in basis functions as the index of the ROM basis function

increases. Higher levels of filtering increasing with the index of the ROM basis function may

help this, especially if many ROM basis functions are used.

An important part of ROM utilization is scanning through multiple parameter or temporal

values without the costs associated with the full order model. That is, the predictive regime,

where for example a ROM might be built from data of certain pre-determined parameter

values (in the setting considered in this thesis, that would be changing the viscosity parameter

ν) but used to scan through many parameter values in order to solve an optimization problem.

Alternatively, given data available up to a certain time, we may wish to predict into the

future. For the ROMs built in this thesis, we aimed to replicate a FE solution given data

using true parameter value ν, but with 50% of the time steps removed. However, every other

time step was removed from the data, so none of these ROMs have been tested in a truly

predictive regime.

In the big picture, and as mentioned in the introduction, a large part of the appeal of Galerkin

ROMs is their physics and PDE derived nature which at least suggests the feasibility of

proving things about these models, such as, stability, consistency, and convergence. To our

knowledge, these topics have received limited publication as of yet, with some investigation

as to FOM-ROM consistency [43] and the stability and a priori error bounds for the constant

delta Leray ROM [50]. This has not been accomplished in this thesis, and is probably the

most important next step. Provably reliable models is something that is challenging to
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provide when using AI learning techniques, but is something that Galerkin ROMs have a

natural framework for.
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