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(Abstract)

The goal of this paper is to study the LQG problem for a class of infinite dimensional sys-
tems. We investigate the convergence of compensator gains for such systems when standard
finite element schemes are used to discretize the problem. We are particularly interested
in the analysis of the uniformly exponential stability of the corresponding closed - loop
systems resulting from the finite dimensional compensators. A specific multiple component
flexible structure is used to focus the analysis and to test problem in numerical simulations.

An abstract framework for analysis and approximation of the corresponding dynamics
system is developed and used to design finite - dimensional compensators. Linear semigroup
theory is used to establish that the systems are well posed and to prove the convergence
of generic approximation schemes. Approximate solutions of the optimal regulator and
optimal observer are constructed via Galerkin - type approximations. Convergence of the

scheme is established and numerical results are presented to illustrate the method.
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Chapter 1 Introduction

1.1 Problem Statement

In this paper, we investigate an approximation scheme for Linear - Quadratic -
Gaussian (LQG) optimal control of flexible structures . We concentrate on a multiple
component stucture composed of two beams, a rigid hub at the left end of the structure
and distributed masses at the right end of both beams as shown in Figure 1 . Although
damping is an important issue in such systems, we limit our study to Kelvin - Voigt
damping.

Hub
-

Mass 1 Mass 2

\ [Figure 1. The structure: Two Beams, Two Masses with Rigid Hub.
ud(

The following notation is used: [; is the length of beam 1, (¢ = 1,2), I,,, is the
length of mass ¢, (i = 1,2),/; is the moment of inertia of beam i,(i = 1,2), J; is
moment of inertia for mass ¢, = 0, 1,2, where 0 refers to the hub, r; is the coefficient
of Kelvin- Voigt damping for beam i, 6(t) is angle of rotation of the hub, ug(t) is the
external torque applied to the hub, u,(t) is the moment applied at mass 1 ,u,(t) is
the thrust applied at mass 1 ,u3(t) is the moment applied at mass 2 and u4(t) is the
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thrust applied at mass 2.

To derive the mathematical model corresponding to this structure, define V;(t, z;)
to be the vertical displacement of beam 1 measured from the undeflected position of
the beam as shown above, at time t, position z,,0 < z; < ;. Define V;(t, z;) to be the
vertical displacement of beam 2 measured from the undeflected position of beam 2 as
determined from the deflected position of beam 1 at time t, position 23,0 < z; < I3
(see Figure 2). Measurement of the displacement of beam 2 with respect to this coor-
dinate system rather than the equilibrium position in Figure 1 results in cantilevered
boundary conditions on beam 2.

The system of equations describing this structure consists of the standard beam
equations including angular acceleration terms due to the hub rotation, and boundary

conditions which include the dynamics of distributed masses and the hub.

Figure 2. Coordinate System for the Structure.

The equations describing elastic deformations of the two beams for ¢t > 0,0 <
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z; < l;, are given by

% I’V o’
(AN 620 + b0 + (Diga(te) + (B ban =0,
*V, *W »*V -

(p Al Gty 22) + (1) + (@2 + )=z (1) (2 + 1y + £ )A(0)]
Vs 'V,
+(71) dtd 4(t 332) (EI)Z_(IL'_“—(t,xz) = 0, (112)

where p is the density of the beam material, A is the cross sectional area of the beam,
r is a positive constant, I is the moment of inertia of the cross section with respect
to the neutral axis, ] = [ y?dA, and E is Young’s modulus.

At the hub there Zre three boundary conditions. The conditions are the two
clamped conditions for beam 1, and one boundary condition for bending moment
which states that the external applied torque (or control) is equal to the difference
between the moment on the hub and the moment at the left end of beam 1. The

conditions are given by

Vi(t,0) =0, ddvl (t,0) =0, (1.1.3)
Job(t) — (rI); (ft dVlQ(t 0) — (EI) %Vl(t 0) = uo(t). (1.1.4)

At the connection between the two beams, i.e., at mass 1, there are four bound-
ary conditions. These conditions are the two cantilevered conditions for beam 2 and
two conditions on the shear force and bending moment. The boundary condition for
shear force states that the thrust applied at mass 1 equals the force generated by the
acceleration of mass 1 plus the difference between the shear forces on the left end of
beam 1 and the right end of beam 2. The boundary condition for bending momemt
states that the moment applied at mass 1 is equal to the moment generated by the
rotation of mass 1 plus the difference between moments on the left end of beam 2 and
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the right end of beam 1. Thus, one has

Va(t,0) = 0, %Vz(t 0)=0, (1.1.5)
al Z 0,y 4 e Ve 1) 41, Fmde
(T 4,1 + (B, ‘;’:‘f(t L)
(D) (1,0) - (BD (1,0
= uy(2), (1.1.6)
and

RS0, 10)+ (0]

oD 0 + e T )

(e + ”_’; AN

— )Z[ai;f‘ 0~ z ;d‘ﬁ (t,0)

— (BN r,0) - TV, 0

— w(t). (1.1.7)

At mass 2 there are two boundary conditions. These conditions describe the
shear force and bending moment and are similar to those described above. The
boundary condition for shear force states that the thrust applied at mass 2 equals
the difference between the force generated by the acceleration of mass 2 and the
shear force on the right end of beam 2. The boundary condition for bending moment
states that the moment applied on mass 2 equals the difference between the moment
generated by the rotation of mass 2 and the moment on the right end of beam 2.

These conditions are given by
0*V, 2’V

l771 83‘/2
ot? B (bl + ot 2

3 et

my[—

—(t, ) +
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lmg 63‘/1

lm2 .
+ (lml + =+ l?)a 0t2 (t ll) (ll + lml + = 9 + 12)0(t)]
d"V PV
— D) - (1, S )
= wy(t), (1.1.8)
and
PV, *V
J-z[m(t l;) + 20t (b L)+ 6(2)]
5V, b, 0%V
+(7I) [d or z(t lZ) 2 Otoz 3(t3 2)]
dz‘/Z m2 dBVZ
+ (ET)2 [d ~(t,12) + 5 W(tab)]
= us(t). (1.1.9)

We consider the following outputs

ys(t) = =~ (8, 12). (1.1.10)

The first goal of this paper is to develop a framework for the analysis and
approximation of linear control systems defined by dynamic compensations. We in-
vestigate finite dimensional approximations (Galerkin - type) of the infinite - dimen-
sional compensators and show that these finite - dimensional compensators, when
applied to the original model, produce near optimal performance. This is to say that
the approximating closed loop system converges to the original one. Stability of the
resulting closed loop system is established.
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The material of this paper is organized as follows. In Chapter 2, we recall
fundamental results on existence for a second order system and establish the well -
posedness of the system with two connected beams (TCB). In Chapter 3, we present
an abstract framework for compensator design. Our approach is to approximate an
ideal infinite-dimensional LQG compensator with a sequence of finite-dimensional
compensators. We study both the convergence of the approximating compensators
and the performance of the closed-loop systems. especially, the uniformly exponential
stability of the infinite dimensional closed - loop systems when suboptimal feedback
is used. In Chapter 4, we apply the theory developed in Chapter 3 to design a
finite-dimensional compensator for the connected beams. Convergence of the approx-
imating feedback controller is established by showing that both control and estimator
gains converge. The performance of dynamic compensation (the LQG controller) is

compared to that of full state feedback.

1.2 Notation

Standard notation is used throughout the paper. The field of all real numbers
1s denoted by R. For n > 1, R" denotes n-dimensional Euclidean space with norm |z|
and inner product z.y. If H is a Hilbert space with inner-product < .,. >y, then the
norm of an element y € H is given by ||y||ly = (< ¥,y >5)"/?%. Given a Banach space
E, its topological dual is denoted E* and the duality pairing between an element z*
of E* and x of E by < 2*,2 >g«yg . Let a and b , a < b, be two real numbers and E
be a Banach space . The Banach space of equivalence classes of Lebesgue measurable
function from [a, b] into E which are P- integrable (1 < p < 00) or essentially bounded

(P = 00) is defined by L¥([a,b], E). The space of m- times boundedly continuously



differentiable functions from [a, b] into E is defined by C™([a, b], E'). For m > 1 and
an open interval I, H™(I) is the sobolev space of all functions in L?(I; R) whose first
m distributional derivatives belong to L?(I; R). We use the superscript T to denote

the transpose of a matrix (A7T).



Chapter I1 Well-Posedness

2.1 Basic Definition and Preliminaries

Let V and H be complex Hilbert spaces with norms ||.||v and ||.||# , respectively.
We denote the inner product on H by < .,. >. Assume that V is densely and
continuously embeded in H. As is standard, the elements of the dual H* of H are
identified with the elements of H. Hence, we have the standard Gelfand triple denoted
by
V—>H=H — V"

Let a(.,.) be a continuous sesquilinear form on V. Then there is A € L(V,V*)

such that for all z € V,

a(z,®) = (Az)(®) =< Az, D >y« v . (2.1.1)

Let the (restricted) domain of A be defined by
Dom(A)={z€V:Az € H},

we define the operator A by

A = A|pom(a), Dom(A) = Dom(A)
and for z € Dom(A),® € V,

a(z,d) =< Az, 0 >y . (2.1.2)

A sesquilinear form a(.,.) on V is V -elliptic if there exists a constant C' > 0
such that for all ® € V,
ReA(®,®) > C|2f7, (2.1.3)
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or V-coercive if there exist constants C' > 0 and A > 0 such that for all § € V|

Rea(®,®) > C|®|} — A|®]3. (2.1.4)

THEOREM 2.][6/Theorem 2.8] = ¢ a(.,.) Is a continuous, V-coercive sesquilinear form on

V, then D(A) is dense in V and hence dense in H.

Thus, any continuous V-coercive sesquilinear form a(.,.) on V is associated

with a densely defined operator A on Dom(A) with a(z,®) =< Az, ® >y .

THEOREM 2.2[6Theorem 28] - [f A is the operator given by (2.1.2) and a(.,.) is continu-
ous and V- coercive, then —A is the infinitesimal generator of an analytic semigroup

T(t) € L(H),t > 0.

Before considering the second order problem, we consider the weak formulation

of the first order initial value problem by

< 2(t),® >y +a(z(t),®) =< f(¢),d >u,

z(0) = 2z, for all ® € V, (2.1.5)

where f : [0,7] — H. This problem gives rise to the abstract nonhomogeneous initial

value problem on H,

2(t) = —Az(t) + f(2)

2(0) = 2, (2.1.6)

where —A is the infinitesimal generator of an analytic semigroup 7'(¢) € L(H),t > 0.

9



Define a mild solution of (2.1.6) as
t

z(t) =T(t)zo + / T(t—7)f(r)dr, (2.1.7)
0

whenever { is sufficiently smooth so that this function is well defined. A strong
solution of (2.1.6) in H is a function z € Ly([0,T],V) such that z € L,([0,T], H),
2(0) = zp and (2.1.6) holds almost everywhere on [0, T]. The following theorem gives

the existence and form of the solution of (2.1.6).

THEOREM 2.315Theorem3.1.3] " If _ A js the generator of an analytic semigroup T(t)

and f :[0,T] — H is uniformly Hélder continuous, i. e.,
lf @) = f()|g < Kt—5)*0<s<t,0<a<l, (2.1.8)

then for each zo € H, (2.1.6) has a unique strong solution z € C([0,T];H) N

C*([0,1]; H) given by (2.1.7) . This solution depends continuously on z, and f.

To obtain analogous results for second order systems, our approach is to write
them in first order form on a product space and then to apply the previous theorems.

Let d(.,.) be a continuous sesquilinear form on V with
d(z,®) = (Dz)(®) =< Dz,® >y«y . (2.1.9)

Similarly, we can define the operator D. That is , if the restricted domain of
D is defined by
Dom(D) ={® €V :D®e H},

we define
D= D|D07n(D)7 Dom(D) = Dom(D)

10



Then D : Dom(D) C V C H — H, and for z € Dom(D),® € V,
d(z,®) =<Dz,® >y . (2.1.10)
A weak formulation of the second order initial value problem can be written as
< Z(t),® >y +d(2(t),®) + a(2(1),®) =< f(t),® >y
z(0) = 20,2(0) = 7 forall ® € V. (2.1.11)

Assuming a(.,.) and d(.,.) are continuous and V-coercive, the corresponding

abstract equation is given by

2(t) + Dz(t) + Az(t) = f(2)
2(0) = 20,2(0) = 2, (2.1.12)
where A and D are given by (2.1.2) and (2.1.10), respectively.
We define the product spaces ® = V x V.0 = V x H with inner products

<L >e=<.,.>y+ < .,.>yand < .,. >q=<.,.>y + < .,. >p, respectively, and

give a sesquilinear form @ on © x © by

a((4,%),(€,0)) = — <9, & >v +a(¢,{) + d(, (). (2.1.13)
Then (2.1.11) can be written as
<y(t),z >q +a(y,z) =< F(t),z >q,
y(0)=yo  for all z €O, (2.1.14)
where y(t) = (2(%),2(1)),y0 = (20,21),¢ = (¢,%) and F(t) = (0, f(t)). Using this
notation, we can write (2.1.11) in first order form on (.
y(t) = —Ay(t) + F(2)

y(0) = yo, (2.1.15)

11



where

A= [2 5’] (2.1.16)

is defined on the restricted domain
D(A)={(¢,p) €O : Ap+Dpc H} CO.

If a(.,.) is © -coercive, D(A) is dense in Q, by Theorem 2.1. The operator Ais

associated with a as
(z,n) =< —Az,n >q,z € D(A),n € O. (2.1.17)

By Theorem 2.2, if @ is continuous and ©-coercive, —Ais the generator of an analytic
semigroup s(t) € L(H),t > 0. The following theorem gives the well-posedness and

the form of the solution for (2.1.12).

THEOREM 2.4[6:Theorem 217 [ ("} and d(.,.) are continuous and V-coercive and
f :[0,T] — H is uniformly Hélder continuous, then for each yo € ©, (2.1.12) has
a unique strong solution y = (z,2) such that z € C([0,T],V)n C*'([0,T],V) and
€ C(0,T),VyNnC*((0,T),V) given by

y(t)=T(t)yo+ / T(t—s)F(s)ds. (2.1.18)

0

In above results, we see that A operator must be V-coercive. If not , then
a self-adjoint linear operator A; € L(H, H) can be chosen so that A=A+ A is
V- coercive. This choice can be made by selecting an operator whose null space is
the orthogonal complement in H of the eigenspace of A corresponding to nonpositive

12



eigenvalues. Any A; making A coercive must be positive definite on the nonpositive
eigenspace of A.

Once A, is chosen , V is defined to be the completion of D(A) with respect to the
inner product < z,2 >y=< Az, >y for z,% € D(A). Consequently, V = D(AI/Q)
and < z,2 >y=< AY?z, AY?% >y for z,% € V. Since the square root of an operator
cannot always be written explicitly , neither can V. Once it is established that the
abstract system corresponding to Ais wellposed , the wellposedness of the original
system is obtained by observing that the original system given by A is a bounded
perturbation of the wellposed system, i. e.,A = A — A;. Applying the following

theorem , we see that the original problem is wellposeded.

THEOREM 2.5[23#761 Let X be a Banach space and let A be the infinitesimal gener-
ator of a Cy -semigroup T'(t) on X, satisfying |T'(t)| < Me“t. If B is a bounded linear
operator on X, then A + B is the infinitesimal generator of a Co- semigroup S(t) on
X satisfying

|5(t)] < Mele+MIBDE

2.2 Well-Posedness

The system governing the two beam problem is given by

(pA)l[‘/l(t> "L'l) + I]H(t)] + (7‘])]‘./'lr:cz‘z(ta "171) + (E-[)l‘/lxrzx(ta wl) - 07
(2.2.2)
(pA)2[‘/2(ta $2) + ‘/l(tv ll) + (-7"2 + lml)‘n/l.'c(ta ll) + ($2 + ll + lml)é(t)]

13



IFaalts )+ 8O+ (P Vet )+ 2 Va1, 1)

— (DalVarelt,0) = Va1, 0] 4 (BDViae (1) + EVoene(t, 1)

— (B1)alVoeo(£,0) — Va8, 0)] = (1), (2.2.4)
maF4( 1) L0, 1) + (o 0]+ (1) Vheaa (8, )

+ (ED)1Vigsa(t, 1) — (11)2Vagas(t,0) — (BET)2Vazea(t, 0) = ua(t). (2.2.5)

And

Ja[Vas(t, 1) + Vig(t, 1) + 0(8)] + (r1)a[Vaes(t, I2)

lm 3 lm a0 o
. . L+ I, .
m,[Va(t, ) + Vilt, h) + 72‘/2x(t, L)+ (L + 72 + 1)Vie(t, lh)
Z'm.' N ¥
+ (4 bt + '—Z‘Z‘ + 15)0(t)] = (11)2Vazez(t, l2) — (E1)2Vaeee(t, 12) = u4l(t),
(2.2.7)
Vi(£,0) = 0, Vi(2,0) = 0, Va(£,0) = 0, Vau(2,0) = 0. (2.2.8)

The equations have been rewritten in order to facilitate the identification of the
"natural state”, the operator A, etc. The state space H is chosen as H = Rx L,[0, ;] x
L,[0,15] x R*, and the state is defined by z(t) = (21(¢), 22(2), 23(¢), 24(2), 25(t), 26(1),
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z7(t)) in H, where

ZQ(t) = ‘/Vl(t, ) + zlﬁ(t),
z3(t) = Va(t, )+ Vi(t, la) + (G + L) Vi (8, 1) + (22 + I + [n1)0(2),

24(t) = le(t’ ll) + H(t),
5(t) = Vol 1)+ Z2ViL(, 1) 4 (1 + 22000,
Zﬁ(t) = ‘/Zx(t, l2) + Vvl:c(t, ll) + g(t),

lm2

lm
",2(t7 ll) + ‘/l(ta ll) + _2'Z%z(t7 12) + (lml + —2'_ + 12)‘/1:r(t1 Zl)

z7(t)
lm
(4 b + 72 + 1)0(t). (2.2.9)

and ¢; is the identity mapping on [0, /],
ij(;z:j) = rj, for T; € l]‘,j =1,2. (2210)

Taking the inner product of equations (2.2.1) - (2.2.7) with & = (¢, é2, ¢3, ¢4, ¢s,

¢s, $7), we obtain an abstract form of the equation in H,
Z(t) + Dz(t) + Az(t) = Bou(t). (2.2.11)
The inner product on H is taken to be

< z,2>g=Jozi21+ < (pA)122, 22 >1,00.)
+ < (pA)azs, 23 > 1,00,02) TJ12424
+ my2525 + JozeZe + mozrze. (2.2.12)
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Therefore, it follows that
[ (E1)

zSa:a:a:x(-)a
1 lm] lml
J_l[(EI)l(zhr(ll) + = 5 — Z2e(h1)) — (E1)2(z2m'(0) 5 z3xm(0))]

le[(EI)IZB:m:x(O) — (E1)222022(h)];

where

D(A) ={z€ H : 2, € H*[0,1;],23 € H*[0,1,],

l

zo(ly) = 25 — -7'5—124,2’3(0) =z +

2230(0) = %, 221(11) = 24 = sz(O)v Zaz(lz) = 26}

and

lml

Dz = | L [(r])y(zaea(l) +

1

where

(ET)
J2

[~3:z:z(12)

Ln2

Z3zzx
2

[zSzx(Zl) +
(ED),

mo

Z3zzz ( l2 )

lml

lml

+ 7231:13‘1‘(12)]

ZB:cx:v(l2)

(12)];

22(0) = 0’

2

24, ~3(lz) =27 —

tamea(1)) = (rD)alzae(0) — 22400 (0))]

— (r1)122022(1)]

lm)
9 20,

(2.2.14)

. (2.2.15)




Also,

1 -
— 0 O
( Jo 0 0
6o o0 o0 0 O
0 (1) o 0 O
0 A 0 0 0
B = Yoy (2.2.16)
0o 0 — 0 0
my 1
0 — 0
0 O 7, 1
o o0 o0 0 —
L mo
The control is given by
u(t) = [uo(t), ua(t), ua(t), ua(t), ua(t)]”
and the output becomes
yl(t) = Zl(f)?
l'”l
ya(t) = —h=(t) - 21 z4(t) + 25(t);
l'm
y3(t) = -—l]zl (f) —_ 21 Z4(t) + Zs(f),
l'ln lnm
alt) = ~(la + 220)z(t) = z5(t) = 2za(t) + 21(2);
l7n . . l'nl . . <

The rigid body rotation of the hub induces a zero eigenvalue for A. Hence, A
is not V- coercive. Define a bounded operator Ay so that A=A+ A, is V-coercive.

As discussed above, there are infinite possibilities for A; . We choose A; so that

< A]Z,ﬁ’ >py= Joz121.
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Then V = D(A'?) = D(A'/?) and is contained in the set

{z € H:z € H0,L],2s € H*0,13),2,(0) = 0,

I, l
21 24,23(0) = 25 + —T,n)'lZM

2oo(ly) = 24 = 235(0), z3:(12) = z6}. (2.2.18)
The inner product on V is taken to be

<z,5>y=< AV AV?: >y
=< (E])lz‘).xa:)é‘la:x >L2[0,11] + < (E[)Zz.'}a:ma‘%&m: >L2[O,12]

+< Az, 3 >h . (2.2.19)

Define D = D + A, where A; is defined above. To prove that the problem is
well-posed, we need to determine the sesquilinear forms associated with A and D.

Consider < Az, ¢ >y for z € D(A),d € V. We have

<Az, ® >y=— (ED)12252(0) 1+ < (ED)1220000, $2 > Lafo]
+ < (E1)222z000, $3 > Lo[0,;)
LB ara(h) + 2 ) = (BDa(2300(0) = 2 25000(0)) b4
+ [(E1)223202(0) = (E1)122200(h)] 65
+ (B faseally) + 22 20ee(1)] 6

- (EI)223$1:1:(12)¢7 + J021¢1. (2220)

18



Integrating by parts twice and rearranging terms yields

< AZ, o >g= < (EI)I‘ZZ.TZ" ¢2a:x >Lg[0,11] + < (E])‘Zz&'m:, ¢3x1’ >L2[0,12]
+ (El)l[an(ﬂ?l)<f>2(-’1’/'1)|lo1 - 22m($1)¢2z($1)|g]

+ (E1)2[231'2:x($2)¢3($2)|f)2 - zSzx($2)¢3x(x2)|é)2]

— (BD)y22ex(0)61 4 (BT () + 2 0ena ()

— (EDa(z522(0) ~ Zrs0na 064

+ [(E1)223202(0) — (ET)122020(h)] 65

+ (E1)y[z300(12) + lﬂ;‘zsmz(b)]ﬁbs — (ET)223522(l2) 7 + Joz101.

Using the fact that ® € V | we can make substitutions into the boundary terms

arising from integration by parts and regroup terms to obtain

< AZ, ¢ >p=< (E])IZ‘Z:L':L" ¢2:1:r >L2[O,ll] + < (E])2Z3.’El‘7 ¢)3z:c >L2[0,12]
l

+ (ET1)1[=2222(0)$1 + z2zz2(l1) (s — 1—;1—@) — Z2z2(11) P4
+ Z2xx(0)¢1 + 22321:(11)¢4 + ln_ﬂz2:cz'x(ll)¢4 - zerrUl)‘ﬁS]

2
lm l'm
+ (BD)slz50es(l2) (97 — 57 66) — Z3202(0) (b5 + 5= 4)
Z'ml

— B62322(12) + Paz322(0) — Pazaee(0) + Tszxx(O)d)4

l'm.‘
+ 23222(0) b5 + 2322(l2) P6 + TZZSx:cz'(l‘Z)qSG — Z3zzz({2) 7] + Joz1¢1.

Cancelling like terms leaves

é.(Z, (I)) =< (E])lz2x:za ¢2x.1: >L2[0,11]
+ < (E1)22320) $320 > 1a0,5] tJoz161

=a(z,d)+ < Ay2,¢ >y . (2.2.21)
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To write the sesquilinear form correspoding to D and hence D , we use the

part of a corresponding to A.

Separate a into a; and a, where

al(za d)) =< (E])IZZx:md)Zxx >L2[0,ll]

ay(z,¢) = < (E1)22300) $30c > Lafo,la) -

Then,
d(z,¢) = r—lal(z, é) + 2az(z, ®) for all z,¢ € V,
E, E,
and
d(z,4) =d(z,¢)+ < Ayz,6 >y (2.2.22)

= < (r1)12300) P20z >Lofos) + < (71)22302) P30z >1a[04] FJo2161-
The weak formulation of the system is given by
< E(t), ¥ > +d(2(1), ¥) + a(2(2), ¥) =< Bu(t), v >u
for all ¢ € V . To show it is wellposed, we consider the system
< E(t), 0 >u +d(3(t), ) + a(z(t), ) =< Bu(t),? >u,

where a(z,v),d(z,v) are given by (2.2.10), (2.2.11) , respectively .
In [5, Theorem 3.5.1 and Theorem 3.5.2 ], King proved that a(z,), &(if, 1) are
both continuous and V- elliptic . By Theorem 2.4, the problem

A

3(t) + Dz(t) + Az(t) = Bu(t)

is wellposed. Therefore, by Theorem 2.5, we know the original model for the systems

given by (2.2.2) through (2.2.8) is wellposed.
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Chapter III The LQG Optional Control Problem

3.1 The Optional Infinite-Dimensional Compensator and Closed-Loop Systems

Consider the evolution eqution on the Hilbert space E

5(t) = —Az(t) + £(2),

20)=z€E, t>0, (3.1.1)

where —A is the infinitesmial of strongly continuous semigroup 7'(¢) on E. The mild

solution to (3.1.1) is given by
t
z(t) =T (t)zo + / T(t—s)f(s)ds. (3.1.2)
0
We consider input of the form
f(t) = Bu(t) + By(t),t > 0, (3.1.3)
and an output given by
y(t) = Cz(t) + v(t),t > 0, (3.1.4)

where z is the mild solution to (3.1.1) , u(t) € R™,~v(t) € R, y(t) € RF,v(t) €
RP.B € B(R™",E),B € B(R',E) and C € B(H, R"). Also, v and v are stationary
zeromean Gaussian white noise processes with covariance matrices I' and R, respec-
tively, and R is positive definite.
Consider the problem of minimizing the cost functional
I(w) = lim Bl / < Q=(t), 2(t) > +uT(t) Ru(t)] dt} (3.1.5)
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subject to (3.1.2) where @ is a nonnegative (definite), bounded and self-adjoint op-
erator on E and R € R™*™ is positive definite and self-adjoint.

The basic theory for the infinite-dimensional LQG optimal control problem with
bounded input and output operators can be found in [2], [3], [4] , [5] ,[9] and [10].
We briefly summarize the relevant results and essential feature of theory. The LQG
problem can be seperated into a deterministic linear-quadratic regulator problem on
the infinite interval and a dual state.estimator, or filtering problem.

First, we consider the regulator problem, which is to choose the control u to
minimize the integral in (3.1.5) when both noise processes in (3.1.3), (3.1.4) are zero,
the output operator C is the identity, and ¢y = oo.

The pair (A, B) is said to be exponentially stabilizable if there exists an operator
K € L(E, R™) such that A — BK generates an exponentially stable semigroup. And
the pair (A, C) is exponentially detectable if there exists an operator G € L(R” E)
such that A — GC generates an exponentially stable semigroup on E .

If (A, B) is exponentially stabilizable and (@, A) is exponentially detectable,
there exists a unique nonnegative self-adjoint solution Il € B(E, F) to the operator

algebraic Riccati equation
AN+ TNA-TIBR'B* I+ Q =0, (3.1.6)

with II(Dom(A)) C Dom(A*). The optimal control for infinite-time linear-quadratic

regulator problem has the feedback form
u(t)=—-Kz(t),t >0 (3.1.7)

where
K=R1'BTl e B(H,R™). (3.1.8)
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For the filtering problem, we define

Q = BrB*.

-

If the pair (C, A) is exponentially detectable and the pair (A, Q) is exponentially

stabilizable, the operator algebraic Riccati equation
All + TIA* —TIC*R7CIT 4+ Q = 0, (3.1.9)

admits a unique nonnegative self-adjoint solution I1 € B(H, H) with II(Dom(A*)) C
Dom(A). The minimum-variance estimate of z(t) given y(7), (7 < t), is a mild solution

Z(t) to the evolution equation
2(t) = A3(t) + Bu(t) + K {y(t) — C3(t)} (3.1.10)

where

K =TIC*R™ € B(R",H). (3.1.11)

The optimal LQG compensator consists of the filter, or state estimator, (3.1.10)

and the control law

u(t) = —K3(t),t >0 (3.1.12)

with the control and filter gain operators given by (3.1.8) and (3.1.11), respectively .

The optimal closed-loop system then takes the form
z(t)| _ z(0)
where Seooo(?) is the semigroup generated on F x E by the operator

A -BK

Acooo(t) = [1‘(0 [A—BK—KC]]’ t>0, (3.1.14)
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with
Dom(A o) = Dom(A)xDom(A).
If S(t) and S(¢) are the semigroups of bounded linear operators generated on
E by infinitesimal generator A — BK and A — K C, respectively, then it is easy to
establish the following
THEOREM 3.18Theerem 72] - 61066 that || S(t)]] < Mye™t, and ||S(1)|| < Mye™2t ¢ >

0. Then for any a3 < min{a;, oy}, there is M3 > 0, such that

[[Soocoll < Mze™",¢ >0 (3.1.15)
and
0(Aws) = (A —BK)Uo(A — KC).
Now we consider the system (2.1.13) . Since Il € L(E,E) and E =V x H, we
can write
_ (o T
e[t 1) -

where I, € L(V,V),II;, € L(H,V),II, € L(H, H) and Il,,II, are nonnegative and
self - adjoint. With z = (z, ), (3.1.2) becomes

u(t) = —R™1B[I2(t) + Mo (2)]. (3.1.17)
Since By € L(R™, H), there exists vector b; € H,1 <: < m, such that
Bou = Xm: b,  for  u=[uy,up, ..., um]T € R™. (3.1.18)
i=1
Also, for h € H,

Boh = [< bi,h >y, < by, h >, ., < by, b >p]7. (3.1.19)
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Since I1jz(¢) and Il;z(t) are elements of H, we see from (3.1.17) and (3.1.19)

that the components of the optimal control have the feedback form
u;(t) = - f,-,:z:(t) >y — < g,-,:i:(t) >y, =1,...,m, (3120)

where f; € V and g; € H are given by

m m

fi= Y (RY)yMbj, g = Y (R7);Tb;, (3.1.21)

=1 i=1

for ¢ = 1,2,...,m. The measurement operator C in(3.14) has the form
C = [Cl, 02] (3122)

where C; € L(V,RF) and C; € L(H, RF). Hence, if we denote by (C(x,z)); the ith
component to the vector C(z,z) for (z,z) € E, then there must exist Cy; € V and

Cy; € H such that
(C(:E,:IJ))1 =< Cri,z >v + < Cy,2 >y, (3.1.23)

fore=1,2,..,P.
Also, the estimator gain operator K is given by
P

Ky = (fi,4:)y: (3.1.24)

i=1
for y = [y1,y2,..,yp]T € RF, where the functional estimator gains f,, and g; are

elements of V and H, respectively.

For the optimal estimator gain, we partition 11 as

g [Uo I
H_[H,l, HJ (3.1.25)
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and use (3.1.11) and (3.1.23) to obtain

P

fi =) (B7)i(IoCy; + 1L Caj),
=1

P A A~ A

4= _(B);(I15Cy; + T,Cy5), (3.1.26)

Jj=1
for:=1,2,...,P.
3.2 Approximation and Convergence

The approximation and convergence theory for infinite dimensional LQC prob-
lem was initiated in [ 8 ], [3 ], [ 9], [10] and [12]. Here, we briefly sumerize the
known results. Let H, be a sequence of finite - dimensional subspaces of H and let
P, denote a sequence of orthogonal projections, P, : H — H, C H.

Consider the approximating system (A, B,, Q,), where A, = P,A € L(H,)
is the infinitesimal generator of the Cy - semigroup S,(t) = P,S(t) on H,,B, =
P,B e L(R™ H,),B, = P,B € L(R,H,),C, = P,C and Q,, = (C,)*C,, =P,QP, €
L(H, H,). Take @, = B,I'(B,) =P.QP, € L(H,).

HYPOTHESIS 1.. The finite - dimensional algebraic Riccati equations
(AT, + LA, —TI,B,R'(B,) I, + Q, =0 (3.2.1)
and
AL, + T (AL = TH,(CL)*R1C, I, + @, = 0 (3.2.2)
admit unique nonnegative self-adjoint solutions I1,, € L(H,) and I, € L(H,),respectively.
The associated sequence of finite dimensional LQR problem is given by

Minimize  J,(2,(0),u) over all u € Ly((0,00),u) (3.2.3)
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subject to

2,(t) = ALz, (1) + Bhu(t),
Zn(O) = Zpo = P-,,,Zo,

Yn(t) = Cnzn(t),t 2 0, (3.2.4)
where
Jn(2:(0),u) = /0‘°°(< Qnzn(t), 2n(t) > + < Ru(t),u(t) >y)dt. (3.2.5)

Since B, : U — H,, the trajectories of (3.2.4) evolve in H,. Thus, (3.2.3) is

an LQR problem on the finite dimensional state space H,. The optimal control u,(t)
has the feedback form

un(t) = — K, 2, (3.2.6)

and

K, = R'BI, (3.2.7)

where II,, € L(H,) is the unique nonnegative self- adjoint solution of (3.2.1) on H,.
The trajectory z,(t) is the corresponding solution of (3.2.4) with u = u,,.

Similarly, we can apply the same procedure as above to the dual problem in
order to obtain a convergence K, to K, where the Kalman filter gain K is given by

(3.1.8 ). The nth compensator is

n =A% 4+ Bou+ K, (y — Cnt,) (3.2.8)

ST

where the estimator gain operator K, is

K, =1,C*R™! (3.2.9)
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and II,, is the nonnegative and self-adjoint solution to the Riccati equation (3.2.2).

The resulting closed-loop system is by

[;n ((tt))] = Soon(t) [z‘i ((%))] (3.2.10)

where S, (t) is the Cy - semigroup of bounded linear operator on £ x E, with
infinitesimal generator

A ~BI, ] (3.2.11)

Aoon - I:Knc [An - BnKn - Kncn]
and

Dom(A,) = Dom(A) x E,.

Note that A, has compact resolvent if and only if A does.

HYPOTHESIS 2.. For each n, there exists a linear mapping P, from H onto H, such
that
lim P,z = z,z € H. (3.2.12)

n—0oo

For each z € H and each t > 0, we have

lim T5,(t) Poz = T'(t)z, (3.2.13)
lim T°(t)Poz = T*(t)e, (3.2.14)

where, in each case, the convergence is uniformly in t for t in bounded intervals. Also,

lim B,u = Bu,u € R™, (3.2.15)

lim Q,P,x = Qz,z € H, (3.2.16)
and

lim C, P,z =Cz,z € H. (3.2.17)
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We have the following result.

THEOREM 3.2[10Theorem3.1] = Gyy1505e Hypothesis 2 holds and assume the following:

(Al) (An, Bn) is uniformly exponentially stabilizable, i. e. , there exists a
sequence K, € L(H,,R™) such that sup ||K,| < oo and for M; > 1 and
w; >0,

|SnPull < Mye™ %t > 0. (3.2.18)
(An, Cyr) is uniformly exponentially detectable, i. e., there exists a sequence
K, € L(R™, H,) such that sup”f(n“ < oo and for My, > 1, wy > 0,

150 Pa]] < Mye™2',¢ > 0. (3.2.19)

(A2) (An, Q) is uniformly exponentially detactable and (A,,Q,) is uniformly
exponentially stabilizable.

Then, (3.2.1) has the unique nonnegative solution II,,, for M, >1 and & > 0,
|eAn=BBIP || < Mye™@*,t >0 (3.2.20)
Also, (3.2.2) has the unique nonnegative solution Il,,, for M, > 1 and &, > 0,
||[eAn=TInCiCn)tp I < Mot ¢ > 0. | (3.2.21)

Moreover, if
(A3) (A, B) is exponentially stabilizable and (A, C) is exponentially detectable.
(A, Q) is exponentially detectable and (A, Q) is exponentially stabilizable .

Then, (3.6) has the unique nonnegative solution II,

lim I1,, P,z =Ilz,z € H, (3.2.22)

n—o0
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and (3.9) has the unique nonnegative solution 7,

lim I, P,z = llz,z € H. (3.2.23)

n—+00

Remark. Obviously, if ) and Q) are uniformly positive definite, then (A2) is
satisfied, (A4, Q) is detectable, and (A, Q) is stabilizable .

COROLLARY 3.3010.Theorem 3.3] 171 Jer the assumption of Theorem 3.2, let K = B*II

and K = 1IC* and for each n, let K,, = B;Il,, and K, = ﬁnC,’:, then

lim “K,,,Pn — K”L(H,R") =0 (3224)
and
lim | Ky — K||Lre,my = 0. (3.2.25)

If we denote the projection of £ x E onto E x E, by

I 0
PEEHZ[O PJ

then we obtain the following result.

THEOREM 3.43Theorem9.3] - [r ¢ > (0 we have

lim Soon(t)PEE,? = Seoco(t)2,2 € E X E, (3.2.26)

n—00

uniformly on bounded t - intervals .

Remark: In Theorem 3.4, we know that S..,(t)Pgg, converges strongly to
Seooo(t). However, when S,,..(t) is uniformly exponentially stable, we don’t know if
Soon(t) till preserves the stability property for n sufficiently large or not. Gibson and
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Adaimian pointed out in [3] that although numerical results for numerous examples
with various kind of damping and approximation suggested that this was usually true
but they were unable to prove it in general. Only in a special case, they obtained the

following results.

THEOREM 3,53 Theorem 9.4
(i) Suppose that the basis vectors of the approximation scheme are the natural
modes of undamped free vibration and that the structure damping does not
couple the modes.
Then
lim Sen(t)PEE,? = Seoco(t)z,2 € EXE, (3.2.27)

uniformly in bounded t - intervals.
(ii) If , additionally, Seco(t) is uniformly exponentially stable, then S, (t) is uni-

formly exponentially stable for n sufficiently large .

In order to extend the above results to general case, we will follow the ap-
proaches of Triggiani [11], Schumacher [12] and Ito [10] . For an infinitesmal generator

A | we have the growth constant :

. 1
wo = wp(A) = inf )?log I1Sa(®)]|

t€[0,00
= lim %log 1S4(0)]] < oo, (3.2.28)
and for each w > wy, there is a constant M, such that ||S4(¢)|| < M,e*t,t > 0, see
[11, p.386].

The semigroup S(¢) is said to be exponentially stable if the growth constant wy
is negative. We say that A satisfied the spectrum determined growth assumption in
case

wo(A) = sup Rec(A). (3.2.29)
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PROPOSITION 3.6[11Froposition 2.2] - [ et
(i) A satisfy the spectrum determined growth assumption (3.2.29);

(ii) sup Reo(A) < 0 and hence sup Reo(A) < —a, for some o > 0. Then
[Sa®)ll < Mae™, 20
and hence,
ISa®)zoll < Mae™|zoll, >0
for all zo, € X.
HypoTHESIS 3.3. For any matrices A, B, C,., K. and G,

ch[ A —BKC]

cc F (3.2.30)

with F, = A. — B.K. — G.C. and dom ( H., ) = dom ( A) x W. H, satisfies the

spectrum -determined growth assumption

wo(H.) = sup{ReX : A\ € o(H,.)}. (3.2.31)

Remark. [11,p.387] . The spectrum determined growth assumption holds in
particular if: (i) A is bounded on X; (ii) more generally, A generates an analytic semi-
group S4(t),t > 0; (iii) even more generally , A generates a differentiable semigroup

for t > to; (iv) there is some ¢ > 0, such that

r(Sa(t)) =sup{|A| : A € o(Sa(t))}

=sup{|A| : A € 0,(5a (%)) U 0r(5a(F)) U {0}}.

We have the following results:

32



THEOREM 3.7[10:Theorem 3.3] - Agsyme that the assumption (Al) - (A3) of Theorem 3.2
are satisfied and that (A, Q) is exponentially detectable and (A, Q) is exponentially

stabilizable. Define an operator Ao, defined on ExE, by

- A -BK™"
Aoon = I:f(nc Fn :l

where F'* = A" — B"K™ — K™C™.
Then for an § > 0, there exists an integer Ns such that for N > Nj,

{\: ReA > — min(&y,&s,ws) + 6}

is contained in p(Acoy). Here —ws is the growth constant of semigroup generated by
A - BK.
Moreover, if Hypothesis 3 holds, the Acon generates a uniformly stable semi-

group Son(t) on E x E, for N sufficiently large. m

Define the approximating conditions:

(c1) For each z € V, there exists a sequence 2V € HV with
lim ||2Y — 2|y = 0.
(c2) The embedding of V onto H is compact.

Remark. Note that it is required that projections onto H™ converge in the

V-norm. In [10 ], it is required an inverse approximation property:

zleI}IfN |R(s; A)z — z||lv < &1(n)||z||

inf [|R(s; A%)z = zllv < ea(m)llz],
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where £;(N),e3(N) — 0 as N — oo. These conditions are stronger and more difficult

to verify than (cl), (c2). Furthermore, the above conditions can only be satisfied if

R(s; A) is compact.
THEOREM 3.8. If (c1), (c2) hold, then Hypothesis 2 is satisfied.
ProoOF: Conditions (cl), (¢2) clearly imply (H2): (i), (iii). We next argue that

T, (t)Puz — T(t)z (3.2.32)

T ()P — T (t)x (3.2.33)

for £ € H with the convergence uniform in t on bounded subset of [0, 00). First we

note that
Rea(z,2) + K < z,2 >> ¢||z||}}, 2 € V, (3.2.34)
a(z,v) =< —A,z,v >,z,v € H,, (3.2.35)
a(z,v) =< —Arz,v>,z,v€ H, (3.2.36)

and the fact that H, C V, we shall show that the following convergence statement
hold:

R(X\ APz — R(AA)z, (3.2.37)

R(X\ AP,z — R(A Az, (3.2.38)

We then may use the Trotter - Kato Approximation Theorem to conclude that
(3.2.32) and (3.2.33) are obtained.
Since A, defined through a(.,.), by Lumer - Phillips Theorem [23] , we obtain

IT.()] < €. (3.2.39)
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Choose A > K,z € H, define W, := R()\; A,)) P,z and W := R(); A)z. We shall
show that W,, — W — 0 as n — oo. Let z, := W, —Wn, where Wn is an approximation

for W chosen according to (c1), we obtain the
a(W,z,) =< —AW, z, >
=<A—AW,z, > =A< W,z, >
=<z,zp > A< W, 2z, >.
Similarly,
a(Wy,2,) =< 2,2, > —A < W, 2, >

and then

a(Wo,z,) =aW,z) + A< W = W,, 2, > .

Using (3.2.34), we have

c”zn”%, <Rea(zn, 2n) + A < 2, 20 >
=Rea(W,, z,,) — Rea(l/ifn,zn) + A< 2,2, >
=Rea(W — W, 2,) + ARe < W = Wy, 2, > + < 23, 20 >]

SIG(W - anzn)i + )‘l < W - anzn > ' .
Thus, there exists C; > 0 such that
[2nllv < CLIW = Wa|lv.

and

W,-W=z,+W, —W.

It follows from the triangle inequality that W, — W as n — oo.
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Turning to (3.2.38), we recall that a(z,v) =< —A*v,z > and define b: VxV —
C by b(z,v) = a(z,v). Then b(.,.) satisfies the same equalities as a(.,.). We may

therefore verify (3.2.38) by referring to the analysis for (3.2.37). =

THEOREM 3.9. Suppose the following conditions are satisfied:
(i) (A, B) is exponentially stabilizable; (A, C) is exponentially detectable .
(ii) (A, Q) is exponentially detectable; (A, Q) is exponentially stabilizable.
Using Galerkin approximation, define an operator Aeon on E x E,, by
b= o TR
where I, = A,, — B, K, — IA{nCn. Then , Aoon generates a uniformly stable semigroup

Seon(t) on E x E, for N sufficiently large and

lim Soon(t)PEE,? = Soom(t)z, 2 € EXE,

n—00

uniformly in bounded t- intervals.

PROOF.: First, we note that if (A, B) is exponentially stabilizable, then there is a
K € L(E,R") such that A — BK generate a stable semigroup. We want to show
there exists an integer N; such that for all n > N, the pairs (.An, P, B) are uniformly
exponentiallly stabilizable by the operator K, i. e., there exist positive constants M;
and a such that the semigroups S, (¢) generated by A, — B, K P, uniformly stable,i.

e.

|5 (t)|| < Mye™*, n > Nj. (3.2.40)
We define a sesquilinear form ap : VxV — C by

ap(z,v) = a(z,v)+ < BKz,v > +k < z,v >
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where k; is chosen so that

Reagp(z,2) > Cy||2||}

and

llas(z,v)[| < Ca|lz[lv|vllv
for some positive constants 0 < C; < Cs. Then, we have

[Imap(z, z)| < Gy
|Reap(z,2)| = C;

and define
e

1

0 = tan

It follws that the numerical range of ap is contained in the sector

Z = {X € CllargA| < 6}
o

[1] and the spectrum of A — BK — k;I is contained in the left sector

~

S ={reC larg(-)] < 0}.

We next consider the restriction of ag to H,xH,. Similarly, the spectrum of
A, —B,KP, —k,I is also contained in 29, uniformly in n. Let AE =A,— B,KP,,
then the spectrum of AP is contained in 29 + k,. It follows that for any fixed 6 > 0,

the set of all eigenvalues A of A2 with Rel > —§ is bounded, uniformly in n .

Next, we claim that for some positive integer No,Joe n, o(AF) is contained

in the left half plane Re(A\) < —¢,e > 0. If not, then there exists a sequence \;,

B

n

eigenvalues of A, satisfying Re); > —§. Since {);} are bounded, there exists a
subsequence {\,,} satisfying A,, — X, with Re(}) > 0. Let ¢n; be an eigenvector
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with ||4]| = 1 and Aﬁj $n;, = An;én, for all n sufficiently large. Since {4, } are
bounded in V,there exists a subsequence {¢n].',} with ¢, — é € V. For convenience,
we relable the notation and assume that Af(ﬁn = A, With A, — X and ¢p — ¢ evV.

Choose ¢ € V and {¢,},¢, € H, : ¢, — 1. Since a(.,?¥) € V',

lim a(gn, %) = a(d,9),

lim a(¢n,$)+ < BK$n,¥n >= a($,9)+ < BK$, 9 >,

and

a(¢n, ¥n)+ < BK ¢y, 9, >
=< _Af¢nv¢n >

:_An < ¢na¢‘n > .

Then
a(, )+ < BK$1h >= =A< ¢ >

for all ¥ € V, or
<(A=BK —=3)é,,p >=0

for all 4 € V. It follows that ¢ is an eigenvector corresponding to the eigenvalue A for
A — BK and this contridicts the fact A — BK generate a stable semigroup.
Hence, 3 > \ o(A%) is contained in the interior of the left sector E with

; €
vertex ——.
2

For some C = C(Cy,Cy),

IR(A, A7 = k)| <



or

C
B\[| < ——
”R()"An)” — l’\ _ kll

The uniform exponential bound (3.2.40) of S,(¢) from

Sa(t) = / SR(\, AP) d)
T

where I' is the positively oriented boundary of the sector i: An estomate of the
contour integral for ¢ € [1,00) along with the observation that |S,(t)] < e for
t € [0,1] yields the bound (3.2.40).

Similarly, if (A,C) is exponentially detectable, i. e., there exists a G €
L(R",E) such that A — GC generate a stable semigroup, then there exists an in-
teger N, such that the semigroup gn(t) generated by A, — G,, P,C,, unformly stable,
i. e,

ISn(B)]l < Mae™,  n> Ny,

for some positive constants M, > 1 and S > 0. Hence, condition (A2) of Theorem
3.2 is satisfied. If (A,Q) is exponentially detectable and (A,Q) is exponentially
stabilizable, we also can prove condition (A3) of Theorem 3.2 is satisfied.

Since

A0
S ()

generates an analytic semigroup on Ex F, and

A -BK,

where Fn = /in — BnK" — R’Cn is bounded perturbation of Ag. It follows from [11]
that the Hypothesis 3 is satisfied.
Therefore, the theorem is a consequence of Theorem 3.7. =
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Remark. For a large class of dynamics systems with bounded input operators,
Theorem 3.9 guarantees the stability properties of the resulting closed loop system are
preserved uniformly. In case of dynamics systems with unbounded control operators,

Lasiecka recently obtains the corresponding stability results in [18] and [19] .
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Chapter IV Numerical Examples and Simulations

4.1 Matrix Representations of Approximating Operators

Since H" is of dimension N, it is spanned by N linearly independent elements
in HV,eN i =1,2,...,N.

For N > 1, assume a general Galerkin finite element approximation of the form
N

MN(t) =Y Gt)el (4.1.1)
Jj=1

and use zV(t) to approximate z(t).

It is clear that ((¢) = [¢1(2), (2(2), ---, (n(2)]T satisfies a system of the form

MNE(t) + DVE(t) + KN ¢(t) = BYu(t) (4.1.2)

where the mass matrix MY, damping matrix DV, stiffness matrix KV , and actuator

influence matrix BY are given by

MN = [MZJV] =< efv,ef] >ul,

DV = [D}] = [d(el, M),

KN = [K}] = [a(el, M),

By = (Bl = [< €, Bo; >n.

Let n = (¢,¢) ,
n= A"+ B"u (4.1.3)

where A™ is the matrix representation of the operator A,,

0 I

A" = _(Mn)—lA'n _(Mn)—an (414)
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and B™ is the matrix representation of the operator B, ,

B = [(Mn)”_lBg] . (4.1.5)

The matrix representation of the operator C is

C™ = [[e1€?], [ca€?]])- (4.1.6)

To discuss the matrix representations of the operators @,,, Qn, II,, and fln, 1t 1s

convenient to define the block-diagonal matrix

A e

Since @ = Q* € L(E) and F =V x H, we can write

_ (@ @
o= & &,

where Qo = Q5 € L(V), Q1 € L(H,V), and Q, = Q3 € L(H).

The matrix representation of @), is

Q" = (W™ [ : c?;?)?" QZJ (4.1.8)

where

o = [< el Qo€ >v],
Q7 = [< e, Q1€ >v],

Q7 = [< e}, Q2e} >yl

Similarly, we partition () as



The matrix representation of Q,. is
=0 G & (19

where

Qg = [< € QOej >]a
QA? = [< ) Qlej >])

Q; = [< 6i,Q26j >].

The matrix representation I1" and 1" of II,, and f[n are determined by solving
Riccati matrix equations equivalent to the operator equations (3.2.1) and (3.2.2). In
general, the form of II" is not symmetric, but the matrix W"II" is symmetric and
nonnegative. Hence, rather than solving the matrix representation of (3.2.1) directly,
it is preferable to premultiply the matrix representation of (3.2.1) by W” to obtain a
Riccati matrix equation that can be solved for the symmetric matrix W"II". Also ,
instead of solving the matrix representation of (3.2.2), it is preferable to postmultiply
the matrix representation of (3.2.2) by (W”)~! to obtain a Riccati matrix equation

that can be solved for the symmetric matrix ﬂ"(W”)"l.

Let

Hn — W"lH'Il .
Then

Un () = [w1n (), Ugn(2), vy Upnn(2)]T

and
uin(t) =—-< fin, wn(t) >y — < gina"bn(t) >H
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where

fin = Z :B_{iej,
5=1

Gin = Bl (4.1.10)
1=1

are the approximating functional control gains and

fi fa fm .
o e | R, 1

for

6fi’/89| e Rn’(z = 1’"_,n)_

Similarly, let

xn

ﬁ — ﬁn(W'n.)—l

and consider
P

Kny = Z(finagin)yi
1=1
for y = [y1,¥2,...,yp|T € RF. The matrix representation of K, is

. 25 32 3fp xn . .
K" = [gg‘ ggz ggp} =11 (W”)_I(C")TR 1 (4.1.12)

where the columns Bf‘,ﬁg‘ € R". Then

n
F— E afi .
fin— ,Bj'ej, 1= 1,...,P,
J=1

Gin=) Blej, i=1,..,P (4.1.13)
=1

We have the following result:
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THEOREM 3.8[3:Theorems 510, 86] - [Inder the assumption of Theorem 3.2, we have

lim f;,, = fi7 1=1,2,...,m,

n—o0

lim ¢;n = gi, 1=1,2,...,m (4.1.14)
n—00

and

lim f,’n = fi, 1= 1’ 27*"7p

lim .‘jin = §,~, 1= 1,2, ceey Py (4115)
n-—00

where f; and g; are the functional control gains in (3.1.22) and f: and g; are the

functional estimator gains in (3.1.26).

Consider the Galerkin approximation to the state

= Z G(t)ed

where {e7, €3, ...,e"} is the basis for the approximating space HY € V. Since e € V,

it is a vector of seven components denoted by

N N N N N _N N N 2 2 4
€; (ezl ’ 612’ e13’ 614’ 6157 169 e17) € RXH [0’ ll] XH [0) IZ]XR

t

with
ef(0) = 0,l§(0) = ef — el N(0) = el + 2ok,
(1) = i — 2l e, (0) = el () = el = el 0)
elsz(l2) = efs. (4.1.16)

We choose Cubic B - splines to represent the displacements of beams 1 and 2.

Given an interval [ = [0,L] and h = _L_

& Defined the uniform partition of I, AV =

{0, h,2h,... ,Nh = L} and the set
SY(I)={¢ € C*[0,L]): ¢ is a cubic polynomial on [jk, (j + h],j =0,..,N —1}.
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To approximate H2[0,1;] by S¥(I) where I; = [0,1], let B;(z) be the ¢** cubic

B spline defined as :

. %(w i), T € [Ti_g, Ti1]
%[h3 + 3h%(z — z;1) + 3h(z — 2;21)* — 3(z — 2:-1)%), T € [zio1, ]
Bile) = J -h1_3[h3 + 30 (i1 — @) + 3h(2ig1 — 2)* = 3(2ips —2)°], @ € [wi, Tig4]
%(ac,+2 —x)3, T € [Tiy1, Tiya)
L 0, otherwise.

Then BN, By, ..., By, provides a basis for 5’ (I) where is N + 3 dimensions.

Let a; and b; denote the n+ 3 cubic B - splines on the intervals [0, /1] and [0, 5],
respectively. By the essential boundary conditions for beams, both sets of splines and
their derivatives must be zero at z; = 0. Taking a linear combination of the first three
splines gives a set of n + 1 splines which meets these two conditions. The elements of

the basis functions corresponding to the displacements of beams 1 and 2 are

{00—20,_1—201, ’L=1, 4117
i = a;, i:2,...,n+1, ( o )
and
bo—Qb_l—Zbl, Z=1,
P = . 4.1.18
{ b,’, Z=2,...,TL+1. ( )

Denoting the space spanned by «; as HY¥ and the space spanned by 3; as HYY,
HY = SY(I,) n H*0,1;] with the essential boundary comditions for beam 1, and
HY = S¥(I,) n H*[0,1,] with the essential boundary conditions for beam 2.

To approximate V,2n + 3 total basis functions {es,...,e2,43} are chosen as
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follows:

[ 1
O

e e S A
1

€1 = lm ’
h+

1
lm
bt + o+ 5|
i 0
Q;
a;(l1) + (12 + lml)aiz(ll)
aiz(ll)
€ = m1
a,-(ll) + —2—012'1,(11)

aiz(ll)

L,
_ai(ll) + (b1 + 2+ 72)%@(11) ]

p
0

-

for t=n+3,...,2n + 3,

0
0
€; =
0
ﬂix(l2)

lm'
_ﬂi(lz) + TZ,Bix(lz) ]

where ¢; is the identity mapping on I; as
ui(z;) = s, for z; € I;,1 =1,2.
Thus, the approximating space is
H™ = R xH{' xH} xR*.
The matrix representations of A, and B, can be constructed as following

AN — _(MNO)—IKN _(MNI)—lDN] , BN = [—(MNO)—lB(’,V] (4.1.19)
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where
N _ N _N
Ml'j =< ei ’ej >H,

N N _N
Dij = d(e; €5 )7

K‘]}/ = a(ef-v, ef’),

N N
BO‘U =< 61 ,Bo >H .

The mass matrix is formed by computing the H inner product of the basis

functions . It has the form
My My My
MN = | (MM)T MY MEY (4.1.20)
(M) (ME)T M3
where MY is a 1 x 1 matrix, M{} and MJ} are 1 x (n+ 1) row matrices, and ML, M%,

and ML} are (n + 1) x (n + 1) matrices . We have

3 3
M1A1] =< B{V’ B{V >p=Jo + (PA)lgl + (PA)z[gz +L(h+ L)+ 4L+ Z'm.l)] + 21

lm lm
+mi(h + —21)2 +Jo+mo(lh+ L+ 1+ 72)2

For 7 : 2<7<n+2,

L
2
lm‘l

L ~
-+ m](l] + Tl) + 7”2(11 + lml + l2 + _2_)]

b b b ]
Faalhl(pAnE + 2y oy L
L1 L1

+ mlT(ll + 7) + J2

l'm.' lm'
+ma(ly + b + 12+ —2_2)(1"“ tht 22)]'

My =< el €} >u=(pAN < 1,5 > 1500 +e;(1)[(pA)2la(5 + (h + Lui))

Y+ 1)) +

For 7 : n+3<73<2n+3,

Mljg =< ef]’e?’ >H:(PA)2(< x?aﬂj >L2[0,12] +(ll + lml) < 17/3J >L2[O,12])
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. I
+ Bi(iz)[ma(h + ba + 1 + 7))

l’ﬂl lm
+ Bie(L)[J2 + ma(lh + 1 + Lo + 22)72 .
For i,7 : 2<4,5<n+2,
M)y =< el el >y=(pA)1 < ai, a5 >L,[0.] +ai(ll)aj(11)((PA)2lz +m1 + my)
lm
+ aiz(l)ai(l)[(pA)2l2 (b + )+ 21
I
+ma(lpr + 2+ 72)]
l'l lml
+ ai(l) e (L) [(pA)2l2(lma + 5) + mi—-
+ T7L2(lm] + 12 + Jﬁ)]
l% 2 lml
+ aix(ll)ajx(ll)[(pA)ZZZ(E + ln, b + lml) + Ji + my( 9 ) + J2
I
+ (b + b+ 2)°].

Foriand j,2<:<n+4+2andn+3<)<2n+3,

M{X =< et}_v,e;v >n=(pA)2(aiz(l) < x4, B; > L[0,12] +(ou(ly) + Lz (lh)) < 1, 535 >L2[0,12])

()8, (la)ma + (1) By (I2)ma 22

l'l"«
+ i () Bi(12)ma(ly + 12 + 22)

lm, l'm
t i (1) B3z (1) Vo + ma(lm + I + 52) 2]

and forz,) :n+3<1¢,7<2n+3,

lm
M:g =< efvve (pA)2 < ﬁnﬁ] >L2[0 12] +ﬂ‘l(ll)ﬂj(12)m2 + ﬂw(b)ﬂj(ll)ml 22

+ ﬂt(ll)ﬂ]z(ll)nll lm2 + ﬁlx(b)ﬁ]z(b)[JZ + 7712( 1733)2].

The stiffness matrix, K, is given by

N N N N N N N
K"] = a(ei ,8]- ) = (E[)le,i-zl.x, ej2:z:z‘ >L2[0,11] + < (EI)26i3z$, ej3l‘$ >L2[O,lz] .
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Since e, __, el _ are zeros, K" has zeros in row one and column one. Thus,

0 0 0
KN = [0 KN 0 ] (4.1.21)
0 0 KN
where
Kﬁ = a(efv, ej-v) =< (E1)1Cizz, Qjoz >1o000,2 < 1,) Sn+2,
and
‘h’% = a(ei\]’ e;\’) =< (EI)2:Bizx7 ﬂjzz >L2[O,12]7 n+3 < 27] <2n+3.

The damping matrix DV has the same form as KV ,

(4.1.22)

0 0 0
DN = [0 DN 0
0 0 DY

where
Dyy = d(ef, e;v) =< (V] )1®izzs Az >Lyfo,n]s 2<4,3<n42,
and
D% = d(ef", €§V) =< (V1)2Bizes Bizz > Lfoa]s n+3 <1,y <2n+3.

Since

Ug
Uy
Uy
Us
Ugq

Bou =

'—‘DOOO

o oo oo o8~
© o oo
off- o ooc oo

o O

Jrooococoo

Ug
31

= [bOI b02 bO3 b04

i~
=
ot

3
V)

U3z
Ugq
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where

,-_1_- - O -
7
0 0
0 0
Byy=10{, By, = }_1 )
0 0
0 0
o ] 0]
e -0
0 0
0 0
Bys=1| 0 |, Bos= {0
L 0
0 =
| 0] | 0 ]
and
0
0
0
Bos = 0 )
0
0
1
the actuator influence matrix B is given by
B}’ = [Bg}, By, Bos, Boy, Bay) (4.1.23)
where
- 11
0
0
B(]]\ll = [< efv, B02 >H] = R
-D- (2n+3)x1
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Bé\; = [< 6£V, Bog >H] =

B(])g = [< S;N,ng >H] =

BCI)Z = [< efv, Bog >H] =

- 1 -
Qor
a3z
)
Ony2r
0
L 0 4 (2n43)x1
h+ g

az(ll) + bglah:(ll)
ant2(l) + Lug‘lan+2x(ll)

0

_ 1 -
a2x(ll)

an+2z(ll)
ﬂn+3z(l2)

L /32n+3x(l2) 4 (2n+3)x1
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and
i bt g + 1 + 152 7
az(h) + (lm1 + 12+ 1"2‘1)(12::(11)

Bos >] = | ang2(l) + (Luy + I, + 'I%Z)anwz(ll)

ng =[< eV
Brts(lz) + l-'"glﬂn+3x(lz)

)

L Bonss(ly) + B2 B0nsan(l)

(2n+3)x1

We a.lso have

lm m
ya(t) = =(l2 + T‘)%(t) — 25(t) — S226(t) + 21(1),
l'nu . lm . .
ys(t) = —(la + 5-)2a(t) = 25(t) — - 26(t) + 24(2).
and
" 1 00 0 0 0 0 0 00 0
v L, 00 —m 1 0 0 0 00 0
ys| =0 00 0 0 0 0 - 0.0 -
Ya 0 0 0 —(b+=) -1 -2 1 0 00 0
Ys 0 0 0 0 0 0 0 0 0 0 —(l+m
o
z7
*1;
Z
L 27 ]
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= [Clv CZ]

27
1

27

The matrix representation of the operator C is

where

and for: =1,2,...,2n+ 3

and

CN = [[e1€]'], [e26)] = [[Sidaxv, [€5Taxn]

N_ N N N N N N _N\T
e; = (€1, €y, €3+ €iy) €is» Cigo €7)
=N,

« _ N

€1 = €1

R | N l‘ml N N

€2 = —hen — 5 € + €5,

* —

C3; = 07

c* — l lml N . N lm2 N N

2i = — (L2 + N )€ia — €5 — 5 i + €75

td —

cSi - 0’

6k —

€ = Oa

* % -

Coi = 07

| N lml N N

C3; = —héy — o €4 T €5,

2K K

C41‘ = O,
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l l
*x mz2y N N m2 N N

2 2
Thus, we have
W = Oy = [[Chaw, [C5laxn] [g] . (4.1 27)
We choose R = 1 and
QO Ql [[] 0
= = =1 4.1.2
¢ [Q; Q)"0 1 (4.1.28)
The matrix representation of @), is
ne | 8 Qﬂ. 4.1.29
=0 | (g G (41.29)

Similarly, we let

1 00 00
i 01 0 00
R=10 01 0 0 (4.1.30)
0 0010
0 0 0 0 1
and
5 [Qo Ql]
= - = _I 1.
The matrix representation of Qn is
@”z(W")*[ ST ] (4.1.32)
(@) @3
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4.2 Numerical Results

In this section we discuss numerical results obtained by implementing the
Galerkin finite elements approximation scheme developed in section 3.3 for the two-
connect-beam system (TCB). First, we fix certain parameters and use these selected
values for all computations. For the initial structure, an aluminum beam and a steel
beam are chosen for beam 1 and beam 2, respectively . The specific beam dimensions
are chosen to satisfy the basic assumptions of the Euler-Bernouli model of a long and
slender beam. The physical constants for density and Young’s modulus can be found
in any standard materials reference.

Using different parameters for the structure, two problems are investigated to
test and illustrate the method. graphs of the feedback control gains and estimator
gains are given for each example. Open and closed eigenvalues are plotted for Example
1 only. Two simulations are also performed for different initial deformations of the
structure by using the LSIM routine from the Matlab Control Toolbox. Given an
array for time t, LSIM computes the time response w and the state time history z to

the input time history u, for a given system of the form

z = Az + Bu,

w= Cz+ Du. (4.2.1)

To verify the effectiveness of the compensator scheme for TCB,we performed
the simulations using full state feedback and dynamic compensation. Closed - loop
responses are computed by simulating (4.2.1) with A being the closed - loop system
matrix defined by A® — B"K"™ and

A" —BrK™

A" = ];rmcn [Am — BmK™ _ chm] ,m<n, (422)
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respectively.

The matrix representation for the first order system approximating TCB is

0 I

A= |~ () ke —(M")'lD"]’ an[—(Mg)‘lbg] (4.2:3)

and 5 = (¢, ) where ¢ = ({1, ..., Cant3). The approximation for the state z(t) is

2n+3

223(¢) = Z Ci(t)e;, (4.2.4)

where the basis vectors, e;,j = 1,...,2n + 3, are given in section 3.3 .

The initial conditions, y(0), to be supplied to LSIM are the same as ((0) in the
notation above. Thus, for a particular initial state, y(0), the initial conditions for the
simulation are the coefficients of the basis functions which yield the approximation
for z(0) in (4.2.4). Once the simulation data were obtained, the state history of the
deformation of the structure was plotted. In each figure,the beams are shown by lines

with beam 1 between 0 and 2 meters and beam 2 between 2.25 and 5.25 meters.
4.2.1. Example 1 — The Initial Structure

In Example 1, the specific parameters are listed in Table 1. The moment
of inertia for a beam can be computed as I = /i_{;z’ where A = wh. The initial
parameters for the rigid bodies are given in Table 2.

Using the chosen parameters, the optimal controls for the finite dimensional
LQG problems are computed using the Matlab Control Toolbox. For n = 8, open and
closed loop eigenvalues are plotted in Figure 1.1 and Figure 1.2 with different damping
parameters. The optimal control functions , u(t) = [u0(2), ul(t),u2(t), ud(t), ud(t)]7, ,
are plotted in Figure 1.3 for estimator and full order respectively with ¢ = 0: 2.5 : 100

a7



(second). We choose 6(0) = & and all other initial states as well as all initial velocities
to be zero for full order and all initial states and all initial velocities to be zero for
estimator. The resulting feedback control gain matrix and estimator gain matrix are
expressed in terms of constant and functional gains. The constant gains are listed
in Tables 3 and 4. The functional control gains of bending and velocity for n = 3,4
and 8 are plotted with the x-axis representing meters. The corresponding plots can
be found in Figure 2.1 - Figure 2.20 . The functional estimator gains are plotted in
a similar way. The corresponding plots can be found in Figure 2.21 - Figure 2.40.

- The convergence results for approximations to the infinite-dimensional LQG
problem guarantee that all functional gains do converge. The numerical results show
that this convergence is fast. Note that all three gains resulting from the values of
n = 3,4 and 8 are plotted, though in some case only one graph is evident, since the
gains converge rapidly. In general, the difference in the gain values at the nodes for
n = 4 and 8 is on the order of 10~ or 107°.

For the control bending gains, the largest (positive) or smallest (negative) values
occur where the greatest strain is expected to exist. The values close to zero indicate
the points of least strain. In Figure 2.1 — Figure 2.5 , the bending gains for beam
1 are linear or almost-linear. We can expect that the greatest strain occures at the
end points of beam 1. In Figure 2.6 — figure 2.10, the greatest strain occured at the
points between the end points of beam 2. Similar analysis can also be applied to the
estimator gains L2 and L3(see Figure 2.21 — Figure 2.30).

For the control velocity gains, the largest value (positive) or smallest value
(negative) occures at the point of the greatest expected velocity. The value close to
zero indicates the point of the least velocity (see Figure 2.11 - Figure 2.20). The plots

for control velocity gains show that both beams and masses have associated velocity
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gains. As expected, the control velocity gain at the hub is zero which reflects the fact
that beam 1 is fixed at the hub (see Figure 2.11 — Figure 2.15). Similar analysis can

also be applied to the estimator gains L5 and L6 (see Figure 2.31 — Figure 2.40).
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4.2.2. Example 2 — The Effect of Parameter Variation

In Example 2, the mass length, mass variation and mass moment of inertia for
mass 1 are increased to 0.5 m (from 0.25m), 5kg (from 1 kg) and 5kgm?(from 1kgm?)
respectively, while all others are fixed at the values in Tables 1 and 2.

Constant gains are shown in Tables 5 and 6. Since the variation of parameters
for mass 1, some changes are expected. The bending gain(5:4) for beam 1 has an
obvious change in shape. Except for the bending gain(5:4) for beam 1, the rest have
little change in shape (see Figure 3.1 — Figure 3.5). The greatest strain still occured
at the end points of beam 1 near mass 1. The largest (positive) value of the bending
gain (5:1) for beam 1 is decreased to 0.0275 (from 0.205). The smallest (negative)
value of the bending gain (5:2) for beam 1 is decreased to -2.49 (from -2.1). The
smallest (negative) value of the bending gain(5:3) for beam 1 is increased to -0.97
(from -1.18). The value of the bending gain(5:4) at the end point of beam 1 (close
to mass 1) is decreased to the smallest (negative) value -0.88 (from the largest value
0.4). The largest (positive) value of bending gain (5:5) for beam 1 is increased to 1.28
(from 0.21). The bending gain (5:4) for beam 2 has an obvious change in shape. The
rest of control bending gains for beam 2 also have some small changes in shape (see
Figure 3.6 — Figure 3.10). For the bending gain (5:1) of béam 2, the value at the
point where the greatest strain exists for Example 1 still remains the the same for
Example 2. However, the value at the end point near mass 1 is increased to -0.0126
(from -0.32). The largest value (positive) of the bending gain (5:2) is at the end point
near mass 1, which increases to 9.2 (from 3.75). The largest value (positive) of the
bending gain (5:3) for beam 2 is also at the end point near mass 1, increasing to 3.6

(from 2.05). For the bending gain (5:4) of beam 2, the value at the end point near
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mass 1 is increased to 3.35 (from -0.66), becoming the largest value (positive). The
smallest (negative) value of bending gain (5:5) for beam 2 is decreased to -4.4 (from
-0.28) at the end point near mass 1.

For beam 1 , the control velocity gain (5:4) has a different shape (concave up)
compared to that (concave down) in Example 1. Except for the velocity gain (5:4) of
beam 1 , the rest have little change in shape (see Figure 3.11 — Figure 3.15). The
smallest value (negative) of the velocity gain (5:1) for beam 1 is decreased to -1.02
(from -0.92). The smallest value (negative) of the velocity gain (5:2) for beam 1 is
decreased to -7.1 (from -1.52). The largest value (positive) of the velocity gain(5:3)
for beam 1 is at the end point of beam 1 near mass 1, decreasing from 3.35 to 2.15.
The change of the velocity gain (5:4) for beam 1 is that the value at the end point of
beam 1 near mass 1 is increased from -1.06 (smallest value) to 1.58 (largest value).
For the velocity gain (5:5) of beam 1, the smallest value is also at the end point near
mass 1, decreasing to -15.4 (from -0.48).

The control velocity gains (5:1 — 5:5) for beam 2 have different shapes ( con-
cave up or concave down ) compared with those (concave up for one half of beam 2
and concave down for other half) in Example 1. The largest (positive) or smallest
(negative) value is reached at the point between the end points of beam 2 instead
of the end points(see Figure 3.16 — Figure 3.20). The largest value (positive) of
velocity gains (5:1) for beam 2 is decreased to 0.115 (from 0.51). The smallest value
(negative) of velocity gain (5:2) for beam 2 is sharply decreased to -58 (from -6.6) .
The smallest value of velocity gain (5:3) for beam 2 is also sharply decreased to -22
(from -3.2). The smallest velocity gain (5:4) for beam 2 is decreased to -21 (from
-2.1). The largest value of velocity gain (5:5) for beam 2 is increased to 28 (from 1.9).

One can conclude that varying all three parameters for mass 1 can affect the
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shapes and the quentities of all functional control gains. Especially, the variation
of parameters will affect the bending gain (5:4) and velocity gains significantly. A
similar conclusion for functional estimator gains, (L2, L3, L5 and L6 ), can also be

obtained by the same analysis (see Figure 3.21 — Figure 3.40).
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4.2.3 Simulation 1: Rotation of the Hub

We consider the nth control system

én = Anzn + Bnun’

Yn = Cpzn. (4.2.3.1)
and the nth estimator

é\"n. = Anén + B'nun. + kn(yn - Cn£n)7

Up = — Ky 2. (4.2.3.2)
The closed loop system is equivalent to
[ :] = Ann [f"] (4.2.3.3)
where the operator

A ~ B Ko ] (4.2.3.4)

A'n,,'n = [Kncn [An - BnK‘n - Knc‘n]

generates the closed - loop semigroup S, ,(t) on E, x E, and

|

If we let S'n(t) be the semigroup generated by A, — K, C, and state

> W

"g%] = Sn(t) [Z"(O)] . (4.2.3.5)
e(t) = z,(t) — 2a(2). (4.2.3.6)

It is easy to obtain

e(t) = Su(t)e(0),  t>0. (4.2.3.7)



To see the effect of the estimation scheme under the initial condition,we choose
with (0) = & and all other states to be zero. Initial velocities of all states are chosen

to be zero. This corresponds to the initial condition for the matrix representation:

G60) =35
¢2(0) = (5(0) = ... = (35(0) = 0,
¢1(0) = (2(0) = ...... = (5(0) = 0.

We choose two sets of different initial conditions, Initial Conditon 1 and Initial Con-

dition 2, for the corresponding nth compensator. Initial Condition 1 consists of

&1(0) = 0.3,
E2(0) = (5(0) = ..... = l55(0) = 0,
(1(0) = C3(0) = oo = (5(0) = 0, (423.8)

and Initial Condition 2 is given by

(1(0) = &(0) = ... = (35(0) =0,

£1(0) = €5(0) = .. = (55(0) = 0. (4.2.3.9)

The behavior of closed loop systems for the control scheme and the compensator
scheme with different initial conditions are shown in Figures 4.1 and 4.2. Referring
to Figure 4.1, the initial condition for the compensator is Initial Condition 1 and
the initial deflection of the structure is shown by the top line. The plots represent
the motion of the structure between 0 and 120 seconds with each plot given at 3
second interval. We compare the behavior of both the closed loop systems. As time
proceeds, the external applied torque rotates the structure towards equilibrium and
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the difference of solutions in the simulation for both closed loop systems approaches
zero. In Figure 2, Initial Condition 2 is used and a similar analysis can be applied.
We determine that the difference of solutions in both simulation for the closed loop
systems approaches zero and that the more difference between the initial conditions

we choose, the more difference in behavior of two closed systems we will obtain.
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4.2.4 Simulation 2: Displacement of Beams

To see the effect of the estimation scheme on an initial displacement of beams,
we choose the initial conditions, (0) = &,V4(0, z1) = 5;3,V5(0, z2) = 5;z3. All other
states (including velocities) are chosen to be zero. These particular states are chosen
to support the theoretical assumption that displacements are not too large. This gives
a relatively small displacement at the end of beams and at the end of the structure.

The corresponding initial conditions for the matrix representation are given by

Cl(O) = %afz(o) =0,

¢3(0) = 0.000651, ¢4(0) = 0.002604,
¢s(0) = 0.006333, ¢(0) = 0.013021,
¢7(0) = 0.022787, (s(0) = 0.036458,
(o(0) = 0.054687, ¢10(0) = 0.078125,
(11(0) = 0, ¢2(0) = 0.001953,

¢13(0) = 0.007811, ¢14(0) = 0.019529,
(15(0) = 0.039063, (16(0) = 0.068359,
¢17(0) = 0.109374, (15(0) = 0.164063,

(19(0) = 0.234374

and

CI(U) = C).(O) = e = 419(0) = 0.

There are two sets of initial conditions , Initial Condition 1 and Initial Condition
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2, fot the nth compensator. Initial Condition 1 is given by

(1(0) = 0.3,6,(0) = 0,

¢3(0) = 0.0006, (4 (0) = 0.002,
¢s(0) = 0.006, (6 (0) = 0.01,
¢2(0) = 0.02, {(0) = 0.03,
$s(0) = 0.05, ¢10(0) = 0.07,
¢11(0) = 0,¢35(0) = 0.002,
¢13(0) = 0.008, {14(0) = 0.02,
15(0) = 0.04, (16(0) = 0.07,
¢17(0) = 0.1, {15(0) = 0.2,

4219(0) = 0.2,

and

Initial Condition 2 consists of

1(0) = 6(0) = ... = (19(0) = 0,
51(0) = 52(0) = e = 519(0) = 0.

The behavior of both the closed loop systems (compensator and control) with
different initial estimator conditions are shown in Figure 5.1 and Figure 5.2. Referring
to Figure 5.1, the initial estimator condition is Initial Condition 1 and the initial
deflection of the structure shows a convex flexure of beams by the top line . The
plots represent the motion of the structure between 0 and 120 seconds with each
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plot given at 3 second interval. With the initial deflection , the structure returns the
position of a straight line quickly and then keeps the beam straight. As time proceeds,
the motions of the structure by both schemes approach the equilibrium quickly. In
Figure 5.2, the compensator closed loop system is plotted with Initial Condition 2
and a similar anlysis can also be applied.

In Figures 5.1 and 5.2, we found that the more difference between the initial
conditions for control closed loop system and estimator closed loop system , the more
difference in the simulations for two closed loop system even though the difference

approaches zero.
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Chapter V Conclusions

5.1 Summary of Results

One of the important problems in control theory is the design of feedback
control systems under the assumption that only partial observation of the state is
available. This is typically done by constructing an appropriate observer (estimator)
of the original state,whereby the desired feedback control law — called the compen-
sator — is based on the information available from the observed (estimated) state
variable. In recent years, the problem of consistent and convergent approximations
of infinite - dimensional compensators has attracted a lot of attention (see [3] , [10],
[12], [13] and [19] ).

The goal of this paper is to study the LQG problem for a class of infinite di-
mensional systems. We present an abstract framework for compensator design. We
investigate both the convergence of the approximating compensators and the perfor-
mance of the closed - loop systems, especially, the uniformly exponential stability of
the closed - loop systems. We concentrate on a specific Two - Connected - Beam
(TCB) structure in order to focus the analysis by using a test problem in numerical
simulations.

We develop a Galerkin finite element approximation scheme for TCB and prove
the convergence of the resulting sequence of approximating LQG problems. Conver-
gence is demonstrated via control and estimator gains of two numerical examples.
Two simulations also illustrate the performance of both the control scheme and the
estimator scheme.

When applying compensator design procedure to flexible structures, stability
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properties of the observer and of the resulting closed loop system are of obvious
importance. Even with the stable closed loop system by the infinite dimensional
compensator, it doesn’t guarantee, in general, that the finite - dimensional compen-
sator produces a uniformly stable closed loop system. While numerical experiments
indicate that the uniform stability of the compensator should be preserved for a large
class of approximations (including finite elements), however, the proof of this prop-
erty has been recognized as an open problem (see [ 3] ). In [3], such conclusions hold
only in a very special case when the selected approximation is modal and certain
decoupling condition holds for the original system (see Theorem 9.3 in [3]). -

In order to extend the above results to a general case, we follow the approaches
of Triggiani [11], Schumacher [12] and Ito [10]. For a large class of dynamics satisfy-
ing the so - called ” spectrum determined growth ” conditions, we not only introduce
finite - dimensional approximations (based on finite elements) of the original infinite
- dimensional compensator and show the finite - dimensional compensators, when ap-
plied to the the original model, produce near optimal performance, but also prove that
the stability pvroperties of the resulting closed loop system are preserved uniformly.

The main results obtain in this paper may be summarized as follows:

* We present a comprehensive study of the LQG problem for a class of infinite
dimensional systems. In particular, we apply the schemes we developed to the

Two - Connected - Beam (TCB) structure to illustrate and test the methods.

* Theorem 3.9 guarantees that the stability properties of the resulting closed -
loop system are preserved for a large class of dynamics systems with bounded

input operators.
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* We use the approximating conditions (c1) and (c2) to weaken and simplify the

corresponding conditions used in [10].

5.2 Future Reseach Opportunities

There are several areas that still requir further work. In particular, we have
following problems to solve.

* The wellposedness theory in Chapter II needs to be extended to a second order
system with weaker types of damping. In particular, a theory is needed for a
flexible structure with weak structure damping.

* To establish the theory for the problem of obtaining the lowest - order com-
pensator that closely approximates the infinite dimensional compensator.

* For a flexible structure with bounded input operators, the approximation theory
develop in this paper is reasonably complete. The most important extensions
should be to the corresponding problem with a unbounded input operator, for
which there exists little approximation theory. Due to the different kinds of
unbounded input operators, stiffness operators and structural damping, all of

which must be considered in detail.
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Table |. Beam Parameters for Example |

Parameter Beam 1: Aluminum Beam 2: Steel
L 2m 3m
w 2.54 cm 3.81cm
h 0.3175 cm 0.15875 cm
A 8.0645 x 10° m? 6.0483 x 10 m?
0 2700 kg / m® 7800 kg / m’®
pA 2.1774x 10" kg/m 4.7177x 10" kg/m
E 7.0x 10" N/ m? 20x 10" N/m?
1 6.7746 x 10" m* 1.27x 10" m*
EI 4.74222 Nm? 2.54 Nm?
¥l 0002kg / m scc 0002kg / m sec
Table 2. Rigid Body Parameters for Example |
Parameter Hub Mass 1 Mass 2
J 1 kg m? 1 kg m? 1 kg m?
m 1kg lkg
L, 25m 25 m
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Table 3. Control Constant Gains for Example 1

Control Constant Gains for N=3:

Kl: 2.89613e-01 -3.47794e-02 4.52314e-02
Ki: 1.77492e+00 -1.21181e+00 -2.41052e+00
K7: -1.21186e+00 1.43633e+01 7.27307e+00
K8: -4.13734e-01 5.90978e+00 4.28723e+00
K9: 2.56539e-01 -2.46491e+00 -1.65596e+00
K10:-6.77246e-01 2.92203e+01 1.25677e+01
Control Constant Gains for N=4:
Kl: 2.89635e-01 -3.51844e-02 4.49690e-02
Kd: 1.77793e+00 -1.20941le+00 =-2.41518e+00
K7: -1.20941e+00 1.43600e+01 7.26655e+00
K8: -4.15009e-01 5.90596e+00 4.29957e+00
K9: 2.56574e-01 -2.46630e+00 -1.65678e+00
K10:-4.29850e-01 2.82250e+01 1.20129e+01
Control Constant Gains for N=8:
Kl: 2.89644e-01 -3.53579e-02 4.48562e-02
K4: 1.77912e+00 -1.20845e+00 -2.41695e+00
K7: -1.20845e+00 1.43582e+01 7.26401e+00
K8: -4.15443e-01 5.90449e+00 4.30464e+00
K9: 2.56603e-01 -2.46700e+00 -1.65720e+00
K10:-1.52920e-01 2.72865e+01 1.14224e+01

Estimator Constant Gains for

Ll:
L4:
L7:
L8:
L9:
L10:

Estimator Constant Gains for

Ll:
L4:
L7:
L8:
L9:
L10:

Estimator Constant Gains for

L1:
L4:
L7:
1.8:
L9:

L10:

Table 4. Estimator Constant Gains

1.17303e+00
1.97550e-01
8.78528e-02
3.10558e-01
8.56021e-02
6.81994e-01

1.17303e+00
1.97550e-01
8.78563e-02
3.10548e-01
8.56161e-02
6.85126e-01

1.17303e+00
1.97549e-01
B.78581e~-02
3.10543e-01
8.56221e-02
6.87936e-01

~4.44799e-02
1.72204e-02
5.87820e-02
4.33866e-02
2.41041e-02
1.53969e-01

-4.44824e-02
1.72167e-02
5.88272e-02
4.34239e-02
2.40769e-02
1.49245e-01

-4.44834e-02
1.72152e-02
5.88468e-02
4.34402e-02
2.40653e-02
1.45044e-01

N=3:
-9.55244e-02
-2.73612e+00
4.35167e-01
6.10181e-01
-1.69766e-02
~1.60782e+00

N=4:
-9.55345e-02
-2.74387e+00
4.28411e-01
6.23666e-01
-1.62192e-02
~2.02090e+00

N=8:
-9.55388e-02
-2.74674e+00
4.25936e-01
6.29023e-01
-1.59411e-02
~2.54510e+00
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1.72517e-01
2.56539%e-01
-2.46491e+00
-1.36735e+00
1.72949e+00
-4.13851e+00

1.72646e-01
2.56574e-01
-2.46630e+00
-1.36814e+00
1.73176e+00
-4.22690e+00

1.72702e-01
2.56603e-01
-2.46700e+00
-1.36852e+00
1.73264e+00
-4.36380e+00

for Example 1

-1.57210e-02

8.69776e-02
-5.29955e-01
-1.43302e-01
-7.78698e-02
-1.05074e+00

-1.57157e-02

8.69730e-02
-5.29978e-01
-1.43465e-01
-7.76736e-02
-1.01828e+00

-1.57134e-02

8.69705e-02
-5.29987e-01
-1.43537e-01
~7.75899e-02
~9.89817e~01

9.39737e-01
-5.97187e~01
-1.11176e+00
-5.47770e-01
2.98278e-01
-3.02776e+00

9.39704e-01
-5.98429e-01
-1.10819e+00
-5.48583e-01
2.95762e-01
-2.84149e+00

9.39690e-01
-5.98962e-01
-1.10650e+00
-5.48949e-01
2.94825e-01
-2.60928e+00

8.80150e-02
5.18414e-01
~5.71483e+00
~1.68160e+00
1.62278e-01
-1.24468e+01

B8.79912e-02
5.16800e-01
-5.72436e+00
-1.67979e+00
1.58847e-01
-1.18631e+01

8.79804e-02
5.16268e-01
=5.72730e+00
-1.67952e+00
1.58024e-01
-1.10858e+01



Control Constant Gains for N=3:

Kl:
K4:
K7:
K8:
K9:
K10:

2.79911e-01
1.50202e+00
-1.11768e-01
1.14876e-01
8.05963e-02
1.26529e+00

4.10070e-01
-1.11768e-01
3.81790e+01
1.45426e+01
1.38346e+01
7.33044e+01

2.43203e-01
-1.76265e+00
1.46823e+01
5.78737e+00
5.15867e+00
2.64957e+01

Control Constant Gains for N=4:

Kl:
K4:
K7:
K8:
K9:
K10:

2.79857e-01
1.50507e+00
-1.20070e-01
1.11720e~-01
7.77095e-02
1.43927e+00

4.08900e-01
-1.20070e-01
3.80945e+01
1.45128e+01
1.37583e+01
7.49190e+01

2.42836e~01
-1.76961e+00
1.46629e+01
5.78147e+00
5.13421e+00
2.69203e+01

Control Constant Gains for N=8:

K1l:
K4:
K7:
K8:
K9:
K1l0:

2.79834e-01
1.50631e+00
=-1.23630e-01
1.10373e-01
7.64885e-02
1.65607e+00

Table 6. Estimator Constant Gain for Example 2

4.08403e-01
-1.23630e-01
3.80575e+01
1.44998e+01
1.37258e+01
7.76469e+01

2.4268le-01
=1.77252e+00
1.46543e+01
5.77887e+00
5.12378e+00
2.77023e+01

Estimator Constant Gains for N=3:

Ll: 1.1483le+00 =4.34687e-02
L4 1.65221e-01 2.00838e-02
L7: 6.75855e-02 1.88342e-02
L8: 2.69494e-01 1.94408e-02
L9: 4.24205e-02 3.57282e-02
L10: 5.69246e-01 6.24101e-02
Estimator Constant Gains for
Ll: 1.1483le+00 =4.34709e-02
L4: 1.65228e-01 2.00752e=-02
L7: 6.75534e-02 1.89094e-02
L8: 2.69483e-01 1.9468le~02
L9: 4.24337e-02 3.57280e-02
L10: 5.68215e-01 6.46264e-02
Estimator Constant Gains for
Ll: 1.14832e+00 <-4.34718e-02
L4: 1.65232e-01 2.00715e-02
L7: 6.75398e~02 1.89420e-02
LB: 2.69478e-01 1.94800e-02
L9: 4.24390e-02 3.57285e~02
L10: 5.66256e=01 6.78568e=02

=7.78445e-02
-2.37615e+00
4.39172e-01
1.21450e-01
2.87472e-01
=1.16959%9e+00

N={4:
-7.78632e-02
-2.38217e+00
4.40019e-01
1.22261e-01
2.87803e-01
=1.54133e+00

N=8:
«7.78713e=-02
-2.38458e+00
4.40396e-01
1.22596e-01
2.87895e-01
=1.99790e+00
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1.95688e-01
8.05963e-02
1.38346e+01
5.25942e+00
6.42563e+00
2.72567e+01

1.94976e-01
7.77095e-02
1.37583e+01
5.23135e+00
6.38202e+00
2.76025e+01

1.94677e-01
7.64885e-02
1.37258e+01
5.21939e+00
6.36359e+00
2.83835e+01

-2.38390e-02

3.16685e-02
-4.71009e-01
-1.43516e-01
-2.67377e-01
-8.63888e-01

-2.3819%e~02

3.17971e-02
-4.71200e-01
-1.43572e-01
-2.67011le-01
-8.99348e-01

-2.38118e-02

3.18523e~-02
-4.71280e~01
-1.43597e-01
-2.66861e-01
-9.50474e~-01

Table 5. Control Constant Gains for Example 2

8.09969e-01
=5.73320e-01
-1.85891e+01
=7.19532e+00
~6.65323e+00
-3.60785e+01

8.10860e-01
=5.70459%e~-01
~1.84978e+01
-7.16230e+00
-6.59870e+00
=3.67492e+01

8.11237e-01
=5.69234e-01
~-1.84586e+01
~7.14813e+00
-6.57552e+00
-3.79865e+01

5.73603e-02
1.23808e-03
-1.39966e+01
=5.21911e+00
-6.10170e+00
-2.71743e+01

5.74478e-02
4.28645e-03
-1.39733e+01
-5.21180e+00
-6.07689e+00
-2.79541e+01

5.74853e~02
5.61872e-03
-1.39614e+01
=5.20809e+00
~6.06538e+00
-2.88638e+01



Figure 1.1 Eigenvalues Near Imaginary Axis,Example 1(rl=.0002)
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Figure 1.2 Eigenvalues Near Imaginary Axis,Example 1(rl=.001)
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Figure 1.3 Optimal Control u(t)=[u0(t),u1(t),u2(t),u3(t),u4(t)]
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10

Figure 1.4 Control Function uQ(t), Example 1
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Figure 1.5 Control Function u1(t), Example 1
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Figure 1.6 Control Function u2(t), Example 1
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Figure 1.7 Control Function u3(t), Example 1
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Figure 1.8 Control Function u4(t), Example 1
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Figure 2.1 The Bending Gains(5:1) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.2 The Bending Gains(5:2) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.3 The Bending Gains(5:3) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.4 The Bending Gains(5:4) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.5 The Bending Gains(5:5) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.6 The Bending Gains(5:1) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 2.7 The Bending Gains(5:2) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 2.8 The Bending Gains(5:3) for Beam 2:n=3(.).n=4(-.),n=8(-)
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Figure 2.9 The Bending Gains(5:4) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 2.10 The Bending Gains(5:5) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 2.11 Velocity Gains(5:1) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.12 Velocity Gains(5:2) for Beam 1:n=3(.),n=4(-.),n=8(-)
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3.5

Figure 2.13 Velocity Gains(5:3) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.14 Velocity Gains(5:4) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.11 Velocity Gains(5:1) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.15 Velocity Gains(5:5) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 2.16 Velocity Gains(5:1) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 2.17 Velocity Gains(5:2) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 2.18 Velocity Gains(5:3) for Beam 2:n=3(.),n=4(-.),n=8(-)
8 T T ] ] L

101



Figure 2.19 Velocity Gains(5:4) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 2.20 Velocity Gains(5:5) for Beam 2:n=3(.),n=4(-.),n=8(-)
2 1 L) I 1 1

-1.5 : ' L
0 .

103



Figure 2.21 Estimator Gains L2 (5:1): n=3(.),n=4(-.),n=8(-)
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Figure 2.22 Estimator Gains L2 (5:2): n=3(.),n=4(-.),n=8(-)
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Figure 2.23 Estimator Gains L2 (5:3): n=3(.),n=4(-.),n=8(-)
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Figure 2.24 Estimator Gains L2 (5:4): n=3(.),n=4(-.),n=8(-)
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Figure 2.25 Estimator Gains L2 (5:5): n=3(.),n=4(-.),n=8(-)
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< 10° Figure 2.26 Estimator Gains L3 (5:1): n=3(.),n=4(-.),n=8(-)
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x 10

Figure 2.27 Estimator Gains L3 (5:2): n=3(.),n=4(-.),n=8(-)
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Figure 2.28 Estimator Gains L3 (5:3): n=3(.),n=4(-.),n=8(-)
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Figure 2.29 Estimator Gains L3 (5:4): n=3(.),n=4(-.),n=8(-)
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Figure 2.30 Estimator Gains L3 (5:5): n=3(.),n=4(-.),n=8(-)
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Figure 2.31 Estimator Gains L5 (5:1): n=3(.),n=4(-.),n=8(-)
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Figure 2.32 Estimator Gains L5 (5:2): n=3(.),n=4(-.),n=8(-)
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2.5

Figure 2.33 Estimator Gains L5 (5:3): n=3(.),n=4(-.),n=8(-)
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Figure 2.34 Estimator Gains L5 (5:4): n=3(.),n=4(-.),n=8(-)
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Figure 2.35 Estimator Gains L5 (5:5): n=3(.),n=4(-.),n=8(-)
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Figure 2.36 Estimator Gains L6 (5:1): n=3(.),n=4(-.),n=8(-)
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Figure 2.37 Estimator Gains L6 (5:2): n=3(.),n=4(-.),n=8(-)
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Figure 2.38 Estimator Gains L6 (5:3): n=3(.),n=4(-.),n=8(-)
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Figure 2.39 Estimator Gains L6 (5:4): n=3(.),n=4(-.),n=8(-)
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Figure 2.40 Estimator Gains L6 (5:5): n=3(.),n=4(-.),n=8(-)
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0.5

Figure 3.2 Bending Gains(5:2) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.3 Bending Gains(5:3) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.4 Bending Gains(5:4) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.5 Bending Gains(5:5) for Beam 1:n=3(.),n=4(-.),n=8(-)
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x10° Figure 3.6 Bending Gains(5:1) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.7 Bending Gains(5:2) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.8 Bending Gains(5:3) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.9 Bending Gains(5:4) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.10 Bending Gains(5:5) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.11 Velocity Gains(5:1) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.12 Velocity Gains(5:2) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.13 Velocity Gains(5:3) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.14 Velocity Gains(5:4) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.15 Velocity Gains(5:5) for Beam 1:n=3(.),n=4(-.),n=8(-)
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Figure 3.16 Velocity Gains(5:1) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.17 Velocity Gains(5:2) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.18 Velocity Gains(5:3) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.19 Velocity Gains(5:4) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.20 Velocity Gains(5:5) for Beam 2:n=3(.),n=4(-.),n=8(-)
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Figure 3.22 Estimator Gains L2 (5:2): n=3(.),n=4(-.),n=8(-)
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Figure 3.23 Estimator Gains L2 (5:3): n=3(.),n=4(-.),n=8(-)
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Figure 3.25 Estimator Gains L2 (5:5): n=3(.),n=4(-.),n=8(-)
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x 10° Figure 3.26 Estimator Gains L3 (5:1): n=3(.),n=4(-.),n=8(-)
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x 10° Figure 3.27 Estimator Gains L3 (5:2): n=3(.),n=4(-.),n=8(-)
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Figure 3.28 Estimator Gains L3 (5:3): n=3(.),n=4(-.).n=8(-)
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Figure 3.29 Estimator Gains L3 (5:4): n=3(.),n=4(-.),n=8(-)
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Figure 3.30 Estimator Gains L3 (5:5): n=3(.),n=4(-.),n=8(-)
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Figure 3.31 Estimator Gains L5 (5:1): n=3(.),n=4(-.).n=8(-)
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Figure 3.32 Estimator Gains L5 (5:2): n=3(.),n=4(-.),n=8(-)
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Figure 3.33 Estimator Gains L5 (5:3): n=3(.),n=4(-.),n=8(-)
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Figure 3.34 Estimator Gains L5 (5:4): n=3(.),n=4(-.),n=8(-)
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Figure 3.35 Estimator Gains L5 (5:5): n=3(.),n=4(-.),n=8(-)
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Figure 3.36 Estimator Gains L6 (5:1): n=3(.),n=4(-.),n=8(-)
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Figure 3.37 Estimator Gains L6 (5:2): n=3(.),n=4(-.),n=8(-)
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Figure 3.38 Estimator Gains L6 (5:3): n=3(.),n=4(-.),n=8(-)
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Figure 3.39 Estimator Gains L6 (5:4): n=3(.),n=4(-.),n=8(-)
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Figure 3.40 Estimator Gains L6 (5:5): n=3(.),n=4(-.),n=8(-)
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Figure 4.1 Simulation 1 (Initial Condition 1): t=0:3:120
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Figure 4.2 Simulation 1 (Initial Condition 2): t=0:3:120

Full State : - , Dynamic Compensator: ...

165



Figure 5.1 Simulation 2 (Initial Condition 1): t=0:3:120
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Figure 5.2 Simulation 2 (Initial Condition 2): t=0:3:120
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