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ABSTRACT

A large-eddy simulation methodology (LES) has been developed for predicting
the turbulent physics of an incompressible flow in simple and complex
geometries. The Cartesian form of the governing equations was first verified,
and then later used to investigate a three-dimensional shear-driven cavity flow.
The investigation involved Reynolds numbers of 2000, 3200, 5000 and 10000
and focused on the unsteadiness and turbulent characteristics of the flow. At
the low Reynolds numbers (Re < 5000) where the cavity flow is fully laminar,
direct numerical simulations (DNS) were conducted whereas the LES
methodology was adopted to predict the cavity flow at the higher Reynolds
number (Re = 10000). Determining the parameters in the damped subgrid
scale (SGS) turbulence model for this complex flow was guided by the DNS
results at Re = 5000. The SGS model was also verified against DNS results at
Re = 7500 where the -cavity flow was known through laboratory
experimentation to be locally transitional. The LES results using the damped
SGS model verified the published experimental evidence as well as uncovered
new flow features within the cavity.

LES computations were also carried-out of the three-dimensional shear-
driven cavity flow at a high Reynolds number where the SGS turbulent field
was represented by a dynamic model. Lilly's least-squares expression was
tested for determmining Smagorinsky's coefficient in the model without ad hoc
measures such as ensemble-averaging or filtering. However, zero cutoff of
negative total viscosity (kinematic plus turbulent eddy viscosity) was necessary
to maintain stable solutions. A discretized filter function was derived for the



test filter. Both qualitative and quantitative comparisons to experimental data
show that the dynamic model performed quite well. The dynamic model gave
better comparisons to the experimental evidence than the damped model did.

Vortex formation in the wake of a circular cylinder and their subsequent
downstream transport was also numerically investigated by LES. Here
however, the curvilinear form of the governing equations was necessary to
perform the computations. A new generalized dynamic model was derived to
represent the SGS stress field in the curvilinear space. This new model
introduced the contravariant velocity components as part of the field variables.
New downstream boundary conditions were also formulated to permit the shed
vortices to exit with minimum disturbance. The focus of the investigation was
at Re = 5600 with some verification of the computations at Re = 200 and Re =
3000. At all of these Reynolds numbers, the upstream boundary layer was
laminar but the wake was fully turbulent at Re = 3000 and Re = 5600. The
LES results of the many interesting characteristics of the wake showed good

comparisons to the experimental data.
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CHAPTER ONE
INTRODUCTION

1.1. The Large-Eddy Simulation
The subject of this dissertation is the numerical simulation of turbulent

incompressible flows. In the engineering field of computational fluid dynamics
(CFD), three methods are commonly employed to solve incompressible
turbulent flows; Reynolds-averaged Navier-Stokes approach, direct numerical
simulation and large-eddy simulation. These methods differ principally in their
representation of the turbulent physics. Traditionally, turbulent flow solutions
of practical importance are achieved using the Reynolds-averaged Navier-
Stokes (RANS) approach since only the mean flow quantities are resolved by
the numerical scheme. All turbulent scales are represented by a
phenomenological closure model. The available turbulent models vary
extensively in complexity. In particular, they range from simple algebraic eddy
viscosity relationships to complex formulations which involve several additional
differential equations that greatly intensify the computational effort (for a
review see Ferziger, 1985). Regardless of its complexity however, each model
carries a set of empirical constants whose values are usually found by
comparisons with experiments on simple flows. Consequently, one can not
expect the results from a RANS computation to yield the fine-scale physics of
the turbulent field. To achieve that end, one must choose an alternate method.

Instead of employing modeling, one could fully resolve the turbulent physics
by direct numerical simulation (DNS). Here, the time-dependent three-
dimensional Navier-Stokes equations are numerically solved for all relavant
scales of the turbulent fluid motion. This approach requires the numerics to
spatially and temporally resolve the turbulence down to at least the dissipative
scales. For practical applications therefore, where the geometries are typically
irregular and the flow characterized by a high Reynolds number (Re), the DNS
approach is far beyond our best super-computer capacity. Currently, DNS
computations are most utilized for providing insight into the fine-scale
turbulent physics of low Reynolds number flows in simple geometries.
Furthermore, DNS results have helped develop and validate turbulence models

as well as complement experimental testing. Future expectations of the DNS



approach is projected by Peterson et al. (1989) in Fig. 1.1. Based on the
current advancement of supercomputers in 1989, they projected the usefulness
of DNS for practical applications to extend well into the next century.

A viable alternative for fine-scale computation of the general class of
turbulent flows is the large-eddy simulation (LES). Unlike DNS, only the larger
energy-containing eddies are fully resolved by the numerics which significantly
reduces the computational demand. The smaller turbulent eddies, located
within the subgrid scales (SGS), are modeled. Since today's modeling efforts
assume the turbulence to be in equilibrium within the SGS range (production
equals dissipation), use of simple algebraic eddy viscosity relationships are
common. These models typically possess coefficients whose local magnitudes
must be sufficient to properly dissipate the turbulent energy at the SGS level.
Otherwise, energy "build-up” in the small scales will occur which could lead to
divergence.

Treatment of the turbulent scales in the LES approach can be viewed as a
compromise between the RANS and DNS methods. In Fig. 1.2, we can imagine
ourselves beginning at the DNS end of the turbulent energy spectrum (at
dissipation wavenumber kg) and then moving left towards the RANS end (zero
wavenumber). Along the way, we carry a turbulence model that is increasing in
complexity. Currently, accurate SGS modeling of the fine-scale turbulent
physics stops at the inertial subrange. For the simplest case involving isotropic
and homogeneous turbulence which is shown in Fig. 1.2, the state-of-the-art
has succeeded in modeling down to the lower-end of the inertial subrange. On
the other hand, successful modeling of complicated turbulent flows probably
lies close to the upper-end of the inertial subrange. It is important to note that
the LES methodology has historically benefited from DNS and RANS
independent achievements. The development of stable higher-order schemes
over fine grids as required for DNS computations and the continuing effort
towards attaining a universal turbulence model for RANS analyses provide
valuable input into improving LES. By projecting Fig. 1.1 beyond 1994, we can
expect routine LES solutions of moderately difficult engineering problems (such
as the airfoil) by the year 2000.



1.2. Relevant Historical Works

One of the earliest engineering works of LES was performed by Deardorff
(1970) who focused on a three-dimensional incompressible fully-developed
channel flow. He used a primitive variable formulation coupled with
Smagorinsky's (1963) algebraic eddy viscosity model for the SGS turbulent
field. This model represents the SGS stress field as a product of the turbulent
eddy viscosity and the strain-rate tensor. Although a relatively coarse grid was
used in his simulation (6720 computational points), comparisons to the
experimental measurements were quite good. His results brought strong
attention to the LES technique as a viable source for predicting turbulence.
Deardorff's work was followed by Schumann (1975) who improved the SGS
model and implemented a much finer grid (65536 computational points).

Schumann's work marked a significant improvement over Deardorff's results
for the incompressible turbulent channel flow problem.

Both Deardorff and Schumann approximated the channel wall layer
dynamics by a boundary condition based on the logarithmic law-of-the-wall.
Continuing with the same test problem, Moin et al. (1978) integrated the LES
equations down to the channel wall using a stretched grid. The subgrid scales
were represented by Smagorinsky's model. Except for very near the wall where
streaking and bursting dominate the flow behavior, their simulation produced
results in fairly good agreement with the experimental data. Following an idea
by Schumann (1975), Moin and Kim (1982) decomposed the SGS turbulence
model into two components to better approximate the near-wall channel flow
behavior. In primitive variables, their model consisted of a homogeneous
isotropic part, similar to Smagorinsky's model, and an inhomogeneous
component which accounted for a poor spanwise resolution in the channel.
Furthermore, the homogeneous part was modified by a van Driest (1956)
damping function to simulate the asymptotic behavior of the shear stress near
the no-slip channel walls. A similar damping function was also incorporated
into the eddy viscosity definition for the inhomogeneous component. Using a
hyperbolic tangent function to vary the grid spacing from the walls, Moin and
Kim were able to predict coherent structures of low- and high-speed streaks
alternating in the spanwise directions. Speziale (1985) however showed that
the splitting of their SGS model was not form-invariant under a Galilean



transformation and is thus incompatible with the basic physics of the problem.
Other applications of the LES methodology for the incompressible turbulent
channel flow problem include those of Moin and Kim (1980) and Kim and Moin
(1981).

An important physical phenomenon of turbulent flow that must be captured
by LES is the energy cascade process. Leonard (1974) points out that
considerable "damming-up" will occur within the smallest scales of the resolved
field if the SGS model does not sufficiently dissipate the transfer of turbulent
energy to the subgrid scales. Solving Burgers equation over both coarse and
fine grids, Love and Leslie (1979) showed that subgrid modeling can
reproduced the most significant features of turbulent energy transfer from the
resolved to the subgrid scales whether a simple or more complicated algebraic
SGS model is implemented. Taken together, Clark et al. (1977) and Mansour et
al. (1979) assessed several models through simulation of the decay of
homogenous isotropic turbulence. In Clark et al., four SGS models were
evaluated that ranged in complexity from a simple constant eddy viscosity to
Smagorinsky's relationship. They concluded that the best overall performance
came from Smagorinsky's model, but that all four were surprisingly satisfactory
for predicting high Re turbulent flows.

Mansour et al. (1979) used a rotational form of the governing LES equations
as well as primitive variables. Their SGS model was similar to one tested by
Clark et al., but was formulated from the resolved rotational tensor rather than
the strain-rate tensor as in Smagorinsky's model. With respect to the
experimental data (Comte-Bellot, 1970), both the primitive variable and
rotational forms of the LES equations produced accurate profiles of the
turbulent energy spectra. Although their predictions using each form were
nearly indistinguishable, Mansour et al. concluded that the rotational form is
better suited for predicting free shear flows while wall shear is handled more
accurately by primitive variables.

To find many other early works (before a decade ago) that demonstrate the
favorable aspects of the LES methodology as a useful prediction tool for
incompressible turbulent flows, one should consult reviews by Rogallo and
Moin (1984), Ferziger (1985) and Reynolds (1991). A brief overview of early
subgrid scale modeling ideas is presented in Herring (1979).



Over the past decade LES has receive considerable recognition which has
lead to its vastly expanded capabilities for resolving incompressible turbulent
flows. In the work by Shao et al. (1990) for example, LES computations were
performed of a shearless turbulent mixing layer with an SGS model proposed
by Chollet and Lesieur (1981). Shao et al. compared their LES results to two
separate RANS computations that involved either a Reynolds stress tensor
(RST) or a K-¢ turbulent closure model. They intended to validate the
respective RANS model constants. Shao et al. found that the recommended
empirical value for the constants Cgq (RST) and Cy, (K-¢) in the triple correlation
relationship were grossly under-estimated. In a separate application, a two-
point closure theory, called the Eddy Damped Quasi-Normal Markovian
(ED@QNM), was compared to LES predictions by Chollet (1984) to assess the
energy distribution in the subgrid scales as well as the energy transfer between
the resolved and subgrid scales. Chollet concluded that the foregoing concepts
of eddy viscosity for SGS modeling were well justified. Metais and Lesieur
(1989) also compared LES results to EDQNM and to DNS numerical data
involving the decay of homogeneous isotropic turbulence. Their conclusion
agreed with that of Chollet.

Transition to turbulence in the plane channel was investigated by Zang and
Piomelli (1990). They studied the mechanism of energy backscatter from the
subgrid scales to the finer resolved scales. Three SGS models were tested;
namely, Smagorinsky's with van Driest damping, the renormalization group
theory (RNG) model (Yakhot, and Orszag, 1986), and a version of
Smagorinsky's model but with the model coefficient computed dynamically
from the finest scales of the resolved instantaneous velocity field. Although
each model predicted transition surprisingly well, the dynamic model proved to
be the most accurate. In this dissertation, further details about SGS modeling
is presented under a chapter five.

Recently, researchers have challenged LES to complex problems that have
more practical implications. For example, a backward facing step flow, which
is a popular benchmark for testing the accuracy of new numerical schemes,
has been separately solved by Morinishi and Kobayashi (1990), Karniadakis et
al. (1990) and Akselvoll and Moin (1993) using the LES technique. In the
simulation by Morinishi and Kobayashi, artificial wall boundary conditions



with a rather coarse grid were employed. Despite these conditions however,
their prediction of the reattachment length and the streamwise mean velocity
profiles after the step showed impressive agreement with the experimental
data. Karniadakis et al. applied the RNG model in their LES computations of
transitional flow over the backward facing step. They began the simulation
near the initial stages of transition and ended in the full turbulence regime.
Inasmuch as their results were preliminary, the transitional stages as seen in
the experimental measurements were predicted qualitatively. Akselvoll and
Moin (1993) solved the backward facing step problem using a dynamic
localization model developed by Ghosal et al. (1992). They compared their LES
results to the experimental measurements of Jovic and Driver (1992) and the
DNS computations by Le and Moin (1992). The spatial resolution in the DNS
computations was 32 times finer than the subsequent LES calculation.
Akselvoll and Moin obtained satisfactory agreement with the DNS results as
well as the experimental data, but at a substantial reduction in computational
cost.

As other examples, Weiner and Wengle (1989), Ciofalo and Collins (1990)
and Yang and Ferziger [1993) independently simulated turbulent flow behind a
square rib placed periodically along the channel floor. Both Weiner and
Wengle and Ciofalo and Collins represented the subgrid turbulence by
Smagorinsky's model. Their predictions of the fluctuating rms velocity
components behind the rib agreed qualitatively with the experimental data.
Yang and Ferziger also implemented Smagorinsky's model, but computed the
model response coefficient two separate ways; one by using the dynamic
strategy and the other from a simple damping function. In addition, they
performed fine-grid DNS computations to establish a data base for LES
comparisons. Yang and Ferziger reported superior results by computing the
model coefficient dynamically.

Lastly, a notable successful application of LES that dealt with a difficult
geometry was reported by Schumann and Krettenauer (1992). They simulated
turbulent convection over a sinusoidal undulated terrain at an infinite Rayleigh
number. Their governing equations and SGS model were reformulated into a
curvilinear coordinate framework to accommodate a boundary fitted grid to the
wavy terrain. Before attacking the convection problem, Schumann and



Krettenauer first validated the predictive accuracy of their LES scheme against
DNS computations at a much lower Reynolds number. They also compared
their LES results to experimental data for turbulent convection over a flat
surface at a high Rayleigh number. Their LES computations were extensive,
and uncovered large three-dimensional motions generated by a two-
dimensional wavy terrain that were previously unseen using two-dimensional

simulations.

1.3. Importance Of Present Effort

The previous works just described unfold significant progress of LES since
its inception only slightly more than two decades ago. This CFD approach has
repeatedly demonstrated its ability to predict turbulent structures in complex
flows. The improvements in high-order-accurate numerical schemes, SGS

turbulence modeling and supercomputer technology contribute to this rapid
success. The immediate future will undoubtedly center on characterizing
backscatter routinely in the turbulence model. This characteristic is a
necessary model ingredient when representing inhomogeneous turbulence.
Backscatter physics deal with the reverse flow of turbulent kinetic energy up
the cascade from the SGS model to the finest scales of the computed field.
Dissipation, which is the other but dominate characteristic, is already well
identified. Venturing modeling efforts towards non-equilibrium turbulence has
only just begun.

Use of today's dynamic turbulence models (ones that permit energy
backscatter as well as dissipation) is not a straightforward process. The
dynamics manifest stability issues that have demanded various ad hoc
measures to reach a successful implementation. In chapter five, a detailed
account of the ad hoc measures commonly chosen is discussed. Usually, more
than one measure is needed to stabilize the computation. Herein however, a
complex flow problem is solved where all but one measure is eliminated. The
problem selected is an incompressible turbulent flow in an enclosed shear-
driven cavity. Excellent agreement was obtained between the predicted
turbulent quantities and the experimental data using the dynamic model. For
comparison, the cavity flow is also solved using a damped turbulence model
which is strictly dissipative. Agreement between those results and the



experimental data is less encouraging. These simulations will clearly show the
importance of dynamic SGS modeling for complex turbulent flows.

The impetus behind the present work is the practical application of
LES to the general class of incompressible turbulent flows in complex
geometries. Because most practical flow problems involve very complicated
domains, use of simple coordinate systems require boundary interpolations
that lead to unnecessary approximations. The physical geometries are
generally quite arbitrary, such that special mapping procedures are more
suitable when attempting to predict the associated {flow. Thus, the
computational technique presented here is focused on extending the current
LES methodology to a curvilinear coordinate framework. This formulation
permits LES solutions over structured grids mapped specifically to the complex
domain and eliminates geometric interpolation when applying the boundary
conditions. The penalty of the mathematical transformation however is
additional terms in the LES equations. Besides the governing equations, the
turbulence model is also transformed to curvilinear coordinates.

Herein, all details of the transformation are carefully covered. The resultant
equations are formulated in a strong conservation-law form, but differ from
previous works for the purpose of optimizing the solution efficiency using the
algorithms developed and tested for the LES equations in Cartesian
coordinates. The test case selected to verify the new LES formulation was the
prediction of turbulent vortices in the near wake of a circular cylinder. A non-
orthogonal curvilinear grid was necessary to effectively encompass the cylinder
wake. Prior to flow separation along the cylinder surface, the boundary layer
was laminar. The wake however was fully turbulent. Besides implementing
the LES equations, the computation demanded several other important factors.
For example, a transformed set of downstream boundary conditions were
formulated to exit the vortices with minimum distortion. In addition, the
dynamic SGS model was reformulated to the curvilinear space to quantify the
turbulent eddy viscosity. In this new model, Smagorinsky's coefficient was
determined in a unique fashion through use of both the physical and
contravariant velocity components. Experimental data in the near wake was
published for this flow from which comparisons were made. One should note



that this LES computation is a first of its kind and extends the potential of LES
for practical use.

In the next chapter, the fundamental LES equations in Cartesian
coordinates and solution method are presented in complete detail. In chapter
three, the LES equations are reformulated into curvilinear coordinates for
computations in complex domains. The equations are written such that no
new solutions algorithms are necessary. Chapter four discusses important
concerns of implementing boundary conditions for the velocity and pressure.
The damped and dynamic SGS models as well as their implementation are
presented in Chapter five. This chapter also gives all details for extending
these models to the complex domains. The next two chapters comprise the
results of two applications. Shear-driven cavity flow results are presented in
Chapter six where the Cartesian form of the LES equations and SGS model was
used in the computations. Chapter seven shows the results obtained using the
curvilinear formulation for the LES equations and SGS model. The test
problem is cross-flow over a circular cylinder. The dissertation closes with a

recapitulation of the conclusions and a discussion of future work.



CHAPTER TWO
LES EQUATIONS AND SOLUTION METHODOLOGY

2.1._Introduction

Largely through the advancements in supercomputer technology, one can
compute the fine-scale quantities of complex incompressible turbulent flows.
The usefulness of the results strongly depends on resolving the most important
scales of the turbulent field. The LES methodology offers one the flexibility of
resolving as much of the turbulence as computationally permissible. This
resolution is dictated by the grid point spacing and is assumed to include the
predominant scales of the turbulent field. The remaining finer turbulence
levels which lie below the grid's resolution are picked-up by a representative
model.

Separation between the resolved and unresolved (or modelled) fields
transpires through spatial filtering of the Navier-Stokes equations. Formally,
the filter operation in three-dimensional physical space (xj) is defined by the

convolution integral
D(x;) = [@(x,)G(x,x,)dx] 2.1)

where the overbar symbolizes the filtered variable ® and G(x; ,x;) is the filter

function. Investigators have explored Gaussian, sharp cut-off and box type
filters. While the box filter is administered in the physical domain, the
Gaussian and sharp cut-off filters are applied in wavenumber space. With the
sharp cut-off filter, division between the resolved and modeled fields is distinct
in the wavenumber space (see Fig. 2.1). All wavenumbers are resolved by the
numerics up to the cut-off wavenumber (k¢), which corresponds to twice the
grid point spacing; i.e. ki <k.=n/h, where k| are the resolved wavenumbers
and h is the grid point spacing. Communication between the subgrid scale
turbulence model and the numerics occurs only at the cut-off wavenumber.
Conversely, the Gaussian and box filters attentuate the resolved field such that
the energy transfer between the numerics and the SGS model takes place over
a range of wavenumbers. The model's influence on the resolved field

diminishes with decreasing wavenumber below cut-off.
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2.2. LES Governing Equations
The mathematical system which governs unsteady incompressible turbulent

flows is the Navier-Stokes (NS) equations and continuity. In index notation, the
conservative non-dimensional form of this primitive-variable system in three-

dimensional (3D) Cartesian coordinates is

2
au; 9 oap 1 97y,
M t . _1+—( . .):———+——l
omentum ot axj uluJ axi Re axj axj (2.22)
Continuity: % =0 (2.2b)
X

where the velocity vector u, =(u,v,w)T and p is the pressure. The Reynolds
number Re = UL/v where v is the kinematic viscosity and U and L are the
characteristic velocity and length scales, respectively.

Upon filtering equation (2.2), the governing LES equations for the resolvable
turbulent field are

Momentum: a—uL + i(ﬁ,ﬁj) =— Jp + 1 974, + k! , (2.3a)
at  ox, ox; Reodxjdx; 0x

Continuity: 2% =0, (2.3b)
x4

where u; and p are the filtered velocity and pressure, respectively. The
subgrid stress tensor t; arose due to filtering the non-linear term and is

defined as 1, =Giﬁ_] —uu,. This term depicts the subgrid turbulent scales of

which a model is required.

2.3. Fractional-Step Method
2.3.1. General Dissusion

Basically, three numerical schemes are available for solving the LES
equations in (2.3). One particular class of methods is founded on the
fractional-step procedure ( also called the projection method) proposed by
Chorin (1969) over twenty-five years ago. This procedure capitalizes on
Helmholtz's decomposition theorem in which the convection and diffusion
components of the unsteady Navier-Stokes equations are together decomposed
into the sum of a divergentless vector (velocity) and an irrotational vector
(pressure gradient). Splitting the operators in this way permits the

11



introduction of an intermediate velocity which provides the only direct link
between the pressure and physical velocity fields. The Navier-Stokes
equations are replaced by a two-step process which involves solution of an
unsteady convection-diffusion equation for the intermediate velocity followed by
an update of the physical velocity field. In the original two-dimensional scheme
by Chorin, the method of artificial compressibility was implemented to
establish a separate equation for solution of the pressure variable. Given the
intermediate velocity field, the physical velocity and pressure fields were
successively updated until the iterations converged. Convergence was defined
by the allowable error in the incompressibility constraint. At each time
increment, many iterations were necessary to minimize that error. Herein, a
variation of Chorin's original fractional-step method is utilized. But before
presenting the details of the technique, alternate methods that one can choose
for solving unsteady incompressible flows are discussed.

Full predictor-corrector type schemes have also been applied to unsteady
incompressible flows. One approach (referred to as a pressure-based method)
involves replacing the continuity equation with a pressure-Poisson type
equation which is derived by taking the divergence of the momentum equation
and invoking the incompressibility constraint. The pressure-Poisson equation
along with momentum are converged at each new time level by a semi-implicit
prediction and correction sequence. Convergence is commonly achieved by
minimizing the residual (or error) of the discretized pressure-Poisson equation.
For steady flows, large time steps are allowed to accelerate convergence to
steady-state. The most recent release of this approach is called PISO (Pressure-
Implicit with Splitting of Operators) (Issa, 1985). Its roots lie in the SIMPLE
(Semi-Implicit Method for Pressure-Linked Equations) algorithm [Patankar and
Spalding, 1972). In PISO, the predictor-corrector steps arise from a splitting of
operators in the discretized momentum and pressure-Poisson equations. For
the steady flow problem, SIMPLE iterates to steady-state convergence while
PISO advances in time. Thus, PISO is equally applicable to unsteady and
transient flows. However, due to the explicit definitions in the corrector steps,
under-relaxation may be necessary in PISO to sustain convergence during the

predictor-corrector solution sequence (Wanik and Schnell, 1989).

12



The third basic approach for predicting unsteady incompressible flows is
the "method of pseudo-compressibility” (Chang and Kwak, 1984). This method
was introduced by Chorin (1967) for computing steady incompressible flows.
Chorin's idea resolved the difficulty of having an explicit definition for the
pressure variable in the incompressible flow equations. He proposed to couple
the continuity and momentum equations by adding a pressure-like time-
dependent term to the continuity equation. This term physically represents the
imposition of finite-speed pressure waves onto the incompressible velocity field.
The pressure waves are time-advanced (along with momentum) until they
theoretically vanish. At convergence the incompressibility constraint is
satisfied, but with the pressure field now fully known. For the steady flow
problem, it is important to note that the advancement of the velocity and
pressure fields to steady-state is accomplished strictly through pseudo time.
Consequently, the intermediate solutions are not time accurate. Recently
however, the method of pseudo-compressibility was extended to unsteady
incompressible flows (see Soh and Goodrich, 1988 for example). The new
system of flow equations is essentially the same as the original set except for a
second time-dependent velocity term in the momentum equation. While the
original time-dependent term represents real time, the second term allows for
marching in pseudo time. Thus, pseudo steady-state convergence is achieved
for each physical time increment. When using this approach, one should be
concerned about the local error tolerance associated with pseudo steady-state
convergence relative to the leading temporal truncation error of the physical
system.

Presented next is a solution technique for solving the LES governing
equations that is based on the original fractional-step method developed by
Chorin along with the variations proposed by Kim and Moin (1985) and Rai
and Moin (1989). In the current chapter, the numerical accuracy of the
solution technique and consistancy of the boundary conditions are verified by
simulating an exact solution of the two-dimensional Navier-Stokes equations
with continuity. In the applications chapter, this solution technique is tested
by predicting the unsteady laminar flow characteristics in a three-dimensional

shear driven cavity flow.
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2.3.2. Formulation

Chorin's original fractional-step method along with the variations proposed
by Kim and Moin (1985) and Rai and Moin (1989) are combined to temporally
discretize the LES system of equations (2.3). Kim and Moin time-split the
convective and diffusive terms in the momentum equation using an explicit
second-order-accurate Adams-Bashforth method and an implicit Crank-
Nicolson scheme, respectively. Use of the Crank-Nicolson scheme eliminates
the viscous stability restriction which can be severe near the wall even in high-
Re wall-bounded flows. As pointed out by Rai and Moin however, the Adams-
Bashforth method is unconditionally unstable when applied to the linear
convection equation. In their subsequent solution technique, they chose to
time-split the convective terms using a third-order-accurate, low-storage,
Runge-Kutta procedure. The classification "low-storage” means that
information from only the previous time step must be stored in memory. For
the linear convection equation, this particular scheme is conditionally stable.
Contrasting the numerical stability of the Adams-Bashforth method and
Runge-Kutta procedure is formally presented in a section 2.4.

As just described, a Runge-Kutta/Crank-Nicolson solution sequence is
adopted here for time-advancement of the LES equations. This sequence
involves three complete steps to update the physical velocity and pressure
fields and has the form

Intermediate Velocity (G"):

. m—1 m-1 m-—2
GRow T gmly, M| _gmly, M
At Jox, Jox
J J
a(ﬁm+u.m_1)
+“Ymai (%{JP+T{J,TI—1)+RL - axl
X € J (2.4a)

Velocity Update (u{“):

u" - O o™
-_9% 2.4b
At ax; ( )

Pressure Variable (cbm) :
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2 ~ m
°0™ 1 90j (2.40)

Physical Pressure (p):

At 9%
o 070 2.4d
p=0 2Re 0x, 0x; ( )
m_[8 53 m_[,_ 175 m_[4 11
where @ "<15’12’4>’ P ”<O’ 60’12>’ v <15’15’6>
and (Drn =(xmq)m +ﬁm¢m-1.

The parameter m signifies the three steps of the Runge-Kutta procedure. In the
intermediate velocity equation for example, the velocities u;!=0 (m=-1),
u?:u{‘ (m=0) and u} =uP*! (m=3). The second parameter n denotes the
current time level. Thus, u? =ul*! is the updated velocity for the next time
level n+1. A pressure variable ¢ replaces the physical pressure p in the velocity
update equation due to the implicit treatment of the diffusion term. An exact
relationship between ¢ and p is given by the simple expression in (2.4d). Since
the intermediate velocity and pressure-Poisson equations are solved
independently, it is not necessary to treat the Runge-Kutta -coefficients
explicitly for updating the physical velocity field u;. A second scalar variable ©
is therefore introduced of which the physical pressure can be computed
anytime during the computation. As in the pressure-based method, a Poisson
equation is derived for solution of the pressure variable ¢ by taking the
divergence of the velocity update equation in (2.4b) and enforcing continuity
(2.3b). The result, shown in equation (2.4c), gives the Laplacian of ® as a
function of the divergence of the intermediate velocity field @,. The
intermediate velocity field does not satisfy incompressibility because the
pressure gradient is separated from the momentum equation. Although the
Runge-Kutta procedure is third-order accurate in time, the overall solution
sequence is second-order time accurate because the diffusive terms are treated
with the Crank-Nicolson scheme.

The convective terms in equation (2.4a) are now in a nonconservative form.
This form facilitates implementation of high-order spatial accuracy for these
terms. Inasmuch as sharp discontinuities are absent from incompressible
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flows, the nonconservative form should give results comparable to that of the
conservative form (Rai and Moin, 1989). Except for the convective terms, all
spatial derivatives shown in the Runge-Kutta/Crank Nicolson solution
sequence are discretized by second-order central differences. The convective
terms are explicit and are spatially discretized by a third-order-accurate, five-
point, upwind-biased stencil. This stencil offers artificial dissipation in the
discretization of the convective term as given by the leading fourth-order
truncation error. At computational points adjacent to the grid boundaries only
three points are available for discretizing the derivatives which are normal to
the boundary; one on the boundary itself and two in the field. At these
adjacent points, second-order central differences were found to be satisfactory
for the convective terms normal to the grid boundary. This overall spatial
discretization scheme leads to numerical solutions which are second-order
accurate in space.

Implicit treatment of the diffusive term by the Crank-Nicolson scheme
creates a sparse 3D coefficeint matrix in the final discretized equation for
solution of the intermediate velocity. This equation is solved here by
approximate-factorization (A-F). The A-F technique factors the sparse 3D
coefficient matrix into a series of three uni-directional solutions (x, y and z
directions) that can each be easily handled by a standard tridiagonal solver.
The payoff is a substantial reduction in computational effort in terms of real
solution time and memory. Solution of the intermediate velocity by the A-F
technique has the form (Kim and Moin, 1985)

(1-4))(1-ag)(1-25)( o —u;n-l)=
At(—amH}n_l—BmH}n_2+2ymDEn"1) (2.5)
Aty™ 52

where A= —
Re 8X1

Ju 0 1 du
H, = s d D, =- i
=4 E)xj an J E)x] [Tu * Re axj]

The term &% / §%x, symbolizes the discrete finite difference operator of the total

stress term (Dj]. The product of the coefficients A in equation (2.5) show that
approximate-factorization is accurate to O(At2) which is the formal solution

accuracy of the overall scheme. Thus, no numerical error is introduced into
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the solutions due to the factorization. Solution of intermediate velocity
components 1, actually proceeds by rearranging equation (2.5) into an
alternating direction implicit (ADI) sequence. Because this equation is not
coupled explicitly to the pressure-Poisson equation in terms of the scalar ®™,
it is solved only once for each intermediate velocity component at the outset of
each Runge-Kutta step. Thus, the computational efficiency of this fractional-
step technique is governed primarily by the CPU time required to solve the

pressure-Poisson equation.

2.3.3. Solution of the Pressure-Poisson Equation

The pressure-Poisson equation satisfies the incompressible constraint to
within a user-specified error tolerance, and its rapid convergence by an
iterative scheme is essential to the overall solution procedure. For this purpose
the modified strongly implicit (MSI) scheme, developed by Schneider and Zedan
(1981), is implemented in a residual form of the pressure-Poisson equation.
The MSI procedure was presented by Schneider and Zedan as a general
purpose solver for a linear set of equations defined by a nine-point
computational molecule. Its application however reduces easily to five-point
molecules by setting the corner points to zero. The computational efficiency of
the MSI scheme over point-successive relaxation and alternating directional
implicit techniques was demonstrated by Jordan and Spaulding (1993) for 2D
grid-generation and by Jordan (1992) for solving the vorticity-stream function
equations in 2D steady-state flow problems. Extension of this solver to the 3D
pressure-Poisson equation is a straightforward process. It can be viewed as an
implicit solver of a planar surface (either x-y, x-z or y-z) that passes through
the computational volume in a direction (z, y or x, respectively) which is normal
to the surface. The 2D solver sweeps through the volume analogously to the
manner an implicit line solver sweeps along a planar surface.

The residual form of the discretized pressure-Poisson equation appears as

[AI +A2 + A3]8£+1 = "‘Rl, (2.6)

where the coefficient matrix has components A; = 82 /8&x?, the increment

§/*1 = @™ 1 _ @™ and R’ is the residual. The parameter ¢ denotes successive
updates to the variable ®™ and m is the particular Runge-Kutta step.
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For the pressure-Poisson equation, the residual is defined as

25, A m

R = .
0x,0x; At 9%

Solution of the increment d in equation (2.7) by the MSI scheme is a three-step
process which constitutes a single iteration ¢. Each step reflects a single
sweep of the solution scheme through the computational volume. The
directional order of each sweep is irrelevant to the final solution, although the
number of total iterations required for convergence may sometimes be affected.
The three-step sequence chosen here is in the order of z,x,y and has the form

(A, +A)8"* =R, 2.8)

where i,j are cyclic indices. For quickest convergence, the residual is
recomputed after each sweep. The full 3D solution is now dimensionally
reduced to three 2D implicit solutions for which the MSI scheme is directly
applied. Convergence is monitored by computing the root-mean-square (RMS)
of the residual. At convergence Rfys =0 meaning that the incompressibility
constraint has been satisfied to within the error tolerance specified by the user.

By factoring the coefficient matrix in this way, the MSI scheme can be
implemented easily. Inasmuch as this scheme was originally designed as a
nine-point implicit solver, it is well-suited to handle a 2D curvilinear form of
the pressure-Poisson equation. By conveniently eliminating the appropriate
components, it can be applied effectively to the Cartesian coordinate system in
equation (2.8). If the pressure-Poisson equation is recast into a residual form
first, rather than implementing the MSI scheme directly, the solution
methodology gains several distinct advantages. From an accuracy standpoint,
the residual which is a necessary computation in the residual form is a
justified gauge for monitoring convergence. Also, from a programmer's
viewpoint, implementation of the MSI scheme is greatly simplified. This is
because the residual term is zero-valued everywhere on the grid boundaries;
therefore tracking those boundaries in the computation is not necessary. This
latter advantage is particularly important when computing flow in domains
having internal boundaries.

2.4. Computational Molecule

18



Establishing proper coupling between the velocity components and the
pressure variable is an essential ingredient of the solution strategy to inhibit
spurious oscillations. As illustrated in detail by Patankar (1980), fully
staggered grids satisfy this demand ideally, but require extrapolation or
reflection of the field results for assigning values to the point velocities which
lie outside the geometric boundaries. The extrapolation becomes particularly
cumbersome for spatial differencing approximations that are higher than
second order. In most cases, the spatial accuracy of the outside point velocity
is reduced to first-order. As an alternative, one can implement a semi-
staggered pattern in which the velocity components are positioned at the grid
points and the pressures are located at the grid cell centers. Besides having
the velocity field now defined directly on the boundary, this grid also offers the
advantage of deriving a consistent set of boundary conditions for the
intermediate velocity. Without proper care in the discretization definitions,
solution difficulties with this choice will arise because the grid cell pressures
can actually become uncoupled from their adjacent neighbors (Maliska and
Raithby, 1984). Described below is a computational molecule and solution
procedure that exploits the advantages of the semi-staggered grid pattern while
maintaining strong coupling between the velocity components and pressure
variable. This approach is new and resolves the important issue of pressure-
velocity decoupling in semi-staggered grid systems.

The two-dimensional computational molecule in Fig. 2.2 shows the relative
positions of the velocity components and the pressure variable on the grid. The
velocity components are collocated with the grid points, but the pressure
variable is staggered. The source term in the pressure-Poisson equation is
computed by averaging the grid cell corner velocities. If the pressure gradient
in the velocity update equation is now determined by averaging the pressures
at the grid cell centers, then the semi-staggered grid which uncouples the cell
pressures from their adjacent neighbors will be recovered. To avert this
dilernma, the pressure gradients are computed at the cell interfaces first (as
indicated by the arrows in Fig. 2.2) by a fourth-order-accurate compact
differencing formula. The pressure gradients needed to update the point
velocities are obtained by simply averaging the appropriate values at the
adjacent cell interfaces. For example, the u-velocity at point 5 is updated by
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averaging the pressure gradients at cell interfaces marked N and S. Likewise,
the pressure gradients at the W and E cell interfaces are averaged together to
update the corresponding v-velocity. By computing the pressure gradients in
this manner, the velocity components and pressure variable remain strongly
coupled. Also, no superfluous errors are introduced because the accuracy of
the pressure gradients are within the leading truncation error of the overall
solution technique.

The procedure for computing the pressure gradients at the cell interfaces
will now be explained. After solving the pressure Poisson equation for @™, the
pressure gradient is computed by the fourth-order-accurate compact scheme.
For example, at the cell interface labeled S in Fig. 2.2,

24(‘1’{21/2 - ‘ngl/z)

f1+1 +22fl +fl—l = Ax ’ [2.9]

where fj = (0®™ /0dx)j. The index i symbolizes the center point at cell interface

S and i+1/2 denotes the cell center marked (b). Likewise, at cell interface W

24(@m ), - @™ )
g1 +228,+ 8 = J”/Ay V2 (2.10)

where gj = (o™ / dy)j- The interface center point is denoted by index j and

j+1/2 signifies cell center (d). Application of the compact scheme to all cell
interfaces in the domain produces an algebraic set of equations which can be
solved by a standard tridiagonal solver. The required boundary conditions are
determined from the respective velocity update equation (2.4b). For example,
application of equation (2.9) at cell interface i = S in Fig. 2.2 requires a
boundary definition for fj-1. This definition is supplied by the velocity update
equation as

(ufm, - o) [acbjm

At = &' ='—f1_1, [2.11)

i-1

m
i-1

between grid points 1 and 4. The pressure gradient gj-1 in equation (2.10) is
treated similarly. There

where u and ﬁi"jl are the averaged velocity boundary values centered
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& =_ , 2.12
At dy &1 ot
m
j-1
between grid points 1 and 2. One should note that the pressure gradients for

updating the w-velocity components are computed in an analogous manner.

(Vj"-1 - ‘73'11) _ _( acp]m
-1

m ol .
where v i1 and v are the averaged velocity boundary values centered

Finally, the effectiveness of this new procedure for guaranteeing strong velocity

pressure coupling in semi-staggered grid patterns is illustrated later in the
applications chapter.
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2.4. Numerical Stability

Many previous applications of the fractional-step method to unsteady
viscous flows temporally discretized the convective term by the Adams-
Bashforth method (see Antonopoulos-Domis (1981) and Kim and Moin (1985)
for example). This scheme holds the advantages of being second-order-
accurate, one-step and low-storage (only information from the previous time
step needs to be saved). Unfortunately, a Fourier stability analysis will reveal
that the method is unconditionally unstable if applied to the linear convection
equation. The linear convection equations has the form

Ju Ju
=0 2.13
at +Cax ( )

As shown in Fig. 2.3, the instability of the Adams-Bashforth method is weak for
Courant numbers (o) less than 0.5; ¢ = cAt/Ax. If a diffusive term is added to
the linear convection equation, then the method becomes stable; which
explains why the method has been successful for solving many viscous flow
problems. Yet for certain viscous flow problems where at some point the
convective terms dominate the physics, very small time steps would be
necessary to sustain stable solutions. A typical example would be the outset of
an impulsively started flow. This limitation of the Adams-Bashforth method is
an unnecessary risk when attempting to develop a useful numerical technique
for solving a general class of incompressible flows.

The fractional-step technique developed here should demonstrate strong
stability characteristics. As pointed out earlier, a third-order-accurate, three-
step, low-storage, Runge-Kutta procedure was chosen to meet this need in lieu
of the Adams-Bashforth method. This particular procedure is conditionally
stable when applied to the linear convection equation. As shown in Fig. 2.4, if
this procedure is combined with the third-order-accurate spatial differences
that are used here for the convective terms, the linear convection equation is
always stable for Courant numbers ¢ < 1.6. In the case of the impulsively
started viscous flow problem then, reasonable time increments would be
permitted early in the simulation. Also, as the relative influence of the viscous
term increases with time, the stability limit 6 = 1.6 will relax even further.

2.7. Solution Accuracy Verification

22



The temporal and spatial accuracy of the overall solution procedure as well
as the consistency of the intermediate velocity boundary conditions was verified
by simulating an exact solution of the 2D unsteady Navier-Stokes equations.
Through reduction of the mesh spacing under a constant CFL value, the
numerical results displayed second-order improvement as given by the leading
truncation error of the overall solution technique. The exact solution of the 2D
unsteady Navier-Stokes equations that was simulated by the fractional-step
technique has the form (Chorin, 1967)

u(x,y,t)= —cos(x]sin(y)e‘2t (2.14a)
v(x,y,t) = sin(x) cos(y)e 2! (2.14Db)
p(x,y,t)=-Ylcos(2x) + cos(2y)le™** (2.14¢)

These equations portray the decay of periodic vortices. The simulation was
initialized by the exact solution for time t = 0.0. The spatial domain was
defined as 0 < x,y < ®m . Using an exact set of boundary conditions for the
physical velocity with the definition in equation (2.14) for the intermediate
velocity, the initial flow field was advanced to the same physical time for each
grid tested. This physical time was t = 0.35 seconds which corresponds to a
reduction of the maximum boundary velocity to one-half of its initial value.
The simulation results are plotted in Fig. 2.5 where the grid factor is the ratio
of the grid spacing in the reference grid (11 x 11 uniform) to the refined grid.
The exact error in the figure is the absolute maximum difference between the
numerical predictions and the exact solution normalized by the maximum
value in the domain. Fig. 2.5 clearly shows a linear reduction of the velocity
and pressure errors by refining the grid. These reductions indeed signify a
solution technique that is second-order accurate. Thus, the numerical
accuracy of this fractional-step technique was verified through this 2D

simulation.
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CHAPTER THREE
LES IN CURVILINEAR COORDINATES

3.1. Introduction

Once again, the LES methodology resolves (or computes) the energy
dominate scales of turbulence while modeling the remaining finer subgrid scale
levels. To extend this strategy to arbitrary configurations, the Navier-Stokes
equations must first be transformed to a curvilinear coordinate system. As in
the Cartesian system, the resultant formulation is then filtered to acquire the
governing set of LES equations pertinent to complex geometries. Under the
curvilinear coordinate framework, the LES equations can not be solved by
traditional spectral methods. A high-order-accurate discretization technique
must be developed in the form of either a finite difference, finite volume or
finite element method.

A crucial condition on this new LES development is the ultimate possession
of a solution technique that displays strong convergence properties and insures
proper coupling between all variables in cuvilinear space; especially between
pressure and velocity. Usually, one chooses either the physical or
contravariant form of the velocity components consistantly throughout the
transformation (see Patankar (1980) and Rubin and Reddy (1988) for example).
Herein however, the velocity variables are mixed to facilitate implementation of
the same solution algorithms that were developed for the Cartesian system. By
simply reformulating the pressure-Poisson and physical velocity update
equations to contravariant form, the same computational molecule previously
described for the Cartesian coordinate system and the fast MSI elliptic solver
are directly applicable. Since it is well-known that pressure convergence
consumes most of the computational effort in the solution of incompressible
flows, this particular approach tends to minimize the CPU requirement.

3.2. Transformed LES Equations
Transformation of the Navier-Stokes equations (2.2) to curvilinear

coordinates where the physical velocity components are the primary dependent

variable can have the form
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Momentum:

a)‘/guhramluk g txp 1 2 [@gke%] (3.1a)

at aE% © ag% | ReoE® I

Continuity:
d Ky
—@ =0 (3.1b)
9&
where the contravariant velocity components UK are defined as U¥ = ,/gr;‘;l u
The Jacobian Jg of the transformation appears in the formulation to place it in

strong conservation-law form (Anderson et al., 1984). Expressions for the
transformation coefficients &l;j, the contravariant metric coefficients gt and the

Jacobian are given in Anderson et al. (1984). To derive the corresponding LES
equations, these transformed equations must be filtered the same way as
before except now in curvilinear space. Each term is filtered according to

D(EF) = jDEF)H(EF E¥)dE" (3.2)
where H(&k,ék) is the filter function in the curvilinear space. This filter

function can take on mathematical forms similar to the Gaussian, sharp cut-off
and box filters shown earlier for Cartesian coordinate systems. Since the
partial differentiation and filtering commute in the cuvilinear space, only the
non-linear term introduces additional terms into the filtered equations in form
of a transformed Reynolds stress. Accordingly, the governing set of LES

equations in curvilinear space are

Momentum:
k
e amT* B P ack 1 Jaek S (3.3a)
at JEK aek aik Reaék ae!
Continuity:
o Uk
_ 0o 3.3b
o (3.3b)
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— —k
where the subgrid scale stress tensor 0:‘ =w U - uUX. The contravariant

velocity is now the dependent variable in the transformed continuity equation.

The relationship between the tensor of and its Cartesian counterpart Ty IS

shown by the following. The SGS stress tensor in terms of only the Cartesian

velocity components appears as
of =u \/E{Z; uy - u,‘/éﬁl,ﬁjuj (3.4)

By removing the metrics from the filtering process, the definition for c¥

becomes
of =‘/§§§§](Eiu_j— uu,) (3.5)
which can be redefined in terms of 1y as oF = \/E F,l;_ Tj- This last expression will
J

be used later to derive a SGS turbulence model in curvilinear coordinates. One
must remember however, that by extracting the metrics from the filtering
process, the expression is a simplification of the subgrid stress definition
specifically for the model development.

Application of the fractional-step solution technique previously described
(with the Runge-Kutta/Crank-Nicolson sequence) to the curvilinear form in
equation (3.3) appears as

Intermediate Velocity (u;):

A _ym-1 m -1 m-2
\/g(“i Y )z —am[Uk au.] —Bm[Uk 3u.]

At otk aek
N -1
m 0 k™ km—l 1 k!a(u{n+ufn )
— + .
3EF (o, G‘I )+ReJ§g YT (3.6a)
Contravariant Velocity Update (Uj):
n -1
(k)™ - (&%)" dom
S e L
m =-Jgg o (3.6b)
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Pressure Variable (®):

P) ad | 1 aUK
E[‘/ggklagl}zrt a&k (3.6¢)

The pressure-Poisson equation (3.6c) was derived by taking the divergence of
the velocity update equation (3.6b) and enforcing continuity (3.3b) all in the
computational space. Notice that by reformulating of the velocity update and
pressure-Poisson equations with the contravariant velocity components instead
of the physical components, the resultant form of the governing equations is
identical to the original Cartesian system except for the introduction of the
metric coefficients and Jacobian. These new metric terms are easily handled
by the computational molecule and discretization strategy described earlier.
They are located at the grid points and averaged exactly the same way as the
velocity components. In this form, no new solution schemes for the
intermediate velocity and pressure variable are necessary to attain LES results
in the computational domain. Due to the non-orthogonal components in the
pressure-Poisson equation, the MSI elliptic solver now has contributions from
all nine points.

A mandatory requirement of the above formulation is satisfaction of the
conservative property by the pressure solution in curvilinear space. This
condition can be quickly checked by appling the divergence theorm to the
discretized pressure-Poisson equation in terms of the contravariant

intermediate velocities U¥. In the curvilinear space, the divergence theorm can

be defined as

[llgVeUdQ-[j,UendA=0 3.7)

where (Q,A) symbolize the curvilinear space volume and boundary surface,
respectively. The del and normal operators are implemented in the
computational domain. By examing the computational molecule shown in Fig.
4, one can see that the volume integral is satisfied by summing the discretized
field representation of the Laplacian in the pressure-Poisson equation. This is
done by substituting the Laplacian of the pressure variable for the divergence
of UX. The cell volume fluxes of pressure (designated by the arrows at the cell

surfaces) will sum to zero in the field volume if the boundary contributions are
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ignored. If the cells adjacent to the wall boundary are included, a volume
summation nets velocity and pressure gradient flux across the boundary. For
example, at cell (a) in Fig. 4, a velocity and pressure flux remain between
boundary points (4) and (1) and between (2) and (1). These fluxes are

[«/_g“aq’ fg‘zaq)] [J—gmq’ eS| <P+ o0 @

Cancellation of these fluxes is acheived by simply treating the contravariant
velocity update equation (3.6b) as a normal condition on the boundary. Thus,
the divergence theorm in the computational domain is satisfied by the
discretized pressure-Poisson equation with the contravariant velocity equation
used as a normal boundary flux. This proof verifies conservation which
guarantees incompressibility at each time step.
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CHAPTER FOUR
DISCUSSION OF BOUNDARY CONDITIONS

4.1. Intermediate Velocity

The impetus for collocating the velocity components with the grid points is
to facilitate derivation of a consistent set of boundary conditions for the
intermediate velocity components along no-slip walls. For the semi-staggered
grid, deriving such boundary conditions begins by projecting equation (2.4a)
onto the wall. The result is

~ TT1 m-1
1 B(ui + j
+_

Re 0X,

ﬁim—um_letymi (%.r.n +r¥?“1)
J

i axj ij ij (4.1)

which is implicit in 4. Devising an implicit solution scheme to accommodate

this equation is not an easy task. To simplify matters, a similar explicit

expression can be derived which is still second-order accurate in time. First,
we note that Vo™ = vo™-! 1 0(At). We then modify the velocity update equation

(2.4b) to approximate the components of 4" in terms of ﬁf“l;
ul - 4P = —AtVO™ ! — O(At)® = u! - 4™ ! - O(At ) (4.2)

Since u™ =u™" along the wall and u™ = u™" + O(At) in the field, equation (4.2)

shows that Gf" = ﬁ;”“l +0(At)" where n = 1 at the field points and n = 2 along

the wall boundary. By substituting this result into equation (4.1), the
definition for the intermediate velocity at no-slip walls becomes explicit and has

the form

) ﬁm—l+um—1)
. _ 9 |(sm- - 1 (1 i
67 - uf ™ = Aty (T e o oo = 4.3)
J j

In this expression, terms tangent to the wall are accurate to O(at)3 while those
normal to the wall boundary are accurate to O(At)2. The overall accuracy of
this expression is therefore O[At]2 which is consistant with the field solution.
To maintain the same spatial accuracy at the boundary points as in the field,
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the tangential and normal terms are approximated by standard second-order-
accurate central and one-sided differences, respectively.

A consistant set of wall boundary conditions must also be derived for the
intermediate velocity in the curvilinear coordinate framework. Equation (4.3) in
curvilinear coordinates appears as
oy +up!)

o0&’

S| (8 e o R

af —ull = At y™ (4.4)

Re

where the quantities in the bracket, according to a finite volume discretization,
are the flux vectors defined at the half points. Terms coincident with the wall
are evaluated as usual using two flux vectors (or three boundary points). But
to maintain second-order accuracy in the spatial differencing of the terms
normal to the wall, four points or three flux vectors are necessary. Labeling the
wall boundary point as the zero point, second-order accuarcy for these terms

requires that
A(f; )o = af] |1/2+ bf{’s/z*‘ cf; |5/2 (4.5)

where A is the grid point spacing and the constants a, b and ¢ are to be
determined. In the computational space, A = 1. The flux vector { J is defined

as
~m-1 -1
fi| = (%ﬁ“ﬂﬁ‘l)lﬁé\/égk’a(ui a;u? )ij (4.6)
where, in terms of the grid points, the SGS stress terms are evaluated
(Tu )J = 1/2[(Tij)j+1/2+ (111)1-1/2] \ (4.7)
and the first-order velocity terms are
g—z} 5= () e (uy) oo (4.8)

After expanding each component in equation (4.5) according to a Taylor series
and enforcing second-order accuracy, the coefficients area=-2,b=3and ¢ = -
1. Thus, the projection of equation (4.4) onto a no-slip curvilinear wall gives
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A - At
(am - um 1)w 7 [—2f1/2 + 3Ty, ~ Ty (4.7)
which is again second-order accurate in space. The consistancy of this wall
expression against standard finite differences can be quickly checked by
applying it to the Cartesian coordinate definition in equation (4.3) without the
SGS stress terms. The u-component becomes

(am - u:,n—l)w = RitAVX [-2(f; ~ 1)+ 3(fy — ;) - (s — £)] (4.8)

where f, = 1! + u™!. After simplfying

(6m —um) =AY o 51— af, £, (4.9)
w  Re(Ax)?
which is standard second-order-accurate, one-sided differencing of a diffusive

term normal to the wall.

4.2. Pressure

As noted earlier, two important concerns are satisfied by staggering the
pressure variable in the computational molecule. The pressure field is
staggered from the velocity field to eliminate spurious oscillations in the flow
solutions (Patankar, 1980). Due to the staggered grid arrangement,
specification of a grid boundary condition for the pressure variable is not
required. The corresponding velocity component is used instead of the normal
pressure gradient at all grid cell boundaries that are geometrically coincident
with the cavity walls. Since the shear-driven cavity is fully enclosed, no
boundary condition is therefore needed for the pressure variable to solve the
discretized pressure-Poisson equation. Besides inhibiting spurious oscillations
in the numerical solutions, no numerical definition is necessary for the
pressure variable at wall boundaries. This can be illustrated effectively by the
following simple example. The residual for the one-dimensional form of the
discretized pressure-Poisson equation at the center cell point i = a in Fig. 1 is

)m,é Ax (u5+u2) (ﬁ4+ﬁ1)]m (4.10)

l_
RO =(, 20+, AL
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The u-velocity update equation applied at the no-slip wall (uln = O) to the left

of grid cell (a) becomes
%(ﬁ‘; )" = (@ + @)™ (4.11)

Substitution of this equation into equation (4.10) in terms of (i, +1,) reveals
that the evaluation of the residual closest to the wall boundary does not require
a definition for the pressure variable at the wall (or outside the wall) in terms of
the field values. As a consequence, the pressure field remains conservative and
second-order accurate, and the rate of convergence significantly improves
because the boundary definition commonly appears as a Neuman type
condition. Extension of this example to three-dimensions will yield the same

result.
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CHAPTER FIVE
SUBGRID SCALE TURBULENCE MODELS

5.1. Introduction

Since inception of the large-eddy simulation (LES) for numerical solution of
turbulent flows, substantial effort has been devoted to developing a ubiquitous
turbulence model. While the numerics of the computation resolve the larger
energy-bearing eddies of the turbulent field, the model must properly dissipate
turbulent energy at the subgrid scale (SGS) level. By far the most tested SGS
turbulence model is Smagorinsky's eddy viscosity model (Smagorinsky, 1963).
Smagorinsky assumed that the turbulence at the fine scale level was strictly
dissipative, homogeneous and in equilibrium (production equals dissipation).
Consequently, his algebraic model carries an empirical coefficient which must
reflect the global dissipative nature of the fine-scale turbulent field.
Smagorinsky's coefficient is actually embedded in the length scale definition for
the subgrid scale eddies. In isotropic turbulent flows, defining the length scale
is unambiguous. But for anisotropic turbulence, the length scale cannot be
expressed uniquely. For example, turbulent boundary layer flows require a
length scale whose coefficient is approximately equal to one-half of that
acceptable for free-shear layers. Furthermore, the length scale itself must be
appropriately damped to satisfy the asymptotic behavior of the turbulent shear
stress at points near the wall boundaries. Up until recently, simple algebraic
expressions were commonly used to accommodate that behavior. Some
expressions included a van Driest type function which utilized several
constants to dampen the length scale. One was saddled with selecting an
appropriate expression from the literature, or conversely, developing a separate
length scale definition that was specific to the problem at hand.

Mathematically, demarcation between the resolved and unresolved (or
modeled) turbulent scales results from spatially filtering the Navier-Stokes (N-
S) equations. This spatial filter is commonly referred to as the grid filter.
Those scales removed by the filter operation must be properly represented by
the turbulence model while the computed turbulence is that which is resolved

explicitly by the physical grid. By filtering the N-S equations a second time ( by
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a test filter), an intermediate field arises that lies within the finest scales of the
resolved turbulence. Exploitation of this intermediate field to provide local
values for Smagorinsky's coefficient is the premise behind the dynamic model
conceived by Germano, Piomelli, Moin and Cabot (1991); hereinafter labeled as
GPMC. This new model responds dynamically to the computed flow physics. It
can display the correct asymptotic behavior near solid walls and produce
minimal contributions within laminar flow regions. The dynamic model is also
capable of representing backscatter (or negative dissipation). Backscatter
appearances in a turbulent flow reflect local reversal of energy flow up the
cascade from the fine scales to the larger ones. After replacing a van Driest
damped SGS model with their dynamic model in both a transitional and a fully
developed turbulent channel flow, GPMC indeed produced better comparisons
to the corresponding DNS results Also, by interrogating DNS results of a
turbulent channel flow, Piomelli et al (1991) revealed backscatter phenomena
throughout the channel. Backscatter characteristics have been reported in
other turbulent flows as well (Hartel and Kleiser, 1993 for example). Thus,
intermittent backscatter effects would be an essential ingredient toward
achieving a ubiquitous SGS turbulence model.

Unfortunately, the algebraic expression for Smagorinsky's coefficient as
proposed by GPMC can be locally indeterminate; in particular, the denominator
of the expression can approach zero. To circumvent this ill-conditioned
problem in their turbulent channel flow simulation, they ensemble-averaged
the resolved field over grid planes parallel to the channel walls. The spatial
dependence of the model coefficient was therefore reduced to only the normal
direction. Lilly (1992) modified the dynamic model by deriving a well-posed
algebraic expression for Smagorinsky's coefficient using a least-squares
approach. His expression will yield coefficients which are both temporally and
spatially dependent and will recognize backscatter by permitting negative
values. However, use of Lilly's expression in the purest sense may lead to
numerical instabilities. The solutions may eventually diverge because the total
viscosity (turbulent eddy viscosity plus the kinematic viscosity) can sustain
negative values over long time periods. Commonly, ad hoc measures are
employed to alleviate this problem; such as filtering the coefficient or assuming
homogeneous flow directions. As examples, Squires (1993) assumed global
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homogeneity in a rotating turbulent flow which resulted in a model coefficient
that was only time dependent. And in a turbulent cavity flow simulation by
Zang et al. (1993), a zero total viscosity cut-off was necessary even after locally
averaging the model -coefficient. Realizing the shortcomings of Lilly's
expression for general applications, Akselvoll and Moin (1993) tested a more
complex dynamic localization model (Ghosal et al.,, 1992) in their LES
computations of a turbulent flow over a backward facing step. Since
backscatter phenomena is excluded from the dynamic localization model (by
constraining the model coefficient to only positive values), ad hoc measures are
not necessary to maintain convergence. Comparisons between the numerical
results using the dynamic localization model and those of the modified
dynamic model (with spanwise ensemble averaging and zero total viscosity cut-
off) showed only minor differences. For practical problems then, the dynamic
localization model seems more attractive. But in the backward facing step test
case, it required two times more CPU overhead (40 percent) than the modified
dynamic model did.

5.2. Smagorinsky Model

5.2.1. Damped

For all the LES computations presented here, Smagorinsky's eddy viscosity
model was implemented to represent the subgrid scale turbulence. In
Cartesian tensor notation, this model has the form (Smagorinsky, 1963):

— 1 ou Ju

S, =—|ZT 7 5.1b
y 2[8}(J ax; ] ( )

v = £225,S, (5.1c)

¢=C,A (5.1d)

In this model, / is the turbulence characteristic length scale, Cq is the global
dissipation coefficient and A is the grid filter width. As a minimum A =2h,
where h is the grid point spacing. The overbar symbolizes first level filtering of
the turbulent quantities. Removal of the trace in the SGS stress tensor Tjj s

necessary because the flows under consideration here are incompressible. To
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partially account for anisotropic turbulence through refinement of the grid
spacing, Deardorff (1970) defined the filter width as Z:(Z1Z2Z3)v3. The
subscripts 1, 2 and 3 depict the filter width in the x, y and z directions,
respectively.

In the damped form of Smagorinsky's model, the length scale is modified by
a van Driest damping function to account for the effects of solid wall
boundaries (van Driest, 1956). The length scale now becomes

£= Cs[l —exp(—y+ / A+)m ]“ (lezzs )}6 (5.2)

The wall length unit y* is the minimum field value of y,/t,/p /v, where t,, is

the magnitude of the wall shear stress. The constant A* has the value 26. An
historical summary of the various values assigned to the exponents m and n in
the van Driest damping function was reported by Piomelli et al. (1988).

Presented in the next chapter is the application of the damped model for
representing the SGS field of a turbulent flow in an enclosed shear-driven
cavity. The need to damp the length scale in Smagorinsky's model became
apparent after applying the undamped version, shown in equation (5.1d), to the
cavity flow problem. The undamped model repeatedly predicted high levels of
turbulent eddy viscosity near the cavity walls which is contrary to the reported
experimental observations of Koseff and Street (1984a). By damping the length
scale according to the form in equation (5.2), the turbulent eddy viscosity near
the cavity walls was reduced and agreed qualitatively with the experimental
evidence.

The damped model however has several major drawbacks. First, since
Smagorinsky's coefficient in the model is a constant and always positive,
backscatter of turbulent energy from the subgrid scales to the resolved scales
cannot occur. Secondly, this model will show significant turbulent levels in
pockets or regions that are primarily deterministic. = There is no intrinsic
mechanism for minimizing the SGS turbulent stress levels in flow regions
which are transitional or laminar. Finally, the damping function for the length
scale cannot be genuinely sensitive to the true asymptotic behavior of the shear
stress near no-slip walls. In the SGS model presented next, these drawbacks
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are alleviated because Smagorinsky's coefficient is mathematically coupled to

the physical dynamics of the resolved turbulent field.

5.2.2. Dynamic
To facilitate discussion of the dynamic model, Smagorinsky's relationship is

repeated, but now in a more compact form than shown above. Again in
Cartesian tensor notation, the SGS stress tensor 1; is modeled as
Ty — 138, T = 2CAZISIS, (5.3a)

In this particular form the turbulent eddy viscosity v is characterized by a
local Smagorinsky coefficient C, the grid filter width A and the magnitude IS| of
the resolved strain-rate tensor §1J; i.e. vy =CA?ISI. According to the derivation
by GPMC, an expression for C is achieved by first filtering the LES system in
equation (2.3) by a test filter. A new stress term T; =;U; -u;u; arises as well as
a Leonard-type term L;=T;y;-T;u;. The second overbar in both definitions
symbolize the test filter operation. By equating these two definitions in terms
of wu;, Germano (1992) established an identity defined as L;=T;-7;. The
tensor L; is calculated directly from the resolved field.  Furthermore,

Smagorinsky's eddy viscosity scaling law is assumed valid for representing the
new stress tensor T;. The model for T; appears as

T;; - /38 Ty = 2221 SIS, (5.4)
From Germano's identity, the resolvable field L;; has the form

Lij - 1/3611ka = 2CZ_§2MU (5.53)

M;; = a2ISI15; - SIS (5.5b)
where the filter ratio a=Z/Z . At this point, Lilly (1992) performed a least
squares minimization to derive an algebraic expression for C that is
dynamically computed from the finest scales of the resolvable turbulent field.
This expression is

c=-—3"3 (5.6)
2A*M, My
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Inasmuch as the grid filter width A is set equal to the local grid point spacing,
the only input parameter is the filter ratio a. Through numerical experiments,
GPMC showed that o = 2 is an optimum choice.

Applications demonstrating the superiority of the dynamic model over the
damped model have been reported by GPMC and Zang and Piomelli (1990). In
this dissertation, it will also be shown that dynamic model produced better
comparisons to the experimental data than the damped model did in a LES

computation of a turbulent flow in a shear-driven cavity.

5.3. Generalized Dynamic Model

To generalize the dynamic model for applications in complex geometries,
the model must first be mathematically transformed to the computational
domain. It should be emphasized that modeling the SGS turbulent field in the
computational domain is new work in the LES research arena. The procedure
for deriving the generalized model is identical to that of GPMC except for the
fact that the SGS stress tensor components are now products of the physical

and contravariant velocity components. This new form of the stress tensor
must be maintained throughout the derivation to arrive at an equivalent
expression for the model coefficient as shown in equation (5.6). Finally, the
grid and test filter operations exercised earlier in Cartesian coordinates is
certainly valid for the computational space. Except now, the filters are defined
in curvilinear coordinates with their spatial widths equal to unity.

As shown earlier in chapter 3, the grid filter operation for deriving the LES
equations in curvilinear coordinates produced a transformed SGS turbulent

- —k —k
stress tensor defined as o}‘ =uiU - wUX where U signifies the filtered

contravariant velocity components; UF =g égj 4j. Also, of in terms of its

Cartesian counterpart Tty is ok = Je ﬁl)g_ Tyj- Using this last expression, a
J
generalized dynamic model (GDM) for the SGS stress tensor can be defined as
of —1/3¢cK1,, = 2CAISISE (5.7)

where C is Smagorinsky's constant. The turbulent eddy viscosity is defined as
v = CA2IS| where Is| = ¥25;S;. The strain-rate tensor §; is computed in the

computational space according to
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= _ 10w , o 1{.x du k 90U
S, =—| 24, |__ 1 (5.8)
ij z(ax-‘ + aXi ] 2[§XJ a&k gxl aéK
Finally, the term ¢* is defined as ¢* = g';JSU = &1;1.

Like the SGS stress tensor of, the resolvable strain-rate field Sf in the

computational space is SK =Jg él;j gij‘ Combining this transformation with

equation (5.8) gives the complete definition of §1k in terms of the Cartesian
velocity components. This definition is

<k _ VB[ k gt 9T,k o OU

Si —_2_[§XJ&X18_§;+§XJ§XI W [5-9]

With the contravariant metric tensor g¥¢ defined as gk‘ = § i ,‘; i the resolvable

strain-rate tensor in the computational space can be reformulated in terms of

the physical and contravariant velocity components as

=k _1 ke OU; | Tk
5 =§{‘/§g la_gz“LU‘J (5.10a)
Of = & ] (5.10b)
ol u
af =£§ﬁ_1_ (5.10¢)
] agt’

One can now easily see that the first term in this definition is the direct
contribution of the generalized SGS turbulence model to the transformed
diffusion term in equation (3.1a). The second term represents the
contravariant components of the transformed cell flux vectors (uj].

The procedures of Germano et al. (1991) and Lilly (1992) were used to

derive an expression for Smagorinsky's coefficient in the GDM. To implement

their procedures directly however, the SGS stress tensor cf was kept as a

product of the Cartesian and contravariant velocity components. In this case,
the metrics remain as part of the filtering process. It should be noted at this
point, that both the grid and test filter operations in the computational space
have spatial widths equal to unity. To acquire an expression for Smagorinsky's
coefficient in the computational space, the governing LES equations in
curvilinear coordinates were filtered a second time (by the test filter). Test
filtering these equations produced terms similar to those obtained by Germano
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et al. (1991) in the Cartesian coordinate system. In the computational space
however, a new resolvable Reynolds stress tensor arises as well as a Leonard

tensor. These tensors are:
Reynolds stress tensor 7X:

7€ = u Uk —u; UK (5.11)

Leonard tensor &:

£ = uuk - u Uk (5.12)

where the second overbar indicates test filtering. The tensor r{ is resolvable,
and is computed by test filtering the Cartesian and contravariant velocity
components of the resolved field. The identity derived by Germano (1992) for

the Leonard term in Cartesian coordinates has a similar form in the
computational space, but now the identity is defined as 35 ='Tf— Elk.

Consistent with model scaling law for o¥, the stress tensor X is modeled as
7k — 13k T, = 2022151 5€ (5.13)
Using the identity, the resolvable tensor Lf in the computational space becomes

Lf‘ - 1/3 gf‘L” = ZCPMIE‘ (5. 14]
Mk = oPislsk —Tsisk (5.15)
Following the least-squares minimization procedure of Lilly (1992), the GDM
coefficient in equation (5.7) is computed as
Kark
LYM;
=t 5.16
2A *ackack (5.16)
In this equation, the tensorial components in £ and #* are given in equations
(6.12) and (5.15), respectively..
After substitution of equations (5.7) and (5.10) into equation (3.3a), the final
form of momentum in the computational space becomes

0J80, owU* oVEEL B+ K 2 om )
5t "otk - 5 © 50|+ S VBN St v UF | 517)

40



In the total diffusion term, the Crank-Nicolson and Adams-Bashforth schemes
were used for the Cartesian and contravariant velocity component terms,

respectively.

5.4. Test Filter

Smagorinsky's coefficient in equation (5.6) or equation (5.16) can be
computed by test filtering either the physical or spectral elements. The
functions most often used are that of a sharp cutoff, Gaussian or box filter.
While the box filter is applied to the physical space variables, both the sharp
cutoff and Gaussian filters operate in the spectral domain. Their resultant
effect on the physical field can vary considerably however. For example, the
number of backscatter points found by Piomelli et al. (1991) in a DNS data set
of a turbulent channel flow decreased by 40 percent after using a Gaussian
filter function as oppose the sharp cutoff filter. This reduction is attributed to
the continued removal of turbulent scales by the Gaussian filter below the
cutoff wave number. Attenuation of the spectral components also occurs below
the cutoff wave number when applying a box filter, but not to the same degree
as the Gaussian function.

The tensorial components in the above definitions for Smagorinsky's
coefficient were computed here through application of a box filter. This filter
was chosen because it is easy to implement and computationally efficient. The
function of the box filter in Cartesian coordinates has the form

G[xi,x'i)={1/Ai' ‘f'xifxi'<zi/2 (5.18)

o, otherwise
where A, is the filter width in the coordinate direction x;. In curvilinear

coordinates, the box filter function appears as

G[gi"g'i)={l, oG (5.19)

0, otherwise

In either the physical domain (Cartesian coordinates) or the computational
space (curvilinear coordinates), the box filter is administered in discretized

form. The one-dimensional discretized form of the box is

O = 0; +1/2S (0,1 — 20; + 0;_1) (5.20)
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where 761 is the filtered quantity at point i, and S is the filter coefficient; S = 0.5

for the box filter with grid point averaging. Attenuation of the spectral field by
the corresponding Fourier component in terms of a response function R(k) is

R(k) =1-S[1 - cos(kA)] (5.21)
With S = 0.5, the response function shows that the box filter attenuates the

spectral elements at all wavenumbers (except k = 0) without a phase change.
The discretized box filter function in three-dimensions is a 27-point operator

defined as
O =)+ 1/25(1 - S)Z[q)lil,],k + @k TP ke ]
+ 1/482(1 - S][q)itl,ji'l.k + Pisy jkar + q)l,jil‘ki] ]
+1/8S3M ] (5.22)
which attenuates the spectral domain according to (S = 0.5)
R(k; .k, k3) = cosZ(k,A, ) cos2(k,A,) cosZ(kshs) (5.23)

The subscripts 1, 2 and 3 in this function indicate the three coordinate
directions. It should be pointed out that this same response function can also
be derived from the Fourier components of a box filter operation with volume
averaging (see Schumann, 1975).

The discretized filter function in equation (5.22) is administered in either the
physical domain or computational space without alteration. As shown in the
preceding two sections, the difference between the operations lies only in the
filtered components. Inasmuch as a filter ratio « is introduced (which is set
equal to 2), the difference in the respective filter widths between the physical
domain and computational space does not affect the computation of the
turbulent eddy viscosity.

As previously noted, experience with the dynamic model has demonstrated
that diverging solutions will result if ad hoc measures are not exercised to
eliminate points of negative total viscosity. Usually, it is not enough to simply
truncate all negative contributions to zero. Additional measures have been
necessary such as averaging in homogeneous directions (sometimes assumed),
combined with subsequent spatial or temporal filtering of the coefficient itself.

These measures reduce the directional dependence of the coefficient and
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dampen or even eliminate discrete points contributing to backscatter. In the
LES results of the cavity flow presented in the next chapter, one measure was
absolutely required to inhibit divergence. Because the stability limits of the
numerical scheme prohibit negative diffusion, all field points carrying negative
total viscosity were cutoff to zero. Consequently, backscatter contributions
were permitted in the turbulence model, but their magnitudes were truncated

to the equivalent of negative molecular diffusion.

5.5 Verification of Smagorinsky'’s Model

Before the damped and dynamic versions of the SGS turbulence model were
tested, the model as originally introduced by Smagorinsky was first
incorporated into the fractional-step computational sequence and verified.
Verification of the model was a relatively straightforward task since the
procedure is well-established in the literature. The test case entails predicting
the decay of isotropic turbulence. A 64x64x64 uniform grid was used with
periodic boundary conditions along all surfaces. The procedure requires

producing a divergence-free initial flow field through specific treatment of the
output from a random number generator. The total energy and energy spectra
of the initial velocity field were adjusted to exactly match spectra taken from
experimental data; in this case, turbulent data reported by Comte-Bellot and
Corrsin (1971). Comte-Bellot and Corrsin produced a homogeneous, isotropic
turbulent flow using a square wire mesh. The idea of the computation is to
advance the initial field (by the LES scheme) to a later time where the energy
spectra acquired from experimental measurements is also known. At the later
time, comparisons of the LES results and experimental data are made to study
the performance of Smagorinky's model.

Since the turbulence is homogeneous and isotropic, Smagorinsky's
coefficient is constant. According to Piomelli et al. (1988). Cg = 0.1. Initial flow
conditions were generated that mimicked the turbulent velocity field of Comte-
Bellot and Corrsin (1971) at time T = 240; T = Ugt/M where U, is the
upstream velocity (10 m/s), M is the mesh size (2.54 cm) and t is physical time.
This initial field was advanced to target time T = 385. Both DNS and LES
computations were performed to assess implementation of Smagorinsky's

model and the grid's resolution.
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DNS and LES results of the decay of homogeneous, isotropic turbulence are
shown in Fig. 5.1 at time T = 276. Both computations were stopped, but for
different reasons. Since no turbulence model is invoked in the DNS
computations, the grid resolution must resolve all scales of the turbulent field.
The 64x64x64 grid clearly did not meet this requirement by evidence of the
energy build-up at the higher wavenumbers. If the DNS computation was
allowed to continue, divergence was inevitable. Thus, a subgrid scale model
was required to dissipate the cascade of turbulent energy from the finest
resolved scales. The opposite effect however is indicated by the LES results.
There, the energy levels were seemingly over-dissipated at the higher
wavenumbers, but as discussed below, this is a false observation.

For this test case, the convective terms in the LES governing equations were
differenced by second-order central differences. This differencing scheme is
equivalent to filtering the computational results by a box filter. Attenuation of
the initial and target turbulent energy spectra of Comte-Bellot and Corrsin
(1971) by the box filter is shown in Fig. 5.3. As expected, the highest
wavenumbers are most affected. After time-advancing the initial velocity field
that matched the attenuated spectra, the final LES results agreed closely with
the target spectra. This comparison is shown in Fig. 5.4. Thus, Smagorinsky's
model with Cg = 0.1 was verified by this test case.
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CHAPTER SIX
SHEAR DRIVEN CAVITY FLOW

6.1. Introduction

For more than three decades, the shear-driven cavity flow problem has
served as an excellent test case for verifying new or improved numerical
solution techniques of incompressible flows. Usually, the test case involves
simulating a 2D cavity flow at a low Reynolds number (Re < 1000). Under
these conditions, the flow is strictly laminar and steady. The primary purpose
of the simulations is to illustrate the rapid speed of convergence to steady state
and the solution method's ability to capture the basic features of the flow.
Some 2D simulations (for example, Ghia et al., 1982 and Gustafson and
Halasi, 1986) include a discussion of the flow characteristics and have revealed
important salient features of the steady flow at much higher Reynolds numbers
(Re < 10000). The extensive results of Ghia et al., in particular, serve most
often as a base for comparison of new 2D predictions because of the fine grid
resolution they used at the corresponding Re. Only a few numerical studies
have reported the turbulent characteristics of the shear-driven cavity flow
[Gosman et al., 1968, Young, et al., 1976, Ideriah, 1978, and Gaskell and Lau,
1988, for instance]. Each study simulated a 2D geometry with the turbulence
fully modeled. Treatment of the results was focused primarily on validating the
particular numerical scheme or evaluating the particular turbulence model.

Separate studies showing the flow evolution in the 2D cavity under an
impulsively started lid and an oscillating lid were reported by Soh and
Goodrich (1988). In both simulations, the flow was laminar (Re = 400) and the
predictions continued until a periodic state was reached. Published results of
3D simulations include those of Kim and Moin (1985), Freitas et al. (1985), and
Prasad et al. (1988) where the Reynolds number was restricted to low to
moderate values (Re < 3200). There, the flow was also laminar. The
simulations showed the appearance of pairs of quasi-steady and unsteady
spanwise Taylor-Gortler-like vortices along the cavity bottom. Besides
validating the conservativeness of their particular solution technique, each
group revealed this important 3D characteristic which had been observed
experimentally, but was eluded numerically.
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In addition to furnishing us with a classic problem for validating solution
techniques of incompressible flows, the predominant features of the shear-
driven cavity flow also have important physical significance in engineering
design. For example, the main flow characteristics created by 3D geometries
such as recessed cavities, recurrent ribs or slots and curved ducts, for the
purposes of mass and/or energy exchange, are similar to those of this model
problem. Given this fact, the primary objective of the computing the 3D cavity
flow is to identify and characterize, through DNS and LES methodologies, the
unsteadiness and turbulence. In the LES computations, both the damped and
dynamic turbulence models are utilized for achieving this primary objective.
There are also two secondary objectives for solving the cavity flow. While
experimental verification of the DNS computations justifies the numerical
molecule strategy, the LES calculations will acknowledge any improvements in
the predictions by switching from the damped SGS model to the dynamic one.

The numerical investigations were performed for Reynolds numbers of
2000, 3200, 5000 and 10000. The moderate Reynolds number test cases (Re <
5000) were DNS computations because the flow is unsteady but laminar. The
LES methodology was used for higher Reynolds number (Re = 10000).
Although extensive experimental results of the high-Re 3D cavity flow have
been reported for just over ten years now, this LES investigation is a first
attempt to study the turbulent flow characteristics numerically. Recently, Zang
et al. (1993) performed an LES calculation of the shear-driven cavity flow, but
they focused the results on verification of their new dynamic turbulence model.
They showed good agreement between the LES results and the experimental
measurements in terms of the turbulent quantities through the cavity
centerline at the spanwise mid-plane. Their investigation however did not
include discussions of the time-dependent characteristics such as the spanwise
vortices or the secondary eddies. In the present work, the numerical results
are first scrutinized thoroughly against the experimental evidence, before
discussing any new unsteady or turbulent flow characteristics. Thus, these
LES computations verify the published experimental data as well as reveal

some new features about the flow.
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6.2. Experimental Observations

Geometrically, the classic 2D configuration consists of a closed cavity of
unit height (H) and unit width (W) with a lid moving horizontally at unit velocity
(U). The Reynolds number is defined as Re = UW/v, where V is the kinematic
viscosity. The associated recirculation flow is characterized basically by a

primary vortex, a downstream secondary eddy, an upstream secondary eddy
and an upper secondary eddy. These basic features are sketched in Fig. 6.1.
The upper secondary eddy appears at Re > 3200. At higher Re (> 5000) the 2D
predictions show a tertiary eddy in each of the lower corners. However, these
tertiary eddies are not supported by the experimental observations of Koseff
and Street (1984c) of the three-dimensional (3D) cavity flow. Koseff and Street
also reported that the horizontal and vertical centerline velocity profiles of the
recirculation flow are similar in shape throughout the cavity span at high
Reynolds numbers where the flow is locally transitional.

In the 3D cavity, new vortical structures are formed. In a spanwise plane,
there are several pairs of Taylor-Gortler-like (TGL) vortices and a lower corner
vortex at the end-walls (see sketch in Fig. 6.2). According to Koseff and Street
(1984b) and Prasad et al. (1988), the impetus manifesting the TGL vortices is
the instability of the concave free shear layer that separates the primary vortex
from the downstream secondary eddy. Generation of the vortices occurs just
above the concave surface much like the experimental observations of Taylor
(1923) for the flow between rotating cylinders and also the concave boundary
layer investigated by Gortler (1954). The size and number of pairs of TGL
vortices depends strongly on the Reynolds number and the cavity spanwise
aspect ratio (SAR). In the flow visualization results reported by Rhee et al.
(1984) for Re < 6000 and SAR = 3.0, the spanwise flow maintained symmetry
about the mid-span plane. Although the TGL vortices meander slowly along
the cavity bottom at moderate Re, Koseff and Street (1984a) noted that their
basic spanwise flow character still remains symmetric. The other important
feature in the spanwise direction is the lower corner vortex. The origin of this
flow structure was explained by Koseff and Street (1984b) after examining the
experimental results of de Brederoede and Bradshaw (1972). Manifestation of
this vortex is a consequence of the shear and pressure force adjustment in the
streamwise recirculating flow caused by the no-slip condition along the
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spanwise end-wall. Like the TGL vortices, the corner vortex becomes unsteady
at moderate Reynolds numbers (Re > 3200). The size and extent of the corner
vortex strongly influences the TGL vortices. Thus, the numerical simulations
must provide sufficient resolution, spatially and temporally, to capture its
characteristics accurately.

Experimental observations show the first sign of turbulence taking place
within the free shear layer that lies between the primary vortex and
downstream secondary eddy. This local transition to turbulence occurs at a
Reynolds number somewhere between 6000 and 8000 (Koseff and Street,
1984a). The flow within that region is unsteady. If the Reynolds number is
increased, turbulence diffuses the TGL vortices such that their deterministic
structure becomes obscured. At Re = 10000, frequency spectra of both the
horizontal and vertical fluctuations within the region of the free shear layer
display an inertial subrange. It should be noted that the visualization results
show the flow within the free shear layer at Re = 10000 as being still

transitional.

6.3. Boundary and Initial Conditions
The DNS and LES computations involved two cavity geometries. The first

cavity geometry, shown in Fig. 6.3, was modeled with a cavity width W = 1.0 (x-
direction), a height H = 1.0 (y-direction) and a span L = 1.5 (z-direction). One
boundary of the span was modeled as a plane of symmetry (z = 0.0) and the
other a solid end-wall (z = 1.5). The span boundaries were model in this way
because the published flow visualization data for Re < 6000 (Koseff and Street,
1984a, 1984a and 1984c) and previous simulations for Re < 3200 (Freitas et
al., 1985, Prasad et al., 1988 and Jordan and Ragab, 1993) report a symmetric
flow about the mid-span. The spanwise aspect ratio of the cavity (SAR = 2L/W)
was therefore equal to 3.0. Reynolds numbers of 2000, 3200, 5000 and 10000
were simulated. In view of the experimental evidence, the cavity flow is entirely
deterministic at low to moderate Reynolds numbers (Re < 5000). Therefore, the
simulation results reported here at Re < 5000 are from DNS predictions. For
the LES computation at the highest Re, the SGS turbulent field was
represented by the van Driest damped model.

48



The second cavity geometry was the same as the first except the full span
was modeled with 2L = 1.0 (see Fig. 6.4). Thus, the second cavity had a SAR =
1.0. The computations involved Reynolds numbers equal to 5000 and 10000.
A DNS computation was carried out for the lower Re (Re = 5000) while the LES
methodology was exercised for Re = 10000. For LES computation, only the
dynamic SGS model was used. It is worth noting at this point that in the
recent LES computation by Zang et al. (1993), the cavity spanwise aspect ratio
was 0.5. While all the TGL vortices display strong spanwise meandering
activity in the cavity with a SAR = 3.0 and a weaker activity with SAR = 1.0, the
single TGL vortex pair in the cavity with a SAR = 0.5 is locked in position at the
mid-span (Prasad and Koseff, 1989).

In the present work, the lid moved horizontally with unit velocity (U = 1.0).
Each simulation was initialized by an impulsively started lid. Inasmuch as the
convective terms are time-split by the Runge-Kutta technique, extremely small
time increments were not necessary early in the simulation to maintain
stability. It was found that CFL values near the stability limit in the DNS
computations at Re = 5000 distorted the TGL vortex structures. A low CFL
value of 0.5 was therefore chosen to insure proper temporal resolution of the
flow unsteadiness rather than control the numerical stability. This same CFL
value was also used in the LES computations. No-slip conditions were
enforced along all boundaries except at the mid-span plane in the first cavity
(SAR = 3.0) which was treated numerically as a plane of symmetry. All grids
selected had uniform point spacing and all times (T) were non-dimensional;
T=tU/W. Computational results which are labeled Ty = 0.0 represent
solutions that had been time-advanced until the transient effects of the
impulsively started lid on the flow evolution became negligible.

As a final note, in the DNS computations of these cavity flows the CPU
requirement was approximately 1.3 X 107s per grid point per Runge-Kutta step
on a CRAY-YMP platform. This requirement compares competitively to the
computational requirements reported by Kim and Benson (1992); 1.7 X 107%s
(iterative time marching), 2.5Xx 107s (simplified marker-and-cell), and
4.5x107s (PISO).
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6.4. DNS Results (Cavity SAR = 3.0)

6.4.1. Re = 2000

For the cavity flow test case at Re = 2000, a 41 x 41 x 51 uniform grid (x, y,
z directions) was used with CFL = 2.4. A high resolution in the spanwise
direction was chosen to insure prediction of the complete TGL vortex structure.
Three sets of snapshots are shown in Fig. 6.5 of the recirculation and spanwise
flow at non-dimensional times of Ty = 0.0, 8.0 and 16.0. The recirculation
velocity vectors typify the flow at the mid-span plane. For clarity, they are
normalized with respect to their own magnitudes; thus, the vectors shown in
the snapshots have unit length. The spanwise velocity vectors show the flow at
a plane where x = 0.77; subsequently called the 177 plane. At the initial time
(Tr = 0.0}, three small TGL vortex pairs span the cavity bottom with a large
corner vortex located at the lower end-wall. The corresponding recirculation
flow displays strong 2D features which is a consequence of the weak spanwise
flow. After an additional eight time units however (T} = 8.0), the TGL vortex
closest to the mid-plane nearly doubled its physical size. This now larger
vortex pair impacts the recirculation flow locally by extracting kinetic energy
from the downstream region; consequently reducing the size of the downstream
secondary eddy. At time Ty = 16.0, three TGL vortices clearly appear with a
fourth much weaker one positioned near the corner vortex. The prediction of
four TGL vortices at Re = 2000 agrees with the flow visualization results
reported by Rhee el al. (1984).

In the flow visualization experiments at this Reynolds number, the TGL
vortices meandered slowly along the cavity bottom as well as varied their
physical size. This behavior is also illustrated in Fig. 6.6 where five snapshots
of the computations are shown at unit time intervals beginning with T, = 26.
The sequence of snapshots show creation and stationary growth of a TGL
vortex pair directly next to the mid-span plane. Conversely, the TGL vortex
closest to the end-wall is reduced and reverses its lateral path three times.
Furthermore, this particular vortex meanders across approximately 15 percent
of the cavity bottom. The remaining two TGL vortices also display large
variations in their physical size, but meander comparatively to a much lesser

degree.
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To graphically verify the claim of strong coupling between the velocity
components and pressure variable, three pressure variable profiles are
displayed in Fig. 6.7. The pressure variable is plotted instead of the actual
pressure to avoid the natural smoothing of the diffusive term as given in
equation (2.4d). The profiles represent cuts at y = 0.1 through the free shear
layers that separate the primary vortex from the secondary eddies. These
profiles extend from the upstream wall (x = 0.0) to the downstream wall (x =
1.0) at the mid-, 1/3rd and 2/3rds planes along the cavity span. Notice that
the profiles depict smooth continuous curves that are devoid of spurious
oscillations. These characteristics illustrate proper coupling between the
pressure variable and velocity components as given by the discretization

molecule.

6.4.2. Re = 3200

A 51 x 51 x 65 uniform grid was selected for the test case at Re = 3200 and
a CFL value of 1.5. This mesh resolution was partially based on the
simulation reported by Freitas et al. (1985) where a 32 x 32 x 45 grid was used
that was non-uniform in the recirculation planes. Figs. 6.8a and 6.8b show
typical snapshots of the unsteady flow (Ty = 12.0). The recirculation velocity
vectors (Fig. 6.8a) represent the flow at the mid-span plane whereas the
spanwise flow (Fig. 6.8b) is shown at the 177 plane. Once again for clarity, the
recirculation velocity vectors are normalized with respect to their own
magnitudes. Four TGL vortex pairs span the cavity bottom. Their position is
marked by grid lines referenced to the cavity mid-span. This number of TGL
vortices agrees with the experimental observations reported by Rhee et al.
(1984). Normalized recirculation velocity vectors representing 18 minute
sample averages at the 1/3rd and 2/3rds planes from the spanwise end-wall
are shown in Fig. 6.9a and 6.9b, respectively. At these planes, downstream
and upstream secondary eddies are clearly visible. Freitas et al (1985) also
reported this result and both numerical results agree with the flow
visualization data (Rhee et al, 1984 and Koseff and Street, 1984Db).
Furthermore, the 1/3rd plane vectors show the primary vortex core positioned
in the upper right quadrant of the recirculation plane whereas the core at the
2/3rds plane lies close to the geometric center. This result also agrees
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qualitatively with the experimental observations and is due to the proximity
influence of the end-wall on the recirculation flow.

The experimental and computed time-averaged u and v velocity profiles
through the cavity center at the mid-span are compared in Figs. 6.10a and
6.10b, respectively. Also included in the figure are the steady 2D velocity
profiles for a 51 x 51 uniform grid and the time-averaged 3D results of Freitas
et al. (1985). Comparisons between both 3D computations and the
experimental results are quite good. On the other hand, comparisons between
the 2D computation and the 3D results are quite poor. This confirms the
conclusion drawn by Koseff and Street (1984b), that the three-dimensional
effects on the recirculation flow manifest significant differences between the 2D
and 3D mean velocity profiles. One should notice that the present time-
averaged velocities away from the cavity walls agree better with the
experimental data than the corresponding results of Freitas et al (1985) for two
possible reasons. The first is their lower sampling window, but more
importantly, they sacrificed the grid field resolution by clustering lines near the
cavity walls in the recirculation planes.

6.4.3. Re = 5000

For the DNS computation of the shear-driven cavity flow at Re = 5000, the a
65 x 65 x 65 (x, y, z-direction) uniform grid was used. Comparisons between
the DNS results and the experimental data show that this spatial resolution
captured the flow characteristics accurately. Further refinement of the grid did
not alter the flow structure. Figs. 6.11a and 6.11b show a set of snapshots of
the unsteady flow results at time T = 15.0. The velocity vectors in Fig. 6.11a
represent the recirculation flow at the mid-span plane whereas those in Fig.
6.11b depict the spanwise flow at the 177 plane. Although there seems to be
significant effects in the upper half of the spanwise plane, their magnitudes are
small and therefore have little influence on the flow structure. At this instant
in time (T, = 15.0), the basic characteristics of the recirculation flow which are
common to the 2D simulations are distinctly visible. Likewise, the primary
vortex core is positioned close to the cavity center. This agreement with the 2D
simulations is due primarily to the minimal influence of the spanwise flow on
the mid-span recirculation flow (see Fig. 6.11b). The spanwise flow vectors

52



show four TGL vortices of nearly the same height that lie fully within the cavity
span. Since the static pressure attains a minimum within the vortex core,
contours of the pressure variable can verify the existence of each vortex. An
example of this is portrayed in Fig. 6.11c. A few grid lines are superimposed
over the pressure contours and the corresponding velocity vectors to help
identify each respective vortex.

At time Ty = 181.0, the snapshots paint a very different picture (see Figs.
6.12a and 6.12b). The three-dimensional effects on the basic recirculating flow
features are clearly displayed. For example, the TGL vortex that straddles the
mid-span plane severely distorts the basic structure of the downstream
secondary eddy (DSE). Throughout most of the simulation, a TGL vortex
structure straddled the mid-span plane which precluded development of the
local DSE. According to the experimental results (Rhee et al., 1984), 8 pairs of
TGL vortices were visualized at Re = 3200 and 11 vortex pairs at Re = 6000. At
Re = 5000, 9 vortex pairs were found; one typically straddling the mid-span
plane and four others spanning the cavity floor. This result is shown in Fig.
6.13 which is a plot of the x-vorticity contours at completion of the simulation
(Tr = 181.0). Notice that the streamwise extent of each vortex pair does not
strongly interact with the upstream secondary eddy (USE). This is because the
flow process of fluid entrainment from the primary vortex to sustain the
structural integrity of each TGL vortex is terminated once the primary vortex
separates upstream. Particle traces which illustrate this flow process are
presented in the next section.

In the literature, neither velocity time traces nor mean velocity experimental
data appear for the 3D cavity flow at Re = 5000 and SAR = 3.0. Here, we show
in Figs. 6.14a through 6.14d time traces of a vertical and horizontal velocity
component and their power spectra for the Re = 5000 test case. The traces
were extracted from recordings taken in the vicinity of the downstream free
shear layer. For reference, the power spectra include Kolmogorov's slope of the
inertial sub-range. @ Both spectra show numerous amplified frequencies
signifying an unsteady flow which is still deterministic. In Fig. 6.15, the
computed mean horizontal velocity along the mid-span center-line is compared
against the reported experimental data for SAR = 1.0 and SAR = 0.5 (Prasad
and Koseff, 1989). The DNS profile illustrates a further weakening of the
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"energy-sink” effect of the spanwise end-walls on the primary recirculation
vortex core when the cavity SAR is extended to three.

The contribution of the present DNS results at Re = 5000 to the LES
methodology lies in attempting to estimate the turbulent length scale damping
parameters. In particular, parametric studies were performed on the DNS
results at intermittent time intervals to find values for the exponents (m and n)
in the van Driest damping function. There is no strong fundamental basis for
obtaining these parameters in this way since the flow is not turbulent at Re =
5000. However, the LES results at Re = 10000 (where the flow is turbulent)
will show that the turbulent eddy viscosity magnitudes and distribution
throughout the cavity were in good agreement with the experimental evidence.
The procedure used here to determine the model damping parameters closely
follows the SGS turbulence model development by Clark et al. (1977). The
damping parameters were judged according to the best overall set of
coefficients acquired from correlations between the exact (computed from the
DNS data) and the model resuits in terms of the SGS stresses 1jj. The

correlation coefficient (Cij) is defined as
_ 2 12 2 12

where <e; > and <my > are the spatially ensemble-averaged exact and model

Tjj components, respectively. Inasmuch as the spanwise flow direction was
assumed to be homogeneous, only the coefficients ¢y, cgo and cj9 were
determined of which only positive values were considered. Furthermore, signs
of transition first emerge within the downstream free shear layer (Koseff and
Street, 1984a). By knowing this information a priori, it is also possible to
perform quality checks on the model in terms of the turbulent eddy viscosity
magnitudes and distribution. In the following figures, the turbulent eddy
viscosity (V;) is normalized by the kinematic viscosity. Since the TGL vortices
severely disturbed the basic features of the recirculating flow, the model quality
was inspected only on planes lying between the spanwise vortex pairs.

The best set of fully-averaged correlation coefficients attained from a
parametric study of the DNS results was cj1 = 0.30, cgo = 0.29 and cjg =
0.31. The corresponding global model constants are m = 8.0, n = 0.14 and Cgqg
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= 0.1. Distribution of the cj9 coefficient, plotted in Fig. 6.16, shows pockets of
nearly perfect correlation close to the cavity walls and near the region of

downstream free shear layer. Notice that the poorest correlations occur
primarily where the model V; levels are expected to be low. As an example, see

Fig. 6.17a where the highest V; levels found in the individual recirculation
planes are shown for the DNS results at completion of the simulation. This
figure also reveals that the model predicts v, magnitudes and distributions in
accordance with the experimental observations.

As a final note, the model constants as acquired from the Re = 5000
simulation were also checked against DNS results from a higher Reynolds

number test case (Re = 7500) where the flow is locally transitional (Koseff and
Street, 1984a). The highest v, levels computed on the individual recirculation

planes are shown in Fig. 6.17b. Indeed, the peak levels of Vv, are concentrated

within the downstream free shear layer which is in agreement with the

experimental data.

6.5. LES Results (Cavity SAR = 3.0)
The uniform grid selected for the LES computations at Re = 10000 was 101

x 101 x 81. Based on the turbulent scales estimated by Koseff and Street
(1984c) for the 3D cavity flow at Re = 10000, this grid provides a higher spatial
resolution than that needed to resolve Taylor's microscale. Shown in Figs.
6.18a and 6.18b are snapshots of the velocity field at a sample time T, = 6.5.
The spanwise velocity vectors represent flow at the 177 plane while the DSE
region is shown at various planes between the TGL vortices. Besides the corner
vortex, the spanwise velocity vectors show five additional vortex structures that
appear distorted when compared to the DNS results at the lower Reynolds
number (Re = 5000). Breakdown of the TGL vortex structure is due to the
onset of turbulence within the adjacent downstream free shear layers. Prasad
and Koseff (1989) (SAR=1.0) and Koseff and Street (1984a) (SAR=3.0) also
reported a loss of TGL vortex structure at this Re, but were unable to visualize
the vortex flow patterns due to the rapid lateral dispersion of the dye streaks.
The existence of the vortex structures and their streamwise extent is further
illustrated in Figs. 6.19 and 6.20 in the form of stream function contours. In
Fig. 6.19, these contours are computed on each recirculation plane (x-y) as if
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the flow is 2D and then stacked side-by-side from the spanwise end-wall to the
symmetry plane. The stream function contours in Fig. 6.20 are computed
similarly on the z-y planes and then stacked in the x-direction from the
downstream to the upstream walls. In both figures, only the stream function
contours from the lower half of the cavity are shown. The marking of grid lines
in Fig. 6.20 and in the velocity vectors (Fig. 6.18b) help quantify the intensity,
spanwise size and streamwise extent of each vortex. The instability mechanism
of TGL vortex generation still exists at this Re as evidenced by the vortex
structure created above the DSE between grid lines 49 and 62. Like the DNS
results, neither the TGL vortices nor the corner vortex interact with the USE.
Thus, the basic structure of the USE remains intact throughout the cavity
span. On the other hand, the irregular development of the DSE in the
spanwise direction suggests complex interactions between the unsteady effects
of the primary recirculation vortex and the TGL vortices. As an example, Koseff
and Street (1984b) and Prasad et al. (1988) reported appearances of spiraling
spanwise motions within the DSE which they attributed to its interaction with
the local vortices. Verification of their observations as well as uncovering other
interactions are presented next.

Between the spanwise vortices shown in Fig. 6.20, the stream function
contours form four surfaces that give a cave-like impression. Beneath these
surfaces, the basic two-dimensional structure of the DSE develops due to
separation of the primary recirculation vortex from the downstream wall (see
Fig. 6.18a). The vortices adjacent to the DSE strongly influence its spanwise
characteristics. An attempt to understand these complicated characteristics as
well as the other flow features of the 3D cavity at Re = 10000 is illustrated in
Fig. 6.21 at the sample time Ty = 6.5. There, five sets of particle traces were
initiated either within the DSE region or the outer extremes of the primary
recirculation vortex; in particular, the first computational point off the
downstreamn wall (x = 0.99). Also, each set originated half way up the
downstream wall (y = 0.5) except set number five which started at y = 0.05.
Set number 1 contains three particle traces that were initiated directly over the
center of the large TGL vortex (grid line k = 10). After release, all three particles
were entrained by the downwash flow of the large vortex. Their spiraling path
then traversed streamwise only a short distance before being entrained by the
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upwash region of the vortex as given by the mid-span recirculation flow.
Particles from sets three and four had a similar fate. Set number three
initiated above and to the left of the TGL vortex at grid line k = 28 while set
four originated between the TGL vortices marked grid lines k = 28 and k = 36.
Initially, each particle was convected by the primary recirculation vortex which
traced a path that coincides with the streamline surface shown in Fig. 6.19. As
the particles neared the cavity bottom, they were entrained by the respective
vortex instead of the DSE. The reason for this is illustrated by particle sets two
and five. Set two started above and to the right of the TGL vortex at grid line k
= 28 while set five was centered just above the tiny flow structure that is
positioned between grid line k = 62 and the end wall. As the particles of set
two approached the cavity bottom they were entrained by the DSE. However,
because the large adjacent vortex induced a dominant spanwise velocity
component on the DSE, the particles traced a broad spanwise spiral which
turned quickly streamwise once fully entrained by the vortex. This spanwise
spiral within the DSE region is also traced by particle set number five. From
these observations, we can conclude that the streamwise extent of the TGL
vortex structures shown in Fig. 6.20 are sustained through two patterns of
fluid entrainment. Close to the downstream wall, these vortices entrain fluid
from the adjacent DSE regions which in turn extract fluid from the primary
recirculation vortex. As mentioned earlier, this flow pattern was also observed
locally in the 3D cavity in the flow visualization experiments. Upstream from
the DSE region however, the TGL vortices entrain fluid from the primary vortex
directly. Loss of the vortex structure occurs upstream once the primary vortex
separates from the cavity bottom.

Having this understanding of the flow pattern within the DSE region, the
tiny flow structure between grid line k = 62 and the span's end wall is a
another vortex pair. Creation of this secondary vortex pair is due to the
opposing spanwise viscous interactions of the corner vortex, the adjacent TGL
vortex and the no-slip condition along the cavity bottom. Above its center
position lies an imaginary surface within the DSE region that demarcates fluid
entrained by the corner vortex apart from that extracted by the adjacent TGL
vortex. The existence of this flow surface is illustrated by the right and left
particle traces in set number five. As shown in Fig. 6.21, the spanwise spiral
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trace of each particle is in opposite directions. Thus, these particles started on
opposite sides of the flow surface. Because the adjacent TGL vortices change
size and meander along the cavity floor over time, the flow surfaces and
corresponding secondary vortices are not stationary. As a matter of fact, flow
visualizations of the numerical results showed extremely complicated dynamics
that governed these tiny structures. However, their impact on momentum and
energy transfer throughout the cavity was never significant.

The effects of the symmetry plane assumption on these LES results will now
be discussed. Koseff and Street (1984c) noted that the mean recirculation flow
in the 3D cavity with SAR = 3.0 became similar when the Reynolds number
was increased to 10000. By examining the comparisons between the computed
center-line mean velocity profiles and the experimental results in Figs. 6.22a
and 6.22b, one can see that this is indeed the case. While the experimental
data is at the mid-span plane, the computed profiles are shown along the
center-line of recirculation plane z = 0.28; hereinafter called the K15 plane. In
both profiles, the averaged error (as compared to the data) is less than 2
percent. Thus, the symmetry plane assumption has a negligible effect on the
mean recirculation at the K15 plane and throughout the remainder of the
cavity span. Unfortunately, no center-line Reynolds stresses or turbulent
velocity fluctuations were published of the 3D cavity flow with SAR = 3.0.
However, data was reported by Prasad and Koseff (1989) at the mid-span plane
for SAR = 1.0. Quantitative comparisons between that data and the LES
results at the mid-span, K15 and end planes are shown in Figs. 6.23a and
6.23b in terms of the center-line root-mean-square (rms) velocity fluctuations.
The end plane profile in each figure was computed at recirculation plane z =
1.25. Both figures clearly show large discrepancies between the computed and
experimental mid-span plane rms results. Conversely, rms profiles at the K15
and end planes agree reasonably well with each other as well as with the
experimental mid-span plane data. Furthermore, the computed profiles extend
the overall observed trend that turbulent kinetic energy is lost near the cavity
walls when the cavity SAR is reduced (Koseff and Street, 1984b and Prasad
and Koseff, 1989) . Hence for this test case, these observations along with the
experimental agreement of the computed mean recirculation flow illustrated a
localized effect of the spanwise symmetry plane assumption on the LES results.
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Finally, we could pose the following questions. Do these LES computations
support the explicit understanding that turbulence dominates the flow
characteristics near the downstream free shear layer ? And at this Reynolds
number, what are the spatial distributions of the velocity fluctuations
elsewhere in the cavity ? Figures 6.24a and 6.24b show the energy spectrum
of the velocity fluctuations calculated from a Ty = 90 sample record taken in
the vicinity of the downstream free shear layer. Both spectral profiles display
an inertial subrange with about an order of magnitude larger energy content
within the vertical fluctuations. This result as well as the bandwidth over
which the inertial subrange occurs agree with similar analyses conducted on
the experimental data (Koseff and Street, 1984c). In Figs. 6.25a and 6.25b,
distributions of the vertical rms fluctuations and shear stress component u v
at the K15 plane indeed disclose highest levels within the downstream free
shear layer region. However, one should note that the rms levels of the vertical

velocity fluctuation are also significant along the downstream wall.

6.6. DNS Results (Cavity SAR = 1.0)

The final uniform grid chosen for this test case was a 101x 101x 85 (x, y, z
directions). Recirculation streamlines at the cavity mid-span plane and
spanwise streamlines at the 177 plane are plotted in Figs. 6.26a and 6.26b,
respectively. Counter-rotation is signified by the dashed contours. These

streamlines were computed from snapshots taken of the instantaneous velocity
vectors at reference time Ty = 0.0 which represents an actual time of T = 60
since lid start-up. The streamlines in the figures distinctly reveal a
downstream and upper secondary eddy in the recirculation flow and two TGL
vortex pairs which lay nearly symmetric about the mid-span plane. Prediction
of these two TGL vortices as well as the overall spanwise symmetry agrees with
the flow visualization observations of Prasad et al (1988). In Fig. 6.27, the
mean recirculation flow vectors (averaged over Ty = 180) at the mid-span plane
show downstream and upstream secondary eddies, but the upper eddy seems
to have been averaged out. Koseff and Street (1984b) published results at a
slightly higher Reynolds number (Re = 5700) and showed a similar result.

Mean velocity profiles through the geometric center of the mid-span and
one-third (z = 1/3) planes is plotted in Fig. 6.28 along with the mid-span
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experimental measurements of Prasad and Koseff (1989). The stronger
boundary layer but weaker core flow shown in the one-third plane profile is
due to the higher energy drain on the primary recirculation vortex by the
spanwise end-walls. Overall, the DNS results show good agreement with the
experimental data, but the specific differences in magnitude between them
suggest that line clustering near the cavity walls as given by a stretched grid
would provide better spatial resolution.

As previously discussed, the DNS results were interrogated to estimate the
predictive ability of the SGS turbulence model. Without the zero cutoff
restriction, application of the model to the DNS results at T, = 0.0 gave global
correlation coefficients of ¢j; = 0.42, cg9 = 0.39 and c19 = 0.40. The x-y
distribution of the cjg coefficient (ensemble-averaged in the z-direction) is
shown in Fig. 6.29a where the dashed contours signify negative correlations.
Generally the distribution is quite good, except near the upstream secondary
eddy region where c19 — -1.0. The highest v; levels found on the recirculation
planes are shown in Fig. 6.29b. Since the zero cutoff restriction was not
applied, the figure shows regions of negative total viscosity; vp/v < -1.0.
However, their magnitudes are insignificant and are concentrated in the
extreme upper downstream corner. With the cutoff restriction applied, the
overall correlation coefficients and their distributions changed very little (Fig.
6.29c¢). Analysis of the DNS results at the final time (T = 180) also revealed no
discernible differences with or without the zero cutoff restriction (see Figs 6.30a
and 6.30b). Note also that the distributions shown in these figures are
generally the same as those in the initial data (T = 0.0) except for the higher
negative correlations near the upper secondary eddy region.

6.7._LES Results (Cavity SAR = 1.0)

The same spatial resolution used for the DNS prediction just presented was
tested for the LES computation. According to the turbulent scale estimates
published for this cavity flow (Koseff and Street, 1984c), a 101x101 uniform
distribution in the recirculation plane resolves the fine-scale turbulence near

the downstream free-shear layer at least down to Taylor's microscale. In the
simulation, the computations had continued until the energy spectra of the
turbulent velocity fluctuations was well established at several points in the
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cavity where the flow was reported as most turbulent (Koseff and Street,
1984c). A time sequence of recirculation and spanwise streamlines at the mid-
span and 177 planes are shown in Figs. 6.31a through 6.31f. As before, the
dashed contours depict counter-rotating flow. Although various other flow
patterns are displayed by spanwise streamlines in the upper half of the cavity,
their contribution to the instantaneous momentum transfer was insignificant.
From an overall viewpoint, the high degree of non-uniformity in the streamlines
suggests a substantial growth of flow unsteadiness in the 3D cavity from Re =
5000 to Re = 10000. This growth accounts for the large temporal changes in
the downstream and upstream separation and reattachment points as well as
the apparent differences in the primary vortex core.

At this Reynolds number, Prasad and Koseff (1989) noted no detection of
TGL vortices in their velocity time traces which were recorded slightly above the
cavity floor along the mid-span vertical centerline. As illustrated in Fig. 6.31
however, TGL vortices apparently exist near the DSE region. But unlike the
DNS results (Re = 5000), their temporal and spatial attributes appear to vary
randomly. This characteristic is further exemplified in Fig. 6.32 where a
sequence of snapshots of the spanwise vortices are shown over a period of Ty =
120. At certain times, the vortices display signs of strong uniform structural
integrity, while at other times their structure is locally contorted and irregular.
This behavior suggests that the flow within the DSE region of the cavity is
transitional. The regions of TGL vortex breakdown is due the intermittent high-
frequency turbulent fluctuations that occur within the adjacent downstream
free shear layer of the recirculating flow.

The experimental Prasad and Koseff (1989) and LES mean flow quantities
through the cavity centerline at the mid-span plane are compared in Figs.
6.33a through 6.33d. The average error in the computed mean flow velocities
with respect to the experimental data is 5 percent for the horizontal velocity
profile and 4 percent for the vertical velocity profile. Once again, as in the DNS
profiles, the magnitude differences between these profiles indicate the need for
a finer grid resolution near the cavity walls to improve the accuracy of the
computed mean flow. Comparison between the experimental and computed
horizontal and vertical root-mean-square (rms) velocity profiles is shown in
Figs. 6.33c and 6.33d. Their close agreement clearly shows that the dynamic
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model performed well. As an example, the subtle fluctuation in the
experimental data near the cavity floor is adequately captured by the LES
results. Furthermore, agreement between the peak magnitudes suggests that
the dynamic model properly dissipated the high-wave number turbulence
(kAx 2 7).

Significant backscatter contributions by the dynamic model were confined
primarily to the upper downstream corner. This condition is shown in Fig.
6.34 at typical times of Ty = 10 and Ty = 157 in terms of the maximum V; levels
found on the recirculation planes as computed by the model without the cutoff
restriction. Notice that the dynamic model predicts the highest positive levels
of turbulent activity near the DSE region. Furthermore, the levels indicate that
the turbulent eddy viscosity within that region is on the same order of
magnitude as the kinematic viscosity. This result infers that the onset of
turbulence occurs within the DSE region and that the flow at this Reynolds
number is probably transitional. According to the experimental measurements
and observations, this prediction is qualitatively correct.

As a final note, the maximum power spectral energy of the velocity
fluctuations at the mid-span in the vicinity of the DSE is shown in Figs. 6.35a
(horizontal direction) and 6.35b (vertical direction). The contours represent the
maximum density levels taken from the frequency spectra results of the
individual time trace data. To obtain the time trace data, the instantaneous
velocities were sampled at a frequency of approximately 20 Hz. According to
the figures, peak energy levels of the vertical velocity fluctuations are
substantially higher than the horizontal velocity levels and occur at different
locations with the DSE region. Spectral density levels of the vertical
fluctuations crest near coordinates (0.83, 0.07) while the corresponding
horizontal levels peak near coordinates (0.85, 0.12). Both figures however
show a rapid decline of energy levels away from peak. Typical spectral
frequency results of both velocity fluctuations are plotted in Figs. 6.36a
(horizontal) and 6.36b (vertical). For reference, each plot includes
Kolmogorov's slope of the inertial subrange. Both figures show the existence of
an enertial subrange over approximately one decade beginning at

approximately 0.1 Hz.
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6.8. Conclusions

The LES and DNS methodologies were used to study the unsteady and
turbulent characteristics of the three-dimensional shear-driven cavity flow at
Reynolds numbers 2000, 3200, 5000 and 10000. The 3D shear-driven cavity
flow was also used as an example problem to study the performance of the
dynamic model in a LES computation. Lilly's expression without any ad hoc
measures such as ensemble-averaging or filtering was tested for determining
the model coefficient. But due to the conditional stability of the numerical
scheme, negative total viscosity was cutoff to zero to preclude divergence.

Based on the numerical results, the following conclusions are offered:

6.8.1. SAR = 3.0

e At Re = 2000 (DNS results), the flow is laminar. Pairs of TGL vortices are
created that maintain their size while slowly meandering in a direction toward
the mid-plane. Between the TGL vortices, the recirculation flow features are
comprised of a primary vortex and a downstream and upstream secondary
eddy. These basic features agree with the experimental observations and the
two-dimensional steady flow results.

e At Re = 3200 (DNS results), the flow is also laminar. While meandering
towards the mid-plane, the TGL vortices now change size and their enhanced
spanwise extent distorts the basic features of the adjacent recirculation flow.

e At Re = 5000 (DNS results), the flow is still entirely deterministic, but the
three-dimensionality and unsteadiness severely disturbs the basic structure of
the classic recirculation flow features. The TGL vortices change rapidly in size
and they meander only locally. Nine TGL vortex pairs were predicted that span
the cavity bottom. One of the TGL vortices straddles the mid-span plane.

e At Re = 10000 (LES results, damped SGS model) the instability
mechanism for TGL vortex generation still exists, but the vortices themselves
have now become distorted due to the onset of turbulence within the
downstream free shear layer. Their physical characteristics throughout the 3D
cavity vary randomly. The combined effects of the primary recirculation vortex
and the TGL and corner vortices cause a complicated irregular development of
the DSE. Near the downstream wall the TGL vortices extract fluid from the
downstream eddy region which concurrently entrains fluid from the primary
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recirculation vortex. Upstream of the downstream eddy region, the TGL
vortices entrain fluid directly from the primary vortex. Lastly, secondary vortex
pairs are created intermittently within the DSE region due to the viscous
interactions among the adjacent larger vortices and the cavity floor.

e A van Driest damped turbulence model was used for the subgrid scale
field. The constants of length scale damping function in the model were
estimated from a DNS computation of a deterministic flow (Re = 5000). The
spatial distributions of the vertical rms fluctuations and shear stress as given
by the model for the turbulent flow agreed with the experimental data.

6.8.2. SAR=1.0

¢ Exclusive of the upper corners, the dynamic model with Lilly's expression
for Smagorinsky's coefficient predicted low turbulent levels throughout the
cavity volume at Re = 5000. This result occurred for both the initial (T = 0.0)
and final (T = 180) DNS results and is consistent with the published
experimental data.

e At Re = 10000 (LES results, dynamic SGS model) where the cavity flow is
now locally turbulent, the dynamic model gave significant contributions of
backscatter only in the upper downstream corner of the recirculation flow. The
distributions of the turbulent eddy viscosity predicted by the model agreed
qualitatively with the reported experimental data. Good quantitative agreement
between the LES and experimental turbulent rms fluctuations showed that the
dynamic model performed well in this particular application. In fact, the LES
results using the dynamic model improved the comparisons to the experimental
data by a significant margin.
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CHAPTER SEVEN
WAKE OF A CIRCULAR CYLINDER

7.1 Introduction

A comprehensive study of the turbulent vortex formation behind a circular
cylinder as well as the transport of the vortices downstream has many
important and practical implications. As a example, the shedding
characteristics associated with an airfoil can be similar to that of the cylinder.
Resolution of these characteristics in the wake possesses an excellent challenge
for LES. In the case of the circular cylinder, the large scale vortex motion
remains strongly coherent for many diameters downstream. Since the impetus
of LES is full resolution of the large scale motion, the computational results
can provide specific information regarding the cyclic formation and
downstream transport of the turbulent vortices including their individual
internal physics.

Only two LES investigations of the circular cylinder have been previously
reported. The first was a 2D study by Song and Yuan (1990) at a high
Reynolds number. Since vortex stretching strongly dominates turbulence
production in the near wake (Cantwell and Coles, 1983), the 2D simulation of
Song and Yuan ignored important physical phenomena. The other study was
reported by Kato et al. (1993) who concentrated on predicting aerodynamic
noise in the near wake. Their 3D LES computations by the finite element
method provided the fluctuating pressures along the cylinder surface for the
Lighthill-Curle equation of the radiated far field sound pressure. Due to their
simple SGS turbulence model however, and relatively coarse mesh in the wake,
good agreement with the experimental data in terms of the turbulent energy
power spectrum was obtained only at the low frequency levels. For their
particular need, resolution of the fine scale turbulent physics was unimportant.

The present LES investigation is centered on resolving the early wake
formation of a circular cylinder as well as the subsequent vortex shedding
motion in the near-wake. The Reynolds number in the simulation was 5600,
which is based on the cylinder diameter (D) and a uniform freestream velocity
(U.). To adequately encompass the near wake, a non-orthogonal O-type grid

topology was generated. Consequently, the mathematical form of the governing
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LES equations were in curvilinear coordinates. Before performing the LES
investigation however, the fundamental form of the transformed equations were
first verified for the cylinder flow problem at a much lower Re. Specifically,
early wake formation and the subsequent vortex shedding behavior were
simulated at Re = 200. This particular Reynolds number is a good choice for
verifying the numerical accuracy of the solution scheme because a wealth of
the experimental and numerical data already exists in the literature. For the
turbulent wake flow at Re = 5600, the transformed LES equations with the
GDM were solved in the computational space. Inasmuch as non-orthogonal
topologies are often necessary to properly resolve the flow characteristics in
many problems including the cylinder wake, this generalized LES formulation
with the turbulence model has extensive applicability.

Two important attributes of any cylinder flow calculation are the lift and
drag forces. In the discussions below of these forces, the conventional forms of
the lift and drag coeflicients (Cp, and Cp) are presented. Values for Cp, and Cp

were determined by

CL = CLP + CLm CD = CDP + CDm (6.1)
where C, =%_[;"PSDsin9d9, Cy,, =}ﬁej§"msDcosed9,
Co, = ¥ |."P,Dcoseds, Co, = Yo wsDsin@de

The quantities Pg and wg are the pressure and vorticity magnitudes along the
cylinder surface, respectively. Also along the surface, the distribution of the
pressure coefficient is presented. This coefficient is defined as
C, =(Ps—P,+4pU2) /(1pU?) where P, is the pressure value at the upstream
stagnation point. Since the LES equations are actually non-dimensional, the
coefficient of pressure is appropriately calculated from C, =1+2(ps-p,) where
pis the filtered cell pressure quantity computed along the cylinder surface.

Finally, the vortex shedding frequency is quantified by the Strouhal number
which is defined by S; = fD/U_, where f is the frequency of shedding.

7.2 Some Important Experimental Observations
Formation of the near wake depends partially on the developed boundary

layer upstream of separation. Proper resolution of the upstream boundary
layer is therefore critical to achieving accurate results of the near wake physics.
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Insurance that sufficient resolution has been established within that region can
be gained by verifying the computational results early in the simulation both
qualitatively and quantitatively. In this section, a brief description of the
important early flow characteristics is given over the range of Reynolds
numbers in the simulations. This description considers an implusive start of
the flow and is taken from published experimental observations of Bouard and
Coutanceau (1980). It will later serve to verify the computational results from a
qualitative perspective.

At non-dimensional time T = 0%, the flow around the circular cylinder is
symmetrical and everywhere irrotational (Telionis, 1981); T=tU_/D. Two
stagnation points exist; one each along the horizontal centerline on the
upstream and downstream sides of the cylinder surface. For times T > 0% and
Re > 4.4, the adverse pressure gradient on the downstream side causes the
developing boundary layer to separate forming the cylinder wake. Early
evolution of the wake characteristics (before any instabilities) depends strongly
on the Reynolds number; although for the Reynolds numbers considered here
(Re < 5600), the wake formation remains essentially symmetric. Up until Re =
500, the early developing spatial scales of the wake (length and width, for
example) are entirely characterized by a single vortex which is hereinafter
identified as the main eddy (actually two main eddies since the wake is
symmetric). For 100 < Re < 500, the flow path of main eddy deviates from the
cylinder surface curvature forming a knot in the streamline pattern (see Fig.
7.1a). This distortion of the main eddy manifests a kink in the external
boundary of the wake. Generally, this pattern develops at T = 1. At slightly
higher Reynolds numbers (500 < Re < 800) and T > 1, the knot matures into a
secondary eddy whose flow path is counter-rotative to the main eddy (Fig.
7.1b). The kink in the wake's external boundary concurrently becomes more
pronounced and is much easier to visualize experimentally. If Re > 800, the
secondary eddy grows with time until it occupies a portion of the recirculation
region just beyond the separation point. The eddy then adjusts to the local
exterior shear layer of the separated region by splitting into two smaller eddies
as shown in Fig. 7.1c. These smaller eddies are permanent, nearly equivalent
in size, and completely isolate the main eddy from the separation physics
associated with the upstream boundary layer. Pairs of secondary eddies have
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also been detected at much higher Re, especially during the infancy stages of
the wake's evolution. For example, the sketch in Fig. 7.1d illustrates an early
pair of elongated secondary eddies which have been observed when Re > 3000
and T < 1.5. As time progresses, this eddy pair quickly thickens and appears
to coalesce to form the main eddy of the wake. During that time, the
permanent secondary eddy pair originates adjacent to the separation point.
The important characteristics just described will be recalled to verify the
qualitative accuracy of the curvilinear coordinate formulation and the
corresponding solution scheme.

For reasons still not physically apparent, the cylinder wake eventually
destabilizes when Re > 40 and transitions into a persistent pattern of
alternating shed vortices. As the vortices convect and diffuse downstream from
the cylinder, they mark the well-known Karman vortex street. Experimental
measurements of the shed vortices in near wake at Re = 5600 were reported by
Zhou and Antonia (1993). As shown in Fig. 7.2, they identified the near wake
as 0.5 <x <60 where x is the non-dimensional downstream centerline distance
referenced to the cylinder center. At Re = 5600, the boundary layer along the
cylinder surface is still laminar up to separation. Beyond the separation point,
the wake quickly destabilizes and forms the alternating periodic vortices. The
shedding of vortices occurs at Sy = 0.2. According to Zhou and Antonia, the
vortices themselves in the near wake are fully turbulent. Their topology is
sketched in Fig. 7.2 where little variation is shown in their relative cross-
sectional area. Zhou and Antonia measured no change in the vortex cross-
sectional area for 10< x <60. At x = 10, the convection velocity (Ug) of the shed
vortices was about 85% of the freestream velocity and slowly increased further
downstream. At x = 60 for example, Us = 0.92 U,. The experimental
measurements revealed a loss of peak vorticity within the vortices with distance
downstream, but their relative internal vorticity distribution remained
unchanged. Also, the time-averaged velocity fluctuations showed a relative
decrease with distance downstream. Peak horizontal magnitudes occurred at
the vortex center while the vertical distributions closely mimic the
circumferential velocity of an Oseen vortex. A large part of the work of Zhou
and Antonia was focused on developing an Oseen vortex model to correctly
predict the magnitudes and transport of the turbulent vortices. Their
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experimental results provided empirical adjustments to the model parameters
to better represent the true internal turbulent physics of the vortices in the

near wake.

7.3 Bo and Initial Conditions

The downstream boundary conditions for the cylinder flow problem are by
no means a trivial matter. They must allow the shed vortices to exit without
affecting the vortices themselves or wake physics further upstream.
Customarily, one chooses to set the streamwise gradients of pressure and
velocity to zero at the downstream boundary (Rhie and Chow, 1983 for
example), or update the exit conditions by second-order extrapolation (Lin and
Pauley, 1993). For the cylinder flow problem however, both these conditions
caused the vortices to experience severe distortions at exit. In the first attempt
to correct this dilemma, the exit conditions recommended by Pauley et al.
(1990) for Cartesian coordinate systems were simply rewritten for the
computational space and applied. Pauley et al. successfully used the linear
convection equation as a downstream boundary condition for the velocity
components in a 2D DNS computation of vortex generation over a flat plate. In
the application of the reformulated equations for the cylinder flow problem, no
definition was enforced for the pressure variable. This condition was
permissible because the pressures are staggered form the velocities in the
computational molecule. Although the structural integrity of the vortices
appeared unaffected by transforming the exit conditions of Pauley et al., the
pressure solution required many iterations to converge. Convergence took
much longer than expected because no provision is available in the application
of the linear convection equation for satisfying continuity at the exit boundary.
The second attempt to achieve a functional downstream boundary condition
involved combining Eulers equation with continuity. Again, no conditions were
invoked for the pressure variable. This exit condition significantly reduced the
convergence requirement for the pressure solution, but over predicted the
pressure distribution around the cylinder. An excessive amount of pressure
built up in the wake region adjacent to the cylinder due to a reflection of
pressure waves from the exit boundary. Consequently, these conditions did
not yield an unstable wake in the Re = 200 computation even with the exit
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boundary located 6 diameters downstream of the cylinder center. The most
successful conditions required the specification of a zero tangential gradient of
pressure along the downstream boundary in addition to the contravariant
velocity definitions.  This set of boundary conditions rendered the fewest
pressure iterations, accurate drag and lift predictions, and no discernible
disturbance to the vortices at exit.

Mathematically, the downstream boundary conditions for the cylinder flow

problem were

Bﬁi = Jp

3T g ka—g'} e % (Euler) (7.1)
TTi

U _ (Continuity) (7.2)
o&!

Because pressure is not known along the downstream boundary, it was
eliminated from Eulers equation by insuring that either the metrics (through
orthogonality) or the pressure gradients were appropriately set to zero. Eulers
equation then reduced to the non-linear convection equation which was
combined with continuity to establish a velocity exit condition. As a typical
example, consider the plane where 7 is constant (§, ¢ plane). First, the grid
lines are orthogonal (or nearly orthogonal) along the boundary so that all off-
diagonal metrics in Eulers equation are negligible. The contravariant velocity
component V is determined from continuity (7.2), whereas the other two
components (U, W) are obtained using Eulers equation (7.1) with the tangential
pressure gradients along the &, { plane set equal to zero.

The initial conditions for the cylinder flow problem were the following. The
flow was impulsively started with a unit velocity, zero reference pressure and a
fixed non-dimensional time step of AT =0.0002; T=tU_/D. A small time step
initialized each simulation to guarantee incompressibility very early in the
computation. Once incompressibility was attained (at least 100 time steps),
the new velocity and pressure conditions just described were imposed along the
downstream boundary. The inner boundary which was the cylinder surface was
always no-slip and the upstream centerline axis was a branch cut. Boundary
conditions for the velocity components and pressure variable along the
coincident lines of the branch cut were identical to those traditionally
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administered for periodic boundaries. For each grid generated, the curvilinear
lines were made normal to the cylinder surface. This simple requirement
greatly facilitated implementation of the intermediate velocity boundary
condition in the curvilinear space. Finally, the spanwise boundary conditions
for the pressure variable and velocity components were periodic in the LES

simulations.

7.4 Results and Discussion

Reynolds numbers of 200, 3000 and 5600 were simulated for the flow over
a circular cylinder. As noted earlier, the LES investigation of the cylinder flow
was focused on the turbulent physics at Re = 5600. The lower Re values
served other purposes. Because the entire flow is deterministic at Re = 200, its
solution was in essence a 2D DNS computation. The primary purpose of this
computation was to verify the accuracy of the numerical approach and to

ascertain a consistent downstream boundary condition which will exit the shed
vortices without noticeably disturbing them. The LES results at Re = 3000 had
a dual purpose. Not only were the effects of the GDM examined, but the
results also served as a check for the minimum spatial resolution needed along
the cylinder surface in the LES computation at Re = 5600. This check was
justified because Bouard and Coutanceau (1980) discerned similar structural
characteristics of early wake formation behind the circular cylinder for 1000 <
Re < 10000. Through comparisons to their reported experimental
measurements of early wake formation, the Re = 3000 computation helped
estimate the minimum grid required adjacent to downstream cylinder surface
for the higher Re simulation.

7.4.1. Re = 200
Two separate concentric orthogonal grids were generated to verify the
numerical scheme at this Re. The coarse grid was 81x79 (§,n directions) with (

AY)min = 0.005 and the second finer grid comprised 121x99 with (Ay)min =
0.004. The exterior boundary in each grid was fixed at 6 diameters.
Comparisons of the predicted exterior boundary of the early wake with the
experimental data (Bouard and Coutanceau, 1980) are shown in Fig. 7.3 for
times 0.5, 1.0, 2.0 and 3.0. This exterior boundary represents the zero
streamline. Using the finer grid, the computation shows good agreement to the
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experimental data, but still under predicted the maximum point of wake
growth by 3.7 percent. Comparisons of the corresponding velocities along the
downstream horizontal centerline are shown in Fig. 7.4. In this figure, results
from the coarse grid computation are included at time T = 3.0 to demonstrate
grid convergence. The computation using the fine grid gave a 30 percent
improvement in the average error over that of the coarse grid. The maximum
error of the fine grid computation (located at the minimum point of velocity)
was 10 percent whereas the coarse was 15 percent.

Initial signs of an unstable wake appeared at approximately T = 25.0.
Transition from the stable wake to emergence of the vortex shedding
phenomena took about 13 time units. Snapshots of this evolution in the form
of streamlines are shown in Fig. 7.5 at times T = 26, 30, 34 and 38. The
components of lift (CLp and Cy ) and total lift (C) are plotted in Fig. 7.6a from
time T = 0.02 (after the initial transients) to time T = 98.0. Total drag and its
components over this same period of time are shown in Fig. 7.6b. Both figures
illustrate a moderate growth in the oscillating magnitudes of lift and drag up to
their maximums. Beginning at time T= 38 (after the transition period), this
phase of the wake flow transpire over approximately 32 units of time to T = 70.
Beyond this time, the near wake is distinctly characterized by a steady
oscillatory flow with a Strouhal number of 0.205. Time-averaged values of lift
and drag calculated over 7 cycles starting at T = 70 are listed in Table 7.1.
Experimental determinations as well as other numerically acquired values are
also listed. Agreement between the present computed force coefficients and the

others is acceptable.

7.4.2. Re = 3000 and Re = 5600

The final grid for the LES computations of the turbulent wake was
241x241x16 (x,y,z directions). In both simulations at Re = 3000 and 5600, the
inflow and outflow boundaries were set at 10 and 20 diameters, respectively.
The grid resolution and outflow boundary location were established through
comparisons to the experimental data in terms of early wake formation at Re =
3000 and the downstream loss of peak vorticity within the individual shed
vortices at Re = 5600. The distribution of points along the cylinder surface (s)
was As = 0.011r for the upstream laminar boundary layer and (As)pin = 0.003%
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for the turbulent wake. Normal to the cylinder surface (Ay*) = 4 for Re = 5600.

The spanwise spacing was uniform at Az = 0.04n.

Two snapshots of the early wake formation for Re = 3000 are shown in Fig.
7.7 at non-dimensional times of T= 1.0 and T = 1.5. For emphasis and clarity,
the velocity vectors shown in the figures are plotted at every other grid point
and each vector is normalized by its own respective magnitude. At time T = 1.0
(Fig. 7.7a), the entire wake is characterized by two elongated symmetric
vortices. These vortices are the wake's main eddies. Compared to the cylinder
diameter, the wake at this instance in time is relatively narrow. After a short
period of time (At = 0.5) however, the main eddies grew rapidly to over twice
their original size (see Fig. 7.7b). Two secondary eddies also arose between
each main eddy and the upstream separation point. It is these features that
persist throughout the remaining development of the stable wake. While the
main eddies drive the downstream maturity of the wake, the secondary eddies
locally thicken the wake and, more importantly, they interact with the
upstream separation point. These characteristics of early wake development at
Re = 3000, as given by the LES computation, agree qualitatively with the
experimental observations (Bouard and Coutanceau, 1980).

Bouard and Coutanceau (1980) measured early wake formation and the
concurrent horizontal velocity profiles behind a circular cylinder at Re = 3000.
Comparisons of those measurements and the present LES computations are
shown in Fig. 7.8 at times T = 1.0 and T = 2.5. The computational results
shown in the figures are taken from the span's mid-plane. DNS results are
included in the velocity comparisons to examine the effects of the GDM.
Although the LES and DNS results agree closely with the experimental velocity
measurements at T = 1.0, a higher grid resolution is necessary to capture the
complete wake profile. This requirement is due to the rapid growth of the main
eddies at this particular instance in time that quickly thicken the overall extent
of the wake. At T = 2.5 (Fig. 7.8b), agreement between the LES results and
experimental measurements is good for both the wake formation and the
velocity profiles. Conversely, the DNS computations under predicted the
minimum horizontal velocity component in the wake by 5 percent. This
difference signifies the importance of the GDM contribution even at this lower
Reynolds number (Re = 3000).
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Presentation of the LES results at Re = 5600 begins with snapshots of the
early wake development at times T = 1.0, 1.5 and 3.0; Fig. 7.9. The first
snapshot at time T = 1.0 shows the appearance of an elongated secondary eddy
which separates each main eddy from the upstream separation point.
Compared to the previous results at Re = 3000, this secondary eddy is a new
feature for Re = 5600. Its resolution by the LES computation agrees with the
experimental observations discussed earlier. Like the Re = 3000 results, the
main eddies at Re = 5600 grew rapidly when T > 1.0 (see Fig. 7.8Db).
Furthermore, each elongated secondary eddy split into two asymmetric eddies.
As time progressed to T = 3.0, the main eddies grew assiduously, but two
tertiary eddies evolved within each secondary eddy region. One tertiary eddy
appears adjacent to the upstream separation point while the other borders the
main eddy. The evolution of these eddies was not discussed by Bouard and
Coutanceau (1980). With further advancement in time, these five structures
(one main eddy, two secondary eddies and two tertiary eddies) characterize the
early formation of the stable wake.

The wake began to destabilize after the cylinder moved approximately 11
diameters (T = 11) since its impulsive start. Fig. 7.10 shows the corresponding
streamlines and pressure contours. The wake closure point along the
horizontal centerline is located approximately 2 diameters downstream. Except
near wake closure, no discernible signs of asymmetry are displayed by the
streamlines. Conversely, the pressure contours indicate distinct asymmetric
attributes within the secondary and tertiary eddy regions of the wake adjacent
to the cylinder surface as well as near wake closure. After the cylinder
traversed two additional diameters, the entire wake became asymmetric by
evidence of the streamlines in Fig. 7.11. Tendencies towards wake
destabilization are now more obvious. Asymmetry in the pressure contours are
again noticeable within the secondary eddy regions. Judging from both sets of
pressure contours shown at times T = 11 and T = 13, the mechanism which
destabilizes the early wake apparently initiates near the secondary separated
regions adjacent to the cylinder surface. However, the vorticity contours do not
support this observation. They are shown in Fig. 7.12 where negative vorticity
is represented by dashed lines. Like the streamlines, the vorticity contours at
time T = 11 are asymmetric only near wake closure. At the later time however,
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the mechanism which seems to characterize destabilization of the wake has
propagated upstream along the exterior wake boundary. The vorticity contours
shown in Fig 12b at time T = 13 indicate severe breakdown of the wake's
downside exterior boundary. The corresponding pressure and streamline plots
show only broad subtle dimples in the contours at these same locations.

Early profiles of total lift and drag are plotted in Fig 7.13 up to time T = 25.
Initially, the drag force quickly builds to a maximum, after which it
exponentially decays to a constant level before transitioning to oscillations
characteristic of vortex shedding. Total lift, on the other hand, remains at zero
(as it should) while the wake is stable. The figure shows that the total drag and
lift coefficient are in phase and the drag's fundamental frequency is twice that
of the lift's. These characteristics are in agreement with our basic
understanding of the early wake formation.

Vorticity contours taken just after occurrence of a typical shed vortex are
shown in Fig. 7.14 where the dashed contours denote negative vorticity. The
shed vortex size is approximately equal to one diameter. The snapshot clearly
shows a separated mixing layer of small eddies just aft of the lower separation
point. According to the experiments of Roshko (1954) and Tritton (1959),
instabilities within this mixing layer precipitate transition. The corresponding
turbulent eddy viscosity levels (v;) as predicted by the GDM without the zero
cutoff are shown in Fig. 7.15. These levels are normalized by the kinematic
viscosity with negative levels represented by dashed lines. The GDM properly
predicts minor levels within the upstream laminar flow regions. For this
particular flow structure, significant negative contributions are restricted to
within the attached upper primary and secondary eddies.

During the computation over twenty shedding cycles, the shedding
frequency displayed a large variation. This variation was also observed by
Norberg (1992) in his flow visualization experiments. Norberg noticed that
when Re > 5000, the flow becomes spasmodic. This particular phase is
associated with local "bursts" occurring in the cylinder wake that cause a
complete breakdown in the similarity of the vortex shedding characteristics.
The "bursts" originated large relative bandwidths in Norberg's pressure

measurements along the cylinder surface.
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In an attempt to detect Norberg's "burst" phenomena in these LES
computations, profiles of the lift and drag force coefficient over approximately
23 shedding cycles along with the amplitudes of the corresponding frequency
spectra are shown in Fig. 7.16. Maximum peak in the lift spectra occurs at f =
0.21 which identifies the Strouhal frequency. This fundamental frequency is
close to the value of 0.205 reported by Zhou and Antonia (1993) and
characterizes one complete cycle of vortex shedding (actually two vortices).
Other peaks in the lift frequency spectra are of minor consequence. The drag
force frequency spectra suggests a different story. Two dominate peak
amplitudes occur in the spectra at f = 0.19 and f = 0.45. Another two peaks
appear at f = 0.09 and f = 0.27, but both are of lesser amplitude. Inasmuch as
the periodicity of the drag coefficient is one-half that of the lift, the fundamental
harmonic in the drag frequency spectra is expected to be near 1/2 fg (or =
0.105) with the higher frequencies 1/2 (n+1) fg (n = 1, 2, 3 --) signifying
subharmonics. The predominate modes in the drag frequency spectra follow
this criteria approximately, except for the fact that the amplitudes of the
subharmonics (f = 0.19 and f = 0.45) are higher than the amplitude associated
with fundamental frequency. This occurrence may be partially explained by
the "burst" phenomena observed by Norberg in his pressure measurements.
However, the natural frequency (f;,) of the mixing layer vortices also plays an
important role; fi, is used here to acknowledge the original work of Bloor
(1964). This frequency characterizes manifestation of Tollmien-Schlichting
waves in the mixing layer. Since the natural frequency of the mixing layer is
higher than the Strouhal frequency (Bloor, 1964), interacting modes of fg with
fp can excite certain subharmonics in the drag force frequency spectra thereby
producing higher amplitudes. Without a temporal pressure record in the
mixing layer however, it is difficult to isolate the mixing layer contribution.
Further work addressing this issue is therefore certainly warranted.

LES pressure results along the cylinder surface are compared to Norberg's
time-averaged measurements in Fig. 7.17. While the mean pressure shows
good agreement with the experimental data, the highest rms magnitudes are
over-predicted.  Qualitatively however, the rms results are in very good
agreement with the experimental data. The corresponding mean drag
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coefficient is 1.18 which is the same value obtained after time-averaging the
drag coefficient data in Fig. 7.16b.

In the cylinder wake, the vortex detection frequency of the Strouhal vortices
displayed a large variation. A snapshot of the vortices is shown in Fig. 7.18
where again the dashed contours denote negative vorticity. Notice particularly,
the non-uniform streamwise and relative transverse spacing between
subsequent vortices. This characteristic was typical of the wake region
throughout the computation and explains the wide variability seen in the
detection frequency. The time-averaged (20 cycles) downstream decay of the
vortex detection frequency is plotted in Fig. 7.19 along with experimental data
points from Zhou and Antonia (1993) at exit and at x = 10. Agreement between
the LES results and the experimental measurements is good even close to exit,
indicating the use of a proper exit condition for the vortices.

Comparisons of the LES mean horizontal velocity and Reynolds stresses
with the experimental time-averaged data reported by Zhou and Antonia (1993)
at 10 diameters downstream (x = 10) are shown in Fig. 7.20. In the
experiments of Zhou and Antonia, they took measurements over a duration of
30 seconds at a shedding frequency of 110 Hz. Thus, their experimental data
in Fig 7.20 represents approximately 3300 cycles of time-averaged
measurements. On the other hand, the LES results were collected over only 20
cycles which is apparently insufficient to establish statistically steady-state as
illustrated by the wavy profiles in the Fig. 20. The mean velocity, in particular,
clearly reflects the passing of the Strouhal vortices. The profile marks the
passing of counter-rotating vortices at y/D < 0. Moreover, because a coarse
spanwise resolution was used (Az = 0.04n), the contours of Reynolds stress do
not reflect any spanwise instabilities. One positive note however is that the
LES results do agree at least qualitatively with the experimental data.

Finally, contours of mean streamwise and crossflow Reynolds normal
stress and mean Reynolds shearing stress in the vicinity of the immediate wake
are plotted in Fig. 21. Again, the contours display LES results that were time-
averaged for 20 shedding cycles which appears to be sufficient to reach near
statistical steady-state in the immediate wake by evidence of the distinct
symmetric character of the contours. The figure shows negligible levels of
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Reynolds stress correctly computed by the SGS model in the upstream laminar
boundary layer. Unfortunately, Zhou and Antonia (1993) did not conduct
measurements in the immediate wake, therefore no direct comparisons to
experimental data can be made. However, Cantwell and Coles (1983) reported
Reynolds stress data in the immediate wake, but for Re = 140,000. Although
the present computation is for Re = 5600, both Reynolds numbers are below
drag crisis (Re = 300,000) which means they share similar dynamics.
Qualitatively, the Reynolds stress results for both Reynolds numbers do
compare quite well. In particular, the distributions of the normal and Reynolds
stress in Fig. 21 appear quite similar to that reported by Cantwell and Coles.
Quantitatively however, both results differ, but not by a large margin. For
instance, the maximum measured Reynolds shear stress at Re = 140,000 was
0.125 which compares to the computed value of 0.16 for Re = 5600.

7.5 Conclusions

DNS and LES computations were conducted to investigate the wake of a
circular cylinder. The governing equations and SGS model (LES computations
only) were formulated in curvilinear coordinates where both the Cartesian and
contravariant velocity components were utilized. For the simulated Reynolds
numbers of 200, 3000 and 5600 the following conclusions are offered:

e The Euler equation combined with continuity provided a mechanism for
exiting vortices with minimal disturbance to their characteristics.

e DNS results at Re = 200 showed good comparisons to the experimental
data in the form of the early wake and shedding characteristics. The DNS
results verify the curvilinear form used here for the Navier-Stokes equations.

e At Re = 3000, good agreement was obtained between the LES results and
the experimental data in terms of early wake formation and the corresponding
horizontal velocity profiles. The simulation verified the LES formulation and
helped establish the grid resolution for the Re = 5600 computation.

¢ In the Re = 5600 simulation, initial destabilization of the early wake was
predicted near wake closure which then propagated upstream establishing
transition to full periodic vortex shedding. Unlike the DNS results at Re = 200,
the vortices in the LES computation at Re = 5600 were not shed in a regular
pattern forming the well-known Karmon-vortex street. Instead, the shedding
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produced a wide variability of the instantaneous vortex detection frequency in
the near wake. A similar phenomena was experimentally detected by Norberg
(1993).

e The LES computation at Re = 5600 continued for 20 cycles. Computed
mean and root-mean-square pressure results along the cylinder surface
compared reasonably well with the experimental data of Norberg (1992). By
evidence of the comparisons of the normal and shear Reynolds stresses to the
experimental data of Zhou and Antonia (1993) at 10 diameters downstream,
the computation must be carried-out further than 20 cycles to achieve
statistically steady-state in the near wake. However, in the immediate near
wake (just downstream of the cylinder), Reynolds stress results show distinct
symmetric character. Qualitatively, these results compare quite well to the
experimental data of Cantwell and Coles (1983) for Re = 140,000 indicating
that both results share similar dynamics.
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CHAPTER EIGHT
CONCLUSIONS AND RECOMMENDED FUTURE WORK

This dissertation presents the large-eddy simulation (LES) methodology for
predicting the turbulent physics of incompressible flows in both simple and
complex geometries. LES departs from traditional Reynolds-averaged Navier-
Stokes methods in that a portion of the turbulence is resolved directly by the
numerics. When using LES, one must insure that the resolved field
encompasses all of the energy-dominant scales of turbulence and that the
remaining scales, which lie at the subgrid level, are properly modeled.

The governing equations for LES are obtained by filtering the Navier-Stokes
(N-S) equations. The basic form of LES equations, in either Cartesian or
curvilinear coordinates, differs from the original N-S equations through
introduction of a new stress terrm which arises after filtering the convective
term. This new stress term represents the subgrid scales (SGS) of turbulence.
While the SGS stresses are mathematically defined by the Cartesian velocity
components in the physical domain, its analog formulation in the
computational space is expressed by both the Cartesian and contravariant
velocity components.

Herein, both forms of the LES equations were numerically advanced in time
using a fractional step strategy. A semi-staggered structured grid arrangement
was implemented as the primary computational molecule. This arrangement
permits easy derivation of the velocity boundary conditions because the grid
lines are coincident with the geometric boundaries. However, previous use of
semi-staggered grids showed that while the pressure is strongly coupled to the
velocity components, the grid cell pressures are not linked to their adjacent
neighbors. This dilemma is overcomed here by computing the pressure
gradients using a fourth-order compact differencing scheme. This development
is new and crucial technology for those who prefer semi-staggered grids as part
of the key solution strategy.

The SGS models available today are founded on Smagorinsky's eddy
viscosity relationship and are valid within the equilibrium range of turbulence.
In this dissertation, the coefficient in the Cartesian form of the SGS model was

expressed in one of two ways. The first was a simple van Driest damping

80



relationship while the other utilized the finest scales of the resolved field. This
latter method is quite recent, and is commonly known as the dynamic model.
It permits negative values for the coefficient which signifies backscatter of
turbulent energy from the model to the resolved field. Previous applications of
the model indicate that the computations may experience long correlation times
of negative total dissipation which will quickly destabilize the computation. To
circumvent this difficulty, users truncated negative contributions to zero
combined with either averaging of the turbulent field in homogenous directions
or local averaging in time of the coefficient itself. These ad hoc measures
however lessen the versatility of the dynamic model by reducing its temporal or
direction dependence. Here, in the application of the dynamic model to the
unsteady shear-driven cavity flow, only the zero cut-off restriction was
necessary to maintain stability. Upon examining the distribution of the
turbulent eddy viscosity throughout the cavity volume, it was found that
contributions of negative total viscosity were localized in the extreme upper
cavity corners. It is believed that this favorable artifact was a result of insuring
that the grid resolution was sufficient for resolving the turbulent scales lower
than Taylor's microscale. Although good comparisons in terms of the cavity
mid-span centerline Reynolds stresses were achieved between the LES results
and the experimental data using both the damped and dynamic models, the
LES results using the dynamic model were superior by a large margin. These
results showed highest levels of turbulent production within the region of the
downstream secondary eddy. This conclusion agrees with the experimental
observations. These results further showed that significant production levels
also occur along the downstream cavity wall near the cavity mid-span which
was not identified in reported experimental data. Thus, the LES results using
the dynamic model extended our understanding of turbulent physics in the
shear-driven cavity. From a qualitative perspective, these LES results
uncovered the existence of fluctuating tertiary vortices within the downstream
eddy region. However, the consequence of these vortices on the momentum
exchange through the region was insignificant.

The curvilinear form of the LES equations and dynamic model, as well as
the numerical method, were tested for predicting the wake characteristics of a
circular cylinder. The model coefficient was computed using the definition for
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the SGS stress tensor in terms of the Cartesian and contravariant velocity
components. The computation at the low Reynolds number of 200 was
essentially a direct numerical simulation. The numerical results compared well
with the published experimental and numerical data thereby verifying the
formulation and overall solution scheme. At the higher Reynolds numbers (Re}
of 3000 and 5600, the boundary layer upstream of separation was laminar but
the wake was fully turbulent. LES results of the early wake at Re = 3000
showed good agreement with the published experimental data. At Re = 5600,
the computations were carried-out for approximately 20 cycles of vortex
shedding. Reasonable agreement was shown between the LES results and the
experimental data in terms of the Reynolds stresses at 10 diameters
downstream, but the computation must be continued to attain smooth profiles.
A coarse resolution was used in the spanwise directions, thereby eliminating
any effects on the results due to spanwise instabilities. The experimental data
was ensemble-averaged over approximately 3300 cycles. Future applications
for the curvilinear formulation of the LES equations and dynamic model should
include the circular cylinder at higher Reynolds numbers as well as other
geometries such as airfoils or hydrofoils. An extensive experimental data set
exists of the circular cylinder at Re = 140,000 (Cantwell and Coles, 1983).
Successful applications to hydrofoils will lead to more complex domains such
as propulsors (including ducted) and impellers. Furthermore, because LES
resolves the most dominant scales of the turbulent field, the results can
become a critical source for subsequent far-field noise computations in
complex domains. All of these topics are currently under exploration to
demonstrate the importance of LES in computational fluid dynamics.

Finally, extending the dynamic SGS model of Germano et al. (1991) to
complex domains deserves some discussion. The Cartesian form of the
dynamic model was directly transformed to curvilinear coordinates under the
assumption that the accompanying metrics were not part of the filtering
process. This assumption became apparent after examining the curvilinear
coordinate definition of the SGS stress tensor. Adverse consequences (if any) of
the assumption are not known at this time since a new dynamic which include
the metrics would be necessary for comparison. This is a topic for future
research. In regions close to wall boundaries for example, one might expect
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large differences between the two models because the metrics usually display

large variability there. A suitable model is currently under investigation.
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Table 7.1: Comparisons of Lift (C1) and Drag (Cp) Coefficients
and Strouhal Number (Sy) for Cross Flow Over a
Circular Cylinder at Re = 200.

Reference Cp Cr. St
Gerrard (1978) 0.18 - 0.20
Experiment
Wille (1960) 1.3
Experiment
Lecointe & Piquet 1.46 0.70 0.23
(1984)
Rosenfeld, Kwak 1.31 0.65 0.20
& Vinokur (1993)
Present 1.43 0.68 0.205
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Figure 6.11. Snapshots of the Unsteady Velocity Vectors in the Shear-Driven Cavity Flow
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TGL Vortices at Plane x = 0.77 and (c) Spanwise Static Pressure Contours; Re
= 5000 and SAR = 3.0
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Figure 6.15.  Quantitative Comparisons Between the DNS Results and Experimental Data
(Prasad and Koseff, 1989) in Terms of the Center-Line Mean Velocities at the
Cavity Mid-Span Plane; Re = 5000.

Figure 6.16.  Distribution of Correlation Coefficient C 12 Using Damping Parameters m = 8.0 and n
= 0.14 and Smagorinsky Constant Cg = 0.1 in Turbulence Length Scale Definition.
Correlation Computed from DNS Data Taken at Completion of Test Case Re = 5000

(Tr=181.0).



(b)

Figure 6.17.  Turbulent Eddy Viscosity Levels (normalized by the kinematic viscosity)
Computed from DNS Dala Taken at Completion of Simulation; (a) Re = 5000 and (b)
Re = 7500.
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Figure 6.19.  Stream Function Contours Showing the Downstream and Upstream Secondary

Eddies in the LES Computation of the Shear-Driven Cavity Flow at Re = 10000 and
Relative Time Ty = 6.5.
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Figure 6.20.  Stream Function Contours Showing the TGL and Corner Vortices in the LES
Computation of the Shear-Driven Cavity Flow at Re = 10000 and Relative Time T, =
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Figure 6.22. Comparison Between LES and Experimental (Koseff and Street, 1984c) Results in
Terms of Centerline Mean Velocity Profiles; Simulation Profile at K15 Plane (z =
0.28) and Experimental Data Measured at Mid-Span Plane.
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Experimental Data Taken at the Mid-Span Plane of Cavity with Spanwise
Aspect Ratio (SAR) = 1.0.
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Figure 6.25.  Distributions of the (a) Vertical RMS Fluctuations and (b) U'V' Turbulent Shear
Stress Component at the K15 Plane; Re = 10000 and SAR = 3.0
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Figure 6.26.  Stream Function Contours Showing the (a) Recirculation and (b) Spanwise
Flow at the Mid-Span and 177 (x=0.77) Planes, Respectively; Time T = 0.0.
Dashed Contours Signify Counter-Rotating Flow; Re = 5000 and SAR = 1.0
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Figure 6.28. Quantitative Comparisons Between the DNS Results and Experimental Data
(Koseff and Street, 1984c) in Terms of the Center-Line Mean Velocities.
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Figure 6.31.  Time Sequence-of Streamlines Showing the Recirculation and Spanwise Flow
al the Mid-Span and 177 Planes, Respectively. The Dashed Streamlines
Indicate Counter-Rotating Flow; Re = 10000 and SAR = 1.0.
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Figure 6.33.  Centerline Mean and RMS Profiles of Horizontal and Vertical Velocity
Fluctuations; Re = 10000.
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Figure 7.1.  Sketches of Early Cylinder Wake Characteristics; (a) T= 1, 100 < Re <500, (b) T > 1,
500 < Re < 800, (c) T> 1, Re > 800 and (d) T < 1.5, Re > 3000.

Figure 7.2.  Topology of the Cylinder Near Wake at Re = 5600.
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Figure 7.7.  Snapshots of Early Wake Formation of Circular Cylinder at Re = 3000; (a) T = 1.0 and
(b) T=15.
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Figure 7.12.  Vorticity Contours of Desatabilizing Wake at Times (a) T= 11 and (b) T = 13;
Re = 5600. Negative Contours Depicted by Dashed Lines.
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Figure 7.15.  Turbulent Eddy Viscosity Levels Corresponding to the Vorticity Contours Shown in
Fig. 7.14.
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Figure 7.21.  Contours of Mean Streamwise and Crossflow Reynolds Normal Stress and
Mean Reynolds Shearing Stress in the Vicinity of the Cylinder Inmediate
Wake for Re = 5600; (a) Streamwise, (b) Crossflow and (c) Shear.
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