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Intrefpstien

In moat experimental work, the results of one or more
observations sre occesionslly lost or distorted by some disturbing
factor in such e way as to make partiguler observetions uselesss Crops
may be destroyed, animals may die, or errors mey be wade in recording
the detas In the laboratory it may be possible to repest s portion
of the exporiment and obtein new values for those that are missing,
but of'ten that is impossible end one has to make the best of the results
aevailable, Of course, obssrvaiions should be rejected in the analysis
of results only under extreme circumstences, when it is quite obvious
thet the trestment being studied is not responsible for the apperently
snomslous resultss In this event, 1t would be guite helpful to be
able to insert en estimate of the missing velue in its plece snd to
proceed with the emalysis in the customary fashions

The analyeis of the date in the onse in which a single
veriable is being studied and one or more observations ere missing has
boon fairly well covered, One way in the randomized block layout has
been to ignore all the treatment vields in the bloek in whiech the
missing plot was located and to esrry out e streightforwerd anslysis
of veriance of the date from the remaining nel blooks, However, by
doing this, much of the information in the experiment wes not teken ine
to scoount in the snalysis,



In order %o retain sll of the informstion snd still
us® the ordimary methods of amalysis, Allan and Vishart proposed a
formala by which one missing item cculd be supplied and not change
the value of the snelysise In the randomized block, thoy minimized
the error sum of squares and solved the resulting normal equations
for & guentity "k" whieh wes to be constent throughout the blockss
Their value for "k" was

wheye n is the number of blocks,
8 is the number of troatments,
s,um sum of all known obserwations in the data,
Syp 1s the sum of &he known observeations in the bloek
conteining the missing value,
and Syy is the sum of the known observations in the treatment
containing the missing velue,

This idee was simplified somewhet by Yotes and extended
to include more than one missing items e set up the regulsr anslysis
of varisnce table using sywbols for the block, trestment, and total sum
of squeres from which he obtained the error sum of squares, minimigzed
the error sum of squeres, snd solved for "x", the nissing wxm; This
geve him the following formula which eorresponds to the one above:

T + BB = &
(t=1)(b=1)

where b is the number of blooks,
t is the number of trestments,

B 48 the sum of the items in the same bloock as the missing



1vern,
T 49 the sum of the items with the seme treatment as the
miszing item,
and 5 is the sum of all observed itemse

To obtain the walues for more them one unit, the
reiterative method is commonly used, An approximmtion is given to
all of the missing velues except the one whieh is being calouleted,
The sbove formula is used then to determine the miseing value, The
ealculated valus is inserted in its position and used to dotere
mine the rest of the mmbers, This p@la is eontinued through
soverel oyoles until the velues so derived ere fairly eonstent for
each position, Howaver, some officiemey i1s lost with sech pumber
that s ealoulated, and it 4s well Bot to try to £111 in & very large
" pusber of missing veluos as it would tend to ruin the anmalysis,

Since the beginning of the study of missing wvalues,
meny people have added to the imowledge and theory concerning their
estimation, It is now poseible to find theory and formules for
missing velues for meny of the experimental designs, The methematical
basis for the method of estimating missing walues is the substitution
of & value for the one missing thet will meke the sum of squares of
dovistions from the mean & minimum, This means that the supplied item
s ite own expected value, its deviation from the expected being sero,
This value may be entered in the table ss the estimete of the miscing
items The smalysls of verisnce would then proceed as usual, with one
modifiention: ¢Che number of degrees of freadon for total and error
sums of squares would bo deoremsed by unity for each velus supplieds
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One of the cases which hes not been studled is thet of
missing values in covarleance, 5inoe apperestly no theory has been
developed for this instanes, 1t is proposed in this paper to present
a formule thet may be used im s rendomised b;oek having two varistes
when the dependent wvarieble is nissing and the consomitant verieble
is presents It will be shown that tho nissing velue may be estimeted

vy

,em,-e, J‘naq-p-r.‘,,.a, |
Al ]‘n. Rl R — 1~ ) e

where n end s are the number of blooks snd treatments respectively
in the experiment, r is the regression coefficient attached te the
variable x, and the other sywmbols are bloeck, treantment, snd grand
totale for y and x from the dete tables
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Let us first examine the general csse in which we

have n blocks and s treatments in our randomised blocks Iat us

asoume that every cell of our table exoept one eontains two valuos:

1) % the concomitent verisble, and 2) y. ., the dependent varisble,

In thet one oell, assume that only the x., velue is present, This
may be shown in the following table,
Table 1.
n by 8 Randomised Elock
Blocks Treaiments
1l % s ARt R cwl s Totals

1l hy, g B hoey| By B,

2 ha) | hea hax hays-t| has Bes

A h‘o h&l— XO& h.‘, 5=/ h PX B 4‘

n e | Bae haw Bas-t| hme | Bas
Totals le T“ Teh T‘QH r‘t.’ Gﬁ




Y
where h is x and y '
O ® Llusececssssssnssseseseset
4 ® lesssoossossscsesile
Assumo that obseorwvation g is missing in the above tsble and thet we
wish to find an esccepteble cetimete of that wulue,
The usual procedure is to minimige the error sum of

squares
v Z (V= .t
where
Yo B A% G sl Py ® Een
and

Yoo 8 ¢ Ot D 4P e
Here 4/ is the population moan,
O is the offoet of block <y
Zoc is the effeet of trestmentod
€ is the regression coefficlient,
and Cecls normally eand independently distributed,
This means minimizing
E (Gan=Com 2uam A = C3.)"
or, by replacing the populstion persmeters by thelir statistieal
estimatos,
2) pACIPLE B PE R rx.)?
subject to the restrietions
;b, - g: L ® On
By introducing the lagrenge multipliers, we may find the unrestricted
winimum of
3) s mebon om rm)? 4 2250, 4 22k
To bring this into conformity with the stendard form of regression
equation, this may be wrttm
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4) F® E(yemneb . tufa= rx )% ¢ 22 50 % 24, 5

ZVwe "%’ 8 s _
where ;” ® ] or 0 according as p® q or p f g with J ® lessesssssssen
6nd k ® losesssssseseess TheS 's are the independent variables and
the b's, ¢'s, m, and r are the regression coefficients, chosen to minimize
the arrvor sum of sguares,

The derivatives of F with regpect to my tha bYvs, t's,

2ts, and r, sguated to gero, provide & set of normel equetions which
determine the values of the regression coefficientss In the general

oese, we have
) Soe Elmes e bofyge tudiye rmed) = 0
i{.‘u Ll =nw badye tudip= r2ad) Sopt 3, ® 0
UEE Sl n e by tadan vre) Fort ), @ 0
f%-- Eln = B = by = bl 7 )5 ® O
3%0 £b.*0

g‘é"*' gt.v.' 4]
as our mormel eguationse These mey im turn be written as

¢) ZEVc® (ns=l)n s sETb.#nfte #riZx..

7) £ 5Vu® (aml)m 4 sZTbos (0el) St FEEX ¥ X

8) ; g'fw‘ (s=l)mm # (8=1) Zb, + NEL P rEEX P A
9)  FRLREREIXr EBEXect HheFeot rEZ(x)?
oy

10) Gy ® (ne=l)n # 6Zbe ¢ nZbew riy

11)Gy = Boy ® s(nel)m # sEbet (0ol) Stuw rfly = Beg/ ¢ 2,
12) Gy = Tuy ® (s=l)om  (s=1)Zb. ¢ nSted rflx= T/t Je
13) Hyy ® mly + BorZbe + TrFhe # ripe

where Gpds the grand total,
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B., is the total of the block (i) containing the missing
velue,
Tay de the totel of the treatment (od contdining the
missing walue,
Bwis‘ﬂu sum of the products X . ¥.u
%t:mmﬁmwsa‘.}u
sod h is x end y as bofore,
From these last equations,; it is easily proved that
2,8 2, ® 0, By subtracting
Bey® (s=l)m @ Zhew riey
from equetion (10) end equating the results to equation (11), it is
found thet
Ay 04
Then by subtrasting
Ty® (o=l)m ¢ b, 4 rlcy
from equation (10) snd squating that to equation (12), it ie found
thet
A% Gy
in order to solve these normal equations for my, the b's,
t's, and ry, it is necessary to expand them into the following form
with 81l of the symbols as defined above,
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These provide us with (nes) oquations with which to
solve ocur (nes) unknowns, With the identities for my by % and
¥y 1t is possible to solve for the missing value ey o_inu it is
known that the equation for y,..is
Ve ® B b Dot St MR
The formule derived in this menner is
W yes [Battegler [Sustusio ]
where n is the mumber of blooks,
8 is the mmber of trecimants,
Bey 4o the sum of "h" in the ith bloelk,
Ten 48 the sum of "h" in the «th treatnent,
G4 is the grand sum of "h",
and r @ Hyy = ZB.0y/8 = Z Turley/o ¢ [ (nsenes)0,0y »®8, B,
- uangq Tyt n(i.,ﬂ, + B.;,G,) * u(,‘.!‘-.rﬂ,, + Teyl4)
= n8(Rey Ty # TarBoy) ] /us(ne1)(e-1)
e 28,58 = 20, /0 ¢ [(nsemms)ty® = 0®0. = o%0.5
# 208, 0, + 280, 0, = 208 B, Te, ]/ ne(nel)(e=1),
It may be noticed at omoe that should x be absent, that
is, if there is only ome wvariable, this formula reduces to that for
the simple randomized blook as derived by Yatese From this it sppears
that the above formule mey be extended to include as meny verisbles as
one mey wish to inelude in the epperiment,




& Spesiel Sope

'm; us see how this process works on a speoinl onses
for exanple, & rendomized bloek heving two blocks and three treatments,
Assume, es before, thet there oxists both an X.. velue and & y..welue
in every eell of our teble except one, GSuppose that the cefd in the
seoond blook eand in the second trestment conteins only the xgz value,
and it is desired to esloulete a satisfsctory estimete for ypge

Table 2,
2 by 3 Randomiged Slock

Blooks Treastments b
1 2 3 Totals
1 By | Mz | Mg B1n
2 hgy | xz2 | hag B2n

lot this be the data teble where h stands for x and y,
88 in the gomersl onse, and Dy, Teys and Gy stend for the blook,
treatmont, end grand totals respectively.

As in the general cose, the error sum of squares
16) F®Z(yep=mm b= bam rxe)?
is to minimized subjeet to the restrietions
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Th.® Tt 0,
Ory introdueing the Lagrenge multipliers, finmd the unrestrioted
minizas of
17) P E(yecmme bew b P%ee)® 4 22, Eb % 22aTho
where my, the b's, t's, and »r are the astetistical estimetes of the
population parsmoterss To convert eguation (17) into the convens
tional siyle, it may be written |
18) PoZ(YeemmmboSigm bolinn 12" 4 22,20, 4 222 ke
WKhen the derivetive of squation (18) is taken with
respect to my By, bgs tys Ty By and r, equated to sere, snd sumsed,
e sot of normel equations ere obtained,
19) Gy ® Gm+ 5by « 2bp ¢ 2ty & tp « 265 4 riy
Mg ey ¢ e oy,
33, ® in “« g o + i3+ rBy,

Tiy®2n+ bye b+ 2 + Ty
Togy® ne b + & + rigg
Twﬂﬁ'b by + Bg + 263 & rigy

Hey ® G + Ma-am‘rke,*rg,taa,rkt;om,z
Simoe it is lmown that
Zh.® Zt.® 0,
these equations may be written
20) Gy ® me by« t3+ rl,
Byy ® Sm o+ 3y » riy,
Bgy ® 2m ¢ 2bp ~ tg « rig,
Tiy ® Bn + 24 + rly,
!”0 me bg ¢ tg ¢ rip,
Tgy ® 2m & Bty & rig,
Hey ® G o Byghy & Bagbp « Tyxty « Tagty & Tggts ¢ rilg
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On solving these normal eguations by amy of the possible
methods, thie following idontities are obtained

21
e[l e e ] -r[§ <Y 3]
5;‘-”1&;-&-:
voe [Rre oG] or [Hue -G
t;'gh-"'-’-aloa
e [ty Gn ] o [ o Bue 5]
ty ® L o Flx - m
v, - (BgByy + BaBay)/s = (TaxTly + T2xTay + TexTsy)/2
+ (046, = 4BagBay « OToxlay + 2(Bax0, + Bayly)
# 5(T2:8 & Toybe) = 3(Bagiay ¢ TagBay) )A2
B2 = (81 # 3:2)/8 = (1e® # 122 + 13:%)/2
v (6,2 « 4By 2 = 075, ¢ 4Bpy 0y  OTny0y = 1282, Ty)/124
If these values are tested, it will be found that
Zh.» ;_t..,ﬁo
secording to the restriotions set in the beginnings It will slso be
found, when these wvalues are inserted inte
yez ® m+ bg + b + rxap,

that

e [Emfuos] o [Sxe et ay)

whore ¥ 1s equal to the above, This agrees with the general case
as dlsoussed previouslys
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Sonclusion

The formuls snd theory for estimating e misaing wvelue
in the ocase of coveriense in a rendomiszed bloek has been presented
in this paper, It has also been found thet the formala given core
responds to Yates' formulea for a miming value in o rendomized
bloek when thore is only one warieble presént in the experiment,

The formula deorived is

W s [Ratn ] o r [Banilag e n]

where

24) relyy e Zh,By/o = Il 0 /ad [ (noenms)t0y,
« 2% By = 8P hucley ¢ n(Baly 4 Boyly) ¢ 8(Tecly + Toy02)
- 18(BexTuy # Turley ) 7 /us(nml)(s=1)

Hyv = $04 /8 = Tl u e [ (ngenms)Gx® = nB.
- 89T0x® & B Oy ¢ 20Terliy = 2n8BosTuy ] /ns(nel)(o=1)s
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