Chapter 3

Numerical Methods

In this chapter we describe the theoretical model and the numerical methods used for
our two-dimensional model. We first describe the theoretical model and an overview of
the spectral methods used to solve the fluid plasma equations, followed by description of
the theoretical model in spectral domain. We then discuss the time integration methods
for the Ordinary Differential Equations ODEs represented in spectral domain. Last, We
consider how the charging model is normalized and the charge equilibrium is initially set

in the simulation.

3.1 Theoretical model

In this section, we describe the main features of our physical model used for studying low
frequency ion waves in dusty plasmas. The model considers the two dimensional plane
perpendicular to the background magnetic field B. Many plasma phenomena observed
in real experiments can be explained by a rather simple model used in fluid dynamics.
The fluid model neglects the identity of individual particles and only the motion of fluid
elements as a whole is taken into account. The advantage of this approach is that it leads
to equations in three spatial dimensions and time rather than the seven-dimensional phase

space used in Vlasov theory. In the fluid approximation, we consider the plasma to be

10



Gyoo-Soo Chae Chapter 3. Numerical Methods 11

composed of two or more interpenetrating fluids, one for each species.
The plasma electrons are treated as a massless fluid whose density n. self-consistently

varies due to the dust charging. The electron continuity equation is given by

One
ot

dne

+ V- (neth) =

+ s, (3.1)
charging

where dn,/dt|

currents,

is the rate of change of the electron density due to electron charging

_ 1 [ dp de ]
charging Qe dt

charging

dne
dt

gs represents a constant production rate of electrons due to some external plasma source,
and pge is the dust charge density due to electron charging current collection. We consider
applications in which the electrons may either be unmagnetized or strongly magnetized in
a magnetic field B. The electron momentum equation describing unmagnetized electrons

is given by

Ko (- V)it = - (q_> E=n (1> Ve, (32)

where q., me, and T, are the electron charge, mass, and temperature. For cold, mass-
less, and strongly magnetized electrons, the electron momentum equation reduces to the

following equation for the electron velocity
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To obtain equation (3.3), we can use the equation of motion in presence of electric field

E as following

dv,

o = e (E+6e X é) (3.4)

Me

de
dt

We may omit the m,%= term in equation (3.4), since we assume the electrons are massless.

Then equation (3.4) becomes

The equation (3.3) is obtained by taking the cross product with B and noting v - B =0.
The ions are also treated as a fluid whose density n; is self-consistently reduced due to

the dust charging. The ion continuity equation is

8’!21
ot

dn;
+ V . (nli_);) - n + gs, , (36)

charging
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where dn;/dt| is the rate of ion density variation due to ion charging currents,

charging

dni
dt

_ l dpai
N qi dt ’

charging

again ¢s is a constant production rate of ions, and pg; is the dust charge density due to
ion charging current collection. Note that equations (3.1) and (3.6) include the ionization
sources since there would be a reduction of plasma density over times otherwise. The

momentum equation for the unmagnetized ion velocity v; is

2 —— i\ = iy 1
81115 + (0i - V)u; = <i) E—~ <—) —Vn, (3.7)

where g;, m;, and T} are the ion charge, mass, and temperature and v = (2+ D)/D is the
ratio of specific heats. Here, D is the number of dimensions [Chen, 1984].
The dust is treated with the Particle-In-Cell (PIC) method. The dust position Z; and

velocity vj are advanced as follows

dy _ @i(t) 2
dt m;
d_fj

dt

, (3.8)

— &, (3.9)
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where m; is the mass and Q;(t) is the time dependent charge for the ;% dust grain. Note
that dust motion dynamics are included in this model. The standard dust charging model

is used [Jana et al., 1993]. For the j* dust grain this becomes

Qs

= Iy + Iy, (3.10)

where I.;, I;; are electron and ion currents collected by the dust grains. The electron and

ion currents on the j** dust grain are given by

]\ 1/2 ,

Iej = 7Ta2 (;) (eNeVte EXP lz(if:] s (311)
8\ /2 ey

Iij = 7Ta2<;> Qi Vi [1 - k?;f‘| , (312)

where a is the grain radius, n.; are electron and ion densities at the dust grain location,
Ute; are the electron and ion thermal velocity, Tt ; are the electron and ion temperatures,

and ¢y is the floating potential on the dust grain given by

Q;(t) Q)

P = C  4dwepa’

where C' is the grain capacitance. Since for the case of interest, the electron gyroradius

is assumed larger than the dust grain size, the standard dust charging model, which does
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not include magnetic field effects, is valid [Jana et al., 1995]. It should be noted that the
model here represents the simplest model for dust charging and it has been extensively
used in the past to study waves and instabilities in dusty plasmas. More sophisticated
models exist and currently charging is a topic of considerable interest in dusty plasma
physics [ Venturini, 1998; Angelis and Forlani, 1998; Cui and Goree, 1994; Watanabe et
al., 1996]. Tt has recently been shown that the standard model does not provide the
most accurate description of dust charging in the regime d < Ap [Angelis and Forlani,
1998]. This is the regime in which the collective effects discussed here occur. However, we
believe the standard model will provide a reasonable description for the physical processes
investigated in this study. As more accurate charging models, which may include discrete
charging effects [Cui and Goree, 1994; Watanabe et al., 1996], become established, they will
be incorporated in future investigations. Because of the general nature of the numerical
model described in the following section, this is straightforward.

Poisson’s equation is used to calculate the electrostatic potential ¢. It is given by

V2 = —(gene + g + Qana). (3.13)

where (Qqnq denotes the dust charge density and Qqnq = pqg = pae + pai- The electric field
is calculated from E = —Vo.

3.2 Spectral methods

3.2.1 Spectral methods using Fourier series

Spectral methods, in general, are based on representing the solution to a Partial Differ-
ential Equation PDE as a truncated series of a smooth function of the dependent variable.

Consider a spatially dependent function u. This function can be expanded in terms of an
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infinite sequence of orthogonal functions ¢y so that u = >_7° _ ux¢yx. The most familliar
approximate solution in solving problems with periodic functions is the Fourier series. In
one dimension, this corresponds to the set of functions ¢, = e*** which is an orthogonal
system over the interval (0,27). Any physical process can be described either in spatial
domain or spectral domain. To go back and forth between these two domains, we can

introduce the one-dimensional Fourier Transform equation of wu:

1 2w .
ik = —/ u(z)e ®ody  k=0,4+1,42, - - (3.14)
21 Jo

where 1wy is the continuous Fourier transform of u. In computer applications, we have to
use the descretized version of the Fourier transform. A common situation is to have a
function sampled at evenly spaced, discrete time intervals, Az. For any sampling interval

Ax, the Nyquist critical wavenumber is defined by

1

k:C = — .1
2Ax (3.15)

This lead to an important theorem for discrete sampling known as the sampling theo-
rem: If a continuous function u(x), sampled at an interval Az, is bandwidth limited to
wavenumbers smaller in megnitude than k., then the function u(z) is completely deter-

mined by its samples u,. The function u(x) is defined by

u(r) = Az i unSin[i?fC_(xn_AZ)Az) (3.16)

n—=—oo
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The sampling theorem is significant because it allows for the entire information content
of a signal to be reproduced provided it is sampled at s sufficient rate. Suppose we have

an even function of N consecutive samples

u = u(zy), x;=jAzr, z=0,1,2,.N—1 (3.17)

assuming uniform sampling. The set of points z; is referred to as nodes or grid points.
Here 27 /N is the sampling interval. The discrete Fourier coefficients of a complex-valued

function u with respect to these points are

1= -N N
==Y Ue ™ k=—7 .., ——1 3.18
Uk N JE;) J6 2 [ARRS) 2 ( )
where U; = u(z;). The inverse Fourier coefficients are
N/2-1 ‘
U= > we* j=0,.,N-1 (3.19)
k=—N/2

The Discrete Fourier Transform DFT maps N complex numbers U; into N complex num-
bers u. It is easy to see that as the number of input data increases, the output data

frequency spectrum becomes closer to the continuous spectrum.
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Similiar to the one-dimensional case, we define the two-dimensional DF'T coefficients as

following:
1 1 NMaziNe—d
U, = —— > Y Ui, exp(—ikxx;,) exp(—ikyy;,) (3.20)
N1 N2 525 =0
where k, = _TNl, ey % —1and &k, = _éV?, ey % — 1 are the corresponding wavenumbers.

The inverse Fourier coefficients are

Ni/2—-1 Na/2-1

Uy = D > wi k, exp(ikyas,) exp(ikyy;,) (3.21)

kx=—N1/2ky=—Ng/2

defined at discrete grid points z; ,y; where jx = 0,...,N; —1 and j, = 0, ..., Ny — 1, respec-
tively.

We can now apply the general Fourier spectral method to the set of fluid equations we
need to solve in two-dimensions. Note that using spectral method in space reduces the a
PDE into an ODE. As is well known, when spectral methods are used, products in real
space give rise to convolution sums in Fourier space; derivation in real space domain is
equivalent to multiplication by the algebraic factor ik in the Fourier domain. Further-
more, Laplacian(V?) corresponds to —k? in transform space. These operations will be

considered.

3.2.2 Differentiation

Differentiation using spectral methods, such as computing the gradient of density n

depends upon in which space it is performed. Taking derivative in the Fourier transform
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space consists of simply multiplying each Fourier coefficients with the imaginary unit

times the corresponding wavenumber. This could be expressed analytically by

du ,

in two-dimensional space or higher, where F represents the Fourier Transform operation
and k is the Fourier wavenumber. This is the true spectral derivative which we refer to
as the Fourier Galerkin derivative.

Differentiation in physical space is based upon the values of the function to be differ-
entiated at the collocation points. Discrete Fourier coefficients are found for these values
and are multiplied by ik. The results are consequently transformed back into the physical
space. The values of the approximate derivative at the grid points make up the Fourier
collocation (pseudospectral) derivative.

Computationally, the evaluation of collocation derivative and Galerkin derivative is
comparably equal. The operation count is O(N log, N) in one-dimension. However, since
we plan to have all the calculations done in Fourier space, it is just as easy to perform all
differentiations using the Fourier Galerkin method. Furthermore, phase errors are avoided
if spectral Galerkin method is used to compute derivatives.

The Laplacian (V?) follows directly from derivative operation since V? = 88—;2 + 59—;2 in
two-dimensions. The Laplacian operator in the Fourier space becomes a multiplication of
each Fourier coefficients with —k?, where k* = k} + k7 in two-dimensions.

In performing derivatives and Laplacian on a computation discrete grid, k and k2 are

actually replaced by k and K?, respectively, where

(3.23)

—— lsm(k:XAx)] ket ky lsm(k:yAy)] k,

k. Ax ky Ay
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and

o kxAz 2 . kyAy ]2
K? = k2 [Sml] + k2 [M} (3.24)

in two dimensions. This discreteness effect can be explained by considering the derivative

operator and the Laplacian operator (in one-dimension for simplicity) as

du unJrl _ unfl

. — —orAs (3.25)
d*u wtt — 2y 4yt
. o (3.26)

obtained by finite differencing. Then substituting (3.18) into the Fourier transform of
(3.25) and (3.26) and specializing them for the two-dimensional case, we obtain the re-
sults in (3.23) and (3.24). k and K2 approach teh continuous result k and k2, respectively,

as the grid becomes finer, kAx — 0.

3.2.3 Convolution

Nonlinear terms such as the ones found in (3.1) and (3.6) need a careful treatment by
the spectral method. This is due to the property of the Fourier transform which states
products in real space give rise to convolution in Fourier space. Thus, we need a specific
method that can evaluate Fourier-space convolution effectively and accurately.

Consider the evaluation of the one-dimensional convolutional sum

W= 3 by (3.27)

p+a=k
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where
u(z) = > 4pe” (3.28)
p=—00
v(z) = Y 04" (3.29)
g=—00
~ 1 2m ikx
Wy = %/0 w(z)e™ dx. (3.30)

When u, v, and w are approximated by their respective truncated Fourier series of degree
N/2, (3.27) becomes

) o N
= > dpdq  plildl < 7, (3.31)

p+a=k

where u, and v, are generally complex, and p, g, k denote the Fourier mode numbers.
Direct summation of (3.31) takes O(N?) operations in one-dimension, compared to only
O(N) operations if we were to use a finite difference algorithm for the nonlinear terms.
If we use FFT, the number of operations is improved somewhat to O(N log, N) as we
have seen earlier. However, the number of operations still gets large very fast as we go
to higher dimensions and larger N. The convolution using Fourier Galerkin is not very
efficient. The feature that makes direct evaluation of (3.31) inefficient is their nonlocality:
wy depends on u, and v, for max(k — N/2,—N/2) < p < min(k + N/2, N/2).

This nonlocality can be avoided by using suitable discrete Fourier transforms to express
wy as local product of Fourier-transformed fields. The approach is to use inverse DFT
given in (3.19) to transform w, and vy to U; and V; in physical space. U; and V} are
defined at exactly N points of z; = 27/N for j = 0,..., N — 1. We can define W; as the
local product U;Vj of the transform fields, and then use the DFT to return to the Fourier
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space. The overall convolution sequence can be summarized by

we, v =2 U,V 2o W EE (3.32)
We find that
1 N-1 .
B = > UVie ™
N =
1 N-1
= N ue‘prZve‘qu
J=0 |p|<N/2 lg|<N/2
1 N-1 )
= > Upla 3 eirtahln, (3.33)
Ipl;|q|<N/2 j=0

where wy is the aliased convolution sum. Using the discrete transform orthogonality re-

lation

N-1 .
—i(k—p)a: N if k = p(mod N)

i(k—p)z; _ P

=0 ‘ { 0 otherwise, (3.34)
Equation (3.33) can be rewritten as
wk = Z /U/pvq —|— Z up/Uq

pta=k p+q=k+N

=we+ Y, Uplg, (3.35)

p+q=k=xN
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where wy is the convolution term given in (3.31). The second term on teh right-hand side
of (3.35) originates from the property that exp[i(k = N)x;] = exp[ika;] for all integral j, k
such that the discrete grid points z; cannot distinguish the wave vector k and its alias
k+N,k+2N, etc. For any k < N/2, there always exists a nonzero aliasing error. Equation
(3.35) is applicable only for one-dimensional case. Derivation for higher dimension cases,
although is much more involved, is similar to that of the one-dimensional case. In three
dimensions, in addition to the singly-aliased term on the right-hand side of (3.35), there are
two other singly-aliased contributions, three doubly-aliased terms and one triply-aliased
contribution. Aliasing errors usually, but not always, lead to numerical instabilities; they,
however, always lead to inaccuracies, especially for high £ modes.

In order to eliminate the aliasing terms, we used phase shifting method.

Aliasing removal by grid and phase shifting

We first define the phase shifted discrete transform

R N/2—1 A

i= Y weMEtd) (3.36)
k=—N/2

B N/2—1 ‘

Vi= Y wetntd) (3.37)
k=—N/2

which are just the transform on a grid shifted by the factor A in physical space. We then
compute the local product of [Z‘z and inverse transform it back to the Fourier space. The

result of the convolution of the shifted grid is

Wy, = U Vietkwita) (3.38)
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while the result for the unshifted grid is given in (3.33).

3.2.4 The Gibbs phenomenon

In a spectral analysis, the Gibbs phenomenon frequently arises. The Gibbs phenomenon
occurs with a truncated or a discrete Fourier series in the neighborhood of a point of dis-
continuity. Frequently, when taking approximations around the discontinuity, oscillations,
indicating a gibbs phenomenon, will occur; thus possibly making the numerical results sus-
pect. In our simulation, we will defining our simulation box to be a grid. Thus, if our
simulation contains gradients which are too steep for the grid to resolve, then the solution
will appear to have a discontinuity. This can result in such oscillations.

There are two ways to deal with Gibbs phonomena arising from ateep gradients. The
most obvious way is to increase the spatial resolution of the grid. This, however, is not
practical due to memery and speed constraints. The way is to numerically compensate for
the Gibbs phenomenon. One way of doing this is by adding an artifical diffusion constant.
This acts as a “smoothing” process by attenuating the higher order Fourier coefficients.
However, if the diffusion constant is too high then the approximation will be excessively
smeared. Therefore the diffusion constant must be tuned so that no important structures
are lost, but the effects of the Gibbs phenomenon are minimized. Unfortunately, in our
case, the optimum balance still results in some artifacts due to Gibbs phenomenon. The
resulting oscillations adds some structures, but does not effect the overall accuracy of the
simulation. The structure resulting from the Gibbs phenomenon, however, needs to be

recognized as such and consequently ignored.

3.3 Theoretical model in the spectral domain

We now describe the numerical model in two-dimensions (x,y). First, we consider the

electron continuity equation (3.1) and electron momentum equation (3.2) in unmagnetized
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plasmas. The two-dimensional electron continuity equation is

8ne+ 8A+8A (Ven + Ve ) dne "
— T+ —7 | Ne(VexT + Vey ) = —— 5
ot Ox 8yy vy dt |, . a
charging
Simplifying, this becomes
One One OVex One OVey  dne
ex o e~ ey o e - s 3.39
R I e T V' (3.39)
Since
= op . 0
E=-V¢ = — | — —
¢ (81‘ + oy y)
the electron momentum equations can be written as
OVey OVeyx OVeyx g \ 00 T.\ 1 0On,
ex e = —\— )3 — - ) 4
ot v ox + Vey oy <me> ox (me> Ne OX (3.40)
and
OVey OVey OVey ( e ) 0¢ <Te> 1 One
ex e = — |\ — )5 — — ] — . 3.41
ot v ox +Uy8 me/ Oy me/ ne OY ( )

For strongly magnetized electrons, the left side of equation (3.1) will be simplified by

using a vector identity as follows

V - (nete) = Ve - Ve + 1V - .
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Next V - v, = 0 since v, = EE?QB = —vg; B Therefore, V - (n.t.) = ¥, - Vn, in equation

(3.1). The conversion into two-dimensions is as follows. The electron velocity can be

written as

v sruso B Be
Ve = VUex T VeylY = BZ]; Bzy-
Noting that
on on
_)e -V e — ex—e e —
U n v oz + Vey 2y
equation (3.1) becomes
One One One  dne
e — —° _ + g.. 3.42
(9t + Ve 8.(1;' + Uey ay dt charging gs ( )

For the ions, we can use the same continuity and momentum equations in magnetized
and unmagnetized plasmas because the ion plasma is not affected by the background
magnetic field due to relatively heavy mass. The two-dimensional ion continuity equation

18

8ni+ gi‘—i—gA i (Vi@ + 05 A)—% +
at 83:' 8yy 1\ Y1x 1yy - dt qS‘

charging
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Simplifying, this becomes

on; . on; N OVix N on; . Ovyy,  dny
— t U i iy
ot ox ox Y Oy

" Oy dt

charging

The ion momentum equations can be written as

OV OV Ovie B ( G ) % B <T1) iani

+ Vix -+ Vi = — —
ot ox Y Oy my/) Ox m;/) n; Ox

and

my

Ovsy Oviy Ovyy < ¢ ) 0¢ <T1> 1 on
ot + i Ox + Uy Oy my/ Oy n; Oy

= + gs-
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(3.43)

(3.44)

(3.45)

The theoretical model for the electrons and ions is represented in the spectral domain as

follows. The subscript k£ denotes that the quantity is in the spectral domain, ® denotes

Fourier convolution, Ky are the Fourier wavenumbers in = and y, and k* = & + &} where

kyx and ky, are given by [Orszag, 1971]

sin(k,Ar)

kx = hx—
& K AT

— sin(;@yAy)7

Ky Ay

(3.46)

(3.47)
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where ry = 2mny /Ly and Ky = 2mny,/Ly. Here n, and n, are the mode numbers in the x
and y direction. The finite difference terms, k. and ky, are introduced to represent deriva-
tives and Laplacians on the discrete grid and approach the actual differential equation
results as the grid becomes finer, K Az, kyAy — 0.

Taking the spatial Fourier transformation of the unmagnetized electron equations (3.39),

(3.40) and (3.41) in spectral domain are

dnek dnek

dt + Vex & ikxnek +Ne® ikxvexk + Vey ® ikynek +Ne ® Z'k:yveyk = W + Qsk (348)

charging

d ex. . . [$] . Te ]' .
Vexk + Vexk @ ThxVexk + Veyk @ thyUexkkc = — <q_> 1k — 7y (—) <—> ® ikyny, (3.49)
dt Me Me ok
and
dUe k . . Ge . Te 1 .
dty + Vexk ® 1hxVeyk + Veyk @ 1hyVeyx = — (E) ikydx — 7y <E> (—e>k ® ikyny. (3.50)

For strongly magnetized electrons, the equation (3.42) becomes

dne . . dne
—k + Vexk & kanexk + Veyk ® Zkyneyk = d—tk + Qsk- (351)

dt .
charging

The ion equations (3.43), (3.44) and (3.45) in spectral domain are
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dn; . . . . dn;
dtk + Uik ® tkyng + Ny ® ik Ui + Viy & Zl{}ynik +n & Zl{}yviyk = d—tk

+ qsk7 (3.52)

charging

d ix . . i . Tl 1 .
b @ it + iy @ iyt = — (- )ik =7 (1) () @ik, (353)
dt m; mi/) \ni/
and
dUi k . . gi . T1 1 .
d;] + Vixk @ ka/Uiyk + Viyk & Zkyviyk = — <E> Zky(,bk - <E> <_1)k X Zkynk. (354)

We note that upon Fourier transforming, we have reduced the PDEs into ODEs which

are easy to time integrate. Poisson’s equation becomes

€0k’ P = (eek + Ginix + pai) (3.55)

3.4 Time integration methods

Although the spectral or pseudospectral method is used for spatial discretization, for
time integration this is not necessarily the best method. In our case, finite difference
methods are used for the time integration.

In this section, we will discuss the methods used to solve the temporal dependence of
our theoretical model. We chose a predictor-corrector method [Shampine, 1994] which is

most appropriate for our simulation.
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Predictor-corrector methods

A Predictor-corrector method is a combination of an explicit predictor formula and an
implicit corrector formula. Predictor-corrector methods store the solution along the way,
and use those results to extrapolate the solution one step advanced. They then correct the
extrapolation using derivative information at the new point. Predictor-corrector methods
have good stability properties and are best for smooth functions. Consider the following

ODE

T f(n,t) (3.56)

where f(n,t) is represented in the spectral domain. The predictor-corrector method is as

follows

stepl :nt =n' 4+ dt- f(n',t) (3.57)
dt 1
step2 : f(n*,t+ 5) = é(f(nt,t) + f(n',t + dt)) (3.58)
dt
step3 : n't ¥ =nt + dt - f(n* t + 5) (3.59)

where n' is the estimate of n'*% and dt is the time step.
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3.5 Time integration of the theoretical model

The predictor-corrector method is applied to our model for the time integration after
performing spatial Fourier transforms on the continuity and momentum equations for the

plasma electrons and ions.

3.5.1 Predictor step

The predictor step equations for the spectral domain electron density neg, and the x and

y components of the electron velocity, vexx and veyx for the unmagnetized case are as follows

Tt ¢ 7t t 1ot t 7ot
ek = Mk — dt - Vexk ® kanek + Mok ® kavexk + Ueyk ® Zkynek

1 [dpaec |’
_'_nék ® ikyvéyk + D2k2n2k) + dt ¢ — [ /;Czlf k‘| + sk (360)

Tt t 7ot t 7ot Qe t
Uexk = Vexk — dt - Vexk ® kavexxk + Ueyk ® Zkyvexyk - m Exk

e

T, 1\*
— (—) (—) ® ikyNexk + u:k%gxk) , (3.61)
k

Me Te

and

bt t ot ¢ ot e t
Veyk = Veyk — dt - Vexke @ kaveyxk + Viyk ® Zkyveyyk - m Eyk
e

Te 1 ! : t *x7,2 t
- <_> <_> ® Zkyneyk +Mek Ueyk . (362)

my Ne/ x

For the case of the strongly magnetized electrons,

nl = i — dt - (Uéxk ® ik Mgy + Veyie @ Ty Ny + D;fk‘QnZk) +
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E
Note that vey, = —&* and veyk = — L

1 dpdek '
dt - — sk -
Qe[ i ] + Qs

B B

The ion equations in the spectral domain are

and

ot t . t t . t t . t
Ny = Ny — At - (Ve @ 1hxngy + njye @ thiyvige + Vi ® thyng,

. . 1 [dpan ]’
+nl ® zk‘yvfyk + D; k‘2nfk) +dt- " l o |

Tt t . t t . t qi t
VUixk = Vixk — dt - Vi @ kavixxk + Viyk ® Zkyvixyk - E Exk
1

Ty 1\
—y <_> (—) ® ikyNixac +- Mfk%ka> ;
Kk

my n;

Pt t 7ot t gt 4 t
Uiyk - Uiyk —dt- Vixk ® kaviyxk + Uiyk ® Zkyviyyk - E Eyk
i

TN 1\ _ . .
=Y (E) <;1)k ® Zkynityk + 1 k2vfyk> )
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(3.63)

(3.64)

(3.65)

(3.66)

where v and vigx denote x and y derivatives of vk in the spectral domain and vigyc

and viyyx denote x and y derivatives of vy in the spectral domain. Note that dpqe/dt

and dpg;/dt are calculated by linear PIC weighting the dust grain currents to the grid

points. Fast Fourier Transforms FFTs are applied to our numerical simulation. A real-

valued initial density is specified which is transformed into the Fourier space since all
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computations are done in the Fourier spectral domain. The convolutions are evaluated
using the pseudospectral method [Orszag, 1971]. Aliasing is minimized by grid shifting
and truncation of Fourier modes that lie outside .94K where K = 27mny /2Ly is the
maximum wavenumber [Patterson and Orszag, 1971]. The numerical diffusion D; and
viscosity pi coefficients are chosen to provide numerical stability.

The predictor step for the dust charging model is

1
T _ ot
Zj—Zj+dt-<—

e

1
Lej(ne, Z5) + Elij(nitu Z;)) ; (3.67)

where the subscript j denotes the ;% dust grain and Z; = @;/e. The electron and ion
current on the j* dust grain depend on the electron and ion densities and dust charge.
Linear weighting is used to calculate n! and n! at the simulation particle position. The

PIC time advance for the dust grain position and velocity are given by

dt _dt e/t
VT = 2 4 dt —E (3.68)
m.
J
and
t+4

(3.69)

where z; and v; are the position and velocity of the j™ dust grain.
Once the electron, ion, and dust charge densities are calculated, the electrostatic po-
tential ¢ and the electric field E = —V¢ (= iky¢prX + iky¢ry in the spectral domain) are

calculated from Poisson’s equation. Poisson’s equation in the spectral domain is
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1
¢l = @(‘Jenlk + Qingk + pjik)' (3.70)

Linear PIC weighting is also used to calculate ka on the simulation grid.

3.5.2 Corrector step

Next all relevant quantities are averaged to calculate their values at ¢ + %. The corrector

step equations for unmagnetized electrons are as follows

dt dt dt dat dt
t+dt _ t+3 t+5 +3 +3 t+g +3
Nep = n —dt- < exk ® ik 2Tl ~ 7+ My ® ik 2o TV eyk ® ik y ek

tdt 1 | dpaex i
+ ne 2 ik, eyk2 + Dk} )+dt'q— [ dte ] + Gox, (3.71)

bt dt
I =gt —dt- ( +2®zk:lexk +v+2®zk:v —<£>Et12
m,

exk Vexk Vexk eyk 1xyk X!
e

T.\ [ 1\"*% at
(B () et reist), o

and

dt dt dt dt dt
t-dt t+7 . t+7 t+7 . t+7 Ge t+ =
Veyk — eyk —dt- < Ve @ kaveyxk + Veyk ® Zkyveyyk - m Eyk
e
dt

T, 1\t+t% dt dt
—y <—> (—) % ik:yni;,rk? + Mzk%;f) . (3.73)

MmMe Ne/ i

For the case of magnetized electrons this becomes

dt dt dt dt dt
t+dt _ ot t+3 3 5 3 x1.2, tH%
Mok = Mek — dt - < Vexk ® ik Mextc T+ /Ueyk ® ik neyk + Dek Nk
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1 [dpaa ] *
Pdek
dt - — 5 3.74
+ e l dt ] Gsk ( )
The ion equations are as follows
dt dt @
nf,jdt nt, — dt - ( ::{2 ® 1k, nﬁjQ —|—an2 ® 1k v::f —I—vf;f ® ik nf:
Ao |
(Ji

dt dt dt . dt
thdt +% +% t4 4t +% 4 t+5
Uik = 1Xk —dt- < Vixk ® kx 1xxk to 1yk ® Zky 1xyk -
i

T 1 H‘_ dt
(5 (), " @mnd + il ) (3.76)

mi ni/x

and

dt dat dt A dt
brdt _ t t+5 thy Y by T\ ptte
Uiyk - 1yk —dt- ( Vixk ® ik Ulka + Ulyk ® ik Ulyyk - E Eyk

i

T 1\+% dt dt
AN ewt i) o

for the electron and ion continuity and momentum equations. The dust charging model

corrector step is

1 dt dt 1 dt di
Zet =2t (I (ne 2,2, % )+ =0y (my 2,257 ) ). (3.78)
7 j q J q J 1
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Poisson’s equation is

1
d d d d
A (@enbi™ + anid™ + o). (3.79)

3.6 Simulation initialization

3.6.1 Normalized dust charging equation

To normalize the dust charging equation (3.10) appropriately for the simulation, we note
that two parameters, the charging rate ws, and the normalized equilibrium charge Z,,
control the dust charging. Assuming T, = T;, from equations (3.11) and (3.12) the dust

charging equation can be rewritten in a normalized form as

dz 7 n; /me\ 2 Z
E = wchg (exp (gbfoz—eq> — n—e (E) (1 — Qbf()z—eq>> (380)

1/2 . . .
where wepg = wa? (%) NeUte, £ is the number charges on the dust grain, and ¢y is the

equilibrium floating potential. For an electron-ion plasma (:;— = 1836), note that ¢ =
-2.51 when n, = n;. In the simulation the equilibrium floating potential ¢y is calculated
to satisfy the charge equilibrium which will be discussed in the next section. From the
above we see that when Z = Z,, then dZ/dt = 0 and the system stays at the equilibrium
charge value. It is convenient to write we, in terms of some natural frequency of interest.
In our case, the waves and instabilities we want to study have a rate on the order of wy;,

the ion plasma frequency. So we write

Wehg = QWp; (3.81)
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where « is the ratio of charging rate to ion plasma frequency. In the simulation code wy;
is typically normalized to 1 so the charging rate is a. The normalized equation is easily

extended for T, # T; and a dispersion of dust masses.

3.6.2 Charge equilibrium and neutrality

For the charge equilibrium, the simulation must start with the same electron and ion

currents on the dust grains as follows

I+ 1 =0. (3.82)

From (3.9) and (3.10), equation (3.82) can be described by

Vene€® —vini(1 —z) =0 (3.83)

where x = e¢¢/kT. By assuming T, = T} equation (3.83) can be rewritten as

Miler _144=0. (3.84)
Me Ny
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The solution to equation (3.84) at equilibrium charge determines ¢y, i.e. © = ¢g. Finally,

equation (3.82) can be expressed in general as

[ Ne gy 2 Zq
S eq — 1 = O 385
o N e + ¢f0 Zeq ’ ( )

where Z4 is the dust charge. For the charge neutrality, we can describe the relation of

densities for each species as follows
ne(mvy) _ni(muy) ‘f‘Zd(l',y)TLd(l’,y) = 07 (386)

where pq(x,y) = —eZq(x,y)nq(x,y) is the dust charge density, nq(z, y) is the dust number
density, and Z4(z,y) is the dust charge as stated before. Equation (3.86) can be rewritten

ne(z,y) = ni(x,y) — Za(z,y)na(z, y). (3.87)

Note that ng(z,y) is known from the initial loading. Using equations (3.85) and (3.87),

we get an equilibrium charge equation

\/%ni(x, y) — Za(z, y)nd(z,y)emi—i _ (1 _ ¢fOM> -0 (3.88)

Tli(l', y) eq
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From equation (3.88) knowing n;(z,y), na(z,y), and Ze, the initial Z4(x,y) can be deter-

mined for equilibrium.

3.6.3 Calculation of production rate ¢

In general, ionization sources may be relevant depending on the model applications. For
simplicity here, we consider the electron and ion production rates to be equal and to main-
tain constant equilibrium background electron and ion densities during dust charging. We

define ¢y as the electron and ion production rate which is given by

_dny _dne B lalpe B ldpde N dZ4e

— = N
e dt e dt 07 g

s (3.89)

ionization ionization

where dp,/dt is the change in electron charge density due to dust charging, dpg./dt is the
change in dust charge density due to dust charging with electrons, ngg is the number of
dust particles per cell, and dZg./dt = I is the normalized simulation electron current to

the dust grain. Therefore, the electron and ion production rate is simplified to be

s = Naoleo- (3.90)



