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1. Introduction

The integral inequalities play a fundamental role in the study of existence, uniqueness,
boundedness, stability, invariant manifolds, and other qualitative properties of solutions
of the theory of differential and integral equations. There are a lot of papers investigating
them such as [1-8]. In particular, Pachpatte [2] discovered some new integral inequalities
involving functions of two variables. These inequalities are applied to study the bound-
edness and uniqueness of the solutions of the following terminal value problem for the
hyperbolic partial differential equation (1.1) with conditions (1.2):

Di1Dyu(x, y) = h(x, y,u(x,y)) +r(x,y), (1.1)
u(x,0) = 0 (x), u(oo,y) = 1 (y), u(co,00) = k. (1.2)

Cheung [9], and Dragomir and Kim [10, 11] established additional Gronwall-Ou-Iang
type integral inequalities involving functions of two independent variables. Meng and Li
[12] generalized the results of Pachpatte [2] to certain new integrals. Recently, Cheung
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and Ma([13] discussed the following inequalities

u(x,y) <alx,y)+clxy) J: Lw d(s,t)w(u(s,t))dtds,
o oo (1.3)
u(x,y) < a(x,y)+c(x,y) L L d(s,t)w(u(s,t))dtds,

where a(x, y) and c(x, y) have certain monotonicity.
Our main aim here, motivated by the work of Cheung and Ma [13], is to discuss more
general integral inequalities with # nonlinear terms:

u(x,y) <alx,y)+ i Jx Jw di(x, y,s,t)w;(u(s,t))dtds, (1.4)
=170 Jy

u(x,y) <alx,y)+ i ro Loo di(x, y,s,t)w;(u(s,t))dtds, (1.5)
i=17%

where we do not require the monotonicity of a(x, y) and di(x, y,s,t). Furthermore, we
also show that some results of Cheung and Ma [13] can be deduced from our results as
some special cases. Our results are also applied to show the boundedness of the solutions
of a partial differential equation.

2. Main results

Let R = (—o0,00) and R = [0,00). Dyz(x, y) and D,z(x, y) denote the first-order partial
derivatives of z(x, y) with respect to x and y, respectively.
Asin[1, 5, 6], we define w; oc w; for wi,w; : A C R — R\ {0} if wo/w) is nondecreasing
on A. This concept helps us compare monotonicity of different functions. Suppose that
(C1) wi(u) (i =1,...,n) is a nonnegative, nondecreasing, and continuous function for
u € Ry with w;(u) >0 for u > 0 such that w; oc wy oc - - - oc w3
(Cy) a(x, y) is a nonnegative and continuous function for x, y € Ry;
(C3) di(x, y,s,t) (i=1,...,n) is a continuous and nonnegative function for x, y,s,t €
R;.
Take the notation W;(u) := f,Z(dz/wi(z)), for u > u;, where u; > 0 is a given constant.
Clearly, W; is strictly increasing, so its inverse W;! is well defined, continuous, and in-
creasing in its corresponding domain.

THEOREM 2.1. In addition to the assumptions (C,), (Cy), and (Cs), suppose that a(x,y)
and di(x, y,s,t) are bounded in y € R, for each fixed x,s,t € Ry. If u(x,y) is a continuous
and nonnegative function satisfying (1.4) for x,y € R4, then

ulx,y) < W, [wn (bn(x,7)) + L Lw 3,06y, t)dtds} 2.1)
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forall0 <x < x;, y1 <y < oo, where b,(x, y) is determined recursively by
bi(x,y) = a(x,y),
bt (%, y) = w,.l[w(b (x,9)) J [ 3, t)dtds}, 22)

a(x,y) = sup sup a(z,p), di(x,y,s,t) = sup sup di(7,p,s,1),

0<7<x ysp<oo 0<7<x ysp<oo

W1(0) := 0, and x1, y1 € Ry are chosen such that

Wi(bi(xl,yl))+J dN,-(x,y,s,t)dtdssJ dz (2.3)
0 Jy i

u Wi(z)
fori=1,...,n

Remark 2.2. x; and y; are confined by (2.3). In particular, (2.1) is true for all x,y € R,
when all w; (i = 1,...,n) satisfy [, (dz/wi(z)) = oo.
Remark 2.3. Asin [6, 5, 1], different choices of u; in W; do not affect our results.
Proof of Theorem 2.1. From the assumptions, we know that d(x, y) and (Z(x, ¥,s,t) are
well defined. Moreover, d(x, y) and d;(x, y,s,t) are nonnegative, nondecreasing in x, non-
increasing in y; and satisfy a(x, y) = a(x, y) and di(x, y,s,t) = di(x, y,s,t) for each i =
1,...,n.

We first discuss the case that a(x,y) > 0 for all x,y € R,. Thus, b;(x, y) is positive,

nondecreasing in x, nonincreasing in y; and satisfies b1 (x, y) > a(x, y) for all x,y € R,.
From (1.4), we have

U y) <biGoy)+ > L Lm 3, y,,wi(u(s, 1)) di ds. (2.4)
i-1

Choose arbitrary X7, 1 such that 0 <X; < x1, y1 < J1 < 0. From (2.4), we obtain

uoy) < by (B 5) + S L J (%05, 8 wi (s, 1) dt ds (2.5)
i=1 y

forall0 <x <X; <x1, y1 <Y1 < y< oo,
Having (2.5), we claim

u(x,y)sWnl[Wn(Z XL Y% Y)) JJ (X1, V1,8t dtds] (2.6)

for all 0 < x < min{X},x,}, max{y;,y,} < y < o0, where

b1 (X1, 91,%,y) = by (%1, 1),

o . s (2.7)
biv1 (%1, 51,%,y) = Wil[Wi(bi(xl,yl,x,y)) +JO J di(xl,yl,s,t)dtdS]
y
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fori=1,...,n—1and x,, y, € R, are chosen such that

Wi(gi(%bylaxb)ﬁ)) + JO J 671‘(%1,%)5,f)dtd5 = J dz (2'8)
»2 Ui

; wi(z)
fori=1,...,n.

Note that we may take x, = x; and y, = y;. In fact, Z,-()Ncl,%,x,y) and Ei(?cl ,Y1,%, y) are
nondecreasing in X, nonincreasing in ; for fixed x, y. Furthermore, it is easy to check
that 5,-(971,}1,761,71) = b;(x1,y1) fori=1,...,n. If xp, y, are replaced by x;, y; on the left
side of (2.8), we have from (2.3)

Wi (bi (%1, 51,%0 1)) +J0 di (%, 1,5, t)dt ds
N
< Wi(zi(xl,ybxh}/l)) +L J ji(xhyl,s,f)dtds (2.9)
pat

X1 © o 0 d
= Wi(bi(x1,1)) +L ; di(x1, y1,8,t)dtds < L[ Wi(zz)'

Thus, it means that we can take x, = x1, y2 = y1.
In the following, we will use mathematical induction to prove (2.6).
Forn=1,let

z2(x,y) = J: Lm dy (31, 51,5, 8) wi (u(s, 1)) dt ds. (2.10)

Then z(x, y) is differentiable, nonnegative, nondecreasing for x € [0,%;], and nonincreas-
ing for y € [¥1,0) and z(0, y) = z(x, %) = 0. From (2.5), we have the following:

u(x, y) < by (X1,5) +z(x, ),

Diz(x,y) = J dy (%1, P x, ) wi (u(x, 1)) dt
y
(2.11)

sj (%05 )i (by (R0, 50) +2(x, 1)) dit

y

swl(b1<»~c1,%)+z(x,y>)j 3 (%5051 dt.
y

Since w; is nondecreasing and by (X1, 1) +z(x, y) > 0, we get

D](b] (3?1,;1) +z(x,y)) Dlz(x,y)

wi (b1 (X1, 01) +2(x,y))  wi(b (X1, 50) +2(x,y))
wi(by (%1,51) +2(x,) [} di (%1, 51, ) dt
Wl(bl(%,%)*‘z(%)’))

j (%050, 1) dt.
y

—~ o~

o (2.12)
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Integrating both sides of the above inequality from 0 to x, we obtain

Wi (b1 (R, 31) + 25 0) < W01 G J) +20,0) + || i@ G ) deds

e (2.13)

= Wi (b1 (x1,71)) +JO J dy (X1, y1,s,t)dt ds.
y

Thus the monotonicity of Wi ! implies

u(x, ) < by (X1,1) +z(x,y) < Wit [Wl(bl (X1, 7)) +JO I %(Tcl,%,s,t)dtds],
y

(2.14)
that is, (2.6) is true for n = 1.
Assume that (2.6) is true for n = m. Consider
m+l .x ~oo N
ue ) <G 30+ 3 || AT w(uls ) drds (2.15)
i=1 707y
forall0 <x <X,y < y<oo.Let
m+l ~x ~oo N
z(x,y) = Z J I di (X1, 1,8 t)wi(u(s,t))dtds. (2.16)
i=1 70 Jy

Then z(x, y) is differentiable, nonnegative, nondecreasing for x € [0,%;], and nonincreas-
ing for y € [y1,00). Obviously, z(0,y) = z(x,00) = 0 and u(x,y) < b1(X1,y1) + z(x, ).
Since w; is nondecreasing and b, (X1, y1) + z(x, y) > 0, we have

Dy (b1 (%1,1) +2(x,9))
wi (b1 (%1, 91) +2(x,9))
S f;oc;i(%l,%,x,t)wi(u(x,t))dt
EEEACESARTES))
_SE T d G gun ) wi (b (G, 51) +2(x 1) de
B w1 (by (%1, 01) +2(x, )

m+1

SJ 3 (%5 x ) dt + ZJ F(E 5006 (b (R0, 50) +2(x, 1)) dt
y i=2 77

sj %(%1,%,x,t)dt+zj T (R, 51,0, 8) i (b1 (R, 51) + 20, ) i,
y =177
(2.17)
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where ¢i1 (1) = wis1 (u)/w1(u), i = 1,...,m. Integrating the above inequality from 0 to x,
we obtain

W (b (R0,51) +2(x, 7)) < Wi (b1 (%1, 51)) +L j 3 (%505, 1) dtds
y

+sz j Tt (B, 505 ) i (131, 31) +2(s, 1) it ds,
i=1 y
(2.18)

or
E(x,y) = c1(x )+ ZL jj Tt G55, D) i (W (E(s,0)) ) di ds (2.19)
i=1

for0 < x <X and y; < y < oo, the same as (2.6) for n = m, where &(x, y) = W1 (b1 (X1, 1) +
z(x,y)) and ¢1(x, y) = Wi (b1 (%1, 70) + [g [, di(%0, 51,5, £)dt ds.

From the assumption (C;), each ¢i+1(W{1(u)), i=1,...,m, is continuous and non-
decreasing for u. Moreover, ¢2(W ) oc ¢5(W ') oc -« - oc g1 (W), By the inductive
assumption, we have

E(x,y) <@,k |:(Dm+1 (em(x,9)) + L J A (751,%,5,1‘)61%5] (2.20)
y

forall 0 < x < min{x},x3}, max{yy, y3} < y < oo, where ®;,;(u) = Iﬁ‘t+1 (dz/¢i1 (W (2))),
u> 0,21 = Wi(uis1), 5 is the inverse of @41, i = 1,...,m,

Ci+1(x)y) = q)i7+11 [(Di+l (Ci(xay)) + JO J (Z'+l (%1)%,51 t) dtds]) l = 1)- ..M, (221)
Yy

and x3, y3 € R, are chosen such that

i (leny) t [ [ A GoFosndrds< [ 2 222)
i i > + 7 > > )t t = T Tvar—1. .
HACHE: V8 J’0 Vs HL 1S ) jﬁm ¢i+1(W1 l(z))
fori=1,...,m.
Note that
u dz “ow (W (2))dz
O;(u) = TSNS J e
W= L e @) ~ ey w(Wr @) o)
Wit g, ’
=J =W,-0W1_1(u), i=2,....,m+1.
” wi(z)
From (2.20), we have
u(x,y) < by (%1,5) +2(x,y) = Wi (E(x, »))
(2.24)

= Wn;ll |:Wm+1(W1l(Cm(x>)’))) +J0 J}/ gm+1(%],;1,5,t)dtd$:|
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for all 0 < x < min{Xy,x3}, max{y, y3} < y < 0. Let Gi(x, y) = Wi '(ci(x, y)). Then,
Gi(xny) = Wil (alxny)
=wy! [ 1 (b1 (X1, 1)) J J d1 (X1, 718 )dtds} (2.25)

= bZ(%byl;x)y)-

Moreover, with the assumption that y, (x, y) = by (X1, ¥1,%, ¥), we have

Cnr1(x,y) = Wi |:(Dr_n}l-1(q)m+1 (em(x,p)) + L J Jm+1(?€1,71>5,t)dtd5)]
y

= W&Jlrl Wm+1(W1_1(Cm(x>y))) +J() J c;m+1(%1,;1,s,t)dtds:|
= Wn;Jlrl Wit (Cm X,y J J m+1 X1a)’1,5, )dtd5:| (226)
= Wikt | Wi (b (31, 51,%,7) +L J gm+1(%1)?1,5,t)d1‘ds]
- y
= bz (31,7155, 7).
This proves that
E6,y) = bist R Y%6y), i=1,...,m. (2.27)
Therefore, (2.22) becomes
Wi+1(zi+1(7€1,;1,x3,}’3)) +J0 J ‘iNiJrl(?NCl);bS,t)dtds
: (2.28)

<JW‘(°°) dz _J"" dz Pl
B Uiy ¢i+1(W1_1(z)) Uiy Wi+1(Z)’ e

The above inequalities and (2.8) imply that we may take x, = x3, y» = y3. From (2.24),
we get

u(x,y) < W, +1 |:Wm+1(bm+1(x1)y1)x )/ J J dm+1 X1,y1,S t)dtds:| (2.29)

forall 0 <x <X) <x, y2 <% < y < 0. This proves (2.6) by mathematical induction.
Taking x = X1,y = ¥1, x2 = x1, and y, = y;, we have

Cdu(%, %,s,t)dtds] (2.30)

w(Z,5) < wnl[wn(%n(%l,%,%l,m +j0
N
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for 0 <X; <x1,y1 < Y1 < co. It is easy to verify Zn(%l,f/l,%l,%) = b,(X1,y1). Thus, (2.30)
can be written as

u(x;,y) < W,II[Wn(bn()Ncl,%))+J J cz,(%l,;l,s,t)dtds}. (2.31)
0 71

Since X1, y; are arbitrary, replace X and ) by x and y respectively and we have

ulx,y) < w,! [W,, (bu(x,)) + J: Jm dNn(x,y,s,t)dtds} (2.32)
y

forall0 <x <x;, y1 < y< oo,

In case a(x,y) = 0 for some x,y € R;. Let by ¢(x,y) := bi(x,y) +€ for all x,y € R4,
where € > 0is arbitrary, and then b, ¢(x, y) > 0. Using the same arguments as above, where
bi(x, y) is replaced with b; ¢ (x, y) >0, we get

u(x,y) <w,! [Wn (bue(x,9)) + J: Loo c;n(x,y,s, t)dtds]. (2.33)

Letting € — 0%, we obtain (2.1) by the continuity of b; ¢ in € and the continuity of W; and
W; ! under the notation W;(0) := 0. O

TaEOREM 2.4. In addition to the assumptions (C,), (C;), and (Cs3), suppose that a(x,y)
and di(x, y,s,t) are bounded in x,y € Ry for each fixed s,t € Ry. If u(x, y) is a continuous
and nonnegative function satisfying (1.5) for x,y € R, then

u(x,y) < Wl [wn (ba(x,7)) + Lw Lw (6, s, t)dtds] (2.34)

forall x4 <x< 0o, y4 <y < oo, where b,(x, y) is determined recursively by

bi(x,y) = a(x,y),

bini(x, y) = W;! |:Wi(bi(3€;y)) + Loo Lw di(x, y,s, t)dtds} ) (2.35)

a(x,y) = sup sup a(t,u),

X<T<00 y<p<oo

N (2.36)
di(x,y,s,t) = sup sup di(1,1,s,1),

X<T<00 y<p<oo
W1(0) := 0, and x4, ys € Ry are chosen such that

dz

wi(z)

Wi(bi(x4, y1)) +J di(x,y,s,t)dtds < J (2.37)
X4 J Yy Ui

fori=1,...,n.

The proof is similar to the argument in the proof of Theorem 2.1 with suitable modi-
fication. We omit the details here.
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Remark 2.5. Take d,(x, y,s,t) = c(x, y)d(s,t) and n = 1 in (1.4). Suppose that a(x, y) and

c(x,y) are continuous, nonnegative, nondecreasing in x and nonincreasing in y; and
d(s,t) is nonnegative and continuous. We note that

bi(x,y) = alx,y), Jl (%, ¥,5,t) = c(x, y)d(s, t). (2.38)

From Theorem 2.1, we get

u(x,y) < Wil [Wl (a(x, ) +c(x, ) L ro s, t)dtds} , (2.39)
y

which is exactly (2.6) of Lemma 2.2 in [13].

Remark 2.6. Take d(x,y,s,t) = c(x,y)d(s,t) and n = 1 in (1.5). Suppose that a(x, y) and
c(x, y) are continuous, nonnegative, nonincreasing in x, y; and d(s, ) is nonnegative and
continuous. It is easy to check that

bi(x,y) = a(x,y), Ay (%, y,5,1) = c(x, y)d(s, t). (2.40)
From Theorem 2.4, we get
u(x,y) < Wil [ W (alx, ) +c(x, y)J I d(s,t)dt ds] (2.41)
x Jy
which is (2.10) of Lemma 2.2 in [13].

3. Applications

Consider the partial differential equation

DiDyv(x,y) = m +exp(—x)exp(—y)/|v(x, y)| +1

+xexp(—x)exp(—y)Zv(x, y),
v(x,00) = a(x),v(0,y) = 7(y),v(0,00) = k (3.2)

(3.1)

for x,y € Ry, where 0,7 € C(R4,R), o(x) is nondecreasing in x, 7(y) is nonincreasing
in y, k is a real constant, and ¥ is a continuous operator on C(R; X R4, R) such that
|Tv| < colv| for a constant ¢y > 0. Integrating (3.1) with respect to x and y and using the
initial conditions (3.2), we get

X
(x+1)(y+1)

_ J: Lm exp (—s)exp (—t)4/ | v(s,t) | + 1dtds (3.3)

- Jx Jm sexp (—s)exp (—1)Zv(s,t)dtds.
0Jy

v(x,y) =o(x)+1(y) —k—
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Thus,
X
(x+1)(y+1)

+ J(:J'DO exp (—s)exp (—t)4/ | v(s,t) | + 1dtds (3.4)
y

+J J sexp (—s)exp (—t)co | v(s,t) |dtds.
0Jy

[v(x,y)| < |o(x)+1(y) — k| +

Letting u(x, y) = |v(x, y)|, we have
u(x,y) < alx,y) +J J dy (%, y,5, t)wl(u)dtds+J J &y, Owa(w)dtds,  (3.5)
0Jy 0Jy

where a(x, y) = lo(x) +7(y) =kl +x/(x + 1)(y + 1), wi(u) = Vu+ 1, wa(u) = cou, di (x, y,
s,t) = exp(—s)exp(—t), da(x,y,s,t) = sexp(—s)exp (—t). Clearly, wy(u)/w;(u) = co(u/
Vu+1) is nondecreasing for u > 0, that is, w; oc w,. Then for uy,u, >0,

bl(x:)’) = a(x)y)) CTl(xa}/aS; t) = dl(-x:yasy t)) QIZ(X:)}JS) t) = dz(x)y)53 t))

o= [ (T D), Wit = (Savae) -

“d 1
W (u) = fz _ flnl, W5 (u) = usexp(cou),
u, €C0Z Co Uu

ba(x,y) = Wi [Wy (b (x, ) +JXIM(;1(x,y,s,t)dtds]
=W1_[ (Vo1 (x5, 9)+1—=~Jur +1) + (1 —exp(—x)) exp(—y)]
exp (—x) 2
= [dbﬂx,y)ﬂ—l-kfexp(—y)] -1

By Theorem 2.1, we have

(3.6)

(x5, 9)| = W3 [Ws(ba(x, y)) + jj & (x, y,s, e ds]

= w;l[ilnL("’”

o ” +(1—(x+1)exp(—x))exp(—y)]

= wyexp [CO<$InM +(1-(x+1)exp(—x)) exp(—y))]

Uy
=by(x,y)exp[co(l — (x+1)exp(—x)) exp(—y)]

2
X 1 —exp(—x)
[(\/| o(x)+1(y)—k|+ (x+1)(y+1) 1+zexp(—y)> —1}

xexp [co(1— (x+1)exp(—x)) exp(—y)].

(3.7)

This implies that the solution of (3.1) is bounded for x,y € R, provided that o(x) +
7(y) — k is bounded for all x, y € R,.
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