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Dynamic Modeling of a Small Autonomous Hydrofoil Vessel

Heejip Moon

(ABSTRACT)

This thesis presents the development of a six degree of freedom nonlinear dynamic model for

a single-mast fully submerged hydrofoil vehicle. The aim of the model is to aid in evaluating

various model-based controllers for autonomous operation by simulating their performance

before implementation in the field. Initially, first principles approach is employed to develop

an approximate dynamic model of the vehicle. Prediction of the vehicle motion using the first

principles model is then compared with the data from the tow tank experiments to assess the

accuracy of the assumptions made in estimating the hydrofoil performance. Additionally,

the dynamic model is adjusted to reflect the measured hydrodynamic forces in the tow tank

tests. Utilizing the modified dynamic model to simulate the vehicle motion, an initial height

controller is designed and tuned in field trials until stable foiling state was achieved. We

evaluate the field results and discuss the limitation of employing steady-state tow tank data

in establishing the vehicle dynamic model.



Dynamic Modeling of a Small Autonomous Hydrofoil Vessel

Heejip Moon

(GENERAL AUDIENCE ABSTRACT)

This thesis presents the development of a model describing the motion of a hydrofoil vehicle.

The craft uses hydrofoils which act like conventional airplane wings that work in water

instead of air to lift the hull fully out of the water. In order to maintain a set height above

the water and direction of travel, the vehicle needs some form of a controller for autonomous

operation. The purpose of the vehicle model is to aid in development of these controllers

by simulating and evaluating their performance before implementation in the field. Initially,

forces acting on the vehicle are approximated using fundamental hydrodynamic theory. The

theoretical model is then compared with experimental data to assist in characterization of the

hydrofoils. Building upon the measured test data, we create a preliminary height controller

in simulation and conduct field trials to achieve stable foiling state.
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of 0.35 m with initial gain values: KpZ = 0.4, Kpθ = 4.5, Kiθ = 0.2, and

Kdθ = 0.4. The vehicle pitch and commanded flap angle are in blue and the

vehicle height is in red. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.7 Desired pitch output from the outer height loop is in blue and measured height

is in red when KpZ = 0.4. After the initial desired θ ≈ 7.5° command, the

vehicle height does not continue to increase. . . . . . . . . . . . . . . . . . . 53

ix



5.8 Desired pitch output from the outer height loop is in blue and measured height

is in red when KpZ = 0.6. After the initial desired θ ≈ 8.8° command, the

vehicle elevates off of the water surface towards the target height. . . . . . . 54

5.9 Measured vehicle pitch is in red, desired pitch is in dashed red, and Kdθ

contribution to the elevator command output is in blue when Kdθ = 0.4. As

the outer height loop commands higher pitch angle to increase the height,

Kdθ term adds too much commanded elevator angle to slow the pitch rate. . 54

5.10 Measured height controller performance with KpZ = 0.6, Kpθ = 4.5, Kiθ =

0.2, and Kdθ = 0.25 for a target height of 0.35 m . . . . . . . . . . . . . . . . 55

5.11 Predicted height controller performance with KpZ = 0.6, Kpθ = 4.5, Kiθ =

0.2, and Kdθ = 0.25 for a target height of 0.35 m . . . . . . . . . . . . . . . . 56

5.12 Measured force in the body frame x axis with varying pitch angles for 4.5

m/s tow carriage speed. The propulsor thrust and x axis component of the

foil lift contributes to the significant Fx that leads to the higher simulated

steady-state surge velocity. . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

A.1 Frame of reference for craft with moving masses . . . . . . . . . . . . . . . . 64

A.2 Position vector for vehicle with moving mass actuation in inertial and body

frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

A.3 Differential volume element in respect to body-fixed rotating frame [4] . . . 68

x



List of Tables

4.1 Measured body-fixed frame forces and moments for propulsor at max rpm

and 0 m/s forward velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 Overview of different pitch angle and speed conditions tested with propulsor

at full and zero throttle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.3 Increase in total lift force at varying speed and pitch angle due to the effect

of the propulsor at max and zero throttle . . . . . . . . . . . . . . . . . . . . 33

4.4 Measured and predicted thrust at maximum propeller rpm for different inflow

velocities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.5 Measured and predicted roll moment with varying rudder or split flap angle 43

4.6 Measured and predicted force in body-fixed y axis with varying yaw angle . 43

5.1 Hydrodynamic parameters for τest . . . . . . . . . . . . . . . . . . . . . . . . 45

B.1 Component CoG in Body Reference Coordinate and Weight . . . . . . . . . 74

xi



List of Abbreviations

AVL Autonomous Vehicle Library

CAD Computer-Aided Design

CoB Center of Buoyancy

CoD Coefficient of Drag

CoG Center of Gravity

CoL Coefficinet of Lift

DoF Degree of Freedom

NACA National Advisory Committee for Aeronautics

PID Proportional-Integral-Derivative

xii



Chapter 1

Introduction

Compared to conventional surface vessels, hydrofoil vehicles offer several advantages in speed,

efficiency, and maneuverability. During normal operation, hydrofoils elevate the hull above

the water, reducing drag and enabling higher speeds for a given power input. Additionally,

when the hull is lifted clear of the water surface, the vehicle can navigate above waves in

rough seas, surf zones, and other high disturbance areas. In fully submerged hydrofoils, most

of the trailing wake is generated by the struts connecting the hull to the foils, rather than

the hull itself, which significantly reduces the visible wake. Since only the hydrofoils and

propulsion unit need to be submerged to control the craft, the vehicle can operate at shallow

depth if necessary. These benefits serve as the main motivation for the given research task

of developing an autonomous vehicle from an existing commercial hydrofoil platform.

To achieve autonomy, a controller is required to command the vehicle’s attitude and sustain

its foiling state. Employing a high fidelity vehicle dynamics model can aid in developing

such vehicle controller by simulating and assessing different control algorithms before field

implementation. This approach reduces the time needed for field tuning the control system

and enables an objective comparison of various controllers’ performance under repeatable

conditions. To validate the hydrodynamic coefficients used in the vehicle dynamics model,

tow tank studies have been conducted for different vehicle types including surface vessel [17],

amphibious vehicle [15], foil assisted monohull [18], and autonomous underwater vehicle [7].

However, a 6 degree of freedom (DoF) dynamic model tested at full-scale has not yet been

1



2 CHAPTER 1. INTRODUCTION

investigated for a hydrofoil craft. The main contribution of this work is the verification of

a first principles dynamic model utilizing the results from tow tank trials. We compare the

applied forces and moments obtained from the vehicle approximation model derived with

fundamental hydrodynamic principles to the experimentally measured data in the tow tank.

Subsequently, we adjust the first principles model to reflect the measured forces then employ

the modified model to create an initial proportional-integral-derivative (PID) controller for

height and pitch motion. The gains of the controllers are further tuned during field testing.

Using the result of the field trials, we assess the limitation of the assumptions made in the

6 DoF model which is constructed using steady-state tow tank results.

The thesis is organized as follows. General overview of the hydrofoil craft and its modification

is provided in Chapter 2. The components of the dynamic model based in first principles are

laid out in Chapter 3. Chapter 4 outlines the experimental test fixture in the tow tank and

compares the collected results to the theoretical predictions. The modified dynamic model

fitted to the tow data, the simulated PID height controller, and the controller’s performance

during field trials are discussed in Chapter 5. Finally, the concluding remarks are provided

in Chapter 6. Much of the contents in Chapter 2 through 6 are adapted from the conference

papers Development of a Dynamic Model of Small Autonomous Hydrofoil Craft by Heejip

Moon, Gwyneth Steel, Hugh Dougherty, Daniel Stilwell, and Stefano Brizzolara [10] and

Experimental Study of a Preliminary Height Controller for a Small Autonomous Hydrofoil

Craft by Heejip Moon, Daniel Stilwell, and Stefano Brizzolara [11].



Chapter 2

Vehicle Overview

2.1 Original Vehicle

For this study, the electric hydrofoil platform from Lift Foils shown in Figure 2.1 was chosen

as the basis for the autonomous vehicle. The eFoil features a single-mast design housing an

Figure 2.1: eFoil from Lift Foils modified with control flaps and additional electronics for
autonomous operation

integrated electric motor and propeller assembly, and fully submerged fore and aft hydrofoils.

It is capable of reaching up to 30 mph and 100 minutes of maximum ride time, and can

accommodate a rider weighing up to 250 lbs. Designed for recreational use, a human operator

3



4 CHAPTER 2. VEHICLE OVERVIEW

riding on top of the eFoil can control the craft’s pitch and roll by shifting their weight fore or

aft and side to side, while the motor speed is regulated via a waterproof handheld controller.

As this is a commercial vehicle, the proprietary geometry of the submerged hydrofoils were

not made available and the complex shape of the foils as shown in Figure 2.2 posed challenges

in accurately measuring and approximating their hydrodynamic performance.

(a) (b)

Figure 2.2: (a) Trapezoidal fore foil with span wise anhedral curve, (b) Trapezoidal aft foil
with maximum thickness of 1 cm

2.2 Modification

To control the vehicle attitude, two different actuation methods were explored. Similar to

how a human rider operates the eFoil, a system of moving masses can be added on top of

the board to control the pitch and roll of the craft. This method requires no modification to

the submerged hydrofoil sections while utilizing existing mounting points on the board for

securing equipment. However, a significant amount of additional weight or actuator travel

distance is needed to influence the vehicle’s motion. Alternatively, control flaps can be added

to the submerged foils in order to directly affect the lift and drag forces. The benefit of this
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approach is that it requires much less actuation effort compared to a moving mass system

and offers more space to mount additional payload on top of the board. However, due to

the thin profile of the foils and their carbon fiber construction, integrating the actuator

assembly into the hydrofoils without compromising their strength required more design time

compared to the moving mass concept. As a result, the moving mass actuation was initially

pursued using off-the-shelf components to quickly field test the vehicle and obtain data for

comparison to the theoretical dynamic model. Simultaneously, the control flap mechanism

was being tested and developed for implementation further down the timeline. In practice,

however, it was found that the fastest readily available commerical linear actuator lacked the

bandwidth to compensate for the vehicle’s fast dynamics. To make the moving mass system

work, a custom actuator package would need to be developed which would take considerable

time and effort, contradicting its original purpose as a quick solution for controlling the

vehicle. Following rounds of field tests with moving mass actuators, the decision was made

to concentrate solely on implementing the control flap actuation. Consequently, this paper

focuses on the results of flap actuation for vehicle control, but readers can find additional

details on the rigid body dynamics derived for a moving mass system in Appendix A.

For flap actuation, the original craft was modified by adding servo driven elevator and rudder

surfaces on the aft hydrofoil as shown in Figure 2.3. The flap placement was determined by

the ease of mounting and modifying the tail hydrofoil assembly, as well as the large moment

arm provided by the distance from the stern wing to the vehicle’s center of gravity (CoG).

The elevator flaps are split down the middle with two independently controlled sides which

generate roll moment when rotated in opposite directions. Given the challenge of packaging

a flap hinge mechanism due to the thin trailing edge of the aft hydrofoil, the elevator flaps are

affixed to the foil surface with tape for quick implementation and testing without modifying

and risking delamination of the carbon fiber wing. A single rudder flap, positioned behind
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Figure 2.3: 3D printed elevator and rudder flap assembly mounted on the aft hydrofoil

the propulsor, is used to induce both roll and yaw moment. All three flaps are connected to

each of the servo control arm by a linkage with ball joint ends. The servos and the rudder

flap pivot are secured onto 3D printed top and bottom shells that clamp around the carbon

fiber stem connecting the aft foil to the fore foil.

To manipulate the propeller thrust, the factory handheld controller was modified with a

throttle servo to command the motor speed as illustrated in Figure 2.4. The original con-

Figure 2.4: Throttle controller board with hall effect sensor circled in red and servo driven
permanent magnet circled in green

troller utilized a hall effect sensor to measure the field strength of a magnet which was affixed
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to a movable trigger lever. As the magnet moves closer to the sensor, an increasing throttle

signal is sent to the motor controller over a Bluetooth connection. Rather than reproduc-

ing this specific throttle signal or modifying the proprietary motor controller, the original

electronics from the handheld remote is reused in a 3D printed housing where the distance

between the magnet and the hall effect sensor is controlled by a servo.

Lastly a waterproof enclosure for electronics computing actuator commands, attitude, head-

ing, GPS location, body angular rate, and linear acceleration, is mounted near the bow

of the eFoil. Layout of the electronic hardware used for autonomy is illustrated in Figure

2.5. The sensors and actuators are connected to a single board computer running the Au-

Figure 2.5: Diagram of the added electronic hardware utilized for autonomy
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tonomous Vehicle Library (AVL), developed by Center for Marine Autonomy and Robotics.

AVL leverages tools from the open-source Robotic Operating System to facilitate commu-

nication between all the electronic hardware, compute controller outputs, and log measured

sensor data and actuator commands. For field tests, a 2.4 GHz radio data link is employed

to establish a remote connection to the onboard vehicle computer for craft operation and

log file transfer. Additionally, a joystick controller can be used to directly send commands

at close distances. For safety, a separate radio receiver, paired to an onshore transmitter, is

used in case the radio data link to the onboard computer fails. If the user toggles a switch

on the transmitter or if the onboard receiver moves out of range, the power to the eFoil

throttle controller board is cut off, stopping the propeller motor. Initially, three different

distance sensors were assessed for measuring the board’s height above the water. Ultimately,

the radar-based Acconeer XM112 distance module, housed in a waterproof enclosure with a

hydrophobic coating, proved most effective. During field tests, this module exhibited high

enough update rate to capture foiling height during quick movements, could measure through

thin layer of water and hydrophobic coating, could be easily powered through USB port due

to low power consumption, and had wide enough detection angle to recognize the water

surface as the vehicle rolled or pitched to one side.



Chapter 3

First Principles Dynamic Model

3.1 Vehicle Coordinate Frames

Following the convention for describing 6 DoF rigid body motion in [4] and [12], the body

and inertial reference frame are arranged as shown in Figure 3.1 for the hydrofoil craft. The

Figure 3.1: Frame of reference used for the hydrofoil craft and the associated linear and
angular velocities

origin of the moving body frame is located at the bottom of the board and center of the

mast. The zero for the fixed inertial frame Z axis is located at the water line. In this case

the body-fixed origin is not coincident with either CoG or center of buoyancy (CoB), but

9



10 CHAPTER 3. FIRST PRINCIPLES DYNAMIC MODEL

rather chosen to be a fixed physical location on the vehicle so that it remains unaffected

by additional payload weight or varying submerged volume. The body origin still keeps the

vehicle symmetry about the xz plane and its location in the inertial Z coordinate directly

indicates the foiling height of the craft. The vehicle motion is defined using body frame

linear and angular velocities ν =

[
u v w p q r

]T
where u, v, and w are the body-fixed

linear velocities along the x, y, and z axis, respectively, and p, q, and r are the angular

rates about the same axis. The inertial position and orientation of the model is described

by η =

[
X Y Z ϕ θ ψ

]T
where X, Y , and Z are the inertial frame coordinates of the

body frame origin, and ϕ, θ, and ψ are the Euler angles corresponding to roll, pitch, and

yaw.

The vectors in the fixed inertial frame can be related to the vectors in the moving body

frame by three principal rotation about the Z, Y , and X axes with their respective Euler

angles. Using this rotation sequence, the linear body-fixed velocities νT1 =

[
u v w

]
can be

transformed to the inertial frame linear velocities η̇1T =

[
Ẋ Ẏ Ż

]
by the rotation matrix

J1 where


Ẋ

Ẏ

Ż

 =


cosψ cos θ − sinψ cosϕ+ cosψ sin θ sinϕ sinψ sinϕ+ cosψ cosϕ sin θ

sinψ cos θ cosψ cosϕ+ sinϕ sin θ sinψ − cosψ sinϕ+ sin θ sinψ cosϕ

− sin θ cos θ sinϕ cos θ cosϕ



u

v

w


η̇1 = J1(η) ν1

(3.1)

The angular velocities in the inertial frame is related to the body-fixed rotational velocities
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by the rotation matrix J2 and velocity vectors νT2 =

[
p q r

]
and η̇2T =

[
ϕ̇ θ̇ ψ̇

]
where


ϕ̇

θ̇

ψ̇

 =


1 sinϕ tan θ cosϕ tan θ

0 cosϕ − sinϕ

0 sinϕ/ cos θ cosϕ/ cos θ



p

q

r


η̇2 = J2(η) ν2

(3.2)

Because of the tangent terms in J2, it is assumed that the pitch angle θ stays between -90°

to 90°. This assumption is suitable for the scope of this thesis as the motion of the hydrofoil

vehicle at extreme angles where the bow of the craft is pointed straight up or down is not

of interest. Combining the rotation matrices for transnational and rotational velocities into

one expression for 6 DoF motion yields

η̇ =

J1(η2) 03×3

03×3 J2(η2)

 ν
η̇ = J(η2) ν

(3.3)

3.2 Rigid Body Dynamics

Using conservation of linear and angular momentum, the applied forces and moments on a

rigid body can be related to the transitional and rotational velocities and accelerations. The

equations of motion for the vehicle moving through a fluid can be represented as

(MA +MRB)ν̇ + (CA + CRB)ν +G = τ (3.4)
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where MRB and CRB are the rigid body inertia and Coriolis-centripetal matrices, MA and

CA are the hydrodynamic added inertia and added Coriolis-centripetal matrices, G is the

weight and buoyancy vector, and τ is the external force and moment vector. The derivation

of the rigid body motion equation (3.4) is found in Chapter 2.3 of [4].

We follow Fossen’s formulation of the rigid body matrices MRB and CRB [4, pg. 26, 28]

using the measured mass, CoG location, and inertia tensor of the craft about the body-fixed

frame where vehicle symmetry across the xz plane is assumed. The CoG and weight of

each components such as the board, battery, mast assembly, and electronics enclosure were

measured individually. The approximate geometry of these components is then recreated

in computer-aided design (CAD) software along with user specified density to match the

measured weight and CoG. The simplified CAD models are then assembled in the body

reference coordinate system to yield total vehicle CoG of [0.382 m, 0 m, 0.015 m] and total

mass of 47.9 kg. The exact CoG location and weight of each components are listed in

Appendix B Table B.1. Additionally, we can calculate the inertia tensor Io

Io =


Ixx Ixy Ixz

Iyx Iyy Iyz

Izx Izy Izz

 =


8.230 0 −3.785

0 17.215 0

−3.785 0 12.733

 kg m2 (3.5)

from the CAD software as the component models were close enough approximation of the

true part geometry, weight and CoG. Note that this model is created solely for estimating

the moment of inertia as it does not reflect the actual foil shape with sufficient accuracy

to be used for computational fluid dynamics studies. Using the total vehicle mass m, the

inertia tensor Io, and the coordinates of vehicle CoG in body-fixed frame [xG , yG , zG], the
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rigid body inertia matrix is defined as

MRB =



m 0 0 0 mzG −myG

0 m 0 −mzG 0 mxG

0 0 m myG −mxG 0

0 −mzG myG Ixx Ixy Ixz

mzG 0 −mxG Iyx Iyy Iyz

−myG mxG 0 Izx Izy Izz


=



47.9 0 0 0 0.719 0

0 47.9 0 −0.719 0 18.298

0 0 47.9 0 −18.298 0

0 −0.719 0 8.23 0 −3.785

0.719 0 −18.298 0 17.215 0

0 18.298 0 −3.785 0 12.733


(3.6)

The centripetal and Coriolis forces experienced by the moving rigid body in respect to the

Earth-fixed frame is calculated using the Coriolis-centripetal matrix expressed as

CRB =



0 0 0 m(yGq + zGr) −m(xGq − w) −m(xGr + v)

0 0 0 −m(yGp+ w) m(zGr + xGp) −m(yGr − u)

0 0 0 −m(zGp− v) −m(zGq + u) m(xGp+ yGq)

−m(yGq + zGr) m(yGp+ w) m(zGp− v) 0 −Iyzq − Ixzp+ Izzr Iyzr + Ixyp− Iyyq

m(xGq − w) −m(zGr + xGp) m(zGq + u) Iyzq + Ixzp− Izzr 0 −Ixzr − Ixyq + Ixxp

m(xGr + v) m(yGr − u) −m(xGp+ yGq) −Iyzr − Ixyp+ Iyyq Ixzr + Ixyq − Ixxp 0



=



0 0 0 0.719 r −18.298 q + 47.9w −18.298 r − 47.9 v

0 0 0 −47.9w 0.719 r + 18.298 p 47.9 u

0 0 0 −0.719 p+ 47.9 v −0.719 q − 47.9 u 18.298 p

−0.719 r 47.9w 0.719 p− 47.9 v 0 3.785 p+ 12.733 r −17.215 q

18.298 q − 47.9w −0.719 r − 18.298 p 0.719 q + 47.9 u −3.785 p− 12.733 r 0 3.785 r + 8.23 p

18.298 r + 47.9 v −47.9 u −18.298 p 17.215 q −3.785 r − 8.23 p 0


(3.7)

3.3 Added Mass and Inertia

As the submerged section of the vehicle moves through the water, it experiences an additional

inertia referred to as added mass when some volume of the surrounding fluid is forced around

the physical body. By using the assumption that the body in motion imparts energy to the

otherwise stationary fluid, one can derive the fluid forces and moments acting on the vehicle
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using the added mass inertia matrix defined as

MA =



Xu̇ Xv̇ Xẇ Xṗ Xq̇ Xṙ

Yu̇ Yv̇ Yẇ Yṗ Yq̇ Yṙ

Zu̇ Zv̇ Zẇ Zṗ Zq̇ Zṙ

Ku̇ Kv̇ Kẇ Kṗ Kq̇ Kṙ

Mu̇ Mv̇ Mẇ Mṗ Mq̇ Mṙ

Nu̇ Nv̇ Nẇ Nṗ Nq̇ Nṙ


(3.8)

Although all 36 elements ofMA can be unique, a reasonable approximation for foiling vehicles

is to assume that MA is symmetric [4], leaving 21 independent terms. The notation Xv̇

corresponds to the contribution the acceleration in body-fixed y axis has to the hydrodynamic

force in the body-fixed x axis. The kinetic energy of the fluid pushed aside by the vehicle

is then expressed with the body-fixed linear and angular velocities and the virtual inertial

mass MA as

TA =
1

2
νTMAν (3.9)

Kirchhoff’s equations as found in Chapter 2.4 of [4] utilizes the expression for fluid kinetic

energy to define the hydrodynamic added mass forces and moments τH as

τH =



d
dt

∂TA

∂u
− r ∂TA

∂v
+ q ∂TA

∂w

d
dt

∂TA

∂v
− p∂TA

∂w
+ r ∂TA

∂u

d
dt

∂TA

∂w
− q ∂TA

∂u
+ p∂TA

∂v

d
dt

∂TA

∂p
− w ∂TA

∂v
+ v ∂TA

∂w
− r ∂TA

∂q
+ q ∂TA

∂r

d
dt

∂TA

∂q
− u∂TA

∂w
+ w ∂TA

∂u
− p∂TA

∂r
+ r ∂TA

∂p

d
dt

∂TA

∂r
− v ∂TA

∂u
+ u∂TA

∂v
− q ∂TA

∂p
+ p∂TA

∂q


(3.10)
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The terms from equation (3.10) are separated and grouped into inertial and Coriolis-centripetal

components as shown

τH =MAν̇ + CAν (3.11)

The added Coriolis-centripetal matrices CA is defined by

CA =



0 0 0 0 −a3 a2

0 0 0 a3 0 −a1
0 0 0 −a2 a1 0

0 −a3 a2 0 −b3 b2

a3 0 −a1 b3 0 −b1
−a2 a1 0 −b2 b1 0


(3.12)

where
a1 = Xu̇u+Xv̇v +Xẇw +Xṗp+Xq̇q +Xṙr

a2 = Xv̇u+ Yv̇v + Yẇw + Yṗp+ Yq̇q + Yṙr

a3 = Xẇu+ Yẇv + Zẇw + Zṗp+ Zq̇q + Zṙr

b1 = Xṗu+ Yṗv + Zṗw +Kṗp+Kq̇q +Kṙr

b2 = Xq̇u+ Yq̇v + Zq̇w +Kq̇p+Mq̇q +Mṙr

b3 = Xṙu+ Yṙv + Zṙw +Kṙp+Mṙq +Nṙr

(3.13)

The elements of MA are estimated by numeric integration of two-dimensional added mass

coefficients over the length of the body using the strip theory approach in [4]. Only the major

submerged components are considered for added mass and the vehicle geometry is simplified

as seen in Figure 3.2. We compute the 2D added mass coefficients of the strut, fore wing,

and aft foils by approximating its cross sectional shape as an elliptical or a rectangular strip

with mean chord length and constant height as shown in Figure 3.3. A11 , A22 , A33 indicates

2D added mass coefficients for flow in x, y, and z axis respectively and ρ is the water
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Figure 3.2: Simplified submerged geometry for added mass approximation

(a) Simplification for x or z axis flow (b) Simplification for y axis flow

Figure 3.3: Assumed hydrofoil geometry with formula for two-dimensional hydrodynamic
added mass coefficients
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density. The diagonal components of the vehicle added mass matrix MA are calculated by

the following formula

Xu̇ =

∫ SF /2

−SF /2

A11F dy +

∫ SR/2

−SR/2

A11Rdy +

∫ SS

0

A11Sdz

Yv̇ =

∫ CF

0

A22F dx+

∫ CR

0

A22Rdx+

∫ SS

0

A22Sdz

Zẇ =

∫ SF /2

−SF /2

A33F dy +

∫ SR/2

−SR/2

A33Rdy +

∫ CS

0

A33Sdx

Kṗ =

∫ SF /2

−SF /2

y2A33F dy +

∫ SR/2

−SR/2

y2A33Rdy +

∫ SS

0

z2A22Sdz

Mq̇ =

∫ SF /2

−SF /2

x2FA33F dy +

∫ SR/2

−SR/2

x2RA33Rdy +

∫ SS

0

z2A11Sdz

Nṙ =

∫ SF /2

−SF /2

y2A11F dy +

∫ SR/2

−SR/2

y2A11Rdy +

∫ SS

0

x2SA22Sdz

(3.14)

where S denotes the wing span, C is the chord length, xF , xR and xS are the x coordinates

of the quarterchord for the front, rear, and strut foils. The subscripts F , R, and S refer to the

front foil, rear foil and the strut respectively. Because of the thin front, rear, and strut foil

sections, we assume that the contribution of A22F , A22R , and A33S in calculating Kṗ,Mq̇, and

Nṙ are negligible. Additionally, we assume that the moment contribution of the ellipsoidal

cross section occurs at the quarter chord which is a good approximation for the location

of the lift and drag force vector for a foil. Due to the geometrical symmetry in xz plane,

the off-diagonal coefficients Xv̇, Xṗ, Xṙ, Yẇ, Yq̇, Zṗ, Zṙ, Zq̇, and Nṙ and their symmetric

counterparts are negligible and taken to be zero. Furthermore, since the hydrofoils were

simplified as elliptical strips, Xẇ and Kṙ are also taken to be zero, leaving only Xq̇ = Mu̇,
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Yṗ = Kv̇, Yṙ = Nv̇, Zq̇ =Mẇ as non-zero off-diagonal coefficients which are calculated as

Xq̇ =

∫ SF /2

−SF /2

zFA11F dy +

∫ SR/2

−SR/2

zRA11Rdy +

∫ SS

0

zA11Sdz

Yṗ = −
∫ CF

0

zFA22F dx−
∫ CR

0

zRA22Rdx−
∫ SS

0

zA22Sdz

Yṙ =

∫ xF+
CF
4

xF− 3CF
4

xA22F dx+

∫ xR+
CR
4

xR− 3CR
4

xA22Rdx+

∫ SS

0

xSA22Sdz

Zq̇ = −
∫ SF /2

−SF /2

xA33F dy −
∫ SR/2

−SR/2

xA33Rdy −
∫ CS

0

xSA33Sdx

(3.15)

where zF and zR are the z coordinates of the quarterchord for the fore and aft foil. The signs

in calculating the off-diagonal coefficients reflect how MA is referenced in Equation 3.4. For

example, positive acceleration in pitch induces negative resistive force in x axis, but since

MA is on the left hand side of the equation, Xq̇ is a positive term.

3.4 Restoring Forces and Moments

In hydrodynamics, restoring forces refer to the gravitational and buoyancy forces of the

vehicle. As stated when MRB, was defined, the measured mass of the vehicle is 47.9 kg.

To approximate the buoyant force, we use the simplified CAD model to measure the total

volume as well as the volumetric center of the fore foil, aft foil, and the strut. Note that the

three component volumes were assumed to be watertight, and were defined with the same

density so that the CoG of the CAD model is coincident with the volumetric center. The

calculated submerged volume is 0.0080 m3, which equates to 78 N of buoyancy, and the CoB

is located at [0.069 m, 0 m, 0.661 m] in body-fixed coordinates. Both buoyancy and CoB are

considered to be constant because the change in displaced volume due to the narrow mast is

negligible, and we are primarily interested in conditions at which the propeller and both fore
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and aft foils are fully submerged. Because the restoring forces act in Z axis of the inertial

frame, they must be transformed into the body-fixed reference frame before use in Equation

3.4. Using the invertible rotation matrix J1 defined in Equation 3.1, the restoring forces and

moments vector G in body-fixed frame is expressed as

G1 = J−1
1 (η2)


0

0

mg − ρgV

 =


(mg − ρgV ) sin θ

−(mg − ρgV ) cos θ sinϕ
−(mg − ρgV ) cos θ cosϕ



G2 =


−(mg yG − ρgV yB) cos θ cosϕ+ (mg xG − ρgV xB) cos θ sinϕ

(mg xG − ρgV xB) cos θ cosϕ+ (mg zG − ρgV zB) sin θ
−(mg xG − ρgV xB) cos θ sinϕ+ (mg yG − ρgV yB) sin θ



G =

[
G1

G2

]

(3.16)

where g is the acceleration of gravity, ρ is the water density, V is the submerged volume,

and xB, yB and zB are the body-fixed coordinates of the CoB.

3.5 External Forces and Moments

The external forces and moments represented by τ are comprised of the thrust and drag from

the propulsor, and lift and drag forces from the mast, front wing, rear wing with elevator

flaps, and rudder fin. The coefficient of drag (CoD) for the propulsor housing shown in

Figure 3.4 are 0.2, 1.0, and 1.0 along the body-fixed x, y, and z axis, respectively. CoD were

estimated based on the drag curve for a round-nosed cylinder with length over diameter ratio

of L/d = 4.7 and Reynolds number of Re ≈ 2.66 × 105 at 4 m/s [6]. Assuming the drag
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Figure 3.4: Approximated model of integrated propulsor motor housing

forces act on the centroid of the motor housing given by body-fixed coordinates [tx, ty, tz],

the forces and the corresponding moment on the propulsor are expressed as

Dragpropulsor =


1
2
ρAxCdx(u+ q tz + r ty)

2

1
2
ρAyCdy(v − p tz + r tx)

2

1
2
ρAzCdz(w + p ty − q tx)

2

 =


Dxp

Dyp

Dzp



Momentpropulsor =


tyDzp − tzDyp

−txDzp + tzDxp

txDyp − tyDxp


(3.17)

where Ax, Ay, and Az are the reference surface area in x, y, and z axis respectively, and Cdx

and Cyx = Cdz are the propulsor CoD in x, y, and z axis respectively. The propeller thrust

is modeled as the difference in upstream and downstream dynamic pressure of the propeller

using

Tpropeller =
1

2
ρπr2(V 2

e − V 2
o ) (3.18)

where r = 0.0725 m is the propeller radius, ρ is water density, Ve is exit flow velocity, and

Vo is the inflow velocity. The exit velocity of the propulsor is estimated to be 6.118 m/s
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based on an initial thrust measurement of 309 N at 0 m/s inflow. Tpropeller is presumed to

act only in the body-fixed x axis with corresponding pitch moment Tpropeller pz where pz is

the z coordinate of the propeller’s axis of rotation.

The lift and drag forces of the foil components are calculated using lifting line theory, specif-

ically the vortex lattice model described in chapter 12 of Plotkin [9]. The numerical model

divides the wing span into N number of equal segments with circulation distribution and

trailing vortices as indicated in Figure 3.5. The general idea of the model is to solve the

Figure 3.5: Example lifting line diagram with distribution of circulation Γ at segment centers
C1...C6 and trailing vortex γ at segment bounds y1...y7

linear system of equations relating circulation at each segment center to the local lift force

which is given by the equation

Γi =
Li

ρ V∞i

(3.19)

where Γ is the circulation, L is the lift force, and V∞ is the inflow velocity for i = 1...N .

Note that the inflow velocity is adjusted based on the angular rates and the body-fixed
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coordinates of quarterchord at each i-th section along the span. For example, V∞i
for each

front foil segment is

V∞i
=
√

(u+ q zF − r Ci)2 + (w + pCi − q xi)2 (3.20)

where Ci is the body-fixed y coordinates of the segment center, and xi and zF are the x and

z coordinates of the front foil quarterchord. The segment quarterchord xi is defined using

the coordinate of the wing root quarterchord xr and wing sweep angle δ

xi = xr − |Ci|tan(δ) (3.21)

The lift force at each segment is given by

Li =
1

2
ρV 2

∞i
ci l CLi

(3.22)

where c is the chord length, l is the length of each segment section, and CL is the CoL. The

chord distribution is defined using the tapered ratio λ

ci =
2S

(1 + λ)b

(
(1− λ)|2Ci|

b

)
for λ =

ct
cr

and S =
(cr + ct)b

2

(3.23)

where b is the wing span, ct is the chord length at wing tip, and cr is the root chord length.

The expression for sectional CLi
contains the induced velocity wi caused by the trailing

vortices at the boundary of each segment where

CLi
= CL0 + 2παe = CL0 + 2π(α∞i

− αi)

αi = arctan wi

V∞i

≈ wi

V∞i

(3.24)
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in which the effective angle of attack αe is the difference between the inflow angle α∞ and

the induced angle αi in radians, and CL0 is the known coefficient of lift (CoL) at zero angle

of attack. Because the surge velocity u is often much grater than the induced velocity wi,

the small angle approximation is used for αi. A graphical representation of the foil sectional

lift and drag is shown in Figure 3.6. wi at each segment center is the sum of the velocity

Figure 3.6: Example lift, drag, and velocity vectors for foil cross section

induced by each shed vortex γj at the bounds yj for j = 1 . . . N + 1 and is defined by

wi =
N+1∑
j=1

γj
4π(Ci − yj)

=
N+1∑
j=1

Γj−1 − Γj

4π(Ci − yj)
=

N∑
j=1

Γj

[
1

4π(Ci − yj+1)
− 1

4π(Ci − yj)

]
(3.25)

Defining Ai,j = 1
4π(Ci−yj+1)

− 1
4π(Ci−yj)

and substituting equation 3.25, 3.24, and 3.22 into
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equation 3.19 yields

Γi =
1

ρV∞i

[
1

2
ρV 2

∞i
ci
(
CL0 + 2π(α∞i

−
∑N

j=1 ΓjAi,j

V∞i

)
)]

Γi =
V∞i

ci
2

CL0 + πV∞i
ciα∞i

− πci

N∑
j=1

ΓjAi,j

Γi + πci

N∑
j=1

ΓjAi,j =
V∞i

ci
2

CL0 + πV∞i
ciα∞i

(3.26)

Equation 3.26 can then be expressed in matrix form as

(
IN×N + π


c1A1,1 . . . c1A1,N

... . . . ...
cN AN,1 . . . cN AN,N

)

Γ1

...
ΓN

 =


(
CL0 + 2πα∞1

)V∞1c1
2

...(
CL0 + 2πα∞N

)V∞N
cN

2

 (3.27)

where IN×N is a N by N identity matrix. The circulation at the segment centers [Γ1 . . .ΓN ]
T

can then be solved by multiplying the inverse of the left hand side matrix by the right hand

side vector. The total lift force is then given by the sum

L = ρ l
N∑
i=1

V∞i
Γi (3.28)

Assuming that the vehicle is under forward motion (u ≥ 0), the pitch angle is−90° < θ < 90°,

and that the lift force at each segment acts perpendicular to αe, the lift forces and moments

broken down to body-fixed xyz components for the front or rear wing are



Fx

Fy

Fz

Mx

My

Mz


=



∑N
i=1 Li sinαei

0

−
∑N

i=1 Li cosαei

−
∑N

i=1CiLi cosαei∑N
i=1 xiLi cosαei + zr

∑N
i=1 Li sinαei∑N

i=1CiLi sinαei


(3.29)
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where zr is the body-fixed z coordinate of the root quarterchord. For the strut, the lift force

acts in the xy plane and is defined by



Fx

Fy

Fz

Mx

My

Mz


=



∑N
i=1 Li sinαei

−
∑N

i=1 Li cosαei

0∑N
i=1CiLi cosαei∑N
i=1CiLi sinαei

−xr
∑N

i=1 Li cosαei


(3.30)

The drag force for each segment is approximated as

Di =
1

2
ρ l CD ci V

2
∞i

(3.31)

where CD is the foil CoD which is taken to be constant for moderate angles of attack before

stall occurs. The drag force at each segment acts parallel to α∞, and the drag forces and

moments for front or rear wings are defined by



Fx

Fy

Fz

Mx

My

Mz


=



−
∑N

i=1Di cosα∞

0

−
∑N

i=1Di sinα∞

−
∑N

i=1CiDi sinα∞

−zr
∑N

i=1Di cosα∞ +
∑N

i=1 xiDi sinα∞

−
∑N

i=1CiDi cosα∞


(3.32)
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The drag forces and moments for the strut is expressed as



Fx

Fy

Fz

Mx

My

Mz


=



−
∑N

i=1Di cosα∞

−
∑N

i=1Di sinα∞

0∑N
i=1CiDi sinα∞

−
∑N

i=1CiDi cosα∞

−
∑N

i=1 xiDi sinα∞


(3.33)

To define the user inputs CL0 and CD to the lifting line method, the fore, aft, and strut

hydrofoil cross-sections were approximated based on a rough measurement of the root chord

foil geometry as an accurate CAD model was not available due to the proprietary nature of

the commercial craft. Due to the thin complex profile of the front and rear wings, We make

the assumption that the cross sectional profile at the wing root is kept constant throughout

the wing span with varying chord length that reflect the trapezoidal foil shape. The root

chord control points are then loaded into XFOIL, a subsonic airfoil design software, to

estimate the CL0 and CD. An example of the thin front wing cross section in XFOIL is

illustrated in Figure 3.7. Solving for CL and CD at 0° angle of attack with Reynolds number

Figure 3.7: Measured front foil cross section illustrated in XFOIL

ranging from 4.08×105 ∼ 1.02×106 depending on the chord length at 4 m/s resulted in CL0

of 0.6, 0.3, and 0.0 and CD of 0.01, 0.006, and 0.01 for front, rear, and strut foils respectively.

The rudder fin has a symmetric profile of a NACA 0009 airfoil with CoD of 0.005 and CL0 of

0 [8]. The CoL for the stern wing is further modified by the commanded elevator flap angle

which then shifts the value of CL0 as illustrated in Figure 3.8. A plain flap works by effectively
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Figure 3.8: Section lift coefficient of NACA 0009 airfoil with 0.5 chord length plain flap and
0.005 chord length gap[19]

changing the camber of the wing. In doing so, the foil’s angle of attack vs lift curve shifts up

or down while maintaining the same shape, changing only the 0° intercept point CL0. The

increase in CL0 for the stern wing elevator flaps is approximated to be 0.04 per one degree of

positive flap angle based on the experimental trends shown by Spearman [19]. The rotation

direction of the elevator flaps follow the right hand rule convention around body-fixed y axis

while the rudder fin follows the body-fixed z axis. Since the current implementation of the

lifting line code does not account for nonlinearity of CL near stall, a maximum sectional lift

coefficient of 1.4 is imposed for all airfoil components.
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Tow Tank Test

4.1 Tow Tank Experimental Setup

The mast assembly was tested at the Virginia Tech tow tank as shown in Figure 4.1. The

Figure 4.1: Virginia Tech’s high speed tow tank carriage with hydrofoil test fixture

tow basin is 98 feet long, 6 feet wide, and 4 feet deep with a maximum carriage speed of 7

m/s. For all test runs, the desired carriage velocity, acceleration, and jerk were specified, and

the measured carriage velocity and position were recorded at 50 Hz. The water temperature

remained around 18.5°C, meaning that the water density likely did not change. Sufficient

time is allotted at the end of each run to allow the resulting wake to dissipate and the water

28
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surface to settle.

A custom test stand supporting the mast assembly and a six-component load cell was

mounted to the tow carriage as shown in Figure 4.2. The load cell can concurrently measure

Figure 4.2: Towing tank test stand with pitch angle adjustment circled in red, linear rail
circled in green and load cell circled in blue. The six yaw adjustment bolts are located at
the top of the load cell.

all xyz forces and moments, and is calibrated with a decoupling matrix to minimize crosstalk

between each axes. The center of the load cell and its orientation is aligned with the body-

fixed frame meaning that the recorded forces and moments can be directly compared to the

first principles model. To induce different angles of attack, the mast assembly is rotated

relative to the towing carriage axis using preset pitch adjustment holes. The submerged

depth of the model is adjusted using the locking linear rails of the test rig. Additionally,

different bolt patterns to mount the load cell to the test fixture allows one to set the yaw

angle of the mast at 0, 5, or -7.5 degrees. Before each run, the load cell is zeroed and set

to record at 100 Hz while the elevator, rudder, and throttle servos are actuated to hold a



30 CHAPTER 4. TOW TANK TEST

set angle. All trial conditions were tested twice to check for reasonable repeatability in the

data. The typical range of forces and moments between the two repeated runs was around

2% of the averaged value. All reported forces and moments in Section V are the means of

the two runs.

4.2 Tow Tank Results

Tow tank experiments were conducted around carriage velocity of 4 m/s at maximum throttle

to characterize the effect of the propulsor, pitch angle, elevator, rudder, and yaw angle on

the overall body-fixed forces and moments. The nominal operating condition of 4 m/s and

full throttle input were selected from prior experiences of operating the eFoil.

The forces generated by the propeller at 0 carriage speed were measured to serve as a baseline

when determining the effect of inflow velocity on thrust. The resulting body-fixed forces and

moments at maximum commanded rpm are shown in Table 4.1. Apart from the measured

thrust in x axis, the small forces along the y and z axes suggest that a slight misalignment

exists between the load cell and the mast assembly. This skewness could be due to the

manufacturing tolerances in the mast’s countersink holes that align the mounting bolts to

the sensor. We assume that the values apart from Fx and My in Table 4.1 are mainly

attributed to the mast misalignment and are subtracted from all full throttle load cell data

in order to separate the effect of an off-centre propulsor from hydrofoil lift and drag.

Table 4.1: Measured body-fixed frame forces and moments for propulsor at max rpm and 0
m/s forward velocity

Propeller RPM Fx (N) Fy (N) Fz (N) Mx (Nm) My (Nm) Mz (N)
3600 319.6 27.2 -8.8 -7.2 219.4 -4.0

*Results are rounded to nearest tenth based on load cell resolution
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Multiple tests were carried out at different tow speeds and pitch angles, with full throttle

input, and zero throttle with the propeller completely removed. The differences in the

measured forces with and without the propeller can then be used to observe the thrust at

varying inflow speed and the effect of the propeller flow on overall lift. During the tests, the

rudder and elevator angles were set to 0 degrees with the mast submerged at 50 cm, which is

roughly two thirds of the strut length. Four carriage speeds and six pitch angles were tested.

The trial conditions are summarized in Table 4.2.

Table 4.2: Overview of different pitch angle and speed conditions tested with propulsor at
full and zero throttle

Speed Pitch Angle (deg)
(m/s) 0° 2.5° 5° 7.5° 10° 12.5°

3.5 T T T T T T
4 T / N T / N T / N T / N T T

4.5 T T T T T T
5 T / N T / N T / N T / N T T

T = Full Throttle, N = No Throttle

An example of the measurements acquired for a given run is shown in Figure 4.3. We can

observe that all forces and moments start to settle to a steady-state value soon after the

carriage reaches the target speed of 4 m/s. The load cell measurements then hold steady

for roughly 2 seconds until the time at which the carriage begins to decelerate. The lack

of large fluctuations in forces and moments during the steady-state window as well as good

alignment between measured forces and moments and the measured carriage velocity gives us

confidence that the mast assembly achieved a stable steady-state condition without excessive

unwanted disturbances. The load cell forces and moments are averaged within this steady-

state interval and used for comparison in the following analyses.

Using the measured forces Fx and Fz for 4 m/s and 5 m/s at 0°, 2.5°, 5°, and 7.5° pitch, the
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Figure 4.3: Time aligned six-component sensor and tow carriage data at 4 m/s and 0° pitch
angle. The maximum throttle input is commanded before launching the towing carriage.

lift of the mast assembly with and without the propeller were compared. We assume that

the difference in Fx between full and no throttle trials is solely due to the propeller thrust T .

We further assume that a portion of the measured Fz in the max throttle run is due to the

mast misalignment rather than lift. Therefore, the z axis force measured in the stationary

propeller test in Table 4.1 is subtracted from the Fz taken at a nonzero carriage speed with

full throttle. Since the sensor is aligned with the body-fixed frame, both components of Fx

and Fz at pitch angle θ is taken into account when calculating the drag and lift which act
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in relation to the carriage velocity axis. An example calculation for the case of 4 m/s is

F
[NT]
D = cos θF [NT]

x + sin θF [NT]
z

F
[NT]
L =− sin θF [NT]

x + cos θF [NT]
z

Tx =Fx
[FT] − Fx

[NT]

Tz =
T

[FT]
x

Fx
[0] Fz

[0]

F
[FT]
D = cos θ(F [FT]

x − Tx) + sin θ(F [FT]
z − Tz)

F
[FT ]
L =− sin θ(F [FT]

x − Tx) + cos θ(F [FT ]
z − Tz)

(4.1)

where [FT ] and [NT ] indicate measurement at full and no throttle conditions, respectively,

and [0] refers to the stationary propulsor test in Table 4.1. Comparison of the lift forces

with and without the propeller are shown in Table 4.3. The propeller flow seems to induce a

small increase in lift which could be due to the propulsor speeding up the flow on the upper

surface of the hydrofoils. The difference, however, is small enough to use full throttle data

to approximate the overall lift characteristics of the mast assembly.

Table 4.3: Increase in total lift force at varying speed and pitch angle due to the effect of
the propulsor at max and zero throttle

Speed (m/s) / Lift (N) Lift (N) Relative Increase (%)
Pitch (deg) Full Throttle No Throttle

4 / 0° -590.1 -573.4 2.91
4 / 2.5° -920.3 -892.3 3.14
4 / 5° -1247.7 -1210.0 3.12
4 / 7.5° -1545.5 -1511.8 2.23
5 / 0° -981.8 -969.1 1.32
5 / 2.5° -1532.1 -1504.3 1.85
5 / 5° -2075.9 -2047.0 1.41
5 / 7.5° -2553.2 -2530.5 0.90
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Ideally, the drag of the mast assembly would be obtained from the test runs without the

propeller, but due to limited time allocation of the tow tank facility, tests at 3.5 and 4.5

m/s were unable to be carried out. The drag at those speeds is estimated from the full

throttle trials by subtracting the estimated reduced thrust. Under the assumption that the

motor controller is maintaining the commanded 3600 RPM regardless of carriage speed or

pitch angle, we first obtain the reduced thrust force at 4 m/s and 5 m/s by observing the

difference in measured x axis force with and without the propeller. By plotting the change in

thrust with carriage velocity shown in Figure 4.4, we can obtain a 2nd order best fit line that

roughly represents the nonlinear reduction in propeller thrust with increased inflow speed.

Although the thrust seems to slightly decrease with higher pitch angle, we do not account

Figure 4.4: Measured thrust at maximum propeller RPM with best-fit line describing de-
crease in thrust with increasing inflow speed.

for this small effect in estimating propeller force at different inflow speeds.

Using the predicted thrust at 3.5 m/s and 4.5 m/s, we can obtain the lift and drag forces

from the full throttle trial runs by carrying out the same calculations in (4.1). The lift and



4.2. TOW TANK RESULTS 35

drag curve with respect to pitch or angle of attack for this case is shown in Figure 4.5 and

Figure 4.6. Note that the lift stays roughly linear until around 7.5 degrees where it begins

to decline, likely due to stall on the main and stern hydrofoils. Overall, the general trend

of both the lift and drag curves with increasing angle of attack agrees with expectations.

The increase in lift and drag with higher carriage speed is also consistent with the squared

velocity term that appears in the fundamental lift and drag equations.

Figure 4.5: Increase in lift with larger angle of attack for the mast assembly at four different
forward velocities.

Tests at 4 and 4.5 m/s with 5 degree pitch angle, 50 cm of submergence, and varying elevator

flap angle from -20 to 20 degrees were conducted to determine the effect of the elevator flaps

on the total lift and pitch moment. Pitch angle of 5° was specifically chosen because it

corresponds to 1250 N of lift at 4 m/s, which is just enough to support the 47.5 kg liftboard

with 80 kg payload out of the water. We note that lift at this operating condition is consistent

with supporting a human user, which the eFoil was originally designed to achieve. Positive

elevator angle indicates rotation around body-fixed +y axis for both port and starboard

flaps. The resultant lift and pitch moment are shown in Figure 4.7 and Figure 4.8. We can
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Figure 4.6: Increase in drag with larger angle of attack for the mast assembly at four forward
velocities.

observe the effect of the elevator flaps modifying the effective angle of attack from the set

5° pitch angle of the stern foil. The linear behavior of the lift force suggest that even at

max flap angle, the effective angle of attack on the rear wing did not shift enough to reach

stall. Once again, the difference between the two curves at 4 and 4.5 m/s are proportional

to squared velocity as expected.

Experiments at 4 m/s at 5 degree pitch angle, 50 cm of submergence, and varying rudder flap

angle from -15 to 15 degrees were conducted to determine the effect of the rudder flap on roll

moment. The results are shown in Figure 4.9. Positive rudder angle indicates flap rotation

around body-fixed −z axis. The rudder fin offered maximum roll moment correction of +4.3

Nm to -7.4 Nm.

Alternative way to generate roll moment is by commanding the port and starboard elevator

flaps to rotate in opposing direction. Results at 4 m/s, 5° pitch angle, 50 cm of submergence,

and varying split flap angles from -20 to 20 degrees are shown in Figure 4.10. Positive 10°

split angle denotes +10° rotation of port flap and -10° rotation of starboard flap about the
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Figure 4.7: Increase in lift force with increasing elevator flap angle at two forward velocities.

Figure 4.8: Decrease in body-fixed y axis pitch moment with increasing elevator flap angle
at two forward velocities.
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Figure 4.9: Body-fixed x axis roll moment at varying rudder flap angle with 4 m/s forward
velocity.

Figure 4.10: Body-fixed x axis roll moment at different split elevator angle with 4 m/s
forward velocity.
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body-fixed +y axis. This configuration offered similar amount of roll adjustment as the

rudder with +4.7 Nm to -8.6 Nm of added moment.

Trials at varying carriage speed with 0° pitch angle and 50 cm of submergence were carried

out to verify the effect of yaw angle on the mast assembly. Because the yaw imposes angle of

attack on the vertical strut, we are primarily interested in the y axis body frame force and

the roll moment presented in Figure 4.11 and Figure 4.12. The slope of Fy stays roughly

Figure 4.11: Body-fixed y axis force with varying yaw angle at four forward speeds.

the same between the two yaw angles in accordance to the expected linear increase in lift of

the vertical strut with angle of attack. It also indicates that the strut has not reached the

stall angle even at 7.5° of yaw. Furthermore, the large roll moment gives an estimate of how

much additional roll control is needed in order to turn the vehicle at constant yaw angle.
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Figure 4.12: Body-fixed x axis roll moment with varying yaw angle at four forward speeds

4.3 Comparison of Dynamic Model Prediction and Ex-

perimental Results

We compare the steady-state vehicle trends measured with the tow tank experiments to the

predicted values from the first principles model. These effects include the propeller thrust,

total lift of the mast assembly, the change in lift with elevator flaps, the roll control moment

of the rudder or split flaps, and the side force generated with yaw angle. Because the load

cell sensor is zeroed before each trial run, the effect of weight and buoyancy is ignored. Since

the tow tank measurements are analyzed at steady-state, the hydrodynamic added mass

terms are disregarded.

The differences in thrust of the simplified propeller model and the measured tow tank values

are illustrated in Table 4.4. The first principles model under-predicts the propulsor force

by 16% at 4m/s and 39% at 5 m/s. The prediction does not seem to sufficiently capture

the complexity in propeller thrust reduction especially at higher speeds, which depend on
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Table 4.4: Measured and predicted thrust at maximum propeller rpm for different inflow
velocities

Inflow Velocity (m/s)
0 4 5

Measured Thrust (N) 319.6 211.6 168.9
Predicted Thrust (N) 309 176.9 102.6

multitude of factors ranging from and not limited to blade pitch, diameter, duct shape,

number of blades and RPM that were not accounted for in Equation (4).

The predicted and measured lift of the mast assembly at nominal operating speed of 4 m/s

is shown in Figure 4.13. It is apparent that the the stall angle assumption using the fore and

Figure 4.13: Measured and predicted lift with increasing angle of attack at 4 m/s carriage
velocity and 50 cm submergence.

aft wing root chord geometry in the first principles model overestimates the actual critical

angle of attack. Even in the linear region, the predicted lift overshoots the measured values

by 10 to 21%. A plausible cause for the error, among other contributing modeling errors, is

the geometry of the relatively thin cambered hydrofoils with span-wise curvature which is
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difficult to accurately measure and approximate.

The estimated increase in lift with elevator flap angle is presented in Figure 4.14. The lift

Figure 4.14: Measured and predicted lift with increasing elevator flap angle at 4 m/s carriage
velocity and 50 cm submergence.

effects of the flaps in the first principles model are 4% to 10% greater than the measured

force in the tow tank. The slope of the predicted curve is also steeper than the experimental

trend. In fact, the model anticipates the effective angle of attack of the stern wing to increase

to the point of stall at around 15° elevator angle. The discrepancy in the first principle model

is attributed to the lack of a general formula in predicting the amount for which a plain flap

alters the value of CL for a wing. This value seems to commonly be defined with experiments

[19] rather than calculated, making it difficult to estimate for use in a dynamic model.

The moment from rudder or split flap angle generated by the first principle model is displayed

in Table 4.5. The estimated roll moment contribution of both the rudder and split flaps were

much larger than the measured data. This could be due to a number of factors that the

6DoF model does not consider such as the possible interaction of the propeller located just

in front of the rudder, the flow interruption caused by the flap control linkages, and physical
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Table 4.5: Measured and predicted roll moment with varying rudder or split flap angle

Rudder Angle (deg)
-15 -7.5 0 7.5 15

Measured Moment (Nm) -28.4 -24.8 -20.9 -19.3 -16.6
Predicted Moment (Nm) -14.8 -7.4 0 7.4 14.8

Split Flap Angle (deg)
-20 -10 0 10 20

Measured Moment (Nm) -29.5 -27.2 -20.9 -17.9 -16.3
Predicted Moment (Nm) -22.4 -16.3 0 16.5 30.8

deflection of the flaps under load. Although the dynamic model has over-predicted the lift

forces for the mast assembly, elevator flaps, and rudder fin, it underestimates Fy produced

by the vertical strut as illustrated in Table 4.6.

Table 4.6: Measured and predicted force in body-fixed y axis with varying yaw angle

Yaw (deg)
-7.5 0 5

Measured Force (N) -192.1 54.0 208.7
Predicted Force (N) -101.6 0 69.0

In general, the first-principles dynamic model overestimates the steady-state forces measured

in the tow tank. In particular, the predicted reduction in propeller thrust with inflow speed,

overall lift of the mast assembly, and the change in lift due to elevator and rudder angles

were larger than their experimentally measured values. On the contrary, the calculated lift

of the strut due to yaw angle is smaller in the dynamic model than the tow tank data.
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Height Controller

5.1 Fitting to Tow Data

Taking note of the disparities between the theoretical and experimental results outlined

in Section 4.3, certain parts of the first principles dynamic model require adjustments to

more accurately reflect the actual hydrofoil performance. Rather than tuning the relatively

complex lifting line model described in Section 3.5, a simplified function to predict τest =

[F ′
x, F

′
y, F

′
z,M

′
x,M

′
y,M

′
z]

T is created so that it can be easily altered to reflect the observed

forces and moments at each tested condition in the tow tank. Given θ, ψ, Ẋ, δe, δr which

are the pitch angle, yaw angle, inertial X axis velocity, elevator flap angle, and rudder angle

respectively, we define τest to represent the total applied body forces and moments that

closely match the tow data.

The main components of τest were assumed to be defined by seven hydrodynamic parameters

shown in Table 5.1. Note that due to its cylindrical shape, the propulsor CD for flow in y

and z axis is assumed to be the same. Since the focus is on the pitch plane motion, we

assume that the yaw angle is small, and CL for the symmetrical foils of the rudder and strut

are zero. The drag of the rudder fin is not accounted in the model as it makes up for a minor

portion of the overall drag.

The propulsor thrust T for different values of Ẋ is estimated using the 2nd order best fit line

44
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Table 5.1: Hydrodynamic parameters for τest

Description Symbol

Fore wing coefficient of lift CF
L

Fore wing coefficient of drag CF
D

Aft wing coefficient of lift CA
L

Aft wing coefficient of drag CA
D

Strut coefficient of drag CS
D

Propulsor coefficient of drag in x axis CP
Dx

Propulsor coefficient of drag in yz axis CP
Dyz

for measurements acquired from the tow test as shown in Figure 4.4. The hydrodynamic lift

FL and drag forces FD were simply modeled with first principles as

FL =
1

2
ρACLv

2

FD =
1

2
ρACDv

2

(5.1)

where ρ is the water density, A is the working foil surface area, and v is the inflow velocity.

Based on the known location of each components and their hydrodynamic surface area, the

idealized forces and moments from the front foil, rear foil, mast, and the propulsor can be

calculated. For pitch-axis motion, we focus on F ′
x, F ′

z, and M ′
y of τest which are expressed

F ′
x =

1

2
ρv2

[
SFCF (C

F
L sinα∞ − CF

D cosα∞) + SACA

(
(CA

L + CA
Lδδe) sinα∞−

(CA
D + CA

Dδ2δ
2
e + CA

Dδδe) cosα∞

)
− (SS + Z)CSC

S
D

]
− 1

2
ρ|u|uAP

xC
P
Dx

+ T

(5.2)
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F ′
z =

1

2
ρv2

[
SFCF (−CF

L cosα∞ − CF
D sinα∞) + SACA

(
− (CA

L + CA
Lδδe) cosα∞−

(CA
D + CA

Dδ2δ
2
e + CA

Dδδe) sinα∞

)]
− 1

2
ρ|w|wAP

yzC
P
Dyz

(5.3)

M ′
y =

1

2
ρv2

[
SFCF

(
CF
L (xF cosα∞ + zF sinα∞)− CF

D(xF cosα∞ − zF sinα∞)

)
+

SACA

(
(CA

L + CA
Lδδe)(xA cosα∞ + zA sinα∞)− (CA

D + CA
Dδ2δ

2
e + CA

Dδδe)(xA cosα∞ − zA sinα∞)

)
−(

(SS + Z)

2
− Z)(SS + Z)CSC

S
D

]
− zp

1

2
ρ|u|uAP

xC
P
Dx

+ zpT

(5.4)

where S_ is the span, C_ is the chord, α∞ is the inflow angle, AP
x and AP

yz are the propulsor

cross sectional area normal to x and y axes, x_ and z_ is the body frame coordinates of

the wing quarterchord, zp is the body coordinate of the propulsor center axis, and Z is the

inertial frame coordinate. Subscript F indicates fore wing, A is the aft wing, S is the strut,

and P is the propulsor. To account for the shift in CL and CD due to the elevator flap

angles, the coefficients CA
Lδ, C

A
Dδ2 , C

A
Dδ are introduced. These values were determined from

the measured τ using the method which is described at the end of Section 5.1.

The seven hydrodynamic parameters in Table 5.1 were optimized utilizing Matlab’s global

search solver [20] which uses the Matlab fmincon interior point algorithm [1], [2], and [21]

at multiple start points generated from scatter search method [5] to find the minimum

of a constrained nonlinear function. In this case, the function to minimize is the sum of

normalized squared error between entries of measured τ and calculated τest that correspond

to pitch-plane motion

ϵ(Fx, F
′
x, Fz, F

′
z,My,M

′
y) =

|Fx − F ′
x|2

|Fx|2
+

|Fz − F ′
z|2

|Fz|2
+

|My −M ′
y|2

|My|2

(5.5)
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We note that the variables in (5.5) are functions of the seven hydrodynamic parameters we

seek to estimate. While minimizing (5.5), we impose the constraints −2 < CL < 2 and

0 < CD < 2.

We estimate the variables in Table 5.1 at multiple values of inflow angle α. The resulting

trend for CL and CD when optimized over α is shown in Figure 5.1, 5.2, and 5.3. Note

Figure 5.1: Change in predicted CF
L and CA

L for fore and aft foils with inflow angle

that for the tow tank tests, the value of α is the same as the pitch angle because inertial Z

velocity is constrained to zero. Otherwise, the inflow angle in the pitch plane is α = tanw/u.

We utilized the measured τ for test runs where only the pitch angles were varied from 0°

to 12.5° with specified Ẋ and ψ = δe = δr = 0°. For each test run, the optimizer identifies

the best CL and CD values that minimizes the error term in Equation 5.5. Because only the

positive pitch angles could be tested in the tow tank, we assume that CL is mirrored about

the horizontal and vertical axes of the plots at the 0° pitch intercept while CD is reflected

about the vertical axis. CL and CD values for any pitch angles that lie between the measured

runs are linearly interpolated between their two nearest points when calculating τest.
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Figure 5.2: Change in predicted CF
D,CA

D, and CS
D for fore, aft, and strut foils with inflow

angle

Figure 5.3: change in CP
Dx

and CP
Dyz

for propulsor in x and yz axes with inflow angle
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To quantify the effect of the flap angles on aft wing coefficients CA
L and CA

D, we use the

test data where δe is varied from -20° to 20° with fixed Ẋ, θ = 5°, and ψ = δr = 0°. Since

the elevator flap modifies the aft foil characteristics, the global search solver only estimates

the rear wing CA
L and CA

D while the other five coefficients are held constant at the value

corresponding to θ = 5° in Figure 5.1, 5.2, and 5.3. The resulting change in aft wing CA
L

and CA
D due to elevator flap angle is shown in Figure 5.4. The change in CA

L due to δe is

Figure 5.4: Best-fit line used to define the change in aft wing coefficients CA
L in blue and CA

D

in red with varying flap angle.

approximated with a linear best fit curve where its slope is the CA
Lδ in Equation 5.2. The

change in CA
D due to δe is approximated with a quadratic regression where its second and

first order terms are the CA
Dδ2 and CA

Dδ, respectively, in Equation 5.2.
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5.2 Simulated Controller

In this section, we discuss the simulated height controller model and its predicted perfor-

mance. With the trend in Figure 5.1, 5.2, and 5.3 for the seven main parameters in Table 5.1

that define the applied vehicle forces and moments, we can substitute τest for τ in Equation

3.5. Since the derivatives for the vehicle states ν and η are known, an ordinary differential

equation (ODE) solver can be used to numerically integrate and simulate the vehicle motion

given the initial states and the commanded inputs, which is the elevator flap angle. The

propeller speed is held constant at 3600 RPM. Therefore, the thrust value is solely deter-

mined from the inflow velocity. For the ODE solver, Matlab ode45 function was used which

is based on explicit Runge-Kutta(4,5) formula [3], [16]. A control loop can be set up as

illustrated in Figure 5.5 with a proportional outer loop for the desired and measured height

and PID inner loop for the desired and measured pitch angle.

Figure 5.5: Height controller diagram with outer height loop and inner pitch loop which
outputs elevator flap angle commands to the vehicle.

For preliminary field trials, a human rider was employed to operate the vehicle. The operator

can take control of the vehicle when needed to steer clear of any obstacles during and at the

end of each test run. Since the focus of this study is on developing a controller for pitch-axis
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motion, the operator can also provide stabilizing roll moment. For each test, the role of

the rider is to hold the throttle to a preset value and start the height controller once the

vehicle starts planing on the water surface. The rider attempts to remain stationary and

only correct for small roll motion as the height controller is turned on. The total mass,

rotational inertia and center of gravity is adjusted in Equation 3.5 to account for the rider.

The goal of the controller model in Figure 5.5 is to roughly determine the control gains that

can be used as a starting point when implementing the controller in the field. Following one

of the many common guidelines for tuning PID gains [13] and referencing other underwater

vehicle systems [14], KpZ = 0.4, Kpθ = 4.0, Kiθ = 0.2, and Kdθ = 0.4 were selected. The

general idea behind the chosen gains were to have a slow height loop for gradual ascent to

the target height with a fast responsive pitch loop for meeting the pitch angle commanded

by the outer height loop. The value of the commanded pitch angle from the height loop

is limited to be between +15° from -15° since it is well past the stall angle of around 7.5°.

The output of the pitch loop is limited to +20° to -20° to reflect the limit of the flap angle

actuation while the output of Kiθ term in the pitch loop is limited to +5° to -5°. The flap

commands for the vehicle are updated at 10 Hz, and the servo slew rate is not accounted

for since it is much faster than the vehicle dynamics. The predicted performance of this

controller for a target height of 0.35 m at Ẋ = 4.6 m/s is shown in Figure 5.6. Although

the vehicle height is indicated as a positive value while the angles are shown in degrees for

convenience, the actual vehicle loop follows the inertial Z axis convention and uses radians

for calculating both pitch and elevator flap angles.

As the board buoyancy is not currently implemented in the model, the simulation will assume

that Z can only take on value of 0 to -1 meter. Furthermore, the initial rapid change in pitch

angle at the beginning of the predicted height controller performance won’t reflect reality

as the buoyancy of the board resists the pitch moment until the hull is sufficiently elevated
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Figure 5.6: Predicted height controller performance at Ẋ = 4.6 m/s and target height of
0.35 m with initial gain values: KpZ = 0.4, Kpθ = 4.5, Kiθ = 0.2, and Kdθ = 0.4. The vehicle
pitch and commanded flap angle are in blue and the vehicle height is in red.

off the water surface, therefore, only the motion once the vehicle is foil-borne should be

considered when comparing to the field data.

5.3 Field Trials

For this section, we present the implementation of the initial height controller as described in

Section 5.2 during field trials in Claytor Lake, Virginia as well as the resulting vehicle motion

measured when foiling condition was achieved. As this is an initial attempt at the vehicle

height control, the focus will be on the pitch plane motion. The tests were also conducted

when there were little to no wind to minimize any wave effects especially as the hull planes

across the surface.

The initial gains for the height controller were tuned in the field to achieve foiling condition.
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Since the simulation model did not account for the hull buoyancy that exists before the board

completely leaves the water surface, the height loop did not initially command enough desired

pitch to overcome the hull resistance and provide enough angle of attack on the wings as seen

in Figure 5.7. Since the height loop needs to slightly overshoot the desired pitch angle at the

Figure 5.7: Desired pitch output from the outer height loop is in blue and measured height
is in red when KpZ = 0.4. After the initial desired θ ≈ 7.5° command, the vehicle height
does not continue to increase.

start to account for the board buoyancy, the KpZ was increased to 0.6 from 0.4, producing

the outputs in Figure 5.8 where the hull is fully lifted out of the water. Another issue that we

encountered during field trials is that occasionally the vehicle would briefly pitch down soon

after the target height command is sent to start the height controller. The recorded data

shown in Figure 5.9 suggests that the derivative feedback was too large, which was addressed

by decreasing Kdθ to 0.25 from 0.4. This was likely a consequence of increasing KpZ . Because

the outer height loop outputs an increased target pitch angle, the inner pitch loop responds

by commanding greater negative elevator angle. This in turn increased the pitch rate and

caused the Kdθ term to add too much positive flap angle at the start. Although the vehicle
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Figure 5.8: Desired pitch output from the outer height loop is in blue and measured height
is in red when KpZ = 0.6. After the initial desired θ ≈ 8.8° command, the vehicle elevates
off of the water surface towards the target height.

Figure 5.9: Measured vehicle pitch is in red, desired pitch is in dashed red, and Kdθ contri-
bution to the elevator command output is in blue when Kdθ = 0.4. As the outer height loop
commands higher pitch angle to increase the height, Kdθ term adds too much commanded
elevator angle to slow the pitch rate.
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was unable to fully reach the target height of 0.35 m with the initial adjustment to the gain,

it did achieve steady flight above the water surface. The recorded height, pitch, and elevator

flap commands during one of the instances in the field is shown in Figure 5.10 To assess the

Figure 5.10: Measured height controller performance with KpZ = 0.6, Kpθ = 4.5, Kiθ = 0.2,
and Kdθ = 0.25 for a target height of 0.35 m

accuracy of the dynamic model, we compare the motion of the vehicle measured during field

trials with the motion predicted by the model in Figure 5.11 with the same controller gain

values. The difference between the measured and the simulated pitch angle is noteworthy.

In the field, θ changes noticeably slower than the simulation, and settles at a value of around

3.5° compared to the predicted 0°. A major reason for the discrepancy is that the simulation

model reaches a higher steady-state surge velocity u ≈ 5.7 m/s than what is observed in the

field which is u ≈ 4.8 m/s, explaining why a lower θ in the simulation was able to generate

enough lift to maintain the vehicle foil-borne. However, the measured tow tank force Fx in

the body frame x axis when the inflow velocity v = 4.5 m/s, is at least +110 N as shown in

Figure 5.12. This Fx measured in the tow experiments does account for the simulation model

accelerating to a much higher surge velocity than the field data until the increased hydrofoil
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Figure 5.11: Predicted height controller performance with KpZ = 0.6, Kpθ = 4.5, Kiθ = 0.2,
and Kdθ = 0.25 for a target height of 0.35 m

Figure 5.12: Measured force in the body frame x axis with varying pitch angles for 4.5 m/s
tow carriage speed. The propulsor thrust and x axis component of the foil lift contributes
to the significant Fx that leads to the higher simulated steady-state surge velocity.
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drag matches the reduction in propeller thrust. This behavior likely indicates that either

the propulsor behaves differently in the field than in the tow tank and produces much lower

thrust or there is an unaccounted non-steady state force that was not present in the tow

tank but appears in the field tests. Both cases also give some rationale for why the measured

pitch motion is noticeably slower. Because apart from weight, only the hydrodynamic forces

are significant on the vehicle when foiling, a reduced force in the x axis most likely indicate

a smaller pitch moment as hydrodynamic forces always occur below the vehicle center of

gravity.



Chapter 6

Conclusions

6.1 Conclusion and Futher Studies

In general, the first-principles dynamic model overestimates the steady-state forces measured

in the tow tank. In particular, the predicted reduction in propeller thrust with inflow speed,

overall lift of the mast assembly, and the change in lift due to elevator and rudder angles were

larger than their experimentally measured values. On the contrary, the calculated lift of the

strut due to yaw angle is smaller in the dynamic model than the tow tank data. The simplified

first principle model does not seem to adequately capture the nonlinear hydrodynamic effects

due to stall and possible fluid flow interaction effects between the main and aft foils.

Utilizing the measured forces and moments in the tow tank, an initial height controller for

a single mast hydrofoil vehicle was simulated and implemented in the field. The mismatch

between the simulated pitch motion and the slower pitch dynamics observed in the field

seems to stem from significant forces during testing, where the vehicle is not at a steady-

state velocity, that counteract the measured steady-state forces in the tow tank

The theoretical study is being continued, including higher fidelity methods such as poten-

tial flow methods with viscous corrections and full RANS solvers for the calculation of the

steady and unsteady hydrodynamic characteristics of the 3D scanned hydrofoil assembly.

We can examine the hydrodynamic contribution of each individual components and mod-
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ify the dynamic model accordingly to achieve better accuracy.Further modifications to the

vehicle such as sensors for static and stagnation pressure and new aft wing assembly with

higher control moment and rigidity are also being implemented for improved control and

measurements of the vehicle state.
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Appendix A

Moving Mass Actuation

The derivation in this section largely follows much of the concept described in Chapter 3

with some modification to account for the moving masses. The body and inertial reference

frame for the hydrofoil craft with moving mass actuation are shown in Figure A.1. For pitch

Figure A.1: Frame of reference for craft with moving masses

control, weights with mass m1 and m2 both moves in body-fixed x axis. For roll control,

only the top weight with mass m2 moves in the body-fixed y axis. For deriving the equation

of motion, the position vectors shown in Figure A.2 are used where ro is the inertial position

vector to the body frame origin, rc is the inertial position vector to the vehicle CoG, and rG

is the body-fixed position vector from body frame origin to the CoG. The position vector rG
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(a) Vector for overall vehicle CoG (b) Vector for coG of moving masses in body
frame

Figure A.2: Position vector for vehicle with moving mass actuation in inertial and body
frame

can be described by the equation

rG =
mBrB +m1rm1 +m2rm2

mB +m1 +m2

(A.1)

where mB is the masses of the eFoil assembly, rB is the position vector to the eFoil’s CoG,

rm1 = [x1, y1, z1]
T is the vector to CoG of the moving mass m1 , and rm2 = [x2, y2, z2]

T is

the vector to CoG of the moving mass m2 in the body frame as illustrated in Figure A.2.

Because the eFoil assembly is assumed to be a rigid body, rB is constant while rm1 and

rm1 varies. Using conservation of linear momentum, applied force is related to the vehicle

acceleration by

F = ṗ =Mv̇c (A.2)

where p is the vehicle linear momentum, M = mB + m1 + m2 is the overall vehicle mass,

and vc = ṙc is the velocity at the vehicle CoG. To find the expression for v̇c, we first use the
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relations
rc = ro + rG

ṙc = ṙo + ṙG

vc = ṙo + ṙG

(A.3)

The expression for derivative of some vector x is given by

ẋ = x̊+ w × x (A.4)

where ẋ is the derivative in respect to Earth-fixed frame, x̊ is the derivative in respect to

body-fixed frame, and w is rotation rate around body frame origin. Applying the relation

in Equation A.4 to A.3 yields

vc = vo + r̊G + w × rG (A.5)

in which ṙo = vo. For the case of flap actuation, r̊G is 0 since the vehicle CoG does not

change, however, for moving mass, it is expressed as

r̊G =
m1r̊m1 +m2r̊m2

M
=
m1vm1 +m2vm2

M
(A.6)

Let vG = r̊G then take derivative of vc to get

v̇c = v̇o + v̇G + ẇ × rG + w × ṙG

v̇c = (̊vo + w × vo) + (̊vG + w × vG) + ẇ × rG + w × (̊rG + w × rG)

v̇c = v̊o + w × vo + v̊G + 2(w × vG) + ẇ × rG + w × (w × rG)

(A.7)

where v̊G is

v̊G =
m1v̊m1 +m2v̊m2

M
(A.8)
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Note that for angular velocity w = [p, q, r]T , the derivative in respect to the inertial frame

is same as the derivative in respect to the body frame since ẇ = ẘ + w × w = ẘ. Some

simplifications shown below can also be made for the vectors rm1 and rm2 based on the

following assumptions: m1 and m2 does not move in the z axis, m1 and m2 move together

in the x axis, and m1 moves does not move in the y axis

rm1 =


x1

y1

z1

 vm1 =


vx

0

0

 v̊m1 =


v̊x

0

0



rm2 =


x1

y2

z2

 vm2 =


vx

vy

0

 v̊m2 =


v̊x

v̊y

0


(A.9)

Using the vectors in Equation A.9 and plugging in A.7 to A.2 gives the transnational rigid

body motion equation


Fx

Fy

Fz

 =M

(
ů

v̊

ẘ

+


p

q

r

×


u

v

w

+
1

M


(m1 +m2)̊vx

m2v̊y

0

+ 2(


p

q

r

× 1

M


(m1 +m2)vx

m2vy

0

)+

p̊

q̊

r̊

× 1

M


mBxB +m1x1 +m2x1

mByB +m1y1 +m2y2

mBzB +m1z1 +m2z2

+


p

q

r

× (


p

q

r

× 1

M


mBxB +m1x1 +m2x1

mByB +m1y1 +m2y2

mBzB +m1z1 +m2z2

)
)

(A.10)

For the rotational motion, we use the total angular momentum about the body frame origin

hO which is defined by [4]

hO ≜
∫
V

r × v ρ dV (A.11)

where ρ is the density, r is the position vector in body fixed frame to a differential volume

element dV with velocity v as shown in Figure A.3 Differentiating the angular momentum
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Figure A.3: Differential volume element in respect to body-fixed rotating frame [4]

gives

ḣO =

∫
V

r × v̇ ρ dV +

∫
V

ṙ × v ρ dV (A.12)

The first integral term in Equation A.12 is the total moment applied on the body about the

body origin MO. The velocity vector used in the second integral term in Equation A.12 can

be expressed as

v = ṙo + ṙ = vo + ṙ (A.13)

Since ṙ × ṙ = 0 and vo does not depend on the differential volume, the angular momentum

derivative is

ḣO =Mo +

∫
V

ṙρ dV × vo (A.14)

Using the definition of rG and its derivative given by

rG =
1

M

∫
V

rρ dV

ṙG =
1

M

∫
V

ṙρ dV

(A.15)
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Equation A.14 simplifies to

ḣO =Mo +MṙG × vo

ḣO =Mo +M (̊rG + w × rG)× vo

ḣO =Mo +Mr̊G × vo +M(w × rG)× vo

(A.16)

Alternatively, angular momentum in Equation A.11 can be expressed as follows using Equa-

tion A.13
hO =

∫
V

r × (vo + ṙ) ρ dV

hO =

∫
V

r × vo ρ dV +

∫
V

r × ṙ ρ dV

hO =

∫
V

r ρ dV × vo +

∫
V

r × (̊r + w × r) ρ dV

hO =

∫
V

r ρ dV × vo +

∫
V

r × r̊ ρ dV +

∫
V

r × (w × r) ρ dV

(A.17)

Plugging in A.15 and the definition
∫
V
r × (w × r) ρ dV = Iow where Io is the moment of

inertia around the body origin,

hO =MrG × vo +

∫
V

r × r̊ ρ dV + Iow (A.18)

Noting that r̊ is nonzero only for differential volume of the moving masses and that all

volume elements in mass 1 and mass 2 has the same velocity in repsect to body-fixed origin,

we can rewrite r × r̊ as

∫
V

r × r̊ ρ dV =

∫
m1

r ρ dV × vm1 +

∫
m2

r ρ dV × vm2 = m1rm1 × vm1 +m2rm2 × vm2 (A.19)
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Substituting A.19 into A.18 and taking the derivative yields

ḣO =MṙG × vO +MrG × v̇O +m1ṙm1 × vm1 +m1rm1 × v̇m1 +m2ṙm2 × vm2+

m2rm2 × v̇m2 + ˙(IOw)

ḣO =Mr̊G × vO +M(w × rG)× vO +MrG × v̊O +MrG × (w × vO)+

m1(w × rm1)× vm1 +m1rm1 × v̊m1 +m1rm1 × (w × vm1) +m2(w × rm2)× vm2+

m2rm2 × v̊m2 +m2rm2 × (w × vm2) + ˙(IOw)

(A.20)

We now have two expressions for derivative of angular momentum. Setting Equation A.16

and A.20 to each other and solving for the moment Mo around body fixed origin gives

Mo =MrG × v̊O +MrG × (w × vO) +m1(w × rm1)× vm1 +m1rm1 × v̊m1+

m1rm1 × (w × vm1) +m2(w × rm2)× vm2 +m2rm2 × v̊m2 +m2rm2 × (w × vm2)+

I̊ow + Ioẘ + w × (Iow)

(A.21)

The inertia tensor Io = IB + Im1 + Im2 is composed of the moment of inertia for the eFoil IB,

which does not change, and the moment of inertia for the moving masses Im1 and Im2 . We

can use the parallel axis theorem to derive the moment of inertia for the moving masses as

Im1 = ICGm1 +m1


y21 + z21 −x1y1 −x1z1
−y1x1 x21 + z21 −y1z1
−z1x1 −z1y1 x21 + y21



Im2 = ICGm2 +m2


y22 + z22 −x1y2 −x1z2
−y2x1 x21 + z22 −y2z2
−z2x1 −z2y2 x21 + y22


(A.22)

where ICGm1
and ICGm2

are the inertia tensor of mass 1 and mass 2 about their own center

of gravity which are constant. Note that only x1 and y2 change with time as those are the



71

only axes where the moving masses are assumed to move. Taking the derivative of Io ins

respect to the body frame gives

I̊o = m1


0 −y1x̊1 −z1x̊1

−y1x̊1 2x1x̊1 0

−z1x̊1 0 2x1x̊1

+m2


2y2ẙ2 −y2x̊1 − x2ẙ2 −z2x̊1

−y2x̊1 − x2ẙ2 2x2x̊1 −z2ẙ2
−z2x̊1 −z2ẙ2 2x2x̊1 + 2y2ẙ2


=


2m2y2ẙ2 −(m1y1 +m2y2)̊x1 −m2x2ẙ2 −(m1z1 +m2z2)̊x1

−(m1y1 +m2y2)̊x1 −m2x2ẙ2 2(m1x1 +m2x2)̊x1 −m2z2ẙ2

−(m1z1 +m2z2)̊x1 −m2z2ẙ2 2(m1x1 +m2x2)̊x1 + 2m2y2ẙ2


(A.23)

Plugging in A.23 and the vectors in A.9 to Equation A.21 gives the rotational rigid body

motion equation


Mx

My

Mz

 =M

(
1

M


mBxB +m1x1 +m2x2

mByB +m1y1 +m2y2

mBzB +m1z1 +m2z2

×

ů

v̊

ẘ

+ 1

M


mBxB +m1x1 +m2x2

mByB +m1y1 +m2y2

mBzB +m1z1 +m2z2

× (


p

q

r

×

u

v

w

)
)
+

m1(


p

q

r

×

x1

y1

z1

)×

vx

0

0

+m1


x1

y1

z1

×

v̊x

0

0

+m1


x1

y1

z1

× (


p

q

r

×

vx

0

0

) +m2(


p

q

r

×

x1

y2

z2

)×

vx

vy

0

+

m2


x1

y2

z2

×

v̊x

v̊y

0

+m2


x1

y2

z2

× (


p

q

r

×

vx

vy

0

) +

Ix −Ixy −Ixz

−Iyx Iy −Iyz
−Izx −Izy Iz



p̊

q̊

r̊

+

p

q

r

×

Ixp− Ixyq − Ixzr

−Iyxp+ Iyq − Iyzr

−Izxp− Izyq + Izr




2m2y2ẙ2 −(m1y1 +m2y2)̊x1 −m2x2ẙ2 −(m1z1 +m2z2)̊x1

−(m1y1 +m2y2)̊x1 −m2x2ẙ2 2(m1x1 +m2x2)̊x1 −m2z2ẙ2

−(m1z1 +m2z2)̊x1 −m2z2ẙ2 2(m1x1 +m2x2)̊x1 + 2m2y2ẙ2



p

q

r


(A.24)

Using the modified state vector ν =

[
u v w p q r x1 y2 ẋ1 ẋ2

]T
where the body

frame positions of the moving masses x1 and y2 and body frame velocities of the moving

masses ẋ1 and ẏ2 are added, we can define new rigid body inertia and Coriolis-centripetal
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matrices for the moving mass system as

MRB =



M 0 0 0 zM −yM 0 0 (m1 +m2) 0

0 M 0 −zM 0 xM 0 0 0 m2

0 0 M yM −xM 0 0 0 0 0

0 −zM yM Ix −Ixy −Ixz 0 0 0 −m2z2

zM 0 −xM −Iyx Iy −Iyz 0 0 (m1z1 +m2z2) 0

−yM xM 0 −Izx −Izy Iz 0 0 −(m1y1 +m2y2) m2x1

0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 (m1 +m2) 0

0 0 0 0 0 0 0 0 0 m2



(A.25)

CRB =



0 0 0 yMq + zMr −xMq +Mw −xMr −Mv

0 0 0 −yMp−Mw zMr + xMp −yMr +Mu

0 0 0 −zMp+Mv −zMq −Mu xMp+ yMq

−yMq − zMr yMp zMp 0 −Izxp− Izyq + Izr Iyxp− Iyq + Iyzr

xMq −zMr − xMp zMq Izxp+ Izyq − Izr 0 Ixp− Ixyq − Ixzr

xMr yMr −xMp− yMq −Iyxp+ Iyq − Iyzr −Ixp+ Ixyq + Ixzr

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 −2m2r

0 0 (2m1 + 2m2)r 0

0 0 −(2m1 + 2m2)q 2m2p

0 0 −(2m1y1 + 2m2y2)q − (2m1z1 + 2m2z2)r 2m2y2p

0 0 (2m1x1 + 2m2x2)q −(2m2x2p+ 2m2z2r)

0 0 (2m1x1 + 2m2x2)r 2m2y2r

0 0 −1 0

0 0 0 −1

0 0 0 0

0 0 0 0


(A.26)

With the above definitions for ν, MRB, and CRB, Equation 3.4 can still be used to describe

the moving mass system with slight modifications to the τ term which include the addition

of the weight contribution ofm1 andm2 in the restoring forces and moments vector, actuator

forces in x and y axis to move the masses, and some frictional loss of the moving mass system
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that can be modeled to be proportional to the velocity of m1 and m2.



Appendix B

Vehicle Specification

Table B.1: Component CoG in Body Reference Coordinate and Weight

Component CoG [x, y, z] (m) Weight (Kg)
eFoil Board with Mounting Rail [0.526, 0, -0.081] 14.7

eFoil Controller Board [-0.15, 0, -0.047] 4.8
eFoil Battery [0.3, 0, -0.053] 12.5

Strut & Propulsor Assembly [-0.087, 0, 0.511] 4.75
Front and Rear Hydrofoil [0.09, 0, 0.733] 2.54
Autonomy Electronics Box [1.05, 0, -0.29] 7.61
Flap Actuator Assembly [-0.269, 0, 0.73] 0.97
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