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Abstract

The conventional approach of simulating multibody dynamic systems treats the
joint interfaces as ideal, that means that the bodies are in absolute alignment
with each other in the desired relative directions of motion. However, in real
life systems the clearances between the bodies allow the bodies to undergo a
certain misalignment and the dynamics is governed by the contacts thus formed.
Contact detection and evaluation of contact forces is yet another problem that
needs to be addressed. Popular approaches assume the Hertzian nature of the
contact and thus evaluate contact forces using nonlinear unilateral spring-damper
elements. This approach results in very stiff differential algebraic equations and
hence make the numerical integration computationally expensive. Furthermore,
the Hertzian approach does not address truly elastic or truly inelastic nature of
the contact. This work describes the parametric formulations for fundamental
spatial joints with clearances and the non-smooth dynamics approach to solve the
resulting equations of motion. The sets of spatial joint expressions for cylindrical,
prismatic and revolute joints, and the non-smooth dynamics formulations are
derived, considering their interdependence with great care. Further, the nature
of the contact with clearances is discussed. The formulation is demonstrated
through three case-studies and a detailed analysis of the results is presented.
Additionally, a differentiation with respect to the ideal joint counterpart of the
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revolute joint case study is presented using tangent space ordinary differential
equation formulation.

Keywords: Non-smooth dynamics, Nonlinear dynamics, Joints with clearances,
Contact dynamics, Constraints

1 Introduction

Modern methods for simulating multibody dynamics include algebraic constraint
equations to represent mechanical joints. Such equations enforce absolute alignment
of the connected bodies in the desired direction of relative motion, and thus repre-
sent “ideal joints”. However, real mechanical systems have joints with clearances and
the condition of absolute alignment is not always followed. In real-world applications,
the motion is governed by intermittent formation of one or multiple contacts. The
resulting contact forces are highly nonlinear phenomena that are challenging to model.

Corral et. al. [1] introduced a geometry-based contact model that considers pen-
etration for evaluating displacement and restitution. One interesting feature of this
model is that it formulates infinite planes to identify the contact points, however, this
model does not combine well with differential algebraic equations (DAEs) or ordinary
differential equations (ODEs) for constrained multibody systems.

Dopico et. al [2, 3] and Choi et. al [4] proposed a contact model that can be incor-
porated in index-3 DAE models. This approach uses a discretized mesh representation
of geometry to identify the contact points. Therefore, the resulting constraint mani-
fold is defined with equations corresponding to each node. These methods account for
contact dynamics by forcing penalty factors using an augmented Lagrangian method.
The equations of motion at the contact point are solved by projection of velocity and
acceleration at contact points to solve for static equilibrium.

The contact model developed by Nikravesh and Lankarani [5] has been widely
adopted, including in commercial software packages. This model uses a combination
of nonlinear spring and damping elements to simulate the unilateral contact. Using
this model, Shen et. al. [6] developed a formulation for simulating impact dynamics by
using dynamic optimization with energy loss being the objective function. A drawback
of this contact model is that high stiffness values of the nonlinear springs result in
“stiff” differential equations, which require very small time-step sizes for numerical
integration. Furthermore, separate detection of each contact and subsequent evaluation
of contact forces, makes the approach computationally inefficient, especially when
multiple contacts occur intermittently. Using interpenetration for evaluating contact
forces violates the constraints manifold. Moreover, this approach does not address the
correct nature of contact as elastic, semi-elastic, or inelastic and the resulting non-
smooth nature of dynamic behavior in agreement with Newton’s law of momentum
conservation.

The popular approaches for modeling mechanical joints and the contact models
discussed hitherto are not well suited for modeling joints with clearances. Dynam-
ics with clearance in joints was studied in Sharf and Zhang [7] and [8]. Sharf and
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Zhang in [7] founded the geometry-based contact models. Zakhariev [8] described an
approach for calculating the reaction and friction forces between pairs of bodies in
spatial mechanical systems, as well as contact points in joints with clearances. Matrix
methods were used to derive the nonlinear kinematic constraint equations, and the
external and inertia forces for each configuration of the kinematic chain the contact
points and corresponding normal forces are calculated. A drawback of the methodol-
ogy in [8] is that the derived equality constraints do not account for all the possible
orientations of the contact formation.

Further developments regarding joints with clearance include the work by Ibrahimi
et. al [9], Flores and Lankarani [10], and Xiang et. al [11], demonstrated through
a number of simulations on planar systems formulated as DAEs and contact model
referenced from [5]. Time independent sensitivity analysis for planar systems was also
included in [9]. Bauchau et. al [12] used unilateral contact conditions to simulate
planar and spatial joints by adding additional rotational state variables and using
non-holonomic inequality constraints with introduction of slack variables.

Recently, the effectiveness of non-smooth dynamics approaches has been demon-
strated in many-body dynamics problems such as simulation of sand particles, stacking
of bricks, and stacking of multiple balls in a box [13–15]; in all these applications
the formulation of constraints is straightforward. When implementing a non-smooth
dynamics approach to multibody systems, a crucial aspect is be the formulation of
constraints. Because of shape and geometry of the components, the constraint formu-
lation should capture the possibilities of multiple contact points at different locations
while retaining the analytical nature of the constraint expression. This requirement is
necessary to build computationally efficient codes – in contrast to contact detection
algorithms that use finite element discretization schemes of the solid bodies. Negrut
et. al [16] described a methodology through which this can be achieved. The method-
ology poses the dynamics of the rigid bodies as a nonlinear programming problem
(NLP) and uses dynamic optimization for minimizing an objective function derived
from augmented Lagrangian approach.

This paper proposes an all-inclusive formulation for multibody system dynamics
that can be used to simulate free bodies, systems with ideal constraints, systems
having constraints with clearances, as well as impact dynamics. The contributions of
this paper are as follows:

1. A general NLP formulation to discretize multibody dynamics is derived that
encompasses equality as well as inequality constraints.

2. Analytical constraint expressions are derived for fundamental joints with clearances,
which can be directly used in the NLP formulation.

3. The simulation methodology is applied to the case-studies of three fundamental
mechanical joints with clearances: cylindrical, revolute and prismatic joints.

The remainder of this paper is structured as follows. Section 2 describes the general
NLP formulation for time discretization of multibody systems. Section 3 formulates
constraint expressions for spatial joints with clearances as functions of the rigid body
pair’s geometric features. Section 4 presents the case studies considered for testing
the proposed formulation. Section 5 presents numerical results and discusses their
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implications and section 6 concludes with key observations and a discussion on further
scope of the work.

2 Methodology

2.1 Multibody dynamics in NLP formulation

This section illustrates the formulation of multibody systems in the general form of
a nonlinear programming problem. The subsection 2.1.1 describes the equations of
motion for rigid bodies undergoing motion in the absence of any constraints. The
subsection 2.1.2 illustrates a method to evaluate contact forces on a set of rigid bodies.
The subsection 2.1.3 combines the elements of free body dynamics and contact forces
into an NLP of a general form. Finally, in the subsection 2.1.4, strategies to solve the
general NLP problem through temporal discretization are discussed.

2.1.1 The free body dynamics

Formulation of equations of motion for three-dimensional systems in the body-frame
coordinates results in a constant full rank and invertible 6 × 6 mass matrix for each
body [17–19]. Considering these essential requirements, this section describes the free
body dynamics.

Consider a rigid body of mass m, inertia matrix J, generalized coordinates (placed

at the center of mass) q = [rT ,pT ]
T ∈ R7 in global frame, and the corresponding time

derivatives of generalized coordinates q̇ = [ṙT , ṗT ]
T ∈ R7, where r ∈ R3 is the set of

Cartesian [x, y, z] coordinates and p ∈ R4 is the set of Euler parameters [e0, e
T ]

T
, all

in global frame of reference. The equations of motion from D’Alembert’s principle [20]
are as follows:

δrT (m r̈− FA) + δπ′ T (J ω̇′ + ω̃′ Jω′ − n′
A) = 0, (1)

where δr ∈ R3 are the infinitesimally small virtual displacements in global coordinate
system and δπ′ ∈ R3 and virtual rotations in body-fixed coordinate system. The
operator ’ .̃ ’ gives out the skew-symmetric matrix of the body-fixed vector of angular
velocity ω′. The vector FA ∈ R3 represents externally applied forces in global reference
frame and n′

A ∈ R3 are the externally applied torques in body-fixed reference frames.
Equation (1) can thus be decomposed into the following set of equations in mixed
reference frame system:

m r̈ = FA, (2a)

J ω̇′ + ω̃′ Jω′ = n′
A, (2b)

Equation (2) can be written in matrix form as follows:[
mI 0
0 J

] [
r̈
ω̇′

]
+

[
0

ω̃′ Jω′

]
−
[
FA

n′
A

]
= 0, (3)
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Similarly, for a system of N bodies, the equation (3) takes the form:

m1I 0 0 0 0 . . . 0
0 J1 0 0 0 . . . 0
0 0 m2I 0 0 . . . 0
0 0 0 J2 0 . . . 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . mNI 0
0 0 0 0 . . . 0 JN





r̈1
ω̇′

1

r̈2
ω̇′

2
...
r̈N
ω̇′

N


+



01

ω̃′
1 J1 ω

′
1

02

ω̃′
2 J2 ω

′
2

...
0N

ω̃′
N JN ω′

N


−



FA1

n′
A1

FA2

n′
A2
...

FAN

n′
AN


= 0, (4)

which in matrix form reads:

Mv̇ + S (q̇)−QA = 0. (5)

In (5) v̇ ∈ R6N is the vector of time derivatives of the body-fixed velocity vector
v ∈ R6N for N bodies. The matrix M ∈ R6N×6N combined mass matrix of N bodies
in global coordinate system. The vector S (q̇) ∈ R6N represents the Coriolis force
and the vector QA ∈ R6N represents external forces and torque acting on the body
neglecting friction, all in body fixed coordinate system. The mapping between the
body-fixed angular velocity vector ω′ and the time derivatives of Euler parameters ṗ
is given using the orthogonal matrix G(p) as follows [20]:

G (p) :=
[
−e −ẽ+ e0I

]
,

ṗ =
1

2
GT (p) ω′,

ω′ = 2G (p) ṗ.

(6)

Unless the contact happens, the bodies move freely as an unconstrained system, and
have the unconstrained accelerations :

v̇uc = −M−1
(
S (q̇)−QA

)
. (7)

2.1.2 Dynamics with contact

Consider two bodies A and B in contact, as shown in Figure 1. Their respective centers
of mass are cA and cB , and their coordinates in the global coordinate system are rA and
rB , respectively. The contact point is detected at a location indicated by body fixed
vectors s′A and s′B in bodies A and B respectively. Let nj be the normal unit vector
along which the contact force acts on body A at the jth contact, in global reference
frame. This is required because all the forces are evaluated in global reference frame.
The corresponding unit vector for body B will be −nj . If the magnitude of the contact
force at the jth contact is denoted by λj , the combined vector of the contact forces
in global reference frame and the torques generated by them in body-fixed frame, can
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Fig. 1 Schematic representation of bodies in contact

be evaluated as follows [16]:

FCj =


nj

s̃′A AT (pA)nj

−nj

−s̃′B AT (pB)nj

λj = Dj λj , (8)

where A ∈ R3×3 is the rotation matrix as a function of the Euler parameters of
bodies A and B, Dj ∈ R6N×1 is the contact matrix, and the operator ’ .̃ ’ gives out
the skew-symmetric matrix of the underlying arbitrary vector. Similarly, for a number
of possible M contacts between the two bodies, the total contact force FC is the
sum of all the contact forces acting on the respective bodies, where D ∈ R6N×M and
λ ∈ RM×1, is given as follows:

FC =
[
D1 D2 . . . DM

]

λ1

λ2

...
λM

 = Dλ. (9)

Using the same construct, the relative normal velocity between the two bodies at the
contact point j in the mixed frame of reference is [16]:

vrelj = DT
j


ṙA
ω′

A

ṙB
ω′

B

 = DT
j v. (10)

2.1.3 The nonlinear programming problem

Equation (7) is an expression to evaluate the unconstrained accelerations. The orthog-
onality of Euler parameters has to be enforced for each body as a bilateral equality
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constraint [20]:

B(q) =


pT
1 p1 − 1

pT
2 p2 − 1

...
pT
N pN − 1

 = 0. (11)

Therefore, there exists a set of Lagrange multipliers ν ∈ RN×1 such that:

Mv̇ +BT
q (q) ν + S(q̇)−QA = 0, (12)

where Bq(q) is the Jacobian matrix of B(q) in equation (11).
Let the gap function Φineq ∈ RM×1 represent the vector of algebraic inequalities

for M unilateral contacts in the system. Let the condition of non-zero gap be be such
that Φineq

j ≤ 0, j ∈ 1, 2, . . . ,M , where each element j of Φineq has a negative value.

If the contact is formed, i.e., Φineq
j = 0, j ∈ 1, 2, . . . ,M , the addition of the contact

forces thus generated, Dλ, results in constrained equation of motion as follows, where
v̇ is the vector of constrained accelerations:

v̇ = −M−1
(
S (q̇) +BT

q (q)ν +D(q)λ−QA

)
, (13a)

Φineq (q) ∗ λ = 0;λ ≥ 0, (13b)

where the notationΦineq(q)∗λ represents the element-wise product of every expression
in the constraint manifold, and the corresponding magnitude of contact force. This
complementarity condition states that when there is no contact, the jth constraint
expression Φineq

j < 0, and the contact force’s magnitude λj = 0. However, when the

contact happens, Φineq
j = 0 and the contact force’s magnitude λj > 0.

Furthermore, Gauss’ principle of least constraint [21] states that the true acceler-
ation of a mechanical system of N masses r̈j ∈ R3, is the minimum of the following
quantity:

J =

N∑
j=1

mj

∥∥∥∥ r̈j − Fj

mj

∥∥∥∥2 ∀j ∈ [1, 2, 3, ..., N ], (14)

where the jth particle has mass mj , position vector rj ∈ R3, and applied vector of
non-constraint force Fj ∈ R3 acting on the mass. With a constant mass matrix M and
plugging equations (7) and (13) in equation (14), the governing objective function for
the system can be represented as the minimum of the difference in constrained and
unconstrained accelerations as shown in equation (15).

J = (v̇ − v̇uc)
T
M (v̇ − v̇uc)

=
(
M−1(Dλ+BT

q ν)
)T

M
(
M−1(Dλ+BT

q ν)
)
.

(15)

Since, M is a constant symmetric matrix, the equation (15) can be written as follows:

J =
(
Dλ+BT

q ν
)T

M−1
(
Dλ+BT

q ν
)
. (16)
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Hence, the problem can be stated as a nonlinear programming problem (17) for the

vector of state variables Y := [λT ,νT , q̇T ,qT ]
T
. Here the objective function (16)

is minimized subject to the constraints imposed by equations of motion and the
complementary constraints (13), and the normalized Euler parameters (11):

Ŷ = argmin
Y

(
Dλ+BT

q ν
)T

M−1
(
Dλ+BT

q ν
)

s.t. Mv̇ +BT
q (q)ν +D(q)λ+ S (q̇)−QA = 0,

B(q) = 0,

Φineq (q) ≤ 0 ⊥ λ ≥ 0.

(17)

Furthermore, to simulate a multibody system with a combination of equality type
constraints Φeq = 0, i.e., for ideal joints, the manifold Φeq can be appended to the
bilateral constraint manifold (11). However, this study focuses only on the system
made of joints with clearances and therefore the ideal joint constraints are excluded
from this study. Nevertheless, the capacity of the described NLP formulation to deal
with ideal as well as contact-driven constraints makes it an all-inclusive formulation.

2.1.4 Discretization and solution strategy

Consider now the discrete version of the dynamics. At time tn−1 one has available the
global frame time derivatives of generalized coordinates q̇n−1, the velocities vn−1, and
the positions of the generalized coordinates qn−1 as follows:

qn−1 =
[
rTn−1 pT

n−1

]T
, (18a)

vn−1 =
[
ṙTn−1 (2G (pn−1) ṗn−1)

T
]T

, (18b)

q̇n−1 =
[
ṙTn−1 ṗT

n−1

]T
. (18c)

Let hn be the time-step size. Then, at the new derivatives of generalized coordinates
q̇n, the velocities vn, and the positions of the generalized coordinates qn must be
evaluated, at time tn = tn−1 + hn. Hence, using half implicit Euler’s expansion [22]
we have the following relationships:

q̇n =
[
ṙTn ṗT

n

]T
, (19a)

qn = qn−1 + hnq̇n (19b)

vn =
[
ṙTn (2G (pn−1) ṗn)

T
]T

, (19c)

v̇n =
vn − vn−1

hn
, (19d)

tn = tn−1 + hn. (19e)

The bilateral constraint expressions (11) can be further discretized using Taylor’s
expansion. The unilateral constraints can be discretized using the relative velocities
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in equation (10). These discretizations are represented in the following equations:

B (qn) = B (qn−1) + hn Bq(qn−1) q̇n = 0, (20)

Φineq(qn) = Φineq(qn−1) + hn D
T (qn−1)vn ≤ 0. (21)

Incorporating equations (18), (19), (20) and (21) in NLP (17) we get the following
NLP in discretized form, with respect to the vector of optimization variables [hn,Yn]:[

ĥn, Ŷn

]
= arg min

hn,Yn

TT
n M−1 Tn

s.t. M(vn − vn−1) + hn Kn = 0,

B(qn−1) + hn Bq(qn−1) q̇n = 0,

Φineq(qn−1) + hn D
T
n−1 vn ≤ 0,

λn ≥ 0,

hmax ≥ hn ≥ hmin,

(22)

where ĥn and Ŷn are the resulting step size and solution, respectively, and Tn and
Kn are defined as follows:

Tn := D(qn−1)λn +BT
q (qn−1)νn, (23a)

Kn := Tn + S (q̇n−1)−QA(qn−1). (23b)

Here, the optimal values of hn, λn, νn and q̇n need to be found at time tn. The scalar
terms hmin and hmax respectively, are the minimum and maximum finite positive
values of time-step size. Once the optimization problem (22) has been solved at a time
tn, the value of q̇n and hn can then be utilized to evaluate and store the accelerations
v̇n and the positions qn using equations (19).

It must be mentioned here that the approach described in this section inherently
assumes an inelastic nature of the contact, which is suitable for the scope of this work.
The clearances are very small compared to the other dimensions of the components in
a machine and hence the components do not gain enough pre-collision velocities for
the contact to fall in the elastic domain.

2.2 Algorithm

A step-by-step procedure to implement the formulation discussed in the previous
section has been explained in the algorithm 1. For a target simulation time tmax, the
initial values of Y0 at time t0 should be such that all constraint equations are satis-
fied. For the initial values of generalized coordinates satisfying a negative value of gap
function, the initial value of Lagrangian multipliers λ0 should be assumed zero.
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Algorithm 1 Non-smooth multibody dynamics

1: Inputs: t0, tfinal, hmin, hmax,Y0 ▷ The initial states Y0 = [λT
0 ,ν

T
0 , q̇

T
0 ]

T

2: n← 0
3: while tn < tfinal do
4: n← n+ 1

5:

{
ĥmin = min{hmin, tfinal − tn−1}
ĥmax = min{hmax, tfinal − tn−1}

▷ Ensure tn ≤ tfinal

6: [hn,Yn]← Solution of NLP(Yn−1, ĥmin, ĥmax) ▷ Solve (22)
7: [λT

n ,ν
T
n , q̇

T
n ] := YT

n ▷ Extract the state variables

8:

qn

vn

v̇n

←
 qn−1 + hnq̇n[

ṙTn (2G (pn−1) ṗn)
T
]T

1
hn

(vn − vn−1)

 ▷ from equation (19)

9: tn ← tn−1 + hn

10: end while

The values of state variables obtained at the nth time-step in step 7 of the algorithm
1, can be later used to evaluate contact forces and torques using the equation (9).

3 Formulation of constraints with clearances for
specific joints

In this section, the formulations for three fundamental joints used in mechanical sys-
tems are presented. The gap function Φineq should provide both the normal distance
and the normal unit vector between the potential contact points to suit the equation
(8). Keeping this key requirement in consideration, the parametric formulations for
joints with clearances are presented in this section.

3.1 Cylindrical joint with clearances

Figure 2 shows a system of two bodies i and j forming a cylindrical pair with radial
clearance c. The generalized coordinates of bodies are qi ∈ R7 and qj ∈ R7 respec-
tively. Let points Pi1 and Pi2 represent the two ends of center-line of body i in global
frame of reference. Let points Pj1 and Pj1 represent the two ends of center-line of body
j in global frame of reference. The perpendicular distances of points Pi1 and Pi2 from
the center axis of body j are ds1 and ds2 , along the unit vectors ns1 and ns2 respec-
tively. Let A(pi) and A(pj) be the rotation matrices of the respective bodies. Given
the local coordinate vector s′kx

of an arbitrary point Pkx with x ∈ [1, 2] in a body with
respect to the centroid k ∈ [i, j], the position of point Pkx can be evaluated in global
frame as rkx using equation (24).

rkx
= rk +A(pk) s

′
kx
. (24)

The body with the smaller axial length will have one or both of the end faces making
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Fig. 2 Schematic representation of a spatial cylindrical joint with clearance

contact with the longer body. Assuming that body i it the smaller body and consider-
ing Pj1 as the reference point with position vector rj1 , the perpendicular vectors dsx ,
x ∈ [1, 2] pointing towards the contact points Pkx

can be evaluated via the following
equations:

dsx = (rix − rj1)− (rix − rj1)
(rix − rj1)

T (rj2 − rj1)

∥rix − rj1∥ ∥rj2 − rj1∥
, (25)

nsx =
dsx

∥dsx∥
=

dsx

dsx
. (26)

Considering c of a very small magnitude in comparison to other dimensions of
the components, the perpendicular distances ds1 and ds2 must abide the following
inequalities:

Φcylindric (q) =

[
ds1 − c
ds2 − c

]
≤ 0. (27)

Assuming the hole inside the body i has a radius R, the position of the corresponding
contact points cx in the global reference frame can be calculated as:

cx = ri +A(pi)(s
′
ix −Rnsx). (28)

3.2 Prismatic joint with clearances

Figure 3 shows a system of two bodies, i and j, forming a prismatic pair with clearance.
The generalized coordinates of the bodies are qi ∈ R7 and qj ∈ R7 respectively.
The prismatic joint with a clearance poses a special intricacy because of its exclusive
dependence on geometric parameters. Traditionally, a prismatic joint consists of shapes
with vertices and planes to constrain the rotational motion about the longitudinal axis
and these vertices form the contact points. A prismatic joint without clearance does
not require these to be included, as the contact forces are not evaluated on individual
vertex. However, when clearance is included, each vertex of the inner body (minimum
6 are required for a spatial prismatic joint) needs to be individually constrained to not
penetrate the enveloping body’s two adjacent planes. Hence, the geometric locations
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Fig. 3 Schematic representation of a spatial prismatic joint with clearance

of all the vertices are required with respect to the local coordinate system. As visible
from the front view, each vertex of body i (inner body) at front and back faces, is
constrained to two adjacent planes. For example, points P4f and P4b are constrained
to planes 1 and 4, points P1f and P1b are constrained to plane 1 and plane 3, and so
on. It requires at least three points to define a plane. The planes 1-4 are defined by
the vertices in the above figure. For example, plane 1 is defined using points Q1f , Q4f

and Q4b, plane 2 is defined by P1f , P2f , P1b, and so on.
With this methodology, a polygon of any regular or irregular shape can be defined

with the help of all the vertices and planes. Each vertex of an N sided polygon is
constrained to two adjacent planes at both the faces. This results in 4N equations of
distance constraint. Obviously, each vertex’s global coordinates need to be calculated
as per equation (24). The perpendicular distance between a point P on body i, where
P ∈ [P1f , P2f , . . . , PNf , P1b, P2b, . . . , PNb], and a plane obtained from vertices on body
j can be calculated as:

dP = (rP − rQ)
TnQP ≥ 0, (29)

where, nQP is the normal vector of the bounding plane pointing towards the point P ,
Q is any point in the bounding plane, and rP and rQ are the vectors associated with
point P and point Q in global reference frame evaluated with equation (24). Hence,
for a pair of rigid bodies forming a prismatic joint, with the internal body having 2M
vertices and bounded by external body having M planes, the constraint manifold is
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given as per the following inequality.

Φprismatic (q) =



−dPf1

...
−dPf2M

−dPb1

...
−dPb2M


4M×1

≤ 0. (30)

Here, the subscripts ’f ’ and ’b’ respectively signify the vertices in front and back, as
shown in Figure 3.

3.3 Revolute joint with clearances

The spatial revolute joint is essentially an axially constrained cylindrical joint. Let
body i in Figure 2 be axially constrained at the ends of body j such that there remains
an axial clearance ca. The normal vectors nj1 and nj2 at the constraining planes at
Pj1 and Pj2 , respectively, are evaluated as per the following equations:

nj1 =
rj2 − rj1
∥rj2 − rj1∥

, nj2 = −nj1 . (31)

Consequently, the construction of the joint requires that the distance of points Pi1

and Pi2 from Pj1 and Pj2 , projected on the normal vectors nj1 and nj2 , respectively,
is positive.

−(ri1 − rj1)
Tnj1 ≤ 0,

−(ri2 − rj2)
Tnj2 ≤ 0.

(32)

Hence, the constraint manifold for a revolute joint with clearances is given as the
following set of inequalities:

Φrevolute (q) =

 Φcyl (q)
−(ri1 − rj1)

Tnj1

−(ri2 − rj2)
Tnj2

 ≤ 0. (33)

4 Case studies

This section discusses the three relevant case studies that were used to test the
methodology discussed in sections 2 and 3.

4.1 Case study: Cylindrical joint

Figure 4 shows a simple case study of a spatial cylindrical joint with clearance to
illustrate the proof of concept for the proposed formulation. The case study comprises

13



of a slider of mass m with its center of mass denoted by the generalized coordinates
q ∈ R7 and a mass-less rod or radius R fixed at both ends. There is a radial clearance
c = 0.1mm between the slider and the rod and gravity acts along the −Y axis. An
external force F acts on the slider at a point marked by a body-frame vector s′f . The
system specific details illustrated in Figure 4 are shown in Table 1.

Fig. 4 Schematic diagram of the cylindrical pair with clearance

Table 1 Case study
specifications: Cylindrical
pair

Property Value Units

m 3.2 kg
L 100 mm
l 20 mm
R 5 mm
∥s′f∥ 30 mm

F 50 N

4.2 Case study: Prismatic joint

Figure 5 shows a simple case study of a spatial prismatic joint with clearance c =
0.3mm. As it can be observed, the bodies have triangular cross-section with each edge
of the cavity in body j of length ej ; the corresponding length for body i is ei. The
slider i has mass m with its center of mass denoted by the generalized coordinates
q ∈ R7 and a mass-less triangular prism is fixed at both ends. The gravity acts along
the −Y axis and an external force F acts on the slider at a point marked by a body-
frame vector s′f . The topmost vertices of the slider are labeled Pf1 and Pb1 respectively.

14



The trajectory of these two contact points is tracked and discussed in section 5.2. The
system specific details illustrated in Figure 5 are shown in Table 2.

Fig. 5 Schematic diagram of the triangular prismatic pair with clearance

Table 2 Case study
specifications.

Property Value Units

m 3.2 kg
L 100 mm
l 20 mm
ei 17.67 mm
ej 17.32 mm
∥s′f∥ 30 mm

F 40 N

4.3 Case study: Revolute joint

Figure 6 shows a simple case study of a pendulum i forming a revolute joint with a
hinge pin j of radius R. The radial and axial clearances are designated by c and ca.
The center of mass of the pendulum is located at cmx and cmx units along local X and
Z directions. As can be observed, the bob of the pendulum is a rod protruding out of
the XZ plane. This odd shape has been chosen to induce motion along Z direction as
well. The pendulum i has mass m with its center of mass denoted by the generalized
coordinates q ∈ R7 and the hinge pin j is mass-less and fixed at both ends. The
gravity acts along the −Y axis. The system specific details illustrated in Figure 6 are
shown in Table 3.

5 Results and discussion

The simulation results were achieved using sequential quadratic programming (SQP).
The case-studies of cylindrical and prismatic joints were conducted with time step
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Fig. 6 Schematic diagram of the revolute pair with clearance

Table 3 Case study
specifications: Revolute pair

Property Value Units

m 2 kg
l 20 m
c 0.1 m
R 5 m
ca 0.1 m
cmx 30.9 m
cmz 11.97 m

h varying between hmin = 10−3 and hmax = 10−2 seconds while the revolute joint
case study was conducted with h varying between hmin = 10−3 and hmax = 2× 10−3

seconds. The SQP algorithm comes with the advantage of fast convergence and its
ability to efficiently deal with large number of constraints [23]. The constraint violation
was observed ∥Φineq(q)∥ ≤ 10−10 upon the contact formation. At the same time the
equations of motion (13) were satisfied within the limits of 10−9.

5.1 Cylindrical pair

Figure 7 shows the positions of X and Y components of the left hand and the right
hand ends of the slider. As can be expected, the external force F generates a torques
and tilts the slider. After the contact is formed at the diametrically opposite ends
of the rod j, the slider starts moving in the Z direction. Figure 8 shows the contact
forces CF − x, CF − y and CF − z in X, Y and Z directions respectively. Figure 9
represents the X and Y velocities of the center of mass and Figure 10 represents the
Z-velocity of the center of mass. Figures 11 and 12 respectively represent the positions
of center of mass in X-Y direction and Z direction and the Figure 13 shows the step-
size adaptation over time. It can be observed that the dramatic fluctuations in the
step-size correlate well with the lateral micro-oscillations of the contact points that
undergo sliding while maintaining the contact, as observed in the 7.
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Fig. 7 Cylindrical pair: X and Y coordinates of the centers of left and right ends.
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Fig. 8 Cylindrical pair: Contact forces against time.
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Fig. 9 Cylindrical pair: X and Y velocities of center of mass.

5.2 Prismatic pair

Figure 14 shows the positions of Y components of the points Pf1 and Pb1 shown in
Figure 5. The external force F generates a torques and tilts the slider, similar to in
cylindrical pair’s case. However, the contact happens on all the 6 vertices. After the
contact is formed at the of the body j, the slider starts moving in the Z direction.
Figure 15 shows the contact forces CF−x, CF−y and CF−z in X, Y and Z directions
respectively. Figure 16 represents the X and Y velocities of the center of mass and
Figure 17 represents the Z-velocity of the center of mass. Figures 18 and 19 respectively
represent the positions of center of mass in X-Y direction and Z direction. The Figure
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Fig. 10 Cylindrical pair: Z velocity of center of mass.
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Fig. 11 Cylindrical pair: X and Y coordinates of center of mass.
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Fig. 12 Cylindrical pair: Z coordinate of center of mass.

5.2 represents the step-size adaptations against time. It can be observed that the once
a steady contact is maintained, the step-size also stabilizes to the maximum value of
10−2, while minute oscillations in the positions of the contact points in relative sliding,
as observed in the case of cylindrical pair in 13, results in oscillatory behavior of the
step-size.

5.3 Revolute pair

In this section, the results obtained from the proposed methodology have been dis-
cussed for the revolute pair case study. The counterparts from an ideal joint case, i.e.,
without any clearance have also been compared. The ideal joint case was evaluated
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Fig. 13 Cylindrical pair: Time step size.
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Fig. 14 Prismatic pair: Y coordinates of contact points Pf1 and Pf2.
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Fig. 15 Prismatic pair: Contact Forces against time.
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Fig. 16 Prismatic pair: X and Y velocities of center of mass.
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Fig. 17 Prismatic pair: Z velocity of center of mass.
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Fig. 18 Prismatic pair: X and Y positions of center of mass.
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Fig. 19 Prismatic pair: Z position of center of mass.

using tangent space ODE formulation [20]. The rationale behind choosing a sepa-
rate well-established methodology for simulating an ideal joint case was to check the
credibility of the solution obtained from the method proposed in this work.

Figure 21 shows the positions of X and Y components of the contact points on the
hinge pin’s surface. It can be observed, that because of rotation, the system undergoes
intermittent formation and breaking off of the contact. Figure 22 shows the contact
forces CF −x, CF −y and CF −z in X, Y and Z directions respectively. The counter-
parts from an ideal joint case, i.e., without any clearance have also been compared. It
can be observed that the general pattern of the variation of the contact forces is sinu-
soidal, excluding the peaks. When juxtaposed to the ideal-joint case, a similar pattern
can be observed however, with a slight lag. This lag can be attributed to the fact that
the pendulum, when released, first falls as a free body and consumes the clearance.
Then the contact is made and the expected motion begins. Figure 23 represents the X
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Fig. 20 Prismatic pair: Time step size.

and Y velocities of the center of mass and Figure 24 represents the Z-velocity of the
center of mass.

The effect of lag can also be observed in the initial moments of time in Figure 23,
while the rest of the velocity profiles overlap the ideal-joint counterparts. This overlap
can also be observed in the position profiles. Figure 25 represent the positions of center
of mass in X-Y plane. In Figure 26, The axial displacement of the center of mass of
the pendulum is shown evolving with time. As can be expected, the ideal-joint case
does not exhibit any displacement along Z direction. Furthermore, it must be noticed
that the center of mass is located at a significant distance from the axis of rotation.
Hence, the displacement of center of mass along Z is a combination of the tilting effect
on the hinge pin because of radial clearance as well as the the prismatic displacement
in Z direction because of axial clearance.

Figure 27 represents the variation of step-size with time. It can be observed that
step-size changes when the contact points acquire high relative sliding speeds.
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Fig. 21 Revolute pair: X and Y coordinates of the centers of left and right ends.
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Fig. 22 Revolute pair with clearance and ideal revolute joint: Contact forces against time.
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Fig. 23 Revolute pair with clearance and ideal revolute joint: X and Y velocities of center of mass.
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Fig. 24 Revolute pair with clearance and ideal revolute joint: Z velocity of center of mass.

6 Conclusions

The presented work complete formulations (for three most commonly used types of
joints) for modeling and simulating multibody systems with clearances in the joints
using non-smooth dynamics approach. The general NLP has been derived and special
emphasis has been given on formulation of the constraint inequalities for the funda-
mental joints with clearances as functions of the geometry parameters of the bodies.
The mathematical representations of constraint inequalities were carefully derived to
ensure that they capture all the possible scenarios of contact formation. The simula-
tion results demonstrate the efficiency of the non-smooth dynamics methodology for
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Fig. 25 Revolute pair with clearance and ideal revolute joint: X and Y coordinates of center of mass.
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Fig. 26 Revolute pair with clearance and ideal revolute joint: Z coordinates of center of mass.
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Fig. 27 Revolute pair with clearance: Time step size.

simulating the joints with clearance. The results showed that the tolerance limits of
constraints during contact are also satisfied within significant accuracy.

The approach presented in this paper leverages on adaptive time step size adjust-
ment by considering time step size h as a variable. Unlike traditional adaptive step-size
integration algorithms where the error is controlled by using higher order methods,
the formation or breaking-off of the contact is the only parameter being used in this
work to control the step-size. Hence, there is further scope to formulate adaptive
step-size control techniques for the presented non-smooth dynamics formulation. In
addition to this, the definitions of the mechanical joints with clearances as parame-
ters, as described in this document need to be further studied to examine if the same
definitions can be used to simulate ideal joints with keeping the clearance c = 0. Its
successful implementation would prove the versatility of the proposed formulation.
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Though the scope of the presented work included frictionless contacts, an interest-
ing inference may be drawn from the contact force plots. The magnitude of normal
contact force varies significantly among the three cases discussed. Since the resisting
friction force depends on the normal contact force’s magnitude, adding friction to these
simulations will impact the dynamic characteristics to a significant extent. Studying
friction in clearance joints will further throw light upon the importance of clearances
on the system’s dynamics.

The industrial approach of assigning tolerances, and hence clearances, is primar-
ily based on manufacturability related aspects. However, the effects of accumulated
clearances on the kinematic and dynamic parameters of a mechanical system are often
neglected. The presented work can be impactful in rationalizing the design procedures
as tolerance assignment is a critical task on engineering drawings. Understanding the
effect of tolerances on the system’s dynamic response can be helpful in optimizing the
design of a machine’s components.
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